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�ΪЅАЁΞΫА

i@3 8Rna ,Ra3 ,@�Uj3ac R8 j@Cc 0Ccc3aj�jCRN 0Cc,ncc L3j@R0c 8Ra 3uj3N0CN<. j@�j Cc. <3N3a�ICyCN< Ra ja�NcURajA
CN<. ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � s3IIA03~N30 j�a<3j URUnI�jCRNY

+@�Uj3a Ϻ- r3 3u�LCN3 cjn0w 03cC<Nc 8Ra 3uj3N0CN< ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�aA
<3j URUnI�jCRNY r3 ,RNcC03a N3cj30 jaC�I 03cC<Nc. s@3a3 a�N0RLCy30 CN0CqC0n�Ic �a3 N3cj30 sCj@CN � c�LUI3
8aRL j@3 j�a<3j URUnI�jCRN. �N0 NRNAN3cj30 jaC�I 03cC<Nc. s@3a3 � a�N0RLCy30 jaC�I Cc ,RL$CN30 sCj@ � c3U�A
a�j3Iw R$j�CN30 c�LUI3 R8 NRNAa�N0RLCy30 CN0CqC0n�Ic 8aRL j@3 j�a<3j URUnI�jCRNY r3 c@Rs j@�j j@3 ,�nc�I
\n�NjCjC3c j@�j ,�N $3 C03NjC~30 CN 3�,@ 03cC<N 03U3N0 RN s@�j Cc GNRsN �$Rnj j@3 UaR$�$CICjw R8 c�LUICN<
NRNAa�N0RLCy30 CN0CqC0n�IcY 7Ra 3�,@ 03cC<N. s3 3u�LCN3 C03NjC~,�jCRN R8 URj3NjC�I Rnj,RL3 L3�Nc qC�
j@3 <A8RaLnI� �N0 CNq3ac3 UaR$�$CICjw s3C<@jCN<Y H�cj. s3 3uUIRa3 j@3 CLUIC,�jCRNc R8 j@3 c�LUICN< UaRU3aA
jC3c nN03aIwCN< j@3 03cC<Nc 8Ra LR03ICN< j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY

+@�Uj3a Й- r3 nc3 ,RnNj3a8�,jn�I �N0 <a�U@C,�I ,�nc�I LR03Ic jR 3u�LCN3 nN03a s@�j ,RN0CjCRNc s3
,�N <3N3a�ICy3 ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j URUnI�jCRNY r3 R{3a �N CNj3aUa3j�jCRN
R8 <3N3a�ICy�$CICjw �N�Iwc3c ncCN< j@3 NRjCRN R8 � @wURj@3jC,�I CNj3aq3NjCRN jR Ȓc,�I3AnUȓ jaC�I 3N<�<3L3Nj
jR j@3 j�a<3j URUnI�jCRNY r3 ,RNcC03a j@3 CNj3aUa3j�jCRN R8 <3N3a�ICy�$CICjw �N�Iwc3c s@3N jaC�I 3N<�<3L3Nj
0R3c Ra 0R3c NRj 0Ca3,jIw �{3,j j@3 Rnj,RL3. @C<@IC<@j ,RNN3,jCRNc sCj@ ,3NcRaCN< CN IRN<Cjn0CN�I cjn0C3c.
�N0 0Cc,ncc C03NjC~,�jCRN R8 j@3 0CcjaC$njCRN R8 ,RnNj3a8�,jn�I Rnj,RL3c qC� <A8RaLnI� ,RLUnj�jCRN �N0
CNq3ac3 UaR$�$CICjw s3C<@jCN<Y H�cj. s3 c@Rs @Rs j@3 L3j@R0c ,�N $3 3uj3N030 jR �00a3cc jCL3Aq�awCN<
ja3�jL3Njc. NRNA�0@3a3N,3. �N0 ,3NcRaCN<Y

+@�Uj3a Е- 2uj3N0CN< V<3N3a�ICyCN< Ra ja�NcURajCN<W ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR �
j�a<3j URUnI�jCRN a3\nCa3c �ccnLUjCRNc j@�j j@3 a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic �a3 3u,@�N<3A
�$I3 ,RN0CjCRN�I RN $�c3ICN3 ,Rq�aC�j3cY i@3c3 �ccnLUjCRNc �a3 L�03 RN j@3 $�cCc R8 $�,G<aRnN0 GNRsIA
30<3. s@C,@ Cc R8j3N nN,3aj�CN Ra ,RNjaRq3acC�I. �N0 N330 jR $3 cn$E3,j30 jR c3NcCjCqCjw �N�IwcCcY r3 Ua3c3Nj
cCLUI3 L3j@R0c 8Ra c3NcCjCqCjw �N�IwcCc j@�j 0Ca3,jIw U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 �ccnLUjCRNc ncCN< $C�c
8nN,jCRNcY r3 c@Rs @Rs j@3 L3j@R0c ,�N $3 �UUIC30 jR NRNAN3cj30 �N0 N3cj30 jaC�I 03cC<NcY r3 CIIncja�j3
j@3 L3j@R0c ncCN< 0�j� 8aRL � ,ICNC,�I jaC�I ,RLU�aCN< ja3�jL3Njc 8Ra ,@aRNC, @3U�jCjCc + CN83,jCRNY

+@�Uj3a ϊ- r3 03c,aC$3 L3j@R0c 8Ra <IR$�I c3NcCjCqCjw �N�IwcCc j@�j 0Ca3,jIw U�a�L3j3aCy3c qCRI�jCRNc R8
j@3 �ccnLUjCRNc CN j3aLc R8 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 0CcjaC$njCRNcY r3 CIIncja�j3 j@3 L3j@R0c ncA
CN< 0�j� 8aRL � a�N0RLCy30 jaC�I N3cj30 sCj@CN � ,R@Raj cjn0w R8 3IC<C$I3 CN0CqC0n�Ic jR ,RLU�a3 ,RaRN�aw
�aj3aw cna<3aw UInc L30C,�I j@3a�Uw q3acnc L30C,�I j@3a�Uw �IRN3 8Ra ,@aRNC, ,RaRN�aw �aj3aw 0Cc3�c3Y
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Ϻ bАЛβЭ βζЅϔόϩЅ υϱЁ ζЬАζϩβϔϩό ΫΞЛЅΞϣ ϔϩυζЁζϩΫζЅ υЁϱϨ Ξ ЁΞϩβϱϨϔвζβ АЁϔΞϣ Аϱ Ξ АΞЁA
όζА ϿϱϿЛϣΞАϔϱϩ Й
ϺYϺ b�LUICN< UaRU3ajC3c �N0 j@3 R$c3aq30 0�j� Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Е
ϺYЙ +�nc�I \n�NjCjC3c R8 CNj3a3cj �N0 C03NjC~�$CICjw ,RN0CjCRNc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ћ
ϺYЕ B03NjC~,�jCRN qC� j@3 <A8RaLnI� Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ο
ϺYϊ B03NjC~,�jCRN qC� BT s3C<@jCN< Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺ
ϺYχ 2cjCL�jCN< j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ϻχ
ϺYЎ /Cc,nccCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ϻο

Й ;ζϩζЁΞϣϔвϔϩό ΫΞЛЅΞϣ ϔϩυζЁζϩΫζЅ υЁϱϨ ЁΞϩβϱϨϔвζβ АЁϔΞϣЅ- ΫϱЛϩАζЁυΞΫАЛΞϣ Ξϩβ όЁΞϿϑA
ϔΫΞϣ ϔβζϩАϔυϔΫΞАϔϱϩ ЙϺ
ЙYϺ +RN,3Ujn�I LR03I Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЙЙ
ЙYЙ DRCNj CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj �N0 c3j ja3�jL3Nj Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Йχ
ЙYЕ B03NjC~,�jCRN 8Ra ERCNj CNj3aq3NjCRNc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЙЋ
ЙYϊ r@3N jaC�I 3N<�<3L3Nj 0R3c NRj 0Ca3,jIw �{3,j j@3 Rnj,RL3 Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ез
ЙYχ +RNN3,jCRN sCj@ ,3NcRaCN< �0EncjL3Njc CN URCNj ja3�jL3Nj cjn0C3c sCj@ c@Raj 8RIIRsAnU Y Y Y ЕЙ
ЙYЎ iCL3Aq�awCN< ja3�jL3Njc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЕЕ
ЙYЋ /Cc,nccCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Еϊ

Е bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ЛЅϔϩό ΪϔΞЅ υЛϩΫАϔϱϩЅ υϱЁ ЅАЛβϔζЅ ζЬАζϩβϔϩό ϔϩυζЁζϩΫζЅ υЁϱϨ
Ξ ЁΞϩβϱϨϔвζβ АЁϔΞϣ Аϱ Ξ АΞЁόζА ϿϱϿЛϣΞАϔϱϩ ЕЋ
ЕYϺ 2uj3N0CN< CN83a3N,3c jR � j�a<3j URUnI�jCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Еο
ЕYЙ b3NcCjCqCjw �N�IwcCc 8Ra qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN Y Y Y Y Y Y Y Y Y Y Y Y Y ϊЕ
ЕYЕ �UUIC,�jCRN jR j@3 ?�HiA+ jaC�I Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϊο
ЕYϊ /Cc,nccCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y χз

ϊ ;ϣϱΪΞϣ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ υϱЁ ЅАЛβϔζЅ ζЬАζϩβϔϩό ϔϩυζЁζϩΫζЅ υЁϱϨ Ξ ЁΞϩβϱϨϔвζβ
АЁϔΞϣ Аϱ Ξ АΞЁόζА ϿϱϿЛϣΞАϔϱϩ χЕ
ϊYϺ +�nc�I \n�NjCjC3c R8 CNj3a3cj Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y χϊ
ϊYЙ B03NjC~,�jCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y χχ
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ϊYЕ b3NcCjCqCjw �N�IwcCc 8Ra qCRI�jCRNc R8 ,RN0CjCRN�I <3N3a�ICy�$CICjw Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y χЎ
ϊYϊ b3NcCjCqCjw �N�IwcCc CN +�bb Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ўз
ϊYχ /Cc,nccCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЎЎ

χ +ϱϩΫϣЛЅϔϱϩ Ўο

�ϿϿζϩβϔЬ � �ϿϿζϩβϔЬ Аϱ +ϑΞϿАζЁ Ϻ Ћз
�YϺ B03NjC~,�jCRN R8 j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN CN N3cj30 jaC�I 03cC<Nc sCj@ cn$Ac�LUICN< Ћз
�YЙ 2cjCL�jCN< j@3 ,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЋЙ
�YЕ M3cj30 jaC�I 03cC<N sCj@ ,Rq�aC�j3A03U3N03Nj c�LUICN< UaR$�$CICjC3c Y Y Y Y Y Y Y Y Y Y Y Y Y Ћϊ

�ϿϿζϩβϔЬ # �ϿϿζϩβϔЬ Аϱ +ϑΞϿАζЁ Й ЋЋ
#YϺ #aC38 Rq3aqC3s R8 bCN<I3 rRaI0 BNj3aq3NjCRN ;a�U@c VbrB;bW Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЋЋ
#YЙ BNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj �N0 c3j ja3�jL3Nj Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ћο
#YЕ `3I�jCRNc@CU sCj@ C03NjC~,�jCRN a3cnIjc CN cjn0C3c sCj@ c@Raj j3aL 8RIIRsAnU �N0 URcjAja3�jL3Nj

�ccC<NL3Nj 0aRURnj Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЋϮ
#Yϊ iCL3Aq�awCN< ja3�jL3Njc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y οЙ

�ϿϿζϩβϔЬ + �ϿϿζϩβϔЬ Аϱ +ϑΞϿАζЁ Е οЋ
+YϺ B03NjC~,�jCRN. 3cjCL�jCRN. �N0 c3NcCjCqCjw �N�IwcCc 8Ra URj3NjC�I Rnj,RL3 L3�Nc CN j@3 3NjCa3

j�a<3j URUnI�jCRN Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y οЋ
+YЙ b3NcCjCqCjw �N�IwcCc sCj@ $C�cA,Raa3,j30 R$c3aq�jCRNc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϮЙ
+YЕ �00CjCRN�I a3cnIjc 8aRL j@3 ?�HiA+ �N�Iwc3c Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ϯϊ
+Yϊ b3NcCjCqCjw �N�IwcCc sCj@ ,Rq�aC�j3A03U3N03Nj $C�c 8nN,jCRNc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϮЋ

�ϿϿζϩβϔЬ / �ϿϿζϩβϔЬ Аϱ +ϑΞϿАζЁ ϊ ϮϮ
/YϺ B03NjC~,�jCRN R8 URj3NjC�I Rnj,RL3 L3�Nc nN03a j@3 c3NcCjCqCjw �N�IwcCc LR03I Y Y Y Y Y Y Y ϮϮ
/YЙ BN�n3N,3 8nN,jCRNc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺзϺ
/YЕ BNAc�LUI3 RN3Acj3U 3cjCL�jRac Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺзЕ
/Yϊ `3I�jCRNc@CU $3js33N j@3 3uURN3NjC�I jCIj �N0 R00c R8 c3I3,jCRN LR03Ic Y Y Y Y Y Y Y Y Y Y Y Y ϺзЕ
/Yχ �00CjCRN�I a3cnIjc 8aRL j@3 +�bb �N�IwcCc Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺϺ

`ζυζЁζϩΫζЅ ϺЙЎ
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HCcj R8 ~<na3c

ϺYϺ +RN,3Ujn�I <a�U@ 03UC,jCN< j@3 c�LUICN< 03cC<Nc 8Ra cjn0C3c 3uj3N0CN< CN83a3N,3c 8aRL � a�NA
0RLCy30 jaC�I jR � j�a<3j URUnI�jCRNY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϊ

ЙYϺ /�; 03UC,jCN< j@3 CNqCj�jCRN jR U�ajC,CU�j3. U�ajC,CU�jCRN. �N0 ja3�jL3Nj �ccC<NL3Nj CN � a�NA
0RLCy30 jaC�IY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Йϊ

ЙYЙ brB; 8Ra ERCNj CNj3aq3NjCRN RN R. S. �N0 ZY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЙЎ
ЙYЕ /�; 8Ra � jaC�I N3cj30 CN � ,R@Raj cjn0w. s@3N jaC�I U�ajC,CU�jCRN 0R3c NRj �{3,j Rnj,RL3cY Y ЕϺ
ЙYϊ brB; 8Ra ERCNj CNj3aq3NjCRN RN S �N0 Z. CN j@3 �$c3N,3 R8 jaC�I 3N<�<3L3Nj 3{3,jcY Y Y Y Y Y ЕЙ

ЕYϺ b3NcCjCqCjw �N�IwcCc a3cnIjc 8Ra ja�NcURajCN< CN83a3N,3c $3js33N jsR a3c3�a,@ ,3Nj3ac U�ajC,CA
U�jCN< CN j@3 ?�HiA+ jaC�IY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y χϺ

ϊYϺ b3NcCjCqCjw �N�IwcCc ncCN< U�a�L3jaC, LR03Ic 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CNA
0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ўϊ

ϊYЙ b3NcCjCqCjw �N�IwcCc ncCN< U�a�L3jaC, LR03Ic 8Ra j@3 cn$AURUnI�jCRN R8 jaC�IA3IC<C$I3 NRNAa�N0RLCy30
CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Ўχ

#YϺ /�; 8Ra ,3NcRaCN< CN � ,R@Raj cjn0wY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЋϮ
#YЙ brB; 8Ra ERCNj CNj3aq3NjCRN RN Z �N0 CY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ЋϮ

+YϺ b3NcCjCqCjw �N�IwcCc ncCN< j@3 CNq3ac3 R00c R8 U�ajC,CU�jCRN 3cjCL�jRa sCj@ NRNANRaL�ICy30 s3C<@jc
VBQrϺW �N0 j@3 �n<L3Nj30 CNq3ac3 R00c R8 U�ajC,CU�jCRN 3cjCL�jRa sCj@ NRNANRaL�ICy30 s3C<@jc
V�BQrϺWY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϮЎ

+YЙ b3NcCjCqCjw �N�IwcCc a3cnIjc 8Ra ja�NcURajCN< CN83a3N,3c $3js33N jsR a3c3�a,@ ,3Nj3ac U�ajC,CA
U�jCN< CN j@3 ?�HiA+ jaC�I ncCN< $C�c 8nN,jCRNc j@�j 03U3N0 RN $�c3ICN3 ,Rq�aC�j3cY Y Y Y Y Y Ϯο

/YϺ Ta30C,j30 Rnj,RL3 UaR$�$CICjw �LRN< a�N0RLCy30 CN0CqC0n�Ic. nN03a 0C{3a3Nj CNj3aq3NjCRNcY
Ta30C,jCRNc s3a3 R$j�CN30 8aRL IR<CcjC, a3<a3ccCRN LR03Ic ~j c3U�a�j3Iw CN 3�,@ ja3�jL3Nj <aRnU
CN j@3 jaC�Id Ua30C,jCRNc s3a3 R$j�CN30 8Ra �II a�N0RLCy30 CN0CqC0n�IcY Y Y Y Y Y Y Y Y Y Y Y Y ϺϺϺ

/YЙ +RnNj3a8�,jn�I UaR$�$CICjw �LRN< S = 0 nN03a CNj3aq3NjCRN jR c3j a = 1. 8Ra 0C{3a3Nj η
�N0 g1(1|X)q�In3cY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺЙ

/YЕ +RnNj3a8�,jn�I UaR$�$CICjw �LRN< S = 0 nN03a CNj3aq3NjCRN jR c3j a = 1. 8Ra 0C{3a3Nj η
�N0 g0(1|X)q�In3cY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺЕ

/Yϊ b3NcCjCqCjw �N�IwcCc ncCN< a�N0RL 8Ra3cj LR03Ic 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3
CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺϊ

/Yχ b3NcCjCqCjw �N�IwcCc ncCN< a�N0RL 8Ra3cj LR03Ic 8Ra j@3 cn$AURUnI�jCRN R8 jaC�IA3IC<C$I3 NRNA
a�N0RLCy30 CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺχ

q



/YЎ b3NcCjCqCjw �N�IwcCc ncCN< U�a�L3jaC, LR03Ic 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CNA
0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺЎ

/YЋ b3NcCjCqCjw �N�IwcCc ncCN< U�a�L3jaC, LR03Ic 8Ra j@3 cn$AURUnI�jCRN R8 jaC�IA3IC<C$I3 NRNAa�N0RLCy30
CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺЋ

/Yο b3NcCjCqCjw �N�IwcCc ncCN< a�N0RL 8Ra3cj LR03Ic 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3
CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺο

/YϮ b3NcCjCqCjw �N�IwcCc ncCN< a�N0RL 8Ra3cj LR03Ic 8Ra j@3 cn$AURUnI�jCRN R8 jaC�IA3IC<C$I3 NRNA
a�N0RLCy30 CN0CqC0n�Ic CN +�bbY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ϺϺϮ

qC



�,GNRsI30<L3Njc

B Rs3 j@�NGc jR L�Nw U3RUI3 s@R L�03 j@Cc 0Ccc3aj�jCRN URccC$I3Y
�$Rq3 �II. B �L CN03$j30 jR Lw �0qCcRa. KC<n3I �Y ?3aN�N. 8Ra @Cc <nC0�N,3 0naCN< Lw cjn0C3c �N0 8Ra

L�Nw CNcUCaCN< 0Cc,nccCRNc RN j@3 jRUC, R8 j@Cc 0Ccc3aj�jCRN. �N0 jR ,RLLCjj33 L3L$3ac. D�L3c KY `R$CNc
�N0 b3$�cjC3N DATY�Y ?�N3nc3. 8Ra j@3Ca CNUnj CN q�aCRnc cj�<3c R8 j@3 a3c3�a,@ �N0 L�Nw ,�a38nI a3�0CN<c R8
j@3 ,@�Uj3ac ,RLUaCcCN< j@3 0Ccc3aj�jCRNY

B @�0 � IRj R8 @3IU 8aRL j@3 ,RII�$Ra�jRac RN j@3 U�U3ac j@�j 8RaL j@3 $�cCc R8 0C{3a3Nj 0Ccc3aj�jCRN ,@�UA
j3acY bU3,C~,�IIw. B s�Nj jR j@�NG b�a�@ 2Y `R$3ajcRN V,@�Uj3ac Ϻ. Е. �N0 ϊWd BL�N b�330 V,@�Uj3a ЕWd �c@A
I3w HY #n,@�N�N V,@�Uj3a ϺWd 2aC, DY i,@3j<3NAi,@3j<3N V,@�Uj3a ϊWd �N0 2ICy�$3j@ �Y bjn�aj V,@�Uj3ac Ϻ. Е.
�N0 ϊWY

B s�c In,Gw jR @�q3 j@3 cnUURaj R8 j@3 /3U�ajL3Nj R8 2UC03LCRIR<w �j j@3 ?�aq�a0 iY?Y +@�N b,@RRI
R8 Tn$IC, ?3�Ij@. CN,In0CN< j@3 /3U�ajL3Njȕc 8�,nIjw. �0LCNCcja�jCq3 cj�{. �N0 Lw 83IIRs cjn03NjcY B Rs3
cU3,C�I j@�NGc jR ?�aC Bw3a �N0 ;w3wRRN vCL s@R @3IU30 L3 N�qC<�j3 j@3 0�wAjRA0�w a3\nCa3L3Njc R8 j@3
UaR<a�L RN NnL3aRnc R,,�cCRNcY

B �L q3aw j@�NG8nI 8Ra j@3 nNs�q3aCN< cnUURaj R8 Ba� rCIcRN �N0 i@RL�c iaCG�ICNRc �j #aRsN mNCq3acCjw
sCj@Rnj s@Rc3 @3IU B cCLUIw sRnI0 NRj @�q3 $33N �$I3 jR Unacn3 Lw cjn0C3cY

H�cj. B s�Nj jR j@�NG Lw 8�LCIw- Lw sC83. p�cCI3C� p�aq�aC<Rn. 8Ra $3CN< � ,RNcj�Nj cRna,3 R8 cja3N<j@d
Lw jsR 0�n<@j3ac. /�N�3 �N0 �aC�0N3. $Rj@ R8 s@RL s3a3 $RaN �8j3a B 3NaRII30 CN j@3 UaR<a�L �N0 L�03
cna3 B s�c 03IC<@j8nIIw ,@�II3N<30 j@aRn<@Rnj Lw cjn0C3cd �N0 Lw U�a3Njc. �NN� �N0 Dn$a�CI. 8Ra j@3Ca �0A
qC,3 �N0 cnUURaj �j j@3 ,aCjC,�I LRL3Nj s@3N B @�0 jR 03,C03 s@3j@3a 3L$�aGCN< RN j@Cc 3N03�qRa s�c �
<RR0 C03�Y

qCC



BNjaR0n,jCRN

i@3 UaR$I3L R8 ncCN< a�N0RLCy30 jaC�I 0�j� jR 0a�s ,�nc�I CN83a3N,3c 8Ra N3s URUnI�jCRNc. 0C{3a3Nj q3aA

cCRNc R8 j@3 ja3�jL3Njc. Ra N3s c3jjCN<c Cc �ILRcj �c RI0 �c a�N0RLCy�jCRN Cjc3I8Y i@Cc 0Ccc3aj�jCRN ,RNA

jaC$nj3c jR j@3 <aRsCN< ICj3a�jna3 RN URj3NjC�I cRInjCRNc 8Ra j@3 UaR$I3L $w 0Cc,nccCN< C03NjC~,�jCRN. 3cjCA

L�jCRN. �N0 c3NcCjCqCjw �N�Iwc3c 8Ra cjn0C3c j@�j �CL jR 3uj3N0 V<3N3a�ICy3 Ra ja�NcURajW CN83a3N,3c 8aRL �

a�N0RLCy30 jaC�I jR � s3IIA03~N30 j�a<3j URUnI�jCRNY bU3,C~,�IIw. s3

Ë 3u�LCN3 cjn0w 03cC<Nc 8Ra 3uj3N0CN< ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � s3IIA03~N30

j�a<3j URUnI�jCRN V+@�Uj3a ϺWd

Ë nc3 ,RnNj3a8�,jn�I �N0 <a�U@C,�I ,�nc�I LR03Ic jR 3u�LCN3 nN03a s@�j ,RN0CjCRNc s3 ,�N <3N3a�ICy3

,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j URUnI�jCRN V+@�Uj3a ЙWd

Ë Ua3c3Nj c3NcCjCqCjw �N�IwcCc L3j@R0c 8Ra �cc3ccCN< qCRI�jCRNc R8 j@3 ,RN0CjCRNc j@�j �a3 N33030 jR

3uj3N0 ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j URUnI�jCRN V+@�Uj3ac Е �N0 ϊWY

2�,@ ,@�Uj3a Cc $�c30 RN � cj�N0A�IRN3 L�Nnc,aCUj CNj3N030 8Ra cn$LCccCRN jR � U33aAa3qC3s30 ERnaN�I.

�c cn,@ Cj Cc $3cj C8 j@3 a3�03a �UUaR�,@3c 3�,@ ,@�Uj3a �c � c3U�a�j3 3NjCjwY i@3 ,@�Uj3ac c@�a3 � ,RLLRN

,RN,3Ujn�I 8a�L3sRaG �N0 s3 @�q3 jaC30 jR nc3 ,RNcCcj3Nj j3aLCNRIR<w j@aRn<@Rnjd NR �jj3LUj. @Rs3q3a.

@�c $33N L�03 jR 3ICLCN�j3 a30nN0�N,C3c Ra jR nc3 � ,RLLRN NRj�jCRNY

Ϻ



+@�Uj3a Ϻ

bjn0w 03cC<Nc 8Ra 3uj3N0CN< ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j

URUnI�jCRN

� NnL$3a R8 a3,3Nj ,RNjaC$njCRNc )Ϻз. ο. ϺЋ. ϺзЙ. ЕϮ. οχ. ϺЎ* @�q3 0Cc,ncc30 L3j@R0c 8Ra �00a3ccCN< UaR$A

I3Lc a3I�j30 jR c3I3,jCq3 cjn0w U�ajC,CU�jCRN )Еχ* CN a�N0RLCy30 jaC�IcY i@3c3 L3j@R0c ,�N $3 nc30 jR 3uj3N0

VCY3Y. <3N3a�ICy3 Ra ja�NcURaj )ЙЋ*W ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j URUnI�jCRNY i@3

L3j@R0c a3\nCa3 $�c3ICN3 ,Rq�aC�j3. ja3�jL3Nj. �N0 Rnj,RL3 0�j� 8aRL j@3 a�N0RLCy30 CN0CqC0n�Ic U�ajC,A

CU�jCN< CN j@3 jaC�I �N0 $�c3ICN3 ,Rq�aC�j3 0�j� 8aRL NRNAa�N0RLCy30 CN0CqC0n�IcY 2cjCL�jCRN R8 URj3NjC�I

Rnj,RL3 L3�Nc CN j@3 j�a<3j URUnI�jCRN jwUC,�IIw a3\nCa3c LR03Ic 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN

)Ϻз*. j@3 3uU3,j�jCRN R8 j@3 Rnj,RL3 nN03a 3�,@ ja3�jL3Nj �LRN< jaC�I U�ajC,CU�Njc )ЕϮ*. Ra $Rj@ VjR CLUaRq3

aR$ncjN3cc )ϺЋ. ϺЎ*WY TaCRa sRaG @�c I�a<3Iw 8R,nc30 RN C03NjC~�$CICjw ,RN0CjCRNc �N0 3cjCL�jCRN �UUaR�,@3c.

sCj@Rnj � ,I3�a ,RNN3,jCRN jR cjn0w 03cC<N UaCN,CUI3c. R$c,naCN< j@3 8�,j j@�j 0C{3a3Nj cjn0w 03cC<Nc 03A

j3aLCN3 s@C,@ ,�nc�I \n�NjCjC3c ,�N $3 C03NjC~30 �N0 @�q3 CLUIC,�jCRNc 8Ra C03NjC8wCN< �N0 3cjCL�jCN< j@3

,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY

isR jwU3c R8 cjn0w 03cC<Nc j@�j ,RL$CN3 0�j� 8aRL a�N0RLCy30 CN0CqC0n�Ic sCj@ 0�j� 8aRL � c�LUI3 R8

NRNAa�N0RLCy30 CN0CqC0n�Ic @�q3 $33N nc30 8Ra j@3 3uUIC,Cj <R�I R8 3cjCL�jCN< URj3NjC�I Rnj,RL3 L3�Nc

�N0 ja3�jL3Nj 3{3,jc CN � s3IIA03~N30 j�a<3j URUnI�jCRN- VϺW N3cj30 jaC�I 03cC<Nc. CN s@C,@ j@3 a�N0RLA

Cy30 jaC�I Cc 3L$30030 CN � c�LUI3 8aRL j@3 j�a<3j URUnI�jCRN )ϺЋ*d �N0 VЙW NRNAN3cj30 jaC�I 03cC<Nc. CN

s@C,@ R$c3aq�jCRNc 8aRL a�N0RLCy30 CN0CqC0n�Ic �a3 ,RL$CN30 sCj@ � c3U�a�j3Iw R$j�CN30 c�LUI3 R8 NRNA

a�N0RLCy30 CN0CqC0n�Ic 8aRL j@3 j�a<3j URUnI�jCRNY i@3 c�LUICN< UaR$�$CICjw R8 NRNAa�N0RLCy30 CN0CqC0nA

�Ic Cc GNRsN CN N3cj30 jaC�I 03cC<Nc )ο*. $nj nNGNRsN CN NRNAN3cj30 jaC�I 03cC<Nc )ϺзЙ. οχ. ϺЎ*Y BN $Rj@ jwU3c

R8 cjn0w 03cC<Nc. $�c3ICN3 ,Rq�aC�j3 0�j� �a3 ,RII3,j30 8aRL �II a�N0RLCy30 CN0CqC0n�Ic �N0 8aRL c�LUI30

NRNAa�N0RLCy30 CN0CqC0n�Icd ja3�jL3Nj �N0 Rnj,RL3 0�j� N330 RNIw $3 ,RII3,j30 8aRL a�N0RLCy30 CN0CA

qC0n�IcY i@Rn<@ ja3�jL3Nj �N0 Rnj,RL3 0�j� 8aRL NRNAa�N0RLCy30 CN0CqC0n�Ic ,�N $3 nc30 jR 3q�In�j3

�ccnLUjCRNc Ra CLUaRq3 3|,C3N,w. j@3w �a3 NRj N3,3cc�aw 8Ra C03NjC~,�jCRN �N0 3cjCL�jCRN nN03a j@3 �cA

cnLUjCRNc nc30 CN j@Cc U�U3a Ra j@3 $nIG R8 j@3 a3I�j30 ICj3a�jna3 V3Y<Y. �c a3qC3s30 CN )ЕϮ*WY

Й



BN j@Cc U�U3a. s3 c@Rs j@�j j@3 ,�nc�I \n�NjCjC3c j@�j ,�N $3 C03NjC~30 CN 3�,@ cjn0w 03cC<N 03U3N0 RN

s@�j Cc GNRsN �$Rnj j@3 UaR$�$CICjw R8 c�LUICN< NRNAa�N0RLCy30 CN0CqC0n�IcY 7Ra 3�,@ cjn0w 03cC<N. s3

3u�LCN3 C03NjC~,�jCRN R8 URj3NjC�I Rnj,RL3 L3�Nc qC� j@3 <A8RaLnI� �N0 CNq3ac3 UaR$�$CICjw s3C<@jCN< �N0

3uUIRa3 j@3 CLUIC,�jCRNc R8 j@3 03cC<Nȕc c�LUICN< UaRU3ajC3c 8Ra LR03ICN< j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�A

jCRNY

ϺYϺ bΞϨϿϣϔϩό ϿЁϱϿζЁАϔζЅ Ξϩβ Аϑζ ϱΪЅζЁЦζβ βΞАΞ

7Ra � s3IIA03~N30 ,�nc�I \n3cjCRN. CNq3cjC<�jRac ,�N cU3,C8w � c3j R8 3IC<C$CICjw ,aCj3aC� j@�j 03~N3 �N �,jn�I

URUnI�jCRN R8 CN0CqC0n�Ic jR s@RL a3c3�a,@ ~N0CN<c sRnI0 $3 �UUIC,�$I3. CN j@3 c3Nc3 j@�j s3 ,�N CN UaCNA

,CUI3 C03NjC8w �II CN0CqC0n�Ic s@R L33j j@3 ,aCj3aC�Y 7Ra CNcj�N,3. s@3N 03cC<NCN< � a�N0RLCy30 jaC�I. j@3

jaC�I 3IC<C$CICjw ,aCj3aC� 03~N3 �N �,jn�I URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�IcY BN j@Cc U�U3a. s3 qC3s

j@3 �,jn�I URUnI�jCRN �c � cCLUI3 a�N0RL c�LUI3 8aRL �N VCN~NCj3W cnU3aURUnI�jCRN R8 CN0CqC0n�Icd s3 a3A

83a jR j@Cc cnU3aURUnI�jCRN �c j@3 j�a<3j URUnI�jCRN )Ўο*Y r3 �a3 CNj3a3cj30 CN ,�nc�I \n�NjCjC3c j@�j U3aj�CN

jR j@3 j�a<3j URUnI�jCRN Ra jR Cjc cn$c3jc V3Y<Y. 03~N30 $w jaC�I U�ajC,CU�jCRN cj�jncWY

iR CNjaR0n,3 cRL3 NRj�jCRN. I3j X = (X1, . . . ,Xp) 03NRj3 � q3,jRa R8 p $�c3ICN3 ,Rq�aC�j3cd A j@3 ja3�jA

L3Nj �ccC<NL3Nj CN0C,�jRad Y j@3 R$c3aq30 Rnj,RL3d �N0 S j@3 jaC�I U�ajC,CU�jCRN CN0C,�jRa. sCj@ S = 1 8Ra

a�N0RLCy30 CN0CqC0n�Ic �N0 S = 0 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic VCN0CqC0n�Ic s@R �a3 3Cj@3a NRj CNqCj30

jR U�ajC,CU�j3 CN j@3 jaC�I Ra s@R �a3 CNqCj30 $nj 03,ICN3WY iR ,�Ujna3 j@3 NRjCRN j@�j cRL3 NRNAa�N0RLCy30

CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRN VS = 0W L�w NRj $3 c�LUI30. I3j D $3 �N CN0C,�jRa 8Ra s@3j@3a �N CNA

0CqC0n�I CN j@3 �,jn�I URUnI�jCRN Cc c�LUI30 �N0 ,RNjaC$nj3c 0�j� jR j@3 �N�Iwc3c. sCj@ D = 1 8Ra c�LUI30

CN0CqC0n�Ic �N0 D = 0 8Ra NRNAc�LUI30 CN0CqC0n�IcY

r3 ,�N NRs 03c,aC$3 j@3 c�LUICN< UaRU3ajC3c j@�j nN03aIC3 N3cj30 �N0 NRNAN3cj30 cjn0w 03cC<Nc nc30

8Ra 3uj3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR j@3 j�a<3j URUnI�jCRNY i@3 cjn0w 03cC<Nc 0C{3a CN j@3

c�LUICN< UaRU3ajC3c j@�j 03j3aLCN3 @Rs j@3 R$c3aq30 c�LUI3 a3I�j3c jR j@3 �,jn�I URUnI�jCRNd j@3 nN03aIwA

CN< �,jn�I URUnI�jCRN �N0 V@wURj@3jC,�IW j�a<3j URUnI�jCRN �a3 j@3 c�L3Y 7C<na3 ϺYϺ CIIncja�j3c j@3 ,RN,3Ujn�I

a3I�jCRNc@CUc $3js33N 03cC<Nc. j@3Ca c�LUICN< UaRU3ajC3c. �N0 j@3 R$c3aq30 0�j�Y

BN j@3 L�CN j3uj R8 j@Cc U�U3a. s3 ,RNcC03a cCLUI3 a�N0RL c�LUI3c. sCj@ GNRsN Ra nNGNRsN c�LUICN<

UaR$�$CICjC3c. 8aRL j@3 �,jn�I URUnI�jCRN Ra 8aRL j@3 NRNAa�N0RLCy30 cn$c3j R8 j@3 �,jn�I URUnI�jCRNY �c

s3 0Cc,ncc $3IRs. Rna L�CN a3cnIjc. sCj@ LCNRa LR0C~,�jCRNc. @RI0 s@3N j@3 c�LUICN< UaR$�$CICjw Cc �

Е



GNRsN 8nN,jCRN R8 �nuCIC�aw $�c3ICN3 ,Rq�aC�j3c a�j@3a j@�N � GNRsN ,RNcj�Nj VCY3Y. s@3N s3 @�q3 a�N0RL

c�LUICN<. NRj cCLUI3 a�N0RL c�LUICN<WY �IIRsCN< j@3 c�LUICN< UaR$�$CICjC3c jR 03U3N0 RN �nuCIC�aw ,RA

q�aC�j3c. @Rs3q3a. 0R3c NRj I3�0 jR �00CjCRN�I CNcC<@jc a3<�a0CN< cjn0w 03cC<N )Ϻχ*d 8Ra j@Cc a3�cRN. CN j@3

L�CN j3uj. s3 �ccnL3 j@�j j@3 c�LUICN< UaR$�$CICjw 0R3c NRj 03U3N0 RN ,Rq�aC�j3cY

Figure 1.1: Conceptual graph depicধng the sampling designs for studies extending inferences from a randomized trial to
a target populaধon.
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ϺYϺYϺ MζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

r3 ,RNcC03a jsR q�aC�Njc R8 j@3 N3cj30 jaC�Ic 03cC<N- s@3N � ,3Ncnc R8 j@3 �,jn�I URUnI�jCRN Cc j�G3N �N0

s@3N j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic �a3 cn$Ac�LUI30Y

+3Ncnc R8 j@3 �,jn�I URUnI�jCRN- BN j@Cc q�aC�Nj R8 j@3 N3cj30 jaC�I 03cC<N. j@3 CN0CqC0n�Ic ,RNjaC$njCN<

0�j� jR j@3 �N�IwcCc �a3 �ccnL30 jR $3 � ,3Ncnc R8 j@3 �,jn�I URUnI�jCRN. j@�j Cc.

Pr[D = 1|S = 1] = Pr[D = 1|S = 0] = 1,

ϊ



j@nc. N3cj30 jaC�I 03cC<Nc ,�N $3 qC3s30 �c cCLUI3 a�N0RL c�LUI3c 8aRL j@3 cnU3aURUnI�jCRNY BN j@Cc 03A

cC<N. Cj Cc ,RLLRN jR 03~N3 j@3 j�a<3j URUnI�jCRN CLUIC,CjIw. $�c30 RN j@3 �,jn�I URUnI�jCRN CN s@C,@ j@3

jaC�I Cc N3cj30Y 7Ra 3u�LUI3. CN ,RLUa3@3NcCq3 ,R@Raj cjn0C3c )χϊ*. CNq3cjC<�jRac N3cj � jaC�I sCj@CN � ,R@Raj

R8 �II CN0CqC0n�Ic s@R L3j j@3 jaC�Iȕc 3IC<C$CICjw ,aCj3aC� �N0 s3a3 CNqCj30 jR U�ajC,CU�j3 CN j@3 jaC�IY i@3w

j@3N 03~N3 j@3 j�a<3j URUnI�jCRN �c j@3 URUnI�jCRN 8aRL s@C,@ ,R@Raj L3L$3ac VCY3Y. j@3 �,jn�I URUnI�jCRN

R8 jaC�IA3IC<C$I3 CN0CqC0n�Ic CNqCj30 jR U�ajC,CU�j3 CN j@3 jaC�IcW ,RnI0 @�q3 $33N � cCLUI3 a�N0RL c�LUI3Y

i@nc. CN j@Cc 03cC<N. CNq3cjC<�jRac N330 jR 3Ncna3 j@�j j@3 ,R@Raj a3Ua3c3Njc j@3 j�a<3j URUnI�jCRN j@3w �a3

CNj3a3cj30 CNd j@�j Cc. j@3 jaC�I 3IC<C$CICjw ,aCj3aC� N330 jR $3 $aR�0 3NRn<@ jR �00a3cc j@3 a3c3�a,@ \n3cjCRN

�N0 j@3 CN0CqC0n�Ic CNqCj30 jR U�ajC,CU�j3 CN j@3 jaC�I Vs@R 8RaL j@3 ,R@Raj CN s@C,@ j@3 jaC�I Cc N3cj30W N330

jR a3Ua3c3Nj j@3 j�a<3j URUnI�jCRN R8 CNj3a3cjY

bn$Ac�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic- BN j@Cc q�aC�Nj. s3 ,RII3,j 0�j� 8aRL �II a�N0RLCy30 CNA

0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRN $nj RNIw ,RII3,j $�c3ICN3 ,Rq�aC�j3 0�j� 8aRL � cn$Ac�LUI3 R8 j@3 NRNA

a�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRN. sCj@ c�LUICN< UaR$�$CICjw j@�j Cc � GNRsN ,RNcj�NjY i@3

c�LUICN< UaRU3ajC3c ,�N $3 cnLL�aCy30 �c

Pr[D = 1|S = 1] = 1 �N0

Pr[D = 1|X,A,Y,S = 0] = Pr[D = 1|S = 0] = c > 0,

s@3a3 c Cc � GNRsN ,RNcj�Nj. sCj@ 0 < c ≤ 1Y MRj3 j@�j j@3 N3cj30 jaC�I 03cC<N sCj@ � ,3Ncnc R8 j@3 �,jn�I

URUnI�jCRN ,�N $3 qC3s30 �c � cU3,C�I ,�c3 R8 j@3 cn$Ac�LUICN< 03cC<N. sCj@ c = 1Y mcCN< c < 1 Cc cj�jCcA

jC,�IIw I3cc 3|,C3Nj j@�N ncCN< c = 1. $nj L�w CLUaRq3 a3c3�a,@ 3,RNRLw. 8Ra 3u�LUI3. C8 j@3 ,RII3,jCRN

R8 ,Rq�aC�j3 0�j� �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic Cc 3uU3NcCq3 )Ϻχ*Y 7naj@3aLRa3. �c NRj30. � q�aC�Nj R8

j@3 N3cj30 jaC�I 03cC<N sCj@ cn$Ac�LUICN< �IIRsc j@3 c3I3,jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic jR 03U3N0 RN

�nuCIC�aw $�c3ICN3 ,Rq�aC�j3cd s3 c@Rs @Rs Rna a3cnIjc 3uj3N0 jR j@�j ,�c3 CN j@3 �UU3N0CuY

ϺYϺYЙ MϱϩAϩζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

BN NRNAN3cj30 jaC�I 03cC<Nc. 0�j� 8aRL a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic �a3 R$j�CN30 c3U�a�j3IwY

BNq3cjC<�jRac �ccnL3 j@�j 0�j� 8aRL �II a�N0RLCy30 CN0CqC0n�Ic ,�N $3 ,RL$CN30 sCj@ 0�j� 8aRL � cCLUI3

a�N0RL c�LUI3 R8 NRNAa�N0RLCy30 CN0CqC0n�Ic 8aRL j@3 �,jn�I URUnI�jCRN. sCj@ c�LUICN< UaR$�$CICjw j@�j

χ



s�c �N nNGNRsN ,RNcj�Nj V3Y<Y. )ϺзЙ*WY i@3 c�LUICN< UaRU3ajC3c ,�N $3 cnLL�aCy30 �c

Pr[D = 1|S = 1] = 1 �N0

Pr[D = 1|X,A,Y,S = 0] = Pr[D = 1|S = 0] = u > 0, s@3a3 u Cc �N nNGNRsN ,RNcj�NjY

�N 3u�LUI3 R8 NRNAN3cj30 jaC�I 03cC<N Cc j@3 ,RLURcCj3 0�j�c3j 03cC<N )ϺзЙ. ϺЎ*Y ?3a3. CNq3cjC<�jRac �UA

U3N0 j@3 0�j� 8aRL � ,RLUI3j30 a�N0RLCy30 jaC�I jR 0�j� 8aRL � ,RNq3NC3N,3 c�LUI3 R8 NRNAa�N0RLCy30

CN0CqC0n�Ic. R8j3N R$j�CN30 8aRL aRnjCN3Iw ,RII3,j30 0�j� cRna,3c Vcn,@ �c ,I�CLc Ra 3I3,jaRNC, L30C,�I

a3,Ra0c 0�j�$�c3c. Ra UaRcU3,jCq3 ,R@Raj cjn0C3cWY i@3 �ccnLUjCRN. R8j3N I38j nNcj�j30. Cc j@�j j@3 c�LUI3 R8

NRNAa�N0RLCy30 CN0CqC0n�Ic Cc � cCLUI3 a�N0RL c�LUI3 8aRL j@3 URUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0nA

�Ic VRa � s3IIA03~N30 cn$c3j j@3a3R8W jR s@RL j@3 CNq3cjC<�jRac sCc@ jR 3uj3N0 j@3 jaC�I a3cnIjc )ϺЎ. ϺзЙ*Y

ϺYϺYЕ iϑζ ϱΪЅζЁЦζβ βΞАΞ

BN $Rj@ N3cj30 �N0 NRNAN3cj30 03cC<Nc. s3 ,RII3,j 0�j� RN $�c3ICN3 ,Rq�aC�j3c. ja3�jL3Nj. �N0 Rnj,RL3 8aRL

a�N0RLCy30 CN0CqC0n�Icd CN ,RNja�cj. �c s3 c@Rs CN b3,jCRN ϺYЕ. RNIw $�c3ICN3 ,Rq�aC�j3 0�j� �a3 N33030

8aRL NRNAa�N0RLCy30 CN0CqC0n�IcY

KRa3 cU3,C~,�IIw. 8Ra N3cj30 03cC<Nc j@3 R$c3aq30 0�j� ,RNcCcj R8 a3�ICy�jCRNc R8

(X,A,Y,S = 1,D = 1) 8Ra jaC�I U�ajC,CU�Njcd

(X,S = 0,D = 1) 8Ra c�LUI30 NRNAa�N0RLCy30 CN0CqC0n�Icd

(S = 0,D = 0) 8Ra NRNAc�LUI30 NRNAa�N0RLCy30 CN0CqC0n�IcY

#3,�nc3 �II a�N0RLCy30 CN0CqC0n�Ic �a3 c�LUI30. s3 @�q3 j@�j (D = 1,S = 1) ⇔ (S = 1)Y MR ,Rq�aC�j3.

ja3�jL3Nj. Ra Rnj,RL3 0�j� �a3 �q�CI�$I3 8Ra NRNAc�LUI30 NRNAa�N0RLCy30 CN0CqC0n�Ic. (D = 0,S = 0)

VNRj3 j@�j CN j@3 N3cj30 jaC�I 03cC<N sCj@ � ,3Ncnc R8 j@3 �,jn�I URUnI�jCRN j@Cc cn$c3j 0R3c NRj 3uCcjWY

BN NRNAN3cj30 jaC�I 03cC<Nc V3Y<Y. ,RLURcCj3 0�j�c3j 03cC<NcW. s3 jwUC,�IIw 0R NRj GNRs j@3 NnL$3a R8

NRNAc�LUI30 NRNAa�N0RLCy30 CN0CqC0n�Ic. j@nc j@3 R$c3aq30 0�j� ,RNcCcj R8 a3�ICy�jCRNc RNIw R8

(X,A,Y,S = 1,D = 1) 8Ra jaC�I U�ajC,CU�Njcd �N0

(X,S = 0,D = 1) 8Ra c�LUI30 NRNAa�N0RLCy30 CN0CqC0n�IcY

Ў



ϺYЙ +ΞЛЅΞϣ ЀЛΞϩАϔАϔζЅ ϱυ ϔϩАζЁζЅА Ξϩβ ϔβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

ϺYЙYϺ +ΞЛЅΞϣ ЀЛΞϩАϔАϔζЅ ϱυ ϔϩАζЁζЅА

BN Ra03a jR 03~N3 ,�nc�I \n�NjCjC3c. I3j Ya $3 j@3 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 nN03a CNj3aq3NjCRN jR

c3j ja3�jL3Nj jR a )οЙ. ЋϺ*Y r3 �a3 CNj3a3cj30 CN j@3 L3�N R8 j@3c3 URj3NjC�I Rnj,RL3c CN j@3 j�a<3j URUnA

I�jCRN 2[Ya] Ra CN j@3 NRNAa�N0RLCy30 cn$c3j R8 j@3 j�a<3j URUnI�jCRN 2[Ya|S = 0]Y 7Ra 3u�LUI3. 2[Ya]

,�Ujna3c j@3 Rnj,RL3 nN03a j@3 cja�j3<w R8 ja3�jCN< �II CN0CqC0n�Ic CN j@3 j�a<3j URUnI�jCRN sCj@ aY �N0 Cj

Cc R8j3N c,C3NjC~,�IIw �N0 L3j@R0RIR<C,�IIw CNj3a3cjCN< jR ,RLU�a3 2[Ya|S = 0] �<�CNcj 2[Ya|S = 1]. jR

3u�LCN3 s@3j@3a j@3 URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a 0C{3ac �LRN< jaC�IAU�ajC,CU�Njc �N0 NRNA

U�ajC,CU�Njc CN j@3 j�a<3j URUnI�jCRN )ϺЋ*Y

ϺYЙYЙ BβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

7Ra �II cjn0w 03cC<Nc. j@3 8RIIRsCN< C03NjC~�$CICjw ,RN0CjCRNc �a3 cn|,C3Nj jR 3uj3N0 CN83a3N,3c 8aRL � ,ICNA

C,�I jaC�I jR � j�a<3j URUnI�jCRN )ϺЋ. ϺЎ*-

VϺW +RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c- CNj3aq3NjCRNc �a3 s3IIA03~N30. cR j@�j C8 Ai = a, j@3N Yai = YiY

BLUIC,Cj CN j@Cc NRj�jCRN Cc j@�j j@3 R{3a jR U�ajC,CU�j3 CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN Cjc3I8 0R NRj @�q3 �N

3{3,j RN j@3 Rnj,RL3 3u,3Uj j@aRn<@ ja3�jL3Nj �ccC<NL3Nj V3Y<Y. j@3a3 �a3 NR ?�sj@RaN3 3{3,jcWY

VЙW K3�N 3u,@�N<3�$CICjw �LRN< jaC�I U�ajC,CU�Njc- 2[Ya|X,S = 1,A = a] = 2[Ya|X,S = 1]Y i@Cc

,RN0CjCRN Cc 3uU3,j30 jR @RI0 $3,�nc3 R8 a�N0RLCy�jCRN VL�a<CN�I Ra ,RN0CjCRN�I RN XWY

VЕW TRcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj CN j@3 jaC�I- Pr[A = a|X = x,S = 1] > 0 8Ra 3�,@ a �N0 3�,@ x

sCj@ URcCjCq3 03NcCjw CN j@3 jaC�I. fX|S(x|S = 1) > 0Y i@Cc ,RN0CjCRN Cc �IcR 3uU3,j30 jR @RI0 $3,�nc3 R8

a�N0RLCy�jCRNY

VϊW K3�N <3N3a�ICy�$CICjw V3u,@�N<3�$CICjw Rq3a SW- 2[Ya|X,S = 1] = 2[Ya|X] 8Ra 3�,@ aY 7Ra $CN�aw S.

j@Cc ,RN0CjCRN CLUIC3c j@3 L3�N ja�NcURaj�$CICjw ,RN0CjCRN 2[Ya|X,S = 1] = 2[Ya|X,S = 0] VUaRqC030 $Rj@

,RN0CjCRN�I 3uU3,j�jCRNc �a3 s3IIA03~N30WY

VχW TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN- Pr[S = 1|X = x] > 0 8Ra 3�,@ x sCj@ URcCjCq3 03NcCjw CN j@3 j�a<3j

URUnI�jCRN. fX(x) > 0Y

BN j@3 ,RN0CjCRNc ICcj30 �$Rq3. s3 @�q3 nc30 X <3N3aC,�IIw jR 03NRj3 $�c3ICN3 ,Rq�aC�j3cY Bj Cc URccC$I3

@Rs3q3a. j@�j cjaC,j cn$c3jc R8 X �a3 �03\n�j3 jR c�jCc8w j@3 0C{3a3Nj 3u,@�N<3�$CICjw ,RN0CjCRNcY 7Ra 3uA

Ћ



�LUI3. CN � L�a<CN�IIw a�N0RLCy30 jaC�I j@3 L3�N 3u,@�N<3�$CICjw �LRN< jaC�I U�ajC,CU�Njc @RI0c nN,RN0CA

jCRN�IIwY 7naj@3aLRa3. jR 8R,nc RN Cccn3c a3I�j30 jR c3I3,jCq3 jaC�I U�ajC,CU�jCRN. s3 sCII �ccnL3 ,RLUI3j3

�0@3a3N,3 jR j@3 �ccC<N30 ja3�jL3Nj �N0 NR IRccAjRA8RIIRsnUY

ϺYЙYЕ iЁϔΞϣ ζϣϔόϔΪϔϣϔАЭ ΫЁϔАζЁϔΞ Ξϩβ ΫϑϱϔΫζ ϱυ АΞЁόζА ϿϱϿЛϣΞАϔϱϩ

MRs j@�j s3 @�q3 cU3,C~30 j@3 ,�nc�I \n�NjCjC3c R8 CNj3a3cj �N0 ICcj30 C03NjC~�$CICjw ,RN0CjCRNc. s3 ,�N

,RNcC03a j@3 ,@RC,3 R8 j�a<3j URUnI�jCRN CN LRa3 03j�CIY

�c NRj30. j@3 j�a<3j URUnI�jCRN c@RnI0 $3 03j3aLCN30 $w j@3 c,C3NjC~, \n3cjCRN CNq3cjC<�jRac @RU3 jR

�00a3ccY BN L�Nw ,�c3c. s@3N ncCN< j@3 L3j@R0c 03c,aC$30 CN j@Cc U�U3a. Cj Cc c3NcC$I3 jR ICLCj j@3 j�a<3j

URUnI�jCRN jR j@3 URUnI�jCRN R8 CN0CqC0n�Ic L33jCN< j@3 jaC�I 3IC<C$CICjw ,aCj3aC� Ra jR � cn$c3j R8 j@�j URUA

nI�jCRNY iR j@3 3uj3Nj j@�j j@3 q�aC�$I3c nc30 jR 03~N3 j@3 jaC�I 3IC<C$CICjw ,aCj3aC� �a3 N33030 jR c�jCc8w j@3

L3�N <3N3a�ICy�$CICjw ,RN0CjCRN. j@3 a3cjaC,jCRN jR jaC�IA3IC<C$I3 CN0CqC0n�Ic Cc N33030 8Ra j@3 URcCjCqCjw R8

jaC�I U�ajC,CU�jCRN ,RN0CjCRN jR @RI0 Ģ CN0CqC0n�Ic NRj L33jCN< j@3 ,aCj3aC� �a3 NRj �IIRs30 jR 3Nj3a j@3 jaC�IY

BN cRL3 ,�c3c. @Rs3q3a. CNq3cjC<�jRac L�w $3 �$I3 jR �a<n3 j@�j RNIw � cn$c3j R8 j@3 q�aC�$I3c nc30 jR 03j3aA

LCN3 jaC�I 3IC<C$CICjw �a3 N3,3cc�aw 8Ra j@3 L3�N <3N3a�ICy�$CICjw ,RN0CjCRN jR @RI0Y BN cn,@ ,�c3c. j@3 j�a<3j

URUnI�jCRN ,�N $3 $aR�03a j@�N j@3 URUnI�jCRN R8 jaC�I 3IC<C$I3 CN0CqC0n�IcY i@3 3cc3NjC�I a3\nCa3L3Nj Cc j@�j

j@3 0CcjaC$njCRNc R8 ,Rq�aC�j3c N33030 jR c�jCc8w j@3 L3�N <3N3a�ICy�$CICjw ,RN0CjCRN �LRN< a�N0RLCy30 �N0

NRNAa�N0RLCy30 CN0CqC0n�Ic c@RnI0 @�q3 ,RLLRN cnUURajY

ϺYЕ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ Аϑζ όAυϱЁϨЛϣΞ

r3 $3<CN $w ,RNcC03aCN< C03NjC~,�jCRN $w j@3 <A8RaLnI� )ЎЋ*Y mcCN< j@3 C03NjC~�$CICjw ,RN0CjCRNc R8 b3,A

jCRN ϺYЙ. Cj Cc cja�C<@j8Ras�a0 jR c@Rs j@�j j@3 URj3NjC�I Rnj,RL3 L3�N CN j@3 j�a<3j URUnI�jCRN )ϺЋ* ,�N $3

a3A3uUa3cc30 �c

2[Ya] = 2
[

2[Y|X,S = 1,A = a]
]

=

∫
2[Y|X = x,S = 1,A = a]dFX(x),

VϺYϺW

s@3a3 FX(x) 03NRj3c j@3 0CcjaC$njCRN R8 X CN j@3 j�a<3j URUnI�jCRNY

i@3 URj3NjC�I Rnj,RL3 L3�N �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 j�a<3j URUnI�jCRN )ϺЎ* ,�N $3

ο



a3A3uUa3cc30 �c

2[Ya|S = 0] = 2
[

2[Y|X,S = 1,A = a]|S = 0
]

=

∫
2[Y|X = x,S = 1,A = a]dFX|S(x|S = 0),

VϺYЙW

s@3a3 FX|S(x|S = 0) 03NRj3c j@3 0CcjaC$njCRN R8 X �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 j�a<3j URUnA

I�jCRN VCY3Y. j@3 cn$c3j sCj@ S = 0WY

7Cacj. s3 NRj3 j@�j $Rj@ a3cnIjc CNqRIq3 j@3 ,RN0CjCRN�I 3uU3,j�jCRN R8 j@3 Rnj,RL3 Y �LRN< jaC�I U�ajC,CA

U�Njc �ccC<N30 jR ja3�jL3Nj a. 2[Y|X,A = a,S = 1]Y #3,�nc3 $Rj@ N3cj30 �N0 NRNAN3cj30 03cC<Nc �ccnL3

j@�j �II a�N0RLCy30 CN0CqC0n�Ic �a3 c�LUI30. j@Cc 3uU3,j�jCRN Cc C03NjC~�$I3 CN $Rj@ 03cC<NcY

M3uj. s3 jnaN Rnj �jj3NjCRN jR j@3 C03NjC~,�jCRN R8 FX(x) �N0 FX|S(x|S = 0). s@C,@ �a3 N3,3cc�aw jR

C03NjC8w 2[Ya] �N0 2[Ya|S = 0]. a3cU3,jCq3IwY i@3a3 �a3 CNj3a3cjCN< 0C{3a3N,3c $3js33N j@3 03cC<Nc s@3N Cj

,RL3c jR C03NjC8wCN< j@3c3 0CcjaC$njCRNc �N0 s3 ,RNcC03a 3�,@ 03cC<N CN0CqC0n�IIw $3IRsY

ϺYЕYϺ MζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

+3Ncnc R8 j@3 �,jn�I URUnI�jCRN- B03NjC~,�jCRN Cc LRcj cja�C<@j8Ras�a0 CN j@Cc 03cC<N. $3,�nc3 0�j� �a3

�q�CI�$I3 8aRL �II L3L$3ac R8 j@3 �,jn�I URUnI�jCRN V$Rj@ a�N0RLCy30 �N0 NRNAa�N0RLCy30W �N0 j@3 �,jn�I

URUnI�jCRN Cc � cCLUI3 a�N0RL c�LUI3 8aRL j@3 j�a<3j URUnI�jCRNY i@nc. FX(x) Cc C03NjC~�$I3Y 7naj@3aA

LRa3. CN j@Cc 03cC<N. 3q3aw cn$<aRnU R8 j@3 �,jn�I URUnI�jCRN 03~N30 RN j@3 $�cCc R8 $�c3ICN3 ,Rq�aC�j3c

Ra jaC�I U�ajC,CU�jCRN Cc � cCLUI3 a�N0RL c�LUI3 8aRL j@3 ,Raa3cURN0CN< cn$<aRnU CN j@3 j�a<3j URUnI�jCRNY

i@nc. j@3 0CcjaC$njCRN R8 ,Rq�aC�j3c �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic FX|S(x|S = 0) ,�N �IcR $3 C03NjCA

~30Y Bj 8RIIRsc j@�j �II j@3 ,RLURN3Njc RN j@3 aC<@jA@�N0AcC03c R8 VϺYϺW �N0 VϺYЙW �a3 C03NjC~�$I3. 3cj�$ICc@A

CN< j@�j 2
[

2[Y|X,S = 1,A = a]
]

�N0 2
[

2[Y|X,S = 1,A = a]
∣∣S = 0

]
�a3 C03NjC~�$I3Y

bn$Ac�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic- 7Ra j@Cc 03cC<N. C03NjC~,�jCRN R8 j@3 L�a<CN�I 0CcjaC$njCRN

R8 X Cc cIC<@jIw LRa3 CNqRIq30 $3,�nc3 j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic ,RNjaC$njCN< 0�j� jR j@3 �N�IwcCc �a3

� cn$Ac�LUI3 8aRL j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRNY

7Cacj. $w j@3 I�s R8 jRj�I UaR$�$CICjw. 8Ra $CN�aw S.

