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Abstract 

Students in international schools are asked to learn subjects from foreign 

curricula, enabling them to pursue international education in college. Three of the more 

common curricula chosen by parents and students are International General Certificate of 

Education (IGCSE), the International Baccalaureate Diploma (IB DP) and the Advanced 

Placement (AP). At the end of their intensive one- or two-year studies with these foreign 

curricula, students must take exams that not only serve as benchmarks for schools’ 

reputations, but also signal the students’ readiness for college mathematics. The advanced 

curricula also play crucial role in shaping the students’ learning styles and significantly 

influence their perceptions of mathematics as they enter undergraduate studies.  

This thesis examines the extent to which advanced high school mathematics 

exams (A-Level, IB and AP) prepare students for college-level mathematics by analyzing 

the cognitive demands of the associated exam questions. Past exam questions from May 

and June of 2021 2022, and 2023, published by the Cambridge International Examination 

(CIE), International Baccalaureate (IB), and College Board, are analyzed. The cognitive 

demands of these assessment papers are evaluated using two distinct frameworks: the 

Complexity, Abstractness, and Strategy (CAS) framework and the Mathematical 

Assessment Task Hierarchy (MATH) Taxonomy.  

This thesis reveals that all three exams contain many low-cognitive demand 

questions that can be solved through rote memorization and mimicry of mathematical 

reasoning while lacking probes for students’ conceptual understanding.  As a result, these 



 

exams often fail to bridge the gap between high school and undergraduate mathematics, 

perpetuating misconceptions about the nature of the subject. Despite these commonalities 

between the programs, the findings also indicate differences between the exams, which 

could serve as steppingstones toward undergraduate mathematics.  
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Chapter I. 

Introduction 

International schools, founded by a country within another country's territories, 

offer diverse foreign curricula, enabling students to pursue international education 

(Schippling, 2017). Among these foreign curricula, the Advanced Placement program 

(AP) from the United States, the International Baccalaureate (IB) from Switzerland, and 

The International General Certificate of Education Advanced Level (IGCE A-level) from 

England stand out as popular curricula among international schools (Saxton & Hill, 

2014). These curricula are highly esteemed by parents and students as robust pathways to 

prestigious universities worldwide (College Board, n.d.-b; IBO, 2015; Park et al., 2014). 

Colleges and universities have acknowledged the value of these curricula, as 

indicators that students have not only embraced challenging undertakings but have also 

demonstrated the ability to handle rigorous and demanding coursework (Callahan, 2003; 

IBO, 2015, 2016). The completion of these advanced program also indicates students’ 

strong academic interest and ambitions (Callahan, 2003; College Board, n.d.-b; IBO, 

2015, 2016). Furthermore, research studies (Saxton & Hill, 2014; Taylor & Porath, 2006) 

finds that the AP and IB programs foster essential learning skills for college, including 

critical and adaptable thinking skills.  

However, criticism persists regarding the potentially adverse effects of these 

advanced curricula on both student learning and educator pedagogy, primarily due to an 

excessive focus on exam-oriented learning (Callahan, 2003). This assessment focused 



 

2 

approach of students and teachers is driven by the mandatory examinations that students 

must take at the end of one to two years of these intensive studies. Consequently, results 

from these high stakes exams become the benchmark for students, teachers, and schools, 

contributing to the schools' prominence.  

 The findings of research studies (Crawford et al., 1994, 1998; Darlington, 2015; 

Pointon & Sangwin, 2003) highlighted the impact of the gaps between secondary and 

undergraduate mathematics, noting the pivotal role assessment play in influencing 

students' learning styles (Bergqvist, 2007; Bligh, 1993; Kane et al., 1999; Pointon & 

Sangwin, 2003) and leading to faulty assumptions about mathematics. Pointon and 

Sangwin (2003) explored the significance of the cognitive demands for assessments, 

stating that a subject-specific knowledge required for assessment tasks appears to be a 

prerequisite for students’ academic reasonings. For example, low-complexity exams, 

comprising low-demand questions, encourage students to adopt surface-level  

approaches, which significantly impacts their subject-specific proficiency (Smith, 2001), 

and in turn, reinforcing faulty assumptions about mathematics learning. Undergraduate 

mathematics is more focused on the theoretical organization of content and require 

assessments that ask for demonstration of conceptual understanding and the use of 

creative reasoning to integrate foundational knowledge of axioms, definitions, and 

theorems (Gueudet et al., 2016). In contrast, secondary mathematics tends to focus on 

producing results and emphasizing the practical aspects of the subject (Gueudet et al., 

2016) with matching assessments.  

The thesis examines the cognitive skills required by advanced high school 

mathematics exams (A-Level, IB, and AP) using the Complexity, Abstractness, and 
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Strategy (CAS) framework and the Mathematical Assessment Task Hierarchy (MATH) 

Taxonomy and compares them with those required in undergraduate-level mathematics. 

The analysis utilizes two frameworks to further identify the distinctive characteristics of 

the assessment, with a focus on cognitive demand. 
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Chapter II. 

Literature Review 

This chapter provides an overview of the three enriched mathematics curricula: 

International General Certificate of Education Advanced Level (IGCE A-level), the 

International Baccalaureate Diploma Program (IB DP) and the Advanced Placement 

program (AP), including the assessment structure and objectives. It then synthesis 

existing findings and critiques regarding the cognitive demands of these assessments.       

The Exams 

All three exams are subject-based qualification course requiring examinations 

typically between ages 16 and 18, taken at the end of one or two years of intensive study 

of mathematics, usually taken during the final two years of high school. The AP calculus, 

A-level mathematics, and IB DP Analysis Approach courses share numerous learning 

objectives (Syllabus IB, Cambridge, CIE) including derivatives, integrals, the 

Fundamental Theorem of Calculus, and sequences and series.  

Advanced Level (A-Level) 

Advanced Subsidiary (AS) Levels and Advanced (A) Levels are parts of the UK’s 

national curriculum that started in 1951 (CIE, n.d.-a). Students can begin with AS levels 

and progress to full A level. A-level courses are generally completed over two years 

although there is an option to conclude after one year for the AS level qualification (CIE, 
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n.d.-a). To accommodate international students and schools, International A-levels have 

been developed to be culturally inclusive and adaptable to a wide range of educational 

settings, minimizing cultural bias (CIE, n.d.-a).   

Unlike the Advanced Placement Program, which is offered by one specific 

assessment body – College Board – International A-level assessments are offered through 

two accredited examination boards: Cambridge and Pearson (CIE, n.d.-a; Pearson 

Edexcel, n.d.). Thus, international schools can choose to offer International A-level 

through one of two assessment bodies. International A-level assessments published by 

Cambridge University Press and Assessment are offered in over 130 countries with more 

than 50 courses (CIE, n.d.-a). In contrast, Pearson offers in over 80 countries with more 

than 21 subjects (Pearson Edexcel, n.d.). Over 270,000 students worldwide participated 

in Cambridge June 2023 examinations (CIE, n.d.-b). This thesis study will use the 

International A-Level assessments published by Cambridge University Press and 

Assessment, the largest provider of international education programs and qualifications. 

At the end of the program, student take four qualification assessments : two Pure 

Mathematics 1, and 3, Probability &Statistics 1, and Options of either Mechanics or 

Probability and Statistics 2 (CIE, 2020).  

For this study, the Pure Mathematics 1 and 3 tests are analyzed, as the Mechanics 

section requires a background in physics with topics such as kinematic motion and 

momentum (CIE, 2020), that fall outside the scope of both the IB and AP curricula. 

Although the Probability and Statistics section includes topics like normal distributions 

and discrete random variables, which overlap with the International Baccalaureate AA 

Higher Level Statistics curriculum (CIE, 2020; IBO, 2019), these topics are not covered 
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in AP Calculus BC(College Board, 2020). Therefore, the study does not include 

Mechanics and the Probability and Statistics tests to ensure a consistent comparison of 

overlapping content. 

The assessment objectives of the A-Level outlined in the course syllabus are 

knowledge and understanding, application and communication, overlapping some IB 

assessment objectives. Unlike AP’s Mathematical Practices, where two out of the four 

emphasize mathematical representation, notation, and communication, A-Level’s 

assessment objectives focus on mathematical manipulative techniques, procedures, and 

skills, as illustrated in the example below (CIE, 2020). 

A-01 Knowledge and Understanding 

• Show understanding of relevant mathematical concepts, 

terminology, and notation 

• Recall accurately and use appropriate mathematical manipulative 

techniques. 

 

A-02 Application and communication 

• Recognize the appropriate mathematical procedure for a given 

situation. 

• Apply appropriate combinations of mathematical skills and 

techniques in solving problems. 

• Present relevant mathematical work, and communicate 

corresponding conclusion, in a clear and logical way. 

 

International Baccalaureate Diploma  

The International Baccalaureate Organization (IBO), established in 1962 in 

Geneva, offers a globally recognized educational program, aimed at preparing students as 

global citizens and providing an international education through rigorous assessments 

(IBO, n.d.-a, n.d.-d). It encompasses four programs: the Primary Years Program (PYP) 

for elementary level, the Middle Years Program (MYP) for middle school, and the 
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Diploma Program (DP) or Career-related Program (CP) for students aged 16 to 18 (IBO, 

n.d.-d). From 2018 to 2022, there has been a 34.2% increase in enrollment in IB 

programs (IBO, 2024).  

The mathematics curriculum within the IB program was revised in August 2019, 

with the first assessments conducted in May 2021(IBO, 2023). It now includes two 

courses at the Standard level (SL) and Higher levels (HL), Analysis and Approaches 

(AA) and Applications and Interpretation (AI) (IBO, 2023). The AA Higher Level is 

tailored for students with a strong interest in mathematics and students planning to pursue 

further studies in math-intensive fields like engineering, physical sciences, or economics 

(IBO, n.d.-b). In contrast, the AI Higher level course focuses on the practical application 

of mathematics, suitable for students interested in fields like biology, human sciences, 

and business (IBO, n.d.-c). For this study, only AA Higher Level courses are used, as 

they share substantial similarities with the A-level and AP curricula, covering topics such 

as functions and graphs, sequences and series, vectors, complex numbers, and Calculus 

(CIE, 2020; IBO, 2019).  

AA Higher Level students are required to take three exams (Papers 1, 2, and 3), 

each with different aims and formats (IBO, n.d.-b, 2019). Both Paper 1 and Paper 2 

consist of two sections: Section A that includes short-response questions, and Section B, 

that entails extended-response questions based on the syllabus (IBO, n.d.-b, 2019). The 

difference between Papers 1 and 2 is the use of a graph display calculator (GDC) which is 

permitted for Paper 2. Paper 3 consists of two questions, consisting of  extended-response 

problem-solving questions (IBO, n.d.-b, 2019). The IB program strongly emphasizes the 

importance of problem-solving as central to learning and exposes students open-ended 
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and real-world problems (IBO, 2019). According to IBO, the IB assessment objectives 

are listed as knowledge and understanding, problem solving, communication and 

interpretation, technology, reasoning, and inquiry. 

