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Several compactness results in gauge theory and low dimensional topology

Abstract

This thesis studies several compactness problems in gauge theory and explores their
applications is low dimensional topology.

The first chapter studies a connection between taut foliations and Seiberg-Witten
theory. Let Y be a closed oriented 3-manifold and F a smooth oriented foliation on
Y. Assume that F does not admit any transverse invariant measure. This chapter
constructs an invariant ¢(F) for F which takes value in HM «(Y). The invariant is
well defined up to a sign. If two foliations F; and JF» are homotopic through foliations
without transverse invariant measure, then ¢(F;) = ¢(F;). The grading of ¢(F) is
represented by the homotopy class of the tangent plane field of F, and its image in
HM ,(Y) is nonzero.

The second chapter proves a deformation invariance for the parity of the number
of Klein-bottle leaves in a smooth taut foliation. Given two smooth cooriented taut
foliations, assume that every Klein-bottle leaf has non-trivial linear holonomy, and
assume that the two foliations can be smoothly deformed to each other through taut
foliations, then the parities of the number of Klein-bottle leaves are the same.

The third chapter is more analytic in nature. It proves that the zero locus of a Z/2
harmonic spinor on a 4 dimensional manifold is 2-rectifiable and has locally finite

Minkowski content.
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0. INTRODUCTION

Gauge theory is an important tool in low dimensional topology. By studying solu-
tions to partial differential equations, such as the Yang-Mills equation or the Seiberg-
Witten equations, it gives insight into the topology of three and four-dimensional
manifolds beyond classical results.

To apply gauge theory to low dimensional topology, one studies the moduli space of
solutions to certain gauge-theoretic PDEs, and use the properties of the moduli space
to understand the background manifold. The moduli space itself usually depends on
some geometric data such as a Riemannian metric or a perturbation, but in the case
when the moduli space is compact or the boundary of the compactification is well-
understood, one can extract information from the moduli space that is independent of
the geometric data. One of the reasons that the Yang-Mills equation and the Seiberg-
Witten equations are useful in topology is that in many cases, the boundaries of the
compactifications of the relevant moduli spaces are either empty or can be understood.

This thesis studies several compactness problems in gauge theory and explores their
applications is low dimensional topology.

The first chapter studies a connection between taut foliations and Seiberg-Witten
theory. Let Y be a three-manifold endowed with a smooth taut foliation, then there
is a canonical symplectization for R x Y. The symplectic structure gives rise to a
version of perturbed Seiberg-Witten equations. Assume furthermore that the foli-
ation has no transverse invariant measure, then the symplectic form can be made
exact. The strategy of this chapter is similar to [2I]. It proves that although the
equation is defined on a non-compact manifold, the moduli space of solutions to the
perturbed Seiberg-Witten equations is compact, therefore one can define an invariant
for the foliation in the monopole Floer homology group of Y. The invariant does not
change under smooth deformations of the foliation among foliations without trans-

verse invariant measure. As an application, one can construct two such foliations that



2
are homotopic as plane fields but have different invariants, and it implies that the
h-principle does not hold for smooth foliations without transverse invariant measure.

The second chapter studies the moduli space of closed .J-holomorphic curves in
the symplectization of a taut foliation. It turns out that this moduli space is closely
related to the space of closed leaves. In general, the moduli space is not compact,
but when the foliation has Z/2 symmetry, one can extract a Z/2-invariant from the
moduli space that is invariant under deformations. This idea is used to study the
Klein-bottle leaves in taut foliations, and one can prove that the parity of the number
of Klein-bottle leaves is invariant under deformations, under certain non-degeneracy
assumptions.

The third chapter is more analytic in nature. Recently, many efforts have been
made to generalize the Yang-Mills theory and the Seiberg-Witten theory to other
gauge-theoretic equations. One of the analytical difficulties is that the relevant mod-
uli spaces are usually not compact, and the compactification is so far difficult to
understand. It has been shown by Taubes [38] [40] 39 42 [41], and Haydys-Walpuski
[18] that in many cases, the boundary of the moduli space is described by Z/2 har-
monic spinors. The zero locus of a Z/2 harmonic spinor plays an important role in
the structure of the boundary of the compactified moduli space, but unfortunately,
it can a priori be complicated. It was proved by Taubes [40] that the zero locus
must have Hausdorff codimension 2. The third chapter of the thesis proves that it is

rectifiable and has finite Minkowski content.



1. A MONOPOLE FLOER INVARIANT FOR FOLIATIONS WITHOUT TRANSVERSE

INVARIANT MEASURE

Let Y be a closed oriented 3-manifold and F a smooth oriented foliation on Y.
Assume that F does not admit any transverse invariant measure. This chapter con-
structs an invariant ¢(F) for F which takes value in HM «(Y). The invariant is well
defined up to a sign. If two foliations F; and F, are homotopic through foliations
without transverse invariant measure, then ¢(F;) = ¢(F;). The grading of ¢(F) is
represented by the homotopy class of the tangent plane field of F, and its image in
HM ,(Y) is nonzero.

1.1. Introduction. Let Y be a smooth oriented three manifold and F an oriented
foliation on Y. The foliation F is called taut if for every point p € Y there exists an
embedded circle in Y passing through p and transverse to /. When F is smooth, it
can be written as ker A for some smooth 1-form A, and the following theorem gives

some geometric and analytic characterizations of the tautness of F.

Theorem 1.1 (Rummler [31] , Sullivan [33] ). If F = ker A is a smooth oriented

foliation on' Y, then the following conditions are equivalent:

(1) For¥peY, there exists an embedded circle in'Y passing through p and trans-
verse to F.

(2) There exists a closed 2-form w on'Y such that w A A > 0 everywhere.

(3) There ezists a Riemannian metric on'Y such that the leaves of F are minimal
surfaces.

(4) There is no transverse invariant measure on F that defines an exact foliation

cycle.

Tautness can also be defined for higher dimensional manifolds, but this chapter

will only consider foliations on smooth oriented three manifolds.
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The existence problem of taut foliations on a given three manifold has been studied
for decades. By Roussarie-Thurston theorem, if Y admits a taut foliation then every
embedded sphere of Y is either nullhomotopic or isotopic to a leaf. Reeb’s stability
theorem then implies that if a reducible manifold supports a taut foliation then it
has to be 5% x S* with the product foliation. Gabai [14] proved that every irreducible
three manifold with b; > 1 supports a taut foliation. The existence problem for taut
foliations on manifolds with b; = 0, namely on rational homology spheres, is not yet
solved. It was proved in [23] that if Y is a rational homology sphere supporting a
smooth taut foliation, then the reduced monopole Floer homology HM ,(Y') must be
nonzero. This implies, for example, that lens spaces do not support any smooth taut
foliations. The theorem was proved for general three manifolds in [22] and it was
further generalized to C° taut foliations in [5].

The flexibility of taut foliations has also been studied for years. Eynard-Bontemps
[13] proved that if two taut foliations can be homotoped to each other via plane
fields then they can be homotoped to each other via foliations. On the other hand,
Vogel [44] and Bowden [6] recently constructed examples of taut foliations that are
homotopic as plane fields but cannot be homotoped to each other via taut foliations.

The proofs of the obstruction of existence of taut foliatons and of Vogel and Bow-
den’s examples rely on the following theorem. The C? case of the theorem was due

to Eliashberg and Thurston, and the C° case was proved by Bowden:

Theorem 1.2 (Eliashberg-Thurston [12], Bowden [5]). Let F be an orientable C°
foliation on'Y which is not homeomorphic to the product foliation of S* x St, then F
can be C° approximated by a pair of positive and negative contact structures. If the

foliaiton is taut, then the contact structures are weakly semi-fillable.

The non-vanishing of HM,.(Y') for taut foliations then follows from the theorem
that for a negative weakly semi-fillable contact structure on Y, the image of the

contact element in HM ,(Y) is always nonzero [22]. For the examples in [44] and [6],
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it was first proved that the perturbed contact structures are uniquely determined up
to isotopy by the taut foliations, and then the claims were proved by studying the
isotopy classes of the those contact structures.

This chapter proposes a method to study the interaction between F and the mono-
pole Floer homology without invoking Eliashberg-Thurston theorem, when F is a
smooth taut foliation. For technical reasons, one needs to assume that F does not
have any transverse invariant measure. By entry 4 of theorem this assumption
is stronger than the tautness of F. Let F = ker A, Sullivan [33] proved that F has
no transverse invariant measure if and only if there exists an exact 2-form w on Y
such that w A A is everywhere positive. Therefore, on rational homology spheres a
foliation F has no transverse invariant measure if and only if it is taut.

The idea of this chapter is inspired by [21]. For a taut foliation F = ker A on Y,
a canonical symplectic structure on Y x R will be constructed. There is a metric g
on Y x R which is compatible with this symplectic structure and having bounded
geometry. Now consider a metric on Y x R which equals g on Y x (—o0, —1] and is
cylindrical on Y x [0,00). It will be proved in theorem that a suitable counting
of solutions of the Seiberg-Witten equations gives an invariant c¢(F) € HM (Y) for
the foliation F. The invariant is defined up to a sign, and it is independent of the
choice of the 1-form A and other parameters appeared in the construction. It is also
invariant under deformations of the foliation through foliations without transverse
measure.

The construction of ¢(F) follows a similar structure as the definition of the mono-
pole Floer contact element. For a positive contact structure & on Y the contact
clement takes value in HM .(=Y). However, unlike contact structures, the foliation
F does not dictate a canonical orientation for the three manifold Y, hence the invari-

ant ¢(F) can take value in either EM.(Y) or F[-Z\/J.(—Y), depending on the choice of
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orientations and conventions. To simplify notations, the invariant ¢(F) is defined to
be an element of ﬁ]\//[.(Y) instead of ﬁ]\/L(—Y).

In section it will be proved that the grading of ¢(F) is given by the homotopy
class of F as a plane field, and that ¢(F) has a nonzero image in HM ,(Y). Therefore
the construction of ¢(F) implies the nonvanishing theorem of HM (Y (theorem
41.4.1 of [22]) for foliations without transverse invariant measure. Since taut foliations
on rational homology spheres do not have transverse invariant measure, this gives the
same obstruction for the existence of smooth taut foliations on rational homology
spheres as obtained in [23]. With some more effort, one can use the nonvanishing
theorem for foliations without transverse invariant measure to prove the nonvanishing
theorem of taut foliations when Y is an atoroidal manifold but not a surface bundle
over S'. The proof was explained to the author by Jonathan Bowden and it will be
given in section [1.7]

The invariant ¢(F) can also be used to study the flexibility of foliations without
transverse invariant measure. Section will give a construction of smooth folia-
tions without transverse invariant measure that are homotopic as plane fields but
have different foliation invariants in HM «(Y). Therefore, these foliations can not be
deformed to each other via smooth foliations without transverse invariant measure.

Besides taut foliations on rational homology spheres, smooth foliations with no
transverse invariant measure can also be constructed from Anosov flows. Let v be
a vector field on Y that gnenerates an Anosov flow, then the normal bundle of v
splits to the direct sum of a contracting subspace and a expanding subspace. The
plane field generated by v and the expanding direction of the normal bundle is then
a foliation without transverse invariant measure. As an example, let 3 is a compact
hyperbolic surface, let Y be its unit tangent bundle, then Y = I'\ PSLy(R) for some

cocompact subgroup I' © PSLy(R). Let e, ey, and e3 be left invariant vector fields



1 0 01 0 0
of I'\PSLs(R) which take value , and respectively at the

0 -1 0 0 10
unit element. Then e; defines an Anosov flow on Y, and e, represents the expanding

direction of its normal bundle, therefore ker(e®) = span{ey, e} is a foliaiton without
transverse invariant measure. Let {e!,e? €3} be the dual basis of {ej,es, €3}, then
de! = —e? A e3, de? = —2e! A €2, and de® = 2e! A €3, thus de? is an exact form that
is positive on this foliation.

It should be pointed out that for foliations without transverse invariant measure
there is a canonical way to deform the foliation to contact structures by a linear
deformation (theorem 2.1.2 of [12]), therefore the contact element of the deformed
contact class also defines an invariant for the foliation. For now it is not clear to the
author whether these two invariants are the same.

The chapter is organized as follows. Sections and [1.3| write down the perturbed
Seiberg-Witten equations that will be used to define the invariant ¢(F). Section
provides the Fredholm theory necessary for the definition of moduli space. Section [L.5]
proves a uniform exponential decay estimate for the solutions of the Seiberg-Witten
equations. This is the only step that one needs to assume that F is a foliation without
transverse invariant measure rather than just a taut foliation. A similar uniform
exponential decay estimate was also used in the definition of contact elements in
[23], which referred to the analytical reults in [21], but the analytical details were
not completely given there. In [27], in the remark after lemma 2.2.7, the analysis
in [21] was explained, but the argument was for compact 4-manifolds with contact
boundary, not for manifolds with cylindrical ends which was needed in the definition
of contact elements. The method developed in section of this chapter can also be
used to fill in the analytical details for the definition of contact elements. Section
uses the analytical results proved in the previous sections to establish the invariant

¢(F). Finally, section discusses its topological applications.
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[ would like to express my most sincere gratitude to Clifford Taubes for his patient
guidance and encouragement. I want to thank Peter Kronheimer and Tomasz Mrowka
for helping me understand their work. I also want to thank Jonathan Bowden, Dan
Cristofaro-Gardiner, Amitesh Datta, Jianfeng Lin, Cheuk Yu Mak, Jiajun Wang, and
Yi Xie for many helpful discussions. Finally, I want to thank Mariano Echeverria for

having read the manuscript carefully and given me many suggestions.

1.2. Setting the stage. From now on, let Y be a closed oriented 3-manifold and F
a smooth oriented foliation on Y. The orientations of Y and F give a co-orientation
of F. Take a smooth non-zero 1-form A such that F = ker A\ and X is positive on the
positive side of F. By Frobenius theorem, A\ A dA = 0. Since F has no transverse
invariant measure, by Sullivan [33] there exists an exact 2-form w such that w A XA > 0
everywhere on Y. Take a smooth 1-form 6 such that df = w.

Consider the cylinder Y x R, let ¢ be the coordinate of the R-component. Use the
same notations w, A, and # to denote the pull back forms on Y x R when there is no
danger of confusion. Let 2 = w + d(t\) be a 2-form on Y x R, then € is a symplectic
form. Let © = 0 + tA, then Q) = dO.

Fix a metric gy on Y such that |A[,, = 1 and A = sw. Locally w can be written

land e? are orthonormal cotangent vector fields on Y. Since

as w = e! A e where e
A A dX = 0, there is a unique py such that dA = pu; A A and (A, p1),, = 0. Now
duy A X = d(ur A N) = d*\ = 0, hence there is a unique puy such that du; = ps A A
and (g, )4, = 0.

Now define a Riemannian metric on Y x R compatible with € as follows. Notice

that Q = el A e+ dt A X+ tu; A N Take

(1.1) g=e'®e' +e®@e+ (1 +)AR N + (dt + tpy) ® (dt + tuy).

1
1+¢2
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It is easy to verify that g does not depend on the choice of e! and €2, and that it is
compatible with Q. (i.e. Q is a self-dual 2-form of length /2 under the metric g.)

Denote the Riemannian manifold (Y x R, g) by X.

Lemma 1.3. The symplectic manifold (X,Q = dO) has the following properties:

(1) X is complete.

(2) The injectivity radius of X is bounded from below by a positive number.
(3) Let R be the curvature tensor of X, then V¥R is bounded for each k.
(4) The tensor V*O is bounded for each k.

Proof. Let v = x - % + u be a tangent vector of X, where x is a real number and
is a vector tangent to the Y component of X. By the definition of ¢ and Cauchy’s

inequality:

o] - /Pl + 2 + 1

1
2\/]u|2 +1 — (z+1¢- ul(u))2 A2 ] + (14 t2)
=[t|[palul + v+t - pa(u)]

>|z|.

Therefore |v| > |z|/v/1 + z - 2, where z = sup |u1]? + 1. The length of each curve
from the slice t = =T to t =T is thus at least

T
J 1/V1+ z-t2dt.
T

Since Siooo 1/4/1 + z - 12dt = +0o0, this proves the completeness of X.
For the boundedness of V¥R and V*Q), use the moving frame method. Take an

arbitrary point ¢ on Y, choose a contractible neighborhood U, of ¢, and fix a choice
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of e* and €* on U,. Let

e =V1+12- )\,

1
4
"= ——(dt+t- .
\/1+t2( 2

Then {e',e? €3 €'} form an orthonormal basis of the cotangent bundle on U, x R.

There exist smooth functions v; on U, (i = 1,2, ..., 10), such that

det =viet ne + el AN+ 32 AN,

de? =vpet ne +vsel AN+ gl AN,
1 2
p = vre +rge,

1 2
Mo = Vvge + Vpge.

By schrinking the neighborhood U, if necessary, assume that V*v; is bounded for

each k. A straight forward calculation shows:

r

1 _ 1, .2 vo 1 . .3 v 2 , .3
de me nett+ gEme Aet+ Eaet Al
2 _ 1,2 vs 1 . .3 Ve .2 . .3
=uyze A A A
(12) <ale pe Ne+ s e Aet+ et Al
3 t oA 3 wr 1 .3 ws .2 . 3
de = aEf Ne +Ee Aett imet Ae
4 _ 1 .4 1 2 _ _t .3 1 2
\de = 132¢ A (vre' + vge?) € A (vge! +vyge?).
Write
de’ = al, el A ek
— e 7
j#k
such that a’, = —a);, then the equations above imply that V™a?, is bounded for
each m.

Suppose Ve' = w} ® €7, then the connection matrix {wf } can be calculated from

{al,} by the formula

i k i i\ Lk
wj = (—aj; + ay; + ajy)e”,
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k

and the curvature matrix under the basis {e'} is given by dw! —wF A wi. Since aék and

their exterior derivatives are bounded, it follows that under the basis {¢'} the matrix
of V¥R are bounded on U, x R for each k. This proves the boundedness of V¥R on
U, x R. Since Y is compact, it is covered by finitely many such U,’s, therefore V¥R
are bounded on X =Y x R.

For the estimates on ©, write 0 as
0 = 1/1161 + 1/1262 + 1/13)\,

then

1 2
0= v11€ + vige” +

and the same calculation proves the boundedness of V*©.

For the lower bound on injectivity radius one needs the following theorem:

Theorem (Cheeger-Gromov-Taylor [9]). Let (M, g) be a complete Riemannian man-

ifold, let K > 0 be a constant such that the sectional curvature of M is bounded by

K from above. Let 0 < r < 4\/7%. Then the injectivity radius at each point p € M

satisfies the following inequality:

B Vol( Bu (p, 1))
(1.3) )2 B (1) + Vol an( By (0,27)

Here Volp, v (Br,0(0,2r)) denotes the volume of the ball of radius 2r in T,M , where
both the volume and the distance function are defined using the pull-back of the metric

g to T,M via the exponential map.

Back to the proof of lemma Let K > 0 be an upper bound of the sectional
curvature. For each point ¢ € Y, let L, be the leaf of F through ¢, the metric on L,
is taken to be the restriction from gy. Let € = inf,y inj(L,). Since Y is compact,

€ is positive. Take a positive constant r such that 0 < r < min{llk,e, 1}. Let
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p = (q,t) € X. The following argument will show that inj(p) is bounded from below
by a positive constant independent of p. Without loss of generality, assume [¢| > 1.

By the volume comparison theorem, there is a positive constant z; depending only

on K and r such that
(1.4) Volr, x (Br,x(0,2r)) < z1.

Let D(q,7/3) be the open disk of radius /3 on L, centering at ¢, Let

r

3v/1 +t2}'

Then the distance from each point in U to D(q,r/3) under the metric gly «gy is less

U = {z e Y|disty,(x, D(q,7r/3)) <

than r/3, thus the distance from each point of U to ¢ is less than 2r/3. Therefore,
Bx4(p,r) 2 U % (7Bt eBt).

The volume of U under the metric gy is bounded from below by a constant multiple
of 7/(3+/1 + t2) where the constant depends only on gy and F, thus the volume of
U x (e73t,e"3t) under the product metric of ¥ x R is bounded from below by a
positive constant. Notice that the volume form of the product metric on ¥ x R is
the same as the volume form of g. Therefore

(1.5) Vol(Bx (p, 7)) > —

zZ9

for some positive constant z, depending on F, gg and r. The lower bound of injectivity

radius of X follows immediately from ((1.3)), (1.4)), and (1.5]). O

Remark 1.4. The fact that the injectivity radius of X is bounded from below could
be counter intuitive because of the factor HLtQ in the definition of ¢g. In fact, by the
proof of lemma [1.3| one can visualize the geometry of X as follows. First consider

the three manifold Y with the metric gg. For any x € Y, r,e > 0, let L, be the leaf
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of F containing x with the induced metric from gq, let D, be the r-neighborhood of
x in L., and let D,(€) be the € neighborhood of D, in Y. When r is fixed and € is
small, D, (¢) looks like a thin slice near D,. Now let o > 0 be a lower bound of the
injectivity radius, then a normal neighborhood of X centering at (g,t) with radius
ro contains the set Dro/g(g:ﬁ) x (e7m0/3t, er0/3t). When t is large, this looks like a

thin slice near a portion of the leaf containing x times a long interval.
The rest of this section gives some technical definitions for later reference.

Definition 1.5. Let M be a noncompact Riemannian 4-manifold possibly with
boundary. Then M is called a cylindrical end if M is isometric to Y, x [0, +x)

with the product metric.

Definition 1.6. Let M be a noncompact Riemannian 4-manifold possibly with

boundary. Then M is called a symplectic end if the following conditions hold:

(1) 0M is compact, each geodesic ray on M either intersects M or can be ex-
tended infinitely.

(2) There is an open neighborhood Z of dM such that Z has compact closure
and inj(M) is bounded away from zero on M — Z.

(3) Let R be the curvature tensor of M, then V¥R is bounded for each k.

(4) There exists an exact symplectic form 2 = d© which is compatible with the

metric on M, such that for each k, the tensor V*© is bounded.

Definition 1.7. Let M be a complete manifold, and Z < M an open submanifold
such that Z is a manifold with boundary. A component of M — Z is said to be a
symplectic end of M if it is a symplectic end as defined in definition [1.6] and the
symplectic structure extends to a neighborhood of the component. The component
is said to be a cylindrical end of M if it is a cylindrical end as defined in definition

and the product metric extends to a neighborhood of the component.
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Whenever a manifold M is said to have symplectic or cylindrical ends, it will always

be assumed that the subset Z has been specified in advance.

Remark 1.8. The definition of symplectic ends is a generalization of the AFAK struc-

ture discussed in [21].
By lemma[1.3} X is a manifold with symplectic ends.
1.3. The Seiberg-Witten equations.

1.3.1. Spin® Structures. For any oriented Riemannian 4-manifold M, the positively
oriented orthonormal frame bundle is a principal SO(4) bundle, denote it by P. A
Spin® structure s on M is a lifting of P to a principal Spin“(4) bundle. Denote the
set of isomorphism classes of Spin® structures on M by Spin®(M).

Although the definition of Spin® structures depends on a choice of metric, the
following well-known lemma shows that different choices of metrics give essentially

the same set of Spin® structures:

Lemma 1.9. Let My, My be two oriented Riemannian 4-manifolds, let o : My — My
be an orientation-preserving diffeomorphism. Then the pull back map p* defines a

bijection from Spin°(Ms) to Spin®(My). O

Once a Spin® structure s on the 4-manifold M is chosen there are some standard
constructions. This subsection briefly summarizes them in order to fix notations. For
details, see for example [26]. The notations here are mostly following [22]. There are
two maps from Spin©(4) to U(2), thus s gives rise to two associated C? bundles ST and
S~. The bundle S = S* @ S~ is called the spinor bundle. There is a Clifford action
p: TM — Hom(S, S) induced by the Spin® structure, which satisfies p(X)? = —| X|?.
The action p extends to T*M and A?T*M by the Riemannian metric. The bundles

St and S~ are labelled so that A2T*M acts nontrivially on S™.
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A unitary connection A on S is called a Spin® connection if V4p = 0, where the
connection on T'M is taken to be the Levi-Civita connection. Every Spin® connection
decomposes as a sum of unitary connections on ST and S~, and it induces a con-
nection on det(S*). Conversely every unitary connection on det(S™) is defined by a
unique Spin® connection on S. Use A’ to denote the connection on det(S™) defined
by A. If A is a Spin® connection on S, use D4 to denote the Dirac operator defined
by A.

There is a similar definition for Spin® structures on 3-manifolds. Notice that
SO(3) = SU(2)/{+1} and U(2) = SU(2) x U(1)/{+1}, hence there is a map from
U(2) to SO(3) given by projection to the first component. A Spin® structure on a
oriented Riemannian 3 manifold Y is defined to be a lifting of the oriented orthonor-
mal frame bundle to a U(2) bundle. If tis a Spin® structure on a 3-manifold Y, its
spinor bundle is t xy;2) C? and there is a Clifford action p : TM — Hom(S,S). A
unitary connection B on the spinor bundle is called a Spin® connection iff Vgp = 0.

If M is a Riemannian 4-manifold with a compatible symplectic structure, then

there is a canonically defined Spin® structure on M such that

S+ _ T0,0 M(_BTO,Q M,

S~ =T% M.

On this canonical Spin® structure, there is a canonical section of S* given by 1 €
(M, T%% M), and there is a canonical Spin® connection Ag on S such that D 4,®g = 0
(cf. [19]).

1.3.2. Configuration spaces. 1f M is a manifold with each end being either symplectic
or cylindrical, this subsection defines a suitable configuration space on M for the study
of moduli spaces. First, following notations of [2I], define a configuration space on

compact manifolds:
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Definition 1.10. If t is a Spin® structure on a compact 3-manifold N, let S be
the spinor bundle. Define Ci(N,t) to be the set of pairs (B,) such that B is a
locally L? Spin“-connection for t, and 1) is a locally L? section of S. Define C(N,t) =
Ni=1Ck (N, 1).

Definition 1.11. If s is a Spin® structure on a compact 4-manifold M, let S be
the spinor bundle. Define Ci(M,s) to be the set of pairs (A, ¢) such that A is
a locally L? Spin®connection for s, and ¢ is a locally L% section of ST. Define

C(M75) = ﬁk’zlck(M75)'

Now suppose M is a Riemannian 4-manifold with each end being either symplectic
or cylindrical. Let H; be its cylindrical ends and G; be the symplectic ends. Let s be
a Spin® structure on M such that s|¢; is isomorphic to the canonical Spin® structure
on G;. Let 7; be an isomorphism from s|¢, to the canonical Spin® structure on Gj,
and assume that 7; can be smoothly extended to a neighborhood of G;. For later

references, the following definition gives a name to such structures.

Definition 1.12. The structure (s, {7;}) satisfying the assumptions above is called

an admissible Spin® structure on M.

Notice that M has the product metric on each H;, therefore the restriction of s to H;
is the product Spin® structure given by a Spin® structure t; on Y, as described in [22]
p. 89]. The spinor bundle of t; is isomorphic to S*|g,. If (A, ¢) € Cr(H;,s|H;), then
by restriction to each slice it defines a path (B(t),1(t)), where the (B(t), Spin®(t)) €
Ce1 (Y, ).

The following space is the suitable configuration space for the purpose of this

chapter:

Definition 1.13. Let M be a manifold with each end being either symplectic or

cylindrical, let (s, {r;}) be an admissible Spin® structure, let A; be the pull back of
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the canonical connection by 7;, let ¢; be the pull back of the canonical section by ;.
Let r > 0 be a real number. Define Cy(M,s,r, {7,}) to be the set of pairs (A, ¢) such

that:

(1) Ais alocally L? Spin°-connection for S, ¢ is a locally L? section of S™.

(2) On each symplectic end G,
A—Aje LGy, iT*M),

¢ —+roje Li 4 (G;, 7).

(3) For each cylindrical end H;, the restriction of (A, ¢) on H; gives a path in

Cr—1(Y, t;) which converges to some point in the configuration space of (Y, ;).

Define C(M,s,7,{7;}) = nk=1Cr(M, 5,7, {7;}).

1.3.3. Strongly tame perturbations. In [22 p. 85], the Chern-Simons-Dirac functional
L is defined on C(Y,t) once a base connection By is chosen. A class of tame per-
turbations of L is then studied and they played a crucial rule for the regularity of
the moduli spaces. For the purpose of this chapter, however, a stronger version of
tameness needs to be introduced. Later a version of Seiberg-Witten equations will
be defined on manifolds with each end being either symplectic or cylindrical using
strongly tamed perturbations.

Notice that if q is a perturbation of the gradient of the Chern-Simons-Dirac func-
tional, then it defines a perturbation (g°, ') on the cylinder Y x [0,1]. (See secion
10.1 of [22)).

Definition 1.14. A perturbation q of £ is called strongly tame if

(1) It is a tame perturbation as defined in definition 10.5.1 of [22].

(2) There is a constant mg such that

14°(A, @) |0 < mo([]co + 1)
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for all (A,¢) € C(Y x [0,1],¢), where t is the product Spin® structure on
Y x [0, 1] defined by t.

(3) There is a constant m; such that

14" (A, @)llco < ma
for all (A4, ¢) e C(Y x [0,1],).

Using the calculations in [22] p. 176] it is straight forward to verify that the cylin-
drical functions constructed in section 11.1 of [22] are strongly tame, therefore all the
results about the class of tame perturbations proved in [22] works for strongly tame
perturbations. In particular, a Banach space P of strongly tame perturbations can
be defined so that the conclusions of theorem 11.6.1 of [22] is satisfied, and moreover

for every ¢ € P the norm of q satisfies

(1.6) 1°(A, ) o < [all (I¢lco + 1),

(1.7) 14" (A, ®)llco < lal,
for all (A,¢) e C(Y x [0,1],t).

1.3.4. Perturbed Seiberg-Witten equations. Let M be a Riemannian 4-manifold with
each end being either symplectic or cylindrical, let H; be the cylindrical ends and
G be the symplectic ends. Let (s, {r;}) be an admissible Spin® structure on M. Let
r > 0 be a constant. This section defines a perturbed version of Seiberg-Witten
equations on Cy(M,s,r, {r;}) when k > 5. The reason to take k > 5 is to ensure that
the elements in Cy(M,s,r, {7;}) are in C*.

For (A, ¢) € Cp(M,s,r,{7;}), define the Seiberg-Witten map

3(A,¢) = (p(F.) — (¢¢")o, Dag).