FX(x) =
1∑

s=0

FX|S(x|S = s)Pr[S = s].

Ϯ



+I3�aIw. FX|S(x|S = s). 8Ra s = 0, 1 Cc C03NjC~�$I3 $3,�nc3 j@3 a�N0RLCy30 �N0 NRNAa�N0RLCy30 c�LUI30

CN0CqC0n�Ic �a3 cCLUI3 a�N0RL c�LUI3c R8 j@3 j�a<3j URUnI�jCRN cn$c3jc sCj@ S = 1 �N0 S = 0. a3cU3,jCq3IwY

i@3 RNIw 0C|,nIjw. j@3N. Cc C03NjC~,�jCRN R8 j@3 L�a<CN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN. Pr[S = 1].

$3,�nc3 Pr[S = 0] = 1 − Pr[S = 1]Y �c s3 c@Rs CN j@3 �UU3N0Cu. nN03a j@3 c�LUICN< UaRU3ajC3c R8

j@3 N3cj30 jaC�I 03cC<N sCj@ cn$Ac�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic.

Pr[S = 1] =
{
1+

Pr[S = 0|D = 1]
Pr[S = 1|D = 1]

× c−1
}−1

. VϺYЕW

i@3 R00c R8 NRNAU�ajC,CU�jCRN CN j@3 jaC�I �LRN< c�LUI30 CN0CqC0n�Ic. Pr[S = 0|D = 1]
Pr[S = 1|D = 1]

. �a3 C03NjC~�$I3d

�N0. �c 03~N30 CN b3,jCRN ϺYϺYϺ. c Cc � GNRsN ,RNcj�NjY Bj 8RIIRsc j@�j FX(x) Cc C03NjC~�$I3 �N0. ,RNc3A

\n3NjIw. 2
[

2[Y|X,S = 1,A = a]
]

Cc �IcR C03NjC~�$I3 $3,�nc3 �II j@3 ,RLURN3Njc R8 j@3 CNj3<a�I RN j@3

aC<@jA@�N0AcC03 R8 VϺYϺW �a3 C03NjC~�$I3Y

inaNCN< Rna �jj3NjCRN jR FX|S(x|S = 0). s3 NRj3 j@�j Cj Cc C03NjC~�$I3 $3,�nc3 j@3 c�LUI30 NRNAa�N0RLCy30

CN0CqC0n�Ic �a3 � cCLUI3 a�N0RL c�LUI3 8aRL j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRNY Bj

8RIIRsc j@�j 2
[
2[Y|X,S = 1,A = a]|S = 0

]
Cc C03NjC~�$I3 $3,�nc3 �II j@3 ,RLURN3Njc R8 j@3 CNj3<a�I RN

j@3 aC<@jA@�N0AcC03 R8 VϺYЙW �a3 C03NjC~�$I3Y

ϺYЕYЙ MϱϩAϩζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

mcCN< �N �a<nL3Nj U�a�II3I jR j@�j 8Ra N3cj30 jaC�I 03cC<Nc sCj@ cn$Ac�LUICN<. s@3N j@3 UaR$�$CICjw R8 c�LA

UICN< � NRNAa�N0RLCy30 CN0CqC0n�I Cc nNGNRsN. j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN. Pr[S = 1]. ,�N $3

3uUa3cc30 CN j@3 8RaL R8 3\n�jCRN VϺYЕW. cn$cjCjnjCN< j@3 u 8Ra c.

Pr[S = 1] =
{
1+

Pr[S = 0|D = 1]
Pr[S = 1|D = 1]

× u−1
}−1

.

#3,�nc3. �c 03~N30 CN b3,jCRN ϺYϺYЙ. u Cc �N nNGNRsN ,RNcj�Nj. FX(x) Cc NRj C03NjC~�$I3 �N0 ,RNc3\n3NjIw

2
[

2[Y|X,S = 1,A = a]
]

Cc �IcR NRj C03NjC~�$I3Y

inaNCN< Rna �jj3NjCRN jR FX|S(x|S = 0). s3 c33 j@�j Cj Cc C03NjC~�$I3 $3,�nc3 j@3 NRNAa�N0RLCy30 CN0CA

qC0n�Ic ,RNjaC$njCN< 0�j� jR j@3 �N�IwcCc �a3 � cCLUI3 a�N0RL c�LUI3 8aRL j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic

CN j@3 �,jn�I URUnI�jCRN V3q3N j@Rn<@ j@3 c�LUICN< UaR$�$CICjw Cc nNGNRsNWY Bj 8RIIRsc j@�j 2
[

2[Y|X,S =

Ϻз



1,A = a]
∣∣S = 0

]
Cc C03NjC~�$I3 CN NRNAN3cj30 jaC�I 03cC<Nc $3,�nc3 �II j@3 ,RLURN3Njc R8 j@3 CNj3<a�I CN

VϺYЙW �a3 C03NjC~�$I3Y

ϺYϊ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ BT ЧζϔόϑАϔϩό

i@3a3 @�c $33N ,RNcC03a�$I3 a3,3Nj CNj3a3cj )Ϻз. ϺЋ. ο. ϺзЙ. ϺЎ* CN ncCN< s3C<@jCN< L3j@R0c jR C03NjC8w j@3

URj3NjC�I Rnj,RL3 L3�Nc CN 3\n�jCRNc VϺYϺW �N0 VϺYЙW. $3,�nc3 j@3 cU3,C~,�jCRN R8 LR03Ic 8Ra j@3 UaR$�$CICjw

R8 jaC�I U�ajC,CU�jCRN Cc R8j3N ,RNcC03a30 � cRL3s@�j 3�cC3a j�cG j@�N j@3 cU3,C~,�jCRN R8 LR03Ic 8Ra j@3

Rnj,RL3 �LRN< jaC�I U�ajC,CU�NjcY

7Cacj. ,RNcC03a 2
[

2[Y|X,S = 1,A = a]
]
. s@C,@ s3 �a<n30 Cc C03NjC~�$I3 CN N3cj30 jaC�IcY �c c@RsN CN

)ϺЋ*. s3 ,�N a3A3uUa3cc j@3 aC<@jA@�N0AcC03 R8 VϺYϺW �c

2
[

2[Y|X,S = 1,A = a]
]
= 2

[
I(S = 1,A = a)Y

Pr[S = 1|X]Pr[A = a|X,S = 1]

]
, VϺYϊW

s@3a3 I(·) 03NRj3c j@3 CN0C,�jRa 8nN,jCRNY

MRs. ,RNcC03a 2
[

2[Y|X,S = 1,A = a]|S = 0
]
. s@C,@ s3 �a<n30 Cc C03NjC~�$I3 $w j@3 <A8RaLnI� CN

$Rj@ N3cj30 �N0 NRNAN3cj30 jaC�IcY �c c@RsN CN )ϺЎ*. s3 ,�N a3A3uUa3cc j@3 aC<@jA@�N0AcC03 R8 VϺYЙW �c

2
[

2[Y|X,S = 1,A = a]
∣∣S = 0

]
=

2
[
I(S = 1,A = a)YPr[S = 0|X]
Pr[S = 1|X]Pr[A = a|X,S = 1]

]

2
[

I(S = 1,A = a)Pr[S = 0|X]
Pr[S = 1|X]Pr[A = a|X,S = 1]

] . VϺYχW

i@3 UaR$�$CICjw R8 ja3�jL3Nj �LRN< jaC�I U�ajC,CU�Njc. Pr[A = a|X,S = 1] Cc nN03a j@3 ,RNjaRI R8 j@3

CNq3cjC<�jRac �N0 0R3c NRj URc3 �Nw 0C|,nIjC3c 8Ra C03NjC~,�jCRN R8 3Cj@3a 8nN,jCRN�IY MRs. 8Ra 3�,@ 03cC<N.

s3 8R,nc Rna �jj3NjCRN RN j@3 ,RN0CjCRN�I UaR$�$CICjw Ra j@3 ,RN0CjCRN�I R00c R8 jaC�I U�ajC,CU�jCRN. s@C,@

�UU3�a CN 3uUa3ccCRNc VϺYϊW �N0 VϺYχW. a3cU3,jCq3IwY

ϺYϊYϺ MζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

+3Ncnc R8 j@3 �,jn�I URUnI�jCRN- B03NjC~,�jCRN R8 Pr[S = 1|X] CN j@Cc 03cC<N Cc �N R$qCRnc ,RNc3\n3N,3

R8 j@3 8�,j j@�j CN0CqC0n�Ic ,RNjaC$njCN< 0�j� jR j@3 �N�IwcCc �a3 � cCLUI3 a�N0RL c�LUI3 8aRL j@3 j�a<3j

URUnI�jCRNY BN Rj@3a sRa0c. $3,�nc3 s3 @�q3 c�LUI30 �II CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRN. s@C,@ Cc �

ϺϺ



cCLUI3 a�N0RL c�LUI3 R8 j@3 j�a<3j URUnI�jCRN. Pr[S = 1|X] = Pr[S = 1|X,D = 1]Y

bn$Ac�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic- B03NjC~,�jCRN R8 Pr[S = 1|X] Cc RNIw � ICjjI3 LRa3 0C|,nIj

s@3N s3 c�LUI3 NRNAa�N0RLCy30 CN0CqC0n�Ic 8aRL j@3 �,jn�I URUnI�jCRNY �c s3 c@Rs CN j@3 �UU3N0Cu.

nN03a j@3 c�LUICN< UaRU3ajC3c R8 j@Cc 03cC<N.

Pr[S = 1|X] =
{
1+

Pr[S = 0|X,D = 1]
Pr[S = 1|X,D = 1]

× c−1
}−1

, VϺYЎW

s@3a3 j@3 ,RN0CjCRN�I R00c R8 jaC�I U�ajC,CU�jCRN �LRN< c�LUI30 CN0CqC0n�Ic. Pr[S = 0|X,D = 1]
Pr[S = 1|X,D = 1]

. �a3

C03NjC~�$I3 �N0 c Cc � GNRsN ,RNcj�Nj 03~N30 CN b3,jCRN ϺYϺYϺY Bj 8RIIRsc j@�j Pr[S = 1|X] Cc C03NjC~�$I3

�N0 j@3 R00c R8 jaC�I U�ajC,CU�jCRN ,�N $3 saCjj3N �c

Pr[S = 1|X]
Pr[S = 0|X] =

Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

× c. VϺYЋW

BN cnL. j@3 jsR 8nN,jCRN�Ic R8 CNj3a3cj �a3 C03NjC~�$I3 $w BT s3C<@jCN<Y

ϺYϊYЙ MϱϩAϩζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

r3 ,�N nc3 �N �a<nL3Nj U�a�II3I jR j@�j 8Ra N3cj30 jaC�I 03cC<Nc sCj@ cn$Ac�LUICN<. jR 3cj�$ICc@ j@�j. s@3N

j@3 c�LUICN< UaR$�$CICjw 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic Cc nNGNRsN. j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN.

Pr[S = 1|X]. ,�N $3 3uUa3cc30 �c.

Pr[S = 1|X] =
{
1+

Pr[S = 0|X,D = 1]
Pr[S = 1|X,S = 1]

× u−1
}−1

. VϺYοW

#3,�nc3. �c 03~N30 CN b3,jCRN ϺYϺYЙ. u Cc nNGNRsN. j@3 ,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN. s@C,@

�UU3�ac RN j@3 aC<@j @�N0 cC03 R8 VϺYϊW. Cc NRj C03NjC~�$I3d j@Cc ,RN~aLc Rna 3�aIC3a a3cnIj j@�j 2
[

2[Y|X,S =

1,A = a]
]

,�NNRj $3 C03NjC~30 CN NRNAN3cj30 jaC�IcY

7naj@3aLRa3. j@3 ,RN0CjCRN�I R00c R8 jaC�I U�ajC,CU�jCRN �a3 �IcR NRj C03NjC~�$I3 $3,�nc3 j@3w 03U3N0 RN

uY BN 8�,j. ncCN< 3\n�jCRN VϺYЋW. cn$cjCjnjCN< u 8Ra c. s3 c33 j@�j j@3 R00c R8 jaC�I U�ajC,CU�jCRN CN j@3 j�a<3j

URUnI�jCRN �a3. nU jR �N nNGNRsN LnIjCUIC,�jCq3 ,RNcj�Nj. 3\n�I jR j@3 R00c R8 jaC�I U�ajC,CU�jCRN �LRN<

ϺЙ



c�LUI30 CN0CqC0n�Ic.
Pr[S = 1|X]
Pr[S = 0|X] =

Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

× u. VϺYϮW

r3 @�q3 ,RL3 jR �N �UU�a3Nj ,RN�C,j- j@3 aC<@j @�N0AcC03 R8 VϺYχW CNqRIq3c j@3 ,RN0CjCRN�I R00c R8 jaC�I

U�ajC,CU�jCRN. � \n�NjCjw j@�j Cc NRj C03NjC~�$I3 CN NRNAN3cj30 03cC<NcY v3j. s3 �a<n30 CN j@3 Ua3qCRnc c3,A

jCRN j@�j j@3 I38jA@�N0AcC03 R8 VϺYχW Cc C03NjC~�$I3Y i@3 ,RN�C,j ,�N $3 3�cCIw a3cRIq30 $w NRjCN< j@�j. $3A

,�nc3 $Rj@ j@3 NnL3a�jRa �N0 j@3 03NRLCN�jRa R8 VϺYχW �a3 LnIjCUIC30 $w j@3 nNGNRsN ,RNcj�Nj u. s@C,@

,�N,3Ic Rnj. C03NjC~,�jCRN qC� BT s3C<@jCN< Cc URccC$I3Y

i�$I3 ϺYϺ cnLL�aCy3c j@3 c�LUICN< UaRU3ajC3c �N0 C03NjC~,�jCRN a3cnIjc 8Ra 3�,@ cjn0w 03cC<NY

ϺЕ
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ϺYχ 2ЅАϔϨΞАϔϩό Аϑζ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ

BN a3�ICcjC, �N�Iwc3c. j@3 0CL3NcCRN R8 X sCII $3 8�CaIw I�a<3. N3,3ccCj�jCN< cRL3 LR03ICN< �ccnLUjCRNc

�$Rnj Pr[S = 1|X] Ra Pr[S = 1|X,D = 1] )ЋЕ*Y BN j@Cc c3,jCRN s3 0Cc,ncc j@3 a3I�jCRNc@CU $3js33N cjn0w

03cC<N �N0 LR03I cU3,C~,�jCRN �N0 3cjCL�jCRN �UUaR�,@3cY

ϺYχYϺ MζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

+3Ncnc R8 j@3 �,jn�I URUnI�jCRN- BN j@Cc jwU3 R8 N3cj30 jaC�I 03cC<N. Cj Cc cja�C<@j8Ras�a0 jR LR03I j@3 UaR$A

�$CICjw R8 jaC�I U�ajC,CU�jCRN. Pr[S = 1|X]. CN j@3 c3Nc3 j@�j s3 ,�N nc3 j@3 LR03I s3 $3IC3q3 Cc LRcj ICG3Iw

jR $3 ,Raa3,jIw cU3,C~30 8Ra j@3 j�a<3j URUnI�jCRNY

7Ra ,RN,a3j3N3cc. cnUURc3 j@�j s3 �a3 sCIICN< jR �ccnL3 � U�a�L3jaC, LR03I. p(X; γ),8Ra j@3 UaR$�$CICjw

R8 jaC�I U�ajC,CU�jCRN CN j@3 j�a<3j URUnI�jCRN. Pr[S = 1|X]. sCj@ γ � ~NCj3 0CL3NcCRN�I U�a�L3j3aY BN j@3

N3cj30AjaC�I 03cC<Nc sCj@ � ,3Ncnc R8 NRNAa�N0RLCy30 CN0CqC0n�Ic. s3 jwUC,�IIw 3cjCL�j3 j@3 U�a�L3j3ac $w

L�uCLCyCN< j@3 ICG3IC@RR0 8nN,jCRN

L (γ) =
n∏

i=1

[p(Xi; γ)]
Si [1− p(Xi; γ)]

1−Si ,

s@3a3 i = 1, . . . ,n. �N0 n Cc j@3 NnL$3a R8 CN0CqC0n�Ic CN j@3 cjn0w VCY3Y. j@3 �,jn�I URUnI�jCRNWY mN03a

a3�cRN�$I3 j3,@NC,�I ,RN0CjCRNc )ϊϮ*. j@3 ncn�I L�uCLnL ICG3IC@RR0 L3j@R0c nc3 � c�LUI3AcCy3 NRaL�ICy30

R$E3,jCq3 8nN,jCRN j@�j ,RNq3a<3c nNC8RaLIw CN UaR$�$CICjw jR

ℓ0(γ) = 2
[
S log

[
p(X; γ)

]
+ (1− S) log

[
1− p(X; γ)

]]
. VϺYϺзW

7Ra 3u�LUI3. s@3N p(X; γ) Cc � IR<CcjC, LR03I. ℓ0(γ) Cc j@3 I�a<3 c�LUI3 ICLCj R8 j@3 c�LUI3AcCy3 NRaL�IA

Cy30 IR<AICG3IC@RR0 8nN,jCRN 8Ra IR<CcjC, a3<a3ccCRNY

bn$Ac�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic- r@3N s3 cn$Ac�LUI3 R8 j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic

CN j@3 �,jn�I URUnI�jCRN. Cj Cc NRj URccC$I3 jR L�uCLCy3 j@3 ICG3IC@RR0 8nN,jCRN �$Rq3. $3,�nc3 0�j� �a3 NRj

�q�CI�$I3 8aRL �II NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRNY � N�jna�I C03� Cc jR nc3 3\n�jCRN

VϺYЎW. s@C,@ UaRqC03c �N 3uUIC,Cj 8RaLnI� 8Ra C03NjC8wCN< j@3 ,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN.

Pr[S = 1|X] ncCN< j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN �LRN< c�LUI30 CN0CqC0n�Ic. Pr[S = 1|X,D = 1].

Ϻχ



�N0 j@3 c�LUICN< UaR$�$CICjw 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic. Pr[D = 1|S = 0]Y r@3N LR03ICN< j@3

UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN �LRN< c�LUI30 CN0CqC0n�Ic. @Rs3q3a. j@3 8RIIRsCN< 0C|,nIjw �aCc3c- CN

<3N3a�I. s@3N c�LUICN< 03U3N0c RN jaC�I U�ajC,CU�jCRN cj�jnc. j@3 ,Raa3,jIw cU3,C~30 LR03I 8Ra jaC�I U�aA

jC,CU�jCRN 0R3c NRj @�q3 j@3 c�L3 8RaL �c j@3 ,Raa3,jIw cU3,C~30 LR03I CN j@3 j�a<3j URUnI�jCRN. sCj@ j@3

NRj�$I3 3u,3UjCRN R8 j@3 IR<CcjC, a3<a3ccCRN LR03I )ϊЙ. οϮ*Y i@Cc CLUIC3c j@�j N�Cq3 3cjCL�jCRN R8 j@3 U�A

a�L3j3ac R8 j@3 LR03I 8Ra jaC�I U�ajC,CU�jCRN �LRN< c�LUI30 CN0CqC0n�Ic sCII jwUC,�IIw $3 CN,RNcCcj3Nj 8Ra

j@3 URUnI�jCRN LR03IY

#3,�nc3 j@3 c�LUICN< UaR$�$CICjw R8 NRNAa�N0RLCy30 CN0CqC0n�Ic Cc GNRsN. s3 ,�N nc3 j@3 8RIIRsCN<

s3C<@j30 Uc3n0RAICG3IC@RR0 8nN,jCRN. s@C,@ RNIw nc3c 0�j� 8aRL c�LUI30 CN0CqC0n�Ic )ϊЙ. ϺЙ*.

Lr(γ) =
n∏

i=1

[
p(Xi; γ)

]SiDi
[
1− p(Xi; γ)

][(1−Si)Di]/c,

sCj@ c = Pr[D = 1|S = 0]Y r3C<@j30 L�uCLnL ICG3IC@RR0 L3j@R0c nc3 � c�LUI3AcCy3 NRaL�ICy30

R$E3,jCq3 8nN,jCRN j@�j ,RNq3a<3c nNC8RaLIw CN UaR$�$CICjw jR

ℓr0(γ) = 2
[
SD log

[
p(X; γ)

]
+

(1− S)D
c

log
[
1− p(X; γ)

]]
, VϺYϺϺW

s@C,@ Cc a3cjaC,j30 jR c�LUI30 CN0CqC0n�Ic VD = 1WY

�c s3 c@Rs CN j@3 �UU3N0Cu. nN03a j@3 c�LUICN< UaRU3ajC3c 8Ra j@Cc 03cC<N. j@3 I�a<3 c�LUI3 ICLCjc R8

j@3 R$E3,jCq3 8nN,jCRNc CN VϺYϺзW �N0 VϺYϺϺW �a3 3\n�I. ℓ0(γ) = ℓr0(γ)Y Bj 8RIIRsc j@�j. nN03a a3�cRN�$I3

j3,@NC,�I ,RN0CjCRNc )ϊϮ*. s3C<@j30 ICG3IC@RR0 3cjCL�jCRN R8 γ CN j@3 N3cj30 jaC�I 03cC<N sCj@ cn$Ac�LUICN<

R8 NRNAa�N0RLCy30 CN0CqC0n�Ic ,RNq3a<3c CN UaR$�$CICjw jR j@3 c�L3 U�a�L3j3a �c nNs3C<@j30 a3<a3ccCRN CN

j@3 �,jn�I URUnI�jCRNY

BN Ua�,jC,�I j3aLc. �c IRN< �c � a3�cRN�$I3 U�a�L3jaC, LR03I ,�N $3 cU3,C~30 8Ra j@3 j�a<3j URUnI�jCRN.

j@3 LR03I U�a�L3j3ac ,�N $3 3cjCL�j30 ncCN< s3C<@j30 L�uCLnL ICG3IC@RR0 L3j@R0c )ϊЙ* RN 0�j� 8aRL

c�LUI30 CN0CqC0n�Ic. sCj@ CN0CqC0n�I I3q3I s3C<@jc 3\n�I jR Ϻ 8Ra a�N0RLCy30 CN0CqC0n�Ic. S = 1,D = 1d c−1

8Ra c�LUI30 NRNAa�N0RLCy30 CN0CqC0n�Ic. S = 0,D = 1d �N0 з 8Ra nNc�LUI30 CN0CqC0n�Ic. D = 0Y

ϺЎ



ϺYχYЙ MϱϩAϩζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

BN NRNAN3cj30 jaC�I 03cC<Nc. j@3 s3C<@jCN< �UUaR�,@ 03c,aC$30 �$Rq3 Cc NRj �UUIC,�$I3 $3,�nc3 j@3 c�LUICN<

UaR$�$CICjw R8 NRNAa�N0RLCy30 CN0CqC0n�Ic Cc nNGNRsNY TaRqC030. @Rs3q3a. j@�j j@3 c�LUICN< UaR$�$CICjw

0R3c NRj 03U3N0 RN X VCY3Y. j@3 �ccnL30 c�LUICN< UaRU3ajwW. s3 ,�N c@Rs j@�j. C8 � IR<CcjC, LR03I 8Ra jaC�I

U�ajC,CU�jCRN Cc ,Raa3,jIw cU3,C~30 CN j@3 j�a<3j URUnI�jCRN. j@3N � IR<CcjC, LR03I Cc ,Raa3,jIw cU3,C~30 CN

j@3 NRNAN3cj30 jaC�I 03cC<NY iR c33 j@Cc. cnUURc3 j@�j s3 �a3 sCIICN< jR �ccnL3 � IR<CcjC, a3<a3ccCRN LR03I

CN j@3 URUnI�jCRN. cn,@ j@�j

ln
Pr[S = 1|X]
Pr[S = 0|X] = β0 +

p∑

j=1

βjXj.

mcCN< j@3 a3cnIj CN VϺYοW �N0 j�GCN< IR<�aCj@Lc. s3 @�q3 j@�j

ln
Pr[S = 1|X]
Pr[S = 0|X] = ln(u) + ln

Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

.

2\n�jCN< j@3 aC<@jA@�N0AcC03c R8 j@3 I�cj jsR 3\n�jCRNc. s3 R$j�CN

ln
Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

= β∗0 +
p∑

j=1

βjXj, VϺYϺЙW

s@3a3 β∗0 = β0 − ln(u). � s3IIAGNRsN a3cnIj CN j@3 ,RNj3uj R8 ,�c3Aa383a3Nj cjn0C3c )ϊЕ*Y i@nc. C8 � IR<CcjC,

LR03I Cc ,Raa3,jIw cU3,C~30 CN j@3 j�a<3j URUnI�jCRN. j@3N � LR03I R8 j@3 c�L3 8nN,jCRN�I 8RaL Cc ,Raa3,jIw

cU3,C~30 CN j@3 NRNAN3cj30 jaC�I 03cC<NY BN 8�,j. j@3 ,R3|,C3Njc CN j@3 jsR LR03Ic �a3 3\n�I. �N0 RNIw j@3

CNj3a,3Uj 0C{3acY #3,�nc3 0 < u < 1. β∗0 > β0- j@3 cn$Ac�LUICN< R8 NRNAa�N0RLCy30 U�jC3Njc cCLUIw

a3cnIjc CN �N CNj3a,3Uj j@�j Cc Ȓc@C8j30ȓ nUs�a0cY �c s3 @�q3 c@RsN CN j@3 c3,jCRN RN BT s3C<@jCN<. j@3 a3A

cnIjCN< c@C8j CN j@3 R00c R8 U�ajC,CU�jCRN 0R3c NRj �{3,j C03NjC~,�jCRN R8 j@3 URj3NjC�I Rnj,RL3 L3�N CN j@3

NRNAa�N0RLCy30 CN0CqC0n�Ic. 2[Ya|S = 0]. s@C,@ Cc j@3 U�a�L3j3a R8 CNj3a3cj CN NRNAN3cj30 jaC�I 03cC<Nc

sCj@ nNGNRsN c�LUICN< UaR$�$CICjw R8 NRNAa�N0RLCy30 CN0CqC0n�IcY

i@3 �$Rq3 a3cnIj Cc �IcR CLURaj�Nj 8Ra 3cjCL�jCRN R8 j@3 LR03I U�a�L3j3ac- ,RL$CN30 sCj@ j@3 j@3Raw

CN )ЎЙ. Ў*. Cj CLUIC3c j@�j j@3 nN,RNcja�CN30 �N0 nNs3C<@j30 L�uCLnL ICG3IC@RR0 3cjCL�jRa 8Ra j@3 IR<CcjC,

LR03I CN VϺYϺЙW. ~j �LRN< c�LUI30 CN0CqC0n�Ic. Cc j@3 3|,C3Nj 3cjCL�jRa 8Ra βj. j = 1, . . . ,pY

ϺЋ



ϺYЎ /ϔЅΫЛЅЅϔϱϩ

r3 Ua3c3Nj30 � nNC~30 03c,aCUjCRN R8 cjn0w 03cC<Nc 8Ra 3uj3N0CN< CN83a3N,3c 8aRL a�N0RLCy30 jaC�Ic jR �

s3IIA03~N30 j�a<3j URUnI�jCRN �N0 c@Rs30 j@�j ,RLLRNIw CNqRG30 C03NjC~�$CICjw ,RN0CjCRNc N330 jR $3

,RL$CN30 sCj@ j@3 c�LUICN< UaRU3ajC3c R8 3�,@ cjn0w 03cC<N CN Ra03a jR 03j3aLCN3 s@C,@ ,�nc�I \n�NjCjC3c

,�N $3 C03NjC~30Y Qna �UUaR�,@ nc3c � cnU3aURUnI�jCRN 8a�L3sRaG. s@C,@ Cc � N�jna�I ,@RC,3 8Ra 3uj3N0CN<

jaC�I ~N0CN<c $3wRN0 j@3 c�LUI3 R8 a�N0RLCy30 CN0CqC0n�Ic )ЙϮ*Y

BN NRNAN3cj30 jaC�I 03cC<Nc. s@3a3 j@3 c�LUICN< UaR$�$CICjw 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic Cc nNGNRsN.

j@3 L�a<CN�I URj3NjC�I Rnj,RL3 L3�Nc CN j@3 j�a<3j URUnI�jCRN �a3 NRj C03NjC~�$I3. $nj j@3 URj3NjC�I RnjA

,RL3 L3�Nc CN j@3 cn$AURUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic �a3 C03NjC~�$I3Y i@Cc a3cjaC,jCRN L�w

$3 I3cc c3q3a3 j@�N Cj �UU3�ac- 8Ra LRcj jaC�Ic. s3 s�Nj jR 3cjCL�j3 j@3 3{3,j R8 �UUIwCN< j@3 CNj3aq3NjCRNc

jR � N3s URUnI�jCRN. s@C,@ ,�N $3 a3Ua3c3Nj30 $w � s3IIA,@Rc3N c�LUI3 R8 NRNAa�N0RLCy30 CN0CqC0n�Ic

)ϺЎ*Y BN �Nw ,�c3. s@3N �q�CI�$I3. GNRsI30<3 R8 j@3 c�LUICN< UaR$�$CICjw R8 NRNAa�N0RLCy30 CN0CqC0n�Ic

,�N $3 nc30 jR LCjC<�j3 j@3c3 ICLCj�jCRNc. sCj@Rnj a3\nCaCN< j@3 ,RII3,jCRN R8 ,Rq�aC�j3 CN8RaL�jCRN 8aRL

�II NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRNY i@nc. CN <3N3a�I. N3cj30 jaC�I 03cC<Nc sCII R8j3N

$3 j@3 Ua383aa30 �UUaR�,@ 8Ra <3N3a�ICyCN< jaC�I ~N0CN<c s@3N Cj Cc URccC$I3 jR 03~N3 �N0 c�LUI3 j@3 �,A

jn�I URUnI�jCRN s@3N � a�N0RLCy30 jaC�I Cc UI�NN30Y bn,@ N3cj30 jaC�I 03cC<Nc sCII jwUC,�IIw @�q3 $aR�0

VUa�<L�jC, )ЙϺ*W 3IC<C$CICjw ,aCj3aC� �N0 03~N3 j@3 j�a<3j URUnI�jCRN �c j@3 URUnI�jCRN R8 CN0CqC0n�Ic L33jA

CN< j@3 jaC�I 3IC<C$CICjw ,aCj3aC�Y r@3N j@�j Cc NRj URccC$I3. �c Cc j@3 ,�c3 CN �Ia3�0w ,RLUI3j30 a�N0RLCy30

jaC�Ic. NRNAN3cj30 jaC�I 03cC<Nc LC<@j $3 � a3�cRN�$I3 �Ij3aN�jCq3Y 7Ra 3u�LUI3. CN NRNAN3cj30 jaC�I 03cC<Nc.

j@3 ,RLU�aCcRN R8 3cjCL�j3c 8Ra j@3 URj3NjC�I Rnj,RL3 L3�Nc �LRN< a�N0RLCy30. 2̂[Ya|S = 1]. �N0 NRNA

a�N0RLCy30 CN0CqC0n�Ic. 2̂[Ya|S = 0]. Cc R8 Ua�,jC,�I CNj3a3cj- UaRqC030 j@3 C03NjC~�$CICjw ,RN0CjCRNc @RI0.

C8 2̂[Ya|S = 1] ≈ 2̂[Ya|S = 0]. s3 L�w ,RN,In03 j@�j j@3 jaC�I a3cnIjc �a3 <3N3a�ICy�$I3 VnU jR c�LUICN<

q�aC�$CICjwWd CN ,RNja�cj. C8 j@3 3cjCL�j3 �a3 0C{3a3Nj. jaC�I a3cnIjc �a3 NRj <3N3a�ICy�$I3Y

r3 �IcR c@Rs30 j@�j j@3 0C{3a3Nj cjn0w 03cC<Nc @�q3 CLUIC,�jCRNc 8Ra C03NjC8wCN< �N0 3cjCL�jCN< j@3

,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY i@Cc UaR$�$CICjw Cc R8 CN@3a3Nj CNj3a3cj $3,�nc3 Cj ,�Ujna3c

�cU3,jc R8 03,CcCRNAL�GCN< a3I�j30 jR jaC�I U�ajC,CU�jCRN )ϊϊ. Ϯϊ*Y r3 c@Rs30 j@�j j@3 UaR$�$CICjw Cc C03NjCA

~�$I3 CN N3cj30 jaC�I 03cC<Nc. $nj NRj CN NRNAN3cj30 jaC�I 03cC<Nc V3Y<Y. ,RLURcCj3 0�j�c3j 03cC<NcWY BN0330.

�Nw a3�cRN�$I3 U�a�L3jaC, LR03I 8Ra j@3 UaR$�$CICjw R8 U�ajC,CU�jCRN CN j@3 URUnI�jCRN ,�N $3 C03NjC~30 CN

Ϻο



N3cj30 jaC�I 03cC<NcY BN N3cj30 jaC�I 03cC<Nc sCj@ c�LUICN< R8 NRNAa�N0RLCy30 CN0CqC0n�Ic. 3cjCL�jCRN R8

LR03I U�a�L3j3ac ,�N $3 8�,CICj�j30 $w j@3 nc3 R8 s3C<@j30 L�uCLnL ICG3IC@RR0 3cjCL�jCRN s@3a3 a�N0RLA

Cy30 U�jC3Njc �a3 <Cq3N s3C<@j Ϻ �N0 NRNAa�N0RLCy30 U�jC3Njc �a3 <Cq3N s3C<@j 3\n�I jR j@3 CNq3ac3 R8 j@3

UaR$�$CICjw R8 $3CN< c�LUI30 �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �,jn�I URUnI�jCRNY BN NRNAN3cj30

jaC�I 03cC<Nc. LR03I cU3,C~,�jCRN Cc ,RLUIC,�j30 $w j@3 8�,j j@�j. s@3N c�LUICN< 03U3N0c RN jaC�I U�ajC,CU�A

jCRN cj�jnc. j@3 LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN �LRN< c�LUI30 CN0CqC0n�Ic Cc NRj R8 j@3 c�L3

8RaL �c j@3 LR03I CN j@3 URUnI�jCRN Vj@3 IR<CcjC, a3<a3ccCRN LR03I $3CN< � NRj�$I3 3u,3UjCRNWY

i@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN CN j@3 j�a<3j URUnI�jCRN Cc �IcR CLURaj�Nj 8Ra C03NjC~,�jCRN �N0 3cA

jCL�jCRN ncCN< CNq3ac3 UaR$�$CICjw VRa R00cW s3C<@jCN< L3j@R0cY Qna �a<nL3Nj �$Rnj j@3 R00c R8 U�ajC,CA

U�jCRN �8j3a c3I3,jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic $3CN< 3\n�I jR j@3 R00c R8 U�ajC,CU�jCRN CN j@3 j�a<3j

URUnI�jCRN nU jR �N nNGNRsN LnIjCUIC,�jCq3 ,RNcj�Nj. ,I�aC~3c @Rs j@3 q�IC0Cjw R8 3cjCL�jRac s@3N ncCN<

,RLURcCj3 0�j�c3jc 03cC<Nc )ϺзЙ. ϺЎ* 03U3N0c ,aCjC,�IIw RN j@3 �ccnL30 c�LUICN< UaRU3ajC3cY

�cjnj3 a3�03ac sCII @�q3 NRjC,30 j@3 L�Nw ,RNN3,jCRNc $3js33N Rna a3cnIjc �N0 j@3 j@3Raw R8 ,�c3A

a383a3Nj V,�c3A,RNjaRIW cjn0C3c )ϊχ. ϊЕ. ϊЙ. ϺЙ. οϮ*Y BN0330. Rna �UUaR�,@ ,�N $3 UI�,30 CN j@3 ,�c3A$�c3

U�a�0C<L. qC3sCN< a�N0RLCy30 CN0CqC0n�Ic �c Ȓ,�c3cȓ CN ,nLnI�jCq3 CN,C03N,3 ,�c3Aa383a3Nj cjn0w )ϊχ*

N3cj30 CN j@3 Ȓ,R@Rajȓ R8 j@3 �,jn�I URUnI�jCRNY �N CNj3a3cjCN< U�a�II3I sCj@ ,�c3Aa383a3Nj cjn0C3c- j@3 0C8A

~,nIjw CN cU3,C8wCN< j@3 URUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic j@�j c@RnI0 $3 c�LUI30 CN ,RLURcCj3

0�j�c3j 03cC<Nc Cc cCLCI�a CN N�jna3 jR j@3 q�IC0Cjw Cccn3c R8 ,�c3Aa383a3Nj cjn0C3c sCj@ � c3,RN0�aw $�c3

)ϊЎ. ϊЋ. Ϻзз*Y

BN j@Cc U�U3a. 8Ra cCLUIC,Cjw. s3 8R,nc30 RN ,�nc�I \n�NjCjC3c j@�j �a3 LRcj L3�NCN<8nI 8Ra URCNj ja3�jA

L3Njc sCj@ ,RLUI3j3 �0@3a3N,3 �N0 NR IRcc jR 8RIIRsAnUY Qna a3cnIjc ,�N $3 3uj3N030 jR �00a3cc jCL3A

q�awCN< ja3�jL3Njc ncCN< s3IIAGNRsN 3uj3NcCRNc jR j@3 C03NjC~�$CICjw ,RN0CjCRNc 8Ra a�N0RLCy30 CN0CqC0n�Ic

�N0 ,@�N<3c jR 3\n�jCRNc VϺYϺW j@aRn<@ VϺYχW )ЎЋ. Ћз*. sCj@Rnj �Nw ,@�N<3c jR j@3 c�LUICN< UaRU3ajC3c Ra j@3

LR03ICN< �ccnLUjCRNc �$Rnj j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY T3a@�Uc. j@3N. j@3 LRcj ,RNc3\n3NjC�I

,�nc�I �ccnLUjCRN j@�j s3 a3\nCa30 s�c j@�j j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN

Cjc3I8 0R NRj @�q3 �N 3{3,j RN j@3 Rnj,RL3 3u,3Uj j@aRn<@ ja3�jL3Nj �ccC<NL3NjY mNI3cc CNq3cjC<�jRac �a3

sCIICN< jR ,RNj3LUI�j3 Ln,@ LRa3 ,RLUI3u cjn0w 03cC<Nc CNqRIqCN< LnIjCcj�<3 0�j� ,RII3,jCRN �$Rnj V�N0

URccC$Iw a�N0RLCy�jCRN R8W j@3 CNqCj�jCRN jR U�ajC,CU�j3. jaC�I U�ajC,CU�jCRN Cjc3I8. �N0 ja3�jL3Nj �ccC<NL3Nj

)ЙЎ*. Rna a3cnIjc �a3 $3cj qC3s30 �c �UUIwCN< jR jaC�Ic s@3a3 j@3 NRjAj@aRn<@Aja3�jL3Nj 3{3,jc R8 j@3 CNqCj�A

ϺϮ



jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 R8 jaC�I U�ajC,CU�jCRN �a3 N3<IC<C$I3 ,RLU�a30 jR j@3 3{3,jc R8 ja3�jL3NjY

7Ra 3u�LUI3. j@3w �a3 �UUIC,�$I3 jR Ua�<L�jC, a�N0RLCy30 jaC�Ic 3L$30030 CN I�a<3 @3�Ij@A,�a3 cwcj3Lc

Ra a3<CcjaC3c s@3a3 jaC�I UaR,30na3c Rj@3a j@�N ja3�jL3Nj �ccC<NL3Nj ,�N $3 �ccnL30 jR $3 cCLCI�a jR ncn�I

Ua�,jC,3 )Ϯο. ЙϺ. Ϯ*Y

Йз



+@�Uj3a Й

;3N3a�ICyCN< ,�nc�I CN83a3N,3c 8aRL a�N0RLCy30 jaC�Ic- ,RnNj3a8�,jn�I �N0 <a�U@C,�I

C03NjC~,�jCRN

`�N0RLCy30 jaC�Ic �a3 sC03Iw a3<�a030 �c j@3 jRRI R8 ,@RC,3 jR R$j�CN 3cjCL�j3c R8 �q3a�<3 ja3�jL3Nj 3{3,jc

j@�j �a3. CN 3uU3,j�jCRN. nN�{3,j30 $w $�c3ICN3 ,RN8RnN0CN<Y i@3 c�LUI3 R8 U�ajC,CU�Njc CN � jaC�I. @Rs3q3a.

L�w NRj $3 a3Ua3c3Nj�jCq3 R8 j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic. CN,In0CN< CN0CqC0n�Ic

s@R L33j j@3 jaC�I 3IC<C$CICjw ,aCj3aC� $nj s3a3 NRj CNqCj30 jR U�ajC,CU�j3 Ra j@Rc3 s@R s3a3 CNqCj30 $nj ,@Rc3

NRj jR U�ajC,CU�j3Y i@Cc cCjn�jCRN $3<c j@3 \n3cjCRN R8 s@3j@3a j@3 3{3,j 3cjCL�j3c $�c30 RN j@3 c�LUI3 R8

jaC�I U�ajC,CU�Njc ,�N $3 <3N3a�ICy30 jR j@3 j�a<3j URUnI�jCRNY

B8 CN0CqC0n�Ic CN j@3 jaC�I s3a3 � a�N0RL c�LUI3 R8 j@3 j�a<3j URUnI�jCRN. j@3N j@3 3{3,j 3cjCL�j3c 8aRL

j@3 c�LUI3 sRnI0 $3 0Ca3,jIw <3N3a�ICy�$I3 jR j@3 j�a<3j URUnI�jCRNY mN8RajnN�j3Iw. j@�j Cc R8j3N NRj j@3

,�c3Y i@3 c3I3,jCRN 8aRL j@3 j�a<3j URUnI�jCRN jR j@3 jaC�I c�LUI3 Cc � ,RLUI3u UaR,3cc j@�j L�w a3cnIj CN �

0C{3a3Nj 0CcjaC$njCRN R8 3{3,j LR0C~3ac )Ϻϊ* 8Ra CN0CqC0n�Ic CN j@3 j�a<3j URUnI�jCRN ,RLU�a30 sCj@ j@Rc3

CN j@3 jaC�I c�LUI3Y r@3N j@Cc @�UU3Nc. <3N3a�ICy�$CICjw a3\nCa3c cj�jCcjC,�I �0EncjL3Njc �N0 nNq3aC~�$I3

�ccnLUjCRNc 03aCq30 8aRL 3uU3aj GNRsI30<3Y

BN a3,3Nj w3�ac. j@3 UaR$I3L R8 c3I3,jCq3 U�ajC,CU�jCRN CN a�N0RLCy30 jaC�Ic @�c CNcUCa30 sRaG )Ϻз. χЎ.

Ϯχ. ϮЎ. Ϻзχ. ο. ϺЋ* RN Ȓ<3N3a�ICy�$CICjw L3j@R0cȓ s@C,@ CNj3<a�j3 cj�jCcjC,�I L3j@R0c �N0 nNq3aC~�$I3 �cA

cnLUjCRNcY ?Rs3q3a. LRcj 03q3IRUL3Njc R8 <3N3a�ICy�$CICjw L3j@R0c VCN,In0CN< RnacW @�q3 ,RNcC03a30

cCLUIC~30 c3jjCN<c a3cjaC,j30 jR jCL3A~u30 ja3�jL3Njc nN03a ,RLUI3j3 �0@3a3N,3 �N0 @�q3 U�C0 ICjjI3 �jj3NA

jCRN jR j@3 UaR,3cc3c j@�j 03j3aLCN3 U�ajC,CU�jCRN CN � a�N0RLCy30 jaC�IY bU3,C~,�IIw. UaCRa sRaG @�c NRj

0CcjCN<nCc@30 $3js33N VϺW j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 VЙW j@3 03,CcCRN jR U�ajC,CU�j3 CN j@3

jaC�I �8j3a a3,3CqCN< j@3 CNqCj�jCRNY � $3jj3a ,RN,3Ujn�ICy�jCRN R8 j@3 c3I3,jCRN UaR,3cc Cc CLURaj�Nj 8Ra jsR

a3�cRNcY

7Cacj. j@3 L3,@�NCcLc j@�j 03j3aLCN3 s@3j@3a �N 3IC<C$I3 CN0CqC0n�I Cc CNqCj30 jR U�ajC,CU�j3 CN � jaC�I

L�w 0C{3a 8aRL j@Rc3 j@�j 03j3aLCN3 s@3j@3a �N CNqCj30 CN0CqC0n�I 03,C03c jR U�ajC,CU�j3Y i@3a38Ra3. q�IC0

<3N3a�ICy�jCRN 8aRL j@3 c�LUI3 R8 jaC�I U�ajC,CU�Njc jR j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic

ЙϺ



sCII jwUC,�IIw a3\nCa3 0�j� �$Rnj j@3c3 0C{3a3Nj L3,@�NCcLcY i@Rn<@ nN03acjRR0 CN Rj@3a ,RNj3ujc V3Y<Y.

)Йϊ*W. j@3 N330 jR ,RNcC03a CNqCj�jCRN �N0 U�ajC,CU�jCRN c3U�a�j3Iw @�c NRj $33N ,RNcC03a30 CN j@3 a3,3Nj ICjA

3a�jna3 RN <3N3a�ICy�$CICjwY � Ua�,jC,�I CLUIC,�jCRN Cc j@�j <3N3a�ICy�$CICjw L3j@R0c sCII a3\nCa3 0�j� 8aRL

NRNACNqCj30 jaC�IA3IC<C$I3 CN0CqC0n�Ic CN �00CjCRN jR 0�j� 8aRL CNqCj30 CN0CqC0n�Ic s@R 0C0 �N0 0C0 NRj U�aA

jC,CU�j3 CN j@3 jaC�IY

b3,RN0. j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN Cjc3I8 L�w @�q3 0Ca3,j ,�nc�I 38A

83,jc RN j@3 Rnj,RL3 j@�j �a3 NRj L30C�j30 $w ja3�jL3NjY 7Ra 3u�LUI3. $3CN< L�03 �s�a3 R8 j@3 jaC�Iȕc 3uA

Ccj3N,3 L�w �{3,j j@3 $3@�qCRa R8 $Rj@ U�ajC,CU�Njc �N0 NRNAU�ajC,CU�Njc V3Y<Y. qC� ?�sj@RaN3 3{3,jcW. �N0

U�ajC,CU�jCRN L�w �{3,j ,RLURN3Njc R8 j@3 U�ajC,CU�Njcȕ L30C,�I ,�a3 Rj@3a j@�N j@3 ja3�jL3Nj Cjc3I8Y �

Ua�,jC,�I CLUIC,�jCRN Cc j@�j <3N3a�ICy�$CICjw L3j@R0c sCII N330 jR 3uUIC,CjIw ,RNcC03a j@3c3 0Ca3,j 3{3,jcY

BN j@Cc U�U3a. s3 cjan,jna�IIw 03c,aC$3 j@3 CNqCj�jCRN �N0 U�ajC,CU�jCRN ,RLURN3Njc R8 j@3 c3I3,jCRN 8aRL

j@3 j�a<3j URUnI�jCRN R8 jaC�IA3IC<C$I3 CN0CqC0n�Ic jR j@3 c�LUI3 R8 a�N0RLCy30 jaC�I U�ajC,CU�Njc. 8RaL�ICy3

<3N3a�ICy�$CICjw 8aRL j@3 jaC�I c�LUI3 jR j@3 j�a<3j URUnI�jCRN �c �N �jj3LUj jR 3LnI�j3 � @wURj@3jC,�I CNA

j3aq3NjCRN jR VϺW c,�I3AnU jaC�I 3N<�<3L3Nj V$Rj@ CNqCj�jCRN �N0 U�ajC,CU�jCRNW �N0 VЙW �ccC<N ja3�jL3Nj jR

j@3 j�a<3j URUnI�jCRNY r3 ,RNcC03a <3N3a�ICy�$CICjw s@3N jaC�I 3N<�<3L3Nj 0R3c �N0 0R3c NRj 0Ca3,jIw �8A

83,j j@3 Rnj,RL3. @C<@IC<@j ,RNN3,jCRNc sCj@ ,3NcRaCN< CN IRN<Cjn0CN�I cjn0C3c. �N0 0Cc,ncc C03NjC~,�jCRN R8

j@3 0CcjaC$njCRN R8 ,RnNj3a8�,jn�I Rnj,RL3c qC� <A8RaLnI� ,RLUnj�jCRN �N0 CNq3ac3 UaR$�$CICjw s3C<@jCN<Y

H�cjIw. s3 c@Rs @Rs j@3 L3j@R0c ,�N $3 3uj3N030 jR �00a3cc jCL3Aq�awCN< ja3�jL3Njc. NRNA�0@3a3N,3. �N0

,3NcRaCN<Y

ЙYϺ +ϱϩΫζϿАЛΞϣ Ϩϱβζϣ

i@3 CNqCj�jCRN jR U�ajC,CU�j3 CN � jaC�I Cc j@3 UaR,3cc j@�j a3cnIjc CN ,3aj�CN jaC�IA3IC<C$I3 CN0CqC0n�Ic $3,RLA

CN< �s�a3 R8 j@3 jaC�I. $3CN< �cG30 jR U�ajC,CU�j3 CN Cj. �N0 $3CN< �cG30 jR UaRqC03 CN8RaL30 ,RNc3NjY T�ajC,A

CU�jCRN CN � jaC�I Cc j@3 ,RNc3Nj <Cq3N $w cRL3 CNqCj30 CN0CqC0n�Ic jR $3 �ccC<N30 jR � ja3�jL3Nj �N0 $3CN<

8RIIRs30 nU �,,Ra0CN< jR j@3 jaC�I UaRjR,RIY r3 nc3 j@3 j3aL Ȓ3N<�<3L3Njȓ �c c@Raj@�N0 8Ra j@3 ,RL$CN�A

jCRN R8 j@3 CNqCj�jCRN jR U�ajC,CU�j3 �N0 8Ra U�ajC,CU�jCRN CN j@3 jaC�IY

iR ~u C03�c. ,RNcC03a � a�N0RLCy30 jaC�I jR ,RLU�a3 j@3 3{3,j R8 jsR jwU3c R8 cna<3aw. <�cjaC, $wU�cc

�N0 �0Encj�$I3 <�cjaC, $�N0 cna<3aw. RN s3C<@j �N0 \n�ICjwAR8AIC83 �8j3a χ w3�ac VcCLCI�a jR j@3 #wA#�N0 jaC�I

)Ћο*WY i@3 j�a<3j URUnI�jCRN R8 jaC�IA3IC<C$I3 CN0CqC0n�Ic �a3 �0nIjc sCj@ � $R0w L�cc CN03u V#KBW R8 ϊз

ЙЙ



G<gL2 Ra LRa3. Ra #KB R8 Еχ G<gL2 Ra LRa3 �N0 Rj@3a ,RALRa$C0CjC3c j@�j ,RnI0 CLUaRq3 sCj@ s3C<@j IRcc.

