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Abstract
This paper considers 2×2 tables arising from case-control studies in which the binary exposure
may be misclassified. We found circumstances under which the inverse matrix method provides a
more efficient odds ratio estimator than the naive estimator. We provide some intuition for the
findings, and also provide a formula for obtaining the minimum size of a validation study such
that the variance of the odds ratio estimator from the inverse matrix method is smaller than that of
the naive estimator, thereby ensuring an advantage for the misclassification corrected result. As a
corollary of this result, we show that correcting for misclassification does not necessarily lead to a
widening of the confidence intervals, but, rather, in addition to producing a consistent estimate,
can also produce one that is more efficient.
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1. Introduction
Exposure misclassification is a common problem in epidemiologic and other observational
studies. Compared to scenarios where there is no misclassification of the exposure variable,
exposure misclassification results in a loss of statistical power, often substantial (Lagakos,
1988; Tosteson and Tsiatis, 1988). Compared to the naive analysis, however, the picture is
less clear. In methods widely used for bias correction of measures of association due to
covariate measurement error and misclassification, such as the regression calibration method
(Rosner, Spiegelman and Willett, 1990; Rosner, Willett and Spiegelman, 1989) and the
matrix method (Greenland, 1988a), the variance of the corrected estimator can be partitioned
into a sum of two components, in which one component is a function of the variance of the
naive estimator divided by a de-attenuation factor typically less than 1, and the other a
component related to the estimation of the parameters of the measurement error or
misclassification model that has value always greater than 0 (Rosner, Spiegelman and
Willett, 1990; Rosner, Willett and Spiegelman, 1989; Greenland, 1988a). Hence, these bias-
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correction procedures will typically yield estimates with variances greater than those to be
obtained from the corresponding naive analysis, raising the question among practitioners
about whether the cost of variance inflation due to measurement error or misclassification
correction is worth the reduction in bias (Thiebaut, et al., 2007). These concerns about
variance inflation and loss of power have been a potential barrier to the application of the
measurement error and misclassification bias correction methods which have been available
for many years (Carroll et al., 2006; Gustafson, 2003; Buonaccorsi, 2010). In this paper, we
demonstrate that there is a broad range of scenarios likely to be encountered in practice
where the variance of the odds ratio corrected for bias due to exposure misclassification is in
fact smaller than the variance of the naive estimator. By doing so, we hope that one major
barrier to more widespread application of this vast body of methodology into routine
practice will be diminished.

The inverse matrix method (Marshall, 1990) is a well-known method for consistently
estimating the odds ratio (OR) from a 2×2 table in a case-control study when the exposure is
misclassified. When misclassification is differential, Lyles (2002) proved that the inverse
matrix method is in fact the maximum likelihood method, but for non-differential
misclassification, it may not be fully efficient. In this paper, we consider case-control studies
where Y (= 0, 1) denotes disease status, X (= 0, 1) denotes the true exposure, Z (= 0, 1)
denotes the surrogate exposure, and information about the misclassification process is
collected in a validation study, in which X, Z and Y are all available. Data in the main study
are (Yi,Zi), i = 1, …, nm, and data in the validation study are (Yi, Zi, Xi), i = nm + 1, …, nm
+ nv (Greenland, 1988b), where subscript i refers to subject i. Table 1 shows the layout of
the 2×2 tables for the validation and main studies, respectively. In the table for the main
study, the true cell counts am, bm, cm, dm are unobserved. The corresponding cell counts in
the full study are Af = Am + υ11, Bf = Bm + υ10, Cf = Cm + υ01, Df = Dm + υ00,

 and . We consider two scenarios, one in
which the validation study can be used to obtain information about the exposure-disease
association, and one in which the validation study cannot be so used. The latter would occur
when it is reasonable to assume that the misclassification parameters are transportable from
the validation study to the main study but the OR is not transportable.

In this paper, we assume there is no misclassification of disease (i.e. Y is perfectly
measured). The positive predictive value (PPV) and negative predictive value (NPV) are
defined as PPVy = Pr(X = 1|Z = 1, Y = y) and NPVy = Pr(X = 0|Z = 0; Y = y), respectively.

We denote the inverse matrix estimator (Marshall, 1990) as . We have

 with

where the subscript h = f if the validation study is used to obtain information about the
exposure-disease association, and h = m otherwise. Note that to apply the inverse matrix
method, PPV and NPV have to be estimated for cases and controls separately, whether
misclassification is differential or non-differential. Therefore, the disease outcome, Y, must
be available in the validation study, no matter whether the validation study is validly used to
obtain information about the exposure-disease association or not.