By definition, §(A, ¢) is a section of isu(S*) ® S~.
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Recall that in the end of subsection [1.3.3, a Banach space P of strongly tame
perturbations was defined, and the norm of P satisfies and. Definition
22.1.1 of [22] defined a class of admissible perturbations as one of the ingredients
in the definition of monopole Floer homology. A straight forward modification of
theorem 15.1.1 and proposition 15.1.3 of [22] shows that admissible perturbations
form a residual subset of P. Now define a perturbation on the cylindrical ends as
follows. Take an admissible perturbation q¢ € P for each Spin® structure t on Y.
The choice of q¢ will be fixed for the rest of the chapter. Use ¢, to denote the
corresponding 4 dimensional perturbations on Y x R. For each cylindrical end H;,
take another element p; € P such that ||p;| < 1. The perturbations p; do not have
to be admissible, later they will be chosen to obtain transversality. Let p; be the 4
dimensional perturbations corresponding to p;.
Next, define a perturbation on the symplectic ends. For each Gj, let ; be the
corresponding symplectic form, let ¢;, A; be the pull back of the canonical section and

the canonical Spin® structure via 7;. Define a perturbation 4; € C* (G}, isu(S*)®S™)

such that
5 = (=r(0;67)0 + p(F},).0)
(18) = (= To() + plF3).0)

Finally, glue these perturbations together. For each end H;, the perturbation g;
extends smoothly to a neighborhood H; of H;. Similarly each @; extends smoothly
to a neighborhood G’ of Gj. Let n > 0 be a smooth cutoff function on M such
that suppn = (UG)) U (UH]) and n = 1 on a neighborhood of (UG;) U (VH;).
Let p = 0 be a nonzero smooth function on (0, +00) with compact support, and let

t; : H; — [0, 400) be the projection, take 7; = p o t;. Define

(1.9) ﬂZUZ@i+UZﬁj+Zﬁiﬁi-
i j i
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The Seiberg-Witten equation that will be considered in this chapter is then an equa-
tion on (A, ¢) € Ci,(M, s, {7;}) which reads as:

(1.10) 3(A, 0) = (A, ¢).

Notice that any section ¢ € I'(G;, S*) can be decomposed as

(111) 6= (65 71(0) +77(9))

where a € I'(G;,C) and § € T'(G,;, T%* G;). For any Spin® connection A on G}, define

a unitary connection V’;, on T%?G; as:
Vis= (Vos) ), VseO®(G;, T G)).

On the other hand, a = A— A, is an iR valued 1-form it gives a unitary connection on
the trivial C-bundle on G;. Given (A, ¢) € Cx(M, s, r, {7;}), define the energy density

function E on the symplectic ends as:
E =1~ af =8P + 81> + [Vaal® + [VuB[ + | Fu”.

If k > 3, then for each for each (A, ¢) € Cx(M,s,r, {7;}) the sections (1 — «), 5, and

a are in L7 4 n C” , therefore

J FE < +o0.
G.

J

1.4. Fredholm theory. Let M be a manifold with only symplectic ends, and sup-
pose (s, {7;}) is an admissible Spin® structure. This section studies the Fredholm
theory for the operator § on Cy(M,s,r, {7;}). As before, assume that k > 5. The
argument in this section is a slight modification of the arguments of Kronheimer and
Mrowka in [21].

The space Cy(M, s, r, {7;}) is acted upon by the following gauge group

Gr1={u: M —>C*{lul =1and 1 —ue L}
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Using standard techniques of gauge theory (see lemma 1.2 of [43], for example), it
is straight forward to prove that if a, b € Cy(M, s, 7, {7;}) and if there is a locally L?
gauge transformation u such that u(a) = b, then u € Gy.

Fix a pair (A4, ¢) € Cx(M,s,r,{7;}), and let | < k. Let {G,} be the ends of M, and

let Ay be an extension of the pull back of the canonical connections on UG;. Define

01 : L1 (iR) — L7 (iT*M) @ Lj 4, (ST),

0y + Lipa (T M) @ Lilyy 4,(S™) — Li(isu(S™)) @ Li 4, (S7),
as

01(f) = (=df, f¢),
0a(a, ) = (2p(d"a) — (¢¢" + ¢¢*)o, Da + p(a)e).
Then 6; and 09 are the tangent maps of the gauge transformation and the Seiberg-
Witten map.
The Seiberg-Witten equations used in this chapter follow the conventions of [37].

It is different from the Seiberg-Witten equations used in [21] by a coefficient of 2. To

apply the calculations in [2], define the isomorphisms
o iT*M@ST > T*Me S+
(a,) = (a,0/V2),
oy isu(ST) DS —isu(ST)@ S

(5,) = (5/2,0/V2).

Let ) = 0106, 6, = 0y00,00,". Then

5(f) = (- df,f(%)),
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(ap) = (pld"a) = (5" + - o Dag + pla) ).

Now ¢} and ¢4 become the linearized Seiberg-Witten operators at (A, %) as in the

conventions of [21]. Let (67)* and (d5)* be their formal dual. Let 2 = (§7)* + 04 and
9% =8 + (85)*.

The goal of this section is to prove the following proposition.

Proposition 1.15. Let M be a manifold with symplectic ends. There exists a con-

stant ro depending on M, such that when r > rq, the map

D L (iT"M) @ Lijiy 4,(S7) — Li(iR) @ Lj (isu(S™)) @ Li 4, (™)

I+1

is always a Fredholm operator for any (A, ¢) € Cp(M,s,r,{r;}) and 0 <1 < k. Let
e(M,s,{7;}) be the relative Euler number where the trivilizations on the ends are the

pull back of canonical sections via {7;}, then the index of 7 equals e(M,s,{T;}).

Definition 1.16. Let E, F' be two vector boundles over M with smooth unitary
connections Ag and Ap. Let k be a positive integer, let » > 0. An operator D :

C*(E) — L2

loc

(F) is called (k,r)-admissible if the following conditions hold:

(1) D=10Va, +T, where t : T*M ® E — F and T : E — F are bundle maps
with bounded norm.

(2) For VO <! < k, D extends continuously to a map
D Ll2+1,AE(E) - LZQ,AF(F)'

(3) (Regularity) For VO < [ < k, if Ds = wu in the sense of distributions, and if
s € L*(E), ue L}, (F), then s € L}, 4, (E). Moreover, there is a constant

C' independent of s such that

(1.12) Isllzz,, . < C(Dslzz, + lslze).
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(4) There exists a bundle map R € Hom(E, F'), such that

(1.13) J |Ds|?* = J IV a,8* +7[s]* + (Rs, s)
M M

for every compactly supported s € Li A, (E),and there exists a compact set

Z < M such that |R| <r/2on M — Z.

Lemma 1.17. There exists a constant rq > 0 such that if r > rq, then the operators

P and Z* are both (k,r/2)-admissible.

Proof. Condition 1 of admissibility comes from definitions of ¥ and Z*, condition 2 is
proved by Sobolev embeddings, condition 3 follows from standard elliptic regularity.

Conditions 4 follow from Propositions 3.8 and 3.10 of [21]. O

Proposition 1.18. If an operator D and its formal dual D* are both (k,r) admissible,
then for 0 <1<k, the map D : L}, 4 (E) — Lj . (F) is Fredholm, and ind D =
dim ker D — dim ker D*.

To prove the proposition one needs the following two lemmas.

Lemma 1.19. Let D be a (k,r) admissible operator. If a sequence {s;} < L} , (FE)

satisfies

Isiz2 <1,

Ds; — y in L*(F).

Then there exists s € L*(E) such that s; — s in L} 4 _(E) and Ds = y.

Proof. By standard elliptic regularity, there exists a subsequence converging to some

in L?

i,.. Denote the subsequence by the same notation s;. The limit

: 2
section s € L7,

s satisfies

[slze < limsup [s;]z2 <1,

1—00
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Ds = y as distributions.

Therefore by the regularity of D, the section s € L% Ap-

Let u; = s; — s, then

(1.14) sz < 2,

1—0
and since s; — s locally in L?,

(1.16) lim j w2 = 0
1—>00 J

for any compact subset J < M. For any set S < M, denote the interior of S by S°.

Let 3, be a sequence of compactly supported Lipschitz functions such that
1>Bn+l>ﬁn>oa

supp B, < Bk (1)°,
s ()" =M,

IV B,| <

S

Such a sequence [3,, can be constructed for example as follows. Let x be any point on
M, let d, be the distance function to z, let n : R*® — R>Y be a Lipschitz function
such that |Vn| < 1, suppn < [0,3], and n = 1 on [0,1]. Then f, can be defined by
Bn = n(da/n).

Let Z be the compact set in definition Take a number m such that Z <

B-1(1)°. For any n = m, equation (1.13)) gives

(B = Bm)uilze + 1V ag ((Bn — Brn)us) |72



:men—@wmw;—j?wn—@m%meu»

:
<Dwirw4ﬂm—@d®W)%+—Lﬁm—ﬁmﬂw?

2
Thus
T 1
31 (B = Br)uiliz < || Dugl 72 + 3 " sup [0 - ] 2

Let n — oo, this gives
2 2 2 2 2 2
I~ Bl < 21Duls + o -sup f? -
Therefore
Juil7e < 2] Bmuiliz + 21 — Bm)us| 72
< 2Bl + 2| Duel2s + — - sup of? - 2.
r m2r
Take m > \/g -sup [¢], then

8
Juillz> < 4] Bmuilz + ;HDUZ’H%2'

By (1.15) and ({1.16]), this proves llirg |ui| 2 = 0. Hence the regularity of D implies
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that u; — 0 in L} , (E), therefore s; — s in L7 4 _(E) and the lemma is proved. [

Lemma 1.20. If D is a (k,r) admissible operator, then the map
D I}, (E) — LA(F)

has finite dimensional kernel and closed range.

Proof. The lemma implies that the unit ball of ker D is compact, therefore ker D

has finite dimension.

Now let y; be a convergent sequence in Im D, let y = lim y;. Take a sequence {s;}
1—00

such that Ds; = y; and s; L ker D in the space L} ,_(E).
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If ||s;]| 2 are bounded then lemma asserts that {s;}i>o has a convergent subse-
quence in L 4 _(E), hence y € Im D.

If ||s;] 12 are not bounded, without loss of generality assume that
hrn HSZ'HLQ = 00.
1—00

Take u; = s;/||si|r2, then Du; — 0, |ul|zz = 1. Lemma then asserts that a
subsequence of u; converges to an element of ker D in L} , (E), contradicting the

assumption that s; L ker D. O

Proof of proposition[1.18. First prove the result for [ = 0. In this case, every ele-
ment u in the L? orthogonal complement of Im D satisfies D*u = 0 in the sense of
distributions. The regularity of the operator D thus imples v € L3 , (F). On the
other hand, every element of ker D* is perpendicular to Im D in the L? norm. Hence
Im D+ = ker D*. Apply lemma to D and D*, this proves that D is Fredholm
and dim coker D = dim ker D*.

The result for 0 < [ < k follows from the regularity of D. In fact, let R; be the
image of D : L}, 4 (E) — Lj,, (F), then R, = Ry n L} 4 (F) and the result for
I = 0 implies that R, is a closed subspace of L}, (F) of finite codimension. Since
Ry is dense in Ry under the L? norm, the codimension of R; in L}, (F) equals the

codimension of Ry in L*(F). O

Corollary 1.21. Let rg be as in lemmal|l.17 and assume r > rq, then & and Z* are

Fredholm operators. O

The rest of this section calculates the index of . The following lemma proves the

index formula when the relative Euler number e(M, s, {7;}) is zero.

Lemma 1.22. Let ry be as in lemmal1.17 and let r > rq. If

6(M75> {Tj}) =0,
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then ind 7 = 0.

Proof. Since e(M,s, {1;}) = 0, there exists an element
(A,0) € Ce(M,s,1,{7;})

such that |¢| > 1/2 everywhere. Define

(A, @) = (A, \/r¢) € Cu(M, 5,7, {7;}).
For sufficiently large r, (A, ®) satisfies

1

(L17) [®(x)* > 5 max <\Ri0(l’)| +[%2(x)] + %IS(SL’N + %|FA<x)‘

x

+ Va0 (@)| + | Dad(x)])

where Z is the tensor defined from the Weyl curvature as in proposition 3.10 of [21].
By lemma 3.11 of [21], inequality implies that both ¥ and Z* have trivial
kernel, hence by proposition the operator & defined at (A, ®) has ind 2 = 0.
Since the index is invariant under homotopy, this implies ind ¥ = 0 at every point of

Ci(M,s,r,{1;}). d

To calculate the index for the general case, one needs the following lemma:

Lemma 1.23. Let (Mi,s1) and (M, s9) be two 4-manifolds with Spin® structures.

Then there exists a Spin® structure s1#s5 on My#M,y, such that

S19S2| My —pt = S| My—pts 0= 1,2.

Proof. Define a new metric on M; — pt and My — pt such that the ends of the two
manifolds are cylinders S% x [0, c0) with the standard product metric. By lemmal|1.9]
51 and s, pulls back to Spin® structures on M; — pt and M, — pt with the new metric.

On the end of M; — pt the Spin® structure is a product Spin® structure given by a
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Spin® structure on S3. Since H'(S?) = H?(S3) = 0, there is only one Spin® structure
t on S? up to isomorphism, and any self-isomorphism of t is homotopic to identity.
Therefore up to homotopy there is a unique way to glue the Spin® structures on the
ends of M; — pt and M, — pt together and that gives the desired Spin® structure
51752 U

Lemma 1.24. If M is a manifold with symplectic ends, and suppose that (s, {7;})
are given, then there exists a closed 4-manifold with a Spin® structure (N,sy) such

that B(M#N,ﬁ#ﬁjv, {Tj}) =0
Proof. By lemma 28.2.3 of [22], for any compact 4-manifold with a Spin® structure,
. 2 1
(ea(5%) = 7(87)?)[N] = =7 (2() + 30 (V).

Therefore for two given compact 4-manifolds with Spin® structures (N, s;) and

(N2, 82) one has the following identity:
Cco(N1#Na, ST)[N1# No| = co(Ny, Sy )[N1] + ca(Na, Sy )[No] + 1,

where S, S7 and Sy are the spinor bundles for s;#s6,, §1, and s,. Since connected

sum is a local construction this also proves

e(M#N,s#sn,{1;}) = e(M,s,{1;}) + co(N,ST)[N] + 1,
therefore one needs to find compact manifolds (N, sy) such that
(1.18) co(N,ST)[N] = —e(M,s, {r;}) — 1.

Notice that ¢;(ST) can take any characteristic element in the intersection form.
Therefore there is a Spin® structure on CP? such that ¢;(S*) equals a generator
of H?(CP?,7Z), and for this Spin® structure ¢, = —2. On the other hand the canoni-

cal Spin® structure on CP? has a nowhere vanishing section and therefore ¢, = 0. By
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taking connected sum of these two Spin® structures, one can easily construct a closed

manifold (N, sy) satisfing (|1.18). Hence the lemma is proved. O

Proof of proposition[1.15. The Fredholm property of 2 is already contained in Corol-
lary [1.21] the rest of the proof gives the index formula.

If e(M,s,{r;}) = 0, the index formula follows from lemma [1.22] If (M,s) is a
closed manifold with a Spin® structure, it is well-known that ind D = e(M, s) (see for
example lemma 27.1.1 and lemma 28.2.3 of [22]).

For the general case, let M be a manifold with symplectic ends, let (s, {7;}) be the
compatible Spin® structure. By lemma there exists a closed manifold N with a
Spin® structure sy such that e(M#N, s#sy,{7;}) = 0. Let (M’,s)r) be an arbitrary
closed manifold with a Spin® structure. For a manifold X with symplectic ends and
a compatible Spin® structure, use indx to denote the index of the corresponding

operator D. Then the excision property of index implies
indy, = indy; — indM/#N + indM#N .

Therefore the index formula for the general case follows from lemma and the

index formula for closed manifolds. O

1.5. Exponential decay of solutions. Let M be a manifold with each end being
either symplectic or cylindrical with an admissible Spin® structure (s, {r;}). The
purpose of this section is to establish an exponential decay estimate for solutions of
equation (1.10) in Cx(M,s,r, {7;}). As before, assume that k > 5, therefore on each
symplectic end G,
(1.19) f E < 4.
Gj
By definition, the compatible symplectic structure on each symplectic end G; can

be extended to a neighborhood of GG;. Let Ay be a smooth extention of the canonical
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connections from the symplectic ends to (M, s) such that on the cylindrical ends A,
is in temporal gauge and is invariant under translations. For the rest of the section,
the connection Ay will be fixed. Let &y be the pull back of the canonical section on
uGj.

Let ¢ = /7 (®o - 7fa + 77f3) be the decomposition of ¢ on G; as in (L11). Let
a=A—A,.

Let K > 0 be an upper bound of the sectional curvature of M, let ¢; > 0 be positive
numbers such that the compatible symplectic structure on each symplectic end G; can
be extended to the ¢;-neighborhood of G;. Let ¢y = min{inj(W), 7/(2VK), mjin €j, 1}.
For each x € M, consider the Gaussian normal coordinates centered at x with radius
€. Let {ggf)}1<i7j<4 be the metric matrix under this coordinate frame. Since M has
bounded geometry, for each k = 0 the functions o gi(f) are uniformly bounded for any
x.

To avoid excessively wordy explanations for the dependence of constants, the fol-
lowing conventions will be assumed for the rest of the chapter: when a constant
is said to be depending on a manifold M with each end being either symplectic or
cylindrical, it means the constant depends on the manifold M and the admissible
Spin® structure (s, {7;}), the choice of the perturbation g, the cutoff functions in the
definition of equation , and the choice of the connection Ay. The notations z;
will denote constants that only depend on M. It is always assumed that r > rg,
where 7( is a positive constant sufficiently large so that the estimates will work. The

value of ry may increase as the argument moves on, and ry depends only on M.

1.5.1. Conwvergence of configurations. This subsection defines a version of convergence
up to gauge transformations, and provides a sufficient condition for the existence of
convergent subsequences. The result might be obvious to experts, but a proof is given

here for lack of a direct reference.
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Definition 1.25. Suppose {(M,, g,)}n>1 is a sequence of complete oriented Riemann-

ian 4-manifolds. For each n, let p, be a point on M, let s,, be a Spin® structure on

M,, and S,, be the corresponding spinor bundle, and p,, : TM,, — Hom(S,, S,) the

Clifford actions. Let A, be a locally L? Spin°-connection for s,, let ¢, be a locally
L3 section of S;f.

The sequence {(M,, gn, Pn, Sny Any @) =1 18 said to be convergent to another con-

figuration
(M, g,p,s, A, ¢)

up to gauge transformations, if there exists a sequence

{(drw Una Vna Pns @n: un)}n21

such that the following conditions hold:

(1) For any n, the element d, is a positive number, and lim d,, = 4. The
n—aoo

element V,, is an open neighborhood of p,,, and U, is an open neighborhood

of p. The open sets V,, and U, satisty By, (pn,d,) < V,, and By(p,d,) < U,.

The element ¢, is a diffeomorphism from U, to V,, mapping p to p,,. Moreover,

for each compact subset K of M,

lim @7 (gn) = glomw,nry =0, ¥meN.

(2) The element @, is a map from S,|y, to S|y,, which is a smooth isomorphism

of vector bundles lifting ¢,,. Moreover, for each compact subset K of M,

T [ (pn) = plemwanm) = 0, YmeN

(3) The element u, is a gauge transformation of s, on V,. Moreover, for each

compact subset K of M,

lim 35 (un (A 60)) = (A, )l emvanscy = 0, ¥m e N
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Definition 1.26. A sequence of pointed complete Riemannian manifolds

{<Mn7 9n, pn)}nZO

is said to have uniformly bounded geometry if the following conditions hold:
(1) There exists €y > 0 such that for all n, the injectivity radius of M, is greater
than €.
(2) For each integer k, there is a constant Ny > 0 such that the norm of the k'
covariant derivative of the curvature tensor of M, is bounded by N, for every

n.

The following result is essentially a properness property for the Seiberg-Witten

map.

Proposition 1.27. Let {(M,, gn, pn)}n=1 be a sequence of pointed complete oriented
Riemannian 4-manifolds with uniformly bounded geometry, let ey be a positive lower
bound of their injecticity radii. Let s, be a Spin® structure on M, let A, be locally
L? Spin®-connections for s, and ¢, be locally L? sections of S;". Assume that there

exists a constant C' > 0 such that for every point x € M,,
(1.20) f |Fa | < C,

B]\/In (LB,E())
(1.21) |¢n(2)] < C.

Moreover, assume that

(1.22) Dy, (¢n) =0

for each n, and assume that §(A,, ¢,) is smooth for each n and there is a sequence

of positive numbers Cy such that



33

Then there exists a subsequence of {(My, Gn, Pn,Sn, An, On)tns1 which converges to

some (M, g,p,s, A, ¢) up to gauge transformations in the sense of definition .

Remark 1.28. The assumption ((1.22)) is not essential. However, if D4, (¢,) is not 0,
one needs to be more careful about the formulation of ((1.23)). Since this chapter will
only use the result when (|1.22) is satisfied, the more general statement will not be

discussed here.

Proof. Since {(M,,, gn, pn)} have uniformly bounded geometry, there is a pointed com-
plete Riemannian manifold (M, g, p) such that a subsequence of {(M,, gn,p,)} con-
verges to (M, g,p) in C*, in the sence as defined in [30]. Without loss of generality
assume the subsequence is {(M,, g,, pn)} itself. Then by the definition there exists a
sequence {(dn, Uy, V,, ¢,)} such that condition 1 of definition is satisfied.

By (1.20)), the L? norm of ¢} (F4,) is bounded on any compact subset of M. Take
any fixed compact surface ¥ in M, let N(X) be a tubular neighborhood of ¥. Then
the L? bound of ¢*(F,,) implies that the sequence SN(E) |0*(F4,)| is bounded. Let
P(X) be a closed 2-form that is supported in N(X) and represents the Poincaré dual

of 3, then

Lcl«o;:(sn)) L[ grma) AP

" 2mi N(D)

is uniformly bounded for any compact surface ¥ in M. Therefore there exists a
subsequence {n;} of {n} such that for each compact subset K of M, the Chern class
c1(%(sp,))| k is constant for large i. By taking a further subsequence one may assume
that ¢*(s;, )|k is a constant sequence up to isomorphisms when n is large. Without
loss of generality, assume this subsequence is the original sequence. Then there is a
Spin® structure s on M such that s|U, = ¢¥(s,|v,). Now ¢ can be lifted to ¢ so that
condition 2 of definition [L.25] holds.

The only thing remaining to prove is the existence of the gauge transformations

u,, satisfying condition 3 in definition m By theorem 5.2.1 of [22] one only needs
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to prove the boundedness of the analytic energy of {(A,,¢,)} on o, '(K) for any
given compact subset K < M. (The theorem in [22] requires the manifold and the
Spin® structure to be fixed but the same argument works for a sequence of manifolds
satisfying conditions 1 and 2 of definition [1.25])

Without loss of generality, assume that V,, is compact for each n. Fix a positive

integer m and let n — 400, one only needs to prove:
EMv, (Ap, &n) < Ny Yn>m

for some constant NV,, depending on m.

Since the manifolds M,, have uniformly bounded geometry, without loss of gen-
erality (by taking a further subsequences if necessary) assume that U, ; cc U,,
and that there are cut-off functions y, = 0 defined on M such that supp x, < U,,

Xnlu,_, = 1, and the pull-back of x,, to M, satisfies |V? (x,)| < 1 for all n.
FOI‘ n > m, let (A;’U ¢In> = (A'rl7 SO*(Xm-Fl) ’ gbn) By assumptions " and ‘ )

(1.24) IG(A,, )2 < C', ¥n=m > 1

for some constant C’ depending on m.
Since A/, is compactly supported on V,,, the topological energy of (4!, ¢!) on V,,
(see definition 4.5.4 of [22]) is

1
(1.25) EP( AL ) v = 1 fv Fagye ~ Flay,
and it is bounded because of (|1.20]). Since
EM (A, ),) = EMP(AL, 6L) + IB(AL, 0L)I L2,

(1.24) and (|1.25) imply the boundedness of £**(A! #!) on V,,.1. Notice that one
has (A, ¢n) = (AL, ¢)) on V,,, so this implies the boundedness of £"(A,, ¢,) on
Vin- U
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1.5.2. C° bound. Let M be a manifold with each end being either symplectic or

cylindrical, and (s, {7;}) be an admissible Spin® structure. Let
(A7 ¢) € Ck(M,ﬁ, T, {Tj})

be a solution of equation (1.10). Let a = A — Ay. This subsection proves a C°

estimate for ¢ and F™. The main result is the following estimate:

Proposition 1.29. There exists a constant z such that |p| < z-+/r and |Ff| < z-r

at every point of M.

The proof starts with a C° estimate on symplectic ends. As before, use G; to
denote the symplectic ends of M. Let N; be the € neighborhood of 0G,;. The

following lemma is inspired by lemma 3.23 of [21].

Lemma 1.30. There exists a constant z > 0, such that for every locally L? configu-

ration (A, ¢) defined on the end G; solving (1.10), the inequality
0] <z
holds on Gj; — N;.
Proof. By inequality (2.2) of [37], the following inequality holds on Gj:
1, 1
Sa o + [Vadf + LoP (o — 1) -z -0 <0,
Require ro > 4z;, and throw away the term |V 4¢|?, one obtains
ld*d 2 1 2 2 2 <0
Lo + 2o - 2r) <0,

For any x € G; — N;, use B, to denote the ball on M centered at x with radius e.
Let p be the distance function to z, let f = 1/(e2 — p?)? be a radial function on B,.

Take a normal coordinate of B, centered at x and let g be the determinant of the
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metric matrix, then on B, — {z},

1 0

_1 9 af
pnflx/gap

drdf = — ("5 4 0)).

Notice that M has bounded geometry, hence ||g|co and ||[Vg||co are both bounded
by constants independent of z, and ¢ is bounded away from 0. A straight forward

calculation shows that for some large constant z, > 0,

L) + P (s ) =0

By the maximum principle, this shows |¢|? < (22)%rf +2r on B, hence |¢(z)| < 2/

for some constant z. U

The following lemma deals with the cylindrical ends:

Lemma 1.31. Let H; = Y; x [0,+m) be a cylindrical end, use t to denote the
projection from H; to [0,+00). Then there exists a constant z only depending on
the perturbations q¢ such that

limsup |¢] < z
t—+00

Proof. Since ¢ is an admissible perturbation, there are only finitely many criti-
cal points of the corresponding perturbed Chern-Simons-Dirac functional £ modulo

gauge transformations. Let X be the set of critical points of £, let

z = max [¢]co
(B)es

Then the definition of Cy(M, s, 7, {7;}) implies limsup |§| < z. O
t

—+0

Now starts the prove of proposition [1.29]

Proof of proposition[1.29. There are two possibilities:
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. Case 1. The supremum sup,, |¢| is either not achieved on M or achieved in G; — N;
for some symplectic end G;. In this case sup,, |¢| < z-+/r by lemma and lemma
311
. Case 2. For some zg e M — U(G; — N;), |¢(z0)| = supy, |¢|. Let B,, be the closed
ball on M centered at xo with radius e, where ¢ < ¢ is a positive constant to be

determined later. Then (¢, A) satisfies the following equations on B,,:

(1.26) p(FR) = (60%)0 + i°(A, ¢),

(1.27) Dad = iM(A, ).

Since the perturbations p; and q; are strongly tame and |p;| < 1, there exists a

constant 2’ such that the following holds on B,:

(1.28) |°(A, @)oo < 2"+ (1 + |o(x0))),

(1.29) | (A, )0 < 2"
Apply D4 to both sides of ,
D¢ = Da(fi').
By the Weitzenbock formula, this implies
(1.30) VAVa0+ 5p(F)0 + 150 = Dald),

where s denotes the scalar curvature of M. Plugging in (|1.26)), and take inner product
with ¢, equation ([1.30) becomes

(131)  SddgP + [Vadl? + Jl6l' + (6, 6) + 56,6 = (Da(i), -
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Notice that the inequality of arithmetic and geometric means gives
Loy 1, 2 N2 2
191" = 52 o (zo)| - [9" = —(2)7|p(z0)]
16 2
Therefore inequality (1.31)) implies:
1, 1 .
@Ol +[VadP + 2lof" = 20(1 + [¢(x0) ") < (Dalit'), 6.

Let h = 0 be a smooth radial function on B,, such that h = 1 on By (g, €/4) and
supp h = By (o,¢€/2). Let x = h'. Let G,, = 0 be the Green’s kernel on B,, with a

pole at =y and equals zero on 0B,,. Then:

| (Gardof + 190 + Glol* = al +0(a0))) - Gy - x

Ba,

< <DA<:ELI)7¢ G:EOX>7

Bz,

which is the same as

1
(132) f (( - %A(‘(MQX) + §|¢‘2AX + V‘QS’Q ’ VX) : Gmo + |VA¢‘2 G:Jco X
B.

o

1
+ §|¢|4Gxo X — 20(1 + |¢(IO)|2) G:co X) < <IEL17 DA<¢ GSBO X)>

Ba,

Therefore

(133) Sl < [ ((510PA = VISP Tx) - Guy — Va6 Guy X

Ba,

1 .
= 101" Gy X + 20(1 + [0(20)[2) Gy X + s Da(6 Gy 1) ).
By the inequality of arithmetic and geometric means,

1, 1
— ZIPAY — —|of*
2!¢\ X 16!¢5I X

1
<|6[*(2h°|AR] + 617 Vh[*) — elol*h!
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<z (JAh*R? + |VA[Y),
and

1 1
2| . = 2., 4
VI6P]- 19x] = 51V aPx — 1olal'x
1 1
<2/g| - [Vadl - (4h*|Vh]) = 5V ag2h* — clol!
1
<aloPRVHE - |6l bt

<Zg’Vh’4.
By (1.29) and the inequality of arithmetic and geometric means,

(it Dad) Gy X < f

1
5 §|VA¢|2G500X + Z4J Gxo X-

Bay B

Thus by (133).