Advanced Placement 

Advanced Placement (AP) Calculus AB and Calculus BC, established in 1952, 

are college-level courses available to U.S high school students who aimed to pursue 

advanced mathematics (College Board, n.d.-b; Elective Staff, 2020). These courses are 

recognized globally in over 100 countries, commonly taken by students who wish to 

study in the United States (College Board, n.d.-a). The College Board that administers the 

AP program, promotes these calculus courses as equivalent to first year university 

calculus. Successful completion of AP Calculus AB or BC can also earn students’ 

university credits, making these courses valuable options for students seeking to advance 

their mathematical education(College Board, n.d.-a, n.d.-b).  

While Calculus AB is an introductory first semester college-level course with 

eight units of content devoted to differential and integral calculus, calculus BC is 

equivalent to two semesters with five additional topics dedicated to more Integral 

Calculus, Sequences and Series(College Board, n.d.-b, 2021). Calculus I, the equivalent 

to Calculus AB, is one of the compulsory courses typically required for a students 

enrolled in a Bachelor of Science degree during their freshman year, especially for those 

who study mathematics, computer science, and engineering (Tallman et al., 2016).  

Calculus 1 is typically a requirement during the first year of college, however students 

who have taken Advanced Placement Calculus BC may replace it with a higher-level 

course (College Board, n.d.-b, 2021).  
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The AP examinations consist of two sections, Section A (Multiple Choice) with 

two parts, and Section B (Free Response) also with two parts (CIE, 2020; College Board, 

2020; IBO, 2019). One of the main distinctions between Part A and Part B of the two 

sections of the assessment is whether the use of a graphing calculator is allowed. In 

contrast to Multiple Choice section A, the Free Response section consists of a 

combination of procedural and conceptual tasks (College Board, 2020), and includes at 

least two questions that incorporate real-world contexts or scenarios, challenge students 

to demonstrate their thought processes and problem-solving techniques  (College Board, 

2020).  

Furthermore, the College Board has identified the following four mathematical 

practices, for students taking the AP courses (College Board, 2020) :  

1) Implementing Mathematical Processes,  

2) Connecting Representations,  

3) Justification, and  

4) Communicating and notating mathematical ideas. 

These practices emphasize reasoning with definitions, theorems, and axioms, while also 

fostering a conceptual understanding.  

The College Board (2004) claims that students who have taken AP courses have 

higher bachelor’s degree completion rates and are more likely to maintain high grade 

point averages and graduate with honors. These claims are corroborated by Geiser and 

Santelices (2004) who studied the correlation between AP exam performance and college 

performance and found a strong correlation between students’ performance on the AP 

exams and their college success. However, not all research findings support the College 
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Board. Klopfenstein and Thomas (2004) found that AP participants do not necessarily 

perform better in their second year of university, nor do they demonstrate superior 

academic readiness. Instead, AP participation may only serve as a signal of students’ 

capability and motivation.   

Undergraduate Mathematics 

Ongoing studies, analysis, and criticism regarding cognitive demands of 

university mathematics examinations reveal two contradictory findings. Darlington 

(2014), White and Mesa (2014), and Kinnear et al. (2020) observed that undergraduate 

math examinations contain relatively challenging questions that necessitate a conceptual 

understanding with explicit explanation, rather than simple procedure. According to 

White and Mesa, the rigorous questions are designed to challenge students which can 

potentially lead to a deeper understanding of the math concepts as the assessment are 

considered influential material (Bergqvist, 2007; Bligh, 1993; Kane et al., 1999; Pointon 

& Sangwin, 2003; White & Mesa, 2014). Furthermore, due to constraints on the number 

of tasks and skills that can be evaluated in an exam setting, there is limitations on the 

number of questions available to test procedural fluency, however procedural questions 

may be incorporated as smaller components within more complex questions.  In contrast, 

Bergqivst’s (2007) and Tallman et al’s (2016) findings from their analyses of the 

undergraduate Calculus I assessments indicated that more than 50 percent of the 

examination questions could be solved solely through mimicry of algorithms and 

imitative reasoning.  

Using two frameworks for assessing cognitive demands of mathematics 

assessments, the Mathematical Assessment Task Hierarchy (MATH) Taxonomy and the 
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Complexity, Abstractness and Strategy (CAS) framework, the thesis evaluates the 

cognitive demand of the questions presented on the advanced math assessments in 

comparison with the cognitive demand for the college level Calculus 1 assessment. The 

thesis aims to provide an understanding of the preparation of student taking Advanced 

Placement, International Baccalaureate and Advanced -level courses for success in 

undergraduate college Calculus 1 courses.  

Analytical Frameworks for Assessing Cognitive Demand 

The study of high school advanced math examinations offers valuable insights 

into the objectives and characteristics of the mathematics involved in the advanced 

courses.  Two noteworthy analytical tools used to evaluate the cognitive demand of 

questions on the math assessments are MATH Taxonomy and the Complexity, Resource, 

Abstractness and Strategy (CRAS or CAS) framework. 

Mathematical Assessment Task Hierarchy (MATH) Taxonomy  

Mathematical Assessment Task Hierarchy (MATH) is derived from Bloom’s 

Taxonomy that integrates six intellectual behaviours of cognitive demand (Smith et 

al.,1996). The MATH Taxonomy’s primary aim is to serve as a tool for creating math 

questions for examinations with the consideration of the cognitive demands. The 

researchers noted that designers of assessment items have adapted MATH taxonomy for 

classifying mathematical questions and mathematical skills to evaluate the cognitive 

demands placed on students taking mathematics exam (Ali̇Ustaoğlu et al., 2023; 

Darlington, 2014, 2015).   
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The MATH Taxonomy consists of three groups: A, B, and C, each serving to 

measure the depth of students’ knowledge, skills, and abilities (Ali̇Ustaoğlu et al., 2023).  

Group A primarily involves superficial learning, necessitating the recall of formulas, 

definitions, recognition of examples and counterexamples, and addressing procedural 

questions. Group B assesses students’ capacity to apply their knowledge and transfer it to 

different contexts and scenarios. Group C evaluates students’ ability to justify their 

answers, interpret results, make conjectures and comparisons, and evaluate data and 

information against specific criteria (Ali̇Ustaoğlu et al., 2023; Smith et al., 1996). Table 1 

below describes and provides examples of the cognitive demands of the MATH 

Taxonomy.   
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Table 1. Descriptions and Examples of Math Taxonomy Categorization 

Group A: 

Factual recall 

and routine 

procedures 

Factual Knowledge and 

Fact System [FKFS] 

Bring to mind previously learnt information in the form that it was given. 

Comprehension  

[COMP] 

Decide whether conditions of a simple definitions are satisfied, understand significance 

of symbols in a formula and substitute into that, recognize examples and counter 

examples 

Routine Use of 

Procedures [RUOP] 

Using procedure/algorithm in a familiar context. When performed properly, all people 

solve the problem correctly and in the same way. Student will have been previously 

exposed to these in drill exercises  

Group B: 

Using existing 

mathematical 

knowledge 

and 

Techniques in 

new ways 

Information Transfer  

[IT] 

Transferring information from verbal to numerical or vice versa, deciding whether 

conditions of a conceptual definitions are satisfied, recognizing applicability of a 

generic formula in particular contexts, summarizing in non-technical terms, framing a 

mathematical argument from a verbal outline, explaining relationships between 

component parts, explaining processes, resembling given components of an argument 

in their logical order 

Application in New 

Situations  

[AINS] 

Choose and apply appropriate methods/information in new situations.  

Group C: 

Application of 

conceptual 

knowledge to 

construct 

mathematical 

arguments 

Justifying and 

Interpreting  

[JI] 

Proving a theorem in order to justify a result/method/model, finding errors in 

reasoning, recognizing limitations in a model, ascertaining appropriateness of a model, 

discussing significance of given examples, recognition of unstated assumptions.  

Implications, Conjectures 

and Comparison 

[ICC] 

Given or having found a result/situation, draw implications and make conjecture and 

the ability to justify/prove these. The students also have the ability to make 

comparison, with justification, in various mathematical contexts.  

Evaluation  

[EVAL] 

Judge the value of material for a given purpose on define criteria—the student may be 

given the criteria or may have to determine them.  

Adapted from Smith et al. (1996), Kinnear et al. (2020), and Darlington (2014) 
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Differences in standards of categorization evident in research studies, result in 

discrepancies in the proportion of categories on individual exams despite using the 

comparable examination published by the exam boards. The disparity is due to two 

reasons. First, researchers vary on their decisions to categorize sub-questions within more 

complex questions. Researchers may decide that sub-questions should fall into one 

specific category instead of categorizing each question individually (Kinnear et al., 

2020). Furthermore, there needs to be a strict definitions for routine and non-routine 

questions potentially spanning all groups of MATH Taxonomy (Darlington, 2014). For 

example, a proof-by-induction question could fall under Group C as it requires students 

to consistently justify their approaches at every step with clear mathematical reasoning. 

However, the same questions could resemble procedural questions based on the 

curriculum, learning objectives, and the teaching and learning materials (Darlington, 

2014). As noted by researcher (Darlington, 2014; Kinnear et al., 2020) , a reclassification 

of assessment items could occur if student begin to exhibit factual recall upon repeated 

attempts. The variations during the categorization process require a need for further 

clarifications in the categorization standards and validating processes.  

Darlington (2014) and Kinnear et al. (2020) highlighted that university 

mathematics demands students to draw implications, formulate conjecture, construct 

conclusion and justify responses all requiring high level of abstractions. The researchers 

note that college mathematics places a higher emphasis on knowledge and skills listed in 

Group C of the MATH taxonomy. In contrast, high school examinations heavily 

prioritize demonstrating procedures and factual recall, aligning with Group A. According 

to Darlington’s finding, the gap between the levels of cognitive demand of the high 
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school assessment questions as compared to undergraduate math are significant in two 

categories. The researcher found that only 32% of undergraduate mathematics 

examination questions falls in the Group A category requiring recall of formulas, 

definitions and procedures, whereas nearly 73% of A-level questions were found to be in 

this category. Moreover, Darlington’s study shows that only 6.2% of A-level 

mathematics questions were assigned to Group C, a stark contrast to the 54% of 

undergraduate mathematics. Kinnear et al.’s (2020) findings corroborated Darlington’s 

observations that both IB and A-level exams, have a greater emphasis on Group A’s 

lower-level cognitive demand, taking more than half of the examinations (62% in IB, 

66% in A-level respectively) and considerably less in Group C (4% in IB and 1% in A-

level). Although, university assessment weighting varies, some exams, like The Test of 

Mathematics for University Admission (TMUA) Paper 1, emphasize Group B (78%), 

while TMUA P2 places 62% weight on Group C.  