�N0 s@R �a3 ~j 8Ra �N3cj@3cC� �N0 cna<3aw CN j@3 ,�j,@L3Nj �a3� R8 Ϻз @RcUCj�IcY

H3j R $3 j@3 CN0C,�jRa R8 CNqCj�jCRN jR U�ajC,CU�j3 CN j@Cc jaC�I VϺ C8 CNqCj30d з Rj@3asCc3W. �N0 S j@3 CN0CA

,�jRa R8 jaC�I U�ajC,CU�jCRN VϺ C8 U�ajC,CU�jCN<d з Rj@3asCc3WY i@3 CNqCj�jCRN jR U�ajC,CU�j3 R Cc nN03a VU�ajC�IW

CNq3cjC<�jRa ,RNjaRI. CN j@3 c3Nc3 j@�j CNq3cjC<�jRac ,�N 3LUIRw Rnja3�,@ cja�j3<C3c jR CN,a3�c3 jaC�I �s�a3A

N3cc �LRN< 3IC<C$I3 CN0CqC0n�Ic. s@3a3�c U�ajC,CU�jCRN S Cc �ILRcj 3NjCa3Iw NRj nN03a CNq3cjC<�jRa ,RNjaRI

V3u,3Uj nN03a 3u,3UjCRN�I ,Ca,nLcj�N,3c s@3N j@3 a3\nCa3L3Nj 8Ra CN8RaL30 ,RNc3Nj Cc s�Cq30W )ЙЋ*Y

H3j Z $3 ja3�jL3Nj �ccC<NL3Nj VCY3Y. Ϻ 8Ra <�cjaC, $wU�cc. з 8Ra �0Encj�$I3 <�cjaC, $�N0 cna<3awW. �N0 Y j@3

Rnj,RL3 VCY3Y. s3C<@j Ra \n�ICjwAR8AIC83 �j χ w3�acWY �LRN< CN0CqC0n�Ic U�ajC,CU�jCN< CN j@3 jaC�I. ja3�jL3Nj

�ccC<NL3Nj R,,nac $w a�N0RLCy�jCRN. s@3a3�c �LRN< NRNAU�ajC,CU�Njc ja3�jL3Nj �ccC<NL3Nj R,,nac CN j@3

8RaL R8 � a3,RLL3N0�jCRN Ra Ua3c,aCUjCRN Vj@3 ja3�jL3Njc j@�j ,�N $3 �ccC<N30 jR jaC�I U�ajC,CU�Njc �N0

NRNAU�ajC,CU�Njc L�w $3 0C{3a3NjWY #Rj@ U�ajC,CU�Njc �N0 NRNAU�ajC,CU�Njc CN j@3 jaC�I L�w 03,C03 NRj jR

�0@3a3 jR j@3Ca �ccC<N30 ja3�jL3Nj Ra j@3 8RIIRsAnU UI�N. $nj. 8Ra NRs. s3 ICLCj Rna ,RNcC03a�jCRN jR jaC�Ic

sCj@ U3a83,j �0@3a3N,3 ,RLUI3j3 8RIIRsAnU. cR j@�j j@3 �ccC<N30 ja3�jL3Nj Cc �Is�wc j@3 a3,3Cq30 ja3�jL3Nj

�N0 j@3a3 Cc NR 0aRUARnjY r3 a3qCcCj NRNA�0@3a3N,3 �N0 0aRUARnj CN b3,jCRN ЙYЎY

i@3 ,�nc�I 0Ca3,j30 �,w,IC, <a�U@ V/�;W CN U�N3I V�W R8 7C<na3 ЙYϺ 03UC,jc j@3 ,�nc�I cjan,jna3 ,RNA

N3,jCN< q�aC�$I3c R. S. Z. �N0 YY i@3 �aaRs R → S a3Ua3c3Njc j@�j NRNACNqCj30 CN0CqC0n�Ic ,�NNRj U�aA

jC,CU�j3 CN j@3 jaC�IY i@3 �aaRs R → Z a3Ua3c3Njc j@�j CNqCj30 CN0CqC0n�Ic VR = 1W s@R 03,ICN3 U�ajC,CA

U�jCRN VS = 0W L�w a3,3Cq3 � 0C{3a3Nj ja3�jL3Nj a3,RLL3N0�jCRN ZY i@3 �aaRs S → Z a3Ua3c3Njc j@�j

j@3 �ccC<NL3Nj L3,@�NCcL Cc 0C{3a3Nj $3js33N jaC�I U�ajC,CU�Njc �N0 NRNAU�ajC,CU�NjcY �IcR. �LRN< NRNA

U�ajC,CU�Njc. nNL3�cna30 UaR<NRcjC, 8�,jRac U L�w �IcR �{3,j j@3 ja3�jL3Nj �ccC<NL3Nj. �c a3Ua3c3Nj30 $w

j@3 8RaG Z ← U → YY T�N3I V#W R8 7C<na3 ЙYϺ c@Rsc j@3 ,�nc�I /�; 8Ra j@3 cn$c3j R8 jaC�I U�ajC,CU�Njc. CN

s@C,@ j@3 8RIIRsCN< j@a33 cj�j3L3Njc @RI0- VϺW C8 S = 1. j@3N R = 1. j@�j Cc. jaC�I U�ajC,CU�jCRN CLUIC3c j@3

CNqCj�jCRN jR U�ajC,CU�j3d VЙW j@3a3 Cc NR ,RN8RnN0CN< $w U R8 j@3 3{3,j R8 Z RN Yd �N0 VЕW ja3�jL3Nj �ccC<NA

L3Nj Cc NRj �{3,j30 $w j@3 CNqCj�jCRN jR U�ajC,CU�j3 VNR �aaRs R → ZWY 7C<na3 ЙYϺ �IcR CN,In03c L3�cna30

UaR<NRcjC, 8�,jRac X j@�j L�w �{3,j j@3 CNqCj�jCRN jR U�ajC,CU�j3 VX → RW. jaC�I U�ajC,CU�jCRN VX → SW. �N0

ja3�jL3Nj �ccC<NL3Nj VX → ZW. C8 a�N0RLCy�jCRN Cc ,RN0CjCRN�I RN ,Rq�aC�j3c 8Ra jaC�I U�ajC,CU�Njc VS = 1W

Ra C8 ja3�jL3Nj a3,RLL3N0�jCRNc q�aw 03U3N0CN< RN j@3Ca ,@�a�,j3aCcjC,c R8 NRNAU�ajC,CU�Njc VS = 0WY

� G3w 83�jna3 R8 7C<na3 ЙYϺ Cc j@3 ,RNcC03a�jCRN R8 URccC$I3 0Ca3,j 3{3,jc R8 CNqCj�jCRN VR → YW �N0

ЙЕ



Figure 2.1: DAG depicধng the invitaধon to parধcipate, parধcipaধon, and treatment assignment in a randomized trial.
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U�ajC,CU�jCRN VS → YW RN j@3 Rnj,RL3 j@�j �a3 NRj j@aRn<@ ja3�jL3Nj Z )χ. Ўз*Y i@�j Cc. s3 �IIRs 8Ra �

0Ca3,j 3{3,j R8 jaC�I 3N<�<3L3Nj RN j@3 Rnj,RL3Y

BN Rna 3u�LUI3. CNqCj�jCRN R ,�N @�q3 � 0Ca3,j 3{3,j RN j@3 Rnj,RL3 Y C8 j@3 CNqCj�jCRN jR U�ajC,CU�j3

CN,a3�c3c �s�a3N3cc �$Rnj j@3 �0q3ac3 3{3,jc R8 R$3cCjw. s@C,@ CN jnaN �{3,jc j@3 a3URajCN< R8 $R0w s3C<@j

3q3N �LRN< NRNAU�ajC,CU�Njc )χ* Ra I3�0c jR j@3 �0RUjCRN R8 @3�Ij@w $3@�qCRac Vc�w. 0�CIw 3u3a,Cc3W j@�j

0Ca3,jIw �{3,j $R0w s3C<@j VNRj j@aRn<@ ZWY

T�ajC,CU�jCRN S ,�N @�q3 � 0Ca3,j 3{3,j RN j@3 Rnj,RL3 Y C8 UaRqC03ac �a3 U�ajC,nI�aIw �jj3NjCq3 jR jaC�I

U�ajC,CU�Njc. s@R CN jnaN �a3 LRa3 ICG3Iw jR a3URaj CLUaRq30 cn$E3,jCq3 Rnj,RL3c V3Y<Y. \n�ICjw R8 IC83W 0n3

cRI3Iw jR j@3 CN,a3�c30 �jj3NjCRNY 2{3,jc 0n3 jR j@3 3uU3aC3N,3 R8 $3CN< R$c3aq30 Ra 3uU3aCL3Nj30 RN �a3

R8j3N a383aa30 jR �c ?�sj@RaN3 3{3,jc )χ. ЕЋ*Y �NRj@3a s�w CN s@C,@ U�ajC,CU�jCRN S ,�N @�q3 � 0Ca3,j 38A

83,j RN j@3 Rnj,RL3 Y Cc j@Rn<@ 3uURcna3 R8 j@3 jaC�I U�ajC,CU�Njc jR ,RN,RLCj�Nj CNj3aq3NjCRNc j@�j 0C{3a

8aRL j@Rc3 CN ncn�I Ua�,jC,3 �N0 j@�j �{3,j j@3 Rnj,RL3 )χ*Y BN Rna 3u�LUI3. U�ajC,CU�Njc �a3 a3\nCa30 jR

�jj3N0 a3<nI�a ,ICNC, qCcCjc. 0naCN< s@C,@ UaRqC03ac L�w a3,RLL3N0 ,@�N<3c jR 0C3j Ra 3u3a,Cc3 @�$Cjc. �N0

j@3c3 ,@�N<3c L�w 0Ca3,jIw �{3,j j@3 Rnj,RL3Y

BN j@3 Ua3c3N,3 R8 0Ca3,j 3{3,jc R8 jaC�I 3N<�<3L3Nj. <3N3a�ICy�$CICjw L3j@R0c N330 jR $3 LR0C~30 �c 03A

Йϊ



c,aC$30 CN j@3 N3uj c3,jCRNY �c s3 sCII c33. cn,@ 3{3,jc �a3 @�a0 jR C03NjC8w 8aRL cjn0C3c CN s@C,@ ja3�jL3Nj

�ccC<NL3Nj Z Cc j@3 RNIw a�N0RLCy30 CNj3aq3NjCRN )ЙЎ*Y r3 sCII ,RNcC03a c3jjCN<c sCj@Rnj 0Ca3,j 3{3,jc R8

jaC�I 3N<�<3L3Nj CN b3,jCRN ЙYϊY

ЙYЙ DϱϔϩА ϔϩАζЁЦζϩАϔϱϩ Аϱ ЅΫΞϣζAЛϿ АЁϔΞϣ ζϩόΞόζϨζϩА Ξϩβ ЅζА АЁζΞАϨζϩА

[n3cjCRNc �$Rnj <3N3a�ICyCN< ,�nc�I CN83a3N,3c �$Rnj ja3�jL3Njc �cc3cc30 CN jaC�Ic ,�N $3 a3,�cj �c \n3cA

jCRNc �$Rnj @wURj@3jC,�I ERCNj CNj3aq3NjCRNc jR VϺW c,�I3AnU jaC�I 3N<�<3L3Nj jR j@3 j�a<3j URUnI�jCRN �N0 VЙW

�ccC<N ja3�jL3NjY r3 ,�N nc3 cCN<I3 sRaI0 CNj3aq3NjCRN <a�U@c VbrB;cW jR a3Ua3c3Nj j@3c3 ERCNj CNj3aq3NA

jCRNcY BN �UU3N0Cu #YϺ. s3 cnLL�aCy3 �cU3,jc R8 brB;c j@�j �a3 a3I3q�Nj jR Rna c3jnUd a383a3N,3c )Ўϊ* �N0

)Ўχ* UaRqC03 �00CjCRN�I 03j�CIcY BN8RaL�IIw. � brB; ,�N $3 j@Rn<@j R8 �c � ,�nc�I /�; 03UC,jCN< � sRaI0

s@3a3 s3 @�q3 CNj3aq3N30 jR c3j j@3 q�In3 R8 RN3 Ra LRa3 q�aC�$I3c CN �,,Ra0�N,3 sCj@ cRL3 ja3�jL3Nj

a3<CL3 Ra cja�j3<wY brB;c )Ўχ* �a3 �jja�,jCq3 <a�U@C,�I jRRIc $3,�nc3 j@3w VϺW 0CcjCN<nCc@ $3js33N NR03c

j@�j �a3 �N0 �a3 NRj CNj3aq3N30 RN �N0 VЙW 03UC,j ,RnNj3a8�,jn�I q�aC�$I3c. �IIRsCN< nc jR a3�0 R{ CN03U3NA

03N,3 ,RN0CjCRNc j@�j CNqRIq3 ,RnNj3a8�,jn�Ic ncCN< 0Ac3U�a�jCRN )χЋ. Ϯз*Y

bj�ajCN< sCj@ j@3 /�; R8 7C<na3 ЙYϺ. s3 ,RNcjan,j j@3 brB; R8 7C<na3 ЙYЙ 8Ra � @wURj@3jC,�I CNj3aq3NA

jCRN jR c3j R jR r = 1. S jR s = 1 �N0 Z jR zY r3 cUICj j@3 NR03c R. S. �N0 Z jR 03NRj3 j@3 ERCNj CNj3aq3NjCRN.

CN0n,CN< j@a33 ,RnNj3a8�,jn�I Rnj,RL3c VURj3NjC�I Rnj,RL3c )οЙ*W- j@3 U�ajC,CU�jCRN cj�jnc nN03a CNj3aq3NA

jCRN jR CNqCj3 �II L3L$3ac R8 j@3 URUnI�jCRN jR j@3 jaC�I. Sr=1d j@3 ja3�jL3Nj �ccC<NL3Nj �8j3a CNj3aq3NjCRN jR

c,�I3AnU jaC�I U�ajC,CU�jCRN. Zr=1,s=1d �N0 j@3 Rnj,RL3 nN03a ERCNj CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj

�N0 c3j ja3�jL3Nj jR z. Yr=1,s=1,zY QN,3 CNqCj�jCRN Vr = 1W �N0 U�ajC,CU�jCRN Vs = 1W @�q3 $33N CNj3aq3N30

RN. j@3a3 �a3 NR nNL3�cna30 ,RLLRN ,�nc3c R8 Zr=1,s=1 �N0 Yr=1,s=1,z $3,�nc3 R8 a�N0RLCy�jCRNY

BN j@3 N3uj c3,jCRNc s3 a3qC3s C03NjC~�$CICjw ,RN0CjCRNc �N0 L3j@R0c jR C03NjC8w j@3 L3�N Rnj,RL3 nNA

03a ERCNj CNj3aq3NjCRNc RN jaC�I 3N<�<3L3Nj �N0 ja3�jL3Nj �ccC<NL3NjY Q8 ,Rnac3. C03NjC~,�jCRN sRnI0 $3

cja�C<@j8Ras�a0 C8 �II R. S. �N0 Z ,RnI0 $3 a�N0RLIw �ccC<N30Y `�N0RL �ccC<NL3Nj R8 R �N0 S. @Rs3q3a.

sCII $3 ,@�II3N<CN<. C8 NRj CLURccC$I3. CN LRcj c3jjCN<cY � U�ajC�I 3u,3UjCRN s�c � a�N0RLCy30 jaC�I j@�j 3cA

jCL�j30 j@3 3{3,j R8 R$j�CNCN< CN8RaL30 ,RNc3Nj RN Rnj,RL3c )Ϻο*- CN0CqC0n�Ic s3a3 a�N0RLIw �ccC<N30 jR

UaRqC03 CN8RaL30 ,RNc3Nj �N0 j@3N. a3<�a0I3cc R8 j@3Ca �ccC<NL3Nj. s3a3 �0LCNCcj3a30 � UI�,3$RY i@3 jaC�I

8RnN0 j@�j ,RNc3Nj @�0 �N 3{3,j RN cn$E3,jCq3 3q�In�jCRN R8 cI33U sCj@ CN0CqC0n�Ic CN j@3 NRA,RNc3Nj <aRnU

a3URajCN< Ȓ$3jj3a @wUNRjC, �,jCqCjwYȓ

Йχ



Figure 2.2: SWIG for joint intervenধon on R, S, and Z.

X R
∣∣ r=1 Sr=1

∣∣ s=1 Zr=1,s=1
∣∣ z Yr=1,s=1,z

BN Ua�,jC,3. C03NjC~,�jCRN nN03a ERCNj CNj3aq3NjCRNc RN jaC�I 3N<�<3L3Nj �N0 ja3�jL3Nj �ccC<NL3Nj sCII

N3,3cc�aCIw a3Iw RN R$c3aq�jCRN�I 0�j� RN jaC�I CNqCj�jCRN �N0 U�ajC,CU�jCRNY �c � a3cnIj. j@3 L3j@R0c 03A

c,aC$30 CN j@Cc U�U3a sCII wC3I0 L3�NCN<8nIIw CNj3aUa3j�$I3 3cjCL�j3c RNIw C8 cn|,C3NjIw s3IIA03~N30 $nj

@wURj@3jC,�I CNj3aq3NjCRNc RN jaC�I 3N<�<3L3Nj ,�N $3 UaRURc30 �N0 ICNG30 jR j@3 R$c3aq30 0�j� )Йο*Y

BN L�Nw ,�c3c. j@Rc3 @wURj@3jC,�I CNj3aq3NjCRNc L�w $3 UaRURc30 )ЕϺ* �N0. CN 8�,j. cn$cj�NjCq3 3uU3ajc

@�q3 3uUIC,CjIw 0Cc,ncc30 j@3 ,RN0n,j R8 @wURj@3jC,�I a�N0RLCy30 jaC�Ic s@3a3 CNqCj�jCRN jR U�ajC,CU�j3 CN

� jaC�I �N0 jaC�I U�ajC,CU�jCRN �a3 a�N0RLIw �ccC<N30 )Ўз. Еϊ*Y 7Ra 3u�LUI3. T3UU3a,RaN 3j �IY )Ўз* NRj30-

ȒB03�IIw. j@3 cj�j3L3Nj j@�j jaC�Ic �a3 j@3 $3cj ja3�jL3Nj RUjCRN c@RnI0 a3cj RN 3qC03N,3 j@�j jaC�I U�ajC,CU�Njc

@�q3 $3jj3a Rnj,RL3c j@�N cCLCI�a U�jC3Njc ja3�j30 R{AUaRjR,RIȓ �N0 03c,aC$30 �N Ȓ3j@C,�IIw nNj3N�$I3 a�NA

0RLCy30 jaC�I CN s@C,@ U�jC3Njc �a3 a�N0RLIw �ccC<N30 VRa NRjW jR $3 R{3a30 jaC�I U�ajC,CU�jCRNYȓ

BN Rna 3u�LUI3. j@3 c@�aCN< R8 CN8RaL�jCRN �$Rnj R$3cCjw �N0 cja�j3<C3c 8Ra s3C<@j a30n,jCRN ,RLLnNCA

,�j30 jR 3IC<C$I3 CN0CqC0n�Ic 0naCN< j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I R ,RnI0 $3 c,�I30AnU VRa CNq3cjCA

<�j30 CN � a�N0RLCy30 jaC�IWY bCLCI�aIw. �Nw NRNAUaRjR,RIAL�N0�j30 CNj3aq3NjCRNc nc30 RN jaC�I U�ajC,CU�Njc

S. cn,@ �c ,RnNc3ICN< 8Ra cLRGCN< ,3cc�jCRN Ra $IRR0 Ua3ccna3g0C�$3j3c ,RNjaRI. ,�N �IcR $3 c,�I30AnU VRa

CNq3cjC<�j30 CN � a�N0RLCy30 jaC�IW. �IRN<cC03 j@3 3uU3aCL3Nj�I ja3�jL3Nj Vj@3 cna<C,�I �UUaR�,@ ZWY

�IcR. NRj3 j@�j Rna cjan,jna�I 03c,aCUjCRN Cc $w N3,3ccCjw 8�CaIw cjwICy30Y i@3 CNqCj�jCRN jR U�ajC,CU�j3 R

�N0 j@3 U�ajC,CU�jCRN S CN j@3 jaC�I ,�N $3 cn$0CqC030 CNjR c3q3a�I ,RLURN3NjcY 2�,@ R8 j@3c3 ,RLURN3Njc

,RnI0 $3 a3Ua3c3Nj30 c3U�a�j3Iw CN j@3 ,�nc�I 0C�<a�LcY � ~N3a a3Ua3c3Nj�jCRN R8 jaC�I 3N<�<3L3Nj. @RsA

3q3a. 0R3c NRj UaRqC03 �00CjCRN�I ,RN,3Ujn�I CNcC<@jc cR s3 ,@Rc3 jR $nCI0 Rna 0Cc,nccCRN �aRnN0 j@3 ,RLA

URnN0 ja3�jL3Njc R �N0 S )Ез*Y
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ЙYЕ BβζϩАϔυϔΫΞАϔϱϩ υϱЁ ϟϱϔϩА ϔϩАζЁЦζϩАϔϱϩЅ

ЙYЕYϺ BβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

#3,�nc3 s3 �a3 ,RNcC03aCN< j@3 3{3,jc R8 ERCNj CNj3aq3NjCRNc RN R. S. �N0 Z. s3 N330 �N 3uU�N030 q3acCRN

R8 j@3 Ȓncn�Iȓ C03NjC~�$CICjw ,RN0CjCRNc R8 ,RNcCcj3N,w. 3u,@�N<3�$CICjw. �N0 URcCjCqCjw )ЙϮ*Y

+RNcCcj3N,w ,RN0CjCRNcY r3 L�G3 j@3 8RIIRsCN< ,RNcCcj3N,w �ccnLUjCRNc-

C8 Ri = 1, j@3N Sr=1
i = Si; VЙYϺW

C8 Ri = 1 �N0 Si = 1, j@3N Zr=1,s=1
i = Zi; VЙYЙW

C8 Ri = 1,Si = 1, �N0 Zi = z, j@3N Yr=1,s=1,z
i = Yi. VЙYЕW

i@3c3 ,RN0CjCRNc ,RNN3,j j@3 ,RnNj3a8�,jn�I q�aC�$I3c sCj@ j@3 ,Raa3cURN0CN< R$c3aq�$I3 q�aC�$I3cY +RNA

0CjCRN VЙYϺW L3�Nc j@�j j@3 R$c3aq30 U�ajC,CU�jCRN cj�jnc �LRN< j@Rc3 �,jn�IIw CNqCj30 jR U�ajC,CU�j3 CN j@3

jaC�I sRnI0 $3 j@3 c�L3 �c j@3 ,RnNj3a8�,jn�I U�ajC,CU�jCRN nN03a �N CNj3aq3NjCRN jR c,�I3AnU CNqCj�jCRN jR

j@3 j�a<3j URUnI�jCRNY +RN0CjCRN VЙYЙW L3�Nc j@�j j@3 R$c3aq30 ja3�jL3Nj �ccC<NL3Nj �LRN< jaC�I U�ajC,CA

U�Njc Cc j@3 c�L3 �c j@3 ,RnNj3a8�,jn�I �ccC<NL3Nj nN03a CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj CN j@3

3NjCa3 URUnI�jCRNY +RN0CjCRN VЙYЕW L3�Nc j@�j 8Ra jaC�I U�ajC,CU�Njc s@R s3a3 �,jn�IIw �ccC<N30 jR ja3�jL3Nj

z. j@3 R$c3aq30 Rnj,RL3 Cc j@3 c�L3 �c j@3 ,RnNj3a8�,jn�I Rnj,RL3 nN03a j@3 ERCNj CNj3aq3NjCRN RN 3N<�<3A

L3Nj �N0 ja3�jL3NjY

+RN0CjCRN VЙYϺW ,�N $3 a3�cRN�$I3. UaRqC030 j@�j CN8RaL�jCRN �$Rnj j@3 jaC�I Cc UaRqC030 CN � cj�N0�a0Cy30

L�NN3aY bCLCI�aIw. ,RN0CjCRN VЙYЙW Cc R8j3N a3�cRN�$I3. $3,�nc3 ja3�jL3Nj �ccC<NL3Nj �LRN< jaC�I U�ajC,CA

U�Njc Cc nN03a j@3 ,RNjaRI R8 j@3 CNq3cjC<�jRacY +RN0CjCRN VЙYЕW. @Rs3q3a. Cc cRL3s@�j cjaRN<3aY Bj 3Nj�CIc �N

�ccnLUjCRN R8 NR @C003N q3acCRNc R8 j@3 CNj3aq3NjCRN )οЕ. οϊ* Ra Ȓja3�jL3Nj q�aC�jCRN Caa3I3q�N,3ȓ )ϮϮ*. j@�j

Cc jR c�w. 3Cj@3a j@3a3 Cc RNIw RN3 s�w jR CNj3aq3N3 RN R. S. �N0 Z. Ra j@3 0C{3a3Nj s�wc R8 CNj3aq3NCN< @�q3

j@3 c�L3 3{3,j RN j@3 Rnj,RL3Y i@Cc LC<@j NRj $3 jan3 s@3N ja3�jL3Njc �q�CI�$I3 CN j@3 �,jn�I a�N0RLCy30

jaC�I �a3 CLURccC$I3 jR CLUI3L3Nj sCj@Rnj cn$cj�NjC�I LR0C~,�jCRN s@3N jaC�I 3N<�<3L3Nj Cc c,�I30AnUY 7Ra

3u�LUI3. CN Rna LRjCq�jCN< 3u�LUI3 R8 � jaC�I ,RLU�aCN< cna<C,�I CNj3aq3NjCRNc 8Ra R$3cCjw. j@3a3 Cc cRL3

3qC03N,3 j@�j Rnj,RL3c nN03a j@3c3 CNj3aq3NjCRNc �a3 $3jj3a CN @C<@AqRInL3 ,3Nj3ac )ϺЕ. ϊз. χз*Y BN jaC�Ic.

ЙЋ



Cj Cc NRj nN,RLLRN jR RNIw CNqRIq3 j3�Lc 8aRL @C<@AqRInL3 ,3Nj3ac. $nj RnjcC03 j@3 ,RN~N3c R8 j@3 jaC�I.

3uU3aC3N,3 Cc ncn�IIw LRa3 @3j3aR<3N3RncY r@3N c,�ICN<AnU 3N<�<3L3Nj. cn,@ @3j3aR<3N3Cjw ,RnI0 <Cq3

aCc3 jR Rnj,RL3Aa3I3q�Nj q�aC�jCRN CN j@3 CLUI3L3Nj�jCRN R8 j@3 CNj3aq3NjCRNc. qCRI�jCN< ,RN0CjCRN VЙYЕWY Bj

Cc URccC$I3 jR 3uj3N0 Rna a3cnIjc jR �00a3cc LnIjCUI3 q3acCRNc R8 ja3�jL3Nj �IRN< j@3 ICN3c cn<<3cj30 CN )Ез*.

UaRqC030 j@3 q3acCRNc ,�N $3 03c,aC$30 �N0 �cc3cc30 VL3�cna30W CN j@3 0�j� Vs3 a3jnaN jR j@Cc Cccn3 CN j@3

/Cc,nccCRNWY

�II j@a33 ,RNcCcj3N,w ,RN0CjCRNc 3Nj�CI �ccnLUjCRNc R8 NR CNj3a83a3N,3 $3js33N nNCjc )χЕ*d j@�j Cc jR c�w.

j@�j j@3 ,RnNj3a8�,jn�I Rnj,RL3c Sr=1. Zr=1,s=1. �N0 Yr=1,s=1,z R8 3�,@ CN0CqC0n�I �a3 NRj �{3,j30 $w j@3

jaC�I 3N<�<3L3Nj �N0 ja3�jL3Nj cj�jnc R8 �Nw Rj@3a CN0CqC0n�IY 7Ra ,RN0CjCRN VЙYЙW j@Cc �ccnLUjCRN �UU3�ac

8�CaIw LCI0 cCN,3 Cj c33Lc UI�ncC$I3 j@�j 8Ra j@3 ij@ CN0CqC0n�I �,jn�IIw U�ajC,CU�jCN< CN j@3 jaC�I. j@3 R$c3aq30

ja3�jL3Nj �ccC<NL3Nj Cc j@3 c�L3 �c j@3 �ccC<NL3Nj @�0 s3 CNj3aq3N30 jR L�G3 j@3L U�ajC,CU�j3Y i@3 NRNA

CNj3a83a3N,3 �ccnLUjCRNc 3N,R030 CN ,RN0CjCRNc VЙYϺW �N0 VЙYЕW. @Rs3q3a. ,�N $3 ,RNc3\n3NjC�I CN ,3aj�CN

,RNj3ujcY 7Ra 3u�LUI3. ,RNcC03a � a�N0RLCy30 jaC�I ,RLU�aCN< j@3 3{3,jc R8 � ER$ ja�CNCN< UaR<a�L �<�CNcj

NR ja�CNCN< RN CN,RL3Y �LRN< j@Rc3 CN j@3 jaC�I. CN0CqC0n�Ic �ccC<N30 jR j@3 ,RNjaRI �aL LC<@j R$j�CN �N0

cjn0w j@3 L�j3aC�Ic nc30 CN j@3 ja�CNCN< <aRnU Vc�w. 8aRL 8aC3N0c s@R s3a3 �ccC<N30 jR j@�j <aRnUWd @3a3.

j@3 Rnj,RL3 R8 cRL3 NRNAa�N0RLCy30 sRaG3ac. Cc CN�n3N,30 $w j@3 ja3�jL3Nj �ccC<NL3Nj R8 a�N0RLCy30

sRaG3ac �N0 ,RN0CjCRN VЙYЕW 8�CIcY BN 3,RNRLC,c. � U�ajC,nI�a jwU3 R8 CNj3a83a3N,3 Cc j3aL30 � Ȓ<3N3a�I 3\nCA

IC$aCnL 3{3,jYȓ BN j@3 �8Ra3L3NjCRN30 ER$ ja�CNCN< jaC�I. cnUURc3 j@�j j@3 CNj3aq3NjCRN Cc c,�I30AnU jR j@3

3NjCa3 j�a<3j URUnI�jCRNd j@3N. j@3 Rq3a�II cnUUIw R8 ja�CN30 sRaG3ac CN j@3 3,RNRLw sRnI0 $3 CN,a3�c30.

I3cc3NCN< j@3 CLU�,j R8 j@3 CNj3aq3NjCRN RN CN,RL3Y

2u,@�N<3�$CICjw ,RN0CjCRNcY 7Ra 3q3aw z.

Yr=1,s=1,z⊥⊥R
∣∣X, VЙYϊW

Yr=1,s=1,z⊥⊥Sr=1
∣∣X,R, �N0 VЙYχW

Yr=1,s=1,z⊥⊥Zr=1,s=1
∣∣X,R,Sr=1. VЙYЎW

r3 L�w qC3s ,RN0CjCRNc VЙYϊW j@aRn<@ VЙYЎW �c ,RN0CjCRNc R8 c3\n3NjC�I 3u,@�N<3�$CICjw. Ra U3a@�Uc

LRa3 �UjIw. c3\n3NjC�I <3N3a�ICy�$CICjwY �c CN j@3 ,�c3 R8 jCL3Aq�awCN< ja3�jL3Njc )ЙϮ*. j@3 j3aL Ȓc3\n3NA

Йο



jC�Iȓ @C<@IC<@jc j@�j j@3 ,RN0CjCRNc �IIRs nc jR <3N3a�ICy3. CN jnaN. Rq3a CNqCj�jCRN. U�ajC,CU�jCRN. �N0 ja3�jA

L3Nj �ccC<NL3Nj. ,RN0CjCRN�I RN j@3 ȒU�cjȓ �j 3�,@ R8 j@3c3 �,jCRN URCNjcY

Q8 NRj3. ,RN0CjCRNc VЙYχW �N0 VЙYЎW. jR<3j@3a sCj@ ,RN0CjCRNc VЙYϺW �N0 VЙYЙW. CLUIw j@�j.

Yr=1,s=1,z⊥⊥S
∣∣X,R = 1 �N0 VЙYχ∗W

Yr=1,s=1,z⊥⊥Z
∣∣X,R = 1,S = 1. VЙYЎ∗W

+RN0CjCRN VЙYχ∗W L3�Nc j@�j j@3 CN03U3N03N,3 R8 j@3 ,RnNj3a8�,jn�I Rnj,RL3c Yr=1,s=1,z �N0 jaC�I U�ajC,CU�A

jCRN S N330 RNIw @RI0 �LRN< CN0CqC0n�Ic CNqCj30 jR U�ajC,CU�j3 CN j@3 jaC�I VR = 1WY +RN0CjCRN VЙYЎ∗W L3�Nc

j@�j j@3 CN03U3N03N,3 R8 j@3 ,RnNj3a8�,jn�I Rnj,RL3c Yr=1,s=1,z �N0 ja3�jL3Nj Z N330 RNIw @RI0 �LRN<

jaC�I U�ajC,CU�Njc VS = 1W. �IIRsCN< ,RN8RnN0CN< R8 j@3 Z → Y 3{3,j CN j@3 �$c3N,3 R8 a�N0RLCy�jCRNY i@�j

Cc jR c�w. s@3N Yr=1,s=1,z⊥⊥Z
∣∣X,R = 1,S = 1 @RI0c. Yr=1,s=1,a⊥⊥Z

∣∣X,R = 1,S = 0 N330 NRj @RI0Y

H�cjIw. a3�03ac c@RnI0 $3�a CN LCN0 j@�j j@3 �$Rq3 3u,@�N<3�$CICjw ,RN0CjCRNc @RI0 8Ra ,�nc�I cjan,jna3c

$3wRN0 j@3 RN3 a3Ua3c3Nj30 $w j@3 /�; R8 7C<na3 ЙYϺY 7Ra CNcj�N,3. j@3 ,RN0CjCRNc @RI0 nN03a � N3s /�;

j@�j CN,In03c j@3 30<3c �N0 NR03c R8 7C<na3 ЙYϺ UInc j@3 8RaG X ← U∗ → Y VCN j@Cc N3s <a�U@. U∗ Cc � ,RLA

LRN ,�nc3 R8 X �N0 YWY i@Cc Cc � <3N3a�I U@3NRL3NRN j@�j �UUIC3c jR �II j@3 ,�nc�I cjan,jna3c ,RNcC03a30 CN

Rna U�U3a- j@3 ,RnNj3a8�,jn�I 3u,@�N<3�$CICjw ,RN0CjCRNc ,�N $3 qC3s30 �c 03~NCN< �N 3\nCq�I3N,3 ,I�cc R8

<a�U@c. R8 s@C,@ s3 @�q3 ,@Rc3N jR 0a�s RNIw � cCN<I3 L3L$3a. j@3 cCLUI3cj RN3 j@�j �IIRsc nc jR 8R,nc RN

j@3 <3N3a�ICy�$CICjw Cccn3c �j @�N0Y

TRcCjCqCjw ,RN0CjCRNcY r3 �IcR N330 j@3 8RIIRsCN< URcCjCqCjw ,RN0CjCRNc-

Pr[R = 1|X = x] > 0 8Ra 3q3aw x sCj@ f(x) > 0, VЙYЋW

Pr[S = 1|X = x,R = 1] > 0 8Ra 3q3aw x sCj@ f(x,R = 1) > 0, �N0 VЙYοW

Pr[Z = z|X = x,R = 1,S = 1] > 0 8Ra 3q3aw z �N0 3q3aw x sCj@ f(x,R = 1,S = 1) > 0. VЙYϮW

BN8RaL�IIw. j@3 URcCjCqCjw ,RN0CjCRNc 3Ncna3 j@�j �j I3�cj cRL3 CN0CqC0n�Ic s@R 3N<�<3 CN 3�,@ ja3�jL3Nj

<aRnU R8 j@3 jaC�I @�q3 j@3 ,Rq�aC�j3 U�jj3aNc N33030 jR 3Ncna3 j@3 3u,@�N<3�$CICjw ,RN0CjCRNc CN j@3 j�a<3j

URUnI�jCRNY

ЙϮ



ЙYЕYЙ BβζϩАϔυϔΫΞАϔϱϩ ЛϩβζЁ ϟϱϔϩА ϔϩАζЁЦζϩАϔϱϩ

mN03a j@3 �$Rq3 �ccnLUjCRNc. s3 ,�N C03NjC8w j@3 ,RnNj3a8�,jn�I Rnj,RL3 0CcjaC$njCRN nN03a ERCNj CNj3aq3NA

jCRN jR c3j R jR r = 1. S jR s = 1. �N0 Z jR z-

Pr[Yr=1,s=1,z ≤ y] = 2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
. VЙYϺзW

MRj3 @3a3 j@�j j@3 3uU3,j�jCRN RN j@3 aC<@jA@�N0AcC03 R8 j@3 �$Rq3 3\n�jCRN Cc sCj@ a3cU3,j jR j@3 ,Rq�aCA

�j3 0CcjaC$njCRN R8 j@3 j�a<3j URUnI�jCRN. j@�j Cc. j@3 URUnI�jCRN R8 CN0CqC0n�Ic L33jCN< j@3 jaC�I 3IC<C$CICjw

,aCj3aC� Vc33 �UU3N0Cu #YЙ 8Ra 03aCq�jCRNWY

i@3 �$Rq3 C03NjC~,�jCRN a3cnIj U3aj�CNc jR j@3 ,nLnI�jCq3 0CcjaC$njCRN 8nN,jCRN R8 j@3 ,RnNj3a8�,jn�I

Rnj,RL3c. NRj Encj j@3 ,RnNj3a8�,jn�I Rnj,RL3 L3�NY BN ,RNja�cj. CN UaCRa sRaG s3 @�q3 8R,nc30 RN j@3

C03NjC~,�jCRN R8 Encj j@3 ,RnNj3a8�,jn�I Rnj,RL3 L3�N )ϺЋ*Y r3 �a3 �$I3 jR R$j�CN � cjaRN<3a a3cnIj @3a3

$3,�nc3 ,RN0CjCRNc VЙYϊW j@aRn<@ VЙYЎW 3N,R03 �ccnLUjCRNc R8 3u,@�N<3�$CICjw CN 0CcjaC$njCRN. a�j@3a j@�N

j@3 �ccnLUjCRNc R8 3u,@�N<3�$CICjw CN L3�N CNqRG30 CN Rna UaCRa sRaGY

i@3 aC<@jA@�N0 cC03 R8 j@3 �$Rq3 3\n�jCRN. ,�N $3 a3A3uUa3cc30 �c

2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
= 2

[
I(Y ≤ y,R = 1,S = 1,Z = z)

Pr[R = 1,S = 1|X]Pr[Z = z|X,R = 1,S = 1]

]
, VЙYϺϺW

s@3a3 I(·) 03NRj3c j@3 CN0C,�jRa 8nN,jCRNY �c @�c $33N NRj30 $38Ra3 V3Y<Y. c33 )ЙϮ*W. s3 ,�N 03aCq3 j@Cc a3A

cnIj sCj@Rnj CNqRGCN< �Nw ,RN0CjCRNc j@�j CNqRIq3 ,RnNj3a8�,jn�Ic Vs3 RNIw nc3 j@3 URcCjCqCjw ,RN0CjCRNcd c33

�UU3N0Cu #YЙ 8Ra �N CIIncja�jCRNWY i@nc. j@3 C03NjCjw @RI0c 3q3N s@3N j@3 ,�nc�I �ccnLUjCRNc 0R NRj @RI0.

$nj. CN j@�j ,�c3. j@3 \n�NjCjC3c CN VЙYϺϺW 0R NRj @�q3 �Nw ,�nc�I CNj3aUa3j�jCRNY r@3N j@3 �ccnLUjCRNc @RI0.

j@3 CNq3ac3 UaR$�$CICjw s3C<@jCN< a3A3uUa3ccCRN UaRqC03c �N �Ij3aN�jCq3 s�w 8Ra C03NjC8wCN< j@3 ,RnNj3a8�,A

jn�I Rnj,RL3 0CcjaC$njCRNY

ЙYϊ rϑζϩ АЁϔΞϣ ζϩόΞόζϨζϩА βϱζЅ ϩϱА βϔЁζΫАϣЭ ΞυυζΫА Аϑζ ϱЛАΫϱϨζ

r@3N s3 ,�N �ccnL3 j@�j jaC�I 3N<�<3L3Nj 3{3,jc �a3 N3<IC<C$I3. j@�j Cc jR c�w. j@3 CNqCj�jCRN jR U�ajC,CU�j3

CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN Cjc3I8 0R NRj @�q3 � 0Ca3,j 3{3,j RN j@3 Rnj,RL3. j@3 /�; R8 7C<na3 ЙYϺ Cc

LR0C~30 $w a3LRqCN< j@3 �aaRsc 8aRL R �N0 S jR Y. a3cnIjCN< CN j@3 /�; R8 7C<na3 ЙYЕY

Ез



Figure 2.3: DAG for a trial nested in a cohort study, when trial parধcipaধon does not affect outcomes.

X R S Z Y

� a�N0RLCy30 jaC�I $w KCIGL�N 3j �IY)ϊο* UaRqC03c � <RR0 3u�LUI3 R8 � jaC�I CN s@C,@ Cj Cc UI�ncC$I3 j@�j

jaC�I U�ajC,CU�jCRN 0R3c NRj @�q3 �Nw 3{3,j RN j@3 Rnj,RL3 3u,3Uj j@aRn<@ j@3 �ccC<N30 ja3�jL3NjY #aC3�w.

j@3 CNq3cjC<�jRac s�Nj30 jR cjn0w j@3 CLU�,j R8 0C{3a3Nj jwU3c R8 L�CI30 UaRLUjc RN q�,,CN�jCRN a�j3cY mcA

CN< aRnjCN3Iw ,RII3,j30 CNcna�N,3 CN8RaL�jCRN j@3w C03NjC~30 jaC�IA3IC<C$I3 3LUIRw33c CN � I�a<3 ~aL �N0

a�N0RLIw �ccC<N30 j@3L jR j@a33 ja3�jL3Nj <aRnUc. s@C,@ a3,3Cq30 0C{3a3Nj UaRLUjc �$Rnj q�,,CN�jCRNY

K3L$3ac R8 j@3 j�a<3j URUnI�jCRN s3a3 nN�s�a3 R8 j@3 3IC<C$CICjw c,a33NCN< UaR,3cc. j@3 a3\nCa3L3Nj 8Ra

CN8RaL30 ,RNc3Nj s�c s�Cq30. j@3a3 �c NR CN0C,�jCRN CN j@3 I3jj3ac j@�j � jaC�I s�c $3CN< ,RN0n,j30. �N0 RnjA

,RL3c s3a3 �c,3aj�CN30 ncCN< aRnjCN3Iw ,RII3,j30 0�j� cRna,3cY �c cn,@. CN j@Cc cjn0w Cj Cc UI�ncC$I3 j@�j

j@3a3 s3a3 NR 0Ca3,j 3{3,jc R8 U�ajC,CU�jCRN. j@�j Cc. jaC�I U�ajC,CU�jCRN �{3,j30 j@3 Rnj,RL3 RNIw j@aRn<@

ja3�jL3Nj �ccC<NL3NjY

7C<na3 ЙYϊ c@Rsc j@3 brB; 8Ra ERCNj CNj3aq3NjCRN jR c3j S jR s = 1 �N0 Z jR z nN03a j@3 /�; R8 7C<A

na3 ЙYЕY MRj3 j@�j j@Cc brB; 0C{3ac 8aRL j@3 RN3 CN 7C<na3 ЙYЙ CN jsR s�wc- ~acj. j@3 �aaRs 8aRL s = 1

CNjR j@3 ,RnNj3a8�,jn�I Rnj,RL3 @�c $33N a3LRq30. $3,�nc3 j@3 �aaRs s�c �$c3Nj CN j@3 /�; R8 7C<na3 ЙYЕY

b3,RN0. j@3 ,RnNj3a8�,jn�I Rnj,RL3 Cc CN03u30 RNIw $w j@3 CNj3aq3NjCRN jR c3j ja3�jL3Nj Z jR z. $nj Cj Cc NR

IRN<3a CN03u30 $w j@3 CNj3aq3NjCRN jR c3j R Ra S VCN brB; ,RNcjan,jCRN. j@Cc Cc a383aa30 jR �c LCNCL�I I�$3IA

CN<WY BN 3{3,j. j@3 a3LRq�I R8 j@3 R → Y �N0 S → Y �aaRsc 8aRL j@3 /�; a3�3,jc 3u,IncCRN a3cjaC,jCRN

�ccnLUjCRNc CLUIwCN< j@�j Yr=1,s=1,z
i = Yzi . 8Ra 3q3aw CN0CqC0n�I i �N0 3q3aw ja3�jL3Nj zY mN03a j@Cc 3uA

,IncCRN a3cjaC,jCRN. j@3 cj3Uc CN �UU3N0Cu #YЙYϺ sRnI0 NRj $3 �{3,j30 3u,3Uj jR cn$cjCjnj3 Yzi 8Ra Yr=1,s=1,z
i ;

j@nc. s3 ,RN,In03 j@�j. nN03a j@3 /�; CN 7C<na3 ЙYЕ.

Pr[Yz ≤ y] = Pr[Yr=1,s=1,z ≤ y] = 2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
.
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Figure 2.4: SWIG for joint intervenধon on S and Z, in the absence of trial engagement effects.

X R
∣∣ r=1 Sr=1

∣∣ s=1 Zs=1
∣∣ z Yz

ЙYχ +ϱϩϩζΫАϔϱϩ ЧϔАϑ ΫζϩЅϱЁϔϩό ΞβϟЛЅАϨζϩАЅ ϔϩ ϿϱϔϩА АЁζΞАϨζϩА ЅАЛβϔζЅ ЧϔАϑ ЅϑϱЁА

υϱϣϣϱЧAЛϿ

+RNcC03a j@3 C03NjC~,�jCRN R8 j@3 ,RnNj3a8�,jn�I Rnj,RL3 0CcjaC$njCRN CN a�N0RLCy30 Ra R$c3aq�jCRN�I cjn0A

C3c R8 URCNj VjCL3A~u30W ja3�jL3Njc sCj@ IRN<Cjn0CN�I 8RIIRsAnUY BN cn,@ cjn0C3c. CN0CqC0n�Ic s@R 3Nj3a j@3

cjn0w �a3 R8j3N ,3NcRa30 V0aRUARnj Ra �a3 IRcjAjRA8RIIRsAnUW �N0 C03NjC~,�jCRN N330c jR �,,RnNj 8Ra j@3 ,3NA

cRaCN< L3,@�NCcLY BN �UU3N0Cu #YЕ s3 ,RNcC03a � cjn0w R8 � URCNj ja3�jL3Nj sCj@ ,RLUI3j3 �0@3a3N,3

jR �ccC<N30 ja3�jL3Nj �N0 c@Raj 8RIIRsAnU V3Y<Y. � cjn0w R8 U�jC3Njc 8RR0 ,RNcnLUjCRN RN j@3 Езj@ URcjA

RU3a�jCq3 0�w 8RIIRsCN< $�aC�jaC, cna<3awWY BN cn,@ � cjn0w. NR Rnj,RL3 CN8RaL�jCRN sCII $3 �q�CI�$I3 8Ra

CN0CqC0n�Ic s@R ,@Rc3 jR NRj ,RLUI3j3 j@3 cjn0w \n3cjCRNN�Ca3 �N0 j@3 �N�IwcCc N330c jR �,,RnNj 8Ra 8�,jRac

j@�j �a3 ,RLLRN ,�nc3c R8 IRccAjRA8RIIRsAnU �N0 j@3 Rnj,RL3 R8 CNj3a3cjY

� N�jna�I ,�nc�I \n�NjCjw R8 CNj3a3cj CN cn,@ � cjn0w Cc j@3 ,RnNj3a8�,jn�I Rnj,RL3 0CcjaC$njCRN nN03a CNA

j3aq3NjCRN jR c3j Z jR z �N0 3ICLCN�j3 ,3NcRaCN< )ЙϮ*Y BN �UU3N0Cu #YЕ. s3 c@Rs j@�j j@3 ,RN0CjCRNc N33030

jR C03NjC8w j@Cc \n�NjCjw �N0 j@3 C03NjC~,�jCRN a3cnIjc �a3 cjaCGCN<Iw cCLCI�a jR j@Rc3 8Ra C03NjC8wCN< j@3 ,RnNA

j3a8�,jn�I Rnj,RL3 0CcjaC$njCRN nN03a CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj �N0 c3j Z jR zY i@3 cCLCI�aA

Cjw c@RnI0 L�G3 CNjnCjCq3 c3Nc3- <3N3a�ICy�$CICjw �N�Iwc3c �00a3cc j@3 Cccn3 R8 CN0CqC0n�Ic NRj 3Nj3aCN< j@3

jaC�I $3,�nc3 j@3w 0C0 NRj GNRs �$Rnj Cj Ra RUj30 NRj jR U�ajC,CU�j3d ,3NcRaCN<A�0Encj30 �N�Iwc3c �00a3cc j@3

Cccn3 R8 CN0CqC0n�Ic Ua3L�jna3Iw 3uCjCN< j@3 jaC�IY

ЕЙ



ЙYЎ iϔϨζAЦΞЁЭϔϩό АЁζΞАϨζϩАЅ

mU jR NRs. s3 @�q3 0Cc,ncc30 URCNj ja3�jL3Njc CN cjn0C3c sCj@ ,RLUI3j3 �0@3a3N,3 �N0 c@Raj 8RIIRsAnU.

cn,@ j@�j ,3NcRaCN< ,�N $3 ja3�j30 �c � $CN�aw q�aC�$I3Y r3 nc30 j@Cc �UUaR�,@ $3,�nc3 j@3 ,RN,3Ujn�I CcA

cn3c a3I�j30 jR j@3 <3N3a�ICy�$CICjw R8 ,�nc�I CN83a3N,3c 8aRL a�N0RLCy30 jaC�Ic jR � j�a<3j URUnI�jCRN ,�N $3

CIInLCN�j30 CN j@Cc cCLUI3 c3jjCN<Y i@�j c�C0. CN a3�ICcjC, �UUIC,�jCRNc R8 <3N3a�ICy�$CICjw L3j@R0c j@3 ja3�jA

L3Njc R8 CNj3a3cj sCII ncn�IIw N330 jR $3 cncj�CN30 Rq3a jCL3. �0@3a3N,3 jR j@3 �ccC<N30 ja3�jL3Nj sCII $3

CN,RLUI3j3. �N0 IRcc jR 8RIIRsAnU sCII R,,na �j 0C{3a3Nj jCL3 URCNjc 0naCN< 8RIIRsAnU V3Y<Y. )ϺзϺ* 0Cc,ncc

NRNA�0@3a3N,3 CN j@3 ,RNj3uj R8 <3N3a�ICy�$CICjw �N�Iwc3cWY r3 ,�N a3�0CIw 3uj3N0 j@3 C03�c CN j@3 Ua3qCRnc

c3,jCRNc jR �00a3cc jCL3Aq�awCN< ja3�jL3Njc. CN,In0CN< CNj3aq3NjCRNc jR UaRLRj3 �0@3a3N,3 jR j@3 �ccC<N30

ja3�jL3Nj Ra jR 3ICLCN�j3 ,3NcRaCN< CN 8RIIRsAnU cjn0C3cY

iR CIIncja�j3 j@Cc URCNj. s3 3uU�N0 Rna ,�nc�I cjan,jna3 �N0 CNjaR0n,3 cRL3 LRa3 NRj�jCRN jR ,RNcC03a

� jsRAU3aCR0 cjn0w. s@3a3 ja3�jL3Nj �ccC<NL3Nj Z �j $�c3ICN3 Cc 8RIIRs30 $w �N CNCjC�I ja3�jL3Nj U3aCR0.

�N0 s@3a3 ja3�jL3Nj L�w $3 cncj�CN30 VRa NRjW 8Ra � c3,RN0 U3aCR0Y H3j A0 03NRj3 j@3 03,CcCRN jR jR a3A

,3Cq3 ja3�jL3Nj VRa NRjW 0naCN< j@3 CNCjC�I ja3�jL3Nj U3aCR0 �N0 A1 j@3 03,CcCRN jR jR a3,3Cq3 ja3�jL3Nj VRa

NRjW 0naCN< j@3 c3,RN0 ja3�jL3Nj U3aCR0Y �c $38Ra3. j@3 Rnj,RL3 Y Cc �cc3cc30 �j j@3 3N0 R8 j@3 cjn0wY BNA

8RaL�jCRN Cc ,RII3,j30 RN jCL3Aq�awCN< ,Rq�aC�j3c. CN �00CjCRN jR j@3 $�c3ICN3 ,Rq�aC�j3c XY bU3,C~,�IIw.