0o 0o

(130) 51600 < 20(1+ o)) [ Guyx

Ba,

T J (51(1AR2R2 + [VRI*) + 25| VAI*) Gy + z4f Gy X
B B

z( o

n jB 1611V (G )1

By the assumption, |¢| attains maximum at xg, therefore
|19 (G 0l < 660l | 119G )
Bag Bag

2
V(G 01 )

o

(1.35) < qhoteol + ( [

B

Notice that the constants z; do not depend on the choice of €. Take e small enough

such that

(1.36) f Gy < —.
B
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Since M has bounded geometry, the choice of € can be made to be independent of

xo. Plug in (1.35]) and ([1.36)) to (1.34]) and rearrange, this gives

1
§‘¢($0)‘2 < ZOJ G X

By,

+ f (zl(|Ah|2h2 +|[Vh|!) + Z3|Vh|4) G,
B

0o

2
b Gax (| 119601
B B

o 0o
Therefore |¢(xg)|* < 25 for some constant zs.
Combining case 1 and case 2, this proves the CY bound for |¢|. The bound for |F|
then follows from equation ([1.10)) and the C° bound of the perturbation. O

1.5.3. Ezponential decay on symplectic ends. This subsection proves the exponential
decay of E on symplectic ends. Recall that given a configuration (A, ¢) on any

symplectic end G, the function F is defined as
E=1—laf = [BPP + 8] + [Vaal* + VB[ + | FJ%.

If (A, ¢) € Ck(M,s,r, {1;}) then

f FE < +o0.
Gv

J

The main result of this subsection is:

Proposition 1.32. There exists a constant z such that the following holds. Let

(A, @) be a locally L solution of (1.10) on a symplectic end G;. Let d be the distance

function to 0G;. Assume SG‘ E < 40o0. Then there is a constant dy which may depend
J

on (A, ¢) such that
E(x) < e~ Vrd@—do)/z

for every x € G; with d(x) > dy.
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To prove proposition [I.32] one needs the following lemma:

Lemma 1.33. Suppose (A, @) satisfies the assumptions of proposz'tion then on
the end G;, one has lim E(z) = 0.

d(x)—+0o0

Proof. Assume the contrary, then there is a sequence {z,} < G; and a constant
9 > 0 such that d(z,) — o and E(z,) = ¢ for all n. Let B, = Bp(x,,¢€). With-
out loss of generality, assume that B, are pairwise disjoint. Let g be the metric of
M, consider the sequence (M, g, x,,s, A, ¢). By proposition and the C° esti-
mate of ¢ in lemma [1.30} a subsequence of it converges to some limit configuration
(]\7,@,%,%,[1,@). Since V*Q is bounded for all k, the form 2 passes to a limit Q
in the limit space M. The form Q is a symplectic form compatible with g, and
§ is the canonical Spin® structure given by (g, Q). Thus é decomposes into an «
component and a [ component as in and the corresponding energy density
function E will satisfy E(&) > 6. Therefore there will be a possitive constant & > 0

such that SBn E > ¢ for sufficiently large n. This contradicts the assumption of

S, B < +0. O

The next lemma is the work horse for all the estimates in the proof of proposition
[1.32] The lemma and the way it is used in the proof of proposition [I.32] are inspired

by the arguments in [21].

Lemma 1.34. Let K,vy > 0 be constants. Let r = 1. Let N be an n-dimensional

complete Riemannian manifold with Ric > —K, let s be a C* function on the ball

Bn(zg, R) with radius R. If s satisfies:

1
§d*ds +1rVs < h,

S|oBu(s,R) = t-
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where V' = vy > 0 is a positive function, then there is a positive constant € depending
only onn, K, and vy, such that the following inequality holds:

h
s(xg) < < sup ‘ D ( sup \t\)e‘eR‘/;.
By (z0,R) rV BN (wo,R)

If 0By (0, R) = @, then the value of  sup |t| is understood as 0.
aB]\/[(xo,R)

Proof. Let p be the distance function to xy. By the Laplacian comparison theorem

(cf. [32, p. 7-8)),

Ap < "7(1 + k).

in the sense of distributions, where k = /K /(n —1). Let f(u) = u be a smooth
function on R such that f(u) = 1 when v < 1/2 and f(u) = v when u > 1. Let
h = eV"1(P) be a function on M, where € is a small positive constant to be determined.

Notice that in the sense of distributions,

—Ah = —(e\/rf"(p) + Er(f'(p))? + /[ (p)Ap) h

(V") + Er(F (o) + e (o) (o

(n — 1))) .

Therefore, there exists a constant z > 0 independent of r such that when € < 1/z, the
inequality %d*dh + rVh = 0 holds in the sense of distributrions. By the maximum

principal for weak solutions ([15], Theorem 8.1), this implies

g
s < sup ‘ ’ + ( sup |t|> Sy
Bn(zo,R) TV dBn (z0,R) eV /(F)

on the ball By(z, R), hence the lemma is proved. O

Proof of proposition[1.32. The proof is divided into 7 steps:
. Step 1. By lemma there is a d; > 0 such that if d(z) > d; then

(1.37) la(z)| > %, E(z) < 1.
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In the following steps it will always be assumed that d(z) > d;.
. Step 2: pointwise estimates on o and . By [37] Lemma 2.2, there exist constants

21, Zo, 23 = 1, such that when (¢ € (0, ﬁ), r >z, and § > z3, set

)
u=(1-laf*) = ¢IBF + o
then the following inequality holds:

1
§d*du + Zlalzu > 0.

Therefore lemma [1.34] and ((1.37]) implies that

U= —zge Vi if g s ).

Thus
2 <7
(1.38) lal* <1+ ol
z7 27
(1.39) 82 < (1 = jaft + )

whenever d > dy + 1.

. Step 3: pointwise estimates on F,. On Gy, the first equation of (1.10) reads as

(1.40) Ff = —gr- (1=laf + 82 + 5(0*8 — ap).

a

Thus by inequalities ((1.38) and ([1.39)),

T V4
Frl € ==+ 21— jaf) + 211

42

Now estimate |F.|. By lemma 2.5 of [37], there exists constants z12, 213, 214, 215

such that if r > z5, let

r

Q()=4\/§

z
(1+ %)(1 —lal?) = 213 - B> + 214,



s = [F, ],

a

then

1 r
Sd7d(s = a0) + Zlal*(s — ) < [RJs,

where R is a tensor defined by curvature.

Therefore when r > 8 sup | R/,

1 T
§d*d(s —qo) + §|a|2(s —q0) < |R|qo-

Notice that if d(x) > d; then E(x) < 1 hence gy is bounded by a constant.

lemma this implies:

r

Fl<—=
< 1

In conclusion, there is a constant z;7 such that

z
(1+ ;6)(1 — |af?) + z16.

z
Frl< =0+ 17)(1 —laf) + 217

4\f
. Step 4: pointwise estimates on |V,a| and |V'y5]. Let
y = [Vaal* + [V,
Inequality (2.43) of [37] shows that for a constant zig,
1 * r 2
§d d(y—zlg-r-u)—l-zlla] (y—z18-7-u) <0.

By lemma |1.34] again and the pointwise estimates on a and (3, this implies

(Vaal? + 7 |V4B1* < 2107 (1= |a]?) + 210.

44

Apply
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. Step 5: Exponential decay of |Vaa|, |V48|, and |B|. Let
Vaal? + V8 + |3
= |V, — — 8.
h 32 4 16 2920

Inequality (4.15) of [37] shows thatlﬂ it 29 is large enough then there exists a constant

z91 such that,

1 * r 2 2 r
(1.41) Ed dy, + Z|Of| y1 < (2217 (1= of*) + g)?ﬂ
Take dy > 0 so that when d > d»,

1 1
11— |af? <mm{ ,-}.
16221 8

Then ({1.41)) implies

1 T
—d*d —n < 0.
5 Y1+ 32y1

By lemma this implies
(1.42) Y1 < Za2 - e\/F'(d—d2)/223’

when d > ds.

. Step 6: decay of |1 — |a|?|. By equation (2.3) of [31],
1
5d*d!a|2 + Vool + £|Oz\2(|o¢|2 —1+ 8P +ax VB +aXB =0,

where [x] are pointwise bilinear pairings defined by the metric and the symplectic

form. A straight forward calculation thus shows

1, 1, 1
A AL = a2 = (5 d(1 = [a])) - (1 = |af?) = 5[ Valaf
= — ZlaP[L = ol + [Vaaf?- (1 = [a]?)

n [37], the derivation of inequality (4.15) only used the pointwise estimates of a, 8, F,, V,«
and V/, 8 developed in section 2, and it doesn’t depend on the refined pointwise estimate of F,
developed in section 3d. Therefore, the inequalities derived from step 2 to step 4 are sufficient for

deriving inequality (1.41]) here.
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+ 71aPIBP( — o) + (1 = [a) - (@B V5 + aB1 B).
The inequality above and shows that when d > ds,
S|t~ o + Do~ Jaf?? < 2y - etV
By lemma [1.34] this implies
(1.43) 11— |of?)? < 296 - 47 Vi/227

when d > d,.

. Step 7: decay of |F,|. The exponential decay for |F.f| follows from ((1.40)), (|1.42)
and ([1.43). For s = |F,|, inequality (2.19) of [37] gives

1 T r
gdids + Z(!aﬁ +6%)s < R|s + m(wa(ﬁ + VB[
+ 28 - (| [B] + || V48] + 8] Vae] + [B]7).
Therefore (1.42)) and ([1.43) shows that if || > 7/8 and r > 16 sup |R|, then
1 r 2 d—dz)\/T )z
~d*ds + =|af*s < 299 - 4BV z0,
2 8
By lemma [1.34] this implies
(1.44) 5 < 231 'e(d_d3)‘/;/z32,
when ¢ > ds.

The proposition then follows from (1.42)), (1.43)), and ([1.44]). O

The exponential decay in proposition will be uniform if there is an apriori

bound on the integral of E. More precisely:
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Proposition 1.35. For any constant C' > 0, there is a constant dy depending on C
and r such that the following holds. Let (A, ¢) be a locally L2 solution of (1.10) on

a symplectic end G;. Let d be the distance function to 0G;. If

(1.45) \LE<Q

J
then

for every x € G; with d(x) > dy.

To simplify notations, denote the function $AF, = 1(Q, F,) by F¥. The following
lemma is needed for the proof of proposition [1.35. The same identity also appeared

in [21].

Lemma 1.36. Let (A, ¢) be a L} configuration on a symplectic end G; with the

canonical Spin© structure, assume that supp ¢ < G, and

f FE < .
G.

J

Then

A Ak - W r I
(1.46) JG (|&aa + O*BI2 + 2|iFY — g(1 —laf* + |8 + 2| F2? — Zaﬁﬁ

J

+ SiFy = 2fiF R = 2| F2R)

1 1 L, .
= L (§|Vaoz\2 + §|VA’+a6|2 + §<ZFA’+a6’ B

J
2

2
+ 5= lal = 8P)? + SI81 = 2N 0 e B)).

Where A’ is the unique unitary connection on A%*(T*G;) such that VY = 0. N is

the Niyenhuis tensor.
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Proof. The identity follows from the Weitzenbock formulas (12) and (13) in [20].

Translated to the notations of this chapter, these identities are:

Dl

= 1
" Oat §(V:Vaa — 2iFYa),
A A% 1 * R
aaaaﬁ = §<VA’+(1VA'+CLB + QZFA’-H;ﬁ)‘
The finiteness of energy justifies the following integration by parts:

_ _ [ _ _
<6aOé, a:5> = <aaaaa7 B>v
. JGj

<.

.
<éaav W) = <3:9aa7 ),
Ja, Ja,
@p.apy= | @8,
JGj JG;

(Vaeo, Vo) = J (ViV 0, ),

<

Q o *a o e

<

(V ar0aBy V408 = JG_<vz,+avA/+aﬁ, 8.

J

The lemma is then proved by a direct computation. O

Proof of proposition[1.35. The first step is to prove d(lxigooE () = 0 uniformly on
the symplectic end ;. Assume the contrary, then for some Jy there is a sequence
of locally L solutions (A, ¢,) defined on G; satisfying ng E, < C, and a sequence
of points x, € G; with d(z,) — o such that E,(z,) = d, for all n. Let g be the
metric on M. By proposition and the C° bound of |¢,| proved in lemma m
the sequence {(M, g, 8, T, Apn, &n)}n=1 converges to a configuration (M,g,%,f, A, gg)
Notice that the symplectic form = d© is exact and V*O is bounded for all k, thus
by taking a subsequence, the symplectic structures converge to a limit Q) on M such
that @ = dO for some 1-form © with bounded norm, and s is the canonical Spin®

structure given by Q). Therefore ¢ decomposes as in (1.11) and the corresponding

energy density function E satisfies E () = do.
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Notice that M is a complete symplectic manifold with bounded geometry, and
V*© is bounded on M. Moreover, by (T.45),

J E<C.

M

Let d be the distance function to #. Then proposition shows that there are

constants Z, do > 0 such that
(1.47) E < emVr(d—do)/?

when d > dp.

Lemma gives

(148) | (10ai+ 2338 + 20iFy = 501 = |a + 3P + 2P0 — {23

+ SiFy = 2fiFy R = 2| F*R)

1 1 ~ 1, o ==
— | (319 + 51V aaBP + 5,455
2

~ 2 ~ ~ ~
5= Al = B + SIB = 2N 0 ad B) ).

By (1.47) and the volume comparison theorem, every term in the integrals above
is integrable when r is sufficiently large. By the Seiberg-Witten equations, the first
three terms on the left hand side of (1.48]) are zero. Therefore

(L10) [ (ke — 2irsl? - 2lE8P)
2
1 ~12 1 12 1 . W ~ o~
— | (519868 + 51V 4aB + 5GFS BB
M
2

r N - - PR,
+ 55 (1= 1al = B9 + SIB = AN 0 s, B)).



50
The exponential decay estimate (|1.47)) and volume comparison theorem justifies the

following integration by parts for sufficiently large r:

f Fg:f lpadd—o.
r e

Thus equation ((1.49) becomes

1 1 ~ 1 -~
(150) 0= [ (2P + 2P + SIVaal + 51V ol + 35085
2

~ 2 ~ ~ ~
+ 51—l = 1B + TP - 2N 0 e B))

However, when 7 is sufficiently large the right hand side of ([1.50)) is bounded from
below by

1 1 ~ 7’2 ~ 7’2 ~
1.51 — &NQ _ _— 2 _1_~2_ 2\2 32 2F~+2
(1.51) Lwﬂv A"+ 1IVaaBl” + gy (L= al” = 81" + 1617 + 2|77

This implies the integral in ((1.51) is identically 0 on M , contradicting the assumption
that E(z) > &.
Now go back to the proof of theorem [1.35| Since the convergence

lim E(z) =0

d(x)—+00

is uniform, the constants d; and ds in the proof of proposition can be taken to be
independent of the solutions, and therefore the exponential decay estimates proved

in proposition [1.32] are uniform. O

Remark 1.37. Although this is not used in the proof, it is worth noticing that if
M = X as in lemma then the geometry of M in the proof above will have some
interesting properties. In fact, the orthonormal local frame (e!, e?, €3, e?) in will
converge to an orthonormal local frame (&',2,&3,&4) on M. Write z, = (¢n, tn) on

X, and by taking a subsequence assume that ¢, is convergent in Y. Since |t,| — oo,
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equation (|1.2) gives:

det =uv et Aé?
dé? =uygét A é?
de? =étnéd
dét =0.

Therefore, if one takes K; = keré! n keré? and Ky = kereé® n keré*, then K; and
Ky do not depend on the choice of (e!,e?) on Y, and they define two orthogonal
distributions on the limit manifold M. Frobeninus theorem shows that Ky and Ko
define two foliations. The two foliations are both totally geodesic. The leaves of Ky
are limits of the leaves of the taut foliation F, and the leaves of Ky have curvature
0. The proof of lemma, [1.3| can be used to show that the injectivity radius of every
leaf of K; is infinite, therefore the leaves of K; are flat planes.

One can also write down the limit metric in local coordinate systems. Let z, =
(Gn,tn) be a sequence of points in X satisfying ¢, — c0. By taking a subsequence,
assume that ¢, converge to a point ¢ in Y. Since F = ker )\ is a foliation, on a small
open neighborhood U of ¢ there is a local coordinate system (z', 22, z%), such that
the 23 coordinate of ¢ is 0, and A = fda? for some positive function f. Write the

forms e', e?, iy on U as

el = oy dzt + oy da® + o3 da?,
e? = vy dxt + vy da? + vy da®,

p = G dat + G da? + (3 da®
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Let 8 > 0 be any positive constant, consider the following functions on the space

U x (e Pt,,elt,):

=12 + 1%,

Y= In|t| — In|t,).

1 .2 ,.3

The functions zl, 22, 22 2% define a local coordinate system for U x (e~?t,,e"t,).

The forms e, €2, €3, e* can then be written as:

1 1 2 93 3
e = oydx, + oydx, + ———=dx,
ViE+1
V-
e* = vy dr) + vo da? + > dx?

V2 +1

5 _ V/(exp(ap)[ta]) + 1

e’ = dx?
A2 +1 fden
t t
et = ——(Crdx} + (o da® + _G dz®) + I da?

V142 1+ Vit "

3

n’

Let n — 400, the coordinate functions (z}, 22, 23, 1) converge to a coordinated sys-

1

n’

2

n’

3:%4

n'n

tem (Z,, 75,7 ) on the limit manifold M. Now it is obvious from the calculations
above that the metrics on the open sets U x (e=Pt,,, €t,,) converge to a limit metric
on M. The limit orthonormal frame (e',e?,e3 ¢*) on M are expressed in the local

coordinate system as

e =0 dx,ll + 09 d:z:i
e” =1 dgr;}1 + vg dmi
~3 _ 2ax} 3

e’ =e " fdx,

et = (i da) + G da? + dxl.
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1.5.4. Uniform energy bound. In this section, the notation C; will denote the con-
stants that are independent of the solution (A, ¢) but may depend on r.

This subsection proves the following uniform energy bound:

Proposition 1.38. Let M be a manifold with each end being either symplectic or
cylindrical, let (s,{7;}) be an admissible Spin° structure on M. Then there ezists a

constant rq and a constant C' which depends on M and r, such that if r > ro and

(A, ¢) € C(M,s,r,{7;}) is a solution to (1.10), then

(1.52) ZL E<C

An immediate corollary of proposition [1.38 and proposition is the following

result:

Theorem 1.39. There exists a constant rq > 0 and a constant z depending on M,

and a constant C depending on both M and r, such that if r > ro and (A, ¢) €
Ci(M,s,r,{1;}) solves (1.10), then the inequality

(1.53) E < e Vrid=0)/z
holds on each symplectic end G; whenever d > C. U

The rest of the subsection is devoted to the proof of proposition

First define some notation: Let {2 be the symplectic form on UG;. Let d be a
function defined on M such that d = 0 on M — UG, and d equals the distance to 0G;
on G;. If a e C(Y, t) is a critical point of £, let v, € C(Y %[0, 1], ') be the configuration
on Y x [0, 1] which is in temporal gauge and represents the constant path at a. Since
there are only finitely many critical points up to gauge transformations, there is a

constant z such that

(1.54) |Fylze < 2
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for every critical point a.

Let (A4, ¢) € C,(M,s,r,{7;}) be a solution to . Choose a gauge representative
of (A, ¢) such it is in temporal gauge on each cylindrical end. Let ¢ be the function
on M which is the projection of H; to [0,R*) on each cylindrical end H; and is zero
on M — (UH;). Recalled that Ay is a fixed Spin® connection on (M, s) such that Ay
equals the pull back of canonical connections on the symplectic ends, and Ay is in

temporal gauge and invariant under translations on each cynlindrical end. Take

z'=z+J |Fy|? + 1.
te(0,1]

Let n. be the number of cylindrical ends. By ((1.54)), there exists an R > 1 sufficiently

large such that

(1.55) |Fy(2)]? < 2 - ne.

L(x)e[R,RH]
Lemma 1.40. There is a constant ro > 0 and a function T'(k,r,z) > 0 depending
on the manifold M with the following property. Let R > 1, r > 1o, let (A, ) be a
locally L} configuration defined on t < R + 1 solving the perturbed Seiberg- Witten
equation on the symplectic ends with SGj E < 4+ for each j. Suppose there

are constants k > 0, z > 0 such that

(1.56) |F.° < k.

Jt(x)e[R,R-&- 1]

and suppose that whenever t(x) < R+ 1, the norms |¢(z)| and |F,/ (x)| satisfy the
following C° bounds:

(1.57) @) <z, |F (@) <27
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Then the following inequalities hold:

(1.58) ZJ E <T(k,7,2) +5221r*nVol(Y) - R,

(1.59) f \E > < T(k,7, 2) + 422 n,Vol(Y) - R.
(z)e(0,R]

Proof. Use T; to denote constants that may depend on M, x, r, and z but are
independent of the choice of (A, ¢).

On each G}, the equation ([1.10) reads as

Out + 03 = 0,
e = —=(1—|al + 181,
FY? = %@5.

Denote the €p-neighborhood of dG; by N;. Let x = 0 be a cut-off function on M
such that supp x < U(G; —N;) and x = 1 when d > 2¢y. Let ¢/ = x ¢. Apply lemma
for (A, ¢'), notice that proposition and the volume comparison theorem
implies that each term on either side of is integrable for sufficiently large r.

Apply the C° bound in (1.57)), there is the following inequality:

T1+ZJ LiFY — 2liFe[? — 2|F2P) ZJ yv@P

—\VA/+aﬁ\2 + <ZFA/+aﬁ g+ —(1 = lal* = 8%)*

+ ZIB AN 0 40, )

For sufficiently large r, a rearrangment argument proves:

(1.60) ZJ (E—|Fa\2)<T2+z'r2J F, A Q,
j YGi j JGi

where the constant 75 depends on r.
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Now by (1.56) and lemma 5.1.2 of [22], there exists a new connection a’ of the
trivial C-bundle defined on the set {z € M|t(x) € [R, R + 1]}, such that:

(1) lla —a'||2 < T, for some constant T3 depending on .
(2) @’ =awhente R R+ 3]
(3) Fw =0, whent e [R+ 2, R+1].

Notice that by definition the symplectic form €2; = dO; and it can be extended
to a neighborhood of G, therefore there exists an exact form 2 = d© on M such
that

(1) © =Q; on each G;.
(2) ©=0; on G; — N;.
(3) € = 0 outside a tubular neighborhood of UG;.
On a symplectic end G, |¢(x)| — /1 as d(z) — oo. Therefore one can take a gauge

representative of (A, ¢) such that ¢/®; € R when d(z) is large. By proposition [1.32]

for some constants zgy, dy > 0.
(1.61) la| < e~ Vr-(d=do)/z0

when d > dy. Now extend a’ to t < R+ 1 by taking @’ = a when ¢t < R. For r suf-

ficiently large, the inequality (1.61)) justifies the following identities from integration

by parts:

(1.62) J FunQ—0,
t<R+1

(163) f Fa/ A Fa/ = 0.
t<R+1

Let Zgp = {x € M|z ¢ G, for any j, and t(z) < R+ 1}. Then Vol(Zg) < z1 +n.-R-
Vol(Y). By (60)

ZL(E— F,*) < Ty H‘ZL F, A Q(

J



j%-%T‘}:Jﬁ /ASﬁ

Notice that (1.62)) implies

xJ,

J

Pg/A\Q<+\[ EF, AQ=0.

ZR

Therefore,

ZJ (E—|F;|2)<T3+T‘ZJ Fa//\Q‘
j Gj 7 Gj

:Tg‘i"f“f Fa’ AN Q‘
ZRr
1
<754—— [ ’Z%424-T2J‘ K)F
4 Jz, Zr
1 2
<Ty+ — |F|
4 )z,
1 2
<T,+ - ’F@‘
4 t<R+1
1 +2
:T4 +35 |Fa’ |
2 t<R+1
1 +2 4
<T5+2f FS P+ Zf — [F )
<T; —1—1227’271\/01 R+ - 2
~16 2 c
where the last inequality comes from assumption ((1.57)). Hence
(1.64) ZJ —|E7 %) <2Ts + 22 r? nVol(Y) - R.

Therefore,

‘[ ’F;F S;7}<+‘f |FLJ2
t<R+1 t<R+1

~ T+ QJ |F5|?
t<R+1

—[E 1),

57
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<ﬂ+2j]&%+2ZJ(E—wH%

(1.65) < Ty + 422 *nNol(Y) - R.

The lemma follows immediately from (1.64)) and(/1.65]). O

On the other hand, there is the following estimate:

Lemma 1.41. For every Riemannian 3-manifold N, there are constants zy, zo and
a function of Ry(T,C) depending on N, such that the following holds: let a be a L2
unitary connection for the trivial C bundle on N x [0, R], where N x [0, R] is endowed
with the product metric. If T, C' >0, R > Ro(T,C) and

R
(1.66) J|QF<T+Caﬁ
0
(1.67) |FF12 < C pointwise on N x [0, R],
then
24}
(168) J |F’a|2 < Z1- C+ 29.
R_1

Proof. Put a in temporal gauge, and represent a as a function a(t) of ¢ which takes

value in L3(N,7T*N). Then

7 = 2 fa(0) + «dat)

|F| = %5 |a(t) — =da(t)|.

Y

Let

< A3 < A <A <X =0< A< < A3 <



be the eigenvalues of the self-adjoint operator =d on N. Let

k = max{ﬁ, ﬁ}

Decompose a as

where =da, (t) = A\,a,(t). Let

By (1.67), ;
D ba)]32 < 2C - VoI(N).
n=—aoo

By ([L.66)),

| 1 datoeat < 5 | (1) + dalo)s + lite) = <da(v)) a

R
_ f I
0

<T+CR.
Thus there exits a t; € [0, 1] such that
(1.69) > X an(t1)3> < T + CR.
Now if n > 0,
t
Ann (1) = a,(ty) - et N4 J M= L by (s)ds
t1

When t > k + 1,
[Anan ()72 < 3(Xa(8) + Y2(1) + Z2 (1)),

59



60

where
X (t) = [an(ts) e\, || 12
t—k
H—| f bo(5) =DM\ dis| 2

V= [ o) sl

Notice that since |\, > 1,
Xo() < Pnn (1) 22 - e,

Now assume R > 2k + 3. By (1.69),
2+3
DX, () dt < (T + CR) - e "=5/%,
2 _% nz1
Notice that if s —t < —k then the function A — e*=9*) is decreasing when A > ;.

By Minkowski’s inequality, for ¢t > k + 1,

( ) ( J [ba(s)] 22 €2, ds) >1/2
ey

1/2
32) et ds

PRE
n>1

2C - Vol(N).

Thus

w\:d
M\P—‘

} =

Z < 2C - Vol(N).

1
2

M
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As for Z,, the Minkowski inequality gives

R 1 R 1
2732 1/2 272 1/2
([ )< ([ ot cora
R_1 R_1
2 2 2 2
© B
f f b (t — 8)]72 dt) e’S)‘")\n ds
0 Mooy
k T3 1/2
f f |6 ()32 dt> e\, ds
0 81k
R, 1
2 2
<([.7 waon.a)”
-
Therefore
£+} £+}
Jo ) Saeras [ S
272 n>1 273 kn>1
< (k+ 1)2C - Vol(N).
Combining the estimates above,
R R 1
2 2 2 2 9
f ZH)\ an(t)|22 dt < J S 3(X2(0) + Y2(t) + Z3(1))
R_1 R_1
22 n=l 22 n=l
< 6(k+2)Vol(N) - C 4 3(T + CR) - e~ (B=3/k,
On the other hand, there exists a t; € [R — 1, R] such that
> X Jan(t2)[72 < T + CR.
If n <0, then
to
A (t) = an(ts) (t=t2)(=An) | y J (=An)(t=s) . A bn(s)ds
t
When R > 2k + 3, the same argument proves
R
6(k + 2)VOl(N) - C + 3(T + CR) - e~ F=3/¥,

2
[ ZHA ant) |22 dt <
R _

1
2 2 n<—
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Therefore, when R > 2k + 3

843 54) 1w
f |wm@M=f S At (6) 2 de

R_1
272 n=—0

|

[NIES

< 12(k + 2)Vol(N) - C + 6(T + CR) - e~ B3k,

Notice that

R 1
,_;,_5

Mﬂﬂ—wmf<f 2|+ da(t)|2 dt.

NIk

+

NI

w}:o 2

[

1 1
2 2

M

Hence

844 844

| Rz T IE - EP 2R
R_1 R_1
2 2 2 2
< 8CVol(N) + 48(k + 2)Vol(N) - C
+24(T + CR) - e~ B2/,

and the lemma follows from the inequality above. 0

The proof of proposition follows easily from the previous two lemmas:

Proof of proposition[1.38. Pick ry large enough so that lemma is valid when
r > 1. Let 2’ be the constant in . Let the function T'(k,r, z) be as in lemma
, and constant z be as in proposition and let the function Ry (7, C') and
constants z1, 29 be as in lemma when N equals n. copies of Y.

Let Cy = 422 r?n,. - max(Vol(Y), 1/4), take k = max(z' - n., 21 - C1 + 23).

Let

}%mzmﬂR>mJ |F,|? < K}
te[R,R+1]

By (L.55), R is finite. By (1.59),

J |F,]> < T(k,r,2) + 42> r*nVol(Y) - R
te(0,R]
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<T(k,r,z)+Ci-R.
and since the constant z is the same constant in proposition [1.29]
B < 22 < O
If Ruin > max(Ro(T'(k,7,2),C1), 5), take R’ = (Rupin — 1)/2, then lemma [I.41] gives
f ‘Fa‘2<21'01+22</€.
te[R!,R/+1]
This contradicts the definition of R,;,. Therefore,
Ruin < max(Ro(T'(k,7,2),CY), b),
hence by (T53),
EJ E <T(k,r, 2) + 521" nNVol(Y) - Ruin
i VG
< T(k,7,2) + 522 r*nNol(Y) - max(Ro(T (k, 1, 2),Ch), 5).
And proposition [1.38]is proved. O

1.5.5. Manifold with a stretching neck. For later references, this subsection considers
the following scenario:

Let M be a manifold with only symplectic ends. Let G be the ends of M, let d be
the function on M such that d = 0 on M — UG and d is the distance function to 0G,
on G;. Let (s, {7;}) be an admissible Spin® structure. Suppose the three manifold Y
is embedded in M such that Y nG; = & for each G, and M —Y has two components.
Assume that the metric of M on a tubular neighborhood of Y is the product metric
Y x (—¢€,€). For R > €, let Mg be the Riemannian manifold which is diffeomorphic
to M but the metric on the tubular neighborhood of Y is changed to the product

metric of Y x (=R, R). In other words, Mpg is obtained from M by “stretching” the
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tubular neighborhood of Y. Let fr : Mg — M be the map that shrinks the neck.
The map fr can be chosen in such a way that at each point of Mg the norm of the
tangent map of f is less than or equal to 1. The admissible Spin® structure (s, {7;})
and the function d then pull back to Mg via fg.

