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Nilpotence and descent in stable homotopy theory

Abstract

We study various applications of the ideas of descent and nilpotence to stable homotopy theory. In
particular, we give a descent-theoretic calculation of the Picard group of topological modular forms and we
prove a partial analog of Thomason’s étale descent theorem in the algebraic K-theory of ring spectra. In
addition, we prove thick subcategory theorems for certain ring spectra and give a new proof of a classical

result of Dade on endotrivial modules for abelian p-groups.
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CHAPTER 1

Introduction

1. A very general introduction

1.1. Descent. Let X be a mathematical object, and suppose one is interested in studying some other
type of object Y over X. In general, the classification of possible Y’s may be difficult to approach directly.
However, for various reasons, it might be easier to classify possible Y’s if X is replaced by a smaller or
simpler object. Thus, a basic approach one might take is the following.

Strategy: Find an appropriate “covering” of X by simpler objects {X/}. Classify the analogous objects
Y over {X!} and then understand how they “glue” into an object over X.

There are numerous instances of this as a central strategy in solving mathematical problems. For
instance, on a manifold, problems can be locally solved in coordinates: a manifold is locally isomorphic to
R™, and one can write down equations in n variables. As another example, if K is a field, then algebraic
problems over K may be simpler over the separable closure K*°P.

In carrying out such a program, there are several steps one needs to take.

(1) Identify a simpler class of X’s over which the classification of Y’s is simpler. For example, the class
of X’s in the manifold example could be the euclidean spaces R™; in the second example, it could
be the separably closed fields. Carry out a classification of possible Y’s over the simpler X’s.

(2) Formulate a notion of “cover” so that one can say what it means for X to be covered by {X/}.

(3) Describe precisely what it means to “glue” objects over X (for example, this can be encoded using

some invariant of the Galois group).

The idea of understanding the “gluing data” is a crucial and key component. A basic example of this

comes from the definition of a principal G-bundle or G-torsor.

Example 1.1. Let G be a topological group. To give a principal G-bundle over a topological space X
is equivalent to giving an open cover {U;},.; of X and transition functions fi; : Uy N U; — G satisfying
the cocycle relation f;;fjrx = fir over any triple intersection U; N U; N Uy. Here the gluing data arises
as follows: the G-bundle is trivialized over the {U;}, and the functions f;; encode compatibilities between
different trivializations. If X is a manifold and one is given a G-bundle over X, then any open covering {U;}

consisting of contractible open sets can be taken.



Often such descent problems can be encoded using the notion of a sheaf of categories. One general

picture runs as follows.

(1) For each X, there is a category F(X) of objects Y — X.
(2) There is a Grothendieck topology on the category of X’s, and F forms a sheaf of categories with
respect to this topology.

(3) There is a cover of X by objects X’ such that the category F(X') is tractable.

The classification of objects over X then reduces to calculating a “2-limit” of the categories of objects
over X’ as X' ranges over the cover of X.

A basic example is Grothendieck’s theory of faithfully flat descent. To each commutative ring R, one
associates the category of R-modules. The main theorem states that this construction yields a sheaf of
categories for the flat topology.

These ideas are, of course, very general and have been developed at length in numerous directions. In

this thesis, we will explore the idea of descent in the specific world of (axiomatic) stable homotopy theory.

1.2. What is axiomatic stable homotopy theory? Stable homotopy theory originates with the
study of stable phenomena in algebraic topology. We refer to [May99] for a survey of these ideas. The basic
initial observation if X,Y are finite pointed complexes, the group of homotopy classes [X" X, ¥"Y] stabilizes
for n > 0 to a group of stable maps {X,Y}. Stable maps can be composed in a natural fashion, and one can
form a category of finite complezes and stable maps where the objects are the finite (pointed) complexes X
and the maps from X — Y are precisely given by {X,Y}. This is (unlike the unstable homotopy category) an
additive category. When one further completes this category by adding formal desuspensions of complexes,
one obtains the Spanier- Whitehead category. This category, together with its “large version,” the homotopy
category of spectra, is the basic initial arena where stable homotopy theory takes place.

The Spanier-Whitehead category is additive but not abelian: kernels and cokernels do not exist. However,
one has a replacement given by the notion of a cofiber sequence, X —Y — Y UCX. As a result, the Spanier-
Whitehead category (as well as the category of spectra) is a fundamental example of a triangulated category.

Triangulated categories arise from a variety of sources in mathematics; another basic example is the
derived category of an abelian category. One basic organizing principle (for more topologically oriented
categories) comes from the classical Brown representability theorem which can also be used to motivate the
idea of a spectrum. This result states that given a cohomology theory E* on the category of topological
spaces satisfying the Eilenberg-Steenrod axioms (except the one determining the cohomology of the unit),
there exists an associated spectrum E such that E*(X) can be recovered as homotopy classes of maps of

spectra (L X, El,.



Principle: Given a cohomology theory E* on some class of objects A, one expects a triangulated

category T together with:

(1) A functor ¢ : A — T.
(2) An object E € T.
(3) A functorial isomorphism [¢(X), E]. + ~ E*(X) for X € A.

Even if one is primarily interested in the cohomology theory E* instead of the associated triangulated
category T or object F, studying the triangulated category T for its own sake is often a good investment.
For example, many operations that one can do in 7 are much more difficult to do at the level of cohomology
theories. The category of cohomology theories is not as well-behaved as T: for example, cofiber sequences
are a basic tool in building objects in 7, but one does not have this access to this notion in the category of
cohomology theories.

In various forms, for example, the above general principle is central.

(1) As a first example, Ext groups in an abelian category can be described as maps between shifts in
the derived category.

(2) When one studies étale cohomology, the initial objective is to study the cohomology of schemes
(equivalently, of the constant sheaf). However, it is beneficial to study the cohomology of (more
general) étale sheaves on schemes. Thus étale cohomology corresponds to the category of étale
sheaves on a scheme.

(3) Grothendieck’s idea of a category of motives, and contemporary homotopy-theoretic approaches
such as the stable Al-homotopy category. Here various other objects (such as algebraic K-theory)
become representable.

(4) The category of G-spectra for a finite group G. These represent cohomology theories on the category
of G-spaces.

(5) Kontsevich’s approach to non-commutative motives of DG categories, studied later in work of

Tabuada and Blumberg-Gepner-Tabuada characterizing it by a universal property.

For most applications, and certainly in this thesis, it will be necessary to work with triangulated cate-

gories that have an additional tensor structure. We refer to [Bal10] for a survey of the subject.

DEFINITION 1.2. A ®-triangulated category or tensor triangulated category is a triangulated category

equipped with a symmetric monoidal tensor product which preserves exact triangles.

3



Many examples of triangulated categories have natural tensor structures. For example, the derived
category D(R) of a commutative ring R has the (derived) tensor product, and the homotopy category of
spectra has the smash product.

One of the motivating questions is to what extent one can carry out an analog of faithfully flat descent

in derived categories.

Question 1.3. Let R — R’ be a faithfully flat extension of rings. Can we recover the derived category

D(R) from D(R') together with descent data?

1.3. Why higher category theory? The gluing and descent of triangulated categories has been
studied by Balmer [Ball2] and in certain examples one can glue triangulated categories. Unfortunately,
derived categories generally do not glue well under faithfully flat extensions, or under the extensions that
we will study in this paper. The basic problem is that the homotopy category loses information. When one
tries to glue objects, there are higher homotopies necessary that disappear at the triangulated level. Given
two objects X, Y in (say) the derived category of a ring R, the maps X — Y in D(R) are the connected
components of a space of maps X — Y, and one can instead work with the space as a whole (at least up to
weak equivalence). In order to glue derived categories, one needs a way of remembering the whole mapping
space between objects.

There are approaches that many authors have used to remember the data of the mapping space, or the
higher homotopies, in various forms. For example, Quillen’s theory of model categories (especially simplicial
model categories) provides a framework for describing mapping spaces between objects.

The technology of co-categories was used by Lurie to give an elegant solution to Question 1.3. We will not
attempt to give a general introduction to co-categories here, and refer to the original sources [Lur09, Lur16|

as well as a growing collection of secondary sources.

DEFINITION 1.4 (Lurie [Lurl6]). A stable co-category is a pointed co-category with finite colimits, such
that the suspension functor is an equivalence. Earlier notions of stability had also been studied in the model

categorical setting.

A stable oco-category is a type of “enhancement” of a triangulated category. In practice, almost every
triangulated category that one works with arises from a stable oo-category. However, in the same way
that spectra form a better theory than cohomology theories, stable oco-categories form a better theory than
triangulated categories. For example, the oo-category of stable oco-categories and exact functors between

them is a compactly generated, presentable co-category. This means that one can treat stable co-categories

4



as a “homotopy theory.” For example, one can form homotopy limits of stable co-categories. This is essential

for formulating the notion of descent data.

Example 1.5. Let R — R’ be a faithfully flat extension of commutative rings, and let D(R), D(R’) denote
the derived oo-categories of R, R’. The oo-category of R-complexes with descent data is defined to be a

totalization

Tot(D(R) ZD(R ®r R) = ...),

in the oco-category of stable oo-categories. Lurie’s theorem is that this is canonically equivalent, as a sym-

metric monoidal co-category, to D(R).

2. Nilpotence

We will work with a class of extensions which are not faithfully flat but for which the same conclusion
of faithfully flat descent holds. Let A be an algebra object in a symmetric monoidal, stable co-category!
(C,®,1). Then we can form the oco-category Mod¢(A) of A-modules in C. For example, if C = Sp, we will
simply write Mod(A) for the co-category of A-module spectra introduced by [EKMM97].

Given A, we can define similarly the oo-category of descent data to be the totalization in stable oo-
categories

Tot (Modc(A) 2 Mode(A® A)= ... ) :

and an appropriate descent theorem would identify this with C under the tautological functor.

A key definition that we use is the following. A full subcategory of a symmetric monoidal stable oo-
category C is called a thick ®-ideal if it is closed under tensoring with any object of C and it is an idempotent-
complete, stable subcategory. Thick ®-ideals play a central role in the study of tensor triangular geometry

[Bal10].

DEFINITION 2.1 (Cf. Balmer [Ball6], Mathew [Mat16]). Then A is descendable if the smallest thick
®-ideal in C containing A is all of C. Equivalently, if I denotes the fiber of the unit map 1 — A, then the

natural map I — 1 is ®-nilpotent.

One of the main results of [Mat16] is that a derived analog of faithfully flat descent holds whenever one

has a descendable object in C.

Theorem 2.2 ([Matl16]). If A is descendable in C, then the natural functor establishes an equivalence

between C and the oo-category of A-modules with descent data.

we always assume the tensor product is biexact.



A “decategorified” version of this assertion is that we have an equivalence in C,
(1) 1~ Tot(AZAQAS ),

In fact, the totalization converges very well: we discuss the general notion of “quick convergence” that it
has in the first chapter. In particular, it behaves more like a finite limit than an infinite one.

In Chapter 6, we give a survey of the notion of descendability and some of its applications.

Remark 2.3. Given a faithfully flat extension of commutative rings R — R’, we do not know if it is
descendable in this sense (e.g., if R’ is descendable as an algebra object of the derived oo-category D(R)).
However, this is known to be true if R is noetherian of finite Krull dimension (and was explained to us by

S. Iyengar). This is proved in the survey given in Chapter 6.

Example 2.4. Suppose 1 € C is compact. Suppose that A is dualizable and tensoring with A is conservative

on C. Then A is descendable.

Example 2.5. The motivating example of [Ball6] is that “Quillen stratification” in modular represen-
tation theory (namely, the observation that phenomena can be detected up to nilpotence on elementary
abelian subgroups) can be formulated as a descendability statement. We refer to [MNN15a] for a detailed

investigation into these phenomena in stable homotopy theory.

A basic source of examples of descendable algebra objects (explored in [Mat16]) comes from the faithful
G-Galois extensions of Rognes [Rog08]. If A — B is a faithful G-Galois extension of E.-ring spectra, then

B is descendable. The descent theorem now takes the form of an equivalence
Mod(A) ~ Mod(B)"¢

where the G-action on B induces one on the module co-category Mod(B). In this case, the dualizability of
B enables one to prove the equivalence directly, and this has been observed independently by many authors,
for example [Meil2, GL, Ban13].

A closely related notion to descendability is that of nilpotence. The following definition goes back to

Bousfield.

DEFINITION 2.6. Let A be an algebra object in C as before. An object M is called A-nilpotent if M
belongs to the thick ®-ideal generated by A, or if (with the same notation) I®™ @ M — M is nullhomotopic

for n > 0.



We refer to [MNN17] for a general survey of descent and nilpotence. In this thesis, we will study a
variety of examples where the notion of descendability and the above descent theorem has proved useful.

In checking descendability, it becomes useful to have effective techniques for proving that elements are
nilpotent. For example, in the final chapter, we will use the assertion (1) in an appropriate oo-category of
noncommutative motives to prove descent theorems in the algebraic K-theory of ring spectra.

The following fundamental result gives the definitive criterion for nilpotence in ring spectra.

Theorem 2.7 (Devinatz-Hopkins-Smith [DHS88]). Let R be a ring spectrum. Suppose x € 7 (R) is an
element which maps to a nilpotent element in the complex bordism MU,(R). Then z is nilpotent. The
same conclusion holds if for each implicit prime p and height n € [0, o0], z maps to a nilpotent element in

the Morava K-theory K (n).R.

The Devinatz-Hopkins-Smith result is fundamental to the global structure of the stable homotopy cate-

gory. We will need a nilpotence criterion specific to E.-rings.

Theorem 2.8 (Mathew-Naumann-Noel [MINN15b]). Let R be an E-ring and let € 7, R be an element.

Suppose & maps to zero in H,(R;Z). Then z is nilpotent.

We note that this result originally conjectured by May, and was known to Hopkins in unpublished work.
We also note that this result has recently been extended by J. Hahn in [Hah186].

In the final chapter, we will use the following corollary as a means to check descendability.

Corollary 2.9. Suppose 1 € C is compact. Suppose the algebra object A has the property that Ag is
descendable in the rationalization Cg of C. Then for any implicit prime p and height n, the localization L, A

is descendable in L,,C.

Here L,, denotes the localization with respect to the nth Morava E-theory spectrum. These localization
functors play a central role in chromatic homotopy theory. Using this corollary, we will show that rational

descent results lead to L,-local ones.

3. Case study: Picard groups

We illustrate the method of descent with a discussion of Chapter 8.3, which represents joint work with
Stojanoska. Ome of the basic invariants of a symmetric monoidal category (C,®,1) is its Picard group
Pic(C) of isomorphism classes of ®-invertible objects. In this case, the use of descent provides new tools for

calculating Picard groups.



We specialize to the case where C = Mod(R) for R an E-ring. In this case, determining Pic(R) =
Pic(Mod(R)) in general seems impossible. However, there are certain instances when the calculation is

tractable. We refer to Chapter 8.3 for more details and references.

Example 3.1. If R is connective, then Pic(R) can be determined in terms of the algebraic Picard group

PiC(ﬂ'()R).

Example 3.2. If R is such that the homotopy groups 7.(R) are concentrated in even degrees and . (R) is

regular, then Pic(R) can be determined in terms of the graded Picard group of the graded ring 7. (R).

Let A — B be a faithful G-Galois extension in the sense of Rognes. Then the map is descendable, so as

before we obtain an equivalence of symmetric monoidal co-categories
(2) Mod(A) ~ Mod(B)"¢.

We would like to use this to calculate Picard groups. There are two basic observations.
The first observation is that it is possible for the homotopy groups of B to be much simpler than those
of A.

Example 3.3. The map C*(BCp;F,) — F), is a C,-Galois extension (though not faithful). Note that the

homotopy of the source is not regular while the homotopy of the target is regular.

Example 3.4. The complexification map KO — KU from real to complex topological K-theory is a Ca-
Galois extension. Here 7, (KO) contains considerable torsion and nilpotence, while m,(KU) ~ Z[35'] is

much simpler homologically. In particular, the general Picard group results apply to KU but not to KO.

The next main observation, due to Hopkins in unpublished work and Gepner-Lawson in recent work, is
that the equivalence Mod(K Q) ~ Mod(KU)"2 provides effective tools for calculating Pic(KU). Namely,
to any symmetric monoidal co-category C one associates a “Picard spectrum” pic(C). Then m,pic(C) is given

by the formula
mopic(C) = Pic(C), mipic(C) = (moEnde(1))™, mpic(C) = m—1Ende(1) for i > 2.

The reason that pic(C) is such a useful tool is that the construction C — pic(C), as a functor from symmetric
monoidal co-categories to connective spectra, commutes with all limits. In particular, an equivalence of the
form (2) implies that
pic(A) ~ m>o(pic(B)"Y).
8



Here we write pic(A) = pic(Mod(A)). This leads to the classical Bousfield-Kan spectral sequence for com-
puting the homotopy groups of pic(A), in particular mg which is Pic(A).

In Chapter 8.3, in addition to giving a detailed description of this method, we develop several tools
for working with the associated Picard spectral sequence. We use this to determine Pic(TMF) (a result

originally due to Hopkins) and Pic(Tmf).

4. About this thesis

The main portion of this thesis consists of a collection of published and submitted articles. Each chapter
is, therefore, stand-alone in itself.

The bibliographic data of these articles is as follows.

Chapter 1 is this introduction.

Chapter 2 A. Mathew. A thick subcategory theorem for modules over certain ring spectra. Geom. Topol.
19 (2015), no 4, 2359-2392.

Chapter 3 A. Mathew. Torsion exponents in stable homotopy and the Hurewicz homomorphism. Al-
gebr. Geom. Topol. 16 (2016), no. 2, 1025-1041.

Chapter 4 is a preprint.

Chapter 5 A. Mathew. Residue fields for a class of rational E-rings and applications. J. Pure Appl. Algebra
221 (2017), no. 3, 707-748.

Chapter 6 A. Mathew and V. Stojanoska. The Picard group of topological modular forms via descent theory.
Geom. Topol. 20 (2016), no. 6, 3133-3217.

Chapter 7 is a preprint.

Chapter 8 is a preprint, joint with Dustin Clausen, Justin Noel, and Niko Naumann.

We note that the article [Mat16] (which is a revised version of the author’s undergraduate thesis)

introduces the basic definitions and proves the descent theorem. It is not included as a part of this thesis.
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CHAPTER 2

A thick subcategory theorem for modules over certain ring spectra

1. Introduction

1.1. Generalities. Let C be a stable co-category. Recall that:

DEFINITION 1.1. A full subcategory C' C C is thick if C' is a stable subcategory (i.e., it is closed under

finite limits and colimits), and C’ is closed under retracts.

Note that this definition only depends on the underlying homotopy category of C and its triangulated
structure, and can be studied without the language of co-categories. Since many properties of objects in C
are controlled by thick subcategories, it is generally very useful to have classifications of the possible thick
subcategories of C.

In the setting of the stable oo-category Sp‘(“p) of finite p-local spectra, the following fundamental result

was proved by Hopkins and Smith:

Theorem 1.2 (Hopkins-Smith [14]). There is a descending sequence of thick subcategories
Spipy =C02C1 2C2 2 ...,
such that every nonzero thick subcategory of Spfp) is one of the C;.

The subcategories C; can be described in terms of the geometry of the moduli stack Mpg of formal
groups. Namely, recall that any finite spectrum defines a Z/2-graded coherent sheaf on Mpg (via its

complex bordism). Mpg localized at p has a filtration by height
Mpg D Mgs D M2 > ...,

such that the successive “differences” are quotients of a point by an ind-étale group scheme (and in particular,
this tower cannot be refined); for a discussion of this, see [11]. The moduli stack M I?é parametrizes formal
groups of height at least i, and M }?é parametrizes formal groups over a Fy-algebra. A spectrum X € Sp‘(”p)
belongs to C; precisely when its associated quasi-coherent sheaf is set-theoretically supported on M FZé For

instance, Cy consists of the p-torsion spectra.
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In stable homotopy theory, Theorem 1.2 is extremely useful as a sort of “Tauberian” theorem. If one
wishes to prove a property of all finite (p-local) spectra, e.g., of the sphere, then it suffices to show that the
property is thick and that a single finite spectrum with nontrivial rational homology satisfies it.

After the results of [14], thick subcategories have been studied in a number of other settings. For
instance, given a commutative ring R, one may consider the oco-category Dpers(R) of perfect complexes of
R-modules, and one may consider the thick subcategories of Dpe,¢(R). Given a subset Z C SpecR closed
under specialization (equivalently, a union of closed subsets), one may define a thick subcategory of Dper(R)
consisting of complexes whose cohomologies are set-theoretically supported on Z. When R is noetherian,

one has the following theorem:

Theorem 1.3 (Hopkins-Neeman [12, 26]). The above construction establishes a bijection between thick

subcategories of Dpers(R) and subsets of SpecR closed under specialization.

Given a symmetric monoidal stable oo-category (C,®,1), one may also consider thick tensor ideals:
these are thick subcategories D C C such that if X € D,Y € C, then the tensor product X ® Y belongs to
D as well. Thick tensor ideals have been extensively investigated [5], and one can, for instance, arrange the
“prime” ones into a topological space.

For example, for the perfect derived category of a noetherian scheme, thick tensor-ideals were classified
in work of Thomason [32] generalizing Theorem 1.3. In this case, again thick tensor-ideals are classified in
terms of the supports of objects. The notion of “support” has been axiomatized in work of Benson-Iyengar-
Krause [7] with a view towards diverse applications, including stable module categories for finite groups,
for triangulated categories with an action of a commutative ring as endomorphisms of the identity. In our
setting, we will be working with symmetric monoidal stable co-categories (such as Dperf(R)), where the unit
object generates C under finite colimits, so thick subcategories are automatically tensor ideals. Moreover,
the “base ring” will be somewhat complicated, so it will be convenient to work locally, using techniques of

[24].

1.2. Methods. The goal of this paper is to classify thick subcategories in a different setting: that is, for
oo-categories of perfect modules over structured ring spectra which arise as global sections of the structure
sheaf on even periodic derived stacks. Such ring spectra play an important role in stable homotopy theory:
for instance, TMF arises as the ring of functions on a derived version of the moduli stack of elliptic curves.

Our goal is to understand the structure of the oo-category Mod® (TMF) of perfect TMF-modules, for
instance. One difficulty in doing so is that the algebraic structure of 7, TMF is extremely complicated, while
the analysis of ring spectra and modules over them is greatly simplified when one has nice (e.g., regular)

homotopy rings. Nonetheless, we know that TMF is obtained as the homotopy inverse limit of a diagram
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of elliptic spectra, which are even periodic F.-rings whose formal group is associated to an elliptic curve
classified by an étale map to M. More precisely, there is a derived Deligne-Mumford stack (Mey, O'P),
whose underlying ordinary stack is the moduli stack of elliptic curves, such that the global sections of the
structure sheaf Q%P gives TMF. These elliptic spectra obtained by evaluating O'°P on an affine scheme étale
over M,y are much better behaved: not only are they even periodic, but their homotopy rings are regular
noetherian. The classification of thick subcategories for perfect modules over them is significantly simpler

by the following result which will be proved in Theorem 2.13 below.

Theorem 1.4. Suppose R is an even periodic Eoo-ring with mo(R) regular noetherian. Then there is
a canonical bijection between thick subcategories of the oco-category of perfect R-modules and subsets of

Specmo(R) closed under specialization.

Therefore, we shall approach the classification of thick subcategories of Mod“ (TMF) by relating Mod*” (TMF)
to the co-categories of perfect modules over elliptic spectra. The essential ingredients for doing this are in

[24]. In that paper, L. Meier and the author prove:

Theorem 1.5 ([24]). The oco-category of TMF-modules Mod(TMF) is equivalent the co-category of quasi-

coherent sheaves on the derived moduli stack of elliptic curves.

We refer to [20, §2.3] for generalities on quasi-coherent sheaves on derived stacks. By [20, Prop. 2.3.12],
we can rewrite this statement by saying that

Mod(TMF) ~ lim Mod(O*P(SpecR)),
SpeCR—)MEu

as SpecR — Mg ranges over the étale maps from affine schemes.

More generally, the main result of [24] gives a criterion for this phenomenon of “affineness,” which had
been first explored by Meier in [25].

We briefly review the setup. Let X be a Deligne-Mumford stack equipped with a flat map X — Mpg.
Given any affine scheme SpecR and an étale map SpecR — X, the composite SpecR — X — Mp¢ classifies
a formal group over R which yields an associated (weakly) even periodic, Landweber-exact homology theory

and even a homotopy commutative ring spectrum. In particular, we get a functor
Aff‘;tX — Homotopy commutative ring spectra

from the category of affine schemes étale over X to the category of homotopy commutative ring spectra and
homotopy classes of maps between them. We refer to [19, Lecture 18] for the fundamentals of even periodic

Landweber-exact, ring spectra.
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In certain important cases, one has a lifting

CAlg

=

A (/’tX — Homotopy commutative ring spectra

where CAlg is the oo-category of Fu-rings. Such a lift is called an even periodic refinement X = (X, OP)
of X — Mpg. Such even periodic refinements exist, for instance, for X the moduli stack of elliptic curves,
and yield important examples of derived stacks.

Given an even periodic refinement ¥ = (X, O'P), we can consider the E-ring I'(X, O™P) of “functions”
on the derived stack X and its co-category of modules. We can also consider a related oco-category, the oo-
category QCoh(X) of quasi-coherent sheaves on X, obtained (by [20, Prop. 2.3.12]) as the homotopy limit
of the module categories Mod(O'"P(SpecR)) as SpecR — X ranges over all étale maps from affines.

The main result of [24] now runs as follows.

Theorem 1.6 ([24]). Let X = (X, O™P) be an even periodic refinement of a Deligne-Mumford stack X
equipped with a flat map X — Mpg. If X — Mpg is quasi-affine, then the global sections functor

establishes an equivalence of symmetric monoidal co-categories
I': QCoh(X) ~ Mod(I'(X, O'P)).

The hypotheses of Theorem 3.4 apply in several important cases, such as the derived version of the

moduli stack of elliptic curves as well as its Deligne-Mumford compactification.

1.3. Results. In this paper, we will use Theorem 3.4 to illuminate the structure of the co-category
of perfect T'(X, O%P)-modules. In particular, we will classify the thick subcategories of perfect T'(X, O%P)-
modules, under some further constraints.

In classifying thick subcategories, it will generally be more convenient to work with QCoh(X) (at least
implicitly), and in particular with the homotopy group sheaves o, 71 of a given object in QCoh(X), which
in the perfect case will define a Z/2-graded coherent sheaf on X. Given a subset of the underlying space
of X closed under specialization, it follows that we can define a thick subcategory of QCoh(X) consisting of
objects whose homotopy group sheaves are supported on that subset.

The main result of this paper is:
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Theorem 1.7. Suppose X is regular and affine flat over Mpg. Then the thick subcategories of perfect
modules over Mod(I'(X, O*P)) ~ QCoh(X) are in bijection (as indicated above) with the subsets of X closed

under specialization.
Theorem 1.7 in particular applies to the derived moduli stack of elliptic curves, and one has:

Corollary 1.8. There is a bijection between thick subcategories of perfect TMF-modules and subsets of

My which are closed under specialization.

We can also apply this to the classification of thick subcategories of perfect modules over the Hopkins-

Miller EO,,-spectra (in view of [24, §6.2]).

Corollary 1.9. Let G be a finite subgroup of the nth Morava stabilizer group, so that G acts on Morava
E-theory E,. Then thick subcategories of perfect E"“-modules are in bijection with G-invariant subsets of

SpecmoE,, closed under specialization.

The proof of Theorem 1.7 follows the outline of Theorem 1.2, although since we already have the nilpo-
tence technology of [8] and [14] and can in particular use results such as Theorem 1.2, many steps are much
simpler. The proof that all possible thick subcategories come from subsets of X closed under specialization
is essentially formal once certain “residue fields” are constructed, using the techniques of [3] and [4]. (The
analog in Theorem 1.2 is given by the Morava K-theories.) The harder step is to show that all the differ-
ent subsets closed under specialization are realized, which requires in addition some algebraic preliminaries
about the structure of Mpg and topological preliminaries of vanishing lines in spectral sequences, which are

of interest in themselves.

2. The affine case

2.1. Setup. Let R be an even periodic F-ring such that mgR is regular noetherian. We do not need
to assume that R is Landweber-exact. Consider the stable co-category Mod® (R) of perfect R-modules. The

goal of this section is to classify the thick subcategories of Mod“(R) in Theorem 2.13 below.

Proposition 2.1. Let R be as above, and let M be a perfect R-module. Then:

(1) moM @ 71 M is a finitely generated moR-module.
(2) Assume that 7R has finite global (i.e., Krull) dimension. In this case, an R-module M is in fact

perfect if and only if moM & m M is a finitely generated R-module.

PROOF. The first assertion is equivalent to the assertion that m,(M) is a finitely generated m.(R)-

module. Consider the collection of M € Mod®(R) for which this holds. It clearly contains R. Since 7. (R) is
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noetherian, it follows from the long exact sequence of a cofibering that this collection is a stable subcategory
of Mod“(R), and it is also closed under retracts. Therefore, it is all of Mod“ (R).

Suppose conversely that mo(R) has finite global dimension and (M) is a finitely generated m.(R)-
module. We claim that M is perfect. For this, we use descending induction on the (finite) projective
dimension of mo(M) @ m (M) over mo(R). If mo(M), w1 (M) are projective R-modules, then it is well-known
that M is perfect: in fact, M is a retract of a sum of copies of R and 3 R. Suppose the projective dimension
of mo(M) & 7 (M) is equal to n > 0. Choose a map R*V X R' — M which induces an epimorphism on
7, which we may do as m.(M) is a finitely generated . (R)-module, and let F' be the fiber of this map.
Clearly, M € Mod“(R) if and only if ' € Mod“(R). But m.(F') is finitely generated, and mo(F') @ w1 (F') has

projective dimension < n — 1. By induction, we are done. O

DEFINITION 2.2. If M € Mod"”(R), the support of moM @ w1 M thus defines a closed subset of SpecmyR,

which we will simply write as SuppM.

Given a cofiber sequence

M — M — M" — M'[1],

we have

SuppM C SuppM’ U SuppM”,

and, furthermore, the support only shrinks under taking retracts. This enables us to define thick subcate-

gories of Mod“ (R):

DEFINITION 2.3. Given a closed subset Z C SpecmoR, we let Mod% (R) C Mod”(R) be the full subcate-
gory of perfect R-modules M such that SuppM C Z. It follows from the preceding paragraph that Mod (R)
is a thick subcategory of Mod(R).

In general, we cannot expect every thick subcategory of Mod“(R) to come from a closed subset Z C R.
We might choose instead to work with a family of possible choices of Z. If R is a domain, we could, for
example, consider the collection of all M € Mod®”(R) which are torsion: i.e., those whose support does not
contain the generic point. This is a thick subcategory, but it is not associated to any single closed subset,
but rather to the collection of all closed subsets of SpecR that do not contain the generic point. Rather
than working with “families of closed subsets,” it is simpler to work with subsets of SpecR closed under

specialization.

DEFINITION 2.4. Let Z C SpecmpR be a subset of SpecmgR closed under specialization. In this case,

we define Mod%(R) C Mod”(R) analogously to be the collection of M € Mod“(R) with SuppM C Z. We
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thus get a map from the collection of specialization-closed subsets of SpecmyR to the collection of thick

subcategories of Mod“ (R).

The goal of this section is to prove that the Mod% (R) are precisely the thick subcategories of Mod® (R),
as Z ranges over the specialization-closed subsets of SpecmgR. The proof will follow the argument for finite
spectra in [14]. The key step, as in [14], is a version of the nilpotence theorem, which is much easier in the

present setting.

2.2. Residue fields. The first step is to define “residue fields.” Consider the regular ring mgR. For
each prime ideal p C myR, the localization (moR), is a regular local ring, whose maximal ideal p(moR), is

generated by a system of parameters z1,...,x, € (moR), such that (mgR),/(x1,...,zy) is a field k(p).

DEFINITION 2.5. Given p, consider first R,, the arithmetic localization of R at p, as an E-R-algebra

using [10, Theorem 2.2] or [22, §8.2.4]. Then consider the R-module K (p) defined as

K(p) = Ry/(x1,...,75) o Ry/x1 AR Ry/x2 AR -+ AR Rp/Tp,

where R/z for x € mgR denotes the cofiber of z: R — R, so that
K(p). = k(p)[£], |t =2.
By the results of [2], it follows that K (p) admits the structure of an A.-algebra internal to Mod(R).

DEFINITION 2.6. For any R-module M, we can form the new R-module K (p) Agr M and in particular we
obtain (by applying 7.) a homology theory K (p). on the category of R-modules, taking value in the category
of graded k(p)[t*!]-modules.

This homology theory K (p) is multiplicative and satisfies a Kiinneth isomorphism. Strictly speaking,
the notation is abusive, since the multiplicative structure K (p). was not constructed only from p, but also
used some other choices; any of those choices will be fine for our purposes.

The thick subcategories Mod% (R) can also be defined in terms of the homology theories K (p)..

Proposition 2.7. Given a perfect R-module M, we have that M € Mod(R) if and only if for every p ¢ Z,
K(p).M = 0.

PrOOF. It suffices to show that M, = 0 if and only if K(p).M = 0, for any M € Mod”(R) and
p € SpecmoR. This is a consequence of the fact that if M, /(z1,...,z,) is contractible and M is perfect, so is

the Bousfield localization of M at K (p), i.e., the smash product M Ar 1/%; where the completion 1/%; is given
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by

By~ lim By /(a2 ... a2).
N

We refer to [21, §4] for generalities on completions of Fo-rings and modules. By classical commutative

algebra, I/%\p is faithfully flat over Ry, so that M, is itself contractible. O

The basic step towards the thick subcategory theorem is given by the following Bousfield decomposition

in Mod(R):
Proposition 2.8. If M is an R-module, then M ~ 0 if and only if K(p).M = 0 for all p € SpecA.

Note that we make no compactness assumptions on M in this proposition.

PRrROOF. One direction is obvious, so suppose M is acyclic with respect to all the homology theories
K(p).. We would like to show that M is contractible. Suppose the contrary.

Since a module over my R vanishes if and only if all its localizations at prime ideals vanish, we can assume
that moR is a (regular) local ring. We may use induction on the dimension of myR, and thus assume that
the localization of M at any non-maximal prime ideal p C moR is trivial. It follows that if x belongs to the
maximal ideal m C 7o R, then the R[x~!]-module M[z~1] has the property that its localization at any prime
ideal is trivial, so M[z~1] ~ 0 for any z € m.

Now we use a lemma from [27, Lemma 1.34]: if N is a nontrivial R-module, then, for any a € moR, at
least one of N[z~!] and N/xN has to be nontrivial. (This assertion would be false in ordinary algebra.)
It follows that M/xM for each x € m is nontrivial. Repeating this, and applying the same argument, it
follows that M/(x1,...,2,)M is nontrivial for any system of parameters (z1,...,x,) for m. It follows that

K(m),M #0. O

Given the Bousfield decomposition, the rest of the proof of Theorem 2.13 (which follows [14]) is now
completely formal, except for the last statement, and has been axiomatized in [15, §6]. For completeness,

we give a quick review of the argument.

Corollary 2.9. If ¢: X¥M — M is a self-map in Mod“(R), then ¢ is nilpotent if and only if K (p).(¢) is

nilpotent for each p € SpecmyR.

PRrROOF. This is a formal consequence of the Bousfield decomposition. Namely, since M is compact, it

follows that ¢ is nilpotent if and only if the colimit of

MAs—kpr w2k o
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is contractible, which by Proposition 2.8 holds if and only if, for each p, the diagram of finitely generated

k(p)[t*']-modules induced by applying K (p). has zero colimit. This implies the result. |

Corollary 2.10. Let R’ be an R-ring spectrum: that is, a monoid object in the homotopy category of

R-modules.

(1) Suppose a € 7, R maps to a nilpotent element under the Hurewicz map m.R — K (p). R for each
p; then « is nilpotent.
(2) Suppose a class a: R — R’ Ag F, for F an R-module, is zero in K(p). for each p. Then it has the

property that a*: R — R’ Ag F/* is null for k> 0.

PROOF. The first claim follows using a similar telescope; it implies the second claim by considering

R'ANJF for JE=R®F®F" @ ... the free A, -algebra (in Mod(R)) on F. O

2.3. Proof of the main result. We are now ready to prove a thick subcategory theorem in the affine

case. We will split this into two pieces.

Proposition 2.11. Let M, N € Mod”(R). Suppose SuppN C SuppM. Then the thick subcategory

generated by M contains .

PROOF. The first claim is a consequence of Corollary 2.9. Hypotheses as in the claim, we consider a
fiber sequence

FA R MARDM,

where DM = Hompg(M, R) is the Spanier-Whitehead dual (in R-modules). By hypothesis, ¢ has the property
that it is the zero map in K (p).-homology for p € SuppM (but not otherwise).
Moreover, the cofiber of ¢ belongs to the thick subcategory Cpr C Mod”(R) generated by M. Thus the

cofiber of each iterated tensor power ¢"\": F"" — R belongs to Cys too, and similarly for the cofiber of
InA@": NAFM — N.

But for large r > 0, these maps are zero. In fact, adjointing over, ¢ gives a map ¢: R — End(N) ADF and
we equivalently need to show that the sufficiently high iterated tensor powers 9" : R — End(N) ADF"" are
zero. Since 1 is zero on K (p).-homology for all p, this follows from Corollary 2.10.

If 15 A ¢" is nullhomotopic for r > 0, it follows that the cofiber (which we saw belongs to Cps) contains

N as a direct summand, and we are done with the first claim. O

Proposition 2.12. Let Z C SpecmgR. Then there exists M € Mod”(R) such that SuppM = Z.
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PrROOF. Let Z C SpecmoR be a closed subset corresponding to the radical ideal I. Choose generators

r1,...,2Z, € I and take as the desired module

M =R/(x1,...,2n) ~ R/x1RAR -+ AR R/x,R.

Clearly this vanishes when any of the z; are inverted. Conversely, if p D I, then R/z;R has nontrivial
K (p)«-homology (since multiplication by z; induces the zero map on K(p).), and therefore the tensor power

that defines M has nontrivial K (p).-homology as well. |

Theorem 2.13. The thick subcategories of Mod“ (R) are precisely the {Mod%(R)} for Z C SpecmoR closed

under specialization, and these are all distinct.

We note that this result has been independently obtained in forthcoming work of Benjamin Antieau,

Tobias Barthel, and David Gepner, and is likely known to others as well.

ProOOF. Given a thick subcategory C C Mod”(R), we associate to it the union Z’ (in SpecR) of the
supports of all the objects in C. Note that if Zy, Z; occur as supports of objects in C, then so does ZyU Z;, by
taking the direct sum. Proposition 2.11 will imply that this subset Z’, which is closed under specialization,
determines C in turn. Proposition 2.12 will imply that we can obtain any subset Z’ C SpecR closed under
specialization in this manner, by taking these modules for each closed subset of Z’ and the thick subcategory

they (together) generate.

3. Vanishing lines in the descent spectral sequence

In the previous section, we classified the thick subcategories of Mod® (R) when R is an even periodic Ey-
ring with my R regular noetherian. The classification relied on the construction of certain “residue fields” of
R to detect nilpotence, and then the verification that all the possible thick subcategories one could thus hope
for actually exist. The latter part was very easy in the affine case, but it is somewhat trickier in the general
case: we actually will need to produce elements in the homotopy groups of I'(X, O*P) for X = (X, O'°P) an
even periodic derived stack.

We will do this by producing such elements in the descent spectral sequence, and by establishing a general
horizontal vanishing line for such descent spectral sequences (based on nilpotence technology). The latter is
the goal of this section, and may be of independent interest. We note that in the setting of Theorem 1.2,
one is not working in an FE,,-localized setting, so the corresponding vanishing line arguments are significantly

more difficult than they are for us.
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3.1. Towers. Let C be a stable oo-category.
DEFINITION 3.1. Let Tow(C) be the co-category of towers of objects of C: that is Tow(C) ~ Fun((Z>¢)°?,C).

To any element of Tow(C) and object P € C, there is associated a spectral sequence converging to
the homotopy groups of the space (or spectrum) of maps from P into the homotopy inverse limit. For
instance, given a cosimplicial spectrum, the spectral sequence associated to the Tot tower is the Bousfield-
Kan homotopy spectral sequence.

Let us single out a certain subcategory Tow™!(C) of Tow(C) consisting of objects whose spectral sequences

have extremely good convergence properties.

DEFINITION 3.2. Tow™!(C) C Tow(C) is the subcategory of Tow(C) consisting of towers --- — X,, —
Xp—1 — -+ = X, with the property that there exists an integer r > 0, such that all r-fold composites in

the tower are nullhomotopic. The subcategory Tow™(C) is the union of an ascending sequence

Tow™(C) ¢ Towi'(C) C ...,

nil
r/

where Tow™!  Tow™! consists of towers such that every r/-fold composite is null.

DEFINITION 3.3. More generally, given a collection of objects 4l C C, we define Towffl(C) as the collection
of towers --- — X, — X,_1 — ... such that there exists r € Z-( such that every r-fold composite

X,, = X,,_, induces the zero map
[U, Xn)« = [Uy, Xpn—r]s, foreach U €4l

Taking 4 = C gives Tow™(C).
We also need a generalization of Towﬁil(C) to handle towers that are “very close to constant,” but not

necessarily at zero.

DEFINITION 3.4. We define Tow*(C) to be the collection of those towers {X,,} such that Hm, X exists

and such that the cofiber of the map of towers
-
where the first term is the constant tower, belongs to Tow{('(C).

The basic permanency property of these subcategories is given by:
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Proposition 3.5 (Hopkins-Palmieri-Smith [13]). For each 4 C C, Tow'(C), Tow!**(C) ¢ Tow(C) are thick

subcategories.

PROOF. The assertion about Tow!:*(C) follows from the assertion about Towl'(C), so we need only

handle this case. Proposition 3.5 is essentially contained in [13, Cor. 2.3], but we give the proof. It is easy
nil

to see that Towy" (C) C Tow(C) is closed under retracts and under suspensions and desuspensions. It suffices

to show that given a cofiber sequence in Tow(C)
{Xn} = {Ya} = {2},

if {X,},{Z.} € Tow'(C), then {Y,} € Tow{'(C).

To see this, suppose every r-fold composite in {X,,} induces the zero map on [U, ], for each U € 4,
and every r’-fold composite in {Z,} induces the zero map on [U, ], for each U € 4. We claim that every
(r + r')-fold composite in {Y,} induces the zero map on [U, ], for each U € . Fix U € 4 and let n > 0.

Choose any map f: X*U — Y, 1,4, for k € Z arbitrary. Then we have a commutative diagram in C,

Xn+r+7" I Yn+r+r’ I Zn+r+'r’ .

A

XnJrT —— n—+r —— n+r

l i i

X, Y, Zn

A diagram chase now shows that the composite of f with Y, 1, ,» — Y, is null. In fact, the composite of
fwith Y,y — Yoir = Z 4 is null, and so factors through X, 1. But the composite of any map from

SRU — Xy With Xpr — X, is null. O

Remark 3.6. Given a tower --- — X,, = X,,_; — --- — X in Tow(C), it can belong to Tow™!(C) only
if it is pro-zero: that is, if the associated pro-object in Pro(C) is equivalent to the zero pro-object, as its
inverse limit is contractible and this property is preserved under any exact functor. The converse is false: if
a cofinal subset of the X;’s are contractible, the tower is automatically pro-zero, but such a tower need not

belong to Tow™!. The associated spectral sequence may support arbitrarily long differentials.

3.2. Vanishing lines. We keep the notation of the previous subsection. We can give an interpretation
nil

of Towy, (C) in terms of vanishing lines. Before it, we make the following definitions.

DEFINITION 3.7. Given an inverse system --- — A, — A,_1 — --- — Ag of abelian groups, we define

the rth derived system to be the inverse system of abelian groups {im(An4r = An)}, 7. -
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DEFINITION 3.8. An inverse system of abelian groups -+ — A, — A,_1 — -+ = Ap is eventually

constant if the maps A, — A,_1 are isomorphisms for n > 0.

Since C is a stable oco-category, there is a natural spectrum of maps between any two objects X,Y € C,

which for the next result we write simply as Hom(X,Y).
Proposition 3.9. The tower --- — X,, — X,,_1 — ... in C belongs to Towﬁ“(C) if and only if, for each
U € 4 the spectral sequence associated to the tower of spectra
.-+ — Hom(U, X,,) - Hom(U, X,,_1) — --- = Hom(U, Xy),
collapses to zero at a finite stage independent of U (that is, the rth page is identically zero for some r,

independent of U).

PrROOF. We consider first the case C = Sp and U = {SO}, and assume that we have a tower of spectra
{Xn}nez.,» which we extend to n < 0 by taking X_1 = X_5 =--- = 0. In this case, we recall the definition

of the spectral sequence associated to the tower. Let F; be the fiber of X; — X;_1. One has an exact couple

@i W*Xi 691 7T*Xi71 s

~

D, . Fi

where ¢ is obtained as the direct sums of the maps m, X; — 7, X;_1. The spectral sequence for the homotopy
groups of @Xi is obtained by repeatedly deriving this exact couple. In particular, the successive derived
couples are of the form

@
img" ! img" ! |

~N 7

* %k
Er

so that if EX* is identically zero for some r, then ¢ necessarily (by exactness) induces an automorphism of
im@™ 1. In other words, if we consider the inverse system {m.X;};cz, it follows that the rth derived system
is constant, and thus necessarily zero, by considering indices below zero.

For the converse, if {X,} € TOW?iSIvO}(Sp), say all r-fold composites in the inverse system are zero, then
reversing the above argument shows that the exact couple degenerates to zero at the r 4 1st stage: the im¢”

terms are zero.
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The case of a general (C, l) now easily reduces to this, because (as in the above argument), the point at
which the spectral sequence collapses and the number of successive composites needed to make all the maps

nullhomotopic are functions of each other.

O

Similarly, we can give a criterion for belonging to Towfi1St (C). First, however, we need to prove some

lemmas about pro-systems of abelian groups.

Lemma 3.10. Consider a half-exact sequence of inverse systems of abelian groups
{Xi} = {Vi} = {Z}.

Then:

(1) If {Y;},{Z;} have eventually constant rth derived systems and 0 — {X;} — {Y;} is exact, then
{X.} has an eventually constant rth derived system.
(2) If {X;},{Y;} have eventually constant rth derived systems and {Y;} — {Z;} — 0 is exact, then
{Z;} has an eventually constant rth derived system.
(3) If
0—{X;} = {Vi} = {4} —0,

is exact, and {X;} and {Z;} have eventually constant rth derived systems, then {Y;} has an

eventually constant 2rth derived system.

PRrROOF. We will prove the first and third of these assertions. The second is dual to the first and can

)

be proved similarly (or via an “opposite category” argument, since everything here works in an arbitrary
abelian category). The three assertions state that the subcategory of the category of towers of abelian groups
consisting of those towers with an eventually constant rth derived system for r» > 0 is closed under finite

limits and colimits, and extensions too.

(1) Suppose {Y;},{Z;} have eventually constant rth derived systems and {X;} is the kernel inverse
system of {Y;} — {Z;}. In this case, we want to show that the rth derived system of ker(Y; — Z;)
is eventually constant.

For i > 0, it follows that
¢Z Im(qb’ X, — Xif'r) — Im((b’ Xi1— Xifrfl),

is injective, because the analog is true for {Y;}.
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The harder step is to show that the map is surjective. Equivalently, for j > 0, we must
show that any element of X; that can be lifted up to X, can also be lifted up to X;;,41 (not
necessarily in a compatible manner). Fix z; € X; admitting a lift 21, € X;1,. Then the image
Yj+r of Tj4, in Y4, lifts the image y; of x; in Y. It follows that y;, since it lifts r times, is actually
the image of an element y; tra1 € Yjiry1 which is “permanent,” i.e., which lifts arbitrarily. The
image 2%, € Zji, of yj,, ., maps to zero in Z;, but 27, ., is also “permanent,” so it must
itself vanish by assumption. Thus y, ., is the image of 2, .| € X; 4,41 and this lifts z;.
Suppose {X;},{Z;} have eventually constant rth derived systems. Suppose j > 0 and suppose
y; € Y; is in the image of Y 2,.. We need to show two things:

e If y; # 0, then the image of y; in Y;_; is not zero.
e y; can be lifted to Y or11.

For the first item, if the image z; of y; in Z; is not zero, then the image z;_; of z; in Z;_; is
also nonzero, because z; is permanent. If z; = 0, then y; comes from X;, and we can apply the
same argument to X;.

Namely, choose y;42, € Y19, lifting y; and let y;1, € Y4, be the image. The image z;4, €
Zj4r is a permanent element which, by hypothesis, projects to zero in Z;, so must be zero. In
particular, y;4, € Yj4, comes from Xj;4,, which means that y; not only comes from X; but also
that it is the image of a (nonzero) permanent element in X ;. The image of this in X;_; thus cannot
be zero. This completes the proof of the first item.

For the second item, the image z; € Z; of y; is a permanent element, so it lifts uniquely to a
permanent element z;49,41. Choose a lift y;+2r+1 € Yjtor41 of zj40r41. Let y§+2r be the image of
y;+2r+1 in Yjior. Then y; o, — y;+2r maps to an element in Z; o, which maps to zero in Z;, and
thus maps to zero in Z;,. In particular, y;,, — y;_w belongs to X ,; call it 7;,,. Taking images
in Y;, we get

yj =T +yj,
where T; is the image of Z;,, and yj is the image of y/,,.,,. But T; is permanent, and y/ is the

image of something in Y} 9,11, so this completes the proof.
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Lemma 3.11. Let {A;},{B;},{C;} be three pro-systems of graded abelian groups. Suppose that there is

a long exact sequence of pro-systems

)

{A:} {B:}
N
{Ci}

where the map {C;} — {A;} lowers grading by 1. Suppose the rth derived system of {4;} and {B;} are

eventually constant. Then the 2rth derived system of {C;} is eventually constant.

PROOF. More generally, suppose given an exact sequence of inverse systems of abelian groups
{Mi} = {Ni} = {P} = {Qi} = {Ri},

and suppose that the rth derived systems of the inverse systems {M;},{N;},{Q:},{R:} are eventually
constant. Then we claim that the 2rth derived system of {P;} is eventually constant. In fact, this follows
by applying Lemma 3.10 three times, and implies the present result.

O

Proposition 3.12. The tower --- — X,, — X,,_1 — ... in C belongs to Towﬁ?St(C) if and only if, for each

U € 4, the spectral sequence associated to the tower of spectra
-+ = Hom(U, X,,) —» Hom(U, X,,—1) — --- = Hom(U, Xj),

collapses at a finite stage with a horizontal vanishing line independent of U. In other words, there should

exist r, N such that E2* = 0 for s > N, in the spectral sequence associated to the above tower for each U.

PrOOF. Without loss of generality, suppose that i = {SO} and C = Sp. Analysis with exact couples
as in the proof of Proposition 3.9 shows that the spectral sequence condition of the proposition holds if and

only if there exists r, N such that the map
¢ (ImP": me(Xs) = ma(Xs—r)) = (Im@": 7 (X—1) = mu(Xs—r—1))

is an isomorphism, for all s > N. In other words, the rth derived system of the pro-system {m.X,} is
eventually constant (rather than constant at zero as in the proof of Proposition 3.9). Necessarily, the stable
value of the pro-system must be 7, I&nXl

By Lemma 3.11, it follows that if the condition of the proposition holds for the tower {X;} then

iEZZM

it also holds for the tower {COﬁb(l'&l X; = Xi)} , since it clearly holds for the constant tower with

iEZZo
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value @X 4, and conversely. It follows that we can reduce to the case where l'ng j is contractible, which
is precisely Proposition 3.9.

O

Observe that any object in TovvfjaSt (C) defines a tower yielding a constant pro-object: this follows from

the analogous assertion about Tow(C).

Remark 3.13. Suppose 4 = C and C is presentable. Then if T is any spectrum and {X,} € TowéaSt (C), the
tower {T A X,,} also belongs to Tow'#*"(C), where we recall that C is tensored over Sp. This is a consequence

of the fact that {X,,} defines a constant pro-object in C, so that the natural map
is an equivalence.

3.3. Vanishing in the descent spectral sequence. Our goal is to show that given (X, O'P), then
for any F € QCoh(X), the Tot tower associated to the given cosimplicial spectrum that “computes” I'(X, F)
(i.e., based on a choice of affine, étale hypercovering of X) has a horizontal vanishing line in the homotopy
spectral sequence.

Let X = (X, O%P) be an even periodic refinement of a Deligne-Mumford stack X equipped with a flat

map X — Mpg.

Theorem 3.14. Suppose X — Mp¢ is tame.’ There exists s, N € Z~( such that for any quasi-coherent
sheaf F on X, the descent spectral sequence for m,I'(X, F) has a horizontal vanishing line of height N at the

sth page.

PRrROOF. Note that it suffices to fix F and then prove the result for F specifically: if s and N could not
be taken independently of F, taking appropriate wedges would provide a counterexample.

Let M be the least common multiple of the orders of all the automorphism group schemes of geometric
points of X. Then, the stack X[M ~1] is itself tame, and so (as in [24, Prop. 2.24]) has bounded cohomology,
and thus the FEs-page of the descent spectral sequence has a horizontal vanishing line at Fs itself after
inverting some M.

We now work p-locally for a fixed “bad” prime p. In this case, all the spectra O*P(SpecR) for étale

maps SpecR — X are Ly-local for some n; see the discussion at the beginning of [24, §4.2] and in particular

IThis is equivalent to the condition that for every geometric point Speck — X, the kernel of the automorphism group to the
automorphism group of the associated formal group has order prime to the characteristic of k. We refer to [1] for the general
theory. In [24, Prop. 4.10], it is shown that this hypothesis implies that the global sections functor on the derived stack X
commutes with filtered colimits. For example, representable maps are tame.
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FIGURE 2.1. The descent (or homotopy fixed point) spectral sequence for KO ~ KM/,

Arrows in red indicate differentials, while arrows in black indicate recurring patterns. Dots

indicate copies of Z/2, while squares indicate copies of Z.
[24, Lemma 4.9]. The collection Cx C Sp of spectra T such that the Tot tower for I'(X,F A T) belongs
to Tow{f‘(sate)omp)(Mod(F(%, O%P)) is a thick subcategory. Any thick subcategory of L, Sp that contains the
smash powers of E,, contains L, S° by the Hopkins-Ravenel smash product theorem. It thus suffices to show
that the smash powers of F,, belong to Cx. Since F was arbitrary, we need to show that the Tot tower for
(X, F A E,,) belongs to Tovv;a(s;’@wp)(l\/[od(l“(%, O'or))).

However, as in [24, Prop. 4.10], since the stack X Xps.., SpecmoE, is tame, the descent spectral

sequence I'(X, F A E,,) already has a horizontal vanishing line at E2 (and therefore degenerates at a finite
stage), because the fiber product X X s, SpecmoF, is a (quasi-compact, separated) tame stack. It follows

that the statement of the proposition holds p-locally. O

Remark 3.15. The descent spectral sequence for 7, I'(X, F) will generally be very infinite at the Fs-page
because of “stackiness.” The descent spectral sequence for K O-theory, which is also the homotopy fixed point
spectral sequence for KO ~ KU"/2 is displayed in Figure 2.1. The class 7 is not nilpotent in the E,-page,
until a d3 kills n®. The same phenomenon occurs in the TMF spectral sequence, which is computed in [6]
and [17]. Tt is a finiteness property of the E,-local stable homotopy category: the E,-local Adams-Novikov

spectral sequence exhibits the same property [16].

4. Extension to stacks

Fix a regular Deligne-Mumford stack X. Let X — Mpgg be a flat morphism and consider an even
periodic refinement X = (X, O%P) of this data. We have considered the oco-category QCoh(X) of quasi-
coherent sheaves on X, which has good finiteness properties if X — Mpg is tame, as explored in [24,
84].

In this section, we will define thick subcategories of QCoh(X) associated to every closed substack of X
and prove one half of the thick subcategory theorem. We will also illustrate how the other, more difficult,

half can be deduced in the special case of a quotient stack by a finite group.
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4.1. Definitions. We keep the previous notation and use the following hypotheses.

HYPOTHESES. (1) X is a regular, separated, noetherian Deligne-Mumford stack.
(2) X = (X, 0%P) is an even periodic refinement of a flat map X — Mpg.
(3) The derived stack X has the property that the global sections functor establishes an equivalence
Mod(T'(X, O%P)) ~ QCoh(X). The main result of [24] implies that this holds if X — Mpg is

quasi-affine.

DEFINITION 4.1. Let QCoh®(X) be the subcategory of quasi-coherent sheaves F € QCoh(X), such that
for each étale map SpecR — X, the O"P(SpecR)-module F(SpecR) is perfect. Thus, QCoh“(X) is the oo-
category of dualizable objects in QCoh(X). Given F € QCoh”(X), the homotopy group sheaves m; F,i € Z

define coherent sheaves on X.

Remark 4.2. Under taking global sections, QCoh®(X) then corresponds to the dualizable, or equivalently
perfect, I'(X, O*P)-modules. This follows because dualizability is a local condition (we refer to [22, §4.2.5]
for the theory of duality in co-categories), and since the dualizable objects in a module category are precisely

the perfect modules.

Recall that there is a topological space associated to X in the sense of [18, Ch. 5]. Fix a closed subset
Z C X: equivalently, this is an equivalence class of closed substacks of X, where two closed substacks
Z,7' C X are equivalent if and only if there is a third substack Z” C X containing Z,Z’ as a nilpotent

thickening.

