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EXTENDING CAUSAL INFERENCES
FROM A RANDOMIZED TRIAL TO ANOTHER POPULATION

ABSTRACT

The four core chapters of this dissertation discuss methods for extending, that is, generalizing or transport-
ing, causal inferences from a randomized trial to a well-defined target population.

Chapter 1: We examine study designs for extending causal inferences from a randomized trial to a tar-
get population. We consider nested trial designs, where randomized individuals are nested within a sample
from the target population, and non-nested trial designs, where a randomized trial is combined with a sepa-
rately obtained sample of non-randomized individuals from the target population. We show that the causal
quantities that can be identified in each design depend on what is known about the probability of sampling
non-randomized individuals. For each design, we examine identification of potential outcome means via
the g-formula and inverse probability weighting. Last, we explore the implications of the sampling proper-
ties underlying the designs for modeling the probability of trial participation.

Chapter 2: We use counterfactual and graphical causal models to examine under what conditions we
can generalize causal inferences from a randomized trial to a target population. We offer an interpretation
of generalizability analyses using the notion of a hypothetical intervention to “scale-up” trial engagement
to the target population. We consider the interpretation of generalizability analyses when trial engagement
does or does not directly affect the outcome, highlight connections with censoring in longitudinal studies,
and discuss identification of the distribution of counterfactual outcomes via g-formula computation and
inverse probability weighting. Last, we show how the methods can be extended to address time-varying
treatments, non-adherence, and censoring.

Chapter 3: Extending (generalizing or transporting) causal inferences from a randomized trial to a
target population requires assumptions that the randomized and non-randomized individuals are exchange-
able conditional on baseline covariates. These assumptions are made on the basis of background knowl-
edge, which is often uncertain or controversial, and need to be subjected to sensitivity analysis. We present
simple methods for sensitivity analysis that directly parameterize violations of the assumptions using bias
functions. We show how the methods can be applied to non-nested and nested trial designs. We illustrate
the methods using data from a clinical trial comparing treatments for chronic hepatitis C infection.

Chapter 4: We describe methods for global sensitivity analysis that directly parameterizes violations of
the assumptions in terms of potential (counterfactual) outcome distributions. We illustrate the methods us-
ing data from a randomized trial nested within a cohort study of eligible individuals to compare coronary

artery surgery plus medical therapy versus medical therapy alone for chronic coronary artery disease.
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Introduction

The problem of using randomized trial data to draw causal inferences for new populations, different ver-
sions of the treatments, or new settings is almost as old as randomization itself. This dissertation con-

tributes to the growing literature on potential solutions for the problem by discussing identification, esti-
mation, and sensitivity analyses for studies that aim to extend (generalize or transport) inferences from a

randomized trial to a well-defined target population. Specifically, we

» examine study designs for extending causal inferences from a randomized trial to a well-defined

target population (Chapter 1);

* use counterfactual and graphical causal models to examine under what conditions we can generalize

causal inferences from a randomized trial to a target population (Chapter 2);

* present sensitivity analysis methods for assessing violations of the conditions that are needed to

extend causal inferences from a randomized trial to a target population (Chapters 3 and 4).

Each chapter is based on a stand-alone manuscript intended for submission to a peer-reviewed journal,
as such it is best if the reader approaches each chapter as a separate entity. The chapters share a common
conceptual framework and we have tried to use consistent terminology throughout; no attempt, however,

has been made to eliminate redundancies or to use a common notation.



Chapter 1

Study designs for extending causal inferences from a randomized trial to a target

population

A number of recent contributions [10, 8, 17, 102, 39, 85, 16] have discussed methods for addressing prob-
lems related to selective study participation [35] in randomized trials. These methods can be used to extend
(i.e., generalize or transport [27]) causal inferences from a randomized trial to a target population. The
methods require baseline covariate, treatment, and outcome data from the randomized individuals partic-
ipating in the trial and baseline covariate data from non-randomized individuals. Estimation of potential
outcome means in the target population typically requires models for the probability of trial participation
[10], the expectation of the outcome under each treatment among trial participants [39], or both (to improve
robustness [17, 16]). Prior work has largely focused on identifiability conditions and estimation approaches,
without a clear connection to study design principles, obscuring the fact that different study designs de-
termine which causal quantities can be identified and have implications for identifying and estimating the
conditional probability of trial participation.

Two types of study designs that combine data from randomized individuals with data from a sample of
non-randomized individuals have been used for the explicit goal of estimating potential outcome means
and treatment effects in a well-defined target population: (1) nested trial designs, in which the random-
ized trial is embedded in a sample from the target population [17]; and (2) non-nested trial designs, in
which observations from randomized individuals are combined with a separately obtained sample of non-
randomized individuals from the target population. The sampling probability of non-randomized individu-
als is known in nested trial designs [8], but unknown in non-nested trial designs [102, 85, 16]. In both types
of study designs, baseline covariate data are collected from all randomized individuals and from sampled
non-randomized individuals; treatment and outcome data need only be collected from randomized indi-
viduals. Though treatment and outcome data from non-randomized individuals can be used to evaluate
assumptions or improve efficiency, they are not necessary for identification and estimation under the as-

sumptions used in this paper or the bulk of the related literature (e.g., as reviewed in [39]).



In this paper, we show that the causal quantities that can be identified in each study design depend on
what is known about the probability of sampling non-randomized individuals. For each study design, we
examine identification of potential outcome means via the g-formula and inverse probability weighting and
explore the implications of the design’s sampling properties for modeling the probability of trial participa-

tion.

1.1 SAMPLING PROPERTIES AND THE OBSERVED DATA

For a well-defined causal question, investigators can specify a set of eligibility criteria that define an actual
population of individuals to whom research findings would be applicable, in the sense that we can in prin-
ciple identify all individuals who meet the criteria. For instance, when designing a randomized trial, the
trial eligibility criteria define an actual population of all trial-eligible individuals. In this paper, we view
the actual population as a simple random sample from an (infinite) superpopulation of individuals; we re-
fer to this superpopulation as the target population [68]. We are interested in causal quantities that pertain
to the target population or to its subsets (e.g., defined by trial participation status).

To introduce some notation, let X = (Xj, ..., X)) denote a vector of p baseline covariates; A the treat-
ment assignment indicator; Y the observed outcome; and S the trial participation indicator, with S = 1 for
randomized individuals and S = 0 for non-randomized individuals (individuals who are either not invited
to participate in the trial or who are invited but decline). To capture the notion that some non-randomized
individuals in the actual population (S = 0) may not be sampled, let D be an indicator for whether an in-
dividual in the actual population is sampled and contributes data to the analyses, with D = 1 for sampled
individuals and D = 0 for non-sampled individuals.

We can now describe the sampling properties that underlie nested and non-nested study designs used
for extending inferences from a randomized trial to the target population. The study designs differ in the
sampling properties that determine how the observed sample relates to the actual population; the underly-
ing actual population and (hypothetical) target population are the same. Figure 1.1 illustrates the conceptual
relationships between designs, their sampling properties, and the observed data.

In the main text of this paper, we consider simple random samples, with known or unknown sampling
probabilities, from the actual population or from the non-randomized subset of the actual population. As

we discuss below, our main results, with minor modifications, hold when the sampling probability is a



known function of auxiliary baseline covariates rather than a known constant (i.e., when we have random

sampling, not simple random sampling). Allowing the sampling probabilities to depend on auxiliary co-

variates, however, does not lead to additional insights regarding study design [15]; for this reason, in the

main text, we assume that the sampling probability does not depend on covariates.

Figure 1.1: Conceptual graph depicting the sampling designs for studies extending inferences from a randomized trial to

a target population.
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1.1.1 NESTED TRIAL DESIGNS
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We consider two variants of the nested trials design: when a census of the actual population is taken and

when the non-randomized individuals are sub-sampled.

Census of the actual population: In this variant of the nested trial design, the individuals contributing

data to the analysis are assumed to be a census of the actual population, that is,

PrlD=1S=1]=Pr[D=1S=0] =1,



thus, nested trial designs can be viewed as simple random samples from the superpopulation. In this de-
sign, it is common to define the target population implicitly, based on the actual population in which the
trial is nested. For example, in comprehensive cohort studies [54], investigators nest a trial within a cohort
of all individuals who met the trial’s eligibility criteria and were invited to participate in the trial. They
then define the target population as the population from which cohort members (i.e., the actual population
of trial-eligible individuals invited to participate in the trials) could have been a simple random sample.
Thus, in this design, investigators need to ensure that the cohort represents the target population they are
interested in; that is, the trial eligibility criteria need to be broad enough to address the research question
and the individuals invited to participate in the trial (who form the cohort in which the trial is nested) need
to represent the target population of interest.

Sub-sampling of non-randomized individuals: In this variant, we collect data from all randomized in-
dividuals in the actual population but only collect baseline covariate data from a sub-sample of the non-
randomized individuals in the actual population, with sampling probability that is a known constant. The

sampling properties can be summarized as

PrlD=1/S=1] =1and

PrlD=1X,A,Y,S=0]=PriD=1|S=0]=c> o0,

where c is a known constant, with 0 < ¢ < 1. Note that the nested trial design with a census of the actual
population can be viewed as a special case of the sub-sampling design, with ¢ = 1. Using ¢ < 1 is statis-
tically less efficient than using ¢ = 1, but may improve research economy, for example, if the collection
of covariate data among non-randomized individuals is expensive [15]. Furthermore, as noted, a variant of
the nested trial design with sub-sampling allows the selection of non-randomized individuals to depend on

auxiliary baseline covariates; we show how our results extend to that case in the Appendix.

1.1.2 NON-NESTED TRIAL DESIGNS

In non-nested trial designs, data from randomized and non-randomized individuals are obtained separately.
Investigators assume that data from all randomized individuals can be combined with data from a simple

random sample of non-randomized individuals from the actual population, with sampling probability that



was an unknown constant (e.g., [102]). The sampling properties can be summarized as

PrlD=1/S=1] =1and

Pr[D =1|X,A,Y,S = 0] = Pr[D = 1|S = 0] = u > 0, where u is an unknown constant.

An example of non-nested trial design is the composite dataset design [102, 16]. Here, investigators ap-
pend the data from a completed randomized trial to data from a convenience sample of non-randomized
individuals, often obtained from routinely collected data sources (such as claims or electronic medical
records databases, or prospective cohort studies). The assumption, often left unstated, is that the sample of
non-randomized individuals is a simple random sample from the population of non-randomized individu-

als (or a well-defined subset thereof) to whom the investigators wish to extend the trial results [16, 102].

1.1.3 THE OBSERVED DATA

In both nested and non-nested designs, we collect data on baseline covariates, treatment, and outcome from
randomized individuals; in contrast, as we show in Section 1.3, only baseline covariate data are needed
from non-randomized individuals.

More specifically, for nested designs the observed data consist of realizations of

(X,A,Y,S =1,D = 1) for trial participants;
(X,S = 0,D = 1) for sampled non-randomized individuals;

(S = 0, D = 0) for non-sampled non-randomized individuals.

Because all randomized individuals are sampled, we have that (D = 1,S = 1) < (S = 1). No covariate,
treatment, or outcome data are available for non-sampled non-randomized individuals, (D = 0,S = 0)
(note that in the nested trial design with a census of the actual population this subset does not exist).

In non-nested trial designs (e.g., composite dataset designs), we typically do not know the number of

non-sampled non-randomized individuals, thus the observed data consist of realizations only of

(X,A,Y,S = 1,D = 1) for trial participants; and

(X,S = 0,D = 1) for sampled non-randomized individuals.



1.2 CausaAL QUANTITIES OF INTEREST AND IDENTIFIABILITY CONDITIONS

1.2.1  CAusaAL QUANTITIES OF INTEREST

In order to define causal quantities, let Y be the potential (counterfactual) outcome under intervention to
set treatment to a [82, 71]. We are interested in the mean of these potential outcomes in the target popu-
lation E[Y?] or in the non-randomized subset of the target population E[Y?|S = 0]. For example, E[Y"]
captures the outcome under the strategy of treating all individuals in the target population with a. And it
is often scientifically and methodologically interesting to compare E[Y?|S = 0] against E[Y?|S = 1], to
examine whether the potential outcome mean under treatment a differs among trial-participants and non-

participants in the target population [17].

1.2.2 IDENTIFIABILITY CONDITIONS

For all study designs, the following identifiability conditions are sufficient to extend inferences from a clin-
ical trial to a target population [17, 16]:
(1) Consistency of potential outcomes: interventions are well-defined, so that if A; = a, then Y} = Y;.
Implicit in this notation is that the offer to participate in the trial and trial participation itself do not have an
effect on the outcome except through treatment assignment (e.g., there are no Hawthorne effects).
(2) Mean exchangeability among trial participants: E[Y*|X,S = 1,A = a] = E[Y?|X,S = 1]. This
condition is expected to hold because of randomization (marginal or conditional on X).
(3) Positivity of treatment assignment in the trial: Pr[A = a|X = x,S = 1] > o0 for each a and each x
with positive density in the trial, fx)s(x|S = 1) > 0. This condition is also expected to hold because of
randomization.
(4) Mean generalizability (exchangeability over S): E[Y?|X,S = 1] = E[Y"|X] for each a. For binary S,
this condition implies the mean transportability condition E[Y?|X, S = 1] = E[Y?|X, S = 0] (provided both
conditional expectations are well-defined).
(5) Positivity of trial participation: Pr[S = 1|X = x] > o for each x with positive density in the target
population, fx(x) > o.

In the conditions listed above, we have used X generically to denote baseline covariates. It is possible

however, that strict subsets of X are adequate to satisfy the different exchangeability conditions. For ex-



ample, in a marginally randomized trial the mean exchangeability among trial participants holds uncondi-
tionally. Furthermore, to focus on issues related to selective trial participation, we will assume complete

adherence to the assigned treatment and no loss-to-followup.

1.2.3 TRIAL ELIGIBILITY CRITERIA AND CHOICE OF TARGET POPULATION

Now that we have specified the causal quantities of interest and listed identifiability conditions, we can
consider the choice of target population in more detail.

As noted, the target population should be determined by the scientific question investigators hope to
address. In many cases, when using the methods described in this paper, it is sensible to limit the target
population to the population of individuals meeting the trial eligibility criteria or to a subset of that pop-
ulation. To the extent that the variables used to define the trial eligibility criteria are needed to satisfy the
mean generalizability condition, the restriction to trial-eligible individuals is needed for the positivity of
trial participation condition to hold — individuals not meeting the criteria are not allowed to enter the trial.
In some cases, however, investigators may be able to argue that only a subset of the variables used to deter-
mine trial eligibility are necessary for the mean generalizability condition to hold. In such cases, the target
population can be broader than the population of trial eligible individuals. The essential requirement is that
the distributions of covariates needed to satisfy the mean generalizability condition among randomized and

non-randomized individuals should have common support.

1.3 IDENTIFICATION VIA THE G-FORMULA

We begin by considering identification by the g-formula [67]. Using the identifiability conditions of Sec-
tion 1.2, it is straightforward to show that the potential outcome mean in the target population [17] can be

re-expressed as

E[Y'] = E[E[Y|X,S =1,A = d]]
(1.1)
= /EmX: x,S =1,A = a]dFx(x),

where Fx(x) denotes the distribution of X in the target population.

The potential outcome mean among non-randomized individuals in the target population [16] can be



re-expressed as

E[Y!|S=0] =E[E[Y|X,S=1,A = a]|S = 0]
(1.2)
= /E[Y]X: x,8 =1,A = aldFx5(x|S = 0),

where Fx|5(x|S = 0) denotes the distribution of X among non-randomized individuals in the target popu-
lation (i.e., the subset with S = 0).

First, we note that both results involve the conditional expectation of the outcome Y among trial partici-
pants assigned to treatment a, E[Y|X,A = a,S = 1]. Because both nested and non-nested designs assume
that all randomized individuals are sampled, this expectation is identifiable in both designs.

Next, we turn out attention to the identification of Fx(x) and Fx)s(x|S = 0), which are necessary to
identify E[Y"] and E[Y?|S = 0], respectively. There are interesting differences between the designs when it

comes to identifying these distributions and we consider each design individually below.

1.3.1 NESTED TRIAL DESIGNS

Census of the actual population: Identification is most straightforward in this design, because data are
available from all members of the actual population (both randomized and non-randomized) and the actual
population is a simple random sample from the target population. Thus, Fx(x) is identifiable. Further-
more, in this design, every subgroup of the actual population defined on the basis of baseline covariates
or trial participation is a simple random sample from the corresponding subgroup in the target population.
Thus, the distribution of covariates among non-randomized individuals F;s(x|S = 0) can also be identi-
fied. It follows that all the components on the right-hand-sides of (1.1) and (1.2) are identifiable, establish-
ing that E[E[Y]X,S = 1,A = a]| and E[E[Y|X, S = 1,A = a]|S = 0] are identifiable.

Sub-sampling of non-randomized individuals: For this design, identification of the marginal distribution
of X is slightly more involved because the non-randomized individuals contributing data to the analysis are
a sub-sample from the non-randomized individuals in the actual population.

First, by the law of total probability, for binary S,

Fx(x) =) Fxjg(x|S =s)Pr[S=sl.

$=0



Clearly, Fx|s(x|S = s), for s = 0,1 is identifiable because the randomized and non-randomized sampled
individuals are simple random samples of the target population subsets with S = 1 and S = 0, respectively.
The only difficulty, then, is identification of the marginal probability of trial participation, Pr[S = 1],
because Pr[S = 0] = 1 — Pr[S = 1]. As we show in the Appendix, under the sampling properties of

the nested trial design with sub-sampling of non-randomized individuals,

o PrS=oD=1
Pr[S_l]_{1+Pr[S:1\D:1] X c } . (1.3)

Pr[S=o0|D =1]
Pr[S=1|D =1]
and, as defined in Section 1.1.1, ¢ is a known constant. It follows that Fx(x) is identifiable and, conse-

The odds of non-participation in the trial among sampled individuals, , are identifiable;

quently, E[E[Y]X,S = 1,A = a] is also identifiable because all the components of the integral on the
right-hand-side of (1.1) are identifiable.

Turning our attention to Fxs(x|S = 0), we note that it is identifiable because the sampled non-randomized
individuals are a simple random sample from the non-randomized individuals in the actual population. It
follows that E[E[Y]X,S = 1,A = a]|S = 0] is identifiable because all the components of the integral on

the right-hand-side of (1.2) are identifiable.

1.3.2 NON-NESTED TRIAL DESIGNS

Using an argument parallel to that for nested trial designs with sub-sampling, when the probability of sam-
pling a non-randomized individual is unknown, the probability of trial participation, Pr[S = 1], can be
expressed in the form of equation (1.3), substituting the u for c,

PrS=o/D=1 !
Pr[S:l]:{1+Pr[S—1]D—1]Xu } .

Because, as defined in Section 1.1.2, u is an unknown constant, Fx(x) is not identifiable and consequently
E[E[YX,S = 1,A = a]] is also not identifiable.

Turning our attention to Fxg(x|S = 0), we see that it is identifiable because the non-randomized indi-
viduals contributing data to the analysis are a simple random sample from the non-randomized individuals

in the actual population (even though the sampling probability is unknown). It follows that E [ E[Y|X,S =
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1,A = qa |S = 0] is identifiable in non-nested trial designs because all the components of the integral in

(1.2) are identifiable.

1.4 IDENTIFICATION VIA IP WEIGHTING

There has been considerable recent interest [10, 17, 8, 102, 16] in using weighting methods to identify the
potential outcome means in equations (1.1) and (1.2), because the specification of models for the probability
of trial participation is often considered a somewhat easier task than the specification of models for the
outcome among trial participants.

First, consider E[ E[Y]X, S = 1,A = d]], which we argued is identifiable in nested trials. As shown in

[17], we can re-express the right-hand-side of (1.1) as

IS=1,A=a)Y
PriS=1X]PrlA=a|X,S=1]]’

E[E[Y[X,S=1,A=d]| =E (1.4)

where I(-) denotes the indicator function.
Now, consider E[E[Y|X,S = 1,4 = a]|S = 0], which we argued is identifiable by the g-formula in

both nested and non-nested trials. As shown in [16], we can re-express the right-hand-side of (1.2) as

I(S=1,A=a)YPr[S = 0|X]

[Pr[S =1/X]Pr[A =q|X,S = 1]]

[ IS=1,A=a)Pr[S = 0/X] ] ' 15
PriS =1|X|Pr[A = a|X,S = 1]

E[E[Y[X,S=1A=d]|S=0] =

The probability of treatment among trial participants, Pr[A = a|X,S = 1] is under the control of the
investigators and does not pose any difficulties for identification of either functional. Now, for each design,
we focus our attention on the conditional probability or the conditional odds of trial participation, which

appear in expressions (1.4) and (1.5), respectively.

1.4.1 NESTED TRIAL DESIGNS

Census of the actual population: Identification of Pr[S = 1|X] in this design is an obvious consequence
of the fact that individuals contributing data to the analysis are a simple random sample from the target

population. In other words, because we have sampled all individuals in the actual population, which is a
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simple random sample of the target population, Pr[S = 1|X] = Pr[S = 1|X, D = 1].
Sub-sampling of non-randomized individuals: Identification of Pr[S = 1|X] is only a little more difficult
when we sample non-randomized individuals from the actual population. As we show in the Appendix,

under the sampling properties of this design,

(1.6)

_ _ PrlS=o0X,D=1 '
Pr[s_1)q_{1+ PrS—1X,D=1 ’

PriS=0|X,D = 1]
PriS=1|X,D =1]
identifiable and c is a known constant defined in Section 1.1.1. It follows that Pr[S = 1|X] is identifiable

where the conditional odds of trial participation among sampled individuals,

, are

and the odds of trial participation can be written as

Pr[S=1[X] Pr[S=1|X,D = 1]
Pr[S=o0|X] Pr[S=0|X,D=1]

X C. (1.7)

In sum, the two functionals of interest are identifiable by IP weighting.