CN8RaL�jCRN RN jCL3 q�awCN< ,Rq�aC�j3c L0 Cc ,RII3,j30 �8j3a ja3�jL3Nj �ccC<NL3Nj. �j j@3 cj�aj R8 j@3 CNCjC�I

ja3�jL3Nj U3aCR0 VCY3Y. $3js33N Z �N0 A0W �N0 CN8RaL�jCRN RN jCL3 q�awCN< ,Rq�aC�j3c L1 Cc ,RII3,j30 �8j3a

j@3 CNCjC�I ja3�jL3Nj U3aCR0. �j j@3 cj�aj R8 j@3 c3,RN0 ja3�jL3Nj U3aCR0 VCY3Y. $3js33N A0 �N0 A1WY bnUURc3

�IcR j@�j j@3 jCL3Aq�awCN< ,Rq�aC�j3c �{3,j j@3 a3,3CUj R8 8njna3 ja3�jL3Nj �c s3II �c j@3 Rnj,RL3. �N0 j@nc

�a3 jCL3Aq�awCN< ,RN8RnN03ac Vc33 ,@�Uj3a ϺϮ R8 )ЙϮ*WY BN0CqC0n�Ic L�w $3 ,3NcRa30 �j j@3 3N0 R8 j@3 ~acj

ja3�jL3Nj U3aCR0 VCY3Y. $38Ra3 L1 Cc 03j3aLCN30W Ra j@3 3N0 R8 j@3 c3,RN0 ja3�jL3Nj U3aCR0 VCY3Y. $38Ra3 Y Cc

03j3aLCN30WY H3j C1 $3 j@3 CN0C,�jRa 8Ra ,3NcRaCN< $38Ra3 j@3 3N0 R8 j@3 ~acj ja3�jL3Nj U3aCR0 �N0 C2 j@3

CN0C,�jRa 8Ra ,3NcRaCN< $38Ra3 j@3 3N0 R8 j@3 c3,RN0 ja3�jL3Nj U3aCR0d Cj = 1 C8 ,3NcRa30 $38Ra3 j@3 3N0

R8 j@3 jj@ ja3�jL3Nj U3aCR0. �N0 з Rj@3asCc3. 8Ra j = 1,2Y r3 nc3 Rq3a$�ac jR 03NRj3 @CcjRaC3c R8 a�N0RL

q�aC�$I3 j@�j �a3 R$c3aq30 Rq3a jCL3d 8Ra 3u�LUI3. A = (A0,A1)d L = (L0,L1). �N0 C = (C1,C2)Y r3

nc3 ,Raa3cURN0CN< IRs3a,�c3 cwL$RIc jR 03NRj3 a3�ICy�jCRNc R8 j@3c3 @CcjRaC3cd 8Ra 3u�LUI3. s3 03NRj3 �

cU3,C~, ja3�jL3Nj @CcjRaw �c a = (a0,a1)d � ,3NcRaCN< @CcjRaw �c c = (c1, c2)d �N0 j@3 CNj3aq3NjCRN jR

ЕЕ



3ICLCN�j3 ,3NcRaCN< �c c = (0,0) ≡ 0Y

mN03a �ccnLUjCRNc �N�IR<Rnc jR j@3 RN3c s3 L�03 3�aIC3a CN j@3 U�U3a Vc33 �UU3N0Cu #YϊW. s3 ,�N C03NA

jC8w j@3 0CcjaC$njCRN R8 ,RnNj3a8�,jn�I Rnj,RL3c nN03a CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj. c3j ja3�jA

L3Nj jR z. 3N8Ra,3 �0@3a3N,3 jR ja3�jL3Nj a = (a0,a1). �N0 Ua3q3Nj ,3NcRaCN< c = 0. Pr[Yr=1,s=1,z,a,c=0 ≤

y]. ncCN< j@3 <A8RaLnI� 8nN,jCRN�I Ra Cjc CNq3ac3 UaR$�$CICjw s3C<@jCN< a3A3uUa3ccCRN.

Pr[Yr=1,s=1,z,a,c=0 ≤ y]

= 2
[
2
[

2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z,L,A = a,C = 0]

∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0
]∣∣∣X,R = 1,S = 1,Z = z

]]

= 2
[

I(Y ≤ y,R = 1,S = 1,Z = z,A = a,C = 0)
Pr[R = 1,S = 1|X]Pr[Z = z|X,R = 1,S = 1]× Pa × Pc

]
,

s@3a3 CN j@3 I�cj 3uUa3ccCRN �$Rq3. s3 03~N3

Pa = Pr[A1 = a1|X,R = 1,S = 1,Z = z,L,A0 = a0,C1 = 0]

× Pr[A0 = a0|X,R = 1,S = 1,Z = z,L0], �N0

Pc = Pr[C2 = 0|X,R = 1,S = 1,Z = z,L,A = a,C1 = 0]

× Pr[C1 = 0|X,R = 1,S = 1,Z = z,L0,A0 = a0].

i@3 CNq3ac3 UaR$�$CICjw s3C<@jCN< a3A3uUa3ccCRN �$Rq3 sCII $3 8�LCIC�a jR a3�03ac s@R @�q3 cjn0C30 j@3

C03NjC~,�jCRN R8 j@3 U�a�L3j3ac R8 L�a<CN�I cjan,jna�I LR03Ic 8Ra jCL3Aq�awCN< ja3�jL3Njc V3Y<Y. c33 )ЎϮ.

ЋЙ. Ћз*WY

ЙYЋ /ϔЅΫЛЅЅϔϱϩ

r3 �a<n30 j@�j �jj3LUjc jR <3N3a�ICy3 CN83a3N,3c 8aRL a�N0RLCy30 jaC�Ic jR j@3 URUnI�jCRN R8 jaC�IA3IC<C$I3

CN0CqC0n�Ic a3\nCa3 j@3 NRjCRN R8 CNj3aq3NjCRNc jR c,�I3AnU jaC�I 3N<�<3L3Nj jR j@3 URUnI�jCRN R8 3IC<C$I3

CN0CqC0n�IcY TaCRa sRaG RN <3N3a�ICy�$CICjw @�c N3�aIw 3u,IncCq3Iw 8R,nc30 RN CNj3aq3NjCRNc RN ja3�jL3Nj

�ccC<NL3Nj Z sCj@Rnj ,RNcC03aCN< j@3 URccC$CICjw R8 CNj3aq3NjCRN RN j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I

R Ra jaC�I U�ajC,CU�jCRN SY r3 �a3 RNIw �s�a3 R8 jsR Ua3qCRnc U�U3ac s@C,@ CNjaR0n,30 NRj�jCRN 8Ra CNj3aA

q3NjCRN RN jaC�I U�ajC,CU�jCRN V$nj NRj RN j@3 CNqCj�jCRN jR U�ajC,CU�j3W )Йχ. Ϻ*Y i@nc. cn$jI3jC3c a3I�j30 jR j@3

3{3,jc R8 jaC�I 3N<�<3L3Nj RN j@3 Rnj,RL3 @�q3 I�a<3Iw a3L�CN30 nN�UUa3,C�j30Y

Еϊ



Qna �UUaR�,@ ,RNN3,jc sCj@ j@3 $aR�0 ICj3a�jna3 RN c3I3,jCq3 cjn0w U�ajC,CU�jCRN )Еχ* �N0 ,I�aC~3c j@3

L3�NCN< R8 <3N3a�ICy�$CICjw �N�Iwc3c s@3N jaC�I 3N<�<3L3Nj 0Ca3,jIw �{3,jc j@3 Rnj,RL3Y mN03a ,�nc�I

LR03Ic j@�j �IIRs 8Ra cn,@ 0Ca3,j 3{3,jc V3Y<Y. 7C<na3 ЙYϺW. s@3N RNIw CNj3aq3NjCRN RN Z Cc ,RNj3LUI�j30. Cj

Cc NRj jan3 j@�j Yz⊥⊥S
∣∣XY v3j. j@Cc ,RN0CjCRN VRa ,IRc3 q�aC�NjcW @�c $33N CNqRG30 CN UaCRa sRaG )Ϻз. ЕЕ. χЎ.

Ϯχ. ϮЎ. Ϻзχ. ο. οχ. ϺЋ*Y Qna a3cnIjc cn<<3cj �N �Ij3aN�jCq3 CNj3aUa3j�jCRN 8Ra j@Cc UaCRa sRaG- CN j@3 Ua3c3N,3

R8 jaC�I 3N<�<3L3Nj 3{3,jc. <3N3a�ICy�$CICjw �N�Iwc3c ,�NNRj C03NjC8w j@3 3{3,j R8 CNj3aq3NCN< jR Encj c3j

ja3�jL3Nj jR � U�ajC,nI�a I3q3I CN j@3 j�a<3j URUnI�jCRNd $nj. j@3w ,�N C03NjC8w j@3 3{3,j R8 ERCNjIw CNj3aq3NCN<

jR c,�I3AnU j@3 Rnj,RL3Aa3I3q�Nj jaC�I UaR,30na3c jR j@3 3NjCa3 j�a<3j URUnI�jCRN �N0 c3j ja3�jL3NjY r@3N

3N<�<3L3Nj 3{3,jc �a3 N3<IC<C$I3. <3N3a�ICy�$CICjw �N�Iwc3c ,�N C03NjC8w j@3 3{3,j R8 CNj3aq3NjCRNc jR c3j

ja3�jL3Nj. a3<�a0I3cc R8 s@3j@3a j@3w R,,na CN j@3 ,RNj3uj R8 �N 3uU3aCL3Nj�I cjn0wY r@3j@3a jaC�I 3N<�<3A

L3Nj 3{3,jc 3uCcj Ra NRj. jR <3N3a�ICy3 ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR j@3 j�a<3j URUnI�jCRN R8

�II jaC�IA3IC<C$I3 CN0CqC0n�Ic. CNq3cjC<�jRac N330 jR R$j�CN ,Rq�aC�j3 0�j� 8aRL � a3Ua3c3Nj�jCq3 c�LUI3 R8 j@�j

URUnI�jCRNY

#3,�nc3 s3 s�Nj30 jR 8R,nc RN <3N3a�I ,RN,3Ujc R8 <3N3a�ICy�$CICjw. Rna 3uURcCjCRN s�c 8�CaIw cjwICy30Y

BN U�ajC,nI�a. s3 0C0 NRj cU3N0 Ln,@ jCL3 RN j@3 URIC,wAa3I3q�Nj sRaG R8 ,�a38nIIw cU3,C8wCN< s@C,@ ,RLA

URN3Njc R8 CNqCj�jCRN R �N0 U�ajC,CU�jCRN S �a3 �,jn�IIw a3cURNcC$I3 8Ra 0Ca3,j 3{3,jc RN j@3 Rnj,RL3Y bn,@

sRaG sCII $3 N3,3cc�aw s@3N c,�ICN<AnU a�N0RLCy30 jaC�Ic CN Ua�,jC,3Y 7Ra 3u�LUI3. URIC,wAL�G3ac N330 jR

,RNcC03a s@�j CN8RaL�jCRN c@RnI0 $3 UaRqC030 jR CN0CqC0n�Ic 3IC<C$I3 8Ra ja3�jL3Nj �N0 $w s@�j L3�Nc V�,A

,RnNjCN< 8Ra R 3{3,jcW Ra s@3j@3a NRNAUaRjR,RIAL�N0�j30 UaRqC03a $3@�qCRac R$c3aq30 CN j@3 jaC�I c@RnI0

�IcR $3 CLUI3L3Nj30 CN j@3 j@3 j�a<3j URUnI�jCRN V�,,RnNjCN< 8Ra S 3{3,jcWY

#�a3CN$RCL �N0 T3�aI @�q3 UaRURc30 <3N3a�I L3j@R0c jR �cc3cc C03NjC~�$CICjw �N0. s@3N URccC$I3. jR

C03NjC8w j@3 URcjACNj3aq3NjCRN 0CcjaC$njCRN CN � j�a<3j URUnI�jCRN $w Ȓja�NcURajCN<ȓ CN8RaL�jCRN 8aRL Rj@3a

cRna,3c )χο. Е. χϮ*Y i@3 L3j@R0c a3Iw RN /�;c 3N@�N,30 sCj@ c3I3,jCRN NR03c. $nj 0R NRj �00a3cc Cccn3c

a3I�j30 jR jaC�I 3N<�<3L3Nj 3{3,jc $3,�nc3 j@3w 0R NRj a3Ua3c3Nj CNj3aq3NjCRNc RN j@3 c3I3,jCRN NR03cY r3

,@Rc3 jR 8R,nc RN j@3 ,RN,a3j3 UaR$I3L R8 <3N3a�ICyCN< CN83a3N,3c ncCN< jaC�Ic N3cj30 sCj@CN ,R@Rajc R8 3ICA

<C$I3 CN0CqC0n�Ic $3,�nc3 cn,@ cjn0C3c sCII $3 CN,a3�cCN<Iw ,RN0n,j30 $w 3L$300CN< Ua�<L�jC, a�N0RLCy30

jaC�Ic CN I�a<3 @3�Ij@A,�a3 cwcj3Lc )ϮЙ. Ϯο. Ϯ*Y r3 0C0 NRj. @Rs3q3a. �00a3cc j@3 LRa3 �L$CjCRnc <R�I R8

3uj3N0CN< jaC�I ~N0CN<c jR URUnI�jCRNc CN3IC<C$I3 8Ra j@3 jaC�IY

i@3 3uj3NcCRN R8 Rna a3cnIjc jR @�N0I3 NRNA�0@3a3N,3 �N0 jCL3Aq�awCN< ja3�jL3Njc CIIncja�j3c j@�j <3NA

Еχ



3a�ICy�$CICjw �N�Iwc3c. s@C,@ �00a3cc c3I3,jCq3 cjn0w U�ajC,CU�jCRN. ~j N�jna�IIw sCj@CN j@3 Ȓncn�Iȓ ,�nc�I

CN83a3N,3 8a�L3sRaG CN 3UC03LCRIR<w �N0 j@3 cR,C�I c,C3N,3c- ~acj. c3I3,j j@3 ,�nc�I \n�NjCjC3c R8 CNj3a3cj

j@�j �a3 s3IIA03~N30 CN j@3 j�a<3j URUnI�jCRNY i@3N. 03j3aLCN3 j@3 C03NjC~�$CICjw ,RN0CjCRNc N33030 CN j@3

Ua3c3N,3 R8 c3I3,jCq3 jaC�I U�ajC,CU�jCRN. ,RN8RnN0CN<. ,3NcRaCN<. Ra NRNA�0@3a3N,3 �c �ccnLUjCRNc �$Rnj �

c3\n3N,3 R8 CNj3aq3NjCRNc jR Ȓc,�I3AnUȓ j@3 jaC�I. c3j ja3�jL3Nj. 3ICLCN�j3 ,3NcRaCN<. �N0 3N8Ra,3 �0@3a3N,3Y

M3uj. ncCN< j@3c3 �ccnLUjCRNc. ~N0 j@3 8nN,jCRN�Ic R8 j@3 R$c3aq30 0�j� 0CcjaC$njCRN j@�j C03NjC8w j@3 ,�nc�I

\n�NjCjC3c R8 CNj3a3cjY H�cj. �N0 NRj �00a3cc30 CN Rna U�U3a. 3cjCL�j3 j@3 R$c3aq30 0�j� 8nN,jCRN�Ic ncCN<

�UUaRUaC�j3 cj�jCcjC,�I L3j@R0c )ЎЋ. ЋЙ. Й*Y

ЕЎ



+@�Uj3a Е

b3NcCjCqCjw �N�IwcCc ncCN< $C�c 8nN,jCRNc 8Ra cjn0C3c 3uj3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30

jaC�I jR � j�a<3j URUnI�jCRN

i@3 0CcjaC$njCRN R8 3{3,j LR0C~3ac �LRN< a�N0RLCy30 CN0CqC0n�Ic CN ,ICNC,�I jaC�Ic Cc R8j3N 0C{3a3Nj 8aRL

j@�j R8 CN0CqC0n�Ic c33N CN ,ICNC,�I Ua�,jC,3d ,RNc3\n3NjIw. �q3a�<3 ja3�jL3Nj 3{3,jc 3cjCL�j30 CN ,ICNC,�I

jaC�Ic 0R NRj 0Ca3,jIw �UUIw jR j�a<3j URUnI�jCRNc $3wRN0 j@3 URUnI�jCRN a3Ua3c3Nj30 $w j@3 a�N0RLCy30 CNA

0CqC0n�Ic )οз*Y K3j@R0c 8Ra 3uj3N0CN< VȒ<3N3a�ICyCN<ȓ Ra Ȓja�NcURajCN<ȓ )ЙЋ*W ,�nc�I CN83a3N,3c 8aRL �

a�N0RLCy30 jaC�I jR � j�a<3j URUnI�jCRN a3\nCa3. CN cRL3 8RaL Ra �NRj@3a. Ȓ<3N3a�ICy�$CICjwȓ Ra Ȓ3u,@�N<3A

�$CICjwȓ �ccnLUjCRNc. s@C,@ cj�j3 j@�j a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic �a3 3u,@�N<3�$I3 ,RNA

0CjCRN�I RN $�c3ICN3 ,Rq�aC�j3c )Ϻз. ϺзЙ. ϺЋ. ϺЎ*Y i@3c3 �ccnLUjCRNc �a3 L�03 RN j@3 $�cCc R8 $�,G<aRnN0

GNRsI30<3. s@C,@ Cc R8j3N nN,3aj�CN Ra ,RNjaRq3acC�IY i@nc. CNq3cjC<�jRac CNj3a3cj30 CN 3uj3N0CN< CN83a3N,3c

$3wRN0 j@3 URUnI�jCRN R8 a�N0RLCy30 CN0CqC0n�Ic N330 jR ,RN0n,j c3NcCjCqCjw �N�Iwc3c jR 3u�LCN3 @Rs URA

j3NjC�I qCRI�jCRNc R8 j@3 �ccnLUjCRNc sRnI0 �{3,j j@3Ca ~N0CN<cY

i@3 ICj3a�jna3 RN c3NcCjCqCjw �N�IwcCc 8Ra nNL3�cna30 ,RN8RnN0CN< CN R$c3aq�jCRN�I cjn0C3c Ra 8Ra j@3

a3I�j30 UaR$I3L R8 0�j� LCccCN< NRjA�jAa�N0RL Cc q3aw 3uj3NcCq3 Vcj�ajCN< sCj@ )ϺϺ* �N0 3uU�N030 CN q�aCRnc

s�wc. 3Y<Y. )ЋϮ. ЋЎ. Еο*WY BN j@3 ,RNj3uj R8 �N�Iwc3c 3uj3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR � j�a<3j

URUnI�jCRN. @Rs3q3a. j@3 RNIw UaRURc�I 8Ra c3NcCjCqCjw �N�IwcCc L3j@R0c j@�j s3 �a3 �s�a3 R8 Cc j@3 sRaG

R8 M<nw3N 3j �IY )χЙ. χϺ*Y i@3Ca �UUaR�,@ ,�N $3 nc38nI s@3N $�,G<aRnN0 GNRsI30<3 Cc cjaRN< 3NRn<@ jR

cn<<3cj j@�j � cCN<I3 q�aC�$I3 j@�j sRnI0 a3N03a a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic 3u,@�N<3�$I3

@�c $33N L3�cna30 �LRN< j@3 8RaL3a $nj NRj �LRN< j@3 I�jj3aY i@3Ca �UUaR�,@ Cc I3cc nc38nI. @Rs3q3a. CN

j@3 LRa3 jwUC,�I ,�c3 s@3a3 qCRI�jCRNc R8 j@3 3u,@�N<3�$CICjw �ccnLUjCRNc �a3 0n3 jR @C<@ 0CL3NcCRN�I

nNGNRsN Ra nNL3�cna30 q�aC�$I3cY

BN j@Cc U�U3a. s3 UaRURc3 L3j@R0c 8Ra c3NcCjCqCjw �N�IwcCc j@�j 0R NRj a3\nCa3 03j�CI30 $�,G<aRnN0 GNRsIA

30<3 �$Rnj Ra L3�cna3L3Nj R8 cU3,C~, 3{3,j LR0C~3ac Ra 03j3aLCN�Njc R8 j@3 Rnj,RL3Y BNcj3�0. Rna L3j@A

R0c U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN ncCN< $C�c 8nN,jCRNc 3uUa3cc30 CN j3aLc R8

0C{3a3N,3c $3js33N j@3 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 L3�Nc R8 a�N0RLCy30 �N0 NRNAa�N0RLCy30 CNA

ЕЋ



0CqC0n�IcY

iR CIIncja�j3 j@3 L3j@R0c. s3 j�G3 �0q�Nj�<3 R8 0�j� 8aRL jsR ,3Nj3ac U�ajC,CU�jCN< CN j@3 ?�HiA+ jaC�I

,RLU�aCN< U3<CNj3a83aRN �I8�AЙ� ja3�jL3Nj q3acnc NR ja3�jL3Nj 8Ra U�jC3Njc sCj@ ,@aRNC, @3U�jCjCc + CN83,A

jCRNY r3 ja3�j RN3 R8 j@3 ,3Nj3ac �c j@3 ȒCN03u ,3Nj3aȓ �N0 j@3 Rj@3a �c j@3 Ȓj�a<3j ,3Nj3a.ȓ j@3 I�jj3a UaRqC0A

CN< � c�LUI3 R8 CN0CqC0n�Ic 8aRL � URUnI�jCRN 0C{3a3Nj 8aRL j@3 CN03u ,3Nj3a Vc33 )οχ* 8Ra � cCLCI�a c3jnUWY

Qna <R�I Cc jR ja�NcURaj ,�nc�I CN83a3N,3c 8aRL j@3 CN03u ,3Nj3a jR j@3 URUnI�jCRN a3Ua3c3Nj30 $w j@3 j�a<3j

,3Nj3a nN03a � L3�N 3u,@�N<3�$CICjw �ccnLUjCRN. �N0 jR UaRURc3 L3j@R0c 8Ra c3NcCjCqCjw �N�IwcCc s@3N j@3

�ccnLUjCRN 0R3c NRj @RI0Y #3,�nc3 $Rj@ ,3Nj3ac s3a3 �,jn�IIw U�ajC,CU�jCN< CN j@3 c�L3 jaC�I. �N0 ja3�jL3Nj

�N0 Rnj,RL3 0�j� �a3 �q�CI�$I3 8aRL $Rj@. s3 @�q3 j@3 �$CICjw jR ,RLU�a3 j@3 3cjCL�j3c 8aRL Rna ja�NcA

URaj�$CICjw �N0 c3NcCjCqCjw �N�Iwc3c �<�CNcj j@3 a�N0RLCy�jCRNA$�c30 �N�Iwc3c CN j@3 j�a<3j ,3Nj3aY i@3 0�j�

cjan,jna3 CN Rna �UUIC,�jCRN Cc j@3 c�L3 �c CN �Nw NRNAN3cj30 jaC�I 03cC<N. s@3a3 � ,ICNC,�I jaC�I 0�j�c3j Cc

,RL$CN30 sCj@ � c3U�a�j3Iw R$j�CN30 c�LUI3 8aRL � URUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�IcY BN j@3 �UA

U3N0Cu. s3 c@Rs @Rs Rna L3j@R0c ,�N $3 3uj3N030 jR N3cj30 jaC�I 03cC<Nc. CN s@C,@ j@3 a�N0RLCy30 jaC�I Cc

N3cj30 sCj@CN � ,R@Raj c�LUI30 8aRL j@3 j�a<3j URUnI�jCRN )ϺЋ*Y

ЕYϺ 2ЬАζϩβϔϩό ϔϩυζЁζϩΫζЅ Аϱ Ξ АΞЁόζА ϿϱϿЛϣΞАϔϱϩ

+RNcC03a � NRNAN3cj30 jaC�I 03cC<N. ,RNcCcjCN< R8 � a�N0RLCy30 jaC�I �N0 � cCLUI3 a�N0RL c�LUI3 R8 NRNA

a�N0RLCy30 CN0CqC0n�Ic 8aRL j@3 j�a<3j URUnI�jCRN )ϺЎ*Y i@3 0�j� 8aRL j@Cc 03cC<N ,RNcCcj R8 CN03U3N03Nj

R$c3aq�jCRNc RN $�c3ICN3 ,Rq�aC�j3c. Xd jCL3A~u30 VNRNAjCL3Aq�awCN<W ja3�jL3Njc. Ad j@3 Rnj,RL3. Yd �N0 �

jaC�I U�ajC,CU�jCRN CN0C,�jRa. S VϺ 8Ra a�N0RLCy30 Ra з 8Ra NRNAa�N0RLCy30 CN0CqC0n�IcWY i@3 0�j� 3u@C$Cj

� cU3,C�I LCccCN<N3cc U�jj3aN- 8Ra a�N0RLCy30 CN0CqC0n�Ic s3 @�q3 0�j� RN (S = 1,X,A,Y); 8Ra NRNA

a�N0RLCy30 CN0CqC0n�Ic s3 RNIw @�q3 0�j� RN (S = 0,X) )ϺЋ. ϺЎ*Y

H3j Ya $3 j@3 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 nN03a CNj3aq3NjCRN jR c3j ja3�jL3Nj jR a )ϮϺ. οЙ*Y r3

RNIw ,RNcC03a $CN�aw ja3�jL3Njc. cn,@ j@�j a ∈ {0, 1}d 3uj3NcCRNc jR LnIjCq�In30 ja3�jL3Njc �a3 cja�C<@jA

8Ras�a0Y BN j@3 L�CN j3uj R8 j@Cc U�U3a. j@3 ,�nc�I ,RNja�cj R8 CNj3a3cj Cc j@3 �q3a�<3 ja3�jL3Nj 3{3,j CN j@3

cn$c3j R8 NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 j�a<3j URUnI�jCRN. 2[Y1−Y0|S = 0], s@C,@ Cc C03NjC~�$I3 $Rj@

CN NRNAN3cj30 �N0 N3cj30 jaC�I 03cC<NcY BN <3N3a�I. j@Cc ja3�jL3Nj 3{3,j Cc NRj 3\n�I jR j@3 ja3�jL3Nj 3{3,j

�LRN< a�N0RLCy30 CN0CqC0n�Ic. 2[Y1 − Y0|S = 0] ̸= 2[Y1 − Y0|S = 1]Y BN N3cj30 jaC�I 03cC<Nc. s3 ,�N

�IcR C03NjC8w j@3 �q3a�<3 ja3�jL3Nj 3{3,j CN j@3 Rq3a�II j�a<3j URUnI�jCRN. 2[Y1 − Y0] )ϺЋ* VCY3Y. NRj Encj j@3

Еο



NRNAa�N0RLCy30 cn$AURUnI�jCRNWY BN j@3 L�CN j3uj R8 j@Cc U�U3a. s3 8R,nc RN C03NjC~,�jCRN. 3cjCL�jCRN. �N0

c3NcCjCqCjw �N�IwcCc L3j@R0c 8Ra 2[Y1 − Y0|S = 0] $3,�nc3 Rna LRjCq�jCN< �UUIC,�jCRN RNIw �IIRsc C03NjCA

~,�jCRN R8 j@�j ,�nc�I 3{3,j )ϺЎ*d CN j@3 �UU3N0Cu s3 UaRURc3 c3NcCjCqCjw �N�IwcCc L3j@R0c 8Ra cjn0C3c j@�j

�CL jR 0a�s ,�nc�I CN83a3N,3c �$Rnj 2[Y1 − Y0] )ϺЋ*Y

ЕYϺYϺ BβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

r3 NRs 0Cc,ncc cn|,C3Nj ,RN0CjCRNc 8Ra C03NjC8wCN< j@3 URj3NjC�I Rnj,RL3 L3�Nc �LRN< NRNAa�N0RLCy30

CN0CqC0n�Ic. 2[Ya|S = 0]Y i@3c3 L3�Nc �a3 R8 CN@3a3Nj c,C3NjC~, CNj3a3cj �N0 ,�N �IcR $3 nc30 jR C03NjC8w

j@3 ,�nc�I ,RNja�cj R8 CNj3a3cj. $3,�nc3 2[Y1 − Y0|S = 0] = 2[Y1|S = 0]− 2[Y0|S = 0]Y

VBW +RNcCcj3N,w- i@3 R$c3aq30 Rnj,RL3 8Ra j@3 ij@ CN0CqC0n�I s@R a3,3Cq30 ja3�jL3Nj a 3\n�Ic j@�j CN0CA

qC0n�Iȕc ,RnNj3a8�,jn�I Rnj,RL3 nN03a j@3 c�L3 ja3�jL3Nj. j@�j Cc. C8 Ai = a, j@3N Yi = Yai . BLUIC,Cj CN

j@Cc NRj�jCRN Cc j@3 �ccnLUjCRN j@�j j@3 CNqCj�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN 0R NRj �8A

83,j j@3 Rnj,RL3 3u,3Uj j@aRn<@ ja3�jL3Nj �ccC<NL3NjY BN 3{3,j. s3 �a3 L�GCN< �N 3u,IncCRN a3cjaC,jCRN

�ccnLUjCRN R8 NR 0Ca3,j 3{3,j R8 jaC�I U�ajC,CU�jCRN RN j@3 Rnj,RL3. cn,@ j@�j URj3NjC�I Rnj,RL3c N330 RNIw

$3 CN03u30 $w ja3�jL3Nj a. NRj jaC�I U�ajC,CU�jCRN sY

VBBW K3�N 3u,@�N<3�$CICjw CN j@3 jaC�I VRq3a AW- �LRN< a�N0RLCy30 CN0CqC0n�Ic. j@3 URj3NjC�I Rnj,RL3

L3�N nN03a ja3�jL3Nj a Cc CN03U3N03Nj R8 ja3�jL3Nj. ,RN0CjCRN�I RN $�c3ICN3 ,Rq�aC�j3c. 2[Ya|X,S =

1,A = a] = 2[Ya|X,S = 1].

VBBBW TRcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj- BN j@3 jaC�I. j@3 UaR$�$CICjw R8 $3CN< �ccC<N30 jR 3�,@ ja3�jL3Nj.

,RN0CjCRN�I RN j@3 ,Rq�aC�j3c N33030 8Ra 3u,@�N<3�$CICjw. Cc URcCjCq3- Pr[A = a|X = x,S = 1] > 0 8Ra

3q3aw a �N0 3q3aw x sCj@ URcCjCq3 03NcCjw �LRN< a�N0RLCy30 CN0CqC0n�Ic. f(x|S = 1) > 0Y

VBpW K3�N ja�NcURaj�$CICjw V3u,@�N<3�$CICjw Rq3a bW- i@3 URj3NjC�I Rnj,RL3 L3�N Cc CN03U3N03Nj R8 jaC�I

U�ajC,CU�jCRN. ,RN0CjCRN�I RN $�c3ICN3 ,Rq�aC�j3c. 2[Ya|X,S = 1] = 2[Ya|X,S = 0] VUaRqC030 j@3 ,RN0CA

jCRN�I 3uU3,j�jCRNc �a3 s3IIA03~N30WY 7Ra $CN�aw S. j@Cc �ccnLUjCRN Cc 3\nCq�I3Nj jR j@3 L3�N <3N3a�ICy�$CIA

Cjw �ccnLUjCRN 2[Ya|X,S = 1] = 2[Ya|X].

VpW TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN- i@3 UaR$�$CICjw R8 U�ajC,CU�jCN< CN j@3 jaC�I. ,RN0CjCRN�I RN j@3 ,Rq�aCA

�j3c N33030 jR 3Ncna3 ,RN0CjCRN�I L3�N ja�NcURaj�$CICjw. Cc URcCjCq3. Pr[S = 1|X = x] > 0 8Ra 3q3aw x sCj@

URcCjCq3 03NcCjw �LRN< j@3 NRNAa�N0RLCy30 CN0CqC0n�Ic. fX(x|S = 0) > 0.

MRj3 j@�j s3 @�q3 nc30 X <3N3aC,�IIw jR 03NRj3 $�c3ICN3 ,Rq�aC�j3cY Bj Cc URccC$I3. @Rs3q3a. j@�j cjaC,j

ЕϮ



cn$c3jc R8 X �a3 �03\n�j3 jR c�jCc8w 3�,@ 3u,@�N<3�$CICjw ,RN0CjCRNY 7Ra 3u�LUI3. CN � L�a<CN�IIw a�N0RLA

Cy30 jaC�I. j@3 L3�N 3u,@�N<3�$CICjw �LRN< jaC�I U�ajC,CU�Njc @RI0c nN,RN0CjCRN�IIwY

+RNcCcj3N,w. L3�N 3u,@�N<3�$CICjw. �N0 URcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj �a3 3uU3,j30 jR @RI0 CN

VL�a<CN�IIw Ra ,RN0CjCRN�IIwW a�N0RLCy30 ,ICNC,�I jaC�Ic R8 s3IIA03~N30 CNj3aq3NjCRNcY BN Ra03a jR 8R,nc

Rna �jj3NjCRN RN Cccn3c a3I�j30 jR c3I3,jCq3 jaC�I U�ajC,CU�jCRN. s3 �ccnL3 ,RLUI3j3 �0@3a3N,3 jR ja3�jL3Nj

�ccC<NL3Nj �N0 NR IRcc jR 8RIIRsAnU CN j@3 jaC�IY

K3�N ja�NcURaj�$CICjw �N0 URcCjCqCjw R8 jaC�I U�ajC,CU�jCRN �a3 j@3 �ccnLUjCRNc j@�j �IIRs nc jR 3uj3N0

,�nc�I CN83a3N,3c $3wRN0 j@3 a�N0RLCy30 jaC�IY TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN Cc. CN UaCN,CUI3. j3cj�$I3 )ЎϺ*Y

BN ,RNja�cj. j@3 L3�N ja�NcURaj�$CICjw ,RN0CjCRN Cc NRj j3cj�$I3 ncCN< j@3 R$c3aq30 0�j�d CN L�Nw �UUIC,�A

jCRNc. Cj Cc � ,RNjaRq3acC�I Ra nN,3aj�CN �ccnLUjCRNY

ЕYϺYЙ BβζϩАϔυϔΫΞАϔϱϩ ϱυ ϿϱАζϩАϔΞϣ ϱЛАΫϱϨζ ϨζΞϩЅ

i@3 ,RN0CjCRNc ICcj30 �$Rq3 �a3 cn|,C3Nj jR C03NjC8w j@3 ,RN0CjCRN�I URj3NjC�I Rnj,RL3 L3�N CN j@3 URUnI�A

jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic ncCN< RNIw j@3 R$c3aq30 0�j� )ϺЎ*.

2[Ya|S = 0] = 2
[
2[Y|X,S = 1,A = a]

∣∣S = 0
]
. VЕYϺW

BN Rj@3a sRa0c. UaRqC030 j@�j C03NjC~�$CICjw ,RN0CjCRNc B j@aRn<@ p @RI0. j@3 R$c3aq30 0�j� 8nN,jCRN�I.

2
[

2[Y|X,S = 1,A = a]
∣∣S = 0

]
, ,�N $3 CNj3aUa3j30 �c j@3 URj3NjC�I Rnj,RL3 L3�N @�0 NRNAa�N0RLCy30

CN0CqC0n�Ic a3,3Cq30 ja3�jL3Nj aY i@Cc 8nN,jCRN�I ,�N $3 a3A3uUa3cc30 ncCN< CNq3ac3 R00c VBQW R8 U�ajC,CU�A

jCRN s3C<@jCN< )ϺЎ*.

2
[
2[Y|X,S = 1,A = a]

∣∣S = 0
]
=

1
Pr[S = 0]

2
[
I(S = 1,A = a)YPr[S = 0|X]
Pr[S = 1|X]Pr[A = a|X,S = 1]

]
, VЕYЙW

s@3a3 I(·) 03NRj3c j@3 CN0C,�jRa 8nN,jCRNY 7naj@3aLRa3. nN03a j@3 URcCjCqCjw ,RN0CjCRNc.

Pr[S = 0] = 2
[

I(S = 1,A = a)Pr[S = 0|X]
Pr[S = 1|X]Pr[A = a|X,S = 1]

]
, VЕYЕW

s@C,@ sCII $3 nc38nI CN 03aCqCN< 3cjCL�jRac 8Ra j@3 8nN,jCRN�IY MRj3 j@�j CN NRNAN3cj30 03cC<Nc. 3uU3,j�jCRNc

�N0 UaR$�$CICjC3c �a3 sCj@ a3cU3,j jR j@3 0CcjaC$njCRN CN0n,30 $w j@3 cjn0w 03cC<N )ϊ. Ў*Y

ϊз



ЕYϺYЕ 2ЅАϔϨΞАϔϱϩ Ξϩβ ϔϩυζЁζϩΫζ

2ЅАϔϨΞАϔϱϩ

r3 $aC3�w a3qC3s )ϺЎ* 3cjCL�jRac R8 URj3NjC�I Rnj,RL3 L3�Nc �N0 ja3�jL3Nj 3{3,jc CN j@3 URUnI�jCRN R8

NRNAa�N0RLCy30 CN0CqC0n�IcY �II 3cjCL�jRac nc3 0�j� RN Oi. i = 1, . . . ,n. s@3a3 n Cc j@3 jRj�I NnL$3a R8

a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic ,RNjaC$njCN< 0�j� jR j@3 �N�IwcCc. �N0

O =

⎧
⎪⎪⎨

⎪⎪⎩

(X,S = 1,A,Y). 8Ra a�N0RLCy30 CN0CqC0n�Icd

(X,S = 0). 8Ra NRNAa�N0RLCy30 CN0CqC0n�IcY

TRj3NjC�I Rnj,RL3 L3�Nc- r3 ,�N 3cjCL�j3 URj3NjC�I Rnj,RL3 L3�Nc ncCN< 3cjCL�jRac j@�j a3Iw RN

LR03ICN< j@3 Rnj,RL3 L3�N. j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN. Ra $Rj@Y

Qnj,RL3 LR03IA$�c30 V<A8RaLnI�W 3cjCL�jRa- r3 ,�N nc3 j@3 c�LUI3 �N�IR< 3cjCL�jRa $�c30 RN VЕYϺW-

μ̂QK(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

(1− Si)ĝa(Xi), VЕYϊW

s@3a3 ĝa(X) Cc �N 3cjCL�jRa 8Ra 2[Y|X,S = 1,A = a]Y BN �UUIC30 �N�Iwc3c. Cj Cc CLURccC$I3 jR NRNU�a�A

L3jaC,�IIw 3cjCL�j3 j@Cc ,RN0CjCRN�I L3�N $3,�nc3 R8 j@3 ,nac3 R8 0CL3NcCRN�ICjw )ЋЕ*. �N0 s3 N330 jR L�G3

LR03ICN< �ccnLUjCRNcY iwUC,�IIw. s3 URcCj � U�a�L3jaC, LR03I ga(X; θ). sCj@ ~NCj3 0CL3NcCRN�I U�a�L3j3a

θY r@3N ncCN< cn,@ � LR03I. j@3 q�IC0Cjw R8 j@3 <A8RaLnI� 3cjCL�jRa 03U3N0c RN ,Raa3,j LR03I cU3,C~,�A

jCRN. CN �00CjCRN jR j@3 C03NjC~�$CICjw ,RN0CjCRNcY

BQ s3C<@jCN<- mcCN< VЕYЙW. s3 ,�N R$j�CN �N BQ s3C<@jCN< 3cjCL�jRa.

μ̂BQrϺ(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

ŵa(Xi,Si,Ai)Yi, VЕYχW

s@3a3

ŵa(Xi,Si,Ai) = I(Si = 1,Ai = a)
1− p̂(Xi)

p̂(Xi)êa(Xi)
,

p̂(X) Cc �N 3cjCL�jRa 8Ra Pr[S = 1|X]. �N0 êa(X) Cc �N 3cjCL�jRa 8Ra Pr[A = a|X,S = 1]Y �Ij3aN�jCq3Iw.

ϊϺ



,RL$CNCN< VЕYЙW �N0 VЕYЕW. s3 ,�N NRaL�ICy3 j@3 s3C<@jc jR cnL jR Ϻ.

μ̂BQrЙ(a) =

{
n∑

i=1

ŵa(Xi,Si,Ai)

}−1 n∑

i=1

ŵa(Xi,Si,Ai)Yi. VЕYЎW

�c 8Ra j@3 Rnj,RL3 LR03IA$�c30 3cjCL�jRa. CN �UUIC,�jCRNc. Cj Cc CLURccC$I3 jR NRNU�a�L3jaC,�IIw 3cjCL�j3

j@3 ,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN Pr[S = 1|X] �N0 s3 @�q3 jR L�G3 LR03ICN< �ccnLUjCRNcY

iwUC,�IIw. s3 URcCj � U�a�L3jaC, LR03I p(X;β) 8Ra Pr[S = 1|X]. sCj@ ~NCj3A0CL3NcCRN�I U�a�L3j3a βY

r@3N ncCN< cn,@ � LR03I. j@3 q�IC0Cjw R8 j@3 BQ s3C<@jCN< 3cjCL�jRac 03U3N0c RN ,Raa3,j LR03I cU3,C~A

,�jCRN. CN �00CjCRN jR j@3 C03NjC~�$CICjw ,RN0CjCRNcY i@3 ,RN0CjCRN�I UaR$�$CICjw R8 ja3�jL3Nj �LRN< a�NA

0RLCy30 CN0CqC0n�Ic Pr[A = a|X,S = 1] Cc GNRsN �N0 0R3c NRj @�q3 jR $3 3cjCL�j30d CN j@3 Ua3c3N,3 R8

$�c3ICN3 ,Rq�aC�j3 CL$�I�N,3c $3js33N j@3 a�N0RLCy30 <aRnUc. @Rs3q3a. Cj Cc nc38nI jR 3cjCL�j3 Cj ncCN< �

U�a�L3jaC, LR03I. c�w. ea(X; γ). sCj@ ~NCj3A0CL3NcCRN�I U�a�L3j3a γ )ЋЋ. Ћϊ. ЙЕ. ϊϺ. Ϻзϊ*Y

�n<L3Nj30 BQ s3C<@jCN<- iR CLUaRq3 j@3 3|,C3N,w R8 j@3 BQ s3C<@jCN< 3cjCL�jRa �N0 <�CN aR$ncjN3cc jR

LCccU3,C~,�jCRN R8 j@3 LR03Ic 8Ra j@3 ,RN0CjCRN�I Rnj,RL3 L3�N Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN.

s3 ,�N nc3 j@3 �n<L3Nj30 V0Rn$Iw aR$ncjW BQ s3C<@jCN< 3cjCL�jRa

μ̂�BQrϺ(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

{
ŵa(Xi,Si,Ai)

{
Yi − ĝa(Xi)

}
+ (1− Si)ĝa(Xi)

}
. VЕYЋW

�<�CN. NRaL�ICyCN< j@3 s3C<@jc jR cnL jR Ϻ.

μ̂�BQrЙ(a) =

{
n∑

i=1

ŵa(Xi,Si,Ai)

}−1 n∑

i=1

ŵa(Xi,Si,Ai)
{
Yi − ĝa(Xi)

}

+

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

(1− Si)ĝa(Xi).

VЕYοW

i@3c3 jsR 3cjCL�jRac �a3 Ȓ0Rn$Iw aR$ncjȓ CN j@3 c3Nc3 j@�j j@3w UaR0n,3 q�IC0 a3cnIjc s@3N 3Cj@3a j@3

LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN Ra j@3 LR03I 8Ra j@3 ,RN0CjCRN�I Rnj,RL3 L3�N �LRN< a�NA

0RLCy30 CN0CqC0n�Ic Cc ,Raa3,jIw cU3,C~30Y

ia3�jL3Nj 3{3,jc- r3 ,�N nc3 j@3 URj3NjC�I Rnj,RL3 L3�N 3cjCL�jRac jR 3cjCL�j3 j@3 �q3a�<3 ja3�jL3Nj

3{3,j CN j@3 j�a<3j URUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic. 2[Y1 − Y0|S = 0]. $w 0C{3a3N,CN<Y 7Ra

CNcj�N,3. s3 ,�N 3cjCL�j3 j@3 �q3a�<3 ja3�jL3Nj 3{3,j ncCN< j@3 �n<L3Nj30 BQ s3C<@jCN< 3cjCL�jRa sCj@

ϊЙ



NRaL�ICy30 s3C<@jc �c μ̂�BQrЙ(1)− μ̂�BQrЙ(0).

BϩυζЁζϩΫζ

+RN~03N,3 CNj3aq�Ic 8Ra j@3 3cjCL�j30 URj3NjC�I Rnj,RL3 L3�Nc �N0 L3�N 0C{3a3N,3c ,�N $3 R$j�CN30 $w

j@3 ncn�I Ȓc�N0sC,@ȓ �UUaR�,@ )ϮЕ* Ra $w $RRjcja�U L3j@R0c )Йз*Y #Rj@ �UUaR�,@3c ,�N �,,RnNj 8Ra nN,3aA

j�CNjw CN 3cjCL�jCN< j@3 U�a�L3j3ac R8 j@3 LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN Ra j@3 LR03I 8Ra

j@3 Rnj,RL3 L3�NY

ЕYЙ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ υϱЁ ЦϔϱϣΞАϔϱϩЅ ϱυ Аϑζ АЁΞϩЅϿϱЁАΞΪϔϣϔАЭ ΞЅЅЛϨϿАϔϱϩ

ЕYЙYϺ pϔϱϣΞАϔϱϩЅ ϱυ Аϑζ АЁΞϩЅϿϱЁАΞΪϔϣϔАЭ ΞЅЅЛϨϿАϔϱϩ

i@3 q�IC0Cjw R8 �II j@3 3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRN 03U3N0c ,aCjC,�IIw RN j@3 L3�N ja�NcURaj�$CICjw �cA

cnLUjCRNY BN LRcj �UUIC,�jCRNc. @Rs3q3a. Cj Cc nNICG3Iw j@�j s3 GNRs Ra ,�N L3�cna3 3NRn<@ $�c3ICN3 q�aCA

�$I3c jR 3Ncna3 j@�j j@3 �ccnLUjCRN @RI0cY i@nc. s3 N330 jR ,RNcC03a j@3 CLU�,j R8 �ccnLUjCRN qCRI�jCRNc.

s@3N

2[Ya|X,S = 1] ̸= 2[Ya|X,S = 0].

i@3 L�<NCjn03 R8 j@3 qCRI�jCRNc. j@�j Cc. j@3 L�<NCjn03 R8 j@3 0C{3a3N,3 $3js33N j@3 ,RN0CjCRN�I URj3NjC�I

Rnj,RL3 L3�Nc 2[Ya|X,S = 1] �N0 2[Ya|X,S = 0]. 03j3aLCN3c j@3 �LRnNj R8 $C�cY #3,�nc3 j@Cc L�<A

NCjn03 ,�NNRj $3 �cc3cc30 ncCN< j@3 0�j�. s3 N330 jR ,RN0n,j c3NcCjCqCjw �N�Iwc3c jR 3u�LCN3 j@3 CLU�,j R8

qCRI�jCRNc R8 j@3 ,RN0CjCRN �{3,j RN Rna a3cnIjc )ЋЎ*Y

ЕYЙYЙ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ЧϔАϑ ΪϔΞЅ υЛϩΫАϔϱϩЅ

#ϔΞЅ υЛϩΫАϔϱϩЅ

7RIIRsCN< UaCRa sRaG RN c3NcCjCqCjw �N�IwcCc 8Ra L�a<CN�I cjan,jna�I ,�nc�I LR03Ic )ЋЎ. Ћ. ЎϮ*. s3 U�a�LA

3j3aCy3 qCRI�jCRNc R8 j@3 L3�N ja�NcURaj�$CICjw ,RN0CjCRN ncCN< � Ȓ$C�c 8nN,jCRNȓ 8Ra 3�,@ ja3�jL3Nj a. 03A

~N30 �c

u(a,X) ≡ 2[Ya|X,S = 1]− 2[Ya|X,S = 0]. VЕYϮW

ϊЕ



BNjnCjCq3Iw. u(a,X) 3uUa3cc3c qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN 8Ra 3�,@ ja3�jL3Nj a �c � 8nN,A

jCRN R8 j@3 URj3NjC�I Rnj,RL3 L3�Nc $3js33N a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic. sCj@CN cja�j� R8

L3�cna30 ,Rq�aC�j3c XY

T�a�L3j3aCyCN< j@3 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN �IIRsc nc jR a3A3uUa3cc j@3 ,RN0CjCRN�I

URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a �LRN< NRNAa�N0RLCy30 CN0CqC0n�IcY 7Cacj. $w a3A�aa�N<CN< j@3

03~NCjCRN CN VЕYϮW. s3 R$j�CN 2[Ya|X,S = 0] = 2[Ya|X,S = 1] − u(a,X). M3uj. nN03a ,RNcCcj3N,w

V,RN0CjCRN BW. 3u,@�N<3�$CICjw R8 j@3 ja3�j30 �N0 nNja3�j30 <aRnUc CN j@3 jaC�I V,RN0CjCRN BBW. �N0 URcCjCqCjw

R8 ja3�jL3Nj �ccC<NL3Nj CN j@3 jaC�I V,RN0CjCRN BBBW. s3 @�q3 j@�j 2[Ya|X,S = 1] = 2[Y|X,S = 1,A = a].

TnjjCN< 3q3awj@CN< jR<3j@3a.

2[Ya|X,S = 0] = 2[Y|X,S = 1,A = a]− u(a,X). VЕYϺзW

mcCN< j@3 I�s R8 Cj3a�j30 3uU3,j�jCRN �N0 VЕYϺзW.

2[Ya|S = 0] = 2
[
2[Ya|X,S = 0]

∣∣S = 0
]

= 2
[
2[Y|X,S = 1,A = a]− u(a,X)

∣∣S = 0
]

= 2
[
2[Y|X,S = 1,A = a]

∣∣S = 0
]
− 2

[
u(a,X)|S = 0

]
,

VЕYϺϺW

s@3a3 j@3 ~acj j3aL CN j@3 I�cj 3uUa3ccCRN Cc C03NjC~�$I3 8aRL j@3 0�j�. a3<�a0I3cc R8 s@3j@3a j@3 ja�NcA

URaj�$CICjw ,RN0CjCRN @RI0c. �N0 j@3 c3,RN0 j3aL Cc �IcR C03NjC~�$I3 8Ra 3�,@ nc3aAcU3,C~30 u(a,X) 8nN,A

jCRNY

bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ

i@3 a3cnIj CN VЕYϺϺW cn<<3cjc cCLUI3 �UUaR�,@3c 8Ra c3NcCjCqCjw �N�IwcCc ncCN< j@3 URj3NjC�I Rnj,RL3 L3�N

3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRNY

Qnj,RL3 LR03IA$�c30 V<A8RaLnI�W 3cjCL�jRa- r3 ,�N LR0C8w j@3 Rnj,RL3 LR03IA$�c30 3cjCL�jRa jR 0CA

a3,jIw CN,RaURa�j3 j@3 $C�c ,Raa3,jCRN.

μ̂$,
QK(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

(1− Si)
{
ĝa(Xi)− u(a,Xi)

}
. VЕYϺЙW

ϊϊ



BQ s3C<@jCN<- bCLCI�aIw. s3 ,�N LR0C8w j@3 BQ s3C<@jCN< 3cjCL�jRac �c

μ̂$,
BQrϺ(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

{
ŵa(Xi,Si,Ai)Yi − (1− Si)u(a,Xi)

}
, VЕYϺЕW

Ra. NRaL�ICyCN< j@3 s3C<@jc jR cnL jR Ϻ.

μ̂$,
BQrЙ(a) =

{
n∑

i=1

ŵa(Xi,Si,Ai)

}−1 n∑

i=1

ŵa(Xi,Si,Ai)Yi

−
{

n∑

i=1

(1− Si)

}−1 n∑

i=1

(1− Si)u(a,Xi).

VЕYϺϊW

BN j@3 �UU3N0Cu. s3 c@Rs @Rs j@3 $C�c ,Raa3,jCRN 8Ra j@3 BQ s3C<@jCN< 3cjCL�jRac ,�N $3 3�cCIw CLUI3A

L3Nj30 ncCN< cj�N0�a0 a3<a3ccCRN cR8js�a3. $w cCLUIw a3A,R0CN< j@3 Rnj,RL3 q�In3c jR 0Ca3,jIw CN,RaURa�j3

j@3 $C�c ,Raa3,jCRN 8nN,jCRN u(a,X)Y

i@3 q�IC0Cjw R8 j@3 3cjCL�jRac CN 3\n�jCRNc VЕYϺЙW j@aRn<@ VЕYϺϊW 03U3N0c RN j@3 ,Raa3,j ,@RC,3 R8 j@3

$C�c 8nN,jCRNc u(a,X) �N0. s@3N a3IwCN< RN U�a�L3jaC, LR03Ic. j@3 ,Raa3,j cU3,C~,�jCRN R8 j@3 LR03Ic 8Ra

j@3 L3�N Rnj,RL3 �LRN< a�N0RLCy30 CN0CqC0n�Ic. ga(X; θ). Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN ,RNA

0CjCRN�I RN ,Rq�aC�j3c. p(X;β)Y #w ,Raa3,j cU3,C~,�jCRN s3 L3�N j@�j j@3 LR03Ic ga(X; θ) �N0 p(X;β)

c@RnI0 $3 <RR0 �UUaRuCL�jCRNc R8 j@3 ,Raa3cURN0CN< ,RN0CjCRN�I L3�NgUaR$�$CICjw 8nN,jCRNcY +Raa3,j

LR03I cU3,C~,�jCRN Cc 0CcjCN,j 8aRL j@3 L3�N ja�NcURaj�$CICjw ,RN0CjCRN- CN8RaL�IIw. ,Raa3,j LR03I cU3,A

C~,�jCRN �00a3cc3c 0C{3a3N,3c $3js33N a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic sCj@ a3cU3,j jR L3�A

cna30 q�aC�$I3cd j@3 $C�c 8nN,jCRNc �00a3cc a3cC0n�I 0C{3a3N,3c 0n3 jR nNL3�cna30 Ra nNGNRsN q�aC�$I3cY

�n<L3Nj30 BQ s3C<@jCN<- r3 ,�N CN,RaURa�j3 j@3 $C�c ,Raa3,jCRN 8nN,jCRNc CN j@3 �n<L3Nj30 BQ s3C<@jCN<

3cjCL�jRac.

μ̂$,
�BQrϺ(a) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

{
ŵa(Xi,Si,Ai)

{
Yi − ĝa(Xi)

}

+ (1− Si)
{
ĝa(Xi)− u(a,X)

}
}
,

VЕYϺχW

ϊχ



Ra. NRaL�ICyCN< j@3 s3C<@jc jR cnL jR Ϻ.

μ̂$,
�BQrЙ(a) =

⎧
⎨

⎩

n∑

i=1

ŵa(Xi,Si,Ai)

⎫
⎬

⎭

−1 n∑

i=1

ŵa(Xi,Si,Ai)
{
Yi − ĝa(Xi)

}

+

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

(1− Si)
{
ĝa(Xi)− u(a,Xi)

}
.