DEFINITION 4.3. Given a coherent sheaf G on X, we say that it is supported on Z if there exists a closed
substack of X with Z as its underlying space on which G is supported. (This is a condition on the fibers of
G at field-valued points.)

If we have a particular closed substack Z C X in mind (and not simply an equivalence class), we will

also say that G is scheme-theoretically supported on Z if G is an Oz-module.

DEFINITION 4.4. Let Z be a subset of X closed under specialization. We define a thick subcategory
QCoh% (%) C QCoh®(X) consisting of those F € QCoh*(X) such that the homotopy group sheaves m;F
are supported set-theoretically on Z. We thus get a map from specialization-closed subsets of X to thick

subcategories of Mod® (T'(X, O'P)).

Using exact sequences, one sees that QCoh%(X) is in fact thick. Our first goal is to show that every
thick subcategory of QCoh” (X)) is of this form. As in Section 2, it suffices to construct a sufficient collection

of “residue fields.” To do this, choose an étale surjection SpecR — X. The Eo.-ring O'*P(SpecR) fits into
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the setting of the previous subsection, and we can construct homology theories K (p), on Mod(O'P(SpecR))
for each p € SpecR.

Via pull-back, we can define these homology theories on QCoh(X). In particular, it follows that given
F € QCoh(%), we can define

K(p)F < 7 (F(SpecR),/(z1, ..., 2,)),

where z1,...,7, € R, is a system of parameters. Every point of X can be represented by a prime ideal p €
SpecR (the topological space of X is the quotient of SpecR under the two maps SpecR X x SpecR Z SpecR),
and as in the previous section, it follows that the support of 7 € QCoh®(X) contains the point corresponding

to p € SpecR if and only if K(p).F # 0.
Proposition 4.5. Given F € QCoh(X), F ~ 0 if and only if K(p).F = 0 for each p € SpecR.

ProoF. This is a consequence of Proposition 2.8, since F is contractible if and only if F(SpecR) is. O

Now the entire thick subcategory argument (reviewed in the previous section for R-modules) can be
carried out in QCoh“(X), or, one can appeal to the axiomatic framework in [15]. In particular, just as in

Proposition 2.11, one concludes:

Proposition 4.6. If 7, 7' € QCoh”(X) and SuppF C SuppF’, then the thick subcategory generated by F’

contains F.

Corollary 4.7. Every thick subcategory of QCoh”(X) is of the form QCoh% (X) for some subset Z C X

closed under specialization.

The primary goal of the rest of this paper will be to study when the different QCoh% (X) are distinct:
that is, we would like to know when we can realize a given closed subset as the support of a sheaf on X. We

will answer this question, via Theorem 1.7, when X — Mp¢ is affine.

4.2. The case of a quotient stack. In this subsection, we consider a case of Theorem 1.7. Suppose

the Deligne-Mumford stack X is given by the quotient of an affine scheme by a finite group, so
X = (SpecRy)/G,

where |G| < oo, and Ry is a regular noetherian ring. Consider a flat, affine map X — Mpg and an even
periodic refinement (X, O*P) of this map. In this case, we have a G-action on the Eo.-ring R = O%P(SpecRy),
and
[(%,0%P) ~ R"C,
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This case was discussed in [24], and it is quite general (for instance, it includes Mg once any prime is

inverted). By the main result of [24], one has:

Proposition 4.8. We have an equivalence
Mod(R"%) ~ QCoh(%) ~ Mod(R)"¢,

Our goal is to show, as claimed in Theorem 1.7, that every thick subcategory of Mod(R"“) should arise
from a G-invariant subset of SpecRy closed under specialization (i.e., a union of closed substacks of X). We

begin with some lemmas.

Lemma 4.9. Let E2! be an upper half-plane spectral sequence of (not necessarily commutative) algebras
for s > 0,t € Z. Suppose that = € Eg’r is an element. Suppose moreover:

(1) z is central in E3™".

(2) E3" is torsion for s > 0 and ¢ arbitrary.

(3) The spectral sequence degenerates at a finite stage.

Then a power of x survives to E%.".

PROOF. In fact, suppose da(x) is N-torsion; then this implies that 2"V survives to E3. Repeating, it
follows that a sufficiently divisible enough power of x survives to E4, F5, and so forth to any finite stage.
Since the spectral sequence stops at a finite stage, it follows that a high power of z survives the spectral

sequence. O
Lemma 4.10. Let z € RS. Then a sufficiently divisible power of z is in the image of moR"® — mR.

PROOF. To see this, consider the homotopy fixed point spectral sequence
HZ(G, 7TjR) - Wj_iRhG.

By assumption, z defines an element of Eg 0 This spectral sequence has the two key properties of Lemma 4.9.
Above the s = 0 line, everything is torsion: in fact, annihilated by |G|. Moreover, the spectral sequence
degenerates at a finite stage (in fact, with a horizontal vanishing line), thanks to Theorem 3.14. This is

enough to imply the lemma by Lemma 4.9. g

Remark 4.11. If z is invertible, one may prove this using the norm map gly (R) — gl (R"?) ~ gl, (R)"C.

Proposition 4.12. The thick subcategories of Mod®” (T'(%,O%P)) are in bijection with the G-invariant
subsets of SpecRy closed under specialization.
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ProOF. By Corollary 4.7, the remaining step is to show that given a G-invariant closed subset Z C
SpecRy, we can find a perfect I'(X,O'P)-module with support exactly Z. We would like to imitate
the construction used to prove Theorem 2.13, although the problem is that the x; need not live inside
m (X, O%P) = 7+ R"G. We can get around this as follows.

Let Z correspond to the G-invariant radical ideal I C Ry. We can find an ideal J C I such that
rad(J) = I and such that J is itself generated by G-invariant elements. Indeed, for each prime p that fails
to contain I, we observe that gp also fails to contain I for each g € G. Therefore, by prime avoidance [9,
Lemma 3.3, choose an element = € I\ {J,cs(gp). Then consider its norm Ngz = [[ . gz, which is in I
and not in p. Taking norms such as these, we can choose G-invariant elements of I such that any prime that
fails to contain I fails to contain one of these elements.

Therefore, we choose G-invariant elements {z1,...,2,} C RS; such that they cut out the closed subset
Z C SpecRy. We would like to take as our I'(X, O'°P)-module M the iterated quotient T'(X, O*P)/(x1,. .., x,),
except that the z; do not necessarily belong to m['(X, O%P). However, by Lemma 4.10, after raising the x; to
a suitable power, we can arrange that they do belong to moI'(X, O'P). Then, the quotient R"%/(xq,...,x,)

is the desired R"¢-module.

Corollary 4.13. Suppose R is an E-ring with an action of a finite group G. Suppose that

(1) R is even periodic with R regular.

(2) R"® — R is a faithful G-Galois extension (in the sense of [29]).

Then the thick subcategories of Mod“ (R"®) are in bijection with the G-invariant subsets of Specmy R closed

under specialization.

PROOF. This result is not a corollary of the previous ones, but rather of the proof. Since R"® — R
is faithful G-Galois, we have an equivalence of co-categories Mod(R"?) ~ Mod(R)"“. This is essentially
Galois descent, and has been observed independently by Gepner-Lawson and Meier; see for example [23,
Th. 9.5].

Moreover, since R is even periodic with mgR regular, we can use the residue field construction of Defi-
nition 2.5 to produce multiplicative homology theories on Mod(R"“) satisfying Kiinneth isomorphisms that
detect all nonzero objects. This gives one half of the classification of thick subcategories.

Using the same construction as above, one sees that the argument proving Proposition 4.12 applies here
too, provided that Lemma 4.10 applies. But in fact Lemma 4.10 is valid for any faithful G-Galois extension.
As shown in [23], the map R"® — R is “descendable” in the sense of §3-4 of that paper. One can use the

analogous properties of the homotopy fixed point (or descent) spectral sequence (degeneration at a finite
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stage with a horizontal vanishing line, so that Lemma 4.9 applies) which are valid for the homotopy fixed

point spectral sequence for any faithful G-Galois extension; see [23, §4].

5. The general case

In this section, we complete the proof of Theorem 1.7. Throughout this section, we fix the even periodic
refinement X = (X, O%P) of the affine map X — Mpg, where X is a regular, noetherian, and separated
Deligne-Mumford stack. Our goal is now to produce sufficiently many perfect TI'(X, O*P)-modules to see
that any closed substack of X can be realized as the support. Since X need not be a quotient stack by a
finite group, we will need a different approach from the previous section. We will use the theory of graded

Hopf algebroids (see, e.g., [28]).

5.1. An abstract periodicity theorem. The basic step in producing T'(X, O*P)-modules is the fol-

lowing analog of the periodicity theorem in our setting.

Theorem 5.1. Let F € QCoh”(X) have the property that the homotopy group sheaves of F A DF are
scheme-theoretically supported on a closed substack Z C X. Given a section s € H°(Z,w"), there exists a
self-map

SR FE S F,
for some n, whose map on homotopy group sheaves is given by multiplication by s"".

PRrROOF. In fact, we consider the endomorphism ring End(F), which is an A.-algebra internal to the
category QCoh® (X). Note first that End(F) has its homotopy group sheaves supported on the closed substack
Z. The homotopy group sheaves End,(F) of End(F) form a sheaf of graded associative algebras on Z, and
we get a map of quasi-coherent sheaves on Z (or X)

@ Wk — End.(F).
k=—oc0

This is obtained from the natural map

@ w® — End, (F),

k=—o0
which has the property that it factors through the base-change to Z. Note in particular that this map
is central. In particular, the section s € H°(Z,w*) defines a central element of H°(X,m,End(F)): more

precisely, a central element in the Fs-page of the spectral sequence
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In this spectral sequence, everything above the horizontal line s = 0 is torsion, as the rationalization Xgq is
the quotient of an affine scheme by G,, in view of the affine map Xo — (Mpg)g ~ BG,,. In particular,
the presentation Xg = (affine)/G,,, implies that Xg has no higher sheaf cohomology. Therefore, it follows
by Theorem 3.14 and Lemma 4.9 that a power of s survives the spectral sequence and defines a global

endomorphism of F as desired. ]

This result almost reduces our work to pure algebra. The situation becomes slightly tricky, though,
because while the set-theoretic support is well-behaved in cofiber sequences, the scheme-theoretic support
(which is what intervenes in Theorem 5.1) is less so. We now note further consequences of Theorem 5.1 that

will be used in the sequel.

Lemma 5.2. Let Y C Y’ be a nilpotent thickening of Artin stacks, and let £ € Pic(Y”). Then any torsion

section s € HY(Y, £) has the property that some power of s extends over Y.

PROOF. It suffices to consider a square-zero thickening Y C Y”, defined by a square-zero sheaf of ideals

Z on Y'. Then we have an exact sequence of sheaves on Y’
0=ZL—L— L®o,, Oy =0,

and we consider a section s of the last term. The obstruction to its lifting is given by the coboundary
§s € H(ZL). The coboundary has the property §(s") = NsV~14(s) (in a natural sense, given the operation

of Oy /T on I), which vanishes for N highly divisible by assumption. a

Corollary 5.3. Let F € QCoh®(X). Suppose F is supported (scheme-theoretically) on a closed substack
Z C X. Suppose Z' C X is another closed substack with the same underlying set as Z and s € H°(Z’,w?)
is a torsion section. Let Z” be the closed substack of Z’ cut out by s. Then there exists F' € QCoh”(X)

whose set-theoretic support is precisely Z”.

PROOF. By Lemma 5.2, we may assume, after raising s to an appropriate power, that Z’ = Z and s
actually is a section over Z. In this case, we use Theorem 5.1 to produce a self-map of F which induces
multiplication by some tensor power of s on homotopy group sheaves. The cofiber of this map can be taken

to be F'. O

5.2. The algebraic setup; the rational piece. Let Z C X be a closed substack. In this subsection,
we will begin the algebraic preliminaries in showing that there exists an object in QCoh®(X) set-theoretically

supported on Z.
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DEFINITION 5.4. Recall (e.g., from [11]) the covers

coord,n
MFG — MFG,

where M}ffgrd’" is the moduli stack of formal groups together with a coordinate to degree n. Each of these
covers is a torsor for the group G that acts on coordinates to degree n (i.e., automorphisms of SpecZ[z]/2"t1).

The group G has a map (which admits a splitting)
G — Gy,

by contemplating the action on the Lie algebra, and the kernel H C G is an iterated extension of copies of

Gg, This property of the group G will become crucial below.

The inverse limit of the moduli stacks Mf%)rd’” parametrizes formal groups together with a coordinate:

equivalently, formal group laws. The inverse limit is thus the spectrum of the Lazard ring L. Since X Xz,

SpecL is affine by hypothesis, one gets:

coord,n

Proposition 5.5. X Xy, Mpg is affine for n > 0.

ProOF. Consider the tower of Deligne-Mumford stacks X (™ = X X yjeoord,n Mpg as n varies. For n > 0,
FG
the successive maps in the tower are G,-torsors and in particular are affine morphisms.

df x X Mpe OpecL is an affine scheme, by

Moreover, the inverse limit of this tower, given by X (°°)
hypothesis, so we want to claim that some term in the tower is itself an affine scheme. For this, we argue
first that for n > 0, the Deligne-Mumford stacks X (") are algebraic spaces, or equivalently, by [18, Corollary

8.1.1], that they have no nontrivial automorphisms. In fact, consider the diagonal maps
Xy x() o x ()

for each n. These fit into a tower of cartesian squares as n — 0o, since for any morphism of stacks Y7 — Ys,
one has a cartesian square

Y —= Y1 xY1 .

}/2 E—— Y2 X }/2
Since in the inverse limit, the map X () — X () x X () ig a closed immersion, it follows by [30, Prop.

B.3] that XM 5 X x X(") s a closed immersion for n > 0. Thus, X (™ is an algebraic space for n > 0.
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Now, we can apply to the general theory of inverse limits of towers of algebraic spaces under affine
morphisms: by [31, Tag 07SQ] if the inverse limit is affine, then some term in the tower (and thus everything

above it) must be affine, to conclude. |

Fix one such n. Then we get a quotient stack presentation for X as the quotient of some affine scheme
SpecR = X Xprpe Mﬁfgrd’” by an action of the algebraic group G. In particular, if O(G) denotes the ring

of functions on G, then we get a presentation for X via a Hopf algebroid,
(3) r: RIR®OG)S ...,

Remark 5.6. Although we do not need this, these covers arise from certain ring spectra X (n). This Hopf

algebroid can be realized in homotopy via the cobar construction

(X, 0%P) A X (n) 2 T(X, O%P) A X (n) A X (n)

il

Consider the setup above. If we forget the G,,-action but remember the associated grading, the result
is a graded Hopf algebroid which presents the stack X. A given closed substack of X ~ St(T'(X, O'*P))
corresponds to an invariant homogeneous ideal I C R,.

Our strategy will be, first, to choose globally invariant elements x1, ..., x, that generate I rationally, and
which exist in homotopy in a very strong sense. Here we use the fact that the stack X is (up to G,,-action)
already affine once we rationalize. After we do this, we need to add in more generators to avoid introducing
unnecessary irreducible components of the support. In the torsion case, however, the distinction between

the set-theoretic and scheme-theoretic support simplifies thanks to the Frobenius.

Lemma 5.7. In the above setup, there exist invariant homogeneous elements x1, . .., x, in the Hopf algebroid
' (from (3)) that generate I rationally. In the language of stacks, there are sections x; € H°(X,w*?) which

cut out the closed substack Z rationally.

PrOOF. We will prove this using a different presentation from (3). On rationalizations, Xo — (Mpg)g =~
BG,, is affine, so Xg is the G,,-quotient of an affine scheme SpecC with a G,,-action (i.e., grading). Now
a closed substack of Xqg ~ (SpecC')/G,, is defined by a G,-invariant ideal of C, or a homogeneous ideal of
C. We can take z1, ..., 7, as homogeneous elements of C (i.e., sections of H°(Xq,w")) which generate this
homogeneous ideal. Multiplying by a highly divisible integer, we may assume they extend to sections over

X. ]

Proposition 5.8. Given the closed substack Z C X, there exists 7' € QCoh”(X) such that SuppF’ O Z
and (SuppF')g = Zo.
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PROOF. Choose sections x1,...,z, € H°(X,w®*) such that the closed substack of X cut out by the
{z;} is equal, rationally, to Z. After multiplying the x; by a sufficiently divisible integer, we may assume
the z; vanish along Z as well. After raising the z; to a sufficiently divisible power, we may assume (by

Theorem 3.14 and Lemma 4.9) that each z; survives to an element in 7, (I'(X, O'P)). Then, we can take

F'=0%P/z1 A NO™P /... O

5.3. The torsion piece. In this subsection, we prove some algebraic lemmas needed to handle the
torsion. Throughout, let B be a base ring, assumed noetherian. Let G be an algebraic group over B with

the property that G fits into an exact sequence of group schemes
1-H—-G—G,—1,

where the map G — G,,, has a section (so that G is a semidirect product). Suppose H has a finite filtration
with successive quotients isomorphic to G,. Observe that on any G-quotient, there is a natural line bundle
w obtained from the map G — G,,, the standard one-dimensional representation of G,,, and the Borel
construction. Throughout, a representation of an algebraic group (always over the base ring B) will refer
to a B-module together with a coaction of the associated Hopf algebra. Given a representation, the fized

points consist of the primitive vectors under the coaction map. See [33] for a discussion over fields.
Lemma 5.9. Let M be a G,-representation. Then if M # 0, M= #£ 0.

PRrROOF. Fix m # 0 in M. Consider the coaction map ¢: M — M ®p B[t], and suppose:
0 .
4) Y(m) :Zt’®mi, m,; =0 for i > 0.
i=0

Recall that my = m, and in particular ¢ is injective. Let n be maximal such that m,, # 0. Then m,, is
Gg-invariant. In fact, we get an equality from coassociativity,

dtevm)=> > (.)tJ ® 7 @ my,

i=0 i—0 j=0

and comparing terms of t" ® (... ) shows that ¥(m,) =1® m,. O

Lemma 5.10. Let A be a B-algebra with an action of the algebraic group H. Let I C A be a H-invariant

torsion ideal. Suppose I consists of nilpotent elements. Then I is nilpotent.

PROOF. We first consider the case of H = G,. Let ¢: A — A ®p BJt] be the coaction map. Choose
z € I, and write (z) = > ., t* ® z; for the z; € I and for some n. By the proof of (4), it follows that z,, is

H-invariant and therefore, by assumption, nilpotent. Choose N highly divisible and so large that zY = 0.
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In this case, it follows that

N

Y(xN) = (Ztié@xi) = (Zti@)xi) ,

because N is highly divisible and z,, is torsion and nilpotent. (In general, if a is torsion and nilpotent, then
(a+ b)Y =b"N for N sufficiently highly divisible.) Therefore, when one expands ¢(zV) = Yo tJ @ nj, the
largest j that appears is j = N(n — 1), and that term is tV (=D @ 2. Tt follows that z , is H-invariant
and therefore nilpotent. Continuing in this way, we can work our way down to conclude that all the x;, and
in particular g = x, are nilpotent.

In general, if H is not assumed to be isomorphic to G,, choose an exact sequence
1—-H - H—G, —1,

and assume inductively that the lemma is valid for H’. In particular, if I is not nilpotent, it follows that
7" < A" contains a non-nilpotent element . The group G, acts on AP and IH/7 and in particular (IH/)G“
must contain a non-nilpotent element by the case of the lemma already proved. But then I contains a

non-nilpotent element, a contradiction. O

Proposition 5.11. Let Y be an Artin stack obtained as Y ~ SpecR/G, where R is a noetherian ring. Then

given a closed substack 7" C Y such that Tgp = Yy, there exists a sequence of closed substacks
Yo oYy D---DY,. DT,

such that:

(1) There exists an element y; € H°(Y;,w") such that Y;,; is the zero locus of y;.

(2) Y, is a nilpotent thickening of T

PROOF. The stack Y is represented by a Hopf algebroid obtained by the G-action on SpecR. The closed
substack T C Y corresponds to a G-invariant ideal I C R with the property that I ®z Q = 0. It suffices to
show that there exist homogeneous elements y1,...,y, € R such that

(1) The image of y; in H-invariant in R/(y1,-..,y;—1) (which is inductively a G-representation by this
assumption).
(2) (y1,---,y-) contains a power of I.

To do this, note first that we may assume I non-nilpotent. In this case, Lemma 5.10 gives us a non-

nilpotent H-invariant element y; € I, which we can assume homogeneous. We can now form the quotient

R/(y1), which defines a proper closed G-invariant subscheme of SpecR, or equivalently a proper closed
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substack Y7 C Y, which contains T. Now, apply Lemma 5.10 again to the H-action on R/(y;) and the image
of I in here, and continue to get the descending sequence of substacks and the y;. The process stops once
the image of I in R/(y1,...,y,) is nilpotent, at which point we have gotten down to a nilpotent thickening
of T O

5.4. Proof of the main theorem. We now restate and prove the main theorem from the introduction.

Theorem 5.12. The construction Z +— QCoh%(X) establishes a bijection between specialization-closed

subsets of the underlying space of X and thick subcategories of Mod® (T'(X, OP)) ~ QCoh”(X).

PROOF. It thus suffices to show that, given a closed substack Z C X, there exists F € QCoh®(X) such
that the (set-theoretic) support of F is precisely Z.

By Proposition 5.8, there exists F' € QCoh”(X) such that the homotopy group sheaves of F’ are
supported scheme-theoretically on a closed substack Z’ of X with Z/ D Z and Z@ = Zg. Moreover, by
Proposition 5.11 (which is applicable in view of the discussion in Section 5.2), there exists a descending
sequence of closed substacks

Z’:leZszDZmDZ,
and torsion sections T; € HY(Z;,w") for 1 < i < m, such that:

e Z;.1 is the zero locus of T; on Z;.

e 7, is a nilpotent thickening of Z.

We claim that, for each i = 1,2,...,m, there exists F; € QCoh”(X) such that the set-theoretic support
of F; is precisely Z;. We prove this by induction on i. For i = 1, we can take F'. If we have proved the
assertion for ¢, then the assertion follows for i + 1 by Corollary 5.3. Taking ¢ = m — 1, we have proved our

result. O

Question 5.13. Does X need to be regular for the results of this paper to hold?
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CHAPTER 3

Torsion exponents in stable homotopy and the Hurewicz

homomorphism

1. Introduction

Let X be a spectrum. Then there is a natural map (the Hurewicz map) of graded abelian groups
m(X) = H. (X;7Z)

which is an isomorphism rationally. In general, this is the best that one can say. For instance, given an
element = € m,(X) annihilated by the Hurewicz map, we know that x is torsion, but we cannot a priori
give an integer m such that maz = 0. For example, if K denotes periodic complex K-theory, then K/p* has
trivial homology for each k, but it contains elements in homotopy of order p*.

If, however, X is connective, then one can do better. For instance, the Hurewicz theorem states in this
case that the map mo(X) — Ho(X;Z) is an isomorphism. The map m(X) — H;(X;Z) need not be an
isomorphism, but it is surjective and any element in the kernel must be annihilated by 2. There is a formal

argument that in any degree, “universal” bounds must exist.

Proposition 1.1. There exists a function M : Z>¢ —+ Z~q with the following property: if X is any connective

spectrum, then the kernel and cokernel of the Hurewicz map m,(X) — H,(X;Z) are annihilated by M (n).

PrROOF. We consider the case of the kernel; the other case is similar. Suppose there existed no such
function. Then, there exists an integer n and connective spectra X7, Xs,... together with elements z; €

mn(X;) for each i such that:

(a) a; is in the kernel of the Hurewicz map (and thus torsion).

(b) The orders of the z; are unbounded.

In this case, we can form a connective spectrum X = Hfil X;. Since homology commutes with arbitrary
products for connective spectra, as HZ can be given a cell decomposition with finitely many cells in each
degree (see [2, Thm. 15.2, part II1]), it follows that we obtain an element = = (2;);>1 € 7 (X) = [[;51 T (X5)
which is annihilated by the Hurewicz map. However, x cannot be torsion since the orders of the x; are

unbounded. O
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We note that the above argument is very general. For instance, it shows that the nilpotence theorem
[12] implies that there exists a universal function P(n): Z>o — Zso such that if R is a connective ring
spectrum and x € m,(R) is annihilated by the MU-Hurewicz map, then 2% (") = 0. The determination of
the best possible function P(n) is closely related to the questions raised by Hopkins in [14].

Proposition 1.1 appears in [6], where an upper bound for the universal function M(n) is established

(although the above argument may be older).

Theorem 1.2 (Arlettaz [6, Thm. 4.1]). If X is any connective spectrum, then the kernel of m,(X) —
H,(X;Z) is annihilated by p;...p, where p; is the smallest positive integer that annihilates the torsion

group m;(SY). The cokernel is annihilated by p; ... pn_1.

Different variants of this result have appeared in [5, 8], and this result has also been discussed in [10].
The purpose of this note is to find the best possible bounds for these torsion exponents, up to small constants.

We will do so at each prime p. In particular, we prove:

Theorem 1.3. Let X be a connective spectrum and let n > 0. Then:

(a) The 2-exponent of the kernel of the Hurewicz map 7,(X) — H,(X;Z) is at most [Z]| + 3: that is,
ol5]+s annihilates the 2-part of the kernel.

(b) If p is an odd prime, the p-exponent of the kernel of the Hurewicz map 7, (X) — H,(X;Z) is at most
[#5]+1

(c) The 2-exponent of the cokernel of the Hurewicz map is at most [23%] + 3.

(d) If p is an odd prime, the p-exponent of the cokernel of the Hurewicz map is at most [2’5222—‘ + 1.
We will also show that these bounds are close to being the best possible.

Proposition 1.4. (a) For each r, there exists a connective 2-local spectrum X and an element x € ma,_1(X)
in the kernel of the Hurewicz map such that the order of x is at least 271.
(b) Let p be an odd prime. For each r, there exists a connective p-local spectrum X and an element

T € T(2p—2)r+1(X) annihilated by the Hurewicz map such that the order of z is at least p”.

Our strategy in proving Theorem 1.3 is to translate the above question into one about the Postnikov
sections Ty p) SY and their exponents in the homotopy category of spectra (rather than the exponents of
some algebraic invariant). We shall use a classical technique with vanishing lines to show that, at a prime
p, the 71, S° are annihilated by pm/(?P=2+OM) " This, combined with a bit of diagram-chasing, will imply

the upper bound of Theorem 1.3. The lower bounds will follow from explicit examples.
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Finally, we show that these methods have additional applications and that the precise order of the n-
truncations 7y S0 play an important role in several settings. For instance, we sharpen bounds of Arlettaz
[4] on the orders of the k-invariants of a spectrum (Corollary 6.2), improve and make explicit half of a
result of Beilinson [10] on the (unstable) Hurewicz map m,(X) — H,(X;Z) for X an infinite loop space
(Theorem 6.3), and prove an exponent theorem for the equivariant stable stems (Theorem 6.6).

We also obtain as a consequence the following result.

Theorem 1.5. Let p be a prime number. Let X be a spectrum with homotopy groups concentrated in
degrees [a,b]. Suppose each 7;(X) is annihilated by p*. Then pk+2%+8 annihilates X (Definition 2.1
below).

We have not tried to make the bounds in Theorem 1.5 as sharp as possible since we suspect that our

techniques are not sharp to begin with.

Notation. In this paper, for a spectrum X, we will write 71, ;) X to denote the Postnikov section of X
with homotopy groups in the range [a, ], i.e., T>p7<,X. Given spectra X,Y, we will let Hom(X,Y") denote

the function spectrum from X into Y, so that moHom(X,Y") denotes homotopy classes of maps X — Y.

Acknowledgments. I would like to thank Mike Hopkins and Haynes Miller, from whom (and whose
papers) I learned many of the ideas used here. I would also like to thank Peter May for several helpful
comments and Dustin Clausen for pointing me to [10]. The author was supported by the NSF Graduate
Fellowship under grant DGE-110640.

2. Definitions

Let C be a triangulated category. We recall:

DEFINITION 2.1. Let X € C be an object. We will say that X is annihilated by n € Zsq if nidx €
Home (X, X) is equal to zero. We let exp(X) denote the minimal n (or oo if no such exists) such that n

annihilates X.

If D is any additive category and F': C — D any additive functor, then if X € C is annihilated by n,

then F'(X) € D has nidp(x) = 0 too. Here are several important examples of this phenomenon.

Example 2.2. Given any (co)homological functor F': C — Ab, the value of F' on an object annihilated by
n is a torsion abelian group of exponent at most n. For instance, if X is a spectrum annihilated by n, then

the homotopy groups of X all have exponent at most n.
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Example 2.3. Suppose C has a t-structure, so that we can construct truncation functors 7<;: C — C for

k € Z. Let X € C be any object. Then, for any k, exp(7<xX) | exp(X).

Example 2.4. Suppose C has a compatible monoidal structure A. Then if X,Y € C, we have exp(X AY) |
ged (exp(X), exp(Y)).

Next, we note that such torsion questions can be reduced to local ones at each prime p, and it will be

therefore convenient to have the following notation.

DEFINITION 2.5. Given X € C, we define exp,(X) to be the minimal integer n > 0 (or oo if none such
exists) such that p"idx = 0 in the group Hom¢(X, X)(,). For a torsion abelian group A, we will also use

the notation exp,(A) in this manner.

Proposition 2.6. Let X' — X — X" be a cofiber sequence in C. Suppose X’ is annihilated by m and X"
is annihilated by n. Then X is annihilated by mn. Equivalently, exp,(X) < exp,(X’) + exp,(X") for each

prime p.

PROOF. We have an exact sequence of abelian groups
Home (X, X’) — Home (X, X) — Home (X, X”).

If X' (resp. X") is annihilated by m (resp. annihilated by n), then it follows that groups on the edges of
the above exact sequence are of exponents dividing m and n, respectively. It follows that Home (X, X) is

annihilated by mn, and in particular the identity map idx € Home (X, X) is annihilated by mn. |

Corollary 2.7. Let X be a spectrum with homotopy groups concentrated in degrees [m,n] for m,n € Z.

Suppose for each i € [m,n], we have an integer e; > 0 with e;m;(X) = 0. Then exp(X) | [, €.

The main purpose of this paper is to determine the behavior of the function exp,, (71 ] SY) as n varies.
Corollary 2.7 gives the bound that exp,,(7(1 ) S9) is at most the sum of the exponents of the torsion abelian
groups wi(SO)(p) for 1 < i < n. We will give a stronger upper bound for this function, and show that it is

essentially optimal.

Theorem 2.8 (Main theorem). (a) Let p = 2. Then:

n—1 n
6 "5 | < et < 5]+
(b) Let p be odd. Then:
n—1 n—+3
(6) {2p_2J < exp,(T1,n8%) < LZ)_J +1

45



The upper bounds will be proved in Proposition 3.4 below, and the lower bounds will be proved in
Proposition 4.2 and Proposition 4.3. They include as a special case estimates on the exponents on the
homotopy groups of S°, which were classically known (and in fact our method is a refinement of the proof of
those estimates). Note that the exponents in the unstable homotopy groups have been studied extensively,
including the precise determination at odd primes [11], and that the method of using the Adams spectral

sequence to obtain such quantitative bounds has also been used by Henn [13].

3. Upper bounds

Let p be a prime number. Let A, denote the mod p Steenrod algebra; it is a graded algebra. Recall
that if X is a spectrum, then the mod p cohomology H*(X;F,) is a graded module over A,. Our approach

to the upper bounds will be based on vanishing lines in the cohomology.

DEFINITION 3.1. Given a nonnegatively graded .A,-module M, we will say that a function f: Z>¢ — Z>g

is a vanishing function for M if for all s,t € Z>o,
Exty! (M,F2) =0 if t < f(s).

Recall here that s is the homological degree, and t is the grading.

Our main technical result is the following:

Proposition 3.2. Suppose X is a connective spectrum such that each m;(X) is a finite p-group. Suppose
the Ap-module H*(X;F,) has a vanishing function f. Let n be an integer and let m be an integer such that

f(m) —m >n. Then exp, (1[0, X) < m.

PrOOF. Choose a minimal resolution (see, e.g., [18, Def. 9.3]) of H*(X;F,) by free, graded A,-modules
(7) v P — Py — H'(X;F,) — 0.

In this case, we have Ext™'(H*(X;F,),F,) ~ Homy, (Ps, X'F,) by [18, Prop. 9.4]. That is, the free
generators of the Py give precisely a basis for Ext®* (H*(X;F,);F)).
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We can realize the resolution (7) topologically via an Adams resolution (cf., e.g., [18, §9.3]). That is,

we can find (working by induction) a tower of spectra,

(8) : ,

BX

Ry

BX

R

Fo X=X — Ry
such that:

(a) Each R; is a wedge of copies of shifts of HIF,,.
(b) Each triangle F;11X — F;X — R; is a cofiber sequence.
(¢) The sequence of spectra

X - Ry— YRy — X?Ry — ...
realizes on cohomology the complex (7).

As a result, we find inductively that
H*(F;X;F,) ~ %" 4m(P; — Pi_y).

Now the graded A,-module P; is concentrated in degrees f(i) and up, by hypothesis and minimality. In

particular, it follows that F; X is (f(¢) — ¢)-connective. It follows, in particular, that the map
X — cofib(F; X — X)

is an isomorphism on homotopy groups below f(i) — .

Finally, we observe that the cofiber of each F; X — F;_1X is annihilated by p as it is a wedge of shifts
of HFF,. It follows by the octahedral axiom of triangulated categories, induction on 4, and Proposition 2.6
that the cofiber of F;X — FyX = X is annihilated by p’. Taking i = m, we get the claim since 7<, X ~
T<n(cofib(F,,, X — X)) is therefore annihilated by p™ by Example 2.3. O

Since A, is a connected graded algebra, it follows easily (via a minimal resolution) that if M is a

connected graded A,-module, then Ext**(M,F,) = 0 if t < s. Of course, this bound is too weak to help
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with Proposition 3.2. In fact, an integer m satisfying the desired conditions will not exist if we use this
bound.

We now specialize to the case of interest. Consider 7>15° = T[1,00] S0, Tt fits into a cofiber sequence
SO — HZ — Y1515°,
which leads to an exact sequence
0 — H*(S1515%F,) — H*(HZ;F,) — H*(S%F,) — 0.

Now we know that (by the change-of-rings theorem [18, Fact 3, p. 438]) Exti{i(H* (HZ;F,);F,) vanishes

unless s = t, and is one-dimensional if s = ¢; in this case it maps isomorphically to Ext’” (Fp,F,). It follows:
P

Ext® "'TNF,F,) s £t
(9) Exty (H*(r18%F,);F,) =4~ 7

0 ifs=t
We will need certain classical facts, due to Adams [1] at p = 2 and Liulevicius [16] for p > 2, about

vanshing lines in the classical Adams spectral sequence. A convenient reference is [18].

Proposition 3.3 ([18, Thm. 9.43]). (a) Ext’! (F2,F2) =0for 0 < s <t < 3s — 3.

(b) Ext! (Fy,Fp) =0for 0<s <t<(2p—1)s—2.

Note also that Ext’; ! (IF F,) =0 for t < s. As a result, one finds that the cohomology of 7>1.5%, when

displayed with Adams indexing with ¢ — s on the z-axis and s on the y-axis, vanishes above a line with slope

_1
2p—2°

Finally, we can prove our upper bounds.

Proposition 3.4. (a) epr(T[l a8 < 2]+
+3

]

PRrOOF. This is now a consequence of the preceding discussion. We just need to put things together.

(b) For p odd, exp,(7[1,nS°) < [

At the prime 2, it follows from Proposition 3.3 and (9) that the As-module H*(7>15%; F2) has vanishing
function f(s) = 3s—5. By Proposition 3.2, it follows that if 2m —5 > n, then exp, (71 ) SY%) < m. Choosing
m = [g] + 3 gives the minimal choice.

At an odd prime, one similarly sees (by Proposition 3.3 and (9)) that f(s) = (2p—1)s— 2p is a vanishing
function. That is, if (2p — 2)m — 2p > n, then we have exp,,(7[1,, S%) < m. Rearranging gives the desired

claim. O
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4. Lower bounds

The purpose of this section is to prove the lower bounds of Theorem 2.8. The proof of the lower bounds
is completely different from the proof of the upper bounds. Namely, we will write down finite complexes that
have homology annihilated by p but for which the p-exponent grows linearly. These complexes are simply
the skeleta of BZ/p. We will show, however, that the p-exponent of the spectra grows linearly by looking at

the complex K-theory. First, we need a lemma.

Lemma 4.1. Let X be a finite torsion complex with cells in degrees 0 through m. Then, for each p,

exp,(X) = expp(T[Om]SO A X).

Proor. Without loss of generality, X is p-local. We know that exp,(X) > exp,(7[0,m SO A X) (Exam-
ple 2.4). Thus, we need to prove the other inequality. Let k = exp,(X).

Let Hom(X, X) denote the endomorphism ring spectrum of X. The identity map X — X defines a
class in moHom(X, X), which maps isomorphically to moHom (X, 7jg m S% A X) by the hypothesis on the
cells of X. Therefore, there exists a class in moHom (X, 7jg, ] S% A X) of order exactly p¥. It follows that

expy, (T(o,m] SO A X) > k as desired. O
We are now ready to prove our lower bound at the prime two.
Proposition 4.2. We have exp,(71,,,;S°) > [(n —1)/2].

PROOF. Since the function n — exp,(7(1,,)S°) is increasing in n (Example 2.3), it suffices to assume
n = 2r — 1 is odd. Consider the space RP*",r € Z<q and its reduced suspension spectrum $°°RP?", which

is 2-power torsion. We know that K°(RP?") ~ Z/2" by [9, Prop. 2.7.7]. It follows that (cf. Example 2.2)
(10) expy (S°RP?) > 7.

Now L°RP*" has cells in degrees 1 to 2r. By Lemma 4.1, expy(Tj0,2—1]5° A YORP?") > r too.

We have a cofiber sequence
T1,2r—1)S° A ZPRP?" — 719 9,_1)S° A Z°RP*" — HZ A S°RP”".

The integral homology of ©°RP?" is annihilated by 2, so that the HZ-module spectrum HZ A RP?" is a
wedge of copies of HZ/2 and is thus annihilated by 2. It therefore follows from this cofiber sequence and
Proposition 2.6 that

exp2(T[1,2r—1]So A ZOOR]P’Q") >r—1,

so that expy(71,2,-1)5?) > 7 — 1 as well (in view of Example 2.4).
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Let p be an odd prime. We will now give the analogous argument in this case.

Proposition 4.3. We have exp,,(7};,,5°) > L;;;EJ

PrOOF. For simplicity, we will work with BY,, (which implicitly will be p-localized) rather than BZ/p.
The p-local homology of BY,, is well-known (see [17, Lem. 1.4] for the mod p homology from which this can

be derived, together with the absence of higher Bocksteins): one has

Zgy i=0
Hi(BYp; Zp)) ~ N Z)p i=k(2p—2)—1, k>0-

0 otherwise

One can thus build a cell decomposition of the (reduced) suspension spectrum ¥°°BY,, with cells in degrees
=0, —1Mod(2p — 2) starting in degree 2p — 1.
Let k > 0, and consider the ((2p — 2)k)-skeleton of this complex. We obtain a finite p-torsion spectrum
Y} equipped with a map
Y, — ¥*BY,

inducing an isomorphism in H,(-; Z()) up to and including degree k(2p—2). That is, by universal coefficients,
H(Yi; L)) ~ Z/p if i =2p —2,2(2p — 2),...,k(2p — 2) and is zero otherwise.

We now claim
(1) KO(YVy) = Z/p".
In order to see this, we use the Atiyah-Hirzebruch spectral sequence (AHSS)
H* (Y Z) = K*(Yy).

Since the cohomology of Y}, is concentrated in even degrees, the AHSS degenerates and we find that K°(Y})
is a finite p-group of length k. However, the extension problems are solved by naturality with the map
Yy, = N°BY,, as K%(BY,) ~ Z, after p-adic completion.

Now Y}, is a finite spectrum with cells in degrees [(2p —2) — 1, (2p — 2)k]. Let m = (2p — 2)(k— 1) 4+ 1.
Then we have, by Lemma 4.1 and (11),

(12) exp, (V) = epr(T[om]So ANYi) > k.
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Finally, exp,(HZAY}) = 1 since the p-local homology of Y} is annihilated by p. It follows that exp,, (7(1 m] S9) >

k—1, which is the estimate we wanted if we choose k as large as possible so that m = (2p—2)(k—1)+1 <n. O

Remark 4.4. In view of the Kahn-Priddy theorem [15], it is not surprising that the skeleta of classifying
spaces of symmetric groups should yield strong lower bounds for torsion in the Postnikov sections of the

sphere.

5. The Hurewicz map

We next apply our results about the Postnikov sections 71 ] S0 to the original question of understanding
the exponents in the Hurewicz map. Let Y be a connective spectrum. Then the Hurewicz map is realized

as the map in homotopy groups induced by the map of spectra
YAS =Y AHZ,

whose fiber is Y A 71 o) S0, As a result of the long exact sequence in homotopy, we find:

Proposition 5.1. Let Y be any connective spectrum.

(a) Suppose 71 ,)S ¥ is annihilated by N for some N > 0. Then any element x in the kernel of the Hurewicz
map 7, (Y) — H,(Y;Z) satisfies Nx = 0.

(b) Suppose 71,15 is annihilated by N’ for some N’ > 0. Then for any element y € H, (Y;Z), N'y is in

the image of the Hurewicz map.

The homotopy groups of X A 75159 are classically denoted I';(X) (and called Whitehead’s I'-groups).

The following argument also appears in, for example, [7, Th. 6.6], [19, Cor. 4.6], and [10].

PROOF. For the first claim, consider the fiber sequence Y A 7 o S Y — Y AHZ. Any element
x € m,(Y) in the kernel of the Hurewicz map lifts to an element 2’ € m, (Y A 771,56)5°). It suffices to show

that N2z’ = 0. But we have an isomorphism
7Tn(Y A 7'[1’00]50) ~ 7Tn(Y A T[l’n]SO),

and the latter group is annihilated by N by hypothesis (and Example 2.2), so that Nz’ = 0 as desired.
Now fix y € H,(Y;Z). In order to show that N’y belongs to the image of the Hurewicz map, it suffices
to show that it maps to zero via the connective homomorphism into m, 1 (Y A 7[5 S9). But we have an

isomorphism 7, 1 (Y A 71 o) SO ~ w1 (Y A T[Ln_l]SO) and this latter group is annihilated by N’. |

Remark 5.2. One has an evident p-local version of Proposition 5.1 for p-local spectra if one works instead
with T[1,n] S(Op)
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PROOF OF THEOREM 1.3. The main result on exponents follows now by combining Proposition 5.1 and

our upper bound estimates in Theorem 2.8. ]

It remains to show that the bound is close to being the best possible. This will follow by re-examining

our arguments for the lower bounds.

PROOF OF PROPOSITION 1.4. We start with the prime 2. For this, we use the space RP?* and form
the endomorphism ring spectrum Z = Hom(X®RP?*, S°RP?*) ~ £°RP* A D(Z°RP?*) where D denotes
Spanier-Whitehead duality. The spectrum Z is not connective, but it is (1 — 2k)-connective (i.e., its cells
begin in degree 1 — 2k). Then we have a class # € mo(Z) representing the identity self-map of T°RP?**. We
know that z has order at least 2% (in view of (10)), but that 22 maps to zero under the Hurewicz map since
the homology of Z is a sum of copies of Z/2 in various degrees by the integral Kiinneth formula and since the
homology of RP?* is annihilated by 2. If we replace Z by $2*~1Z, we obtain a connective spectrum together
with a class (the translate of 2x) in mar_1 of order at least 2%=1 which maps to zero under the Hurewicz
map.

At an odd prime, one carries out the analogous procedure using the spectra Y used in Proposition 4.3,

and (12). One takes k =r + 1. O

Remark 5.3. We are grateful to Peter May for pointing out the following. Choose ¢ > 0, and consider the
cofiber sequence

C=7505"1= 857 7,05%

Choosing n > 0 and g appropriately, we can find an element in 7, (C) = m,44(S°) of large exponent (e.g.,
using the image of the J-homomorphism), larger than exp(7j;,,,)S°). This element must therefore not be
annihilated by the Hurewicz map 7, (C) — H,(C;Z). Let the image in H,(C;Z) be x. However, the map
H,(C;Z) — H,(S™%7Z) is zero, so x must be in the image of H,,11(7<0S™%;7Z). This gives interesting and

somewhat mysterious examples of homology classes in degree n of a coconnective spectrum.

6. Applications

We close the paper by noting a few applications of considering the exponent of the spectrum itself. These
are mostly formal and independent of Theorem 2.8, which however then supplies the explicit bounds.

We begin by recovering and improving upon a result from [4] on k-invariants.

Theorem 6.1. Let X be any connective spectrum. Then the nth k-invariant 7<,_1X — >l X is
annihilated by exp(7p; S ).
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PRrOOF. It suffices to show that H"*!(7<,_1X;m,X) is annihilated by exp(71 ,;S"). By the universal
coefficient theorem (and the fact that the universal coefficient exact sequence splits), it suffices to show that
the two abelian groups H,(7<p—1X;Z) and H,11(7<n—1X;Z) are each annihilated by exp(T[Ln]SO). This

follows from the cokernel part of Proposition 5.1 because 7<,_1 X has no homotopy in degrees n or n+1. [

Corollary 6.2. If X is a connective spectrum, then the nth k-invariant of X has p-exponent at most (for

p=2) [2] +3 or (for p>2) [5;;32] Y

Asymptotically, Corollary 6.2 is stronger than the results of [4], which give p-exponent n — C, for C), a
constant depending on p, as n — .

Next, we consider a question about the homology of infinite loop spaces.

Theorem 6.3. Let X be an (m — 1)-connected infinite loop space. Then the kernel of the (unstable)
Hurewicz map 7,(X) — H,(X;Z) is annihilated by exp(r, n_m]SO). Therefore, the p-exponent of the

kernel is at most (for p = 2) [25™] + 3 or (for p > 2) [n m+31 ey

This improves upon (and makes explicit) a result of Beilinson [10], who also considers the cokernel of

the map from 7, (X) to the primitives in H, (X;Z).

ProOF. Without loss of generality, we can assume that X is n-truncated. Let Y be the m-connective

spectrum that deloops X. Consider the cofiber sequence
Y = 7<p1Y = X" Y.

By Theorem 6.1, the k-invariant map 7<,_1Y — X""1Hr,Y is annihilated by exP(T(1,n—m] S9). Consider
the rotated cofiber sequence

Y e, 1Y = S"Hr,Y = Y.

Using the natural long exact sequence, we obtain that there exists a map
Y - ¥"Hrm,Y

which induces multiplication by exp(7(1 ;,—m S%) on 7,. Compare [3, Lem. 4] for this argument.
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Delooping, we obtain a map of spaces ¢: X — K(m,X,n) which induces multiplication by exp(7(1 n—m S9)

on m,. Now we consider the commutative diagram

(X)) ————— H,(X;7Z)

|+ |+

Tn(K (1p X, n)) ——> Hy (K (10X, n); Z)

Choose = € m,(X) which is in the kernel of the Hurewicz map; the diagram shows that ¢.(x) = exp(7[1,;—m] Sz =

0, as desired. O

Next, we give a more careful statement (in terms of exponents of Postnikov sections of SY) of Theorem 1.5,

and prove it. Note that this result is generally much sharper than Corollary 2.7.

Proposition 6.4. Let X be a p-torsion spectrum with homotopy groups concentrated in an interval [a, b]
of length Ell = b — a. Suppose p* annihilates m;(X) for each i. Then exp,(X) < k + expp(T[LEH]SO) +

epr(T[LEH_”SO) =k+ 1% + 0(1)

The argument is completely formal except for the equality exp,,(7(1,gy S9) + expp(T[LEH,l]SO) = pEf“l +
O(1). This comparison is a consequence of Theorem 2.8. Proposition 6.4 plus the estimates of Theorem 2.8

yield Theorem 1.5. We note that a simple calculation can make O(1) explicit.

Proor. Without loss of generality, we assume a = 0 so b = Ell. We consider the cofiber sequence and
diagram

ThoSANX = X — HZ A X.

This induces an exact sequence
(13) moHom(HZ A X, X) — moHom(X, X) — moHom(7(; ] S° A X, X).

Let Ry = p&P»(Tt) So), Ry = peXPP(T[l«b*USO). We will bound the exponents of the terms on either side
by R; and Ryp® to bound the exponent on the group in the middle (which will give a torsion exponent for

X). Note that since X is concentrated in degrees [0,b], one has

(14) moHom(HZ A X, X) ~ moHom(7<,(HZ N X ), X)
(15) moHom(7(1 0] S A X, X) =~ moHom(rp; 5y S° A X, X).

We claim first that 7<,(HZ A X) is annihilated by Rap®. To see this, it suffices, since 7<,(HZ A X)

is a generalized Eilenberg-MacLane spectrum, to show that its homotopy groups are each annihilated by
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Rop®. That is, we need to show that each of the homology groups of X is annihilated by Rop¥. For this, we

consider the Hurewicz homomorphism

The source is annihilated by p¥, and Proposition 5.1 implies that the cokernel is annihilated by Ry. This
proves that H;(X;Z) is annihilated by Rop* for each i € [0,b]. Therefore, (14) is annihilated by Rap*.
Next, we claim that 771 ) S% A X is annihilated by R;. This is evident by Example 2.4, because (1) S0
is. Thus, (15) is annihilated by R;.
Putting everything together, we obtain the desired torsion bounds on the ends of (13), so that the middle

term is annihilated by R;Ryp”, and we are done. ]

Finally, we show that our results have applications to exponent theorems in equivariant stable homotopy

theory. We begin by noting a useful example on the stable homotopy of classifying spaces.

Example 6.5. Let G be a finite group and let 3*° BG be the reduced suspension spectrum of the classiying
BG. Then for any n, the abelian group m,(X°°BG) is annihilated by |Glexp(rp; ,)S°). This follows from
Proposition 5.1, since the integral homology of BG is annihilated by |G|. In fact, we obtain that the spectrum
71,,) BG is annihilated by |Glexp(7(1,,,5?). We do not know if the growth rate of exp(rp; ,, BG) is in general

comparable to this.

Let G be a finite group, and consider the homotopy theory Sg of genuine G-equivariant spectra. The
symmetric monoidal category Sg has a unit object, the equivariant sphere S°. We will be interested in
exponents for the equivariant stable stems 7, ¢(S%) = moHoms, (5™, S°). More generally, we will replace
the target S° by a representation sphere SV, for V a finite-dimensional real representation of G. In this
case, we will write m, ¢(S") = Homg, (5™, SV). For a subgroup H C G, we will write WH = Ng(H)/H

for the Weyl group.

Theorem 6.6. Let V' be a finite-dimensional G-representation. Suppose n is not equal to the dimension
dim VH for any subgroup H C G. Then the abelian group m, ¢(S") is annihilated by the least common
multiple of {|W H |exp(7(1 n—dim VH]SO)} as H C @ ranges over all the subgroups with dimV# < n. In
particular, the p-exponent of 7, ¢(SV) is at most

\%4 0
epr(ﬂ-’ﬂ,G(S )) < HCG,{:{Iilrar;XVH<n (UP(|WH|) + epr(T[l,nfdim VH]S ))

n—dim V¥

H,dirrﬂ%/)%<n (Up(| D+ 2p—2 ) +om,
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where v, denotes the p-adic valuation.
Remark 6.7. When n > dim V, the least common multiple simplifies to |G|exp(7(1 n—dimv] S9).

PRrROOF. This follows from the Segal-tom Dieck splitting [20], which implies that
H
Fn,G(SV) = @ﬂ'n ((EOOSV )hWH) 5
H

where H ranges over a system of conjugacy classes of subgroups of G. When V is the trivial representation,
we can apply Example 6.5 to conclude.

In general, (ZOOSVH)hWH is dim V*-connective. Moreover, the homology H., (SVH;Z) is concentrated
in dimension dim V¥, so that it follows that for n > dim V¥, Hn((ZOOSVH)hWH;Z) is annihilated by the
order of WH. For n < dim V¥, there is no contribution in homotopy from (ZOOSVH)hWH. Applying

Proposition 5.1 and Theorem 2.8, we obtain the desired exponent result. O

In equivariant stable homotopy theory, one is more generally interested in maps S — SV where W,V
are orthogonal representations of G. Unfortunately, the method of Theorem 6.6 does not seem to give
anything, unless W is very small relative to V, in which case one can use a cell decomposition of SV and

apply Theorem 6.6 to the individual cells.
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CHAPTER 4

Examples of descent up to nilpotence

1. Introduction

Let (C,®, 1) denote a tensor-triangulated category, i.e., a triangulated category equipped with a compat-
ible (in particular, biexact) symmetric monoidal structure. Examples of such abound in various aspects both
of stable homotopy theory (e.g., the stable homotopy category) and in representation theory, via derived
categories of representations and stable module categories. In many such cases, we are interested in describ-
ing large-scale features of C and of the associated mathematical structure. To this end, there are a number
of basic invariants of C that we can study, such as the lattice of thick subcategories (or, preferably, thick
®-ideals) or localizing subcategories, the Picard group Pic(C) of isomorphism classes of invertible objects,
and the Grothendieck group Ky(C).

One of our basic goals is relate invariants of C to those of another ®-triangulated category C’ receiving
a ®-triangulated functor F': C — C’; for whatever reason, we may expect invariants to be simpler to under-
stand for C’. However, we can also hope to use information over C’ to understand information over C via
“descent.” Consider for instance the extension R C C of the real numbers to the complex numbers. Since
C is algebraically closed, phenomena are often much easier to study over C than R. However, we can study
phenomena over R via the classical process of Galois descent.

Classically, in algebra, descent is carried out along faithfully flat maps of rings. Here, however, it turns
out that there is a large class of extensions which are far from faithfully flat, but which satisfy a categorical

condition that forces the conclusion of descent nonetheless to hold. The key definition is as follows.

DEFINITION 1.1. Let C be a ®-triangulated category and let A be an algebra object. An object of C
is said to be A-nilpotent if it belongs to the thick ®-ideal generated by A. The algebra A is said to be
descendable if the unit of C is A-nilpotent. We will say that a map R — R’ of Eo.-ring spectra is descendable

if R’ is descendable in Mod(R), the category of R-module spectra.

The notion of “A-nilpotence” is very classical and goes back to Bousfield [12]. The idea of “descendabil-
ity” is implicit at various points in the literature (in particular, in the work of Hopkins-Ravenel in chromatic
stable homotopy theory) but has been systematically studied by Balmer [7] (especially in relation to the

spectrum of [5]) and by the author in [50]. We refer as well to [45, Appendix D.3] for a treatment. The
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notion of descendability is enough to imply that a version of faithfully flat descent holds; however, a de-
scendable algebra may be far from being faithfully flat. A simple example is the map KO — KU of ring
spectra.

In this paper, our goal is to give an introduction to these ideas and an overview of several examples,
emphasizing the F-nilpotence of [565, 54]. This paper is mostly intended as an exposition, although some
of the results are improvements or variants of older ones. A number of basic questions remain, and we have
taken the opportunity to highlight some of them. We have in particular emphasized the role that exponents
of nilpotence (Definition 2.28) plays. One new result in this paper, which was explained to us by Srikanth
Iyengar, is Theorem 3.13, which gives a larger class of faithfully flat extensions which are descendable.

There are many applications of these ideas that we shall not touch on here. For example, we refer
to [56, 27] for the use of these techniques to calculate Picard groups of certain ring spectra; [7, 48] for
applications to the classification of thick subcategories; and [17] for applications to Galois descent in algebraic

K-theory.

Conventions. Throughout this paper, we will use the language of co-categories as in [40, 44]. In most
cases, we will only use the language very lightly, as most of the invariants exist at the triangulated level.?

In particular, we will use the phrase stably symmetric monoidal co-category to mean a (usually small)
symmetric monoidal, stable oco-category whose tensor product is biexact; this is the natural oco-categorical
lift of a tensor-triangulated category. We will also need to work with large oo-categories. We will use the
theory of presentable oo-categories of [40, Ch. 5]. In particular, a presentably symmetric monoidal stable
oco-category is the natural “large” setting for these questions; it refers to a presentable, stable oo-category
equipped with a symmetric monoidal tensor product which is bicocontinuous.

We will let Alg(C) denote the co-category of associative (or E;) algebras in a symmetric monoidal co-
category and let CAlg(C) denote the oco-category of commutative (or E,) algebras. If R is an associative
(i-e., Eq) ring spectrum, we will write Mod(R) for the oo-category of R-module spectra (see [20], [44, Ch. 7]).
When R is an Ey-ring, then Mod(R) is a presentably symmetric monoidal stable oo-category. When R is a
discrete associative (resp. commutative) ring, then we can regard R (or the associated Eilenberg-MacLane
spectrum) as an Ey (resp. E)-ring and will write either Mod(R) or D(R) for the oo-category of R-module

spectra, which is equivalent to the derived oco-category of R.

Acknowledgments. I would like to thank Bhargav Bhatt, Srikanth Iyengar, and Jacob Lurie for helpful

discussions. I would especially like to thank my collaborators Niko Naumann and Justin Noel; much of this

We note that the descent-theoretic approach to Picard groups uses oco-categorical technology in an essential manner.
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2. Thick ®-ideals and nilpotence

2.1. Thick subcategories and ®-ideals. We begin by reviewing the theory of thick subcategories.
As this material is very classical, we will be brief.

Let C be an idempotent-complete stable co-category.