1.4.2 NON-NESTED TRIAL DESIGNS

We can use an argument parallel to that for nested trial designs with sub-sampling, to establish that, when
the sampling probability for non-randomized individuals is unknown, the probability of trial participation,

Pr[S = 1]X], can be expressed as,

(1.8)

— _ —1

Pr[S =1/X,S = 1]
Because, as defined in Section 1.1.2, u is unknown, the conditional probability of trial participation, which
appears on the right hand side of (1.4), is not identifiable; this confirms our earlier result that E [ E[Y|X,S =
1,A = a]| cannot be identified in non-nested trials.

Furthermore, the conditional odds of trial participation are also not identifiable because they depend on
u. In fact, using equation (1.7), substituting u for ¢, we see that the odds of trial participation in the target

population are, up to an unknown multiplicative constant, equal to the odds of trial participation among
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sampled individuals,
Pr[S=1|X] Pr[S=1|X,D = 1]
Pr[S=o0|X] Pr[S=0[X,D=1]

X U. (1.9)

We have come to an apparent conflict: the right hand-side of (1.5) involves the conditional odds of trial
participation, a quantity that is not identifiable in non-nested designs. Yet, we argued in the previous sec-
tion that the left-hand-side of (1.5) is identifiable. The conflict can be easily resolved by noting that, be-
cause both the numerator and the denominator of (1.5) are multiplied by the unknown constant u, which
cancels out, identification via IP weighting is possible.

Table 1.1 summarizes the sampling properties and identification results for each study design.
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1.5 ESTIMATING THE PROBABILITY OF TRIAL PARTICIPATION

In realistic analyses, the dimension of X will be fairly large, necessitating some modeling assumptions
about Pr[S = 1|X] or Pr[S = 1|X, D = 1] [73]. In this section we discuss the relationship between study

design and model specification and estimation approaches.

1.5.1 NESTED TRIAL DESIGNS

Census of the actual population: In this type of nested trial design, it is straightforward to model the prob-
ability of trial participation, Pr[S = 1]X], in the sense that we can use the model we believe is most likely
to be correctly specified for the target population.

For concreteness, suppose that we are willing to assume a parametric model, p(X; y),for the probability
of trial participation in the target population, Pr[S = 1|X], with y a finite dimensional parameter. In the
nested-trial designs with a census of non-randomized individuals, we typically estimate the parameters by

maximizing the likelihood function
n
2(y) = [T P& v)* - pX ),
i=1

wherei = 1,...,n, and n is the number of individuals in the study (i.e., the actual population). Under
reasonable technical conditions [49], the usual maximum likelihood methods use a sample-size normalized

objective function that converges uniformly in probability to

lo(y) =E [Slog p(X;y)] + (1 —8)log [1 - p(X; Y)H : (1.10)

For example, when p(X;y) is a logistic model, ¢, (y) is the large sample limit of the sample-size normal-
ized log-likelihood function for logistic regression.

Sub-sampling of non-randomized individuals: When we sub-sample of the non-randomized individuals
in the actual population, it is not possible to maximize the likelihood function above, because data are not
available from all non-randomized individuals in the actual population. A natural idea is to use equation
(1.6), which provides an explicit formula for identifying the conditional probability of trial participation,

Pr[S = 1|X] using the probability of trial participation among sampled individuals, Pr[S = 1|X,D = 1],
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and the sampling probability for non-randomized individuals, Pr[D = 1|S = 0]. When modeling the
probability of trial participation among sampled individuals, however, the following difficulty arises: in
general, when sampling depends on trial participation status, the correctly specified model for trial par-
ticipation does not have the same form as the correctly specified model in the target population, with the
notable exception of the logistic regression model [42, 89]. This implies that naive estimation of the pa-
rameters of the model for trial participation among sampled individuals will typically be inconsistent for
the population model.

Because the sampling probability of non-randomized individuals is known, we can use the following

weighted pseudo-likelihood function, which only uses data from sampled individuals [42, 12],

n

Zuy) = [T P& )] ™ [1 = p(xi )] 07,

=1

withc = Pr[D = 1S = 0]. Weighted maximum likelihood methods use a sample-size normalized

objective function that converges uniformly in probability to

lyo(y) = E|SDlog [p(X;y)] + <1_CS)D10g [1-pX:y)]|, (1.11)

which is restricted to sampled individuals (D = 1).

As we show in the Appendix, under the sampling properties for this design, the large sample limits of
the objective functions in (1.10) and (1.11) are equal, £o(y) = flyo(y). It follows that, under reasonable
technical conditions [49], weighted likelihood estimation of y in the nested trial design with sub-sampling
of non-randomized individuals converges in probability to the same parameter as unweighted regression in
the actual population.

In practical terms, as long as a reasonable parametric model can be specified for the target population,
the model parameters can be estimated using weighted maximum likelihood methods [42] on data from
sampled individuals, with individual level weights equal to 1 for randomized individuals, S = 1,D = 1; ¢!

for sampled non-randomized individuals, S = 0, D = 1; and o for unsampled individuals, D = 0.
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1.5.2 NON-NESTED TRIAL DESIGNS

In non-nested trial designs, the weighting approach described above is not applicable because the sampling
probability of non-randomized individuals is unknown. Provided, however, that the sampling probability
does not depend on X (i.e., the assumed sampling property), we can show that, if a logistic model for trial
participation is correctly specified in the target population, then a logistic model is correctly specified in
the non-nested trial design. To see this, suppose that we are willing to assume a logistic regression model

in the population, such that
Pr[S = 1/X] P
In—— = X;.
nPI‘[S:O|X] ﬁo“';ﬁ] J

Using the result in (1.8) and taking logarithms, we have that

N Pr[S =1|X,D = 1]
PriS=o0|X,D=1]

Equating the right-hand-sides of the last two equations, we obtain

PriS=1X,D=1 , <
n Pr[S=0|X,D = 1] =PBo + j;ﬁjXJ’ (1.12)

where B, = f, — In(u), a well-known result in the context of case-referent studies [43]. Thus, if a logistic
model is correctly specified in the target population, then a model of the same functional form is correctly
specified in the non-nested trial design. In fact, the coefficients in the two models are equal, and only the
intercept differs. Because 0 < u < 1, > f,: the sub-sampling of non-randomized patients simply
results in an intercept that is “shifted” upwards. As we have shown in the section on IP weighting, the re-
sulting shift in the odds of participation does not affect identification of the potential outcome mean in the
non-randomized individuals, E[Y?|S = 0], which is the parameter of interest in non-nested trial designs
with unknown sampling probability of non-randomized individuals.

The above result is also important for estimation of the model parameters: combined with the theory
in [62, 6], it implies that the unconstrained and unweighted maximum likelihood estimator for the logistic

model in (1.12), fit among sampled individuals, is the efficient estimator for ﬁj, j=1,...,p.
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1.6 DiscussioN

We presented a unified description of study designs for extending inferences from randomized trials to a
well-defined target population and showed that commonly invoked identifiability conditions need to be
combined with the sampling properties of each study design in order to determine which causal quantities
can be identified. Our approach uses a superpopulation framework, which is a natural choice for extending
trial findings beyond the sample of randomized individuals [29].

In non-nested trial designs, where the sampling probability for non-randomized individuals is unknown,
the marginal potential outcome means in the target population are not identifiable, but the potential out-
come means in the sub-population of non-randomized individuals are identifiable. This restriction may
be less severe than it appears: for most trials, we want to estimate the effect of applying the interventions
to a new population, which can be represented by a well-chosen sample of non-randomized individuals
[16]. In any case, when available, knowledge of the sampling probability of non-randomized individuals
can be used to mitigate these limitations, without requiring the collection of covariate information from
all non-randomized individuals in the actual population. Thus, in general, nested trial designs will often
be the preferred approach for generalizing trial findings when it is possible to define and sample the ac-
tual population when a randomized trial is planned. Such nested trial designs will typically have broad
(pragmatic [21]) eligibility criteria and define the target population as the population of individuals meet-
ing the trial eligibility criteria. When that is not possible, as is the case in already completed randomized
trials, non-nested trial designs might be a reasonable alternative. For example, in non-nested trial designs,
the comparison of estimates for the potential outcome means among randomized, E[Y" |S = 1], and non-
randomized individuals, E[Ya |S = 0], is of practical interest: provided the identifiability conditions hold,
if E[YH|S =1] = ]AE[Ya|S = 0], we may conclude that the trial results are generalizable (up to sampling
variability); in contrast, if the estimate are different, trial results are not generalizable.

We also showed that the different study designs have implications for identifying and estimating the
conditional probability of trial participation. This probability is of inherent interest because it captures
aspects of decision-making related to trial participation [44, 94]. We showed that the probability is identi-
fiable in nested trial designs, but not in non-nested trial designs (e.g., composite dataset designs). Indeed,

any reasonable parametric model for the probability of participation in the population can be identified in
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nested trial designs. In nested trial designs with sampling of non-randomized individuals, estimation of
model parameters can be facilitated by the use of weighted maximum likelihood estimation where random-
ized patients are given weight 1 and non-randomized patients are given weight equal to the inverse of the
probability of being sampled among non-randomized individuals in the actual population. In non-nested
trial designs, model specification is complicated by the fact that, when sampling depends on trial participa-
tion status, the model for the probability of trial participation among sampled individuals is not of the same
form as the model in the population (the logistic regression model being a notable exception).

The probability of trial participation in the target population is also important for identification and es-
timation using inverse probability (or odds) weighting methods. Our argument about the odds of partici-
pation after selection of non-randomized individuals being equal to the odds of participation in the target
population up to an unknown multiplicative constant, clarifies how the validity of estimators when using
composite datasets designs [102, 16] depends critically on the assumed sampling properties.

Astute readers will have noticed the many connections between our results and the theory of case-
referent (case-control) studies [45, 43, 42, 12, 89]. Indeed, our approach can be placed in the case-base
paradigm, viewing randomized individuals as “cases” in cumulative incidence case-referent study [45]
nested in the “cohort” of the actual population. An interesting parallel with case-referent studies: the dif-
ficulty in specifying the population of non-randomized individuals that should be sampled in composite
dataset designs is similar in nature to the validity issues of case-referent studies with a secondary base
[46, 47, 100].

In this paper, for simplicity, we focused on causal quantities that are most meaningful for point treat-
ments with complete adherence and no loss to follow-up. Our results can be extended to address time-
varying treatments using well-known extensions to the identifiability conditions for randomized individuals
and changes to equations (1.1) through (1.5) [67, 70], without any changes to the sampling properties or the
modeling assumptions about the probability of trial participation. Perhaps, then, the most consequential
causal assumption that we required was that the invitation to participate in the trial and trial participation
itself do not have an effect on the outcome except through treatment assignment. Unless investigators are
willing to contemplate much more complex study designs involving multistage data collection about (and
possibly randomization of) the invitation to participate, trial participation itself, and treatment assignment

[26], our results are best viewed as applying to trials where the not-through-treatment effects of the invita-
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tion to participate in the trial and of trial participation are negligible compared to the effects of treatment.
For example, they are applicable to pragmatic randomized trials embedded in large health-care systems
or registries where trial procedures other than treatment assignment can be assumed to be similar to usual

practice [98, 21, 9].
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Chapter 2

Generalizing causal inferences from randomized trials: counterfactual and graphical

identification

Randomized trials are widely regarded as the tool of choice to obtain estimates of average treatment effects
that are, in expectation, unaffected by baseline confounding. The sample of participants in a trial, however,
may not be representative of the target population of all trial-eligible individuals, including individuals
who meet the trial eligibility criteria but were not invited to participate or those who were invited but chose
not to participate. This situation begs the question of whether the effect estimates based on the sample of
trial participants can be generalized to the target population.

If individuals in the trial were a random sample of the target population, then the effect estimates from
the sample would be directly generalizable to the target population. Unfortunately, that is often not the
case. The selection from the target population to the trial sample is a complex process that may result in a
different distribution of effect modifiers [14] for individuals in the target population compared with those
in the trial sample. When this happens, generalizability requires statistical adjustments and unverifiable
assumptions derived from expert knowledge.

In recent years, the problem of selective participation in randomized trials has inspired work [10, 56,
95, 96, 105, 8, 17] on “generalizability methods” which integrate statistical methods and unverifiable as-
sumptions. However, most developments of generalizability methods (including ours) have considered
simplified settings restricted to time-fixed treatments under complete adherence and have paid little atten-
tion to the processes that determine participation in a randomized trial. Specifically, prior work has not
distinguished between (1) the invitation to participate in the trial and (2) the decision to participate in the
trial after receiving the invitation. A better conceptualization of the selection process is important for two
reasons.

First, the mechanisms that determine whether an eligible individual is invited to participate in a trial
may differ from those that determine whether an invited individual decides to participate. Therefore, valid

generalization from the sample of trial participants to the target population of all trial-eligible individuals
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will typically require data about these different mechanisms. Though understood in other contexts (e.g.,
[24]), the need to consider invitation and participation separately has not been considered in the recent lit-
erature on generalizability. A practical implication is that generalizability methods will require data from
non-invited trial-eligible individuals in addition to data from invited individuals who did and did not par-
ticipate in the trial.

Second, the invitation to participate in the trial and trial participation itself may have direct causal ef-
fects on the outcome that are not mediated by treatment. For example, being made aware of the trial’s ex-
istence may affect the behavior of both participants and non-participants (e.g., via Hawthorne effects), and
participation may affect components of the participants’ medical care other than the treatment itself. A
practical implication is that generalizability methods will need to explicitly consider these direct effects.

In this paper, we structurally describe the invitation and participation components of the selection from
the target population of trial-eligible individuals to the sample of randomized trial participants, formalize
generalizability from the trial sample to the target population as an attempt to emulate a hypothetical in-
tervention to (1) scale-up trial engagement (both invitation and participation) and (2) assign treatment to
the target population. We consider generalizability when trial engagement does and does not directly af-
fect the outcome, highlight connections with censoring in longitudinal studies, and discuss identification of
the distribution of counterfactual outcomes via g-formula computation and inverse probability weighting.
Lastly, we show how the methods can be extended to address time-varying treatments, non-adherence, and

censoring.

2.1 CONCEPTUAL MODEL

The invitation to participate in a trial is the process that results in certain trial-eligible individuals becom-
ing aware of the trial, being asked to participate in it, and being asked to provide informed consent. Partic-
ipation in a trial is the consent given by some invited individuals to be assigned to a treatment and being
followed up according to the trial protocol. We use the term “engagement” as shorthand for the combina-
tion of the invitation to participate and for participation in the trial.

To fix ideas, consider a randomized trial to compare the effect of two types of surgery, gastric bypass
and adjustable gastric band surgery, on weight and quality-of-life after 5 years (similar to the By-Band trial

[78]). The target population of trial-eligible individuals are adults with a body mass index (BMI) of 40
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kg/m? or more, or BMI of 35 kg/m? or more and other co-morbidities that could improve with weight loss,
and who are fit for anesthesia and surgery in the catchment area of 10 hospitals.

Let R be the indicator of invitation to participate in this trial (1 if invited; o otherwise), and S the indi-
cator of trial participation (1 if participating; o otherwise). The invitation to participate R is under (partial)
investigator control, in the sense that investigators can employ outreach strategies to increase trial aware-
ness among eligible individuals, whereas participation S is almost entirely not under investigator control
(except under exceptional circumstances when the requirement for informed consent is waived) [27].

Let Z be treatment assignment (i.e., 1 for gastric bypass, o for adjustable gastric band surgery), and Y the
outcome (i.e., weight or quality-of-life at 5 years). Among individuals participating in the trial, treatment
assignment occurs by randomization, whereas among non-participants treatment assignment occurs in the
form of a recommendation or prescription (the treatments that can be assigned to trial participants and
non-participants may be different). Both participants and non-participants in the trial may decide not to
adhere to their assigned treatment or the follow-up plan, but, for now, we limit our consideration to trials
with perfect adherence complete follow-up, so that the assigned treatment is always the received treatment
and there is no drop-out. We revisit non-adherence and drop-out in Section 2.6.

The causal directed acyclic graph (DAG) in panel (A) of Figure 2.1 depicts the causal structure con-
necting variables R, S, Z, and Y. The arrow R — S represents that non-invited individuals cannot par-
ticipate in the trial. The arrow R — Z represents that invited individuals (R = 1) who decline partici-
pation (S = 0) may receive a different treatment recommendation Z. The arrow S — Z represents that
the assignment mechanism is different between trial participants and non-participants. Also, among non-
participants, unmeasured prognostic factors U may also affect the treatment assignment, as represented by
the fork Z <— U — Y. Panel (B) of Figure 2.1 shows the causal DAG for the subset of trial participants, in
which the following three statements hold: (1) if S = 1, then R = 1, that is, trial participation implies the
invitation to participate; (2) there is no confounding by U of the effect of Z on Y; and (3) treatment assign-
ment is not affected by the invitation to participate (no arrow R — Z). Figure 2.1 also includes measured
prognostic factors X that may affect the invitation to participate (X — R), trial participation (X — S), and
treatment assignment (X — Z), if randomization is conditional on covariates for trial participants (S = 1)
or if treatment recommendations vary depending on their characteristics of non-participants (S = 0).

A key feature of Figure 2.1 is the consideration of possible direct effects of invitation (R — Y) and
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Figure 2.1: DAG depicting the invitation to participate, participation, and treatment assignment in a randomized trial.

(A)

(B)

U

participation (S — Y) on the outcome that are not through treatment Z [5, 60]. That is, we allow for a
direct effect of trial engagement on the outcome.

In our example, invitation R can have a direct effect on the outcome Y if the invitation to participate
increases awareness about the adverse effects of obesity, which in turn affects the reporting of body weight
even among non-participants [5] or leads to the adoption of healthy behaviors (say, daily exercise) that
directly affect body weight (not through Z).

Participation S can have a direct effect on the outcome Y if providers are particularly attentive to trial
participants, who in turn are more likely to report improved subjective outcomes (e.g., quality of life) due
solely to the increased attention. Effects due to the experience of being observed or experimented on are
often referred to as Hawthorne effects [5, 37]. Another way in which participation S can have a direct ef-
fect on the outcome Y is though exposure of the trial participants to concomitant interventions that differ
from those in usual practice and that affect the outcome [5]. In our example, participants are required to
attend regular clinic visits, during which providers may recommend changes to diet or exercise habits, and
these changes may directly affect the outcome.

In the presence of direct effects of trial engagement, generalizability methods need to be modified as de-
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scribed in the next section. As we will see, such effects are hard to identify from studies in which treatment
assignment Z is the only randomized intervention [26]. We will consider settings without direct effects of

trial engagement in Section 2.4.

2.2 JOINT INTERVENTION TO SCALE-UP TRIAL ENGAGEMENT AND SET TREATMENT

Questions about generalizing causal inferences about treatments assessed in trials can be recast as ques-
tions about hypothetical joint interventions to (1) scale-up trial engagement to the target population and (2)
assign treatment. We can use single world intervention graphs (SWIGs) to represent these joint interven-
tions. In Appendix B.1, we summarize aspects of SWIGs that are relevant to our setup; references [64] and
[65] provide additional details. Informally, a SWIG can be thought of as a causal DAG depicting a world
where we have intervened to set the value of one or more variables in accordance with some treatment
regime or strategy. SWIGs [65] are attractive graphical tools because they (1) distinguish between nodes
that are and are not intervened on and (2) depict counterfactual variables, allowing us to read off indepen-
dence conditions that involve counterfactuals using d-separation [57, 90].

Starting with the DAG of Figure 2.1, we construct the SWIG of Figure 2.2 for a hypothetical interven-
tionto set Rtor =1, Stos = 1and Z to z. We split the nodes R, S, and Z to denote the joint intervention,
inducing three counterfactual outcomes (potential outcomes [82]): the participation status under interven-
tion to invite all members of the population to the trial, S"="; the treatment assignment after intervention to
scale-up trial participation, Z"="*='; and the outcome under joint intervention to scale-up trial engagement
and set treatment to z, Y"="°=1%  Once invitation (r = 1) and participation (s = 1) have been intervened

LS=1 and Y= 15712 because of randomization.

on, there are no unmeasured common causes of Z'~
In the next sections we review identifiability conditions and methods to identify the mean outcome un-
der joint interventions on trial engagement and treatment assignment. Of course, identification would be
straightforward if all R, S, and Z could be randomly assigned. Random assignment of R and S, however,
will be challenging, if not impossible, in most settings. A partial exception was a randomized trial that es-
timated the effect of obtaining informed consent on outcomes [18]: individuals were randomly assigned to
provide informed consent and then, regardless of their assignment, were administered a placebo. The trial

found that consent had an effect on subjective evaluation of sleep with individuals in the no-consent group

reporting “better hypnotic activity.”
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Figure 2.2: SWIG for joint intervention on R, S, and Z.

In practice, identification under joint interventions on trial engagement and treatment assignment will

necessarily rely on observational data on trial invitation and participation. As a result, the methods de-
scribed in this paper will yield meaningfully interpretable estimates only if sufficiently well-defined but
hypothetical interventions on trial engagement can be proposed and linked to the observed data [28].

In many cases, those hypothetical interventions may be proposed [31] and, in fact, substantive experts
have explicitly discussed the conduct of hypothetical randomized trials where invitation to participate in
a trial and trial participation are randomly assigned [60, 34]. For example, Peppercorn et al. [60] noted:
“Ideally, the statement that trials are the best treatment option should rest on evidence that trial participants
have better outcomes than similar patients treated off-protocol” and described an “ethically untenable ran-
domized trial in which patients are randomly assigned (or not) to be offered trial participation.”

In our example, the sharing of information about obesity and strategies for weight reduction communi-
cated to eligible individuals during the invitation to participate in the trial R could be scaled-up (or investi-
gated in a randomized trial). Similarly, any non-protocol-mandated interventions used on trial participants
S, such as counseling for smoking cessation or blood pressure/diabetes control, can also be scaled-up (or
investigated in a randomized trial), alongside the experimental treatment (the surgical approach Z).