In Section 2, we show that, when PPV and NPV are known, the variance of log(OR), based

on the inverse matrix method, , is always smaller than or equal to the variance

Wang et al. Page 2

J Stat Plan Inference. Author manuscript; available in PMC 2014 November 01.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



of the naive estimator, , where . In addition, we
provide some intuition for these findings. In Section 3, when PPV and NPV are not known
and must be estimated from the validation study, we provide a formula for obtaining the

minimum size of the validation study such that  is smaller than

, given fixed nm or nf. We illustrate our findings in a study of sudden
infant death syndrome (SIDS)(Drews et al., 1990) in Section 4, and report on a numerical
study investigating the significance of our findings under various scenarios in Section 5. We
close with a brief discussion in Section 6.

2. The variance of the estimated odds ratio based on the inverse matrix
method

The variance of log(OR) estimator, , given by Marshall (1990), can be split

into two parts,  and , where

(1)

is the variance for  assuming PPVy and NPVy are known, and  is
the additional variance due to estimating PPV and NPV, which takes the form

with

and  and  are calculated by the binomial
variance formula. The above formula applies in both the situation where the validation study
is used to obtain information about the exposure-disease association and those when it is not
used (Marshall 1990; Lyles 2002). For presentational simplicity, throughout this section, let
a, b, c, d denote ah, bh, ch, dh, and A, B, C, D denote Ah, Bh, Ch, Dh, where h = f if the
validation study is used to obtain information about the exposure-disease association, and h
= m if it is not used. The ratio on the right hand side of (1) is the variance of log(â /b̂) if y =
1 and log(d̂/ĉ) if y = 0.

Remark 1. For the inverse matrix method, when the PPV and NPV are known, var(log(â/b̂))
is always less than or equal to var(log(A/B)), and var(log(d̂/ĉ)) is always less than or equal

to var(log(D/C)). It then follows that , where

var(log(AD/BC)) is the , ignoring misclassification. The equality holds
only if both PPV1 + NPV1 and PPV0 + NPV0 are 2 or 0. See the Appendix for a proof of
Remark 1.
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Next, we provide some insights for this counter-intuitive finding that correcting for bias due
to misclassification can provide a more precise estimate than that obtained with the original
misclassified naive estimate. When PPV1 + NPV1 = 1 and PPV0 + NPV0 = 1, from formula

(1) we see that . Then â = PPV1A + (1 − NPV1)B = PPV1(A + B) and b̂
= NPV1(A + B). Since for case-control studies, by design, the margin A + B is fixed, both â
and b̂ above are fixed. That is, PPV1 and NPV1 contain all the information needed to obtain
â and b̂ when PPV1 + NPV1 = 1. Similarly, if PPV0 + NPV0 = 1, PPV0 and NPV0 contain all
the information about d̂ and ĉ. Intuitively, this then implies that if PPV1 + NPV1 is not equal
to 1, they will contain some of the information about â and b̂. In fact, we can rewrite â as â =
WA + (A + B)(1 − NPV1), where the weight W = PPV1 + NPV1 − 1, and −1 ≤ W ≤ 1 (W =
1 implies no misclassification, and W = −1 implies every exposure value is misclassified).
That is, â can be written as the sum of a weighted random part WA and a constant (A + B)(1
− NPV1). As long as the weight is not equal to 1 or −1, it will reduce the variation in A.
Similarly b̂ = WB + (A + B)(1 − PPV1); that is, by knowing PPV1 and NPV1, b̂ can be split
to a constant part and a downweighted random part.

3. Size of the validation study

Remark 1 implies that if the size of the validation study is large enough,  can

be smaller than . Next, we derive the minimum size of the validation
study such that the variance of the estimate of log(OR), and thus the width of its confidence
interval, is not increased by adjusting for bias due to misclassification. We focus on the
situation where the validation study is used to obtain information about the exposure-disease
association first, and then mention the result for the situation where the validation study is
not so used at the end of this section.