These discrepancies in assessed skills and cognitive demands contribute to 

students arriving at university with flawed conceptions of mathematics (Crawford et al., 

1994, 1998; Darlington, 2015). Consequently, university admissions recommend that 

students take additional extended examinations or university-published entrance exams, 

such as the Oxford Entrance Exam, to measure candidates' competence and better align it 

with the expectations of undergraduate mathematics (Darlington, 2015).  

Inarguably, a redirection of testing in Group A, shifting the focus from Routine 

Use of Procedures (RUOP) to Factual Knowledge and Fact System (FKFS), is a 

necessary change in the secondary Advanced courses and the associated examination if 

students are to be adequately prepared for college Calculus 1. Darington (2014) asserted 
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that university-level mathematics courses heavily rely on a deep understanding of precise 

definitions and theorems (Darlington, 2014; Gueudet et al., 2016). The researcher further 

suggests that undergraduate students are expected to accurately recall definitions and 

theorems, apply them effectively, and formulate conjectures in various contexts 

(Darlington, 2014; Gueudet et al., 2016). Darlington’s research found that undergraduate 

mathematics courses emphasize the mastery of factual knowledge and a deep 

understanding of the factual system while placing less emphasis on the routine use of 

procedural knowledge. In contrast, enriched high school programs, such as IB and A-

level, tend to focus more on routine procedural questions (Darlington, 2014; Kinnear et 

al., 2020). This observation is consistent with other research findings that show a lack of 

understanding among Advanced Placement (AP) students regarding the interpretation and 

meaning of the rate of change, especially when dealing with non-linear functions 

(Teuscher & Reys, 2012). Nevertheless, these students are able to successfully complete 

calculating the rate of change. It is important to note that not all research findings agree 

that college-level mathematics courses promote a deep understanding of precise 

definitions and theorem. Kinnear et al.'s work found no significant emphasis on factual 

knowledge and fact systems in university mathematics assessments.  .  

Complexity Resource Abstractness and Strategy Framework  

The Complexity, Resource, Abstractness and Strategy (CRAS) Framework 

developed by Pollitte et al. (1998) extended on the earlier Scale of Cognitive Demand by 

Edward and Dall’Alba (1981). The CRAS derived from learning theories: Bloom (1956), 

Bruner (1961), de Bono (1985), and Novak’s (1977) interpretation of Piaget (1967). The 

framework’s primary purpose is to scrutinize and quantify the cognitive loads presented 
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by the course materials and test items, ensuring alignment with the learning objectives. 

The original intent was to support science teachers and examiners involved in the General 

Certificate of Secondary Education program in the United Kingdom and used to evaluate 

the consistency of the cognitive demands within assessments (Johnson & Mehta, 2011).  

Edward and Dall’Alba’s (1981) framework categorized components into four 

domains- Complexity, Openness, Implicitness, and Abstraction. Each domain consists of 

six levels of cognitive demands. Pollitt et al. (1998) refined these domains to Complexity, 

Resources, Abstractness, and Strategy and condensed them into five levels of cognitive 

demand to address ambiguities and vagueness in levels. The practical application of the 

CRAS framework was demonstrated by Pollitte et al., who used it to examine the 

cognitive demand set by the examiners of test items.  

The four domains of the CRAS framework focus on different contributors to the 

cognitive lead required for mental processing. Complexity evaluates the cognitive load on 

components and the interconnections between ideas or operations. Resources focus on the 

utilization of data and information. Abstractness examines the types of objects or 

phenomena that students must comprehend, and Strategy assesses the methods devised 

for problem-solving (Johnson & Mehta, 2011).  

June et al. (2017) further refined the CRAS framework into the Cognitive 

Demand (CD) instrument. This instrument is specifically designed for evaluating A-level 

mathematics, helping educators to determine if the cognitive demands of questions items 

are appropriately tested according to the CD rubrics. The CD instrument thus measure 

complexity, abstractness and strategic cognitive demands with a focus on A-level 

assessments.  
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In this paper, due to vague definitions and lack of contextual consideration in the 

previous CRAS framework, the CD instruments is used to evaluate the assessment items. 

For simplicity, this revised instrument will be referred to as the CAS (Complexity, 

Abstractness, and Strategy) instrument (See Table 2 below). 
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Table 2. Descriptions of CAS framework  

Descriptions 1 2 3 4 5 

Complexity 

 

Refer to the demand placed on students in terms of the 

subgoals or set of steps, specified (or implied) in a 

question to guide them.  

A single step or 

very few steps, 

with no linkages 

between steps 

A few steps, 

with no linkages 

between steps 

A few steps, 

with simple 

linkages between 

steps 

Several steps 

with simple 

linkages between 

steps 

Many steps, with 

complex 

linkages between 

steps 

Abstractness 

 

Refer to the demand placed on students in terms of 

working with mathematical objects and ideas that require 

considerable mental construction or some imagination, or 

completely specified elements.  

 

Whether all the necessary information is clearly given or 

must be abstracted into mathematical language, or vice 

versa.  

All, or almost all 

concrete, clearly 

givens. 

Mostly concrete, 

and a few 

elements needed 

to abstract. 

Some abstract, 

and elements 

needed to 

abstract. 

Mostly abstract 

and a few 

concrete 

elements 

All, or almost 

all, abstract 

elements 

Strategy 

  

Refers to the demand placed on students in terms of how 

they decide to tackle a question.  

 

Told what to do – either by the question itself or left to 

decide for themselves what to do  

Strategy 

completely 

specified, with 

step-by-step 

instructions 

given or 

involving 

standard 

procedure which 

students have 

memorized 

Strategy mostly 

specified with 

much guidance 

given on how to 

proceed, leaving 

very few choices 

to be made as 

regards strategy 

Strategy 

somewhat 

specified, with 

some guidance 

on how to 

proceed, leaving 

a few choices to 

be made as 

regards strategy 

Strategy mostly 

unspecified, with 

little guidance 

given on how to 

proceed, leaving 

some choices to 

be made as 

regards strategy 

Strategy 

completely 

unspecified with 

no guidance 

given on how to 

proceed, leaving 

many choices to 

be made as 

regards strategy. 

Table adapted from Jun et al. (2017) 
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The criterion for the complexity domain evaluates the cognitive load required of 

students, focusing on the subgoals or sequence of steps that are explicitly stated or 

inferred within a question (June et al., 2017). The complexity level increases not just with 

an increased additional number of steps, but also with the linkage between the steps. 

Therefore, a precise definition of a step is vital, as the number of steps does not 

automatically equate to higher complexity. Thus, in this paper, 'steps' will be defined as 

subgoals necessary to reach the final answer solution to the problem. These subgoals will 

be distinguished based on the mathematical concepts need to understand and apply to 

successfully respond to the question. This nuanced approach allows for a more precise 

evaluation of the question's complexity.  

Consider the following example, question 7 from A-level Paper 1 (2021) 

involving the proof of trigonometric identities and the solution of a problem with two 

distinct concepts. 

Question 7 – A-level Paper 1 (2021): 

(a) Prove the identity 
1−2 𝑠𝑖𝑛2𝜃

1− 𝑠𝑖𝑛2𝜃
= 1 − 𝑡𝑎𝑛2𝜃 

(b) Hence solve the equation 
1−2 𝑠𝑖𝑛2𝜃

1− 𝑠𝑖𝑛2𝜃
= 2 𝑡𝑎𝑛4 for 0𝑜 ≤ 𝜃 ≤ 180𝑜 

This example involves multiple steps to the solutions that are not necessarily linked, as 

students could solve part (b) without solving part (a). This problem represents a level 2 in 

the complexity criteria given the absence of linkage between the steps.   

June et al. (2017) summarizes the criteria for the abstractness domain as a 

measure of the demand on students to work with mathematical objects, whether concrete 

or abstract. Specifically, this criterion examines whether all the necessary information is 

clearly provided or must be abstracted into mathematical language, or vice versa. The 
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framework, unfortunately, present a vague definition of 'abstractness,' especially in 

distinguishing between the notion of a 'few elements' or 'some abstract elements’.  

Additionally, the criteria for what constitute a concrete element in mathematics 

education vary significantly between the junior and senior years of high school. For 

example, in the junior year, an abstract concept might be the discriminant of quadratics, 

but by the senior year, this standard gets more abstract by involving complex numbers. 

For this reason, the definitions of abstract and concrete elements have been modified in 

this thesis from the framework in June et al. (2017) but also integrates aspects of the 

'resources' and 'abstract' criteria from the CRAS framework.   

Consider question 8 below from A-level Paper 3 (2023) that comprises entirely 

concrete elements presented in a familiar textbook format where the function f(x) is 

explicitly stated.  

Question 8 – A-level Paper 3 (2023): 

 

In such a case, students are not required to reinterpret the provided information into 

different forms to address the problem, thereby minimizing the need for abstraction. 

Thus, such question is classified as level 1 for the abstraction criteria.  

 By contrast, Question 6 from AP Calculus BC (2021) requires students to 

conceptualize the given information, such as the 'trapezium rule' and the 'interval of 

convergence', and translate the information into mathematical language to successfully 

respond to the question 
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Question 6 – AP Calculus BC (2021): 

 

The question requires heavy abstraction of math terminologies, and thus classified as 

Level 4 in the abstraction domain. 

The strategy domain assess the level of tactical thinking required of students to 

approach a question (June et al., 2017). Question 12 from the IB Paper 2 (2022) below 

presents a good example of how the strategic domain is applied. This question offers 

significant guidance by giving instructions to use specific methods, such as in part a) 

‘Use Euler’s method’ and part b) ‘Use the substitution’, directing students’ to ‘show that 

y =’ a specific technique in part (c).  
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These instructive questions gradually guide students methodically through the proof of 

statement e) by building on the steps outlined in the earlier sections. The question, mostly 

specified with guidance on how to proceed and leaves very few choices to be made 

through an independent approach. As such, this question is classified as Level 2 in the 

strategy domain. 

Questions arise whether these enrichment curricula are designed to broaden 

students’ range of understanding and cognitive skills through mathematical problem-

solving, or if these advanced courses primarily serve to open doors to select universities. 

The thesis investigates two primary questions. First, what are the distinctive 

characteristics of the assessments used to evaluate students’ conceptual understanding of 

the mathematics covered in the advanced curricula? Second, what cognitive skills do 

these advanced mathematics assessments require compared to the cognitive skills 

required for success in mathematics at the undergraduate level?  
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Chapter III.  