Also, note that our structural description is by necessity fairly stylized. The invitation to participate R
and the participation S in the trial can be subdivided into several components. Each of these components
could be represented separately in the causal diagrams. A finer representation of trial engagement, how-
ever, does not provide additional conceptual insights so we chose to build our discussion around the com-

pound treatments R and S [30].
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2.3 IDENTIFICATION FOR JOINT INTERVENTIONS

2.3.1 IDENTIFIABILITY CONDITIONS

Because we are considering the effects of joint interventions on R, S, and Z, we need an expanded version

of the “usual” identifiability conditions of consistency, exchangeability, and positivity [29].

Consistency conditions. We make the following consistency assumptions:

ifR; =1, thenS;~' = S;; (2.1)
if R; = 1and S; = 1, then Z:Zl’szl =7 (2.2)
if R; =1,S; =1, and Z; = z, then Y;Zl’szl’z =Y; (2.3)

These conditions connect the counterfactual variables with the corresponding observable variables. Con-
dition (2.1) means that the observed participation status among those actually invited to participate in the
trial would be the same as the counterfactual participation under an intervention to scale-up invitation to
the target population. Condition (2.2) means that the observed treatment assignment among trial partici-
pants is the same as the counterfactual assignment under intervention to scale-up trial engagement in the
entire population. Condition (2.3) means that for trial participants who were actually assigned to treatment
Z, the observed outcome is the same as the counterfactual outcome under the joint intervention on engage-
ment and treatment.

Condition (2.1) can be reasonable, provided that information about the trial is provided in a standardized
manner. Similarly, condition (2.2) is often reasonable, because treatment assignment among trial partici-
pants is under the control of the investigators. Condition (2.3), however, is somewhat stronger. It entails an
assumption of no hidden versions of the intervention [83, 84] or “treatment variation irrelevance” [99], that
is to say, either there is only one way to intervene on R, S, and Z, or the different ways of intervening have
the same effect on the outcome. This might not be true when treatments available in the actual randomized
trial are impossible to implement without substantial modification when trial engagement is scaled-up. For
example, in our motivating example of a trial comparing surgical interventions for obesity, there is some

evidence that outcomes under these interventions are better in high-volume centers [13, 40, 50]. In trials,
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it is not uncommon to only involve teams from high-volume centers, but outside the confines of the trial,
experience is usually more heterogeneous. When scaling-up engagement, such heterogeneity could give
rise to outcome-relevant variation in the implementation of the interventions, violating condition (2.3). It
is possible to extend our results to address multiple versions of treatment along the lines suggested in [30],
provided the versions can be described and assessed (measured) in the data (we return to this issue in the
Discussion).

All three consistency conditions entail assumptions of no interference between units [53]; that is to say,
that the counterfactual outcomes S™=*, Z"=15=1 and Y"=15=17% of each individual are not affected by the
trial engagement and treatment status of any other individual. For condition (2.2) this assumption appears
fairly mild since it seems plausible that for the ith individual actually participating in the trial, the observed
treatment assignment is the same as the assignment had we intervened to make them participate. The non-
interference assumptions encoded in conditions (2.1) and (2.3), however, can be consequential in certain
contexts. For example, consider a randomized trial comparing the effects of a job training program against
no training on income. Among those in the trial, individuals assigned to the control arm might obtain and
study the materials used in the training group (say, from friends who were assigned to that group); here,
the outcome of some non-randomized workers, is influenced by the treatment assignment of randomized
workers and condition (2.3) fails. In economics, a particular type of interference is termed a “general equi-
librium effect.” In the aforementioned job training trial, suppose that the intervention is scaled-up to the
entire target population; then, the overall supply of trained workers in the economy would be increased,

lessening the impact of the intervention on income.

Exchangeability conditions. For every z,

Yr:l,s:l,zJ_LRP(7 (2.4)
YrZI’SZI’ZJ.l_SrZI‘XﬂR7 and (25)
yr=1s=1z || pr=is=1 ‘X, R,S™=. (2.6)

We may view conditions (2.4) through (2.6) as conditions of sequential exchangeability, or perhaps

more aptly, sequential generalizability. As in the case of time-varying treatments [29], the term “sequen-
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tial” highlights that the conditions allow us to generalize, in turn, over invitation, participation, and treat-
ment assignment, conditional on the “past” at each of these action points.

Of note, conditions (2.5) and (2.6), together with conditions (2.1) and (2.2), imply that,

YrZI’SZI’ZJ_LS‘X,R = 1and (2.5%)

erl’SZI’ZJ_LZ‘X,R =1,8=1. (2.6%)

Condition (2.5*) means that the independence of the counterfactual outcomes Y"=15=%% and trial participa-
tion S need only hold among individuals invited to participate in the trial (R = 1). Condition (2.6") means
that the independence of the counterfactual outcomes Y"=15=17 and treatment Z need only hold among
trial participants (S = 1), allowing confounding of the Z — Y effect in the absence of randomization. That
is to say, when erl’szl’Z_U_Z‘X,R =1,S = 1 holds, erl’szl’aJ_LZ‘X, R = 1,8 = 0 need not hold.
Lastly, readers should bear in mind that the above exchangeability conditions hold for causal structures
beyond the one represented by the DAG of Figure 2.1. For instance, the conditions hold under a new DAG
that includes the edges and nodes of Figure 2.1 plus the fork X <— U* — Y (in this new graph, U* is a com-
mon cause of X and Y). This is a general phenomenon that applies to all the causal structures considered in
our paper: the counterfactual exchangeability conditions can be viewed as defining an equivalence class of
graphs, of which we have chosen to draw only a single member, the simplest one that allows us to focus on

the generalizability issues at hand.

Positivity conditions. We also need the following positivity conditions:

Pr[R = 1|X = x| > o for every x with f(x) > 0, (2.7)
Pr[S = 1|X = x,R = 1] > o for every x with f{x, R = 1) > 0, and (2.8)
Pr[Z =z|X=x,R =1,S = 1] > o for every z and every x with f{(x,R=1,S =1) > 0. (2.9)

Informally, the positivity conditions ensure that at least some individuals who engage in each treatment
group of the trial have the covariate patterns needed to ensure the exchangeability conditions in the target

population.
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2.3.2 IDENTIFICATION UNDER JOINT INTERVENTION

Under the above assumptions, we can identify the counterfactual outcome distribution under joint interven-

tiontoset Rtor =1,Stos =1, and Zto z:

Pr[Y=1=Y* < y] = E[PrlY < y|X,R=1,S=1,Z =7]]. (2.10)

Note here that the expectation on the right-hand-side of the above equation is with respect to the covari-
ate distribution of the target population, that is, the population of individuals meeting the trial eligibility
criteria (see Appendix B.2 for derivation).

The above identification result pertains to the cumulative distribution function of the counterfactual
outcomes, not just the counterfactual outcome mean. In contrast, in prior work we have focused on the
identification of just the counterfactual outcome mean [17]. We are able to obtain a stronger result here
because conditions (2.4) through (2.6) encode assumptions of exchangeability in distribution, rather than
the assumptions of exchangeability in mean invoked in our prior work.

The right-hand side of the above equation, can be re-expressed as

I(Y<y,R=1S=1,Z=72)
PrlR=1,S=1X|PriZ=zX,R=1,S=1]]’

E[PrY<ylX,R=1,8S=1,Z=1z]] =E (2.11)

where I(-) denotes the indicator function. As has been noted before (e.g., see [29]), we can derive this re-
sult without invoking any conditions that involve counterfactuals (we only use the positivity conditions; see
Appendix B.2 for an illustration). Thus, the identity holds even when the causal assumptions do not hold,
but, in that case, the quantities in (2.11) do not have any causal interpretation. When the assumptions hold,
the inverse probability weighting re-expression provides an alternative way for identifying the counterfac-

tual outcome distribution.

2.4 WHEN TRIAL ENGAGEMENT DOES NOT DIRECTLY AFFECT THE OUTCOME

When we can assume that trial engagement effects are negligible, that is to say, the invitation to participate
in the trial and trial participation itself do not have a direct effect on the outcome, the DAG of Figure 2.1 is

modified by removing the arrows from R and S to Y, resulting in the DAG of Figure 2.3.
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Figure 2.3: DAG for a trial nested in a cohort study, when trial participation does not affect outcomes.

A randomized trial by Milkman et al.[48] provides a good example of a trial in which it is plausible that
trial participation does not have any effect on the outcome except through the assigned treatment. Briefly,
the investigators wanted to study the impact of different types of mailed prompts on vaccination rates. Us-
ing routinely collected insurance information they identified trial-eligible employees in a large firm and
randomly assigned them to three treatment groups, which received different prompts about vaccination.
Members of the target population were unaware of the eligibility screening process, the requirement for
informed consent was waived, there as no indication in the letters that a trial was being conducted, and out-
comes were ascertained using routinely collected data sources. As such, in this study it is plausible that
there were no direct effects of participation, that is, trial participation affected the outcome only through
treatment assignment.

Figure 2.4 shows the SWIG for joint intervention to set Sto s = 1 and Z to z under the DAG of Fig-
ure 2.3. Note that this SWIG differs from the one in Figure 2.2 in two ways: first, the arrow froms = 1
into the counterfactual outcome has been removed, because the arrow was absent in the DAG of Figure 2.3.
Second, the counterfactual outcome is indexed only by the intervention to set treatment Z to z, but it is no
longer indexed by the intervention to set R or S (in SWIG construction, this is referred to as minimal label-
ing). In effect, the removal of the R — Y and S — Y arrows from the DAG reflects exclusion restriction
assumptions implying that Y~ "*~"* = Y%, for every individual i and every treatment z. Under this ex-
clusion restriction, the steps in Appendix B.2.1 would not be affected except to substitute Y7 for Y?ZI’SZI’Z;

thus, we conclude that, under the DAG in Figure 2.3,

PrlY? <y] =Pr[Y="=" <y| =E[Pr[Y < y|X,R=1,S=1,Z=17]|.
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Figure 2.4: SWIG for joint intervention on S and Z, in the absence of trial engagement effects.

2.5 CONNECTION WITH CENSORING ADJUSTMENTS IN POINT TREATMENT STUDIES WITH SHORT

FOLLOW-UP

Consider the identification of the counterfactual outcome distribution in randomized or observational stud-
ies of point (time-fixed) treatments with longitudinal follow-up. In such studies, individuals who enter the
study are often censored (drop-out or are lost-to-follow-up) and identification needs to account for the cen-
soring mechanism. In Appendix B.3 we consider a study of a point treatment with complete adherence

to assigned treatment and short follow-up (e.g., a study of patients food consumption on the 30th post-
operative day following bariatric surgery). In such a study, no outcome information will be available for
individuals who chose to not complete the study questionnaire and the analysis needs to account for factors
that are common causes of loss-to-follow-up and the outcome of interest.

A natural causal quantity of interest in such a study is the counterfactual outcome distribution under in-
tervention to set Z to z and eliminate censoring [29]. In Appendix B.3, we show that the conditions needed
to identify this quantity and the identification results are strikingly similar to those for identifying the coun-
terfactual outcome distribution under intervention to scale-up trial engagement and set Z to z. The similar-
ity should make intuitive sense: generalizability analyses address the issue of individuals not entering the
trial because they did not know about it or opted not to participate; censoring-adjusted analyses address the

issue of individuals prematurely exiting the trial.
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2.6 TIME-VARYING TREATMENTS

Up to now, we have discussed point treatments in studies with complete adherence and short follow-up,
such that censoring can be treated as a binary variable. We used this approach because the conceptual is-
sues related to the generalizability of causal inferences from randomized trials to a target population can be
illuminated in this simple setting. That said, in realistic applications of generalizability methods the treat-
ments of interest will usually need to be sustained over time, adherence to the assigned treatment will be
incomplete, and loss to follow-up will occur at different time points during follow-up (e.g., [101] discuss
non-adherence in the context of generalizability analyses). We can readily extend the ideas in the previous
sections to address time-varying treatments, including interventions to promote adherence to the assigned
treatment or to eliminate censoring in follow-up studies.

To illustrate this point, we expand our causal structure and introduce some more notation to consider
a two-period study, where treatment assignment Z at baseline is followed by an initial treatment period,
and where treatment may be sustained (or not) for a second period. Let Ay denote the decision to to re-
ceive treatment (or not) during the initial treatment period and A, the decision to to receive treatment (or
not) during the second treatment period. As before, the outcome Y is assessed at the end of the study. In-
formation is collected on time-varying covariates, in addition to the baseline covariates X. Specifically,
information on time varying covariates L, is collected after treatment assignment, at the start of the initial
treatment period (i.e., between Z and Ay) and information on time varying covariates L, is collected after
the initial treatment period, at the start of the second treatment period (i.e., between A, and A,). Suppose
also that the time-varying covariates affect the receipt of future treatment as well as the outcome, and thus
are time-varying confounders (see chapter 19 of [29]). Individuals may be censored at the end of the first
treatment period (i.e., before L; is determined) or the end of the second treatment period (i.e., before Y is
determined). Let C; be the indicator for censoring before the end of the first treatment period and C, the
indicator for censoring before the end of the second treatment period; C; = 1 if censored before the end
of the jth treatment period, and o otherwise, for j = 1, 2. We use overbars to denote histories of random
variable that are observed over time; for example, A = (Ao, A;); L = (Lo, L,),and C = (Cy,C,). We
use corresponding lowercase symbols to denote realizations of these histories; for example, we denote a

specific treatment history as @ = (ao, a;); a censoring history as ¢ = (c;, C»); and the intervention to
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eliminate censoring as ¢ = (0,0) = 0.

Under assumptions analogous to the ones we made earlier in the paper (see Appendix B.4), we can iden-
tify the distribution of counterfactual outcomes under intervention to scale-up trial engagement, set treat-
ment to z, enforce adherence to treatment @ = (do, @; ), and prevent censoring ¢ = 0, Pr[Y"=15=12a,6=0 <

Y|, using the g-formula functional or its inverse probability weighting re-expression,

Pr[Yr:I,s:l,Z,EI,E:O < y]
= E{E[E [PrY<ylX,R=1,S=1,Z=2LA=aC=0||X,R=1,S=1,Z=2Lo,Ao = ao,Cy = 0] ‘X,R —1,8S=1,7Z= z”

I[Y<y,R=1,S=1,Z=zA=a,C=0)
PrR= 1,5 — 1X|PrZ — X, R = 1,8 — 1] x Py x Po |’

where in the last expression above, we define

Pa = PI‘[Al = al‘X,R = I,S: I,Z:Z,E,AO == a(),Cl == O]
x Pr[Ao = ao|X,R=1,S=1,Z=12Lo|, and
P.=Pr[Co=0|X,R=1,8S=1,Z=1zLA=a,C, = 0]

X PI’[Cl — O|X7R — l,S — 1,Z: Z,Lo,AO — ao]

The inverse probability weighting re-expression above will be familiar to readers who have studied the

identification of the parameters of marginal structural models for time-varying treatments (e.g., see [69,

72, 70]).

2.7 DiscussioN

We argued that attempts to generalize inferences from randomized trials to the population of trial-eligible
individuals require the notion of interventions to scale-up trial engagement to the population of eligible
individuals. Prior work on generalizability has nearly exclusively focused on interventions on treatment
assignment Z without considering the possibility of intervention on the invitation to participate in the trial
R or trial participation S. We are only aware of two previous papers which introduced notation for inter-
vention on trial participation (but not on the invitation to participate) [25, 1]. Thus, subtleties related to the

effects of trial engagement on the outcome have largely remained unappreciated.
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Our approach connects with the broad literature on selective study participation [35] and clarifies the
meaning of generalizability analyses when trial engagement directly affects the outcome. Under causal
models that allow for such direct effects (e.g., Figure 2.1), when only intervention on Z is contemplated, it
is not true that Y?_Il_S ]X Yet, this condition (or close variants) has been invoked in prior work [10, 33, 560,
95, 96, 105, 8, 85, 17]. Our results suggest an alternative interpretation for this prior work: in the presence
of trial engagement effects, generalizability analyses cannot identify the effect of intervening to just set
treatment to a particular level in the target population; but, they can identify the effect of jointly intervening
to scale-up the outcome-relevant trial procedures to the entire target population and set treatment. When
engagement effects are negligible, generalizability analyses can identify the effect of interventions to set
treatment, regardless of whether they occur in the context of an experimental study. Whether trial engage-
ment effects exist or not, to generalize causal inferences from a randomized trial to the target population of
all trial-eligible individuals, investigators need to obtain covariate data from a representative sample of that
population.

Because we wanted to focus on general concepts of generalizability, our exposition was fairly stylized.
In particular, we did not spend much time on the policy-relevant work of carefully specifying which com-
ponents of invitation R and participation S are actually responsible for direct effects on the outcome. Such
work will be necessary when scaling-up randomized trials in practice. For example, policy-makers need to
consider what information should be provided to individuals eligible for treatment and by what means (ac-
counting for R effects) or whether non-protocol-mandated provider behaviors observed in the trial should
also be implemented in the the target population (accounting for S effects).

Bareinboim and Pearl have proposed general methods to assess identifiability and, when possible, to
identify the post-intervention distribution in a target population by “transporting” information from other
sources [58, 3, 59]. The methods rely on DAGs enhanced with selection nodes, but do not address issues
related to trial engagement effects because they do not represent interventions on the selection nodes. We
chose to focus on the concrete problem of generalizing inferences using trials nested within cohorts of eli-
gible individuals because such studies will be increasingly conducted by embedding pragmatic randomized
trials in large health-care systems [92, 98, 9]. We did not, however, address the more ambitious goal of
extending trial findings to populations ineligible for the trial.

The extension of our results to handle non-adherence and time-varying treatments illustrates that gen-
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eralizability analyses, which address selective study participation, fit naturally within the “usual” causal
inference framework in epidemiology and the social sciences: first, select the causal quantities of interest
that are well-defined in the target population. Then, determine the identifiability conditions needed in the
presence of selective trial participation, confounding, censoring, or non-adherence as assumptions about a
sequence of interventions to “scale-up” the trial, set treatment, eliminate censoring, and enforce adherence.
Next, using these assumptions, find the functionals of the observed data distribution that identify the causal
quantities of interest. Last, and not addressed in our paper, estimate the observed data functionals using

appropriate statistical methods [67, 72, 2].
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Chapter 3

Sensitivity analysis using bias functions for studies extending inferences from a randomized

trial to a target population

The distribution of effect modifiers among randomized individuals in clinical trials is often different from
that of individuals seen in clinical practice; consequently, average treatment effects estimated in clinical
trials do not directly apply to target populations beyond the population represented by the randomized in-
dividuals [80]. Methods for extending (“‘generalizing” or “transporting” [27]) causal inferences from a
randomized trial to a target population require, in some form or another, “generalizability” or “exchange-
ability” assumptions, which state that randomized and non-randomized individuals are exchangeable con-
ditional on baseline covariates [10, 102, 17, 16]. These assumptions are made on the basis of background
knowledge, which is often uncertain or controversial. Thus, investigators interested in extending inferences
beyond the population of randomized individuals need to conduct sensitivity analyses to examine how po-
tential violations of the assumptions would affect their findings.

The literature on sensitivity analysis for unmeasured confounding in observational studies or for the
related problem of data missing not-at-random is very extensive (starting with [11] and expanded in various
ways, e.g., [79, 76, 38]). In the context of analyses extending inferences from a randomized trial to a target
population, however, the only proposal for sensitivity analysis methods that we are aware of is the work
of Nguyen et al. [52, 51]. Their approach can be useful when background knowledge is strong enough to
suggest that a single variable that would render randomized and non-randomized individuals exchangeable
has been measured among the former but not among the latter. Their approach is less useful, however, in
the more typical case where violations of the exchangeability assumptions are due to high dimensional
unknown or unmeasured variables.

In this paper, we propose methods for sensitivity analysis that do not require detailed background knowl-
edge about or measurement of specific effect modifiers or determinants of the outcome. Instead, our meth-
ods parameterize violations of the transportability assumption using bias functions expressed in terms of

differences between the potential (counterfactual) outcome means of randomized and non-randomized in-
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dividuals.

To illustrate the methods, we take advantage of data from two centers participating in the HALT-C trial
comparing peginterferon alfa-2a treatment versus no treatment for patients with chronic hepatitis C infec-
tion. We treat one of the centers as the “index center” and the other as the “target center,” the latter provid-
ing a sample of individuals from a population different from the index center (see [85] for a similar setup).
Our goal is to transport causal inferences from the index center to the population represented by the target
center under a mean exchangeability assumption, and to propose methods for sensitivity analysis when the
assumption does not hold. Because both centers were actually participating in the same trial, and treatment
and outcome data are available from both, we have the ability to compare the estimates from our trans-
portability and sensitivity analyses against the randomization-based analyses in the target center. The data
structure in our application is the same as in any non-nested trial design, where a clinical trial dataset is
combined with a separately obtained sample from a population of non-randomized individuals. In the Ap-
pendix, we show how our methods can be extended to nested trial designs, in which the randomized trial is

nested within a cohort sampled from the target population [17].

3.1 EXTENDING INFERENCES TO A TARGET POPULATION

Consider a non-nested trial design, consisting of a randomized trial and a simple random sample of non-
randomized individuals from the target population [16]. The data from this design consist of independent
observations on baseline covariates, X; time-fixed (non-time-varying) treatments, A; the outcome, Y; and a
trial participation indicator, S (1 for randomized or o for non-randomized individuals). The data exhibit

a special missingness pattern: for randomized individuals we have data on (S = 1,X,A,Y); for non-
randomized individuals we only have data on (S = 0,X) [17, 16].