By straightforward algebra,

is equivalent to

(2)

where , with py = Pr(Z = 1|
Y = y), qy = 1 − py, Uy = {PPVypy + (1 − NPVy)qy}2{NPVyqy + (1 − PPVy)py}2, y = 0, 1,
s1 = Af + Bf, s0 = Cf + Df, and

. Our goal is to minimize the

validation study sample size  with respect to υyz, y, z = 0, 1, under
restriction (2) and

(3)

where m11,m10,m01,m00 are Af, Bf, Cf and Df, respectively. Here, we have redefined the
notation for those cell counts for convenience. This constrained minimization problem can
be solved through the following steps, using the Lagrange method for minimization under
inequality constraints.

Step 1. We ignore the constraints (3) and minimize nυ under constraint (2) only. We obtain
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It follows that the minimum sample size of the validation study that makes the variance of
the corrected logOR estimate no larger than the variance of uncorrected estimate is

. Next, we check whether constraints (3) are satisfied for . If (3) holds, we have
solved the constrained minimization problem; otherwise, it implies that one or more of the
boundaries, myz, in (3) have to be reached, and we need to pursue Steps 2 to 5 below.

Step 2. Assume that one boundary, say mk1k2, in (3) is reached; that is, υk1k2 = mk1k2, and
ignore the other three inequalities in (3). By the Lagrange method, we obtain

Similar to Step 1, we need to check whether the other three inequalities in constraints (3) are
satisfied. If they are satisfied, we obtain the minimum sample size of the validation study

under constraints (2) and υk1k2 = mk1k2 as . If (3) is not

satisfied, set . Denote  as .

Step 3. Assume that two boundaries, say mk1k2 and mj1j2, in (3) are reached; that is, υk1k2 =
mk1k2 and υj1j2 = mj1j2, and ignore the other two inequalities in (3). By the Lagrange
method, we obtain

with

If the other two inequalities in constraints (3) are satisfied, we obtain the minimum sample
size of the validation study under constraints (2), υk1k2 = mk1k2 and υj1j2 = mj1j2 as

. If (3) is not satisfied, set

. Denote  as .

Step 4. Assume that only one boundary, say mk1k2, in (3) is not reached; that is, υyz = myz
for yz ≠ k1k2, and ignore the inequality for k1k2 in (3). By the Lagrange method, we obtain
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If , we obtain ; otherwise . Denote

 as .

Step 5. The minimum sample size of the validation study is . If
 is infinity, the variance of the corrected log(OR) estimate is always larger than that of the

uncorrected estimate.

When the validation study is not used for estimating the exposure-disease association, the
size of a validation study does not have to be less than or equal to that of the full study,
eliminating constraints (3). Step 1 applies with the modification of replacing the full study
margins sy in the formula for L in (2) by the main study margins my, y = 0, 1, which is
defined in Table 1.

4. An example
We illustrate these results in the case-control study investigating risk factors for sudden
infant death syndrome (SIDS) (Drews et al., 1990). In this study, two controls were
randomly selected from the birth certificates of infants born in six different populations. The
first control was age-matched to the case, and the second control was matched by age, birth
weight, and race. Mothers were interviewed regarding events which had occurred during
their pregnancies, labors, and deliveries, and in the 5 weeks prior to the infant's death. To
assess the extent of recall bias in the reporting of possible risk factors for SIDS, information
about these same periods was abstracted from the medical records. Following Greenland
(1988a,b) and Marshall (1990), here, we focus on antibiotic use as the exposure of interest.

There are 775 cases and 797 controls in the full study, with Af = 173, Bf = 602, Cf = 134 and
Df = 663. There are 211 cases and 217 controls in the validation study. After excluding the
observations in the validation study, the observed main study 2 × 2 table has 564 cases and
580 controls, with Am = 122, Bm = 442, Cm = 101 and Dm = 479. From the validation study,
PPV and NPV were estimated as 0.57 and 0.89, respectively, for cases, and 0.64 and 0.91,
respectively, for controls.

Table 2 shows the results for uncorrected and corrected estimators. We see that, when using
the inverse matrix method, the partial variance obtained under the assumption that the

misclassification parameters are known, , is much smaller than the variance
from the uncorrected estimate ignoring misclassification.

We applied the method in Section 3 to derive the minimum number of full study participants
who need to be validated, such that the variance of the corrected log(OR) estimate is no
larger than that of the uncorrected one. For Step 1, setting py, the prevalence of the exposure
under possible misclassification, PPV, and NPV to their observed values in the original
SIDS study, the minimum validation size is 1482. However, the constraints in (3) do not
hold. By applying steps 2 to 5, we obtain the minimum validation study size 1556 with υ00 =
655, υ01 = 134, υ10 = 594 and υ11 = 173, where all the participants with Z = 1 in the full
study are included in the validation study. This result is displayed in the last row in Table 2.