Methodology 

This study analyzes past exam papers from May and June of 2021,2022, and 2023 

provided by College Board, the International Baccalaureate Organization and Cambridge 

University Press and Assessment for AP Calculus BC, AA higher Level and A-level 

respectively. To address the research questions that seek to identify the distinctive 

characteristics and cognitive demands of the advanced curricular assessments, these 

papers have been selected due to their coverage of math concepts that are align across the 

advanced educational programs (Table 3). The study compares the  evaluation of the 

Advanced curricular exams with findings from research studies (Bergqvist, 2007; 

Darlington, 2014; Kinnear et al., 2020; Tallman et al., 2016; White & Mesa, 2014) on 

undergraduate Calculus I assessments to examine the differences in cognitive demands at 

high school verse undergraduate levels.  

Table 3. Summary of the Analyzed Examinations 

Exam Papers Number of  

Examinations 

A-level  

(Cambridge 

International)  

Pure Mathematics 1, (2021 – 2023) 

Pure Mathematics 3, (2021 – 2023) 

 

3 

3 

 

AP Calculus BC  Section II Free Response, (2021 – 2023) 3 

IB DP AA HL  Paper I, (2021 – 2023) 

Paper II, (2021 – 2023) 

Paper III, (2021 – 2023) 

3 

3 

3 

Summary of analyzed examinations including the number of each examination, and total 

marks.  
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The exam questions were extracted and mixed to minimize potential bias that the 

cognitive demand increases with the increasing order of the questions and to address 

preconceived notions about the assessment characteristics. The cognitive demands of the 

assessment questions are evaluated using Complexity, Abstractness and Strategy (CAS) 

framework and the MATH Taxonomy. Assessment questions are categorized according 

to the MATH Taxonomy using the definitions and descriptions outlined by Smith et al. 

(1996), supplemented with examples from Darlington (2014). Each question is rated 

according to the cognitive demand required for successful response and categorized in the 

appropriate MATH Taxonomy Group i.e. Group A for factual recall, comprehension and 

routine procedures, Group B for using existing mathematical knowledge and technique in 

new ways, or Group C for applying conceptual knowledge to construct mathematical 

argument. Unlike the MATH taxonomy, however, the CAS framework assigns a level 

from 1 to 5 for Complexity, Abstractness, and Strategy to a question. The CAS 

combinations are analyzed to identify the characteristics of the examinations and their 

alignment with the curriculum's assessment objectives.  

The examiner's report, published by each exam boards at the end of the 

assessments, and the marking scheme are referenced to validate the application of the 

MATH Taxonomy and the CAS framework. In the case of the Routine use of Procedure, 

if the marking scheme provided only one solution without alternatives or if an alternative 

solution required only simple, procedural algorithmic skills, this suggests that the 

question did not demand high cognitive effort from students. Examiner's reports can also 

support and imply that the question did not require higher-order thinking with the notes, 

"Most candidates were successful; a few made errors in solving their simultaneous 
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equations." Together, these documents suggest that the question was generally 

manageable for students who followed the established procedures, thus falling into Group 

A of the MATH Taxonomy, possibly under Routine of Procedure. Validating whether a 

question falls under the Justifying and Interpreting can also be done by scrutinizing the 

distributions of the marking components in the rubric. Justifying and Interpreting 

questions require students to employ independent thinking and logical reasoning skills; 

thus, it is highly likely to include all the grading components, such as methodology, 

accuracy and reasoning, which are rarely seen throughout the rubric. Examiners' report 

also authenticates the categorization by explicitly highlighting the struggles observed in 

seeking an independent approach and reasoning skills, "most candidates did not present 

their proof...” and “merely relied on an algebraic approach, rendering the proof 

incomplete”. These statements suggest that students struggled to write the proof, thus 

falling into group C of the MATH taxonomy.  

In a similar manner, the examiner's report and marking scheme were incorporated 

to validate the levels of the CAS framework. For instance, phrases like "Some responses 

were able to set up the correct..." in the examiners' report indicate that students had to 

formulate and select appropriate approaches to solve the problems; thus, such questions 

fall under the high level of the strategy criteria. In terms of marking scheme, numerous 

method marks with the indications of the follow-through (awarding credit for using 

previously incorrect answers to solve the current question) suggest that the questions are 

deeply interconnected, requiring more steps and subgoals, further increasing the level of 

strategy. 
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Before analyzing the data, questions were randomly selected to evaluate and 

moderate the consistency and thoroughness of the categorization process. As a final goal, 

the analysis aims to inform an integrated review of the disparities or similarities in the 

cognitive demands structured by high school and undergraduate-level assessments using 

the MATH taxonomy and CAS framework. 
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Chapter IV. 

Results 

The use of the MATH Taxonomy and Complexity, Abstractness and Strategy 

(CAS) frameworks aim to provide the levels of cognitive demand of the advanced 

curricular assessments for Advanced Placement (AP), International Baccalaureate (IB) 

and Advance-Level (A-level) programs. Selected questions from the assessments for 

2021, 2022 and 2023 are analyzed and discussed to characterize the types of questions 

and the cognitive demand required for students to successfully respond to the assessment 

items. First, each of the selected question is classified as Group A, B, or C of the MATH 

Taxonomy. Second, through the lens of the CAS framework, questions are assigned a 

level from 1 through 5 to reflect the levels of complexity, abstractness, and strategy.  

MATH taxonomy Analysis by Exam 

 In this section of the results, each of the selected questions is classified as Group 

A for recalling facts and procedures, Group B for using math knowledge in novel 

situations, or Group C for applying application of conceptual understanding for math 

argumentation. The questions are further analyzed for the specific question type within 

the groups according to the MATH Taxonomy framework. Group A items are identified 

as FKFS for factual knowledge and fact systems, COMP for comprehension, and RUOP 

routine use of procedures. Group B items are classified as IT for information transfer, and 

AINS for applications in new situations.  Group C items are placed into one of three 
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categories, JI for justification and interpretation, ICC for implication, conjectures, and 

comparisons, or EVAL for evaluation. See Table 1 in Methodology chapter for detailed 

descriptions. 

IB Examination  

In alignment with its assessment objectives to ensure students have a solid 

foundation in basic principles, the IB curriculum emphasizes recall, selection, and 

application of mathematical facts, concepts, and techniques (IBO, n.d.-b). Selected 

questions from Papers 1, 2 and 3 from the three years (2021-2023) for a total of nine 

papers are analyzed and discussed. 

According to the International Baccalaureate Organization (n.d.), Paper 1 and 

Paper 2 are designed to assess students’ mathematical knowledge using short responses 

and extended questions. Paper 3 on the other hand, is designed to assess students' 

problem-solving capabilities by generalizing and interpreting contexts. 

The analysis of the IB Papers using the MATH Taxonomy shows a distribution of 

unique exam style and assessment focus. As displayed in Figure 1 below, Papers 1 and 2 

presented similar MATH Taxonomy profiles with the key difference involving the 

requirement of graphical calculators for Paper 2. The presence of the graphical 

calculators influences cognitive demand, potentially posing different challenges for 

students. The analysis of Papers 1 and 2 shows an approximate 2 to 1 ratio of Group A to 

Group B/C items.  
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Figure 1. Distribution of MATH by Groups (A, B, C) for IB Exams (2021-2023)   

Paper 1 and Paper 2 share a similar profile, whereas Paper 3 has a closely aligned 

distribution with smaller variance. 

Paper 3 by design shows a more balanced distribution between Group A and Group B/C 

items. About 54% of the Paper 3 assessment items are identified as Group B or Group C 

indicating higher cognitive demand for successful students’ responses. 

Figure 2 shows a more detailed analysis of the IB Papers by classifying the 

assessment items according to the question types. Whereas Papers 1 and 2 show a high 

percentage (45.2% and 46.1% respectively) in the RUOP category of Group A of the 

MATH Taxonomy, Paper 3 has a significant number (about 60%) of questions in the 

COMP, AINS and JI categories with Application  
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Figure 2. Distribution of MATH Taxonomy by Categories for IB Exams (2021-2023)   

Each paper has unique strengths. Paper 1 places a stronger emphasis on Information 

Transfer, whereas Paper 2 focuses more on RUOP, and Paper 3 on AINS (2021-2023). 

(30%), Comprehension (23%), and Justification (7%). Paper 3 also shows a predictable 

decrease in questions testing Routine Procedures (25%) and Factual Knowledge and Fact 

Systems (2%) compared to the other two papers. Two examples of FKFS items on the IB 

assessments are question 10 from Paper 2 from the 2021 assessment and question 1 from 

Paper 3 of the 2023 assessment.  

Part (a) of question 10 below, tests the fundamental principle of probability that 

the probabilities of the events equal to 1. 
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As such, this assessment item is classified as FKFS in Group A of the MATH Taxonomy.  

In most cases, these question types are served as crucial building blocks for more 

advanced problem-solving tasks, such as part (b). Part (b) is also Group A as a RUOP 

item type as it requires the routine procedure for finding expected values.  

Research by Gueudet et al. (2016) shows a discrepancy in the types of questions 

that fall under Factual Knowledge and Fact Systems between university and high school 

curricula. At the university level, FKFS questions focus on definitions or the recall of 

theorems which may seem elementary, yet are crucial as they form the foundational 

knowledge needed to solve Group C questions (Gueudet et al., 2016). In contrast, in high 

school curricula, the focus is on mathematical concepts or terminology, which can also be 

viewed as procedural questions solvable by recalling memorized mathematical concepts 

rather than relying on the definitions of the mathematical terms. For instance, Question 1 

from IB Paper 2 (2023), highlights the FKFS nature of Group A items, and the low 

cognitive demand required for students’ successful response. 
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Students are asked to state the vertical and horizontal asymptotes of rational functions, 

which requires recalling the characteristics of rational functions. This question can be 

answered through memorization by recalling the method learned to identify vertical and 

horizontal asymptotes. 

IB examinations tend to have a significantly higher percentage of comprehension 

questions (15.4%) compared to Kinnear et al. (2020) results this could be because 

Kinnear et al. (2020) excluded paper 3 in their data analysis. Group A Comprehension 

questions of the MATH Taxonomy in the IB curriculum are prevalent throughout the 

examinations, particularly in Papers 1 and 3 (Figure 2) which may be due to their role as 

guiding questions under both calculator-permitted sections in Paper 2 and calculator-

restricted in sections in Paper 1. The increase in comprehension of questions in paper 3 is 

likely a consequence of the foundational knowledge required to solve more cognitively 

demanding problems. This supporting role of these COMP items aligns with the IB 

guidelines that "The first part of each question will be on syllabus content leading to the 

problem-solving context" (IBO, n.d.-b). These questions ensure that students can use 

their comprehension of the embedded patterns to further attend to more complex 

questions. An example of a Group A COMP assessment item is question 1 from the 2023 

IB Paper 3.  
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Understanding the symbols and substituting values act as a bridge that allow students to 

comprehend and tackle challenging problem-solving questions, such as the question 

presented in part (d) asking for student to prove the mathematical induction. Thus, it is 
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consistent that Paper 3 surpasses other papers in the proportion of comprehension 

questions, as shown in Figure 2. 