Let Y? be the potential (counterfactual) outcome under intervention to set treatment to a [91, 82]. We
only consider binary treatments, such that a € {0, 1}; extensions to multivalued treatments are straight-
forward. In the main text of this paper, the causal contrast of interest is the average treatment effect in the
subset of non-randomized individuals in the target population, E[Y* — Y°|S = 0], which is identifiable both
in non-nested and nested trial designs. In general, this treatment effect is not equal to the treatment effect
among randomized individuals, E[Y* — Y°|S = 0] # E[Y* — Y°|S = 1]. In nested trial designs, we can

also identify the average treatment effect in the overall target population, E[Y* — Y°] [17] (i.e., not just the
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non-randomized sub-population). In the main text of this paper, we focus on identification, estimation, and
sensitivity analysis methods for E[Y* — Y°|S = 0] because our motivating application only allows identi-
fication of that causal effect [16]; in the Appendix we propose sensitivity analysis methods for studies that

aim to draw causal inferences about E[Y* — Y°] [17].

3.1.1 IDENTIFIABILITY CONDITIONS

We now discuss sufficient conditions for identifying the potential outcome means among non-randomized
individuals, E[Y?|S = 0]. These means are of inherent scientific interest and can also be used to identify
the causal contrast of interest, because E[Y* — Y°|S = o] = E[Y*|S = o] — E[Y°|S = 0].

(I) Consistency: The observed outcome for the ith individual who received treatment a equals that indi-
vidual’s counterfactual outcome under the same treatment, that is, if A; = a, then ¥; = Y. Implicit in
this notation is the assumption that the invitation to participate in the trial and trial participation do not af-
fect the outcome except through treatment assignment. In effect, we are making an exclusion restriction
assumption of no direct effect of trial participation on the outcome, such that potential outcomes need only
be indexed by treatment a, not trial participation s.

(II) Mean exchangeability in the trial (over A): Among randomized individuals, the potential outcome
mean under treatment a is independent of treatment, conditional on baseline covariates, E[Y?|X,S =
1,A=a] =E[YYX,S=1].

(111) Positivity of treatment assignment: In the trial, the probability of being assigned to each treatment,
conditional on the covariates needed for exchangeability, is positive: Pr[A = a|X = x,S = 1] > o for
every a and every x with positive density among randomized individuals, f(x|S = 1) > 0.

(1V) Mean transportability (exchangeability over S): The potential outcome mean is independent of trial
participation, conditional on baseline covariates, E[Y?|X,S = 1] = E[Y?|X,S = 0] (provided the condi-
tional expectations are well-defined). For binary S, this assumption is equivalent to the mean generalizabil-
ity assumption E[Y?|X, S = 1] = E[Y"|X].

(V) Positivity of trial participation: The probability of participating in the trial, conditional on the covari-
ates needed to ensure conditional mean transportability, is positive, Pr[S = 1|X = x] > 0 for every x with
positive density among the non-randomized individuals, fx(x|S = 0) > 0.

Note that we have used X generically to denote baseline covariates. It is possible, however, that strict
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subsets of X are adequate to satisfy each exchangeability condition. For example, in a marginally random-
ized trial, the mean exchangeability among trial participants holds unconditionally.

Consistency, mean exchangeability, and positivity of treatment assignment are expected to hold in
(marginally or conditionally) randomized clinical trials of well-defined interventions. In order to focus
our attention on issues related to selective trial participation, we assume complete adherence to treatment
assignment and no loss to follow-up in the trial.

Mean transportability and positivity of trial participation are the assumptions that allow us to extend
causal inferences beyond the randomized trial. Positivity of trial participation is, in principle, testable [61].
In contrast, the mean transportability condition is not testable using the observed data; in many applica-

tions, it is a controversial or uncertain assumption.

3.1.2 IDENTIFICATION OF POTENTIAL OUTCOME MEANS

The conditions listed above are sufficient to identify the conditional potential outcome mean in the popula-

tion of non-randomized individuals using only the observed data [16],
E[Y*|S = o] = E[E[Y]X,S=1,A=d]|S=0]. (3.1)

In other words, provided that identifiability conditions I through V hold, the observed data functional,
E [E[Y]X .S =1,A = q| ‘S = O] , can be interpreted as the potential outcome mean had non-randomized
individuals received treatment a. This functional can be re-expressed using inverse odds (I0) of participa-

tion weighting [16],

1 I(S=1,A=a)YPr[S = 0/X]
EIE[Y|X,S=1A=q|lS=0| = E .
[BYIX,S=1,4=dl|s=0] = 5o [Pr[S CXPA—axS=1] 32
where I(-) denotes the indicator function. Furthermore, under the positivity conditions,
I(S=1,A=a)Pr[S=0|X]
PriS=0]=E .
S =o] [Pr[S X PrA—dX,S=1]’ (33)

which will be useful in deriving estimators for the functional. Note that in non-nested designs, expectations

and probabilities are with respect to the distribution induced by the study design [4, 6].
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3.1.3 ESTIMATION AND INFERENCE

ESTIMATION

We briefly review [16] estimators of potential outcome means and treatment effects in the population of
non-randomized individuals. All estimators use dataon O;,1 = 1,...,n, where n is the total number of

randomized and non-randomized individuals contributing data to the analysis, and

(X,S =1,A,Y), for randomized individuals;
fo

(X, S = 0), for non-randomized individuals.

Potential outcome means: We can estimate potential outcome means using estimators that rely on
modeling the outcome mean, the probability of trial participation, or both.

Outcome model-based (g-formula) estimator: We can use the sample analog estimator based on (3.1):

Hoy(a) = { > - Si)} > (1-8)galX), (3-4)

=1 =1

where gq(X) is an estimator for E[Y]X,S = 1,A = a]. In applied analyses, it is impossible to nonpara-
metrically estimate this conditional mean because of the curse of dimensionality [73], and we need to make
modeling assumptions. Typically, we posit a parametric model g, (X; 8), with finite dimensional parameter
0. When using such a model, the validity of the g-formula estimator depends on correct model specifica-
tion, in addition to the identifiability conditions.

10 weighting: Using (3.2), we can obtain an IO weighting estimator,
n -1 n
ﬁIOW1(a) = { Z(l - Sl)} Z ﬁ\)(l(Xl'?SbAl')Yia (35)
i=1 i=1

where

) 1—p(X;)
wa( 17517 l) (Sl 1,4 a)p(Xi)ea(Xi) ’

D(X) is an estimator for Pr[S = 1|X], and €,(X) is an estimator for Pr[A = a|X,S = 1]. Alternatively,
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combining (3.2) and (3.3), we can normalize the weights to sum to 1,

n -1 n
ﬁlOWz(a) = {Z L/Da(Xiv SiaAi)} Z lAUa(Xi» SiaAi)}]i' (36)

=1 =1

As for the outcome model-based estimator, in applications, it is impossible to nonparametrically estimate
the conditional probability of trial participation Pr[S = 1|X] and we have to make modeling assumptions.
Typically, we posit a parametric model p(X; f8) for Pr[S = 1|X], with finite-dimensional parameter f3.
When using such a model, the validity of the IO weighting estimators depends on correct model specifi-
cation, in addition to the identifiability conditions. The conditional probability of treatment among ran-
domized individuals Pr[A = a|X,S = 1] is known and does not have to be estimated; in the presence of
baseline covariate imbalances between the randomized groups, however, it is useful to estimate it using a
parametric model, say, eq(X;y), with finite-dimensional parameter y [77, 74, 23, 41, 104].

Augmented 10 weighting: To improve the efficiency of the IO weighting estimator and gain robustness to
misspecification of the models for the conditional outcome mean or the probability of trial participation,

we can use the augmented (doubly robust) IO weighting estimator

Hyow, (@) = { (- Si)} > {a(X:, S; A){Y; - GaX) } + (1-S)da(XD)} . (37

=1 =1

Again, normalizing the weights to sum to 1,

ﬁAIOWz(a) = {Z iDa(XivSiaAi)} Z L/Da(XiaSiaAi){Yi - /g\a(Xi)}
i=1 i=1 (3.8)

4 { Sa- Si)} > (11— 8)ga(Xy).

=1 i=1

These two estimators are “doubly robust” in the sense that they produce valid results when either the
model for the probability of trial participation or the model for the conditional outcome mean among ran-
domized individuals is correctly specified.

Treatment effects: We can use the potential outcome mean estimators to estimate the average treatment
effect in the target population of non-randomized individuals, E[Y* — Y°|S = 0], by differencing. For

instance, we can estimate the average treatment effect using the augmented IO weighting estimator with
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normalized weights as 11, (1) — yow.(0)-

INFERENCE

Confidence intervals for the estimated potential outcome means and mean differences can be obtained by
the usual “sandwich” approach [93] or by bootstrap methods [20]. Both approaches can account for uncer-
tainty in estimating the parameters of the model for the probability of trial participation or the model for

the outcome mean.

3.2 SENSITIVITY ANALYSIS FOR VIOLATIONS OF THE TRANSPORTABILITY ASSUMPTION

3.2.1 VIOLATIONS OF THE TRANSPORTABILITY ASSUMPTION

The validity of all the estimators in the previous section depends critically on the mean transportability as-
sumption. In most applications, however, it is unlikely that we know or can measure enough baseline vari-
ables to ensure that the assumption holds. Thus, we need to consider the impact of assumption violations,

when

E[Y|X,S = 1] # E[Y?|X, S = o).

The magnitude of the violations, that is, the magnitude of the difference between the conditional potential
outcome means E[Y?|X,S = 1] and E[Y?|X,S = 0], determines the amount of bias. Because this mag-
nitude cannot be assessed using the data, we need to conduct sensitivity analyses to examine the impact of

violations of the condition affect on our results [76].

3.2.2 SENSITIVITY ANALYSIS WITH BIAS FUNCTIONS

B1As FUNCTIONS

Following prior work on sensitivity analysis for marginal structural causal models [76, 7, 69], we param-
eterize violations of the mean transportability condition using a “bias function” for each treatment a, de-
fined as

u(a,X) = E[Y*|X,S = 1] — E[Y*|X,S = 0]. (3.9)
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Intuitively, u(a, X) expresses violations of the transportability assumption for each treatment a as a func-
tion of the potential outcome means between randomized and non-randomized individuals, within strata of
measured covariates X.

Parameterizing the violations of the transportability assumption allows us to re-express the conditional
potential outcome mean under treatment a among non-randomized individuals. First, by re-arranging the
definition in (3.9), we obtain E[Y?|X,S = 0] = E[Y*X,S = 1] — u(a,X). Next, under consistency
(condition I), exchangeability of the treated and untreated groups in the trial (condition II), and positivity
of treatment assignment in the trial (condition III), we have that E[Y*|X,S = 1] = E[Y|X,S = 1,A = a.

Putting everything together,

E[Y!|X,S = 0] = E[Y|X,S =1,A = a] — u(a,X). (3.10)

Using the law of iterated expectation and (3.10),

E[Y*|S = o] = E[E[Y*X,S = 0]|S = 0]

=E[E[Y|X,S=1,4 = a] — u(a,X)|S = 0] (3.11)

E[E[YX,S =1,A = d]|S = 0] — E[u(a,X)|S = 0],

where the first term in the last expression is identifiable from the data, regardless of whether the trans-
portability condition holds, and the second term is also identifiable for each user-specified u(a, X) func-

tion.

SENSITIVITY ANALYSIS

The result in (3.11) suggests simple approaches for sensitivity analysis using the potential outcome mean
estimators in the previous section.
Outcome model-based (g-formula) estimator: We can modify the outcome model-based estimator to di-

rectly incorporate the bias correction,

Ho(a) = {Z(l - Si)} > (1= 8){ga(Xy) —u(a,Xy)}. (3.12)

=1 =1
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10 weighting: Similarly, we can modify the IO weighting estimators as

Hiow, (@) = {Z(l - Si)} Z {Wa(X;, 83, 4)Y; — (1 — Si)u(aaXi)}, (3.13)

=1

or, normalizing the weights to sum to 1,

n -1 p
Ty (@) = {Z wa<Xi,Si,Ai>} > Wa(X;, S A)Y;
=1 =1

(3.14)

_ {2(1 — Si)} Z(l = Su(a,X;).

i=1 =1

In the Appendix, we show how the bias correction for the IO weighting estimators can be easily imple-
mented using standard regression software, by simply re-coding the outcome values to directly incorporate
the bias correction function u(a, X).

The validity of the estimators in equations (3.12) through (3.14) depends on the correct choice of the
bias functions u(a, X) and, when relying on parametric models, the correct specification of the models for
the mean outcome among randomized individuals, g4(X; 0), or the probability of trial participation con-
ditional on covariates, p(X; f8). By correct specification we mean that the models g,(X; 8) and p(X; f)
should be good approximations of the corresponding conditional mean/probability functions. Correct
model specification is distinct from the mean transportability condition: informally, correct model spec-
ification addresses differences between randomized and non-randomized individuals with respect to mea-
sured variables; the bias functions address residual differences due to unmeasured or unknown variables.
Augmented 10 weighting: We can incorporate the bias correction functions in the augmented IO weighting

estimators,

How, (@) = {Z(l - Si)} Z{@a(Xi,Si,Ai){Yi —ga(X3)}
' =1 (315)
+ (1 - 8){ga(X;) — u(a, X)} }
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or, normalizing the weights to sum to 1,
—1

n n
o (@) = Zﬁ\)a(XivSiaAi) Zﬁ\)a(XivSiaAi){Yi — Ja(Xy)}
i=1 =1 (316)

+ {Z(l - Si)} > (1= 8){Ga(X;) — u(a, X;)}.

=1 1=1

These estimators retain the double robustness property of their non-bias corrected counterparts, in the
sense that, when the bias correction function is correctly specified, they produce valid results when either
the model of the outcome mean among randomized individuals or the model for the probability of trial
participation is correctly specified.

Sensitivity analysis for treatment effects: As when the transportability condition holds, we can per-
form sensitivity analysis for treatment effects by differencing the appropriate bias-corrected estimators.

Inference for sensitivity analysis: The general theory in [76] shows that valid confidence intervals
for the estimated bias-corrected potential outcome means and mean differences can also be obtained by
“sandwich” or bootstrap [20] methods, while accounting for the uncertainty in estimating the parameters
of the model for the probability of trial participation.

In the Appendix we discuss the identification, estimation, and sensitivity analysis for potential outcome
means and average treatment effects in the overall target population (i.e., not just the non-randomized sub-

set of the population).

3.2.3 CHOOSING BIAS FUNCTIONS IN PRACTICE

We cannot identify the bias functions u(a, X) using the data. Instead, we can use different bias functions
to conduct sensitivity analyses. To develop some intuition about the choice of functions, note that u(a, X)
quantifies the degree of selection into the trial on the basis of potential outcome Y®. For instance, sup-
pose that greater outcome values are preferred (e.g., the outcome is a quality of life score with higher val-
ues indicating higher quality). If we believe that randomized individuals have better outcomes than non-
randomized individuals in the absence of treatment, that is, we believe that E[Y°|X,S = 1] > E[Y°|X,S =
0], then we should select u(0,X) > 0. Conversely, if we believe that randomized individuals have worse

outcomes than non-randomized individuals in the absence of treatment, that is, we believe that E[Y°|X,S =
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1] < E[Y?|X, S = 0], then we should select u(0,X) < 0.

Now, define the difference of the bias functions, 6(X),

This calculation shows that the difference of the bias functions equals the difference of the conditional
average treatment effects given X among trial participants and non-participants. In other words, the differ-
ence of the bias functions reflects the “residual,” unexplained by X, effect modification over the participa-
tion indicator.

For instance, suppose, as above, that greater outcome values are preferred and that we believe that 6(X) >
0, that is, u(1,X) > u(0,X). This corresponds to a belief that individuals who choose to participate in the
trial benefit more (or are harmed less) from a = 1 than a = 0, compared to individuals who choose not
to participate. A similar argument shows that, when higher values of the outcome are preferred, 6(X) < 0
means that individuals who choose to participate in the trial benefit less (or be harmed more) froma = 1
than a = 0, compared to individuals who choose not to participate. In the special case of §(X) = o,
the conditional average treatment effect among randomized and non-randomized individuals is the same,
meaning that trial participants are not selected based on the magnitude of the benefit (or harm) they might
experience from treatment.

This interpretation of u(0, X) and 6(X) suggests a convenient way to perform sensitivity analysis.

For simplicity, we might use functions that do not depend on covariates, such that u(0,X) = u(0) and
8(X) = 6. Clearly, each choice of a pair of values for (1(0), §) implies a choice of u(1) = § + u(0). The
sensitivity analysis, then, examines the impact of a sufficiently diverse set of (u(o), 6) pairs on inferences
about potential outcome means and average treatment effects, using the estimators in Section 3.2.2.

Arguably, allowing the bias functions to vary over baseline covariates is more realistic. When supported
by background knowledge, the use of the covariate-dependent functions u(0, X) and 6(X), corresponding

to a covariate-dependent u(1, X), should result in more informative sensitivity analyses. When background
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knowledge is not that sharp, however, the simple approach of examining pairs of (u(O)7 6) over a suffi-
ciently broad range of values, may be adequate to explore the impact of violations of the transportability
condition on generalizability inferences. Of note, the double robustness property holds regardless of the

dependence of the bias functions on covariates, provided equation (3.9) is satisfied.

3.3 AppPLICATION TO THE HALT-C TRIAL

3.3.1 DATA AND METHODS

THE HALT-C TRIAL AND TRANSPORTABILITY BETWEEN CENTERS: The HALT-C trial enrolled patients
with chronic hepatitis C and advanced fibrosis who had not responded to previous therapy and random-
ized them to treatment with peginterferon alpha-2a (@ = 1) versus no treatment (a = 0). Patients were
enrolled in 10 research centers and followed up every 3 months after randomization. We used data on the
secondary outcome of platelet count at 9 months of follow-up; we report all outcome measurements as
platelets x 103 /ml. To simplify exposition, we only used data from 2035 patients (186 with complete data
for our analyses) seen in two different research centers who had complete baseline covariate and outcome
data: the index center, S = 1, contributing 105 patients (94 with complete data); and the target center,

S = 0, contributing 100 patients (92 with complete data). For purposes of illustration, we treated the
target center data as a sample from a population of (trial-eligible) non-randomized individuals. Our goal
was to transport causal inferences from the index center to the population represented by the target cen-
ter. Because both centers were actually participating in the same trial, and because treatment and outcome
data were available from both, we could compare estimates from transportability and sensitivity analyses
against the randomization-based analyses in the target center. We purposely chose these two centers be-
cause they estimated the treatment effect on the platelet count to be substantially different (see below). In

view of how we created the dataset for this illustration, our analyses should not be clinically interpreted.

SENSITIVITY ANALYSIS METHODS: We used bias functions that did not depend on baseline covariates.
Specifically, we examined 1(0) values of —40, o, and +40 and varied § from —60 to +60, in steps of
20, examining all possible (u(O), 6) pairs. We chose this range of values because, across all 10 centers

participating in the HALT-C trial, the difference between the largest and smallest post-treatment mean was
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approximately 40 for patients assigned to a = 1 and 56 for patients assigned to a = 0. Furthermore,
the standard deviation of the pre-treatment platelet count across all centers participating in the trial was
approximately 66.1.

We used the bias functions with the estimators provided in the previous section to perform sensitivity
analyses. We obtained confidence intervals for the potential outcome mean under each treatment using the
robust (“sandwich”) variance [93], accounting for the estimation of the parameters of the working models.
In Appendix C.4 we describe an additional example sensitivity analysis using covariate-dependent bias

functions. We conducted all sensitivity analyses using the R [63] package geex [86].

MopbEL SPECIFICATION: The sensitivity analysis methods require the specification of models for the out-
come mean in each treatment group, the probability of trial participation, and the probability of treatment
among randomized individuals. We specified logistic regression models for the probability of being in cen-
ter S = 1 and the probability of being assigned to peginterferon alpha-2a (@ = 1) among randomized
individuals in that center. We also specified two linear regression models (one for each treatment arm) for
the mean of the outcome among randomized individuals. Baseline covariate information is summarized

in Table C.1; all models used the baseline covariates listed in the table as main effects. We built separate
outcome models in each treatment group to allow for heterogeneity of the treatment effect over all baseline

covariates included in the models. .

3.3.2 REsuLTs

The “base case” analyses under mean transportability (i.e., u(0) = 0 and § = 0) produced similar results
across different estimators (Table C.2), suggesting that models were approximately correctly specified [75].
The unadjusted randomization-based analyses among patients with S = 0 produced fairly different results
compared to the transportability analyses (Table C.3). The differences, however, were much smaller after
using an augmented inverse probability weighting regression estimator to analyze the S = 0 data (because
of randomization among individuals in S = 0, the covariate adjustment is virtually assumption-free [97]).
The large change in estimates after covariate adjustment in the sample from S = 0 is a reminder that large
baseline covariate imbalances can occur in small samples despite randomization.

Sensitivity analysis results are summarized in Figure 3.1 and Appendix Figures C.1. Overall, the results
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were only moderately sensitive to violations of the transportability assumption; for example, regardless of
the choice of u(0), values of § smaller than -25 or -30 (depending on the estimator) would be needed for
the estimated average treatment effect in S = 0 to be in opposite direction compared to the base-case anal-
ysis (i.e., the black lines in the graphs cross only for § values lower than -25 or -30). Sensitivity analysis
results were much more uncertain when using IO weighting compared to the g-formula or augmented 10

weighting estimators.

3.4 DiscussioN

We propose methods for sensitivity analysis to violations of the transportability assumption in studies ex-
tending inferences from a randomized trial to the population of non-randomized individuals (in the main
text) or the overall target population (in Appendix C.1). The methods rely on specifying bias functions that
directly parameterize violations of the transportability assumption. They can be applied to sensitivity anal-
yses for outcome model-based (g-formula) estimators, probability of trial participation-based estimators
(inverse probability or odds, IP/O, weighting), or augmented estimators that combine outcome and prob-
ability of participation models. Because of the additive structure of the bias correction, our methods are
best-suited to continuous outcomes with unbounded support; a different sensitivity analysis method, suit-
able for non-continuous outcomes or continuous outcomes with bounded support, will be the subject of
future work.