5. Numerical study
In the SIDS example above, almost all the participants in the primary study would need to
be validated in order for the corrected estimator to have a variance less than or equal to that

of the naive . We conducted a numerical study to apply the method in Section 3 to a
wide range of possible values for the odds ratio, PPV s and NPV s in scenarios likely to be
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encountered in practice, to identify circumstances, if any, when the minimum required
validation study size can be reasonably small. Please note that the asymptotic variances were
directly calculated from the formulas; no simulations were conducted.

5.1. Numerical study design
We first focused on situations where the validation study was used to obtain information
about the exposure-disease association. We assumed the numbers of controls and cases in
the full study were 797 and 775, respectively, as in the SIDS study. Denote the exposure
prevalence for X, Pr(X = 1|Y = y), as pyx, y = 0, 1. We specified p0x, the exposure
prevalence in the controls, representing the study base that produced the cases, and ORY|X,
which represents the true OR for the X−Y relationship. Further, we assumed that the PPVy
and NPVy, y = 0, 1, were 0.9 or 0.8. Given PPVy, NPVy and pyx, the exposure prevalence
for Z, py, can be obtained by solving the equation pyx = PPVypy +(1 − NPVy)(1 − py), for y
= 0, 1, and ORY|Z, the OR for the Z-Y relationship, follows immediately from ORY|Z = p1(1

− p0)/{p0(1 −p1)}. Using the inverse matrix method estimator  to estimate ORY|X, the
results given in Section 3 were applied to obtain the minimum percentage of full study

participants who need to be validated in order for  to have a variance less than or

equal to that of .

We also considered situations where the validation study was not used to obtain information
about the exposure-disease association (please see the last paragraph of Section 3 for the
algorithm for calculating the minimum validation study size for this scenario and how it
differs from the algorithm for the scenario where the exposure-disease association
information in the validation study is utilized). We assumed the numbers of controls and
cases in the main study were 580 and 564, respectively, as in the SIDS study. We assumed
the same prevalence pyx of the correctly measured exposure, ORY|X, PPVy and NPVy, y = 0,
1, as described above.

5.2. Numerical study results
Table 3 shows the results, giving the minimum percentage of full study participants who

need to be validated in order for  to be less than or equal to that of

. We calculated the minimum required validation study size for ORY|X between
1.01 to 1.5 and p0x equal to 0.2, 0.25 or 0.7, and found that when ORY|Z was close to 1.0,
the minimum required validation study size tended to be larger than that when ORY|Z was
very different from 1.0. For example, when PPV0 = NPV1 = 0:8, PPV1 = NPV0 = 0:9, and
ORY|X and p0x were 1.01 and 0.2, respectively, validating more than only 2.2% of the full
study led to a corrected OR estimate with a smaller variance than that of the naive estimate.
Note that this case was very near the null, but with the PPVs and NPVs at 0.8 or 0.9, the
naive analysis would lead to an extremely strong protective effect of ORY|Z = 0:01,
underscoring the importance of correcting for misclassification even when the
misclassification does not seem serious. In addition, as shown in Table 3, when (ORY|X, p0x)
equaled (1.5, 0.7) or (1.3, 0.25), the minimum required validation study sizes under NPV0 =
PPV0 = NPV1 = PPV1 = 0:8 were smaller than that under NPV0 = PPV0 = NPV1 = PPV1 =
0:9. That is, to obtain an OR estimate with variance less than that of the uncorrected
estimate, the counter-intuitive finding that the minimum required validation study size can
decrease as misclassification increases is evident.

As shown in Table 3, we also calculated the proportion of the study sample in the validation
study when the validation study was not used to obtain information about the exposure-
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disease association. These ratios were even smaller than those in the situations where the
validation study was used to obtain information about the exposure-disease association.