VЕYϺЎW

i@3c3 3cjCL�jRac a3j�CN j@3 0Rn$I3 aR$ncjN3cc UaRU3ajw R8 j@3Ca NRNA$C�c ,Raa3,j30 ,RnNj3aU�ajc. CN j@3

c3Nc3 j@�j. s@3N j@3 $C�c ,Raa3,jCRN 8nN,jCRN Cc ,Raa3,jIw cU3,C~30. j@3w UaR0n,3 q�IC0 a3cnIjc s@3N 3Cj@3a

j@3 LR03I R8 j@3 Rnj,RL3 L3�N �LRN< a�N0RLCy30 CN0CqC0n�Ic Ra j@3 LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I

U�ajC,CU�jCRN Cc ,Raa3,jIw cU3,C~30Y

b3NcCjCqCjw �N�IwcCc 8Ra ja3�jL3Nj 3{3,jc- �c s@3N j@3 ja�NcURaj�$CICjw ,RN0CjCRN @RI0c. s3 ,�N U3aA

8RaL c3NcCjCqCjw �N�IwcCc 8Ra ja3�jL3Nj 3{3,jc $w 0C{3a3N,CN< j@3 �UUaRUaC�j3 $C�cA,Raa3,j30 3cjCL�jRacY

BN83a3N,3 8Ra c3NcCjCqCjw �N�IwcCc- i@3 <3N3a�I j@3Raw CN )ЋЎ* c@Rsc j@�j q�IC0 ,RN~03N,3 CNj3aq�Ic

8Ra j@3 3cjCL�j30 $C�cA,Raa3,j30 URj3NjC�I Rnj,RL3 L3�Nc �N0 L3�N 0C{3a3N,3c ,�N �IcR $3 R$j�CN30 $w

Ȓc�N0sC,@ȓ Ra $RRjcja�U )Йз* L3j@R0c. s@CI3 �,,RnNjCN< 8Ra j@3 nN,3aj�CNjw CN 3cjCL�jCN< j@3 U�a�L3j3ac

R8 j@3 LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY

BN j@3 �UU3N0Cu s3 0Cc,ncc j@3 C03NjC~,�jCRN. 3cjCL�jCRN. �N0 c3NcCjCqCjw �N�IwcCc 8Ra URj3NjC�I Rnj,RL3

L3�Nc �N0 �q3a�<3 ja3�jL3Nj 3{3,jc CN j@3 Rq3a�II j�a<3j URUnI�jCRN VCY3Y. NRj Encj j@3 NRNAa�N0RLCy30 cn$A

c3j R8 j@3 URUnI�jCRNWY

ЕYЙYЕ +ϑϱϱЅϔϩό ΪϔΞЅ υЛϩΫАϔϱϩЅ ϔϩ ϿЁΞΫАϔΫζ

r3 ,�NNRj C03NjC8w j@3 $C�c 8nN,jCRNc u(a,X) ncCN< j@3 0�j�Y BNcj3�0. s3 ,�N nc3 0C{3a3Nj $C�c 8nN,jCRNc

jR ,RN0n,j c3NcCjCqCjw �N�Iwc3cY iR 03q3IRU cRL3 CNjnCjCRN �$Rnj j@3 ,@RC,3 R8 8nN,jCRNc. NRj3 j@�j u(a,X)

\n�NjC~3c j@3 03<a33 R8 c3I3,jCRN CNjR j@3 jaC�I RN j@3 $�cCc R8 URj3NjC�I Rnj,RL3 YaY 7Ra CNcj�N,3. cnUA

URc3 j@�j <a3�j3a Rnj,RL3 q�In3c �a3 Ua383aa30 V3Y<Y. j@3 Rnj,RL3 Cc � \n�ICjw R8 IC83 c,Ra3 sCj@ @C<@3a q�IA

n3c CN0C,�jCN< @C<@3a \n�ICjwWY B8 s3 $3IC3q3 j@�j a�N0RLCy30 CN0CqC0n�Ic @�q3 $3jj3a Rnj,RL3c j@�N NRNA

a�N0RLCy30 CN0CqC0n�Ic CN j@3 �$c3N,3 R8 ja3�jL3Nj. j@�j Cc. s3 $3IC3q3 j@�j 2[Y0|X,S = 1] > 2[Y0|X,S =

0]. j@3N s3 c@RnI0 c3I3,j u(0,X) > 0Y +RNq3ac3Iw. C8 s3 $3IC3q3 j@�j a�N0RLCy30 CN0CqC0n�Ic @�q3 sRac3

Rnj,RL3c j@�N NRNAa�N0RLCy30 CN0CqC0n�Ic CN j@3 �$c3N,3 R8 ja3�jL3Nj. j@�j Cc. s3 $3IC3q3 j@�j 2[Y0|X,S =

ϊЎ



1] < 2[Y0|X,S = 0]. j@3N s3 c@RnI0 c3I3,j u(0,X) < 0Y

MRs. 03~N3 j@3 0C{3a3N,3 R8 j@3 $C�c 8nN,jCRNc. δ(X).

δ(X) ≡ u(1,X)− u(0,X)

=
{

2[Y1|X,S = 1]− 2[Y1|X,S = 0]
}
−

{
2[Y0|X,S = 1]− 2[Y0|X,S = 0]

}

=
{

2[Y1|X,S = 1]− 2[Y0|X,S = 1]
}
−
{

2[Y1|X,S = 0]− 2[Y0|X,S = 0]
}

= 2[Y1 − Y0|X,S = 1]− 2[Y1 − Y0|X,S = 0].

i@Cc ,�I,nI�jCRN c@Rsc j@�j j@3 0C{3a3N,3 R8 j@3 $C�c 8nN,jCRNc 3\n�Ic j@3 0C{3a3N,3 R8 j@3 ,RN0CjCRN�I

�q3a�<3 ja3�jL3Nj 3{3,jc <Cq3N X �LRN< jaC�I U�ajC,CU�Njc �N0 NRNAU�ajC,CU�NjcY BN Rj@3a sRa0c. j@3 0C{3aA

3N,3 R8 j@3 $C�c 8nN,jCRNc a3�3,jc j@3 Ȓa3cC0n�I.ȓ nN3uUI�CN30 $w X. 3{3,j LR0C~,�jCRN Rq3a j@3 U�ajC,CU�A

jCRN CN0C,�jRaY

7Ra CNcj�N,3. cnUURc3. �c �$Rq3. j@�j <a3�j3a Rnj,RL3 q�In3c �a3 Ua383aa30 �N0 j@�j s3 $3IC3q3 j@�j δ(X) >

0. j@�j Cc. u(1,X) > u(0,X)Y i@Cc ,Raa3cURN0c jR � $3IC38 j@�j CN0CqC0n�Ic s@R ,@RRc3 jR U�ajC,CU�j3 CN j@3

jaC�I $3N3~j LRa3 VRa �a3 @�aL30 I3ccW 8aRL a = 1 j@�N a = 0. ,RLU�a30 jR CN0CqC0n�Ic s@R ,@RRc3 NRj

jR U�ajC,CU�j3Y � cCLCI�a �a<nL3Nj c@Rsc j@�j. s@3N @C<@3a q�In3c R8 j@3 Rnj,RL3 �a3 Ua383aa30. δ(X) < 0

L3�Nc j@�j CN0CqC0n�Ic s@R ,@RRc3 jR U�ajC,CU�j3 CN j@3 jaC�I $3N3~j I3cc VRa $3 @�aL30 LRa3W 8aRL a = 1

j@�N a = 0. ,RLU�a30 jR CN0CqC0n�Ic s@R ,@RRc3 NRj jR U�ajC,CU�j3Y BN j@3 cU3,C�I ,�c3 R8 δ(X) = 0.

j@3 ,RN0CjCRN�I �q3a�<3 ja3�jL3Nj 3{3,j �LRN< a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic Cc j@3 c�L3.

L3�NCN< j@�j jaC�I U�ajC,CU�Njc �a3 NRj c3I3,j30 $�c30 RN j@3 L�<NCjn03 R8 j@3 $3N3~j VRa @�aLW j@3w LC<@j

3uU3aC3N,3 8aRL ja3�jL3NjY

i@Cc CNj3aUa3j�jCRN R8 u(0,X) �N0 δ(X) cn<<3cjc � ,RNq3NC3Nj s�w jR U3a8RaL c3NcCjCqCjw �N�IwcCcY

7Ra cCLUIC,Cjw. s3 LC<@j nc3 8nN,jCRNc j@�j 0R NRj 03U3N0 RN ,Rq�aC�j3c. cn,@ j@�j u(0,X) ≡ u(0) �N0

δ(X) ≡ δY +I3�aIw. 3�,@ ,@RC,3 R8 � U�Ca R8 q�In3c 8Ra
(
u(0), δ

)
CLUIC3c � ,@RC,3 R8 u(1) = δ + u(0)Y i@3

c3NcCjCqCjw �N�IwcCc. j@3N. 3u�LCN3c j@3 CLU�,j R8 � cn|,C3NjIw 0Cq3ac3 c3j R8
(
u(0), δ

)
U�Cac RN CN83a3N,3c

�$Rnj URj3NjC�I Rnj,RL3 L3�Nc �N0 �q3a�<3 ja3�jL3Nj 3{3,jc. ncCN< j@3 3cjCL�jRac CN b3,jCRN ЕYЙYЙY

�a<n�$Iw. �IIRsCN< j@3 $C�c 8nN,jCRNc jR q�aw Rq3a $�c3ICN3 ,Rq�aC�j3c Cc LRa3 a3�ICcjC,Y r@3N cnUURaj30

$w $�,G<aRnN0 GNRsI30<3. j@3 nc3 R8 j@3 ,Rq�aC�j3A03U3N03Nj 8nN,jCRNc u(0,X) �N0 δ(X). ,Raa3cURN0CN<

jR � ,Rq�aC�j3A03U3N03Nj u(1,X). c@RnI0 a3cnIj CN LRa3 CN8RaL�jCq3 c3NcCjCqCjw �N�Iwc3cY r@3N $�,G<aRnN0

ϊЋ



GNRsI30<3 Cc NRj j@�j c@�aU. @Rs3q3a. j@3 cCLUI3 �UUaR�,@ R8 3u�LCNCN< U�Cac R8
(
u(0), δ

)
Rq3a � cn|A

,C3NjIw $aR�0 a�N<3 R8 q�In3c. L�w $3 �03\n�j3 jR 3uUIRa3 j@3 CLU�,j R8 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw

,RN0CjCRN RN <3N3a�ICy�$CICjw CN83a3N,3cY Q8 NRj3. j@3 0Rn$I3 aR$ncjN3cc UaRU3ajw @RI0c a3<�a0I3cc R8 j@3

03U3N03N,3 R8 j@3 $C�c 8nN,jCRNc RN ,Rq�aC�j3c. UaRqC030 3\n�jCRN VЕYϮW Cc c�jCc~30Y

ЕYЕ �ϿϿϣϔΫΞАϔϱϩ Аϱ Аϑζ ?�HiA+ АЁϔΞϣ

ЕYЕYϺ /ΞАΞ Ξϩβ ϨζАϑϱβЅ

iϑζ ?�HiA+ АЁϔΞϣ Ξϩβ АЁΞϩЅϿϱЁАΞΪϔϣϔАЭ ΪζАЧζζϩ ΫζϩАζЁЅ- i@3 ?�HiA+ jaC�I 3NaRII30 U�jC3Njc

sCj@ ,@aRNC, @3U�jCjCc + �N0 �0q�N,30 ~$aRcCc s@R @�0 NRj a3cURN030 jR Ua3qCRnc j@3a�Uw �N0 a�N0RLA

Cy30 j@3L jR ja3�jL3Nj sCj@ U3<CNj3a83aRN �IU@�AЙ� Va = 1W q3acnc NR ja3�jL3Nj Va = 0WY T�jC3Njc s3a3

3NaRII30 CN Ϻз a3c3�a,@ ,3Nj3ac �N0 8RIIRs30 nU 3q3aw Е LRNj@c �8j3a a�N0RLCy�jCRNY r3 nc30 0�j� RN j@3

c3,RN0�aw Rnj,RL3 R8 UI�j3I3j ,RnNj �j Ϯ LRNj@c R8 8RIIRsAnUd s3 a3URaj �II Rnj,RL3 L3�cna3L3Njc �c

UI�j3I3jc ×103/LIY iR cCLUIC8w 3uURcCjCRN. s3 RNIw nc30 0�j� 8aRL Йзχ U�jC3Njc VϺοЎ sCj@ ,RLUI3j3 0�j�

8Ra Rna �N�Iwc3cW c33N CN jsR 0C{3a3Nj a3c3�a,@ ,3Nj3ac s@R @�0 ,RLUI3j3 $�c3ICN3 ,Rq�aC�j3 �N0 Rnj,RL3

0�j�- j@3 CN03u ,3Nj3a. S = 1. ,RNjaC$njCN< Ϻзχ U�jC3Njc VϮϊ sCj@ ,RLUI3j3 0�j�Wd �N0 j@3 j�a<3j ,3Nj3a.

S = 0. ,RNjaC$njCN< Ϻзз U�jC3Njc VϮЙ sCj@ ,RLUI3j3 0�j�WY 7Ra UnaURc3c R8 CIIncja�jCRN. s3 ja3�j30 j@3

j�a<3j ,3Nj3a 0�j� �c � c�LUI3 8aRL � URUnI�jCRN R8 VjaC�IA3IC<C$I3W NRNAa�N0RLCy30 CN0CqC0n�IcY Qna <R�I

s�c jR ja�NcURaj ,�nc�I CN83a3N,3c 8aRL j@3 CN03u ,3Nj3a jR j@3 URUnI�jCRN a3Ua3c3Nj30 $w j@3 j�a<3j ,3NA

j3aY #3,�nc3 $Rj@ ,3Nj3ac s3a3 �,jn�IIw U�ajC,CU�jCN< CN j@3 c�L3 jaC�I. �N0 $3,�nc3 ja3�jL3Nj �N0 Rnj,RL3

0�j� s3a3 �q�CI�$I3 8aRL $Rj@. s3 ,RnI0 ,RLU�a3 3cjCL�j3c 8aRL ja�NcURaj�$CICjw �N0 c3NcCjCqCjw �N�Iwc3c

�<�CNcj j@3 a�N0RLCy�jCRNA$�c30 �N�Iwc3c CN j@3 j�a<3j ,3Nj3aY r3 UnaURc3Iw ,@Rc3 j@3c3 jsR ,3Nj3ac $3A

,�nc3 j@3w 3cjCL�j30 j@3 ja3�jL3Nj 3{3,j RN j@3 UI�j3I3j ,RnNj jR $3 cn$cj�NjC�IIw 0C{3a3Nj Vc33 $3IRsWY BN

qC3s R8 @Rs s3 ,a3�j30 j@3 0�j�c3j 8Ra j@Cc CIIncja�jCRN. Rna �N�Iwc3c c@RnI0 NRj $3 ,ICNC,�IIw CNj3aUa3j30Y

bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ϨζАϑϱβЅ- r3 nc30 $C�c 8nN,jCRNc j@�j 0C0 NRj 03U3N0 RN $�c3ICN3 ,Rq�aC�j3cY

bU3,C~,�IIw. s3 3u�LCN30 u(0) q�In3c R8 −40. з. �N0 +40 �N0 q�aC30 δ 8aRL −60 jR +60. CN cj3Uc R8

20. 3u�LCNCN< �II URccC$I3
(
u(0), δ

)
U�CacY r3 ,@Rc3 j@Cc a�N<3 R8 q�In3c $3,�nc3. �,aRcc �II Ϻз ,3Nj3ac

U�ajC,CU�jCN< CN j@3 ?�HiA+ jaC�I. j@3 0C{3a3N,3 $3js33N j@3 I�a<3cj �N0 cL�II3cj URcjAja3�jL3Nj L3�N s�c

ϊο



�UUaRuCL�j3Iw 40 8Ra U�jC3Njc �ccC<N30 jR a = 1 �N0 χЎ 8Ra U�jC3Njc �ccC<N30 jR a = 0. 7naj@3aLRa3.

j@3 cj�N0�a0 03qC�jCRN R8 j@3 Ua3Aja3�jL3Nj UI�j3I3j ,RnNj �,aRcc �II ,3Nj3ac U�ajC,CU�jCN< CN j@3 jaC�I s�c

�UUaRuCL�j3Iw 66.1Y

r3 nc30 j@3 $C�c 8nN,jCRNc sCj@ j@3 3cjCL�jRac UaRqC030 CN j@3 Ua3qCRnc c3,jCRN jR U3a8RaL c3NcCjCqCjw

�N�Iwc3cY r3 R$j�CN30 ,RN~03N,3 CNj3aq�Ic 8Ra j@3 URj3NjC�I Rnj,RL3 L3�N nN03a 3�,@ ja3�jL3Nj ncCN< j@3

aR$ncj VȒc�N0sC,@ȓW q�aC�N,3 )ϮЕ*. �,,RnNjCN< 8Ra j@3 3cjCL�jCRN R8 j@3 U�a�L3j3ac R8 j@3 sRaGCN< LR03IcY

BN �UU3N0Cu +Yϊ s3 03c,aC$3 �N �00CjCRN�I 3u�LUI3 c3NcCjCqCjw �N�IwcCc ncCN< ,Rq�aC�j3A03U3N03Nj $C�c

8nN,jCRNcY r3 ,RN0n,j30 �II c3NcCjCqCjw �N�Iwc3c ncCN< j@3 R )ЎЕ* U�,G�<3 geex )οЎ*Y

Kϱβζϣ ЅϿζΫϔυϔΫΞАϔϱϩ- i@3 c3NcCjCqCjw �N�IwcCc L3j@R0c a3\nCa3 j@3 cU3,C~,�jCRN R8 LR03Ic 8Ra j@3 RnjA

,RL3 L3�N CN 3�,@ ja3�jL3Nj <aRnU. j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN. �N0 j@3 UaR$�$CICjw R8 ja3�jL3Nj

�LRN< a�N0RLCy30 CN0CqC0n�IcY r3 cU3,C~30 IR<CcjC, a3<a3ccCRN LR03Ic 8Ra j@3 UaR$�$CICjw R8 $3CN< CN ,3NA

j3a S = 1 �N0 j@3 UaR$�$CICjw R8 $3CN< �ccC<N30 jR U3<CNj3a83aRN �IU@�AЙ� Va = 1W �LRN< a�N0RLCy30

CN0CqC0n�Ic CN j@�j ,3Nj3aY r3 �IcR cU3,C~30 jsR ICN3�a a3<a3ccCRN LR03Ic VRN3 8Ra 3�,@ ja3�jL3Nj �aLW 8Ra

j@3 L3�N R8 j@3 Rnj,RL3 �LRN< a�N0RLCy30 CN0CqC0n�IcY #�c3ICN3 ,Rq�aC�j3 CN8RaL�jCRN Cc cnLL�aCy30

CN i�$I3 +YϺd �II LR03Ic nc30 j@3 $�c3ICN3 ,Rq�aC�j3c ICcj30 CN j@3 j�$I3 �c L�CN 3{3,jcY r3 $nCIj c3U�a�j3

Rnj,RL3 LR03Ic CN 3�,@ ja3�jL3Nj <aRnU jR �IIRs 8Ra @3j3aR<3N3Cjw R8 j@3 ja3�jL3Nj 3{3,j Rq3a �II $�c3ICN3

,Rq�aC�j3c CN,In030 CN j@3 LR03IcY Y

ЕYЕYЙ `ζЅЛϣАЅ

i@3 Ȓ$�c3 ,�c3ȓ �N�Iwc3c nN03a L3�N ja�NcURaj�$CICjw VCY3Y. u(0) = 0 �N0 δ = 0W UaR0n,30 cCLCI�a a3cnIjc

�,aRcc 0C{3a3Nj 3cjCL�jRac Vi�$I3 +YЙW. cn<<3cjCN< j@�j LR03Ic s3a3 �UUaRuCL�j3Iw ,Raa3,jIw cU3,C~30 )Ћχ*Y

i@3 nN�0Encj30 a�N0RLCy�jCRNA$�c30 �N�Iwc3c �LRN< U�jC3Njc sCj@ S = 0 UaR0n,30 8�CaIw 0C{3a3Nj a3cnIjc

,RLU�a30 jR j@3 ja�NcURaj�$CICjw �N�Iwc3c Vi�$I3 +YЕWY i@3 0C{3a3N,3c. @Rs3q3a. s3a3 Ln,@ cL�II3a �8j3a

ncCN< �N �n<L3Nj30 CNq3ac3 UaR$�$CICjw s3C<@jCN< a3<a3ccCRN 3cjCL�jRa jR �N�Iwy3 j@3 S = 0 0�j� V$3,�nc3

R8 a�N0RLCy�jCRN �LRN< CN0CqC0n�Ic CN S = 0. j@3 ,Rq�aC�j3 �0EncjL3Nj Cc qCajn�IIw �ccnLUjCRNA8a33 )ϮЋ*WY

i@3 I�a<3 ,@�N<3 CN 3cjCL�j3c �8j3a ,Rq�aC�j3 �0EncjL3Nj CN j@3 c�LUI3 8aRL S = 0 Cc � a3LCN03a j@�j I�a<3

$�c3ICN3 ,Rq�aC�j3 CL$�I�N,3c ,�N R,,na CN cL�II c�LUI3c 03cUCj3 a�N0RLCy�jCRNY

b3NcCjCqCjw �N�IwcCc a3cnIjc �a3 cnLL�aCy30 CN 7C<na3 ЕYϺ �N0 �UU3N0Cu 7C<na3c +YϺY Qq3a�II. j@3 a3cnIjc

ϊϮ



s3a3 RNIw LR03a�j3Iw c3NcCjCq3 jR qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRNd 8Ra 3u�LUI3. a3<�a0I3cc R8

j@3 ,@RC,3 R8 u(0). q�In3c R8 δ cL�II3a j@�N AЙχ Ra AЕз V03U3N0CN< RN j@3 3cjCL�jRaW sRnI0 $3 N33030 8Ra

j@3 3cjCL�j30 �q3a�<3 ja3�jL3Nj 3{3,j CN S = 0 jR $3 CN RUURcCj3 0Ca3,jCRN ,RLU�a30 jR j@3 $�c3A,�c3 �N�IA

wcCc VCY3Y. j@3 $I�,G ICN3c CN j@3 <a�U@c ,aRcc RNIw 8Ra δ q�In3c IRs3a j@�N AЙχ Ra AЕзWY b3NcCjCqCjw �N�IwcCc

a3cnIjc s3a3 Ln,@ LRa3 nN,3aj�CN s@3N ncCN< BQ s3C<@jCN< ,RLU�a30 jR j@3 <A8RaLnI� Ra �n<L3Nj30 BQ

s3C<@jCN< 3cjCL�jRacY

ЕYϊ /ϔЅΫЛЅЅϔϱϩ

r3 UaRURc3 L3j@R0c 8Ra c3NcCjCqCjw �N�IwcCc jR qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN CN cjn0C3c 3uA

j3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR j@3 URUnI�jCRN R8 NRNAa�N0RLCy30 CN0CqC0n�Ic VCN j@3 L�CN

j3ujW Ra j@3 Rq3a�II j�a<3j URUnI�jCRN VCN �UU3N0Cu +YϺWY i@3 L3j@R0c a3Iw RN cU3,C8wCN< $C�c 8nN,jCRNc j@�j

0Ca3,jIw U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRNY i@3w ,�N $3 �UUIC30 jR c3NcCjCqCjw �N�IA

wc3c 8Ra Rnj,RL3 LR03IA$�c30 V<A8RaLnI�W 3cjCL�jRac. UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNA$�c30 3cjCL�jRac

VCNq3ac3 UaR$�$CICjw Ra R00c. BTgQ. s3C<@jCN<W. Ra �n<L3Nj30 3cjCL�jRac j@�j ,RL$CN3 Rnj,RL3 �N0 UaR$A

�$CICjw R8 U�ajC,CU�jCRN LR03IcY #3,�nc3 R8 j@3 �00CjCq3 cjan,jna3 R8 j@3 $C�c ,Raa3,jCRN. Rna L3j@R0c �a3

$3cjAcnCj30 jR ,RNjCNnRnc Rnj,RL3c sCj@ nN$RnN030 cnUURajd � 0C{3a3Nj c3NcCjCqCjw �N�IwcCc L3j@R0. cnCjA

�$I3 8Ra NRNA,RNjCNnRnc Rnj,RL3c Ra ,RNjCNnRnc Rnj,RL3c sCj@ $RnN030 cnUURaj. sCII $3 j@3 cn$E3,j R8

8njna3 sRaGY

i@3 �n<L3Nj30 s3C<@jCN< 3cjCL�jRac �a3 �UU3�ICN< 8Ra �UUIC30 sRaG $3,�nc3 R8 j@3Ca CN,a3�c30 aR$ncjA

N3cc jR LR03I LCccU3,C~,�jCRNY #3,�nc3 �II L3j@R0c 03U3N0 ,aCjC,�IIw RN j@3 cU3,C~,�jCRN R8 $C�c 8nN,A

jCRNc. s@C,@ sCII R8j3N $3 @C<@Iw cU3,nI�jCq3. cRL3 CNq3cjC<�jRac LC<@j ,RNcC03a j@3 0Rn$I3 aR$ncjN3cc

UaRU3ajw jR $3 I3cc ,RLU3IICN< CN j@3 ,RNj3uj R8 c3NcCjCqCjw �N�Iwc3c ,RLU�a30 jR s@3N L3�N ja�NcURaj�A

$CICjw @RI0cY 2q3N cR. j@3 �n<L3Nj30 s3C<@jCN< 3cjCL�jRac L�w $3 Ua383aa30 ,RLU�a30 jR NRNA�n<L3Nj30

s3C<@jCN< 3cjCL�jRac $3,�nc3 R8 CLUaRq30 3|,C3N,wd �c CIIncja�j30 CN Rna �N�Iwc3c R8 0�j� 8aRL j@3 ?�HiA

+ jaC�IY 7naj@3aLRa3. c3NcCjCqCjw �N�Iwc3c ,�N $3 a3U3�j30 sCj@ 0C{3a3Nj $C�c 8nN,jCRNc jR 3u�LCN3 s@3j@3a

j@3 ,@RC,3 R8 8nN,jCRN I3�0c jR 0C{3a3Nj ,RN,IncCRNc a3<�a0CN< c3NcCjCqCjw jR qCRI�jCRNc R8 j@3 ja�NcURaj�$CIA

Cjw �ccnLUjCRNY

� U�ajC,nI�aIw �jja�,jCq3 �cU3,j R8 Rna L3j@R0c Cc j@�j j@3w 0R NRj a3\nCa3 03j�CI30 $�,G<aRnN0 GNRsIA

30<3 �$Rnj nNGNRsN Ra nNL3�cna30 q�aC�$I3cY BNcj3�0. j@3w RNIw a3\nCa3 3uU3aj En0<L3Njc �$Rnj j@3 L�<A

χз



Figure 3.1: Sensiধvity analysis results for transporধng inferences between two research centers parধcipaধng in the
HALT-C trial.
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AIOW2 = augmented inverse odds weighধng esধmator with normalized weights; IOW2 = inverse odds weighধng with
normalized weights; OM = outcome model-based esধmator. Results are shown as point esধmates (black lines) and cor-
responding 95% confidence intervals (gray lines) for potenধal outcome means under treatment a = 1 (solid lines) and
a = 0 (dashed lines). Results for IOW1 and AIOW1 were similar to IOW2 and AIOW2, respecধvely, and are shown in
the Appendix.
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NCjn03 R8 j@3 �<<a3<�j3 $C�c j@�j j@3c3 q�aC�$I3c ,RnI0 CN0n,3Y i@3c3 En0<L3Njc ,�N $3 CN8RaL30 $w 3uA

�LCNCN< a3�0CIw �q�CI�$I3 0�j� RN j@3 q�aC�jCRN R8 ja3�jL3Nj 3{3,jc �LRN< cn$<aRnUc 03~N30 CN j3aLc R8

R$c3aq30 q�aC�$I3c CN j@3 0�j� �j @�N0 Ra 3uj3aN�I cRna,3c. CN,In0CN< R$c3aq�jCRN�I cjn0C3cd j@3 q�aC�jCRN

R8 ja3�jL3Nj 3{3,jc �,aRcc cjn0C3c 3u�LCNCN< cCLCI�a CNj3aq3NjCRNc �N0 Rnj,RL3c CN 0C{3a3Nj URUnI�jCRNc

V3Y<Y. �c �cc3cc30 CN L3j�A�N�Iwc3cWd Ra j@3 q�aC�jCRN R8 j@3 L3�N Rnj,RL3 nN03a 3�,@ ja3�jL3Njc �,aRcc

URUnI�jCRNc �N0 URUnI�jCRN cn$<aRnUcY i@3 $3N3~j R8 Rna �UUaR�,@ $3,RL3c ,I3�a s@3N ,RLU�a30 �<�CNcj

�UUaR�,@3c j@�j a3\nCa3 j@3 cU3,C~,�jCRN R8 LR03Ic 8Ra j@3 0CcjaC$njCRN R8 nNL3�cna30 q�aC�$I3c �N0 j@3 �cA

cR,C�jCRNc $3js33N nNL3�cna30 �N0 L3�cna30 q�aC�$I3c V3Y<Y. )χЙ. χϺ*WY i@3c3 �Ij3aN�jCq3 �UUaR�,@3c @�q3

LnIjCUI3 c3NcCjCqCjw U�a�L3j3ac �N0 a3\nCa3 03j�CI30 $�,G<aRnN0 GNRsI30<3 �$Rnj cRna,3c R8 3{3,j @3j3aRA

<3N3Cjwd cn,@ GNRsI30<3 Cc R8j3N nN�q�CI�$I3 $3,�nc3 3LUCaC,�I cjn0C3c jwUC,�IIw 0R NRj �IIRs j@3 Ua3,Cc3

�cc3ccL3Nj R8 3{3,j LR0C~,�jCRN )Ϻϊ. ЕЎ*Y

bRL3 a3�03ac LC<@j ~N0 Rna c3NcCjCqCjw �N�IwcCc �UUaR�,@ nNc�jCc8�,jRaw $3,�nc3 Cj 0R3c NRj UaRqC03 �

cCN<I3 URCNj 3cjCL�j3. �N0 CNcj3�0 UaR0n,3c � a�N<3 R8 a3cnIjc �N0 �ccR,C�j30 ,RN~03N,3 ICLCjc nN03a URcA

cC$I3 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN )ЋЎ*Y r3 $3IC3q3 j@�j j@Cc Cc � 03cCa�$I3 83�jna3 R8 Rna

�UUaR�,@- s@3N j@3 ja�NcURaj�$CICjw �ccnLUjCRN 0R3c NRj @RI0. j@3 0�j� 0R NRj ,RNj�CN �03\n�j3 CN8RaL�A

jCRN jR C03NjC8w j@3 ,�nc�I \n�NjCjC3c R8 CNj3a3cj. �N0 �j $3cj s3 ,�N @RU3 jR 3u�LCN3 @Rs Rna ,RN,IncCRNc

sRnI0 $3 �{3,j30 $w 0C{3a3Nj qCRI�jCRNc R8 Rna �ccnLUjCRNcY BN � c3Nc3. s3 qC3s c3NcCjCqCjw �N�IwcCc �c �

s�w jR 3N,Rna�<3 CN83a3NjC�I LR03cjw CN �N�Iwc3c 3uj3N0CN< jaC�I ~N0CN<c jR � j�a<3j URUnI�jCRN- c3NcCjCqA

Cjw �N�IwcCc @C<@IC<@jc j@�j j@3 a�N<3 R8 a3cnIjc ,RLU�jC$I3 sCj@ j@3 0�j�. s@3N ,RNcC03aCN< qCRI�jCRNc R8

�ccnLUjCRNc. Cc Ln,@ $aR�03a j@�N Cj �UU3�ac s@3N cRI3Iw ,RNcC03aCN< nN,3aj�CNjw 0n3 jR c�LUICN< q�aCA

�$CICjwY

χЙ



+@�Uj3a ϊ

;IR$�I c3NcCjCqCjw �N�IwcCc 8Ra cjn0C3c 3uj3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I jR �

j�a<3j URUnI�jCRN

r@3N a�N0RLCy30 CN0CqC0n�Ic �N0 NRNAa�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�Ic 0C{3a sCj@ a3cU3,j jR j@3 0CcA

jaC$njCRN R8 3{3,j LR0C~3ac. ja3�jL3Nj 3{3,j 3cjCL�j3c 8aRL jaC�Ic 0R NRj 0Ca3,jIw <3N3a�ICy3 jR j�a<3j URUA

nI�jCRNc Rj@3a j@�N j@Rc3 a3Ua3c3Nj30 $w j@3 a�N0RLCy30 CN0CqC0n�Ic )οз*Y BNcj3�0. CNq3cjC<�jRac N330 �UA

UaRUaC�j3 cj�jCcjC,�I L3j@R0c jR 3uj3N0 VȒ<3N3a�ICy3ȓ Ra Ȓja�NcURajȓ )ЙЋ*W ,�nc�I CN83a3N,3c 8aRL j@3 jaC�I

jR j@3 j�a<3j URUnI�jCRN )ϺЋ. ϺЎ* $w ,RL$CNCN< jaC�I 0�j� RN $�c3ICN3 ,Rq�aC�j3c. jCL3A~u30 ja3�jL3Njc. �N0

Rnj,RL3c sCj@ R$c3aq�jCRN�I 0�j� RN $�c3ICN3 ,Rq�aC�j3c 8aRL � c�LUI3 R8 jaC�IA3IC<C$I3 NRNAa�N0RLCy30 CNA

0CqC0n�IcY i@3 L3j@R0c �IIRs j@3 C03NjC~,�jCRN R8 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 L3�Nc �N0 ja3�jL3Nj

3{3,jc CN j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic �N0 j@3 cn$AURUnI�jCRN R8 NRNAa�N0RLCy30

jaC�IA3IC<C$I3 CN0CqC0n�Ic UaRqC030 <3N3a�ICy�$CICjw �ccnLUjCRNc @RI0. j@�j Cc. �ccnLUjCRNc �$Rnj j@3 ,RNA

0CjCRN�I 3u,@�N<3�$CICjw R8 a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�IcY i@3 �ccnLUjCRNc �a3 nNj3cj�$I3

�N0 j@3Ca q�IC0Cjw Cc R8j3N nN,3aj�CN Ra ,RNjaRq3acC�IY +RN~03N,3 CN j@3 a3cnIjc R8 �N�Iwc3c 3uj3N0CN< CN83aA

3N,3c 8aRL j@3 jaC�I jR j@3 j�a<3j URUnI�jCRN ,�N $3 UaRU3aIw ,�IC$a�j30 $w ,RN0n,jCN< c3NcCjCqCjw �N�Iwc3c

)ЋЎ. ЎϮ*Y

i@3 sRaG $w M<nw3N �N0 ,RII3�<n3c )χЙ. χϺ* Cc. jR Rna GNRsI30<3. j@3 RNIw Ua3qCRncIw Un$ICc@30 UaRA

URc�I 8Ra c3NcCjCqCjw �N�IwcCc L3j@R0c CN j@3 ,RNj3uj R8 �N�Iwc3c 3uj3N0CN< CN83a3N,3c 8aRL � a�N0RLCy30

jaC�I jR � j�a<3j URUnI�jCRNY i@3Ca L3j@R0c ,�N $3 nc38nI s@3N j@3a3 3uCcjc cjaRN< $�,G<aRnN0 GNRsI30<3

�$Rnj nNL3�cna30 q�aC�$I3c $nj @�q3 cRL3 ICLCj�jCRNc- j@3w a3Iw RN �ccnLUjCRNc �$Rnj CN0CqC0n�IAI3q3I

,�nc�I LR03Ic. cRL3jCL3c a3\nCa3 �II 3{3,j LR0C~3ac jR @�q3 $33N L3�cna30 �LRN< jaC�I U�ajC,CU�Njc VCY3Y.

CN cRL3 c3jjCN<c. nNL3�cna30 q�aC�$I3c �a3 RNIw �IIRs30 CN j@3 c�LUI3 R8 NRNAU�ajC,CU�NjcW. �N0 a3\nCa3 j@3

nNL3�cna30 q�aC�$I3 jR $3 c,�I�a V8Ra �II Ua�,jC,�I UnaURc3cW Ra $CN�aw V8Ra cRL3 R8 j@3 L3j@R0cWY BN a3,3Nj

sRaG Vc33 +@�Uj3a Е R8 j@Cc 0Ccc3aj�jCRNW. s3 03c,aC$30 L3j@R0c 8Ra c3NcCjCqCjw �N�IwcCc j@�j 0R NRj a3\nCa3

cn,@ 03j�CI30 $�,G<aRnN0 GNRsI30<3 Ra �00CjCRN�I ,Rq�aC�j3 0�j� 8aRL j@3 a�N0RLCy30 CN0CqC0n�Ic. $nj �a3

LRcj �UUaRUaC�j3 s@3N j@3 Rnj,RL3 Cc nN$RnN030Y

χЕ



?3a3. s3 UaRURc3 L3j@R0c 8Ra <IR$�I )οЋ. οο* c3NcCjCqCjw �N�IwcCc j@�j VϺW 0R NRj a3\nCa3 03j�CI30 $�,GA

<aRnN0 GNRsI30<3 �$Rnj j@3 0CcjaC$njCRN R8 cU3,C~, nNL3�cna30 3{3,j LR0C~3ac Ra j@3Ca a3I�jCRNc@CU sCj@

j@3 R$c3aq30 q�aC�$I3cd �N0 VЙW ,�N $3 nc30 sCj@ �II ,RLLRN ,aRccAc3,jCRN�I Rnj,RL3 jwU3c V3Y<Y. ,RNjCNA

nRnc. $CN�aw. Ra ,RnNj 0�j�WY Qna �UUaR�,@ 0Ca3,jIw U�a�L3j3aCy3c qCRI�jCRNc R8 j@3 �ccnLUjCRNc CN j3aLc

R8 j@3 URj3NjC�I Rnj,RL3 0CcjaC$njCRNc �LRN< a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�IcY r3 CIIncja�j3

j@3 L3j@R0c ncCN< 0�j� 8aRL j@3 +RaRN�aw �aj3aw bjn0w V+�bbW. � a�N0RLCy30 jaC�I N3cj30 sCj@CN � ,RA

@Raj cjn0w R8 3IC<C$I3 CN0CqC0n�Ic jR ,RLU�a3 ,RaRN�aw �aj3aw cna<3aw UInc L30C,�I j@3a�Uw q3acnc L30C,�I

j@3a�Uw �IRN3 8Ra CN0CqC0n�Ic sCj@ ,@aRNC, ,RaRN�aw �aj3aw 0Cc3�c3Y

ϊYϺ +ΞЛЅΞϣ ЀЛΞϩАϔАϔζЅ ϱυ ϔϩАζЁζЅА

+RNcC03a � N3cj30 jaC�I 03cC<N. s@3a3 � a�N0RLCy30 jaC�I Cc N3cj30 sCj@CN � ,R@Raj R8 jaC�IA3IC<C$I3 CN0CqC0nA

�Icd j@3 ,R@Raj Cc �ccnL30 jR $3 �N CN03U3N03Nj �N0 C03NjC,�IIw 0CcjaC$nj30 c�LUI3 8aRL � cnU3aURUnI�jCRN

R8 jaC�IA3IC<C$I3 CN0CqC0n�Icd s3 a383a jR j@Cc URUnI�jCRN �c j@3 j�a<3j URUnI�jCRNY i@3 0�j� 8aRL j@3 N3cj30

jaC�I 03cC<N ,RNcCcj R8 CN03U3N03Nj R$c3aq�jCRNc. CN03u30 $w i = 1, . . . ,n. RN $�c3ICN3 ,Rq�aC�j3c. Xd ja3�jA

L3Nj. Ad �N0 Rnj,RL3. YY r3 nc3 S jR 03NRj3 j@3 jaC�I U�ajC,CU�jCRN CN0C,�jRa VS = 1 8Ra jaC�I U�ajC,CU�Njcd

S = 0 8Ra 3IC<C$I3 NRNAU�ajC,CU�NjcWY i@3 0�j� 3u@C$Cj � cU3,C�I LCccCN<N3cc U�jj3aN- 8Ra a�N0RLCy30 CNA

0CqC0n�Ic s3 @�q3 0�j� RN (S = 1,X,A,Y), $nj 8Ra NRNAU�ajC,CU�Njc s3 RNIw @�q3 0�j� RN (S = 0,X)Y

i@aRn<@Rnj. nUU3a,�c3 I3jj3ac 03NRj3 a�N0RL q�aC�$I3c. IRs3a,�c3 I3jj3ac 03NRj3 a3�ICy�jCRNc R8 j@3 ,Raa3A

cURN0CN< a�N0RL q�aC�$I3c. �N0 ,�IIC<a�U@C, nUU3a,�c3 I3jj3ac 03NRj3 j@3 cnUURaj c3j R8 j@3 0CcjaC$njCRN R8

j@3 ,Raa3cURN0CN< a�N0RL q�aC�$I3cY

iR 03~N3 j@3 ,�nc�I \n�NjCjC3c R8 CNj3a3cj. I3j Ya 03NRj3 j@3 URj3NjC�I V,RnNj3a8�,jn�IW Rnj,RL3 nN03a

3�,@ ja3�jL3Nj a CN j@3 c3j R8 URccC$I3 ja3�jL3Njc A )ϮϺ. οЙ. ЋϺ*Y BN j@3 a3L�CN03a R8 j@3 U�U3a. s3 ,RNcC03a

$CN�aw ja3�jL3Njc cR j@�j a ∈ A = {0, 1}d 3uj3NcCRNc jR LnIjCq�In30 0Cc,a3j3 ja3�jL3Njc �a3 cja�C<@j8RaA

s�a0Y i@3 ,�nc�I \n�NjCjw R8 UaCL�aw CNj3a3cj Cc j@3 �q3a�<3 ja3�jL3Nj 3{3,j CN j@3 j�a<3j URUnI�jCRN R8 �II

jaC�IA3IC<C$I3 CN0CqC0n�Ic. 2[Y1 − Y0]. i@Cc ,�nc�I ,RNja�cj Cc C03NjC~�$I3 CN N3cj30 jaC�I 03cC<Nc �N0 Cc NRj.

CN <3N3a�I. 3\n�I jR j@3 �q3a�<3 ja3�jL3Nj 3{3,j �LRN< jaC�I U�ajC,CU�Njc. 2[Y1 − Y0] ̸= 2[Y1 − Y0|S = 1].

s@3N ja3�jL3Nj 3{3,jc q�aw Rq3a $�c3ICN3 ,Rq�aC�j3c j@�j �a3 0C{3a3NjC�IIw 0CcjaC$nj30 �LRN< a�N0RLCy30

�N0 NRNAa�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�IcY �NRj@3a ,�nc�I ,RNja�cj R8 CNj3a3cj Cc j@3 �q3a�<3 ja3�jL3Nj

3{3,j �LRN< jaC�IA3IC<C$I3 NRNAa�N0RLCy30 CN0CqC0n�Ic. 2[Y1 − Y0|S = 0].

χϊ



ϊYЙ BβζϩАϔυϔΫΞАϔϱϩ

ϊYЙYϺ BβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

r3 NRs 0Cc,ncc cn|,C3Nj ,RN0CjCRNc 8Ra C03NjC8wCN< j@3 L3�N R8 j@3 URj3NjC�I Rnj,RL3c nN03a 3�,@ ja3�jA

L3Nj a 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic. 2[Ya]. �N0 8Ra j@3 cn$AURUnI�jCRN R8 jaC�IA

3IC<C$I3 NRNAa�N0RLCy30 CN0CqC0n�Ic. 2[Ya|S = 0]d j@3c3 URj3NjC�I Rnj,RL3 L3�Nc �a3 j@3 ,RLURN3Njc R8

j@3 �q3a�<3 ja3�jL3Nj 3{3,jc 03~N30 CN j@3 Ua3qCRnc c3,jCRNY

BY +RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c- C8 Ai = a. j@3N Yi = Yai . 8Ra 3�,@ a ∈ A �N0 3�,@ CN0CqC0n�I i CN j@3

URUnI�jCRNY

BBY +RN0CjCRN�I 3u,@�N<3�$CICjw CN j@3 jaC�I- Ya⊥⊥A|X,S = 1. r3 �ccnL3 ,RN0CjCRN�I 3u,@�N<3�$CICjw CN j@3

jaC�I cR j@�j Rna a3cnIjc �UUIw jR ,RN0CjCRN�IIw a�N0RLCy30 jaC�Icd L�a<CN�I 3u,@�N<3�$CICjw. Ya⊥⊥A|S = 1. Cc

� cU3,C�I ,�c3Y

BBBY TRcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj- Pr[A = a|X = x,S = 1] > 0 8Ra 3�,@ a ∈ A �N0 3q3aw x sCj@

URcCjCq3 03NcCjw �LRN< a�N0RLCy30 CN0CqC0n�Ic. fX|S(x|S = 1) > 0Y

BpY +RN0CjCRN�I 3u,@�N<3�$CICjw CN 0CcjaC$njCRN Rq3a S- Ya⊥⊥S|X 8Ra 3�,@ a ∈ Ad @3N,38Raj@. s3 a383a jR

j@Cc ,RN0CjCRN �c ,RN0CjCRN�I <3N3a�ICy�$CICjwd Cj CLUIC3c j@3 L3�N <3N3a�ICy�$CICjw ,RN0CjCRN. 2[Ya|X,S =

1] = 2[Ya|X] )ϺЋ*. �N0. 8Ra $CN�aw S. Cj �IcR CLUIC3c j@3 L3�N ja�NcURaj�$CICjw ,RN0CjCRN. 2[Ya|X,S = 1] =

2[Ya|X,S = 0] VUaRqC030 j@3 ,RN0CjCRN�I 3uU3,j�jCRNc �a3 s3IIA03~N30W )ϺЎ*Y

pY TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN- Pr[S = 1|X = x] > 0, 8Ra 3q3aw x sCj@ URcCjCq3 03NcCjw CN j@3 URUnI�A

jCRN. fX(x) > 0Y

+RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c. ,RN0CjCRN�I 3u,@�N<3�$CICjw R8 j@3 ja3�jL3Nj <aRnUc CN j@3 jaC�I.

�N0 URcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj �a3 3uU3,j30 jR @RI0 CN VL�a<CN�IIw Ra ,RN0CjCRN�IIwW a�N0RLCy30

,ICNC,�I jaC�Ic R8 s3IIA03~N30 CNj3aq3NjCRNcY 7naj@3aLRa3. jR cCLUIC8w 3uURcCjCRN. s3 �ccnL3 ,RLUI3j3 �0A

@3a3N,3 �N0 NR IRcc jR 8RIIRsnU CN j@3 a�N0RLCy30 jaC�IY TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN Cc. CN UaCN,CUI3.

j3cj�$I3Y i@3 <3N3a�ICy�$CICjw �ccnLUjCRN. @Rs3q3a. Cc R8j3N � cjaRN< �N0 nNj3cj�$I3 �ccnLUjCRNd Cjc UI�ncCA

$CICjw N330c jR $3 �cc3cc30 RN j@3 $�cCc R8 cn$cj�NjCq3 GNRsI30<3 s@3N 3uj3N0CN< CN83a3N,3c 8aRL � jaC�I jR

� N3s j�a<3j URUnI�jCRNY

χχ



ϊYЙYЙ BβζϩАϔυϔΫΞАϔϱϩ

r@3N ,RN0CjCRNc ICcj30 CN j@3 Ua3qCRnc c3,jCRN @RI0. j@3 URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a CN j@3

j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic. 2[Ya]. ,�N $3 C03NjC~30 )ϺЋ* $w j@3 R$c3aq30 0�j� 8nN,A

jCRN�I

ψ(a) = 2
[
2[Y|X,S = 1,A = a]

]
. 8Ra 3�,@ a ∈ A.

7naj@3aLRa3. j@3 URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a �LRN< jaC�IA3IC<C$I3 NRNAa�N0RLCy30 CN0CqC0nA

�Ic. 2[Ya|S = 0]. ,�N $3 C03NjC~30 )ϺЎ* $w j@3 R$c3aq30 0�j� 8nN,jCRN�I

φ(a) = 2
[
2[Y|X,S = 1,A = a]|S = 0

]
. 8Ra 3�,@ a ∈ A.

#Rj@ C03NjC~,�jCRN a3cnIjc ,aCjC,�IIw 03U3N0 RN j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw ,RN0CjCRNd CN j@3 N3uj c3,A

jCRN s3 0Cc,ncc c3NcCjCqCjw �N�IwcCc L3j@R0c jR 3u�LCN3 j@3 CLU�,j R8 qCRI�jCRNc R8 j@Cc ,RN0CjCRNY

ϊYЕ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ υϱЁ ЦϔϱϣΞАϔϱϩЅ ϱυ ΫϱϩβϔАϔϱϩΞϣ όζϩζЁΞϣϔвΞΪϔϣϔАЭ

ϊYЕYϺ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ Ϩϱβζϣ

bnUURc3 j@�j j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw �ccnLUjCRN 0R3c NRj @RI0. cR j@�j Ya⊥̸⊥S|X, j@�j Cc. 8Ra $CN�aw

S.

fYa|X,S(y|x, s = 0) ≠ fYa|X,S(y|x, s = 1).

?3a3. s3 LR0C8w j@3 LCccCN< 0�j� L3j@R0c CN )οο. οЋ* jR U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 ,RN0CjCRN�I <3NA

3a�ICy�$CICjw �ccnLUjCRN ncCN< j@3 3uURN3NjC�I jCIj LR03I.

fYa|X,S(y|x, s = 0) ∝ eηaq(y)fYa|X,S(y|x, s = 1),ηa ∈ R,a ∈ A, VϊYϺW

s@3a3 q Cc � ~u30 CN,a3�cCN< 8nN,jCRNY MRj3 j@�j ηa = 0 ,Raa3cURN0c j@3 $�c3 ,�c3 s@3a3 j@3 ,RN0CjCRN�I

<3N3a�ICy�$CICjw �ccnLUjCRN @RI0cd ηa q�In3c 8naj@3a 8aRL y3aR 03NRj3 <a3�j3a URj3NjC�I Rnj,RL3 0C{3aA

3N,3c $3js33N jaC�I U�ajC,CU�Njc �N0 NRNAU�ajC,CU�Njc. ,RN0CjCRN�I RN $�c3ICN3 ,Rq�aC�j3cY #3,�nc3 j@3 I38jA

χЎ



@�N0AcC03 R8 VϊYϺW Cc � 03NcCjw. s3 @�q3 j@�j

fYa|X,S(y|x, s = 0) =
eηaq(y)fYa|X,S(y|x, s = 1)

2[eηaq(Ya)|X,S = 1]
. VϊYЙW

ϊYЕYЙ BβζϩАϔυϔΫΞАϔϱϩ υϱЁ Аϑζ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ Ϩϱβζϣ

mN03a ,RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c. 3u,@�N<3�$CICjw �N0 URcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj CN j@3

jaC�I VCY3Y. ,RN0CjCRNc I. j@aRn<@ IIIW. 8aRL VϊYЙW s3 R$j�CN

fYa|X,S(y|x, s = 0) =
eηaq(y)fY|X,S,A(y|x, s = 1,a)

2[eηaq(Y)|X,S = 1,A = a]
,ηa ∈ R,a ∈ A. VϊYЕW

#3,�nc3 j@3 0�j� 0R NRj ,RNj�CN �Nw Rnj,RL3 CN8RaL�jCRN �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic S = 0.

s3 ,�NNRj NRNU�a�L3jaC,�IIw C03NjC8w fYa|X,S(y|x, s = 0)Y i@nc. j@3 c3NcCjCqCjw �N�IwcCc LR03I CN VϊYЕW

0R3c @�q3 NRj �Nw j3cj�$I3 CLUIC,�jCRNc 8Ra j@3 I�s R8 j@3 R$c3aq30 0�j� �N0 ηa Cc NRj C03NjC~�$I3Y BN Rj@3a

sRa0c. j@3 LR03I Cc � NRNU�a�L3jaC, c3NcCjCqCjw �N�IwcCc LR03IY

BN �UU3N0Cu /YϺ. s3 c@Rs j@�j s3 ,�N nc3 VϊYЕW jR a3A3uUa3cc j@3 URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jA

L3Nj a CN j@3 j�a<3j URUnI�jCRN. 2[Ya]. �c

ψ(a,ηa) ≡ 2
[
S2[Y|X,S = 1,A = a] + (1− S)

2[Yeηaq(Y)|X,S = 1,A = a]

2[eηaq(Y)|X,S = 1,A = a]

]
. VϊYϊW

7naj@3aLRa3. s3 ,�N a3A3uUa3cc j@3 URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a CN j@3 URUnI�jCRN R8 NRNA

a�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�Ic. 2[Ya|S = 0]. �c

φ(a,ηa) ≡ 2
[

2[Yeηaq(Y)|X,S = 1,A = a]

2[eηaq(Y)|X,S = 1,A = a]

∣∣∣S = 0

]
. VϊYχW

�c NRj30. ηa Cc NRj C03NjC~�$I3 8aRL j@3 0�j�d CNcj3�0. s3 ,�N nc3 3\n�jCRNc VϊYϊW �N0 VϊYχW jR ,RN0n,j

c3NcCjCqCjw �N�Iwc3c 8Ra 0C{3a3Nj. cn|,C3NjIw 0CcU3ac30. q�In3c R8 ηaY

χЋ



ϊYЕYЕ 2ЅАϔϨΞАϔϱϩ Ξϩβ ϔϩυζЁζϩΫζ υϱЁ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ

QЛАΫϱϨζ ϨϱβζϣAΪΞЅζβ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ

� ~acj �UUaR�,@ jR c3NcCjCqCjw �N�IwcCc Cc jR nc3 j@3 c�LUI3 �N�IR<c R8 3\n�jCRNc VϊYϊW �N0 VϊYχW. 8Ra 3�,@

ja3�jL3Nj a ∈ AY 7Ra 3u�LUI3. s@3N Y Cc $CN�aw �N0 q Cc j@3 C03NjCjw 8nN,jCRN.