The augmented weighting estimators are appealing for applied work because of their increased robust-
ness to model misspecification. Because all methods depend critically on the specification of bias func-
tions, which will often be highly speculative, some investigators might consider the double robustness
property to be less compelling in the context of sensitivity analyses compared to when mean transporta-
bility holds. Even so, the augmented weighting estimators may be preferred compared to non-augmented
weighting estimators because of improved efficiency; as illustrated in our analyses of data from the HALT-
C trial. Furthermore, sensitivity analyses can be repeated with different bias functions to examine whether
the choice of function leads to different conclusions regarding sensitivity to violations of the transportabil-
ity assumption.

A particularly attractive aspect of our methods is that they do not require detailed background knowl-

edge about unknown or unmeasured variables. Instead, they only require expert judgments about the mag-
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Figure 3.1: Sensitivity analysis results for transporting inferences between two research centers participating in the
HALT-C trial.
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AIOW?2 = augmented inverse odds weighting estimator with normalized weights; IOW2 = inverse odds weighting with
normalized weights; OM = outcome model-based estimator. Results are shown as point estimates (black lines) and cor-
responding 95% confidence intervals (gray lines) for potential outcome means under treatment a = 1 (solid lines) and

a = O (dashed lines). Results for IOW1 and AIOW1 were similar to IOW2 and AIOW2, respectively, and are shown in
the Appendix.

51



nitude of the aggregate bias that these variables could induce. These judgments can be informed by ex-
amining readily available data on the variation of treatment effects among subgroups defined in terms of
observed variables in the data at hand or external sources, including observational studies; the variation

of treatment effects across studies examining similar interventions and outcomes in different populations
(e.g., as assessed in meta-analyses); or the variation of the mean outcome under each treatments across
populations and population subgroups. The benefit of our approach becomes clear when compared against
approaches that require the specification of models for the distribution of unmeasured variables and the as-
sociations between unmeasured and measured variables (e.g., [52, 51]). These alternative approaches have
multiple sensitivity parameters and require detailed background knowledge about sources of effect hetero-
geneity; such knowledge is often unavailable because empirical studies typically do not allow the precise
assessment of effect modification [14, 36].

Some readers might find our sensitivity analysis approach unsatisfactory because it does not provide a
single point estimate, and instead produces a range of results and associated confidence limits under pos-
sible violations of the transportability assumption [76]. We believe that this is a desirable feature of our
approach: when the transportability assumption does not hold, the data do not contain adequate informa-
tion to identify the causal quantities of interest, and at best we can hope to examine how our conclusions
would be affected by different violations of our assumptions. In a sense, we view sensitivity analysis as a
way to encourage inferential modesty in analyses extending trial findings to a target population: sensitiv-
ity analysis highlights that the range of results compatible with the data, when considering violations of
assumptions, is much broader than it appears when solely considering uncertainty due to sampling vari-

ability.
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Chapter 4

Global sensitivity analysis for studies extending inferences from a randomized trial to a

target population

When randomized individuals and non-randomized trial-eligible individuals differ with respect to the dis-
tribution of effect modifiers, treatment effect estimates from trials do not directly generalize to target pop-
ulations other than those represented by the randomized individuals [80]. Instead, investigators need ap-
propriate statistical methods to extend (“generalize” or “transport” [27]) causal inferences from the trial

to the target population [17, 16] by combining trial data on baseline covariates, time-fixed treatments, and
outcomes with observational data on baseline covariates from a sample of trial-eligible non-randomized in-
dividuals. The methods allow the identification of potential (counterfactual) outcome means and treatment
effects in the target population of all trial-eligible individuals and the sub-population of non-randomized
trial-eligible individuals provided generalizability assumptions hold, that is, assumptions about the con-
ditional exchangeability of randomized and non-randomized individuals. The assumptions are untestable
and their validity is often uncertain or controversial. Confidence in the results of analyses extending infer-
ences from the trial to the target population can be properly calibrated by conducting sensitivity analyses
[76, 69].

The work by Nguyen and colleagues [52, 51] is, to our knowledge, the only previously published pro-
posal for sensitivity analysis methods in the context of analyses extending inferences from a randomized
trial to a target population. Their methods can be useful when there exists strong background knowledge
about unmeasured variables but have some limitations: they rely on assumptions about individual-level
causal models, sometimes require all effect modifiers to have been measured among trial participants (i.e.,
in some settings, unmeasured variables are only allowed in the sample of non-participants), and require the
unmeasured variable to be scalar (for all practical purposes) or binary (for some of the methods). In recent
work (see Chapter 3 of this dissertation), we described methods for sensitivity analysis that do not require
such detailed background knowledge or additional covariate data from the randomized individuals, but are

most appropriate when the outcome is unbounded.
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Here, we propose methods for global [87, 88] sensitivity analysis that (1) do not require detailed back-
ground knowledge about the distribution of specific unmeasured effect modifiers or their relationship with
the observed variables; and (2) can be used with all common cross-sectional outcome types (e.g., contin-
uous, binary, or count data). Our approach directly parameterizes violations of the assumptions in terms
of the potential outcome distributions among randomized and non-randomized individuals. We illustrate
the methods using data from the Coronary Artery Study (CASS), a randomized trial nested within a co-
hort study of eligible individuals to compare coronary artery surgery plus medical therapy versus medical

therapy alone for individuals with chronic coronary artery disease.

4.1 CAUSAL QUANTITIES OF INTEREST

Consider a nested trial design, where a randomized trial is nested within a cohort of trial-eligible individu-
als; the cohort is assumed to be an independent and identically distributed sample from a superpopulation
of trial-eligible individuals; we refer to this population as the target population. The data from the nested
trial design consist of independent observations, indexed by i = 1, ..., n, on baseline covariates, X; treat-
ment, A; and outcome, Y. We use S to denote the trial participation indicator (S = 1 for trial participants;
S = o for eligible non-participants). The data exhibit a special missingness pattern: for randomized in-
dividuals we have data on (S = 1,X, A, Y), but for non-participants we only have data on (S = 0,X).
Throughout, uppercase letters denote random variables, lowercase letters denote realizations of the corre-
sponding random variables, and calligraphic uppercase letters denote the support set of the distribution of
the corresponding random variables.

To define the causal quantities of interest, let Y? denote the potential (counterfactual) outcome under
each treatment a in the set of possible treatments A [91, 82, 71]. In the remainder of the paper, we consider
binary treatments so thata € A = {0, 1}; extensions to multivalued discrete treatments are straightfor-
ward. The causal quantity of primary interest is the average treatment effect in the target population of all
trial-eligible individuals, E[Y* — Y°]. This causal contrast is identifiable in nested trial designs and is not,
in general, equal to the average treatment effect among trial participants, E[Y* — Y°| #£ E[Y* — Y°|S = 1],
when treatment effects vary over baseline covariates that are differentially distributed among randomized
and non-randomized trial-eligible individuals. Another causal contrast of interest is the average treatment

effect among trial-eligible non-randomized individuals, E[Y* — Y°|S = 0].
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4.2 IDENTIFICATION

4.2.1 IDENTIFIABILITY CONDITIONS

We now discuss sufficient conditions for identifying the mean of the potential outcomes under each treat-
ment a for the target population of all trial-eligible individuals, E[Y"], and for the sub-population of trial-
eligible non-randomized individuals, E[Y?|S = 0]; these potential outcome means are the components of
the average treatment effects defined in the previous section.
L. Consistency of potential outcomes: if A; = a, then Y; = Y?, for each a € A and each individual i in the
population.
I1. Conditional exchangeability in the trial: Y* 1L A|X, S = 1. We assume conditional exchangeability in the
trial so that our results apply to conditionally randomized trials; marginal exchangeability, Y* L A|S = 1, is
a special case.
II1. Positivity of treatment assignment: Pr[A = a|X = x,S = 1] > oforeacha € A and every x with
positive density among randomized individuals, fxs(x|S = 1) > o.
IV. Conditional exchangeability in distribution over S: Y? 1LS|X for each a € A; henceforth, we refer to
this condition as conditional generalizability; it implies the mean generalizability condition, E[Y?|X,S =
1] = E[Y?|X] [17], and, for binary S, it also implies the mean transportability condition, E[Y?|X,S = 1] =
E[Y?|X,S = o] (provided the conditional expectations are well-defined) [16].
V. Positivity of trial participation: Pr[S = 1|/X = x| > 0, for every x with positive density in the popula-
tion, fx(x) > 0.

Consistency of potential outcomes, conditional exchangeability of the treatment groups in the trial,
and positivity of treatment assignment are expected to hold in (marginally or conditionally) randomized
clinical trials of well-defined interventions. Furthermore, to simplify exposition, we assume complete ad-
herence and no loss to followup in the randomized trial. Positivity of trial participation is, in principle,
testable. The generalizability assumption, however, is often a strong and untestable assumption; its plausi-
bility needs to be assessed on the basis of substantive knowledge when extending inferences from a trial to

a new target population.
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4.2.2 IDENTIFICATION

When conditions listed in the previous section hold, the potential outcome mean under treatment a in the
target population of all trial-eligible individuals, E[Y"], can be identified [17] by the observed data func-
tional

w(a) =E[E[Y|X,S=1,A =a]], foreacha € A.

Furthermore, the potential outcome mean under treatment a among trial-eligible non-randomized individu-

als, E[Y"|S = 0], can be identified [16] by the observed data functional
P(a) = E[E[Y\Xas =1,A=4d||S= O], for each a € A.

Both identification results critically depend on the conditional generalizability condition; in the next sec-

tion we discuss sensitivity analysis methods to examine the impact of violations of this condition.

4.3 SENSITIVITY ANALYSIS FOR VIOLATIONS OF CONDITIONAL GENERALIZABILITY

4.3.1 SENSITIVITY ANALYSIS MODEL

Suppose that the conditional generalizability assumption does not hold, so that Y* { S|X that is, for binary
S’
Srexs(Ulx,s = 0) # frax,s(ylx,s = 1).
Here, we modify the missing data methods in [88, 87] to parameterize violations of the conditional gen-

eralizability assumption using the exponential tilt model,

Sraxs(ylx,s = 0) x enaq(y)fya\x,s(wxas =1),n, €ERae A, (4.1)

where q is a fixed increasing function. Note that 17, = 0 corresponds the base case where the conditional
generalizability assumption holds; 17, values further from zero denote greater potential outcome differ-

ences between trial participants and non-participants, conditional on baseline covariates. Because the left-



hand-side of (4.1) is a density, we have that

e"“q(y)fya\x,s(wxa s=1)
E[e.9(Y)|X S = 1]

Srexs(ylx,s =0) = (4.2)

4.3.2 IDENTIFICATION FOR THE SENSITIVITY ANALYSIS MODEL

Under consistency of potential outcomes, exchangeability and positivity of treatment assignment in the

trial (i.e., conditions I, through III), from (4.2) we obtain

enaq(y)fYIX,S,A (y’xv S=1, Cl)
E[edM)|X,S = 1,A = q]

Sraxs(ylx,s =0) = N, €R,ae A (4.3)

Because the data do not contain any outcome information among non-randomized individuals S = 0,
we cannot nonparametrically identify fy«x s(y|x,s = 0). Thus, the sensitivity analysis model in (4.3)
does have not any testable implications for the law of the observed data and 1, is not identifiable. In other
words, the model is a nonparametric sensitivity analysis model.

In Appendix D.1, we show that we can use (4.3) to re-express the potential outcome mean under treat-

ment a in the target population, E[Y?], as

E[YeldY)|X S = 1,A = q]
E[en1M)|X,S = 1,A = d]

yp(a,n,) =E|SE[YIX,S=1,A=d]+(1-S (4-4)

Furthermore, we can re-express the potential outcome mean under treatment a in the population of non-

randomized trial-eligible individuals, E[Y?|S = 0], as

p(a,n,) =E (4.5)

E[YeldV)|X S = 1,A = ’S o
EfedV|X,S=1,A=qa] | |

As noted, 1, is not identifiable from the data; instead, we can use equations (4.4) and (4.5) to conduct

sensitivity analyses for different, sufficiently dispersed, values of 7.
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4.3.3 ESTIMATION AND INFERENCE FOR SENSITIVITY ANALYSIS
OUTCOME MODEL-BASED SENSITIVITY ANALYSIS
A first approach to sensitivity analysis is to use the sample analogs of equations (4.4) and (4.5), for each
treatment a € A. For example, when Y is binary and q is the identity function,
n

D) = 5 5 {81Gu01%) + (-89

=1

= e”a/g\a(1|)A(i) } and
eagq(11X;) + ga(0[X;)

(4.6)

R - n . —1 . enalg\a(lyXi)
?,.(a,n,) = {Z(l - Sz)} > {(1 - Sl)enaga(l\xi) + ga(0|X;) } ’

=1 =1

where g, (y|X) is an estimator for Pr[Y = y|X,S =1,A =qa],y € {0,1},and n, € R.
We refer to the above sensitivity analysis estimators as “outcome model-based” because, when n, = 0
(i.e., when the generalizability condition holds), they are precisely equivalent to outcome model-based g-

formula estimators we have previously described [17, 16].

ESTIMATION FOR AUGMENTED INVERSE PROBABILITY OR INVERSE ODDS WEIGHTING SENSITIVITY

ANALYSIS

The estimators in the previous section require the estimation of the conditional mean or probability func-
tions for the outcome. Fully nonparametric estimation of these conditional functions is challenging due
to the curse of dimensionality, but parametric modeling may be unsatisfactory because of concerns about
model misspecification, particularly when X is high-dimensional [73]. Flexible modeling, using semipara-
metric regression or “machine-learning” methods, offers a useful compromise. Such flexible modeling can
be optimal for estimating the conditional mean/probability functions (e.g., have minimum mean squared
prediction error), but flexible modeling of these functions may be associated with substantial finite-sample
bias when using sample-analog estimators as in the previous section.

In Appendix D.2, we derive the influence functions of y(a, n,) and ¢(a,n,). We use the influence
functions to construct in-sample one-step estimators that should have improved performance compared
to the estimators in the previous section. For example, when Y is binary and q is the identity function, for

each treatment a € A4 we construct the following augmented inverse probability weighting sensitivity
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analysis estimator of y(a,n,):

Balang =+ 34 sifutuix) + T v - gutaixo} | +

=1

(1 — Sl-)e”aﬁa(l]Xi)
elagq(11X;) + ga(0[X;)

)

I(Sl = l,Ai = (1) [1 —f)(Xl-)]e”an « - e’7a§a(1]Xl-)
D(X)eq(X;) [e”aﬁa(llXi) + aa(0|Xi)] ' elagq(1/X;) + ga(0|X;)

where, gq(y|X) is an estimator for Pr[Y = y|X,S = 1,A = a],y € {0,1}; p(X) is an estimator for
Pr[S = 1/X]; and €4(X) is an estimator for Pr[A = a|X,S = 1]. Similarly, we construct the following

augmented inverse odds weighting estimator of ¢(a,n,):

R B n . tn (1 —Si)e”aﬁa(1|Xi)
QDwg(a,Ua) = {Z(l o S’)} Z elagq(1|X;) + ga(0|X;)

i=1 =1

I(S; = 1,A; = a)[1 — p(X;)] ela¥i - elagq(1)X;)
H(X)ea(X:) ["Ga(1X:) + Ga(0X0)] | | € Ga(1X;) +9a(01X) [ [

We refer to these estimators as “augmented inverse probability (odds) weighting estimators™ because when
N, = O they are precisely equivalent to augmented inverse probability (odds) weighting estimators we have

previously described [17, 16].

4.3.4 INFERENCE

When using parametric models, the estimators in the previous section, for fixed 1, are (partial) M-estimators
and we can use the usual sandwich approach for constructing estimators of their sampling variances [93].

In practice, especially when using semiparametric outcome models, it is often convenient to use jackknife
[19] or bootstrap[20] resampling methods to estimate the sampling variance and construct confidence inter-

vals.

4.3.5 RELATIONSHIP WITH SELECTION MODELS

Before we apply the sensitivity analysis methods to our motivating example, we consider the relationship
between the model in (4.1) and odds of selection models that are commonly used in missing data problems

[81, 76].
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Using Bayes theorem, under consistency of potential outcomes (condition I), and exchangeability in the

trial (condition II), we can re-write the model in (4.3) as

PriS=o0|X,Y* =y] Pr[S=0|X] y eaq(v)
PriS=1X.Y*=y] Pr[S=1X] = E[edV|X,S=1,A=aq]

Taking logarithms,

logit( Pr[S = 0|X, Y* = y]) = logit( Pr[S = 0|X]) + 1,9(y) — InE[e"1V|X, S =1,A =qa], 4.7

where for a real number u, such that 0 < u < 1, logit(u) = In (u(1 — u)™*). In other words, the exponen-
tial tilt model for the density of the potential outcomes has an interpretation as an odds of selection model.
In Appendix D.4, we discuss some interesting consequences of the odds of selection parameterization and

address the robustness of our estimators to model misspecification.

4.4 SENSITIVITY ANALYSIS IN CASS

4.4.1 DATA AND METHODS

Study design and data: CASS was a comprehensive cohort study, comprising a randomized trial nested
within a cohort of trial-eligible individuals, that compared coronary artery surgery plus medical therapy
(henceforth, “surgery”) versus medical therapy alone for chronic coronary artery disease [17]. Details
about the CASS are available elsewhere [103, 32]. In brief, individuals undergoing angiography in 11 par-
ticipating institutions were screened for eligibility and the 2099 trial-eligible paindividualstients who met
the study criteria were either randomized to surgery or medical therapy (780 randomized individuals), or
included in an observational study (1319 non-randomized individuals). Baseline covariates were collected
from randomized and non-randomized individuals in an identical manner. No randomized individuals were
lost to follow-up in the first 10 years of the study. We did not use information on adherence among ran-
domized individuals, in effect assuming that the non-adherence would be similar among all eligible indi-
viduals, so that intention-to-treat effects are generalizable.

Of the 2099 trial-eligible individuals, 1688 had complete data on all baseline covariates (733 random-

ized, 369 in the surgery group and 364 in the medical therapy group; 955 non-randomized). In previous
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work, to examine whether missing data influenced our results, we performed extensive missing data anal-
yses using multiple imputation and inverse probability of missingness weighting methods. These analyses
produced results that were nearly identical to the complete case analyses [17]. Thus, to focus our exposi-
tion on issues related to sensitivity analysis, we only report results based on observations with complete
data in this paper.

Sensitivity analysis using parametric models: We used the methods described in Sections 4.3 to per-
form sensitivity analysis in the context of estimating the 10-year risk of death under surgery and medical
therapy, and the risk difference and relative risk comparing the treatments, for the population of all trial-
eligible individuals and the population of non-randomized trial-eligible individuals. We used (parametric)
logistic regression models for the outcome, the probability of participation in the trial, and the probability
of treatment with the following covariates: age, severity of angina, history of previous myocardial infarc-
tion, percent obstruction of the proximal left anterior descending artery, left ventricular wall motion score,
number of diseased vessels, and ejection fraction. We chose these variables based on prior analyses of the
same data [53, 17] and did not perform any model selection.

Sensitivity analysis using random forests: To examine the performance of our sensitivity analysis
methods when using more flexible outcome models, we repeated the sensitivity analyses replacing the lo-
gistic regression outcome model with a classification random forest procedure. Specifically, we obtained
outcome probabilities using a classification random forest with 2000 trees and four input variables (ran-
domly selected for each tree). Our results were similar in stability analyses using random forests of 500
trees (instead of 2000) and using five, six, or seven input variables (results not shown).

Choice of sensitivity parameter values: Under the sensitivity analysis model in equation (4.3), when
Yis binary and q is the identity function, for fixed 1, the counterfactual conditional outcome probability

among non-randomized individuals, Pr[Y® = 1|X,S = 0], is given by the function

- e”aga(1|X)
c(a, g, X) = elagq(11X) + ga(0|X)

Wesetn, = —1n, = 1 so that when non-randomized individuals have a higher outcome probability
under treatment a = 1 compared to randomized individuals, they also have lower outcome probability un-

der treatment a = 0. Intuitively, this represents selection into the trial based on the conditional treatment

61



effect (i.e., selection on unmeasured effect modifiers). With this simplifying assumption, we examined the
conditional counterfactual outcome probabilities difference among non-randomized individuals, fora = 1
and a = 0, over 7 € [0,1]. We used CASS data to estimate the probability of the outcome conditional on
the observed covariates among trial participants, gq(1|X) = Pr[Y = 1|X,S = 1,A = a]. Appendix Figure
D.1 shows kernel densities for g, (1/X) and g, (1|X) among trial participants. Last, we plotted the values of
the functions ¢(a,n,X), a € {0,1}, at X such that g,(1|X) was equal to the minimum, 25th percentile,
median, mean, 75th percentile, and maximum of the empirical distribution of g4(1|X) (Appendix Figures
D.2 and D.3). Our exploration suggests that the 1 values we chose correspond to fairly strong differential
selection into the trial based on the potential outcome, and thus offer a broad enough range of values for
sensitivity analysis.

Inference: For all sensitivity analyses — outcome-model based or augmented inverse probability (odds)
weighting; using parametric models or random forests — we obtained point-wise over € [0, 1] Wald-
style 95% confidence intervals with jackknife standard errors. As a stability analysis, we also obtained

percentile intervals using the non-parametric bootstrap with 1000 resamplings.

4.4.2 RESULTS

Figures 4.1 and 4.2 present sensitivity analysis results for the target population of all trial-eligible individ-
uals and for the subset of non-randomized individuals, using parametric logistic regression models for the
probability of trial participation and the conditional probability of the outcome in each treatment group and
jackknife confidence intervals. Appendix Figures D.4 and D.5 present the same results substituting classifi-
cation random forests for logistic regression in modeling the conditional probability of the outcome in each
treatment group.