Paper 1 assessment test items in the COMP category require students to 

understand variables or symbols in formulas, substitute appropriate values or variables, 

and test their numeracy and algebraic skills without a calculator. For instance, question 3 

from 2022, students were asked to  

a) show that  𝑎2 + (
𝑎2−1

2
)
2

= (
𝑎2+1

2
)
2

   

This assessment item aims to evaluate algebraic skills by requiring students to 

comprehend and manipulate the algebraic equation to ensure that the left is equivalent to 

the right side.  Another similar example would be question 11 from 2022, 

b) When 𝛼 = arctan 2, show that  
𝑑2𝐿

𝑑𝛼2 =
45

4
√5 

through a thorough understanding of mathematical symbols, students must substitute an 

appropriate value for alpha and assess algebraic and numeracy skills as it involves 

solving trigonometry ratios without an aid of a calculator. 

IB exams cover a wide range of mathematical topics presented in a two-year 

program math course. These topics include numbers and algebra, functions, geometry and 

trigonometry, statistics and probability, and calculus. Thus, IB questions benefit from 

combining multiple mathematical concepts. For example, IB often features complex, less 

familiar questions that integrate multiple topics, such as the product of roots (functions) 

with geometric sequences and series (number and algebra) and the maximum point of a 

graph (calculus) (Appendix 1). Students are required to have a deep understanding of 

mathematical concepts from a variety of topics, thus reducing the routine use of 

procedural questions.  
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Although IB questions interconnect one unit to others, the number of routine use 

of procedures increased despite using graphing calculator. A shift from testing algebraic 

procedural skills in Paper 1 to graphical display calculator skills in Paper 2 may explain 

the increase in Group A RUOP items. Consider question 1 from the 2023 IB Paper 2, 

 

when presented with a data table such as presented in this question, students are expected 

to demonstrate their graphing calculator skills by finding an appropriate linear regression 

equation. Likewise, students are required to recognize discrete pieces of information in an 

unfamiliar context and solve the questions using graphing calculator. The contextual 

questions fall under RUOP as they do not require a strategic approach to solve the 

questions, and only involve procedural skills of graphing calculator. 

Furthermore, the IB curriculum has a moderately high percentage of application 

questions, with 29.1%, with Paper 2 of the IB exams having more application questions 

than Paper 1. Application questions in Paper 1 were heavily focused on algebraic and 

numeracy skills within the same units, whereas application questions in Paper 2 were 

given so that they connect mathematical contents across units. For instance, question 10 

from the 2022 
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started with the probability density function in parts (a) and (b), yet it was linked to 

binomial distribution statistics in (d) or further probability combinatorics questions in (c). 

This interconnected link across the unit displays the benefits of graphing calculator, 

shifting the algebraic and numeracy skills to further conceptual understanding.  

Paper 1's emphasis on comprehension (COMP) and information transfer (IT) may 

be influenced by no-calculator use during the exam. The following examples, question 11 

from Paper 1 (2021), and question 10 from above  
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provides a comparison of the applications with and without the calculator use. The 

absence of a calculator necessitates tasks such as graphing in paper 1, which requires 

students to abstract information from equations and translate it into graphs by considering 

critical points and asymptotes. However, in Paper 2, where a calculator is allowed, such 

tasks no longer fall under Information Transfer as it shifts toward comprehension or 

routine procedures. Therefore, this results in a lower cognitive demand for information 

transfer in Paper 2 (Figure 2). 

 Although a dramatic decrease in information transfer was expected in Paper 2 

due to the use of a graphing calculator, there is only a slight decrease compared to Paper 

1 (5.8% to 3.3%). This minimal movement may be a result of students not required to 

transform mathematical expressions into graphs as this process would be a simple copy 

of a graph using the calculator. Instead, questions in paper 2 demand transfer of 

information from mathematical form to non-technical terms using context or vice versa, 

placing higher cognitive demands on students, and thus contributing to the comparative 

numbers of Group A and Group B assessment items on Papers 1 and 2. 
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Most IB questions in the justifying and interpreting section ask for proof of 

statements, often using methods like proof by induction or contradiction, which could 

also fall under routine procedures (Darlington, 2014; Kinnear et al., 2020). Though 

proving typically requires Group C skills, recalling theorems or fundamental facts can 

lead to Group A skills. Nevertheless, well-rehearsed proofs practiced consistently over 

time can be reduced to ROUP or even FKFS, depending on the curriculum (Kinnear et 

al., 2020). Although the IB exams may appear to demand high cognitive skills, they risk 

losing this rigour if the assessment items include proving statements that can be easily 

solved through well-practiced procedures, like proof by induction. 

CIE A-Level Examination 

Overall, A-level examinations feature a high percentage of routine procedure 

questions at 67.3% (see figure 3 below). Although the percentage values may differ from 

those reported approximately 72% in Kinnear et al. (2014) and 78% in Darlington (2020) 

the distribution of A-level examinations  
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Figure 3. Distribution of MATH Taxonomy by Categories for A-level (2021-2023)   

Paper 1 places a stronger emphasis on RUOP, whereas Paper 3 focuses more on AINS. 

by MATH taxonomy groups and categories is proportionally aligned with these studies. 

According to the A-level syllabus, Paper 1 focuses on fundamental topics, routine 

procedures, and core mathematical principles, while Paper 3 covers advanced topics with 

a mix of routine and non-routine questions (CIE, 2020). The assessment’s aims of Papers 

1 and 3 are substantiated by the data analysis using the MATH Taxonomy that shows 

paper 1 outweighing Paper 3 in Group A questions with 3.1% to 0.4% FKFS items, 

10.2% to 0.9% COMP items, and 72.0% to 63.1% RUOP items. Contrastingly, Paper 3 

outweighs Paper 1in Group B AINS items (30.7% compared to 8.0%). These results 

illustrate that Paper 1 places significant weight on understanding and comprehension 

whereas Paper 3 emphasizes applications.  
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Similarities in testing and context become evident when comparing two A-level 

exam papers from different years, also noted in Darlington's (2014) work. For instance, a 

comparison of the 2021 Paper 3 and the 2023 Paper 3 makes evident the similar features 

of exams (Table 4).  

Table 4. Comparison of A-level Examinations: 2021 Paper 3 (Left) and 2023 Paper 3 

(Right)  

Question 2 

 

Sketch the graph of 𝑦 = |2𝑥 + 3|       
  

Solve the inequality 3𝑥 + 8 > |2𝑥 + 3|. 
 

Question 1  

 

Solve the inequality 2|3𝑥 − 1| < |𝑥 + 1|. 
 

Question 4  

 

Show that the equation sin 2𝜃 + cos 2𝜃 = 2 sin2 𝜃 

can be expressed in the form.  

 

cos2 𝜃 + 2sin 𝜃 cos 𝜃 − 3 sin2𝜃 = 0 

 

Hence solve the equation sin 2𝜃 + cos 2𝜃 =
2 sin2 𝜃 for 0° < 𝜃 < 180°. 
 

 

Question 4 

 

Prove that (1 − 2 cos𝜃)/(1 + cos2𝜃)  ≡ tan2 𝜃 . 
 

Hence find the exact value of ∫
1−cos2𝜃

1+cos2𝜃
 𝑑𝜃

1
3
𝜋

1

6
𝜋

. 

Question 8 

 

Relative to the origin O, the point A, B, and C have 

position vectors given by  

𝑂𝐴⃑⃑⃑⃑  ⃑ = (
2
1
3
) , 𝑂𝐵⃑⃑ ⃑⃑  ⃑ = (

4
3
2
), and  

𝑂𝐶⃑⃑⃑⃑  ⃑ = (
3

−2
−4

) 

 
The quadrilateral ABCD is parallelogram.  

 

Find the position vector of D.  

Question 8  

With respect to the origin O, the points A and B 

have position vectors given by 𝑂𝐴⃑⃑⃑⃑  ⃑ = (
1
2
1
) and 

𝑂𝐵⃑⃑⃑⃑  ⃑ = (
3
1

−2
). The line l has equation 𝒓 = (

2
3
1
) +

𝜆 (
1

−2
1

). 

 

Find the acute angle between the directions of AB 

and l.  

 

Comparison of exam questions from 2021 and 2023 Paper 3, highlighting patterns in 

question format and content.  

Both Papers contains three questions involving the solving of inequalities, trigonometry, 

and vector questions in a familiar format. The questions are consistently presented in a 
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straightforward and restricted manner, focusing on procedural skills. The patterned and 

restricted presentation of Papers from year to year increases the proportion in RUOP 

questions on Paper 3 and as Darlington noted, students who have solved sufficient 

numbers of past papers would be more likely to view application questions as routine 

procedural questions. 

The structure of the A-level exams consists of four papers, two of which focus on 

pure mathematics and the other two with a focus on Probability, Statistics, and 

Mechanics. The separation of exam papers in A-level exams leads to a lack of integrated 

questions that combine multiple components, such as pure mathematics and mechanics. 

Unlike A-level, AP and IB exams consist of application questions with velocity and 

acceleration with calculus under various contextual settings. 

Along with the restrictions on integration questions, A-level assessment 

objectives emphasize mathematical manipulative techniques mathematical skills (CIE, 

2020). Since the A-level curriculum does not permit graphing calculators, the assessment 

items require a high level of algebraic manipulation. The questions involve working with 

trigonometric identities, integration with substitution of trigonometric functions, 

integration by parts, and derivatives of combined functions involving trigonometric 

expressions and surds. Darlington (2014) highlighted that students who successfully 

complete the A-level program develop sufficient technical skills in calculus, algebra, and 

trigonometry in preparation for undergraduate study, but also noted that computational 

processes no longer take a large part of studies in undergraduate mathematics.  
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Advanced Placement Examination 

Much like the A-level and IB assessments, the analysis of the AP exams using the 

MATH Taxonomy shows a preponderance of Group A RUOP questions with an 

increasing trend in this regard (53.7% in 2021, 63.0% in 2022 and 68.5% in 2023).  

Figure 4 below show the percentages of the question type for the three years. The second 

largest category for the AP assessments in the Group B AINS category with 31.5%, 

25.9% and 20.4% for 2021, 2022 and 2023 respectively.  

While the information transfer items make up smaller portions of AP items during 

the three years, it is worth noting that these items tend to focus on definitions and 

characteristics of theorems. 

 

 

Figure 4. Distribution of MATH Taxonomy for AP Calculus BC (2021-2023)   

5.6%
0.0% 1.9%

5.6%

53.7% 63.0%

68.5%

5.6%
7.4%

3.7%31.5%
25.9%

20.4%

3.7% 3.7%

2 0 2 1  M A Y 2 0 2 2  M A Y 2 0 2 3  M A Y

MATH TAXONOMY ACROSS 3 YEARS 
AP CALCULUS BC

FKFS COMP RUOP IT AINS JI ICC EV
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AP-level has shown increase in RUOP while decrease in AINS and JI over the years.  