6. Discussion

We have demonstrated that when the validation study is large enough,  can be

smaller than . Wald confidence intervals around the point estimate will
thus be narrower than those around the naive estimate. This result dispels a common
misperception that the confidence interval is invariably wider when misclassification is
adjusted for, compared to the naive analysis. This result applies to both the differential and
nondifferential misclassification cases, and holds even when the validation study is not used
to obtain information about the exposure-disease association. However, if estimation and
inference are based on the matrix method (Barron, 1977; Greenland, 1988a), these results do
not apply. Rather, the variance of the log(OR) estimate obtained by the matrix method is

always greater than or equal to  (proof available from first author upon
request for the differential misclassification case; for non-differential misclassification this
result has appeared previously (Greenland and Gustafson, 2006)), even when the sensitivity
and specificity are known. In addition, as shown in Section 5, we also found that

 does not always increase as misclassification increases. This finding is
consistent with that for the Berkson measurement error model studied by Demidenko and
Spiegelman (1997), where the authors showed that, for a continuous exposure, one can
decrease the variance of the maximum likelihood estimate by increasing measurement error.

We noted that in Table 2, the percent of study subjects in the validation study needed in
order to obtain a variance equivalent to the uncorrected was 99%. In the particular case of
the SIDS study (Drews et al., 1990), it is unlikely that such a design could be contemplated,
given the likely higher cost of the gold standard measurements relative to those of the
surrogate. However, it was found in Table 3, that under a wide range of other scenarios
likely to be encountered in practice, the percent of study subjects in the validation study can
be rather small and well within the range of what is realistic, in order to obtain an equivalent
efficiency, or better, relative to that of the naive analysis.

When the exposure is validated in a sub-sample of the primary study, Greenland (1988b)
developed methods for determining the optimal validation proportion by minimizing the
variance of log(OR) estimate subject to a fixed cost constraint based upon the variance of
the matrix method estimator. This optimal validation proportion depends upon the ratio of
the cost per subject of obtaining the error-prone measurements over that per subject of
obtaining the validation measurement. Our findings can also be used to provide insight on
optimal study design. For the inverse matrix method, the variance due to estimating the

misclassification parameters, , is often a major contributor to the total

variance of . In contrast, for the matrix method, both the component of the variance
due to estimating the misclassification parameters and the component due to estimating odds
ratio assuming the misclassification parameters are known are often major contributors to
the total variance of log(OR) estimate. Therefore, if using the inverse matrix method, it may

be more beneficial for the validation study to be large since  and 
will be minimized, and thus the total variance. As shown in Table 3, even with a small
validation study, the inverse matrix corrected estimator can achieve good precision.

The power for H0 : ORY|X = 1 versus the alternative HA : ORY|X ≠ 1 to detect an odds ratio
of ORY|X = r or greater may be calculated by
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 for a given Type I
error rate α when the Wald test statistic is based upon the naive analysis, where Φ(·) is the
cumulative standard normal distribution function and

. On the other hand, the power for
H0 : ORY|X = 1 versus the alternative HA : ORY|X ≠ 1 may be calculated by

 when the inverse matrix
method is used as the basis of the Wald test statistic. Under nondifferential misclassification
with a binary exposure, since r is always further away from the null than r*, ΠI (r) will be

greater than Πnaive(r*) as long as , as can be obtained by
design using the algorithm in Section 3. It should be noted that under differential
misclassification, hypothesis testing based on the naive method may not be valid, since the
type I error rate may not equal to α

This paper focused on misclassification in the context of case-control studies. In cohort
studies, the exposure is usually validated without a specific disease outcome in mind which
in any case has not yet occurred, and when the disease of interest is identified, it is often not
possible to estimate the PPV and NPV in the cases due to small numbers in the validation
study. Therefore, the inverse matrix method can rarely be used for cohort studies.

Most importantly, we have shown that correcting for misclassification does not necessarily
lead to wider confidence intervals compared to the naive analysis, but, rather, in addition to
producing a consistent estimate, may also produce one that is more efficient.
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Appendix
Proof of Remark 1. When ignoring misclassification (i.e. X = Z, PPV1 = NPV1 = 1, PPV0

= NPV0 = 1),  reduces to

which is . The following proof is for y = 1, which applies similarly for y =
0. Denote Pr(Z = 1|Y = y) as py and Pr(Z = 0|Y = y) as qy. First we show that

(A.1)

which is equivalent to
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The inequality above can be rewritten as

(A.

2)

which holds if PPV1 + NPV1 − 1 = 0. If PPV1 + NPV1 < 1, the l.h.s. of (A.2) can be
rewritten as

which is non-negative since all three terms are non-negative. If PPV1 + NPV1 > 1, the
expression above can be written as

which is, again, non-negative. Therefore, inequality (A.2) holds, and it follows that
inequality (A.1) holds.
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