DEFINITION 2.1. A thick subcategory of C is a full subcategory D C C satisfying the following three
conditions:
(1) 0eD.
(2) If X7 — X5 — X3 is a cofiber sequence (i.e., exact triangle) in C, and two out of three of the {X;}
belong to D, then the third belongs to D.

(3) D is idempotent-complete. Equivalently, if X, Y € C and X @Y € D, we have X, Y € D.

Given a collection S C C of objects, there is a smallest thick subcategory of C containing S; we will write

Thick(S) for this and call it the thick subcategory generated by S.

Construction 2.2. We suppose that S is closed under direct sums and suspensions X¢,i € Z. Then
Thick(S) has a natural inductive increasing filtration Thick(S)o C Thick(S); C -+ C Thick(S). This
filtration is well-known in the literature. Compare Christensen [15, Sec. 3.2], the dimension of triangulated
categories introduced by Rouquier [65], and the treatment and the theory of levels in Avramov-Buchweitz-
Iyengar-Miller [3, Sec. 2.2].
e Thick(S)e = {0}.
o Thick(S); consists of the retracts of objects in S.
e An object X belongs to Thick(S), if X is a retract of an object X such that there exists a cofiber
sequence X’ — X — X" such that X’ € Thick(S); (i.e., X' is a retract of an object in &) and
X" € Thick(8),_1.

Proposition 2.3. (1) Thick(S) = U,,>o Thick(S), and each Thick(S), is idempotent-complete.
(2) Given a cofiber sequence X’ — X — X" with X’ € Thick(S),, and X" € Thick(S),,, we have
X € Thick(S)n, 1,

PRrROOF. By construction, each Thick(S),, is idempotent-complete. To see that Thick(S) = J,,~, Thick(S)n,
one easily reduces to seeing that the union is itself a thick subcategory, which follows from the second asser-

tion. We are thus reduced to proving (2), which is effectively a diagram chase.
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We prove (2) by induction on ny + ns. We can assume nj,ne > 0. Up to adding a summand to both
X’ and X, we may assume that there exists a cofiber sequence Y7 — X’ — Y5 with Y7 € Thick(S); and

Y5 € Thick(8),, —1. We consider the homotopy pushout square

1

X ——=X

\L P1 J{ P2
P2

Y —= X@x Y
The cofiber of ¢ is equivalent to the cofiber of ¢1, i.e., X”'. It follows that we have a cofiber sequence
Yo > X ®x Yo —)X”7

which shows by the inductive hypothesis that X ®x/ Y2 € Thick(S)n,4n,—1- In addition, the homotopy
fibers of 11,19 are identified with Y7 € Thick(S);, and the cofiber sequence

Y12 X > X&x Yo,

with Y7 € Thick(S)1, shows that X € Thick(S8)n, 1n,- a

Let f: X =Y be amap in C. We say that f is S-zero if for all A € S, the natural map
[A, X]« = [4,Y].

is zero. It now follows that if A’ € Thick(S), and fi,...,f, are composable S-zero maps in C with
g=fno--0of1: X =Y, then g, : [A, X], = [A',Y]. is zero. Compare [15] for a detailed treatment.
General thick subcategories can be tricky to work with. In practice, for example for classification results,

it is often convenient to restrict to thick ®-ideals.

DEFINITION 2.4. Let C be a symmetric monoidal stable co-category. A thick ®-ideal is a thick sub-
category D C C which has the following additional property: if X € C and Y € D, then X ® Y € D. Given
a collection S C C of objects, there is a smallest thick ®-ideal of C containing S; we will write Thick®(S)

for this and call it the thick ®-ideal generated by S.

Construction 2.5. In the same fashion as Thick(S), we can define a filtration {Thick®(S),}n>0 on

Thick®(S). Suppose S is closed under direct sums and suspensions %%, € Z. We can define

Thick®(S),, = Thick(S'),,
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where S8’ consists of all objects in C of the form X; ® X, with X;,€ C, X5 € S. One sees that Thick®(8) =

Thick(S’) and that this gives an increasing filtration on Thick®(S).

Given a stably symmetric monoidal, idempotent-complete co-category C, the classification of thick ®-
ideals of C is an important problem. The first major classification result was by Hopkins-Smith [35], who
carried this out for finite p-local spectra, which was followed by work of Hopkins-Neeman, Thomason, Benson-
Carlson-Rickard, and many others. In general, the classification of thick ®-ideals can be encapsulated in
the spectrum of Balmer [5], a topological space built from the prime thick ®-ideals which determines all the
thick ®-ideals (at least under some conditions, e.g., if objects are dualizable).

We give one example of how thick ®-ideals can be constructed. Given an object X € C, we write
X = m.Home(1, X). We let R, = 7,1 = m,Hom¢(1,1). Then R, is a graded ring and 7. X is a graded

R.-module.

Example 2.6. Given a homogeneous ideal I C R,, we consider the subcategory of all X € C such that for

allY € C, the R,-module 7, (X ® Y) is I-power torsion. This is a thick ®-ideal.

2.2. A-nilpotence. We now come to the key definition, that of A-nilpotence. While these ideas are
quite classical, for a detailed presentation of this material along these lines, we refer in particular to [55].

Let C be a stably symmetric monoidal, idempotent-complete co-category and let A € Alg(C).

DEFINITION 2.7 (Bousfield [12]). We say that an object X € C is A-nilpotent if X belongs to
Thick®(A4). We will also write Nily4 = Thick®(A). Note that Nil, is also the thick subcategory of C
generated by all objects of the form A®Y,Y € C, i.e., Nily = Thick®(A4) = Thick({4A ® Yiyee)

We give one example of this now; more will follow later.

Example 2.8. Suppose C = D(Z) is the derived oco-category of abelian groups and A = Z/pZ. Then an
object X € C is A-nilpotent if and only if there exists n > 0 such that the map p™ : X — X is nullhomotopic.

In particular, it follows that such an object is p-adically complete and p-torsion.

Remark 2.9. Suppose X € C is a dualizable object. Then the thick ®-ideal generated by X is equal to the
one generated by the algebra object X ® XV. Therefore, Thick® (X) = Thick® (X ® XV) is the subcategory of
X ® X V-nilpotent objects. It follows that any thick ®-ideal of C generated by a finite collection of dualizable

objects is automatically of the form Nil 4 for some A.

Let X € C. Then we can try to approximate X in C by objects of the form A ® X', X’ € C. There is

always a canonical way of doing so.
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Recall that AT denotes the category of finite linearly ordered sets, so that A™ is the union of the usual

simplex category A with an initial object [—1].

Construction 2.10. Suppose that A € Alg(C). Then we can form an augmented cosimplicial diagram
CB™&(A) in C,
a —
CB™&(A4):1 —>A:’,A®A3

The underlying cosimplicial diagram CB®(A) dof CB*"8(A)|a is called the cobar construction or Amitsur

complex. The diagram CB*"8(A) admits a splitting or extra degeneracy (see [44, Sec. 4.7.3]) after tensoring
with A. Compare [64, Ch. 8] or [55, Sec. 2].

Example 2.11. Let F : C — Sp be a functor. It follows that we have a Bousfield-Kan [13] type spectral

sequence
(16) B = H*(r,F(X ® CB*(A))) = m_sTot(F(X ® CB*(A))).

We will call this the A-based Adams spectral sequence (with respect to F). When one takes C = Sp, F' = id,

and A = HIF, then one recovers the classical Adams spectral sequence.

The first key consequence of A-nilpotence is that the cobar construction always converges very nicely.
Not only does it converge (to the original object) in C, but it does so universally in the following sense. We

will elaborate more on this “universal” convergence below.

Proposition 2.12. Suppose X € Thick®(A). Then for any stable co-category D and exact functor F : C —
D, F(X @ CB™&(A)) : AT — D is a limit diagram. That is, the natural morphism

(17) F(X)—>Tot(F(X®A)3F(X®A®A)§...)
is an equivalence in D.

In particular, taking F' to be the identity functor, it follows that the augmented cosimplicial diagram
AT — C given by X — (X RQRATXQRARA... 3) is a limit diagram. This limit diagram has the
additional property that it is preserved (i.e., remains a limit diagram) after applying any exact functor. This

is a very special property of such diagrams which we will discuss further below.

PrOOF. The basic observation is that if X = A® Y for some Y € C, then the augmented cosimplicial
diagram X ® CB*"¢(A) has an “extra degeneracy” or splitting [44, Sec. 4.7.3], which in particular implies
that it is a universal limit diagram. It follows that (17) is an equivalence if X = A® Y. Since the class of

X for which (17) is an equivalence is thick, it follows that this class includes Nil 4. O
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DEFINITION 2.13. Let A € Alg(C). Fix X,Y € C. By convention, we call the A-based Adams spectral
sequence the Tot spectral sequence (or BKSS) converging to m.Home (Y, Tot(CB®*(X))) (which coincides
with m,Home (Y, X) if X € Nily).

We will say that a map ¥ — X has Adams filtration > k if the induced map Y — Tot(CB*(X)) is
detected in filtration > k in the BKSS. This is equivalent to the existence of the map Y — X factoring as a
k-fold composite of maps each of which becomes nullhomotopic after tensoring with A. Compare [15, Sec.

4] for a detailed treatment (albeit with arrows in the opposite direction from our setting).

In general, Tot spectral sequences (i.e., those giving the homotopy of a cosimplicial space or spectrum) are
only “conditionally” convergent, with potential lim' subtleties. In the nilpotent case, the spectral sequence

converges in the best possible form and is essentially finitary.

Proposition 2.14. Suppose X € Nils. The spectral sequence (16) has the following property. There exists
N > 2 such that at the Fn-page, there exists a horizontal vanishing line of some height h: that is, E]S\;t =0

for s > h.

We will discuss this result in the next section.

2.3. Towers. In this subsection, we will discuss more closely the behavior of the cobar construction of
an A-nilpotent object. First we will need some preliminaries about towers. Let C be an idempotent-complete

stable oco-category.

DEFINITION 2.15. A tower in C is a functor ZZ, — C, i.e., a sequence
= Xy = X1 — = Xy — X

The collection of towers in C is naturally organized into a stable co-category Tow(C).

Construction 2.16. Let X®: A — C be a cosimplicial object. Then the sequence of partial totalizations

Tot,(X*) = Jim X'
[i]leA,i<n
is naturally arranged into a tower, whose inverse limit is given by the totalization Tot(X*®). A version of

the Dold-Kan correspondence, due to Lurie [44, Sec. 1.2.4], implies that the cosimplicial object can be

reconstructed from the tower. In fact, one has an equivalence of co-categories
Fun(A,C) ~ Tow(C),

which sends a cosimplicial object X*® to its Tot tower.
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DEFINITION 2.17. A tower {X;}, is said to be nilpotent if there exists N € Z>( such that for each
i € Z>0, the natural map X,;, y — X; arising from the tower is nullhomotopic. We let Tow™!(C) C Tow(C)

denote the subcategory spanned by the nilpotent towers.
We have the following straightforward result.
Proposition 2.18. Tow™!(C) C Tow(C) is a thick subcategory.

DEFINITION 2.19. We will say that a tower {X;},., is quickly converging if it belongs to the thick
subcategory of Tow(C) generated by the constant towers and the nilpotent towers. The quickly converging
towers form a thick subcategory Tow™*(C) ¢ Tow(C). We will also say that a cosimplicial object in C is

quickly converging if the associated tower is quickly converging.
The first key observation about quick convergence is that it guarantees that limit diagrams are universal.

Proposition 2.20. Let X* € Fun(A,C) be a cosimplicial object. Suppose X*® is quickly converging. Fix
any idempotent-complete stable co-category D and exact functor F': C — D,
Then:
(1) Tot(X*) exists in C.
(2) F(X*) is quickly converging in D.
(3) The natural map
F(Tot(X*)) — Tot(F(X*))

is an equivalence.

That is, the limit diagram defined by X*® is universal for exact functors. In the language of pro-objects,

the pro-object defined by the tower {Tot, (X*)} is constant. Compare the discussion in [50, Sec. 3.2].

PROOF. Any exact functor respects finite limits, so we can replace the totalization by the inverse limit
of the Tot tower. It thus suffices to show that if {Y;} is a quickly converging tower, then the natural analogs
of the three statements hold. That is, I&H Y; exists in C, {F(Y;)} is quickly converging, and the natural map
FQLH Y:) — @F(Yg) is equivalence. The class of towers {Z;} for which these three assertions is thick; it
clearly contains the constant and nilpotent towers, so it contains the quickly converging towers. This proves

the result. O

Let X* be a cosimplicial spectrum. In this case, we have the classical Bousfield-Kan spectral sequence
converging to m,Tot(X*).
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Proposition 2.21. Let X*® be a quickly converging cosimplicial spectrum. Then the BKSS converging to
7. Tot(X*) has a horizontal vanishing line at some finite stage: i.e., there is N > 2 and h > 0 such that

Ef\}t:0f0r3>h.

We refer to [48, Prop. 3.12] for an account of this result in this language. Of course, the idea is
much older, and seems to be elucidated in [34], where the authors consider the more general case of spectral
sequences that have a vanishing line of some (possibly positive) slope at a finite stage. It appears prominently
in the proof of many foundational results in chromatic homotopy theory.

Quick convergence indicates that a homotopy limit in a stable oco-category which is a priori infinite

2 For example, any exact

(such as a totalization) actually behaves like a finite one, up to taking retracts.
functor preserves finite limits. An exact functor need not preserve totalizations, but it will preserve quickly
converging ones by Proposition 2.20.

Here is an instance of this phenomenon.

Proposition 2.22. Let X* € Fun(A,C) be a quickly converging cosimplicial object. Then Tot(X*) belongs

to the thick subcategory of C generated by the {Xi}ieZm'

PrOOF. Note that each Tot,(X*) belongs to the thick subcategory generated by the {Xl} as Tot, is
a finite homotopy limit. It suffices to show that if {Yi}izo is a quickly converging tower, then Y = @E
belongs to the thick subcategory generated by the {Y;}. In fact, this follows from the claim that Y is a
retract of some Y;.

To see this, we need to produce a map Y; — Y for some ¢ such that the composite Y — Y; — Y is the
identity. We consider the functor C — Sp° given by X +— Hom¢(X,Y). Since the tower {Y;} is quickly
converging, it follows by applying this functor (and dualizing) that the map of spectra lim, Home(Y;,Y) —
Home(Y,Y) is an equivalence, in view of Proposition 2.20. Unwinding the definitions, it follows that there

exists f; : Y; = Y such that Y — Y} j% Y is the identity, as desired. O

Example 2.23. Let G be a finite group and let X € Fun(BG,C). We can form the homotopy fixed points
X"G ¢ €, which can be recovered as the totalization of a cosimplicial object. Namely, choosing the standard

simplicial model EG, of EG as a free G-space, we have
X" = Mapg(EG, X) = Tot (Mapg(EG,., X)).

Here EG, is levelwise a finite free G-set; namely, EG, = G™*!. Therefore, we have a cosimplicial object

X* such that X" = [l X such that Xh¢ = Tot(X*®).

2We remind the reader that taking retracts, in the oo-categorical setting, is not a finite homotopy limit.
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Suppose this cosimplicial object is quickly converging. Then we find:

(1) X"C belongs to the thick subcategory of C generated by X.

(2) For any exact functor F': C — D, the natural map F(X"%) — F(X)"“ is an equivalence.

In particular, taking homotopy fixed points behaves like a finite homotopy limit in this case. We will return

to this example below (see subsection 4.1) and show the connection to Tate vanishing.

Our goal in this subsection is to show that the theory of “A-nilpotence” is closely connected to the theory
of quickly converging towers. This will take place through the cobar construction. First, we will describe
the associated tower to the cosimplicial object CB®*(A). We now assume that C is an idempotent-complete,

stably symmetric monoidal co-category. Compare [55, Sec. 4].

Construction 2.24. Fix A € Alg(C). We let I be the fiber of 1 — A, so that we have a natural map I — 1.
Taking the tensor powers, we obtain a natural tower {I®k}k>0 in C.
Then we define an exact functor

Adamsy : C — Tow(C)

which sends X € C to the tower Adamsy(X) = {I®k ® X}k>07 which we call the Adams tower. We note

that we have a natural map of towers
(18) Adams4 (X) — Const(X),
where Const(X) denotes the constant tower at X.

We have the following basic result. Although surely folklore, it is a little tricky to track down in the

older literature. We refer to [55, Prop. 2.14] for a proof in modern language.

Proposition 2.25. The Tot tower {Tot, (CB®*(A) ® X)} is equivalent to the cofiber of the map of towers
(18).

With this in mind, we can state the following basic characterization of A-nilpotence. It implies Proposi-
tion 2.14, in view of Proposition 2.21. We leave the details to the reader. Compare the discussion following

Definition 2.28 below.

Proposition 2.26. The following are equivalent for X € C:
(1) X € Nilga.
(2) The cobar construction CB*(A4) ® X is quickly converging and has homotopy limit given by X.
(3) The Adams tower Adams,(X) is nilpotent.
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Example 2.27. We consider again our basic example of A = Z/pZ in C = Mod(Z). Here the Adams tower
is given by

= 7= 7.

We thus recover the fact that X € C is A-nilpotent if and only if some power of p annihilates X.

2.4. Exponents of nilpotence. We keep the same notation from the previous subsection. We recall

that Nil4 = Thick®(A) and Thick®(A) has a natural filtration. This leads to the following natural definition:

DEerINITION 2.28. Fix X € Nily. We will say that X has nilpotence exponent < n if the following

equivalent conditions hold:

(1) X € Thick®(A),, in the notation of Construction 2.5.

(2) The map I®™ — 1 becomes null after tensoring with X.

We will write exp 4(X) for the minimal n such that X has nilpotence exponent < n.

We outline the argument that conditions (1) and (2) are equivalent.

(1) If X € Thick®(A),, we claim that I®" ® X — X is null. For n = 0, the claim is obvious. For
n =1, if X € Thick®(A);, then X is a retract of A ® Y for some Y, and the map I @ X — X is
nullhomotopic because X — A ® X admits a section. In general, we can induct on n and use the
inductive description of Thick®(A),.

(2) Suppose 9 : I®"® X — X is nullhomotopic. Then X is a retract of the cofiber of 1. It thus follows
that we need to show that the cofiber of 1 belongs to Thick®(A),,. It suffices to show that the
cofiber of I®" — 1 belongs to Thick®(A), but it is an extension of the n objects cofib(I®*+1) —

I9F) ~ A@I* for k <n — 1.

The exponent of nilpotence is closely related to the behavior of the A-based Adams spectral sequence.
We recall that if X € Nily, then the A-based Adams spectral sequence collapses at a finite stage with a

horizontal vanishing line.

Proposition 2.29 (Cf. [15, Prop. 4.4], [54, Prop. 2.26]). Suppose X € Nil4 and exp4(X) < n. Then the

A-based Adams spectral sequence for m,Home (Y, X) satisfies E:Lfrl =0 for s > n.
2.5. The descent theorem. We now specialize to the case where every object is A-nilpotent.

DEFINITION 2.30 (Balmer [7], Mathew [50] ). We say that the algebra object A is descendable or of
universal descent if 1 € Nil4 = Thick®(A) (equivalently, if C = Thick®(A)).
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When A is descendable, many properties of objects or morphisms in C can be checked after tensoring

up to A, sometimes up to nilpotence.
Proposition 2.31. Suppose A is descendable. Then if X ® A = 0, then X = 0.

PROOF. The class of all Y such that X ® Y = 0 is clearly a thick ®-ideal; if it contains A, it must

therefore contain 1, so that X = 0. ]

As another example, we have the following proposition, which can be proved using a diagram-chase. We

leave the details to the reader (or compare the discussion in [55, Sec. 4] and [50, Sec. 3]).

Proposition 2.32. Say that amap f: X - Y inCis A-zeroif 1, ® f: A® X - A®Y is nullhomotopic.
The following are equivalent:
(1) A is descendable.
(2) If I = fib(1 — A), then the map I — 1 is ®-nilpotent, i.e., there exists N such that I®Y — 1 is
null.

(3) There exists N > 1 such that if fi,..., fy are composable A-zero maps, then fy o---o f; = 0.

Proposition 2.33. Let A € Alg(C) be descendable. Let R be an algebra object in C. Suppose = € 7. R

maps to zero in m,(A ® R). Then z is nilpotent.

PRrROOF. This is a special case of the previous result. Alternatively, we can use the A-based Adams
spectral sequence to compute 7, R. Since the spectral sequence degenerates with a horizontal vanishing line

at a finite stage, we see easily that any permanent cycle in positive filtration must be nilpotent. O

Example 2.34. Suppose that 1 is a retract of A. Then clearly A is descendable, and we can take N =1
in the above. This case was considered by Balmer [6], who shows that a type of descent at the level of
homotopy (triangulated) categories holds. When A is descendable but 1 is not a retract, one still has a

descent statement, but it requires the use of co-categories which we explain below.

One of the key features of the notion of descendability is that it enables a formulation of a derived analog
of faithfully flat descent, as in [50]. This essentially uses the theory of co-categories. We refer also to [45,
Appendix D.3] for another account of these results.

If A € Alg(C), then we can form a stable co-category of A-modules Mod¢(A). If C is presentable and
A is a commutative algebra in C, then Mod¢(A) acquires a symmetric monoidal structure from the A-linear
tensor product. We refer to [44] for an oco-categorical treatment of these ideas, and the original source [20]

that developed the theory in spectra.
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The basic result is that one can recover C as the co-category of “A-modules with descent data,” if A is

descendable. This is an oco-categorical version of the classical situation in algebra, which we review briefly.

Example 2.35. We remind the reader of the classical setting in ordinary algebra as developed in [1, Exp.
VIII]. A modern exposition is in [68]. Let R — R’ be a map of commutative rings. Given an R-module M,
we can form the base-change Mr = R’ @ g M, which is an R’-module. The R'-module Mg comes with the

following extra piece of data: there is an isomorphism of R’ ® g R’-modules

ém R ®r Mp ~ Mp @ R

(coming from the fact that both are base-changed from M along R — R’ @ R’). In addition, ¢, satisfies

a cocycle condition. Namely, the map ¢p; yields two natural isomorphisms of R’ ® g R’ ® g R'-modules

R @opR 9pM~M@r R @r R’

given by (dm12 ® 1r) o (g ® dar23) and ¢pr13. In this case, we have an equality of maps ¢ur13 =
(pm12 @ 1rr) o (Lpr ® ¢ar,23); this is called the cocycle condition.

In general, an R’'-module with descent datum consists of an R’-module N’ and an isomorphism ¢ :
R ®r N ~ N ®r R’ of R’ ®r R'-modules satisfying the cocycle condition. Any R-module yields in the
above fashion an R’-module with descent datum. Grothendieck’s faithfully flat descent theorem states that,
if R — R’ is faithfully flat, this functor implements an equivalence of categories between R-modules and

R’-modules with descent datum.

Example 2.36. Consider the special case R — C. In this case, given an R-vector space V', we can form the
complexification Vo = C®gr V. The C-vector space V¢ is equipped with a C-antilinear involution ¢ : Ve — Vg
given by complex conjugation on the C factor. In this case, faithfully flat descent states that the category
of R-vector spaces is equivalent to the category of C-vector spaces equipped with an antilinear involution.
Note that we can recover V as the fixed points of the Cy-action on V. More generally, given a G-Galois
extension of fields K C L, a descent datum on an L-vector space W consists of a G-action on W which is
L-semilinear, i.e., for a scalar | € L and w € W, we have g(lw) = g(l)g(w) for g € G and g(I) € L comes

from the natural action of g on L.

In the oo-categorical setting, it is generally unwieldy to spell out explicitly the higher analogs of the
coherence condition (which are replaced by higher homotopies). However, it is possible to describe an oo-
categorical analog of the category of descent data as an appropriate homotopy limit, or as an co-category of

coalgebras. We refer also to the work of Hess [29] for a detailed treatment in a related setting.
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Let C be presentably symmetric monoidal stable co-category. As mentioned earlier, for every A €
CAlg(C), we have associated a presentably symmetric monoidal oco-category Mod¢(A). This is functorial
in A. Let Cato be the co-category of oo-categories. Then we have a functor CAlg(C) — Cats sending
A — Mod¢(A) and a map A — A’ to the relative tensor product functor A’ ® 4 - : Mode(A) — Mode(4') .

If A € CAlg(C), then we can form the cobar construction CB*(A) as a diagram in Fun(A, CAlg(C)),
i.e., as a cosimplicial diagram in C. Similarly, the augmented cobar construction CB*'¢(A) is a diagram in

CAlg(C).

DEFINITION 2.37. Let C be a presentably symmetric monoidal stable oo-category and let A € CAlg(C).

The co-category of descent data Desc(C) is given by the totalization in Catoo
(19) Desc4(C) % Tot(Mode (CB®(A))) = Tot (Modc(A) = Mode(A® A) = .. )

Note that since CB®(A) receives an augmentation from 1, we obtain a natural symmetric monoidal, cocon-

tinuous functor
(20) C — Desc4(C).

Remark 2.38. Informally, an object of Desc4(C) consists of the following:
(1) For each [n] € A, an A®("+Y_module M.
(2) For each map [n] — [m] in A, an equivalence M, ~ AP ® 401y My,

(3) Cocycle conditions for these equivalences, and higher homotopies.

This yields a generalization of the construction of Example 2.35. Note that the approach to descent
data considered in [29] is based on comonadicity, which applies in more general situations than this. In this
setting, a descent theorem will state that a comparison map of the form (20) is an equivalence.

There is a direct analog of faithfully flat descent when we work in the case C = Sp or Mod(A).

DEFINITION 2.39. A map of E,.-rings A — B is said to be faithfully flat if:

(1) mpA — moB is faithfully flat.

(2) The natural map 7B ®x,4 T«A — 7, B is an isomorphism.
In this case, one can prove an analog of faithfully flat descent for modules.

Theorem 2.40 (Lurie [45, Theorem D.6.3.1], [43, Theorem 6.1] ). Suppose A — B is a faithfully flat
map of E-rings. Then the natural map implements an equivalence of symmetric monoidal co-categories
Mod(A) ~ Descp(Mod(A)).
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A key result in the theory of “descent up to nilpotence” is that the analogous conclusion holds when
one assumes descendability. Unlike faithful flatness, descendability is a purely categorical condition, which

makes sense in any stably symmetric monoidal co-category (not only Sp).

Theorem 2.41 ([50, Prop. 3.22]). Suppose A € CAlg(C) is descendable. Then the natural functor imple-

ments an equivalence of symmetric monoidal co-categories

C ~ Desca(C).

PrRoOOF SKETCH. The descent theorem is an application of the oo-categorical version of the Barr-Beck
monadicity theorem proved in [44] (see also [63] for another approach to the monadicity theorem). As in [45,
Lemma D.3.5.7], one can identify the co-category Desc(C) with the co-category of coalgebras in Mod 4(C)
over the comonad arising from the adjunction C & Mod¢(A) given by extension and restriction of scalars.
The key point is then to show that the adjunction C = Mod 4(C) is comonadic. By the monadicity theorem,

we need to show two statements:

(1) The functor A® - : C — Mod¢(A) is conservative.
(2) The functor A®- : C — Mod¢(A) preserves totalizations in C which admit a splitting after tensoring
with A.

Statement (1) follows from Proposition 2.31. Statement (2) follows in a similar (but more elaborate) fashion:
given any X*® € Fun(A,C) such that A ® X* is quickly converging (e.g., admits a splitting), we argue that
X* is quickly converging. This means that any exact functor, e.g., tensoring with A, preserves the inverse

limit of X*® by Proposition 2.20. O

3. Examples of nilpotence

3.1. First examples of descendability. We start by giving a number of elementary examples, mostly
from [50].

Let A € CAlg(C). Then an object of C is nilpotent if it belongs to the thick subcategory of C generated
by those objects which admit the structure of A-module; in particular, A is descendable if the unit has this

property. Sometimes, we can check this directly.

Example 3.1. Let R be a commutative ring and let I C R be a nilpotent ideal. Then the map R — R/I
is clearly descendable. In fact, the (finite) I-adic filtration on R gives a filtration of R with subquotients
R/I-modules.

72



Example 3.2. Let R be a connective E-ring which is n-truncated, i.e., such that m; R = 0 for 4 > n. Then
the map R — moR = 7<oR is descendable for a similar reason: we have the Postnikov filtration of R whose

subquotients admit the structure of moR-modules (internal to Mod(R)).

Example 3.3. Suppose 1 € CAlg(C) is a finite inverse limit of A, € CAlg(C),a € I. Then [] A, is
descendable. For example, if an Eo-ring R is a finite inverse limit of Eo-rings R, then the map R — [] Ra

is descendable.

Example 3.4. Suppose R is an E-ring and X is a finite, pointed, connected CW complex. Then the map
RX = C*(X;R) — R given by evaluation at the basepoint is descendable. This is a special case of the

previous example.

Example 3.5. Suppose R is an E-ring with moR = k a field and suppose given a map R — k inducing
the identity on my. Suppose that m;R = 0 for ¢ > 0 and for ¢ < 0. Then the map R — k is descendable.
This follows from the work of [19].

In fact, we claim that if M is an R-module such that m;M = 0 for ¢ ¢ [a,b] for some a < b € Z, then
M is k-nilpotent; applying this to R itself we can conclude. Using [19, Prop. 3.3], we can induct on b — a
and reduce to the case where a = b; then [19, Prop. 3.9] implies that M is actually a k-module inside of
Mod(R).

One necessary (but not sufficient) condition for descendability of A € CAlg(C) is that the kernel of the
map .1 — 7 A consists of nilpotent elements by Proposition 2.33. In fact, an elaboration of that argument
shows that the kernel of the aforementioned map needs to be a nilpotent ideal in 7,1. Another necessary
condition is that descent for modules holds. The latter condition is again insufficient in view of the following

example.

—

Example 3.6. Let C = Mod(Z), denote the oo-category of p-complete objects in Mod(Z) ~ D(Z); this
is equipped with the p-adically completed tensor product. Let A = Z/pZ. Then tensoring with A is
conservative. Since A is dualizable, tensoring with A commutes with all limits. By the oo-categorical Barr-
Beck theorem, the natural map C — Desc¢(A) is an equivalence (cf. the discussion in [45, Lemma D.3.5.7]).

However, Z/pZ is clearly not descendable because Z, = w1 is not torsion.

Nonetheless, under strong conditions descendability is actually equivalent to this conclusion. The fol-
lowing appears as [50, Th. 3.38]; however, the proof given there uses more abstract category theory than

necessary. We give a simplified presentation here.
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Theorem 3.7. Let B € Alg(C). Suppose 1 is compact and B is dualizable. Suppose that -® B :C — C is

conservative. Then B is descendable.

PRrROOF. Note first that tensoring with DB is also conservative. In fact, this follows because B is a
retract of B ® DB ® B because B is a module over B ® DB. Note that B and DB generate the same thick
®-ideal in C.

We consider the augmented cobar construction CB*"8(B) € Fun(A™,C). It takes values in dualizable
objects; therefore, we consider the dual, DCB*"¢(B) € Fun(A™°? C). Since CB*"¢(B) ® B is split, it follows
that DCB*'®(B) ® DB is a split augmented simplicial diagram and is therefore a colimit diagram. Since
tensoring with DB is conservative, it follows that DCB*"¢(B) is a colimit diagram. It follows that the natural
map

[DCB*(B)| — 1
is an equivalence in C. The geometric realization is the filtered colimit of its finite skeleta, [DCB®*(B)| =

lim [sk, DCB®(B)|. Since 1 is compact, it follows that 1 is a retract of sk, DCB®(B) for some n. Therefore,

1 is B-nilpotent and B is descendable. ]

Even under compact generation, it is far from sufficient to assume that tensoring with an object is

conservative to guarantee descendability. We give a simple example below.

Example 3.8. Let C = Mod(Z,)). Then A = Q xF,, has the property that tensoring with A is conservative
on C, but A is not descendable. For example, the exact functor Mod(Z,)) — Mod(Z,)) given by X ()A(p)Q

annihilates any A-module but is nonzero.

3.2. Maps of discrete rings. Given the motivation of faithfully flat descent, it is a natural question

now to ask when a map of discrete rings is descendable.
Question 3.9. Let f: A — B be a faithfully flat morphism of commutative rings. Is f descendable?

In general, we do not know the answer to the above question. We can restate it as follows. Consider the

homotopy fiber sequence
(21) 1% A5B

in the derived co-category D(A). Then I = M[—1] where M is an A-module which is flat; namely, M = B/A.
It suffices to show that ¢ is ®-nilpotent, i.e., for some n, the map ¢&" : I®" — A is nullhomotopic in D(A).

Now ¢ : I — A is an example of a phantom map in D(A). We recall the definition below.
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DEFINITION 3.10. A map N — N’ in D(A) is said to be phantom if for every perfect A-module F' with

a map F — N, the composite F' — N — N’ is nullhomotopic.

We refer to [16, 59] for a treatment of phantom maps in some generality. Equivalently, a phantom map
is a filtered colimit of maps, each of which is nullhomotopic (but the nullhomotopies need not be compatible
with the filtered colimit). In general, in (21), I is a filtered colimit I = @Ma[—l], where each M, is
a finitely generated free A-module, by Lazard’s theorem (see, e.g., [67, Tag 058G]) and the induced map
M,y[—1] = M[—-1] — A is clearly nullhomotopic, which means that ¢ is phantom as desired.

In general, phantom maps are very far from being zero, but under countability conditions the class of

phantom maps can be shown to be a square-zero ideal. That is the content of the following classical result.

Theorem 3.11 (Christensen-Strickland [16], Neeman [59]). Let A be a countable ring. Then the composite

of any two phantom maps in D(A) is nullhomotopic.

The result is based on showing that homology theories in D(A) satisty Brown representability. It follows
that if A is a countable ring and A — B is faithfully flat, then B is descendable: in fact, A is B-nilpotent
of B-exponent at most two because ¢®? is nullhomotopic. Using recent work of Muro-Raventés [58], one
can extend this to show that if A has cardinality at most Ry for some k < 0o, then the composite of k + 2

phantom maps is zero. This leads to the following result:

Proposition 3.12 ([50, Prop. 3.32] or [45, Prop. D.3.3.1]). Suppose the cardinality of A is at most Ry, for

some k € [0,00). Then the answer to Question 3.9 is positive.

In general, we do not know whether Question 3.9 holds without cardinality hypotheses. Nonetheless,
the answer is positive if one assumes that A is noetherian of finite Krull dimension. We are indebted to

Srikanth Iyengar for pointing out the following to us.

Theorem 3.13. Suppose A is a noetherian ring of finite Krull dimension and suppose B is a faithfully flat

A-algebra. Then B is descendable.

PRrROOF. Keep the same notation as in (21). Choose n > dim A. Then I®" ~ M®"[—n], so that the
map ¢®" is classified by an element in Ext’y (M®" A). We claim that this group itself vanishes, so that ¢®"
is nullhomotopic.

We use [26, Cor. 7.2] to observe now that, as a flat A-module, the projective dimension of M®" is at
most dim A. Tt follows that the group Ext’y (M®", A) itself vanishes, which proves that ¢ is @-nilpotent as

desired. O
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Example 3.14. Let (4, m) be a noetherian local ring. Then the map A — A is descendable.

If we do not assume finite Krull dimension then, by contrast, we do not even know if A — Hp SpecA A,
(which is faithfully flat if A is noetherian) is descendable.

We can also easily extend Theorem 3.13 to the case of ring spectra. A map A — B of E-ring spectra
is said to be faithfully flat if 1A — moB is faithfully flat and the natural map 7, A ®r 4 9B — 7. B is an

isomorphism.

Corollary 3.15. Suppose A is an E,-ring with m9 A noetherian of finite Krull dimension and B is a faithfully
flat E-A-algebra. Then A — B is descendable.

PROOF. Again, we form the fiber sequence I % A B. Let n > dim A; then we argue that I®" — A
is nullhomotopic. In general, given Ny, Ny € Mod(A), we have the usual spectral sequence (cf. [20, Ch. TV,
Th. 4.1])

By = Ext)’ ) (m(N1),m(N2)) = m—sHoma(Ni, Na).

Note that ¢ induces zero on homotopy, so it is detected in filtration at least one in the Ext spectral sequence.
It follows that ¢®" is detected in filtration at least n in the Ext spectral sequence. However, we deduce
already (using [26, Cor. 7.2]) that everything in filtration > n of the Ext spectral sequence for Hom 4 (1™, A)

vanishes, so that #®” must vanish. O

We have already seen some examples where a map which is far from faithfully flat is nevertheless
descendable, for example the quotient by a nilpotent ideal. Here is another example. We refer to [11, Prop.
5.25] for a more general statement, showing that the condition of descendability in the noetherian case is

equivalent to being a cover in the h-topology. As this special case is elementary, we illustrate it here.

Theorem 3.16. Let f : A — B be a finite map of noetherian rings such that ker f is nilpotent (equivalently,

SpecB — SpecA is surjective). Then f is descendable.

L
In this proof, we will break with convention slightly and indicate derived tensor products by ®. This is

to avoid confusion, as we will also work with strict quotients by ideals.

PROOF. Let Z C SpecA be a closed subscheme, defined by an ideal J C A. We consider the condition
that A/J — B/JB is descendable. Using Example 3.1, one sees that this only depends on the radical of J.
Thus we can consider the condition on closed subsets of SpecA.

By noetherian induction, we may assume that the condition holds for all proper subsets of SpecA, i.e.,
that if J is a non-nilpotent ideal, then A/J — B/JB is descendable. We then need to prove that A — B is

descendable.
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First assume that SpecA is reducible. Let {p;} be the minimal prime ideals of A. Then the map
A — I, A/p; is descendable since the intersection of the p; is nilpotent. By hypothesis, A/p; — B/p;B is
descendable because no p; is nilpotent. However, now by a transitivity argument it follows that A — B is
descendable.

Thus, we may assume that SpecA is irreducible, so that it has a unique minimal prime ideal p, which
is nilpotent. Replacing A, B by A/p, B/pB, we may reduce to the case where p = 0 so that A is a domain.
This forces A — B to be injective. Let K(A) be the quotient field of A. Since B ®4 K(A) is finite free
over K (A), there exists a nonzero f € A such that By is finite free over Ay, so that Ay — By is clearly
descendable.

In particular, the map ¢ in (21) gives an element of Ext} (B/A, A) which is f-power torsion. Suppose
fN¢ = 0. Note that A/(f) — B/(f) is descendable by the inductive hypothesis; therefore, so is A/f —
B (% a A/f. Tt follows that ¢®" becomes nullhomotopic after (derived) base-change along A — A/f for
some n. Consider the object Hom p(4)(B/A*®", A) € D(A) in which ¢®" lives in mo. Since B/A is a finitely

generated A-module, we see easily that we have an equivalence in D(A/f),
L®n L L®n L
HOIIID(A)(B/A 7A) ®a A/f:HomD(A/f)(B/A ®A/f7A/f)

L
Let N € D(A). The long exact sequence associated to the cofiber sequence N LNS NG A A/ f shows

L
that if x € moN maps to zero in N ®4 A/f, then z is divisible by f. Taking N = Hompy) (B/AX®" A),
we see that we have ¢®" = f1) for some ) € ﬂoHomD(A)(B/A]L@@”, A). It now follows that as fN¢ = 0, we

have ¢®"N+1 = (0. This proves that A — B is descendable. O

We refer to [11, Sec. 5] for some applications of these ideas in the setting of perfect rings, and in

particular h-descent for quasi-coherent sheaves.

3.3. Galois extensions. In this subsection, we note another example of descendability: the Galois

extensions studied by Rognes [64]. We begin with an important special example.
Proposition 3.17. The map KO — KU is descendable.

PROOF. We use the basic equivalence, due to Wood, of KO-module spectra
(22) KU ~ KO A Ch,

where Cn ~ Y ~2CP? denotes the cofiber of the Hopf map, and now the fact that 7n is nilpotent. Namely,

the equivalence (22) implies inductively by taking cofiber sequences that KO A Cn™ is KU-nilpotent for
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n > 1. Since n* = 0,® we find that KO itself is K U-nilpotent, as desired. We note that this argument is

very classical and appears, for example, in the proof of [12, Cor. 4.7]. ]

The analog also works for the map of connective spectra ko — ku, because the equivalence (22) passes
to the connective versions as well.

We note a basic phenomenon here: the homotopy groups of KU are very simple homologically, i.e.,
7. (KU) ~ Z[B*']. By contrast, the homotopy groups of KO have infinite homological dimension, 7, (KQ) =~
Zn,ta,uT)/ (20,7, 15 = 2ug). As a result, it is generally much easier to work with KU-modules than with
KO-modules. Note that this simplification of the homological dimension is very different from the setting
of faithfully flat descent.

There are more complicated versions of this. For example, we have a map of E.-rings tmf,) —
tmf;(3)2). Here tmf ) has extremely complicated homotopy groups, while m.tmf;(3) ) ~ Z)[v1, vo] as in
[39]. In [51], it is shown that there is a 2-local finite complex DA(1) such that tmf ;) A DA(1) ~ tmf;(3)(y),
a result originally due to Hopkins-Mahowald. Here DA(1) has torsion-free homology, and by the thick
subcategory theorem [35], the thick subcategory that D A(1) generates in spectra contains the 2-local sphere.

Therefore, tmf o) — tmfy(3)(9) is easily seen to be descendable.

DEFINITION 3.18 (Rognes [64]). Let G be a finite group. A faithful G-Galois extension of an E,-ring
A consists of an E,,-A-algebra B together with a G-action such that:
(1) The natural map A — B"“ is an equivalence.
(2) The natural map B®4 B — [[ B is an equivalence.
(3) ®aB is conservative on Mod(A).

Example 3.19. Let A — A’ be a G-Galois extension of commutative rings (i.e., SpecA’ — SpecA is a
G-torsor in the sense of algebraic geometry in the étale topology). Then the induced map on associated

Eo-rings is Galois in Rognes’s sense.

Example 3.20. The fundamental example of a Galois extension is that KO — KU is a faithful Cs-
Galois extension, where Cs acts on KU via complex conjugation. The extensions of connective spectra

tmf 5y —— tmf(3)(2) are not Galois, but the periodic analogs fit into a Galois picture. Compare [53].
Proposition 3.21. Suppose A — B is a faithful G-Galois extension. Then A — B is descendable.

PrROOF. In fact, B is dualizable as an A-module by [64, Prop. 6.2.1]. Since tensoring with B is
conservative on Mod(A), the result now follows from Theorem 3.7. O
3In fact, 3 = 0 in 7« (KO).
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We refer to [50] for more details on the relationship between Galois theory and descendability. In
particular, a treatment is given there of how one can fit Rognes’s theory into the “axiomatic Galois theory”
of [1]: the Galois extensions are precisely torsors with respect to descendable morphisms.

We end this subsection by describing how the general descent theorem (Theorem 2.41) applies in the case
of a Galois extension. If A — B is G-Galois, then the G-action on B induces a G-action on the co-category
Mod(B). The following result has been observed independently by many authors. Compare in particular

21, 28, 57, 9].

Theorem 3.22 (Galois descent). Suppose A — B is a faithful G-Galois extension. Then we have an

equivalence of symmetric monoidal co-categories Mod(A) ~ Mod(B)h¢.

This result can also be proved for G-Galois extensions when G is not necessarily finite (which we do not
discuss here). We refer to [50, Th. 9.4] for the statement when G is allowed to be a topological group and

[49] for an application.

Remark 3.23. We refer to [56, 27] for a description of how these results can be used to calculate Picard
groups of ring spectra. For instance, it is possible to calculate the Picard group of KU-modules relatively
directly using the homotopy groups of KU (compare [4]), while invertible modules over KO can then be

determined by descent.

3.4. The Devinatz-Hopkins-Smith nilpotence theorem. The following result is fundamental for
all the applications of nilpotence in stable homotopy theory: a criterion for the nilpotence of elements in
ring spectra. Throughout, we work in C = Sp.

We let MU denote the E,,-ring spectrum of complex bordism. We will also need to use the ring spectra
K (n) associated to an implicit prime p and a height n. These are no longer E,, but they are E;-ring spectra.

We have 7, K (n) ~ F,[vl] with |v,| = 2(p" — 1).

n

Theorem 3.24 (Devinatz-Hopkins-Smith [18]). If R is a ring spectrum and « € m.(R) maps to zero in
MU, (R), then « is nilpotent.

Corollary 3.25 (Hopkins-Smith [35]). Let R be a ring spectrum and let o € m,.(R). Then the following
are equivalent:
(1) « is nilpotent.
(2) The image of a in K (n).(R) for each implicit prime p and 0 < n < oo is nilpotent. Similarly, the
image of o in (HF,).(R) for each p and HQ,(R) is nilpotent.
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We remark that the benefit of the above results is that the K(n). and MU,-homology theories are
much more computable than stable homotopy groups itself. That is, while MU, and K(n), are much easier
to work with than m,, they are still strong enough to detect nilpotence. Our goal in this subsection is to
explain how one can interpret the nilpotence theorem in terms of exponents of nilpotence. This subsection
is essentially an amplification of remarks of Hopkins [32].

We remark first that Theorem 3.24 would be immediate if we knew that MU was descendable in spectra.
It is also immediate for ring spectra which are MU-nilpotent. This is not the case, as there are nontrivial
spectra Y with MU AY = 0, for instance the Brown-Comenentz dual of the sphere (cf. [36, Lem. B.11]).
Nonetheless, a partial version of this statement holds in some generality.

As explained in [18], it suffices to assume that R is connective in Theorem 3.24. Let X be a connective
spectrum. In this case, while X need not be MU-nilpotent, the truncations 7<;X are necessarily MU-
nilpotent because they can be finitely built from Eilenberg-MacLane spectra, which are themselves MU-
nilpotent in view of the map MU — HZ. The MU-exponents of nilpotence of 7<; X turn out to give
an equivalent formulation of the nilpotence theorem. We will in fact formulate a general question for a
connective ring spectrum.

For simplicity, we work localized at a prime number p.

DEFINITION 3.26. Let R be a connective p-local ring spectrum with moR = Z,) and m;R a finitely

generated Z,y-module for all i. We define the function fg : Z>¢ — Z>¢ via the formula

fr(k) = eXPR(TS(kﬂ)S?p))-

In general, it is probably impossible to calculate fr(k) exactly except in very low degrees, but we ask

the following general question.
Question 3.27. What is the behavior of the function fr(k) as k — co?

We note first that the function fr is subadditive, i.e., f(ki + ko) < f(k1) + f(ke); this follows from
the cofiber sequence 7k, 1, +1,~1)S(,) —> T<ki+ka—15(p) = T<ky—15(,) and the fact that 7, x,+k,-157,) 18 a

module over T§k2_15?p). It follows that

lim fr(k)

k—o0 k

exists, and as fr(1) = 1 we find that this limit is between 0 and 1.

Proposition 3.28. The following are equivalent:

(1) fr(k) <m.
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(2) Let X be a connective p-local spectrum and let ¢ < k—1. Any o € m; X of R-based Adams filtration

at least m vanishes. It suffices to take X with finitely generated homology.

Proor. This follows from a straightforward diagram chase. Suppose fr(k) < m and fix o € m; X of
filtration at least m, for some i < k — 1. Let Iz be the fiber of the unit S?p) — R. By the discussion of the

Adams tower in sec. 2, we then have a lifting of « : Sgp) — X through I3™ A X and form the diagram

P2
Iﬁm ANX —— I}/%m ANX /\Tgk_lso

| P

«@ p1

7 0
S(p) X X/\Tgkfls(p)

The hypothesis that fr(k) < m implies that the map Ip™ A7T<p_1 S?p) — Tgk,lS?p) is nullhomotopic. Hence
the smash product with X, which is the right vertical map in the diagram, is also nullhomotopic. Since the
map p; is an isomorphism on 7;, the commutativity of the diagram now implies that « is nullhomotopic.
Now suppose that the second hypothesis holds. We need to show that the map Ip™ A Tgk,lS?p) —
Tgk,lS?p) is null. Since R has finitely generated homology, it suffices to show that if F' is a p-local finite

connective spectrum with cells in degrees up to k — 1 equipped with a map F' — I3™, then the composite
¢:F — I}/—x\»m A Tgk_lsgp) — TSk_lsgp),

is nullhomotopic.
The composite ¢ is of R-based Adams filtration at least m. It follows that the adjoint map a : S?p) —
Tgk_ls?p) ADF also has R-based Adams filtration at least m. Since the cells of F' are in degrees up to k — 1,

it follows that ©*~'DF is connective. Thus, we obtain a map

a5 = B ey 150, ADF

which has Adams filtration > m, and where the target is connective. It follows that ¥~ 'a is null by our

hypotheses, which implies that ¢ is null as desired. O

Proposition 3.29. Let R be a connective ring spectrum with moR = Z ), m; R finitely generated over moR,
and suppose that fr(k) = o(k) as k — oo. Then R detects nilpotence, i.e., if R’ is a connective p-local ring

spectrum and a € 7, (R’) maps to zero in 7, (R A R’), then « is nilpotent.

PRrOOF. Let R’ be a connective p-local ring spectrum and let « € 7, (R’) map to zero in m,(RA R') =

Tn(R A T<pR'). For each m, it follows that o™ is detected in R-based Adams filtration at least m in
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Tnm (T<nmR'). Once m is chosen large enough such that
expp(T<pmR') < fr(nm + 1) <m,

it follows that a™ = 0 by Proposition 3.28, which proves that « is nilpotent as desired. ([l

We then have the following equivalent reformulation of the nilpotence theorem.

Theorem 3.30 (Nilpotence theorem, equivalent reformulation). We have fyu,, (k) = o(k) as k — oco. In

particular, if X is a connective p-local spectrum, then expyy,  (7<xX) = o(k) as k — oo.

Proor. This will follow from the results of [18] as well as the general vanishing line arguments of [35].
Fix a connective p-local spectrum X and € > 0. Taking direct sums, we can assume that X is actually chosen
so that it attains the bound given by fuy,,: that is, we can assume for each k > 0, there exists a nonzero
oy € mp—1X of filtration fMU(p)(k).

We claim that there exist N, M such that in the MU,)-based Adams spectral sequence for X, we have
EY' = 0if s > e(t—s)+ M. Tt follows from [34] that the class of X with this property is thick. By [18, Prop.
4.5], it follows that there exists a finite torsion-free p-local spectrum F' such that X A F' has this property
(in fact, we can take N = 2). It follows that X has this property in view of the thick subcategory theorem
of [35].

Choose N, M such that we have the vanishing line E3' = 0 if s > €(t —s)+ M. Then the Adams-Novikov
spectral sequence together with assumption that the ay exist show that fasv,, (k) < ek + O(1). Since € was

arbitrary, it follows that fury,, (k) = o(k) as k — oo. O

Remark 3.31. In [32], Hopkins explains this result in the following (equivalent) manner: the Adams-
Novikov spectral sequence (i.e., the spectral sequence based on the cosimplicial object CB*(MU,) A R),
which always converges for R connective, has a “vanishing curve” of slope tending to zero at E.,. That
is, there is a function ¢t — ¢(t) with ¢(t) = o(t) such that any element in m;(R) of filtration at least ¢(¢)
vanishes. We can take ¢(t) = fumu,,, (t + 1) in our notation. Hopkins also raises the more precise question
of the behavior of fuu,, () as t — oo, and suggests that fuy,,, (t) ~ t'/2. Hopkins actually works in the

integral (rather than p-local setting).

We now explain the situation when R = HZ,). Of course, HZ, is very insufficient for detecting
nilpotence. So we should expect fuz,, (k) # o(k). In fact, we can determine its behavior.

Suppose X is a connective p-local spectrum and suppose that X is n-truncated, i.e., m;X = 0 if i ¢ [0, n].
Then, by induction on n and the Postnikov filtration, we find easily that exp gy, o (X) <n+1. One can do

somewhat better.
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Proposition 3.32. We have fgz (k) = Tké + O(1).

PrOOF. This is based on the vanishing line in the HF)-based Adams spectral sequence. Compare [52,
Prop. 3.2-3.3]. The argument there shows that expyz (TSkS?p)) < 21)%2 + O(1). In fact, it shows the

stronger claim that expyp (7)1, S?p)) < 21%2 +0(1).

To see the converse, we consider the ring spectrum ku/p. The element v1 € map_2(ku/p) maps to
zero in moy, o(HZy) A (ku/p)) C mop_o( HF, A (ku/p)). However, vy is not nilpotent. It follows that
v} € Tp(2p—2)(ku/p) has HZy,)-Adams filtration at least n. It follows from this and Proposition 3.28 that

frz,, (n(2p —2) +1) > n + 1. This proves the claim. O

We can also ask intermediate questions. We have a whole family of ring spectra interpolating between
MU and HZ,. Since we are working p-locally, it is easier to replace MU with BP. We then have the
family of ring spectra BP (n). Essentially by construction, BP (n) does not see v,,1-fold periodicities and
higher; for instance, BP (n) is annihilated by the Morava K-theories K (m) for m > n+ 1. This leads to the

following question:

Question 3.33. For R = BP (n), do we have

1

. 0 o
dm o exPrpe) (T<kSt) = g gy

We can also ask for the value of this limit for other intermediate connective ring spectra, such as TSnS?p)

and the X (n)-spectra used in the proof of the nilpotence theorem [18].

At n = 1, closely related questions have been studied. In [46, Th. 1.1], Mahowald shows that the
ko-based Adams spectral sequence for the sphere has a vanishing line at E., of slope % At odd primes, this
has been considered in the work of Gonzalez [22]. In particular, in [22] it is shown that the ku-based Adams
spectral sequence for S° has a vanishing line at Es of slope (p? —p—1)~!. We can recover the corresponding

statement for the exponents as follows.

Example 3.34. Let n =1 and p be an odd prime. Let [ be a topological generator of 1 + pZ,. Let Ell be

the p-adic Adams summand of @p Then we have a natural map

—

.
(59), — fib(Ell ~—% £27—2E]),

which is an equivalence in degrees below degree 2p? — 2p — 2, where the first S-element 3; occurs. In fact,

—

L_
the map (S?), — fib(Ell vy ¥2P=2Ell) detects precisely the image of the J-homomorphism, and (3 is the

first class in p-local stable homotopy which does not belong to the image of J.
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Thus the p-completion 7 z_2p_2)§ap has exponent < 2 over Ell. It follows from this that fy, (2p? —

2p
2p—2) = fen(2p? —2p—2) < 2. In fact, we can apply Proposition 3.28: if X is a connective p-local spectrum
with finitely generated homology and i < 2p? —2p—2, then any « € 7;(X) of ku-filtration at least 2 vanishes.

This follows from expg, (T<(2p2,2p,2)50p) < 2 and passage to p-completion everywhere. As a result, since

fru(+) is subadditive, limg o0 fru(k) < pg_lp_l.

3.5. The Hopkins-Ravenel smash product theorem. In this subsection, we briefly discuss the
role of nilpotence in the smash product theorem of Hopkins-Ravenel. We refer to [61] for an account of this
result. See also the course notes [41].

Fix a ring spectrum FE.

DEFINITION 3.35 (Bousfield). A spectrum X is E-local if for all spectra Y with F A'Y contractible,
we have [Y, X], = 0. To any spectrum X, we have a universal approximation LrX equipped with a map

X — LgX with the following two properties:

(1) X — LgX becomes an equivalence after smashing with E.

(2) LgX is E-local.

This is called the E-localization of X.

Since E is a ring spectrum, we see that if X = E A X' for any spectrum X', then X is E-local. As

E-local spectra form a thick subcategory of Sp, it follows that any E-nilpotent spectrum is also E-local.

DEFINITION 3.36. We say that a localization Lg is smashing if for all spectra X, the natural map
LpS° A X — LgX is an equivalence. This holds if and only if Lg commutes with arbitrary wedges (i.e.,

direct sums).
Suppose that E is an E;-ring spectrum. Then we can form the cobar construction CB®*(FE) € Fun(A, Sp).

Proposition 3.37. Suppose the Tot tower of the cobar construction CB®(E) is quickly converging. Then:

(1) The inverse limit of CB*(E) is given by LgS°.
(2) Lg :Sp — Sp is a smashing localization.

(3) The spectrum LgS° is E-nilpotent.

PROOF. Since CB*(E) is quickly converging, it follows that

E A Tot(CB*(FE)) ~ Tot(E ACB®*(F)) ~ F
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as E A CB*(E) admits a splitting. Therefore, the map S° — Tot(CB®*(E)) becomes an equivalence after
smashing with E. Since Tot(CB®*(E)) is clearly E-local (as an inverse limit of E-local objects), (1) follows.

Since the tower is quickly converging, it follows that the limit LS is E-nilpotent. (]

Let E,, denote Morava E-theory. We refer to [62] for a treatment of F,, and a proof that it is an E;-ring
spectrum (in fact, it is Eo, by the Goerss-Hopkins-Miller theorem). We then have the following fundamental

result.

Theorem 3.38 (Hopkins-Ravenel). The cobar construction CB*(E,,) is quickly converging. Therefore, L,

is a smashing localization.

By Proposition 2.21, the Hopkins-Ravenel theorem implies that the F,-based Adams spectral sequence
for any L,,S°-module has a horizontal vanishing line at some finite stage. Actually, the proof of the Hopkins-
Ravenel theorem is based on proving this uniform vanishing line. Then one uses the following crucial result.

We refer to [41, Lecture 30] for an exposition.

Proposition 3.39. Suppose X*® is a cosimplicial object. Suppose that there exists N, h such that for every
finite spectrum Y, the BKSS for m,(Tot(X® AY)) has the property that E3" = 0 for s > h. Then X* is

quickly converging.