A good example is question 3 (2023) part (b) below that asks students  

to find the x-coordinates of all points of intersection of the graph from 0 to 7.  The 

problem requires that students recognize and determine whether the conditions of 

conceptual definitions, such as points of intersection, are satisfied given the graph of a 

derivative function. This question is challenging to solve if students do not fully 

understand the definition of a point of intersection and its interpretation both 

algebraically and graphically in various contexts, such as in the derivative or second 

 

derivative graphs. AP exams tend to have a high percentage of questions that assess 

contextual understanding of the mathematical definitions and require demonstration of 

knowledge in mathematical context. AP questions also consistently require students to 

justify or explain their results through mathematical reasoning throughout their exams, as 

shown in Question 4 (2023). 
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While A-level and IB primarily award marks for comparing the calculated results in the 

context of the questions or providing mathematical statements of a proof which can be done 

through memorization, AP marking scheme for the reasonings is focused on student 

conceptual understanding of mathematical properties (Table 5).     
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Table 5. Comparing Rubrics for Reasoning  

AP Calculus BC  

 

IB AA HL  

 

 

A-level  

 

The AP marking scheme focuses on reasoning marks based on conceptual understanding 

of mathematical properties, while the reasoning marks in IB and A-level are based on 

numerical comparison.  
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CAS Framework 

The CAS framework allows for the examination of the cognitive demands 

required to successfully respond to the assessment questions by evaluating the levels of 

Complexity, Abstractness and Strategy. Each question is assigned a CAS combination 

triplets in a (C, A, S) format where the three categories are rated on a scale of 1 through 

5.  In the CAS combination, the first integer indicates the level of cognitive demand for 

complexity, with a higher number indicating a higher level of cognitive demand. The 

second integer is the level cognitive demand for abstractness, followed by the third 

integer for the level of cognitive demand for strategy.  The CAS combinations describe 

the cognitive demand of the questions as a whole with each digit reflecting the specific 

level of a category that is not added or separated from the other level, as suggested in 

Johnson & Mehta, (2011). 

A – Level Analysis with CAS Framework  

The A-level exams exhibit a distinctive style of exam questions represented by a 

range of combinations as indicated in the following table 6 and 7. The analysis shows the 

(3,1,1) and (1,1,1) as the most frequent CAS combinations appear in Papers 1 and 3 

suggesting that the exams often include typical textbook-style questions, indicated by 

level 1 in abstraction and strategy, where the necessary information is explicitly provided. 

The low level of strategy also suggests that questions can be solved by following a set 

recipe of steps, which aligns with the distribution of Group A in the A-level MATH 

Taxonomy.  

The (3,1,1) combinations also resemble textbook questions; however, they include 

interrelated sub-questions, where an error in one part could lead to incorrect answers in 
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subsequent parts. Although these questions do not demand a high level of abstraction, 

they do require independent thinking and advanced algebraic skills for manipulation. This 

may mean that questions are explicitly presented without requiring the distillation of 

information. Thus, A-level exams focus more on the direct application of algebraic skills 

rather than on abstract thinking or imagination. This may explain why the Routine Use of 

Procedures category is more prominent in CIE A-level exams when using the MATH 

Taxonomy.   

Paper 1. The analysis of the CAS framework reveals recurring exam question 

patterns. The seven CAS combinations describe 78.1% of Paper 1 questions over the 

three years, 2021 to 2023. The (3,1,1) and (1,1,1) align with the assessment objectives of 

Paper 1 outlined in the A-level curriculum. Level 1 in abstraction and strategy indicates 

that these are straightforward questions involving procedures that can be solved through 

memorization. The (3,1,1) pattern also suggests that the recall-based questions consist of 

linked sub questions, where early steps influence later answers. In other words, these 

questions demand mathematical accuracy while testing core mathematical skills, which 

aligns with the aims of the Paper 1 assessment as outlined in the subject guidelines (CIE, 

2020). 

The seven most frequently observed CAS combinations in Table 6, which 

describe 78% of the paper 1 items, align with the high proportion Group A items in the 

MATH Taxonomy findings. This result supports the finding that a high proportion of 

Paper 1 questions (65.3%) fall under the Routine Use of Procedures category, assessing 

core mathematical skills, and thus, require low cognitive demand. 
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Table 6. CAS Combinations Data (A-level Paper 1) 

Most 

Frequently 

Seen 

Combination 

Unique 

Combination 

(3,1,1) (3,2,2) (4,2,2) 

(1,1,1)  

(1,2,1)  

(3,2,1)  

(2,1,1)  

(2,2,1)  

Most frequent and unique CAS combinations for A-level paper 1. 

 Table 7 below summarizes the frequency of the levels for each category. The 

higher numbers appear in Level 1 for all three categories (12, 15 and 23 for complexity, 

abstractness, and strategy respectively).  Most of the questions of the A-level Paper 1 

were rated at levels 1 through 3 indicating low to medium levels of cognitive demand. 

Figure 5 below also show this result. 

Table 7. Frequency of levels for Complexity, Abstractness and Strategy (A-level Paper 1) 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 
Level 1 12 15 23 
Level 2 7 16 8 
Level 3 13 2 2 
Level 4 1 0 0 
Level 5 0 0 0 

Frequencies and levels of CAS categories for A-level Paper 1 A-Level Exams 

The graph of CAS combinations for A-level Paper 1 is displayed in Figure 5 

below.  The graph of CAS combinations indicates the density of levels 1 through 3 of 



 

51 

cognitive demand for the A-level Paper 1 questions. Only one assessment item reaches a 

level 4 in the complexity category. There are no level 5 items on the Paper 1 A-level 

assessment. 

 

Figure 5. CAS Framework – CIE A-Level Paper 1 (2021-2023)   

Paper 1 consist of combinations with low levels of strategy and abstractness.  

Paper 3. The analysis of Paper 3 using the CAS framework reveals a similar 

pattern as Paper 1 with the higher numbers of items falling at the level 1 through 3 for the 

three categories.  The seven most frequently observed combinations in Table 8 below 

describes 70% of Paper 3 exam questions from 2021 through 2023, only 8% lower than 

in Paper 1. While this still supports findings in the MATH Taxonomy, with a high 

proportion in the Routine Use of Procedures (RUOP) category, the lower percentage 
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suggests that Paper 3 exhibits fewer similarities and less consistency in exam questions 

compared to Paper 1. 

Table 8. CAS Combinations Data (A-level Paper 3) 

Most 

frequently seen 

combination 

Unique 

Combination 

(2,1,1) (3,1,3) 

(1,1,1)  

(3,3,3)  

(3,2,1)  

(2,1,3)  

(3,1,2)  

(3,3,4)  

Most frequent and unique CAS combinations for A-level paper 3. 

The CAS framework also supports the idea that Paper 3 emphasizes algebraic 

skills and accuracy, exhibiting higher levels of complexity and strategy compared to 

Paper 1. The combinations include more questions with levels 3 and 4 in strategy and 

levels 1 or 3 in abstraction compared to Paper 1. This means that questions require 

students to break down the information to identify the givens, while requiring them to 

integrate their own approach to solve the problem. The shift in the level of abstraction 

could also explain the 21.3% increase in application questions in the MATH Taxonomy 

for Paper 3. 

The CAS combination patterns show that Paper 3 focuses heavily on algebraic 

skills and accuracy, particularly in a familiar context requiring low abstraction. The 

patterns align with the statements made by Darlington (2014) regarding students getting 

the opportunity to develop sufficient technical skills in calculus, algebra, and 

trigonometry. This focus can be seen in the (2,1,3), (3,1,2) and (3,1,3) CAS 



 

53 

combinations. While every question is presented in a familiar context with all 

information explicitly given, as noted with level 1 in abstraction, the questions contain 

subgoals that demand mathematical accuracy of the previous steps, indicated with level 2 

or 3 in strategy. See Table 9 below for a summary of frequency levels in each category.  

Table 9. Frequency of levels for Complexity, Abstractness and Strategy (A- level Paper 

3) 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 
Level 1 4 18 13 
Level 2 10 4 5 
Level 3 14 8 10 
Level 4 2 0 2 
Level 5 0 0 0 

Frequencies and levels of CAS categories for Paper 3 A-Level Exams 

Levels 2 or 3 in strategy also imply that students are required to consider their algebraic 

approach, demanding fluency in algebraic skills. The MATH Taxonomy and CAS 

frameworks suggests A-level’s assessment focus on procedural skills meeting their 

assessment aim stated in the curriculum and Darlington’s results. 

The graph of CAS combinations for A-level Paper 3 is displayed in Figure 6 

below.  
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Figure 6. CAS Framework – CIE A-Level Paper 3 (2021-2023)   

Paper 3 consist of combinations with low levels of abstractness and few high levels of 

strategy and complexity.  

IB Diploma AA Higher Level 

The IB Diploma AA Higher Level exams feature a dynamic arrangement of 

combinations within the CAS framework. This array of combinations could be due to 

several designs including the overall variety in the assessment items with distinct 

objectives for each paper, the division of sections A and B, and the use of a graphing 

calculator. It is important to note that this variety does not appear to be due to the 

existence of calculator and non-calculator papers, as Paper 2 which allows the use of 

calculators tends to have more intersections with A-level Paper 1, a non-calculator exam. 

The variety and unique patterns of CAS combinations in each paper further emphasize 

the distinctive elements of the assessment tasks. 
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Paper 1. The frequently observed combinations listed in Table 10 below account 

for 44.6% of the questions from 2021 to 2023, while the remaining 55.4% involve unique 

combinations. This means that, although some similarities can be found among the 

questions, more than half have their own unique combinations, which explains why IB 

Paper 1 has a significantly lower Routine Use of Procedures (RUOP) rate (45.2%) 

compared to A-level. 

Although both A-level and IB Paper 1 test core mathematics that can be solved by 

following a set of procedures, the distinct style of RUOP in IB is evident from the CAS 

combination. Unlike A-level, IB questions are often set in contexts that require some 

degree of abstraction, with combinations such as (1,2,1) and (1,3,1).  Table 10 below also 

show the numbers of items falling within the complexity, abstractness, and strategy 

categories at the various levels.  A significant observation is the number of items falling 

in the level 4 category compared to the A-level papers (Table 11).    

Table 10. CAS Combination (AA Higher Level Paper 1) 

Most 

Frequently 

Seen 

Combination 

Unique 

Combination 

(1,1,1) (1,3,1) 

(3,2,2) (2,2,3) 

(1,2,1) (4,2,3) 

(3,1,2)  

(2,1,1)  

(2,1,2)  

(3,3,2)  

Most frequent and unique CAS combinations for AA Higher Level paper 1 
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Table 11. Frequency of levels for Complexity, Abstractness and Strategy for IB Paper 1 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 
Level 1 13 13 13 
Level 2 8 14 14 
Level 3 12 6 8 
Level 4 3 3 1 
Level 5 0 0 0 

Frequencies and levels of CAS categories for IB Paper 1 

Consider the question 2 from Paper 2 (2023). 