Under the base case when the conditional generalizability condition holds, outcome-model based and
augmented IP weighting methods produced similar results, both when using parametric models or ran-
dom forests. Under violations of the conditional generalizability condition, both for the target population
of all trial-eligible individuals and trial-eligible non-randomized individuals, results appeared somewhat
less sensitive when using the augmented IP weighting estimator with random forests compared to using
parametric models; differences were most pronounced for extreme 7 values.

Regardless of the modeling strategy, inferences were more sensitive to violations of the conditional gen-
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eralizability assumption when considering the potential outcome means and treatment effects in the sub-
population of non-randomized trial-eligible individuals compared to the population of all trial-eligible
individuals. This result is expected, because estimates for non-randomized trial-eligible individuals de-
pend entirely on extrapolation (from randomized to non-randomized individuals) whereas estimates for
all trial-eligible individuals also include the randomized individuals; inspection of the results in Section
4.3 confirms that terms expressing the “contribution” of randomized individuals to the estimators do not
depend on the sensitivity parameters 17,,.

Appendix Figures D.6 through D.g present results with percentile intervals from the non-parametric
bootstrap. Jackknife intervals were somewhat wider than bootstrap intervals, particularly when using clas-

sification random forests to model the outcome.
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Figure 4.1: Sensitivity analysis using parametric models for the target population of all trial-eligible individuals in CASS.

Yom(@; 1), JK Yorm(15 1) - Yo (05 1), JK
0.5 0.4

0.0 -0.4 1

Solid lines connect point estimates and dashed lines connect point-wise 95% jackknife confidence intervals.
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Figure 4.2: Sensitivity analysis using parametric models for the sub-population of trial-eligible non-randomized individu-
als in CASS.

Wom(@; 1), JK Uon(13 1) - ¥, (0; 1), JK

Solid lines connect point estimates and dashed lines connect point-wise 95% jackknife confidence intervals.
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4.5 Discussion

A major challenge in generalizability analyses is the need to collect adequate covariate information — both
from trial participants and non-participants — so that the conditional generalizability condition can be con-
sidered to hold. Because the conditional generalizability condition is untestable and background knowl-
edge about effect modification is incomplete and uncertain, investigators need to examine the impact of
assumption violations in sensitivity analyses. We described outcome model-based and augmented inverse
probability weighting methods for global sensitivity analysis in studies extending inferences from a ran-
domized trial to the target population of all trial-eligible individuals or the sub-population of trial-eligible
non-randomized individuals. When it is desirable to use a flexible (e.g., semiparametric or machine learn-
ing) outcome models to reduce the risk of model misspecification, the outcome model-based sensitivity
analysis estimator may exhibit large finite-sample bias because the flexible modeling is tailored towards
optimal estimation of the parameters of the outcome model, not the estimation of the sensitivity analysis
functionals. In such cases, the augmented inverse probability weighting sensitivity analysis estimators may
perform better.

Our methods are easy to use because they do not require detailed background knowledge about specific
unmeasured effect modifiers and the relationship between unmeasured effect modifiers and the observed
variables. Instead, we directly parameterize violations of the assumptions in terms of the potential out-
come distributions of randomized and non-randomized individuals. Our approach has a small number of
sensitivity analysis parameters and avoids the difficult task of specifying models for the distribution of the
unknown effect modifiers or their relationship with trial participation and the outcome. Intuitively, we ex-
ploit the fact that the potential outcomes are not only the “ultimate confounders” [22], but also the ultimate
drivers of effect modification. That is why parameterizing the sensitivity analysis based on the potential
outcome distributions leads to fairly simple sensitivity analysis procedures. Alternative methods for sen-
sitivity analysis (e.g., [52, 51]) may be useful when background knowledge is sharp enough to suggest that
a single unmeasured effect modifier with well-understood influence on trial participation and the outcome
is responsible for violations of the generalizability condition. In the absence of such sharp knowledge, our
methods may be preferred.

As is common with many sensitivity analysis methods that involve counterfactual quantities, it is chal-
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lenging to select sensitivity analysis parameters. We have described our approach for reasoning about the
choice of sensitivity analysis parameter values in our example, but we are unsure about the most practical
way for sharing such information with substantive researchers or for eliciting from them additional infor-
mation to parameterize the sensitivity analysis. This is a promising area for future research combining

quantitative and qualitative methods.



Chapter 5

Conclusion

This dissertation covers several topics related to study design, identification, estimation, ans sensitivity
analysis for analyses that aim to extend (generalize or transport) causal inferences from a randomized trial
to a target population. The picture that emerges across the chapters is that analyses extending trial findings,
which address selective study participation, fit naturally within the “usual” causal inference framework in

epidemiology and the social sciences:
1. Select the causal quantities of interest that are well-defined in the farget population.

2. Determine the identifiability conditions needed in the presence of selective trial participation, con-
founding, censoring, or non-adherence as assumptions about a sequence of interventions to “scale-

up” the trial, set treatment, eliminate censoring, and enforce adherence.

3. Using these conditions, find the functionals of the observed data distribution to identify the causal

quantities of interest.
4. Estimate the observed data functionals using appropriate statistical methods.

5. Conduct appropriate sensitivity analyses to examine how inferences would be affected by violations

of the assumptions.

In view of the generality of the above framework, it is not surprising that the methods for extending
inferences from randomized trials to the target populations have many similarities with more widely used
methods for the control of confounding or collider stratification bias.

To conclude, and since each of the chapters comprising this dissertation has its own discussion section,
we list a number of possible extensions of the methods that are natural next steps within the above frame-

work:

» Develop estimation and sensitivity analysis methods for longitudinal and failure-time outcomes,

building on the identification results of Chapter 2.

68



» Use flexible approaches (e.g., machine learning) for estimating models for the probability of trial

participation or the outcome.

» Extend the identification, estimation, and sensitivity analysis results to handle multiple trials (as in

“meta-analysis”).

* Address complications such as measurement error (likely differential between the randomized and
non-randomized groups) and missing data (likely to follow complex missing data mechanisms) in

generalizability and transportability analyses.
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Appendix A

Appendix to Chapter 1

A.1 IDENTIFICATION OF THE PROBABILITY OF TRIAL PARTICIPATION IN NESTED TRIAL DESIGNS

WITH SUB-SAMPLING

A.1.1 IDENTIFICATION OF THE MARGINAL PROBABILITY OF TRIAL PARTICIPATION

Using the definition of conditional probability and re-arranging,

Pr[S=1|D = 1] Pr[D = 1]

Pr[S=o0|D =1]Pr[D = 1]
Pr[D = 1|S = 1] '

Pr[D = 1|S = 0]

PriS=1] = and Pr[S=o0] =

Taking the ratio of the above expressions and exploiting the sampling properties for non-nested trial de-

signs,
PrlS=1] Pr[S=1|D = 1] y Pr[D = 1|S = 0]
PrlS=0] Pr[S=o0|D=1] Pr[D=1[S=1]
_ Pr[S=1|D =1] e
- Pr[S=o0D=1

With a bit of algebra, the above expression can be re-arranged to show that

PriS=olD=1 1!
Pr[S:l]:{1+Pr[S:1\D:1]XC } .

By setting ¢ = 1 we see that in the nested-trial design with a census of non-randomized individuals

Pr[S=1]=Pr[S=1/D=1].
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A.1.2 IDENTIFICATION OF THE CONDITIONAL PROBABILITY OF TRIAL PARTICIPATION

The argument for the conditional probability is parallel to the one presented above for the marginal proba-

bility. Again, using the definition of conditional probability,

PriS=1X.D=1]PrlD=1
pris = 11x] = hb:ﬂgsiﬂ  ang
Pr{S = o|X] = Pr[S=0|X,D =1]Pr[D = 1|X]‘

Pr[D=1|X,S = 0]
Taking the ratio of the above expressions and exploiting the sampling properties for non-nested trial de-
signs,

Pr[S=1[X] Pr[S=1|X,D = 1] " Pr[D=1X,S = 0]
Pr[S=0|X] Pr[S=o0|X,D=1]  Pr[D=1X,S=1]

~ Pr[S=1X,D=1]

TPS=oX,D=1  ©

The above expression can be re-arranged to show that

_ _ PrlS=o0X,D=1 ¢
Pr[s_l)q_{1+Pr[S=1]X,D:1] X C .

By setting ¢ = 1 we see that in the nested-trial design with a census of non-randomized individuals

Pr[S=1X] =Pr[S=1X,D =1].
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A.2 ESTIMATING THE CONDITIONAL PROBABILITY OF TRIAL PARTICIPATION

We outline the proof for the convergence in probability of the estimators for the conditional probability of
trial participation described in the main text, without delving into the technical conditions needed to make
the arguments rigorous.

Consider the likelihood function for the nested trial design with a census of the actual population,

n

2y =[] P& V)] 1 - pXisv)] %,

=1

and, the pseudo-likelihood function for the nested trial design with known sampling probability of the non-

randomized individuals,

n

Z) =[] P&y [1 - p(Xi;v)] (a=Spbil/e

i=1
For .Z(y), the sample size-normalized objective function to be maximized is

n

ly) = % > {Si logp(Xi;y) + (1 = Sj)log [1 - p(X;; v)] }

=1

Provided the technical conditions for the uniform law of large numbers obtain, the above objective function

converges uniformly in probability, in the sense of the definition in Section 2.1 of [49], to

fo(y) = E|Slogp(X:y) + (1 - S)log [1 — p(X; y)] |.

By Theorem 2.1 of [49], if £,(y) is uniquely maximized at y,, the parameter space is compact, and £, (y)
is continuous, then the estimator y obtained by maximizing 0 (v), converges in probability to y,, that is,
~ P

Y — Yo-

For %, (y), the sample size-normalized objective function to be maximized is

ly(y) = %Z {SiDilogp(Xi; Y) + (l_cSl)Dl log [1 - p(Xi; )] } :

=1

Because c is assumed to be bounded away from o, and provided the technical conditions for the uniform
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weak law of large numbers obtain, the above objective function converges uniformly in probability to
(1—S)D
two(y) = E|SDlogp(X;y) + -———log [t = p(X;)]|

We will now show that £ (y) = lyo(Y).
By design, if S = 1, then SD = 1; if S = 0, then SD = 0. Thus, to establish the result we only need to

show that
1—S)D
E (i1~ 8)logls — pxiv)] =& |7 PP log 1~ pixiy)] .
Starting from the right-hand-side,

Pr[S=0,D = 1]
c

E (1_08)Dlog [1—p(X;Y)]} = E[log [1 - p(xX:y)]|S = 0.D = 1]

—E[log [1 - p(X:y)]|S = o} Pr[S = 0]

—E :(1 —S)log [1 — p(X; Y)”,

which establishes the result.

Because /o(y) = lywo(Y), it follows that the maximizer of Zw(y), Y,» converges in probability to y,, that
..~ P
is, Vo — Yo-

To obtain the asymptotic distribution of the estimators, we need additional technical conditions as in

Theorem 3.1 of [49]; provided these conditions hold, y and y,, are asymptotically normal.
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A.3 NESTED TRIAL DESIGN WITH COVARIATE-DEPENDENT SAMPLING PROBABILITIES

A.3.1 SAMPLING PROPERTIES

As noted in the main text, a more general version of the nested trial design assumes that the sampling prob-
abilities for non-randomized individuals depend on baseline auxiliary covariates. Let X = (X, X5), where
X, represents baseline auxiliary covariates that are available on all members of the actual population in
which the trial is nested, and X, represents covariates that are only measured among randomized individu-
als (S = 1) and sampled non-randomized individuals (S = 1, D = 1).

The identifiability conditions and identification results remain the same as in the main text; but the sam-

pling properties of this design are

PrilD=1|S=1] =1, and
Pr[D =1|X,A,Y,S =0| =Pr[D =1|X;,S = 0] = c(Xy),
where 0 < c¢(X;) < 1isaknown function that only depends on X;, allowing the sampling of non-

randomized individuals to depend on the auxiliary covariates that are available from all members of the

actual population.

A.3.2 IDENTIFICATION OF THE CONDITIONAL PROBABILITY OF TRIAL PARTICIPATION

Using an argument similar to the case when the sampling probability for non-randomized individuals does

not depend on covariates, we obtain

Pr[S=1/X] = {1+Pr[S:0|X,D:1] 1 )}17

PriS=1X,D=1]  c(X,

which is identifiable because the inverse of the conditional odds of trial participation in the sampled data,
Pr[S=0|X,D = 1]
Pr[S=1X,D = 1]

, are identifiable, and c¢(X;) is known, by design.
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A.3.3 ESTIMATING THE PROBABILITY OF TRIAL PARTICIPATION BY WEIGHTED REGRESSION

As before, we assume a model p(X;y) for Pr[S = 1|X] with finite-dimensional parameter y. The weighted

pseudo-likelihood function becomes

n

* S:D; =Si)D;]/e(Xy;
Zi(y) =TT [P y) "1 = p(Xisy) ] 0750,
i=1
Note that the only difference between £ (y) and %, (y) is that the weights in the former depend on Xj.

The sample size-normalized objective function to be maximized is

-~ 1 1—S;)D;
Gu(y) = - Z {SiDi log p(Xi;y) + (C(Xl)l
1

=1 i)

log [1 - p(X;;v)] } :

Because c¢(X;) is assumed to be bounded away from o, and provided the technical conditions for the uni-
form weak law of large numbers obtain, the above objective function converges uniformly in probability
to

(1-95)

lyo(y) =E|SDlogp(X;y) + C(Xl)Dlog [1-pX;y)]|.

We will now show that 45(y) = €50 (Y).
As noted above, by design, if S = 1, then SD = 1;if S = 0, then SD = 0. Thus, to establish the result

we only need to show that
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Starting from the right-hand-side,
1-S)D
E ulog [l—p(X;v)]] =E

c(X1)

=E

which establishes the result.

B |y Tos 1 i) [, ]

c()lfl) E [(1 - S)Dlog [1 - p(X;y)]|Xi] ]

Pr[S =0,D = 1|X]]
c(X,)

E [log [1 - p(X;y)]|X;,S=0,D =1] ]

Pr[S = 0|X,]E [log [1 — p(X;y)]|X:,S = 0,D =1] ]

Pr[S = o|X,] E [log [1 — p(X;y)]|X:,S = 0] ]

E[(1-S8)log [1—p(X;y)] |Xi] ]

(1-8)log [1- p(X:y)]|.

Because (o (y) = (%o (y), it follows that the maximizer of £%(y), P, converges in probability to Y- that

. =~ D
18, YW 7 YO'

In practical terms, this result suggests that the conditional probability of trial participation in the target

population can be estimated using a weighted regression of S on X among sampled patients, using weights

equal to 1 for randomized patients (all of whom are sampled); 1/¢(X; ) for sampled non-randomized indi-

viduals; O for non-sampled non-randomized individuals.

As above, provided the technical conditions of Theorem 3.1 of [49] hold, V, is asymptotically normal.



Appendix B

Appendix to Chapter 2

B.1 BRIEF OVERVIEW OF SINGLE WORLD INTERVENTION GRAPHS (SWIGS)

Starting with a causal DAG about the factual (i.e., observable, even if unmeasured) variables, a SWIG [65,
64] is obtained by positing interventions on certain nodes; we refer to these nodes as “intervention nodes.”
First, we “split” intervention nodes into a “random part” that can be thought as representing the (ran-
dom) variable in the absence of intervention; and a “fixed part” representing the specific intervention under
consideration. In this paper, we use a vertical line to denote node splitting. For example, intervention to set

Z to z = 1 would be depicted as Z ‘ zZ=1.

Next, for each split note, incoming arrows on the DAG point into the random part on the SWIG; outgo-
ing arrows on the DAG emanate from the fixed part on the SWIG; otherwise, arrows are left unchanged.

All descendants of intervention nodes are then relabeled to depict the corresponding counterfactual ran-
dom variables under the specific intervention under consideration; this is done to signify that, for the de-
scendants of intervention nodes, only post-intervention measurements are possible in the “world” where we
have intervened in our chosen way.

Nodes representing random variables can be treated as belonging to a “conventional” DAG — that is to
say, the usual rules of d-separation [57, 9o] can be used to read-off independence conditions from SWIGs,
with the additional property that the fixed nodes block the paths they are intercepting.

A note on terminology: Strictly speaking, the graph in Figure 2.2 is a “single world intervention tem-
plate” (SWIT) because by substituting different specific values for z we can use the graph to represent
SWIGs under different interventions (formally, a template is a graph-valued function). Because there is

no possibility of confusion here, we informally refer to graphs like Figure 2.2 as SWIGs.
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B.2 INTERVENTION TO SCALE-UP TRIAL ENGAGEMENT AND SET TREATMENT

B.2.1 IDENTIFICATION VIA G-FORMULA COMPUTATION

PI‘[erl’szl’Z < y]

I
t
5
i
i
N
IA
<
=

=E[Pr[Y"="=" < y|X,R = 1]]

[
[

=E[PrlY"=""" < y|X,R=1,5""" = 1]
[Pr[Y=17 < y|X,R = 1,81 = 1,275~ = f]]
[

where the first equality follows from the law of total expectation; the second from condition (2.4); the third
from condition (2.5); the fourth from condition (2.6); and the last from conditions (2.1) through (2.3). Ex-

pressions are well defined because of conditions (2.7) through (2.9).

B.2.2 IDENTIFICATION VIA INVERSE PROBABILITY WEIGHTING

We can derive the identity in (2.11) as follows:

PrlY<ylX,S=1,Z=2z]Pr[R=1S=1,Z = z|X]
BlPy <y R =18 =12 =] = MEEYRG AR S S
[ IY<y,R=1,S=1,Z=2) ‘
=E|E X
PrlR=1,S=1X]Pr[Z=2zX,R=1,S = 1]
[ I(Y<y,R=1,S=1,Z=72)
=E ;
IPrlR=1,S=1|X|PriZ=z|X,R=1,5S = 1]

where I(-) denotes the indicator function.
Note that in the above derivation did not use any conditions that involve counterfactual outcomes; thus,

the result holds even if E [Pr[Y <ylX,R=1,S=1,Z= ZH does not have a causal interpretation.



B.3 RELATIONSHIP WITH IDENTIFICATION RESULTS IN STUDIES WITH SHORT TERM FOLLOW-UP

AND POST-TREATMENT ASSIGNMENT DROPOUT

In randomized or observational studies with longitudinal follow-up, individuals who enter the study often
drop-out or are lost-to-follow-up. Let C be an indicator for prematurely exiting the study (1 if the individual
is censored and o if the individual completes the study). A DAG representing the assumption that censor-
ing may be dependent on baseline covariates and treatment is depicted in Figure B.1; note that the DAG
also makes the conventional (see Chapter 8 of [29]) assumption that censoring does not have a direct effect
on the outcome (absence of C — Y arrow). We have placed a box around the C node to denote that the
analysis has to be restricted to individuals who were not censored, because no outcome data is available
from censored individuals. The rest of the notation is the same as in previous sections, except that we omit
the S node to focus on censoring.

In Figure B.2 we show the SWIG generated from Figure B.1 for a hypothetical intervention setting treat-
ment Z to z and to eliminate censoring by setting C to ¢ = 0. We use the exclusion restriction of no C-on-
Y effect in the DAG, which means that the counterfactual outcomes in the SWIG need only be indexed by z

but not ¢ = 0 (another application of minimal labeling).

Figure B.1: DAG for censoring in a cohort study.

Figure B.2: SWIG for joint intervention on Z and C.

le‘[@\czo\‘w
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We use the following consistency conditions:

if Z; = z, then C} = C;; and

if Z; = zand C = 0, then Yf’czo =Y;

Furthermore, by the exclusion restriction of no C-on-Y effect, we have that Yf’czo = Wi, and we can read-

off the following independence conditions from the SWIG of Figure B.2:
Y’ I Z|X and Y’ 1L C*| X, Z.

Using consistency, the second condition can be written as Y_U_C|X, Z=7z.

Lastly, we use the following positivity conditions, for every z,

Pr[Z = z|X = x| > o, for every f(x) > 0; and

Pr[C = 0|X = x,Z = z] > 0, for every x such that f(x,Z = z) > 0.

B.3.1 IDENTIFICATION VIA G-FORMULA COMPUTATION

Pr[Y#¢=° < y] = E[Pr[Y**=° < y|X]|

E

Pr[Y»=° <y|X,Z =2,C* =0,]]

[Px|

E[Pr[Y*=° < y|X,Z = 7|
[Pr|

E[Pr[Y < y|X,Z=2zC=0]],

where all steps follow from the identifiability conditions above.
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B.3.2 IDENTIFICATION VIA INVERSE PROBABILITY WEIGHTING
We now show how identification is possible via inverse probability weighting:

Pr[Y <y|X,Z=2zC=0]Pr[Z=1zX]|Pr[C=0X,Z =z
< = = =
E[Pr[Y < y|X,Z =2,C = 0] E_ PriZ — ZX|Pr[C = 0X.Z = 7]

El(Y<yZ=2zC= o>|xw
Pr(Z = zX] Pr[C = 0|X,Z = 7]
B (Y<y,Z=2zC=0)
=EIE [Pr [Z = z|X] Pr[C :0|X,Z:z]‘ H

IY<y,Z=2zC=o0)
{Pr[Z = z[X|Pr[C=o0|X,Z = z]]

Again, the above derivation does not invoke any assumptions that involve counterfactual outcomes; thus,

the result holds even when E [Pr[Y <yX,Z=2z_C= 0]] does not have a causal interpretation.
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B.4 TIME-VARYING TREATMENTS

B.4.1 CausaL QUANTITIES OF INTEREST AND IDENTIFIABILITY CONDITIONS

We wish to identify Pr[Y™=1s=1%8¢=0 < ] the counterfactual outcome distribution under intervention to
scale-up trial engagement (r = 1,5 = 1), assign treatment z, enforce adherence @ = (ao, a;), and prevent
censoring ¢ = O.