Remark 3.40. This result is not totally general: it relies on the fact that the composite of two phantom
maps of spectra is zero, which is not true in more general categories replacing Sp.
4. Nilpotence and group actions

In this section, we discuss some of the relationships between nilpotence and finite group actions, in

particular the F-nilpotence theory of [55, 54].

4.1. Group actions. Let C be a presentably symmetric monoidal stable co-category. Fix a finite group
G. We consider oco-category Fun(BG,C) of objects in C equipped with a G-action. With the tensor product

inherited from the one on C, this is also a presentably symmetric monoidal stable co-category.
Construction 4.1. We have the homotopy fixed point functor
Fun(BG,C) — C, X~ Xh¢

which is the (lax symmetric monoidal) right adjoint to the symmetric monoidal left adjoint functor triv :

C — Fun(BG, C) which equips an object with the trivial action.
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We also have the homotopy orbits functor
FUH(BG,C) —>C, X — Xna,

which is the left adjoint to triv.

In general, the homotopy fixed point functor is not a finite homotopy limit, because BG cannot be
modeled by a finite simplicial set. This is a basic difference between algebra and homotopy theory: in
algebra, forming the fixed points for a finite group action is a finite inverse limit. By contrast, in homotopy
theory, the homotopy fixed points X"“ can be much bigger than X. (Similarly, X is not a finite homotopy

colimit.)

Construction 4.2. For any X € Fun(BG,C), we have a natural transformation
Nx : Xpg — XhG

called the norm map. We refer to [42, Sec. 2.1] for the construction in this setting, though it goes back to

work of Greenlees-May [24]. The cofiber of the norm map is called the Tate construction X*“.

In this subsection, we will start by describing an instance where homotopy fixed points behave more like

a finite limit.

DEFINITION 4.3. We let DG € Fun(BG, Sp) be the Spanier-Whitehead dual to the space G, equipped
with the G-action by translation.

The natural symmetric monoidal functor Sp — C yields a symmetric monoidal functor Fun(BG, Sp) —
Fun(BG,C) and we will write DG also denote the image. We have DG, € CAlg(Fun(BG,(C)), i.e., it is

naturally a commutative algebra object.

DEFINITION 4.4. We also have a forgetful functor Res : Fun(BG,C) — C which remembers the underlying

object, and this functor has a biadjoint
Colnd : € — Fun(BG,C), X — [][ X,
G

called coinduction. Given an object X of C, this is the indexed product of G copies of X, with G-action

permuting the factors.

We will need some basic facts about DG :
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(1) For any X € Fun(BG,C), the object X ADG € Fun(BG,C) has the property that (X ADG, )" ~
X. In fact, X ADG4 ~ Colnd(ResX), which easily implies the description of the homotopy fixed
points.

(2) Since Colnd is also the left adjoint to Res, it follows that

(X ADG4)pg ~ <\/ X) ~ X,
G

hG
so that the homotopy orbits are also given by X. In fact, the Tate construction is contractible in
this case and the norm map is an equivalence.
(3) The co-category of DG y-modules in Fun(BG,C) is equivalent to C itself. This follows as in [55,
Sec. 5.3].

We can now make the main definition of this subsection.
DEFINITION 4.5. We will say that an object X € Fun(BG,C) is nilpotent if it is DGy -nilpotent.
Proposition 4.6. When X € Fun(BG, C) is nilpotent, then X*¢ = 0.

PrOOF. The Tate construction is exact and it annihilates any object of the form Y A DG . Therefore,

it annihilates X by the evident thick subcategory argument. O

We have the following basic result. All of this is as in Section 2. In the case C = Sp, then we can identify

the homotopy fixed point spectral sequence with the DG -based Adams spectral sequence in Fun(BG, Sp).

Proposition 4.7. When X € Fun(BG,C) is nilpotent, the following happen:
(1) X% belongs to the thick subcategory of C generated by X.
(2) If C = Sp, the homotopy fixed point spectral sequence for X"¢, H*(G;7.X) = m,.X"Y, collapses
with a horizontal vanishing line at a finite stage.
(3) Any exact functor C — C induces a functor Fun(BG,C) — Fun(BG,C) which preserves nilpotent

objects.

Going in reverse, we can also describe the Tate construction in the following manner. See also [37],

which uses a version of this as the characterization.

Construction 4.8. Let X € Fun(BG,C). We can write X € Fun(BG,C) as an Z-indexed colimit X =
lim X; where X; € Fun(BG,C) is nilpotent. For example, we can take X ~ (X A DGy )ng where DG, €
Fun(BG, Fun(BG, Sp)) ~ Fun(B(G x G), Sp) via the right and left multiplication of G on itself. Then

X' = cofib(liy X'“ — X").
s
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We now observe that for an algebra object, Tate vanishing is actually equivalent to nilpotence.

Theorem 4.9. Suppose the unit 1 € C is compact. Let R € Fun(BG,C) be an algebra object. Then the
following are equivalent:

(1) The Tate construction vanishes, i.e., R*“ = 0.

(2) R is DG 4-nilpotent.

PROOF. We refer also to [30, Cor. 10.6] for a result in a similar flavor. For an abstract result including
this (and others), see [55, Th. 4.19].

Let EG, denote the usual simplicial model for the G-space EG, so that EG, = G"*!. Let sk,EG
denote the n-skeleton of the geometric realization |EG,|. Then in the category Fun(BG,C), we have an
equivalence

R~ lig R A sk, BG .

Since R'“ = 0, it follows that we have an equivalence of R"“-modules
R" ~lim(R A sk, EG.)",
n

and the unit 1 € moR"® belongs to the image of the natural map (R A sk, EG,)"¢ — RRC for some n
(as 1 is compact). It follows from this that in Fun(BG,C), R is a retract of R A sk, EG, which is clearly

nilpotent. (Il

Example 4.10. Let A — B be a faithful G-Galois extension, so that B € Fun(BG,Mod(A)). Then B is
nilpotent. In fact, we know that B'“ = 0 [64, Prop. 6.3.3] so we can apply Theorem 4.9. Alternatively,
B ®4 B ~[] B is clearly nilpotent, and then one can argue that B is nilpotent since B is descendable as

an A-algebra by Proposition 3.21.

Example 4.11. Suppose multiplication by |G| is an isomorphism on every object in C (equivalently, 7,1 is

a Z[1/|G|]-algebra). Then Tate constructions in C vanish.

We will now study the case G = C} in some detail. In certain situations, we will be able to give another

description of the co-category Fun(BC),C) and of what nilpotence entails.

DEFINITION 4.12. Let V' be the one-dimensional complex representation of C, (choosing a primitive
pth root of unity) and let SV denote its one-point compactification. We have a natural map of Cp-spaces
e : S — SV including the points at 0 and co. We will use the same notation for the associated map
in Fun(BC), Sp) obtained by taking suspension spectra. We write e” for the induced n-fold smash power
SO — SV,
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We now have the following basic result about nilpotence. In various forms, this argument is crucial to
all aspects of this theory. It appears, for example, in the work of Carlson [14] on Quillen stratification (to
be discussed further in the next section), and in a general form it appears in the derived induction and

restriction theory of [54].

Proposition 4.13. Let X € Fun(BC,,C). Then X is nilpotent if and only if X Ae” : X — X A S™V is

nullhomotopic in Fun(BC),C) for some n > 0.

PrOOF. Note first that e A DG is nullhomotopic. This can be seen using the self-duality DG ~ G
and the nullhomotopy is at the level of G-spaces itself. It follows that e A DG4 A'Y is nullhomotopic for
any Y € Fun(BC,,C), and it follows by a thick subcategory argument that if X € Fun(BC), () is nilpotent,
then e™ A X is null for some n.

Conversely, we let S(nV) denote the unit sphere in the Cp-representation nV = V®" and consider the
cofiber sequence

S(nV), — S0 % snV

in Fun(BC), Sp), called the Euler sequence. If X A e™ is nullhomotopic, it follows that X is a retract of
X AS(nV)4 in Fun(BC,, C). Now one sees that this is nilpotent using the fact that S(nV), admits a finite

Cp-cell decomposition with free cells. O

DEFINITION 4.14. Let R be an E.-ring. R is complex-oriented if there exists a map of E;-rings

MU — R. In this case, we have an identification®
RASY ~¥2R € Fun(BC,, Mod(R)),

so that the map e becomes a map R — %2R in Fun(BCp, Mod(R)), which is classified by an element
B € R*(BC,).

In this case, we can formulate an equivalence of categories that further illuminates the condition of
nilpotence of a C),-group action. We first recall the setup; see also the discussion of “unipotence” in [55], of
which this is another form. Let R be an E,-ring spectrum. Then for any finite group G, we have a natural

adjunction of presentably symmetric monoidal stable co-categories
Mod(C*(BG; R)) < Fun(BG, Mod(R)),

4Stated another way, if BGL1(R) denotes the classifying space of rank 1 R-modules, then the composite BCp, — BGL1(R)
classifying the representation sphere is nullhomotopic. We refer to [2] for a detailed treatment.
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where the right adjoint sends X € Fun(BG,Mod(R)) to X"“. This adjunction is generally far from an

equivalence; nonetheless, sometimes it can come close.

Theorem 4.15. Suppose R is an complex-oriented E,-ring. Then:
(1) The above adjunction induces an equivalence of symmetric monoidal co-categories
Fun(BC,, Mod(R),) ~ Mod(C*(BCy; R)) ()

between the co-category of p-complete R-modules with a Cj-action and the co-category of (p, 3)-
complete C*(BC); R)-modules.

(2) An object of Fun(BCp, Mod(R),)) is nilpotent if and only if the S-action on the corresponding
C*(BCp; R)-module is nilpotent.

PRrROOF. Consider first the functor
(23) F : Mod(C*(BCy; R)) = Fun(BC)p, Mod(R)),

which carries C*(BCp; R) to R equipped with trivial Cp-action. It is clearly fully faithful on the thick
subcategory generated by C*(BC,; R). Now the cofiber of 8 : R — %?R is carried by F to RA S(V)4 €
Fun(BCp,Mod(R)). Since every object in Fun(BC),, Mod(R)) is complete with respect to smashing with

S(V)1 € Fun(BC,, Sp), it follows that F' factors through the S-completion, so we obtain a functor
(24) Mod(C*(BC); R))s — Fun(BC,, Mod(R)),

which, again, carries C*(BC); R) (which is -complete) to R equipped with trivial Cp-action. In particular,
it carries the cofiber of 8 to RAS(V),. Equivalently, we observe that the right adjoint to F, given by taking
Cp-homotopy fixed points, lands inside S-complete objects. We can then p-complete everywhere to obtain

another functor

(25) Mod(C* (BCy; R)) ,5) — Fun(BCy, Mod(R),).
Now the cofiber of 3 is a compact generator for Mod(CT(B?Cp;R))ﬂ7 and the image R A S(V); €
Fun(BC)p,Mod(R)) is compact, since S(V)4 is built from finitely many free Cp-cells. Similarly, the iter-

ated cofiber C*(BCy; R))/(p, B) is a compact generator for Mod(C*(BCy; R)),, 4, and it corresponds to the

—

compact object R A S(V)+/p € Fun(BCp, Mod(R),)).
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We claim in fact that R A S(V)4/p is a compact generator for Fun(BC,, Mm)p). In fact, there is a
cofiber sequence in Fun(BC,, Sp)
z—1
Cps ™5 Cpe = S(V)s

where z denotes multiplication by a generator of Cj,. Smashing with R/p, we obtain a cofiber sequence

R/pACpr S RIpACpr — RIpAS(V)4,

o —

in Fun(BCp, Mod(R),). In particular, using the identification Fun(BCj, Mod(R)) ~ Mod(R[C,]), we find
that R/pAS (V)4 is the cofiber of multiplication by z—1 on R[C),]. However, z—1 is nilpotent on R/pAC)p4 =~

o —

R[Cp]/p. Therefore, the thick subcategory of Fun(BCp, Mod(R),) generated by R/p A S(V)1 actually

—

contains R/p A Cp, which is a compact generator for Fun(BCp, Mod(R),,). It follows that R/p A S(V)4 is
a compact generator for Fun(BCy, Mm)p).

It follows that our comparison functor (25) carries a compact generator of the source to a compact
generator of the target, and it is fully faithful on the thick subcategory generated by the compact generator
in the source. It follows now that (25) is an equivalence, as desired.

Finally, we need to connect the notions of nilpotence on both sides of (25). Note that X € Fun(BC,, M@) »)
is nilpotent if and only if X is a retract of X A S(nV')4 for some n. An object YV of Mod(CT(EC’p; R)), g has
nilpotent S-action if and only if Y is a retract of ¥ A C*(BCp; R)/8™ for some n. Since C*(BC)y; Ep)/ﬂn

and Ep A S(nV)4 correspond under the equivalence of (25), the second assertion follows. O

We will now connect this to the Tate construction.

Proposition 4.16. Let R be a complex-oriented E.-ring. The Tate construction Fun(BC),, Mod(R)) —
Mod(R) is given by the composite

o — —

Fun(BC,, Mod(R)) 5 Fun(BC,, Mod(R),) ~ Mod(C*(BCy; R)) ,, -

, —— Mod(R),

where the last functor is given by inverting 8. In particular, R‘“» = C*(BC,, ﬁp)[ﬁfl].

PRrROOF. This follows from the description of the Tate construction in Construction 4.8. Note first that
the map M — M\p induces an equivalence on Tate constructions; this follows from the usual arithmetic
square, to which the other terms do not contribute after applying ()!“». Fix M € Fun(BC,, Mod(R)). We
write M as the colimit M =~ lim M A S(nV)4 in Fun(BC),, Mod(R)). It follows that

M'r = cofib (@(M A S(nV) ) — thp> = lim(M A S™V)"Cr.
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Now in view of the complex orientation we can identify this last colimit with multiplication by f, i.e.

MhCr B 52 phCe B

which proves the claim. ([l

As a result, we are able to prove a unipotence result for associative ring spectra with Tate vanishing.
The main example is given by the Morava K-theories. We can view this as a form of the convergence of the

Eilenberg-Moore spectral sequence as in [10].
DEFINITION 4.17. We will say that a p-local ring spectrum R satisfies Tate vanishing if R*“» = 0.

Corollary 4.18. Suppose R is an E;-ring spectrum in Mod(MU). Suppose p is nilpotent in 7o R. Then the
following are equivalent:

1) R =0.
2) The trivial Cp-action on R is nilpotent.

(1)
(2)
(3) The comparison functor (23) is an equivalence of co-categories Mod(C*(BC); R)) ~ Fun(BC),, Mod(R)).
(4) The image of 3 € MU?(BC,) in R*(BC)) is nilpotent.

PROOF. We consider the equivalence 1\//10\d(C'* (BCp; MU)) p,5) =~ Fun(BC,, MWU)F) of Theorem 4.15.
We have an E;-algebra object given on the right-hand-side by R with trivial Cp-action and by C*(BC); R)

on the left-hand-side. We can thus take module categories with respect to this algebra on both sides. Since

p is nilpotent in mo R, we thus obtain an equivalence
Mod(C*(BCy; R))s ~ Fun(BC,, Mod(R)).

The desired equivalences now follow in view of this and Proposition 4.16. For example, if 8 maps to a

nilpotent class in R?(BC,), then every module over Mod(C*(BC,; R)) is automatically S-complete. O

Example 4.19. The Morava K-theories K(n) satisfy Tate vanishing. In fact, K(n) is complex-oriented
and as K(n)*(BC)) is a (Z/2(p™ — 1)-graded) finite-dimensional vector space, it follows that any element
of the augmentation ideal, such as 3, is necessarily nilpotent. Compare [25]. Compare also [31, Sec. 5] for
generalizations of these equivalences. For example, one can replace C, by any p-group, or in those cases by

appropriate w-finite spaces.

Remark 4.20. It is also known that Tate vanishing holds telescopically. Let F be an associative ring

spectrum which is also a finite type n complex, and let € 7. F be a central v,,-element (these exist by [35]).
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Then we let T'(n) = T'(n, F,z) = Flx~!]. Then T'(n) satisfies Tate vanishing [38]. However, the telescope is

very much not complex orientable.
We close with the following natural question suggested by this discussion.

Question 4.21. What is the exponent of nilpotence for K(n) € Fun(BG,Sp) (with trivial action) as a

function of G? One can also ask the analogous question for T'(n), although it is likely much harder.

4.2. Nilpotence in representation theory. In the previous subsection, we explored the phenome-
non of nilpotence in oo-categories of the form Fun(BG,C). In general, the statement that every object of
Fun(BG, C) should be nilpotent is very strong and is not usually satisfied except in special cases. However,
a weaker form of nilpotence, which involves a family of subgroups of a given group, is satisfied in a much
wider array of cases. In this subsection, we discuss it primarily in the setting of group actions on k-modules.
The material primarily follows [54].

Again, let C be a presentably symmetric monoidal stable co-category. We will introduce a generalization

of Definition 4.3 and Definition 4.4.

Construction 4.22. For each H < G, we have a commutative algebra object D(G/Hy) € CAlg(Fun(BG,(C)).
This commutative algebra controls restriction to H in the following sense: we have an equivalence of sym-

metric monoidal oco-categories
MOdFun(BG,C) (D(G/H+)) ~ Fun(BH, C)

We refer to [8] for a discussion of such equivalences (at least at the level of triangulated categories) as well

as [55, Sec. 5.3].

DEFINITION 4.23. Let F be a family of subgroups of G. An object of Fun(BG,C) is F-nilpotent if it is
nilpotent with respect to [[ ;. D(G/H ). We will say that C is F-nilpotent if every object of Fun(BG, C)

is F-nilpotent.

When F is the trivial family (consisting just of (1)), then this of course recovers Definition 4.4. However,
when F is more general, we expand the class of examples for which one has F-nilpotence. One can show

that there is always a unigue minimal family with respect to which an object is F-nilpotent.

Example 4.24. Let All be the family of p-groups of G (for any p). Then C is automatically All-nilpotent.
In fact, for each p let G, C G be a p-Sylow subgroup. Then one sees easily that SY € Fun(BG, Sp) is a
retract of HPHG\ D(G/Gp+ ), which implies that the unit S° is All-nilpotent, and thus any object is.
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Using this, one can reduce the question of F-nilpotence to the case where G is itself a p-group.

Proposition 4.25. Let X € Fun(BG@G,C). Then the following are equivalent:

(1) X is P-nilpotent, where P is the family of proper subgroups of G.
(2) Let pg be the (complex) reduced regular representation of G, i.e., the quotient of the regular
representation by the trivial representation. Let es7 : S0 — PG be the associated Euler class in

Fun(BG, Sp). Then X A €™ is nullhomotopic for some n > 0.

The first case where this was effectively studied was when C is the derived oco-category of a ring, starting
with the work of Quillen [60] and later expanded by Carlson [14]. See also the work of Balmer [7], especially
for the context of descent up to nilpotence.

Fix a finite group G and a field k of characteristic p > 0. We take C = Mod(k) = D(k). We consider
the presentably symmetric monoidal co-category Fun(BG, Mod(k)), the oo-category of objects in Mod(k)
(or D(k)) equipped with a G-action, which we can also realize as the derived oco-category D(k[G]). Using
the k-linear tensor product, this is a presentably symmetric monoidal, stable co-category. We will also write
EG/H for D(G/H), in here.

It has been known since the work of Quillen [60] that when working with phenomena “up to nilpotence”
in the cohomology of finite groups, the the elementary abelian p-subgroups (i.e., subgroups of the form C}'

for some n) play the basic role. This can be formulated in the following result.

Theorem 4.26 (Carlson [14]). Let £, = &,(G) be the family of elementary abelian p-subgroups of G. Then

Mod(k) is &,-nilpotent; that is, the algebra HHes,,(G) EG/H ¢ CAlg(Fun(BG, Mod(k))) is descendable.

Carlson’s original statement [14, Th. 2.1] is that there exists a filtration of G-representations over k
0O=WogcCcW,cC---CcW,

such that:

(1) Each quotient W;/W;_ is induced from some elementary abelian p-subgroup.

(2) The trivial representation k is a retract of Wy, i.e., W,, ~ k @ W/ for some G-representation W,.

Clearly, this implies Theorem 4.26.
Theorem 4.26 turns out to be closely related to the “stratification” results on cohomology of finite groups
pioneered by Quillen [60]. Recall the statement of Quillen’s results. Given a finite group G and a subgroup

H C G, we have a restriction map H*(G; k) — H*(H; k). We let O(G) denote the orbit category of G, i.e.,
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the category of all G-sets of the form G/H, H C G. Then we have a functor
O(G)°? - Ring, G/Hw— H*(H;k)~ H*(G/H xg EG;k).

Theorem 4.27 (Quillen [60]). Let O¢,(G) C O(G) be the subcategory of G-sets of the form G/H with H
an elementary abelian p-group. The natural map

H*(G; k) — Hm H*(H; k)
G/HED:, (G)oP

is a uniform .%,-isomorphism, that is:
(1) There exists N such that any element x € H*(G; k) in the kernel satisfies 2V = 0.

(2) There exists M such that given any element y of the codomain, pr belongs to the image.

Theorem 4.27 can be recovered from Theorem 4.26 using the Adams spectral sequence and the machinery

of descent up to nilpotence.

PROOF SKETCH OF THEOREM 4.27. We claim that this follows from the horizontal vanishing line in
the Adams-based spectral sequence. Namely, we consider C = Fun(BG,Mod(k)) and the algebra object
A= HHesp(G) EG/H | which is descendable by Theorem 4.26. Thus, we have a cosimplicial object CB®*(A)
which quickly converges to the unit. Taking homotopy in C (equivalently, forming . ()"“ everywhere) we
thus obtain a spectral sequence converging to the homotopy groups of k"¢ = C*(BG;k). The spectral
sequence collapses with a horizontal vanishing line at a finite stage. Therefore, anything in positive filtration
is nilpotent. Moreover, using the Leibniz rule, one sees that any class on the zero-line Eg’t survives after
applying the Frobenius sufficiently many times. One can identify the zero-line Eg’t with the inverse limit

@G/Heogp(c)op H*(H; k), which implies the result. O

We can ask to make this quantitative. For simplicity, we state the problem for the family of proper

subgroups.

Question 4.28. Let G be a finite p-group which is not elementary abelian and let £ be a field of characteristic
p. What is the exponent of nilpotence of the trivial representation k with respect Ap = [[4cq KG/H ¢
Fun(BG,Mod(k))? We write this as np(G).

There are several equivalent reformulations of this question.

(1) Let Y be representation of G and let a € H¥(G,Y) be a class which restricts to zero on proper
subgroups. Then there exists n such that a®” vanishes in H"*(G;Y®"). What is the minimal n

(for all Y)?
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(2) Let V' be the representation @, . EG/H (ie., Ap) and consider the natural short exact sequence
of representations

0—k— @kG/H—H/V—m,
H<G

where W = V/k. This defines a natural class in Ethlf[G](W k), or equivalently a class u €
HY(G,WV). There exists n such that u®" € H"(G,W":®") vanishes. What is the minimal
n?

(3) What is the minimal dimension of a finite G-CW complex F such that F¢ = ) and such that the
map kA Fy — k in Fun(BG, Mod(k)) admits a section? Then np(G) = dim F' + 1. Compare [54,
Prop. 2.26].

Suppose G is not elementary abelian and let Iss C H*(G; k) be the ideal of essential cohomology classes,
i.e., those which restrict to zero on all proper subgroups. There is a significant literature on the essential

cohomology ideal, and it was conjectured by Mui (unpublished) and Marx [47] that I>

€ss

= 0. The conjecture
was disproved by Green [23].

We can interpret the ideal in our framework. The ideal I, consists of the classes of Adams filtration
> 1in 7,1 in Fun(BG, Mod(k)) with respect to the algebra object Ap. It follows from the Ap-based Adams

(@)

spectral sequence that Iees ' = 0.

We can give some upper bounds on Np(G) as follows.

Example 4.29. Suppose we have a surjection ¢ : G — G’ and G’ is not elementary abelian. Then

np(G) < np(G'). This follows from item (3) above.

Example 4.30. Suppose G has a complex irreducible representation V' which is not a character. Then G
acts on the projective space P(V') without fixed points. Then, using the projective bundle formula, one has
an equivalence in Fun(BG,Mod(k)) given by

dim¢ V' ]
EAP(V) ~ @ ¥k

i=0
Moreover, P(V) 4 has a cell decomposition with cells of the form S x G/H for H C G for j < 2(dim¢ V —1)

by the equivariant triangulation theorem. Using a cell decomposition, one sees that (cf. also [54, Ex. 5.16])
expa, (k) <expy, (EAP(V),) <2dimeV — 1.

Example 4.31. Suppose ¢ : G — C, is a surjection. Let 8 € H?*(Cp; k) be the usual class. Then the
cofiber of 8 in Fun(BC),, k) has nilpotence exponent 2 as it can be identified with £ A S(V); as above.

Thus, the cofiber of ¢*3 has Ap-exponent < 2. For any family of surjections ¢q,...,®,, the cofiber of
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¢*B1 ... 9" Bn € H*(G; k) has nilpotence exponent at most 2n. The cohomological length chl(G) of G is the
smallest n such that there exist surjections ¢y, ..., ¢, with ¢*B; ... ¢* 3, = 0; Serre’s theorem [66, Prop. 4]
implies that such an n exists when G is not elementary abelian. It follows that np(G) < 2chl(G). We refer

to [69] for upper bounds for chl(G).

In general, as above, there are both geometric and cohomological methods of obtaining upper bounds

on np(G). It seems more difficult to obtain effective lower bounds on np(G), for example:
Question 4.32. Is np(G) unbounded as G varies?

4.3. Quillen’s theorem over other bases. We can attempt to replace k with any ring spectrum R
here. That is, we can consider Fun(BG, Mod(R)) as a “brave new” representation category, and ask about
the analogs of Theorem 4.26. It turns out that a better and more wide-ranging generalization is to work
with “genuinely” G-equivariant spectra, as in [55, 54], but we will not treat this generality here.

We raise the following two general question, to which the answer is known at least in a wide variety of

special cases.

Question 4.33. Let R be an E.-ring spectrum and let G be a finite group. What is the minimal family
for which Mod(R) is F-nilpotent? If R is an Ei-ring spectrum, what is the minimal family F for which

R € Fun(BG, Sp) (with trivial action) is nilpotent?®

Remark 4.34. In the language of [54], the above question is equivalent to asking for the derived defect base

of the Borel-equivariant G-spectrum associated to R (with trivial G-action).

We have the following two basic analogs over other bases, all proved in [54]. The first is a basic “complex-
oriented” form of Theorem 4.26, and can be proved in many ways, such as the use of the flag variety. One
knows also that this cannot be improved; e.g. for R = MU the family of abelian p-subgroups is the best

possible. The second is closely related to the Hopkins-Kuhn-Ravenel character theory of [33].

Theorem 4.35. If R is complex-oriented, then R € Fun(BG, Sp) is F-nilpotent for F the family of abelian

p-subgroups of G.

Theorem 4.36. If R is L,-local, then R € Fun(BG, Sp) is F-nilpotent for F the family of abelian rank < n

p-subgroups of G.

We will sketch the proofs of these two results below. Most of the results in [54] proving F-nilpotence go
through complex orientations, and the following is the basic tool.

5For the results below, it is best not only to restrict to Eco-rings as many natural examples are not (or not known to be) Eo.
If R is Eoo, the two statements in the question are equivalent.
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Proposition 4.37 (General reduction step). Let R be a complex-oriented associative ring spectrum. Sup-
pose F is a family of subgroups of G. Suppose that for any H ¢ F, the natural restriction map R*(BH) —
[14/cy R*(BH’) has nilpotent kernel. Then R € Fun(BG, Sp) is F-nilpotent.

PrROOF. We sketch the argument when F is the family of proper subgroups of G (to which the general
case can be reduced). In this case, by Proposition 4.25, it suffices to consider the Euler class e : SO — Spc
of the reduced regular representation; this is a map in Fun(BG, Sp).

It suffices to show that the map e” A R in Fun(BG, Mod(R)) is nullhomotopic for n > 0. But using the
complex orientation to identify SP¢ with S2(G1=1) ¢ defines a class in R?(IS1=1)(B@) which restricts to zero

on all proper subgroups and which is therefore nilpotent, by assumption. O

PROOF OF THEOREM 4.35 AND THEOREM 4.36. It suffices to show that if G is a finite group, and if
x € R*(BG) is a class which restricts to zero on all abelian subgroups A C G, then z is nilpotent. To see
this, one uses a faithful complex representation of G and the associated flag bundle F — BG. One argues
that the class x pulls back to a nilpotent class on F' because F' can be built as a finite homotopy colimit of
spaces of the form BA, for A C G abelian. However, the map R*(BG) — R*(F) is injective by the projective
bundle formula.

To prove Theorem 4.36, it suffices to treat the case where R = L,,S°. Using the smash product theorem,
one can now reduce to the case where R = F,,. One now reduces to the case where G is abelian. It suffices
to show that if G is of rank > n + 1, then the map R*(BG) — [[g/cq R (BG') has nilpotent kernel. In

fact, a calculation shows that it is in fact injectve. O

Over a field, we saw in the previous subsection how the descent-up-to-nilpotence picture was enough to
imply .%-isomorphism style results after Quillen. It turns out that this works over any ring spectrum. We

thus have the following result.

Theorem 4.38 (General .%-isomorphism). Suppose R € Fun(BG, Sp) with trivial action is F-nilpotent and
R is a homotopy commutative and E;-ring spectrum. Then the natural map ¢ : R*(BG) — @G/Heo (@)
F

has the following properties:
(1) ¢ ®zZ[1/|G|] is an isomorphism.

(2) ¢(p) is a uniform .#,-isomorphism for every prime p.

Unlike the proof given in the previous section of Theorem 4.27, the proof of Theorem 4.38 requires some
additional work if R is not necessarily torsion-free. The key piece of input is that the higher terms in the
same Adams-style spectral sequence are all |G|-power torsion. This uses some algebraic facts about Mackey

functors. We refer to [54] for details. The statement after inverting |G| is nontrivial (in general, calculating
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E*(BG)[1/|G])) for E a spectrum is a difficult problem) and appears in [33] for R = F,, and related ring
spectra, and follows from the spectral sequence as well.
We now note an example of a ring spectrum for which we do not have F-nilpotence for any family

smaller than the p-groups.

Theorem 4.39. If R = S° then Mod(R) is not F-nilpotent for any family smaller than the family of

p-subgroups of G.

We do not know an “elementary” proof of the above result. For example, for p-groups, then we know by
the Segal conjecture that the stable cohomotopy of BG is very close to the p-adic completion of the Burnside
ring of G. As a result, it is possible to show that the rational conclusion of Theorem 4.38 fails.

This raises the following general question.

Question 4.40. For which families F does there exist an associative ring spectrum R such that F is the

minimal family for which R € Fun(BG, Sp) (with trivial action) is F-nilpotent?

Remark 4.41. In all the examples where one has a family smaller than the family of p-groups, the proof
relies essentially on complex orientations. In particular, in all known examples the minimal family (if it is
not all subgroups) is contained in the family of abelian subgroups. We do not know if there exists R such

that the minimal family is larger than the abelian subgroups (but not all subgroups).
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CHAPTER 5

Nilpotence for rational E,-ring spectra

1. Introduction

1.1. Motivation. The goal of this paper is to describe certain invariants of structured ring spectra in
characteristic zero. We start by first reviewing the motivation from stable homotopy theory.
The chromatic picture of stable homotopy theory identifies a class of “residue fields” which play an

important role in global phenomena. Consider the following ring spectra:

(1) HQ: rational homology.
(2) For each prime p, mod p homology HF,,.

(3) For each prime p and height n, the nth Morava K-theory K (n).

These all define multiplicative homology theories on the category of spectra satisfying perfect Kiinneth
isomorphisms: they behave like fields. Moreover, as a consequence of the deep nilpotence technology of
[10, 16], they are powerful enough to describe much of the structure of the stable homotopy category. For

example, one has the following result:

Theorem 1.1 (Hopkins-Smith [16]). Let R be a ring spectrum and let « € m,(R). Then « is nilpotent if

and only if the Hurewicz image of « in 7. (F ® R) is nilpotent, as F' ranges over all the ring spectra above.

This fundamental result was used in [16] to classify the thick subcategories of the category of finite p-local
spectra for a fixed prime p: all thick subcategories are defined by vanishing conditions for the various residue
fields. Ome can attempt to ask such questions not only for spectra but for general symmetric monoidal,
stable oo-categories, as Hovey, Palmieri, and Strickland have considered in [17]; whenever one has an analog
of Theorem 1.1, it is usually possible to prove results along these lines.

For instance, let A be an E-ring. Then one can try to study such questions in the co-category Mod(A)
of A-modules. If 7.(A) is concentrated in even degrees and is regular noetherian, then it is possible to
construct residue fields, prove an analog of Theorem 1.1, and obtain a purely algebraic description of the thick
subcategories of perfect A-modules. This has been observed independently by a number of authors. For E.-
rings (such as the E.-ring TMF of periodic topological modular forms) which are “built up” appropriately
from such nice E.-rings, it is sometimes possible to construct residue fields as well. We used this to classify

thick subcategories for perfect modules over E..-rings such as TMF in [25].
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1.2. Statement of results. In this paper, we will study such questions over the rational numbers. Let
A be a rational E.-ring such that the even homotopy groups meven(A) form a noetherian ring and such that
the odd homotopy groups medqa(A) form a finitely generated Teyen(A)-module. We will call such rational
Eoo-rings noetherian.

For the statement of our first result, we work with E.,-rings containing a unit in degree two. In this
case, we will produce, for every prime ideal p C mo(A), a “residue field” of A, which will be an E.,-A-algebra

whose homotopy groups form a graded field.

Theorem 1.2 (Existence of residue fields). Let A be a rational, noetherian E.-ring containing a unit in
degree two. Given a prime ideal p C my(A), there exists an E..-A-algebra x(p) such that x(p) is even
periodic and the map mo(A) — mo(x(p)) induces the reduction mgA — mo(A),/pmo(A)p. K(p) is unique up

to homotopy as an object of the co-category CAlg,, of Eoc-rings under A.
We will prove an analog of Theorem 1.1 in Mod(A) for these residue fields.

Theorem 1.3 (Nilpotence). Suppose A is as above, and let B be an A-ring spectrum; that is, an algebra
object in the homotopy category Ho(Mod(A)). Let « € m.(B). Then z is nilpotent if and only if for every

prime ideal p C mo(A), the image of x in 7.(B ®4 k(p)) is nilpotent.

The proof of Theorem 1.3 uses entirely different (and much simpler) techniques than Theorem 1.1.
However, the conclusion is similar, and we thus find Mod(A) as an interesting new example of an “axiomatic
stable homotopy theory” ([17]) where many familiar techniques can be applied.

In particular, from Theorem 1.3, we will deduce a classification of thick subcategories of the oco-category
Mod®“(A) of perfect A-modules, for A rational noetherian (not necessarily containing a unit in degree two).

Let Teven(A) = @,y mi(A); this is a graded ring, so Specmeven(A) inherits a G,,-action.

Theorem 1.4 (Thick subcategory theorem). Let A be a rational, noetherian E-ring. The thick subcat-
egories of Mod“(A) are in natural correspondence with the subsets of the collection of homogeneous prime
ideals of Teyen(A) which are closed under specialization or, equivalently, specialization-closed subsets of the

topological space associated to the stack (Specmeyen(A))/Gyp.

In particular, we determine the spectrum in the sense of Balmer [5] of Mod® (A) as the topological space
associated to the stack (Specmeven(A))/Gy,. It shows that the spectrum is determined in terms of . (A),
i.e., the map of [6] is an isomorphism.

We will then apply these ideas to the computation of Galois groups, which we introduced in [26] as an

extension of Rognes’s work [33]. The use of residue fields in Galois theory goes back to Baker-Richter’s work
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in [4], which studied the Galois groups of Morava E-theories at odd primes. We will show that the Galois
theory of a noetherian rational Eo.-ring is “almost” entirely algebraic. (The “almost” comes from, e.g., the

possibility of adjoining roots of periodicity generators in degrees 2n,n > 1.) We prove:

Theorem 1.5. If A is a noetherian rational E.-ring, then the Galois group of A is the étale fundamental

group of the stack (Specmeven(A4)) /G-

We note that the Galois group depends on the choice of a basepoint is not truly “canonical”; however,
there is a canonical equivalence of the associated Galois theories, or equivalently of the Galois groupoids.
Finally, we will study the Picard groups of noetherian rational E..-rings. Here our results are much less

conclusive, but we prove:

Theorem 1.6. If A is a noetherian rational E,,-ring, then the cokernel of the natural map Pic(m.(4)) —

Pic(A) (see Construction 7.4) is a torsion-free abelian group.

Usually, results such as Theorem 1.4 and Theorem 1.5 are proved using strong homological assumptions
on 7, (A), e.g., that it is a regular ring. We will be able to get away with much weaker hypotheses on 7, (A)
(i.e., nothing close to regularity) because, over characteristic zero, E.-rings are simpler. They have a more
algebraic feel which gives one a wider range of techniques, and they have been studied in detail starting with
Quillen’s work on rational homotopy theory [32]. In particular, there are two basic coincidences that will be
used in this paper.

(1) The free Eoo-ring on a generator in degree zero is equivalent to the suspension spectrum X5°Z>g.
In particular, as a result, it is possible to quotient an E.,-ring by an element in degree zero to get

a new E,.-ring.
(2) The free E,-ring on a generator in degree —1 is equivalent to cochains on S'. This has important
descent-theoretic consequences and enables one to compare modules over this E,-ring with local

systems on the circle S*.

Both these conditions are specific to the rational numbers. They fail away from characteristic zero,
because of the existence of power operations [9, 8].

The above theorems rely crucially on the noetherianness hypotheses. We will discuss various counterex-
amples in §8. These counterexamples are related to classical purity questions for Picard groups and étale
fundamental groups for local rings. As a consequence, we produce new examples of non-algebraic Galois

extensions of ring spectra in the sense of Rognes [33], which seem to be of interest in itself.

Theorem 1.7. Given n > 1, there exists a rational E-ring A with mo(A4) = C[z", y" 1z, y" 222, ... y"],
m;i(A) = 0 for ¢ > 0, and such that the Galois group of A is Z/n.
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As the étale fundamental group of SpecClz™,y" 1a,y" 222 ..., y"] is trivial, this Galois group is not
algebraic. To our knowledge, this is the first non-algebraic example of a Galois extension of rational ring

spectra to be observed. We will describe explicitly the Z/n-Galois extension in §8.

Organization. This paper is organized as follows. In §2, we analyze the operation of attaching a 1-
cell in a rational E.-ring in detail. In §3, we do the same for the operation of attaching a 0-cell, via a
comparison between modules over the cochain E.,-ring C*(S*; Q) and local systems on S'. By reducing to
the case where one has a unit in degree 2, we will be able to obtain all our constructions by only attaching
cells in these degrees. The main technical results (existence of the residue fields and the nilpotence theorem)
are proved in §4. §5, §6, and §7 contain the applications to thick subcategories, Galois groups, and Picard

groups, respectively. Finally, §8 discusses various non-noetherian counterexamples.

Notation. In this paper, we will adopt the following notational conventions. We will frequently identify
abelian groups with their Eilenberg-MacLane spectra without additional notation. The letters R, S, T, ... will
refer to ordinary (discrete) rings. The subscript , will refer to a grading. We will let CAlg denote the oo-
category of E.-rings. The letters A, B,C will refer to Ey-rings. Given an E.-ring A, we let Mod(A)
denote the oo-category of A-modules and Mod”(A) C Mod(A) the full subcategory spanned by the perfect
A-modules. If X is a space and A an E.-ring, we let C*(X; A) denote the cochain E.-algebra on X with
values in A, often also denoted AX or Fun(X,, A). Finally, if A € CAlg is a rational E..-ring, we will write
A[t] for the free Eo-A-algebra on an invertible degree two generator.

Although we use the language of oco-categories and higher algebra [24] in this paper, we note that
everything can be carried out in the world of model categories. The theory of E.-ring spectra and modules
over them was originally developed [12] in the world of model categories. In characteristic zero, the issue

simplifies further as one can work with commutative differential graded algebras.

Acknowledgments. I am grateful to Bhargav Bhatt and Jacob Lurie for helpful discussions related to
the subject of this paper, and the referee for many detailed comments. The author was supported by the

NSF Graduate Fellowship under grant DGE-114415.

2. Degree zero elements of rational E..-rings

In this section, we describe the first set of the basic characteristic zero techniques needed for this paper.
In particular, we discuss the “coincidence” of Eo.-rings that ¥5°Z>¢ is free on a degree zero class and thus
analyze the operation of attaching cells in degree one. The main result of the section (Theorem 2.20) controls

the behavior on homotopy rings of attaching cells in degree one. We also prove a version (Proposition 2.13)
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of the classical result that a complete local ring with residue field of characteristic zero contains a copy of
its residue field.
Some of the more refined results require the noetherianness hypothesis that will be crucial for most of

the main results of this paper.

DEFINITION 2.1. We say that a rational E.,-ring A is noetherian if:

(1) The commutative ring Teyen(A) is noetherian.

(2) The Toyen(A)-module moqq(A) is finitely generated.

The “noetherian” hypothesis ensures that certain categorical constructions one may perform on A affect

the homotopy groups of A in a reasonable manner and, as such, will be indispensable to this paper.

WARNING 1. The noetherian condition is not a purely categorical one. For instance, a finitely presented
E-algebra over a noetherian E..-ring (even Q) need not be noetherian, i.e., the analog of Hilbert’s basis

theorem fails. See Section 8.2 for an example.

2.1. Cofibers of degree zero elements. Let A be an E-ring and let « € 7, (A), defining a map of

A-modules ¥FA 5 A.
DEFINITION 2.2. We will write A/z for the cofiber of this map z: ¥¥A — A.

One wants to think of A/x as a homotopy-theoretic “quotient” of A by the “ideal” generated by x and,
as in algebra, turn this into an E,-ring under A. There is, in general, no reason to expect this to be possible

(or canonical in any way).

Example 2.3. The sphere SY is the most basic example of an E..-ring, but the Moore spectrum S°/2 is

not even a ring spectrum up to homotopy.

The obstructions to multiplicative structures have been discussed, for example, in [31, 35]. Some further
obstructions to structured multiplications, via the theory of power operations, are discussed in [27].

Suppose first that £ = 0. To understand the failure of such quotients to be ring spectra, recall how the
quotient is constructed in classical commutative algebra. Let R be a (classical) commutative ring, and fix

x € R. The (classical) quotient R/(x) is the pushout of the diagram of commutative rings

Z[t} t—0

Z
|- |
R —— R/(2)
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Here Z[t] is the free commutative ring on a generator ¢, and forming the pushout R/(x) as above amounts
to setting x = 0.
In homotopy theory, one can make a similar construction, which has been discussed in, for example,

[36].

DEFINITION 2.4. There is a free E..-ring on a single generator, denoted S° {t}, whose underlying spec-

trum is given by

S°{t} ~ P T B,

n>0

as {E"}nZO ranges over the symmetric groups. Given an E.-ring A and an element = € myA, we obtain a
map (defined up to homotopy) of E.-rings S° {t} — A sending the tautological class t € moS® {t} to z, by
the universal property: the space of maps of Ey.-rings S° {t} — A is precisely Q*A. In particular, we can
form a pushout square in CAlg,

SO (¢} t—0 50

- |

A—— A
where A’ is called the free A-algebra with x = 0. Following Szymik [36], we will write A’ = A//x.
Given an Eo-A-algebra A”, the space! Hom 4/ (A’, A”) is the space of nullhomotopies of = in A” (which

is empty unless  maps to zero in myA”, and in this case is QT A").
For future reference, it will be convenient to have the following more general definition.

DEFINITION 2.5. For X a spectrum, we write Sym*(X) for the free Eo.-ring on X, so that Sym* (X)) ~

D,50(X®")ns, . If Ais an Eoo-ring and = € 7y A is an element, we denote by A//x the pushout

Sym*(SF) ——= A |
b
SO ——— A//x

where the map Sym*(S¥) — A is determined by the map x: S* — A, and where Sym*(S*) — S is deter-
mined by 0: S* — S We will call A//x the free Eo.-A-algebra with x = 0. Given a sequence of elements

T1y..., Ty € Ti(A), we will write A//(x1,...,xy) for the iterated quotient (... (A//x1)//x2) ... //Tn-1)...)) [/ Tn.
We return to the case k = 0. In general, if x € mpA is fixed, then Definition 2.4 gives

AlJx~ A®gopy S°,

We write CAlgA/ for the co-category of Eoo-A-algebras and HomA/(-, -) for mapping spaces here.
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since pushouts of E-rings are relative tensor products. This is usually very different, as an A-module, from
A/z. For example, the free E-ring with p™ = 0 is not SY/p". From the “chromatic” point of view, it is

actually invisible: its E,-localization vanishes for each r, by the main result of [27].

Remark 2.6. In fact, the S {t}-module S° is quite complicated, and is not, for example, perfect. For
instance, if we worked over Fy rather than S, then Fy {¢} has homotopy groups given by a polynomial ring
on the tautological class t and certain admissible monomials in the Dyer-Lashof algebra applied to ¢ ([9]),

so that 5 is an infinite quotient of Fy {t} by a regular sequence of polynomial generators.

However, there is another E-ring which is better behaved in this regard, and which will enable us to
place E-structures on quotients in certain cases. Recall that the Eo-ring SY {t} is obtained from the free
E.o-space on a single generator by applying ¥°. This E..-space is the free symmetric monoidal category on

one object: the groupoid of finite sets and isomorphisms between them, or topologically | |, <, BX.

DEFINITION 2.7. We can apply X5° instead to the symmetric monoidal groupoid Zx¢, which has objects
given by the natural numbers (under addition) and no nontrivial isomorphisms. The resulting E,-ring
$%°Z>g, the “monoid algebra” of the natural numbers (as studied, for example, in [1]), will be written S°[¢]
since its homotopy groups actually are given by (m.S°)[t]. More generally, we will write A[t] for the Eoo-ring

A® XFZ>o, if Ais any Eq-ring.

Construction 2.8. Now let A be an E,-ring, and let S {t} — A be a map classifying an element = € 7 (A).

Suppose that we have a factorization in the oo-category CAlg

So{t} L> A .

7
e
Ve
e
e

S°ft]

In this case, we can form the relative tensor product A ®gopy S° (using the map S°[t] — S° which sends

t — 0), as an E-ring. The cofiber sequence of S°[t]-modules
SO1) L S0t — S°,

shows that this relative tensor product, as an A-module spectrum, is actually A/z.
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In other words, by the universal property of the monoid algebra, if there exists a factorization in the
diagram of E.-spaces

Lo BEn — Q%A
- 7

e
e
e
e
e

ZZO

where Q°° A is given the multiplicative Eqo-structure, then we can place a natural Eq.-structure on A/z.

Remark 2.9. Let X be an E-space and let x € my X, classified by a map of E-spaces | |,~, BX, = X. If
this map admits a factorization over Z>q, then = has been called by Lurie a “strictly commutative” element
of X. Construction 2.8 shows that, while arbitrary cofibers A/x need not admit E..-structures, one can find

an E-structure if = is strictly commutative.

Unfortunately, in general, describing maps out of S°[¢] is difficult, since Z>( does not admit a simple

presentation as an E..-space. In characteristic zero, i.e., over QQ, the natural map

Q{t} — Qltl,

becomes an equivalence of E.-rings, because the maps (BY,,) . — S are rational equivalences. In particular,

given any rational Eo,-ring A, and an element x € my(A), we can obtain a map
Qt] = 4, tw ux,

and we can form the relative tensor product A/x ~ A ®qpy Q as an E.-ring. This process can equivalently
be described as attaching a 1-cell to kill the element = € myA, i.e., as forming A//xz. We may summarize

these observations in the following proposition.

Proposition 2.10. Let A be a rational Eo-ring and let # € m(A). Then A//x € CAlg,, has as underlying

A-module A/z. In particular, we may make A/x into an E.-A-algebra.

It is similarly possible to quotient by even degree elements of a rational E..-ring, as we show below. In
fact, we did not strictly need the discussion of “strict commutativity” for the present paper, but included it

for its intrinsic interest (as it becomes more relevant away from characteristic zero).

Proposition 2.11. Let A be a rational Eo.-ring and let « € 7,(A). Suppose n is an even integer. Then

A//x € CAlg,, has underlying A-module A/z.
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PRrROOF. Recall that m.Sym*(Q[n]) is a polynomial ring on a class in degree n. Thus, the result follows
from A//x ~ A ®gym=(gn)) Q and the cofiber sequence ¥L"Sym*Q[n] — Sym*Q[n] — Q of Sym*Q[n]-

modules. O

2.2. The Cohen structure theorem. Let (R, m) be a complete local noetherian ring with residue
field k of characteristic zero. In this case, a basic piece of the Cohen structure theorem (see for instance [11,

Ch. 8]) implies that R contains a copy of its residue field:
Theorem 2.12 (Cohen). Hypotheses as above, the projection R — R/m = k admits a section.

We refer to [29, Theorem 60, §28.J] for a proof of a more general result than Theorem 2.12. Tt is closely
related to the fact that, in characteristic zero, all field extensions can be obtained as an inductive limit of
smooth morphisms; this argument implies an analogous result in the world of E.,-rings, and it is the purpose

of this subsection to describe that. In particular, we prove:

Proposition 2.13. Let A be a noetherian, rational E..-ring such that mpA is a complete local ring with
residue field k. Then there exists a morphism of E,,-rings & — A such that on 7y, the composite map

k — mgA — k is the identity.

PrOOF. By Theorem 2.12, there is a section ¢: k — mpA of the reduction map. We want to realize this

topologically. To start with, we obtain a map Q — A as A is rational. Let {t,} be a transcendence basis

acTl

of k/Q (cf. [20, Ch. VIII, sec. 1] for a textbook reference), so that we have field extensions

Qc Q({ta}) Ck,

where the first extension is purely transcendental and the second extension is algebraic. For each a € T,
choose u, € mpA be defined by u, = ¢(ta), so that u, projects to t, in the residue field. We obtain a map
of E,o-rings

®Q[ta] — A, to > Uq,

T

where the left-hand-side is a free Eo-ring on |T'| variables (i.e., a discrete polynomial ring on the {¢,}). It
necessarily factors over the localization Q({t}), so we obtain a map Q({¢,}) — A. This realizes on 7 the
restriction ¢|g(g¢,})-

Finally, we want to find an extension over k such that the diagram

Qtah) — & |



such that the composite k — mgA — k is the identity. Since k is a colimit of finite étale Q({t, })-algebras
(i.e., finite separable extensions; recall that we are in characteristic zero), it is equivalent to doing this at

the level of my ([24, §7.5]), and the map ¢: k — mp(A) enables us to do that. O

Remark 2.14. The argument shows that the set of homotopy classes of maps of E,-rings £ — A is in

bijection with the set of ring-homomorphisms & — m(A).

2.3. Properties of the quotient E-ring. We will need a few more preliminaries on the construction
of Definition 2.4 and its behavior on homotopy. If A is a rational E.-ring and x € my A, then the homotopy

groups of A//x ~ A/x are determined additively by the short exact sequence
(26) 0 — mj(A)/zmj(A) = mi(Afz) = (ker x)|r,_,(a) = O,

but this fails to determine the precise multiplicative structure. In this section, we will show (Theorem 2.20)
that the multiplicative structure is not so different from that of the subring m,(A)/zm.(A) under noetherian
hypotheses. We will not need the full strength of these results in the sequel.

We begin by reviewing the theory of finite universal homeomorphisms [34, Tag 04DC]. Recall that a map
of rings R — R’ is called a universal homeomorphism if, for every R-algebra R”, the map R” — R" ®r R’

induces a homeomorphism upon applying Spec.

Proposition 2.15. A morphism R — R’, such that R’ is a finitely generated R-module, is a universal
homeomorphism if and only if, for every morphism R — k where k is a field, the base-change R’ ®g k is a

local artinian k-algebra (in particular, nonzero).

PROOF. Suppose that for every map from R to a field k, the base-change R’ ®g k is a local artinian
k-algebra. It follows that the residue field of R’ ®g k is necessarily a purely inseparable extension of k, since
otherwise we can replace k by k and R’ ® g k would have nontrivial idempotents. It then follows that the map
SpecR’ — SpecR is a radicial morphism [34, Tag 01S2]. Given any R-algebra R”, the map R” — R'®@rR" is
finite, so induces a closed map on Spec which is also injective since R — R’ is radicial. The map is surjective
since all the fibers are nonempty by assumption, and thus a homeomorphism.

Conversely, suppose R — R’ is a finite universal homeomorphism. Then all the base-changes k — R'Qgk,
for an R-field k, are universal homeomorphisms themselves. In particular, Spec(R’ ®g k) is connected. But
R’ ®p k is a finite-dimensional k-algebra, so if its spectrum is connected, then R’ ®g k& must be local

artinian. 0

Corollary 2.16. A finite map R — R’ of Q-algebras is a universal homeomorphism if and only if for every

residue field R — k, the tensor product R’ @g k is local with residue field k.
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PRrROOF. This follows from the fact that all finite extensions in characteristic zero are separable, so that
if A is a finite-dimensional local k-algebra with residue field strictly containing k, then A ®j, k necessarily

has nontrivial idempotents. O

We will now begin working towards the proof of Theorem 2.20. We will first need a preliminary lemma

on idempotents in these quotients.

DEFINITION 2.17. If A is an E-ring, we let Idem(A) denote the set of idempotents in mgA. The
construction A — Idem(A) sends homotopy limits of E.-rings to inverse limits of sets, since the set Idem(A)
is homotopy equivalent to the space of maps of E.-rings S x S — A in view of the theory of étale algebras

[24, §7.5]. If R is a discrete ring, we will also write Idem(R) for the set of idempotents in R.

Lemma 2.18. Let A be a rational noetherian E -ring with mo(A) local and let z1,..., 2, € mo(A). Then

the map mo(A4)/(z1,...,2.) = mo(A//(x1,...,x,)) of discrete rings induces an isomorphism on Idem.

PROOF. In fact, we have a map of Eo-rings A — A//(z1,...,x,), and if we form the cobar construction

on this map, we obtain a coaugmented cosimplicial object
—
Al[(x1,. . xr) SA (21, T0) R4 A//(xl,...,xT)j e

whose homotopy limit is the (z1,...,z,)-adic completion of A. We refer to [23, §4] for preliminaries on
completions of ring spectra. In particular, the idempotents in the totalization are the same as the idempotents
in the (z1,...,z,)-adic completion of my A, or equivalently, by the lifting idempotents theorem [11, Cor. 7.5],
in mo(A)/(z1,...,z.).

Since the operation of taking idempotents commutes with homotopy limits, we conclude that the set of

idempotents in 7o(A)/(z1,...,x,) is the reflexive equalizer
Idem(A//(z1,...,x.)) 3 1dem(A//(z1, ..., xr) @4 A/ (T1, ..., 2))).

However, we claim that the two maps in the reflexive equalizers are isomorphisms (and thus equal). In
fact, A//(x1,...,2,) ®a A//(1,...,2,) is obtained by attaching 1-cells to kill the classes z1,...,z, in

A//(x1,...,x,) which are already zero; in particular, as an E.-ring, we have

Alf(x1,...,xr) @4 A)) (21, yxp) = Af (21, 2r) @ Sym™ [y1, .., ur], |yl =1,

which has the same idempotents as A//(z1,...,2.). O

Proposition 2.19. Let A be a rational noetherian E.-ring and let € my(A). The map mo(A)/(z) —

mo(A//z) is a finite universal homeomorphism.
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PROOF. We already know that mo(A//x) is a finitely generated my(A)/(x)-module, by the short exact
sequence (2.2). We will check that the map is a finite universal homeomorphism fiberwise at each prime.

Fix a prime ideal p of mo(A)/(z). Let x1,...,x, € mo(A) project to generators of p. Localizing A at p,
we may assume that mo(A) is local with maximal ideal p. By completing A, we may assume that that A
admits the structure of an Eo-k-algebra for k the residue field of my(A), in view of Proposition 2.13.

We need to show that the map of commutative rings
(27) mo(A)/(x,21,...,2n) = mo(A)/2) (21, ..., T0n)

is a finite universal homeomorphism. The left-hand-side of (27) is the residue field k of mo(A) at the
maximal ideal, and the right-hand-side is a finite module over the left-hand-side and is in particular a
product of local artinian k-algebras. By replacing A with A ® k' for a finite extension k’/k, we may
assume that each of the residue fields of the left-hand-side of (27) is k itself. Thus, it suffices to show
mo(A//x)/(x1,...,2,) has no nontrivial idempotents in this case. As a result, our claim follows from
Lemma 2.18, which implies that the connected components of Specmo(A//x)/(x1,...,x,) are in bijection
with those of Specmo(A//(x,x1,...,2,)), and in turn with those of Specmo(A)/(x,x1,...,2y), while the

latter is just a point. d

By induction (and transitivity), one obtains an analogous result for any finite sequence of elements
in mgA. Moreover, by replacing A with A[t2i1]7 we can thus obtain a result for quotients by even degree

elements. We find:

Theorem 2.20. Let A be a rational noetherian E.-ring and let z1,...,2, € Teven(A) be a sequence of

elements. Then the map

Weven(A)/(xla e 7mn) — Weven(A//(xlv s vxn))v

is a finite universal homeomorphism.

3. Degree —1 elements

We will also encounter odd degree elements in homotopy, and thus, in this section, we consider the
free Eo-Q-algebra Sym*Q[—1] on a generator in degree —1. It is the purpose of this section to use the
coincidence (Proposition 3.2) that Sym*Q[—1] ~ C*(S';Q) to prove certain basic facts (in Section 3.3)
about Sym*Q[—1] ~ C*(S*; Q)-modules, and ultimately about the construction A//y where A is a rational
Eoo-ring and y € m_1(A).
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3.1. The free E..-ring on k[—1]. Let k be a field of characteristic zero, which we will work over.