 

While these questions may be presented in a similar context and solved using standard 

procedures, they always require students to mentally construct or break down the 

information to identify the given elements. The main difference in RUOP in A-level and 

IB lies in the level of abstraction. A-level procedural questions require a low level of 

abstraction, resulting in similar questions over the years, whereas IB requires at least 
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some abstraction from the context, with less similarities (less CAS combination) found 

across questions. 

The graph of CAS combinations for the IB Paper 1 is displayed in Figure 7 below. 

 

Figure 7. CAS Framework – AA HL Paper 1(2021-2023)   

Paper 1 consist of combinations with low levels of strategy and few high levels of 

abstractness and complexity, 

Paper 2. The CAS combinations clearly show disparities in the cognitive 

demands of Section A and Section B, as presented in Table 12. Section B questions are 

often represented by combinations such as (4,3,2), (4,4,2), and (4,4,4), all identified with 

level 4 in complexity, whereas Section A contains a variety of combinations with 

complexity levels below 4. This difference indicates that Section B includes many sub-

questions with complex interdependencies between steps. 
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A direct connection to the MATH Taxonomy analysis cannot be established, as it 

contains multiple sub-questions that may each fall into different MATH Taxonomy 

categories. Thus, it is challenging to make explicit connections to the MATH taxonomy 

and CAS framework analysis. However, the CAS framework can assess whether Section 

B meets the assessment objectives. The comprehension questions, which require high 

level of complexity and abstraction throughout Section B, fulfills the IB guideline that 

state the first part of each question will focus on content that leads to the problem-solving 

(IBO, n.d.-b) 

For instance, the combinations (4,4,2) and (4,3,2), unique to Section B in Paper 2, 

require solving questions with the help of guiding sub-questions that have a high 

interconnectivity between steps, while also demanding a thorough understanding of 

mathematical language, as indicated by high levels of complexity and abstraction. See 

Tables 12 and 13 below for the most prevalent CAS combinations and a summary of the 

frequency of items in each of the CAS category. 

Table 12. CAS Combination AA Higher Level Paper 2 

Most 

Frequently 

Seen 

Combination 

Unique 

Combination 

(3,1,1) (2,2,4) 

(1,1,1) (4,3,2) 

(3,2,2) (4,4,2) 

(2,2,2) (4,4,4) 

(3,1,2)  

Most frequent and unique CAS combinations for AA Higher Level paper 2 
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Table 13. Frequency of levels for Complexity, Abstractness and Strategy for IB Paper 2 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 

Level 1 7 12 14 

Level 2 8 12 12 

Level 3 14 9 7 

Level 4 6 2 2 

Level 5 0 0 0 

Frequencies and levels of CAS categories for IB Paper 2 

As an example of analysis, consider Question 12 (2023) of Paper 2:

 

The sequence of sub-questions, such as part c (ii), is linked with part b (i), part c (i), and 

part d (i), that guide students toward the final objective, which is to compare the 



 

60 

approximation to the actual value in part c (iii). The questions require students to 

maintain a deep understanding of symbols and terminology throughout the problem, 

where incorrect use of representations could have detrimental effects on subsequent parts. 

However, when examining the individual sub-questions, most are procedural and do not 

require an independent approach, resulting in a lower strategy level. A notable increase in 

questions categorized under complexity levels 3 and 4 emphasizes multiple subgoal 

questions with guiding steps, as indicated by the low level of strategy, while requiring 

limited freedom in problem-solving.   

The (3,1,1) CAS combinations, most commonly observed in paper 2, are 

procedural questions that require simple linkage between sub-questions while requiring 

very minimal abstraction. The use of graphing calculators in the exams tends to lower the 

cognitive demand of some questions, having most of the unique combinations to benefit 

from graphing calculator use.  An example is Question 2 from IB Paper 2 (2023). 
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This question is linked, meaning an incorrect response in part (a) would lead to an 

incorrect response in part (b). In Paper 1, this question would deliberately impose 

strategic challenges requiring either algebraic manipulation or other problem-solving 

approaches. However, the graphing calculator reduces this challenge by allowing students 

to simply input the equation into the calculator, bypassing the necessary algebraic skills. 

With the essential graphing calculator functions, students can quickly identify the 

maximum and minimum points to answer part (b). This also supports the analysis in the 

MATH Taxonomy, which shows a high percentage of questions testing routine 

procedures, specifically the graphing calculator skills in Paper 2. While most questions 

with the (3,1,1) combination seem to benefit from calculator use, further research is 
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needed to explore the calculator's role in more complex questions, such as those in 

Section B. 

The graph of CAS combinations for the IB Paper 2 is displayed in Figure 8 below. 

 

Figure 8. CAS Distribution – AA HL Paper 2(2021-2023)   

Paper 2 consists of combinations with levels from 1 to 4 across complexity and 

abstractness. 

Paper 3. The questions on Paper 3 are all beyond level 4 in both complexity and 

abstraction, with most falling at level 3 for strategy. See Tables 14 and 15 below for the 

most prevalent CAS combinations and a summary of the frequency of items in each of 

the CAS category. 
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Table 14. CAS Combination AA Higher Level Paper 3 

Most 

Frequently 

Seen 

Combination 

Unique 

Combination 

(4,4,3) (5,4,3) 
 (5,5,3) 
 (5,5,4) 

Most frequent and unique CAS combinations for AA Higher Level paper 3 

Table 15. Frequency of levels for Complexity, Abstractness and Strategy for IB Paper 3 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 

Level 1 0 0 0 

Level 2 0 0 0 

Level 3 0 0 4 

Level 4 3 4 2 

Level 5 3 2 0 

Frequencies and levels of CAS categories for IB Paper 3 

The (4,4,3) combination is the most frequently observed, indicating that these 

questions consist of sub-questions that are significantly linked, ultimately leading to a 

final solution. As will be noted in the following section with the analysis of the Advanced 

Placement (AP) assessment items, Paper 3 shares many similarities with the AP exams, 

as both require a high level of abstraction. However, there are clear differences in the 

specific types of abstraction, as analyzed when discussing information transfer in the 

MATH Taxonomy. AP exams demand a clear understanding of theorems and their 

properties, whereas IB questions focus on applying mathematical concepts throughout 

long contextual questions, as shown in CAS combinations with high levels of complexity 

and abstraction. 
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Students are required to maintain a deep understanding of mathematical symbols 

and concepts throughout the question, such as in Question 2 of IB Paper 3 (2023), 
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To reach the goal of the question, which is to compare with the geometric mean, students 

must continuously endorse their understanding and interpretation of the mathematical 

symbols and equations. Due to the presence of guiding questions within Section B, they 

are required to maintain their understanding and integrate mathematical symbols that are 

linked with others and are solved by following the explicit instructions from the question, 

indicated by low-level strategies. The role of the guiding questions is more evident 

through the CAS combination analysis of Paper 3, which supports the MATH Taxonomy 

analysis showing an increase in comprehension questions. 

The graph of CAS combinations for the IB Paper 3 is displayed in figure 9 below. 
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Figure 9. CAS Distribution – AA HL Paper 3(2021-2023)   

 

Paper 3 consist of combinations with all high levels of complexity, abstractness and 

strategy.  

Advanced Placement 

Advanced Placement exams tend to have a higher percentage of similarities in 

CAS combinations (72.2%) from 2021 through 2023, more than A-level Paper 3 but 

slightly less than A-level Paper 1. See Tables 16 and 17 below. This similarity is evident 

in the patterned combination formats, such as (4, 4, 3), (3, 4, 2), and (4, 5, 3). These 

combinations reflect that the context of the questions is similar across different the years, 

with slight variations. This CAS patterned combination indicates varying cognitive 
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demands within questions items including both procedural questions along with higher 

order conceptual tasks in similar contexts. 

In AP exams, the level of strategy tends to be lower than the level of abstraction, 

falling at levels 2 and 3, and may be due to the idea that AP questions are not necessarily 

problem-solving questions. They are often guided by instructions like “Use” to “solve” 

which lowers the  

Table 16. CAS Combination AP Calculus BC Assessments 

Most 

Frequently 

Seen 

Combination 

Unique 

Combination 

(2,3,2) (2,3,2) 

(4,4,3) (2,4,2) 

(3,4,3) (2,4,3) 

(2,4,3) (2,5,4) 

(2,5,4) (3,4,2) 

 (3,5,4) 

 (4,5,3) 

Most frequent and unique CAS combinations for AP Calculus BC Assessments 

Table 17. Frequency of levels for Complexity, Abstractness and Strategy for AP Calculus 

BC 

 
Frequency 

of C 

Frequency 

of A 

Frequency 

of S 

Level 1 0 0 0 

Level 2 10 0 8 

Level 3 5 6 7 

Level 4 3 8 3 

Level 5 0 4 0 

 

Frequencies and levels of CAS categories for AP Calculus BC Assessments 
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strategic demands while requiring a solid understanding of mathematical terminology and 

theorems, as indicated by a high level of abstraction. For instance, a question might 

explicitly ask students to solve a problem using a specific method, making it procedural 

and routine for those familiar with the relevant definitions and terminology. 

The graph of the Advanced Placement CAS combinations in Figure 10 below 

shows higher cognitive demand questions such as those involving combinations like (3, 

5, 4). AP exams encourage students to independently determine their approach, use 

reasoning skills, and apply their mathematical understanding to justify their answers. 

These questions also typically involve a high level of abstraction, requiring students to 

interpret a graph of the derivative of 𝑓(𝑥) to  

 

 

Figure 10. CAS Framework – AP Calculus BC (2021-2023)   

The AP paper consists of combinations with high levels of abstractness and levels 

ranging from 2 to 4 in complexity and strategy.   
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determine conditions like concavity. While these questions might seem low in cognitive 

demand if presented as a simple equation or graph of 𝑓(𝑥), AP exams are designed to 

challenge students to break down and understand information graphically, applying their 

understanding of mathematical properties in more complex ways. 

Summary of Analysis with the CAS Framework 

The CAS framework allows for the determination of the specific cognitive 

demands of various assessments with their objectives, enabling further identification of 

differences in RUOP and comprehension styles across different curricula. The framework 

analysis assists the evaluation of the assessments in two ways.  First, the framework 

supports the justification of the MATH Taxonomy analysis. Second, the framework 

highlights the unique characteristics of the exams that align with the objectives outlined 

in the curricula. The following Venn diagram (Figure 11) shows the CAS combinations 

for the assessment questions for the Advanced Level (A-level), International 

Baccalaureate (IB) and the Advanced Placement (AP). There is overlap  

 

Figure 11. CAS Combinations of the three Examinations    
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No common CAS combination is derived from all three curriculum exams, nor between 

A-level and AP. 

between IB and the other two programs. (AP and A-level) with a significant overlap with 

A-level. There is no overlap between A-level and AP. 
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Chapter V. 