Let n(t) be a cutoff function on R supported in (—¢,€). Take two strongly tame
perturbations p; and ps such that [pqf|, [p2 < 1. Take the perturbation on the
symplectic ends as in . If t is the induced Spin® structure on Y by s, take the
perturbation on Y x (—R, R) to be ¢+n(t+ R—e)p1 +n(t — R+ €)p2, and extend them

to a perturbation fir on Mg by using a partition of unity. Consider the equation

(1.70) $(A, 0) = ir(A, ¢).

Recall that a Spin® connection Ay was chosen and fixed on (M,s). Let Ag be the

pull back of Ay to Mpg; any Spin® connection on Mg can be written as Ag + a.

Theorem 1.42. There exists a constant ro > 0 and a constant z depending only on
M and the embedding of Y, such that for every r > ry there is a constant C' > 0
depending on r but independent of R, such that if (A, ¢) € Cp(Mg,s,r,{7;}) solves
the equation , then the inequality

E < o VTd=0)/z

holds on each end G; whenever d > C.

The proof of theorem is similar to the proof of theorem Before giving

the proof of theorem [1.42] several lemmas are needed.

Lemma 1.43 (C° estimate). Under the assumptions of theorem there is a
constant z depending only on M and the embedding of Y, such that |¢| < z - 4/r,

|FX <z r.

Proof. The proof is the same as the proof of proposition [1.29] O
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Let Zp be the neck Y x (—R, R). The following lemma is analogous to lemmal[L.40]

Lemma 1.44. Under the assumptions of theorem|[1.43, let z be the constant in lemma

then there is a constant Cy depending on M, the embedding of Y in M, and r,

such that

(1.71) ZJ E < Cy+1022r2Vol(Y) - R,

(1.72) f FL2 < Cy+ 82212 Vol(Y) - R.
ZRr

Remark 1.45. The coefficients in the inequalities ((1.71) and (1.72) are twice the
corresponding coefficients in lemma [1.40, because in this case the neck length is 2R

instead of R. Of course, the exact values of the coefficients won’t matter.

Proof of lemma[1.44. Let € be the symplectic form on UG;. Use C; to denote con-
stants depending on M, the embedding of Y in M, and r, but independent of R.

Integration by parts as in inequality ([1.60]), one obtains

(1.73) ZJ (E—|Fa|2)<01+ir2J F, A Q.
i vGi i VG

Notice that ¢y = SMR F, n F, is a topological invariant of (s, {7;}). Let Q = d© be
the symplectic form on the ends and extend €2 to an exact form €' = d©’ on M such
that © = ©" when d > ¢y and supp ©' is contained in a tubular neighborhood of the
symplectic ends. Pull © and €’ back to Mg and denote the pulled back forms by
Or and Qg. Since |dfg| < 1, the norm of Qi and O are uniformly bounded. Since

Qg = dOg, this implies SMR F, A Qr = 0. Therefore,

ZJ —|F ) C’1+r‘f F, /\QR‘
Mpr—-UGj

1
<O+ —J |Fal? + r2f Qr|*
4 Mpr—uGj Mpr—uGj
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1
< Cy + —f |F,|?
4 Jory

1
=02+@+—f |Fa+]2
12,
<C3+22r*Vol(Y) - R+ = ZJ —|F7 %),

Therefore
ZJ (E —|F7?) < 2C5 + 222 r*Vol(Y) - R.
G

J J

On the other hand,

f Ful? < Jeo] +2 j F?
Mg Mpg
<|c0|+2j |FF2+2 J —|F7 1)
MR—UG Z

< Oy +82°r*Vol(Y) - R.

The lemma is then proved by combining the two inequalities above. 0

Proof of theorem[1.42. By proposition one needs to find a uniform upper bound

for ZJ E. Lemma |1.44| provides an upper bound that grows linearly with respect

to R. An argument similar to the proof of proposition [1.38| can improve it to a
uniform bound.

In fact, take the function T'(k,r, 2) in lemma , and take the constants zq, 2o
and the function Ry(T,C) in lemma applied to N =Y. Let Cy be the constant
in lemma , let 2z be the constant in lemma . Take C; = 82*r*Vol(N), take
k = 2101 + 29 and T = max (C’O, T(k,, zo)). If R < Ry(T,C1) + 3 then the energy

is bounded uniformly by lemma Otherwise, by lemma [1.41

f R <x
Nx(—1/2,1/2)
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Take

Rmax = Sup{R/‘R/ <SR- 27J ’FaP < K/}a
Nx(R',R'+1)

then lemma [1.41| proves

R - Rmax < RO(T7 Cl) + 5

Now apply lemma to the component of M —Y x (0, Ryax — 1/2) which contains
Y x {R}, a uniform energy bound on the symplectic ends of this component is then
obtained. The energy bound on the other component follows from the same argument
by considering
Ruin = inf{R|R' > —R + Q,J |FL)? < K},
Nx(R'—1/2,R'+1/2)

and obtaining an upper bound of R, + R. O

1.6. Monopole Floer homology. This section defines ¢(F) for a smooth oriented
and co-oriented foliation F wihtout transverse invariant measure, and proves the
properties claimed in the introduction.

Recall that in section a Riemannian manifold X = (Y x R, g) is defined, and
there is a compatible symplectic form 2 on X such that (X,Q) is a manifold with
symplectic ends.

By section 27.3 of [22], if W is a compact 4-manifold with boundary Y_ u Y., and

by (W) = 2, then there is a map
HM(W) : HMJ(Y_) — HM.(Y,)

defined by attaching two cylinders Y_ x (—o0, 0] and Y, x [0, +0) to W and counting
solutions of a perturbed Seiberg-Witten equation on this extended manifold. In
particular, if Y_ = 3, then this map defines an element HM (W)(1) € [—7]\/4.(Y+).
Another way to interpret the element HM (W)(1) € EM.(YJF) is to attach a D* to

the boundary Y_ =~ S3 and count solutions on D* U W U Y, x [0, +o). By lemma
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27.4.2 of [22], it is straight forward to prove that the two constructions give the same
element in HM (Yy)

To construct the invariant ¢(F) of the foliation F, one considers the manifold
Xo =Y x (—oo,—1] with the restriction metric from X. After attaching a cylinder
Y x [0,400) and smoothing the metric, the manifold Xy U Y x [0,400) becomes
a manifold with one cylindrical end and one symplectic end. By lemma the
canonical Spin® structure on Xj is extended to a Spin® structure on Xou'Y x [0, +0).
Denote this Spin® structure by s. Let M = XquY x [0, 4+0), and let 7 be the identity

map from s|x, to the canonical Spin® structure on Xj.

Theorem 1.46. For a generic choice of the perturbation p and sufficiently large r,

the moduli space

{(A,¢) € Cu(M,s,7,{T}) | (A, ¢) solves (L.10)} /Gp11

s a countable union of finite dimensional manifolds. Counting the number of solu-
tions in the zero-dimensional components of the moduli space as in definition 27.3.1
of 22] gives an element c¢(F) in I?]\/J.(Y). The solutions are counted with relative
signs as depicted section 20 of [22], therefore the class ¢(F) is only defined up to
an overall sign. The element ¢(F) does not depend on the choice of A\, w, g, q¢, p,
or r. Moreover, ¢(F) is invariant under homotopies of F among foliations without

transverse invariant measure.

Proof. If Xy were a compact manifold with boundary then the regularity of moduli
space would follow from proposition 24.4.7 of [22] and the definition of ¢(F) would
follow from proposition 27.3.2 of [22].

Because of the uniform exponential decay estimate in theorem [1.39], the machinary
developed in [22] for compact manifolds can be applied to X, with few modifications.

Whenever the compactness is used in [22] it can always be replaced by the exponential
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decay estimate or the Fredholm theorey developed in section Here is a list of the

modifications:

(1)

(1.74)

Notice that for any (A, ¢) € Cr.(M,s,r, {T}), the spinor ¢ cannot be identically
zero, therefore no reducible solution is possible and there is no need to make
the assumption by > 2.

In [22] the proof of proposition 24.3.1 took integration on the compact man-
ifold X to obtain equation (24.11). However, since there are no reducible
solutions, one doesn’t need to blow up the configuration space. Therefore
the corresponding result for X, that the solution space on Xj is a Hilbert
manifold, can be proved directly by the unique continuation theorem without
resorting to equation (24.11).

The Fredholm theory for elliptic operators on compact manifolds was used in
[22] to establish the Fredholmness on maps between Hilbert manifolds. This
can be substituted by proposition [1.15]

The topological energy for a solution would be infinite if the definition is
copied verbatim from definition 4.5.4 of [22]. A new definition of the topo-
logical energy for solutions in Cy(M,s,r, {7;}) can be defined as follows: let
C be the constant in theorem [1.39] let d be the function on M which equals
zero on M — Xy and equals the distance function to X, on X,. Fix a subset
M’ < M such that M’ n Xq is compact, M' o {z|d(x) < C}, and oM’ is a

smooth submanifold. Define

1

o) =1 [ Funbu— | @Dpors [ o

oM’ oM

Here H is the mean curvature of M’ and B is the boundary Dirac operator

(cf. section 4.5 of [22]).
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The topological energy defined in is not invariant under homotopy of

solutions. However inequality implies that the difference of the topo-

logical energies of two solutions in the same connected component is bounded

by a constant. Therefore one can still bound the topological energy by the
index as in [22].

(5) The compactness of the space of brocken trajectories follows from theorem

and elliptic regularity.

Therefore the arguments of [22] can be carried over to the case considered here. The
same proof as in corollary 25.3.9 of [22] proves that the homology class ¢(F) defined in
this theorem is invariant under homotopy of the parameters, thus ¢(F) is independent

of the choices of parameters and is invariant under homotopy of F. U

Let 7 : E]\/L(Y) — @.(Y) be the map in the long exact sequence of monopole

Floer homologies. The next theorem proves the nonvanishing of j.c(F).

Theorem 1.47. Let F be a smooth foliation on Y with no transverse invariant

measure, then j.c(F) # 0.

The proof uses a standard gluing argument. Consider the moduli space of solutions
on X. Recall that Xg =Y x (—o0,—1] € X. Let X; =Y x [1,40) c X, then X
can be considered as a manifold with two symplectic ends Xy and X;. Let s be the
canonical Spin® structure on X, let 59 = s|x,, 51 = s|x,. Let Ay be the canonical
connection for s, and ®y be the canonical section of the spinor bundle. Let 75 : 59 — 50
be the identity map, let 7y : 51 — s; be an isomorphism. The next lemma considers

solutions of the following version of Seiberg-Witten equation on X:

p(FR) = (66%)o = p(Fj;) — (Po®f)o

Da(¢) =0

(1.75)

On the symplectic ends Xy and X, this equation is the same as ((1.10)).
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Lemma 1.48. Suppose r is sufficiently large. If
(A7 ¢) € Ck(X757 r, {7-07 7—1})

is a solution to (1.75]), then T is homotopic to identity and (A, ¢) is gauge equivalent
to (Ag,/T®). Moreover, the moduli space of solutions, which is a point in this case,

s reqular.

Proof. Theorem proves the exponential decay of (A, ¢) on ends. Integration by

parts as in lemma [1.36| gives

_ - crw T T _
(1.76) L (yaa@ + X812 + 2|iFY — §(1 —laf* + 18P + 2| F2? - Zaﬁﬁ

+ Sl = 2fiF? = 2| F2R)

1 1 1,
— JX <§|Vaoz|2 + §|VA/+aﬂ|2 + §<2FA'+a5= B

2

2
+ g5 (= lal? = |BP)? + S 181 = 2N 0 00 B)).

Equation ([1.75]) implies that the first three terms of the left hand side of (|1.76)) are

zero. Therefore when r is sufficiently large,
1
| gire =g | @1,
x 2 4 Jx
However by exponential decay,

JFQAQ:f F, Ando =0.
X X

Therefore £ — |F,|> = 0 for any solution (A4, ¢). The regularity of moduli space
follows from inequality ((1.17)) of section and lemma 3.11 of [21]. U

Proof of theorem[1.47. Notice that X; is a noncompact manifold with —Y as its

boundary. Here —Y denotes the manifold Y with a reversed orientation. The
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same construction as in theorem applied to X; attached with a cylindrical end
Y x (—0,0] gives a cohomology class ¢*(F) € @.(Y). Now stretch the normal
neighborhood of Y x {0} of X. Theorem justfies the standard gluing argument
and gives
(1.77) (Gue(F),c*(F)y = > SW (X, 5,70, 71).

1

Here the summation is taken over the homotopy classes of 7 such that the formal
dimension of the moduli space of solutions to in C(X,s,7, {19, 71}) is zero. The
number SW (X, s, 7y, 71) is an oriented counting of points in the moduli space after a
generic perturbation of the equation.

By the previous lemma, the point (Ag, \/7®p) is a regular point in the moduli space
of solutions to , and it is the only point in that moduli space. Equation ((1.77))
then implies

(e F), ¢ (F)) = £1.
Hence j.c(F) # 0. O

The next result concerns the grading of ¢(F).

Theorem 1.49. The grading of ¢(F) is represented by the homotopy class of the
tangent plane field of F.

Proof. By the index formula in proposition the grading of ¢(F) is represented by
a nowhere vanishing section ¢ € I'(Y" x {0}, S™) such that the relative Euler number
e(XouY x [0,00),Pg|x,, 1) = 0. Since s is the canonical Spin® structure, ¥ can be
taken to be ®gly(oy. A straight forward calculation then shows that the plane field

corresponding to (S*, ) is homotopic to kera = F. d

1.7. Topological applications. The following result is a corollary of theorem [1.47]
and theorem [1.49
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Corollary 1.50 (Kronheimer and Mrowka [22]). Let Y be an oriented three man-

ifold. If F is a smooth foliation on Y without transverse invariant measure, then

HM7(Y) # 0. O

Since every foliation without transverse invariant measure is a taut foliation, the
corollary above is a special case of theorem 41.4.1 of [22]. On the other hand, on
rational homology spheres every foliation without transverse invariant measure is a
taut foliation. Therefore, corollary gives an alternative proof of theorem 41.4.1
of [22] for rational homology spheres without making reference to the Eliashberg-
Thurston theorem.

With some more effort one can use corollary to prove the nonvanishing theo-
rem for taut foliations on some other three manifolds. In fact, the following lemma
shows that in many cases smooth folaitions without transverse invariant measure are
“generic” among smooth taut foliations. The lemma was explained to the author by

Jonathan Bowden.

Lemma 1.51 (Bowden [4]). Let Y be an atoroidal manifold and F a smooth taut fo-
liation on'Y . Then F can be C° approzimated by a smooth taut folaition F' such that
either F' has no transverse invariant measure or the pair (Y, F') is homeomorphic

to a surface bundle over S* foliated by the fibers.

Proof. By [3], the foliation F can be can be C° approximated by a smooth taut
folaition JF; such that every closed leaf of F; has genus 0 or 1. Since Y % 5% x S*, by
Reeb’s stability theorem the foliation F; has no closed leaf with genus 0. Since every
closed leaf of a taut foliation is incompressible and Y is assumed to be atoroidal, the
foliation F7 has no torus leaf. This proves that F; has no closed leaf.

If 71 has a transverse invariant measure pu, let A be a minimal set contained in
the support of u. Since F; has no closed leaf, the minimal set A is either equal to Y

or is exceptional. If A is exceptional, by Sacksteder’s theorem, there exists a leaf L
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in A containing a curve of contracting linear holonomy. Since L is in the support of
1, on a neighborhood of L the measure p has to be a constant multiple of the delta
measure of L. This implies that L is a closed leaf, which is a contradiction. Therefore
A =Y, and in this case F; can be further perturbed in the C° norm to a foliation

which is homeomorphic to a surface bundle over S! foliated by the fibers (corollary

9.5.9 of [7]). 0

The following nonvanishing theorem follows immediately.

Corollary 1.52 (Kronheimer and Mrowka [22]). Let Y be an atoroidal manifold, and
assume that Y is not a surface bundle over S*. If F is a smooth taut foliation on'Y,

then HM[]:](Y> # 0. ]
The next two corollaries follow from the fact that HM (Y') is of finite rank.

Corollary 1.53 (Kronheimer and Mrowka [21]). On a three manifold Y, there are
only finitely many homotopy classes of plane fields that can be realized by smooth

foliations without transverse invariant measure.

Corollary 1.54 (Kronheimer and Mrowka [21]). If Y is a rational homology sphere,
or if Y is an atoroidal manifold and not homeomorphic to a surface bundle over S*,
then there are only finitely many homotopy classes of plane fields that can be realized

by smooth taut foliations. O

Since ¢(F) is non-zero and is graded by the homotopy class of F, foliations in
different homotopy classes as oriented plane fields have different values of ¢(F). It
turns out that the invariant ¢(F) is stronger than the homotopy class itself. The

following theorem is a preparation for the construction of such examples.

Theorem 1.55. Suppose Y bounds a 4-manifold M, and assume that there is an

exact symplectic form w on M such that wl|y is positive on F. Assume further that
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2¢1(w) # 0. Let —F be the same foliation as F but with orientation reversed. Then

the foliation invariants ¢(F) and ¢(—F) are linearly independent.

Proof. Write F = ker A and let my be the projection of ¥ x R onto Y, the the
symplectic form 2 on Y x R used in the definition of ¢(F) can be taken to be
Q=73 (wy) +d(t-T5N).

Now identify a neighborhood of Y = 0M < M as (—1,0] x Y, and attach a
cylindrical end [0, +90) x Y to the boundary. Let M=Mu [0,400) x Y be the
resulting manifold. Fix a non-decreasing smooth function p : [—1,+w) — [—1,0]
such that p(t) = 0 for p = 0 and p(t) = ¢t on [—1,—1/2]. The map p x idy :
[-1,40) x Y — [~1,0] x Y then extends to a map p; : M — M by identity. Let
g:[—1,+20) — [0, +00) be a non-decreasing smooth function such that g(¢) = 0 near
t =—1,and g(t) > 0 when t > —1/2, and g(t) = ¢t when ¢t > 1. The form d(g(t)n§ \)
is defined on [—1,4+0) x Y and extends to M by zero. Denote the extended form by
v, let Qy = v + pf(w). Then g is a symplectic form on M which coincides with ©
on [1,+w0) x Y. Let gy be a metric on M which is compatible with Q, and equals
the metric g defined by equation on [1,+w) x Y.

Remove a small ball in M, the remaining part of M forms a cobordism from Y to S3.
For any Spin® structure s on M, it induces a map m*(M,ﬁ) ; E]\/fk(53) — EM*(Y)
Write 1 € HM *(53) = Z|U] be the generator of the cohomology.

Let 59 be the canonical Spin® structure associated to the symplectic form €2y on M ,
let Ag be its canonical Spin® connection, let g be the canonical section of the spinor
bundle of sy5. For any Spin structure s on M , consider the perturbed Seiberg-Witten

equation
(1.78) §(A6) = (— 2 p() + p(F3).0).

Use integration by parts as in lemma [1.48] one can prove that when r is sufficiently

large the only solution to equation ((1.78) up to gauge transformation is § = s, and
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(A, ¢) = (Ao, /1Pg). Inequality (1.17)) of section and lemma 3.11 of [21] then
implies that this solution represents a regular point of the moduli space of solutions.
By the gluing formula:

— . +1 if § = s,
(HM (M, s)(1),c(F)) =

0 otherwise.
Now change the symplectic form on M from w to —w, the canonical Spin® structure
is then changed to the conjugation of sy, and the gluing formula becomes:

—_— . +1 if § =5,
(HM (M, 5)(1), c(=F)) =

0 otherwise.
Since 2 ¢;(w) # 0, the Spin® structures sy and 5, are different, therefore ¢(F) and

c(—F) are linearly independent. O

The next lemma will help to provide examples that satisfy the conditions of theorem
[1.55] The result was explained to the author by Cheuk Yu Mak. Recall that a contact
form cvon Y is said to have a strong symplectic filling if Y bounds a 4-manifold (M, w),

such that there is a Liouville vector field X near Y with (txw)|y = a.

Lemma 1.56. Let Y be an S' bundle over a compact surface of genus g with Euler
number e < 0 and e # 2 — 2g. There exists a contact form o on'Y, such that o has
an exact strong symplectic filling with a non-torsion first Chern class, and such that

the Reeb vector field of o is the positive unit tangent vector field of the S*-fibers.

Proof. Let E be a holomorphic line bundle with Euler number e over a Riemann
surface of genus g, denote the complex structure on E by J. Let h be an Hermittian
metric on E such that its Chern connection has negative curvature. Let E; be the
unit disk bundle of E with respect to the metric h, then F; is a complex manifold

with a J-convex boundary. The circle bundle 0F is a principal U(1)-bundle and the
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Chern connection on F induces a connection on 0F;. Let a; be the connection form
on 0E;. Then keray = TOFE, n J(T'OE,) is a contact structure on dF7, and the Reeb
vector field of o is exactly the positive unit tangent vector field of the S!-fibers.

By a theorem of Bogomolov and de Oliveira [2], there exists a smooth family of
integrable almost complex structures J;, ¢t € (0,1) on Fj, such that J, = J and
(Ey, J;) is Stein when t > 0.

Let f be a Jy-convex function defined near 0F1, such that 0F, = f~1(1), the value
1 is a regular value of f, and that f < 1 in the interiori of E;. There exists an ¢y > 0
sufficiently small such that for any 0 < 6 < ¢y, the function f is Js-convex and the
level set f~1(1 — §) is regular and diffeomorphic to f~!(1). Now a;_s :=df o Js is a
contact form on the level set f~1(1 —§).

Let of s be the pull back of a;_s to dF;. For sufficiently small §, the contact
structure ker o] _; is C'* close to ker oy, thus by Gray’s stability theorem there exists a
diffeomorphism ¢ : 0E; — 0F; which is isotopic to the identity and a positive function
won JF; such that t*(u-a)_s) = a;. The Reeb vector field of t*(u- o) _g) is therefore
the positive unit tangent vector field of the S'-fibers. Notice that for a sufficiently
large constant C, there exists a strong symplectic cobordism from (0F,u - of_g) to
(0Ey, o _5/C). Since (0E1, o_g) is Stein fillable, this implies that the contact form
u - o _g is strong exact symplecticly fillable, hence so is ¢*(u - o) _;). The first Chern
class of the filling is equal to the first Chern class of the complex manifold (£, .J),

which is not torsion when e # 2 — 2g. Since Y =~ JF;, this proves the lemma. ([l

Let Y be an S! bundle over a compact surface of genus g > 1 with Euler number
e, such that 2 —2g < e < 0. By a theorem of Wood [46], there exists an oriented
smooth foliation F on Y which is transverse to the S* fibers. Let —F be the same

foliation as F but with the opposite orientation.

Proposition 1.57. Let Y, e, F, and —F be defined as above. Then F, —F are

foliations without transverse invariant measure, and c(F) and c¢(—F) are linearly
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independent. Furthermore, if e|2g—2, then ¢(F) and c(—F) are homotopic as oriented

plane fields.

Proof. By lemma there exists a contact form o on Y with a strong exact sym-
plectic filling (M, w), such that ¢;(w) is not torsion on M and the Reeb vector field
of «v is positively transverse to F. Notice that the Reeb vector field being positively
transverse to JF is equivalent to the form w being positive on F. Since w is exact, this
implies that F and —F have no transverse invariant measure. Moreover, by theorem
1.55, ¢(F) and ¢(—F) are linearly independent.

It remains to prove that F and —F are homotopic as plane fields when e|2g — 2.
Let S — Y 5 ¥ be the bundle structure of Y, let e(Y) € H?(X) be the Euler class

of the bundle. By the Gysin exact equence,

ve(Y) *

HY(%) = H*(XZ) = H*(Y)

is exact. Notice that F is isomorphic to 7*(T'Y) as a plane bundle, therefore the
assumption e|2g — 2 implies that the Euler class of F is zero, hence F has a globally
defined basis {e1, ea}. Let e3 be the positively oriented normal vector field of F, then
for ¢ € [0, 1] the family of plane fields F; = span{e;, cos(7t) es + sin(7t) e3} defines a

homotopy from F to —F. O
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2. MODULO 2 COUNTING OF KLEIN-BOTTLE LEAVES IN SMOOTH TAUT

FOLIATIONS

2.1. Introduction. Given a smooth cooriented foliation on a three manifold, it was
proved in [3] that after a generic smooth perturbation, there is no closed leaf with
genus greater than 1. This article explores the other side of the story, and proves
the deformation invariance of the parity for the number of Klein-bottle leaves in taut
foliations. As a corollary, one can construct a taut foliation such that every smooth
deformation of it through taut foliations has at least one Klein-bottle leaf.

Let £ be a smooth cooriented 2-dimensional foliation on a smooth three manifold Y.
The foliation £ and the manifold Y are allowed to be non-orientable. By definition,
the foliation £ is called a taut foliation if for every point p € Y there exists an
embedded circle in Y, which passes through p and is transverse to L.

Let K be a leaf of £, let v : S — K be a closed oriented curve on K. The
holonomy of £ along « is defined as follows. Take a map 7 : S* x (—1,1) — Y, such
that for every x € S, i(z,0) = v(z), and the image of {x} x (—1,1) is transverse to
L. The intersection of the image of ¢ with £ then defines a horizontal direction field
on S x (—1,1), and the integration of the direction field defines a map h., : (—€,€) —
(—1,1) for e sufficiently small. Up to conjugations, the germ of h, at 0 is well-defined
and is independent of the choice of i. The holonomy of £ along v is defined to be the

germ of h, at 0. The value A (0) is called the linear holonomy of £ along 7.

Definition 2.1. Let K < Y be a closed leaf of £. The leaf K is said to have non-
trivial linear holonomy if there exists a closed curve v on K, such that the linear

holonomy of £ along 7y is not equal to 1.

Let K be a closed 2-dimensional submanifold of Y. If K is cooriented, one can
define an element PD[K| € Hom(H,(Y;Z); Z) as follows. Let [y] be a homology class

represented by a closed curve v, then PD[K] maps [v] to the oriented intersection
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number of v and K. Since Hom(H,(Y;Z);Z) ~ H*(Y;Z), the element PD[K| can
be viewed as an element in H'(Y;Z). If both Y and K are oriented and if the
orientations of Y and K are compatible with the coorientation of K, then PD[K] is

equal to the Poincaré dual of the fundamental class of K.

Definition 2.2. Let A€ H'(Y;Z). A closed leaf K of L is said to be in the class A
if PD[K] = A. The foliation £ is called A-admissible if every Klein-bottle leaf of £

in the class A has non-trivial linear holonomy.
The following result is the main theorem of this article.

Theorem 2.3. Let A€ H'(Y;Z). Let L, s € [0,1] be a smooth family of coorientable
taut foliations on Y. Suppose Ly and Ly are both A-admissible. For i = 0,1, let n;
be the number of Klein-bottle leaves in the class A. Then ng and ny have the same

parity.

Notice that if there is no Klein-bottle leaf of £ in the homology class A, then L is

automatically A-admissible. Therefore, the following result follows immediately.

Corollary 2.4. Let Ae H (Y;Z), and let L be an A-admaissible smooth coorientable
taut foliation on Y. Assume that L has an odd number of Klein-bottle leaves in the

class A. Then every smooth deformation of L through taut foliations has at least one

Klein-bottle leaf in the class A. O

Remark 2.5. Tt would be interesting to understand whether a similar result holds for
torus leaves. Suppose Ly and £ are two cooriented taut foliations on Y that can be
deformed to each other through taut foliations. Suppose every closed torus leaf in a
homology class A has non-trivial linear holonomy, is it always true that the numbers
of torus leaves in the homology class A in £y and £, have the same parity? At the

time of writing, the answer is not clear to the author .
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This article is organized as follows. Sections and build up necessary tools
for the proof of theorem Sections and prove the theorem. Section
gives an explicit example for corollary therefore constructs a taut foliation such
that every deformation of it has at least one Klein-bottle leaf.

This work was finished when I was a graduate student at Harvard University. I
would like to express my most sincere gratitude to my advisor Clifford Taubes, for
his inspiration, encouragement, and patient guidance. I also thank the anonymous
referee for carefully reading the manuscript and providing many insightful comments

and suggestions.

2.2. Moduli spaces of J-holomorphic tori. This section recalls some properties
for the spaces of J-holomorphic tori in a symplectic manifold. Many results in this
section are essentially special cases of Taubes’s theory on Gromov invariants [36].

Let X be a smooth 4-manifold. To avoid complications caused by exceptional
spheres, assume throughout this section that m5(X) = 0. This will be enough for the
proof of theorem [2.3] Let J be a smooth almost complex structure on X

Consider an immersed closed J-holomorphic curve C'in X. Let N be the normal
bundle of C, the fiber of N then inherits an almost complex structure from .J. Let
m: N — C be the projection from N to C'. Choose a local diffeomorphism ¢ from a
neighborhood of the zero section of N to a neighborhood of C'in X, which maps the
zero section of N to C. The map ¢ can be chosen in such a way that the tangent map
is C-linear on the zero section of N. Every closed immersed .J-holomorphic curve that
is C'-close to C' is the image of a section of N. Fix an arbitrary connection V, on
N and let Jy be the (0, 1)-part of V. If s is a section of N near the zero section, the

equation for ¢(s) to be a J-holomorphic curve in X can be schematically written as

(2.1) dos + 7(8)(Vo(s)) + Q(5)(Vo(s), Vo(s)) + T(s) = 0.
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Here 7 is a smooth section of 7*(Homg (T*C' ®@g N, T"'C ®c N)), and Q is a smooth
section of 7*(Homg(T*C ®g N ®r N,T"'C ®c N)), and T is a smooth section of
7 (T%'C ®c N). The values of 7, Q, and T are defined pointwise by the values of
J in an algebraic way, and 7, @), T" are zero when s = 0. The linearized equation of

1) at s = 0is do(s) + Z(s) = 0. Define

- oT
(2.2) L(s) := 0y(s) + 6’_<S)
s
Notice that L is only an R-linear operator. The curve C' is called nondegenerate if L is
surjective as a map from L?(N) to L*(N). By elliptic regularity, if C' is nondegenerate
then the operator L is also surjective as a map from L%(N) to L2 _|(N) for every k > 1.