ψ̂RL(a,ηa) =
1
n

n∑

i=1

{
Si ĝa(1|Xi) + (1− Si)

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}
�N0

φ̂RL(a,ηa) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

{
(1− Si)

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}
,

VϊYЎW

s@3a3 ĝa(y|X) Cc �N 3cjCL�jRa 8Ra Pr[Y = y|X,S = 1,A = a]. y ∈ {0, 1}. �N0 ηa ∈ RY

r3 a383a jR j@3 �$Rq3 c3NcCjCqCjw �N�IwcCc 3cjCL�jRac �c ȒRnj,RL3 LR03IA$�c30ȓ $3,�nc3. s@3N ηa = 0

VCY3Y. s@3N j@3 <3N3a�ICy�$CICjw ,RN0CjCRN @RI0cW. j@3w �a3 Ua3,Cc3Iw 3\nCq�I3Nj jR Rnj,RL3 LR03IA$�c30 <A

8RaLnI� 3cjCL�jRac s3 @�q3 Ua3qCRncIw 03c,aC$30 )ϺЋ. ϺЎ*Y

2ЅАϔϨΞАϔϱϩ υϱЁ ΞЛόϨζϩАζβ ϔϩЦζЁЅζ ϿЁϱΪΞΪϔϣϔАЭ ϱЁ ϔϩЦζЁЅζ ϱββЅ ЧζϔόϑАϔϩό ЅζϩЅϔАϔЦϔАЭ

ΞϩΞϣЭЅϔЅ

i@3 3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRN a3\nCa3 j@3 3cjCL�jCRN R8 j@3 ,RN0CjCRN�I L3�N Ra UaR$�$CICjw 8nN,A

jCRNc 8Ra j@3 Rnj,RL3Y 7nIIw NRNU�a�L3jaC, 3cjCL�jCRN R8 j@3c3 ,RN0CjCRN�I 8nN,jCRNc Cc ,@�II3N<CN< 0n3

jR j@3 ,nac3 R8 0CL3NcCRN�ICjw. $nj U�a�L3jaC, LR03ICN< L�w $3 nNc�jCc8�,jRaw $3,�nc3 R8 ,RN,3aNc �$Rnj

LR03I LCccU3,C~,�jCRN. U�ajC,nI�aIw s@3N X Cc @C<@A0CL3NcCRN�I )ЋЕ*Y 7I3uC$I3 LR03ICN<. ncCN< c3LCU�a�A

L3jaC, a3<a3ccCRN Ra ȒL�,@CN3AI3�aNCN<ȓ L3j@R0c. R{3ac � nc38nI ,RLUaRLCc3Y bn,@ �3uC$I3 LR03ICN< ,�N

$3 RUjCL�I 8Ra 3cjCL�jCN< j@3 ,RN0CjCRN�I L3�NgUaR$�$CICjw 8nN,jCRNc V3Y<Y. @�q3 LCNCLnL L3�N c\n�a30

Ua30C,jCRN 3aaRaW. $nj �3uC$I3 LR03ICN< R8 j@3c3 8nN,jCRNc L�w $3 �ccR,C�j30 sCj@ cn$cj�NjC�I ~NCj3Ac�LUI3

$C�c s@3N ncCN< c�LUI3A�N�IR< 3cjCL�jRac �c CN j@3 Ua3qCRnc c3,jCRNY

BN �UU3N0Cu /YЙ. s3 03aCq3 j@3 CN�n3N,3 8nN,jCRNc R8 ψ(a,ηa) �N0 φ(a,ηa)Y r3 nc3 j@3 CN�n3N,3

8nN,jCRNc jR ,RNcjan,j CNAc�LUI3 RN3Acj3U 3cjCL�jRac j@�j c@RnI0 @�q3 CLUaRq30 U3a8RaL�N,3 ,RLU�a30

jR j@3 3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRNY 7Ra 3u�LUI3. s@3N Y Cc $CN�aw �N0 q Cc j@3 C03NjCjw 8nN,jCRN. 8Ra

3�,@ ja3�jL3Nj a ∈ A s3 ,RNcjan,j j@3 8RIIRsCN< �n<L3Nj30 CNq3ac3 UaR$�$CICjw s3C<@jCN< c3NcCjCqCjw

χο



�N�IwcCc 3cjCL�jRa R8 ψ(a,ηa)-

ψ̂�n<(a,ηa) =
1
n

n∑

i=1

⎧
⎨

⎩Si

{
ĝa(1|Xi) +

I(A = a)
êa(Xi)

{
Yi − ĝa(1|Xi)

}}
+

(1− Si)eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

+
I(Si = 1,Ai = a)

[
1− p̂(Xi)

]
eηaYi

p̂(Xi)êa(Xi)
[
eηaĝa(1|Xi) + ĝa(0|Xi)

] ×
{
Yi −

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}⎫
⎬

⎭,

s@3a3. ĝa(y|X) Cc �N 3cjCL�jRa 8Ra Pr[Y = y|X,S = 1,A = a]. y ∈ {0, 1}d p̂(X) Cc �N 3cjCL�jRa 8Ra

Pr[S = 1|X]d �N0 êa(X) Cc �N 3cjCL�jRa 8Ra Pr[A = a|X,S = 1]Y bCLCI�aIw. s3 ,RNcjan,j j@3 8RIIRsCN<

�n<L3Nj30 CNq3ac3 R00c s3C<@jCN< 3cjCL�jRa R8 φ(a,ηa)-

φ̂�n<(a,ηa) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

⎧
⎨

⎩
(1− Si)eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

+
I(Si = 1,Ai = a)

[
1− p̂(Xi)

]
eηaYi

p̂(Xi)êa(Xi)
[
eηaĝa(1|Xi) + ĝa(0|Xi)

]
{
Yi −

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}⎫
⎬

⎭,

r3 a383a jR j@3c3 3cjCL�jRac �c Ȓ�n<L3Nj30 CNq3ac3 UaR$�$CICjw VR00cW s3C<@jCN< 3cjCL�jRacȓ $3,�nc3 s@3N

ηa = 0 j@3w �a3 Ua3,Cc3Iw 3\nCq�I3Nj jR �n<L3Nj30 CNq3ac3 UaR$�$CICjw VR00cW s3C<@jCN< 3cjCL�jRac s3 @�q3

Ua3qCRncIw 03c,aC$30 )ϺЋ. ϺЎ*Y

ϊYЕYϊ BϩυζЁζϩΫζ

r@3N ncCN< U�a�L3jaC, LR03Ic. j@3 3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRN. 8Ra ~u30 ηa �a3 VU�ajC�IW KA3cjCL�jRac

�N0 s3 ,�N nc3 j@3 ncn�I c�N0sC,@ �UUaR�,@ 8Ra ,RNcjan,jCN< 3cjCL�jRac R8 j@3Ca c�LUICN< q�aC�N,3c )ϮЕ*Y

BN Ua�,jC,3. 3cU3,C�IIw s@3N ncCN< c3LCU�a�L3jaC, Rnj,RL3 LR03Ic. Cj Cc R8j3N ,RNq3NC3Nj jR nc3 E�,GGNC83

)ϺϮ* Ra $RRjcja�U)Йз* a3c�LUICN< L3j@R0c jR 3cjCL�j3 j@3 c�LUICN< q�aC�N,3 �N0 ,RNcjan,j ,RN~03N,3 CNj3aA

q�IcY

ϊYЕYχ `ζϣΞАϔϱϩЅϑϔϿ ЧϔАϑ ЅζϣζΫАϔϱϩ ϨϱβζϣЅ

#38Ra3 s3 �UUIw j@3 c3NcCjCqCjw �N�IwcCc L3j@R0c jR Rna LRjCq�jCN< 3u�LUI3. s3 ,RNcC03a j@3 a3I�jCRNc@CU

$3js33N j@3 LR03I CN VϊYϺW �N0 R00c R8 c3I3,jCRN LR03Ic j@�j �a3 ,RLLRNIw nc30 CN LCccCN< 0�j� UaR$I3Lc

)οϺ. ЋЎ*Y

χϮ



mcCN< #�w3c j@3Ra3L. nN03a ,RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c V,RN0CjCRN IW. �N0 3u,@�N<3�$CICjw CN j@3

jaC�I V,RN0CjCRN IIW. s3 ,�N a3AsaCj3 j@3 LR03I CN VϊYЕW �c

Pr[S = 0|X,Ya = y]
Pr[S = 1|X,Ya = y]

=
Pr[S = 0|X]
Pr[S = 1|X] ×

eηaq(y)

2[eηaq(Y)|X,S = 1,A = a]
.

i�GCN< IR<�aCj@Lc.

IR<Cj
(
Pr[S = 0|X,Ya = y]

)
= IR<Cj

(
Pr[S = 0|X]

)
+ ηaq(y)− ln2[eηaq(Y)|X,S = 1,A = a], VϊYЋW

s@3a3 8Ra � a3�I NnL$3a u. cn,@ j@�j 0 < u < 1. IR<Cj(u) = ln
(
u(1− u)−1

)
. BN Rj@3a sRa0c. j@3 3uURN3NA

jC�I jCIj LR03I 8Ra j@3 03NcCjw R8 j@3 URj3NjC�I Rnj,RL3c @�c �N CNj3aUa3j�jCRN �c �N R00c R8 c3I3,jCRN LR03IY

BN �UU3N0Cu /Yϊ. s3 0Cc,ncc cRL3 CNj3a3cjCN< ,RNc3\n3N,3c R8 j@3 R00c R8 c3I3,jCRN U�a�L3j3aCy�jCRN �N0

�00a3cc j@3 aR$ncjN3cc R8 Rna 3cjCL�jRac jR LR03I LCccU3,C~,�jCRNY

ϊYϊ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ϔϩ +�bb

ϊYϊYϺ /ΞАΞ Ξϩβ ϨζАϑϱβЅ

bjn0w 03cC<N �N0 0�j�- +�bb s�c � ,RLUa3@3NcCq3 ,R@Raj cjn0w. ,RLUaCcCN< � a�N0RLCy30 jaC�I N3cj30

sCj@CN � ,R@Raj R8 jaC�IA3IC<C$I3 CN0CqC0n�Ic. j@�j ,RLU�a30 ,RaRN�aw �aj3aw cna<3aw UInc L30C,�I j@3a�Uw

V@3N,38Raj@. Ȓcna<3awȓW q3acnc L30C,�I j@3a�Uw �IRN3 8Ra ,@aRNC, ,RaRN�aw �aj3aw 0Cc3�c3 )ϺЋ*Y /3j�CIc

�$Rnj j@3 +�bb �a3 �q�CI�$I3 3Ic3s@3a3 )ϺзЕ. ЕЙ*Y BN $aC38. CN0CqC0n�Ic nN03a<RCN< �N<CR<a�U@w CN ϺϺ U�aA

jC,CU�jCN< CNcjCjnjCRNc s3a3 c,a33N30 8Ra 3IC<C$CICjw �N0 j@3 ЙзϮϮ jaC�IA3IC<C$I3 U�CN0CqC0n�IcjC3Njc s@R L3j

j@3 cjn0w ,aCj3aC� s3a3 3Cj@3a a�N0RLCy30 jR cna<3aw Ra L30C,�I j@3a�Uw VЋοз a�N0RLCy30 CN0CqC0n�IcW. Ra

CN,In030 CN �N R$c3aq�jCRN�I cjn0w VϺЕϺϮ NRNAa�N0RLCy30 CN0CqC0n�IcWY #�c3ICN3 ,Rq�aC�j3c s3a3 ,RII3,j30

8aRL a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�Ic CN �N C03NjC,�I L�NN3aY MR a�N0RLCy30 CN0CqC0n�Ic s3a3

IRcj jR 8RIIRsAnU CN j@3 ~acj Ϻз w3�ac R8 j@3 cjn0wY r3 0C0 NRj nc3 CN8RaL�jCRN RN �0@3a3N,3 �LRN< a�NA

0RLCy30 CN0CqC0n�Ic. CN 3{3,j �ccnLCN< j@�j j@3 NRNA�0@3a3N,3 sRnI0 $3 cCLCI�a �LRN< �II 3IC<C$I3 CN0CA

qC0n�Ic. cR j@�j CNj3NjCRNAjRAja3�j 3{3,jc �a3 <3N3a�ICy�$I3Y

Q8 j@3 ЙзϮϮ jaC�IA3IC<C$I3 CN0CqC0n�Ic. ϺЎοο @�0 ,RLUI3j3 0�j� RN �II $�c3ICN3 ,Rq�aC�j3c VЋЕЕ a�N0RLA

Cy30. ЕЎϮ CN j@3 cna<3aw <aRnU �N0 ЕЎϊ CN j@3 L30C,�I j@3a�Uw <aRnUd Ϯχχ NRNAa�N0RLCy30WY BN Ua3qCRnc

Ўз



sRaG. jR 3u�LCN3 s@3j@3a LCccCN< 0�j� CN�n3N,30 Rna a3cnIjc. s3 U3a8RaL30 3uj3NcCq3 LCccCN< 0�j� �N�IA

wc3c ncCN< LnIjCUI3 CLUnj�jCRN �N0 CNq3ac3 UaR$�$CICjw R8 LCccCN<N3cc s3C<@jCN< L3j@R0cY i@3c3 �N�Iwc3c

UaR0n,30 a3cnIjc j@�j s3a3 N3�aIw C03NjC,�I jR j@3 ,RLUI3j3 ,�c3 �N�Iwc3c )ϺЋ*Y i@nc. jR 8R,nc Rna 3uURcCA

jCRN RN Cccn3c a3I�j30 jR c3NcCjCqCjw �N�IwcCc. s3 RNIw a3URaj a3cnIjc $�c30 RN R$c3aq�jCRNc sCj@ ,RLUI3j3

0�j� CN j@Cc U�U3aY

b3NcCjCqCjw �N�IwcCc ncCN< U�a�L3jaC, LR03Ic- r3 nc30 j@3 L3j@R0c 03c,aC$30 CN b3,jCRNc ϊYЕ jR U3aA

8RaL c3NcCjCqCjw �N�IwcCc CN j@3 ,RNj3uj R8 3cjCL�jCN< j@3 ϺзAw3�a aCcG R8 03�j@ nN03a cna<3aw �N0 L30C,�I

j@3a�Uw. �N0 j@3 aCcG 0C{3a3N,3 �N0 a3I�jCq3 aCcG ,RLU�aCN< j@3 ja3�jL3Njc. 8Ra j@3 URUnI�jCRN R8 �II jaC�IA

3IC<C$I3 CN0CqC0n�Ic �N0 j@3 URUnI�jCRN R8 NRNAa�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�IcY r3 nc30 VU�a�L3jaC,W

IR<CcjC, a3<a3ccCRN LR03Ic 8Ra j@3 Rnj,RL3. j@3 UaR$�$CICjw R8 U�ajC,CU�jCRN CN j@3 jaC�I. �N0 j@3 UaR$�$CICjw

R8 ja3�jL3Nj sCj@ j@3 8RIIRsCN< ,Rq�aC�j3c- �<3. c3q3aCjw R8 �N<CN�. @CcjRaw R8 Ua3qCRnc LwR,�a0C�I CN8�a,A

jCRN. U3a,3Nj R$cjan,jCRN R8 j@3 UaRuCL�I I38j �Nj3aCRa 03c,3N0CN< �aj3aw. I38j q3NjaC,nI�a s�II LRjCRN c,Ra3.

NnL$3a R8 0Cc3�c30 q3cc3Ic. �N0 3E3,jCRN 8a�,jCRNY r3 ,@Rc3 j@3c3 q�aC�$I3c $�c30 RN UaCRa �N�Iwc3c R8 j@3

c�L3 0�j� )χχ. ϺЋ* �N0 0C0 NRj U3a8RaL �Nw LR03I c3I3,jCRNY

b3NcCjCqCjw �N�IwcCc ncCN< a�N0RL 8Ra3cjc- iR 3u�LCN3 j@3 U3a8RaL�N,3 R8 Rna c3NcCjCqCjw �N�IwcCc

L3j@R0c s@3N ncCN< LRa3 �3uC$I3 Rnj,RL3 LR03Ic. s3 a3U3�j30 j@3 c3NcCjCqCjw �N�Iwc3c a3UI�,CN< j@3 IRA

<CcjC, a3<a3ccCRN Rnj,RL3 LR03I sCj@ � ,I�ccC~,�jCRN a�N0RL 8Ra3cj UaR,30na3Y bU3,C~,�IIw. s3 R$j�CN30

Rnj,RL3 UaR$�$CICjC3c ncCN< � ,I�ccC~,�jCRN a�N0RL 8Ra3cj sCj@ Йззз ja33c �N0 8Rna CNUnj q�aC�$I3c Va�NA

0RLIw c3I3,j30 8Ra 3�,@ ja33WY Qna a3cnIjc s3a3 cCLCI�a CN cj�$CICjw �N�Iwc3c ncCN< a�N0RL 8Ra3cjc R8 χзз

ja33c VCNcj3�0 R8 ЙзззW �N0 ncCN< ~q3. cCu. Ra c3q3N CNUnj q�aC�$I3c Va3cnIjc NRj c@RsNWY

+@RC,3 R8 c3NcCjCqCjw U�a�L3j3a q�In3c- mN03a j@3 c3NcCjCqCjw �N�IwcCc LR03I CN 3\n�jCRN VϊYЕW. s@3N

Y Cc $CN�aw �N0 q Cc j@3 C03NjCjw 8nN,jCRN. 8Ra ~u30 ηa. j@3 ,RnNj3a8�,jn�I ,RN0CjCRN�I Rnj,RL3 UaR$�$CICjw

�LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic. Pr[Ya = 1|X,S = 0]. Cc <Cq3N $w j@3 8nN,jCRN

c(a,ηa,X) =
eηaga(1|X)

eηaga(1|X) + ga(0|X)
.

r3 c3j η1 = −η0 ≡ η cR j@�j s@3N NRNAa�N0RLCy30 CN0CqC0n�Ic @�q3 � @C<@3a Rnj,RL3 UaR$�$CICjw

nN03a ja3�jL3Nj a = 1 ,RLU�a30 jR a�N0RLCy30 CN0CqC0n�Ic. j@3w �IcR @�q3 IRs3a Rnj,RL3 UaR$�$CICjw nNA

03a ja3�jL3Nj a = 0Y BNjnCjCq3Iw. j@Cc a3Ua3c3Njc c3I3,jCRN CNjR j@3 jaC�I $�c30 RN j@3 ,RN0CjCRN�I ja3�jL3Nj

ЎϺ



3{3,j VCY3Y. c3I3,jCRN RN nNL3�cna30 3{3,j LR0C~3acWY rCj@ j@Cc cCLUIC8wCN< �ccnLUjCRN. s3 3u�LCN30 j@3

,RN0CjCRN�I ,RnNj3a8�,jn�I Rnj,RL3 UaR$�$CICjC3c 0C{3a3N,3 �LRN< NRNAa�N0RLCy30 CN0CqC0n�Ic. 8Ra a = 1

�N0 a = 0. Rq3a η ∈ [0, 1]Y r3 nc30 +�bb 0�j� jR 3cjCL�j3 j@3 UaR$�$CICjw R8 j@3 Rnj,RL3 ,RN0CjCRN�I RN

j@3 R$c3aq30 ,Rq�aC�j3c �LRN< jaC�I U�ajC,CU�Njc. ga(1|X) = Pr[Y = 1|X,S = 1,A = a]Y �UU3N0Cu 7C<na3

/YϺ c@Rsc G3aN3I 03NcCjC3c 8Ra ĝ1(1|X) �N0 ĝ0(1|X) �LRN< jaC�I U�ajC,CU�NjcY H�cj. s3 UIRjj30 j@3 q�In3c R8

j@3 8nN,jCRNc c(a,η,X). a ∈ {0, 1}. �j X cn,@ j@�j ga(1|X) s�c 3\n�I jR j@3 LCNCLnL. Йχj@ U3a,3NjCI3.

L30C�N. L3�N. Ћχj@ U3a,3NjCI3. �N0 L�uCLnL R8 j@3 3LUCaC,�I 0CcjaC$njCRN R8 ĝa(1|X) V�UU3N0Cu 7C<na3c

/YЙ �N0 /YЕWY Qna 3uUIRa�jCRN cn<<3cjc j@�j j@3 η q�In3c s3 ,@Rc3 ,Raa3cURN0 jR 8�CaIw cjaRN< 0C{3a3NjC�I

c3I3,jCRN CNjR j@3 jaC�I $�c30 RN j@3 URj3NjC�I Rnj,RL3. �N0 j@nc R{3a � $aR�0 3NRn<@ a�N<3 R8 q�In3c 8Ra

c3NcCjCqCjw �N�IwcCcY

BN83a3N,3- 7Ra �II c3NcCjCqCjw �N�Iwc3c Ģ Rnj,RL3ALR03I $�c30 Ra �n<L3Nj30 CNq3ac3 UaR$�$CICjw VR00cW

s3C<@jCN<d ncCN< U�a�L3jaC, LR03Ic Ra a�N0RL 8Ra3cjc Ģ s3 R$j�CN30 URCNjAsCc3 Rq3a η ∈ [0, 1] r�I0A

cjwI3 ϮχX ,RN~03N,3 CNj3aq�Ic sCj@ E�,GGNC83 cj�N0�a0 3aaRacY �c � cj�$CICjw �N�IwcCc. s3 �IcR R$j�CN30

U3a,3NjCI3 CNj3aq�Ic ncCN< j@3 NRNAU�a�L3jaC, $RRjcja�U sCj@ Ϻззз a3c�LUICN<cY

ϊYϊYЙ `ζЅЛϣАЅ

7C<na3c ϊYϺ �N0 ϊYЙ Ua3c3Nj c3NcCjCqCjw �N�IwcCc a3cnIjc 8Ra j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0A

n�Ic �N0 8Ra j@3 cn$c3j R8 NRNAa�N0RLCy30 CN0CqC0n�Ic. ncCN< U�a�L3jaC, IR<CcjC, a3<a3ccCRN LR03Ic 8Ra j@3

UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN �N0 j@3 ,RN0CjCRN�I UaR$�$CICjw R8 j@3 Rnj,RL3 CN 3�,@ ja3�jL3Nj <aRnU �N0

E�,GGNC83 ,RN~03N,3 CNj3aq�IcY �UU3N0Cu 7C<na3c /Yϊ �N0 /Yχ Ua3c3Nj j@3 c�L3 a3cnIjc cn$cjCjnjCN< ,I�ccC~A

,�jCRN a�N0RL 8Ra3cjc 8Ra IR<CcjC, a3<a3ccCRN CN LR03ICN< j@3 ,RN0CjCRN�I UaR$�$CICjw R8 j@3 Rnj,RL3 CN 3�,@

ja3�jL3Nj <aRnUY

mN03a j@3 $�c3 ,�c3 s@3N j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw ,RN0CjCRN @RI0c. Rnj,RL3ALR03I $�c30 �N0

�n<L3Nj30 BT s3C<@jCN< L3j@R0c UaR0n,30 cCLCI�a a3cnIjc. $Rj@ s@3N ncCN< U�a�L3jaC, LR03Ic Ra a�NA

0RL 8Ra3cjcY mN03a qCRI�jCRNc R8 j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw ,RN0CjCRN. $Rj@ 8Ra j@3 j�a<3j URUnI�jCRN

R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic �N0 jaC�IA3IC<C$I3 NRNAa�N0RLCy30 CN0CqC0n�Ic. a3cnIjc �UU3�a30 cRL3s@�j

I3cc c3NcCjCq3 s@3N ncCN< j@3 �n<L3Nj30 BT s3C<@jCN< 3cjCL�jRa sCj@ a�N0RL 8Ra3cjc ,RLU�a30 jR ncCN<

U�a�L3jaC, LR03Icd 0C{3a3N,3c s3a3 LRcj UaRNRnN,30 8Ra 3uja3L3 η q�In3cY

`3<�a0I3cc R8 j@3 LR03ICN< cja�j3<w. CN83a3N,3c s3a3 LRa3 c3NcCjCq3 jR qCRI�jCRNc R8 j@3 ,RN0CjCRN�I <3NA

ЎЙ



3a�ICy�$CICjw �ccnLUjCRN s@3N ,RNcC03aCN< j@3 URj3NjC�I Rnj,RL3 L3�Nc �N0 ja3�jL3Nj 3{3,jc CN j@3 cn$A

URUnI�jCRN R8 NRNAa�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�Ic ,RLU�a30 jR j@3 URUnI�jCRN R8 �II jaC�IA3IC<C$I3

CN0CqC0n�IcY i@Cc a3cnIj Cc 3uU3,j30. $3,�nc3 3cjCL�j3c 8Ra NRNAa�N0RLCy30 jaC�IA3IC<C$I3 CN0CqC0n�Ic 03A

U3N0 3NjCa3Iw RN 3uja�URI�jCRN V8aRL a�N0RLCy30 jR NRNAa�N0RLCy30 CN0CqC0n�IcW s@3a3�c 3cjCL�j3c 8Ra

�II jaC�IA3IC<C$I3 CN0CqC0n�Ic �IcR CN,In03 j@3 a�N0RLCy30 CN0CqC0n�Icd CNcU3,jCRN R8 j@3 a3cnIjc CN b3,jCRN

ϊYЕ ,RN~aLc j@�j j3aLc 3uUa3ccCN< j@3 Ȓ,RNjaC$njCRNȓ R8 a�N0RLCy30 CN0CqC0n�Ic jR j@3 3cjCL�jRac 0R NRj

03U3N0 RN j@3 c3NcCjCqCjw U�a�L3j3ac ηaY

�UU3N0Cu 7C<na3c /YЎ j@aRn<@ /YϮ Ua3c3Nj a3cnIjc sCj@ U3a,3NjCI3 CNj3aq�Ic 8aRL j@3 NRNAU�a�L3jaC,

$RRjcja�UY D�,GGNC83 CNj3aq�Ic s3a3 cRL3s@�j sC03a j@�N $RRjcja�U CNj3aq�Ic. U�ajC,nI�aIw s@3N ncCN< ,I�cA

cC~,�jCRN a�N0RL 8Ra3cjc jR LR03I j@3 Rnj,RL3Y

ЎЕ



Figure 4.1: Sensiধvity analysis using parametric models for the target populaধon of all trial-eligible individuals in CASS.
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Figure 4.2: Sensiধvity analysis using parametric models for the sub-populaধon of trial-eligible non-randomized individu-
als in CASS.
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ϊYχ /ϔЅΫЛЅЅϔϱϩ

� L�ERa ,@�II3N<3 CN <3N3a�ICy�$CICjw �N�Iwc3c Cc j@3 N330 jR ,RII3,j �03\n�j3 ,Rq�aC�j3 CN8RaL�jCRN Ģ $Rj@

8aRL jaC�I U�ajC,CU�Njc �N0 NRNAU�ajC,CU�Njc Ģ cR j@�j j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw ,RN0CjCRN ,�N $3 ,RNA

cC03a30 jR @RI0Y #3,�nc3 j@3 ,RN0CjCRN�I <3N3a�ICy�$CICjw ,RN0CjCRN Cc nNj3cj�$I3 �N0 $�,G<aRnN0 GNRsIA

30<3 �$Rnj 3{3,j LR0C~,�jCRN Cc CN,RLUI3j3 �N0 nN,3aj�CN. CNq3cjC<�jRac N330 jR 3u�LCN3 j@3 CLU�,j R8

�ccnLUjCRN qCRI�jCRNc CN c3NcCjCqCjw �N�Iwc3cY r3 03c,aC$30 Rnj,RL3 LR03IA$�c30 �N0 �n<L3Nj30 CNq3ac3

UaR$�$CICjw s3C<@jCN< L3j@R0c 8Ra <IR$�I c3NcCjCqCjw �N�IwcCc CN cjn0C3c 3uj3N0CN< CN83a3N,3c 8aRL � a�NA

0RLCy30 jaC�I jR j@3 j�a<3j URUnI�jCRN R8 �II jaC�IA3IC<C$I3 CN0CqC0n�Ic Ra j@3 cn$AURUnI�jCRN R8 jaC�IA3IC<C$I3

NRNAa�N0RLCy30 CN0CqC0n�IcY r@3N Cj Cc 03cCa�$I3 jR nc3 � �3uC$I3 V3Y<Y. c3LCU�a�L3jaC, Ra L�,@CN3 I3�aNA

CN<W Rnj,RL3 LR03Ic jR a30n,3 j@3 aCcG R8 LR03I LCccU3,C~,�jCRN. j@3 Rnj,RL3 LR03IA$�c30 c3NcCjCqCjw

�N�IwcCc 3cjCL�jRa L�w 3u@C$Cj I�a<3 ~NCj3Ac�LUI3 $C�c $3,�nc3 j@3 �3uC$I3 LR03ICN< Cc j�CIRa30 jRs�a0c

RUjCL�I 3cjCL�jCRN R8 j@3 U�a�L3j3ac R8 j@3 Rnj,RL3 LR03I. NRj j@3 3cjCL�jCRN R8 j@3 c3NcCjCqCjw �N�IwcCc

8nN,jCRN�IcY BN cn,@ ,�c3c. j@3 �n<L3Nj30 CNq3ac3 UaR$�$CICjw s3C<@jCN< c3NcCjCqCjw �N�IwcCc 3cjCL�jRac L�w

U3a8RaL $3jj3aY

Qna L3j@R0c �a3 3�cw jR nc3 $3,�nc3 j@3w 0R NRj a3\nCa3 03j�CI30 $�,G<aRnN0 GNRsI30<3 �$Rnj cU3,C~,

nNL3�cna30 3{3,j LR0C~3ac �N0 j@3 a3I�jCRNc@CU $3js33N nNL3�cna30 3{3,j LR0C~3ac �N0 j@3 R$c3aq30

q�aC�$I3cY BNcj3�0. s3 0Ca3,jIw U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 �ccnLUjCRNc CN j3aLc R8 j@3 URj3NjC�I RnjA

,RL3 0CcjaC$njCRNc R8 a�N0RLCy30 �N0 NRNAa�N0RLCy30 CN0CqC0n�IcY Qna �UUaR�,@ @�c � cL�II NnL$3a R8

c3NcCjCqCjw �N�IwcCc U�a�L3j3ac �N0 �qRC0c j@3 0C|,nIj j�cG R8 cU3,C8wCN< LR03Ic 8Ra j@3 0CcjaC$njCRN R8 j@3

nNGNRsN 3{3,j LR0C~3ac Ra j@3Ca a3I�jCRNc@CU sCj@ jaC�I U�ajC,CU�jCRN �N0 j@3 Rnj,RL3Y BNjnCjCq3Iw. s3 3uA

UIRCj j@3 8�,j j@�j j@3 URj3NjC�I Rnj,RL3c �a3 NRj RNIw j@3 ȒnIjCL�j3 ,RN8RnN03acȓ )ЙЙ*. $nj �IcR j@3 nIjCL�j3

0aCq3ac R8 3{3,j LR0C~,�jCRNY i@�j Cc s@w U�a�L3j3aCyCN< j@3 c3NcCjCqCjw �N�IwcCc $�c30 RN j@3 URj3NjC�I

Rnj,RL3 0CcjaC$njCRNc I3�0c jR 8�CaIw cCLUI3 c3NcCjCqCjw �N�IwcCc UaR,30na3cY �Ij3aN�jCq3 L3j@R0c 8Ra c3NA

cCjCqCjw �N�IwcCc V3Y<Y. )χЙ. χϺ*W L�w $3 nc38nI s@3N $�,G<aRnN0 GNRsI30<3 Cc c@�aU 3NRn<@ jR cn<<3cj j@�j

� cCN<I3 nNL3�cna30 3{3,j LR0C~3a sCj@ s3IIAnN03acjRR0 CN�n3N,3 RN jaC�I U�ajC,CU�jCRN �N0 j@3 Rnj,RL3

Cc a3cURNcC$I3 8Ra qCRI�jCRNc R8 j@3 <3N3a�ICy�$CICjw ,RN0CjCRNY BN j@3 �$c3N,3 R8 cn,@ c@�aU GNRsI30<3. Rna

L3j@R0c L�w $3 Ua383aa30Y

�c Cc ,RLLRN sCj@ L�Nw c3NcCjCqCjw �N�IwcCc L3j@R0c j@�j CNqRIq3 ,RnNj3a8�,jn�I \n�NjCjC3c. Cj Cc ,@�IA

ЎЎ



I3N<CN< jR c3I3,j c3NcCjCqCjw �N�IwcCc U�a�L3j3acY r3 @�q3 03c,aC$30 Rna �UUaR�,@ 8Ra a3�cRNCN< �$Rnj j@3

,@RC,3 R8 c3NcCjCqCjw �N�IwcCc U�a�L3j3a q�In3c CN Rna 3u�LUI3. $nj s3 �a3 nNcna3 �$Rnj j@3 LRcj Ua�,jC,�I

s�w 8Ra c@�aCN< cn,@ CN8RaL�jCRN sCj@ cn$cj�NjCq3 a3c3�a,@3ac Ra 8Ra 3IC,CjCN< 8aRL j@3L �00CjCRN�I CN8RaA

L�jCRN jR U�a�L3j3aCy3 j@3 c3NcCjCqCjw �N�IwcCcY i@Cc Cc � UaRLCcCN< �a3� 8Ra 8njna3 a3c3�a,@ ,RL$CNCN<

\n�NjCj�jCq3 �N0 \n�ICj�jCq3 L3j@R0cY

ЎЋ



+@�Uj3a χ

+RN,IncCRN

i@Cc 0Ccc3aj�jCRN ,Rq3ac c3q3a�I jRUC,c a3I�j30 jR cjn0w 03cC<N. C03NjC~,�jCRN. 3cjCL�jCRN. �Nc c3NcCjCqCjw

�N�IwcCc 8Ra �N�Iwc3c j@�j �CL jR 3uj3N0 V<3N3a�ICy3 Ra ja�NcURajW ,�nc�I CN83a3N,3c 8aRL � a�N0RLCy30 jaC�I

jR � j�a<3j URUnI�jCRNY i@3 UC,jna3 j@�j 3L3a<3c �,aRcc j@3 ,@�Uj3ac Cc j@�j �N�Iwc3c 3uj3N0CN< jaC�I ~N0CN<c.

s@C,@ �00a3cc c3I3,jCq3 cjn0w U�ajC,CU�jCRN. ~j N�jna�IIw sCj@CN j@3 Ȓncn�Iȓ ,�nc�I CN83a3N,3 8a�L3sRaG CN

3UC03LCRIR<w �N0 j@3 cR,C�I c,C3N,3c-

ϺY b3I3,j j@3 ,�nc�I \n�NjCjC3c R8 CNj3a3cj j@�j �a3 s3IIA03~N30 CN j@3 j�a<3j URUnI�jCRNY

ЙY /3j3aLCN3 j@3 C03NjC~�$CICjw ,RN0CjCRNc N33030 CN j@3 Ua3c3N,3 R8 c3I3,jCq3 jaC�I U�ajC,CU�jCRN. ,RNA

8RnN0CN<. ,3NcRaCN<. Ra NRNA�0@3a3N,3 �c �ccnLUjCRNc �$Rnj � c3\n3N,3 R8 CNj3aq3NjCRNc jR Ȓc,�I3A

nUȓ j@3 jaC�I. c3j ja3�jL3Nj. 3ICLCN�j3 ,3NcRaCN<. �N0 3N8Ra,3 �0@3a3N,3Y

ЕY mcCN< j@3c3 ,RN0CjCRNc. ~N0 j@3 8nN,jCRN�Ic R8 j@3 R$c3aq30 0�j� 0CcjaC$njCRN jR C03NjC8w j@3 ,�nc�I

\n�NjCjC3c R8 CNj3a3cjY

ϊY 2cjCL�j3 j@3 R$c3aq30 0�j� 8nN,jCRN�Ic ncCN< �UUaRUaC�j3 cj�jCcjC,�I L3j@R0cY

χY +RN0n,j �UUaRUaC�j3 c3NcCjCqCjw �N�Iwc3c jR 3u�LCN3 @Rs CN83a3N,3c sRnI0 $3 �{3,j30 $w qCRI�jCRNc

R8 j@3 �ccnLUjCRNcY

BN qC3s R8 j@3 <3N3a�ICjw R8 j@3 �$Rq3 8a�L3sRaG. Cj Cc NRj cnaUaCcCN< j@�j j@3 L3j@R0c 8Ra 3uj3N0CN<

CN83a3N,3c 8aRL a�N0RLCy30 jaC�Ic jR j@3 j�a<3j URUnI�jCRNc @�q3 L�Nw cCLCI�aCjC3c sCj@ LRa3 sC03Iw nc30

L3j@R0c 8Ra j@3 ,RNjaRI R8 ,RN8RnN0CN< Ra ,RIIC03a cja�jC~,�jCRN $C�cY

iR ,RN,In03. �N0 cCN,3 3�,@ R8 j@3 ,@�Uj3ac ,RLUaCcCN< j@Cc 0Ccc3aj�jCRN @�c Cjc RsN 0Cc,nccCRN c3,jCRN.

s3 ICcj � NnL$3a R8 URccC$I3 3uj3NcCRNc R8 j@3 L3j@R0c j@�j �a3 N�jna�I N3uj cj3Uc sCj@CN j@3 �$Rq3 8a�L3A

sRaG-

Ë /3q3IRU 3cjCL�jCRN �N0 c3NcCjCqCjw �N�IwcCc L3j@R0c 8Ra IRN<Cjn0CN�I �N0 8�CIna3AjCL3 Rnj,RL3c.

$nCI0CN< RN j@3 C03NjC~,�jCRN a3cnIjc R8 +@�Uj3a ЙY

Ўο



Ë mc3 �3uC$I3 �UUaR�,@3c V3Y<Y. L�,@CN3 I3�aNCN<W 8Ra 3cjCL�jCN< LR03Ic 8Ra j@3 UaR$�$CICjw R8 jaC�I

U�ajC,CU�jCRN Ra j@3 Rnj,RL3Y

Ë 2uj3N0 j@3 C03NjC~,�jCRN. 3cjCL�jCRN. �N0 c3NcCjCqCjw �N�IwcCc a3cnIjc jR @�N0I3 LnIjCUI3 jaC�Ic V�c CN

ȒL3j�A�N�IwcCcȓWY

Ë �00a3cc ,RLUIC,�jCRNc cn,@ �c L3�cna3L3Nj 3aaRa VICG3Iw 0C{3a3NjC�I $3js33N j@3 a�N0RLCy30 �N0

NRNAa�N0RLCy30 <aRnUcW �N0 LCccCN< 0�j� VICG3Iw jR 8RIIRs ,RLUI3u LCccCN< 0�j� L3,@�NCcLcW CN

<3N3a�ICy�$CICjw �N0 ja�NcURaj�$CICjw �N�Iwc3cY

ЎϮ



�UU3N0Cu �

�UU3N0Cu jR +@�Uj3a Ϻ

�YϺ BβζϩАϔυϔΫΞАϔϱϩ ϱυ Аϑζ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ ϔϩ ϩζЅАζβ АЁϔΞϣ βζЅϔόϩЅ

ЧϔАϑ ЅЛΪAЅΞϨϿϣϔϩό

�YϺYϺ BβζϩАϔυϔΫΞАϔϱϩ ϱυ Аϑζ ϨΞЁόϔϩΞϣ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ

mcCN< j@3 03~NCjCRN R8 ,RN0CjCRN�I UaR$�$CICjw �N0 a3A�aa�N<CN<.

Pr[S = 1] =
Pr[S = 1|D = 1]Pr[D = 1]

Pr[D = 1|S = 1]
�N0 Pr[S = 0] =

Pr[S = 0|D = 1]Pr[D = 1]
Pr[D = 1|S = 0]

.

i�GCN< j@3 a�jCR R8 j@3 �$Rq3 3uUa3ccCRNc �N0 3uUIRCjCN< j@3 c�LUICN< UaRU3ajC3c 8Ra NRNAN3cj30 jaC�I 03A

cC<Nc.

Pr[S = 1]
Pr[S = 0]

=
Pr[S = 1|D = 1]
Pr[S = 0|D = 1]

× Pr[D = 1|S = 0]
Pr[D = 1|S = 1]

=
Pr[S = 1|D = 1]
Pr[S = 0|D = 1]

× c.

rCj@ � $Cj R8 �I<3$a�. j@3 �$Rq3 3uUa3ccCRN ,�N $3 a3A�aa�N<30 jR c@Rs j@�j

Pr[S = 1] =
{
1+

Pr[S = 0|D = 1]
Pr[S = 1|D = 1]

× c−1
}−1

.

#w c3jjCN< c = 1 s3 c33 j@�j CN j@3 N3cj30AjaC�I 03cC<N sCj@ � ,3Ncnc R8 NRNAa�N0RLCy30 CN0CqC0n�Ic

Pr[S = 1] = Pr[S = 1|D = 1]Y
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�YϺYЙ BβζϩАϔυϔΫΞАϔϱϩ ϱυ Аϑζ ΫϱϩβϔАϔϱϩΞϣ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ

i@3 �a<nL3Nj 8Ra j@3 ,RN0CjCRN�I UaR$�$CICjw Cc U�a�II3I jR j@3 RN3 Ua3c3Nj30 �$Rq3 8Ra j@3 L�a<CN�I UaR$�A

$CICjwY �<�CN. ncCN< j@3 03~NCjCRN R8 ,RN0CjCRN�I UaR$�$CICjw.

Pr[S = 1|X] = Pr[S = 1|X,D = 1]Pr[D = 1|X]
Pr[D = 1|X,S = 1]

�N0

Pr[S = 0|X] = Pr[S = 0|X,D = 1]Pr[D = 1|X]
Pr[D = 1|X,S = 0]

.

i�GCN< j@3 a�jCR R8 j@3 �$Rq3 3uUa3ccCRNc �N0 3uUIRCjCN< j@3 c�LUICN< UaRU3ajC3c 8Ra NRNAN3cj30 jaC�I 03A

cC<Nc.

Pr[S = 1|X]
Pr[S = 0|X] =

Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

× Pr[D = 1|X,S = 0]
Pr[D = 1|X,S = 1]

=
Pr[S = 1|X,D = 1]
Pr[S = 0|X,D = 1]

× c.

i@3 �$Rq3 3uUa3ccCRN ,�N $3 a3A�aa�N<30 jR c@Rs j@�j

Pr[S = 1|X] =
{
1+

Pr[S = 0|X,D = 1]
Pr[S = 1|X,D = 1]

× c−1
}−1

.

#w c3jjCN< c = 1 s3 c33 j@�j CN j@3 N3cj30AjaC�I 03cC<N sCj@ � ,3Ncnc R8 NRNAa�N0RLCy30 CN0CqC0n�Ic

Pr[S = 1|X] = Pr[S = 1|X,D = 1]Y
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�YЙ 2ЅАϔϨΞАϔϩό Аϑζ ΫϱϩβϔАϔϱϩΞϣ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ

r3 RnjICN3 j@3 UaRR8 8Ra j@3 ,RNq3a<3N,3 CN UaR$�$CICjw R8 j@3 3cjCL�jRac 8Ra j@3 ,RN0CjCRN�I UaR$�$CICjw R8

jaC�I U�ajC,CU�jCRN 03c,aC$30 CN j@3 L�CN j3uj. sCj@Rnj 03IqCN< CNjR j@3 j3,@NC,�I ,RN0CjCRNc N33030 jR L�G3

j@3 �a<nL3Njc aC<RaRncY

+RNcC03a j@3 ICG3IC@RR0 8nN,jCRN 8Ra j@3 N3cj30 jaC�I 03cC<N sCj@ � ,3Ncnc R8 j@3 �,jn�I URUnI�jCRN.

L (γ) =
n∏

i=1

[
p(Xi; γ)

]Si[1− p(Xi; γ)
]1−Si ,

�N0. j@3 Uc3n0RAICG3IC@RR0 8nN,jCRN 8Ra j@3 N3cj30 jaC�I 03cC<N sCj@ GNRsN c�LUICN< UaR$�$CICjw R8 j@3 NRNA

a�N0RLCy30 CN0CqC0n�Ic.

Lr(γ) =
n∏

i=1

[
p(Xi; γ)

]SiDi
[
1− p(Xi; γ)

][(1−Si)Di]/c.

7Ra L (γ). j@3 c�LUI3 cCy3ANRaL�ICy30 R$E3,jCq3 8nN,jCRN jR $3 L�uCLCy30 Cc

ℓ̂(γ) =
1
n

n∑

i=1

{
Si logp(Xi; γ) + (1− Si) log

[
1− p(Xi; γ)

]}
.

TaRqC030 j@3 j3,@NC,�I ,RN0CjCRNc 8Ra j@3 nNC8RaL I�s R8 I�a<3 NnL$3ac R$j�CN. j@3 �$Rq3 R$E3,jCq3 8nN,jCRN

,RNq3a<3c nNC8RaLIw CN UaR$�$CICjw. CN j@3 c3Nc3 R8 j@3 03~NCjCRN CN b3,jCRN ЙYϺ R8 )ϊϮ*. jR

ℓ0(γ) = 2
[
S logp(X; γ) + (1− S) log

[
1− p(X; γ)

]]
.

#w i@3Ra3L ЙYϺ R8 )ϊϮ*. C8 ℓ0(γ) Cc nNC\n3Iw L�uCLCy30 �j γ0. j@3 U�a�L3j3a cU�,3 Cc ,RLU�,j. �N0 ℓ0(γ)

Cc ,RNjCNnRnc. j@3N j@3 3cjCL�jRa γ̂ R$j�CN30 $w L�uCLCyCN< ℓ̂(γ). ,RNq3a<3c CN UaR$�$CICjw jR γ0. j@�j Cc.

γ̂
p−→ γ0Y

7Ra Lr(γ). j@3 c�LUI3 cCy3ANRaL�ICy30 R$E3,jCq3 8nN,jCRN jR $3 L�uCLCy30 Cc

ℓ̂r(γ) =
1
n

n∑

i=1

{
SiDi logp(Xi; γ) +

(1− Si)Di

c
log

[
1− p(Xi; γ)

]}
.

#3,�nc3 c Cc �ccnL30 jR $3 $RnN030 �s�w 8aRL з. �N0 UaRqC030 j@3 j3,@NC,�I ,RN0CjCRNc 8Ra j@3 nNC8RaL

ЋЙ



s3�G I�s R8 I�a<3 NnL$3ac R$j�CN. j@3 �$Rq3 R$E3,jCq3 8nN,jCRN ,RNq3a<3c nNC8RaLIw CN UaR$�$CICjw jR

ℓr0(γ) = 2
[
SD logp(X; γ) +

(1− S)D
c

log
[
1− p(X; γ)

]]
.

r3 sCII NRs c@Rs j@�j ℓ0(γ) = ℓr0(γ)Y

#w 03cC<N. C8 S = 1. j@3N SD = 1d C8 S = 0. j@3N SD = 0Y i@nc. jR 3cj�$ICc@ j@3 a3cnIj s3 RNIw N330 jR

c@Rs j@�j

2
[
(1− S) log[1− p(X; γ)

]
= 2

[
(1− S)D

c
log

[
1− p(X; γ)

]]
.

bj�ajCN< 8aRL j@3 aC<@jA@�N0AcC03.

2
[
(1− S)D

c
log

[
1− p(X; γ)

]]
= 2

[
log

[
1− p(X; γ)

]∣∣S = 0,D = 1
]Pr[S = 0,D = 1]

c

= 2
[
log

[
1− p(X; γ)

]∣∣S = 0
]
Pr[S = 0]

= 2
[
(1− S) log

[
1− p(X; γ)

]]
,

s@C,@ 3cj�$ICc@3c j@3 a3cnIjY

#3,�nc3 ℓ0(γ) = ℓr0(γ). Cj 8RIIRsc j@�j j@3 L�uCLCy3a R8 ℓ̂r(γ). γ̂r. ,RNq3a<3c CN UaR$�$CICjw jR γ0. j@�j

Cc. γ̂r

p−→ γ0Y

iR R$j�CN j@3 �cwLUjRjC, 0CcjaC$njCRN R8 j@3 3cjCL�jRac. s3 N330 �00CjCRN�I j3,@NC,�I ,RN0CjCRNc �c CN

i@3Ra3L ЕYϺ R8 )ϊϮ*d UaRqC030 j@3c3 ,RN0CjCRNc @RI0. γ̂ �N0 γ̂r �a3 �cwLUjRjC,�IIw NRaL�IY

ЋЕ



�YЕ MζЅАζβ АЁϔΞϣ βζЅϔόϩ ЧϔАϑ ΫϱЦΞЁϔΞАζAβζϿζϩβζϩА ЅΞϨϿϣϔϩό ϿЁϱΪΞΪϔϣϔАϔζЅ

�YЕYϺ bΞϨϿϣϔϩό ϿЁϱϿζЁАϔζЅ

�c NRj30 CN j@3 L�CN j3uj. � LRa3 <3N3a�I q3acCRN R8 j@3 N3cj30 jaC�I 03cC<N �ccnL3c j@�j j@3 c�LUICN< UaR$A

�$CICjC3c 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic 03U3N0 RN $�c3ICN3 �nuCIC�aw ,Rq�aC�j3cY H3j X = (X1,X2). s@3a3

X1 a3Ua3c3Njc $�c3ICN3 �nuCIC�aw ,Rq�aC�j3c j@�j �a3 �q�CI�$I3 RN �II L3L$3ac R8 j@3 �,jn�I URUnI�jCRN CN

s@C,@ j@3 jaC�I Cc N3cj30. �N0 X2 a3Ua3c3Njc ,Rq�aC�j3c j@�j �a3 RNIw L3�cna30 �LRN< a�N0RLCy30 CN0CqC0nA

�Ic VS = 1W �N0 c�LUI30 NRNAa�N0RLCy30 CN0CqC0n�Ic VS = 1,D = 1WY

i@3 C03NjC~�$CICjw ,RN0CjCRNc �N0 C03NjC~,�jCRN a3cnIjc a3L�CN j@3 c�L3 �c CN j@3 L�CN j3ujd $nj j@3 c�LA

UICN< UaRU3ajC3c R8 j@Cc 03cC<N �a3

Pr[D = 1|S = 1] = 1. �N0

Pr[D = 1|X,A,Y,S = 0] = Pr[D = 1|X1,S = 0] ≡ c(X1),

s@3a3 0 < c(X1) ≤ 1 Cc � GNRsN 8nN,jCRN j@�j RNIw 03U3N0c RN X1. �IIRsCN< j@3 c�LUICN< R8 NRNA

a�N0RLCy30 CN0CqC0n�Ic jR 03U3N0 RN j@3 �nuCIC�aw ,Rq�aC�j3c j@�j �a3 �q�CI�$I3 8aRL �II L3L$3ac R8 j@3

�,jn�I URUnI�jCRNY

�YЕYЙ BβζϩАϔυϔΫΞАϔϱϩ ϱυ Аϑζ ΫϱϩβϔАϔϱϩΞϣ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ

mcCN< �N �a<nL3Nj cCLCI�a jR j@3 ,�c3 s@3N j@3 c�LUICN< UaR$�$CICjw 8Ra NRNAa�N0RLCy30 CN0CqC0n�Ic 0R3c

NRj 03U3N0 RN ,Rq�aC�j3c. s3 R$j�CN

Pr[S = 1|X] =
{
1+

Pr[S = 0|X,D = 1]
Pr[S = 1|X,D = 1]

× 1
c(X1)

}−1

,

s@C,@ Cc C03NjC~�$I3 $3,�nc3 j@3 CNq3ac3 R8 j@3 ,RN0CjCRN�I R00c R8 jaC�I U�ajC,CU�jCRN CN j@3 c�LUI30 0�j�.
Pr[S = 0|X,D = 1]
Pr[S = 1|X,D = 1]

. �a3 C03NjC~�$I3. �N0 c(X1) Cc GNRsN. $w 03cC<NY

Ћϊ



�YЕYЕ 2ЅАϔϨΞАϔϩό Аϑζ ϿЁϱΪΞΪϔϣϔАЭ ϱυ АЁϔΞϣ ϿΞЁАϔΫϔϿΞАϔϱϩ ΪЭ ЧζϔόϑАζβ ЁζόЁζЅЅϔϱϩ

�c $38Ra3. s3 �ccnL3 � LR03I p(X; γ) 8Ra Pr[S = 1|X] sCj@ ~NCj3A0CL3NcCRN�I U�a�L3j3a γY i@3 s3C<@j30

Uc3n0RAICG3IC@RR0 8nN,jCRN $3,RL3c

L ∗
r (γ) =

n∏

i=1

[
p(Xi; γ)

]SiDi
[
1− p(Xi; γ)

][(1−Si)Di]/c(X1i).

MRj3 j@�j j@3 RNIw 0C{3a3N,3 $3js33N L ∗
r (γ) �N0 Lr(γ) Cc j@�j j@3 s3C<@jc CN j@3 8RaL3a 03U3N0 RN X1Y

i@3 c�LUI3 cCy3ANRaL�ICy30 R$E3,jCq3 8nN,jCRN jR $3 L�uCLCy30 Cc

ℓ̂∗r(γ) =
1
n

n∑

i=1

{
SiDi logp(Xi; γ) +

(1− Si)Di

c(X1i)
log

[
1− p(Xi; γ)

]}
.

#3,�nc3 c(X1) Cc �ccnL30 jR $3 $RnN030 �s�w 8aRL з. �N0 UaRqC030 j@3 j3,@NC,�I ,RN0CjCRNc 8Ra j@3 nNCA

8RaL s3�G I�s R8 I�a<3 NnL$3ac R$j�CN. j@3 �$Rq3 R$E3,jCq3 8nN,jCRN ,RNq3a<3c nNC8RaLIw CN UaR$�$CICjw

jR

ℓ∗r0(γ) = 2
[
SD logp(X; γ) +

(1− S)D
c(X1)

log
[
1− p(X; γ)

]]
.

r3 sCII NRs c@Rs j@�j ℓ0(γ) = ℓ∗r0(γ)Y

�c NRj30 �$Rq3. $w 03cC<N. C8 S = 1. j@3N SD = 1d C8 S = 0. j@3N SD = 0Y i@nc. jR 3cj�$ICc@ j@3 a3cnIj

s3 RNIw N330 jR c@Rs j@�j

2
[
(1− S) log

[
1− p(X; γ)

]]
= 2

[
(1− S)D
c(X1)

log
[
1− p(X; γ)

]]
.

Ћχ



bj�ajCN< 8aRL j@3 aC<@jA@�N0AcC03.

2
[
(1− S)D
c(X1)

log
[
1− p(X; γ)

]]
= 2

[
2
[
(1− S)D
c(X1)

log
[
1− p(X; γ)

]∣∣∣X1

] ]

= 2
[

1
c(X1)

2
[
(1− S)D log

[
1− p(X; γ)

]∣∣X1
]
]

= 2
[
Pr[S = 0,D = 1|X1]

c(X1)
2
[
log

[
1− p(X; γ)

]∣∣X1,S = 0,D = 1
]
]

= 2
[
Pr[S = 0|X1]2

[
log

[
1− p(X; γ)

]∣∣X1,S = 0,D = 1
]
]

= 2
[
Pr[S = 0|X1]2

[
log

[
1− p(X; γ)

]∣∣X1,S = 0
]
]

= 2
[

2
[
(1− S) log

[
1− p(X; γ)

]∣∣X1
]
]

= 2
[
(1− S) log

[
1− p(X; γ)

]]
,

s@C,@ 3cj�$ICc@3c j@3 a3cnIjY

#3,�nc3 ℓ0(γ) = ℓ∗r0(γ). Cj 8RIIRsc j@�j j@3 L�uCLCy3a R8 ℓ̂∗r(γ). γ̂
∗
r. ,RNq3a<3c CN UaR$�$CICjw jR γ0. j@�j

Cc. γ̂∗r
p−→ γ0Y

BN Ua�,jC,�I j3aLc. j@Cc a3cnIj cn<<3cjc j@�j j@3 ,RN0CjCRN�I UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN CN j@3 j�a<3j

URUnI�jCRN ,�N $3 3cjCL�j30 ncCN< � s3C<@j30 a3<a3ccCRN R8 S RN X �LRN< c�LUI30 U�jC3Njc. ncCN< s3C<@jc

3\n�I jR Ϻ 8Ra a�N0RLCy30 U�jC3Njc V�II R8 s@RL �a3 c�LUI30Wd 1/c(X1) 8Ra c�LUI30 NRNAa�N0RLCy30 CN0CA

qC0n�Icd 0 8Ra NRNAc�LUI30 NRNAa�N0RLCy30 CN0CqC0n�IcY

�c �$Rq3. UaRqC030 j@3 j3,@NC,�I ,RN0CjCRNc R8 i@3Ra3L ЕYϺ R8 )ϊϮ* @RI0. γ̂∗r Cc �cwLUjRjC,�IIw NRaL�IY

ЋЎ



�UU3N0Cu #

�UU3N0Cu jR +@�Uj3a Й

#YϺ #Ёϔζυ ϱЦζЁЦϔζЧ ϱυ bϔϩόϣζ rϱЁϣβ BϩАζЁЦζϩАϔϱϩ ;ЁΞϿϑЅ VbrB;bW

bj�ajCN< sCj@ � ,�nc�I /�; �$Rnj j@3 8�,jn�I VCY3Y. R$c3aq�$I3. 3q3N C8 nNL3�cna30W q�aC�$I3c. � brB; )Ўχ.