Discussion 

The overall MATH Taxonomy distribution show that most of the questions for all 

three advanced curricular assessments, AP, IB and A-level, are categorize into Group A 

indicating a predominance of factual recall, comprehension and routine procedures (See 

Figure 12 below) on the exams. This high level of Group A assessment items suggests 

that students require low levels of cognitive demands to successfully respond to most of 

the questions. With nearly 75% of the A-level assessment questions, 66% of the AP 

questions and approximately 60% of IB questions, students can be successful on most of 

the assessments if they are able to recall previously learnt information, formulas, and 

algorithms to solve problem in similar ways they’ve been exposed to.  

Approximately 20 to 35% of the assessment items are categorized as Group B of 

the MATH Taxonomy showing a decrease in the number of items requiring higher levels 

of cognitive demand required for transfer of information and application of knowledge to 

new situations. The findings of the analysis using the MATH Taxonomy show that 

approximately 23% of the A-level assessment items, nearly 32% of the AP and almost 

34% of the IB fall within the Group B category. 

For Group C items requiring the highest levels of cognitive demands of the 

MATH Taxonomy, the analysis show an even more dramatic decrease in the number of 

items asking students to draw implications, make conjectures and comparison, and 

evaluate mathematical resources. The percentages of assessment questions in Group C  
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Figure 12. Distribution of MATH Taxonomy of the Three Exams (2021-2023)   

All three curricula assessments have a high percentage of questions in group A that 

require low cognitive demand, and low percentages in the Group C category  

are 2% A-level, 2.5% AP and 6% IB.   

An analysis of the individual curricular assessments (figure 13 below) show that 

AP Calculus BC has two-thirds of the questions in Group A, and a third in Groups B and 

C. The IB questions are slightly more balanced with about 60% in Group A and roughly 

40% in Groups B and C. The largest disparity is shown with the A-level questions, a 75% 

to 25% split between Group A and Groups B/C. These results mirror Darlington (2014) 

findings. 
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Figure 13. Distribution of Math by the Groups of the Three Exams (2021-2023) 

A-level has maintained a similar profile of cognitive demand, whereas the other two 

exams have shown changes in their profiles over the years. 

The A-level Papers from year to year (2021 through 2023) show a notable 

consistency in the proportion of the MATH Taxonomy Groups A, B, and C items. The 

Group A categorization results with 76%, 71.3%, and 77.3% for 2021, 2022 and 2023 

respectively show a slight dip in Group A items from 2021 to 2022 but reverted to a 

similar former level in 2023. As for the Group B items on the A-level assessments, a 21.3 

%, 26.7% and 21.3% for the three years also show relative consistency, also showing a 

slight departure from 2021 to 2022 before returning to a former level in 2023. Likewise 
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for Group C with 2.7% on the 2021 Paper, 2.0% on the 2022 Paper and 1.3% on the 2023 

Paper, the results reveal a decreasing trend, though all within similar numbers. 

 For IB, the trend in Group A items from 2021 to 2023 indicate an incremental 

shift toward higher numbers the lower cognitively demanding items. The IB Group A 

items accounted for 57.1% in 2021, 58.5% in 2022, and 63.6% in 2023. For AP, the more 

dramatic shift in numbers in favor of Group A items went from 59% to 63% to 76% in 

2021, 2022 and 2023 respectively.  As for the Group B downward shifts in numbers, IB 

went from 37.5% to 36% to 27.6% during the three-year period, that compared to 37% to 

33% to 24% for AP.  Numbers for the highest cognitively demanding questions stayed 

flat from 2021 to 2022 at 5.5% and 4% for IB and AP respectively, but while the IB 

results show a dramatic increase for 2023 at 8.7%, AP had a precipitous drop to 0%. 

A within-group analysis (Figure 14 below) show the prevalence of Routine Use of 

Procedures (RUOP) type question for the advanced curricular assessments.  

As with the findings of Darlington (2014) and Kinnear et al. (2020), the Factual 

Knowledge and Fact Systems (FKFS) are the least prevalent categories in the MATH 

Taxonomy for both A-level and IB examinations but slightly larger than the 

Comprehension (COMP) question types for the AP assessment. Notably, the IB 

examinations have a significantly higher percentage of COMP questions (15.4%) 

compared to 5.6% for A-level and 1.9% for AP.  While the A-level is approximately 3 

percentage points higher than the findings of Kinnear et al. (2020) and Darlington (2014), 

IB shows a larger discrepancy from Kinnear et al.'s finding.  This difference could be 

because Kinnear et al. (2020) excluded Paper 3 in their data analysis. 
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Figure 14. Distribution of Math Taxonomy for IB, A-level, and AP (2021-2023) 

A-level holds the highest percentage of questions under RUOP, while also marking the 

lowest percentages in FKFS. 
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Chapter VI. 

Conclusion 

Examinations play a crucial role in shaping students' learning in mathematics 

(Kane et al., 1999; Pointon & Sanguine, 2003). This paper evaluates the cognitive 

demand of the assessment papers of three advanced secondary school curricula: 

International Baccalaureate (IB) Diploma Analysis and Approaches Higher Level, 

Cambridge International Advanced Level (A-level), and College Board Advanced 

Placement (AP), to examine the extent to which these exams prepare students for college-

level mathematics. Selected examinations from 2021 to 2023 are analyzed using MATH 

Taxonomy and the Complexity, Abstractness and Strategy (CAS) framework. The 

MATH Taxonomy categorizes cognitive demand into three groups with eight 

categorizations, as outlined in Table 1 in chapter 3. The CAS framework allows for a 

rating of levels 1 through 5 of Complexity, Abstraction, and Strategy. Both frameworks 

are used to address the two research questions: (1) What are the distinctive characteristics 

of the advanced curriculum exams for mathematics? (2) What cognitive skills do these 

advanced mathematical assessments focus on?  

Overall findings reveal that all three examinations heavily access low level of 

cognitive demand, which can be solved by mimicry reasoning and rote memorization as 

they focus on mechanical aspect of mathematics. These exams often fail to close the 

discrepancy between high school and undergraduate level math, entering college with 

misperceptions of the subject. Along with the discrepancy of the cognitive demands, the 
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analysis using the MATH Taxonomy and CAS framework identified the unique strengths 

of each curriculum's exams, which could serve as steppingstones for undergraduate 

Calculus. 

The findings suggest that the A-level curriculum emphasizes algebraic 

manipulation skills and accuracy in a traditional textbook-style format, focusing on the 

numerical analysis. This focus results in many questions being categorized as Routine 

Use of Procedure (RUOP) in Group A of the MATH Taxonomy with the CAS framework 

analysis indicating a low level of abstraction and high level of complexity for the A-level 

items.  

The CAS framework also supports the idea of patterned exam questions, as 78% 

of Paper 1 and 70 % of Paper 3 exam questions can be illustrated by the seven CAS 

combinations. Thus, less diversified and frequently observed CAS combinations explain 

the similarities in question style when compared directly from year to year (Table 

5). This similarity of exam questions across the past exams has also been noted by 

Darlington (2014), who mentioned applications questions could be viewed as procedural 

if students practice a sufficient number of past exams, also explaining 67.6% in RUOP. 

While the A-level curriculum supports students in practicing algebraic and 

procedural skills in calculus, algebra and trigonometry, which forms the basis of first-

year undergraduate math courses, this routine and repetitive approach to mathematical 

understanding may prove to be problematic in more advanced courses in later years 

(Darlington, 2014). The 74.9% of low-cognitive demand questions (Group A) suggests 

that the A-level curriculum requires only a superficial level of conceptual understanding 

of the concepts, and students may be entering university with a misguided perception of 
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the mathematics (Ramsden, 1992). Students who adapt to this surface-level learning due 

to high (67.6%) RUOP questions may survive their first year of university mathematics 

but could struggle in more advanced classes in later years. 

The IB exam questions feature application-based problems and Justification and 

Interpretation (JI) questions, with 40% of the questions falling under Groups B and C of 

the math taxonomy. Unlike A-level and AP, it is difficult to identify patterns in 

assessment questions across the years, as it has the most dynamic range of CAS 

combinations. Furthermore, substantiated by the significant number of CAS 

combinations with high levels of abstraction (87.1%), IB questions expose students to 

mathematical language and notations, which is one of the aspects of mathematics 

imposing challenges to many students as they transition to university (Gueudet, 2008). As 

proficiency of mathematical language is essential for students' understanding of concepts 

and their effective use in solving higher-level math problems, IB exam questions 

continuously exposes and test students with heavy integration of the mathematical 

language and representations. 

The IB exams also indicate that the curriculum introduces students to various 

methods of proof, such as proof by induction, contradiction and counterexample, offering 

students a solid first step toward undergraduate-level mathematics. However, as noted by 

Darlington (2015), the vast majority of proof questions can be categorized as Factual 

Knowledge and Fact System (FKFS) or Routine Use of Procedure (RUOP), as they can 

be solved through memorization and reproduction of the proving recipe in the 

examination. The clear discrepancy between high school and university proofs could be 
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due to structure of marking scheme, which targets on having a specific mathematical 

statement in the response rather than their conceptual understanding (Table 5). 

Among the three advanced examinations, the AP exam is the only one that 

explores calculus concepts in-depth incorporating undergraduate-level theorems and 

definitions. Although AP questions impose students’ understanding of both graphical and 

algebraic concepts of calculus, some questions are structured to solve the problems 

without fully understanding the embedded underlying mathematical definitions and 

theorems. For this reason, 61.7% of questions were evaluated as RUOP indicating that 

students who participated in AP exam can solve problems through repetitive practice. 

The AP exams consistently ask for students' mathematical reasonings and 

justifications throughout the exam. Unlike A-level and IB exams, where justification 

marks are awarded based on numerical comparison alone, AP exams reward reasoning 

marks if students are able to demonstrate their understanding of the concept or 

definitions, such as understanding rate of change of derivative functions in the context.  

Overall, AP assessments places greater emphasis on the theoretical understanding of 

mathematical content, such as axioms, definitions, and proofs, which serves as a solid 

bridge to first-year university mathematics. 

While each advanced curriculum has its unique strengths and challenges, the high 

percentage of RUOP questions is likely to create gaps between high school and university 

mathematics. As a result, students may adopt a surface learning approach, focusing more 

on producing results and solving procedural questions.  



 

80 

Appendix 1. 

Validating Process  

 

 

  



 

81 

Appendix 2. 

IB Paper 3. Extended Response Question   

Figure 1. The question, (IB DP Paper 3, 2023, Q2). 
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