Now, suppose that we are willing to make a series of consistency, exchangeability, and positivity con-

ditions that are “natural” generalizations of the conditions we used for point (time-fixed) interventions

[67, 69, 72, 70].
Consistency conditions. For every z, a,, and a;:

if R; =1, then S;~' = S;;

if R = 1and S; = 1, then Z;Zl’szl =27Z;

if R; =1,S; =1, and Z; = z, then LSTI’S:LZ = Loj;

if R;=1,8; =1, and Z; = z, then A, 7" = Ayy;

ifR; =1,5;=1,Z; = z, and A,; = ao, then C:l-:LS:LZ’ao = Cy;

if Ri =1,8; = 1,Z; = 2,Ao; = Ao, Cy; = 0, then L 571404 =0 = [ ;.
if Ri =1,8; = 1,Z; = 2,Ap; = o, Cy; = 0, then AT, WFH490470 — 4.

if R;=1,8;=1,Z;=2,A=a, and C; = 0, then C,; "*~"**“=% = Cy;; and

ifR; =1,8;=1,Z;=2A=a, and C = 0, then Y?Zl’szl’z’a’ézo =Y;
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Exchangeability conditions. Under intervention to scale-up trial engagement r = 1, S = 1, assign treat-
ment z, enforce adherence to treatment @ = (ao, a,), and prevent censoring ¢ = O (graph not shown), for
every z,a = (Qo,a;), ¢ = (¢y, Ca), suppose the following conditions hold:
erl’szl’z’a’C_J.LR‘X;
Yr:l,s:l,z,a,clsr:1’X7R;
Yr:l,s:l,z,a,c_u_zr:l,s:l’x:R7Sr:l.
Yr:l,s:l,z,ﬁ,é 4g=175=1,2 ’)(7R7Srr=1’2r=1,s=17 Lg=1,3=17z;
Yr:l,s:l,z,ﬁ,é_U_CTI":LSZLZ,QO |X,R,Srzl,Z"=1’s=1,LBZI’SZI’Z,AEZI’SZI’Z;
erl’szl’z’a’é qizl,s:l,z,ao,cl |X, R, Sr:1,Zr:175=17Lg:LSZl’Z’Ag:LSIl’Z’ C::l,s:l,z,a07Lil":l,s:l,z,ao,cl; and

—1,5=1,2,4,C r=1,5=1,z,a,c = —1,5—= r=1,5=1,Z ,r=1,5=1,2
Y =18 1,z,a,cJ_|_C2 » Zs ’1|X,R,Sr 17zr 1,s 17L0 » ’aAo » »

=1,5=1,z,dp jI=1,5=1,Z,d0,C1 r=1,5=1,z,d0,C1
) 1 I Ll ) Al .
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Note that, when combined with the consistency conditions, the above exchangeability conditions imply

y'=1s=1286=0 || R|X;

y'=1s=12a6=0 || §IX R = 1;

y'=1s=12ae=0 || ZIX R =1,8 = 1;

Y =1s=1266=0 || Aj|X,R =1, =1,Z =z, Lo;

yr=1s=12a6=0 || o ‘X,R =1,S=1,Z=12zLy,Ap = aop;
Yr:l,s:l,z,a,éiail_Al‘X’R =1,8S=1,Z=2L,A, = a,,C;, = 0; and

Yy'=t=haae=0 || C|X,R=1,8=1,Z=2LA=a,C =o.
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Positivity conditions. We also need the following positivity conditions, for every z and every a,

Pr[R = 1/X = x] > 0, for every x with f(x) > 0;
Pr[S = 1|X = x,R = 1] > 0, for every x with f(x,R = 1) > 0;
PriZ=2zX=x,R=1,S=1] > o, forevery x with f{x,R =1,S = 1) > 0;
Pr[Ao =ao|X=x,R=1,S=1,Z=2Ly =1y] > 0,
for every x, lp with f(x,lo,R =1,S=1,Z = z) > 0;
Pr[Ci =0 X=x,R=1,S=1,Z=12Lo = lp,Ao = ao] > 0,
for every x, lp, with f(x,l,,R=1,S=1,Z=2,A0 = ay) > 0;
PriA, =a;X=x,R=1,8S=1,Z=2L=1A, =a,C, =0] >0,
for every x, I with f(x, LR =1,S =1,Z = z,Ao = ay,C, = 0) > 0; and
Pr[C,=0,X=x,R=1,8S=1,Z=zL=1A=a,C, =0] > o0,

for every x,iwithf(x, LR=1,S=1,Z=zA=a,C, = 0) > o.
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B.4.2 IDENTIFICATION

Pr[yr:l,s:l,z,&,é:o < y]

E[Pr{y’=1s=12¢=0 < y|X]]

E[Pr{y’=15=1480=0 < y[¥ R = 1]

E[Pr[Y"=15=1206=0 < y|X R = 1,5 = 1]]

E[Pr{y=1s=144¢=0 < y|X R = 1,§ = 1,Z = 7]

E[E[Pr{y=17144¢=0 <y X R = 1,8 =1,Z = 7, Lo]|X.R = 1,8 = 1,Z = 7|

E[B [Pryr=1s=1406=0 < y|X R = 1,8 = 1,7 = 7, Lo, Ao = @o]|X,R = 1,8 = 1,2 = 7]

E|E [Pr[y"=1s=128¢=0 < y|X R =1,S=1,Z=2,Lo, Ao = a0,C; =0]|X,R=1,S=1,Z=1z
[E[Pr y

E [E [Pr(yr=1s=1288=0 < y|X R = 1,8 = 1,Z = 7,L, Ao = a0, C; = O||X,R = 1,S = 1,Z = 7, Lo, Ao = a0, C; = 0] ‘X,R —1,8= 1,Z:ZH

—E|E [E [Pr[yr=1s=1288=0 < y|X, R = 1,8 = 1,Z=2,L,A=a,C; = 0||X,R = 1,S = 1,Z = 7, Lo, Ao = a0, Cy = 0] ‘X,R —1,8= 1,Z=ZH

—E[E [E [Pr[yr=1s=1238=0 < y|¥ R=1,§=1,Z=2L,A=a,C=0]|X,R=1,S = 1,Z = 7,Lo, Ao = ao,Cs = 0] ‘X,R =1,8= 1,Z:ZH

I(Y<y,R=1,8S=1,Z=2A=aC=0)
_Pr[C2 =0,A;=a;|X,R=1,8S=1,Z=12L,A0 = ao,C; = 0] Pr[C; = 0,Ap = @o|X,R=1,S=1,Z = z,Ly]Pr[R = 1,8 = 1,Z = 7|X]

I(Y<yR=1,S=1Z=2A=aC=0)
PrlR=1,S=1X|Pr[Z=2zX,R=1,S=1] x Pz x P; |’

where in the last expression above, we define

Pfl = PI‘[AI = al‘X,R = l,S: l,Z:Z,E,AO - ao,Cl = 0]
X Pr[140 = a0|X,R = 17S: 1,Z:Z,Lo], and
P:=Pr[C,=0|X,R=1,8S=1,Z=1z2LA=a,C, = 0]

X PI‘[Cl - 0|X,R - 17S: 17Z:Z,L0,AO - ao]

Extensions to multiple time-points, which would be necessary to capture more complex patterns of non-

adherence over time, are well-understood [72, 70] and do not alter any of our conclusions regarding gener-

alizability to a target population.
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Appendix C

Appendix to Chapter 3

Ca IDENTIFICATION, ESTIMATION, AND SENSITIVITY ANALYSIS FOR POTENTIAL OUTCOME MEANS

IN THE ENTIRE TARGET POPULATION

We now summarize methods for the identification, estimation, and sensitivity analysis for the potential
outcome means in the entire target population, E[Y?]. These methods apply to nested trial designs (i.e.,

when the randomized trial is nested in a cohort sampled from the target population).

C.1.1 IDENTIFIABILITY CONDITIONS

(I) Consistency: If A; = a, then Y; = Y. Again, implicit in our notation is the assumption that the invi-
tation to participate in the trial and trial participation itself do not affect the outcome except through treat-
ment assignment.

(II) Mean exchangeability in the trial (over A): E[Y?|X,S = 1,A = a] = E[Y*X,S = 1].

(I1I) Positivity of treatment assignment: Pr[A = a|X = x,S = 1] > 0 for every a and every x with positive
density among randomized individuals, fx)s(x|S = 1) > 0.

(IV) Mean generalizability (exchangeability over S): E[Y?| X, S = 1] = E[Y?|X].

(V) Positivity of trial participation: Pr|S = 1|X = x| > 0 for every x with positive density in the popula-

tion, fx(x) > 0.



C.1.2 IDENTIFICATION

Under the identifiability conditions listed above, the potential outcome mean among the target population

is identifiable as

E[Y'] = E[E[Y|X,S=1,4 = d]| (C.1)

:E )
Pr[S = 1|X]Pr[A = a|X,S =1] |’ (C.2)

where the second equality only requires the positivity conditions [16].

C.1.3 ESTIMATION

Potential outcome means: The identification results above suggest several ways for estimating the poten-
tial outcome mean in the target population. In this section, we use the same notation as in the main text,
except that we use the tilde symbol to denote estimators. Additional information about the behavior of esti-

mators when the mean transportability assumption holds are available in [17].

g-formula estimator: We can use the sample analog estimator based on (C.1),

Flow(@) = =3 GulX)). 3

Inverse probability (IP) weighting: We can use an estimator based on (C.2)

n

~ 1 ~

#IPWl(a) = n Zwa(XiaSiaAi)Yi (C.4)
i=1

with
~ I(Si: 1,Al-:a)
Wa(X;, S;,A;) = — =
oS0 di) = T Xgea(X)

We can normalize the weights to sum to 1,

fpy. (@) = {Z wa<Xi,si,Ai>} > o (X, S;, A)Y:. (C.5)

=1 =1

Augmented IP weighting: To improve the efficiency of the IP weighting estimator and allow for robust-
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ness to misspecification of the outcome mean or probability of trial participation models, we can use an

augmented (doubly robust) IP weighting estimator [17],

n
1

(@) = = > {@a(Xi, 55, A){¥i — GalX0)} + (X)) }. (C6)

i=1
Again, it is often better to normalize the weights to sum to 1,

ﬁAIPWz(a) = {Z wa(XiaSiaAi)} Z ﬁ)a(XiaSivAi){Yi - /g\a(Xi)} + % Zaa(Xi)- (&%)

=1 =1

Treatment effects: We can use the above potential outcome mean estimators, to estimate the average treat-

ment effect in the target population, E[Y* — Y°], by differencing.

C.1.4 INFERENCE

As usual, confidence intervals for the estimated potential outcome means and mean differences can be ob-

tained by the usual “sandwich” approach [93] or by bootstrap methods [20].

C.1.5 SENSITIVITY ANALYSIS

As in the main text, we parameterize violations of the transportability assumption using the bias functions

[76, 7, 69]
u(a,X) = E[Y?|X,S = 1] — E[YYX,S = 0].

The parameterization allows us to re-express the conditional potential outcome mean under treatment a,

E[Y“|X] — E[Y9X, S — 1] Pr[S = 1/X] + E[Y9X, S = 0] Pr[S = 0|X]
_E[YIX,S = 1,A — a| Pr[S = 1/X]
+ {E[Y|X,S=1,A4 =da] — u(a,X)} Pr[S = 0|X]

=E[Y|X,S=1,A=dad] — u(a,X)Pr[S = 0|X],

where the first equality follows from the law of total expectation; the second from consistency and mean

exchangeability in the trial together with the definition of u(a, X); and the third from the fact that S is bi-
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nary.

Taking expectations over the distribution of X in the target population,

E[Y'] =E[E[Y|X,S = 1,A = a] — u(a,X) Pr[S = 0[X]]

E[E[Y]X,S = 1,A = d]| — E[u(a, X) Pr[S = 0|X]] (C.8)

E[E[YX,S = 1,A = a]] — E[(1 — S)u(a,X)],

where the last equality follows from the law of total expectation.

Sensitivity analysis estimators: The result in (C.8) suggests simple approaches for sensitivity analysis

using the potential outcome mean estimators in the previous section.

g-formula estimator: We can incorporate the bias correction function directly,

n

(@) = = >~ {alx) — (1 = Su(a. X)) }. (C.0)

i=1
IP weighting: Similarly, we can modify the IP weighting estimators as

Hip (@) = % > {ﬁ)a(Xi, Si, A))Y; — (1— Si)u(aaXi)}7 (C.10)

or, normalizing the weights to sum to 1,
n -1 1!
iy, (@) = {Z Wa(Xi, SiaAi)} > wa(X;, S, Ay Yi — = > (1= Syu(a, X)) (C.11)
=1 =1 =1

In the next section of this Appendix, we show how the bias correction for the IP weighting estimators
can be easily implemented using standard regression software, by simply re-coding the outcome values to

directly incorporate the bias correction function u(a, X).

Augmented IP weighting: We can incorporate the bias correction functions in the augmented IP weighting

estimators,

(@) = = > {BalX S A (¥ — GalX0)} + GalX) — (1 - SPu(@, XD}, (Caz)

=1
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or, normalizing the weights to sum to 1,

Hopy. (@) = {Z Wa(X;, SiaAi)} D Wa(X;, i, A){Yi — Ga(X5) }
=1 . =1 (C.13)
2> {Ga(X) — (1= Su(a. X)) ).

These augmented IP weighting estimators retain the double robustness property of their non-bias cor-
rected counterparts, in the sense that, when the bias correction function is correctly specified, they produce
valid results when either the model of the outcome mean among randomized individuals or for the proba-

bility of trial participation is correctly specified.

Sensitivity analysis for treatment effects: As when the transportability assumption holds, sensitivity

analysis for treatment effects can be obtained by differencing the appropriate bias-corrected estimators.

C.1.6 INFERENCE FOR SENSITIVITY ANALYSIS

The general theory for sensitivity analysis for semi-parametric models in [76] shows that confidence inter-
vals for the estimated bias-corrected potential outcome means and mean differences can also be obtained
by “sandwich” or bootstrap [20] methods, while accounting for the uncertainty in estimating the parame-

ters of the model for the probability of trial participation.
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C.2 SENSITIVITY ANALYSIS WITH BIAS-CORRECTED OBSERVATIONS

We now demonstrate the connection between our approach for sensitivity analysis and the method of using

“bias corrected outcome observations” in marginal structural models [69, 7].

Sensitivity analysis with bias-corrected observations for E[Y?|S = 0]: Define the bias corrected out-
comes

Y; =Y —u(4;, X;)

1

and assume that bias functions u(a, X) have been properly chosen, so that, for every a,
u(a,X) = E[Y*|X,S = 1] — E[YYX,S=0].

The estimator
n -1 n
Hiow (@) = {Z ﬁ)a(Xi,Si,Ai)} > WalX;, S, ADYE,
=1 =1
with

N 1 - p(X;)
Wa(X:, S Ay) = I(S; = 1,A; = @) —— 20
(1( 1 1 l) ( 1 1 )p(Xl)ea(Xl)

converges in probability to the same limit as the estimators in (3.13) and (3.14). The bias-corrected out-
come estimator above can be obtained by running a weighted least squares regression of Y* on A with

weights Wq (Xi, Si, Ayp).

Sensitivity analysis with bias-corrected observations for E[Y?|: For each trial participant, define the

bias-corrected outcome

Y; =Y —u(A, X){1-p(X:)}.

1

The estimator )
n - n
Ty (@) = {Z Wa (X, SiaAi)} > WalX;, 81, ANYE,
=1 =1
with
I(Si=1,A;=a)
P(Xpea(X;)

Wa(X;, 81, A;) =

converges in probability to the same limit as estimators (C.10) and (C.11). The bias-corrected outcome
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estimator above can be obtained by running a weighted least squares regression of Y* on A with weights

Wq(X;, i, Ay).

Inference for sensitivity analysis using bias corrected observations: Inference for the potential outcome
means and treatment effects when using bias-corrected observations is best obtained using bootstrap meth-

ods [7].
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C.3 AbpbpITIONAL RESULTS FROM THE HALT-C ANALYSES

Table C.1: Patient characteristics in HALT-C transportability analyses, by center (S) and treatment assignment (A). Re-
sults are reported as a proportion for binary variables or as mean (standard deviation) for continuous variables.

Variable S=1 S=1, A=1 S=1, A=0 S=o S=0, A=1 S=o0, A=0
(n=94) (n=46) (n=48) (n=92) (n = 46) (n = 46)
Baseline platelets 169.5 (69.9) | 182.3 (72.1) 157.1(66.0) | 182.9 (64.2) | 168.7 (58.2) 197.1(67.3)
Age 50.3(6.4) | 50.2(6.3)  50.4(6.5) | 49.1(56.0) | 50.1(54)  48.0(6.3)
Female 0.22 0.24 0.21 0.23 0.13 0.33
History of pegylated
interfe)r]on t?eft);nent 0.31 0.24 0.38 0.16 0.15 0.17
White-Non-Hispanic 0.67 0.57 0.77 0.74 0.74 0.74
Baseline WBC 6.0 (1.9) 6.3 (2.1) 5.7 (1.6) 5.9 (1.7) 6.0 (1.8) 5.8 (1.7)
Used needles or
recreational drugs 057 0-59 0-56 049 0-52 0-46
Transfusion history 0.34 0.37 0.31 0.39 0.41 0.37
BMI 30.3(58) | 30.5(6.7)  301(4.9) | 29.8(55) | 29.7(47)  29.9(6.3)
Baseline creatinine 0.86 (0.16) | 0.87(0.18) 0.85(0.141) | 0.83(0.15) 0.85(0.14) 0.80 (0.16)
Smoking (never) 0.22 0.26 0.19 0.27 0.24 0.30
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Table C.2: “Base case” transportability analyses using center S = 0 as the “target center” and assuming conditional mean
transportability holds (¢ = 0); 95% confidence intervals are given in parentheses.

Estimator a =1 a=o Mean difference

OM 126.81 (111.03, 142.59)  178.38 (161.49, 195.27)  -51.57 (-70.49, -32.65)
IOW1 122.60 (99.33, 145.87)  175.66 (120.76, 230.56) -53.06 (-116.47, 10.35)
IOW2 118.26 (98.91, 137.61)  182.87 (147.63, 218.11)  -64.61 (-100.55, -28.67)

AIOW1 127.55 (112.13, 142.97)  177.27 (161.87,192.67)  -49.72 (-67.44, -32.00)
AIOW2 127.53 (112.11, 142.95)  177.23 (161.87,192.59)  -49.70 (-67.37, -32.03)

Table C.3: Crude and adjusted analyses in each research center contributing data to the transportability analyses; 95%
confidence intervals are given in parentheses.

Center Estimate a=1 a=o0 Mean difference

S=, Crude 130.87 (110.6, 151.13) 155.77 (135.93,175.61)  -24.9 (-53.26, 3.40)
Adjusted  130.47 (112.25, 148.69) 166.86 (150.2, 183.52)  -36.39 (-55.64, -17.14)

S—o Crude 119.87 (97.54, 142.2) 204.8 (182.48, 227.13)  -84.93 (-116.51, -53.36)
a Adjusted  128.37 (115.62, 141.12)  190.47 (168.07, 212.87) -62.1 (-85.19, -39.01)
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Figure C.1: Sensitivity analysis using the inverse odds of participation estimator with non-normalized weights (IOW1)
and the augmented inverse odds of participation estimator with non-normalized weights (AIOW1).
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C.4 SENSITIVITY ANALYSIS WITH COVARIATE-DEPENDENT BIAS FUNCTIONS

To illustrate the application of the sensitivity analysis methods when the bias functions depend on covari-
ates, we considered a sensitivity analysis where the bias functions depended on sex (coded as male vs.
female). Without loss of generality, let the first element of X, X;, be a random variable that takes the value

1 for male and o for female individuals. We set up the bias function for a = 0 as

u(0,X) =I(X; =1) xu(o) + 0.8 x I(X; = 0) x u(0),

such that the magnitude of assumption violations is smaller by 20% among female individuals versus male

individuals. Similarly, we set the difference of the bias functions to

0X)=1X;=1) x8+0.8xI(X,=0) x 6.

Figure C.2 presents sensitivity analysis results using the bias functions described above. Comparing the
results plotted in Figure C.2 against those in Figure 3.1, we see that sensitivity is slightly reduced. The rea-
son is that violations of transportability assumption in Figure C.2 are assumed to be the same among male

but smaller (by 20%) among female individuals, compared to the corresponding values used for Figure 3.1.
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Figure C.2: Sensitivity analysis results for transporting inferences between two research centers participating in the
HALT-C trial using bias functions that depend on baseline covariates.
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AIOW?2 = augmented inverse odds weighting estimator with normalized weights; IOW?2 = inverse odds weighting with
normalized weights. Results are shown as point estimates (black lines) and corresponding 95% confidence intervals (gray
lines) for potential outcome means under treatment a = 1 (solid lines) and a = 0 (dashed lines). Results for IOW1 and
AIOW1 were similar to IOW2 and AIOW2, respectively, and are not shown here.



Appendix D

Appendix to Chapter 4

D.1  IDENTIFICATION OF POTENTIAL OUTCOME MEANS UNDER THE SENSITIVITY ANALYSIS MODEL

Under the conditions of consistency of potential outcomes, and positivity and exchangeability in the trial,

the sensitivity analysis model in Section 4.3 can be written as

fYa\X,S(y’xvs = 0) - k(x7 a, na)enuq(y)fYIX,S,A(y’xas = 17a)7 Mg € Rva € A7

where q is an unspecified deterministic function and k(x, a, n,) is the proportionality constant that de-

pends on x and 1),,. For the left-hand-side of the above equation to be a density,
—1
k(x,a,n,) = {E [e”aq(Y)|X: x,S=1A= a]} .