Recall that the free Eo-k-algebra on k[—1] is

Sym*k[—1] ~ @5 (k[-1])3. -

n>0

Here k[—1]®" ~ k[—n], and the 3,-action is via the sign representation. For n > 2, this action is nontrivial,

and it follows that the homotopy coinvariants are zero. In particular, we find:
Corollary 3.1. For char k = 0, the homotopy groups of Sym*k[—1] are given by:
kE ifi=0
mi(Sym k[—1]) ~ Sk ifi= -1 >
0 otherwise
and the multiplication is determined (“square zero” in degree —1).

There are two other E,,-rings which have a similar multiplication law on their homotopy groups:
(1) The cochain E-ring on S, C*(S1; k).

(2) The square-zero Ey-ring k @& k[—1].

Proposition 3.2. Let k be a field of characteristic zero. Then there are equivalences of E.-rings Sym*k[—1] ~

C*(SY k) ~ k@ k[-1].
PROOF. In fact, we can produce maps
Sym*k[—1] — C*(S*; k), Sym*k[—1] — k@ k[-1],
such that they are isomorphisms on 7_; (using the universal property of Sym™), and therefore are equivalences
of Eo.-rings by inspection of m,. So, all three are equivalent. ]

Remark 3.3. If one worked over F),, the symmetric algebra Sym* (F,[—1]) is definitely much too large to be
either C*(SY;F,) or F, @ F,[—1], but C*(S*;F,) and F, & F,[—1] have the same square-zero multiplication
on homotopy groups. They are not equivalent as Eo.-rings under F,, because the zeroth reduced power P°

acts as the identity on m_; of the former and zero on the latter.
More generally, if n is any odd integer, we can repeat the above reasoning:

Corollary 3.4. If n is odd, then we have equivalences of E,,-rings

(28) Sym*k[—n] ~ k & k[—n],
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and, if n > 0, then these are equivalent to cochains on the n-sphere, C*(S™; k).

3.2. Descent properties and A//x. If A is a rational Eo-ring and = € m,(A) is an element in an
even degree, then we saw in Proposition 2.11 that the construction A//x was reasonably hands-on: it gave

us the underlying A-module A/x. If z is in odd degree, however, A//z may be much bigger than A.
Example 3.5. Let x =0 € 7_1(A). Then A//x ~ A[t].

In fact, for x in an odd degree, it is not even a priori evident that if A is nonzero, then A//x is also

nonzero, even as x> = 0. We will prove this (and more) using descent theory. We recall first a definition.

DEFINITION 3.6. Let ¢p: A — A’ be a morphism of E.,-rings. We say that ¢ admits descent if the thick
tensor-ideal that A’ generates, in Mod(A), is all of Mod(A).

We refer to [26, §3-4] for preliminaries on the notion of “admitting descent.” Here is a simple example.

Proposition 3.7. Let A be a rational E.-ring and let = € w9 A be nilpotent. Then the E..-A-algebra A//x

admits descent over A.

PRroOF. In fact, thanks to the octahedral axiom, the thick subcategory of Mod(A) generated by the
A-module A/x (which is equivalent to the underlying A-module of A//x) contains A/x2, A/23,...,, and
eventually A/z™ where N is so large that 2V = 0. But A/ ~ A@® XA for such N, and therefore the thick

subcategory generated by A//x actually contains A. a

Let A be an E.-ring and let y € m,(A), with n odd. Then y? = 0, so that one would hope that
the analog of Proposition 3.7 would be automatic. That is, one would hope that A//y ~ A ®gym=(qn)) Q
admits descent over A. A priori, it is harder to control this tensor product, because Q is no longer a perfect
Sym* (Q[n])-module for n odd, so one cannot imitate the above argument. However, we can still prove the

statement.

Proposition 3.8. If A is nonzero and y € m, 4 (for n odd), then A//y € CAlg,, admits descent. In

particular, A//y # 0.

PROOF. The map Sym*Q[n] — Q admits descent, in view of the equivalence Sym*(Q[n]) ~ Q & Q[n] of

Corollary 3.4. It follows that the map A — A//y admits descent as well by base-change. O

Example 3.9. Proposition 3.8 definitely fails for E-rings under IF,. For example, if p = 2, then odd degree

elements can be invertible (take the Tate spectrum F’;Z/ 2). If p > 2, odd degree elements square to zero but
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can still be “resilient.” In the Tate spectrum JF;Z/ P we have
o (F/P) > Fy[t37] ® E(ay),

where the exterior generator ar_; has the property that 3P%a_; =t ! is invertible. Thus, even though a4
squares to zero, a basic power operation goes from it to an invertible element. It follows that in any E..-ring
under ]FZZ/ P if o maps to zero, the whole E..-ring has to be zero. Such phenomena can never happen in

characteristic zero.

3.3. Comparison with local systems. In this subsection, we give the most important (for this paper)
application of Proposition 3.2. We will be able to describe the oo-category of modules over the free algebra
Sym*k[—1] ~ C*(S'; k) for chark = 0. In fact, let k be any field, not necessarily of characteristic zero. We
will describe modules over the cochain algebra C*(S'; k). For example, we will be able to give a complete
classification of all perfect modules.

We first recall a basic construction from [26, §7.2].

DEFINITION 3.10. Let X be a space and let C be an co-category. We define Locx (C) = Fun(X,C) and

refer to it as the oo-category of C-valued local systems on X.

Construction 3.11. Let A be an E-ring and let C = Mod(A). Let X be a finite complex. We have a

natural fully faithful, symmetric monoidal imbedding
Mod(C*(X; A)) C Locx (Mod(A)),

from modules over the cochain E.-ring C*(X; A) into local systems of A-modules on X, whose image in

Locx (Mod(A)) is the localizing subcategory generated by the unit.

Informally, the functor sends a C*(X; A)-module M to the A-module M ®¢-(x;4) A, which lives as a
local system over X (since there is an X’s worth of evaluation maps C*(X; A) — A).

In general, it is somewhat subtle to test whether an object in Locx(Mod(A)) belongs to the essential
image of Mod(C*(X; A)). However, if X = S! then things simplify considerably. Given a local system
N € Locgi(Mod(A)), the evaluation N, (for a fixed basepoint ¢ € S') is an A-module, and N, acquires a
monodromy automorphism ¢

¢: Ny ~ Ny,

1.

coming from a choice of generator of m1(S";¢q).
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Proposition 3.12 ([26, Remark 7.9]). Given N as above, then N belongs to the image of Mod(C*(S*; A))

if and only if the action of ¢ — 1 on the homotopy groups m.(Ny) is locally nilpotent.

It will be important for us to have the correspondence in Proposition 3.12 in as clear terms as possible.

Thus, we state the following construction.

Construction 3.13. The right adjoint Locg: (Mod(A4)) — Mod(C*(S!; A)) is given, for a local system N,

by taking its global sections gn 51 N. Explicitly, if ¢ € S* and ¢: N, — N, is as above, we have
(29) lim N = fib (N, 5 N, )

Sl
and in particular, we can determine the homotopy groups of 1&1 51 N via a long exact sequence.

Remark 3.14. This discussion is special to the case of S!. For any finite complex X and any E..-ring A, we
have an inclusion Mod(C*(X; A)) C Locx (Mod(A)), and the image always is contained in the subcategory
of local systems satisfying an ind-unipotence property on homotopy groups, but the precise identification of

the image relies on the 1-dimensionality of the circle.

Let C be an arbitrary oo-category. To give a local system on S! in some oco-category C is equivalent
to giving an object of that co-category and an automorphism, via S* ~ K(Z,1). Fix two C-valued local
systems on St, (z, ¢.), (y, ¢y), where z,y € C and ¢,: * ~ z,¢,: y ~ y are automorphisms in C. Given a

map f: x — y such that the diagram

(30)

b=
-5 \
f

x x
by
Y Y

—_—

commutes up to homotopy, then we can produce a map of local systems (z, ¢5) — (v, ¢,) extending the map

frx—uy.

Remark 3.15. Specifying such a map amounts in addition to choosing a homotopy to make the diagram

commute, and there may be many homotopy classes of such.
We can state this formally:

Proposition 3.16. Every object in Locgi(C) is represented by a pair (z,¢,) where z € C and ¢,: 2 — x
is an automorphism, and two pairs (x, ¢, ), (y, ¢y) are isomorphic if and only if there exists an isomorphism

f+ x — y such that the diagram (30) is homotopy commutative.
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We now specialize to the case where A = k is a field. We will use Construction 3.11, Proposition 3.12,

and Proposition 3.16 to classify C*(S'; k)-modules.

Proposition 3.17. Any local system £ € Locgi(Mod(k)) decomposes uniquely as a direct sum £ =~

@D,,cz Ln[n] where the fiber of L, at a point of S* is discrete.

ProOOF. Let £ = (M, ¢). The k-module M decomposes as a sum of its homotopy groups, i.e., M ~
P, cz(mnM)[n], and the automorphism ¢: M — M is determined by its behavior on its homotopy groups.

It follows that, for each n, we can produce squares

(M) 0] — (rM)[] |

L,

M ——— M

which commute up to homotopy. Putting this together, we can produce a square

Dnez(mnM)[n] — B, cz(mM)ln] ,

which commutes up to homotopy, and where the vertical maps are now equivalences. It follows from Propo-
sition 3.16 that the pair (M, $) is equivalent to the direct sum of the pairs {((m,M)[n], d«)}nez, where each

of these is concentrated in a single degree. |
Using the imbedding Mod(C*(S';k)) C Locg: (Mod(k)), we find from this:

Corollary 3.18. Any C*(S';k)-module M admits a unique decomposition M ~ ®D,.>0 Mn[n], where M, €

Mod(C*(S*; k)) has the property that M ®c+(s1;k) k is a discrete k-module.

In order to give a discrete local system on S!, it suffices simply to give a k-vector space with an
automorphism. In the case we are interested, i.e., local systems coming from C*(S*; k)-modules, it follows
that to give an equivalence class of C*(S*; k)-modules M equates to giving, for each n € Z, a discrete k[z]-
module on which x acts locally nilpotently. The nth such object corresponds to m, (M ®c«(s1,1) k) and x is
the monodromy automorphism minus the identity.

In general, the classification of torsion modules over a PID is nontrivial, but in the finitely generated

case, we have a simple complete classification. This leads to:

Construction 3.19. Fix i € Z-o. We consider the n-dimensional k-vector space V; = k[z]/z™ and the

nilpotent endomorphism given by multiplication by z. Let V; be the associated local system on S! with
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fiber V; and monodromy automorphism 1 + 2. Then, by Proposition 3.12, V; corresponds to a C*(S1;k)-
module that we will denote by N;. Thus, N; ®c«(s1.x) k is discrete, and i-dimensional, and the monodromy
automorphism is unipotent with a single Jordan block.

In order to determine the homotopy groups of N;, we have to form the associated local system, and take

global sections over S', as in Construction 3.13. We have

k ifj=0
mi(Ni) =qk ifj=-1-
0 otherwise

For example, Ny = C*(S1; k).
Proposition 3.20. N; is a perfect C*(S!; k)-module.

PROOF. By construction, N; ®c(s1.x) k is a perfect k-module. Moreover, C*(S'; k) — k admits descent

[26, Prop. 3.35]. Therefore, N; is a perfect C*(S*; k)-module in view of [26, Prop. 3.27)]. O

Proposition 3.21. Any perfect C*(S*; k)-module M decomposes uniquely as a sum of copies of shifts of

the Ni~

ProOOF. Given a perfect C*(S'; k)-module, the associated local system (which is a local system of perfect
k-modules) splits as a direct sum of shifts of local systems of discrete k-modules, by Proposition 3.17. Each
of these is determined by a finite-dimensional k-vector space with an unipotent automorphism, and these
are classified as a direct sum of indecomposable ones determined by their Jordan type, corresponding to the
decomposition of a finitely generated k[z]-module as a direct sum of cyclic ones. These summands correspond

to the C*(S'; k)-modules N;. O

3.4. Evenly graded C*(S';k)-modules. Let k be a field. We will have to work with certain non-
perfect C*(S'; k)-modules in the sequel, and here we will prove a basic technical result (Proposition 3.23)

concerning them. We need the following classical algebraic fact with R = k[x],).

Theorem 3.22. Let R be a discrete valuation ring with quotient field K. Then any torsion divisible

R-module is a direct sum of copies of K/R.

We refer to [19, Theorem 6.3] for a proof of Theorem 3.22. We will translate it into our setting and

prove the following.
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Proposition 3.23. Let M be a C*(S*; k)-module. Suppose that m; M = 0 if i is odd. Then M is a direct
sum of copies of even shifts of the C*(S'; k)-module k¥ (under the map of Eo-rings C*(S'; k) — k given by

evaluation at a point).

ProoOF. We know, first, that M is a direct sum of copies of C*(S*; k)-modules whose base-change to k
is shifted discrete (Proposition 3.17), so we may assume this to begin with. That is, we may assume that
M ®c=(s1;5) k is concentrated in one degree, say n, in homotopy. In particular, under the correspondence
between C*(S'; k)-modules and local systems with the unipotence property, M comes from a discrete k[z]-
module Py, on which z is locally nilpotent. Moreover, at most one of ker x, coker  can nonzero because of
the hypothesis on the homotopy groups on M, and Construction 3.13, which describes how to get from Fy
to M.

Since z is locally nilpotent, ker x is always nonzero (if Py # 0), so the conclusion must be that coker x = 0,
and we have an even shift of a discrete local system. In other words, Py is a z-torsion divisible k[z]-module.
Any such is a direct sum of copies of k[z*1]/k[z] by Theorem 3.22.

It follows that if M is the C*(S%; k)-module corresponding to the k[z]-module k[z*!]/k, then M is a
direct sum of even shifts of copies of M. It remains to argue that k ~ M. In fact, our reasoning shows that
k must be a direct sum of copies of M , but clearly k is indecomposable, so k ~ M.

O

Corollary 3.24. Let M be a C*(S';k)-module such that m;M = 0 if i is odd. Then the k-module

M ®c(s1,k) k has the same property.
PRrOOF. This follows from Proposition 3.23, but it could also have been seen directly. ]

4. Residue fields

In this section, we will prove Theorems 1.2 and 1.3 on the existence of residue fields and the detection
of nilpotence. It will be convenient to work throughout with an extra assumption of a degree two unit. In

this case, the attachment of even cells can always be replaced with the attachment of degree zero cells.

4.1. Definitions. Let A be a rational, noetherian E,,-ring such that m3(A) contains a unit. Fix a

prime ideal p C mo(A).

DEFINITION 4.1. A residue field for A is an object x(p) € CAlg,, such that:
(1) The map m(A) — mo(k(p)) exhibits mo(k(p)) as the residue field of mo(A) at p.

(2) m(x(p)) = 0.
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In particular, if k(p) is the residue field of mpA at p, then 7. (k(p)) is a Laurent series ring on k(p) on a

generator in degree two.

In this section, we will show that residue fields for such E..-rings exist uniquely, and are sufficient to
detect nilpotence in Mod(A). The rest of the paper will use these residue fields to describe certain invariants

of Mod(A).
Remark 4.2. The name “residue field” is appropriate because of the perfect Kiinneth isomorphism
K(P)«(M) ®p(p)., £(p)«(N) > k(p)«(M @4 N), M, N € Mod(A);

indeed, there is a map from left to right which is an isomorphism for M = N = A, and both sides define two-
variable homology theories on Mod(A), so the natural map must be an isomorphism in general. Alternatively,

any £(p)-module is a sum of shifts of free ones.

We describe the connection with the use of residue fields as in [4]. Given an even periodic Eo-ring A (not
necessarily over Q) with 7o(A) regular noetherian, it is possible to form “residue fields” of A as E;-algebras in
Mod(R), by successively quotienting by a regular sequence. These residue fields have analogous properties of
detecting nilpotence [25, Cor. 2.6] and are quite useful for describing invariants of Mod(A) (e.g., [2, 4, 26]).
These residue fields are usually not E-algebras in Mod(A). For example, in the “chromatic” setting, the
associated residue fields (such as the Morava K-theories K (n) for the E-ring F,,) are almost never Eo.

Over the rational numbers, we are able to produce residue fields without such regularity hypotheses, and
as Eq-algebras. However, we will have to work a bit harder: the residue fields of such an A will no longer
in general be perfect as A-modules (or as E,-A-algebras), and we will have to use a countable limiting
procedure, together with the techniques from the previous sections.

Let A be as above. In order to construct a residue field for A for the prime ideal p € SpecmgA, we may
first localize at p, and assume that mgA is local and that p is the mazimal ideal. Then, given generators
T1,...,T, € moA for p, we will need to set them equal to zero by attaching 1-cells. That of course will
introduce new elements (in both 7, 7;) and we will have to kill them in turn. This process will be greatly

facilitated by the analysis in Section 3.

4.2. Detection of nilpotence. Given an E.,-ring A, we start by reviewing what it means for a

collection of A-algebras to detect nilpotence, following ideas of [10, 16].

DEFINITION 4.3. Let A be an E-ring, and let A’ be an A-ring spectrum: that is, an associative algebra

object in the homotopy category of Mod(A). We say that A — A’ detects nilpotence if, whenever T is an
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A-ring spectrum, then the map of associative rings
Tu(T) = mu(A' @4 T)

has the property that any u € m.(T) which maps to a nilpotent element is nilpotent. More generally, a
collection of A-ring spectra {A[,} g is said to detect nilpotence if any u € . (1) which maps to nilpotent

elements under each map 7, (T) — m. (AL, ®4 T) is itself nilpotent.

For example, the nilpotence theorem (Theorem 1.1) states that the Morava K-theories and homology
(rational and mod p) detect nilpotence for A = S°. The original form (in [10]) states that the Eo.-ring MU
of complex bordism detects nilpotence by itself, again over SY.

As in [10, §1], one has the following consequences of detecting nilpotence:

Proposition 4.4. Let {A]} be a collection of A-ring spectra that detect nilpotence.

a€es

(1) Given a map of perfect A-modules ¢: T — T’ such that each 1a; ®a ¢: A, @4 T — A, ®4
T’ is nullhomotopic as a map of A-modules, then ¢ is smash nilpotent: @®V: T®N — T/ON ig
nullhomotopic for N > 0.

(2) Given a self-map of perfect A-modules v: S*T — T, if each 14; ® 4 v: Z¥(A, @4 T) = A, @4 T

is nilpotent in Mod(A), then v itself is nilpotent.

Example 4.5. Suppose A’ is an A-ring spectrum that detects nilpotence. Then A’ cannot annihilate any

nonzero perfect A-module M in fact, that would force the identity M — M to be nilpotent.
Moreover, one sees:

Proposition 4.6. Let A be an E..-ring.

(1) Let A — Ay — A3 — ... be a diagram of A-ring spectra, such that the colimit A,, = li_n)lAi has a
compatible structure of an A-ring spectrum. If each A; detects nilpotence over A, then A, detects
nilpotence over A.

(2) Let {Al},cg be a collection of E.-A-algebras that detect nilpotence over A. For each a € S, let
{Al s} per. be a collection of Eoc-Aj-algebras that detect nilpotence over Aj,. Then the collection
{Agﬁ}aes,ﬁen of A-algebras detects nilpotence over A.

(3) Suppose the {A]} .4 are a collection of E..-A-algebras detecting nilpotence over A such that each
m«(AL) is a graded field. Then an A-ring spectrum A’ detects nilpotence over R if and only if
A" @4 Al #0 for each a € S.
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PROOF. By a graded field, we mean a graded ring which is either a field (concentrated in degree zero)
or k[t*!] for [t| > 0 and k a field. The third assertion then follows from the second, since any nonzero
ring spectrum over each A/ detects nilpotence over A/ . The proofs of the first and second assertions are

straightforward. |

Finally, we need an important example of a pair that detects nilpotence.

Example 4.7. Let A be a rational E.-ring, and let € m(A). As before, the cofiber A/x inherits the
canonical structure of an E..-algebra under A, as A//z. The localization A[z~!] always inherits a natural
Eo-ring structure. The claim is that the pair of A-algebras {A/x, A[x_l]} detects nilpotence.

To see this, let T be an A-ring spectrum, and let o € 7;(A4). Suppose o maps to zero in Alz~!] =
T @4 Alz~1]. This means that z¥a = 0 for N chosen large enough. Suppose also that o maps to zero in

7j(T/x) = m;j(T ® 4 A/z). This means that o = z for some 8 € 7;(T). We then have
a?N = NN = (28)NaN = gVeNaN = 0,

N

since z¥ a = 0. In other words, « is nilpotent.

This example will be extremely important to us in making induction arguments on the Krull dimension.

Example 4.8. Let A — A’ be a map of E.-rings. Suppose that A — A’ admits descent (Definition 3.6).

Then A — A’ detects nilpotence; see for instance [26, Prop. 3.26].

4.3. The main result. In this subsection, we prove the main technical result of this paper (Theo-
rem 4.14): the existence of residue fields and the detection of nilpotence. We begin with a preliminary

technical result.

Proposition 4.9. Let B be a rational E,,-ring such that:
(1) mo(B) is a field k.
(2) ma(B) contains a unit w.

(3) m_1(B) is a countably dimensional k-vector space.

Then there exists a sequence of E,-rings
(31) B=B" 5 BW 5 @

such that:

(1) Each B® satisfies the three hypotheses above on B.
(2) There exists an element y; € 7_1 (B¢~ 1) such that B® ~ BG=1//y,.
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(3) Given any element y € w_;(B), there exists N such that y maps to zero under the map B — BW,

ProOF. Note first that, by Proposition 2.13, B naturally admits the structure of an E-k-algebra. Let
U1, ug,--- € m_1(B) be a k-basis. We define BY) ~ B//u; = B ®sym*k[—1] k via the map Sym*k[-1] — B
classifying u;. Next, we define the Eo-BM-algebra B? ~ BW //u, ~ B ®sym*k[—1] k where the map
Sym*k[—1] — BW classifies uy. Inductively, we obtain a sequence of Eoo-rings B®). We need to verify the
above three conclusions on the B(®). The second and third conclusions are immediate from the construction.

Consider the Sym*k[—1]-module B under the map Sym*k[—1] — B classifying u;. We have a map
E[tF'] @ Sym*k[—1] — B,

of Sym*k[—1]-modules. The cofiber C, by hypothesis, is a Sym*k[—1]-module whose homotopy groups are
concentrated entirely in odd degrees. In particular, we find by Proposition 3.23 that C is a direct sum of

odd shifts of the Sym™k[—1]-module k, so the cofiber sequence
k[téﬂ] — B ®@gym*k[-1] k = C Qgym*k[-1] ¥,

(which has to induce split exact sequences on the level of homotopy groups) implies that, at the level of
homotopy groups, B = B®gym~k[—1)k has the same property as did B: the even homotopy groups are given
by the Laurent series ring. Moreover, the map 7. (C) — 7. (C ®gym+k[—1] k) is injective, so the {uz,us,...,}
remain nonzero and linearly independent in 7_; (B™). We find inductively that all the B®) have homotopy

groups entirely in odd degrees except for the Laurent series over k.

Lemma 4.10. Let k be a field of characteristic zero and let A be any E.-ring. Then the map
(32) Hochlg(k[tQﬂ], A) — Homging, (7« (k[t;tl]), 74 (4))
is a bijection.
PRrROOF. This follows as in the proof Proposition 2.13. That is, using a transcendence basis for k& over
Q, one sees that there exists a free E,.-ring on a discrete Q-module V such that k is a filtered colimit of

étale Sym™(V')-algebras. The analog of (32) is easily seen to be true for Sym* (V') and, by the theory of étale

extensions [24, §7.5], it must hold for k. In other words, the map

(33) HomCAlg(k, A) — HOHlRing* (/45, o (A))
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is a bijection. It is similarly easy to see that the analog holds for k replaced by Q[t3']. Since k[tF!] ~

k ®g Q[t5!], we may conclude. O

Proposition 4.11. Let B satisfy the hypotheses of Proposition 4.9.

1) Then there exists a map of E.-rings B — k 1] which detects nilpotence.
2

(2) If L is any field of characteristic zero, then the map
(34) moHomcalg (B, L[t;']) = Homping (. (B), m(L[t;']))
is a bijection.

PRroOF. Given B and the basis u, us, ..., as above, we let By be the colimit hi>n B of the sequence (31)
obtained by applying Proposition 4.9. Then B; satisfies the hypotheses of this proposition as well. Moreover,
the map m_1(B) — m_1(B1) is the zero map. Thus, we can repeat the above sequential construction of

Proposition 4.9 to B; to produce a new sequence
By —>B§1) —>B§2) —

obtained by iteratively coning off the degree —1 elements in 7.(By). Let the colimit be the E-B;-algebra
B,. Then B, satisfies the hypotheses of Proposition 4.9, but 7_;(B;) — 7_1(Bs) is zero. Repeating the

process, we get a sequence
(35) B— By —»By— ...,

whose colimit, finally, is the E.-ring k[téﬂ], since each of the maps is zero on m_j.

We need to see that the map B — k[t;tl] thus constructed detects nilpotence. For this, it suffices to
argue that each B; — B, in the above sequence detects nilpotence, since detecting nilpotence is preserved
in filtered colimits. But B; — B;1; is a filtered colimit of maps each of which is obtained by coning off a
degree —1 element, and these maps detect nilpotence by Proposition 3.8.

Finally, we need to analyze homotopy classes of maps B — L[tzﬂ} where L is a field of characteristic
zero. We have already shown that (34) is a surjection, so we only need to prove injectivity. For this, we
observe that any map B — L[t2il] extends over B — Bj. Indeed, B — Bj is a filtered colimit of maps
BG-1 — BU=1//y: where |y;| = —1. Since n_L[tF] = 0, any map BU~D — L[tF!] can be extended
over B, Tn particular, moHomgaie(B®, L[tF']) — moHomcalg (B, L[t5']) is a surjection. Taking
inverse limits, it follows easily that moHomgaig(B1, L[t5']) — moHomcale (B, L[ti']) is a surjection too, as
claimed. Applying this to B;, we find that each map moHomcag (B, L[t3']) — moHomeaig(Bi_1, L[t3]), is
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a surjection, and taking limits, that the map
WoHOmCAlg(k[tétl}, L[tétl]) — 7'('0HOHlCA1g(B7 L[tétl])

is a surjection, too. However, maps k[t3'] — L[t5'] of Eo-rings are determined by their action on homotopy

groups in view of Lemma 4.10. This proves uniqueness and completes the proof of Proposition 4.11. O

Proposition 4.12. Let Ay be a noetherian, rational E..-ring containing a unit in degree two. Suppose

mo(Ap) is a local artinian ring with residue field k. Let L be any field of characteristic zero. Then:

(1) The natural map
moHomcalg (Ao, L[t ']) — Homging, (7. Ao, L[t5']) = Homping (k[t5 '], L[t5'])

is a bijection.

(2) Any map Ag — L[t5'] of Eoo-rings detects nilpotence.

PROOF. We first treat existence in case L = k. Our goal is to produce a map of E-rings from Aq to
E[tF!]. For this, we will need to kill the degree zero elements, and the degree —1 elements. We will first kill
the degree 0 elements by adding cells in dimension one, to reduce to the case where there is nothing (except
for k) in odd dimensions. Then, we will use a separate argument to kill the odd homotopy.

We first make Ay into an E.-k-algebra, using Proposition 2.13. Given Ay, let m C mo(A4g) be the

maximal ideal, which is a finite-dimensional k-vector space. Consider the map
Sym*(m) — Ao,

of E.-k-algebras, and form the pushout

Al dﬁf AO ®Sym* (m) k7

which has the same property as Ag: (A7) satisfies the desired noetherianness assumptions (in fact, all the
homotopy groups are finite-dimensional k-vector spaces), and my(A1) is local artinian with residue field k by
Theorem 2.20. Note that Ag — A; admits descent in view of Proposition 3.7.

Let m; C mo(A;) be the maximal ideal, and continue the process with

A2 déf Al ®Sym*(m2) k?
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and repeating this, we find a sequence of 2-periodic, noetherian E,,-rings
A0—>A1 —)A2—>...7

where each A; has the following properties:

(1) mo(A;) is alocal artinian ring with residue field k& and 77 (4;) is a finite-dimensional k-vector space.
(2) Ait1 is obtained from A; by attaching a 1-cell for each element in a k-basis of the maximal ideal
of mo(A;), and thus 4, — A, 11 admits descent.

(3) In particular, the map mo(A4;) — mo(A;41) annihilates the maximal ideal of the former.

If we take the colimit A, = h_ngl A;, we find an E.-A-algebra Ao, such that mg(A) = k. This process of
iteratively attaching 1-cells has likely introduced elements in 7_1, but we know that m_1(A) is a countably
dimensional k-vector space. Note that Ag — A, detects nilpotence, as it is the sequential colimit of a
sequence of objects in CAlg 4 , that admit descent. But now we can appeal to Proposition 4.11 to obtain a
map Ay — k[t;tl] which detects nilpotence. This completes the proof of existence.

We may handle the first assertion (of which we now only need to prove injectivity of the map) in a

similar manner as in the proof of Proposition 4.11. That is, we observe that

HomCAlg(Ai, L[téﬁl}) — HomCAlg(Ai—la L[t;ﬁl])

is surjective for each i, because A; ~ Ai,l//(mgl), ce xﬁ")) where the xgj) are nilpotent. In the limit, we
find that the map

Homcalg(Aso, L[t35']) — Homeaie(Ao, LitEY])

is surjective. But now we can apply the uniqueness statement of Proposition 4.11 to complete the proof.
That is, maps A, — L[t:'] are determined by their behavior on homotopy groups. So, if we had two
different maps Ay — L[tzﬂ] inducing the same behavior on homotopy groups, we would get two different

maps As — L[téd] inducing the same behavior on homotopy groups, and this is a contradiction. O

Proposition 4.13. Let A be a noetherian, rational E,.-ring containing a unit in degree two. Suppose k is

a field of characteristic zero. Then the map
+1 +1
moHomeaig (A, k[ty"]) — Homping, (m.(A), k[t57])
is a bijection.

PROOF. We begin with surjectivity. Suppose given a map mo(A4) — k. We want to realize this at the

level of E..-rings. By localizing, we may assume that mo(A) is a local ring and that p C mo(A) is its maximal
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ideal; let &’ be the residue field mo(A)/p. By hypothesis, we have a map k' — k. Choose ideal generators

Z1,...,Tn € p and use them to construct a map
Qlu, .. yuy] = A, wy = .

We let Ag be the E-ring A ®qpu,,....u,] Q ~ A//(u1,...,un). Then we get a map A — Ay — k’[téﬂ] by

Proposition 4.12 realizing the map on 7, desired. We can compose this with the map k[tF'] — k[t3!].
Suppose now we have two distinct E,,-maps A — k[téﬂ] realizing the same map on m,. The same

argument as before shows that both maps extend to (necessarily distinct) maps Ag — k[t;tl] realizing the

same map on homotopy groups, but this contradicts Proposition 4.12. O
We can now prove our main result.

Theorem 4.14. Let A be a noetherian, rational E..-ring containing a unit in degree two.

(1) For each prime ideal p C mo(A), a residue field x(p) € CAlg,, for A at p exists and is unique up to
homotopy.
(2) The E.-A-algebras k(p) detect nilpotence.

PROOF. The existence and uniqueness of residue fields is a consequence of Proposition 4.13, since we
can of course construct them uniquely in the setting of commutative algebra (i.e., at the level of homotopy
groups).

Finally, we need to show that the residue fields detect nilpotence. If myA is local artinian, then we
have already seen this (Proposition 4.12). Now, assume the result on detection of nilpotence proved for all
noetherian A with the Krull dimension of mo(A) at most n — 1. We will then prove it for dimension < n.
In fact, we may assume that mpA is noetherian local of Krull dimension < n. Choose x € myA such that
7oA/ (x) has Krull dimension < n — 1. As we saw in Example 4.7, the pair of E..-A-algebras A//z, Alz™}]
detect nilpotence over A, and each of these is noetherian with 7y having Krull dimension < n—1. Therefore,
the residue fields of the Eo.-rings A/z, A[z~1] are sufficient to detect nilpotence over each of them, and thus
detect nilpotence over A by Proposition 4.6.

Given any rational noetherian E.o-ring A, in order to prove that the residue fields {x(p)} detect

pESpecmp A
nilpotence over A, it suffices to reduce to the case where myA is local, and thus of finite Krull dimension, so

that what we have already done suffices to show that the residue fields detect nilpotence.
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Proposition 4.15. Let A be a rational noetherian Eo.-ring containing a unit in m. Suppose B € CAlg, is
noetherian as well. Let p € SpecmpA. Let k(p) be the associated algebraic residue field and let x(p) € CAlg, /

be the topological one. Then the following are equivalent:

(1) mo(B) ®ny(a) k(p) # 0.
(2) B®ak(p) #0.

PROOF. There is a map of commutative rings mo(B) ®@ry(a) k(p) = mo(B ®4 k(p)), so if the latter is
nonzero, clearly the former is as well. Suppose the former is nonzero now. Without loss of generality, we
may assume that mo(A) is local and p is its maximal ideal. Let (x1,...,z,) be a system of generators for p
and let Ag = A//(x1,...,2,). Then B®4 Ao # 0 as mo(B)/(x1,...,2,) # 0, in view of Theorem 2.20; it is
here that we use that B is noetherian. However, the map Ay — k(p) detects nilpotence as mo(Ap) is local

artinian, so that if B®4 Ag # 0, then B ® 4 k(p) # 0 too. O

Remark 4.16. Proposition 4.15 is false if we do not assume B is noetherian. We refer to Section 8.2 for a

counterexample: the map Q[z,y] — A constructed is an isomorphism on mg, but B//(z,y) = 0.

Corollary 4.17. Let A be a rational noetherian E..-ring containing a unit in 5. Given two different prime

ideals p,q C mA, the tensor product x(p) ®4 k(q) is contractible.

Corollary 4.18. Let A be a rational noetherian E,.-ring containing a unit in degree two. Let A’, A" €
CAlg 4, be noetherian. Then the following are equivalent:

(1) mo(A’) ®@ry(ay mo(A”) # 0.

(2) A’ @4 A" £ 0.

PrOOF. Consider the mo(A)-algebra R = m(A") @, (a)m0o(A”). Since it is a nonzero algebra, there exists
p € Specmo(A) such that R @) k(p) # 0, where k(p) is the residue field of mgA at p. Thus, mo(A") @, (a)
k(p) # 0 and mo(A”) @xyca) k(p) # 0. By Proposition 4.15, the Eqo-rings A’ ®4 x(p) and A” ®4 k(p) are
nonzero, and thus their relative tensor product over x(p) is nonzero. Thus, (A’ ®4 A”) ®4 k(p) # 0, so that

A @4 A” #0 as well. O

Replacing A by A[tgd], we also get the following result, which will be important for the next section.

Corollary 4.19. Let A be a rational noetherian E.-ring (not necessarily containing a unit in degree two).
Let A’, A" € CAlg,, be noetherian. Then the following are equivalent:
(1) Teven(A) @ sy Teven(A”) # 0.
(2) A ®a A" #0.
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Remark 4.20. Given a rational, noetherian E,.-ring A containing a unit in 7w, we constructed a family of
residue fields {£(p)},cgpeca that detect nilpotence in the co-category Mod(A). One could ask if one has in
fact a Bousfield decomposition. That is, if an A-module M (not necessarily perfect) has the property that
K(p)«(M) = 0 for all p € SpecA, does that force M to be contractible? In the regular and even periodic
case, this is known (e.g., [25, Prop. 2.5]). The analog over the sphere fails: there are noncontractible spectra
that smash to zero with every residue field, for instance the Brown-Comenentz dual I of the sphere ([18,

Appendix B]). We do not know what happens in Mod(A).

5. A thick subcategory theorem

In this section, we use Theorem 4.14 to obtain the classification of thick subcategories of perfect modules

over a rational, noetherian E.-ring.

5.1. Review of the axiomatic argument. Let A be an E,.-ring together with a collection {x(p).} of
multiplicative homology theories on Mod(A), satisfying perfect Kiinneth isomorphisms, such that together
they detect nilpotence over A. In this case, it is well-known that they are sufficient to detect thick subcate-
gories as well. We note that these are the same as thick tensor-ideals, since the unit generates Mod® (A) as

a thick subcategory. In particular, consider M, N € Mod“(A4). We recall:

Theorem 5.1 (Hopkins-Smith-Hovey-Palmieri-Strickland [17, Th. 5.2.2 and Cor. 5.2.3]). Suppose M, N €
Mod®(A) are such that whenever x(p).(M) # 0, then x(p).(N) # 0 too. Then the thick subcategory that

N generates in Mod“(A) contains M.

At least under noetherian hypotheses, every thick subcategory C C Mod®(A) is then determined by a
subset of the {x(p).} (the x(p). such that there exists X € C with k(p).(X) # 0), and the classification
of thick subcategories reduces to the determination of which subsets arise from thick subcategories; or

equivalently, which subsets of the {x(p)} arise as {p: k(p).(M) # 0} for some M € Mod”(A).

5.2. The even periodic case. The main subtleties of the present section will revolve around the
grading. As a result, we start with the simplest case, where the ring contains a unit in degree two. This is

a direct consequence of the work of the previous section and the axiomatic argument, Theorem 5.1.

Construction 5.2. Let A be a rational, noetherian E.,-ring containing a unit in degree two. Let Z C
SpecmpA be a specialization-closed subset. We define a thick subcategory Mod%(A4) C Mod*(A) consisting

of modules M such that 7o(M) @ w1 (M) is set-theoretically supported on a closed subset of Z.

Construction 5.2 clearly defines thick subcategories of Mod®(A). We start by noting that they can also

be defined in terms of the residue fields of A.
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Proposition 5.3. Let A be a rational, noetherian 2-periodic E,.-ring. Let M be a perfect A-module. Then
the following are equivalent, for p € SpecmyA:

(1) My, #0.

(2) #(p)«(M) # 0 (where x(p) € CAlgy, is the residue field of Theorem 4.14).

Proor. Without loss of generality, we can assume that mo(A) is local and that p is the maximal ideal
of my(A). Then we need to show that if x(p).(M) = 0, then M itself is contractible, a form of Nakayama’s
lemma. Without loss of generality, we can assume that mo(A) is complete local, because the completion is
faithfully flat over A [29, Theorem 56, §24].

Let z1, ..., 2, € mo(A) be generators for the maximal ideal p. Then it suffices to show that M/(z1, ..., x,),
which is the base-change of M to A//(z1,...,xy), is contractible, because M is (z1,...,z,)-adically com-
plete. In particular, we may replace A with A//(zx1,...,z,) and thus assume that mo(A) is actually local
artinian. We thus reduce to this case.

But if mo(A) is local artinian, we know that the map A — k(p) actually detects nilpotence: in particular,
it cannot annihilate a nonzero perfect A-module (Example 4.5). So, if x(p).(M) = 0, then M is contractible.

O

Proposition 5.4. Let A be a rational, noetherian E,,-ring containing a unit in degree two. Then the thick
subcategories of Mod®”(A) are in natural bijection with the specialization-closed subsets of Specmg A, via the

correspondence given in Construction 5.2.

PRrROOF. By Theorem 5.1 and Proposition 5.3, it follows that if M, N € Mod”(A) and the set-theoretic
support of mo (M) @7 (M) contains that of mo(N )& (N), then N belongs to the thick subcategory generated
by M.

Next, we argue that any closed subset of SpecmyA is realized as the support of mgM for some M €
Mod®“(A). 1If the closed subset is defined by the ideal (z1,...,2,) € mo(A4), then we can take M =
A/(x1,...,x,), thanks to Theorem 2.20. This implies that if Z, Z’ C Specmy A are two distinct specialization-
closed subsets, say Z \ Z' # ) then there exists a module M € Mod”(A) which belongs to Mod%(A) \
Mod%, (A). In other words, the map of Construction 5.2 from subsets to thick subcategories is injective.

Finally, if C € Mod“(A) is a thick subcategory, we let Z be the specialization-closed subset of those
p € Specm(A) such that there there exists M € C with x(p).(M) # 0. Clearly, C C Mod%(4). To see
equality, fix an arbitrary M € Mod%(A). Then there exists a set {Ma},.g of objects in C such that the
support of oM @ 71 M is contained in the union of the supports of the {moM, @ 71 M,}. Therefore, since
mo(A) is noetherian, there exists a finite subcollection S’ C S such that the same conclusion holds, and

Theorem 5.1 implies that M belongs to the thick subcategory generated by P, .q Mo € C. |
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5.3. Graded rings. In the rest of the section, we will explain how to adapt the argument of Proposi-
tion 5.4 to the general case, where we do not assume the existence of a unit in degree two. We begin with
a review of some facts about graded rings. We will work with graded rings which are commutative (in the

ungraded sense) such as Teyen 0of an Eo-ring.

DEFINITION 5.5. Let R, be a commutative, graded ring. The topological space GrSpec(R,) consists
of the homogeneous prime ideals of R,. The topology on GrSpec(R.) is defined by taking as a basis
of open sets the subsets V(a) e {p € GrSpec(R.) : a ¢ p} for each homogeneous element p. Note that

GrSpec(R.) C SpecR, and the inclusion map is continuous (for the usual Zariski topology on the latter).

Given a graded ring R., the space GrSpec(R,) is also the underlying topological space [21, Ch. 5] of the
algebraic stack (SpecR,)/G,,, where the G,,-action on SpecR, is given by the grading of R.. Given a point
of (SpecR.)/G,,, represented a map Speck — (SpecR,)/G,, where k is a field, one obtains a map of graded
rings R, — k[t*!] where |t| = 1. The kernel of this map is a homogeneous prime ideal of GrSpec(R.), which

gives the correspondence between points of the stack and GrSpec(R.).

Example 5.6. Suppose R, is nonnegatively graded, i.e., R; = 0 for ¢ < 0, and suppose Ry is a field. Then

GrSpec(R) is the union of Proj(R.) and one additional point, corresponding to the irrelevant ideal &, , R;.

DEFINITION 5.7. Let R, be a commutative, graded ring. A collection € C GrSpec(R.) of homogeneous
prime ideals of R, is closed under specialization if, whenever p € € and q D p is a larger homogeneous prime
ideal, then q € € too. € C GrSpec(R,) is closed under specialization if and only if it is a union of closed

subsets.
We next observe that there is a notion of “support” in the graded setting.

DEFINITION 5.8. Suppose R, is noetherian and M, is a finitely generated graded R,-module. Let
Supp(M..) denote the collection of all p € GrSpec(R,) such that the localization (M,), does not vanish.
Then Supp(M.) C GrSpec(R.) is closed as it is the intersection of the usual support of M, in Spec(R,) with
GrSpec(R.) C Spec(R.).

A priori, the construction of the localization (M.,), (which is not a graded R,-module) is somewhat
unnatural. However, it is easy to see that the condition that (M,), # 0 is equivalent to the condition that
the localization of M, at the multiplicative subset S = {r € R, homogeneous : r ¢ p} should not vanish, and
this latter localization is naturally a graded R,.-module.

We will next need the notion of a graded-local ring.
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DEFINITION 5.9. R, is graded-local if it has a unique maximal homogeneous ideal. R, is a graded field

if either:

(1) R, =k, concentrated in degree zero, where k is a field.

(2) R. = k[u,u"!] where |u| > 0 and k is a field.

It is easy to see that a graded ring is a graded field if and only if the zero ideal is a maximal homogeneous
ideal. In fact, this condition implies that any homogeneous element is either zero or a unit. As a result,
given any p € GrSpec(R.), we can form the graded R.-algebra R,[,)/p, where R, is the localization of R,
at the set of homogeneous elements not in p. This is a graded field.

We will next need to understand a little about the interaction between homogeneous and inhomogeneous

prime ideals.

Construction 5.10. Let q € Spec(R,) be a prime ideal (not assumed homogeneous). We define a homoge-
neous prime ideal p € GrSpec(R,) such that € p if and only if each homogeneous component of = belongs

to q. Clearly, p C q is the maximal homogeneous ideal contained in g.

In the language of stacks, we have a quotient map SpecR, — (SpecR.)/G;,, which induces a map on
points SpecR, — GrSpec(R.). This map sends g — p as above.

Finally, to use both graded and ungraded techniques, we need the following construction.

Construction 5.11. Let R, be a commutative, graded noetherian ring. Let R’ be the graded ring R, [u™]
where |u| = 1. Then graded R/,-modules are canonically in correspondence with ungraded R.-modules. For
example, let q € Spec(R.) be a prime ideal, not assumed homogeneous. We let k(q), denote the graded

R! -module corresponding to ungraded R,-module which is the residue field of R, at q.

Given an ungraded R.-module M, we can form a graded R-module M as in Construction 5.11 and
restrict to get a graded R.-module (still denoted M), such that M, = M for every n. The following

elementary lemma will be crucial in the next subsection.

Lemma 5.12. Let R, be a graded, commutative noetherian ring. Let R, = R,[u™!] where |u| = 1. Let
q € SpecR, and let p € GrSpec(R.) be the homogeneous part. Define the graded R.-algebras k(p).,k(q)«
as in Construction 5.11. Then k(p). ®r, k(q)« # 0.

PROOF. We can assume without loss of generality that R, is graded-local with maximal homogeneous
ideal p. After replacing R, with R, /p, we can assume p = 0. In this case, R, is a graded field so that the
tensor product of any two nonzero graded R.-modules (e.g., k(p)«, k(q)«, under pull-back from R, — RY) is

Nonzero. O
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5.4. The thick subcategory theorem. Let A be a rational, noetherian E..-ring. The purpose of
this subsection is to give the proof that thick subcategories of Mod®”(A) correspond to specialization-closed
subsets of GrSpec(Teven(A4)), without assuming the existence of a unit in degree two. We first state formally
the map that realizes the correspondence. We note that our results prove that the map from the spectrum
(cf. [5]) of the ®-triangulated category associated to Mod*”(A) to the homogeneous spectrum of 7, (A), as

constructed by Balmer [6], is an isomorphism.

DEFINITION 5.13. Let M € Mod”(A). We define the support Supp(M) to be the support (in the sense
of Definition 5.8) of the graded Teyen(A)-module 7, (M). We will denote this by SuppM; it is a subset
of GrSpec(meven(A)). Given a specialization-closed subset Z C GrSpec(meven(4)), we define Mod%(A) C

Mod®(A) to be the full subcategory spanned by those perfect A-modules M with SuppM C Z.

Theorem 5.14. Let A be a rational, noetherian E.-ring. Then the construction Z — Mody(A4) de-
fines a correspondence between the thick subcategories of Mod”(A) and specialization-closed subsets of

GrSpec(Teven(4)).

The primary goal of this section is to give a proof of Theorem 5.14, which we already did (in Proposi-
tion 5.4) in case m2(A) contains a unit.
To begin with, we will need to discuss residue fields for A. Let A be a noetherian rational E.-ring and

p C Teven(A) a homogeneous prime ideal. We form the E,-ring A" = A[tQﬂ} and we then have
Mo A" ™~ TevenA.

In particular, p becomes a prime ideal of mgA’. As a result, in view of Theorem 4.14, we can construct
a residue field k(p) of A’ at p and we obtain maps A — A’ — k(p). Rather than considering the {x(p)}
as Eo.-A’-algebras, we consider them as E..-A-algebras. They satisfy a perfect Kiinneth isomorphism as

homology theories on Mod(A), as before.

Lemma 5.15. Let q C Teven(A) be an inhomogeneous prime ideal and let p C Teyen(A) be the homogeneous
part. Let x(q), x(p) € CAlg,, denote the respective residue fields, which we regard as Eo.-A-algebras under
A — A’. Then k(q) ®4 k(p) # 0.

PrOOF. This follows from Corollary 4.19 and Lemma 5.12. O

As a result, we can now show that the residue fields x(p) € CAlg,, for p € GrSpec(meven(A)) suffice to

detect nilpotence.
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Theorem 5.16. The {x(p)}, as p ranges over the homogeneous prime ideals in Specmeyen(4), detect nilpo-

tence over A.

This is not an immediate consequence of Theorem 4.14 applied to A’, because the homogeneous p do
not exhaust all the prime ideals of m9(A’). In other words, the x(p) in question do not detect nilpotence over

A

PrOOF. We know that the {k(q)} C CAlg, for q € SpecmevenA = mpA’ detect nilpotence over A’
(Theorem 4.14), and thus over A. Thus, in order to prove that the {x(p)} for p ranging over the homogeneous

prime ideals detect nilpotence over A, we appeal to the third part of Proposition 4.6 and Lemma 5.15. O

We note now that if M € Mod®”(A), then the support of M in GrSpec(meven(A)) is equivalently the set

of p € GrSpec(Teven(A)) such that M ®4 k(p) # 0; this is a consequence of Proposition 5.3.

PROOF OF THEOREM 5.14. In particular, it now follows formally (via the axiomatic argument given
in Theorem 5.1, together with the noetherianness of GrSpec(meyven(A)) from Theorem 5.16 that a thick
subcategory of Mod“(A) is determined by a subcollection of the {k(p)} as p ranges over the homogeneous
prime ideals of Teyen(A). It remains to determine what subsets are allowed to arise.

We will show that those subsets are precisely those which are closed under specialization. To see
this, we need to show that every closed subset of GrSpec(meven(A)) (associated to a homogeneous ideal
I C Teven(A)) can be realized as the support of some M, but this follows by forming A/(z1,...,x,) where

Z1,..., Ty € Teven(A) generate I. In particular, this completes the proof of Theorem 5.14. O

6. Galois groups

Let A be an E-ring such that m9(A) has no nontrivial idempotents. In [26], we introduced the Galois
group m1Mod(A) of A, a profinite group defined “up to conjugacy” (canonically as a profinite groupoid),
by developing a version of the étale fundamental group formalism. The Galois group 71 Mod(A) has the
property that if G is a finite group, then to give a continuous group homomorphism 73 Mod(4) — G is
equivalent to giving a faithful G-Galois extension of A in the sense of Rognes [33]. More generally, we
introduced ([26, Def. 6.1]) the notion of a finite cover of an E,-ring A, as a homotopy-theoretic version of
the classical notion of a finite étale algebra over a commutative ring. A continuous action of 71 Mod(A) on a
finite set is equivalent to a finite cover of the E,-ring A. The Galois group can be a fairly sensitive invariant
of Eoo-rings; for instance ([26, Ex. 7.21]) two different Eo-structures on the same E;-ring can yield different
Galois groups, and computing it appears to be a subtle problem in general. Here, we will show that the

Galois group is much less sensitive over the rational numbers, under noetherian hypotheses.
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The Galois group comes with a surjection
(36) m1Mod(A) — m§*Specmy(A),

since every algebraic Galois cover of Specmy(A) can be realized topologically. More generally, to every
finite étale mo(A)-algebra Aj one can canonically associate A" € CAlg,, such that moA’ ~ Aj and such
that mp A" ~ Al ®n,4 A [24, §7.5]. This yields a full subcategory of the category of finite covers which
corresponds to the above surjection. In general, however, it is an insight of Rognes that the above surjection
has a nontrivial kernel: that is, there exist finite covers that do not arise algebraically in this fashion. A
basic example is the complexification map KO — KU.

In [26], we computed Galois groups in certain instances. Our basic ingredient ([26, Th. 6.30]) was a
strengthening of work of Baker-Richter [4] to show that the Galois theory is entirely algebraic for even periodic
Eoo-rings with reqular mg, using the theory of residue fields. Over the rational numbers, the methods of the
present paper enable one to construct these “residue fields” without regularity assumptions. In particular,
we will show in this section that, for noetherian rational E..-rings, the computation of the Galois group
can be reduced to a problem of pure algebra. (For instance, we will show that (36) is an isomorphism if A
contains a unit in degree two.) In general, (36) will not be an isomorphism, because over Q, it is permissible
to adjoin square roots of invertible elements in homotopy in degrees divisible by four, for instance. But we

will see that such issues of grading are the only failure of (36) to be an isomorphism.

6.1. Review of invariance properties. To obtain the results of the present section, we will need
some basic tools for working with Galois groups, which will take the form of the “invariance results” of
[26]. For example, we will need to know that killing a nilpotent degree zero class does not affect the Galois
group. For convenience, we will assume that all E,,-rings A considered in this section have no nontrivial

idempotents in g, so that we can speak about a Galois group.

Theorem 6.1. Let A be a rational E.-ring and let z € mA be a nilpotent element. Then the map

A — A//x induces an isomorphism on Galois groupoids.
ProOOF. This is [26, Theorem 8.13], for the map Q[[t]] — A sending ¢ — x. O
Proposition 6.2. Let A be a rational E-ring and let € m_1 A be a class. Then the map
A— Al/z~ A®sym=qi-1] Q,

obtained by coning off z, induces a surjection on Galois groups.
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PROOF. By [26, §8.1], it suffices to show that the map C*(S';Q) ~ Sym*Q[-1] — Q is universally
connected: that is, for any A € CAlge«(g1,q)/, the natural map A — A ®c«(s1,0) Q induces an isomorphism
on Idem.

Since C*(S1;Q) — Q admits descent, the set Idem(A) of idempotents in A is the equalizer of the two
maps

A®c+(510) Q3 A B0+ (s1,0) QB0+ (51,0 Q= (A @cr(s1,0) Q) [1]-

This is a reflexive equalizer, and one of the maps is the natural inclusion

A ®C*(Sl;Q) Q — (A ®C*(Sl;Q) Q) [t]’

which induces an isomorphism on idempotents. It follows that all the maps in the reflexive equalizer are
isomorphisms and thus the two forward maps are equal, proving that A — A ®c«(s1,0) Q induces an

isomorphism on idempotents. O

6.2. The periodic case. We are now ready to show (Theorem 6.4 below) that the Galois theory of a

noetherian rational E..-ring containing a degree two unit is algebraic.

Lemma 6.3. Let A be a rational, noetherian E,,-ring containing a unit in 72 such that 7y A4 is local artinian.

Then the Galois theory of A is algebraic.

PROOF. The strategy is to imitate the proof of Theorem 4.14, while cognizant of the invariance results
for Galois groups reviewed in the previous subsection. Namely, we not only showed that A had a residue
field, but we constructed it via a specific recipe. Let k be the residue field of 7 A.

In proving Theorem 4.14 (that is, in the course of the proof of Proposition 4.12), we first formed a

sequence of rational, noetherian, E.-rings with artinian 7,
A=A0—>A1—>A2—>—)Aoo:hﬂz4“
such that:

(1) A,;41 is obtained from A; by attaching 1-cells along a finite number of nilpotent elements in mo(A4;).
(2) All the mo(A;) are local artinian rings with residue field k, and each map mo(4;) — mo(Air1)

annihilates the maximal ideal.
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By Theorem 6.1, at no finite stage do we change the Galois group; each map A — A; induces an
isomorphism on Galois groups. Now, by [26, Th. 6.21], the Galois group is compatible with filtered colimits
and therefore A — A, induces an isomorphism on Galois groups.?

Now, the E-ring A, has the properties of Proposition 4.9: it has a unit in degree two, its mp is
isomorphic to k, and 7 is countably dimensional. We showed in the proof of Proposition 4.9 that by killing
degree —1 cells repeatedly and forming countable colimits, and repeating countably many times, we could
start with A, and reach k[téﬂ]. It follows by Proposition 6.2 (along with the compatibility of Galois groups
and filtered colimits, again) that the map

Ao — E[tFY),

induces a surjection on Galois groups. But the Galois group of k[ti'] is algebraic (i.e., Gal(k/k)) in view of
the Kiinneth isomorphism [26, Prop. 6.28], so the Galois group of A, must be bounded by Gal(k/k), and

therefore that of A must be, too. |

We can now prove the main result of the present subsection.

Theorem 6.4. Let A be a rational, noetherian E.-ring containing a unit in degree two. Then the Galois

theory of A is algebraic, i.e., myMod(A) ~ m$*Specmq(A).

PRrOOF. Fix a finite cover A — A’ of E,.-rings. We need to show that A’ is flat over A: that is, the
natural map mo(A) — mo(A’) is flat, and the map m,(A) @, (a) T0(A’) — m.(A’) is an isomorphism. This is
a local question, so we may assume that my(A) is a local noetherian ring. Moreover, by completing A at the
maximal ideal m C myA, we may assume that myA is complete; we may do this because the completion of
any noetherian local ring is faithfully flat over it.

Let k be the residue field of the (discrete) commutative ring mgA. The étale fundamental group of
Specmp A is naturally isomorphic to that of Speck, via the inclusion Speck < SpecmpA as the closed point,
since mpA is a complete local ring. Let z1,...,x, € mgA be generators for the maximal ideal. Consider the

tower of E.-A-algebras
e A an) > A/ (@R an) = A (2,

whose inverse limit is given by A itself (by completeness). Observe that the maps at each stage are not

uniquely determined. For instance, to give a map A//(22,...,22) — A//(x1,...,z,) amounts to giving

nullhomotopies of each of 22,...,22 in A//(x1,...,,), and there are many possible choices of nullhomo-

topies. One has to make choices at each stage.

’In fact, all we need for the proof of this lemma is that A — A~ induces a surjection on Galois groups. This does not require
the obstruction theory used in proving [26, Th. 6.21], and is purely formal.
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Denote the E-algebras in this tower by {A,,}. As a result, the equivalence A ~ @1 A, leads to a fully
faithful imbedding
Mod®“(A) C 1'&nl\/[od‘”(Am)7

from the oo-category Mod*” (A) of perfect A-modules into the homotopy limit of the co-categories Mod“ (A,,)
of perfect A,,-modules. As discussed in [26, §7.1], this implies that if we show that the Galois group of each
A, is equivalent to that of k (i.e., is algebraic), then the Galois group of A itself is forced to be algebraic.
This, however, is precisely what we proved in Lemma 6.3 above.