The index of the operator L equals
(2.3) ind L = {c;(N), [C]) — (e (T*' X), [C]).

It follows from the definition that nondegeneracy only depends on the 1-jet of J on
C'. Namely, if there is another almost complex structure J’ such that (J — J')|c =0
and (V(J —J"))|c = 0, then C is nondegenerate as a J-holomorpic curve if and only
if it is nondegenerate as a J'-holomorphic curve.

For a homology class e € Hy(X;Z), define
de) =e-e—{c(T"'X),e).

By equation ([2.3)), d(e) is the formal dimension of the moduli space of embedded
pseudo-holomorphic curves in X in the homology class e. By the adjunction formula,

the genus ¢ of such a curve satisfies

e-e+2—29=—{c;(T™"X),e).
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Therefore d(e) = 2(g — {c;(T*' X),e) — 1). In general, the formal dimension of the

moduli space of J-holomorphic maps from a genus g curve to X in the homology
class e, modulo self-isomorphisms of the domain, is also 2(g — {c¢;(T*' X),e) — 1).

Now assume X has a symplectic structure w. Recall that an almost complex

structure J is compatible with w if w(-, J-) defines a Riemannian metric. Let J (X, w)

be the set of smooth almost complex structures compatible with w. For a closed

surface ¥ and a map p : ¥ — X, define the topological energy of p to be Sz p*(w).

Definition 2.6. Let (X,w) be a symplectic manifold. Let £ > 0 be a constant.
An almost complex structure J € J(X,w) is called E-admissible if the following

conditions hold:

(1) Every embedded J-holomorphic torus C' with topological energy less than or
equal to F and with d([C]) = 0 is nondegenerate.

(2) For every homology class e € Hy(X;Z), if {{w],e) < E, and if {¢;(T™ X), e) >
0 (namely, the formal dimension of the moduli space of J-holomorphic maps
from a torus to X in the homology class e, modulo self-isomorphisms of the
domain, is negative), then there is no somewhere injective J-holomorphic map

from a torus to X in the homology class e.

The next lemma is a special case of proposition 7.1 in [37]. Recall that the C'*
topology on J (X, w) is defined as the Fréchet topology, namely it is induced by the

distance function

6] . .
. - 71 — ja|cn
d(j1, = 27" : : .
(]1 ]2) Z 14+ H]l _ ]ZHC”

n=1

Lemma 2.7. Let E > 0 be a constant. If (X,w) is a compact symplectic manifold,
the set of E-admissible almost complex structures form a dense subset of J(X,w) in

the C'-topology. 0
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A homology class e is called primitive if e # n - ¢’ for every integer n > 1 and every

¢ € Hy(X;Z). If e e Hy(X;Z) is a primitive class, define M(X, J, e) to be the set of
embedded J-holomorphic tori in X with fundamental class e.

Now consider smooth families of almost complex structures. Assume w; (s € [0,1])

is a smooth family of symplectic forms on X. For i = 0,1, let J; € J(X,w;). Define
j(X7 {Ws}7 J07 Jl)

to be the set of smooth families {.Js} connecting J, and Jy, such that Js € J(X,ws)
for each s € [0, 1].

Lemma 2.8. Let X be a compact 4-manifold and let ws (s € [0,1]) be a smooth
family of symplectic forms on X. Let e € Hy(X;7Z) be a primitive class, such that
(1 (T™X),ey =0 ande-e =0, and let E > 0 be a constant such that E > {{ws], ) for
every s. Fori€{0,1}, let J; € J(X,w;) be an E-admissible almost complez structure
on X. Then there is an open and dense subset U < J(X,{ws}, Jo, J1) in the C*-
topology, such that for every element {Js} € U, the moduli space M(X,{Js}, e) =
Hse[o,l] M(X, Js, e) has the structure of a compact smooth 1-manifold with boundary
M(X, Jo,e) u M(X, Jy,e).

Proof. For general X and e the moduli space M(X, {Js},e) may not be compact.
However, the compactness of the space M (X, {J,},e) follows from the assumptions
that m(X) = 0 and e being primitive. Since M (X, {Js},e) only consists of tori,
Gromov’s compactness theorem (see for example [47]) implies that for every sequence
{Ch} < M(X,{Js},e), there is a subsequence {C,,} with C,,, € M(X, J,, e) and
lim; .o 8; = Sp, such that the sequence C,,, is convergent to the image of one of
the following: (1) a possibly branched multiple cover of a somewhere injective Jy, -
holomorphic map, (2) a Jg,-holomorphic map with at least one spherical component,

(3) a somewhere injective Js,-holomorphic map from a torus. Case (1) is impossible
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since e is assumed to be a primitive class. Case (2) is impossible becase there is no
non-constant Js -holomorphic maps from a sphere to X. When case (3) happens, for
the limit curve the adjunction formula states that e-e +2—2g = —{c;(T*'X), e) + &,
where x depends on the behaviour of singularities and self-intersections of the curve,
and k is always positive if the curve is not embedded (see [24]). Since g = 1, e-e = 0,
{c1(T"'X), ey = 0, it follows that x = 0, hence the limit curve is an embedded
curve, namely it is an element of M(X, J;,, ). Therefore the space M(X, {Js},e) is
compact.

Since M (X, {Js},e) consists of only embedded curves, the standard transversal-
ity argument (see for example section 3.2 of [25]) shows that on a dense subset
V< J(X,{ws}, Jo, J1), the moduli space M(X, {Js},e) is a smooth 1-manifold with
boundary M(X, Jy,e) u M(X, Jy,e).

Since M(X,{Js},e) is always compact, the transversality condition is an open
condition, therefore there exists an open set U < J (X, {ws}, Jo, J1), such that V < U,
and for every {Js} € U, the moduli space M(X, {Js},e) is a compact smooth 1-
manifold with boundary M (X, Jy,e) u M(X, Ji,e). O

With a little more effort one can generalize lemma [2.8| to non-compact symplectic

manifolds. To start, one needs the following definition.

Definition 2.9. Let (X,w) be a symplectic manifold, not necessarily compact. Let
J € J(X,w). The pair (w,J) defines a Riemannian metric ¢ on X. The triple
(X,w, J) is said to have bounded geometry with bounding constant N if the following

conditions hold:

(1) The metric g is complete.
(2) The norm of the curvature tensor of g is less than N.

(3) The injectivity radius of (X, g) is greater than 1/N.
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One says that a path {(X, ws, J5)} has uniformly bounded geometry if for each s, the

space (X, ws, J;) has bounded geometry, and the bounding constant N is independent
of s.

The following lemma is a well-known result.

Lemma 2.10. Let (X,w,J) be a triple with bounded geometry, with bounding con-
stant N. Let e € Ho(X;Z), and let E > 0 be a constant such that E = {Jw],e).
Then there is a constant M(N, E), depending only on N and E, such that every
connected J-holomorphic curve C' with fundamental class e must have diameter less

than M (N, E) with respect to the metric defined by w(-, J-).

Proof. By the monotonicity of area for J-holomorphic curves (see, for example, [16]

section 2.3 E}]), the area of B,(1/N) n C is greater than or equal to Since C

¥z
is connected, this implies that its diameter is bounded by 2 Area(C)N /7. Notice
that the area of C' equals ([w], e), which is bounded by E, hence the the diameter is

bounded by 2EN /. O

In the noncompact case, one needs to be more careful about the topology on
the space of almost complex structures. A topology on J(X,w) can be defined as
follows. Cover X by countably many compact sets {A;},z. For each A; define the
C*-topology on J(A;,w). Endow the product space

[[7(Aiw)
i€z
with the box topology, and consider the map
J(X,w) =[] T(4w)
i€Z
defined by restrictions. The topology on J(X,w) is then defined as the pull back of

the box topology on the product space.
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The topology on J(X,w) does not depend on the choice of the covering {A;}.
When X is noncompact, the topology on J(X,w) is not first countable.

For N > 0, define J(X,w,N) to be the set of almost complex structures J €
J (X, w) such that (X,w, J) has bounded geometry with bounding constant N. With
the topology given above, the space J(X,w, N) is an open subset of J (X, w).

A topology on J (X, {ws}, Jo, J1) can be defined in a similar way. Cover X by
countably many compact sets {4;};cz. For each A;, one takes the C*-topology on
J(A;, {ws}, Jo, J1). The topology on the space J(X,{ws}, Jo, J1) is then defined as
the pull back of the box topology on the product space. This topology does not
depend on the choice of the covering {A;}.

For N > 0, define the set J (X, {ws}, Jo, J1,N) to be the set of families {Js} €
J (X, {ws}, Jo, J1) such that the family {(X, Js,ws)} has uniformly bounded geometry
with bounding constant N. Then the set J (X, {ws}, Jo, J1, N) is an open subset of
the set J (X, {ws}, Jo, J1).

The following lemma is essentially a diagonal argument. It explains why the topolo-
gies defined above are the correct topologies for the perturbation arguments in this

article.

Lemma 2.11. Let {A, },>1 be a countable, locally finite cover of X by compact sub-
sets. Let w be a symplectic form on X, let ws be a smooth family of symplectic forms

on X. Let N > 0 be a constant. Let J; € J(X,w;, N), wherei =0 or 1.

(1) Let ¢ : J(X,w) = [, J(An,w) be the embedding map. For every n, let U,
be an open and dense subset of J(An,w), then o (], U,) is an open and
dense subset of J(X,w).

(2) Let ¢ = J(X,{ws}, Jo, J1) = [, T (Ai,{ws}, Jo, J1) be the embedding map.
For every n, let

un - j<An7 {w8}7 ‘]Oa Jl)



88

be an open and dense subset, then ¢~ *(]],U,) is an open and dense subset

of J(X, {Ws}, Jo, Jl)-

Proof. For part 1, the set ¢ '([ ], U,) is open by the definition of box topology. To
prove that ¢ *([], U,) is dense, let J be an element of J(X,w). Let J,, = J|a, €
J (A, w). For every n, let V,, © J(A,,w) be a given open neighborhood of J,,. One
needs to find an element J' € J(X,w) such that J'|4, € V, nU,. For each n, let
D,, be an open neighborhood of A,, such that the family {D,} is still a locally finite
cover of X. One obtains the desired J’ by perturbing J on the open sets {D,,} one by
one. To start, perturb the section J on D; to obtain a section J;. Since U is dense
it is possible to find a perturbation such that J;|4, € U; N V;. Now assume that after
perturbation on Dy, Dy, - -, Dy, one obtains a section Jj such that Ji|a, € U; n'V;
for j = 1,2,--- k. Then a perturbation of J; on Dy, gives a section Ji,; such
that Jyi1]a,., € Ups1 N Vis1. When the perturbation is small enough, it still has the
property that Jiy1]a, € U;nV; for j = 1,2,--- k. Since {D,} is a locally finite cover
of X, on each compact subset of X the sequence {.J;} stabilizes for sufficiently large
k. The limit limy_,, J; then gives the desired J'.

The proofs for part 2 is exactly the same, one only needs to change the notation

J(,w) to T(-,{ws}, Jo, J1)- ]

Remark 2.12. Lemma is essentially a result on the box topology, and it does
not use any specific properties of symplectic topology or almost complex structures.
Since the lemma above is already sufficient for the purpose of this article, the most

general statement is not given here.

Lemma 2.13. Let X be a 4-manifold, let e € Hy(X;7Z) be a primitive class with
(e1(T'X), ey = 0 and e-e = 0. Assume ws (s € [0, 1]) is a smooth family of symplectic
forms on X. Let E be a positive constant such that E > ((ws],€) for every s. For
i=0,1, assume J; € J(X,w;, N) is E-admissible. If the set J(X,{ws}, Jo, J1, N) is
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not empty, then there is an open and dense subset U < J (X, {ws}, Jo, J1, N), such
that for each {Js} € U, the moduli space

M(X, {J},e) = || M(X, Jse)

s€[0,1]
has the structure of a smooth 1-manifold with boundary M(X, Jo,e) U M(X, Jy,€).

Moreover, if f : X — R is a smooth proper function on X, then the function defined

as

f: M(X,{Js},e) >R
C— dA
.1

is a smooth proper function on M(X,{Js},e). Here for C € M(X, Js,e), the form
dA is the area form on C' defined by J, and wy.

Proof. First prove that f is a proper function. For any constant z > 0, take a sequence
of curves C,, € M(X, {Js}, e) such that |[f(C},)| < z. By the definition of f, there exists
a sequence of points p,, € C,, such that |f(p,)| < z. Since f is a proper function on X,
the sequence p,, is bounded on X. By lemmal2.10] this implies that the curves C,, stay
in a bounded subset of X. By the argument for the compact case (lemma , the
sequence {C,} has a subsequence that converges to another point in M (X, {J},e),
hence the function § is proper.

It remains to prove that there is an open and dense subset
Uc j(X7 {w8}7 J07 J17 N)7

such that for every {Js} € U, the space M(X, {Js},e) is a smooth 1-dimensional
manifold. Let g, be the metric on X compatible with J, and w,. Let g be a complete
metric on X such that g5 > g for every s. From now on, the distance function on

X is defined by the metric g. By lemma [2.10] there exists a constant M > 0 such
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that the diameter of every Js-holomorphic curve with topological energy no greater
than F is bounded by M. Let {B,} be a countable locally finite cover of X by
open balls of radius 1. For every n, let A,, be the closed ball with the same center
as B, and with radius (M + 1). The family {A,} is also a locally finite cover of
X. For each n, let M,,(X,{Js},e) be the set of curves C' € M(X, {Js},e) such that
C < A, and let M/ (X, {Js},e) be the set of curves C' n M(X, {Js},e) such that
C c B, # . By the diameter bound, M/ (X, {Js},e) € M, (X,{Js},e). Take f to
be the distance function to the center of B,,, it was proved in the previous paragraph
that the corresponding function § on the moduli space is proper, hence M., (X, {Js}, e)
is a compact set, therefore the transversality condition is open on M, (X, {Js},e). As
a result, there is an open and dense subset U,, = J (A, {ws}, Jo, J1, N), such that if
{Js}| 4, € Uy, then the set M! (X, {Js}, e) € M, (X, {Js},e) is asmooth 1 dimensional
manifold. Notice that {M/ (X, {Js},e)}n>1 is an open cover of M(X,{Js},e). It
then follows from part 2 of lemma that there is an open and dense subset
U J(X,{ws}, Jo, J1, N) such that for every element {J,} € U the set M(X, {J,},e)

is a smooth 1-manifold. O

2.3. Symplectization of taut foliations. This section discusses a symplectization
of oriented and cooriented taut foliations. It is the main ingredient for the proof of
theorem 2.3l

Let M be a smooth 3-manifold, let F be a smooth oriented and cooriented taut
foliation on M. Since F is cooriented, it can be written as F = ker A\, where A is
positive in the positive normal direction of F. Since F is taut, there exists a closed
2-form w such that w A A > 0 everywhere on M. Choose a metric gy on M such that
*goA = w. By Frobenius theorem, d\ = 1t A A for a unique 1-form p satisfying po L .

Locally, write w = e! A e? where e! and e? are orthonormal with respect to the metric
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go- Consider the 2-form Q = w + d(t\) on R x M and the metric g defined by

(dt +tp)? + (1 4+ AN + (eh)? + (e2)?

g:1+ﬁ

The 2-form €2 is a symplectic form on R x M, and the metric g is independent of the
choice of {e!,e?} and is compatible with Q. Let J be the almost complex structure
given by (€2, g). To simplify notations, let X be the manifold R x M.

Recall that by lemma [1.3]

Lemma 2.14. The triple (X,Q,J) has bounded geometry. O

Locally, let {eg, e1, €2} be the basis of TM dual to {\, ¢!, €?}, and extend them to R-
translation invariant vector fields on R x M. Let é; = e; —tu(el)%, €y = €9 —t,u(eg)%.

The almost complex structure J is then given by

1
—€
1+1¢2

05

0
J—
ot
Jé, = é,.

Define F = span{éy, é;}, it is a J-invariant plane field on X.

Lemma 2.15. The plane field Fisa foliation on X . Under the projection R x M —
M, the leaves of]? projects to the leaves of F.

Proof. Since du A X = d(d)\) = 0, there is a p; such that du = pu; A A\. Therefore,
one has d(dt + tu) = (dt + tp) A pp+tug A A, and dA = g A A, By the Frobenius
theorem, the plane field F = ker(dt + tu) n ker A is a foliation. The tangent planes
of F projects isomorphically to the tangent planes of F pointwise, thus the leaves of

F projects to the leaves of F. 0

It turns out that every closed J-holomorphic curve in X is a closed leaf of F.
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Lemma 2.16. Let p : ¥ — X be a J-holomorphic map from a closed Riemann

surface to X. Then either p is a constant map, or it is a branched cover of a closed

leaf of]?.

Proof. Since p is J-holomorphic, p* ((dt +tu) A )\) > 0 pointwise on Y. On the other
hand,

L p*((dt +tu) A N) = f p*(d(tN)) = 0.

3

Therefore p(X) is tangent to ker(dt + tu) N ker A, hence either p is a constant map,

or it is a branched cover of a closed leaf of F. O

Lemma 2.17. Let L be a leaf of F and v a closed curve on L. Let m: R x M — M
be the projection map. The foliation F is then transverse to 7 1(y) and gives a
horizontal foliation on w~1(y) = R x . The holonomy of this foliation along v is

-1

given by the multiplication of [(~)~"', where I(7) is the linear holonomy of F along .

Proof. Recall that locally (), e',e?) is an orthonormal basis of T*M and (e, €1, €3)
is its dual basis. Let (—¢,¢) x L < M be a tubular neighborhood of L in M, let z
be the first coordinate function on (—e,€) x L. The parametrization of the tubular
neighborhood can be chosen such that % = ¢g. Now A has the form A\ = dz + v(z)
where v(z) is a 1-form on L depending on z and v(0) = 0. The condition that ker A
is a foliation is equivalent to

dl/+%/\1/=0.
0z

The 1-form p satsifies d\ = p A A, therefore p|, = *g—’;|zzo.

Suppose 7 is a closed curve on L parametrized by u € [0, 1]. Let (¢(u),y(u)) be a
curve in R x M that is a lift of v and tangent to F. Then the function #(u) satisfies
t + tu(¥) = 0. Therefore

1) = exp (~ [ u) -100) = exp ( 01 % 0)(: (w)i) - (0)

0
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Now compute the linear holonomy of F along ~. If (z(u),v(u)) is a curve in

(—€,€) x L tangent to F, then
(2.4) z+v(z)(%) =0.

If z5(u), s € [0,€) is a smooth family of solutions to (2.4)) with zo(u) = 0, then the

linearized part {(u) = Z=|,_o(u) satisfies
- ov
I+1 = y) = 0.
- 0z z=0(7)

Therefore the linear holonomy of F along ~ is

exp (- 01 2 0)(a ).

hence the linear holonomy of F along ~ is inverse to the holonomy on 7~ !(v) given

by]?. O

The following result follows immediately from lemmas and [2.17]

Corollary 2.18. Let C be a closed embedded J-holomorphic curve on X. Then either
C < M x{0} and C is a closed leaf of F, or C" does not intersect the slice M x {0} and

it projects diffeomorphically to a closed leaf of F with trivial linear holonomy. U
The next lemma studies J-holomorphic tori on X.

Lemma 2.19. Suppose T is a torus leaf of F with non-trivial linear holonomy. Then

T x {0} is a nondegenerate J-holomorphic curve in X.

Proof. Notice that d([T]) = 0, thus the index of the deformation operator is zero,
and one only needs to prove that the operator L on T defined by equation has
a trivial kernel.

Let Ty = T x {0} be the torus in X. As in lemma let (eq,e1,e2) be the dual
basis of (), e!,€?). Let (—¢,€) x T = M be a tubular neighborhood of T, let z be
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the first coordinate function, and choose a parametrization such that % = ¢p. Then
on this neighborhood, A has the form A = dz + v(2), where v(z) is a 1-form on T’
depending on z and v(0) = 0. The condition that ker A is a foliation is equivalent to

dy+@Au=O.
0z

Let g = %’z:o- Apply a_az on the equation above at z = 0, one obtains df = 0.
Extend § to (—¢,€) x T by pulling back from the second factor. Let X = dz + z - f3,
then ker \" defines another foliation near 7. Let u/ = —f.

Let e}, €} be vector fields on (—e¢,€) x T such that they are tangent to ker N,
and that their projections to 7" form a positive orthonormal basis. Let ¢ be the
coordinate function on the R component, and extend €, €5 to a neighborhood of Tj

in X by translations in the t-direction. Define an almost complex structure J’ on

R x (—e€,¢) x T by

, 0
T = o
! / ! / 8 ! / ! a
J (61 —tp (%)5) =ey —tp (62)5'

Equation (2.1)) for the deformation of J’-holomorphic curves near Tj is a linear

equation. In fact, let

(f,9): T > R x (—¢,¢€)

be the parametrization of a curve C' near Ty. For p € T = Ty, let v = €{(p),
w = e4(p), then the tangent space of C' at (f(p),g(p),p) is spanned by (0, f, 0,g,v)
and (0 f, 0wy, w). Notice that
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Therefore

S (0uf, 0ug,v) = (=0ug + B(w)f, 00 f — B(v) f,w),
J/(awfa awga w) = (_awg - ﬂ(v)fa awf - ﬁ(w)Lﬁ _U)-

Hence C' is J'-holomorphic at (f(p), g(p),p) if and only if

5(w)f = avg + awfa

ﬁ(v)f = avf - awg'

This shows that equation is linear for curves near Ty.

On the other hand, since T" has nontrivial linear holonomy, the same arguments as
in lemma and lemma [2.17] shows that Tj is the only embedded .J’-holomorphic
torus in a neighborhood of Tj. Since equation ([2.1)) is linear for Tj, this implies that
Ty is nondegenerate as a J'-holomorphic curve. Recall that J’ and J agree up to first

order derivatives along the curve Tj, therefore Ty is nondegenerate with respect to

J. O

2.4. Proof of theorem [2.3. Now let £ be a cooriented smooth taut foliation on a
smooth 3-manifold Y. Consider its orientation double cover £. It is an oriented and
cooriented taut foliation on the orientation double cover of Y. Let p : Y > Y be
the covering map. If K is a Klein-bottle leaf of £, then p~*(K) is a torus leaf of L.
Recall that in the beginning of section a homology class PD[K| e HY(Y;Z) was

defined for every Klein-bottle leaf.

Lemma 2.20. Let K be an embedded cooriented surface in'Y, then p~'(K) is coori-
ented and hence inherits an orientation from Y. Let PD[p~*(K)] be the Poincaré
dual of the fundamental class of p~'(K), then p*(PD[K]) = PD[p~'(K)].
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Proof. Let v be a closed curve in Y. Use I (+,) to denote the intersection number.

Then

(PD[p " (K)],[7]) = I(p~"(K),~)

= I(K,p(y)) = (PD[K], p«[v]) = p*(PD[K]), [])-
Therefore p*(PD[K]) = PD[p~*(K)]. O
Lemma 2.21. The pull-back map p* : H(Y;Z) — H'(Y;Z) is injective.

Proof. Every element in ker p* is represented by an element o € Hom(m; (Y'),Z) such
that o is zero on the image of p, : 1 (Y) — m1(Y). Since Im p, is a normal subgroup

of m(Y) of index 2, the map « is decomposed as
a:m(Y)->m(Y)/mY)=72/2 -2,

which has to be zero. Therefore p* is injective. O

By lemma [2.20| and [2.21] a Klein-bottle leaf K has PD[K] = A if and only if

PD([p~(K)]) = p*(A). The next lemma shows that for every Klein-bottle leaf K of

L the fundamental class [p~!(K)] is a primitive class.

Lemma 2.22. Let F be an oriented and cooriented taut foliation on a smooth three

manifold M, then the fundamental class of every closed leaf of F is a primitive class.

Proof. Let L be a closed leaf of F. Take a point p € L. By the definition of tautness,
there exists an embedded circle v passing through p and transverse to the foliation.
Let vy : [0,1] — M with v(0) = (1) = p be a parametrization of v. By transversality,
v~Y(L) is a finite set. Let ty be the minimum value of ¢ > 0 such that y(ty) € L. Then
for e sufficiently small one can slide the part of  on (tg — €, tg + €) along the foliation,

such that the resulting curve is still transverse to F, and such that v(¢o) = p. Now
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Yl[o,to] defines a circle whose intersection number with L equals 1. The existence of

such a curve implies that the fundamental class of L is primitive. U
With the preparations above, one can now prove theorem [2.3]

Proof of theorem[2.5, Let A € H'(Y;Z). Suppose Ly and L; are two smooth A-
admissible taut foliations on Y, such that they can be deformed to each other by a
smooth family of taut foliations Ly, s € [0, 1]. Let Y be the orientation double cover
of Y. Then the orientation double covers Es of L, form a smooth family of oriented
and cooriented taut foliaitons on Y.

Let 5 : Y — Y be the deck transformation of the orientation double cover. Then
the map o preserves the coorientation of ES and reverses its orientation for each s.

There exists a smooth family of 1-forms A, and closed 2-forms w, on Y such that
L, = ker A, and \; A w; > 0. By changing ), to (As + 0%)\s)/2 and changing ws to
(ws — 0%ws)/2, one can assume that 6*A\; = A;, and 6*ws = —w;,. Let (€, Js) be the
corresponding symplectic structures and almost complex structures on X = R x Y

as defined in section 2.3l Define

c: X =X
(t,x) — (—=t,a(x)).

Then o*(Qs) = —Qg, and 0*(Js) = —Js. The family {(X, s, Js)} has uniformly
bounded geometry. This means that there is a constant N > 0 such that J; €
J (X, Q,, N) for each s.

If neither £y nor £; has any Klein-bottle leaf in the class A, the statement of
theorem obviously holds. From now on assume that either £y or £; has at least
one Klein-bottle leaf in the class A. This implies either Zo or Zl has at least one
torus leaf. By a theorem of Novikov [29] (or see for example Theorem 9.1.7 of [§]),
m2(X) = my(Y) = 0. Let e be the push forward of PD(p*(A)) € Hy(Y; Z) to Hy(X; Z)
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via the inclusion map Y =~ {0} x Y < X. The class e then satisfies o.(e) = —e. By
lemma e is a primitive class.

Take a positive constant E such that E > {[{],e) for all s. For every J' €
J(X,Q,, N) and every C € M(X,J',e), lemma [2.10] gives a diameter bound of C' by
M(N, E).

Let ty > 0 be a fixed positive number. For ¢ = 0,1, the union of torus leaves L
in £; in the homology class p*(A) such that SL w; < E and L is not the lift of any
Klein-bottle leaf form a compact set Ez The set éz satisfies 6(51-) = éz Let [71 be
a neighborhood of B; such that &(ﬁi) — U; and the closure of U; does not intersect

the lift of any Klein-bottle leaf of £;. Let

~

V = ((—o0,—to) U (to,0)) x Y,

~ ~

Ui = (R x U) | (=0, —to) v (to,0)) x Y.

V and U; are open subsets of X. The following two lemmas will be proved in section

2.0

Lemma 2.23. For ¢ = 0,1, the almost complex structure J; can be perturbed to
J e J(X,Q, N), such that J = J; near the lifts of Klein-bottle leaves, and J|
is E-admissible. Moreover, one can choose J! such that the following are satisfied:
o*(J!) = =J] on U;, and every J!-holomorphic torus of X in the homology class e is
either contained in U; or is the lift of a Klein-bottle leaf in L; in the class A. If C is

a J{-holomorphic curve in the homology class e contained in U;, then o(C) # C.

Lemma 2.24. The almost complex structures J| and Ji given by lemma can be

connected by a smooth family of almost complex structures

J; € j(X7 QS’ N)’
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such that o*(J.) = —J. on V', and the moduli space

MX AT} e)= [] MX, T e)

s€[0,1]

has the structure of a smooth 1-manifold with boundary M(X, Jj,e) v M(X, J{,e).
Moreover, let t : X — R be the projection of X = Y xR to R, then the function
defined as

fr M(X, {J}e) =

HJ(tdA

is a smooth proper function on M(X,{J.},e), where for C € M(X, J., e), the form

I S

dA is the area form on C given by gs.

Let {J.} be the family of almost complex structures given by the lemmas above. By
the bound on geometry and the diameter bound, there exists a sufficiently large t; > 0
such that for every J!-holomorphic torus C' in the homology class e, if |f(C)| > t, then
C' is contained in V. Take a constant t, > t; such that both ¢, and —t, are regular
values of §, and that ¢ ¢ f(M(X,J),e) U M(X,Jj,e)). Let S; = M(X,J},e) N
§71([—ta, t2]). The set §'(t2) U § ' (—ta) U Sy U Sy is the boundary of the compact
I-manifold §~!([—ts, t2]), hence it has an even number of elements.

The construction of ¢, implies that every element in f~!(¢3) U §~!(—t3) is contained
in V. The properties of {J/} given by lemma[2.24states that o*(.J.) = —J. on V, thus
o maps f1(t3) to f71(—ts), hence the set §!(t5) U f~1(—ty) has an even number of
elements. The properties given by lemma implies that o acts on the set .5;, and
the fixed point set consists of tori in {0} x ¥ which are lifts of Klein-bottle leaves of £;

in the homology class A. On the other hand, let IC; be the set of lifts of Klein-bottle
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leaves of £; in the homology class A, then for every
C e {0} x (Kou Ky) c M(X, J,e) u M(X, J;,e),

one has f(C') = 0. Hence C € Sy u Sy, and C is fixed by o.
The arguments above show that the number of elements in §71(t5) U f~1(—t2) U
So U S7 has the same parity as the number of elements in g U K;. Therefore, the

set Ko u K1 has an even number of elements, and the desired result is proved. O

2.5. Technical lemmas. The purpose of this section is to prove lemma and
lemma [2.24] The proofs are routine and straightforward, they are given here for lack

of a direct reference. Throughout this section X will be a smooth 4-manifold with

7T2(X) = 0.

Definition 2.25. Let (X,w) be a symplectic manifold. Let B < X be a closed
subset. Let E, N > 0 be constants. An almost complex structure J € J(X,w, N) is
called (B, E)-admissible if the following conditions hold:

(1) Every embedded torus C' with topological energy less than or equal to E,
d([C]) = 0, [C] being primitive, and satisfying C' n B # J, is nondegenerate.
(2) For every primitive homology class e € Hy(X;Z), if {Jw],e) < E, and if
(c1(T*'X),e) > 0 (namely, the formal dimension of the moduli space of
J-holomorphic maps from a torus to X in the homology class e, modulo self-
isomorphisms of the domain, is negative), then there is no somewhere injective
J-holomorphic map p from a torus to X in the homology class e such that

Im(p) n B # .