These results, and the definition of conditional expectation, imply that,

E [YeldW)|X, S = 1,A = q]
E [edV)|X, S =1,A=a]

EYYX,S=0] =

We now show that E[Y?] is identified by the sensitivity analysis functional in (4.4):

E[Y'] = E [E[Y*|X]]

E[Pr[S = 1/X] E[Y|X, S = 1] + Pr[S = 0|X] E[Y*|X,S = 0]]

E[SE[Y!|X,S=1] + (1 - S)E[Y!|X,S = 0]]

E [YeldV)|X,S = 1,A = q]
E [e7dM)|X, S = 1,A = d

—E|SE[YIX,S=1,A=a]+(1-S
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Furthermore, E[Y?|S = 0] is identified by the sensitivity analysis functional in (4.5):

E[Y?|S = o] = E[E[Y?|X,S = 0]|S = 0]

E [YedM|X, S = 1,A = a]

“F Ejeaxs—1,4=d

S=o0]|.
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D.2 INFLUENCE FUNCTIONS

D.2.1 ALL TRIAL-ELIGIBLE INDIVIDUALS

Write the observed data sensitivity analysis functional in (4.4) as

Ep[YedM)|X,S = 1,A = d
EplenadM|X, S =1,A = q

Ep[Yeld™|X,S = 1,A = a]]

w(a,n,) =Ep |SEp[YIX,A=a,S=1]+(1

(1-5)

= Ep[SEp[YIX,A=a,S=1]] +E, Ep[e™dM[X,S = 1,A = d

p,(a)
W2(a7na)

where we use the subscript p emphasize dependence on the law of the observed data.

The influence function for the first term, y, (a), is

wii@) = s {Ep XS =14 =)+ O S (VB XS 1A= al} | —wy, @)

where the zero subscript denotes the “true” law.
Note that ), (a) and W} (a) do not depend on the sensitivity parameters 1),; they represent the contribu-
tion of the randomized individuals.
The influence function for the second term, ,(a,n,), is
Ep, [YedV)|X, S = 1,A = q] I(S =1,A = a) Prp,[S = 0|X]
Ep,[1dM)|X, S =1,A=a]  Prp[S=1A=a|X|Ep,[e"dV|X,S =1,A = q

Ep, [Ye"dV)|X, S = 1,A = d
Ep, (€74 |X,S = 1,A = d

Wi(a,me) = (1-5)

% {Yenaq(Y) — Ep, [Yenaq(Y) X, S=1,A=d —
v {enaq(Y) _ Eo[enaq(Y)|st =1,A= a]}} ~ Yap, (a,ngq)-

With a bit of algebra, we obtain

) Ep, [YedV)|X, S = 1,A = q] I(S = 1,A = a) Prp, [S = 0|X]e"dY)
III2(aa na) = (1 -S
Ep,[e1dV|X,S=1,A=qa] Prp[S=1,A=aX]Eple"dV|X,S=1,A =]
y Ep, [YeldY)|X, S = 1,A = q] @n.)
Ep @M |X,S=1,A=qa] | Fewo Dl
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It follows that the influence function for y(a,n,) is
qﬂ(av na) = lpi(a) + lpé(a’ na)'

Remark: The second term in the expression for W}(a, n,) includes the component

Prp,[S = 0|X] y e"aq(Y)
Pry,[S=1X] = Ep,[en?M|X,S =1,A =a]

It is useful to note that, under our sensitivity analysis model, this component is equal to the odds ratio for

trial participation conditional on X and Y?, that is,

Prp, [S = 0[X] y ead) _ Pr,,[S=0|X, Y =y
Pry,[S=1|X] ~ Ep[edM|X,S=1,A=qa] Prp[S=1X,Y=y]

D.2.2 TRIAL-ELIGIBLE NON-RANDOMIZED INDIVIDUALS

The influence function of the functional in (4.5) is

1 E,, [YeldV|X, S = 1,A = q
D' (a,n,) = 53 (1—-8)q 2 ’ ’ -
(@70 = B, 5= 0] ) ! ){ Ep iV X.S—1a=a m@

I(S=1,A = a) Pry [S = 0|X]
Prp, [S = 1,A = a|X]| Ep, [e14V)|X,S = 1,A = q

Ep, [Ye"dV)|X, S = 1,A = g

Ye«adY) _ B [YelddV|X. S =14 = al —
X{ e po[ e | 9 9 a] Epo[enaq(Y)‘X’S:l’A:a]

« {enaqm — By, [€"4V)|X,S = 1, A = a]}}

1 E [Yenaq(Y)|X S=1A=dq]
e — 1— S ‘Po b ) .
Prpo [S = O] ( ){ Epo [e’]aq(Y)|X,S — l,A — a] (ppo (a)

N I(S = 1,A = a) Prp, [S = 0|X]eldY)
Prp, [S = 1,A = a|X] Bp, [V |X, S = 1,A = q]

v Ep [YeldY)|X, S = 1,A = g
Ep, [e1dM)[X,S = 1,A = d
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D.3 IN-SAMPLE ONE-STEP ESTIMATORS

D.3.1 ALL TRIAL-ELIGIBLE INDIVIDUALS
Using the results above, for binary Y and g the identity function, we obtain the following one-step in-
sample estimator for sensitivity analysis, as a function of a and 1:

. (A

D) = 230 08 {gat + 2D v gy | +

/éa(

1(S; = 1,4; = @) [1 ~ p(Xp] e {Y, e"ga(11;) }

(1 — Sj)elagq(1]X;)
elagq(1|X;) + ga(0|X;)

4L — i x Y — —— i
D(Xi)ea(Xi)[eTaga(11X;) + ga(0]X)] ' eMage(1]X;) + ga(0|X;)

where, gq(y|X) is an estimator for Pr[Y = y|X,S = 1,A = a],a € A,y € {0, 1}; p(X) is an estimator for
Pr[S = 1|X]; and e4(X) is an estimator for Pr/A = a|X,S = 1],a € A.
D.3.2 TRIAL-ELIGIBLE NON-RANDOMIZED INDIVIDUALS

For binary Y and q the identity function, we obtain the following one-step in-sample estimator for sensitiv-

ity analysis, as a function of a and 7,;:

R B n -1 p (1 _ Si)enaaa(l‘Xi)
(paug(a’ na) - { Z(l N Si)} Z e”aﬁa(llXi) + aa(O’Xi)

=1 =1

I(S; = 1,A; = a)[1 — p(X;)] e"ai - elagq(1]X;)
D(X)eq(X;) [en“/g\a(”Xi) + aa(0|Xi)} ' elagq(1/X;) + ga(0|X;) 7

where, gq(y|X), p(X), and €4 (X) are defined as in the previous section.

D.4 RELATIONSHIP BETWEEN THE EXPONENTIAL TILT AND ODDS OF SELECTION MODELS

D.4.1 RE-EXPRESSION AS AN ODDS OF SELECTION MODEL

As noted in the main text, we can re-write the model in (4.3) as

PI'[S = O‘X, Ye — y] B Pr[S — ()|X] " e’?a‘](y)

PriS=1X,Ya=y] Pr[S=1/X]  E[endV|X,S=1,A=aq]
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Taking logarithms,

logit( Pr[S = 0]X, Y* = y]) = logit( Pr[S = 0|X]) + 1,9(y) — InE[e"IV)|X,S =1,A = q], (D.1)

where for a real number u, such that 0 < u < 1, logit(u) = In (u(1 — u)~?). This shows that the ex-
ponential tilt model for the density of the potential outcomes has an interpretation as an odds of selection

model.

D.4.2 INCOHERENCE WHEN USING THE ODDS OF SELECTION PARAMETERIZATION

We now examine some practical difficulties with using the selection model parameterization directly; our
argument follows the logic of [76] (see pages 39 and 40). In the remainder of this Appendix, we focus on
sensitivity analysis for the potential outcome means in the entire target population, E[Y?]; results for the
subset of non-randomized individuals, E[Y?|S = 0], are analogous.

In view of the odds of selection formulation of the sensitivity analysis model, we might think to directly

parameterize the sensitivity analysis as

logit Pr[S = 0|X, Y* = y] = mq(X) +1,q9(y), foreacha € A, (D.2)

N Pr[S = 0|X]
Pr[S = 1|X]E[e7dV|X S = 1,A = d
curse of dimensionality, it will often be necessary to posit a model for my(X), say mq(X) = mq(X;y,)

where mg(X) is such that mq(X) =

. In practice, due to the

with finite dimensional parameter y,, [81, 76].
To identify the parameters of the selection model above, for fixed 1,,, we can use the population moment

conditions

[ I(S=1,A=aq)

{1 = expit(ma(X) + naqm)}ea(X)] ~ thoreacha e,

—1

where eq(X) = Pr{A = a|X, S = 1], a € A, and for a real number u, expit(u) = exp(u) (1 + exp(u))
Because e4(X) is under the investigators’ control and does not need to be estimated, the above moment

conditions can be used to obtain estimates (Y,,Y,), by solving the estimating equations

z”: omq(Xi;v,) I(S; = 1,A; = a)

=o0foreacha c A. (D.3)
— Iy, { {1 — expit(ma(Xi; vq) + 149 (Y7)) }ea(X; }
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For fixed 1, and g, we can then estimate E[Y"] as

Z I(S;=1,A; = a)Y;
“ {1 — expit(ma(Xi; Vo) + 149(Y3)) pea(X

The difficulty is that, in general, there exists no joint distribution for
(Y, Y°,X,S,A)

compatible with our estimates

(E[Y"), E[Y°], V1, Vo).

because, for fixed 1, and g, m;(X;y,) and mo(X;y,) are identified and estimated using different parts of

the observed data, leading to potential incoherence. More specifically, consider the sample analog of
PriS=o0lX=x] = /Pr[S = 0|X = x, Y = ylfyex(y|x)dy for each a € A,
under our odds of selection model; that is, consider

Pr[S=o0|X =x] = /expit(ma(x; Ya) +1.9Y)) }}Ya|X(y|x)dy, foreach a € A. (D.4)

Here,jAfya‘X(y]x) is such that

E[YY] = / Uy x (Y1) dyfic(x)dx for each a € A. (D.5)

Because the estimation of m; (X;y,) relies on the (X,S,S x A,S x Y) data, but the estimation of
Mo (X;Y,) relies on the (X, S,S x (1 — A),S x Y) data, in any finite dataset, it is not possible to guar-

antee that there exist densities;‘ya ix(y|x) such that (D.5) holds and at the same time, with probability 1,

/ expit(my(X:7,) + 1,q(0) lfir x (01 X)dy = / expit(mo (X: To) + Noq(y) o x (¥ X)dy.

where the above constraint is derived from (D.4) fora = 1and a = 0,

As noted in [76], some analysts may be willing to overlook the potential incoherence by treating mq(X; y,)
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as an acceptable approximation that can be improved by adaptively using more complex models with in-
creasing sample size. Informally, the incoherence disappears asymptotically, provided we use increas-
ingly flexible specifications. Other analysts, however, may be troubled by the inability to select models
mq(X;y,), such that, in a given finite dataset, the estimates are in some sense compatible with the above
constraints.

Regardless of one’s attitude towards the potential incoherence with the odds of selection in model (D.2),
the parameterization of the exponential tilt model in Section 4.3 of the main text avoids this difficulty,
while being equivalent to a particular member of the class of non-parametric odds of selection model in

(D.1).

D.4.3 DoOUBLY ROBUST SENSITIVITY ANALYSIS ESTIMATOR FOR THE POTENTIAL OUTCOME MEAN

If we are willing to ignore the potential for incoherence described in the previous subsection, or if we are
exclusively interested in sensitivity analysis for the potential outcome mean under only one particular treat-
ment a in the set A, we can obtain doubly robust sensitivity analysis estimators.

Without loss of generality, suppose that we are exclusively interested in the potential outcome mean
under intervention to set treatment to set treatment to @ = 1. And suppose that we parameterize the sensi-

tivity analysis model using the odds of selection formulation,
logit Pr[S = 0|X, Y* = y] = my(X) + n,q(y). (D.6)

Using the results in Appendix D.2, under the above odds of selection model, the influence function for

Y (1;7,) can be written as

Wi(1,m,) = Pi(1) + Wi(1,1,),
where, the first term is

wi@) = {Ep XS — 14 = 1)+ oD Yo B XS — 1A = 1} -, 1)
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the second term is

W,(1,m,) = (1 = S)bp, (X)
I(S = 1,A = 1) Prp, [S = 0|X]emd)

Y
" Prpy[S = 11X] E[ena™ X, S = 1,A = 1) Pry, [A = 1X, 5 — 1]{

- bpo(X)} - lepo(l, Th)?

and we define
Ep, [YehIV|X S = 1,A = 1]
Ep, [enIM) X, S=1,A=1]

bpo (X) =

The above expression of the influence function suggests an alternative in-sample one-step estimator of

w(1;m,),

. 1 . I(A; = 1 R .
P, (1,1y) = o Z {Si {gl(Xi) + (el(Xi)){Yi — gl(Xl-)}} + (1= 8)b(X;)
. ~ (D.7)
I(S; = 1,A; = 1)e™m ) +ma)

& (X0 X {Yi—B(Xi)}},

~

where, g, (X) is an estimator for E[Y|X,S = 1,4 = 1]; ;(X) = Pr[A = 1|X, S = 1]; b(X) is an estimator
) E[YehiY)|X S =1, A = 1] Pr[S = 0|X]
E[eniM|X,S = 1,A = 1] Pr[S = 1|X]E[endV)|X, S =1,A = 1]
In practice, g;(X) can be obtained using conventional outcome modeling methods; B(X) can be ob-

; and m, (X) is an estimator for In

tained using a weighted least squares regression of ¥ on X using weights equal to €19(Y); and m, (X) can
be obtained using the estimating equation strategy in display (D.3) for a = 1.
Suppose that g, (X), B(X), and m,(X) have well-defined limits, g} (X), b*(X), and m; (X), respectively.

We will now argue that l?)aug(l, 1,) in (D.7) is doubly robust, in the sense that it converges in probability to
E[Yeh1V)|X S =1, A = 1] Pr[S = 0|X]
E[endV)|X,S = 1,A = 1] Pr[S = 1|X] E[enIM|X S = 1,A =1’
and regardless of whether g} (X) = E[Y|X,S =1,A =1].

w(1;1,) when either b*(X) = ormi(X) =1In

First, we note that

1 n N I(Alzl) —~ . I(A:a) .
niZISi {gl(Xi) + el(Xi){Yi—gl(Xi)}} 25 E [S{gl(X) + el(X){Y_glm}}l’

and by an iterated expectation argument, it is easy to verify that, regardless of whether g;(X) = E[Y|X,S =
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1,A=1],
b [s{oi00 + T8Oy —gion} || - sEmxs - 1a -1,

because, by study design, the randomization probability, e;(X) = Pr[A = 1|X,S = 1] is known. Thus, we

have that

723 {gl I(A( {y; - gIX)}}LE[SE[Y]X,S:LA:l]]. (D.8)

Next, we note that

- _ {(1 ~ S)b(X;) +

I(S; = 1,A; = 1)em &) +ma(¥)

% {Yi—B(Xi)}} N

E|(1-S)b*(X) +

x {Y - b*(X)}] ,

and proceed to examine the term on the right-hand-side of the above expression under two possible cases.

E[YendY)|X, S = 1,A = 1]
E[eniV)|X, S = 1,A = 1]

Case 1: Suppose that b*(X) = , but we allow for the possibility that m;(X) #

N Pr[S = 0|X]
Pr[S = 1|X]E[enIM|X S =1,A = 1]
‘We have that
E ’ x {Y—b*(X
el(X) { ( )}
_ _ (X
_g|I8=14=1)" ( )YeThQ(Y)
e:(X)

I(S=1,A =1 X))  ElyemiW|X,§ =14 =1]

_E
e (X) * EemaV|X, S = 1,A — 1]

E [emr(X) E [Yeh1V)|X,S =1,A = 1] Pr[S = 1|Xﬂ

meoo ElYenM|X, S =1,A=1

—E
¢ E[eniV)|X, S = 1,A = 1]

] E[enY)|X S = 1,4 = 1] Pr[S = 1\X]]
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Thus, we obtain

X I(S=1,A=1)e™ X+ma) .
IEU—SWQE+-( e_% x{Y—b@n]:
1
=E[1-8)b"(X)]
17,9(Y) — _
—E|1-S E[Yeh!M|X, S =1,A =1] |
E[enIV|X S =1,A = 1]
and
1 - I(S; = 1,A; = 1)@ XD +ma(v) o )
P {(1 —5p)b(X;) + (%) x {Y;—bXp)}p

(D.9)

)

E( E[Yend|X, S = 1,A = 1]
E[eniM|X S =1,A = 1]

Combining the results in displays (D.8) and (D.9), we have the following result:
E[YehdM) | X S =1,A =1
) EFODIX S =14 = 1]

, th
EleniM(X, S =1,A = 1] .

E[YehiV)|X S =1, A = 1]

1-S
( ) E[eniV)|X,S =1,A = 1]

W,,(1,1,) 2> E[SE[YX,S=1,A=1]] +E

=yp(1m,).

Pr[S = 0|X]
Pr[S = 1|X] E[endV|X,S = 1,A = 1]
E[YendV)|X, S = 1,A = 1]
that b* ’ ’ .
WO X) 7 pna VX S 1A= 1]
We have that

Case 2: Suppose that m}(X) = In , but we allow for the possibility

I(S=1,A= 1)emi‘(X)+mq(Y) .
E e (X) x {Y—b*(X)}

= = = 1,9(Y)
_E I(S=1,A=1)Pr[S=o0|X]e < {Y—b'(X))
Pr[S — 1/X]e,(X) E[endM[X,S — 1,4 — 1]
I m4q(Y) - =
_E |pris — oy X XS = LA g rpys o (x)]
E[eniV)|X, S = 1,A = 1]
E[YendV)|X, S = 1,A = 1]
—E|(1- “E[(1-S)b*(X)].
(1=5) E[enIM|X S =1,A = 1] (@-8)b"(X)]
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Thus, we obtain

IS=1,A )emf(X)+n1q(Y)
+

=1
e1(X)

E [(1 — S)b*(X) x {Y - b*(X)}]

E[YehiY)|X S =1, A = 1]
ElemdV)|X,S =1,A = 1]

)

—E[(1—S

and, similar to Case 1, but under the assumptions about model specification of Case 2,

1¢ = I(S; = 1, 4; = 1) X +ma(¥y - )

n Z{“ ~ 5)b(Xi) + e (X) < (Y- bxo}
1=1

(D.10)

Ela- E[YehiV)|X S =1, A = 1]
E[eniM)|X, S = 1,A = 1]

Combining the results in displays (D.8) and (D.10), we have the following result:
Pr[S = 0|X]
Pr[S = 1|X]E[endV)|X, S = 1,A = 1]

ifm;(X) =1In , then

E[YendY)|X, S = 1,A = 1]
E[eniV)|X, S =1,A = 1]

Woe(1,1;) 2 E[SE[YIX,S=1,A=1]] +E |(1-S)

=y(1;1,).

Taken together, these two cases establish the double robustness of ,,(1,7,); see also [16] or [66] (ex-
ample 2b; page 352) for related results.

An informal summary of our results is as follows: using the parameterization choices of the main text
of this paper, we obtain an estimator that avoids the incoherence described in subsection D.4.2, but is not
doubly robust. Using the parameterization choices in this Appendix, we obtain a doubly robust estimator,
but which is subject to potential incoherence and thus most appropriate if our substantive interest is limited
to only one of the treatments in .A. In other words, to avoid the incoherence we have to pay the price of

non-robustness.
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D.5 ADDITIONAL RESULTS FROM THE CASS ANALYSIS

Figure D.1: Predicted outcome probability among randomized individuals, under different interventions. Predictions
were obtained from logistic regression models fit separately in each treatment group in the trial; predictions were ob-

tained for all randomized individuals.
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D.S.l CHOICE OF VALUES FOR THE SENSITIVITY ANALYSIS PARAMETER

Figure D.2: Counterfactual probability among S = 0 under intervention to set a = 1, for different 17 and g, (1/X)values.

g,(11X) = 0.03 (min) g,(11X) = 0.10 (25th perc.) g,(11X) = 0.15 (median)
8 ]
z z z 7
g 8- g o 2
o o o
= s 4 8 N+
T 3 g E
Q Q Q
© ] ©
b= b= t
L2 o L T L
c <97 c c
= 3 3
o [e] [e]
o O w o
O < O
T T T T T T T T T T T T T T T
-1 -5 0 5 -1 -5 0 5 1 -1 -5 0 5
n n n
g,(11X) = 0.18 (mean) g,(11X) = 0.24 (75th perc.) g,(11X) = 0.66 (max)
< 10
= = Z 2
2 g 1 g
S 1 o S ™
o (o} o
El S o S o
§ o- E 3
® 3 5
£ £ N1 T wu-
3 3 3
O - o o
~ <
T T T T T T T T T T ’ T T T T T
-1 -5 0 5 -1 -5 0 5 1 -1 -5 0
n n n

112



Figure D.3: Counterfactual probability among S = 0 under intervention to set a = 1, for different 17 and g, (1|X)values.
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Figure D.4: Sensitivity analysis using random forest models for the target population of all trial-eligible individuals in
CASS.

Yom(@; 1), JK Yorm(15 1) = Yo (05 1), JK
0.5 0.4

0.0+ -0.4 1

Solid lines connect point estimates and dashed lines connect point-wise 95% jackknife confidence intervals.
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Figure D.5: Sensitivity analysis using random forest models for the sub-population of trial-eligible non-randomized indi-
viduals in CASS.
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Solid lines connect point estimates and dashed lines connect point-wise 95% jackknife confidence intervals.
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Figure D.6: Sensitivity analysis using parametric models for the target population of all trial-eligible individuals in CASS.
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Solid lines connect point estimates and dashed lines connect point-wise 95% bootstrap confidence intervals.
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Figure D.7: Sensitivity analysis using parametric models for the sub-population of trial-eligible non-randomized individu-
als in CASS.
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Solid lines connect point estimates and dashed lines connect point-wise 95% bootstrap confidence intervals.
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Figure D.8: Sensitivity analysis using random forest models for the target population of all trial-eligible individuals in

CASS.
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Figure D.9: Sensitivity analysis using random forest models for the sub-population of trial-eligible non-randomized indi-
viduals in CASS.
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