O

6.3. The general case. In the previous parts of this section, we showed that the Galois theory of a
rational noetherian E,-ring A containing a unit in 7w was entirely algebraic. In this subsection, we will
explain the modifications needed to handle the case where we do not have a unit in mo; in this case, the
structure of the entire homotopy ring 7. A (rather than simply mgA) intervenes. We will begin with some
generalities from [3] which, incidentally, shed further light on Galois groups of general E-rings.

Let R, be a commutative, Z-graded ring (not graded-commutative!), such as meyen(A4) for A € CAlg.

We start by setting up a Galois formalism for R, that takes into account the grading.

DEFINITION 6.5. A graded finite étale R,-algebra is a commutative, graded R.-algebra R/ such that, as

underlying commutative rings, the map R, — R. is finite étale.
We list two fundamental examples:

Example 6.6. Given a finite étale Rp-algebra Ry, then one can build from this a graded finite étale R,-

algebra via R/, e Rj ®r, R

Example 6.7. Let R, = Z[1/n, x| where |z,| = n. Then the map R, — R, = Z[1/n,y{"],z, — y} is
graded finite étale. In other words, one can adjoin nth roots of invertible generators in degrees divisible by

n, over a Z[1/n]-algebra.

Consider the category Cg, of graded finite étale R,-algebras and graded R.-algebra homomorphisms. We
start by observing that it is opposite to a Galois category. One can formulate this in the following manner.
The grading on R, determines an action of the multiplicative group G,, on SpecR,, in such a manner that to
give a quasi-coherent sheaf on the quotient stack (SpecR.)/G,, is equivalent to giving a graded R,-module.
To give a finite étale cover of the quotient stack (SpecR.)/G,, is equivalent to giving a graded R.-algebra
which is finite étale over R,. In other words, graded finite étale R.-algebras are equivalent to finite étale

covers of the stack SpecR./G,,.
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DEFINITION 6.8. We define the graded étale fundamental group wf“grSpecR* to be the étale fundamental

group of the stack (SpecR.)/Gyy,.

Example 6.9. Suppose R, contains a unit in degree 1. In this case, R, ~ Ry ®z Z[t*'] where [t| = 1. In
particular, the quotient stack (SpecR.)/G,, is simply SpecRy, so the graded étale fundamental group of R,

is the fundamental group of SpecRj.

Now, let Agyen = Toven(A), constructed with the degree halved (so that (Aeven)1 = m2(A4)) and fix a
graded, finite étale Aeyven-algebra A,. We will construct an E..-A-algebra A’ equipped with an isomorphism
TevenA’ =~ A’ which is a finite cover of A, generalizing the construction that starts with a finite étale

moA-algebra and obtains a finite cover of A. As a result, we will obtain:

Theorem 6.10 (Baker-Richter [3]). There is a natural fully faithful imbedding from the category of graded,

finite étale Aqven-algebras into the category of finite covers of A in E,.-rings.

Dually, we obtain surjections of profinite groups
(37) m1Mod(A) — 78" (SpecAeyen) — 75t (SpecmpA),

refining the surjection (36). Since our formulation of the (essentially same) result is slightly different from

that of Baker-Richter, we give the deduction from their statement below.

PROOF. Start with a G-Galois object A/, in the category of graded, finite étale Agyon-algebras (for G a
finite group). Then A’ is a projective Aeven-module. Let A, = A’ ® 4. m,(A) be the graded-commutative

algebra obtained by tensoring up; it acquires a G-action. Moreover, it is a finitely generated, projective

7 (A)-module, and the map
Xy o ] .
a

given by all the twisted multiplications a1 ® as — a1g(ag) for g € G, is an isomorphism. By [3, Theorem
2.1.1], we can construct an object A" € CAlg,, with a G-action such that A’ is a G-Galois extension of A
and realizes the above map m,(A4) — ka on homotopy groups.

We can now describe the universal property of A’ as an E..-A-algebra. In fact, we claim that for any

E,-A-algebra B, we have a natural homotopy equivalence

(38) Homeaig, , (A', B) = Homa,,,, (A, Teven(B)),
141



so in particular the left-hand-side is discrete. But by Galois descent, this is also the G-fixed points of the
set of maps
HomCAlgA/ (A/ XA Al, B®g A/) ~ H Idem(B XA A/)
G

/ / ’
= HOHIA; (A* ®7Teven(A) AL, 7revelfl(B) ®7Feven(A) A*)v

since A’ has homotopy groups which are flat over m.(A) and since A, ®r_.. . AL = [[g A% But using the

algebraic form of Galois descent, we get that
Hom (A; Orteven(a) AL, Teven (B) O teven(a) A;)G = Homg,,,, (Aiw Teven(B)),

so we get (38) as claimed.

This imbeds the Galois objects in the category of graded, finite étale Teven (A)-algebras fully faithfully
(by (38)) in the category of finite covers of the Eo.-ring. To associate a finite cover to any graded, finite
étale Teven (A)-algebra, one now uses Galois descent: the Galois objects can be used to split any finite étale

algebra object. Full faithfulness on these more general covers can now be checked locally, using descent. [

With this in mind, we can state and prove our main result.

Theorem 6.11. Let A be anoetherian, rational E.-ring. Then the natural map 71 Mod(A4) — 75" (Specoyen(4))

is an isomorphism of profinite group(oid)s.

PROOF. We have already proved this result if A has a unit in degree two, thanks to Theorem 6.4 (see
also Example 6.9). We want to claim that for any A satisfying the conditions of this result, the functor
from graded, finite étale Teyen(A)-algebras to finite covers of the E..-ring A is an equivalence of categories
Cy ~ Cy. We already know that the functor C; — Cs is fully faithful.

Both categories depend functorially on A and have a good theory of descent via the base-change of
E-rings Q — Q[tfl], where Q[tQﬂ] is the free rational E,,-ring on an invertible degree two class. By
descent theory, we can thus reduce to the case of a Q[t3']-algebra, for which we have proved the result in

Theorem 6.4. O

7. The Picard group

7.1. Generalities. Another natural invariant that one might attempt to study using the theory of
residue fields is the Picard group. Recall that the Picard group of an E.-ring A, denoted Pic(A), is the

group of isomorphism classes of ®-invertible A-modules. In fact, these techniques were originally introduced
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in [15] in the study of the K (n)-local Picard group. It is known that if A is an E.-ring which is even
periodic and whose g is regular, then the Picard group is algebraic ([2]).

In this paper, we have given global descriptions (in terms of algebra) of both the Galois theory and the
thick subcategories of Mod(A), for A a noetherian rational E,.-ring. We do not know if it is possible to
describe the Picard group of rational E,.-rings in a similar global manner. However, the following example

shows that any answer will be necessarily more complicated.

Example 7.1. Consider the E,-ring A = Sym*Q[—1] ® Q[e]/e?, which is obtained from the ring of “dual

numbers” by freely adding a generator in degree —1. By the results of Section 3.3, we have
Mod(A) C Locg: (Mod(Q[e]/€?)),

that is, to give an A-module is equivalent to giving a Q[e]/e2-module together with an automorphism whose
action on homotopy groups is ind-unipotent.

For example, we might consider the Q[e]/e2-module Q[¢]/€*> and equip it with the automorphism given
by 1+7e, for any r € Q. For any r € Q, this defines an A-module M,.. Since the underlying Q[e]/e>-module is
invertible, it follows that M, € Pic(Mod(A)). Moreover, M, @ M,» ~ M, ,» (by composing automorphisms).
This shows that there is a copy of Q inside the Picard group of Mod(A) that one does not see from the

homotopy groups of A. In fact, one sees easily that Pic(A) ~ Z & Q.

Nonetheless, we will be able to obtain a weak partial result about the Picard groups of noetherian

rational E..-rings in comparison to the algebraic analog. We will first need some algebraic preliminaries.

DEFINITION 7.2. Given a graded-commutative ring R,, the category of graded R,-modules has a sym-
metric monoidal structure (the graded tensor product). We let Pic(R.) denote the Picard group of the

category of graded R,-modules, i.e., the group of isomorphism classes of invertible graded R.-modules.

Note that any invertible graded R.-module must be flat, since tensoring with it is an autoequivalence

(hence exact).

Proposition 7.3. Suppose R, is a graded-commutative ring such that Rs contains a unit and Ry is a
noetherian ring, and R; is a finitely generated Ry-module. Suppose R has no nontrivial idempotents. Then

Pic(R.) = Z/2 & Pic(Ry), where the Z/2 comes from the shift of R,.

PRrROOF. It suffices to show that if Ry is local, then Pic(R.) = Z/2. We prove this first if Ry is a field
k, so there is a map R, — k:[tgﬂ] of graded rings with nilpotent kernel. Let M, be an invertible R,-module.

Then M ®pg, k[ty'] is either k[t:'] or its shift since Pic(k[t3']) ~ Z/2; assume the former without loss of
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generality. Choose a homogeneous T € (M, ®pg, kz[tQﬂ])o which is a generator and lift it to a homogeneous
element x € My. We then obtain a map R, — M, which induces an isomorphism after tensoring with k[tfl].

By Nakayama’s lemma, one sees that it is surjective. Let K, be the kernel. Then the short exact sequence
0—+K,— R, —>M,—0

has the property that

0— K. ®p, k[t5'] = k[t — k[t£'] — 0

is still exact, by flatness of M,, and it shows that K, = 0 by Nakayama’s lemma.
If Ry is not a field k, then we can consider the maximal ideal m C Ry and consider the map R, — R./R.m
to reduce to this case. Using a similar argument with Nakayama’s lemma, and the fact that the Picard group

of R./R.m is Z/2, we find that the Picard group of R, is Z/2 as well. O

Recall that if A is an E.-ring, one has the following basic construction.

Construction 7.4 ([2]). There is an inclusion Pic(m,(A4)) — Pic(A) which sends an invertible graded 7, (A)-
module M, to an invertible A-module M (which is uniquely determined) with m.(M) ~ M,. The image

consists of those invertible A-modules M such that 7, (M) is a flat m,(A)-module.

Elements in the image of the map Pic(m.(A4)) — Pic(A) are said to be algebraic; if every element is
algebraic, then the Picard group itself is said to be algebraic. There are many cases in which the Picard
group of an E.-ring can be shown to be algebraic. For instance, if A is even periodic with regular noetherian
7o, or if A is connective, then it is known [2] that the Picard group of A is algebraic (see also [28, §2.4.6]).
Example 7.1 shows that the Picard group of a rational noetherian E,,-ring need not be algebraic. Our main
result (Theorem 7.7), however, implies that any torsion in the Picard group is necessarily algebraic.

To prove this result, we will need to use some techniques from [28] which we review briefly here. Recall
([28, Def. 2.2.1]) that the Picard group Pic(A) is the group of connected components of a connective
spectrum pic(A) called the Picard spectrum of A. The infinite loop space 2°pic(A) is associated to the
symmetric monoidal co-groupoid of invertible A-modules (under tensor product). The use of pic(A4) (as
opposed to simply Pic(A)) is critical when one wishes to appeal to descent-theoretic techniques.

We now outline a basic descent-theoretic technique in the study of Picard groups of ring spectra.

Construction 7.5 (Compare [28, §3]). Let A — B be a morphism of E.-rings which admits descent. In

this case, we can obtain an expression for the oo-category Mod(A) as the totalization

Mod(A) ~ Tot (Mod(B) 2 Mod(B®a B)= ... ) :
144



by descent theory [26, §3]. As a result, one obtains an expression for the spectrum pic(A),
(39) pic(A) = 75 Tot (pic(B@'H))) :

and a resulting homotopy spectral sequence

(40) Byt = H (mpic(B@'“))) — m_opic(A), t—s5>0.

We recall, moreover, that for any E..-ring A, we have natural isomorphisms 7 (pic(A)) =~ (mpA4)* and
me(pic(A)) =~ m_1(A) for ¢ > 2. In particular, the descent spectral sequence (40), for ¢ > 2, has the same
Es-page as the usual Adams spectral sequence. If A — B admits descent, it follows from [28, Comparison
Tool 5.2.4] together with the analogous result for the A — B Adams spectral sequence [26, Cor. 4.4] that

(40) degenerates (for t — s > 0) after a finite stage with a horizontal vanishing line.

Remark 7.6. We refer to [28] for several computational examples and applications of this spectral sequence.
In this paper, we will only use the existence of this spectral sequence and its degeneration at a finite stage

with a horizontal vanishing line.
7.2. The main result.

Theorem 7.7. Let A be a rational, noetherian E.-ring. Then the cokernel of the map Pic(m.(A)) — Pic(A)

is torsion-free.

The main goal of this subsection is to prove Theorem 7.7, which while not entirely satisfying still
provides significant information. In other settings, most of the interesting information in such Picard groups
is precisely the torsion. We will prove this in several steps, following the construction of residue fields in

Theorem 4.14.

Lemma 7.8. Let A be a rational Eo-ring and let y € m_1(A). Then the kernel of Pic(4) — Pic(A//y) is

a Q-vector space.

Proor. In fact, A — A//y admits descent (Proposition 3.8), so we use the homotopy spectral sequence
associated to the expression (39). We observe that, for i > 2, the cosimplicial abelian group ;(pic(B®**1))
consists of rational vector spaces. Therefore, to prove the lemma, it suffices to show that there is no
contribution in filtration one. However, we note that mo((A4//y)®*) ~ mo(A//y)[u1,. .., ux_1]. As a result,
the cosimplicial abelian group mo((A//y)®*T1)* is actually constant and has no nontrivial cohomology. This
proves the claim. O
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Lemma 7.9. Let A be a rational Eo-ring such that:
(1) m2(A) contains a unit.
(2) mo(A) is a field k.
(3) m—1(A) is countably dimensional vector space over k.

Then the torsion subgroup of Pic(A) is {A, XA}

ProOF. We will imitate the argument of Proposition 4.11. Consider the sequence of E.,-rings A ~

A AW 5 AR 5 of Proposition 4.9. By Lemma 7.8, the maps
Pic(A®)4ors — Pic(ATTD) o

are injections.

Let A; = liﬂA(i). It follows that the map A — A; induces an injection Pic(A)iors — Pic(41)tors,
because the Picard functor commutes with filtered colimits [28, Prop. 2.4.1]. Moreover, A; satisfies the same
hypotheses, and we can construct a sequence of E,-rings A; ~ Ago) — Agl) — ... from Proposition 4.9.
Similarly, each of the maps Agi) — Agiﬂ) induces an injection Pic(Agi))m,.S — Pic(AgiH))tors. If we set
Ay = hﬂAgi), we get that the map A; — As induces an injection Pic(A1)iors — Pic(A2)tors. Inductively,

we follow the proof of Proposition 4.11 and construct the sequence
A=Ay > A > Ay — ...,

such that each A; satisfies the same hypotheses as A did, and such that A; — A;41 is a colimit of a sequence
constructed in Proposition 4.9, whose colimit is k[tQﬂ]. Our reasoning shows that we get a sequence of
injections

Pic(A)iors = Pic(A1)ors — Pic(As)tors — - - — Pic(k[tE])tors ~ Z/2
because, again, the Picard functor commutes with filtered colimits. This completes the proof. (|

Lemma 7.10. Let A be a rational, noetherian E,,-ring. Suppose that mo(A) contains a unit and that
mo(A) is a local artinian ring with residue field. Let € mp(A) belong to the maximal ideal. Then the map

A — A//z induces an injection Pic(A)tors — Pic(A//2)tors-

PrROOF. The map A — A//x admits descent since z is nilpotent (Proposition 3.7). Therefore, we can
apply the expression (39) and the associated spectral sequence. As in Lemma 7.9, to run the argument, it
suffices to see that there are no torsion contributions in filtration one. All the rings m((A//z)®"+1) are
local artinian with the same residue field k, in view of Theorem 2.20. Given any local artinian ring R with

residue field &, the group R* of units has a natural splitting kX @ R*"""P where R*-""P is a Q-vector space.
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From this, it follows easily that the contribution in filtration one in the spectral sequence is a Q-vector space,

which proves the lemma. O

Lemma 7.11. Let A be a rational, noetherian E-ring. Suppose that m3(A) contains a unit and that mo(A)

is a local artinian ring. Then the only nontrivial element in the torsion subgroup of Pic(A) is ¥ A.
PROOF. As in the proof of Proposition 4.12, we can construct a sequence of E,,-rings
A=Ay > AL — Ay — ...,

such that:

(1) Ajqq =~ Ai//(xgi), e ,acgf)) for some finite sequence of nilpotent elements x;i) € mo(A;).
(2) Each ring mo(A;) is local artinian with residue field k.
(3) Each map A; — A;41 induces a map of local artinian rings mo(A;) — mo(A;+1) which annihilates
the maximal ideal of mg(A;).
By Lemma 7.10, it follows that each of the maps A; — A;4+1 induces an injection Pic(A4;)tors — Pic(Ait1)tors-

The colimit Ay, = thZ A; has Pic(Aco)tors =~ Z/2 in view of Lemma 7.9, and Pic(A)tors — Pic(Aso )tors-

Putting everything together, we get that Pic(A)ors ~ Z/2 as desired. ]

PROOF OF THEOREM 7.7. Let M be an invertible A-module. Suppose that n > 0 and that the tensor
power M®" € Pic(A) has the property that 7.(M) is a flat 7.(A)-module, i.e., M®" belongs to the image
of the map Pic(m.(A)) — Pic(A). We need to show that M itself has this property.

For this, we may make the base change A — A[t$'], as m.(A) — m.(A[tE']) is faithfully flat, and thus
assume that m3(A) contains a unit. Since flatness is a local property, it also suffices to work under the
assumption that mo(A) is a local ring. Similarly, by completing, we can assume that m(A) is complete local
with maximal ideal m = (z1,...,2,) C mo(A). Here we have to use the fact that any invertible A-module is
necessarily perfect [28, Prop. 2.1.2]. In this case, the algebraic Picard group is trivial (Proposition 7.3). So
it suffices to show that Pic(A)iors = Z/2.

Consider the tower of Eo-A-algebras A,, e A// (... xl). We have Pic(An )tors =~ Z/2 by Lemma 7.11.
One sees that Pic(A) C 7r0(1'£1m pic(A,,)) because Mod“(A) C lim Mod®(A,,). Note that the tower of
abelian groups {m (pic(A.,))} = {mo(As) > } satisfies the Mittag-Leffler condition since the tower {my(A,)} of
finite-dimensional k-vector spaces clearly satisfies the Mittag-Leffler condition. In particular, m (]£1m pic(4,,)) =

lim Pic(A,,) by the Milnor exact sequence. Finally,

m

Pic(A)iors C (@ Pic(Am)> C lim Pic(Ap)ors = imZ/2 = Z/2.
tors m m
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8. Non-noetherian counterexamples

The purpose of this section is to describe certain counterexamples that can arise from non-noetherian
rational E,.-rings. In particular, we obtain as a result new constructions of Galois extensions of ring spectra
(Theorem 8.15) and of elements in Picard groups (Example 8.17). The main point of this section is that we
can obtain such examples for quasi-affine schemes (such as punctured spectra) which fail to satisfy a form

of “purity.”

8.1. Quasi-affineness. Let X be a noetherian scheme. Recall the presentable, stable co-category
QCoh(X) of quasi-coherent sheaves of Ox-complexes on X [22]. QCoh(X) is a symmetric monoidal oo-
category with unit the structure sheaf Ox, whose endomorphisms are given by the E..-ring RT'(X, Ox) of

(derived) global sections of Ox. In this generality, we obtain an adjunction
(41) ( ®RF(X,OX) OX, RF) MOd(RF(X, Ox)) = QCOh(X),

which sends the RI'(X, Ox)-module RT'(X, Ox) to the structure sheaf Ox. The right adjoint takes the

derived global sections. We need the following basic fact.

Theorem 8.1 ( [22, Prop. 2.4.4]). Suppose X is quasi-affine. Then the adjunction (41) is a pair of inverse

equivalences of symmetric monoidal co-categories.

Eo-rings of the form RI'(X, Ox) for quasi-affine schemes will be our primary source of counterexamples,
because questions about RI'(X,Ox) can often be reduced to questions (in ordinary algebraic geometry)

about the scheme X. For instance, we obtain immediately:

Corollary 8.2. Suppose X is a quasi-affine scheme and £ is a line bundle on X. Then the RI'(X, Ox)-
module RI'(X, £) is invertible.

We can also obtain a comparison for Galois theory.

Corollary 8.3. Suppose X is a quasi-affine scheme. Suppose Y — X is a finite étale cover. Then the map
RI'(X,0x) — RI(Y, Oy) of Eo-rings is a finite cover. If Y — X is a G-torsor for a finite group G, then the
map (together with the natural G-action on the target) exhibits RI'(Y, Oy) as a faithful G-Galois extension
of RI'(X,Ox). In fact, the Galois group of the Eo-ring RI'(X, Ox) is naturally identified with the étale
fundamental group of X.
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PROOF. If f: Y — X is a finite étale cover, then Y can be constructed as the relative Spec of a sheaf of
commutative Ox-algebras f.(Oy). On any affine open SpecR C X, f.(Oy)|specr is obtained from a finite
étale algebra. In other words, if we write QCoh(X) = @SPCC Rex Mod(R), as the inverse limit ranges over
all Zariski open subsets SpecR C X, then f,(Oy) € QCoh(X) defines a family of finite covers in each of these
symmetric monoidal co-categories. It follows from [26, Prop. 7.1] (and [26, Th. 6.5] for the comparison
between weak finite covers and finite covers) that f.(Oy) defines a finite cover of the unit in the co-category

QCoh(X). Thus, applying the equivalence RI" then completes the proof. O

In general, there is no reason for the Galois theory (resp. Picard group) of the quasi-affine scheme to be
determined by that of moRI'(X, Ox), and this will be a source of counterexamples. This is related to subtle
purity questions. However, we can obtain immediately counterexamples to the thick subcategory theorem

without noetherian hypotheses in view of the following result.

Theorem 8.4 (Thomason [37, Th. 3.15]). Let X be a noetherian scheme. Let QCoh®(X) denote the oo-
category of quasi-coherent complexes F € QCoh(X) such that for every open affine SpecR C X, F(SpecR)
is a perfect R-module (equivalently, QCoh” (X)) consists of the dualizable objects in QCoh(X)). Then the

thick tensor-ideals in QCoh® (X) are in natural bijection with the specialization-closed subsets of X.

Suppose X is quasi-affine. In this case, QCoh”(X) corresponds under the equivalence of Theorem 8.1
to the RI'(X, Ox)-modules which are dualizable, i.e., perfect, and thick tensor-ideals are the same as thick

subcategories. Thus, we get:

Corollary 8.5. If X is a quasi-affine scheme, then the thick subcategories of Mod”(RI'(X,Ox)) are in

natural bijection with the specialization-closed subsets of X.

Construction 8.6. Let X be a quasi-affine, noetherian scheme which is not affine. In this case, the natural
map X — Specmo(RI'(X,0x)) is an open immersion of schemes [34, Tag 01P5]. By Corollary 8.5, the
thick subcategories of Mod(RT'(X, Ox)) are in bijection not with specialization-closed subsets of the scheme

Specmy (RT'(X, Ox)), but rather specialization-closed subsets of an open subset (i.e., X) of this scheme.

8.2. The punctured affine plane. Not every compact E,,-Q-algebra has the noetherianness prop-
erties used in this paper. In this subsection, we explain how E.-rings of the form RI'(X,Ox) can give

counterexamples, and work out the simplest nontrivial case.
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Construction 8.7. Consider the E.-ring A of functions on the punctured affine plane A%\ {(0,0)}, which

fits into a homotopy pullback

mi(A) = Qlz,y]/ (x>, y>) i=-1

0 otherwise

where Q[z,y]/(2>,y>°) denotes the cokernel of the map Q[z*!,y] ® Q[z, y*!] — Q[zT!, y*!]. In particular,

m_1(A) is not a finitely generated mo(A)-module (though my(A) is noetherian).
Proposition 8.8. The E.-ring A is compact in CAlgg,.

We are grateful to J. Lurie for explaining this to us.

PrOOF. In fact, to give a morphism A — B, for B a rational E.,-ring, is equivalent to giving two
elements u,v € Q°° B which have the property that B/(z,y) is contractible. This follows from the fact that
A is the finite localization ([30]) of Q[z,y] away from the Q[z, y]-module Q[x,y]/(x,y) (which is supported at
the origin). In particular, to give a morphism of Ey-rings A — B is equivalent to giving a map Q[z,y] — B
such that B//(x,y) = B/(x,y) is contractible; note that this condition is detected in a finite stage of a

filtered colimit. O

In [7, Ex. 2.8], B. Bhatt and D. Halpern-Leistner give in fact an explicit presentation of A as an Eo-ring
under Q[z,y]. Consider the Q[z,y]-module M = Q[z,y]/(x,y) and the natural map ¢: Q[z,y] — M. The
dual gives a map ¢: DM — Q|z,y], where DM is the Spanier-Whitehead dual of M. Then one has:

Proposition 8.9 (Bhatt, Halpern-Leinster). The E.-Q|[z, y]-algebra is the pushout

| |

Q[x, y] A

where:

(1) Symgy, ,(DM) is the free Eoo-Q[z, y]-algebra on the Q[z, y]-module DM.
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(2) The two maps Symgy, ., (DM) — Q[x, y] are adjoint to two maps of Q[z, y]-modules DM — Q[z, y]

which are given by v and the zero map.

PROOF. Indeed, let A" € CAlggy, ,j/- Then

/ ~
HomCAng[m,y]/(A’ A ) = * XHompoa(qle,y)) (DM, A7) *-

Here the two maps * — Homiod(q[e,y) (DM, A’) send, respectively, * to 0 and to the map DM KA AT
A'//(x,y) = 0, then DM = 0 and the mapping space Homcalgy, ,, (A, A’) is therefore contractible. If not,
then DM — A — A’ is not the zero map, so that mapping space is empty. This is precisely the universal

property of A" € CAlgy,, . O

Remark 8.10. The co-category of A-modules is equivalent to the co-category of quasi-coherent sheaves on
the scheme A2\ {(0,0)}, since this scheme is quasi-affine. In particular, it follows Corollary 8.5 that the thick
subcategories of Mod®”(A) correspond to the subsets of A%\ {(0,0)} which are closed under specialization. In

particular, Theorem 1.4 fails for A, as there is no thick subcategory corresponding to the origin in SpecmyA.

Remark 8.11. A also illustrates the failure of Theorem 2.20 in the non-noetherian case. In fact, mo(A)/(z, y) ~

Q while A//(z,y) is contractible.

8.3. Punctured spectra and counterexamples. We will now describe counterexamples to our the-
orems on Galois groups and Picard groups in the non-noetherian case, arising from quasi-affine schemes in

a similar way. We start by recalling the context.

Construction 8.12. Let (R, m) be a noetherian local ring. We define the punctured spectrum Spec®R =

SpecR \ {m}.

The punctured spectrum Spec®R is a quasi-affine scheme, and many “purity” results in algebraic geom-

etry and commutative algebra relate invariants of Spec®R to those of SpecR.

Theorem 8.13 (Zariski-Nagata [14, Exp. X, Th. 3.4]). Let R be a regular local ring of dimension > 2.

Then the inclusion Spec® R — SpecR induces an isomorphism on étale fundamental groups.

From our point of view, we can restate “purity” results such as the Zariski-Nagata theorem in terms of
ring spectra, by passage to the Eo-ring RI'(Spec’ R, Ogpecor). Let (R, m) be a regular local ring of dimension
> 2. Then mo(RI(Spec®R, Ospecor)) = R and m_;RI(Spec’R, Ogpecor)) = 0 if ¢ ¢ {0,dim(R) — 1} by
general results on local cohomology and depth [14, Exp. III, Ex. 3.4]. For example, we obtain:
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(1) Theorem 8.13 is thus equivalent to the statement that the Galois group of the Eo-ring RI'(Spec® R, Ospeco i)
is algebraic.

(2) Similarly, on a much more elementary level, let (R, m) be a regular local ring of dimension > 2.
Then R is factorial, so that it has trivial Picard group. Since the Picard group is isomorphic to
the class group, it follows that the inclusion Spec® R — SpecR induces an isomorphism on Picard
groups. In particular, it follows that the Picard group of RI'(Spec® R, Ogpecor) is algebraic. (More

subtle purity results of the Picard group in non-regular cases can be phrased in this form too.)

The main point of this subsection is that non-regular rings for which purity fails can be used to give
interesting examples of Galois extensions and invertible modules over non-noetherian ring spectra. Our
example (which is not local) follows [13, Example 16.5].

Let K be a field of characteristic zero containing a primitive nth root (, of unity. Let m > 2. Consider
the Z/n-action on the ring R’ = K[z, ..., ] sending 2; — C,z;. Then R = R’Z/™ is the subring generated
by all the homogeneous degree n monomials. Geometrically, the map SpecR’ — SpecR = SpecR'Z/™
corresponds to the quotient of the affine space A™ by rotation by the angle 27/n in each direction. In

particular, this map is étale away from the origin, the only place where the action fails to be free.

Construction 8.14. Let X = SpecR and let Y = SpecR’. We have a Z/n-action on Y and a map
Y — X which exhibits X as the quotient Y/(Z/n). If y € Y is the point corresponding to the prime ideal
(x1,...,2m) and z € X its image, then the point y is Z/n-invariant, and the induced map Y\ {y} — X\ {z}
is a Z/n-torsor. We write X° = X \ {z},Y° =Y\ {y}.

We define Ew-rings A = RI'(X°,Ox-) and B = RI'(Y?,Oye). Note that B € CAlg,, has a natural

7 /n-action.

Theorem 8.15. We have my(A) = R, mo(B) = R’. The map A — B, together with the Z/n-action on B

exhibits B as a faithful Z/n-Galois extension of A.

PrROOF. The natural map R’ =T'(Y,0Oy) — I'(Y°, Oy.) is an isomorphism since Y is normal and the
missing locus is codimension > 2 by [29, §17, Th. 35]. Moreover, the Z/n-torsor Y° — X° shows that
RI'(X°, Oxo) ~ RI(Y®°, Oyo)"%/" . Taking mo, we find that mo(A) ~ (mo (I(Y®°, Oys))*/" = R%/M = R.

The assertion that A — B is a faithful Z/n-Galois extension comes from Corollary 8.3. O

The map of commutative rings R — R’ is not étale: in fact, R’ is not regular (at zero) while R is. In

particular, the Galois extension of Theorem 8.15 does not come from algebra.

Example 8.16. Suppose K = C is the field of complex numbers. In this case, the topological realization

of SpecR (i.e., the topological space C™/(Z/n)) is easily seen to be contractible: one can scale down to the
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image of the origin. Therefore, the étale fundamental group of R = mo(A) is trivial. However, the Z/n-Galois
extension A — B (and the fact that B has trivial Galois group by Corollary 8.3 applied to C™\ {(0,...,0)})

shows that the Galois group of the E..-ring A is precisely Z/n.
We can also obtain elements of the Picard group.

Example 8.17. We compute the (classical) Picard group of the scheme X° again with K = C. First, we
observe that the Picard group of Y° is trivial since that of affine space Y is and Y° =Y \ {y}. Moreover,
I'(Y°,05) = C*. We have a Z/n-torsor Y° — X°, and we can use Galois descent to compute the Picard
group as Pic(X°) = HY(Z/n; HO(Y°,05.)) = Z/n since the action is trivial. Therefore, the Picard group
of the E-ring A is given by Z @ Z/n where the Z comes from suspensions. However, we claim that the
Picard group of mg(A) is trivial. Indeed, by Lemma 8.18 below, we have Pic(X) C Pic(X°) = Z/n. But the
Picard group of X can have no torsion as X is topologically contractible, in view of the Kiimmer sequence,
and therefore Pic(X) = 0. In particular, by Corollary 8.2, we find that Pic(A) ~ Z @& Z/n though the Picard

group of my(A) is trivial.

Lemma 8.18. Let X be a noetherian, normal, integral scheme. Let Z C X have codimension > 2. Then

the map Pic(X) — Pic(X \ Z) is injective.

PROOF. Let j: X\ Z — X be the open imbedding. Then the map Oy — j*(O)X(\Z) is an isomorphism.
The Leray spectral sequence now shows that the natural map H*(X,0%) — H'(X\ Z, (’))X<\Z) is an injection.
U
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CHAPTER 6

The Picard group of topological modular forms via descent theory

(with V. Stojanoska)

1. Introduction

Elliptic curves and modular forms occupy a central role in modern stable homotopy theory in the guise
of the variants of topological modular forms: the connective tmf, the periodic TMF, and T'm f which inter-
polates between them. These are structured ring spectra which have demonstrated surprising connections
between the arithmetic of elliptic curves and wve-periodicity in stable homotopy. For example, ¢tmf detects
a number of 2-torsion and 3-torsion classes in the stable homotopy groups of spheres through the Hurewicz
image. Even more interestingly, the more geometric-natured TMF can be used to detect and describe, using
congruences between modular forms, the 2-line of the Adams-Novikov spectral sequence at primes p > 5,

according to [Beh09].

From a different perspective, the structure of topological modular forms as E..-ring spectra leads to
symmetric monoidal oco-categories of modules which give rise to well-behaved invariants of algebraic or
algebro-geometric type. For instance, [Meil2] has studied T'M F-modules which become free when certain
level structures are introduced; these can be thought of as locally free sheaves with respect to a pre-determined

cover.

Our goal in this paper is to understand another such invariant, the Picard group. Any symmetric
monoidal category has an associated group of isomorphism classes of objects invertible under the tensor
product, which is called the Picard group. The classical examples are the Picard group Pic(R) of a ring R,
i.e., of the category Mod(R) of R-modules, or the Picard group of a scheme X, i.e., of the category Mod(Ox)
of quasi-coherent modules over its structure sheaf. In homotopy theory, the interest in Picard groups arose
when Mike Hopkins made the observation that the homotopy categories of E,-local and K (n)-local spectra
have interesting Picard groups, particularly when the prime at hand is small in comparison with n. Here,
E,, is the Lubin-Tate spectrum and K (n) is the Morava K-theory spectrum at height n. In the few existing
computations of such groups, notably [HMS94, HS99, KS07, GHMR12, Heal4], one often uses that

an invertible E,-module must be a suspension of FE,, itself.



The K (2)-localization of any of the three versions of topological modular forms gives a spectrum closely
related to the Lubin-Tate spectrum FEs; namely, this localization is a finite product of homotopy fixed point
spectra of finite group actions on FEs (or slight variants of Eo with larger residue fields). More generally,
each E, is an E..-ring spectrum with an action, through E..-ring maps, by a profinite group G,, called
the Morava stabilizer group (see [Rez98] for the E;-ring case). The K (n)-local sphere is obtained then as
the Devinatz-Hopkins homotopy fixed points. However, G,, also has interesting finite subgroups when the
prime is relatively small with respect to n. If G is such a subgroup, the homotopy fixed points E"“ are
an E..-ring spectrum, which is in theory easier to study than the K (n)-local sphere, but hopefully contains
a lot of information about the K (n)-local sphere. For instance, Hopkins has observed that in all known
examples, the Picard group of E'® (unlike that of the K (n)-local category) is very simple as it only contains

suspensions of E"“, and raised the following natural question.

QUuESTION (Hopkins). Let G be a finite subgroup of the Morava stabilizer group G,, at height n. Is it

true that any invertible & (n)-local module over E"C is a suspension of E"¢?

The periodic TMF is closer to its K (2)-localization than T'm f, and this is demonstrated by the following

result, originally due to Hopkins but unpublished.

Theorem A (Hopkins). The Picard group of TMF is isomorphic to Z/576, generated by the suspension
YXTMF.

In the paper at hand, we prove Theorem A using a descent-theoretic approach. In particular, our method
is different from Hopkins’s. The descent-theoretic approach also enables us to prove that, nonetheless, the
non-connective, non-periodic flavor of topological modular forms Tmf behaves differently and has a more

interesting Picard group.

Theorem B. The Picard group of Tmf is isomorphic to Z @ Z/24, generated by the suspension XTmf and

a certain 24-torsion invertible object.

In addition, we explicitly construct the 24-torsion module in Construction 8.10. We note that, after
the initial submission of this paper, the preprint of Hill-Meier [HM15] appeared, in which the authors use
techniques from Cs-equivariant stable homotopy to construct exotic torsion elements in the Picard group of

Tmf1(3). In contrast, our construction is given by an unusual gluing of locally trivial modules.

We hope that our method of proof of Theorem A and Theorem B, which is very general, will also be

of interest to those not directly concerned with TMF. Our method is inspired by and analogous to the
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forthcoming work of Gepner-Lawson [GL] on Galois descent of Brauer as well as Picard groups, though the

key ideas are classical.

Take, for example, the periodic variant TMF. Its essential property is that it arises as the global sections
of the structure sheaf O% P of a regular “derived stack” (M, O°P) refining the moduli stack of elliptic curves
Mell- Thus

TMF =T(Me, 0P) = lim  T(SpecR,O'P),
SpecR— Men

where the maps SpecR — M, range over all étale morphisms from affine schemes to M. Moreover,
the Eo-ring spectra T'(SpecR, O'°P) are weakly even periodic; thus we have TMF as the homotopy limit
of a diagram of weakly even periodic Eo.-rings. It follows by the main result of [MM15] that the module
category of TMF can also be represented as the inverse limit of the module categories Mod(OP(SpecR)),
that is, as quasi-coherent sheaves on the derived stack. In any analogous situation, our descent techniques

for calculating Picard groups apply.

Over an affine chart SpecR — M.y, the Picard group of I'(SpecR, O'°P) (i.e. that of an elliptic spectrum)
is purely algebraic, by a classical argument of [HMS94, BRO05| with “residue fields.” This results from
the fact that the ring 7,I'(SpecR, O%P) is homologically simple: in particular, it has finite global dimension,
which makes the study of I'(SpecR, O*P)-modules much easier. One attempts to use this together with
descent theory to compute the Picard group of TMF itself; however, doing so necessitates the consideration
of higher homotopy coherences. For this, it is important to work with Picard spectra rather than Picard

groups, as they have a better formal theory of descent.

The Picard spectrum pic(A) of an E-ring A is an important spectrum associated to A that deloops the
space of units GL;(A) of [May77]%: it is connective, its 7o is the Picard group of A, and its 1-connective
cover T>1pic(A) is equivalent to Xgl;(A) for gl;(A) the spectrum of units of [May77]. We find that the
Picard spectrum of TMF is the connective cover of the homotopy limit of pic(O'P(SpecR)), taken over étale
maps SpecR — M. This statement is a homotopy-theoretic expression of the descent theory that we need.
Thus, we get a descent spectral sequence for the homotopy groups of pic(TMF), which is a computational tool
for understanding the aforementioned homotopy coherences concretely. We use this technique to compute

mo(pic(TMF)), the group we are after.

The descent spectral sequence has many consequences in cases where it degenerates simply for dimen-
sional reasons, or in cases where the information sought is coarse. For instance, in a specific example

(Proposition 2.24), we show that the Picard group of the Eoo-ring C*(S1; Q[e]/€?) is given by Z x Q, which

ISee [ABGT14] for a very important application.
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yields a counterexample to a general conjecture of Balmer [Ball0, Conjecture 74] on the Picard groups of

certain tensor-triangulated categories. We also prove the following general results in Sections 4 and 5.

Theorem C. Let A be a weakly even periodic Landweber exact E,.-ring with m9A regular noetherian. Let
n > 1 be an integer, and let L,, denote localization with respect to the Lubin-Tate spectrum FE,,. The Picard
group of L, A is

Pic(L,A) = Pic(mA) x m_1(L,A),

where Pic(m. A) refers to the (algebraic) Picard group of the graded commutative ring 7, A.

Note that Pic(m,A) sits in an extension
0 — Pic(mpA) — Pic(m,A) = Z/2 — 0,
which is split if A is strongly even periodic.

Theorem D. Let A be an E.-ring such that myA is a field of characteristic zero and such that m; A = 0 for

¢ > 0. Then Pic(A) is infinite cyclic, generated by 2 A.

Theorem E. Let G be a finite group, and let A — B be a faithful G-Galois extension of E-rings in the
sense of Rognes [Rog08]. Then the relative Picard group of B/A (i.e., the kernel of Pic(4) — Pic(B)) is

|G|-power torsion of finite exponent.

For TMF, the descent spectral sequence does not degenerate so nicely, and we need to work further to
obtain our main results. The homotopy groups of the Picard spectrum of an E.-ring A, starting with o,

are simply those of A: in fact, we have a natural equivalence of spaces
Q= 2pic(A) ~ Q™A

This determines the Es-page and many of the differentials in the descent spectral sequence for Pic(TMF),
but not all the ones that affect mg. A key step in our argument is the identification of the differentials of the
descent spectral sequence for the Picard spectra, in a certain range of dimensions, with that of the (known)

descent spectral sequence for 7, (TMF). We prove this in a general setting in Section 5 below.

At the prime 2, this technique is not sufficient to determine all the differentials in the descent spectral
sequence, and we need to determine in addition the first “unstable” differential in the Picard spectral
sequence (in comparison to the usual descent spectral sequence). We give a “universal” formula for this first

differential in Theorem 6.1, which we hope will have further applications.
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Conventions. Throughout, we will write S for the oco-category of spaces, S, for the oo-category of
pointed spaces, and Sp for the oo-category of spectra. We will frequently identify abelian groups A with
their associated Eilenberg-MacLane spectra HA. Finally, all spectral sequences are displayed with the
Adams indexing convention, i.e. the vertical axis represents the cohomological degree, and the horizontal

axis represents the total topological degree.

Acknowledgments. We would like to thank Mike Hopkins for suggesting this project, and David
Gepner, Hans-Werner Henn, and Tyler Lawson for helpful discussions. We are grateful to Justin Noel for
catching an error in some of the computations and to Paul Goerss for pointing us to the work of Priddy
[Pri73]. We would also like to thank the referee for numerous helpful comments. We created the spectral

sequence figures using Tilman Bauer’s sseq ITEX package.

2. Picard groups

We begin by giving an introduction to Picard groups in stable homotopy theory. General references here

include [HMS94, MayO01].
2.1. Generalities. Let (C,®,1) be a symmetric monoidal category.

DEFINITION 2.1. The Picard group of C is the group of isomorphism classes of objects « € C which are
invertible, i.e. such that there exists an object y € C such that x ® y ~ 1. We will denote this group by
Pic(C).

Remark 2.2. If C is a large category, then it is not necessarily clear that the Picard group is a set. However,

in all cases of interest, C will be presentable so that this will be automatic (see Remark 2.4 below).

When C is the category of quasi-coherent sheaves on a scheme (or stack) X, then this recovers the usual
Picard group of X: line bundles are precisely the invertible objects. The principal goal of this paper is to

compute a Picard group in a homotopy-theoretic setting.

We will repeatedly use the following simple principle, which follows from the observation that tensoring

with an invertible object induces an autoequivalence of categories.

Proposition 2.3. Let Cy C C be a full subcategory that is preserved under any autoequivalence of C.

Suppose the unit object 1 € C belongs to Cyp. Then any x € Pic(C) belongs to Cy as well.

For example, if 1 is a compact object (that is, if Home(1,-) commutes with filtered colimits), then so is
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Suppose now that, more generally, C is a symmetric monoidal oo-category in the sense of [Lurl2], which
is the setting that we will be most interested in. Then we can still define the Picard group Pic(C) of C,
which is the same as Pic(Ho(C)). Moreover, Proposition 2.3 is valid, but where one is allowed to (and often

should) use co-categorical properties.

Remark 2.4. The theory of presentable oco-categories [Lur09, §5.5] enables one to address set-theoretic
concerns. If C is a presentable symmetric monoidal co-category, then the unit of C is k-compact for some
regular cardinal k. Therefore, by Proposition 2.3 (strictly speaking, its co-categorical analog), every invertible
object of C is k-compact, and the collection of x-compact objects of C is essentially small. In particular, the

collection of isomorphism classes forms a set and the Picard group is well-defined.

Example 2.5. Suppose that C is a symmetric monoidal stable oco-category such that the tensor product

commutes with finite colimits in each variable. Then one has a natural homomorphism
Z — Pic(C),
sending n — X"1.

Example 2.6. Let Sp be the oco-category of spectra with the smash product. Then it is a classical result
[HMS94, p. 90] that Pic(C) ~ Z, generated by the sphere S'. A quick proof based on the above principle
(which simplifies the argument in [HMS94] slightly) is as follows. If T' € Sp is invertible, so that there

exists a spectrum T such that T'A T’ ~ S, then we need to show that T is a suspension of S°.

Since the unit object S° € Sp is compact, it follows that 7' is compact: that is, it is a finite spectrum.
By suspending or desuspending, we may assume that 7 is connective,? and that 7T # 0. By the Kiinneth
formula, it follows easily that H,(T'; F') is concentrated in one dimension for each field F. Since H,.(T;Z) is
finitely generated, an argument with the universal coefficient theorem implies that H,(T;Z) is torsion-free

of rank one and is concentrated in dimension zero: i.e. Ho(T;Z) ~ Z. By the Hurewicz theorem, T ~ S°.

Example 2.7. Other variants of the stable homotopy category can have more complicated Picard groups.
For instance, if E € Sp, one can consider the oo-category LgSp of E-local spectra, with the symmetric
monoidal structure given by the E-localized smash product (X,Y) — Lg(X AY). The Picard group of
LgSp is generally much more complicated than Z. When F is given by the Morava E-theories E,, or the
Morava K-theories K (n), the resulting Picard groups have been studied in [HMS94] and [HS99], among

other references.

2We always use “connective” to mean “(—1)-connected.”
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Another important example of this construction arises for R an E.,-ring, when we can consider the

symmetric monoidal co-category Mod(R) of R-modules.

DEFINITION 2.8. Given an E-ring R, we write Pic(R) for the Picard group Pic(Mod(R)).

Using the same argument as in Example 2.6, it follows that any invertible R-module is necessarily
compact (i.e. perfect): in particular, the invertible modules actually form a set rather than a proper class.
Note that if R is simply an Es-ring spectrum, then Mod(R) is a monoidal co-category, so one can still define

a Picard group. This raises the following natural question.

Question 2.9. Is there an example of an Es-ring whose Picard group is nonabelian?

We will only work with E,.-rings in the future, as it is for these highly commutative multiplications that
we will be able to obtain good (from the point of view of descent theory) infinite loop spaces that realize

Pic(R) on 7.

2.2. Picard oco-groupoids. If (C,®,1) is a symmetric monoidal co-category, we reviewed in the previ-
ous section the Picard group of C. There is, however, a more fundamental invariant of C, where we remember

all isomorphisms (and higher isomorphisms), and which behaves better with respect to descent processes.

DEFINITION 2.10. Let Pic(C) denote the co-groupoid (i.e. space) of invertible objects in C and equiva-
lences between them. We will refer to this as the Picard oo-groupoid of C; it is a group-like E,-space, and

thus [May72, SegT74]| the delooping of a connective Picard spectrum pic(C).

We have in particular

moPic(C) ~ Pic(C).

However, we can also describe the higher homotopy groups of Pic(C). Recall that since C is symmetric

monoidal, End(1) is canonically an E..-space and Aut(1) consists of the grouplike components. Since
QPic(C) ~ Aut(1),
we get the relations
m1Pic(C) = (moEnd(1))*, m;Pic(C) = m;_1End(1) for 7 > 2.
Example 2.11. Let R be an E-ring. We will write

Pic(R) < Pic(Mod(R)), pic(R) % pic(Mod(R)).
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Then Pic(R) is a delooping of the space of units GL1(R) studied in [May77] and more recently using oo-
categorical techniques in [ABG™'14]. In particular, the homotopy groups of Pic(R) look very much like
those of R (with a shift), starting at 7. In fact, if we take the connected components at the basepoint, we

have a natural equivalence of spaces
T>1 (GLlR) =T>1 (QPIC(R)) =T>1 (QOOR),

given by subtracting 1 with respect to the group structure on the infinite loop space 2°°R. Nonetheless, the
spectra pic(R) and R are generally very different: that is, the infinite loop structure on Pic(R) behaves very

differently from that of Q> R.

Unlike the group-valued functor Pic, Pic as well as pic have the fundamental property, upon which the

calculations in this paper are based, that they commute with homotopy limits.

Proposition 2.12. The functor

pic: Cat® — Sps,,

from the oo-category Cat® of symmetric monoidal co-categories to the oco-category Sp>o of connective

spectra, commutes with limits and filtered colimits, and Pic = Q> o pic: Cat® — S, does as well.

PRrROOF. We will treat the case of limits; the case of filtered colimits is similar and easier. It suffices to
show that Pic commutes with homotopy limits, since Q°°: Sp, — S creates limits. Let CAlg(S) be the

oo-category of E..-spaces. Now, Pic is the composite inv o 7 where:

(1) 7: Cat® — CAlg(S) sends a symmetric monoidal co-category to the symmetric monoidal oo-
groupoid (i.e. E-space) obtained by excluding all non-invertible morphisms.
(2) inv: CAlg(S) — S. sends an E.-space X to the union of those connected components which are

invertible in the commutative monoid 79X, with basepoint given by the identity.
It thus suffices to show that 7 and inv both commute with limits.

(1) The functor ¢: Cat — S that sends an co-category C to its core «C commutes with limits: in fact, it
is right adjoint to the inclusion & — Cat that regards a space as an co-groupoid. See for instance
[Riel4, §17.2]. Now, to see that 7 commutes with limits, we observe that limits either in Cat® or
in CAlg(S) are calculated at the level of the underlying spaces (resp. oo-categories), so the fact
that « commutes with limits implies that 7 does too.

(2) It is easy to see that inv commutes with arbitrary products. Therefore, we need to show that inv

turns pullbacks in CAlg(S) into pullbacks in S.. We recall that if A, B are complete co-categories,
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then a functor F': C — D preserves limits if and only if it preserves pullbacks and products [Lur09,

Prop. 4.4.2.7]. Suppose given a homotopy pullback

Q=—0n

|

O<~—Ww

in CAlg(S); we need to show that

inv(A) —— inv(B)

L

inv(C) —— inv(D)

is one too, in S.. Given the construction of inv as a union of connected components, it suffices to
show that if z € mp A has the property that = maps to invertible elements in the monoids my B, moC,
then x itself is invertible.

To see this, consider the homotopy pullback square (2.1). Addition of x induces an endomor-
phism of the square. Since it acts via homotopy equivalences on B, C, D, it follows formally that

it must act invertibly on A, i.e., that x € mgA has an inverse.
O
2.3. Descent. Let R — R’ be a morphism of E..-rings. Recall the cobar construction, a cosimplicial

Eso-R-algebra

N
R/jR/(@RR/:...,

important in descent procedures, which receives an augmentation from R. The cobar construction is the

Cech nerve (see [Lur09, 6.1.2]) of R — R’, in the opposite co-category.

DEFINITION 2.13 ([Lurllb, Def. 5.2]). We say that R — R’ is faithfully flat if moR — moR’ is faithfully

flat and the natural map 7 R ®,,g ToR — 7R’ is an isomorphism.

In this case, the theory of faithfully flat descent goes into effect. We have:

Theorem 2.14 ([Lurllb, Theorem 6.1]). Suppose R — R’ is a faithfully flat morphism of E.-rings. Then
the symmetric monoidal co-category Mod(R) can be recovered as the limit of the cosimplicial diagram of

symmetric monoidal oco-categories

Mod(R') 2 Mod(R' @ R)) = ...
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As a result, by Proposition 2.12, Pic(R) can be recovered as a totalization of spaces,
(2.2) Pic(R) ~ Tot(Pic(R®(*+1)).
Equivalently, one has an equivalence of connective spectra
(2.3) pic(R) ~ 70 Tot(pic(R®(+1)).

In this paper, we will apply a version of this, except that we will work with morphisms of ring spectra that
are not faithfully flat on the level of homotopy groups. As we will see, the descent spectral sequences given

by (2.2) and (2.3) are not very useful in the faithfully flat case for our purposes.

Example 2.15. A more classical example of this technique (e.g. [Har77, Exercise 6.9]) is as follows. Let
X be a nodal cubic curve over the complex numbers C. Then X can be obtained from its normalization P!

by gluing together 0 and oco. There is a pushout diagram of schemes

{0,00} —— x

.

Pt — X.

Therefore, one would like to say that the QCoh(X) of on X fits into a homotopy pullback square

(2.4) QCoh(X) ——> QCoh(x)

| |

QCoh(P') —— QCoh(* U %),

and that therefore, therefore, the Picard groupoid of X fits into the homotopy cartesian square

(2.5) Pic(X) ———— Pic(x)

| |

Pic(P) —— Pic(x) x Pic().

Unfortunately, (2.4) is not a pullback square of categories, because restricting to a closed subscheme is not an
exact functor. It is possible to remedy this (up to connectivity issues) by working with derived oo-categories
[Lurlla, Theorem 7.1], or by noting that we are working with locally free sheaves and applying a version

of [Mil71, Theorems 2.1-2.3]. In any event, one can argue that (2.5) is homotopy cartesian.
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Alternatively, we obtain a homotopy pullback diagram of connective spectra. Using the long exact

sequence on 7, it follows that we have a short exact sequence
0 — C* — Pic(X) — Pic(P') ~Z — 0.
The approach of this paper is essentially an elaboration of this example.

2.4. Picard groups of E-rings. We now specialize to the case of interest to us in this paper. Let R
be an E.-ring, and consider the Picard group Pic(R), and better yet, the Picard oo-groupoid Pic(R) and
the Picard spectrum pic(R). The first of these has been studied by Baker-Richter in the paper [BR05], and

we start by recalling some of their results.

We start with the following useful property.
Proposition 2.16. The functor R — Pic(R) commutes with filtered colimits in R.

PRrROOF. This is a consequence of a form of “noetherian descent” [Gro66, §8]. Given an E-ring T, let
Mod®(T') denote the oco-category of perfect T-modules. If T is a filtered oco-category and {R;};er is a filtered
system of E..-rings indexed by I, then the functor of symmetric monoidal co-categories
(2.6) hgl Mod“(R;) — Mod“(lig R;)

iel I
is an equivalence. We outline the proof of this below.

Assume without loss of generality that [ is a filtered partially ordered set and write R = li_n)ll R;.
To see that (2.6) is an equivalence, observe that the oco-category hﬂie ; Mod”(R;) has objects given by
pairs (M,4) where ¢ € I and M € Mod“(R;). The space of maps between (M,i) and (N,j) is given
by hgkzi,j Homyiod(r,) (Rr ®r, M, Ry, ®r, N). For instance, this implies that if i > 4, the pair (M, 1) is
(canonically) equivalent to the pair (Ry ® g, M,i"). Thus, the assertion that (2.6) is fully faithful is equivalent
to the assertion that if M, N € Mod“(R;) for some 7, then the natural map

(27) h_H)lHOl’IlMOdw(RJ.)(Rj ®Ri ]\47 RJ ®Ri N) — HomMOdw(R)(R ®Ri M7R®Ri N)

Jjzi

is an equivalence. But (2.7) is clearly an equivalence if M = R; for any N. The collection of M € Mod®(R;)
such that (2.7) is an equivalence is closed under finite colimits, desuspensions, and retracts, and therefore it

is all of Mod®” (R;). It therefore follows that (2.6) is fully faithful.

Moreover, the image of (2.6) contains R € Mod*(R) and is closed under desuspensions and cofibers (thus

finite colimits). Let C C Mod®“ (R) be the subcategory generated by R under finite colimits and desuspensions.
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We have shown the image of the fully faithful functor (2.6) contains C. Any object M € Mod”(R) is a
retract of an object X € C, associated to an idempotent map e: X — X. We can “descend” X to some
X; € Mod”(R;) and the map e to a self-map e;: X; — X; such that ef is homotopic to e;. As is classical,
we use the idempotent e; to split X;; see [Nee01, Prop. 1.6.8] or the older [Fre66a] and [Fre66b, Th. 5.3].

Explicitly, form the filtered colimit Y; of X; <5 X; =5 ..., which splits off X;. The tensor product R ® R, Yi

is the direct summand of X given by the idempotent e and is therefore equivalent to M.

The association C — Pic(C) commutes with filtered colimits of symmetric monoidal co-categories by

Proposition 2.12. Taking Picard groups in the equivalence (2.6), the proposition follows. (]

Purely algebraic information can be used to begin approaching Pic(R). Let Pic(R,) be the Picard group

of the symmetric monoidal category of graded R.-modules. The starting point of [BRO5] is the following.
Construction 2.17. There is a monomorphism
®: Pic(R.) — Pic(R),

constructed as follows. If M, is an invertible R,-module, it has to be finitely generated and projective of

rank one. Consequently, there is a finitely generated free R.-module F, of which M, is a direct summand,
Sx

i.e. there is a projection p, with a section s,, F, —— M, .
D

Clearly, F, can be realized as an R-module F' which is a finite wedge sum of copies of R or its suspensions.
Let e, be the idempotent given by composition s, o p,. Since F is free over R, e, can be realized as an R-
module map e: F — F which must be idempotent. Define M to be the colimit of the sequence F = F 5 ...,
i.e. the image of the idempotent e. Observe that the homotopy groups of M are given by M,, as desired.
If M. is the inverse to M, in the category of graded R.-modules, we can construct an analogous R-module
M’, and clearly M ® g M’ ~ R by the degeneration of the Kiinneth spectral sequence. Thus, M € Pic(R).

The association M, — M defines ®.