The next lemma follows from Gromov’s compactness theorem and the diameter

bound of lemma [2.10
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Lemma 2.26. Let (X,w) be a symplectic manifold. Let B < X be a closed subset,
and E;N > 0 be constants. The elements of J(X,w, N) that are (B, E)-admissible

form an open and dense subset of J(X,w,N).

Proof. First consider the case when B is compact. The denseness of (B, E)-admissible
almost complex structures then follows from the standard transversality argument.
Now one proves the openness. Let M (N, E) be the upper bound of diameter given by
lemma[2.10] Let A be a compact set containing B such that the distance between ¢ A
and B is greater than M (N, E')+ 2. Suppose J is a (B, E')-admissible almost complex
structure. Let U be a sufficiently small open neighborhood of J|4 € J(A,w), such
that for every J' € J(X,w, N), if J'|4 € U then the distance between dA and B is
greater than M (N, E) + 1. One claims that there is a smaller neighborhood V < U
containing J, such that for every J' € J(X,w,N), if J'|4 € V then J' is (B, E)-
admissible. In fact, assume the claim is not true, since J(A,w) is first countable,
there is a sequence {J,,} < J(X,w,N), such that J,|4 — J|a in the C® topology,
and that every J, is not (B, E)-admissible. Therefore for every n, there exists a
Jy-holomorphic curve C,, with topological energy no greater than FE, such that [C,,]
is primitive, C,, n B # . Moreover, either (), is an embedded degenerate curve with
index zero, or C,, is a curve with negative index. The diameter bound implies C,, ¢ A
for each n. Gromov’s compactness theorem then implies that there is a subsequence
of C), converging to a non-constant .J-holomorphic map with possibly bubbles, nodal
singularities, and branched-cover components. Since is it assumed that mo(X) = 0
and [C,,] is primitive, the limit map has to be an embedded torus. The torus given
by the limit map has topological energy less than or equal to E, and it violates the
assumption that J is (B, F)-admissible.

Now consider the case when B is not necessarily compact. Cover B by a lo-
cally finite family of compact subsets B,,. Let A,, be the closed (M (N, E) + d + 2)-

neighborhood of B,,. By the argument of the previous paragraph, for each n there is
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an open and dense subset V,, of J(A,,w), such that for every J' € J(X,w, N), the
condition that J' is (B, E)-admissible is equivalent to J'|4, € V,,. Notice that J’ is
(B, E)-admissible if and only if it is (B, E)-admissible for every n. Therefore the

result follows from part 1 of lemma [2.11 O

From now on assume that o : X — X is a map that acts diffeomorphically on X,

such that 0% = idx and the quotient map X — X /o is a covering map.

Definition 2.27. Let (X, w) be a symplectic manifold. Let d, £, N > 0 be constants.
Let B be a closed subset of X such that ¢(B) = B. An almost complex structure
Je J(X,w,N) is called (d, E')-regular with respect to B if for every J-holomorphic
map p from a torus to X with topological energy less than or equal to E, at least

one of the following conditions hold:

(1) The distance between the sets Im(p) and o(Im(p)) is greater than d.
(2) The distance of Im(p) and B is greater than d.

Here the distance is defined by the metric g; = w(-, J-) on X.

Remark 2.28. Notice that since the map p in the definition above can be a constant
map, for a (d, F)-regular almost complex structure J with respect to B, one has

dist(p, o(p)) > d for every p € B.

The following result is also a consequence of Gromov’s compactness theorem, and

the proof follows a similar strategy as lemma [2.26]

Lemma 2.29. Let d,E, N > 0 be constants, and B is a closed subset of X such
that o(B) = B. The elements of J(X,w,N) that are (d, E)-reqular with respect to
B form an open subset of J(X,w, N).

Proof. First consider the case when B is compact. Let M (N, E) be the upper bound
of diameter given by lemma [2.10l Let A be a compact set containing B such that

the distance between 0A and B is greater than M (N, E) + d + 2. Suppose J is a
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(d, E)-regular almost complex structure with respect to B. Let U be a sufficiently
small open neighborhood of J|4 € J(A,w), such that for every J' € J(X,w, N), if
J'|4 € U then the distance between 0A and B is greater than M (N, E) +d + 1. One
claims that there is a smaller neighborhood V < U containing J, such that for every
J e J(X,w,N), if J'|4 € V then J' is (d, E)-regular with respect to B. In fact,
assume the claim is not true, since J(A,w) is first countable, there is a sequence
{J.} = J(X,w,N), such that J,|4 — J|a in the C* topology, and that every .J,
is not (d, F)-regular with respect to B. By the definition of (d, E)-regularity, there
is a sequence of J,-holomorphic maps p, from torus to X with topological energy
less than or equal to F, such that the distance of Im(p) to B with respect to the
metric given by J, is less than or equal to d, and the distance between Im(p) and
o(Im(p)) with respect to the metric given by .J, is less than or equal to d. By the
diameter bound, every curve C), is contained in the set A. Gromov’s compactness
theorem then implies that there is a subsequence of p,, converging to a non-constant
J-holomorphic map with possibly bubbles, nodal singularities, and branched-cover
components. Since is it assumed that mo(X) = 0, the limit map has to be a possibly
branched cover of a torus. The torus given by the limit map has topological energy
less than or equal to F, and it violates the assumption that J is (d, F)-regular with
respect to B.

Now consider the case when B is not necessarily compact. Let J be a (d, E)-
regular almost complex structure with respect to B. Cover B by a locally finite
family of compact subsets B,, such that o(B,,) = B,, for each n. Let A, be the closed
(M (N, E) + d + 2)-neighborhood of B,,. By the argument of the previous paragraph,
for each n there is an open neighborhood V,, of J|4, in J(A,,w), such that for every
J e J(X,w,N),if J'|4, € V, then J' is (d, E')-regular with respect to B,,. Notice that
J' is (d, E)-regular with respect to B if and only if it is (d, £')-regular with respect to

every B,. By the definition of the topology on J(X,w, N), this implies that J has
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an open neighborhood consisting of (d, F)-regular almost complex structures with

respect to B. O

The following lemma is a 1-parametrized version of lemma [2.29

Lemma 2.30. Let d, E, N > 0 be constants, and B is a closed subset of X such that
o(B) = B. Let ws (s €[0,1]) be a smooth family of symplectic forms on X, and let
Ji € J(X,w;, N). Then the set of elements {Js} € T (X, {ws}, Jo, J1, N) such that ev-
ery Js is (d, E)-regular with respect to B form an open subset of J (X, {ws}, Jo, J1, N).

Proof. The proof is exactly the same as lemma [2.29, One only needs to change the

notation J to {Js}, and change the notation J(X,w, N) to J (X, {ws}, Jo, J1,N). O

Lemma 2.31. Let (X,w) be a symplectic manifold such that o*(w) = —w. Let
d, E,N > 0 be constants. Let B be a closed subset of X such that o(B) = B. Assume
J e J(X,w,N) is (d, E)-regular with respect to B, and assume that o*(J) = —J on
B. Then for every open neighborhood U of J in J(X,w,N), there is an element J’
such that J' is (d, E)-regular with respect to B and is E-admissible, and o*(J') = —J'
on B. Moreover, if there is a closed subset H < X such that c(H) = H and J is

(H, E)-admissible, then J' can be taken to be equal to J on the set H.

Proof. By shrinking the open neighborhood U, one can assume that every element of
U is (d, E)-regular with respect to B, and that there is a complete metric gy on X
such that 0*(go) = go and go < gy for every J' € U. For the rest of this proof, the
distance function on X is defined by go.

Cover X by a locally finite family of closed balls with radius d/10. Say

where {B;} are closed balls with radius d/10. Let D; be the open d/10-neighborhood

of B;, then the diameter of D; is less than d/2.
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Let A; = u,<;Bj, then Ay = J. The construction of J’ follows from induction.
Assume that J; is already (A;, F)-admissible with ¢*(J;) = —J; on B, the follow-
ing paragraph will perturb J; to J;iq such that Jj41 is (Aj41, E)-admissible with
0*(Jj41) = —Jj41 on B.

In fact, if Dj;1 n B = &, then a generic perturbation on D;;; will do the job.
If Djy1 n B # &, choose a small perturbation on D;;; such that the resulting al-
most complex structure J7,, is still in ¢/ and is (Bj4;, F)-admissible. Recall that
every element in U is (d, E)-regular with respect to B, hence by remark and the
diameter bound on D;;1, one has o(D;1) n Djy1 = . Now make an additional
perturbation on o(D;1) such that the resulting almost complex structure J;,; sat-
isfies 0(J;41) = —Jj41 on B. One can choose the perturbation on D;; to be small
enough such that J;; is also in U.

Now J;11 is (d, E)-regular with respect to B, the diameter of D, is less than d/2,
and D; n B # 4. One claims that there is no J;;i-holomorphic map from a torus
with topological energy less than or equal to £ and passing through both D;,; and
o(Dj41). Infact, assume C passes through both D, and o(D;.), then then distance
between C' and o(C') is less than d/2. Since D; n B # &, the distance between C
and B is less than d/2. This is contradictory to the fact that J7,, is (d, E)-regular
with respect to B.

Since no Jj;1-holomorphic map from a torus with topological energy less than or
equal to E can pass through both D;,; and o(Dji1), the almost complex struc-
ture J!

J+1

lemma being (A;, E)-admissible is an open condition, thus when the perturba-

being (Dji1, F)-admissible implies that J;1 is (D41, E)-admissible. By

tion is sufficiently small J;;; is also (A4;, £')-admissible. Therefore the almost complex
structure Jj41 is (4,41, E)-admissible. Since the family {D,,} is locally finite, on each
compact set the sequence {.J;} stabilizes for sufficiently large j. The desired J’ can

then be obtained by taking lim;_,, J;. Moreover, if there is a closed subset H < X
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such that o(H) = H and J is (H, F)-admissible, then each step of the perturbation

can be taken to be outside of H. O

The following lemma is a 1-parametrized version of lemma [2.31} and the proof is

essentially the same.

Lemma 2.32. Let e € Hy(X;Z) be a primitive class. Let B be a closed subset of
X such that o(B) = B. Assume ws (s € [0,1]) is a smooth family of symplectic
forms on X such that o*(ws) = —ws for each s. Let d,N > 0 be constants. Let
E be a positive constant such that E > {[ws],e) for every s. Fori = 0,1, assume
Ji € J(X,w;, N) is E-admissible and (d, E')-reqular with respect to B. Assume {Js} €
J (X, {ws}, Jo, J1, N), such that for each s, the almost complex structure Jg is (d, E)-
reqular with respect to B, and o*(Js) = —Js on B. Then for every open neighborhood
U of {Js} in T(X,{ws}, Jo, J1, N), there is an element {J.} such that {J.} is (d, E)-
reqular with respect to B and is E-admissible, and c*(J.)) = —J. on B for every
s. Moreover, if there is a closed subset H < X such that o(H) = H and {Js} is

(H, E)-admissible, then J. can be taken to be equal to Js on the set H.

Proof. The proof follows verbatim as the proof of lemma One only needs to
change the notation J to {Js}, and change J(X,w, N) to J (X, {ws}, Jo, J1,N). O

Combining the results above, one obtains the following lemma.

Lemma 2.33. Let e € Hy(X;Z) be a primitive class. Let B be a closed subset of
X such that o(B) = B. Assume ws (s € [0,1]) is a smooth family of symplectic
forms on X such that 0*(ws) = —ws for each s. Let d,N > 0 be constants. Let
E be a positive constant such that E > {|ws],e) for every s. Fori = 0,1, assume
J; € J(X,w;, N) is E-admissible and (d, E)-reqular with respect to B. Let J be
the subset of elements {Js} of T (X,{ws}, Jo, J1, N) such that for each s, the almost

complez structure Js is (d, E')-reqular with respect to B, and c*(Js) = —Js on B. If J
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is not empty, let U < J be the subset of J, such that for every {Js} € U, the moduli
space M(X,{Js},e) = Hse[o,l] M(X, Jg,e) has the structure of a smooth 1-manifold
with boundary M(X, Jo,e) U M(X, Ji,e). Then U is open and dense. Moreover, if

f X — R is a smooth proper function on X, then the function defined as

f: M(X,{Js},e) >R
C— A.
J.1e

is a smooth proper function on M(X, {Js},e), where for C € M(X, Js,e), dA is the

area form of C' given by gs. U

Proof. The openness of U follows from lemma The fact that U is dense follows
from lemma The properness of the function f was proved in lemma [2.13] U

The following lemma controls the location of pseudo-holomorphic curves after per-

turbation of the almost complex structure.

Lemma 2.34. Let (X,w) be a symplectic manifold, let J € J(X,w,N). Let E > 0
be a positive constant, and let B be a closed subset of X. Assume that there is
no non-constant J-holomorphic map p from a torus to X, such that Im(p) n B is
nonempty and the topological energy of p is no greater than E. Then there is an open
neighborhood U of J in J(X,w, N), such that for every J' € U, there is no embedded
J'-holomorphic torus in X intersecting B with topological energy less than or equal

to E.

Proof. Cover the set B by a locally finite family of compact subsets B,,. Let M (N, E)
be the upper bound given by lemma for geometry bound N and energy bound
E. Let A, be the closed M (N, E) + 1-neighborhood of B,,. One claims that there is
an open neighborhood U, of J|4, € J(A,,w) such that for every J € J(A,,w, N),

if J'|a, € Uy, then there is no embedded J'-holomorphic torus in X intersecting B,
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with topological energy less than or equal to E. Assume the result does not hold,
then there is a sequence of J, < J(A,w,N) such that for each n there exists a
Jp-holomorphic map p, from a torus to X which intersects B and has topological
energy less than or equal to F, and J,|4, — J|a,. For sufficiently large n, the distance
between 0A, and B, is greater than M (N, E) with respect to the distance given by
Jn, therefore the relevent J,-holomorphic curve is contained in A,. By Gromov’s
compactness theorem, a subsequence of p, will give a non-constant J-holomorphic
map from a torus to A,, such that the intersection Im(p) N B is nonempty, and the
topological energy of p is less than or equal to E, which is a contradiction. Therefore,

the claim holds. The result of the lemma then follows from part 1 of lemma O

With the preparations above, one can now give the proofs of lemma[2.23]and lemma

2.24]

Proof of lemmal2.25. Let g; be the metric on X given by (€, J;). By corollary
every C' € M(X, J;, e) either satisfies o(C) nC' = &, or C'is the lift of a Klein-bottle
leaf. Since the space of torus leaves in Y is compact, there exists a positive constant
dgl) > 0, such when o(C) n C = &, the distance between C' and ¢(C') with respect

to g; is greater than dgl). Let

I
d(2) = = lnidgi(pag(p))'

(2
3 peU;

Let dz@ be the distance from U to the union of the lifts of Klein-bottle leaves. Recall

that
U, = (R X [NJZ) U ((—OO7 —to) V) (to, OO)) X ?
Let
d= min d¥.
1=0,1
7=1,2,3

For every E > 0, the almost complex structure J; is (d, E)-regular with respect to

U;. In fact, every Ji-holomorphic map from a torus to X is one of the following: (1)
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a constant map, (2) a covering to the lift of a torus leaf, (3) a covering to the lift of
a Klein-bottle leaf. Let C' be its image. In case (1), either the distance from C to
U; is at least d§2), or the distance from C' tp o(C) is at least d§2)/3. In case (2), the
distance from C' to o(C) is at least dgl). In case (3), the distance from C to U is at
least dl(g). Choose £ to be any positive constant such that £ > max (Q;,e).
Apply lemma to B = Uj, there is a perturbation

J e J(X,Q;, N)

of J;, such that J! is E-admissible and ¢*(J}) = —J/ on U;. Let W; be a small compact
neighborhood of the union of lifts of Klein-bottle leaves such that o(W;) = W,.
The almost complex structure J; can be taken to be equal to J; on W; since J; is
already (W;, F)-admissible. By the definition of the set U;, every J;-holomorphic map
from a torus to X is either a lift of Klein-bottle leaf or is mapped into the set U;.
Therefore lemma [2.34] shows that when the perturbation is sufficiently small, every
J!-holomorphic torus with homology class e is either contained in U; or is contained
in W;. In the latter case the curve is contained in Y x {0} and it is a lift of a Klein-
bottle leaf of £; in class A. Since J! is (d, E)-regular with respect to U;, for every J!
holomorphic torus C' in U; one has o(C') # C. O

Proof of lemmal2.24, The almost complex structures Jj and .J; can be connected
by a smooth family of almost complex structures J. € J(X, Qs, J§, Ji, N) such that
c*(J!.) = —J, on V. Using lemma [2.33] the family J. can be further perturbed to

satisfy the desired conditions. 0

2.6. An example. This section gives an example of a taut foliation with an odd
number of Klein-bottle leaves such that every closed leaf has non-trivial linear holo-
nomy. By corollary every deformation of such a foliation via taut foliations has

at least one Klein-bottle leaf.
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FIGURE 1. The foliation Z on S! x S*

Think of the torus Ty = S x S! as a trivial S'-bundle over S'. Let z;,2, € R/27
be the coordinates of the two S! factors, where z; is the coordinate for the fiber, and
z9 is the coordinate for the base. Let v be a closed curve on the base that wraps
the S once in the positive direction. Take a horizontal foliation 7 on Ty such that
the holonomy along + has two fixed points: z; = 0 and z; = 7, and that holonomy
map has nontrivial linearization at these two points. Moreover, choose 7 so that it is
invariant under the map (zy, z2) — (21 +7, ™ — 23) and the map (z1, 29) — (21, 22+ 7).

Figure gives a picture for such a foliation 7, where 2, is the horizontal coordinate,
and z; is the vertical coordinate.

Consider the pull back of the foliation 7 to Tox S'. Let 23 € R/27 be the coordinate
for the S! factor, then Span{f , (7_23} defines a foliation Z on Ty x S*. There are exactly
two torus leaves in Z, and they are given by z; = 0 and z; = 7.

The foliation 7 is invariant under the maps

o1 (21,22, 23) = (21 + T, T — 22, 23)

oy 1 (21, 22, 23) — (21, 22 + T, ™ — 23)
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o3 1 (21, 22,23) — (21 + 7, —22, T — 23)

The set V = {id, 01, 09, 03} is a group acting freely and discountinuously on Ty x S*
and it preserves the coorientation of Z. The two torus leaves in Ty x S' are identified
under the quotient by V', and their images give the unique Klein-bottle leaf in Z/V'.
Moreover, the Klein-bottle leaf has non-trivial linear holonomy. Therefore, corollary

implies the following result.

Proposition 2.35. Every deformation of Z/V through taut foliations must have at
least one Klein-bottle leaf. 0
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3. RECTIFIABILITY AND MINKOWSKI BOUNDS FOR THE ZERO LOCI OF Z/2

HARMONIC SPINORS IN DIMENSION 4

3.1. Introduction.

3.1.1. Background. The notion of Z/2 harmonic spinors was first introduced by the
works of Taubes [38,40] to describe the behaviour of certain non-convergent sequences
of PSLy(C) connections on a three manifold. It also appears in the compactifica-
tions of the moduli spaces of solutions to the Kapustin-Witten equations [39], the
Vafa-Witten equations [42], and the Seiberg-Witten equations with multiple spinors
[18, [41]. These equations may have important topological applications. For example,
Witten [45] has conjectured that the space of solutions to the Kapustin-Witten equa-
tions can be used to compute the Jones polynomials and the Khovanov homology for
knots. Haydys [17] conjectured a relation between the multiple spinor Seiberg-Witten
monopoles, Fueter sections, and G2 instantons.

All of these applications require some understanding of the boundaries of the com-
pactifications for the relevant moduli spaces. The “points of discontinuity” for Z/2
harmonic spinors play a crucial role in the structure of the boundary spaces. For a
Z,/2 harmonic spinor, the set of “points of discontinuity” I and the zero set Z were
defined in [40]. Takahashi [34] [35] studied the moduli spaces of Z/2 harmonic spinors
with additional regularity assumptions on I, where I was assumed to be a union of
embedded circles in the case of dimension 3, and an embedded surface in the case of
dimension 4. In general, I may not have this regularity. The regularities of I and Z
were studied extensively in [40]. For example, it was proved that I is the closure of a
countable union of open submanifolds with codimension 2, and that Z = I has Haus-
dorff codimension at least 2. This article improves the regularity results by proving
that Z is rectifiable and has locally finite Minkowski content. The proof is inspired

by [10], where a similar problem was studied for Dir-minimizing @-valued functions.
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3.1.2. Statement of results. Let X be a 4-dimensional Riemannian manifold. Let
VY be a Clifford bundle over X. That is, V is a unitary vector bundle equipped
with an extra structure p € Hom(T'X, Hom(V,V)), such that p(e)> = —|e|? - id and
lp(e)(w)| = |e| - |u| for every e € T,X and u € V|,. Let V be a connection on V' that
is compatible with (X, V), p). Namely, for every pair of smooth vector fields e, ¢/, and

every smooth section u of V, one has

The Dirac operator on V is defined by

D(u) = 2 p(e,-)Veiu,

where {e;} is a local orthonormal frame for T'X.

Let @ be a positive integer. For a vector space E, define Ag(E) to be the set
of unordered @Q-tuples of points in E. If P, P, ---, Py are () points in E, use
39 [P] € Ag(E) to denote the Q-tuple given by the collection of P’s. If E is

endowed with a Euclidean metric, one can define a metric on Ag(F) by

dist (Y[R YIS1) = min \/Z P — Son 2,

where P is the permutation group of {1,2,---,Q}. If T' € Ag(E), define |T| =
dist(7T, Q[0])-

A map from X is called a @-valued section of V if it maps every x € X to an

element of Ag(V|;). A Q-valued section is called continuous if it is continuous under

local trivializations of V.

Definition 3.1. Let U be a continuous 2-valued section of V. Then U is called a

Z,/2 harmonic spinor if the following conditions hold.

(1) U is not identically 2[[0].
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(2) Let Z be the set of U where U = 2[[0]]. For every x € X — Z, there exists
a neighborhood of x, such that on this neighborhood U can be written as
U = [Ju]] + [—u]], where u is a smooth section of V satisfying D(u) = 0.
(3) Near a point x € X — Z, write U as [[u]] + [—u], then the function |Vu| is a

well defined smooth function on X — Z. The section U satisfies

J |Vul? < .
X-7

This definition is equivalent to the definition of Z/2 harmonic spinors given in [40].
For a point € X and r > 0, use B,(r) to denote the geodesic ball in X with center

x and radius r. As in (1.5) of [40], we make the following additional assumption on

U.

Assumption 3.2. There exits a constant € > 0 such that the following holds. For
every x € X with U(z) = 2[[0]], there exist constants C, 7y > 0, depending on z, such
that
J o \U(y)|*dy < C-r**e, for every r e (0,r0).
Ba(r

Assume U is a Z/2 harmonic spinor, and let Z be the set of U where U = 2[[0].

Taubes [40] proved the following theorem.

Theorem 3.3 (Taubes [40]). If U satisfies assumption then the Hausdorff di-

mension of Z is at most 2.
This article improves theorem to the following result.

Theorem 3.4. If U satisfies assumption then Z 1is a 2-rectifiable set. Moreover,
for every compact subset A < X, there exist constants C' and ry depending on A and

Z, such that for every r < ro,

Vol ({x : dist(z,An Z) <r}) < C -1
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In other words, Z is a 2-rectifiable set with locally finite 2 dimensional Minkowski

content. Since the Minkowski content controls the Hausdorff measure, theorem
implies that Z has locally finite 2 dimensional Hausdorff measure.

Theorem immediately implies that the zero locus of a Z/2 harmonic spinor on

a 3-manifold is 1-rectifiable and has locally finite Minkowski content.

3.2. Z/2 harmonic spinors as Sobolev sections. There is a Sobolev theory for
@-valued functions on R™, see for example [11]. For an open set 2 = R™, the space
Wh2(Q, Ag) is defined to be the space of @ valued functions T on 2, such that
IT| € L?(2), and that T has a distributional derivative which is also in L?(f2). The
Sobolev theory extends to ()-valued sections of vector bundles without any difficulty.

This section proves the following lemma.

Lemma 3.5. If U is a Z/2 harmonic spinor, then U is in W2(X, Ay). Moreover,

D(U) = 0 in the distributional sense.

This lemma allows us to study the compactness properties of Z/2 harmonic spinors
by the Sobolev theory for @-valued functions.

We start with the following definition.

Definition 3.6. Let T be a (Q-valued section of V. It is called a smooth @)-valued
section, if for every x € X, there exists a neighborhood of = on which T can be written

as 0
T =I5

where f;’s are smooth sections of V.

If T is a smooth Q-valued section and is locally written as Y[ f;]], then the function
S lfil2+ > |V fi? is well defined on X. In this case, the W2 norm of T is given by

(§e S 1617 + 3 [V A2 2.

Proof of lemmal3.5. The proof is essentially the same as lemma 2.4 of [40].
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Let x be a smooth non-increasing function on R, such that x(¢) = 1 when ¢ < 1,

and x(t) = 0 when t > 2. For s > 0, let 7, = x(In|U|/Ins). Then 74(x) = 0 when
\U(x)| < 8%, and 75(x) = 1 when |U(z)| > s.

The section 75U is a 2-valued smooth section of V. Recall that on X — Z, the Z/2

harmonic spinor U can be locally written as U = [Ju]] + [—u]. Although u is only

defined up to a sign, the functions |u| and |7,Vu + V7, - u| are well defined on X — Z.

Thus the W2 norm of 7,U is given by
0o = V2 | (mPful + 7.9 + 7, uf).
X

Notice that
1

|In s

(V7| - ul < (sup[x']) - [Vul,

hence its L? norm converges to zero as s — 0. Therefore,
(3.1) lim ||7,U w2 = V2 (Jul®* + [Vul?).

s—0 X—_Z
In particular, 7,U is bounded in W12 as s — 0, thus a subsequence of it weakly
converges in W12 to an element U’ € W12, Since 7,U also uniformly converges to U,
one must have U’ = U. Therefore U € W12

Since D is a smooth first-order differential operator, D(U) € L?

loc

(X). By the
definition of Z/2 harmonic spinors, D(U) = 0 on X — Z. By section 2.2.1 of [11],
the derivatives of U are zero at the Lebesgue points of Z, hence D(U) = 0 on those

points. That proves D(U) = 0 in the distributional sense. O

The argument of lemma 2.1 also shows that U can be W12 approximated by smooth

sections. We write it as a separate lemma for later reference.
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Lemma 3.7. Let U be a Z/2 harmonic spinor. Then there exits a sequence of smooth

sections U;, such that U; = —U;, and

lim U; = U in W42,

1—00

Proof. Since |U| and |VU]| are zero on the Lebesgue points of Z, one has
Ul = [ QU+ [9UR) = V2 [ (luf + [Vaf).
X-z X-z

Define 7, as in the proof of lemma It was proved previously that there is a

sequence s; — 0, such that 7,,U converges weakly to U in W2, As a consequence,
lim inf ||TSiUHW172 = HUHW12
1—00
On the other hand, by (3.1),

tim [ Ulwee = V2 [ (uf? + [Vul?) = [ U]

X-Z

Therefore 7,,U converges strongly to U in W12, O

3.3. Frequency functions. This section recalls some results on frequency functions
from [40].

Let U be a Z/2 harmonic spinor. On X — Z the section U can be locally written
as U = [[u]] + [—u]]. As before, we will use notations like |u| and |Vu| to denote the
corresponding functions on X — Z if they can be globally defined. The functions |u]
and |Vu| extend to X by defining them to be zero on Z.

The following C° estimate was established in [40)].

Lemma 3.8 ([40], Lemma 2.3). Let A = B be two open subsets of X, and assume

the closure of A is compact and contained in B. Then there exists a constant K,
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depending on A, B and the norms of the curvatures of X and V, such that

sup |u(z)]? < KJ |u(z)[? d.
zeA B

Now introduce some notations. Fix a point zg € X. Take R > 0 such that
B,,(500R) < X is complete, and that the injectivity radius of X is greater than
1000R for every point in the ball B,,(500R).

Later on we will need to work on both the Euclidean space and the manifold X,
so we need to differentiate the notations. We will use B,(r) to denote the geodesic
ball on X with center x € X and radius r > 0. Use B,(r) to denote the Euclidean
ball with center x in the Euclidean space and radius » > 0. When the center is the
origin, B(r) is also used to denote By(r). Use d(x,%) to denote the distance function
on X, and use |z — y| to denote the distance function on R*.

For every = € B,,(500R), use the normal coordinate centered at x to identify
B.(500R) with the ball B(500R) = R*. Let g, be the function of metric matrices on
B(500R) corresponding to B,(500R). For each z € B(500R), let K,(2), x.(z) be the
largest and smallest eigenvalue of g,(z). Assume that R is sufficiently small so that

for every z € B,,(500R), z € B(500R),

(3.2) (%)2 < Fa(2) < Ka(2) < (%)2

In order to prove theorem one only needs to study the rectifiability and the
Minkowski content of Z n B, (R/2).
For x € B,,(500R), r € (0,500R)], define the height function

H(x,r) = j uf?,
0Bz ()

then H(x,r) is always positive [40, Lemma 3.1]. Define

Dia,r) = f VP,
By (r)
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and define the frequency function

rD(x,r)

N(z,r) =m.

Section 3(a) of [40] proved the following monotonicity properties for N and H:

Lemma 3.9 ([40], (3.6) and Lemma 3.2). The functions N and H are absolutely
continuous with respect to r, and there exist constants k > 0 and ro > 0, depending

only on the norms of curvatures of X and V on B,,(1000R), such that when r < ro,

0 3
: —H>-H —rxrH
(3.3) . > . krH,
0
N H o H N H
(3.5) (? + KT) o 25(5) > (7 — K1) 3

By shrinking the size of R, we assume without loss of generality that ro = 500R,
hence inequalities (3.3)), (3.4, and (3.5)) hold for all z € B,,(500R) and r < 500R.
Inequality (3.3)) gives the following lemma

Lemma 3.10 ([40], Lemma 3.1). There exists a constant k > 0, such that when
s <r <b00R,

H(x,r) > (i)3 Ce ) L H (g, s).
s

Inequality (3.4) gives

Lemma 3.11. There exists a constant k > 0, such that when s < r < 500R,

2

N(z,7) = e " IN(z, 5) — k(1? — §2).