Ўϊ* Cc R$j�CN30 $w URcCjCN< CNj3aq3NjCRNc RN ,3aj�CN NR03cd s3 a383a jR j@3c3 NR03c �c ȒCNj3aq3NjCRN NR03cYȓ

7Cacj. s3 ȒcUICjȓ CNj3aq3NjCRN NR03c CNjR � Ȓa�N0RL U�ajȓ j@�j ,�N $3 j@Rn<@j �c a3Ua3c3NjCN< j@3 Va�NA

0RLW q�aC�$I3 CN j@3 �$c3N,3 R8 CNj3aq3NjCRNd �N0 � Ȓ~u30 U�ajȓ a3Ua3c3NjCN< j@3 cU3,C~, CNj3aq3NjCRN nN03a

,RNcC03a�jCRNY BN j@Cc U�U3a. s3 nc3 � q3ajC,�I ICN3 jR 03NRj3 NR03 cUICjjCN<Y 7Ra 3u�LUI3. CNj3aq3NjCRN jR c3j

Z jR z = 1 sRnI0 $3 03UC,j30 �c Z
∣∣ z = 1Y

M3uj. 8Ra 3�,@ cUICj NRj3. CN,RLCN< �aaRsc RN j@3 /�; URCNj CNjR j@3 a�N0RL U�aj RN j@3 brB;d Rnj<RA

CN< �aaRsc RN j@3 /�; 3L�N�j3 8aRL j@3 ~u30 U�aj RN j@3 brB;d Rj@3asCc3. �aaRsc �a3 I38j nN,@�N<30Y

�II 03c,3N0�Njc R8 CNj3aq3NjCRN NR03c �a3 j@3N a3I�$3I30 jR 03UC,j j@3 ,Raa3cURN0CN< ,RnNj3a8�,jn�I a�NA

0RL q�aC�$I3c nN03a j@3 cU3,C~, CNj3aq3NjCRN nN03a ,RNcC03a�jCRNd j@Cc Cc 0RN3 jR cC<NC8w j@�j. 8Ra j@3 03A

c,3N0�Njc R8 CNj3aq3NjCRN NR03c. RNIw URcjACNj3aq3NjCRN L3�cna3L3Njc �a3 URccC$I3 CN j@3 ȒsRaI0ȓ s@3a3 s3

@�q3 CNj3aq3N30 CN Rna ,@Rc3N s�wY

MR03c a3Ua3c3NjCN< a�N0RL q�aC�$I3c ,�N $3 ja3�j30 �c $3IRN<CN< jR � Ȓ,RNq3NjCRN�Iȓ /�; Ģ j@�j Cc jR

c�w. j@3 ncn�I anI3c R8 0Ac3U�a�jCRN )χЋ. Ϯз* ,�N $3 nc30 jR a3�0AR{ CN03U3N03N,3 ,RN0CjCRNc 8aRL brB;c.

sCj@ j@3 �00CjCRN�I UaRU3ajw j@�j j@3 ~u30 NR03c $IR,G j@3 U�j@c j@3w �a3 CNj3a,3UjCN<Y

� NRj3 RN j3aLCNRIR<w- bjaC,jIw cU3�GCN<. j@3 <a�U@ CN 7C<na3 ЙYЙ Cc � ȒcCN<I3 sRaI0 CNj3aq3NjCRN j3LA

UI�j3ȓ VbrBiW $3,�nc3 $w cn$cjCjnjCN< 0C{3a3Nj cU3,C~, q�In3c 8Ra z s3 ,�N nc3 j@3 <a�U@ jR a3Ua3c3Nj

brB;c nN03a 0C{3a3Nj CNj3aq3NjCRNc V8RaL�IIw. � j3LUI�j3 Cc � <a�U@Aq�In30 8nN,jCRNWY #3,�nc3 j@3a3 Cc

NR URccC$CICjw R8 ,RN8ncCRN @3a3. s3 CN8RaL�IIw a383a jR <a�U@c ICG3 7C<na3 ЙYЙ �c brB;cY

ЋЋ



#YЙ BϩАζЁЦζϩАϔϱϩ Аϱ ЅΫΞϣζAЛϿ АЁϔΞϣ ζϩόΞόζϨζϩА Ξϩβ ЅζА АЁζΞАϨζϩА

#YЙYϺ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ όAυϱЁϨЛϣΞ ΫϱϨϿЛАΞАϔϱϩ

Pr[Yr=1,s=1,z ≤ y] = 2
[
Pr[Yr=1,s=1,z ≤ y|X]

]

= 2
[
Pr[Yr=1,s=1,z ≤ y|X,R = 1]

]

= 2
[
Pr[Yr=1,s=1,z ≤ y|X,R = 1,Sr=1 = 1]

]

= 2
[
Pr[Ys=1,z ≤ y|X,R = 1,Sr=1 = 1,Zr=1,s=1 = z]

]

= 2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
,

s@3a3 j@3 ~acj 3\n�ICjw 8RIIRsc 8aRL j@3 I�s R8 jRj�I 3uU3,j�jCRNd j@3 c3,RN0 8aRL ,RN0CjCRN VЙYϊWd j@3 j@Ca0

8aRL ,RN0CjCRN VЙYχWd j@3 8Rnaj@ 8aRL ,RN0CjCRN VЙYЎWd �N0 j@3 I�cj 8aRL ,RN0CjCRNc VЙYϺW j@aRn<@ VЙYЕWY 2uA

Ua3ccCRNc �a3 s3II 03~N30 $3,�nc3 R8 ,RN0CjCRNc VЙYЋW j@aRn<@ VЙYϮWY

#YЙYЙ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ ϔϩЦζЁЅζ ϿЁϱΪΞΪϔϣϔАЭ ЧζϔόϑАϔϩό

r3 ,�N 03aCq3 j@3 C03NjCjw CN VЙYϺϺW �c 8RIIRsc-

2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
= 2

[
Pr[Y ≤ y|X,S = 1,Z = z]Pr[R = 1,S = 1,Z = z|X]

Pr[R = 1,S = 1,Z = z|X]

]

= 2
[

2
[

I(Y ≤ y,R = 1,S = 1,Z = z)
Pr[R = 1,S = 1|X]Pr[Z = z|X,R = 1,S = 1]

∣∣∣X
] ]

= 2
[

I(Y ≤ y,R = 1,S = 1,Z = z)
Pr[R = 1,S = 1|X]Pr[Z = z|X,R = 1,S = 1]

]
,

s@3a3 I(·) 03NRj3c j@3 CN0C,�jRa 8nN,jCRNY

MRj3 j@�j CN j@3 �$Rq3 03aCq�jCRN 0C0 NRj nc3 �Nw ,RN0CjCRNc j@�j CNqRIq3 ,RnNj3a8�,jn�I Rnj,RL3cd j@nc.

j@3 a3cnIj @RI0c 3q3N C8 2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z]

]
0R3c NRj @�q3 � ,�nc�I CNj3aUa3j�jCRNY

Ћο



#YЕ `ζϣΞАϔϱϩЅϑϔϿ ЧϔАϑ ϔβζϩАϔυϔΫΞАϔϱϩ ЁζЅЛϣАЅ ϔϩ ЅАЛβϔζЅ ЧϔАϑ ЅϑϱЁА АζЁϨ υϱϣϣϱЧAЛϿ

Ξϩβ ϿϱЅАAАЁζΞАϨζϩА ΞЅЅϔόϩϨζϩА βЁϱϿϱЛА

BN a�N0RLCy30 Ra R$c3aq�jCRN�I cjn0C3c sCj@ IRN<Cjn0CN�I 8RIIRsAnU. CN0CqC0n�Ic s@R 3Nj3a j@3 cjn0w R8j3N

0aRUARnj Ra �a3 IRcjAjRA8RIIRsAnUY H3j C $3 �N CN0C,�jRa 8Ra Ua3L�jna3Iw 3uCjCN< j@3 cjn0w VϺ C8 j@3 CN0CqC0n�I

Cc ,3NcRa30 �N0 з C8 j@3 CN0CqC0n�I ,RLUI3j3c j@3 cjn0wWY � /�; a3Ua3c3NjCN< j@3 �ccnLUjCRN j@�j ,3NcRaA

CN< L�w $3 03U3N03Nj RN $�c3ICN3 ,Rq�aC�j3c �N0 ja3�jL3Nj Cc 03UC,j30 CN 7C<na3 #YϺd NRj3 j@�j j@3 /�;

�IcR L�G3c j@3 ,RNq3NjCRN�I Vc33 +@�Uj3a ο R8 )ЙϮ*W �ccnLUjCRN j@�j ,3NcRaCN< 0R3c NRj @�q3 � 0Ca3,j 3{3,j

RN j@3 Rnj,RL3 V�$c3N,3 R8 C → v �aaRsWY r3 @�q3 UI�,30 � $Ru �aRnN0 j@3 C NR03 jR 03NRj3 j@�j j@3

�N�IwcCc @�c jR $3 a3cjaC,j30 jR CN0CqC0n�Ic s@R s3a3 NRj ,3NcRa30. $3,�nc3 NR Rnj,RL3 0�j� Cc �q�CI�$I3

8aRL ,3NcRa30 CN0CqC0n�IcY i@3 a3cj R8 j@3 NRj�jCRN Cc j@3 c�L3 �c CN Ua3qCRnc c3,jCRNc. 3u,3Uj j@�j s3 RLCj

j@3 S NR03 jR 8R,nc RN ,3NcRaCN<Y

BN 7C<na3 #YЙ s3 c@Rs j@3 brB; <3N3a�j30 8aRL 7C<na3 #YϺ 8Ra � @wURj@3jC,�I CNj3aq3NjCRN c3jjCN< ja3�jA

L3Nj Z jR z �N0 jR 3ICLCN�j3 ,3NcRaCN< $w c3jjCN< C jR c = 0Y r3 nc3 j@3 3u,IncCRN a3cjaC,jCRN R8 NR CARNA

Y 3{3,j CN j@3 /�;. s@C,@ L3�Nc j@�j j@3 ,RnNj3a8�,jn�I Rnj,RL3c CN j@3 brB; N330 RNIw $3 CN03u30 $w z

$nj NRj c = 0 V�NRj@3a �UUIC,�jCRN R8 LCNCL�I I�$3ICN<WY

Figure B.1: DAG for censoring in a cohort study.

X Z C Y

Figure B.2: SWIG for joint intervenধon on Z and C.

X Z
∣∣ z Cz

∣∣ c=0 Yz
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r3 nc3 j@3 8RIIRsCN< ,RNcCcj3N,w ,RN0CjCRNc-

C8 Zi = z, j@3N Czi = Ci; �N0

C8 Zi = z �N0 C = 0, j@3N Yz,c=0
i = Yi.

7naj@3aLRa3. $w j@3 3u,IncCRN a3cjaC,jCRN R8 NR CARNAY 3{3,j. s3 @�q3 j@�j Yz,c=0
i = Yzi . �N0 s3 ,�N a3�0A

R{ j@3 8RIIRsCN< CN03U3N03N,3 ,RN0CjCRNc 8aRL j@3 brB; R8 7C<na3 #YЙ-

Yz⊥⊥Z
∣∣X �N0 Yz⊥⊥Cz

∣∣X,Z.

mcCN< ,RNcCcj3N,w. j@3 c3,RN0 ,RN0CjCRN ,�N $3 saCjj3N �c Y⊥⊥C
∣∣X,Z = z.

H�cjIw. s3 nc3 j@3 8RIIRsCN< URcCjCqCjw ,RN0CjCRNc. 8Ra 3q3aw z.

Pr[Z = z|X = x] > 0, 8Ra 3q3aw f(x) > 0; �N0

Pr[C = 0|X = x,Z = z] > 0, 8Ra 3q3aw x cn,@ j@�j f(x,Z = z) > 0.

#YЕYϺ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ όAυϱЁϨЛϣΞ ΫϱϨϿЛАΞАϔϱϩ

Pr[Yz,c=0 ≤ y] = 2
[
Pr[Yz,c=0 ≤ y|X]

]

= 2
[
Pr[Yz,c=0 ≤ y|X,Z = z]

]

= 2
[
Pr[Yz,c=0 ≤ y|X,Z = z,Cz = 0, ]

]

= 2
[
Pr[Y ≤ y|X,Z = z,C = 0]

]
,

s@3a3 �II cj3Uc 8RIIRs 8aRL j@3 C03NjC~�$CICjw ,RN0CjCRNc �$Rq3Y

οз



#YЕYЙ BβζϩАϔυϔΫΞАϔϱϩ ЦϔΞ ϔϩЦζЁЅζ ϿЁϱΪΞΪϔϣϔАЭ ЧζϔόϑАϔϩό

r3 NRs c@Rs @Rs C03NjC~,�jCRN Cc URccC$I3 qC� CNq3ac3 UaR$�$CICjw s3C<@jCN<-

2
[
Pr[Y ≤ y|X,Z = z,C = 0]

]
= 2

[
Pr[Y ≤ y|X,Z = z,C = 0]Pr[Z = z|X]Pr[C = 0|X,Z = z]

Pr[Z = z|X]Pr[C = 0|X,Z = z]

]

= 2
[

2[I(Y ≤ y,Z = z,C = 0)|X]
Pr[Z = z|X]Pr[C = 0|X,Z = z]

]

= 2
[

2
[

I(Y ≤ y,Z = z,C = 0)
Pr[Z = z|X]Pr[C = 0|X,Z = z]

∣∣∣X
] ]

= 2
[

I(Y ≤ y,Z = z,C = 0)
Pr[Z = z|X]Pr[C = 0|X,Z = z]

]
.

�<�CN. j@3 �$Rq3 03aCq�jCRN 0R3c NRj CNqRG3 �Nw �ccnLUjCRNc j@�j CNqRIq3 ,RnNj3a8�,jn�I Rnj,RL3cd j@nc.

j@3 a3cnIj @RI0c 3q3N s@3N 2
[
Pr[Y ≤ y|X,Z = z,C = 0]

]
0R3c NRj @�q3 � ,�nc�I CNj3aUa3j�jCRNY

οϺ



#Yϊ iϔϨζAЦΞЁЭϔϩό АЁζΞАϨζϩАЅ

#YϊYϺ +ΞЛЅΞϣ ЀЛΞϩАϔАϔζЅ ϱυ ϔϩАζЁζЅА Ξϩβ ϔβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

r3 sCc@ jR C03NjC8w Pr[Yr=1,s=1,z,a,c=0 ≤ y]. j@3 ,RnNj3a8�,jn�I Rnj,RL3 0CcjaC$njCRN nN03a CNj3aq3NjCRN jR

c,�I3AnU jaC�I 3N<�<3L3Nj Vr = 1, s = 1W. �ccC<N ja3�jL3Nj z. 3N8Ra,3 �0@3a3N,3 a = (a0,a1). �N0 Ua3q3Nj

,3NcRaCN< c = 0Y

MRs. cnUURc3 j@�j s3 �a3 sCIICN< jR L�G3 � c3aC3c R8 ,RNcCcj3N,w. 3u,@�N<3�$CICjw. �N0 URcCjCqCjw ,RNA

0CjCRNc j@�j �a3 ȒN�jna�Iȓ <3N3a�ICy�jCRNc R8 j@3 ,RN0CjCRNc s3 nc30 8Ra URCNj VjCL3A~u30W CNj3aq3NjCRNc

)ЎЋ. ЎϮ. ЋЙ. Ћз*Y

+RNcCcj3N,w ,RN0CjCRNcY 7Ra 3q3aw z. a0. �N0 a1-

C8 Ri = 1, j@3N Sr=1
i = Si;

C8 Ri = 1 �N0 Si = 1, j@3N Zr=1,s=1
i = Zi;

C8 Ri = 1,Si = 1, �N0 Zi = z, j@3N Lr=1,s=1,z
0i = L0i;

C8 Ri = 1,Si = 1, �N0 Zi = z, j@3N Ar=1,s=1,z
0i = A0i;

C8 Ri = 1,Si = 1,Zi = z, �N0 A0i = a0, j@3N Cr=1,s=1,z,a0
1i = C1i;

C8 Ri = 1,Si = 1,Zi = z,A0i = a0,C1i = 0, j@3N Lr=1,s=1,z,a0,c1=0
1i = L1i;

C8 Ri = 1,Si = 1,Zi = z,A0i = a0,C1i = 0, j@3N Ar=1,s=1,z,a0,c1=0
1i = A1i;

C8 Ri = 1,Si = 1,Zi = z,A = a, �N0 C1i = 0, j@3N Cr=1,s=1,z,a,c1=0
2i = C2i; �N0

C8 Ri = 1,Si = 1,Zi = z,A = a, �N0 C = 0, j@3N Yr=1,s=1,z,a,c=0
i = Yi.

οЙ



2u,@�N<3�$CICjw ,RN0CjCRNcY mN03a CNj3aq3NjCRN jR c,�I3AnU jaC�I 3N<�<3L3Nj r = 1. s = 1. �ccC<N ja3�jA

L3Nj z. 3N8Ra,3 �0@3a3N,3 jR ja3�jL3Nj a = (a0,a1). �N0 Ua3q3Nj ,3NcRaCN< c = 0 V<a�U@ NRj c@RsNW. 8Ra

3q3aw z. a = (a0,a1). c = (c1, c2). cnUURc3 j@3 8RIIRsCN< ,RN0CjCRNc @RI0-

Yr=1,s=1,z,a,c⊥⊥R
∣∣X;

Yr=1,s=1,z,a,c⊥⊥Sr=1
∣∣X,R;

Yr=1,s=1,z,a,c⊥⊥Zr=1,s=1
∣∣X,R,Sr=1;

Yr=1,s=1,z,a,c⊥⊥Ar=1,s=1,z
0

∣∣X,R,Sr=1,Zr=1,s=1,Lr=1,s=1,z
0 ;

Yr=1,s=1,z,a,c⊥⊥Cr=1,s=1,z,a0
1

∣∣X,R,Sr=1,Zr=1,s=1,Lr=1,s=1,z
0 ,Ar=1,s=1,z

0 ;

Yr=1,s=1,z,a,c⊥⊥Ar=1,s=1,z,a0,c1
1

∣∣X,R,Sr=1,Zr=1,s=1,Lr=1,s=1,z
0 ,Ar=1,s=1,z

0 ,Cr=1,s=1,z,a0
1 ,Lr=1,s=1,z,a0,c1

1 ; �N0

Yr=1,s=1,z,a,c⊥⊥Cr=1,s=1,z,a,c1
2

∣∣X,R,Sr=1,Zr=1,s=1,Lr=1,s=1,z
0 ,Ar=1,s=1,z

0 ,Cr=1,s=1,z,a0
1 ,Lr=1,s=1,z,a0,c1

1 ,Ar=1,s=1,z,a0,c1
1 .
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MRj3 j@�j. s@3N ,RL$CN30 sCj@ j@3 ,RNcCcj3N,w ,RN0CjCRNc. j@3 �$Rq3 3u,@�N<3�$CICjw ,RN0CjCRNc CLUIw

Yr=1,s=1,z,a,c=0⊥⊥R
∣∣X;

Yr=1,s=1,z,a,c=0⊥⊥S
∣∣X,R = 1;

Yr=1,s=1,z,a,c=0⊥⊥Z
∣∣X,R = 1,S = 1;

Yr=1,s=1,z,a,c=0⊥⊥A0
∣∣X,R = 1,S = 1,Z = z,L0;

Yr=1,s=1,z,a,c=0⊥⊥C1
∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0;

Yr=1,s=1,z,a,c=0⊥⊥A1
∣∣X,R = 1,S = 1,Z = z,L,A0 = a0,C1 = 0; �N0

Yr=1,s=1,z,a,c=0⊥⊥C2
∣∣X,R = 1,S = 1,Z = z,L,A = a,C1 = 0.

οϊ



TRcCjCqCjw ,RN0CjCRNcY r3 �IcR N330 j@3 8RIIRsCN< URcCjCqCjw ,RN0CjCRNc. 8Ra 3q3aw z �N0 3q3aw a.

Pr[R = 1|X = x] > 0, 8Ra 3q3aw x sCj@ f(x) > 0;

Pr[S = 1|X = x,R = 1] > 0, 8Ra 3q3aw x sCj@ f(x,R = 1) > 0;

Pr[Z = z|X = x,R = 1,S = 1] > 0. 8Ra 3q3aw x sCj@ f(x,R = 1,S = 1) > 0;

Pr[A0 = a0|X = x,R = 1,S = 1,Z = z,L0 = l0] > 0,

8Ra 3q3aw x, l0 sCj@ f(x, l0,R = 1,S = 1,Z = z) > 0;

Pr[C1 = 0|X = x,R = 1,S = 1,Z = z,L0 = l0,A0 = a0] > 0,

8Ra 3q3aw x, l0 sCj@ f(x, l0,R = 1,S = 1,Z = z,A0 = a0) > 0;

Pr[A1 = a1|X = x,R = 1,S = 1,Z = z,L = l,A0 = a0,C1 = 0] > 0,

8Ra 3q3aw x, l sCj@ f(x, l,R = 1,S = 1,Z = z,A0 = a0,C1 = 0) > 0; �N0

Pr[C2 = 0,X = x,R = 1,S = 1,Z = z,L = l,A = a,C1 = 0] > 0,

8Ra 3q3aw x, l sCj@ f(x, l,R = 1,S = 1,Z = z,A = a,C1 = 0) > 0.

οχ



#YϊYЙ BβζϩАϔυϔΫΞАϔϱϩ

Pr[Yr=1,s=1,z,a,c=0 ≤ y]

= 2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X]

]

= 2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1]

]

= 2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1]

]

= 2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z]

]

= 2
[
2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L0]

∣∣X,R = 1,S = 1,Z = z
]]

= 2
[
2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L0,A0 = a0]

∣∣X,R = 1,S = 1,Z = z
]]

= 2
[
2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0]

∣∣X,R = 1,S = 1,Z = z
]]

= 2
[
2
[

2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L,A0 = a0,C1 = 0]

∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0
]∣∣∣X,R = 1,S = 1,Z = z

]]

= 2
[
2
[

2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L,A = a,C1 = 0]

∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0
]∣∣∣X,R = 1,S = 1,Z = z

]]

= 2
[
2
[

2
[
Pr[Yr=1,s=1,z,a,c=0 ≤ y|X,R = 1,S = 1,Z = z,L,A = a,C = 0]

∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0
]∣∣∣X,R = 1,S = 1,Z = z

]]

= 2
[
2
[

2
[
Pr[Y ≤ y|X,R = 1,S = 1,Z = z,L,A = a,C = 0]

∣∣X,R = 1,S = 1,Z = z,L0,A0 = a0,C1 = 0
]∣∣∣X,R = 1,S = 1,Z = z

]]

= 2
[

I(Y ≤ y,R = 1,S = 1,Z = z,A = a,C = 0)

Pr[C2 = 0,A1 = a1|X,R = 1,S = 1,Z = z,L,A0 = a0,C1 = 0]Pr[C1 = 0,A0 = a0|X,R = 1,S = 1,Z = z,L0]Pr[R = 1,S = 1,Z = z|X]

]

= 2
[

I(Y ≤ y,R = 1,S = 1,Z = z,A = a,C = 0)
Pr[R = 1,S = 1|X]Pr[Z = z|X,R = 1,S = 1]× Pa × Pc

]
,

s@3a3 CN j@3 I�cj 3uUa3ccCRN �$Rq3. s3 03~N3

Pa = Pr[A1 = a1|X,R = 1,S = 1,Z = z,L,A0 = a0,C1 = 0]

× Pr[A0 = a0|X,R = 1,S = 1,Z = z,L0], �N0

Pc = Pr[C2 = 0|X,R = 1,S = 1,Z = z,L,A = a,C1 = 0]

× Pr[C1 = 0|X,R = 1,S = 1,Z = z,L0,A0 = a0].

2uj3NcCRNc jR LnIjCUI3 jCL3AURCNjc. s@C,@ sRnI0 $3 N3,3cc�aw jR ,�Ujna3 LRa3 ,RLUI3u U�jj3aNc R8 NRNA

�0@3a3N,3 Rq3a jCL3. �a3 s3IIAnN03acjRR0 )ЋЙ. Ћз* �N0 0R NRj �Ij3a �Nw R8 Rna ,RN,IncCRNc a3<�a0CN< <3N3aA

�ICy�$CICjw jR � j�a<3j URUnI�jCRNY
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�UU3N0Cu +

�UU3N0Cu jR +@�Uj3a Е

+YϺ BβζϩАϔυϔΫΞАϔϱϩ. ζЅАϔϨΞАϔϱϩ. Ξϩβ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ υϱЁ ϿϱАζϩАϔΞϣ ϱЛАΫϱϨζ ϨζΞϩЅ

ϔϩ Аϑζ ζϩАϔЁζ АΞЁόζА ϿϱϿЛϣΞАϔϱϩ

r3 NRs cnLL�aCy3 L3j@R0c 8Ra j@3 C03NjC~,�jCRN. 3cjCL�jCRN. �N0 c3NcCjCqCjw �N�IwcCc 8Ra j@3 URj3NjC�I

Rnj,RL3 L3�Nc CN j@3 3NjCa3 j�a<3j URUnI�jCRN. 2[Ya]Y i@3c3 L3j@R0c �UUIw jR N3cj30 jaC�I 03cC<Nc VCY3Y.

s@3N j@3 a�N0RLCy30 jaC�I Cc N3cj30 CN � ,R@Raj c�LUI30 8aRL j@3 j�a<3j URUnI�jCRNWY

+YϺYϺ BβζϩАϔυϔΞΪϔϣϔАЭ ΫϱϩβϔАϔϱϩЅ

VBW +RNcCcj3N,w- B8 Ai = a. j@3N Yi = Yai . �<�CN. CLUIC,Cj CN Rna NRj�jCRN Cc j@3 �ccnLUjCRN j@�j j@3 CNqCA

j�jCRN jR U�ajC,CU�j3 CN j@3 jaC�I �N0 jaC�I U�ajC,CU�jCRN Cjc3I8 0R NRj �{3,j j@3 Rnj,RL3 3u,3Uj j@aRn<@ ja3�jA

L3Nj �ccC<NL3NjY

VBBW K3�N 3u,@�N<3�$CICjw CN j@3 jaC�I VRq3a AW- 2[Ya|X,S = 1,A = a] = 2[Ya|X,S = 1].

VBBBW TRcCjCqCjw R8 ja3�jL3Nj �ccC<NL3Nj- Pr[A = a|X = x,S = 1] > 0 8Ra 3q3aw a �N0 3q3aw x sCj@ URcCjCq3

03NcCjw �LRN< a�N0RLCy30 CN0CqC0n�Ic. fX|S(x|S = 1) > 0.

VBpW K3�N <3N3a�ICy�$CICjw V3u,@�N<3�$CICjw Rq3a bW- 2[Ya|X,S = 1] = 2[Ya|X].

VpW TRcCjCqCjw R8 jaC�I U�ajC,CU�jCRN- Pr[S = 1|X = x] > 0 8Ra 3q3aw x sCj@ URcCjCq3 03NcCjw CN j@3 URUnI�A

jCRN. fX(x) > 0.

οЋ



+YϺYЙ BβζϩАϔυϔΫΞАϔϱϩ

mN03a j@3 C03NjC~�$CICjw ,RN0CjCRNc ICcj30 �$Rq3. j@3 URj3NjC�I Rnj,RL3 L3�N �LRN< j@3 j�a<3j URUnI�jCRN

Cc C03NjC~�$I3 �c

2[Ya] = 2
[
2[Y|X,S = 1,A = a]

]
V+YϺW

= 2
[

I(S = 1,A = a)Y
Pr[S = 1|X]Pr[A = a|X,S = 1]

]
, V+YЙW

s@3a3 j@3 c3,RN0 3\n�ICjw RNIw a3\nCa3c j@3 URcCjCqCjw ,RN0CjCRNc )ϺЎ*Y

+YϺYЕ 2ЅАϔϨΞАϔϱϩ

TRj3NjC�I Rnj,RL3 L3�Nc- i@3 C03NjC~,�jCRN a3cnIjc �$Rq3 cn<<3cj c3q3a�I s�wc 8Ra 3cjCL�jCN< j@3 URj3NA

jC�I Rnj,RL3 L3�N CN j@3 j�a<3j URUnI�jCRNY BN j@Cc c3,jCRN. s3 nc3 j@3 c�L3 NRj�jCRN �c CN j@3 L�CN j3uj.

3u,3Uj j@�j s3 nc3 j@3 jCI03 cwL$RI jR 03NRj3 3cjCL�jRacY �00CjCRN�I CN8RaL�jCRN �$Rnj j@3 $3@�qCRa R8 3cjCA

L�jRac s@3N j@3 L3�N ja�NcURaj�$CICjw �ccnLUjCRN @RI0c �a3 �q�CI�$I3 CN )ϺЋ*Y

<A8RaLnI� 3cjCL�jRa- r3 ,�N nc3 j@3 c�LUI3 �N�IR< 3cjCL�jRa $�c30 RN V+YϺW.

μ̃QK(a) =
1
n

n∑

i=1

ĝa(Xi). V+YЕW

BNq3ac3 UaR$�$CICjw VBTW s3C<@jCN<- r3 ,�N nc3 �N 3cjCL�jRa $�c30 RN V+YЙW

μ̃BTrϺ(a) =
1
n

n∑

i=1

w̃a(Xi,Si,Ai)Yi, V+YϊW

sCj@

w̃a(Xi,Si,Ai) =
I(Si = 1,Ai = a)
p̂(Xi)êa(Xi)

.

r3 ,�N NRaL�ICy3 j@3 s3C<@jc jR cnL jR Ϻ.

μ̃BTrЙ(a) =

{
n∑

i=1

w̃a(Xi,Si,Ai)

}−1 n∑

i=1

w̃a(Xi,Si,Ai)Yi. V+YχW

�n<L3Nj30 BT s3C<@jCN<- iR CLUaRq3 j@3 3|,C3N,w R8 j@3 BT s3C<@jCN< 3cjCL�jRa �N0 �IIRs 8Ra aR$ncjA

οο



N3cc jR LCccU3,C~,�jCRN R8 j@3 Rnj,RL3 L3�N Ra UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRN LR03Ic. s3 ,�N nc3 �N

�n<L3Nj30 V0Rn$Iw aR$ncjW BT s3C<@jCN< 3cjCL�jRa )ϺЋ*.

μ̃�BTrϺ(a) =
1
n

n∑

i=1

{
w̃a(Xi,Si,Ai)

{
Yi − ĝa(Xi)

}
+ ĝa(Xi)

}
, V+YЎW

�<�CN. Cj Cc R8j3N $3jj3a jR NRaL�ICy3 j@3 s3C<@jc jR cnL jR Ϻ.

μ̃�BTrЙ(a) =

{
n∑

i=1

w̃a(Xi,Si,Ai)

}−1 n∑

i=1

w̃a(Xi,Si,Ai)
{
Yi − ĝa(Xi)

}
+

1
n

n∑

i=1

ĝa(Xi). V+YЋW

ia3�jL3Nj 3{3,jc- r3 ,�N nc3 j@3 �$Rq3 URj3NjC�I Rnj,RL3 L3�N 3cjCL�jRac. jR 3cjCL�j3 j@3 �q3a�<3 ja3�jA

L3Nj 3{3,j CN j@3 j�a<3j URUnI�jCRN. 2[Y1 − Y0]. $w 0C{3a3N,CN<Y

+YϺYϊ BϩυζЁζϩΫζ

�c ncn�I. ,RN~03N,3 CNj3aq�Ic 8Ra j@3 3cjCL�j30 URj3NjC�I Rnj,RL3 L3�Nc �N0 L3�N 0C{3a3N,3c ,�N $3 R$A

j�CN30 $w j@3 ncn�I Ȓc�N0sC,@ȓ �UUaR�,@ )ϮЕ* Ra $w $RRjcja�U L3j@R0c )Йз*Y

+YϺYχ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ

�c CN j@3 L�CN j3uj. s3 U�a�L3j3aCy3 qCRI�jCRNc R8 j@3 ja�NcURaj�$CICjw �ccnLUjCRN ncCN< j@3 $C�c 8nN,jCRNc

)ЋЎ. Ћ. ЎϮ*

u(a,X) = 2[Ya|X,S = 1]− 2[Ya|X,S = 0].

i@3 U�a�L3j3aCy�jCRN �IIRsc nc jR a3A3uUa3cc j@3 ,RN0CjCRN�I URj3NjC�I Rnj,RL3 L3�N nN03a ja3�jL3Nj a.

2[Ya|X] = 2[Ya|X,S = 1]Pr[S = 1|X] + 2[Ya|X,S = 0]Pr[S = 0|X]

= 2[Y|X,S = 1,A = a]Pr[S = 1|X]

+
{

2[Y|X,S = 1,A = a]− u(a,X)
}
Pr[S = 0|X]

= 2[Y|X,S = 1,A = a]− u(a,X)Pr[S = 0|X],

s@3a3 j@3 ~acj 3\n�ICjw 8RIIRsc 8aRL j@3 I�s R8 jRj�I 3uU3,j�jCRNd j@3 c3,RN0 8aRL ,RNcCcj3N,w �N0 L3�N

3u,@�N<3�$CICjw CN j@3 jaC�I jR<3j@3a sCj@ j@3 03~NCjCRN R8 u(a,X)d �N0 j@3 j@Ca0 8aRL j@3 8�,j j@�j S Cc $CA

οϮ



N�awY

i�GCN< 3uU3,j�jCRNc Rq3a j@3 0CcjaC$njCRN R8 X CN j@3 j�a<3j URUnI�jCRN.

2[Ya] = 2
[
2[Y|X,S = 1,A = a]− u(a,X)Pr[S = 0|X]

]

= 2
[
2[Y|X,S = 1,A = a]

]
− 2

[
u(a,X)Pr[S = 0|X]

]

= 2
[
2[Y|X,S = 1,A = a]

]
− 2

[
(1− S)u(a,X)

]
,

V+YοW

s@3a3 j@3 I�cj 3\n�ICjw 8RIIRsc 8aRL j@3 I�s R8 jRj�I 3uU3,j�jCRNY

b3NcCjCqCjw �N�IwcCc 3cjCL�jRac- i@3 a3cnIj CN V+YοW cn<<3cjc cCLUI3 �UUaR�,@3c 8Ra c3NcCjCqCjw �N�IwcCc

ncCN< j@3 URj3NjC�I Rnj,RL3 L3�N 3cjCL�jRac CN j@3 Ua3qCRnc c3,jCRNY

<A8RaLnI� 3cjCL�jRa- r3 ,�N CN,RaURa�j3 j@3 $C�c ,Raa3,jCRN 8nN,jCRN 0Ca3,jIw.

μ̃$,
QK(a) =

1
n

n∑

i=1

{
ĝa(Xi)− (1− Si)u(a,Xi)

}
. V+YϮW

BT s3C<@jCN<- bCLCI�aIw. s3 ,�N LR0C8w j@3 BT s3C<@jCN< 3cjCL�jRac �c

μ̃$,
BTrϺ(a) =

1
n

n∑

i=1

{
w̃a(Xi,Si,Ai)Yi − (1− Si)u(a,Xi)

}
, V+YϺзW

Ra. NRaL�ICyCN< j@3 s3C<@jc jR cnL jR Ϻ.

μ̃$,
BTrЙ(a) =

{
n∑

i=1

w̃a(Xi,Si,Ai)

}−1 n∑

i=1

w̃a(Xi,Si,Ai)Yi −
1
n

n∑

i=1

(1− Si)u(a,Xi). V+YϺϺW

BN j@3 N3uj c3,jCRN R8 j@Cc �UU3N0Cu. s3 c@Rs @Rs j@3 $C�c ,Raa3,jCRN 8Ra j@3 BT s3C<@jCN< 3cjCL�jRac

,�N $3 3�cCIw CLUI3L3Nj30 ncCN< cj�N0�a0 a3<a3ccCRN cR8js�a3. $w cCLUIw a3A,R0CN< j@3 Rnj,RL3 q�In3c jR

0Ca3,jIw CN,RaURa�j3 j@3 $C�c ,Raa3,jCRN 8nN,jCRN u(a,X)Y

�n<L3Nj30 BT s3C<@jCN<- r3 ,�N CN,RaURa�j3 j@3 $C�c ,Raa3,jCRN 8nN,jCRNc CN j@3 �n<L3Nj30 BT s3C<@jCN<

3cjCL�jRac.

μ̃$,
�BTrϺ(a) =

1
n

n∑

i=1

{
w̃a(Xi,Si,Ai)

{
Yi − ĝa(Xi)

}
+ ĝa(Xi)− (1− Si)u(a,Xi)

}
, V+YϺЙW

Ϯз



Ra. NRaL�ICyCN< j@3 s3C<@jc jR cnL jR Ϻ.

μ̃$,
�BTrЙ(a) =

{
n∑

i=1

w̃a(Xi,Si,Ai)

}−1 n∑

i=1

w̃a(Xi,Si,Ai)
{
Yi − ĝa(Xi)

}

+
1
n

n∑

i=1

{
ĝa(Xi)− (1− Si)u(a,Xi)

}
.

V+YϺЕW

i@3c3 �n<L3Nj30 BT s3C<@jCN< 3cjCL�jRac a3j�CN j@3 0Rn$I3 aR$ncjN3cc UaRU3ajw R8 j@3Ca NRNA$C�c ,RaA

a3,j30 ,RnNj3aU�ajc. CN j@3 c3Nc3 j@�j. s@3N j@3 $C�c ,Raa3,jCRN 8nN,jCRN Cc ,Raa3,jIw cU3,C~30. j@3w UaR0n,3

q�IC0 a3cnIjc s@3N 3Cj@3a j@3 LR03I R8 j@3 Rnj,RL3 L3�N �LRN< a�N0RLCy30 CN0CqC0n�Ic Ra 8Ra j@3 UaR$�A

$CICjw R8 jaC�I U�ajC,CU�jCRN Cc ,Raa3,jIw cU3,C~30Y

b3NcCjCqCjw �N�IwcCc 8Ra ja3�jL3Nj 3{3,jc- �c s@3N j@3 ja�NcURaj�$CICjw �ccnLUjCRN @RI0c. c3NcCjCqCjw

�N�IwcCc 8Ra ja3�jL3Nj 3{3,jc ,�N $3 R$j�CN30 $w 0C{3a3N,CN< j@3 �UUaRUaC�j3 $C�cA,Raa3,j30 3cjCL�jRacY

+YϺYЎ BϩυζЁζϩΫζ υϱЁ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ

i@3 <3N3a�I j@3Raw 8Ra c3NcCjCqCjw �N�IwcCc 8Ra c3LCAU�a�L3jaC, LR03Ic CN )ЋЎ* c@Rsc j@�j ,RN~03N,3 CNj3aA

q�Ic 8Ra j@3 3cjCL�j30 $C�cA,Raa3,j30 URj3NjC�I Rnj,RL3 L3�Nc �N0 L3�N 0C{3a3N,3c ,�N �IcR $3 R$j�CN30

$w Ȓc�N0sC,@ȓ Ra $RRjcja�U )Йз* L3j@R0c. s@CI3 �,,RnNjCN< 8Ra j@3 nN,3aj�CNjw CN 3cjCL�jCN< j@3 U�a�L3A

j3ac R8 j@3 LR03I 8Ra j@3 UaR$�$CICjw R8 jaC�I U�ajC,CU�jCRNY

ϮϺ



+YЙ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ЧϔАϑ ΪϔΞЅAΫϱЁЁζΫАζβ ϱΪЅζЁЦΞАϔϱϩЅ

r3 NRs 03LRNcja�j3 j@3 ,RNN3,jCRN $3js33N Rna �UUaR�,@ 8Ra c3NcCjCqCjw �N�IwcCc �N0 j@3 L3j@R0 R8 ncCN<

Ȓ$C�c ,Raa3,j30 Rnj,RL3 R$c3aq�jCRNcȓ CN L�a<CN�I cjan,jna�I LR03Ic )ЎϮ. Ћ*Y

b3NcCjCqCjw �N�IwcCc sCj@ $C�cA,Raa3,j30 R$c3aq�jCRNc 8Ra 2[Ya|S = 0]- /3~N3 j@3 $C�c ,Raa3,j30 RnjA

,RL3c

Y∗
i = Yi − u(Ai,Xi)

�N0 �ccnL3 j@�j $C�c 8nN,jCRNc u(a,X) @�q3 $33N UaRU3aIw ,@Rc3N. cR j@�j. 8Ra 3q3aw a.

u(a,X) = 2[Ya|X,S = 1]− 2[Ya|X,S = 0].

i@3 3cjCL�jRa

μ̂$, R$c
BQr (a) =

{
n∑

i=1

ŵa(Xi,Si,Ai)

}−1 n∑

i=1

ŵa(Xi,Si,Ai)Y
∗
i ,

sCj@

ŵa(Xi,Si,Ai) = I(Si = 1,Ai = a)
1− p̂(Xi)

p̂(Xi)êa(Xi)
,

,RNq3a<3c CN UaR$�$CICjw jR j@3 c�L3 ICLCj �c j@3 3cjCL�jRac CN VЕYϺЕW �N0 VЕYϺϊWY i@3 $C�cA,Raa3,j30 RnjA

,RL3 3cjCL�jRa �$Rq3 ,�N $3 R$j�CN30 $w anNNCN< � s3C<@j30 I3�cj c\n�a3c a3<a3ccCRN R8 Y∗ RN A sCj@

s3C<@jc ŵa(Xi,Si,Ai)Y

b3NcCjCqCjw �N�IwcCc sCj@ $C�cA,Raa3,j30 R$c3aq�jCRNc 8Ra 2[Ya]- 7Ra 3�,@ jaC�I U�ajC,CU�Nj. 03~N3 j@3

$C�cA,Raa3,j30 Rnj,RL3

Ỹ∗
i = Yi − u(Ai,Xi)

{
1− p̂(Xi)

}
.

i@3 3cjCL�jRa

μ̂$, R$c
BTr (a) =

{
n∑

i=1

w̃a(Xi,Si,Ai)

}−1 n∑

i=1

w̃a(Xi,Si,Ai)Ỹ
∗
i ,

sCj@

w̃a(Xi,Si,Ai) =
I(Si = 1,Ai = a)
p̂(Xi)êa(Xi)

,

,RNq3a<3c CN UaR$�$CICjw jR j@3 c�L3 ICLCj �c 3cjCL�jRac V+YϺзW �N0 V+YϺϺWY i@3 $C�cA,Raa3,j30 Rnj,RL3

ϮЙ



3cjCL�jRa �$Rq3 ,�N $3 R$j�CN30 $w anNNCN< � s3C<@j30 I3�cj c\n�a3c a3<a3ccCRN R8 Ỹ∗ RN A sCj@ s3C<@jc

w̃a(Xi,Si,Ai).

BN83a3N,3 8Ra c3NcCjCqCjw �N�IwcCc ncCN< $C�c ,Raa3,j30 R$c3aq�jCRNc- BN83a3N,3 8Ra j@3 URj3NjC�I Rnj,RL3

L3�Nc �N0 ja3�jL3Nj 3{3,jc s@3N ncCN< $C�cA,Raa3,j30 R$c3aq�jCRNc Cc $3cj R$j�CN30 ncCN< $RRjcja�U L3j@A

R0c )Ћ*Y

ϮЕ



+YЕ �ββϔАϔϱϩΞϣ ЁζЅЛϣАЅ υЁϱϨ Аϑζ ?�HiA+ ΞϩΞϣЭЅζЅ

Table C.1: Paধent characterisধcs in HALT-C transportability analyses, by center (S) and treatment assignment (A). Re-
sults are reported as a proporধon for binary variables or as mean (standard deviaধon) for conধnuous variables.

p�aC�$I3 b5Ϻ
VN 5 ϮϊW

b5Ϻ. �5Ϻ
VN 5 ϊЎW

b5Ϻ. �5з
VN 5 ϊοW

b5з
VN 5 ϮЙW

b5з. �5Ϻ
VN 5 ϊЎW

b5з. �5з
VN 5 ϊЎW

#�c3ICN3 UI�j3I3jc ϺЎϮYχ VЎϮYϮW ϺοЙYЕ VЋЙYϺW ϺχЋYϺ VЎЎYзW ϺοЙYϮ VЎϊYЙW ϺЎοYЋ VχοYЙW ϺϮЋYϺ VЎЋYЕW
�<3 χзYЕ VЎYϊW χзYЙ VЎYЕW χзYϊ VЎYχW ϊϮYϺ VχЎYзW χзYϺ VχYϊW ϊοYз VЎYЕW
73L�I3 зYЙЙ зYЙϊ зYЙϺ зYЙЕ зYϺЕ зYЕЕ
?CcjRaw R8 U3<wI�j30
CNj3a83aRN ja3�jL3Nj зYЕϺ зYЙϊ зYЕο зYϺЎ зYϺχ зYϺЋ

r@Cj3AMRNA?CcU�NC, зYЎЋ зYχЋ зYЋЋ зYЋϊ зYЋϊ зYЋϊ
#�c3ICN3 r#+ ЎYз VϺYϮW ЎYЕ VЙYϺW χYЋ VϺYЎW χYϮ VϺYЋW ЎYз VϺYοW χYο VϺYЋW
mc30 N330I3c Ra
a3,a3�jCRN�I 0an<c зYχЋ зYχϮ зYχЎ зYϊϮ зYχЙ зYϊЎ

ia�Nc8ncCRN @CcjRaw зYЕϊ зYЕЋ зYЕϺ зYЕϮ зYϊϺ зYЕЋ
#KB ЕзYЕ VχYοW ЕзYχ VЎYЋW ЕзYϺ VϊYϮW ЙϮYο VχYχW ЙϮYЋ VϊYЋW ЙϮYϮ VЎYЕW
#�c3ICN3 ,a3�jCNCN3 зYοЎ VзYϺЎW зYοЋ VзYϺοW зYοχ VзYϺϊϺW зYοЕ VзYϺχW зYοχ VзYϺϊW зYοз VзYϺЎW
bLRGCN< VN3q3aW зYЙЙ зYЙЎ зYϺϮ зYЙЋ зYЙϊ зYЕз

Ϯϊ



Table C.2: “Base case” transportability analyses using center S = 0 as the “target center” and assuming condiধonal mean
transportability holds (φ = 0); 95% confidence intervals are given in parentheses.

2cjCL�jRa a = 1 a = 0 K3�N 0C{3a3N,3
QK ϺЙЎYοϺ VϺϺϺYзЕ. ϺϊЙYχϮW ϺЋοYЕο VϺЎϺYϊϮ. ϺϮχYЙЋW AχϺYχЋ VAЋзYϊϮ. AЕЙYЎχW
BQrϺ ϺЙЙYЎз VϮϮYЕЕ. ϺϊχYοЋW ϺЋχYЎЎ VϺЙзYЋЎ. ЙЕзYχЎW AχЕYзЎ VAϺϺЎYϊЋ. ϺзYЕχW
BQrЙ ϺϺοYЙЎ VϮοYϮϺ. ϺЕЋYЎϺW ϺοЙYοЋ VϺϊЋYЎЕ. ЙϺοYϺϺW AЎϊYЎϺ VAϺззYχχ. AЙοYЎЋW
�BQrϺ ϺЙЋYχχ VϺϺЙYϺЕ. ϺϊЙYϮЋW ϺЋЋYЙЋ VϺЎϺYοЋ. ϺϮЙYЎЋW AϊϮYЋЙ VAЎЋYϊϊ. AЕЙYззW
�BQrЙ ϺЙЋYχЕ VϺϺЙYϺϺ. ϺϊЙYϮχW ϺЋЋYЙЕ VϺЎϺYοЋ. ϺϮЙYχϮW AϊϮYЋз VAЎЋYЕЋ. AЕЙYзЕW

Table C.3: Crude and adjusted analyses in each research center contribuধng data to the transportability analyses; 95%
confidence intervals are given in parentheses.

+3Nj3a 2cjCL�j3 a = 1 a = 0 K3�N 0C{3a3N,3

b 5 Ϻ +an03 ϺЕзYοЋ VϺϺзYЎ. ϺχϺYϺЕW ϺχχYЋЋ VϺЕχYϮЕ. ϺЋχYЎϺW AЙϊYϮ VAχЕYЙЎ. ЕYϊЎW
�0Encj30 ϺЕзYϊЋ VϺϺЙYЙχ. ϺϊοYЎϮW ϺЎЎYοЎ VϺχзYЙ. ϺοЕYχЙW AЕЎYЕϮ VAχχYЎϊ. AϺЋYϺϊW

b 5 з +an03 ϺϺϮYοЋ VϮЋYχϊ. ϺϊЙYЙW ЙзϊYο VϺοЙYϊο. ЙЙЋYϺЕW AοϊYϮЕ VAϺϺЎYχϺ. AχЕYЕЎW
�0Encj30 ϺЙοYЕЋ VϺϺχYЎЙ. ϺϊϺYϺЙW ϺϮзYϊЋ VϺЎοYзЋ. ЙϺЙYοЋW AЎЙYϺ VAοχYϺϮ. AЕϮYзϺW

Ϯχ



Figure C.1: Sensiধvity analysis using the inverse odds of parধcipaধon esধmator with non-normalized weights (IOW1)
and the augmented inverse odds of parধcipaধon esধmator with non-normalized weights (AIOW1).
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+Yϊ bζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ЧϔАϑ ΫϱЦΞЁϔΞАζAβζϿζϩβζϩА ΪϔΞЅ υЛϩΫАϔϱϩЅ

iR CIIncja�j3 j@3 �UUIC,�jCRN R8 j@3 c3NcCjCqCjw �N�IwcCc L3j@R0c s@3N j@3 $C�c 8nN,jCRNc 03U3N0 RN ,Rq�aCA

�j3c. s3 ,RNcC03a30 � c3NcCjCqCjw �N�IwcCc s@3a3 j@3 $C�c 8nN,jCRNc 03U3N030 RN c3u V,R030 �c L�I3 qcY

83L�I3WY rCj@Rnj IRcc R8 <3N3a�ICjw. I3j j@3 ~acj 3I3L3Nj R8 X. X1. $3 � a�N0RL q�aC�$I3 j@�j j�G3c j@3 q�In3

Ϻ 8Ra L�I3 �N0 з 8Ra 83L�I3 CN0CqC0n�IcY r3 c3j nU j@3 $C�c 8nN,jCRN 8Ra a = 0 �c

u(0,X) ≡ I(X1 = 1)× u(0) + 0.8× I(X1 = 0)× u(0),

cn,@ j@�j j@3 L�<NCjn03 R8 �ccnLUjCRN qCRI�jCRNc Cc cL�II3a $w ЙзX �LRN< 83L�I3 CN0CqC0n�Ic q3acnc L�I3

CN0CqC0n�IcY bCLCI�aIw. s3 c3j j@3 0C{3a3N,3 R8 j@3 $C�c 8nN,jCRNc jR

δ(X) ≡ I(X1 = 1)× δ+ 0.8× I(X1 = 0)× δ.

7C<na3 +YЙ Ua3c3Njc c3NcCjCqCjw �N�IwcCc a3cnIjc ncCN< j@3 $C�c 8nN,jCRNc 03c,aC$30 �$Rq3Y +RLU�aCN< j@3

a3cnIjc UIRjj30 CN 7C<na3 +YЙ �<�CNcj j@Rc3 CN 7C<na3 ЕYϺ. s3 c33 j@�j c3NcCjCqCjw Cc cIC<@jIw a30n,30Y i@3 a3�A

cRN Cc j@�j qCRI�jCRNc R8 ja�NcURaj�$CICjw �ccnLUjCRN CN 7C<na3 +YЙ �a3 �ccnL30 jR $3 j@3 c�L3 �LRN< L�I3

$nj cL�II3a V$w ЙзXW �LRN< 83L�I3 CN0CqC0n�Ic. ,RLU�a30 jR j@3 ,Raa3cURN0CN< q�In3c nc30 8Ra 7C<na3 ЕYϺY

ϮЋ



Figure C.2: Sensiধvity analysis results for transporধng inferences between two research centers parধcipaধng in the
HALT-C trial using bias funcধons that depend on baseline covariates.
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AIOW2 = augmented inverse odds weighধng esধmator with normalized weights; IOW2 = inverse odds weighধng with
normalized weights. Results are shown as point esধmates (black lines) and corresponding 95% confidence intervals (gray
lines) for potenধal outcome means under treatment a = 1 (solid lines) and a = 0 (dashed lines). Results for IOW1 and
AIOW1 were similar to IOW2 and AIOW2, respecধvely, and are not shown here.

Ϯο



�UU3N0Cu /

�UU3N0Cu jR +@�Uj3a ϊ

/YϺ BβζϩАϔυϔΫΞАϔϱϩ ϱυ ϿϱАζϩАϔΞϣ ϱЛАΫϱϨζ ϨζΞϩЅ ЛϩβζЁ Аϑζ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ Ϩϱβζϣ

mN03a j@3 ,RN0CjCRNc R8 ,RNcCcj3N,w R8 URj3NjC�I Rnj,RL3c. �N0 URcCjCqCjw �N0 3u,@�N<3�$CICjw CN j@3 jaC�I.

j@3 c3NcCjCqCjw �N�IwcCc LR03I CN b3,jCRN ϊYЕ ,�N $3 saCjj3N �c

fYa|X,S(y|x, s = 0) = k(x,a,ηa)e
ηaq(y)fY|X,S,A(y|x, s = 1,a),ηa ∈ R,a ∈ A,

s@3a3 q Cc �N nNcU3,C~30 03j3aLCNCcjC, 8nN,jCRN �N0 k(x,a,ηa) Cc j@3 UaRURajCRN�ICjw ,RNcj�Nj j@�j 03A

U3N0c RN x �N0 ηaY 7Ra j@3 I38jA@�N0AcC03 R8 j@3 �$Rq3 3\n�jCRN jR $3 � 03NcCjw.

k(x,a,ηa) =
{

2
[
eηaq(Y)|X = x,S = 1,A = a

]}−1
.

i@3c3 a3cnIjc. �N0 j@3 03~NCjCRN R8 ,RN0CjCRN�I 3uU3,j�jCRN. CLUIw j@�j.

2[Ya|X,S = 0] =
2
[
Yeηaq(Y)|X,S = 1,A = a

]

2
[
eηaq(Y)|X,S = 1,A = a

] .

r3 NRs c@Rs j@�j 2[Ya] Cc C03NjC~30 $w j@3 c3NcCjCqCjw �N�IwcCc 8nN,jCRN�I CN VϊYϊW-

2[Ya] = 2
[

2[Ya|X]
]

= 2
[
Pr[S = 1|X]2[Ya|X,S = 1] + Pr[S = 0|X]2[Ya|X,S = 0]

]

= 2
[
S2[Ya|X,S = 1] + (1− S)2[Ya|X,S = 0]

]

= 2
[
S2[Y|X,S = 1,A = a] + (1− S)

2
[
Yeηaq(Y)|X,S = 1,A = a

]

2
[
eηaq(Y)|X,S = 1,A = a

]
]
.

ϮϮ



7naj@3aLRa3. 2[Ya|S = 0] Cc C03NjC~30 $w j@3 c3NcCjCqCjw �N�IwcCc 8nN,jCRN�I CN VϊYχW-

2[Ya|S = 0] = 2
[

2[Ya|X,S = 0]
∣∣S = 0

]

= 2
[

2
[
Yeηaq(Y)|X,S = 1,A = a

]

2
[
eηaq(Y)|X,S = 1,A = a

]
∣∣∣∣∣S = 0

]
.