Note that any two R-modules that realize M, on homotopy groups are equivalent by the degeneration
of the Ext-spectral sequence, and that ® is a homomorphism by the degeneration of the Kiinneth spectral
sequence. Observe also that ® is clearly a monomorphism as equivalences of R-modules are detected on

homotopy groups.

DEFINITION 2.18. When & is an isomorphism, we say that Pic(R) is algebraic.

Baker-Richter [BRO5] determine certain conditions which imply algebraicity. There are, in particular,

two fundamental examples. The first one generalizes Example 2.6.
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Theorem 2.19 (Baker-Richter [BRO05]). Suppose R is a connective E-ring. Then the Picard group of R

is algebraic.

PROOF. Since the formulation in [BR0O5, Theorem 21] assumed a coherence hypothesis on 7, R, we
explain briefly how this (slightly stronger) version can be deduced from the theory of flatness of [Lurl2,

§8.2.2]. Recall that an R-module M is flat if moyM is a flat mgR-module and the natural map
TR Qpror moM — m M,

is an isomorphism.

Since the Picard group commutes with filtered colimits in R, we may assume that R is finitely presented
in the oo-category of connective Eo-rings: in particular, by [Lurl2, Proposition 8.2.5.31], moR is a finitely
generated Z-algebra and in particular noetherian; moreover, each 7;R is a finitely generated myR-module.

These are the properties that will be critical for us.

Let M be an invertible R-module. We will show that 7, M is a flat module over 7, R, which immediately
implies the claim of the theorem. Localizing at a prime ideal of g R, we may assume that my R is a noetherian
local ring; in this case we will show the Picard group is Z generated by the suspension of the unit. We saw
that M is perfect, so we can assume by shifting that M is connective and that moM # 0. Now for every
map?® R — k, for k a field, m.(M ®g k) is necessarily concentrated in a single degree: in fact, M ®g k is an
invertible object in Mod(k) and one can apply the Kiinneth formula to see that Pic(Mod(k)) ~ Z generated
by ¥k. By Nakayama’s lemma, since mgM # 0, the homotopy groups of M ®g k must be concentrated in
degree zero. Thus, M ®g k ~ k itself. Using Lemma 2.20 below, it follows that M is equivalent to R as an

R-module, so we are done. O

Lemma 2.20. Let R be a connective E.-ring with myR noetherian local with residue field k. Suppose
moreover each m;R is a finitely generated moR-module. Suppose M is a connective,® perfect R-module.

Then, for n > 0, the following are equivalent:

(1) M ~R"
(2) M @gk~ k"

PROOF. Suppose M ®pg k is isomorphic to k™ and concentrated in degree zero. Note that mo(M ®@g k) ~
moM Rn,r k. Choose a basis 77, ..., T, of this k-vector space and lift these elements to z1,...,x, € moM.

These define a map R™ — M which induces an equivalence after tensoring with k, since M ®pr k ~ k.

3Recall that we are using the same symbol to denote an abelian group and its Eilenberg-MacLane spectrum.
4ie. (—1)-connected
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Now consider the cofiber C' of R — M. It follows that C' ® g k is contractible. Suppose C' itself is not
contractible. The hypotheses on 7, R imply that C is connective and each 7;C is a finitely generated module

over the noetherian local ring moR. If j is chosen minimal such that 7;C' # 0, then
0= 7Tj(C®R k‘) ~ 7Tj0 O k,
and Nakayama’s lemma implies that 7;C' = 0, a contradiction. (]

Some of our analyses in the computational sections will rest upon the next result about the Picard

groups of periodic ring spectra.

Theorem 2.21 (Baker-Richter [BR05, Theorem 37]). Suppose R is a weakly even periodic Eo-ring with

mo R regular noetherian. Then the Picard group of R is algebraic.

The result in [BRO5, Theorem 37] actually assumes that 7o R is a complete regular local ring. However,
one can remove the hypotheses by replacing R with the localization R, for any p € Specmol2 and then

forming the completion at the maximal ideal.
We will need a slight strengthening of Theorem 2.21, though.
Corollary 2.22. Suppose R is an E-ring satisfying the following assumptions.

(1) moR is regular noetherian.
(2) The mpR-module 7o R is invertible for some &k > 0.

(3) mR=0if i # 0 mod 2k.
Then the Picard group of R is algebraic.

PRrROOF. Using the obstruction theory of [Ang08] (as well as localization), we can construct “residue
fields” in R as E;-algebras in Mod(R) (which will be 2k-periodic rather than 2-periodic). After this, the

same argument as in Theorem 2.21 goes through. ]

Remark 2.23. If R is a ring spectrum satisfying the conditions of Corollary 2.22, then Pic(R) = Pic(m, R)

sits in a short exact sequence
0 — Pic(moR) — Pic(m.R) — Z/(2k) — 0.

The extension is such that the (2k)-th power of a set-theoretic lift of a generator of Z/(2k) to Pic(m,R) is

identified with the invertible 7wy R-module moy R.

An example of a non-algebraic Picard group, based on [Mat14b, Example 7.1], is as follows.
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Proposition 2.24. The Picard group of the rational Eo-ring R = Q[eg,€_1]/€2 (free on two generators

€0,€_1 of degree 0 and —1, and with the relation €3 = 0) is given by Z x Q.

PROOF. The key observation is that R is equivalent, as an E.,-ring, to cochains over S* on the (discrete)
E.-ring Q[eg]/€2, because C*(S1; Q) is equivalent to Qle_;]. By [Matl4a, Remark 7.9], we have a fully
faithful, symmetric monoidal embedding Mod(R) C Locg: (Mod(Q[eg]/€3)) into the oo-category of local
systems (see Definition 4.1 below) of Q[eg]/e2-modules over the circle, whose image consists of those local

systems of Q[eg]/e3-modules such that the monodromy action of 71 (S?) is ind-unipotent.

In particular, to give an object in Pic(R) is equivalent to giving an element in Pic(Q[eg]/€2) (of which
there are only the suspensions of the unit, by Theorem 2.19) and an ind-unipotent (monodromy) automor-
phism, which is necessarily given by multiplication by 1+ geg for ¢ € Q. We observe that this gives the right

group structure to the Picard group because (1 + geg)(1+ ¢'ep) =1+ (¢ + ¢')eo. O

Proposition 2.24 provides a counterexample to [Ball0, Conjecture 74], which states that in a tensor tri-
angulated category generated by the unit with a local spectrum (e.g. with no nontrivial thick subcategories),
any element £ in the Picard group has the property that £&" is a suspension of the unit for suitable n > 0.
In fact, one can take the (homotopy) category of perfect R-modules for R as in Proposition 2.24, which has

no nontrivial thick subcategories by [Mat14b, Theorem 1.3].

Remark 2.25. Other Picard groups of interest come from the theory of stable module co-categories of a
p-group G over a field k of characteristic p, which from a homotopy-theoretic perspective can be expressed
as the module co-categories of the Tate construction k*“. The Picard groups of stable module co-categories
have been studied in the modular representation theory literature (under the name endotrivial modules)
starting with [Dad 78], where it is proved that the Picard group is algebraic (and cyclic) in the case where

G is elementary abelian. The classification for a general p-group appears in [CTO05].

3. The descent spectral sequence

In this section, we describe a descent spectral sequence for calculating Picard groups. The spectral
sequence (studied originally by Gepner and Lawson [GL] in a closely related setting) is based on the ob-
servation (Proposition 2.12) that the association C +— Pic(C), from symmetric monoidal co-categories to
Eo-spaces, commutes with homotopy limits. We will describe several examples and applications of this in

the present section. Explicit computations will be considered in later parts of this paper.
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For example, let {Cy} be a sheaf of symmetric monoidal co-categories on a site, and let I'(C) denote the

global sections (i.e. the homotopy limit) co-category. Then we have an equivalence of connective spectra
pic(T'(C)) ~ 70T (pic(Cu)),

and one can thus use the descent spectral sequence for a sheaf of spectra to approach the computation of
pic(T'(C)). We will use this approach, together with a bit of descent theory, to calculate Pic(TMF). The key
idea is that while TMF itself has sufficiently complicated homotopy groups that results such as Theorem 2.21
cannot apply, the co-category of TMF-modules is built up as an inverse limit of module categories over E..-

rings with better behaved homotopy groups.

3.1. Refinements. Let X be a Deligne-Mumford stack equipped with a flat map X — Mpgqg to the

moduli stack of formal groups. We will use the terminology of [MM15].

DEFINITION 3.1. An even periodic refinement of X is a sheaf O%P of E.-rings on the affine, étale site
of X, such that for any étale map
SpecR — X,

the multiplicative homology theory associated to the Eq.-ring Q%P (SpecR) is functorially identified with the
(weakly) even-periodic Landweber-exact theory® associated to the formal group classified by SpecR — X —

Mpg. We will denote the refinement of the ordinary stack X by X.

A very useful construction from the refinement X is the Eoo-ring of “global sections” T'(X, O%P), which

is the homotopy limit of the O*P(SpecR) as SpecR — X ranges over the affine étale site of X.

Example 3.2. When X is the moduli stack Mgy of elliptic curves, with the natural map M., — Mpg that
assigns to an elliptic curve its formal group, fundamental work of Goerss, Hopkins, and Miller, and (later)
Lurie constructs an even periodic refinement 2M.;;. The global sections of M,;; are defined to be the E,-ring
TMF of topological modular forms; for a survey, see [Goel0]. There is a similar picture for the compactified

moduli stack M, whose global sections are denoted Tmf.

DEFINITION 3.3. Given the refinement X, one has a natural symmetric monoidal stable co-category
QCoh(X) of quasi-coherent sheaves on X, given as a homotopy limit of the (stable symmetric monoidal)

oo-categories Mod(O%P(SpecR)) for each étale map SpecR — X.

5See [Lur10, Lecture 18] for an exposition of the theory of weakly even-periodic theories.
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There is an adjunction

(3.1) Mod(D(X, O*°P)) = QCoh(X),

where the left adjoint “tensors up” and the right adjoint takes global sections.®

Our main goal in this paper is to investigate the left hand side; however, the right hand side is sometimes
easier to work with, since even periodic, Landweber-exact spectra have convenient properties. Therefore,

the following result will be helpful.

Theorem 3.4 ([MM15, Theorem 4.1]). Suppose X is noetherian and separated, and X — Mpq is quasi-

affine. Then the adjunction (3.1) is an equivalence of symmetric monoidal co-categories.

For example, since the map M., — Mpg is affine, it follows that Mod(TMF) is equivalent to QCoh(Mey;).
This was originally proved by Meier, away from the prime 2, in [Meil2]. Theorem 3.4 implies the analog

for Tmf and the derived compactified moduli stack, as well [MM15, Theorem 7.2].

Suppose X — Mp¢ is quasi-affine. In particular, it follows that there is a sheaf of symmetric monoidal

oo-categories on the affine, étale site of X, given by
(SpecR — X)) — Mod(O"P(SpecR)),

whose global sections are given by Mod(T'(X, O%P)). This diagram of oo-categories is a sheaf in view of the
descent theory of [Lurllb, Theorem 6.1], but [MM15, Theorem 4.1] gives the global sections. We are now
in the situation of the introduction to this section. In particular, we obtain a descent spectral sequence for

pic(T'(X, O°P)), and we turn to studying it in detail.

3.2. The Gepner-Lawson spectral sequence. Keep the notation of the previous subsection: X is a
Deligne-Mumford stack equipped with a quasi-affine flat map X — Mpg, and (X, O'°P) is an even periodic

refinement.

Our goal in this subsection is to prove:

60ne way to extract this from [Lur12] is to consider the thick subcategory C of QCoh(X, O'P) generated by the unit. Then,
one obtains by the universal property of Ind an adjunction Ind(C) = QCoh(X, O*P). However, the symmetric monoidal co-
category Ind(C) is generated under colimits by the unit, so it is by Lurie’s symmetric monoidal version [Lurl2, Prop. 8.1.2.7]
of Schwede-Shipley theory equivalent to modules over I'(X, OtP), which is the ring of endomorphisms of the unit.
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Theorem 3.5. Suppose that X is a regular Deligne-Mumford stack with a quasi-affine flat map X — Mpq,

and suppose X is an even periodic refinement of X. There is a spectral sequence with

H*(X,Z/2) t=0,

s X —
52) Bt H3(X,0%) t=1,

H*(X,w®D/2) t>3odd,

0 otherwise,

whose abutment is 7;_sI'(X, pic(O*P)). The differentials run d,.: E$t — EsTmi+r=1,

The analogous spectral sequence for a faithful Galois extension has been studied in work of Gepner and

Lawson [GL], and our approach is closely based on theirs.

PROOF. In this situation, as we saw in the previous subsection, we get an equivalence of symmetric

monoidal co-groupoids,
Pic(I(X, 0%P)) ~ holimgpecr— x Pic(O*P(SpecR)),

where SpecR — X ranges over the affine étale maps. Equivalently, we have an equivalence of connective
spectra

pic(T(X, 0'P)) = 750 (holimgpecr— x pic(O*P(SpecR))) .

Let us study the descent spectral sequence associated to this. We need to understand the homotopy
group sheaves of the sheaf of connective spectra (SpecR — X) — pic(O™P(SpecR)) (i.e. the sheafification

of the homotopy group presheaves (SpecR — X) — m;pic(O'*P(SpecR))). First, we know that
m1pic(OP(SpecR)) ~ R*,
and, for i > 2, we have

w(=H/2 i odd
7; (pic(O"P(SpecR)) ~ m;_1 O (SpecR) =

0 1 even.

It remains to determine the homotopy group sheaf my. If X is a regular Deligne-Mumford stack, so
that each ring R that enters is regular, then we can do this using Theorem 2.21. In fact, it follows that
if R is a local ring, then mopic(OP(SpecR)) ~ Z/2. Thus, up to suitably suspending once, invertible
sheaves are locally trivial. Using the descent spectral sequence for a sheaf of spectra, we get that the above

173



descent spectral sequence for T'(X, pic(O'P)) is almost entirely the same as the descent spectral sequence for
(X, O%P) in the sense that the cohomology groups that appear for ¢ > 3, i.e. H*(X, w(t_l)/2), are the same
as those that appear in the descent spectral sequence for T'(X, O'P). However, the terms for ¢ = 1 are the

étale cohomology of G,, on X. In particular, we obtain the term
HY(X,0%) ~ Pic(X),

which is the Picard group of the underlying ordinary stack. O

Remark 3.6. One may think of the spectral sequence as arising from a totalization, or rather as a filtered
colimit of totalizations. Choose an étale hypercover 2l given by U, — X by affine schemes {U,}. For any
Eoo-ring A, denote by Pic”(A) the symmetric monoidal subcategory of Pic(A) spanned by those A-modules
such that, after restricting to each connected component of Spec myA, become equivalent to a suspension of

A. Denote by picZ(A) the associated connective spectrum. Then we form the totalization
Tot (pic”(O*P(Us))),

whose associated infinite loop space QmTot(picZ(OtOP(U.))) is, by descent theory, the symmetric monoidal
oo-subgroupoid of Pic(I'(X, O%P)) spanned by those invertible modules which become (up to a suspension)
trivial after pullback along Uy — X. In particular, the filtered colimit of these totalizations is the spectrum
we are after. The descent spectral sequence of Theorem 3.5 is the filtered colimit of these Tot spectral

sequences.

3.3. Galois descent. We next describe the setting of the spectral sequence that was originally consid-
ered in [GL]. Let A — B be a faithful G-Galois extension of Eo.-ring spectra in the sense of [Rog08]. In
particular, G acts on B in the co-category of Eo.-A-algebras and A — B"“ is an equivalence. Then A — B
is an analog of a G-Galois étale cover in the sense of ordinary commutative algebra or algebraic geometry. As
in ordinary algebraic geometry, there is a good theory of Galois descent along A — B, as has been observed

by several authors, for instance [GL, Meil2].

Theorem 3.7 (Galois descent). Let A — B be a faithful G-Galois extension of E.-rings. Then there is a

natural equivalence of symmetric monoidal co-categories Mod(A) ~ Mod(B)"¢.

The “strength” of the descent is in fact very good. As shown in [Mat14a, Theorem 3.36], any faithful
Galois extension A — B satisfies a form of descent up to nilpotence: the thick tensor-ideal that B generates
in Mod(A) is equal to all of Mod(A). This imposes strong restrictions on the descent spectral sequences that

can arise.
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Applying the Picard functor, we get an equivalence of spaces
(3.3) Pic(A) ~ Pic(B)",
or an equivalence of connective spectra
(3.4) pic(A) =~ T>opic(B)"C.

Remark 3.8. The spectrum Xgl; B is equivalent to 7>1pic(B); consider the induced map of G-homotopy
fixed point spectral sequences. All the differentials involving the ¢t — s = 0 line will be the same for picB and

Ygl, B. Hence, we obtain a short exact sequence
0 — mo(Bgly B)"Y — mo(pic(B))"Y — E20 — 0,

where E0.0 is the kernel of all the differentials supported on H°(G,mopicB). This short exact sequence
exhibits 7o (Xgl; B)"Y as the relative Picard group of A — B, which consists of invertible A-modules which

after smashing with B become isomorphic to B itself.

Our main interest in Galois theory, for the purpose of this paper, comes from the observation, due to
Rognes, that there are numerous examples of G-Galois extensions of E..-rings A — B where the homotopy
groups of B are significantly simpler than that of A. In particular, one hopes to understand the homotopy
groups of pic(B), and then use (3.3) and (3.4) together with an analysis of the associated homotopy fixed-

point spectral sequence
(3.5) H*(G, mpic(B)) = m—s(pic(B))",

whose abutment for ¢ = s is the Picard group Pic(A).

Example 3.9 ([Rog08, Proposition 5.3.1]). The map KO — KU and the Cs-action on KU arising from

complex conjugation exhibit KU as a Cy-Galois extension of KO.

Example 3.9 is fundamental and motivational to us: the study of K O-modules, which is a priori difficult
because of the complicated structure of the ring 7, KO, can be approached via Galois descent together with

the (much easier) study of KU-modules. In particular, we obtain

pic(KO) = mopic(KU)"C2,
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and one can hope to use the homotopy fixed-point spectral sequence (HFPSS) to calculate pic(KO). This
approach is due to Gepner-Lawson [GL],” and we shall give a version of it below in Section 7.1 (albeit using

a different method of deducing differentials).

Other examples of Galois extensions come from the theory of topological modular forms with level

structure.

Example 3.10. Let n € N, and let TMF(n) denote the periodic version of TMF for elliptic curves over
Z[1/n]-algebras with a full level n structure. Then, by [MM15, Theorem 7.6], TMF[1/n] — TMF(n) is
a faithful GLo(Z/n)-Galois extension. The advantage is that, if n > 3, the moduli stack of elliptic curves
with level n structure is actually a regular affine scheme (by [KM85, Corollary 2.7.2], elliptic curves with
full level n > 3 structure have no nontrivial automorphisms). In particular, TMF(n) is even periodic with
regular 7y, and one can compute its Picard group purely algebraically by Theorem 2.21. One can then hope

to use GLy(Z/n)-descent to get at the Picard group of TMF[1/n]. We will take this approach below.

3.4. The FE,-local sphere. In addition, descent theory can be used to give a spectral sequence for
pic(L,S°). This is related to work of Kamiya-Shimomura [KS07] and the upper bounds that they obtain
on Pic(L,SY).

Consider the cobar construction on L,S° — E,,, i.e. the cosimplicial E..-ring
—
EnZ;En/\Enj R

whose homotopy limit is L,,SY. Tt is a consequence of the Hopkins-Ravenel smash product theorem [Rav92,

Ch. 8] that this cosimplicial diagram has “effective descent.”

Proposition 3.11. The natural functor
Mod(L,S°) — Tot (Mod(EQ('“))) :
is an equivalence of symmetric monoidal co-categories.

PROOF. According to the Hopkins-Ravenel smash product theorem, the map of E..-rings L,S° — E,,

has the property that the thick tensor-ideal that E,, generates in Mod(L,,S°) is all of Mod(L,,S°).8

"The original calculation of the Picard group of KO, by related techniques, is unpublished work of Mike Hopkins.

8The argument in [Rav92, Ch. 8] is stated for the uncompleted Johnson-Wilson theories, but also can be carried out for the
completed ones. We refer in particular to the lecture notes of Lurie [Lurl0]; Lecture 30 contains the necessary criterion for
constancy of the Tot-tower.
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According to [Mat14a, Proposition 3.21], this implies the desired descent statement (the condition is
there called “admitting descent”). The argument is a straightforward application of the Barr-Beck-Lurie

monadicity theorem [Lurl2, §6.2]. O

In particular, we find that

pic(L,,S°) ~ 750 Tot pic(EL D).

Let us try to understand the associated spectral sequence.

The higher homotopy groups m;,7i > 2 of pic(Efl\('H)) are determined in terms of those of E;L\(“rl).
Once again, it remains to determine my. Now F,, is an even periodic E,.-ring whose 7 is regular local, so
Pic(E,) ~ mopic(E,) =~ Z/2 by Theorem 2.21. The iterated smash products EN™ are also even periodic, so
their Picard group contains at least a Z/2. We do not need to know their exact Picard groups, however, to

run the spectral sequence, as only the Z/2 component is relevant for the spectral sequence (as it is all that

comes from mopic(Ey,)).

Next, we need to determine the algebraic Picard group. After taking mg, the simplicial scheme
¢ —
2 Specmo(E, A E,) 2 SpecmoEy,
is a presentation of the moduli stack M Iég of formal groups (over Z)-algebras) of height at most n.
Proposition 3.12. Pic(Mgg) ~ 7, generated by w.

PROOF. We use the presentation of Mpg (localized at p) via the simplicial stack
(3.6) .. 2 (Spec(MU A MU),) /Gy, = (SpecMUL) /Gy

Since the Picard group of a polynomial ring over Z,) is trivial,” and each smash power of MU has a

polynomial ring for m,, the Picard group of each of the terms in the simplicial stack without the G,,-quotient

is trivial, and the group of units is Z(Xp), constant across the simplicial object. In other words, the Picard

groupoid of each Spec(MUN+1), is BZ(XP).

Picard groupoid of each term in the simplicial stack because of the possibility of twisting by a character

When we add the G,,-quotient, we get Z X BZ(XP) for the

of G,,: this twisting corresponds to the powers of w. By descent theory, this shows that Pic(Mpg) ~ Z,
generated by w. More precisely, the Picard groupoid of Mg is the totalization of the Picard groupoids of
Spec(MUN+1), /G,,, and each of these is Z x BZ \: that is, the cosimplicial diagram of Picard groupoids

(p)°

is constant and the totalization is Z x BZ(XP) again.

9Since the Picard group commutes with filtered colimits, one reduces to the case of a polynomial ring on a finite number of
variables, and here it follows from unique factorization.
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When we replace Mpg by M I;g, we can replace the above presentation by excising from each term the
closed substack cut out by (p,v1,...,v,). This does not affect the Picard groupoid since the codimension of
the substack removed is at least 2 (i.e. neither the Picard group nor the group of units is affected).!® That
is, when we modify each term in (3.6) to form the associated presentation of M ;g, the Picard groupoid is
unchanged. It follows by faithfully flat descent that the inclusion M ;g — Mp¢ induces an isomorphism on

Picard groups (or groupoids) and that the Picard group is generated by w. O

We obtain the following result.

Theorem 3.13. There is a spectral sequence

7)2 t=0,

s(Mf< _
o JHMEE O, t=1
E3t =

H¥(M5h,w1/2) >3 odd,

0 otherwise,

which converges for t—s > 0 to m;_¢pic(L,S®). The relevant occurrences of the second case are HO(M5p, ONpe) =

X
Z

) and HI(MI%,C’)]@FG) ~ 7.

Note in particular that the FEs-term is determined entirely in terms of the Adams-Novikov spectral
sequence for the E,-local sphere. As we will see in Section 5, many of the differentials are also determined

by the ANSS.

4. First examples

In this section, we will give several examples where descent theory gives a quick calculation of the Picard
group. In these examples, we will not need to analyze differentials in the descent spectral sequence (3.5).
The main examples of interest, where there will be a number of differentials to determine, will be treated in

the last part of this paper.

4.1. The faithfully flat case. We begin with the simplest case. Suppose R — R’ is a morphism of
Eoo-rings which is faithfully flat. In this case, we know from [Lurllb, Theorem 6.1] that the tensor-forgetful
adjunction Mod(R) = Mod(R') is comonadic and we get a descent spectral sequence for the Picard group
of R, as

pic(R) ~ 7o Tot pic(R'®(*+Y).

100nce again, this is a familiar result for regular rings, and here one must pass to filtered colimits since one is working with
polynomial rings on infinitely many variables.
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This spectral sequence, however, gives essentially no new information that is not algebraic in nature.
That is, the entire Fo-term Eg’t for ¢ > 1 vanishes, as it can be identified with the Es-term for the cobar
resolution R'®(*+1) of R, and this cobar resolution has a degenerate spectral sequence with non-zero terms
only for s = 0 at Ey. For example, an element in Pic(R) is algebraic if and only if its image in Pic(R') is
algebraic, by faithful flatness.

Thus, faithfully flat descent will be mostly irrelevant to us as a tool of computing the non-algebraic parts
of Picard groups. In the examples of interest, we want 7, R’ to be significantly simpler homologically than
m« R, so that we will be able to conclude (using results such as Theorem 2.21) that the Picard group of R’ is
entirely algebraic. But if m, R’ is faithfully flat over m, R, it cannot be much simpler homologically. (Recall

for example that regularity descends under faithfully flat extensions of noetherian rings.)

4.2. Cochain E. -rings and local systems. In this subsection, we give another example of a family

of E-ring spectra whose Picard groups can be determined, or at least bounded.

Let X be a space and R an E-ring. Let RX = C*(X; R) be the E-ring of R-valued cochains on X.

DEFINITION 4.1. Let Locx(Mod(R)) = Fun(X,Mod(R)) denote the oo-category of local systems of

R-module spectra on X.

Then we have a fully faithful embedding of symmetric monoidal co-categories
Mod“ (R™) C Locx (Mod(R)),

which sends R to the constant local system at R and is determined by that. As discussed in [Mat14a, §7],
this embedding is often useful for relating invariants of RX to those of R. In particular, since any invertible

RX-module is perfect, we have a fully faithful functor of co-groupoids
Pic(RY) — Pic(Locx (Mod(R))) = Map(X, Pic(Mod(R))),

where the last identification follows because Pic commutes with homotopy limits (Proposition 2.12). Thus,

we get the following useful upper bound for the Picard group of RX.
Proposition 4.2. If R is an E.,-ring and X is any space, then Pic(RX) is a subgroup of o (pic(R)X).

Without loss of generality, we will assume that X is connected. Note that we have a cofiber sequence

Ygl, (R) — pic(R) — H(Pic(R)),
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where H(Pic(R)) denotes the Eilenberg-MacLane spectrum associated to the group Pic(R). If we take the

long exact sequence after taking maps from X, we get an exact sequence
(4.1) 0 — m_1(gl (R)™) — mo(pic(R)™) — Pic(R).

Our object of interest, Pic(RX), is a subobject of the middle term, by the above proposition.

Let us unwind the exact sequence further. First, the composite map Pic(RX) — mo(pic(R)X) — Pic(R)
comes from the map of E.-rings RX — R given by choosing a basepoint of X. In particular, it is split
surjective as it has a section given by R — RX (so (4.1) is a split exact sequence). Next, observe that, using
the truncation map gl,(R) — HRJ, we have a map m_1(gl,(R)*) — 7_1((HR})*X) = Hom(m(X), RY).
We can understand this map in terms of Pic(RX). Very explicitly, suppose given an invertible RX-module
M with associated local system £ € Locx (Mod(R)). Then if the image of M in Pic(R) is trivial, we conclude
that £, ~ R for any basepoint x € X. An element in 71 (X, z) induces a monodromy automorphism of £,
and thus defines an element of R;. This defines a map in Hom(m (X, z), RY). Let Pic’(RY) be the kernel

of Pic(R*) — Pic(R). Then we have just described the map
(4.2) Pic’(RY) % Hom(m (X, z), R}),

that comes from the exact sequence (4.1).

The monodromy action cannot be arbitrary, since this local system is not arbitrary: it is in the image
of Mod®(RX) and therefore belongs to the thick subcategory generated by the unit. As in [Matl4a, §8],
it follows that the monodromy action of any element of the fundamental group must be ind-unipotent. In
particular, fix an element M of Pic’(R¥X). Given any loop v € 71 (X, ), the associated element 1 = Uy, M €
Ry under the homomorphism ¢(M): Pic’(RX) — Hom(m (X, z), RY) of (4.2) must have the property that

u — 1 is nilpotent.

Hence if Ry is a reduced ring, we deduce from (4.1) the following conclusion.

Corollary 4.3. If R is an E,-ring with mgR reduced, and X is any connected space, then we have a split
short exact sequence

0 — A — Pic(R*) — Pic(R) — 0,

where A C 7_1(gl; (R)¥) is actually contained in 7_1((r>1gl;(R))*) C 7—1((gly(R))X). In particular, if
m_1((r>190; (R))*X) = 0, then Pic(R) — Pic(RX) is an isomorphism.

Again, we note that the map 7_1 ((>1gl; (R))*) — 7_1(gly (R)¥) is injective, by the long exact sequence
and the fact that mo(gly (R)X) — mo((HRY)X) ~ R is surjective.
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As an application, we obtain a calculation of the Picard group of a nonconnective E,.-ring in a setting

far from regularity.

Theorem 4.4. Let A be any finite abelian group and let E,, be Morava E-theory. Then the Picard group
of EfA is Z/2, generated by the suspension EEfA. The same conclusion holds for any finite group G whose

p-Sylow subgroup is abelian, where p is the prime of definition for E,.

PROOF. We induct on the p-rank of A. When A has no p-torsion, then EF4 ~ E,, and Theorem 2.21

implies that the Picard group is Z/2.

If the p-rank of A is positive, write A ~ Z/p™ x A’ where the p-rank of A’ has smaller cardinality than that
of A. The inductive hypothesis gives us that the Picard group of EBA" is Z/2. Now EPA ~ (EBA")BZ/p™
Moreover, EEA/ is well-known to be even periodic (though its 7y is not regular).!!

We claim now that 7 ((7>1gl; (EFA4))BZ/P™) = 0. To see this, we observe that the homotopy groups of
T>190 (E,?Al) are concentrated in even degrees and are all given by torsion-free p-complete abelian groups.
Therefore, the cohomology groups H*(Z/p™, 7;7>18l (EE4)) vanish if i is odd, since the Z/p™-action on
them is trivial. In the homotopy fixed point spectral sequence for (7s1gl (EZ4))BZ/P™ (ie. the Atiyah-
Hirzebruch spectral sequence), there is no room for contributions to w_;. In fact, there is no room for
differentials at all, which indicates that any lim' terms cannot occur either. Now Corollary 4.3 shows that

the map ET’?A/ — E,?A induces an equivalence on Picard groups, which completes the inductive step.

For the last claim, fix any finite group G with an abelian p-Sylow subgroup A C G. For any connected

space X, denote as before Pic’(R¥) the kernel of Pic(RX) — Pic(R). We have a commutative square

Pic’(EPG) ——— Pic’(EB4)

| |

T 1 (2100 (Bn)PC) —— m_1(m2100,(E,)P4)

The bottom horizontal map is injective since 7>1gl; (E,) is p-local and BG is p-locally a wedge summand
of BA in view of the transfer ¥°BG — X5°BA, which has the property that the composite ¥°BG —
Y¥BA — X BG is a p-local equivalence by inspection of p-local homology. It follows that PicO(EfG) —

Pic’(EB4) is injective, and since the latter is zero, the former must be as well. O
Recall that the spectrum F; is p-complete complex K-theory.

Proposition 4.5. Let G be any finite group. Then the Picard group of Ef¢ is finite.

HWe refer to [HKROO, §7] for a general analysis of the question of when EEG is even-periodic for G a finite group.
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ProOF. In fact, m_; (Tzlgll(El)BG) is finite. We know that 7>3gl,(F1) ~ Y%ku, by a theorem of
Adams-Priddy [AP76]. Moreover, (ku,)*(BG) is finite in each odd dimension, by comparing with E}(BG)
which vanishes in odd dimensions. It follows now from Corollary 4.3 that the desired Picard group has to

be finite. O

uestion 4.6. Let G be any finite group. Can the Picard group of E£¢ be any larger than Z/2? What
1

about the higher Morava FE-theories?

4.3. Coconnective rational E.-rings. We can also determine the Picard groups of coconnective

rational E-ring spectra. A rational E..-ring R is said to be coconnective if

(1) moR is a field (of characteristic zero).

(2) mR =0 fori> 0.

THEOREM D. If R is a coconnective rational E.-ring, then the Picard group Pic(R) ~ Z, generated by

YR.

PROOF. Let k = mgR. We use [Lurllc, Proposition 4.3.3] to conclude that R ~ Tot(A®), where A® is
a cosimplicial Eo.-k-algebra with each A of the form k & V[—1], where V is a discrete k-vector space; the

Eso-structure given is the “square-zero” one.

We thus begin with the case of R = k@ V[—1]: we will show that Pic(R) ~ Z in this case. Since Pic

commutes with filtered colimits, we may assume that V is a finite-dimensional vector space. In this case,

R~ kSl\/-n\/S1

)

where the number of copies of S! in the wedge summand is equal to the dimension n = dimy V; by [Lurllc,
Proposition 4.3.1], any rational Eo.-ring with these homotopy groups is equivalent to k@ V[—1]. But we can

now use Corollary 4.3 to see that the Picard group of gStvvst

T219[1 (k‘) =0.

is Z, generated by the suspension, because

Now suppose that R is arbitrary. As above, we have an equivalence R ~ Tot(A®) where each A
is a coconnective Eoo-ring of the form k @ V[—1] for V a discrete k-vector space. We have seen above
that Pic(A?) ~ Z. We know, moreover, that we have a fully faithful embedding of symmetric monoidal
oo-categories

Mod®(R) C Tot(Mod(A*®)),

which implies that we have a fully faithful functor of co-groupoids

Pic(R) — Tot(Pic(A®)).
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But each Pic(A?), as an oo-groupoid, has homotopy groups given by

, Z j=0
7 Pic(A") ~ ,
k* j=1
and in particular, in the cosimplicial diagram Pic(A®), all the maps are equivalences. This is a helpful
consequence of coconnectivity. Thus, we find that Tot(Pic(A®)) maps by equivalences to each Pic(A?), and

we get an upper bound of Z for Pic(R). This upper bound is realized by the suspension ¥R (which hits the
generator of Z ~ myTot(Pic(A®))). O

Remark 4.7. If k£ = Q, then a large class of coconnective Eq,-rings with w9 ~ Q (e.g. those with reasonable
finiteness hypotheses and vanishing 7_1) arise as cochains on a simply connected space, by Quillen-Sullivan’s
rational homotopy theory. The comparison with local systems can be carried out directly here to prove

Theorem D for these E,.-rings.

4.4. Quasi-affine cases. We now consider a case where the descent spectral sequence enables us to
produce nontrivial elements in the Picard group. Let A be a weakly even-periodic E,.-ring with 7y A regular
noetherian, and write w = mA. Then A leads to a sheaf of E..-rings on the affine étale site of SpecmyA.
That is, for every étale moA-algebra A{, there is (functorially) associated [Lurl2, §8.5] an Eo-ring A’ under
A with mg A’ ~ A} and A’ flat over A. We will denote this sheaf by O%P.

Now let aq,...,a, € mpA be a regular sequence, for n > 2. We consider the complement U in Spec mpA
of the closed subscheme V (ay, ..., a,) and the sections A = T'(U, O%P). A is an E,,-A-algebra and is a type
of localization of A, albeit not (directly) an arithmetic one.!? Note that Pic(A) is algebraic by Theorem 2.21,

but the situation for A is more complicated.

The homotopy groups 7,(A) are given by the abutment of a descent spectral sequence
(4.3) H*(U,w®") = mo_4(A).
We can first determine the zero-line. We have
HO(U,w®") = H°(Spec oA, w®?),

because SpecmgA is regular and U C Spec mpA is obtained by removing a codimension > 2 subscheme.

Proposition 4.8. The only other nonzero term in the descent spectral sequence (4.3) occurs for s = n — 1.
The descent spectral sequence degenerates.

124 piece of forthcoming work of Bhatt and Halpern-Leinster identifies the universal property of A.
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PRrROOF. Cover the scheme U by the n open affine subsets U; = Specmg(A) \ V(a;), for 1 <4 < n. Given
any quasi-coherent sheaf F on U, it follows that the coherent cohomology H*(U,F) is that of the Cech
complex (which starts in degree zero)

n
P ru) - PFUnU) == FULN---NTy).
i=1 i<j
Let R = mgA, and suppose F is the restriction to U C SpecR of the quasi-coherent sheaf M on Spec R for

an R-module M. Then the final term is the cokernel of the map
@ Ml(ay...d;...a,)"" = Ml(ay...a,)",
i=1

where the hat denotes omission. If M is flat, the complex is exact away from degrees 0 and n — 1 as the
sequence aq, ..., a, is regular, using a Koszul complex argument (see [ILLT07] for a detailed treatment or
[GM95] for a short exposition with a view towards topological applications), and the zeroth cohomology is

given by M itself.

Now, in view of the map A — A, clearly everything in the zero-line of the Es-page of the spectral

sequence survives, so the spectral sequence must degenerate. (Il

We now study the Picard group of A: as above, m,A is not regular but instead has a great deal of
square-zero material. Let 4 = (U, O%P|y) denote the derived scheme consisting of the topological space
U C SpecmpA, but equipped with the sheaf O%P of E_ -rings restricted to U. A arises as the global sections

of the structure sheaf O'*P over the derived scheme il.

Since U is quasi-affine as an (ordinary!) scheme, it follows by [MM15, Corollary 3.24] that the global

sections functor is the right adjoint of an inverse equivalence

Mod(A) = QCoh(Ll),

of symmetric monoidal co-categories. In particular, the Picard group Pic(A) can be computed as Pic(QCoh(4l)).

As before, we have a descent spectral sequence (3.2) converging to m,_spic(A). But from (3.2), we know
that almost all of the terms at E, are identified with the descent spectral sequence for m,A. In addition,
we know that H'(U, O};) =~ Pic(mpA), as moA is regular and the complement of U has codimension > 2.
These classes must be permanent cycles as they are realized in Pic(A): in fact, they are realized in Pic(A)

itself. Thus, the descent spectral sequence for pic degenerates as well. We get three contributions to the

Picard group: Z/2 and Pic(mgA), which together build Pic(m.A) (compare Remark 2.23), and a group that
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is identified with m_; A. The relevant extension problem is solved because of the map Pic(m,A) = Pic(4) —

Pic(A) realizing the algebraic part of the Picard group. We get:

Theorem 4.9. Let A = T'(U, O%P) as above. Then we have a natural isomorphism
Pic(A) ~ Pic(m,A) x m_1(A).
Moreover, observe that

%

_ coker (D), w™?* H(ay...d;...an)" ] = w2 H(ar...a,)7]) n>4even
(44)  ma(d) = ( )

0 n odd.
Example 4.10. Let A be a Landweber-exact weakly even periodic E,.-ring with myA regular noetherian;
for instance, A could be Morava E-theory E,. In this case, we take ai,...,ar = p,v1,...,V_1, so that

A~ LpA. This gives Theorem C as a special case of Theorem 4.9.

5. The comparison tool in the stable range

This is a technical section in which we develop a tool that will enable us to compare many of the
differentials in a Picard spectral sequence for Galois or étale descent with the analogous differentials in the
corresponding descent spectral sequence before taking the Picard functor (i.e. for the Eo.-rings themselves).
For example, in the Galois descent setting, we are given a G-Galois extension A — B, and we know the
descent, i.e. homotopy fixed point, spectral sequence for A ~ B"&. The tool we develop in this section will

allow us to deduce many differentials in the homotopy fixed point spectral sequence for (pic(B))"¢.

For a spectrum or a pointed space X, and integers a,b, we denote by 7>,X, 7<; X, and 7, ;X the
truncations of X with homotopy groups in the designated range. Our main observation is that if R is any

Eso-ring, then for any n > 2, there is a natural equivalence of spectra

7—[77,,277,71]*[_:5 =~ T[n,anl]gll (R)

This equivalence is natural at the level of co-categories, and enables us to identify a large number of dif-
ferentials in descent spectral sequences for gl; and therefore also for pic. This observation, however, fails if
we increase the range by 1, and an identification of the relevant discrepancy (as observed in such spectral

sequences) will be the subject of the following section and the formula (6.1).

The main result of Section 5.1 is essentially a formulation of the classical concept of the “stable range” in

oo-categorical terms, as can be seen from the fact that the major ingredients of the proof are Freudenthal’s
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suspension theorem as well as the existence of Whitehead products in the unstable setting. Nonetheless, our

formulation will be extremely useful in the sequel.

5.1. Truncated spaces and spectra. Throughout, n > 2.

DEFINITION 5.1. Let Sp[n’gnfll C Sp denote the co-category of spectra with homotopy groups concen-
trated in degrees [n,2n — 1]. Let S, denote the oo-category of pointed spaces, and let S, (4] C S« denote
the subcategory spanned by those pointed spaces whose homotopy groups are concentrated in the interval

[a, b].

The main goal of this subsection is to prove the following result identifying spaces and spectra whose

homotopy groups are concentrated in a range of dimensions.

Theorem 5.2. The functor 2°°: Spy, 5,,_q) — S is fully faithful. The functor Q°°: Spy, 9, 9] = Sk [n,2n—2)

is an equivalence of oco-categories.

Proor. Let X,Y € Spy, 5,,—1;- We want to show that the natural map
(5.1) Homg,(X,Y) — Homg, (2°°X, QY
is a homotopy equivalence. By adjointness, we can identify this with the map
Homg, (X,Y) — Homg, (X*°Q°X,Y)

that arises from the counit map X*°Q>°X — X. Observe that we have a natural equivalence Homg, (3°Q*°X,Y) ~
Homgp (T<2,—12°0Q°X,Y) because Y is (2n — 1)-truncated. In particular, to prove Theorem 5.2, it will

suffice to show that the natural map of spectra
ngn_lzoOQOOX — X ~ TSQn—le

is an equivalence, for any X € Sp[n’anll. Equivalently, we need to show that for any such spectrum X, the

map
(5.2) (0P X) — 7 (X)
is an isomorphism for k£ < 2n — 1. But we have maps of spaces

QX — QYA X - QX
186
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where the composite is the identity. The first map is the unit Y — Q°°3°°Y applicable for any Y € S, and
the second map is Q°° applied to the counit. By the Freudenthal suspension theorem, the first map induces
an isomorphism on homotopy groups m for k < 2n — 1, and therefore the second map does as well. This

proves the claim that (5.2) is an equivalence and the first part of the theorem.

The functor 2°°: Spy, 2,,—1) = Sk n,2n-1] Is nOt essentially surjective, because spaces with homotopy
groups concentrated in degrees [n,2n — 1] can still have Whitehead products, and spaces with nontrivial
Whitehead products can never be in the image of 2°°. However, we claimed in the statement of the theorem
that the functor Q°°: Spy, o, 9] = S [n,2n-2] is an equivalence of co-categories. To show this, it suffices to

show that the functor is essentially surjective.

Given a pointed space X with homotopy groups in the desired range, we suppose inductively (on k) that

T<kX is in the image of Q. If £ > 2n — 2, then we are done. Otherwise, we have a pullback square

TSk—HX _ > %

|

T<pX — K(me1 X, k+2).

Observe that the three pointed spaces 7<; X, K (741X, k 4+ 2), and * are all in the image of Q°° (the first
by the inductive hypothesis), and K (71X, k +2) € S, [,2n—1]- Moreover, the maps in the diagram are in
the image of 2°° by the previous part of the result. Therefore, the object 7<;41X is in the image of 0>, as

Q°° preserves homotopy fiber squares. O

Given an integer k, we could precompose the functor of Theorem 5.2 with the equivalence Q¥ : SPlntk,2ntk—1] —*

SPpn,2n—1]> and obtain the following:

Corollary 5.3. For any integer k, the functor Q>°F*: SPintk,2ntk—1] — S« s fully faithful.

5.2. Comparisons for E.-rings. Our basic example for all this comes from the spectrum gl (R)
associated to an E..-ring R, and the comparison between the two. This comparison is the main obstacle
in understanding the descent spectral sequence for the Picard group: it is generally easier to understand

descent spectral sequences for the E.-rings themselves (e.g. for TMF).

We emphasize again that given an E.-ring R, the spectra R and gl; (R) are generally very different, and

for an illustration we provide the following example.

Example 5.4 (T. Lawson [hl]). Consider the commutative differential graded algebra Fy[z]/2% where |z| = 1

and dr = 0 (so d = 0). Let R be the associated Eoo-ring under Fy. Then gl,(R) has homotopy groups in
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dimensions 1,2 given by Fs; however, they are connected by multiplication by n. In particular, gl (R) is not

an Fy-module spectrum.

More generally, let R be the E..-ring associated to the commutative differential graded algebra Fa[z]/a?
where |z| = n, dr = 0. R can also be constructed by applying the Postnikov section 7<a, to the free Eoo-
Fy-algebra on a class in degree n. Then 7, (gl (R)) ~ 72, (gl; (R)) =~ Fy and all the other homotopy groups
of gly (R) vanish. Therefore, gl; (R) is the fiber of a k-invariant map HF3[n] — HF32[2n+ 1]. In this case, we

can identify the k-invariant and thus identify gl; (R).
Proposition 5.5. Given R as above, the k-invariant of gl; (R) is given by the map
Sq"t': HFy[n] — HF[2n + 1.

PRrROOF. We first argue, following Lawson, that gl;(R) cannot be the spectrum HFg[n] vV HF5[2n]. In
fact, in this case, the map of spectra HF3[n] — gl;(R) would, by adjointness [ABG*14] lead to a map of
Eoo-rings

S K (Fy,n) = R,

carrying the class in 7, K (F2,n) to the nonzero class in 7, R. Smashing with HFs, we would get a map of
E-HIF5-algebras
HFy NETK(Fa,n) = R

with the same property. Now m, (HF2AXS° K (F2,n)) ~ Fy, with the nontrivial class coming from 7, (K (Fz,n)).
However, this class squares to zero by [CLM76, Lemma 6.1, Ch. 1] while the nonzero class in 7, R does
not square to zero. This is a contradiction and proves that such a map cannot exist. Consequently, the

k-invariant map for gl; (R) must be nontrivial.

On the other hand, we know Q°°gl;(R) ~ K(F3,n) x K(Fs,2n) because Q°°gl; (R) is the connected
component at 1 of Q°R. In particular, the k-invariant HF3[n] — HF3[2n + 1] defines upon applying Q>
the trivial cohomology class in H2" 1 (K (F3,n);Fs).

So, for the k-invariant of gl (R), we need a nonzero element ¢ of degree n + 1 in the (mod 2) Steenrod
algebra such that, if «,, € H"(K(Fs,n);n) is the tautological class, then ¢, = 0. By the calculation of the
cohomology of Eilenberg-MacLane spaces [Ser53] (see also [MT68, Ch. 9] for a textbook reference), the
only possibility is Sq™ . O
Nonetheless, we will show that right below the range of the previous example, the spectra gl; (R) and R

can be identified.
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Corollary 5.6. Let n > 2 and let R be any E,.-ring. Then there is an equivalence of spectra, functorial in
R,

Tin,2n—1]80 (R) = Tjn 2n—1) R

Similarly, there is an equivalence of spectra, functorial in R,

T[n+1’2n} plc(R) ~ ZT[n,anl] R.

PRrROOF. For any E.-ring R, the space Q2gl,(R) = GL1(R) is a union of those components of QR
that correspond to units in moR. In particular, Q*°7>1gl;(R) is canonically identified with Q7> R in S..
Applying Theorem 5.2, we now get a canonical identification as desired in the corollary. The second half of

Corollary 5.6 follows from the first, as 7>0Qpic(R) ~ gl; (R) as spectra. O

Take now a faithful G-Galois extension A — B of E-rings, and consider the HFPSS (3.5) for the G-
action on pic(B). We want to understand mo(pic(B)"“), or equivalently 7_1 (Qpic(B)"“), and we can do this
by understanding the HFPSS for the G-action on Qpic(B). Observe first that 7, Qpic(B) ~ m B functorially
for t > 1: in fact, Q>°(Qpic(B)) ~ GL1(B). In other words, the spectrum Qpic(B) equipped with the
G-action has the property that, after applying 2°°, it is identified with a union of connected components of

0B (with the G-action on B).

As a result, we have a map of spaces with G-action
Q%> (Qpic(B)) — Q> B,

which identifies the former with a union of connected components of the latter. As a result, we can identify
the respective HFPSS for the spaces Q> (Qpic(B)), 2B for ¢ > 0, both at Fs and differentials (including

the “fringed” ones). This identification comes from the map 7>1GL1(B) — Q°° B given by subtracting one.

In particular, shifting by one again, most of the differentials in the HFPSS for pic(B) are determined
by the HFPSS for B. More precisely, any differential out of E2*t for t —s > 0, s > 0, depends only on the
G-space QPic(B), so the equivalence of QPic(B) with a union of connected components of Q°°B implies

that the differential can be identified with the analogous differential in the HFPSS for B.

However, to understand mo(pic(B)"¢) ~ 75 (Pic(B)"¢) ~ Pic(A), we need to determine differentials out
of E5' with t = s. These differentials cannot be determined by QPic(B), as a space with a G-action. Our

strategy to determine these differentials is to use the equivalence of spectra with G-action

Tint1,2n)Pic(B) =~ X7(, 2n 11 B,
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which is a special case of Corollary 5.6.

Assume that r < t—1. In this case, any differential d,.: ES"" — EST™"~1in the HFPSS for pic(B) is de-
termined by the G-action on T[t7t+r,1]pic(B). Since we have an equivalence T[t’tﬂ,,l]pic(B) ~ YTt 1,4 4r—2] B,
compatible with the G-actions, we can identify the differentials.

Denote the differentials in the homotopy fixed point spectral sequence
H*(G,mpicB) = w4 (picB)"C

by d®t(picB), and similarly di*(B) for those in the HFPSS for B. The upshot of this discussion is the

following.

Comparison Tool 5.2.1. Let A — B be a G-Galois extension of E,-rings. Whenever 2 < r <t — 1, we

have an equality of differentials d5!(picB) = d2'~*(B).

Of course, we also have an identification of differentials out of (s,¢) if ¢t —s > 0,5 > 0.

Remark 5.7. Our original approach to the Comparison Tool 5.2.1 was somewhat more complicated than the
above and has been described in [MS16]. Namely, our strategy was to identify the HFPSS with a Bousfield-
Kan spectral sequence for a certain cosimplicial space X*® built from Pic(B) with its G-action, and argue
that these differentials only depended on the fiber of Tot;4,(X*®) — Tot,—1(X*®) (as well as the other fibers in
between). In the appropriate range, these fibers depend only on QX* as a cosimplicial space. However, QX*
can be (almost) identified with the analogous cosimplicial space for the G-action on Q°°~1(75¢B) because

QPic(B) is a union of components of Q> B. This forces the differentials to correspond to one another.

For the same reasons, we have analogous comparison results for the spectral sequence as Theorem 3.5.
Again, any differential in the descent spectral sequence for pic(I'(X, OP)) that only depends on the diagram
T[n+1’2n}pic((’)mp) can be identified with the corresponding differential in the descent spectral sequence for

['(X,0'P), thanks to the equivalence of diagrams of spectra 7j,41,2,)pic(OP) =~ L1, 9, 1] O%P.

Remark 5.8. The equivalence 7, 2,,—1] R = 7}, 2n—1)8l1 (R) resembles the following observation in commuta-
tive algebra. Let A be an ordinary commutative ring and let I C A be a square-zero ideal. Then 141 C A*

and there is an isomorphism of groups
I~14+I1CA*, 21+

This correspondence is a very degenerate version of the exponential and logarithm.
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Suppose p is a prime number and (p — 1)! is invertible in A. Then if J C A is an ideal with J? = 0, we
have 1+ J C A* and a natural isomorphism of groups
2

J214J, aml4at T4t

given by a p-truncated exponential.

Similarly, let R be an E.-ring with (p — 1)! invertible. Motivated by the above, for any n > 1, one
could surmise a functorial equivalence of spectra 7, ,n_1]R ~ T[n,pnfl]gh(R)' We expect to construct such

an equivalence in ongoing joint work with Clausen and Heuts.

5.3. A general result on Galois descent. As a quick application of the preceding ideas, we can

prove a general result about Galois descent for Picard groups.

THEOREM E. Let A — B be a faithful G-Galois extension of E.-rings. Then the relative Picard group

of B/A is |G|-power torsion of finite exponent.

PROOF. We know that the relative Picard group of A — B is given by 7_;(gl;(B)"“) (compare Re-
mark 3.8). There is a HFPSS that converges to the homotopy groups, which begins with the group cohomol-
ogy of G with coeflicients in 7, (gl (B)). Every contributing term is |G|-power torsion: in fact, every term is
a H'(G,-) for i > 0 and is thus killed by |G|. However, in view of the potential infiniteness of the filtration,
as well as the possibilities of nontrivial extensions, this alone does not force 7_1(gl; (B)"“) to be |G|-power

torsion.

Our strategy is to compare the HFPSS for 7_;(gl, (B)"“) with that of 7_;(B"“). The map A — B
admits descent in the sense of [Matl4a, Definition 3.17]. In particular, by [Mat14a, Corollary 4.4], the
descent spectral sequence for A — B (equivalently, the HFPSS) has a horizontal vanishing line at a finite
stage. It follows that, above a certain filtration, everything in the HFPSS for 7. (A) ~ 7, (B"“) is killed by
a dy, for k bounded.

In view of our Comparison Tool 5.2.1, it follows that any class in the relative Picard group has bounded
filtration (though possibly the bound is weaker than the analog in w_1(B)). Since every contributing term

in the spectral sequence is killed by |G|, the theorem follows. (Il

6. The first unstable differential

6.1. Context. Let R®* be a cosimplicial E,,-ring, and consider the Bousfield-Kan spectral sequences
(BKSS) {E%'} and {Eit} for the two cosimplicial objects R® and gl;(R®), converging to m_4 of the

respective totalizations in Sp.
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For t — s > 0, the spectral sequences and the differentials are mostly identified with one another, as the

space Q°°gl; (R) is a union of connected components of Q°R. But for ¢t — s = —1, we get differentials

.ttt tr+lt4r—1 5 @ttt ttrtlttr—1
dr: E, — F, , dpt B, L, .

These depend on more than the spaces Q2> R®, 2°°gl, (R*®): they require the one-fold deloopings. As we saw
in Corollary 5.6, for any n > 2, in the range [n, 2n — 1], the cosimplicial spectra Tin,2n—1]R°, Tin,2n—1)80 (R®)
are identified. As a result, for 7 < ¢, the groups in question are (canonically) identified and d, = d,..

But in general, d;1 # ds41. Since all the previous differentials entering or leaving this spot between
the two spectral sequences were identified, the groups in question are identified. We let the correspondence

t+1,t | gttt ; — Qs 2t42,2t _ g=2t+2,2t
Etil’ ~ [, | be given as x + Z. Similarly, we have a correspondence EtJrJlr = D)

In this subsection, we will give a universal formula for the first differential out of the stable range. We

will need this in Section 8.2 to obtain the 2-primary Picard group of TMF.

Theorem 6.1. We have the formula
(61) Et+1(f) = dt+1($) + xz, S E:_-:__;)t

Remark 6.2. The above formula actually makes d;, into a linear operator. This follows from the graded-
commutativity of the BKSS for R®. Note in particular that the difference between d; 1 and d; ; is annihilated

by two.

6.2. The universal example. The proof of (6.1) follows a standard technique in algebraic topology:
we reduce to a “universal” case and show that (6.1) is essentially the only possibility. We want to consider
the universal case of a cosimplicial E,.-ring R® with a class in E:_ﬂ ' This class represents an element in
m_1Toto,y1(R®) trivialized in Tot,(R®); the differential d;41 represents the obstruction to lifting to Totas4o.
So, we need to make the analysis of differentials in the cosimplicial Es.-ring which corepresents the functor

R® s 2A(R*) = Q% (S~ ib (Totas 1 (R*) — Toty(R*))).

The relevant cosimplicial Eo-ring 2°® can be constructed as follows.

DEFINITION 6.3. Let Lan denote the operation of left Kan extension, and let Lana<¢_, A (*) denote the

left Kan extension of the constant functor AS* — &S at a point to A. Similarly, define Lana<air1_, (%).
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Consider the homotopy pushout

(62) LaHAgtﬁA(*)J,_ —> X

| |

LaHA§2t+1HA(*)+ e y.,

where .#°®: A — S, is a functor to the oco-category S, of pointed spaces.

Consider

g Lyl gze A Sp

and the functor

2 = FreeCAlg(%'): A — CAlg,

into the oco-category CAlg of E.,-rings, obtained by applying the free algebra functor everywhere to ¥.
Then 2°*, by construction, corepresents the functor 2: Fun(A, CAlg) — S in which we are interested. In
particular, it suffices to prove (6.1) for this particular functor. As we will see in the next paragraph, ¥°*
takes values in connective spectra and therefore so does 2°®. Since we are only interested in differentials in a
particular range, we may (by naturality) only consider the Postnikov section 7<2;.2™®. We get the following

basic step.
Proposition 6.4. In order to prove Theorem 6.1, it suffices to prove it for 7<9;2"® (and the tautological

class).