Since N(z,500R) is continuous with respect to x, lemma implies that N(z, )
is bounded for all z € B,,(500R), r < 500R. Let A be an upper bound for N. From

now on A will be treated as a constant. For the rest of this article, unless otherwise
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stated, C, C;, Cy, --- will denote positive constants that depend on A, R, and the
norms of the curvatures of X and V, but independent of U. The values of C, Cy, Cj,

- may be different in different appearances.
If |g| < C - f for some constant C, we write g = O(f).

Inequality (3.5 then implies that there exists a constant C' such that

2| =0l

r3

(3.6)
Inequality (3.4)) implies that there exists C' > 0, such that whenever r > s,
N(z,7) = N(z,s) — C(r* — s?).

3.4. Smoothed frequency functions. We need to use a modified version of fre-
quency functions. Let ¢ be a non-increasing smooth function on R such that ¢(t) = 1
when t < 3/4, and ¢(t) = 0 when ¢t > 1. From now on ¢ will be fixed, hence the
values of ¢ and its derivatives are considered as universal constants. Following [10],

we define the smoothed frequency functions as follows.

Definition 3.12. For x € X, let v, be the gradient vector field of the distance

function d(z, ). For x € B,,(500R), r < 500R, introduce the following functions

Do) = [19ut)Po( ML) ay,

r

Hotor) = = [ uto)Pate) o (D22 ay,

N¢(JJ,T’) = %a
Bular) = = [ 1900 PaGe. ) (T2

Inequality (3.6)) has the following useful corollary.
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Lemma 3.13. There exists a constant C' with the following property. Letr € (0,32R].

Assume s; < 107, so = r/10. Then for any two points z, y with d(z,y) < r, one has
Hy(z,s1) < C(Hy(y, 52))-

Proof. Since the constant K in lemma 3.1 only depends on the norms of the curvatures

and the sets A, B, a rescaling argument gives

lu(2)]? < G lu|?, VB.(r) < By, (500R).

rd B.(r)

Therefore for every z € 0B,(s1),

On the other hand, inequality (3.6) and lemma m gives

1

)
™ JB,(12r)

Cs
|u’2 < EH(yv 82)'

Therefore

H(z,s1) = O(H(y, 52)).

Apply (3.6) again, one obtains

H(y, s5) = O(Hy(y, 52));

Hy(z,s1) = O(H(, s1)),
hence the lemma is proved. O

Lemma 3.14. For x € B,,(32R), r < 32R, one has

fB )Py = Oy, )

L I Vuty)ldy = O(Ho, 1),
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9 1
Vu(y)[*dy = O(~Hy(z, ).
Ba(r) r
Proof. The first equation follows from inequality (3.6)) and lemma m For the third,

| VutwPdy < Dy(o.20)
B(r)

1
27‘

= 0(= H¢(9€ r)).

o(x,2r)Hy(x, 2r)

The second equation then follows from Cauchy’s inequality. U

The main result of this section is the following proposition.

Proposition 3.15. The functions Dy, Hy, Ny, and E, are smooth in both variables.
Assume x € B, (32R), r < 32R, and v € T,(X). Consider the normal coordinate
centered at x with radius r, extend the vector v to a vector field on B,(r) by requiring

that the coordinate functions of v are constants. Then the following equations hold
d(x
31 Duter) = =1 [ (TEL)9,000) ) dy + Ot o))
2 2
(3.8) OrDy(x,r) = —D¢(x,7“) + —E¢(x,7“) + O(Hy(z, 1)),
(3.9)  duDy(,7) Lﬁ @ y Vi, u(y) - Vouly) dy + O(Hy(z, 7)),
(3.10) O, Hy(x,r) = —H¢(:z: r) +2Dy(z, 1) + O(rHy(z, 1)),

811 aHwr) = -2 [uty) - Vuulo) e, (L) dy + 0 Hy ().

The smoothness of the functions follows from the fact that ¢ is smooth and |ul,

|Vu| are both in L.

Proof of (3.7)). It was proved in [40, Section 2(c)] that

(3.12) L o, Tot) () dy = f RO Lm(s)@(y),m(y»d@/,
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where R is a bounded curvature term from the Weitzenbock formula.

Therefore, by lemma |3.14

Doer) == [ () | 1vumPavas
- _% j cb/(d(x?: ?J))un(y) ~u(y) dy + % for gzﬁ'(;) me(S)@, Ru)dyds
[ (M) 9,000 ) dy + 01 (o)
U
Proof of .
oDuter) = = 190 Po (L) (o) ay
(3.13) = —le 07‘ qﬁ’(;) : SLB " IVu(y)|? dy ds

It was proved in [40], Section 2(d)] that

2
j Vuly) dy = 2 f Vouly)Pdy + 2 f Vauly) dy
0B (s) 0Ba(s) S JBa(s)

(Ryuly), Vu(y))dy + f Culy) Rouly)) dy.

0Bz (s)

S 8B (s)
where R, R1, Ro are smooth tensors, R and R, are bounded, the norm of R, is

bounded by CY - r.

Notice that

_Jr ¢/<§> .SJaBz(s) Vo, uly) dy ds = Ey (7).

_lf J(2) JBI(S) Vu(y)? dy ds = Dy(z,r).

T Jo T

Plug into equation (3.13)), we have
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r

eDalar) = Do)+ SBoler) =g [ 0 (1) 5[]t Rutw)ay

S

[ Rt Vuydy+ [ aty) Routg)dy] .
0Bz (s)

0Bz (s)

Lemma implies

-] ()5 () Rt dy + | . (00 Ry s
= O(Hy(x,r)).

On the other hand,

S

) s |- LBz(s)mlu(y), Vu(y)) dy| ds|

0
T
o [
0

SO, wlvuiays
<Ci | July)|IVu(o)ldy = O(Ho(a, 1))
Ba(r)

Hence the result is proved. O

Proof of (3.9)). For a function G(x,y) defined on X x X and a vector field w, use
g—f}G to denote the directional derivative of G with respect to x, use %G to denote
the directional derivative with respect to y.

The first variation formula of geodesic lengths gives

ox oy B 9

We have

Cputer) = 1 [ FutPe (T22) - Late ) ay

- = [Ivupe (22) - L pay 00 [ vut
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oy . (d(x,y)

— 2 Pppe— ’

(3.14) — [ vut LoD dy + Ot (a 1)
One needs to establish the following lemma.

Lemma 3.16. Let F' be the curvature of V, and {e;} be an orthonormal basis of T'X .

Let ¢ be a smooth function with supp ¢ < B, (r). Then
[IRE
=2 f<dg0 ® Vyu, Vu)y — 2 JZ O(F(v,e;)u, Ve, uy — 2 JZ Vet Ve, u)
- J Va2 dinv) + 2 f YoV, V)
+ 2 JZ AV yu, Ve, u)y div(e;) + 2 J o Vyu, Row),
where Ro is the curvature term in the Weitzenbock formula.

Proof of lemmal3.16, By lemma[3.7] there exists a sequence of smooth 2-valued sec-
tion Uj;, such that U; = —U; and U; — U in W12, By partitions of unity, integration
by parts works for U;. For any U, locally write it as [Jw]] + [—w]] where w is a smooth

section of V, then

JIVMIQW
_ - J YV, Vo) f Vel div(v)
— =2 [ YoV Vo Vo) -2 | F o, Vo)
—2 [ S eVinegw. Vow) - [ [Fupdivio
Here F' denotes the curvature of V. For the first term in the formula above,

JZ Ve, Vyw, Ve, w)
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~

= — J Z(Veigvavw, Veiw> — JE 90<va7 vﬁiv€iw>

(2

B JPZ (Vow, Ve,w) div(e;)

r

Il
|
| S

(2

Z(Veigoxvvw, Ve,w) + JZ oV w, VIVw)

2 e(Vow, Vy, cw) — JZ o(Vyw, Ve, w)ydiv(e;)

|
—

For the second term in the formula above, let Ry be the curvature term in the

Weitzenbock formula, then

JZ o(Vyw, VIVw) = J<g0va, D*w — Row)

- [ e Row) + [(p(V) T, D)~ [€([90 DI, D)y + [ (VD) Dy

- e Row) + [P0, D)~ [¢[9,. DI, D)

1 1
— §J&U¢|le2 ~3 Jgp|Dw[2 div(v)

Therefore
f |Vw ]2 Ovp
J

p
=2 [ Do e, Vowy =2 | X eV Vo) - [ [Fuly divto)

+2 [ SVl Vow, Vo) +2 JZ oV sw, Vg, cw) + 2 f eV, Vi) div(e)

v

+ 2 Rp<vvw, Row) — 2 J<p(V<p)va, Dw) + 2 f<<p<[vv, D]w, Dw)

+ J@vgo\DwP — J@]Dw\z div(v)

Take limit U; — U, one has

J|Vu|28vg0
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.
= -2 Z o(F(v,e;)u, Ve,uy —2 JZ OV ety Ve, u) — J [Vul?p div(v)

+2 [‘Z(Veigoxvvu, Ve u) + 2 JZ (Vo Vg, eu) + 2 J Z oV, Ve,u) div(e;)

v

+ 2 [‘30<Vvu, Rouy — 2 J<p(Vgp)Vvu, Duy + 2 f<g0<[Vv7 D]u, Du)
+ J8v<p|Du\2 - f@\Du!Q div(v)

.
= -2 Z o(F(v,e;)u, Ve,uy —2 JZ O Viet Veu) — J (Vul?p div(v)

+ 2 (Z(Veigoxvvu, Ve, u) + 2 JZ KVou, Vo, e;u)

v

J

+ 2 [‘Z AV pu, Ve, uydiv(e;) + 2 f oV u, Rou)

Notice that
Z(Velkvavu, veiu> = <d80 ® VUU, Vu>,

1

therefore the lemma is proved. U

Back to the proof of equation (3.9). Take ¢(y) = ¢(d(z,y)/r). By Lemma [3.14]
-2 JZ O(F(v,e;)u, Ve,uy + 2fgp<vvu, Rouy = O(Hy(z,1)).

On the other hand, |div(v)| = O(r), and one can choose {e;} such that |[v, ;]| = O(r),
div(e;)| = O(r), and |V.,e;] = O(r). Thus by lemma [3.14]

-2 JZ OV v,eths Ve, u) — f |Vul?p div(v) + 2 fz Vo, Vg, e,
+2 JZ o(Vou, Ve,u)div(e;) = O(Hy(z,r)).

Equation (3.9) then follows immediately from equation (3.14) and lemma[3.16, O
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Proof of (3.10)). By [40, Equation (2.11)],

(3.15) OsH(z,s) = gH(x, s)+2D(x,s) + f
By (s)

(u, Ru)y +f tlul?,

2By(s)

where R is a curvature term from the Weitzenbock formula, and t comes from the

mean curvature of 0B, (s). The function t satisfies |t(y)| = O(d(x,y)). Notice that
T . 1 1 . 1
Hy(z,r) = j —¢'(s/r)-—- H(s)ds = f —¢ ()\)X - H(Ar)dA.
0 S 0
Therefore
OrHy(z,7)
1
- | o0 @ i
0

) Ll _QS/()\)[%H(LE, Ar) + 2D (z, Ar) + JB (/\T)<u, Ru) + L t’u\ﬂ dA

By (Ar)

o %fo S (s/r)| 2H (2, )+ 2D(a,5) +J

By

{u, Ru)y + J t|u]2] ds
(s) 0Bu(s)

{u, Ruy + J

t|u\2] ds
Bu(s)

:§H¢(1‘,T) +2Dg(z,7) — %LT ¢/(S/T)[JBZ(S)

:§H¢(1‘, 7”) —+ 2D¢(JZ’, 7") + O(TH¢(:C7 T))

Proof of (3.11)). Asin the proof of (3.9)), for a function G(x,y), use g—“;’jG to denote the

directional derivative of G with respect to x, and use %G to denote the directional

derivative with respect to y. Recall that we have

ox oy B 9

therefore

2+ later a0 o
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We have

(‘ij y)) dy + O(rHy(,7))

I
|
N}
—
=
&
<
<
=
NP
S
—~
8
<
i
S
/N
U

The last equality follows from |div(v)| = O(r) and {, , [u[* = O(rH(z,7)). O

Remark 3.17. When both X and V are flat, all the curvature terms in the computa-

tions above are zero. Therefore, proposition becomes

Dy(er) = = [0/(T22) V) - uly)
2 2

OrDy(z,1) = ;D¢(x,r) + ﬁEd,(x,r)

aDuter) = =2 [ (TE2)9,000) - Vouty) dy

r r

OrHy(x,r) = §H¢($,r) + 2Dy(x,7)

euHoter) = 2 [[uty) Vauty) dte,) ' (T2 ay

Corollary 3.18. Let n,(y) = d(x,y) - v.(y). Under the assumptions of proposition
one has

(816) QNo(e.r) = 7 (ir) J _d(;y)(b/(d(f’;’y)).

(Vi u(y) — Ng(2,r)u(y)) - Vouly) dy + O(r).
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(3.17) 0, Ny(x,7) = %J_MM)'

rHy(x,r r

d(z,y) |V, uly) — N(z,r)uly)* dy + O(r),

As a consequence, there exists a constant C, such that <N¢(m, )+ CT2> 1S increasing

mr.

Proof. The first equation follows immediately from proposition by combining
equations (3.9) and (3.11]). For the first one, lemma gives

2

7‘2D¢($,r)2
rHy(z,r)

OrNy(z,7) = Hy (1)

(Botw,r) - ) +00),

and we have

Eyx,r) - 22000 IZ)QS((:Z}T))
=Ey(z,7) — 2rDy(z,7)Ny(z,7) + Ny(z,7)*Hy(2,7)

= [0/ (M) dto ) 9, 000) — Nl r)ulo) Py + OGP o)

Hence the second equation is verified.

O

3.5. Compactness. This section proves a compactness result for Z/2 harmonic
spinors.

Consider the ball Q = B(5) = R* centered at the origin. Let V be a fixed trivial
vector bundle on 2. Assume g, is a sequence of Riemannian metrics on €2, A, is a
sequence of connenction forms on V, and p,, is a sequence of Clifford bundle structures
of V. Assume that (g, An, pn) are compatible, and assume that (g,, A,, pn) converge
to (g9, A, p) in C*. Assume g is the Euclidean metric on B(5). Then for sufficiently
large n, the injectivity radius at each point in B(2) is at least 2.5. Without loss of

generality, assume that this property holds for every n.
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Fix ¢, A > 0. For every n, assume U, is a 2-valued section of V defined on B(5),

with the following properties:

(1) The section U, is a Z/2 harmonic spinor on B(5) with respect to (g, An, pn)-
(2) U, satisfies assumption [3.2| with respect to e.
(3) Let N, én) be the smoothed frequency function for the extended U,. Then

whenever Ny(x,r) is defined,
Nd()n)(x,r) <A
(4) Let Hén) be the smoothed height function of U, then Hé)")(O, 1) =1

The main result of this section is the following proposition.

Proposition 3.19. Let U, be given as above. Then there exits a subsequence of {U,},
such that the sequence converges strongly in W%2(B(2)) to a section U. The section U
is a Z/2 harmonic spinor on B(2) with respect to (g, A, p), and U satisfies assumption
for a possibly smaller value of . Moreover, U,, converges to U uniformly on B(2).

Proof. Fix a trivialization of V, and fix s € (0,0.5). The bound on N q(sn) and the
assumption that H;n)((), 1) = 1 implies that Ul 2p@+s) < C1 for some constant
C. The upper bound on Ny then implies |V, Ul 12524s2)) < Ca. Since A, — A
in C*, this implies that U, is bounded in W12(B(2 + s/2)). Therefore, there is
a subsequence of {U,} which converges weakly in W%2(B(2 + s/2)) and converges
strongly in L?(B(2 + s/2)). To avoid complicated notations, the subsequence is still
denoted by {U,}. Denote the limit of {U,} on B(2 + 5/2) by U. Let Hé)n), D((;), (;(5")
be the smoothed frequency functions for U,, let Hy, Dy, Ny be the corresponding
functions for U. Since U, — U strongly in L?, one has Hy(0,1) = 1, thus U is not
identically 2[[0].
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By 40l Section 3(e)], there exists constants K > 0 and « € (0,1), depending on e,

A, R and the C! norms of the curvatures of {g,} and A,, such that

|UnllceBiass2) < K-

By the Arzela-Ascoli theorem, there exists a further subsequence of {U,,} which con-
verges uniformly to U on B(2 + s/2). Still denote this subsequence by {U,}. Since
solutions to the Dirac equation are closed under C° limits, U is a Z/2 harmonic
spinor. U is also Holder continuous, so it satisfies assumption [3.2]

Locally write U,, as [Ju,]| + [—u.], and write U as [u]] + [—u]. The weak conver-

gence of U,, to U implies

n—o0

liminff IV 4,1 |* = f |V qul?.
B(2) B(2)

We want to prove that

lim | [V, :f IV a2,
B(2) B(2)

n—0o0

Assume the contrary, then there exists a subsequence of n such that

f |vAnun\2>J Vauf? + 6
B(2) B(2)

for some & > 0. Since §g ., [Vaul* is continuous in 7, and {5, [Va,us|* is non-
decreasing in r for every n, there exists r € (2,2 + s/2) and o € (1, (2 + s/2)/r), such
that for every ¢ € [2,7],

(3.18) J |vAnun|2>f IV 4ul? + 6/2
B(t) 3

B(ot)
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Use B, (t) to denote the geodesic ball of center 0 and radius ¢ with metric g,. Since
gn — ¢, we have B(t) = B,(ot) for sufficiently large n. Equation (3.18) then gives

(3.19) J Vo, un|? = f IV qul? +6/2, fortel[2r]
Bn(ot) B(ot)

when n is sufficiently large.

By equation (3.15)), for every ¢,

3
O H™(0,1) = ;H(”)(O, t) 4+ 2D™(0,t) + j

(u, R + j (O],
By (t)

0B (t)
3
0,H(0,t) = =H(0,t) + 2D(0,t) + J {u, Ruy + f t{ul?,
t B(t) oB(1)
where R™ and ™ are bounded terms that are uniformly convergent to R and t as
n goes to infinity. The uniform convergence of |u,| and g, then imply

lim | D™(0,t)dt = | D(0,t)dt,

57D Jog 20
which contradicts (3.19)). In conclusion,
lim |V 4,1 |* = J |V qul?.
n—=%0 JB(2) B(2)

Since (A,, g.) — (A, g) in C*, this implies
T [Vl (B(2)) = Ul (B2))

therefore U; convergence strongly to U in W1H2(B(2)). O

Corollary 3.20. Let 0 > 1. Let g, be a metric on R* given by a constant metric
matriz, such that all eigenvalues of the matriz are in the interval [o72, o?].

Assume {(gn, An, pn)In=1 is a sequence of geometric data on B(50?), and assume
(Gn, An, pn) converge to (g«, A, p) in C®. Let U, be a Z/2 harmonic spinor on B(50?)

with respect to (gn, An, pn), such that the sequence U, satisfies conditions (2) to (4)
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listed before proposition . Then a subsequence of U,, converges to a Z/2 harmonic
spinor in WH2(B(2)) with respect to (g, A, p). The limit U satisfies assumption

and the sequence U, converges to U uniformly.

Proof. Take a linear map T : R* — R?* such that T*(g,) is the Euclidean metric.
Then (T*g,, T*A,, T*p,, T*U,) gives a sequence of Z/2 harmonic spinor on B(50).
Since T*g, converges to the Euclidean metric, one can apply lemma and find a

convergent subsequence on B(20). Now pull back by T~!, one obtains a convergent

subseqence of U,, on B(2). O

3.6. Frequency pinching estimates. For = € B, (32R) and 0 < s < r < 32R,
define
Wi(x) = Ng(x,r) — Ny(z, 5).

This section proves the following estimate

Proposition 3.21. There exists a constant C with the following property. Let r €
(0,8R]. Assume x1,x9 € By (32R), such that d(z1,x2) < r/4. Let x be a point on
the short geodesic v bounded by x1 and xo. Let v be a unit tangent vector of v at x.

Then

d(xy, xa) - |0y Ny(x,7)| < [\/ Wm x)| + \/\Wf/z Ta)| + r]

The proof is adapted from the arguments in [10, Section 4]. First, one needs to

prove the following lemma.

Lemma 3.22. There exists a constant C, such that for every x € B, (32R) and
r <8R, one has

J ) /3)|Vnzu(y) — Ny(z,d(z,y))uly)Pdy < CrHy(w,r) (W, (x) + Cr?).
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Proof. By equation (|3.17)),

4r
f 0sNy(x, s)ds + O(r?)
d(z,y)
L4 o) ( : )d( ) 1V uly) — N s)u(y) P dyds
/ -1 - N 2
aﬂﬁxr‘L4 (o5 V. uly) — Noe, s)u(y)|? dyds
/ —1 o 2
lﬁ%xrj' (o)~ V. uly) — N s)u(y)|? dyds
=:(4)
For every pair (y, s) in the support of the integration in (A), one has d(x, y) € [r/4, 4r],
hence
[No(, 8) = N(x, d(@,y))| < Wyji(z) + Cor®.
Therefore,
4r
/ -1 _ 2
O e J. (o) [V, u(y) — No (o) uly)]? dyds
e
Cy (W4T + 027’ 4r )
. r/4 1
S L3 I i, ) |V o)l ) + (o) dys
T
By lemma [3.14] IT = O(rHy(z,4r)) = O((rHy(z,r)). By Fubini’s theorem
Ar d z, -
T= [ 19t = Natwdte e [ o (2D )t ) sty
Ba (47) r/3 S
Notice that
()
inf —q¢ ’ d ds >0
{yld(z,y)e[r/3,3r]} J;/3 ¢ ( S ) ( )
V. uly) — No(z, d(z, y))u(y)* dy,

Therefore
[ f
C'4 B (3r)—Bz(r/3)



136

In conclusion,

1
A >—f Vi u(y) — Ny(z, d(z,y)u(y) ] dy
() CsrHy(z,T) Bz(3r)fBz(r/3)| wt(y) o, d{
- Cﬁ(Wf/ﬁ(.T) + OQT2),
hence
CorH (o) (Wi(0) + Cor®) > | Vo) = NoCas () u(y) Py
B, (3r)—Bz(r/3)

One also needs the following technical lemma.

Lemma 3.23. Assume M is a compact manifold, possibly with boundary. Let S :
Q0 c m — R* be a smooth family of smooth embeddings, parametrized by
(€ M. For every ( € M and z € B,,(64R), one can define a vector field nS on
B.,(64R) as follows. For everyy € B,,(64R), let

15 (y) = [(°) ()] (¢ (y) — ¢ (x)).

Then there exists a constant © > 0, depending on @, such that

5 (y) — na(y)| < © - d(z, y)*.

Proof. Fix z, compute the covariant derivates of 5 and 7, at z. Since both vector
fields are zero at z, their covariant derivatives at x are independent of the connec-
tions. Let e € T, X. Taking derivate in the Euclidean coordinates (¢, one obtains
Ve(nS)(z) = e. Taking derivative in the normal coordinates centered at x, one ob-
tains V.(n,)(z) = e. Therefore, n$ and 7, have the same derivatives at z. Since we
are working on compact manifolds, |7$(y) —n.(y)| < © - d(z,y)? for some constant ©

independent of . [
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Proof of proposition[3.21. Assume that v points from z; towards z5. Extend v to a
vector field on B,(r), such that the coordinates of v are constant under the normal
coordinate centered at x. Now apply lemma . Let M = B,,(32R). For every
¢ € B,,(32R), let ¢ be the exponential map centered at ¢. Then for every z € B,(r),

) ()
(3.20) 2@ = ) — )]

By lemma |3.23]

(3.21) 1z, (2) = 1y (2)] = O(*), [0, (2) — may (2)] = O(r%)
Notice that since ¢” is the exponential map centered at x,

(3.22) " (21) — " (22)| = d(21, 72).

Combine (3.20)), (3.21) and (3.22)) together, one obtains

‘WZ) - nxl;il:;?;;(Z)‘ = O(r*/d(z1, 25)).

Define
&i(z) = Vi, ul(z) — Ny(a, d(z, x1) )u(2) for i =1,2.

Then

(w1, 32)Vyu(z) =V, u(z) = V,, u(z) + O(r?|Vul)

Nxo

= (Ny(w1, d(z,21)) = Ny(w2, d(2,72))) u(2)

. J
g

=:£3(2)

+ &1(2) — E(2) + O(?|Vul).
To simplify notations, define the measure

dp, = —d(w)%'(@) dy.



Using ([3.16)), one can write
d(z1,22) - OyNy(x,7)

ZO(T2) + % fvnxu(y) : (gl - 52 + €3u + O(T2|Vu|))d,ux

2
e | uotar) - € - &+ gt 062 Tul)dn,
— 2 2N¢($7T)J
e | V) (& = e~ [ (6~ ey,
—(4) —(B)
2
- N 2
+ Hy (1) J&,u(v%u o(x,r)u) dp, +O(r)

. J

—(C)

To bound (C'), notice that

E3(2) = No(w1,7) = Ny (@2, 7) + [No(21, d(2,21)) = Ny (21, 7)]

. )

g

;S =:£4(2)

= [Ny (s, d(z,73)) — Ny(ws,7)].-

(2)

By (3.7),
fu -V tdpy = rDg(x, 1) + O(r*Hy(z, 7))
= Ny(x,r)Hy(z,r) + O(r*Hy(z, 7))
= Nofar) [ ol dus + O Ho(a. ).
Hence
fu (Vyu — Ny(z,r)u)dp, = O(r*Hy(z, 1)),
therefore

Jcﬁ'u (Vyou — Ng(z,m)u)dp, = O(r*Hy(x,1)).
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By lemma |3.14}

2 [ 0190l + [ NoCa, )l ) e = O(Ho ).
In addition, notice that

sup  [E4(2)] + [E5(2)] < Wi(1) + Wi (@) + Cur®,

2€ SUpp pa

Therefore,

[+ 1D -l = Na o] di
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< CQH¢(ZE,T)(W;1/Z(ZL'1) + W/4<ZL’2) + 017“ )

As a result,

(C) < C3(W4/T4(1'1) + W/4(ZL‘2) + 047" )

r

To bound (A), use Cauchy’s inequality to obtain

Cs f 9 1/2 f ) ) 1/2
A <—— Vul°d EL+E3)d
(A) H¢<x,7~>( o1l v) " ( I(T)Bz(grm(l 2)dy)

06 9 9 1/2
<m<f (51 +52)dy>
B (r)—Bz(3r/4)

Now apply lemma |3.22

f £2dy < f £ dy
By (r)—Bz(3r/4) Bg, (57/4) =Bz (1/2)

< C7TH¢(931,7’)(W4/’:1(:B1) + Cor?)

r

A similar estimate works for the integral of &. Therefore

< Cs| /W (@) + /W (2] + 7).
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Similarly, applying Cauchy’s inequality on (B) leads to

09 f 9 1/2 J‘ 9 9 1/2
B)<——— d E+E5)d
(B) TH¢(3777’)< Bz(r)|U| y> ( Bz(r)fBz(3r/4)( ! 2) y)

Cl[) 9 9 1/2
<—r1/2 (J (& + Eg)dy)
B (r)—Baz(3r/4)

Lemma then gives

CHI:\/‘ r/4 513'1 ‘+\/|Wf/€1 ) ’+T’:|

and the proposition is proved. U

Corollary 3.24. Assume x1,25 € B, (32R), assume r € (0,8R]. If d(xq,xq) < 1r/4,

then

[No(wr,7) = No(aa, )| < C|y/IW (0| + /W8 o) + 7]
U

3.7. L? approximation by planes. This section develops a distortion bound analo-
gous to that of [I0] Proposition 5.3]. Assume U satisfies assumption with respect
to € > 0. In this section, the constants C', C, C5, --- will denote constants that
depend on A, R, the C! norms of the curvatures, as well as e. The presentation of

this section is adapted from section 5 of [10].

Definition 3.25. Suppose u is a Radon measure on R*. For x € R*, » > 0, define
Di(ar) =it | . 1 (),

where L is taken among the set of 2-dimensional affine subspaces.

For a measure p supported in Z, we wish to bound the value of DZ (x,r) in terms
of the frequency functions. However, we have to be careful, since X is a Riemannian

manifold, but D?(z,r) is only defined for Euclidean spaces. We identify B, (32R)
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with B(32R) using the exponential map centered at zy. From now on, we will work
on the Euclidean space using this identification.

The main result of this section is the following

Proposition 3.26. There exists a positive constant Ry < R and a constant C' with
the following property. Let ji be a Radon measure supported in Z. For v € B(R) and

r < Ry, one has

Di(:v,r/S) < %J (W,f"];i(z) + Cr¥)dp(2).

Ba(r/8)

First, observe that the function Dz(x, r) has the following geometric interpretation.

Assume u(B,(r)) > 0, let

z = _; z z
= B er aulz),

Define a non-negative bilinear form b on R* as

b(v,w) = J_ ((z=2) v)((z = 2) - w) du().

B (r)

Let 0 < A\ < --- < A\ be the eigenvalues of b, then
Dz(x,?") =74\ + Ao).

Let v; be an eigenvector with eigenvalue );, a straightforward argument of linear

algebra shows that

(3.23) JB " ((z=2)-vi)zdu(z) = N v;.

The following lemma can be understood as a version of Poincaré inequality for Z/2

harmonic spinors.

Lemma 3.27. There exist constants C, Ry > 0 with the following property. Let

v1, Vg, vg be orthonormal vectors in R*. Let v € B(R), r < Ry. Assume Z N B,(r/8) #
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&, then

3

H

J M V,u(z)dz = M‘
B (5r/4)~ Bu(3r/4) 11 Cr

Proof. Assume such constants do not exist. Then there exists a sequence

{(l’n, T'n, Um /Ugn)a vén)’ Uf(in))}n>17

(n) , (n) (1)
1

such that r, < %, the vectors vy, vy, v3" are orthonormal in R*,

nry

3 9 H¢($m Tn)
(3.24) J 2,V ule)[!dz < =,
Buyy (570 /1)~ Bay 3ra/8) 121

and Z n B, (r,/8) # &.