Ϻзз



/YЙ BϩυϣЛζϩΫζ υЛϩΫАϔϱϩЅ

/YЙYϺ �ϣϣ АЁϔΞϣAζϣϔόϔΪϣζ ϔϩβϔЦϔβЛΞϣЅ

raCj3 j@3 R$c3aq30 0�j� c3NcCjCqCjw �N�IwcCc 8nN,jCRN�I CN VϊYϊW �c

ψ(a,ηa) = 2p

[
S2p[Y|X,A = a,S = 1] + (1− S)

2p[Yeηaq(Y)|X,S = 1,A = a]

2p[eηaq(Y)|X,S = 1,A = a]

]

= 2p
[
S2p[Y|X,A = a,S = 1]

]
︸ ︷︷ ︸

ψ1(a)

+2p

[
(1− S)

2p[Yeηaq(Y)|X,S = 1,A = a]

2p[eηaq(Y)|X,S = 1,A = a]

]

︸ ︷︷ ︸
ψ2(a,ηa)

,

s@3a3 s3 nc3 j@3 cn$c,aCUj p 3LU@�cCy3 03U3N03N,3 RN j@3 I�s R8 j@3 R$c3aq30 0�j�Y

i@3 CN�n3N,3 8nN,jCRN 8Ra j@3 ~acj j3aL. ψ1(a). Cc

Ψ1
1(a) = S

{
2p0 [Y|X,S = 1,A = a] +

I(A = a)
Prp0 [A = a|X,S = 1]

{
Y− 2p0 [Y|X,S = 1,A = a]

}}
−ψ1p0(a),

s@3a3 j@3 y3aR cn$c,aCUj 03NRj3c j@3 Ȓjan3ȓ I�sY

MRj3 j@�j ψ1(a) �N0 Ψ1
1(a) 0R NRj 03U3N0 RN j@3 c3NcCjCqCjw U�a�L3j3ac ηad j@3w a3Ua3c3Nj j@3 ,RNjaC$nA

jCRN R8 j@3 a�N0RLCy30 CN0CqC0n�IcY

i@3 CN�n3N,3 8nN,jCRN 8Ra j@3 c3,RN0 j3aL. ψ2(a,ηa). Cc

Ψ1
2(a,ηa) = (1− S)

2p0 [Ye
ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]
+

I(S = 1,A = a)Prp0 [S = 0|X]
Prp0 [S = 1,A = a|X]2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
Yeηaq(Y) − 2p0 [Ye

ηaq(Y)|X,S = 1,A = a]−
2p0 [Ye

ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
eηaq(Y) − 20[eηaq(Y)|X,S = 1,A = a]

}}
− ψ2p0(a,ηa).

rCj@ � $Cj R8 �I<3$a�. s3 R$j�CN

Ψ1
2(a,ηa) = (1− S)

2p0 [Ye
ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]
+

I(S = 1,A = a)Prp0 [S = 0|X]eηaq(Y)

Prp0 [S = 1,A = a|X]2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
Y−

2p0 [Ye
ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]

}
− ψ2p0(a,ηa).

ϺзϺ



Bj 8RIIRsc j@�j j@3 CN�n3N,3 8nN,jCRN 8Ra ψ(a,ηa) Cc

Ψ1(a,ηa) = Ψ1
1(a) +Ψ1

2(a,ηa).

`3L�aG- i@3 c3,RN0 j3aL CN j@3 3uUa3ccCRN 8Ra Ψ1
2(a,ηa) CN,In03c j@3 ,RLURN3Nj

Prp0 [S = 0|X]
Prp0 [S = 1|X] ×

eηaq(Y)

2p0 [eηaq(Y)|X,S = 1,A = a]
.

Bj Cc nc38nI jR NRj3 j@�j. nN03a Rna c3NcCjCqCjw �N�IwcCc LR03I. j@Cc ,RLURN3Nj Cc 3\n�I jR j@3 R00c a�jCR 8Ra

jaC�I U�ajC,CU�jCRN ,RN0CjCRN�I RN X �N0 Ya. j@�j Cc.

Prp0 [S = 0|X]
Prp0 [S = 1|X] ×

eηaq(y)

2p0 [eηaq(Y)|X,S = 1,A = a]
=

Prp0 [S = 0|X,Ya = y]
Prp0 [S = 1|X,Ya = y]

.

/YЙYЙ iЁϔΞϣAζϣϔόϔΪϣζ ϩϱϩAЁΞϩβϱϨϔвζβ ϔϩβϔЦϔβЛΞϣЅ

i@3 CN�n3N,3 8nN,jCRN R8 j@3 8nN,jCRN�I CN VϊYχW Cc

Φ1(a,ηa) =
1

Prp0 [S = 0]

⎧
⎨

⎩(1− S)

{
2p0 [Ye

ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]
− φp0(a)

}

+
I(S = 1,A = a)Prp0 [S = 0|X]

Prp0 [S = 1,A = a|X]2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
Yeηaq(Y) − 2p0 [Ye

ηaq(Y)|X,S = 1,A = a]−
2p0 [Ye

ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
eηaq(Y) − 2p0 [e

ηaq(Y)|X,S = 1,A = a]
}}

⎫
⎬

⎭

=
1

Prp0 [S = 0]

⎧
⎨

⎩(1− S)

{
2p0 [Ye

ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]
− φp0(a)

}

+
I(S = 1,A = a)Prp0 [S = 0|X]eηaq(Y)

Prp0 [S = 1,A = a|X]2p0 [eηaq(Y)|X,S = 1,A = a]

×
{
Y−

2p0 [Ye
ηaq(Y)|X,S = 1,A = a]

2p0 [eηaq(Y)|X,S = 1,A = a]

}⎫
⎬

⎭.

ϺзЙ



/YЕ BϩAЅΞϨϿϣζ ϱϩζAЅАζϿ ζЅАϔϨΞАϱЁЅ

/YЕYϺ �ϣϣ АЁϔΞϣAζϣϔόϔΪϣζ ϔϩβϔЦϔβЛΞϣЅ

mcCN< j@3 a3cnIjc �$Rq3. 8Ra $CN�aw Y �N0 q j@3 C03NjCjw 8nN,jCRN. s3 R$j�CN j@3 8RIIRsCN< RN3Acj3U CNA

c�LUI3 3cjCL�jRa 8Ra c3NcCjCqCjw �N�IwcCc. �c � 8nN,jCRN R8 a �N0 ηa-

ψ̂�n<(a,ηa) =
1
n

n∑

i=1

⎧
⎨

⎩Si

{
ĝa(1|Xi) +

I(Ai = a)
êa(Xi)

{
Yi − ĝa(1|Xi)

}}
+

(1− Si)eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

+
I(Si = 1,Ai = a)

[
1− p̂(Xi)

]
eηaYi

p̂(Xi)êa(Xi)
[
eηaĝa(1|Xi) + ĝa(0|Xi)

] ×
{
Yi −

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}⎫
⎬

⎭,

s@3a3. ĝa(y|X) Cc �N 3cjCL�jRa 8Ra Pr[Y = y|X,S = 1,A = a]. a ∈ A. y ∈ {0, 1}d p̂(X) Cc �N 3cjCL�jRa 8Ra

Pr[S = 1|X]d �N0 êa(X) Cc �N 3cjCL�jRa 8Ra Pr[A = a|X,S = 1]. a ∈ AY

/YЕYЙ iЁϔΞϣAζϣϔόϔΪϣζ ϩϱϩAЁΞϩβϱϨϔвζβ ϔϩβϔЦϔβЛΞϣЅ

7Ra $CN�aw Y �N0 q j@3 C03NjCjw 8nN,jCRN. s3 R$j�CN j@3 8RIIRsCN< RN3Acj3U CNAc�LUI3 3cjCL�jRa 8Ra c3NcCjCqA

Cjw �N�IwcCc. �c � 8nN,jCRN R8 a �N0 ηa-

φ̂�n<(a,ηa) =

{
n∑

i=1

(1− Si)

}−1 n∑

i=1

⎧
⎨

⎩
(1− Si)eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

+
I(Si = 1,Ai = a)

[
1− p̂(Xi)

]
eηaYi

p̂(Xi)êa(Xi)
[
eηaĝa(1|Xi) + ĝa(0|Xi)

] ×
{
Yi −

eηaĝa(1|Xi)

eηaĝa(1|Xi) + ĝa(0|Xi)

}⎫
⎬

⎭,

s@3a3. ĝa(y|X). p̂(X). �N0 êa(X) �a3 03~N30 �c CN j@3 Ua3qCRnc c3,jCRNY

/Yϊ `ζϣΞАϔϱϩЅϑϔϿ ΪζАЧζζϩ Аϑζ ζЬϿϱϩζϩАϔΞϣ АϔϣА Ξϩβ ϱββЅ ϱυ ЅζϣζΫАϔϱϩ ϨϱβζϣЅ

/YϊYϺ `ζAζЬϿЁζЅЅϔϱϩ ΞЅ Ξϩ ϱββЅ ϱυ ЅζϣζΫАϔϱϩ Ϩϱβζϣ

�c NRj30 CN j@3 L�CN j3uj. s3 ,�N a3AsaCj3 j@3 LR03I CN VϊYЕW �c

Pr[S = 0|X,Ya = y]
Pr[S = 1|X,Ya = y]

=
Pr[S = 0|X]
Pr[S = 1|X] ×

eηaq(y)

2[eηaq(Y)|X,S = 1,A = a]
.

ϺзЕ



i�GCN< IR<�aCj@Lc.

IR<Cj
(
Pr[S = 0|X,Ya = y]

)
= IR<Cj

(
Pr[S = 0|X]

)
+ ηaq(y)− ln2[eηaq(Y)|X,S = 1,A = a], V/YϺW

s@3a3 8Ra � a3�I NnL$3a u. cn,@ j@�j 0 < u < 1. IR<Cj(u) = ln
(
u(1 − u)−1

)
. i@Cc c@Rsc j@�j j@3 3uA

URN3NjC�I jCIj LR03I 8Ra j@3 03NcCjw R8 j@3 URj3NjC�I Rnj,RL3c @�c �N CNj3aUa3j�jCRN �c �N R00c R8 c3I3,jCRN

LR03IY

/YϊYЙ BϩΫϱϑζЁζϩΫζ Чϑζϩ ЛЅϔϩό Аϑζ ϱββЅ ϱυ ЅζϣζΫАϔϱϩ ϿΞЁΞϨζАζЁϔвΞАϔϱϩ

r3 NRs 3u�LCN3 cRL3 Ua�,jC,�I 0C|,nIjC3c sCj@ ncCN< j@3 c3I3,jCRN LR03I U�a�L3j3aCy�jCRN 0Ca3,jIwd Rna

�a<nL3Nj 8RIIRsc j@3 IR<C, R8 )ЋЎ* Vc33 U�<3c ЕϮ �N0 ϊзWY BN j@3 a3L�CN03a R8 j@Cc �UU3N0Cu. s3 8R,nc RN

c3NcCjCqCjw �N�IwcCc 8Ra j@3 URj3NjC�I Rnj,RL3 L3�Nc CN j@3 3NjCa3 j�a<3j URUnI�jCRN. 2[Ya]d a3cnIjc 8Ra j@3

cn$c3j R8 NRNAa�N0RLCy30 CN0CqC0n�Ic. 2[Ya|S = 0]. �a3 �N�IR<RncY

BN qC3s R8 j@3 R00c R8 c3I3,jCRN 8RaLnI�jCRN R8 j@3 c3NcCjCqCjw �N�IwcCc LR03I. s3 LC<@j j@CNG jR 0Ca3,jIw

U�a�L3j3aCy3 j@3 c3NcCjCqCjw �N�IwcCc �c

IR<CjPr[S = 0|X,Ya = y] = ma(X) + ηaq(y), 8Ra 3�,@ a ∈ A, V/YЙW

s@3a3 ma(X) Cc cn,@ j@�j ma(X) = ln
Pr[S = 0|X]

Pr[S = 1|X]2[eηaq(Y)|X,S = 1,A = a]
Y BN Ua�,jC,3. 0n3 jR j@3

,nac3 R8 0CL3NcCRN�ICjw. Cj sCII R8j3N $3 N3,3cc�aw jR URcCj � LR03I 8Ra ma(X). c�w ma(X) ≡ ma(X; γa)

sCj@ ~NCj3 0CL3NcCRN�I U�a�L3j3a γa )οϺ. ЋЎ*Y

iR C03NjC8w j@3 U�a�L3j3ac R8 j@3 c3I3,jCRN LR03I �$Rq3. 8Ra ~u30 ηa. s3 ,�N nc3 j@3 URUnI�jCRN LRL3Nj

,RN0CjCRNc

2
[

I(S = 1,A = a){
1− 3uUCj

(
ma(X) + ηaq(Y)

)}
ea(X)

]
= 1 8Ra 3�,@ a ∈ A,

s@3a3 ea(X) = Pr[A = a|X,S = 1],a ∈ A. �N0 8Ra � a3�I NnL$3a u. 3uUCj(u) = exp(u)
(
1+ exp(u)

)−1Y

#3,�nc3 ea(X) Cc nN03a j@3 CNq3cjC<�jRacȕ ,RNjaRI �N0 0R3c NRj N330 jR $3 3cjCL�j30. j@3 �$Rq3 LRL3Nj

,RN0CjCRNc ,�N $3 nc30 jR R$j�CN 3cjCL�j3c (γ̂1, γ̂0). $w cRIqCN< j@3 3cjCL�jCN< 3\n�jCRNc

n∑

i=1

∂ma(Xi; γa)
∂γa

{
1− I(Si = 1,Ai = a){

1− 3uUCj
(
ma(Xi; γa) + ηaq(Yi)

)}
ea(Xi)

}
= 0 8Ra 3�,@ a ∈ A. V/YЕW

Ϻзϊ



7Ra ~u30 ηa �N0 q. s3 ,�N j@3N 3cjCL�j3 2[Ya] �c

2̂[Ya] = 1
n

n∑

i=1

I(Si = 1,Ai = a)Yi{
1− 3uUCj

(
ma(Xi; γ̂a) + ηaq(Yi)

)}
ea(Xi).

i@3 0C|,nIjw Cc j@�j. CN <3N3a�I. j@3a3 3uCcjc NR ERCNj 0CcjaC$njCRN 8Ra

(Y1,Y0,X,S,A)

,RLU�jC$I3 sCj@ Rna 3cjCL�j3c

(2̂[Y1], 2̂[Y0], γ̂1, γ̂0),

$3,�nc3. 8Ra ~u30 ηa �N0 q. m1(X; γ1) �N0 m0(X; γ0) �a3 C03NjC~30 �N0 3cjCL�j30 ncCN< 0C{3a3Nj U�ajc R8

j@3 R$c3aq30 0�j�. I3�0CN< jR URj3NjC�I CN,R@3a3N,3Y KRa3 cU3,C~,�IIw. ,RNcC03a j@3 c�LUI3 �N�IR< R8

Pr[S = 0|X = x] =
∫

Pr[S = 0|X = x,Ya = y]fYa|X(y|x)dy 8Ra 3�,@ a ∈ A,

nN03a Rna R00c R8 c3I3,jCRN LR03Id j@�j Cc. ,RNcC03a

P̂r[S = 0|X = x] =
∫

3uUCj
(
ma(x; γ̂a) + ηaq(y)

)}̂
fYa|X(y|x)dy, 8Ra 3�,@ a ∈ A. V/YϊW

?3a3. f̂Ya|X(y|x) Cc cn,@ j@�j

2̂[Ya] =
∫

ŷfYa|X(y|x)dŷfX(x)dx 8Ra 3�,@ a ∈ A. V/YχW

#3,�nc3 j@3 3cjCL�jCRN R8 m1(X; γ̂1) a3IC3c RN j@3 (X,S,S × A,S × Y) 0�j�. $nj j@3 3cjCL�jCRN R8

m0(X; γ̂0) a3IC3c RN j@3 (X,S,S × (1 − A),S × Y) 0�j�. CN �Nw ~NCj3 0�j�c3j. Cj Cc NRj URccC$I3 jR <n�aA

�Nj33 j@�j j@3a3 3uCcj 03NcCjC3c f̂Ya|X(y|x) cn,@ j@�j V/YχW @RI0c �N0 �j j@3 c�L3 jCL3. sCj@ UaR$�$CICjw Ϻ.

∫
3uUCj

(
m1(X; γ̂1) + η1q(y)

)̂
fY1|X(y|X)dy =

∫
3uUCj

(
m0(X; γ̂0) + η0q(y)

)̂
fY0|X(y|X)dy,

s@3a3 j@3 �$Rq3 ,RNcja�CNj Cc 03aCq30 8aRL V/YϊW 8Ra a = 1 �N0 a = 0.

�c NRj30 CN )ЋЎ*. cRL3 �N�Iwcjc L�w $3 sCIICN< jR Rq3aIRRG j@3 URj3NjC�I CN,R@3a3N,3 $w ja3�jCN< ma(X; γa)

Ϻзχ



�c �N �,,3Uj�$I3 �UUaRuCL�jCRN j@�j ,�N $3 CLUaRq30 $w �0�UjCq3Iw ncCN< LRa3 ,RLUI3u LR03Ic sCj@ CNA

,a3�cCN< c�LUI3 cCy3Y BN8RaL�IIw. j@3 CN,R@3a3N,3 0Cc�UU3�ac �cwLUjRjC,�IIw. UaRqC030 s3 nc3 CN,a3�cA

CN<Iw �3uC$I3 cU3,C~,�jCRNcY Qj@3a �N�Iwcjc. @Rs3q3a. L�w $3 jaRn$I30 $w j@3 CN�$CICjw jR c3I3,j LR03Ic

ma(X; γa). cn,@ j@�j. CN � <Cq3N ~NCj3 0�j�c3j. j@3 3cjCL�j3c �a3 CN cRL3 c3Nc3 ,RLU�jC$I3 sCj@ j@3 �$Rq3

,RNcja�CNjcY

`3<�a0I3cc R8 RN3ȕc �jjCjn03 jRs�a0c j@3 URj3NjC�I CN,R@3a3N,3 sCj@ j@3 R00c R8 c3I3,jCRN CN LR03I V/YЙW.

j@3 U�a�L3j3aCy�jCRN R8 j@3 3uURN3NjC�I jCIj LR03I CN b3,jCRN ϊYЕ R8 j@3 L�CN j3uj �qRC0c j@Cc 0C|,nIjw.

s@CI3 $3CN< 3\nCq�I3Nj jR � U�ajC,nI�a L3L$3a R8 j@3 ,I�cc R8 NRNAU�a�L3jaC, R00c R8 c3I3,jCRN LR03I CN

V/YϺWY

/YϊYЕ /ϱЛΪϣЭ ЁϱΪЛЅА ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ζЅАϔϨΞАϱЁ υϱЁ Аϑζ ϿϱАζϩАϔΞϣ ϱЛАΫϱϨζ ϨζΞϩ

B8 s3 �a3 sCIICN< jR C<NRa3 j@3 URj3NjC�I 8Ra CN,R@3a3N,3 03c,aC$30 CN j@3 Ua3qCRnc cn$c3,jCRN. Ra C8 s3 �a3

3u,IncCq3Iw CNj3a3cj30 CN c3NcCjCqCjw �N�IwcCc 8Ra j@3 URj3NjC�I Rnj,RL3 L3�N nN03a RNIw RN3 U�ajC,nI�a ja3�jA

L3Nj a CN j@3 c3j A. s3 ,�N R$j�CN 0Rn$Iw aR$ncj c3NcCjCqCjw �N�IwcCc 3cjCL�jRacY

rCj@Rnj IRcc R8 <3N3a�ICjw. cnUURc3 j@�j s3 �a3 3u,IncCq3Iw CNj3a3cj30 CN j@3 URj3NjC�I Rnj,RL3 L3�N

nN03a CNj3aq3NjCRN jR c3j ja3�jL3Nj jR c3j ja3�jL3Nj jR a = 1Y �N0 cnUURc3 j@�j s3 U�a�L3j3aCy3 j@3 c3NcCA

jCqCjw �N�IwcCc LR03I ncCN< j@3 R00c R8 c3I3,jCRN 8RaLnI�jCRN.

IR<CjPr[S = 0|X,Y1 = y] = m1(X) + η1q(y). V/YЎW

mcCN< j@3 a3cnIjc CN �UU3N0Cu /YЙ. nN03a j@3 �$Rq3 R00c R8 c3I3,jCRN LR03I. j@3 CN�n3N,3 8nN,jCRN 8Ra

ψ(1;η1) ,�N $3 saCjj3N �c

Ψ1(1,η1) = Ψ1
1(1) +Ψ1

2(1,η1),

s@3a3. j@3 ~acj j3aL Cc

Ψ1
1(a) = S

{
2p0 [Y|X,S = 1,A = 1] +

I(A = 1)
Prp0 [A = 1|X,S = 1]

{
Y− 2p0 [Y|X,S = 1,A = 1]

}}
− ψ1p0(1);

ϺзЎ



j@3 c3,RN0 j3aL Cc

Ψ1
2(1,η1) = (1− S)bp0(X)

+
I(S = 1,A = 1)Prp0 [S = 0|X]eη1q(Y)

Prp0 [S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]Prp0 [A = 1|X,S = 1]

{
Y− bp0(X)

}
− ψ2p0(1,η1);

�N0 s3 03~N3

bp0(X) =
2p0 [Ye

η1q(Y)|X,S = 1,A = 1]

2p0 [eη1q(Y)|X,S = 1,A = 1]
.

i@3 �$Rq3 3uUa3ccCRN R8 j@3 CN�n3N,3 8nN,jCRN cn<<3cjc �N �Ij3aN�jCq3 CNAc�LUI3 RN3Acj3U 3cjCL�jRa R8

ψ(1;η1).

ψ̃�n<(1,η1) =
1
n

n∑

i=1

{
Si

{
ĝ1(Xi) +

I(Ai = 1)
e1(Xi)

{
Yi − ĝ1(Xi)

}}
+ (1− Si)b̂(Xi)

+
I(Si = 1,Ai = 1)em̂1(Xi)+η1q(Yi)

e1(Xi)
×
{
Yi − b̂(Xi)

}
}
,

V/YЋW

s@3a3. ĝ1(X) Cc �N 3cjCL�jRa 8Ra 2[Y|X,S = 1,A = 1]d e1(X) = Pr[A = 1|X,S = 1]d b̂(X) Cc �N 3cjCL�jRa

8Ra 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
d �N0 m̂1(X) Cc �N 3cjCL�jRa 8Ra ln Pr[S = 0|X]

Pr[S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]
Y

BN Ua�,jC,3. ĝ1(X) ,�N $3 R$j�CN30 ncCN< ,RNq3NjCRN�I Rnj,RL3 LR03ICN< L3j@R0cd b̂(X) ,�N $3 R$A

j�CN30 ncCN< � s3C<@j30 I3�cj c\n�a3c a3<a3ccCRN R8 Y RN X ncCN< s3C<@jc 3\n�I jR eη1q(Y)d �N0 m̂1(X) ,�N

$3 R$j�CN30 ncCN< j@3 3cjCL�jCN< 3\n�jCRN cja�j3<w CN 0CcUI�w V/YЕW 8Ra a = 1Y

bnUURc3 j@�j ĝ1(X). b̂(X). �N0 m̂1(X) @�q3 s3IIA03~N30 ICLCjc. g∗1 (X). b∗(X). �N0 m∗
1 (X). a3cU3,jCq3IwY

r3 sCII NRs �a<n3 j@�j ψ̃�n<(1,η1) CN V/YЋW Cc 0Rn$Iw aR$ncj. CN j@3 c3Nc3 j@�j Cj ,RNq3a<3c CN UaR$�$CICjw jR

ψ(1;η1) s@3N 3Cj@3a b∗(X) = 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
Ra m∗

1 (X) = ln
Pr[S = 0|X]

Pr[S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]
.

�N0 a3<�a0I3cc R8 s@3j@3a g∗1 (X) = 2[Y|X,S = 1,A = 1]Y

7Cacj. s3 NRj3 j@�j

1
n

n∑

i=1

Si

{
ĝ1(Xi) +

I(Ai = 1)
e1(Xi)

{
Yi − ĝ1(Xi)

}} p−→ 2
[
S
{
g∗1 (X) +

I(A = a)
e1(X)

{
Y− g∗1 (X)

}}
]
,

�N0 $w �N Cj3a�j30 3uU3,j�jCRN �a<nL3Nj. Cj Cc 3�cw jR q3aC8w j@�j. a3<�a0I3cc R8 s@3j@3a g∗1 (X) = 2[Y|X,S =

ϺзЋ



1,A = 1].

2
[
S
{
g∗1 (X) +

I(A = a)
e1(X)

{
Y− g∗1 (X)

}}]
= 2

[
S2[Y|X,S = 1,A = 1]

]
,

$3,�nc3. $w cjn0w 03cC<N. j@3 a�N0RLCy�jCRN UaR$�$CICjw. e1(X) = Pr[A = 1|X,S = 1] Cc GNRsNY i@nc. s3

@�q3 j@�j

1
n

n∑

i=1

Si

{
ĝ1(Xi) +

I(Ai = 1)
e1(Xi)

{
Yi − ĝ1(Xi)

}} p−→ 2
[
S2[Y|X,S = 1,A = 1]

]
. V/YοW

M3uj. s3 NRj3 j@�j

1
n

n∑

i=1

{
(1− Si)b̂(Xi) +

I(Si = 1,Ai = 1)em̂1(Xi)+η1q(Yi)

e1(Xi)
×
{
Yi − b̂(Xi)

}
}

p−→

2
[
(1− S)b∗(X) +

I(S = 1,A = 1)em
∗
1 (X)+η1q(Y)

e1(X)
×
{
Y− b∗(X)

}
]
,

�N0 UaR,330 jR 3u�LCN3 j@3 j3aL RN j@3 aC<@jA@�N0AcC03 R8 j@3 �$Rq3 3uUa3ccCRN nN03a jsR URccC$I3 ,�c3cY

+�c3 Ϻ- bnUURc3 j@�j b∗(X) = 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
. $nj s3 �IIRs 8Ra j@3 URccC$CICjw j@�j m∗

1 (X) ̸=

ln
Pr[S = 0|X]

Pr[S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]
Y

r3 @�q3 j@�j

2
[
I(S = 1,A = 1)em

∗
1 (X)+η1q(Y)

e1(X)
×
{
Y− b∗(X)

}
]

= 2
[
I(S = 1,A = 1)em

∗
1 (X)

e1(X)
Yeη1q(Y)

]

− 2
[
I(S = 1,A = 1)em

∗
1 (X)+η1q(Y)

e1(X)
× 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]

= 2
[
em

∗
1 (X) 2

[
Yeη1q(Y)|X,S = 1,A = 1

]
Pr[S = 1|X]

]

− 2
[
em

∗
1 (X)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
2[eη1q(Y)|X,S = 1,A = 1]Pr[S = 1|X]

]

= 0.

Ϻзο



i@nc. s3 R$j�CN

2
[
(1− S)b∗(X) +

I(S = 1,A = 1)em
∗
1 (X)+η1q(Y)

e1(X)
×
{
Y− b∗(X)

}
]
=

= 2
[
(1− S)b∗(X)

]

= 2
[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
,

�N0

1
n

n∑

i=1

{
(1− Si)b̂(Xi) +

I(Si = 1,Ai = 1)em̂1(Xi)+η1q(Yi)

e1(Xi)
×

{
Yi − b̂(Xi)

}
}

p−→

2
[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
,

V/YϮW

+RL$CNCN< j@3 a3cnIjc CN 0CcUI�wc V/YοW �N0 V/YϮW. s3 @�q3 j@3 8RIIRsCN< a3cnIj-

C8 b∗(X) = 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
. j@3N

ψ̃�n<(1,η1)
p−→ 2

[
S2[Y|X,S = 1,A = 1]

]
+ 2

[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]

= ψ(1;η1).

+�c3 Й- bnUURc3 j@�j m∗
1 (X) = ln

Pr[S = 0|X]
Pr[S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]

. $nj s3 �IIRs 8Ra j@3 URccC$CICjw

j@�j b∗(X) ̸= 2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]
Y

r3 @�q3 j@�j

2
[
I(S = 1,A = 1)em

∗
1 (X)+η1q(Y)

e1(X)
×
{
Y− b∗(X)

}
]

= 2
[

I(S = 1,A = 1)Pr[S = 0|X]eη1q(Y)

Pr[S = 1|X]e1(X)2[eη1q(Y)|X,S = 1,A = 1]
×
{
Y− b∗(X)

}
]

= 2
[
Pr[S = 0|X]2[Ye

η1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
− 2

[
Pr[S = 0|X]b∗(X)

]

= 2
[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
− 2

[
(1− S)b∗(X)

]
.

ϺзϮ



i@nc. s3 R$j�CN

2
[
(1− S)b∗(X) +

I(S = 1,A = 1)em
∗
1 (X)+η1q(Y)

e1(X)
×
{
Y− b∗(X)

}
]

= 2
[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
,

�N0. cCLCI�a jR +�c3 Ϻ. $nj nN03a j@3 �ccnLUjCRNc �$Rnj LR03I cU3,C~,�jCRN R8 +�c3 Й.

1
n

n∑

i=1

{
(1− Si)b̂(Xi) +

I(Si = 1,Ai = 1)em̂1(Xi)+η1q(Yi)

e1(Xi)
×

{
Yi − b̂(Xi)

}
}

p−→

2
[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]
.

V/YϺзW

+RL$CNCN< j@3 a3cnIjc CN 0CcUI�wc V/YοW �N0 V/YϺзW. s3 @�q3 j@3 8RIIRsCN< a3cnIj-

C8 m∗
1 (X) = ln

Pr[S = 0|X]
Pr[S = 1|X]2[eη1q(Y)|X,S = 1,A = 1]

. j@3N

ψ̃�n<(1,η1)
p−→ 2

[
S2[Y|X,S = 1,A = 1]

]
+ 2

[
(1− S)

2[Yeη1q(Y)|X,S = 1,A = 1]

2[eη1q(Y)|X,S = 1,A = 1]

]

= ψ(1;η1).

i�G3N jR<3j@3a. j@3c3 jsR ,�c3c 3cj�$ICc@ j@3 0Rn$I3 aR$ncjN3cc R8 ψ̃�n<(1,η1)d c33 �IcR )ϺЎ* Ra )ЎЎ* V3uA

�LUI3 Й$d U�<3 ЕχЙW 8Ra a3I�j30 a3cnIjcY

�N CN8RaL�I cnLL�aw R8 Rna a3cnIjc Cc �c 8RIIRsc- ncCN< j@3 U�a�L3j3aCy�jCRN ,@RC,3c R8 j@3 L�CN j3uj

R8 j@Cc U�U3a. s3 R$j�CN �N 3cjCL�jRa j@�j �qRC0c j@3 CN,R@3a3N,3 03c,aC$30 CN cn$c3,jCRN /YϊYЙ. $nj Cc NRj

0Rn$Iw aR$ncjY mcCN< j@3 U�a�L3j3aCy�jCRN ,@RC,3c CN j@Cc �UU3N0Cu. s3 R$j�CN � 0Rn$Iw aR$ncj 3cjCL�jRa.

$nj s@C,@ Cc cn$E3,j jR URj3NjC�I CN,R@3a3N,3 �N0 j@nc LRcj �UUaRUaC�j3 C8 Rna cn$cj�NjCq3 CNj3a3cj Cc ICLCj30

jR RNIw RN3 R8 j@3 ja3�jL3Njc CN AY BN Rj@3a sRa0c. jR �qRC0 j@3 CN,R@3a3N,3 s3 @�q3 jR U�w j@3 UaC,3 R8

NRNAaR$ncjN3ccY

ϺϺз
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Figure D.1: Predicted outcome probability among randomized individuals, under different intervenধons. Predicধons
were obtained from logisধc regression models fit separately in each treatment group in the trial; predicধons were ob-
tained for all randomized individuals.

0
1

2
3

4
5

Ke
rn

el
 d

en
si

ty

0 .2 .4 .6 .8 1
Predicted g1(1|X)

a = 1

0
1

2
3

4
5

Ke
rn

el
 d

en
si

ty

0 .2 .4 .6 .8 1
Predicted g0(1|X)

a = 0

ϺϺϺ



/YχYϺ +ϑϱϔΫζ ϱυ ЦΞϣЛζЅ υϱЁ Аϑζ ЅζϩЅϔАϔЦϔАЭ ΞϩΞϣЭЅϔЅ ϿΞЁΞϨζАζЁ

Figure D.2: Counterfactual probability among S = 0 under intervenধon to set a = 1, for different η and g1(1|X)values.
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Figure D.3: Counterfactual probability among S = 0 under intervenধon to set a = 1, for different η and g0(1|X)values.
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Figure D.4: Sensiধvity analysis using random forest models for the target populaধon of all trial-eligible individuals in
CASS.
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Figure D.5: Sensiধvity analysis using random forest models for the sub-populaধon of trial-eligible non-randomized indi-
viduals in CASS.
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Figure D.6: Sensiধvity analysis using parametric models for the target populaধon of all trial-eligible individuals in CASS.
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Figure D.7: Sensiধvity analysis using parametric models for the sub-populaধon of trial-eligible non-randomized individu-
als in CASS.
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Figure D.8: Sensiধvity analysis using random forest models for the target populaধon of all trial-eligible individuals in
CASS.
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Figure D.9: Sensiধvity analysis using random forest models for the sub-populaধon of trial-eligible non-randomized indi-
viduals in CASS.
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�N0 Rnj,RL3c R8 R$3cCjw cna<3aw CN ,�IC8RaNC�Y i@3 �L3aC,�N bna<3RN ЎϮ. Ϻз VЙззЕW. οЙЕY

)ϊϺ* HЛϩΫζυϱЁβ. DY FY. Ξϩβ /ΞЦϔβϔΞϩ. KY bja�jC~,�jCRN �N0 s3C<@jCN< qC� j@3 UaRU3NcCjw c,Ra3 CN 3cA
jCL�jCRN R8 ,�nc�I ja3�jL3Nj 3{3,jc- � ,RLU�a�jCq3 cjn0wY bj�jCcjC,c CN K30C,CN3 ЙЕ. ϺϮ VЙззϊW.
ЙϮЕЋĢЙϮЎзY

)ϊЙ* KΞϩЅϡϔ. +Y 7Y. Ξϩβ HζЁϨΞϩ. bY `Y i@3 3cjCL�jCRN R8 ,@RC,3 UaR$�$CICjC3c 8aRL ,@RC,3 $�c30 c�LA
UI3cY 2,RNRL3jaC,�- DRnaN�I R8 j@3 2,RNRL3jaC, bR,C3jw ϊχ. ο VϺϮЋЋW. ϺϮЋЋĢϺϮοοY

)ϊЕ* KΞϩАζϣ. MY bwNj@3jC, a3jaRcU3,jCq3 cjn0C3c �N0 a3I�j30 jRUC,cY #CRL3jaC,c ЙЕ. Е VϺϮЋЕW. ϊЋϮĢϊοЎY

)ϊϊ* KΫ7Ξββζϩ. /Y +RN0CjCRN�I IR<Cj �N�IwcCc R8 \n�ICj�jCq3 ,@RC,3 $3@�qCRaY BN 7aRNjC3ac CN 3,RNRA
L3jaC,c. TY x�a3L$G�. 20Y BNcjCjnj3 R8 ma$�N �N0 `3<CRN�I /3q3IRUL3Nj. mNCq3acCjw R8 +�IC8RaNC�
#3aG3I3w. +�. #3aG3I3w. +�. ϺϮЋЕ. ,@Y ϊ. UUY ϺзχĢϺϊЙY

)ϊχ* KϔζААϔϩζϩ. QY 2cjCL�$CICjw �N0 3cjCL�jCRN CN ,�c3Aa383a3Nj cjn0C3cY �L3aC,�N DRnaN�I R8 2UC03LCA
RIR<w ϺзЕ. Й VϺϮЋЎW. ЙЙЎĢЙЕχY

)ϊЎ* KϔζААϔϩζϩ. QY bY i@3 Ȓ,�c3A,RNjaRIȓ cjn0w- q�IC0 c3I3,jCRN R8 cn$E3,jcY DRnaN�I R8 +@aRNC, /Cc3�c3c
Еο. Ћ VϺϮοχW. χϊЕĢχϊοY

ϺЙЙ



)ϊЋ* KϔζААϔϩζϩ. QY bY `3cURNc3- i@3 ,RN,3Uj R8 c3,RN0�aw $�c3Y DRnaN�I R8 +ICNC,�I 2UC03LCRIR<w ϊЕ.
Ϯ VϺϮϮзW. ϺзϺЋĢϺзЙзY

)ϊο* KϔϣϡϨΞϩ. FY HY. #ζЅϑζΞЁЅ. DY. +ϑϱϔ. DY DY. HΞϔΪЅϱϩ. /Y. Ξϩβ KΞβЁϔΞϩ. #Y +Y mcCN< CLUI3L3NA
j�jCRN CNj3NjCRNc UaRLUjc jR 3N@�N,3 CN�n3Ny� q�,,CN�jCRN a�j3cY TaR,330CN<c R8 j@3 M�jCRN�I
�,�03Lw R8 b,C3N,3c Ϻзο. ЙЎ VЙзϺϺW. ϺзϊϺχĢϺзϊЙзY

)ϊϮ* MζЧζЭ. rY FY. Ξϩβ KΫ7Ξββζϩ. /Y H�a<3 c�LUI3 3cjCL�jCRN �N0 @wURj@3cCc j3cjCN<Y ?�N0$RRG R8
3,RNRL3jaC,c ϊ VϺϮϮϊW. ЙϺϺϺĢЙЙϊχY

)χз* MόЛЭζϩ. MY iY. TΞЭΞ. KY. bАζЦζϩЅ. +Y KY. KΞЦΞϩβΞβϔ. bY. xΞϔϩΞΪΞβϔ. FY. Ξϩβ rϔϣЅϱϩ. bY 2Y i@3
a3I�jCRNc@CU $3js33N @RcUCj�I qRInL3 �N0 Rnj,RL3 CN $�aC�jaC, cna<3aw �j �,�03LC, L30C,�I ,3Nj3acY
�NN�Ic R8 bna<3aw Йϊз. ϊ VЙззϊW. χοЎY

)χϺ* MόЛЭζϩ. iY [Y. �ΫϡζЁϨΞϩ. #Y. bΫϑϨϔβ. BY. +ϱϣζ. bY `Y. Ξϩβ bАЛΞЁА. 2Y �Y b3NcCjCqCjw �N�Iwc3c
8Ra 3{3,j LR0C~3ac NRj R$c3aq30 CN j@3 j�a<3j URUnI�jCRN s@3N <3N3a�ICyCN< ja3�jL3Nj 3{3,jc 8aRL �
a�N0RLCy30 ,RNjaRII30 jaC�I- �ccnLUjCRNc. LR03Ic. 3{3,j c,�I3c. 0�j� c,3N�aCRc. �N0 CLUI3L3Nj�jCRN
03j�CIcY TIRb RN3 ϺЕ. ϺЙ VЙзϺοW. 3зЙзοЋϮχY

)χЙ* MόЛЭζϩ. iY [Y. 2ΪϩζЅΞϟϟΞβ. +Y. +ϱϣζ. bY `Y. bАЛΞЁА. 2Y �Y. ζА ΞϣY b3NcCjCqCjw �N�IwcCc 8Ra �N nNA
R$c3aq30 LR03a�jRa CN a,jAjRAj�a<3jAURUnI�jCRN <3N3a�ICy�jCRN R8 ja3�jL3Nj 3{3,jcY i@3 �NN�Ic R8
�UUIC30 bj�jCcjC,c ϺϺ. Ϻ VЙзϺЋW. ЙЙχĢЙϊЋY

)χЕ* QόΪЛЁϩ. 2Y HY. pΞϩβζЁrζζϣζ. iY DY. ζА ΞϣY +�nc�I 0C�<a�Lc 8Ra CNj3a83a3N,3Y bj�jCcjC,�I c,C3N,3
ЙϮ. ϊ VЙзϺϊW. χχϮĢχЋοY

)χϊ* QϣЅΫϑζЧЅϡϔ. KY. bΫϑζЛЁϣζϩ. ?Y. ζА ΞϣY +RLUa3@3NcCq3 ,R@Raj cjn0w- �N �Ij3aN�jCq3 jR a�N0RLCy30
,RNc3Nj 03cC<N CN � $a3�cj Ua3c3aq�jCRN jaC�IY K3j@R0c �a,@Cq3 Йϊ VϺϮοχW. ϺЕϺĢϺЕϊY

)χχ* QϣЅΫϑζЧЅϡϔ. KY. bΫϑЛϨΞΫϑζЁ. KY. Ξϩβ /ΞЦϔЅ. FY #Y �N�IwcCc R8 a�N0RLCy30 �N0 NRNa�N0RLA
Cy30 U�jC3Njc CN ,ICNC,�I jaC�Ic ncCN< j@3 ,RLUa3@3NcCq3 ,R@Raj 8RIIRsAnU cjn0w 03cC<NY +RNjaRII30
+ICNC,�I iaC�Ic ϺЕ. Е VϺϮϮЙW. ЙЙЎĢЙЕϮY

)χЎ* QȕKЛϔЁΫϑζΞЁАΞϔόϑ. +Y. Ξϩβ ?ζβόζЅ. HY pY ;3N3a�ICyCN< 8aRL nNa3Ua3c3Nj�jCq3 3uU3aCL3Njc- �
cja�jC~30 UaRU3NcCjw c,Ra3 �UUaR�,@Y DRnaN�I R8 j@3 `Rw�I bj�jCcjC,�I bR,C3jwY b3aC3c + V�UUIC30
bj�jCcjC,cW ЎЕ. Й VЙзϺϊW. ϺϮχĢЙϺзY

)χЋ* TζΞЁϣ. DY +�nc�ICjw. ЙN0 30Y +�L$aC0<3 mNCq3acCjw Ta3cc. +�L$aC0<3. mF. ЙззϮY

)χο* TζΞЁϣ. DY. Ξϩβ #ΞЁζϔϩΪϱϔϨ. 2Y ia�NcURaj�$CICjw R8 ,�nc�I �N0 cj�jCcjC,�I a3I�jCRNc- � 8RaL�I �UA
UaR�,@Y BN /�j� KCNCN< rRaGc@RUc VB+/KrW. ЙзϺϺ B222 ϺϺj@ BNj3aN�jCRN�I +RN83a3N,3 RN VЙзϺϺW.
B222. UUY χϊзĢχϊЋY

)χϮ* TζΞЁϣ. DY. Ξϩβ #ΞЁζϔϩΪϱϔϨ. 2Y 2uj3aN�I q�IC0Cjw- 8aRL 0RA,�I,nInc jR ja�NcURaj�$CICjw �,aRcc URUnA
I�jCRNcY bj�jCcjC,�I b,C3N,3 ЙϮ. ϊ VЙзϺϊW. χЋϮĢχϮχY

)Ўз* TζϿϿζЁΫϱЁϩ. DY KY. rζζϡЅ. DY +Y. +ϱϱϡ. 2Y 7Y. Ξϩβ Dϱυυζ. bY +RLU�aCcRN R8 Rnj,RL3c CN ,�N,3a
U�jC3Njc ja3�j30 sCj@CN �N0 RnjcC03 ,ICNC,�I jaC�Ic- ,RN,3Ujn�I 8a�L3sRaG �N0 cjan,jna30 a3qC3sY i@3
H�N,3j ЕЎЕ. Ϯϊзχ VЙззϊW. ЙЎЕĢЙЋзY

)ЎϺ* TζАζЁЅζϩ. KY HY. TϱЁАζЁ. FY 2Y. ;ЁЛΪζЁ. bY. rΞϩό. vY. Ξϩβ ЦΞϩ βζЁ HΞΞϩ. KY DY /C�<NRcCN< �N0
a3cURN0CN< jR qCRI�jCRNc CN j@3 URcCjCqCjw �ccnLUjCRNY bj�jCcjC,�I K3j@R0c CN K30C,�I `3c3�a,@ ЙϺ. Ϻ
VЙзϺЙW. ЕϺĢχϊY

ϺЙЕ



)ЎЙ* TЁζϩАϔΫζ. `Y HY. Ξϩβ TЭϡζ. `Y HR<CcjC, 0Cc3�c3 CN,C03N,3 LR03Ic �N0 ,�c3A,RNjaRI cjn0C3cY
#CRL3jaCG� ЎЎ. Е VϺϮЋϮW. ϊзЕĢϊϺϺY

)ЎЕ* ` +ϱЁζ iζΞϨY `- � H�N<n�<3 �N0 2NqCaRNL3Nj 8Ra bj�jCcjC,�I +RLUnjCN<Y ` 7RnN0�jCRN 8Ra bj�jCcA
jC,�I +RLUnjCN<. pC3NN�. �ncjaC�. ЙзϺχY

)Ўϊ* `ϔΫϑΞЁβЅϱϩ. iY bY. Ξϩβ `ϱΪϔϩЅ. DY KY bCN<I3 sRaI0 CNj3aq3NjCRN <a�U@c- � UaCL3aY BN b3,RN0 m�B
sRaGc@RU RN ,�nc�I cjan,jna3 I3�aNCN<. #3II3qn3. r�c@CN<jRN VЙзϺЕWY

)Ўχ* `ϔΫϑΞЁβЅϱϩ. iY bY. Ξϩβ `ϱΪϔϩЅ. DY KY bCN<I3 sRaI0 CNj3aq3NjCRN <a�U@c VbrB;cW- � nNC~,�jCRN R8
j@3 ,RnNj3a8�,jn�I �N0 <a�U@C,�I �UUaR�,@3c jR ,�nc�ICjwY i3,@Y `3UY ϺЙο. +3Nj3a 8Ra bj�jCcjC,c �N0
j@3 bR,C�I b,C3N,3c. mNCq3acCjw R8 r�c@CN<jRN. ЙзϺЕY

)ЎЎ* `ϱΪϔϩЅ. DY. Hϔ. HY. iΫϑζАόζϩ. 2Y. ЦΞϩ βζЁ pΞΞЁА. �Y. ζА ΞϣY ?C<@3a Ra03a CN�n3N,3 8nN,jCRNc �N0
LCNCL�u 3cjCL�jCRN R8 NRNICN3�a 8nN,jCRN�IcY BN TaR$�$CICjw �N0 cj�jCcjC,c- 3cc�wc CN @RNRa R8 /�qC0
�Y 7a330L�NY BNcjCjnj3 R8 K�j@3L�jC,�I bj�jCcjC,c. Йззο. UUY ЕЕχĢϊЙϺY

)ЎЋ* `ϱΪϔϩЅ. DY KY � N3s �UUaR�,@ jR ,�nc�I CN83a3N,3 CN LRaj�ICjw cjn0C3c sCj@ � cncj�CN30 3uURcna3
U3aCR0 Ģ �UUIC,�jCRN jR ,RNjaRI R8 j@3 @3�Ij@w sRaG3a cnaqCqRa 3{3,jY K�j@3L�jC,�I KR03IICN< Ћ. Ϯ
VϺϮοЎW. ϺЕϮЕĢϺχϺЙY

)Ўο* `ϱΪϔϩЅ. DY KY +RN~03N,3 CNj3aq�Ic 8Ra ,�nc�I U�a�L3j3acY bj�jCcjC,c CN K30C,CN3 Ћ. Ћ VϺϮοοW. ЋЋЕĢ
ЋοχY

)ЎϮ* `ϱΪϔϩЅ. DY KY �ccR,C�jCRN. ,�nc�jCRN. �N0 L�a<CN�I cjan,jna�I LR03IcY bwNj@3c3 ϺЙϺ. ϺAЙ VϺϮϮϮW.
ϺχϺĢϺЋϮY

)Ћз* `ϱΪϔϩЅ. DY KY K�a<CN�I cjan,jna�I LR03Ic q3acnc cjan,jna�I N3cj30 LR03Ic �c jRRIc 8Ra ,�nc�I CN83aA
3N,3Y BN bj�jCcjC,�I LR03Ic CN 3UC03LCRIR<w. j@3 3NqCaRNL3Nj. �N0 ,ICNC,�I jaC�IcY bUaCN<3a. Йззз.
UUY ϮχĢϺЕЕY

)ЋϺ* `ϱΪϔϩЅ. DY KY. Ξϩβ ;ЁζζϩϣΞϩβ. bY +�nc�I CN83a3N,3 sCj@Rnj ,RnNj3a8�,jn�Ic- ,RLL3NjY DRnaN�I R8
j@3 �L3aC,�N bj�jCcjC,�I �ccR,C�jCRN Ϯχ. ϊχз VЙзззW. ϊЕϺĢϊЕχY

)ЋЙ* `ϱΪϔϩЅ. DY KY. ?ζЁϩΟϩ. KY �Y. Ξϩβ #ЁЛϨΪΞΫϡ. #Y K�a<CN�I cjan,jna�I LR03Ic �N0 ,�nc�I CN83a3N,3
CN 3UC03LCRIR<wY 2UC03LCRIR<w V+�L$aC0<3. K�ccYW ϺϺ. χ VЙзззW. χχзĢχЎзY

)ЋЕ* `ϱΪϔϩЅ. DY KY. Ξϩβ `ϔАϱЦ. vY iRs�a0 � ,nac3 R8 0CL3NcCRN�ICjw �UUaRUaC�j3 V+Q/�W �cwLUjRjC,
j@3Raw 8Ra c3LCAU�a�L3jaC, LR03IcY bj�jCcjC,c CN K30C,CN3 ϺЎ. Е VϺϮϮЋW. ЙοχĢЕϺϮY

)Ћϊ* `ϱΪϔϩЅ. DY KY. Ξϩβ `ϱАϩϔАвϡЭ. �Y b3LCU�a�L3jaC, 3|,C3N,w CN LnIjCq�aC�j3 a3<a3ccCRN LR03Ic
sCj@ LCccCN< 0�j�Y DRnaN�I R8 j@3 �L3aC,�N bj�jCcjC,�I �ccR,C�jCRN Ϯз. ϊЙϮ VϺϮϮχW. ϺЙЙĢϺЙϮY

)Ћχ* `ϱΪϔϩЅ. DY KY. Ξϩβ `ϱАϩϔАвϡЭ. �Y +RLL3NjcY bj�jCcjC,� bCNC,� ϺϺ. ϊ VЙззϺW. ϮЙзĢϮЕЎY

)ЋЎ* `ϱΪϔϩЅ. DY KY. `ϱАϩϔАвϡЭ. �Y. Ξϩβ bΫϑΞЁυЅАζϔϩ. /Y QY b3NcCjCqCjw �N�IwcCc 8Ra c3I3,jCRN $C�c �N0
nNL3�cna30 ,RN8RnN0CN< CN LCccCN< 0�j� �N0 ,�nc�I CN83a3N,3 LR03IcY BN bj�jCcjC,�I LR03Ic CN
3UC03LCRIR<w. j@3 3NqCaRNL3Nj. �N0 ,ICNC,�I jaC�IcY bUaCN<3a. Йззз. UUY ϺĢϮϊY

)ЋЋ* `ϱΪϔϩЅ. DY KY. `ϱАϩϔАвϡЭ. �Y. Ξϩβ xϑΞϱ. HY TY 2cjCL�jCRN R8 a3<a3ccCRN ,R3|,C3Njc s@3N cRL3
a3<a3ccRac �a3 NRj �Is�wc R$c3aq30Y DRnaN�I R8 j@3 �L3aC,�N bj�jCcjC,�I �ccR,C�jCRN οϮ. ϊЙЋ VϺϮϮϊW.
οϊЎĢοЎЎY

ϺЙϊ



)Ћο* `ϱόζЁЅ. +Y �Y. rζϣΪϱЛЁϩ. `Y. #ЭЁϩζ. DY. /ϱϩϱЦΞϩ. DY HY. `ζζЦζЅ. #Y +Y. rϱЁβЅЧϱЁАϑ. bY. �ϩA
βЁζЧЅ. `Y. iϑϱϨϿЅϱϩ. DY HY. `ϱβζЁϔΫϡ. TY. KΞϑϱϩ. /Y. ζА ΞϣY i@3 $wA$�N0 cjn0w- <�cjaC, $wU�cc
Ra �0Encj�$I3 <�cjaC, $�N0 cna<3aw jR ja3�j LRa$C0 R$3cCjw- cjn0w UaRjR,RI 8Ra � LnIjCA,3Nja3 a�NA
0RLCc30 ,RNjaRII30 jaC�I sCj@ �N CNj3aN�I UCIRj U@�c3Y iaC�Ic Ϻχ. Ϻ VЙзϺϊW. χЕY

)ЋϮ* `ϱЅζϩΪΞЛϨ. TY `Y. Ξϩβ `ЛΪϔϩ. /Y #Y �cc3ccCN< c3NcCjCqCjw jR �N nNR$c3aq30 $CN�aw ,Rq�aC�j3 CN �N
R$c3aq�jCRN�I cjn0w sCj@ $CN�aw Rnj,RL3Y DRnaN�I R8 j@3 `Rw�I bj�jCcjC,�I bR,C3jwY b3aC3c # ϊχ. Й
VϺϮοЕW. ЙϺЙĢЙϺοY

)οз* `ϱАϑЧζϣϣ. TY KY 2uj3aN�I q�IC0Cjw R8 a�N0RLCc30 ,RNjaRII30 jaC�Ic- ȒjR s@RL 0R j@3 a3cnIjc R8 j@Cc
jaC�I �UUIw]ȓY i@3 H�N,3j ЕЎχ. ϮϊχЕ VЙззχW. οЙĢϮЕY

)οϺ* `ϱАϩϔАвϡЭ. �Y. `ϱΪϔϩЅ. DY KY. Ξϩβ bΫϑΞЁυЅАζϔϩ. /Y QY b3LCU�a�L3jaC, a3<a3ccCRN 8Ra a3U3�j30
Rnj,RL3c sCj@ NRNC<NRa�$I3 NRNa3cURNc3Y DRnaN�I R8 j@3 �L3aC,�N bj�jCcjC,�I �ccR,C�jCRN ϮЕ. ϊϊϊ
VϺϮϮοW. ϺЕЙϺĢϺЕЕϮY

)οЙ* `ЛΪϔϩ. /Y #Y 2cjCL�jCN< ,�nc�I 3{3,jc R8 ja3�jL3Njc CN a�N0RLCy30 �N0 NRNa�N0RLCy30 cjn0C3cY
DRnaN�I R8 20n,�jCRN�I Tcw,@RIR<w ЎЎ. χ VϺϮЋϊW. ЎοοY

)οЕ* `ЛΪϔϩ. /Y #Y /Cc,nccCRN R8 Ȓ`�N0RLCy�jCRN �N�IwcCc R8 3uU3aCL3Nj�I 0�j�- j@3 7Cc@3a a�N0RLCy�A
jCRN j3cjȓY DRnaN�I R8 j@3 �L3aC,�N bj�jCcjC,�I �ccR,C�jCRN Ћχ. ЕЋϺ VϺϮοзW. χϮϺĢχϮЕY

)οϊ* `ЛΪϔϩ. /Y #Y `3�3,jCRNc cjCLnI�j30 $w j@3 ,RLL3Njc R8 b@�0Cc@ VЙзϺзW �N0 r3cj �N0 i@R3LL3c
VЙзϺзWY Tcw,@RIR<C,�I K3j@R0c Ϻχ. Ϻ VЙзϺзW. ЕοĢϊЎY

)οχ* `ЛβϱϣϿϑ. FY 2Y. Ξϩβ ЦΞϩ βζЁ HΞΞϩ. KY DY `R$ncj 3cjCL�jCRN R8 3N,Rna�<3L3Nj 03cC<N CNj3aq3NA
jCRN 3{3,jc ja�NcURaj30 �,aRcc cCj3cY DRnaN�I R8 j@3 `Rw�I bj�jCcjC,�I bR,C3jwY b3aC3c # Vbj�jCcjC,�I
K3j@R0RIR<wW ЋϮ. χ VЙзϺЋW. ϺχзϮĢϺχЙχY

)οЎ* bΞЛϣ. #Y +Y. Ξϩβ ?ЛβόζϩЅ. KY ;Y i@3 ,�I,nInc R8 KA3cjCL�jCRN CN ` sCj@ <33uY �atCq Ua3UaCNj
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