Let 0 = (12/11)2. Rescale the ball B, (50%r,) to B(50?), and normalize the
restriction of U. By assumption , the pull back metrics g, are given by matrix-
valued functions on B(502) with eigenvalues bounded by 1/02 and o2. There is a
subsequence of the pull backs of (g,, Ay, pn,vgn),vén),vén)) that converges to some
data set (g, A, p,vi,v9,v3) in C®, and since r, — 0, the limit data set (g, A, p)
is invariant under translations. By corollary [3.20] after taking a subsequence, the
rescaled U, converges to a Z/2 harmonic spinor U* on B(2) with respect to (g, 4, p),
which satisfies assumption [3.2]

The assumption that Z n B, (1,/8) # & implies that U* has at least one zero
point in B(1/8). Inequality gives

3

J Z Vo, u*(z)Pdz =0
B(5/4)—-B(3/4) ;=1

Theorem implies that U* is not identically zero on B(5/4) — B(3/4). Since U*
solves the Dirac equation on non-zero points, the unique continuation property im-
plies that |U] is constant in 3 linearly independent directions in B(5/4) — B(3/4),
hence theorem implies that U is everywhere non-zero in B(5/4), and that is a

contradiction. O
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Now one can give the proof of proposition The proof is adapted from the

proof of proposition 5.3 in [10].

Proof of proposition[3.20. Let Ry be given by lemma[3.27] and assume r < Ry. With-
out loss of generality, assume that D2 (z,r/8) > 0. In particular, u(B,(r/8)) >
thus Z N B,(r/8) # &. Let

1
(B, (r/8)) JBE (r/8)

N |

zdu(z).

Let 0 < A\; < --- < A\ be the corresponding eigenvalues, then Di(m, r/8) > 0 implies
Ao > 0. Let v; be the unit eigenvector with eigenvalue \;. Let grad u(z) be the vector

in T.R* ® V, such that for every v € T.R*,
(v, grad u(z))rs = V,u(z).
By (3.2), [grad u(z)|lrs < (12)|Vulx. Equation (3.23) gives
~x-grada(y) = | (G2 ) (=) s uty) — o))
By (r/8
for any constant «. By Cauchy’s inequality
A Jvi - grad u(y)[?
_ 2 2
< Je-oufa) | - 2) madul) - au)du)
Ba(r/8) Ba(r/8)
2
N[ -2 graduty) - auly)Pduty)
B (r/8)

Therefore, when \; # 0,

Mo gradu() < | =) ) — ot )
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Integrate with respect to y on B,(5r/4) — B,(3r/4), and sum up i = 2,3, 4,
4

J > Ailvi - grad u(y) [ dy
By (5r/4)—B:(3r/4) j—3

2
-2 maduly) - au) dule)dy
yEBy(5r/4)— By (3r/4) JzeBy(r/8)

2
(3.25) <3J i f i i ((y — 2) - grad u(y) — au(y)|” dydpu(2).
2€B,(r/8) JyeB.(11r/8)—B.(5r/8)

On the other hand,

4 4
TZDZ(I,T) Z v - gradu(y)]? =r2(A; + Ag) Z v - grad u(y)|?

= i=2
2 4
<3 > Ailv; - grad u(y)|”
=2

Therefore

TZDi(x,r)f Z|Uj grad u(y)|? dy

By (5r/4)— B (3r/4) ;=2

2 J !
<= Ailvj - grad u(y)]? dy
7 B, (5r/4)— By (3r/4) ; ’
By lemma [3.27, this implies
C
r?Hy(z,7) D5 (2,7) < —lf Z Ailv; - grad u(y)|® dy
By (57/4)—Ba(

r 3r/4) j—9

Therefore inequality (3.25)) gives

(3.26) T2H¢(I,T)Di<l‘,’r’)

<7 f (v 2)- eraduly) — au(y)[* dy du(:).
= (r/8) 2 (117/8)— B, (51/8)

/

—A(zr)

where the constant (] is independent of a.
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Notice that

2
Aer<s(] ) saduly) - NG deo)ul) dy
B.(11r/8)—B.(51/8) )
::A;r(z,r)
v Iy 2) - n()Plerad u(y)Pdy
B.(11r/8)—B.(51/8) .
::A;,(z,r)
2
F o (Nl — o) o)y
B.(11r/8)—B.(5r/8) j
=:A;((z,7‘)

Notice that by (3.2), we have B, (11r/8) — B.(5r/8) < B.(3r/2) — B.(r/2). Therefore,

by lemma [3.22]
Ai(z,7) < CorHy(z,m) (W, 4(2) + Cor?).

By lemma [3.23| and lemma |3.14]

Ao(zr) = 0<r4j Vul?) = O3 Hy(, 7).
B.(3r/2)

To bound As(z, ), first break it into two parts

2
Ay(z,7) < Cy f (N (2, d(z, 1)) — Ny(z,7))u(y) Py
\Bz(3r/2)_BZ(T/2) J
=:A:1f(z,7‘)
2
e j (N(2,7) — 0)July)|2dy
sz(3r/8)—BZ(r/2) B
=:As(z,r)

Here the balls B,(3r/2) and B,(r/2) are the geodesic balls on X, and the measure

dy is the volume form of X. The monotonicity of N, implies that

Ay(zr) < (Wh(2) + Cor?) f fu(y)|2dy

B.(3r/2)

<06TH¢<JZ, T’)(Wf/ﬁ(Z) + 057"2).



146

Now take p € B,(r/8), such that

(Woap)l = inf [W7i(q)],

" qEBz(1/8) T

and take a = Ny(p, 7). Then by lemma for z € B,(r/8),

Aser) < | (Col /W) + W)+ ) July) Py
B.(3r/2)—B.(r/2)

<Cs(Wi(2) + Cyr?) f fu(y) Pdy

B.(3r/2)—B.(r/2)

<CyrHy(z,7) (qul/’;l(z) + Cgr2)

In conclusion,

A(z,r) < CiorHy(z, r)(val/Z(z) + Ciir?).

Therefore proposition follows from inequality ([3.26]). O

3.8. Approximate spines.

Definition 3.28. Given a set of points {p;}¥ , = R* and a number 8 > 0, one
says that {p;}¥_, is S-linearly independent, if for every j € {0,1,--- , k}, the distance
between p; and the affine subspace spanned by {p;}*_,\{p,} is at least j3.

Given a set F < R*, one says that F' S-spans a k-dimsensional affine subspace, if

there exit (k + 1) points in F' that are -linearly independent.

Lemma 3.29. If F' is a bounded set that does not 5-span a k-dimensional affine space,
then there exists a (k — 1)-dimensional affine space V', such that F is contained in

the 2B3-neighborhood of V.

Proof. For k points {q, -+ ,q} in R*, let V(q, -+, qx) be the volume of the (k — 1)

dimensional simplex spanned by these points. Let {p1, -+ ,pr} < F be k points in F’
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such that
1
(327) V(p17 7pk’) = 5 sup V(Qla 7Qk:)
a1, qREF
If the volume V(py,---,px) is zero, then F' is contained in a (k — 1)-dimensional

affine subspace, and the statement is trivial. If the volume is positive, then the set
{p1, -+ ,px} spans a k — 1 dimensional affine space V. If F' is contained in the 2
neighborhood of V| then the statement is verified. Otherwise, there exists a point
pr+1 € F, such that the distance of pyy1 and V' is greater than 23. Let d; be the
distance between p; and the affine subspace spanned by {p;}:=5\{p;}, then dj.,, > 28.
By , 2d; = dj, for every j. Therefore {p1,--- ,pr4+1} is f-linearly independent,

and that contradicts the assumption on F'. U

As in section use the normal coordinate centered at z( to identify B,,(32R)
with the ball B(32R) in R*. Recall that by assumption (3.2)),

11

12
(1

2 2
) < ’iwo(z) < Kwo('z> < (ﬁ) )

where k., (2) and K,,(z) are the upper and lower bound of the eigenvalues of the
metric matrix at z € B,(32R).

The compactness property of Z/2 harmonic spinors leads to the following lemma.

Lemma 3.30. Let 38,53, € (0,1) be given. Then there exits 6 > 0, depending on
B, B, the upper bound A of the frequency function, the value of R, the curvatures of
X and V, and the constant € in assumption such that the following holds. If
v e B(R), r <9, and {py,p2, p3} is a set of Br-linearly independent points in B,(r),
such that

Ny(ps, 2r) — Ny(pi, fr) <6 i =1,2,3.

Let V' be the affine space spanned by py,pa,ps. Then the set Z n B,(r) is contained
in the Br neighborhood of V  B,(r).
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Proof. Assume such ¢ does not exist. Then there exist sequences {pﬁ”) ¥, T, and 7y,
such that r,, — 0, the points {p\™}3_, are contained in B,, (r,) and are Br,-linearly

independent, and
Ny (p™, 2m) — Ny (™ 1.
¢ b Tn) ¢<pz 76rn) < n 1= 172737

and there exists v, € Z such that the distance from y, to the affine space spanned
by {p™}3_| is greater than Sr,.

Let 0 = 12/11. Rescale the balls B, (10c%r,) to radius 1002, and normalize the
section U. Corollary then gives a limit section U* which satisfies the following

properties:

(1) U* is a Z/2 harmonic spinor on B(4), with respect to a translation-invariant
metric, the trivial connection on V, and a translation invariant Clifford mul-
tiplication. U™ satisfies assumption

(2) There exist points p¥, pi, pi € B(1), such that they are B-linearly independent,

and

(3) Let V* be the affine space spanned by {p:}3_,. There exits a point ¢ € B(1)

in the zero set of U*, such that the distance from ¢ to V* n B(1) is at least 3.

Since U* is defined on a flat manifold with flat bundle, remark indicates that
for U™,

0oNolar) = s [ = (T Yo 9,0l0) = Nt s

Therefore equation (3.28)) implies that for i € {1, 2, 3}, the section U* is homogeneous
on Bpf (2) — szk (B) with respect to the center pf. The unique continuation property

for solutions to the Dirac equation implies that U* is homogeneous on B(2) with
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respect to pf. An elementary argument (see for example [10, Lemma 6.8]) then
shows that the section U* is zero on the affine space V*, and that U* is invariant in
the directions parallel to V*. Therefore, property (3) of U* implies that U* is zero

on a 3-dimensional affine subspace, which contradicts theorem [3.3 U

Similarly, one has

Lemma 3.31. Let 3,5,3 € (0,1) and 7 > 0 be given. Then there exits & > 0,
depending on B, B, 5,7, the upper bound A of the frequency function, the value of
R, the curvatures of X and V, and the constant € in assumption such that the
following holds. Assume x € B(R), and v < 6, and {p1, p2, ps} is a set of points in

B, (r) that is Br-linearly independent, such that
Ny(pi, 2r) — Ng(pi, Br) <6 i =1,2,3.
Let V be the affine space spanned by {p;}. Then for all y,y' € B,(r) n Z, one has

|Ny(y, Br) — Ny(y', Br)| < 7.

Proof. Assume such ¢ does not exist, then arguing as before, one obtains a 2-valued

section U* on B(4) with the following properties:

(1) U* is a Z/2 harmonic spinor on B(4), with respect to a translation-invariant
metric, the trivial connection on V, and a translation invariant Clifford mul-
tiplication. U* satisfies assumption

(2) There exist points p¥, p3, pi € B(1), such that they are 3-linearly independent,

and
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(3) Let Z* be the zero set of U*. There exist y,3’ € B(1) n Z*, such that

[No(y. B) = No(y', B)| = 7.

However, as in the proof of the previous lemma, the first two properties imply that
U* is invariant in the directions parallel to the plane V* spanned by pf, p5, pi, and

Z* < V* which contradicts property (3). O

3.9. Rectifiability and the Minkowski bound. This section only concerns esti-
mates on the Euclidean space. To simplify notations, for the rest of this section, use

B.(r) and B(r) to denote the Euclidean balls.

Definition 3.32. Let Z be a Borel subset of B(R)  R*. A function Z(x,r) defined
for x € Z and r < 128R is called a taming function for Z, if the following conditions

hold.

(1) Z(z,r) is non-negative, bounded, continuous, and is non-decreasing in .

(2) Let 8,8 € (0,1) and 7 > 0 be given. Then there exists ¢(3,3,7) > 0,
depending on 3, 3, 7, such that the following holds. Assume 2 € B(R), r < R,
and {py, pa, p3} is a set of points in B, (r) that is Br-linearly independent, such
that

Z(pi,2r) —Z(p;, Pr/2) <o i=1,2,--- ,m—1.

Then for all y,y' € B,(r) n Z, one has
Z(y, Br/2) — Z(y/, Br/2)| < T.

(3) There exists a constant C', such that for every Radon measure p supported in

Z, the following inequality holds for every z € B(2R) and r < 2R:

D2 (z,1) < T—C;JB ( )[1(2,327“) —Z(z,2r)] du(z).
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Theorem 3.33 ([10]). Assume Z is a Borel subset of B(R) and there exists a taming
function Z(x,r) for Z. Then the set Z n B(R/2) is 2-rectifiable and has finite 2-

dimensional Minkowski content.

The proof of theorem follows almost verbatim from the arguments in sections
7 and 8 of [10]. Nevertheless, a proof is given here for the reader’s convenience.
The proof of theorem makes use of two Reifenberg-type theorems. We state

the special cases of the theorems for dimension 4 and codimension 2.

Theorem 3.34 (28], Theorem 3.4). There exist universal constants Ky > 0 and
do > 0 such that the following holds. Assume {B.,(r;)} is a collection of balls in
B(2R), such that {B,,(r;/4)} are disjoint. Define a measure p = Y, r38,,. Suppose

T D2 ,
f f w7 9) dsdp(z) < Sor?
=(r) JO

S

for every B,(r) = B(2R), then u(B(R)) < Ko R?.

Theorem 3.35 ([I], Corollary 1.3). Assume S < B(R) is a Ha-measurable set and
has finite Hausdorff measure, let X be the restriction of Ho to S. Assume that for

A-a.e. z,
R 12
D
f DXE9) 4 < top,
0 s

then S s 2-rectifiable.

Proof of theorem[3.35. Assume B,(r) < B(R). If one rescales B,(r) to B(R), then
the function Z'(y, s) = Z(xz+ (ry)/R, sr/R) is a taming function for [(A—z)-(R/r)]n
B(R) with the same function €(3, 3, 7) and constant C. Therefore definition is
invariant under rescaling, thus one only needs to consider the case for R = 2.

Let 8 = 1/10. Let B < 1/100 be a positive universal constant, let 7 > 0 be a

constant that is defined by § and C, and let 6 > 0 be a constant that is defined
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by /3,7, the function e and the constant C. The exact values for 5,7 and § will be
determined later in the proof.

Let A be an upper bound of Z, namly A >  sup  Z(z,r) = supZ(z, 256).
veA,w<128R zeA

Define
Ds(r) = B(R/2) n{x € Z|Z(x,Br/2) = A — i}.

Define
W2 (z) = I(z,r1) — Z(x,72).

If {B,,(r;)} is a family of balls, we call the sum >, r? its 2-dimensional volume.

Step 1. First, require that § < €(8,3,7). For B,(r) < B(2), and a set A <
Z n B,(r), define an operator F4, which turns B, (r) into a finite set of balls. It has
the property that either F(B,(r)) = {B.(r)}, or Fa(B.(r)) is a family of balls with
radius Sr. In either case, the balls in the family F(B,(r)) will cover the set A. The
operator F, is defined as follows. If A n Ds(r) does not Br-span a 2-dimensional
affine space, then it is called “bad”. Otherwise, it is called “good”. In the bad case,
define F4(B,(r)) = {B.(r)}. In the good case, cover A by a family of balls { B, (5r)}

with the following properties

(1) The distance between z; and x; is at least fr/2 for Vi # j,

(2) Each z; is an element of A.

Define F4(B,(r)) to be the family {B,,(8r)}.

Obviouly the descriptions above do not uniquely specify the operator F4. When
there are more than one possibilities, choose one arbitrarily.

If B,(r) is a good ball, let py,ps, ps € Ds(r) n B,(r) be three points that 57 span
a plane, let F(B,(r)) = {B,,(8r)}. By condition (2 of definition [3.32]

| Z (@, Br/2) = T(pi, Br/2)] < 7.



153

Therefore

(3.30) L(xi, Pr/2) = A—=6—71

The operator F4 can be extended to act on a collection of balls. Assume {B,, (r)},

is a collection of balls with the same radius. Let A < |JB,,(r) n Z. Assume
{B,,(r)}F_, are the good balls, and {B,, (1)}, are the bad balls. Then there exists
a collection of balls {B,,(8r)}, such that

(1) {B,,(Br)} covers |, (A N By, (r)).
(2) ly; —wl = Br/2, for Vj # .
(3) yj € Ule A n By, (r), for Vj.

Inequality (3.30]) still holds when x; is replaced by y;. Define Fa{B,,(r)} to be the
union of {B,,(fr)} and {Be,(r)}ipy1-

Step 2. Let N > 0 be a positive integer. Let Ag(z,7) = Z n B,(r). Apply the
operator Fyu, to B,(r) to obain a set of balls, which we denote by &;(x,r). Assume
Si(z,r) splits to two sets Si(x,r) = S14(z,7)JS1p(x, 1), where Sy 4(x,r) is the

collection of good balls and Sy ;(z,7) is the collection of bad balls. Let

Ay(z,7r) = Ag(z,7) — U By, (13).

Bq, (ri)€S1,p(w,r)

Apply Fa, (s to Si4(x,7) and obtain a new set of balls
82<x7 7”) = ‘FAl(Zﬂ“) (8179(33, T)) U’Sl,b(xv T)'
Similarly, write Sa(z,7) = So 4(z,7) | Sop(x, 1), and define

As(w,r) = A(wr) = | Bal(r),

B;cl- (7’2’)632,17(1’77‘)
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and define S5 = F4,(S24) | S25- Repeat the procedure N times to obtain a set of
balls Sy (z, 7).

The family Sy(z,7) has the following property. If B, (r1) and B,,(r2) are two

distinct elements of Sy (x,r), then
(331) |SL’1 — IL’2| = (Tl + TQ)/4.

Inequality can be proved by induction. For N = 1, it follows from the definition
of F4. Assume holds for N — 1, and write Sy = Fay_,(Sv-14) USN-1p-
Let By, (1), Byy(r2) € Sn. If both By, (r1), Bey(r2) € Fay_,(Sn-14), then (3.31)
follows from the definition of F. If both B,, (1), By,(r2) € Sn—1,, then follows
from the induction hypothesis. If By, (11) € Fay_,(Sn-14), By (12) € Sn—14, then
x1 ¢ By, (r2). By the construction of F, one has r; < fry. Since 8 = 1/10, one has
|21 — za| = re = (11 +12) /2.

By (3.30), either Sy = {B,(r)}, or
(3.32) I(xi,ri/2) =2 A—0—71, Y By(r;) e Sn.

Step 3. We claim that there exists a universal constant K; > 1, such that for 7

and 0 sufficiently small, we have

(3.33) > <K

By, (ri)eSn (z,7)

Without loss of generality, assume Sy (z,r) # {B.(r)}. Let r; = Y 77r. Define

Radon measures
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Notice that by (3.31]), there exists a universal constant K5 such that
(3.34) po((Be(r0)) < Kord, V.

Let K be the constant given by theorem let K3 = max{Ky, K»}. We prove
that if 7,0 is chosen sufficiently small, then for every 7 = 0,1, -, N — 3, and every
By(r;) < B,(2r), one has

(3.35) 1i(By(r;)) < K373,

The claim is proved by induction on j. The case for j = 0 follows from ([3.34]). Assume
that the claim is proved for 0,1,--- , 7, and j < N — 3. Then there exists a universal

constant M > 1, such that for every y € B,(2r), k < j + 1, and s € [r/2, 2r],
(3.36) prs((By(s)) < M (K3 + 1) s

We want to use theorem and (3.36) to prove
1j+1((By(rjs1)) < Ksrl,y, for VBy(rj) © By(2r).

If pj41(By(rj+1)) = 0, the inequality is trivial. From now on assume p(B,(7;4+1)) > 0.
Since 141 < ry—s = /8, and supp u < B,(r), we have B, (47;4+1) < B,(2r).

Notice that for B,,(s;) € Sy, if t < mk@n |z; — |, then
2 —
Du(xi,t) =0.

Define
0 if t < Si/47

=532t

W, (%) =
Wg’ft(xi) if t = s;/4.
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Inequality (3.31]) and condition (3)) of definition [3.32] gives

5792t

Wy (p)
Byry 1

(3.37) Di(q,t) < C dp(p)

for every (q,t).
For B.(s) © By(2r;j.+1), assume s € [ry/2, 2ry] for k < j + 1. Inequality (3.37)) gives

# ‘D2 1 <q7 t)
f J — e dtdp;a(g)
2(s) JO

=532t

: W
< | J . 2 (2 )duj+1(p) dt dyij41(q)
Bq

JB:(s t3
—=32t
s w
(3:39) < | } ) . o®) )it dpssta)
JB(s) By

32t

w
gC’ J Qt (») dpu+3(q) ds dp+3(p)
B+ (2s) By(t)

J

32t

(3.39) <CM (K3 +1) J J 2 )dtdﬂk-i—?)( )

where inequality (3.38) follows from (3.31). For p € supp 1,41, let s, be the radius of
ball in Sy with center p. If s > s,/4, then

32t

32t 325 165,
f W () J W% U )dt :J Z(p,t) dtJ I(p,t)dt
sp/4 s

2s p/a

(3.40) < WZ(p) f N % dt < In(16) (5 + 7).

2

The last inequality above follows from (3.32)). Therefore, the right hand side of (3.39))
is bounded by

32t

CM(K;3+1) f J = )dtdﬂk+3( )
Z 23

<CM (K3 + 1) pig13(B2(25)) In(16) (7 + 0) < 4CM?*(K3 + 1)*In(16)(1 + 0) s°
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Let &g be the constant given by theorem [3.34] Take

do

TS RCME(Ks + 121n(16)

and
< %
8CM2(K;3 + 1)21n(16)’
then the conditions of theorem are satisfied, therefore pi;41((By(7j41)) < Kor3, .

By induction, (3.35)) is proved. Inequality (3.33]) then follows from (3.35) by the the
case of j = N — 3.

J

Step 4. By lemma the result obtained from the previous steps can be
summarized as follows. For any integer N > 0, and any ball B,(r), there is a
covering of Z n B,(r) by a family of balls Sy(z,7) = {B,,(r;)};, such that the
following properties hold:

(1) The radius of each ball is at least 8V r.

(2) For a all B,,(r;) € Sy, either r; = B r, or r; = 3/ r for some integer j < N,
and By, (r;) n Ds(r;) is contained in the 28r; neighborhood of a line.

(3) 2,77 < Kyr?.

As a consequence,

Lemma 3.36. There exists a universal constant K1 > 1, and a constant §, such that
the following property holds. For any B,(r) < B(2), and s € (0,7), there exists a
covering of Z 0 By(r) by balls S = {B,(r:)}i, such that
(1) The radius of each ball is at least Bs.
(2) For a ball B,,(r;) € S, either r; <'s, or By, (r;) 0 Ds(r;) is contained in the
2/3r; neighborhood of a line.
(3) >,ri < Kir

Step 5. We prove the following lemma
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Lemma 3.37. There exists a universal constant K4, and a constant ¢, such that the
following property holds. For any B,(r) < B(2), and s € (0,r), there exists a splitting
of Z into Z =, &, and a family of balls S = {By,(r:)}i, such that

(1) & € By.(r).

(2) The radius of each ball is at least 43s.

(8) For a ball B,,(r;) € S, either r; € [4Bs, 5], or By, (r;) n Ds(r;) = &
(4) i < Ky,

Proof of lemmal3.37. Notice that by the assumptions on 5 and 3, we have 453 < .

If {B,,(r;)}: is a covering of Z n B,(r) that satisfies the three properties given by
lemma with respect to s, we say that {B,,(r;)}; is an s-admissible covering of
B.(r) n Z. Fix s > 0, by lemma s-admissible coverings of B,(r) n Z exist.

Let {B,,(r;)} be an s-admissible covering of B,(r)n Z. Let & = Zn B,,(r;). Then
the family {(&;, B,,(r;))} satisfies conditions (1), (2) of lemma , and Y, 17 <
K, 7r?. However, it may not satisfy condition (3). In the following, we will give
a procedure to adjust the family, such that at each step the covering still satisfies
property (2) of s-admissibility, and after finitely many steps of adjustments, the
family will satisfy property (3) of lemma . At the same time, >, r? is being
contorlled throughout the adjustments.

Assume {B,,(r;)} is an s-admissible covering of B,(r) n Z, and & < B, (r;),
B, (r)n Z = J&. Assume (&, By, (o)) does not satisfy property (3) of lemmaw
Then rq > s.

By property (2) of s-admissibility, By, () N Ds(rg) is contained in the 237y neigh-
borhood of a line. Thus one can cover B,,(r¢) N Ds(rg) by a family of no more
than [10/3] balls with radius 483r. Let {B,,(t;)} be this family. If 43rq > s, apply
lemma again to each ball B, (¢;) and replace it with an s-admissible covering
of By, (t;) n Ds(ro). Otherwise keep the family {B,,(¢;)} as it is. Let {B.,(l;)} be
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the result of this procedure. Then {B. (l;)} covers By, (ro) N Ds(ro), and it has the

following properties

(1) 458s < l; < 45_7"0 for each 7,
(2) 3,12 < [10/B] - Ky (4Bro)*.

Take 3 < 1/(320K), then ;13 < 4.

The adjustment of the family {(&;, By, (r;))} is defined as follows. First, remove
(&0, By (10)) from the family, and add (Ey\Ds(ro), By, (r0)) into the family. Next, add
the family {(& n B.,(l;), B.,(l;))} constructed from the previous paragraph into this
family.

This adjustment replaces an element (&g, By, (r0)) which does not satisfy property
(3) of lemma by a family of balls, such that the biggest ball in this family has
the same radius 7y and satisfies property (3). The rest of the balls have radius in the
interval [43s,43rq] and their 2-dimensional volume is bounded by %r%. Moreover, the
new family still satisfies property (2) of lemma m Therefore, after finitely many
times of adjustments, we will obtain a family that satisfies conditions (1), (2), (3),

with 2-dimensional volume

2 2
Zri < 2K 77,
i

hence the lemma is proved. 0

Step 6. Given s € (0,1), we use lemma to construct a covering of Z n B(1)
by a family of balls {B,,(r;)} with radius r; € [483s, 5], such that the 2-dimensional
volume of the covering is bounded.

We call a family {(&;, By, (7;))} a split-covering of a set A, if & < B,,(r;), and
A=J¢&.

If a split-covering of Z n B, (r) satisfies the properties given by lemma we say

that it is strongly s-admissible.
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Let S be a strongly s-admissible split-covering of Z n B(1). For every B,,(r;) € S,
if r; < s, we say it is of type I. Otherwise, we say it is of type II. Assume B,,(r;) is a
ball of type II, then the function Z(z,r) is at most A — ¢ for x € &;, r; < fr;/2. There
exists a universal constant L such that & can be covered by L balls B, (fr;/512) with
radius (fr;/512). Therefore, for each ball, the set & n By, (fr;/512) has a strongly
s-admissible split-covering, with A replaced by A — 4.

Change (B, (r;),&;) to the union of the L strongly s-admissible split-coverings of
& n By, (Br;/512), we obtain a split-covering of & with 2-dimensional volume at most
LK4(Br;/512)2. Define an operation G on S, such that G(S) is constructed from S by
replacing every type II element in & with the union of the L split-coverings described
above.

Notice that for the balls B, (8r;/512), the upper bound A is replaced by A — 4.
Therefore, this procedure can only be carried for at most N = [%] times. After that,
every ball in GV)(S) is of type I. Namely, every ball in G™)(S) has radius in the
interval [483s, s].

Let V,, be the 2 dimensional volume of G (S), then we have
Vier < (1 + LK4(B/512)*)V,,.
Therefore the total 2-dimensional volume of G (S) is bounded by
Vi, < (1 + LK, (B/512))N K,.

Since s can be taken to be arbitrarily small, the Minkowski content of Z n B(1) is
bounded by a contant K depending on A, € and C.
By rescaling, we conclude that the Minkowski content of Z n B,(r) is bounded

by K r2. Since the Minkowski content bounds the Hausdorff measure, there exists a
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constant K’ depending on A, € and C', such that
(3.41) Ho(Z A Bo(r)) < K'r?.

Step 7. Now invoke theorem Let A be the restriction of Hs to Z. By (3.41)),

1 D2 1 32s
f f DAZ9) 4 dn(z) <Cf f f WQS—?@dA(p) ds dA(2)
B(1) Jo S B1)Jo JB.(s) S
1 32s
<cf J f Was (0) 5(2) ds da(p)
B(2)Jo JBy(s) 9§
1 32s
<C’K’f J WQS—(mdsd/\(p)
B(2) Jo S
The same estimate as ((3.40]) gives
1 32s
J Wor' () s < n16)A.
o S

Thus
1 32s
CK’ J f Wor' () 4 an(p) < 4C (K2 n(16)A < o
B(2) Jo S

Therefore, the conditions of theorem are satisfied for Z n B(1), hence Z n B(1)

is a rectifiable set, and the result is proved. O

Proof of theorem[3.4. Let Ry be the constant given by proposition Cover B,,(R)
by finitely many Euclidean balls of radius Ry/32. Let B,,(Ry/32) be such a ball, we

claim that there exists a constant C such that
I(z,7) = Ny(x,r) + Cr?

is a taming function for Z n B,,(Ry/16) on the ball B,,(Ry/16).

In fact, it follows from the definition that Ny(z, ) is non-negative and continuous.
By equation (3.17)), there exists C; > 0 such that Z;(z,r) = Ny(z,r) + Cir? is
increasing in r. By proposition there exists Cy, such that for Zy(x,r) = Zy(x,r)+



Cyr?, one has

Do) < G | 110520 - Tl

for every Radon measure supported in Z n B,,(Ry) and r < 8Ry, thus Z, satisfies
condition (3) of definition [3.32]

Notice that since Z;(z,r) is increasing in r, for B > 0, the inequality
To(x,2r) — Ty(x, Br) < 6

implies that r < 4/0/(4C3). Therefore, lemma implies 7, satisfies condition
of definition [3.32]

In conclusion, Zy(z, ) is a taming function for Z on B,,(R/16), therefore theorem

[3.4] follows from theorem [3.33] O
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