In fact, we have a reasonable handle on what the functor 7<9; 2 ® looks like and can entirely determine

the BKSS. To see this, we recall the construction of .%*; compare also the discussion in [MS16]. The functor
LanAgtHA(*): A — S,
sends any finite nonempty totally ordered set T to the nerve of the category A/S% of all order-preserving

morphisms {S — T} where:

(1) S is a finite, nonempty totally ordered set, and

2) |S| < t+1.

Proposition 6.5. Lana_, ;a(*) is naturally equivalent to the functor which sends 7" € A to the nerve of

the poset P<¢11(T') of nonempty subsets of T' of cardinality < ¢+ 1.

PrROOF. In fact, for any T', there is a natural map P<;41(T) — A/Sé, which is a homotopy equivalence
as it is right adjoint to the functor A/S% — P<y41(T) which sends S — T to image(S —T) C T. O
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In view of the last proposition, one can also consider the following approach to the left Kan extension.
There is a standard cosimplicial simplicial set sending [n] — A™. The functor of the proposition is equivalent
to the barycentric subdivision of the cosimplicial simplicial set [n] — sk;A™.

As in [MS16], the nerve of P<;41(T), for any choice of T, is (pointwise) homotopy equivalent to a wedge

of t-spheres, and contractible if |T'| < ¢+ 1. We get from (6.2):

Proposition 6.6. The functor .#°*: A — S, constructed above has the following properties:

(1) For any T, .7 (T is always a wedge of copies of S**1 and S?*1.

(2) Restricted to ASt .#* is contractible. Restricted to A2, .#* is pointwise a wedge of copies of

S+t

6.3. Some technical lemmas. Our first goal is to understand the BKSS for ¥* = ¥>°~1.#*. Observe
that pointwise, this cosimplicial spectrum is a wedge of copies of S* and S?* by Proposition 6.6. In order to

do this, we need to understand the cosimplicial abelian group 7, (X*°~1.%*). We will prove the following:
Proposition 6.7. The cohomology H*(m.(¥4*)) is given by

TSt s=t+1,
(6.3) H (ru(9%)) ~

9% s =2(t+1).

In the spectral sequence, the differential d;1; is an isomorphism.

-3 -2 -1 0 1 2 3

FI1GURE 6.1. Bousfield-Kan spectral sequence for ¢°, with ¢ = 2.
7, denotes mj,S°
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The spectral sequence is depicted in Figure 6.1. The proof of Proposition 6.7 will take work and will be
spread over two subsections. In the present subsection, our main result is that the totalization of ¢* (and
related cosimplicial spectra) is contractible, and we will deduce the differentials from that. The approach to
this is not computational and relies instead on ideas involving the oco-categorical Dold-Kan correspondence

of Lurie.

We recall from [Lur09, 1.2.8.4] the cone construction, which associates to a simplicial set K, the cone

K<, If K is an co-category, K< is as well, and is obtained by adding a new initial object to K.

Lemma 6.8. Let K be a simplicial set and D an co-category with colimits. Let F': K< — D be a functor

with the property that F' carries the cone point to an initial object of D. Then the natural map

lim Fx — lim F
T R

is an equivalence in D.

ProoF. It suffices to show'® that the natural map
(64) ,DK<1/ — DK/

is an equivalence of co-categories. But we have Dx«; >~ Diaoy), =~ (Daoy)k, in view of the definition of
the overcategory [Lur09, §1.2.9], where x denotes the join of simplicial sets [Lur09, §1.2.8]. However, we
also know that the projection map Dao, — D is an equivalence since A® — D maps to an initial object.

Therefore, we obtain that (6.4) is an equivalence, as desired. g

Lemma 6.9. Let C,D be oco-categories and assume that D has colimits. Let F': CY — D be a functor such
that I carries the cone point to an initial object of D. Let C’ C C be a full subcategory. Then the following

are equivalent:
(1) F|c is a left Kan extension of its restriction to C’.

(2) Fis a left Kan extension of its restriction to C'~.

PROOF. Suppose the first condition is satisfied. Then if ¢ € C is arbitrary, the natural map

lim  F(c') = F(e)

c/—>c€C;c

13We are indebted to the referee for substantially simplifying our original argument here.
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is an equivalence. Now, we have an equivalence of oo-categories (C).)< ~ (C'¥),c, because < adds a new
initial object. Therefore, for arbitrary ¢ € C, we also get that the natural map

lim F(d) ~ lim F(d)— F(c)

c'—=ce(C'9) . c/—>c€(C;C)<l

is an equivalence, thanks to Lemma 6.8. At the cone point, the left Kan extension condition is automatic.

Thus, it follows that F is a left Kan extension of F|c/<. The converse is proved in the same way. ]

Proposition 6.10. Let C be a stable co-category and let F': AS™ — C be any functor. Suppose F is a left

Kan extension of its restriction to AS"~1. Then l&n a<n B s contractible.

PROOF. Observe that the cone (AS™)< is given by the category AE" of the finite totally ordered sets

{li]} _1<;<,, since [—1] is an initial object of this category. Consider the functor F: A_%" ~ (ASM)< = ¢
extending F' that sends the cone point to the initial object (one can always make such an extension). In

order to show that @ asn FiS contractible, it suffices to show that F is a right Kan extension of F' = F |asn.

Now, we recall a basic result of Lurie [Lurl2, Lemma 1.2.4.19] (which we use for the opposite category),
a piece of the co-categorical version of the Dold-Kan correspondence: given any functor G: AE" —C,Gis
a right Kan extension of G|a<. if and only if G is a left Kan extension of G| Agnt- In our case, it follows
that to show that F is a right Kan extension of F' (as we would like to see), it suffices to show that Fisa
left Kan extension of }N?|A§n71. But by Lemma 6.9, this follows from the fact that F|s<. = F is a left Kan

extension of Fla<n—1 = F|a<n-1. O

6.4. The BKSS for .#. The goal of this subsection is to complete the proof of Proposition 6.7. To

begin with, we analyze the BKSS for the functor ¥¥Lana<t A (*): A — Sp.

Proposition 6.11. The BKSS for the cosimplicial spectrum X5°Lany<e , A (*) satisfies

, (5% s=0
(6.5) Ey* = H(m (ST Lana <t A (%)) =

m(SY) s=t+1.

The differential dyy; is an isomorphism. (The result for ¢t = 2 is displayed in Figure 6.2.)

PROOF. Observe that Lana<:_, (%) is, pointwise, a wedge of t-spheres, so to compute the desired
cohomology H*(m,(E¥Lana<: ,A(*))), it suffices to do this for 7;. (The disjoint basepoint contributes the
7.(SY) for s = 0 in cohomology.) In other words, we may consider the cosimplicial HZ-module M® =

HZNEPLana<t ,a(*). Now we know that, for each n, 7, (M™) is concentrated in degrees 0 and ¢, and that
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0 Z% >2 ;3

-3 -2 -1 0 1 2 3

FIGURE 6.2. Bousfield-Kan spectral sequence for X5°Lana<t_, A (), with ¢ = 2.

mo(M*) is the constant cosimplicial abelian group Z. Moreover, by Proposition 6.10, Tot(M*) is contractible.
A look at the spectral sequence for Tot(M*®) shows that H*(m;M*®) must be concentrated in degree s = ¢+ 1

and must be a Z there. The claim about differentials also follows from contractibility of the totalization. O

PROOF OF PROPOSITION 6.7. The definition (6.2) of #* and Proposition 6.11 together give the Fs-
page of the spectral sequence, when one uses the long exact sequence in homotopy groups. The differentials

are forced, again, by Proposition 6.10 which implies that Tot(¥*) is contractible. (]

6.5. Completion of the proof. Now we need to consider the cosimplicial E,.-ring defined earlier
o def ° °
@ = ngte% ~ TSQtFree(jAlg(g )

We recall that this is well-defined as a cosimplicial Eo-ring because ¢° is (pointwise) connective.

In this subsection, we will determine the relevant piece of the BKSS for ¢ and then complete the proof

of Theorem 6.1. We have that
W ~ TSQtSO Vv T§2tg. V T<ot ((g.)ﬁgz) s

because, by a connectivity argument, no other terms contribute. In particular, the cohomology H* (7. (%'*))
picks up a copy of m.(S°) for s = 0 (which is mostly irrelevant). In Proposition 6.7, we determined the
BKSS for ¢°; in bidegrees (t 4+ 1,t) and (2t + 2, 2t), this picks up copies of Z such that the first one hits the

second one with a d;41. We will prove:

Proposition 6.12. E>""* ~ 7Z @ 7Z/2 in the BKSS for #*. The Z/2 is generated by the square of the

class in bidegree (¢t + 1,t).

ProoOF. We will use the notation and results of Section 6.C. Let A® be the cosimplicial abelian group

m%*®, which is levelwise free and finitely generated. As we have seen (Proposition 6.7), H'™1(A®) ~ Z and
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the other cohomology of A® vanishes. Now, using the notation of Definition 6.C.1,

o Sym,A® t even
T2t (gh.Zz) =y _
Sym,A®  t odd.

By Proposition 6.C.3, we find that the E%HZ’% term of (%‘)2%2 is as claimed. a

We are now ready to complete the proof and determine the differential in the gl; spectral sequence.
Using the notation of the beginning of this section, it follows that Efj: "~ 7 and Eff{l’% ~Z®7Z/2, and
similarly for E. The d;y; carries the Z into the other Z. By naturality of the spectral sequence, it follows

that there must exist a universal formula
(6.6) di11(T) = adyr1(z) + €x2, a €Z, €€ {0,1}.

The main claim is that a = € = 1. Our first goal is to compute a.

Lemma 6.13. We have an equivalence of co-categories between the co-category Fun” (Sp>0, Sp>g) of cocon-
tinuous functors Sps, — Sps and Sps given by evaluating at the sphere. The inverse equivalence sends a

connective spectrum Y to the functor X — X ® Y.

PRrROOF. Tt suffices to show that evaluation at the sphere induces an equivalence of co-categories Fun” (Sp>0,Sp) =~
Sp (with inverse given as above). But the oco-category Sp is the stabilization [Lurl2, §1.4] of Sps (as one
sees easily from the fact that ¥ is fully faithful on Sps, and an equivalence on Sp), so that we have an equiv-
alence (by [Lur12, Corollary 1.4.4.5]) Fun”(Sp,Sp) ~ FunL(SpZO,Sp) given by restriction. But we know
that Fun” (Sp, Sp) ~ Sp by evaluation at the sphere spectrum, with inverse given by the smash product (see
[Lurl2, §4.8.2]). O

We need the following fact about gl;.

Proposition 6.14. Let X be a connective spectrum, and let S V X be the square-zero Eoo-ring. Then

there is a natural equivalence of spectra,
al, (S° Vv X) ~ gl (S V X,

On homotopy groups, this equivalence is compatible with the purely algebraic equivalence 7 gl; (S°VX) ~
(SO V X) ~ m(S°) @ 7 (X) =~ mi (gl (S?)) @ e (X).
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PRrROOF. Given the connective spectrum X, we can use the composite S° — S° Vv X — S9, in which the

second map sends X to 0, to get a natural splitting
gl (8 Vv X) =~ gl (S°) v F(X),

where F': Sps, — Sps is a certain functor that we want to claim is naturally isomorphic to the identity.
First, observe that F' commutes with colimits. Namely, F' commutes with filtered colimits (as one can check

on homotopy groups), F' takes * to *, and given a pushout square

(67) X1 E—— X2

L

X3 I X4a

in Sps, the analogous diagram

(6.8) F(X1) — F(X3)

L

F(X;3) ——= F(Xy)

is a pushout square in Sp(. This in turn follows by considering long exact sequences in homotopy groups.

More precisely, given the pushout square (6.7), the diagram of E..-rings

SOv Xy ——= SV X,

| |

SOV Xy —— SO\/)(g7

is a homotopy pullback in E.-rings, so that applying gl; (which is a right adjoint) leads to a pullback square

gl (8°V Xy) —— gl (S°V Xy)

i i

gl (SYV X3) —— g, (S° Vv Xy),

and in particular, (6.8) is homotopy cartesian too in Sp,. Therefore, it is homotopy cocartesian as well if

we can show that the map

7o(gl, (S° V X3)) & mo (gl (S° V X2)) = mo(al; (57 V X))
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is surjective. This, however, follows from the analogous fact that mo(X3) @ mo(X2) — mo(Xy) is surjective as

(6.7) is a pushout.

Therefore, as both F' commutes with colimits, F' is necessarily of the form X — X ® Y for some
Y € Spsg, by Lemma 6.13. For X = HZ, we find F(X) = HZ, so that HZ ®Y is concentrated in degree

zero and is isomorphic to HZ. This forces Y ~ S° and proves the claim. ]

PROOF OF THEOREM 6.1. Proposition 6.14 implies that in the universal formula (6.6), the constant
a = 1. In fact, we know that if X*® is any cosimplicial spectrum, then the cosimplicial spectra gl (S v X*)
and gl;(S%) vV X*® are identified in a manner compatible with the identifications of homotopy groups. In
particular, the differentials in the spectral sequence for gl; (S°V X*®) and in the spectral sequence for SV X*
are identified, forcing a = 1.

It remains to show that e = 1. For this, we need an example where the two differentials do not agree.
This will be a generalization of Example 5.4. Consider the E-ring R of Proposition 5.5, with n = ¢, so
that, in particular, gl; (R) has homotopy groups in dimensions ¢ and 2¢ only. Proposition 5.5 shows that the
k-invariant is nontrivial.

Consider the space X = K(Fa,t + 1), and consider the Atiyah-Hirzebruch spectral sequences for the
homotopy groups of gl (R)* and RX (these can be identified with BKSS’s by choosing simplicial resolutions
of X by points). The latter clearly degenerates because R is an Eilenberg-MacLane spectrum, but we claim

that the former does not.

More precisely, we claim that there is no map of spectra
YIN®K (Fy, t +1) — gly (R),

inducing an isomorphism on 7;. The degeneration of the AHSS would certainly imply the existence of such

a map. To see this, it is equivalent to showing that there is no map of (pointed) spaces
K(Fg,t + 1) — BGLl(R),

with the same properties. If there existed such a map, then we could combine it with the map 75911 BGL1(R) =~

K(F3,2t + 1) = BGLy(R) via the infinite loop structure to obtain a map
K(Fo,t +1) x K(F3,2t+ 1) - BGL1(R),

which would be an equivalence by inspection of homotopy groups. However, this contradicts Proposition 5.5,

which shows that the space BGL1(R) has a nontrivial k-invariant.
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This completes the proof of Theorem 6.1. O

7. Picard groups of real K-theory and its variants

Before we embark on the lengthy computations for the Picard groups of the various versions of topological
modular forms, let us work out in detail the case of real K-theory, as well as the Tate K-theory spectrum
KO((q)). In particular, these examples will illustrate our methodology without being computationally

cumbersome.

7.1. Real K theory. In this subsection, we compute the Picard group of KO using Cs-Galois descent
from the Cy-Galois extension KO — KU and the Comparison Tool 5.2.1 (but not the universal formula of

Theorem 6.1).

We begin with the basic case of complex K-theory.

Example 7.1 (Complex K-theory). The complex K theory spectrum has a very simple ring of homotopy
groups KU, = Z[u*!] with u in degree 2. In particular, KU is even periodic with a regular noetherian
g, so its Picard group is algebraic by Theorem 2.21. The inner workings of Theorem 2.21 would use that
the only (homogeneous) maximal ideals of KU, are generated by prime numbers p; for each p, there is a
corresponding residue field spectrum, namely mod-p K-theory, also known as an extension of the Morava
K-theory of height one at the given prime. As the Picard group of KUy = Z is trivial, and Pic(KU,) ~ Z/2,

any invertible KU-module is equivalent to either KU or X KU.

To compute Pic(KO), we start with this knowledge that, thanks to Example 7.1, mopic(KU) = Pic(KU)

is Z/2. We have the spectral sequence from (3.5)
H*(Cy, mopic(KU)) = m, (pic(KU))hC?
which will allow us to compute 7o (pic(KU))"“2 ~ PicKO. We note that mipic(KU) ~ (KUy)* = Z/2, and
H*(Ce,Z/2) = 7Z/2[z],

where z is in cohomological degree 1. The higher homotopy groups of pic(KU) coincide (as Co-modules)

with those of KU, suitably shifted by one.

Recall, moreover, that the Es-page of the HFPSS for 7, KO is given by the bigraded ring

E;* = Z[U27U72,h1]/(2h1), ‘u2‘ = (470)a |h1| = (132)7
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where u? is the square of the Bott class in 7, KU ~ Z[u*!], and h; detects in homotopy the Hopf map
7. The class h; is in bidegree (s,t) = (1,2), so it is drawn using Adams indexing in the (1,1) place. The
differentials are determined by d3(u?) = h} and the spectral sequence collapses at E4. For convenience, we
reproduce a picture in Figure 6.3; the interested reader can find the detailed computation of this spectral

sequence in [HS14, §5].

6 by ) . X
1 . 1
4] 2 . : .
. s .
2 N h%. N
1S Rye 1S
00 O upt

—4 -2 0 2 4 6 8

FIGURE 6.3. Homotopy fixed point spectral sequence for m, KO ~ 7, (KU"C?)
(e denotes Z/2 and O denotes Z)

Therefore, the Eo-page of the spectral sequence for (pic(KU))"C? is as in Figure 6.4. To deduce differ-
entials, we use our Comparison Tool 5.2.1: in the homotopy fixed point spectral sequence for KU, there are
only (non-trivial) ds-differentials. By the Comparison Tool 5.2.1, we conclude that we can “import” those
differentials to the HFPSS for pic(KU) when they involve terms with ¢ > 4. In particular, we see that the
differentials drawn in Figure 6.4 are non-zero; moreover, everything that is above the drawn range and in
the s = t column either supports or is the target of a non-zero differential. Note that we are not claiming

that there are no other non-zero differentials, but these suffice for our purposes.

6 . \o ’K
. . \ °
v h\
4] o | e ' ’K
e | o oI . \-
’11,2 /K
2 o | o h%o \a
o | o Hie &
0 ol g2

—4 -2 0 2 4 6 8

FIGURE 6.4. Homotopy fixed point spectral sequence for pic(KU)"C?

We deduce from this that mopic(KU)"“2 = Pic(KO) has cardinality at most eight. On the other hand,

the fact that KO is 8-periodic gives us a lower bound Z/8 on Pic(KO). Thus we get:
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Theorem 7.2 (Hopkins; Gepner-Lawson [GL]). Pic(KO) is precisely Z/8, generated by LK O.

Theorem 7.2 was proved originally by Hopkins (unpublished) using related techniques. The approach
via descent theory is due to Gepner-Lawson in [GL]. Their identification of the differentials in the spectral
sequence is, however, different from ours: they use an explicit knowledge of the structure of gl, (KU) with

its Cy-action (which one does not have for TMF).

Remark 7.3. In view of Remark 3.8, we conclude that the relative Picard group of the Cs-extension

KO — KU is 7_1 (gl KU)"“2 ~ 7,/4.

3
Remark 7.4. In the usual descent spectral sequence for KO, the class Z—é in red supports a dz. By
3
Theorem 6.1 and the multiplicative structure of the usual SS, Z—é does not support a dsz in the descent SS
3
for Pic. We saw that above by counting: if % did not survive, the Picard group of KO would be too small.

For 2-local TMF, simple counting arguments will not suffice and we will actually need to use Theorem 6.1

as well.

Remark 7.5. We can also deduce from the spectral sequence that the cardinality of the relative Brauer
group for KO/KU, which is isomorphic to 7_1 (pic(KU))"“2, is most eight. However, we do not know how
to construct necessarily non-trivial elements of this Brauer group in order to deduce a lower bound as in the

Picard group case.

7.2. KOlqg], KO[[q]] and KO((q)). We now include a variant of the above example where one adds a
polynomial (resp. power series, Laurent series) generator, where we will also be able to confirm the answer
using a different argument. This example can be useful for comparison with TMF using topological g-
expansion maps. We begin by introducing the relevant E.-rings. This subsection will not be used in the

sequel and may be safely skipped by the reader.

DEFINITION 7.6. We write for S°[x] the suspension spectrum Y. ¥Z>o. Since Zxg is an E-monoid in
spaces (in fact, a commutative topological monoid), S°[z] naturally acquires the structure of an E.,-ring.
Given an E.-ring R, we will write R[x] = R A S°[z].

We can also derive several other variants:

(1) We will let R[[x]] denote the z-adic completion of R[], so its homotopy groups look like a power
series ring over m, R.
(2) We will let R[z*!] denote the localization R[z][1/z], so its homotopy groups are given by Laurent

polynomials in m,R.
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(3) We will let R((z)) = R[[z]][1/x], so that its homotopy groups look like formal Laurent series over
T R.

On the one hand, 7, (R[z]) ~ (7. R)[z] is a polynomial ring over 7, R on a generator in degree zero. On
the other hand, as an E..-algebra under R, the universal property of R[z] is significantly more complicated
than that of the “free” E.o-R-algebra on a generator (which is often denoted R {z}). A map R[z] — R’, for

an E..-R-algebra R’, is equivalent to an E,,-map
ZZO — QOOR/,

where Q° R’ is regarded as an E,-space under multiplication. In general, given a class in mgR’, there is no
reason to expect an Eo,-map R[z] — R’ carrying « to it, since Z>o as an Eo.-monoid is quite complicated.
Classes for which this is possible (together with the associated maps R[z] — R’) have been called “strictly

commutative” by Lurie.

Example 7.7. There is a map R[z] — R sending x — 1. This comes from the map of E..-spaces Z>¢ —

* — 0°S% where * maps to the unit in Q>5°.

Example 7.8. There is a map R[r] — R sending z — 0.

To obtain this in the universal case R = S°, we consider the adjunction
(3°,Q°°) : S« = Sp.

Here S, and Sp are symmetric monoidal with the smash product and ¥ is a symmetric monoidal functor.

In particular, ¥°° carries commutative algebra objects in S, to E..-ring spectra.

We start with the commutative monoid M with a single element m. Then My = {x,m} € S, is a
commutative algebra object of S, with respect to the smash product: in fact, it is the unit S° as a pointed
space. Similarly, (Z>o)+ is a commutative algebra object of S.. Now we have equivalences of E.-ring

spectra X°(My) ~ S° and £%°(Z>¢)+ ~ £ Z>o. There is a map of commutative monoids in S,
(Zz0)4+ — My,

which carries 0 € Z>¢ to m and everything else to *. After applying X*°, we obtain the desired map

SO[x] — SY of Eyo-rings.

Mwe are grateful to the referee for suggesting this argument over our previous one.
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The map R[x] — R given in Example 7.8 has the property that it exhibits the R[z]-module R as the
cofiber R[x]/x. Tt follows in particular that if R’ is any E..-R-algebra and 2’ € moR’ is a strictly commutative

element, then we can give the cofiber R'/2’ ~ R’ ®p[y R the structure of an E..-R'-algebra.

Remark 7.9. Consider the sphere spectrum S°. Then no cofiber S%/n for n ¢ {£1,0} can admit the
structure of an E-ring by, for example, [MNN15, Remark 4.3].1> It follows that the only element of
7S ~ Z, besides 0 and 1, that can potentially be strictly commutative is —1. Now, —1 is not strictly
commutative in the K(1)-local sphere Ly (1)S? at the prime 2 because of the operator § of [Hopl4]: we
have 6(—1) = (71)2% = 1 # 0, while power operations such as 6 annihilate strictly commutative elements.
Therefore, —1 cannot be strictly commutative in S°. (One could have applied a similar argument with power
operations to every other integer, too.) However, we observe that it is strictly commutative in S°[1/2]: the

obstruction is entirely 2-primary (Proposition 7.11 below).

Example 7.10. Let a,b € mgR be strictly commutative elements for R an E,-ring. Then ab is also strictly
commutative. If a is a unit, then ¢~ is strictly commutative. This follows because there is a natural addition

on E-maps Z>o —+ Q°R.

Proposition 7.11. Let R be an E-ring with n invertible. Then any u € myR with «™ = 1 (i.e., an nth

root of unity) admits the structure of a strictly commutative element.
PROOF. We consider the map of E,-monoids Z>o — Z/nZ and the induced map of E-ring spectra
(7.1) R[z] = RAXTZ/n.

Since 1 € myR, R A X5°Z/nZ is étale over R and the homotopy groups are given by . R[z]/(z" — 1). We
can thus produce a map of Eo-rings R A X5°(Z/nZ) — R sending 1 € Z/nZ to u by étaleness.’® Composing

with (7.1) gives us the strictly commutative structure on u. O

Using these ideas, we will be able to give a direct computation of the Picard group of the E.,-ring

w7

KOl[q]]. (We have renamed the power series variable to “¢” in accordance with “g-expansions.”)
Proposition 7.12. The map Pic(KO) — Pic(KO[[g]]) is an isomorphism, where ¢ is in degree zero.

PROOF. Suppose M is an invertible K O[[g]]-module such that M/qM ~ M ®gofq) KO is equivalent

to KO. We will show that then M is equivalent to KOl[g]] using Bocksteins. Specifically, consider the

151t is an unpublished result of Hopkins that no Moore spectrum can even admit the structure of an E;-algebra.

16The étale obstruction theory has been developed by a number of authors; a convenient reference for the result that we need
is [Lurl2, Thm. 8.5.4.2].
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generating class in mo(M/qM) ~ Z; we will lift this to a class in moM. It will follow that the induced map
KOl[q]] = M becomes an equivalence after tensoring with KO ~ KO[[q]]/q. Since M is g-adically complete,
it will follow that KO[[q]] ~ M.

By induction on k, suppose that:

(1) 7_1(M/q*M) = 0.
(2) mo(M/qkM) — mo(M/qM) is a surjection.

These conditions are clearly satisfied for k¥ = 1. If these conditions are satisfied for k, then the cofiber
sequence of K O[[g]]-modules
M/¢"M — M/¢" M — M/qM

shows that they are satisfied for k£ 4+ 1. In the limit, we find that there is a map KO[[q]] — M which lifts

the generator of mo(M/qM), which proves the claim. O

Proposition 7.12 can also be proved using Galois descent, but unlike for KO, we need to use Theorem 6.1.

SECOND PROOF OF PROPOSITION 7.12. The faithful C5-Galois extension KO — KU induces upon
base-change a faithful Ca-Galois extension KO[[q]] — KU][[q]]. The Picard group of KU]|[q]], again by Theo-
rem 2.21, is Z/2 generated by the suspension. Consider now the descent spectral sequence for (pic(KU[[q]])) 2,
which is a modification of the descent spectral sequence for KU"> in Figure 6.4. One difference is that
every term with ¢ > 2 is replaced by its tensor product over Z with Z[[q]]; the other is that the ¢ = 1 line
now contains the Cz-cohomology of the units in 7oK U[[g]], which is a bigger module than (7o KU)* = Z/2.

Namely, these units are Z/2@®qZ|[[q]], with trivial Cz-action. The resulting Es-page is displayed in Figure 6.5.

° ° ® &')
0 d n i
—4 -2 0 2 4 6 8

FIGURE 6.5. Homotopy fixed point spectral sequence for pic(KU[[q]]) >
e denotes Z/2, @® denotes Z/2[[qg]], and B denotes Z[[g]]
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Since the d3 is the only differential in the ordinary HFPSS for 7, KO[[g]], as before, it follows that the
only contributions to Pic(KO[[g]]) can come from the Z/2 with ¢t = s = 0 (the suspension), the Z/2 with
(s,t) = (1,1) (i.e. the algebraic Picard group), and the Z/2[[¢]] in bi-degree (s,t) = (3, 3).

But here, E5® = 7/ 2[[q]]2—2 is infinite, so unlike previously, we do not get the automatic upper bound

of eight on |Pic(KO[[q]])|. On the other hand, we can use Theorem 6.1 to determine the d3 supported here.
Note that in the HFPSS for (KU[[q]])"“?, we have

i (F0)2%) = 1@, (o) € 2720

Therefore, in view of (6.1), in the HFPSS for pic(KU[[q]])"“2, we have

hi

i (105 = (0 + r0?) 4

E.
3
(Note that a crucial point here is that in the HFPSS for KO, squaring or applying ds to % yields the same

result.) It follows from this that in the HFPSS, the kernel of ds on Eg’?’ is Z/2 generated by 1h—z: the

u

equation f(q) + f(g)? = 0 has only the solutions f(q) = 0, 1. Therefore, we do get an upper bound of eight

on the cardinality of Pic(KO[[q]]) after all, as nothing else in E3* lives to Ej. O
Corollary 7.13. The maps KO — KO[q], KO — KO((q)) induce isomorphisms on Picard groups.

PROOF. This result is not a corollary of Proposition 7.12 but rather of its second proof. In fact, the
same argument shows that ds has a Z/2 as kernel on the relevant term ES ’3, which gives an upper bound of

cardinality eight on the Picard group of KO[q] or KO((q)) as before. O

Remark 7.14. Corollary 7.13 cannot be proved using the Bockstein spectral sequence argument used in the
first proof of Proposition 7.12. However, a knowledge of the Picard group of KO[[g|] can be used to describe
enough of the Cs-descent spectral sequence to make it possible to prove Corollary 7.13 without the explicit

formula (6.1). We leave this to the reader.

8. Picard groups of topological modular forms

In the rest of the paper we proceed to use descent to compute the Picard groups of various versions of

topological modular forms. We will analyze the following descent-theoretic situations:

e The Galois extension TMF[1/2] — TMF(2), with structure group GL2(Z/2), also known as the
symmetric group on three letters.
e The Galois extension TM F[1/3] — TMF(3), with structure group GLy(Z/3); this is a group of

order 48, which is a nontrivial extension of the binary tetrahedral group and Cs.
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e Etale descent from the (derived) moduli stack of elliptic curves or its compactification.

In each of these cases, we will start with the knowledge of the original descent spectral sequence, com-
puting the homotopy groups of the global sections or homotopy fixed point spectrum. This information plus
some additional computation of the differing cohomology groups will provide the data for the Es-page of
the descent spectral sequence for the Picard spectrum. The additional computations are somewhat lengthy,

hence we are including them separately in the Appendix.

8.1. The Picard group of TMF[1/2]. When 2 is inverted, the moduli stack of elliptic curves Mgy
has a GL2(Z/2)-Galois cover by M,y (2), the moduli stack of elliptic curves with full level 2 structure.
This remains the case for the derived versions of these stacks, and on global sections gives a faithful Galois
extension TMF[1/2] — TMF(2) by [MM15, Theorem 7.6]. The extension is useful for the purposes of

descent as the homotopy groups of TM F(2) are cohomologically very simple.

To be precise, we have that
TMF(2). = Z[1/2]AH A3 = 22) 71,

where the (topological) degree of each ); is four. To see this, one can use the presentation of the moduli stack
Men(2) from [Stol2, §7]. There it is computed that M_;(2) is equivalent to (the stacky) Proj Z[1/2][A1, X2].
Moreover, the substack classifying smooth curves, i.e., M (2), is the locus of non-vanishing of A?A%(A; —A2)?.
More precisely, Mey(2), as a stack, is the G,,-quotient of the ring Z[1/2][A1, A2, (AIA3(A1 — A2)) ], where
the G,,-action is as follows: a unit u acts as \; — u?\; for ¢« = 1,2, so that it is an open substack of a
weighted projective stack.

In particular, TMF(2), has a unit in degree 4, and is zero in degrees not divisible by 4. It will be

helpful to write TM F(2), differently, so as to reflect this periodicity more explicitly; for example, we have
that TMF(2), = TMF(2)o[A\'], and

(8.1) TMF(2)o = Z[1/2][sT!, (s — 1)71],

where s = i—; Therefore, Corollary 2.22 applies to give the following conclusion.
Lemma 8.1. The Picard group of TM F(2) is Z/4, generated by the suspension ST M F(2).

Remark 8.2. The proof of Corollary 2.22 relies on the construction of “residue field” spectra; let us specify
what they are in the case at hand. The maximal ideals in TMF(2)y are m = (p, f(s)), where p is an odd
prime and f(s) a monic polynomial irreducible modulo p (and not congruent mod p to s, s — 1). For each of

these ideals, we have an associative ring spectrum (the “residue field”) with homotopy groups TM F(2)./m
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by [Ang08]; denote it temporarily by TMF(2)/m. After extending scalars so that f splits, we get that
TMF(2)/m is a product of (extensions of) mod p Morava K-theory spectra at height one or two, one for

each zero of f. By [Sil86, V.4.1], the factor associated to the zero a of f has height two precisely when

5 <<p ;)/2)

=0

is zero modulo p.

Next we use descent from TMF(2) to TMF[1/2] to obtain the following result.

Theorem 8.3. The Picard group of TMF[1/2] is Z/72, generated by the suspension XTMF[1/2]. In

particular, this Picard group is algebraic.

PROOF. We use the homotopy fixed point spectral sequence (3.5)
(8.2) H*(GLy(Z)2), mpic(TMF(2))) = m;_opic(TMF(2))hGL2(2/2),

To begin with, note that the homotopy groups mpic(TMF(2)) for t > 2 are isomorphic to m;_1TMF(2) as
GLo(Z/2)-modules. This tells us that the ¢t > 2 part of the Ea-page of the HFPSS (8.2) for pic(TMF(2)) is

a shifted version of the corresponding part for TM F(2).

The latter is immediately obtained from the analogous computation for T'm f(2) in [Sto12] (depicted in
Figure 2 of loc. cit.), as we now describe. Recall that TM F(2) ~ Tm f(2)[A~}]; the non-negative homotopy
groups m>oT'mf(2) are the graded polynomial ring A = Z[1/2][A1, A2] [Sto12, Proposition 8.1}, and the class
A € myTmf(2) is

A =160\ (Mg — \p)?

by [Sto12, Proposition 10.3]. Now, by [Stol2, Prop. 10.8] we have that
H*(GLy(Z/2),mTMF(2)) = H*(GLa(Z/2), A)[A™].
In particular, the invariants H°(GL2(Z/2),A)[A™!] are the ring of A-inverted modular forms
Z[1/2)[ca, co, AT /(122 A — ¢ + 2).

The higher cohomology H>°(GL2(Z/2),A) is computed in [Sto12, §10.1], and in particular is killed by c4

and cg. Consequently,

H”%(GLy(Z/)2),m>0TMF(2)) = H°(GL2(Z/2),A) = H>°(GL2(Z/2), m>0Tmf(2)).
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Let us recall (the names of) certain interesting classes in these cohomology groups:

(1) There is a in H*(GLy(Z/2), myTMF(2)) = Z,/3, hence in H'(GL3(Z/2), wspic(TMF(2))) (so, a is
in bidegree (s,t) = (1,5) in the Picard HFPSS, and depicted in position (s,t—s) = (1,4) using the
Adams convention). In homotopy, this element detects the Greek letter element o in the Hurewicz
image in TM F[1/2].

(2) There is b in H?(GL2(Z/2),m13pic(TMF(2))) = Z/3 (b is in bidegree (2,13) or position (2,11));

in homotopy it detects ;.

Then, H>°(GL2(Z/2), TMF(2),) is precisely the ideal of Z/3[a, b][A*']/(a?) of positive cohomological

degree. For example
H®(GLo(Z)2), mspic(TMF(2))) = H*(GL2(Z/2), maTMF(2)) = Z/3,

generated by ab?A~!. We see this class depicted red below in Figure 6.7.

Next, we turn to the information which is new for the Picard HFPSS, i.e., the group cohomology of g
and m; of the spectrum pic(TMF(2)). By Lemma 8.1, we know that the zeroth homotopy group is Z/4,
and since it is generated by the suspension ST M F(2), the action of GLy(Z/2) on this Z/4 is trivial. Even
though for our purposes only the invariants H°(GLz(Z/2), mopic(TMF(2))) are necessary, we can in fact
compute all the cohomology groups. This is done in Lemma 6.A.1 of Section 6.A.

The last piece of data needed for the determination of the Fs-page of the Picard HFPSS is the group
cohomology with coefficients in mpic(TMF(2)) = (moTMF(2))*. This is done in Proposition 6.A.2. The
range s < 15 and —6 <t — s < 7 of spectral sequence is depicted in Figure 6.7. Note that in this range, the
t — s = 0 column has three non-zero entries: there is a Z/4 for s =0, Z/6 for s = 1, and Z/3 for s = 5.

Now we are ready to study the differentials in the HFPSS for pic(TM F(2))"¢F2(Z/2) " Comparison with
the HFPSS for the GLo(Z/2)-action on TMF(2) gives a number of differentials, using our Comparison
Tool 5.2.1. To distinguish between the differentials in the two spectral sequences, let us denote by d¢ those
in the HFPSS of TM F(2). The superscript o stands for “original.”

Recall that in the HFPSS for TM F'(2), there are non-zero dg and dJ differentials, which are obtained, for
example, by a comparison with the HFPSS for T'm f(2) which is fully determined in [Sto12]. In particular,
in the HFPSS for TM F(2), the first differential is d2(A) = ab?, and the rest of the d2’s are determined by

multiplicativity and the fact that a and b are permanent cycles. In particular, we have

s ab’ e ab®
(8:3) @ (A) = AT @ (A) = AT

210



14 X

12

ey
1%

| pX

10

FIGURE 6.6. Homotopy fixed point spectral sequence for (pic(TMF(2)))r¢L2(2/2)

FIGURE 6.7. *
(O denotes Z, e denotes Z/2, and x denotes Z/3)

Next (and last) is d; we have that d§(aA?) = b°. Consequently, we also have

. [ab? b7

Let us now see which of these differentials also occur in the HFPSS for pic(T'MF(2)); according to
Comparison Tool 5.2.1, the ds-differentials are imported in the range ¢ > 5, and the dg-differentials in the
t > 9 range. In particular, the differentials in (8.3) are the same in the Picard HFPSS; these are the two
differentials drawn in Figure 6.7. Moreover, everything in the zero column and above the depicted region,
i.e., such that s =t > 16, either supports a differential or is killed by one which originates in the ¢ > 9 range.
Hence, everything above the depicted region is killed in the spectral sequence and nothing survives to the
E-page.

Note, however, that we cannot (and should not attempt to) import the differential (8.4); this would be

a dg-differential with ¢ = 5, so it does not satisfy the hypothesis of Comparison Tool 5.2.1.

Let us analyze the potentially remaining contributions to mopic(TM F(2))¢L2(2/2); regardless of what

the rest of the differentials could possibly be, we have:

e a group of order at most 4 (and dividing 4) in position (0, 0),
e a group of order at most 6 (and dividing 6) in position (0, 1), and
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e a group of order at most 3 (and dividing 3) in position (0, 5).

Therefore Pic(TM F[1/2]) = mopic(TM F(2))%%2(2/2) has order at most 4 x 6 x 3 = 72, and dividing 72. This
is an upper bound. But we also have a well-known lower bound: the suspension XTM F[1/2] generates a
nontrivial element of Pic(TM F[1/2]) of order 72 because TM F[1/2] is 72-periodic. Thus we have proven

the result. 0

Remark 8.4. Our computations give an independent proof of the result of Fulton-Olsson [FO10] that the
Picard group of the classical moduli stack of elliptic curves M.y over Z[1/2] is Z/12. (Fulton-Olsson carry
out the analysis over any base, though.) This is a toy analog of the above analysis, as we now see.

The Picard groupoid of the moduli stack Men[1/2] is the homotopy fixed points of the G Ly(Z/2)-action
on the Picard groupoid of M (2). Now the Picard group of Mcy(2) is Z/2, as M(2) is an open subset
in a weighted projective stack over a UFD, so that quasi-coherent sheaves on M,j(2) correspond simply to
graded modules over Z[1/2, A1, A2, (A2A3(A1 — A2))~!] and the only nontrivial invertible object is the shift
by one of the unit. Note that this is the algebraic setting: the generator of Pic(M.y(2)) would correspond

to the two-fold suspension of TMF'(2).

Next, in the HFPSS for computing Pic(M.11[1/2]), we see by the above computation of
H' (GL3(Z/2),T(Meu(2), 09))

that one gets a contribution of order 6. Together with Pic(M.n(2)) = Z/2 from the previous paragraph, we

get that |Pic(Mn[1/2])] < 12, but we know that w has order twelve, so we are done.

8.2. The Picard group of T'M F[1/3]. This section will be similar to Section 8.1, but with more
complicated computations as is to be expected from 2-torsion. In this case we will use the GL2(Z/3)-Galois
extension TM F[1/3] — TMF(3), coming from the Galois cover Me)1(3) — M.n[1/3] of the moduli stack of
elliptic curves with 3 inverted by the moduli stack of elliptic curves equipped with a full level 3-structure.

From [Stol4, §4.2], we can immediately compute the homotopy groups of TM F'(3): the moduli stack

M (3) is affine, and is given as the locus of non-vanishing of

A=37C1 =V (n +¢12)* (2 —¢n)?

in the compact moduli stack M_;(3) = ProjZ[1/3,(][y1,72]. Here ; are variables in (topological) degree 2,

and ( is a primitive third root of unity, whose appearance is due to the fact that the Weil pairing on the
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3-torsion points of an elliptic curve equips M_;(3) with a map to Spec Z[1/3, ¢].'" Hence the descent spectral

sequence computing TM F'(3), collapses to give

TMF(3). = Z[1/3,¢Jni ™ 72 1l + ¢2) ™ (2 = ¢n) 1.
Written differently, we have that TMF(3), = TMF(3)o[3"], and
(8.5) TMF(3)o = Z[1/3,][t*", (1 = ¢t) ™" (1 + ¢ 71,

fort = % In particular TM F(3), is regular noetherian, and TM F'(3) is even periodic. Thus, Theorem 2.21

(together with the fact that the ring Z[(, ] and hence any of its localizations has unique factorization) implies

the following conclusion.

Lemma 8.5. The Picard group Pic(TMF(3)) is Z/2, generated by T M F(3).

Naturally, we will use this lemma as an input in computing the HFPSS for the associated Picard spectra.

Theorem 8.6. The Picard group of TMF[1/3] is Z/192, generated by the suspension XTMF[1/3]. In

particular, this Picard group is algebraic.

PROOF. As is to be expected, we use the HFPSS Equation (3.5)
(8.6) H*(GLy(Z/3), mpic(TMF(3))) = m;_opic(TMF(3))hGL22/3)

The homotopy groups m(pic(TMF(3))) for ¢ > 2 are isomorphic to m;—1TMF(3) as GL2(Z/3)-modules,
hence the t > 2 part of the Es-page of the HFPSS for pic(TM F(3)) is same as the corresponding part in the
HFPSS for TM F(3). We will use the fact that TMF(3) ~ Tmf(3)[A~}] to identify this part of the spectral
sequence for TM F'(3) and therefore for pic(TMF(3)).

The E,-page of the HFPSS computing the homotopy groups of Tm f5 as (T'mf(3)5)"¢*2(2/3) is computed
in [Sto14], and depicted in Figure 9 of loc. cit. Since we are working with 3 inverted, and 2 and 3 are the

only primes dividing the order of GL2(Z/3), we conclude that
H>°(GLy(Z/3), 7. Tmf(3)) = H>°(GL2(Z/3), 7. Tmf(3)3).

The invariants H°(GLs(Z/3), m>0Tmf(3)) are the ring of modular forms Z[1/3][cy, c6, A]/(123A — ¢} + c2).

" The map is given by the usual Weil pairing on the locus of smooth curves; for what it does at the cusps, see for example
[DRT73, 1V.3.21].
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Let T denote the graded ring Z[1/3,¢][v1,72]. As in the case of level 2-structures, we have that
H*(GLy(Z/3),m. TMF(3)) = H*(GLy(Z/3),T)[A™1].

In the group cohomology of ', computed and depicted in Figure 7 of [Sto14], there are a number of interesting

torsion classes, including:

(1) hq in bidegree (s,t) = (1,2), depicted in position (s,t — s) = (1,1), which detects (the Hurewicz
image of) the Hopf map 7 in homotopy.

(2) hg in position (1, 3), which detects (the Hurewicz image of) the Hopf map v.

(3) d in position (2, 14), which detects in homotopy the class known as .

(4) ¢ in position (4,20), which detects in homotopy the class k.

(5) ¢ in position (2,8), which detects in homotopy the class e.

The homotopy elements detected by these classes satisfy some relations; for example,

Let us also name one of the less famous elements in the descent spectral sequence for ¢m f(), which also
appears in the HFPSS for TM F[1/3]. Namely, there is a Z/2 in position (1, 5); we will denote the generating

class by the generic name x (in [Bau08] it bears the name a?h;).

All torsion classes with the exception of (powers of) h; are annihilated by ¢4 and c¢g. In the Picard
spectral sequence, all of these classes appear shifted by one to the right; we have labeled some such classes
in Figure 6.16. A “zoomed in” portion of the Picard spectral sequence is depicted in Figure 6.13. There,
and in all of the related spectral sequences, lines of slope 1 denote hj-multiplication, and lines of slope 1/3

denote ho-multiplication.

A “zoomed out” portion of the Picard HFPSS (8.6) is depicted in Figure 6.10; the elements that are to
the right of the t = 2 line are, of course, a shift of the corresponding elements in the spectral sequence for
TMFI1/3]. However, to avoid cluttering the picture, a family of classes is not shown. The family consists
precisely of the hj-power multiples of non-torsion classes. An exception is made for the elements depicted
in green, namely hi’% and h?%, as well as the tower supported on 1, which do belong to this family, but

¢

are nonetheless depicted. In the “zoomed in” Figure 6.16 this family is also not shown.

More specifically, the non-torsion subring of the Ea-page of the T M F'[1/3]-spectral sequence is precisely
the part in cohomological degree 0 and consists of the ring of modular forms M F, [1/3] = Z[1/3][c4, cs, AT'] /(123 A~
¢34+ ¢c2). On the Es-page, these support infinite hi-multiples, i.e., M F,[1/3][h1]/(2h1) is a subring of the
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FIGURE 6.8. Homotopy fixed point spectral sequence for pic(TMF(3))

hGL2(Z/3)

FIGURE 6.9. *

“Zoomed out” version with some hi-omissions

FIGURE 6.10. *

(O denotes Z, e denotes Z/2, @® denotes Z/2[j], and x denotes Z/3)

Es-page. Note that in degree zero, M Fy[1/3] = Z[1/3, j], where j = % is the classical j-invariant. What

we have omitted drawing in Figure 6.10 and 6.16 are all of the elements coming from this subring, with
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the exception of the mentioned classes. For comparison, these elements are drawn in the smaller-range
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FIGURE 6.11. Homotopy fixed point spectral sequence for pic(TM F(3))r¢L2(2/3)
FIGURE 6.12. *
“Zoomed in” version without omissions
FIGURE 6.13. *
(O denotes Z, @ denotes Z/2, ® denotes Z/2[j], and x denotes Z/3)

216



Remark 8.7. The two classes h:{’% and h?%, which we have depicted in green, do not appear in the
spectral sequence for Tm f[1/3], since they involve a negative power of A. Another difference between the
Tmf and TMF situation is that in the Es-page of the latter, there are infinite groups, isomorphic to Z/2[j]
and generated by hi, h3, h3, etc., in positions (1,1), (2,2), (3,3), etc. Moreover, the element z in position

(1,5) also generates an infinite Z/2[j], as do all of its hy-multiples.

Note that in the range that we are considering (namely, ¢ > 1), the HFPSS for the GL3(Z/3)-action on
Tmf(3) coincides with the descent spectral sequence for Tm f[1/3] as the sections of O*P over M [1/3], and
the differentials in the latter have been fully determined in Johan Konter’s master thesis [Kon]. Of course,
these differentials really come from the connective tm f, whose descent spectral sequence is fully computed
in [Bau08]. In these spectral sequences, d$ is the first non-trivial differential, followed by d2,d%,d3 ... d3s.

In particular, we have the following differentials [Bau08, Sec. 8]:

d3(ce) = cshf d3(x) = hi
(8.7) d3(A) = ghy d3(4A) = gh?
d3(A%hy) = g*c 71 (dA?) = g°hy,

and a number of others.

Let us see now which of these differentials we can import using our Comparison Tool 5.2.1. In the

TMF[1/3] spectral sequence, we have that dg(hf <) = h?%; in the Picard SS, the element corresponding
to h‘;’% has t = 3, thus we cannot import this differential. We deal with this class later, i.e., in the next
paragraph. However, all the other classes which are on the s = ¢t column and are hi-power multiples of
non-torsion classes, i.e., members of the family which we have not drawn in Figure 6.10, are well within the
t > 3 range, so that we can indeed conclude by Comparison Tool 5.2.1 that they either support a differential
or are killed by one. For example, the hi-multiple of the differential just discussed does happen, i.e., in the

2
Picard SS we have d3(h}%) = h{Z. In particular, we need not worry about these omitted classes any

more.

Now we turn to the question of whether any differentials are supported on the (s,t—s) = (3,0) position
in the HFPSS for pic(T M F(3))"¢12(Z/3)_ For this purpose we use the universal formula (6.1) of Theorem 6.1,
just as we did in the second proof of Proposition 7.12. We have that ES’B of the Picard spectrum HFPSS is
7./2[j] generated by hi’%; the corresponding element in the original HFPSS has

s
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FIGURE 6.14. Homotopy fixed point spectral sequence for pic(T'M F(3))r¢L2(2/3)
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“Zoomed in” version with some hi-omissions
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(O denotes Z, o denotes Z/2, ® denotes Z/2[j], and x denotes Z/3)
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using the fact that 123A = ¢ — ¢2 and that by definition, j = %. Therefore, we conclude by (6.1) that in
the Picard HFPSS, the differential ds : Ey® — E5° is given by

2
. .\ 1.3C4C6 _ . . N2 6074

ds (FOIETEY) = (FG) + i (DS,

where (f(j)h}c8) is an arbitrary element of E2®. However, (f(j) + jf(4)?) in Z/2[j] is zero only if f(5)

is zero, hence this d3 is injective and has trivial kernel. (Note this is an interesting difference between the

present situation and the one in Proposition 7.12.) Consequently, EZ”3 is zero.

Further use of Comparison Tool 5.2.1 determines that all the differentials we have drawn in blue in
Figures 6.10 to 6.16 are non-zero. Note that of the classes in the s = ¢ column, i.e., the one which contributes
to the Picard group of TM F[1/3], everything with s > 8 is killed. However, ho %, generating a Z/4 in s = 5,
and hi”% generating a Z/2 in s = 7, remain. In the original spectral sequence, the first one of these supported

a dg and a df5, and the second supported a d9;.

Next we need to determine the rest of the spectral sequence, i.e., the part which involves my and
of the Picard spectrum of TM F(3). Detailed computations for this are deferred to Section 6.B. The piece
in which we are most interested is H'(GLo(Z/3), m1pic(TMF(3))), a cyclic group of order 12 according to
Proposition 6.B.1; we have also determined H*(GL2(Z/3), mopic(TM F(3))) in Proposition 6.B.2 using a
more general result of Quillen’s.

At this point we are ready to make conclusions about the Picard group of TMF[1/3]: in the t = s
vertical line of the HFPSS, i.e., the one that abuts to mopic(TMF[1/3]) = Pic(TM F[1/3]), nothing above

the s = 7 line survives the spectral sequence. The following might survive:

e at most a group of order 2 in position (0, 0),
e at most a group of order 12 in (1,0),
e at most a group of order 4 in (5,0), and

e at most a group of order 2 in (7,0).

The upshot is that we get an upper bound of 2 x 12 x 4 x 2 = 192 on the order of the Picard group. But

TMF[1/3] is 192-periodic, so this upper bound must also be a lower bound. In conclusion,
Pic(TMF[1/3]) =7Z/192
as claimed, generated by XT M F[1/3]. O

Remark 8.8. As in Remark 8.4, we can use some of our computations to reprove Fulton-Olsson’s [FO10]

result that the moduli stack of elliptic curves Mg [1/3] also has a Picard group Z/12. Namely, we start with
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the knowledge that Pic(Men(3)) is trivial, as Mej(3) is the prime spectrum of a UFD. Then, we consider
the Picard HFPSS for the algebraic stack Mey[1/3], which must collapse. The only contribution towards

the Picard group is
H' (GLy(Z/3),T(Men(3),0%)) ,

which we saw by Proposition 6.B.1 has order 12. But w has order 12, hence Pic(M.n[1/3]) is cyclic of order
12.

8.3. Calculation of Pic(TMF). In this section we will compute the Picard group of the integral peri-

odic version of topological modular forms TM F'. The result, as stated in the introduction, is:

THEOREM A. The Picard group of integral TMF is Z/576, generated by ST MF'.

PROOF. There is no nontrivial Galois extension of the integral TM F by [Mat14a, Theorem 10.1], but
we can use étale descent, as T M F is obtained as the global sections of the sheaf QP of even-periodic E-
rings on the moduli stack of elliptic curves. Namely, we can use Theorem 3.5 because the map M. — Mpg

is known to be affine. The spectral sequence is
H® (M, mpicO™P) = 7, T (picO™P),

and we are interested in mg. Using Theorem 3.5, the FEs-page of this spectral sequence is given by (for

t—s>0)
Z7]2 t=s=0

H? (M, Ojs/leu) t=1
H* (Mo, D/2) >3, odd

0 otherwise.

Over a field k of characteristic # 2,3, Mumford [Mum65] showed that
Hl((/\/leu)k, O/>\</lcu) ~7/12,

i.e., the Picard group of the moduli stack is Z/12, generated by the line bundle w that assigns to an elliptic
curve the dual of its Lie algebra. This result is also true over Z by the work of Fulton-Olsson [FO10].
However, using descent we can reprove that result. Namely, in Remarks 8.4 and 8.8 we saw that the Picard
groups of both My[1/2] and Me[1/3] are Z/12, both generated by w. Cover the integral stack Mey by

these two; their intersection is My [1/6], which is the weighted projective stack ProjZ[1/6][ca, cg] (with ¢4
220



and cg in degrees'® 4 and 6 respectively), and which therefore has Picard group Z/12 also generated by w.

The descent spectral sequence for pic associated to this cover gives the result.

Because M.y [1/6] has no higher cohomology, the groups H*(M.y,w® 1/2), when s > 0, are given as
the direct sum of the corresponding cohomology groups of M[1/2] and Mcp[1/3]. These groups, in turn,

are isomorphic to
H*(GLy(Z/p), i 1TMF(p)) = H*(GLy(Z/p), H' (Man(p),w*~H/?)),

where p is 2 or 3, as the map M(p) = Men[1l/p] is Galois, and Mg (p) has no higher cohomology. We

computed these groups in the previous examples.

The machinery of Section 5 now allows us to compare this Picard descent spectral sequence to the
one which computes the homotopy groups of TMF. From Corollary 5.6 and an analogue of Comparison
Tool 5.2.1, we conclude that the differentials involving 3-torsion classes wipe out everything above the s = 5
line, and those involving 2-torsion classes wipe out everything above the s = 7 line. These differentials are
identical to what happens in the homotopy fixed point spectral sequences in the previous two examples. We

conclude that the following are the only groups that can survive:

e at most a group of order 2 in (¢ — s, s) = (0,0),
e at most a group of order 12 in (0, 1),
e at most a group of order 12 in (0,5), and

e at most a group of order 2 in (0, 7).

This gives us an upper bound 2632 = 576 on the cardinality of 7y, which is exactly the periodicity of TMF.

The spectral sequence is depicted in Figure 6.19. ]

8.4. Calculation of Pic(Tmf). We will now prove the following result stated in the introduction.

THEOREM B. The Picard group of T'mf is Z & Z/24, generated by XTmf and a certain 24-torsion

invertible module.

Note that while Tmf[1/n], for n = 2,3, can be described as the homotopy fixed point spectrum
Tmf(n)"GL2(Z/") just as in the periodic case, the extension Tmf[1/n] — Tmf(n) is not Galois, and there-
fore we cannot use Galois descent to compute the Picard group. However, we can use Theorem 3.5 for the

compactified moduli stack M.

First, we need a lemma.

18These are the algebraic degrees, which get doubled in topology.
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Lemma 8.9. Let £ be the line bundle on M;;; obtained by gluing the trivial line bundles on Mgy =
M=z[A™1] and Mzgz[c; '] via the clutching function j. Then £ ~ w™12.
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ProOF. To give a section of £ ® w'? over M is equivalent to giving sections s; € ['(Men,w!?) and
55 € D(Mzglcy '], w'2) such that (j81)|McH[c4_1] = (82)|M0H[C4—1]. We take s; = A and sy = ¢}, and we get a

nowhere vanishing section of £ ® w!?. |

Proor oF THEOREM B. The relevant part of the Picard descent spectral sequence is similar to that of
TMF, with the following exceptions: the algebraic part H 1(]\45, 0*) is now Z generated by w, according
to Fulton-Olsson [FO10], and all the torsion groups are now finite, i.e., there are no Z/2[j]’s appearing. In

. 3.3 .
particular, E5™ is zero, and we have

e at most a group of order 2 in (t — s,s) = (0,0),
e a sub-quotient of Z in (0, 1),
e at most a group of order 12 in (0,5), and

e at most a group of order 2 in (0, 7),

as potential contributions to the s =t line of the F.,-page. The depiction is in Figure 6.21.

Note that the Z/2 in (0,0), which corresponds to a single suspension of the even-periodic spectra that
Tmf is built from, is represented by XT'mf in the Picard group of T'mf. Similarly, the element 1 € Z =
Eg — Pic(Mz;) corresponds to the line bundle w, which topologically is represented by $2T'mf. Thus these
groups survive to the F.,-page and are related by an extension. The rest of the FE-filtration now tells us

that Pic(T'mf) sits in an extension
0— A— Pic(Tmf) - Z — 0,

where A is a finite group of order at most 24.

We claim that A = Z/24 and therefore Pic(Tmf) = Z @ Z/24. To see this, we will construct a line

bundle Z such that Z®%* ~ 0P, but no lower power of T is equivalent to O°P.

In order to proceed with the construction, we make the preliminary observation that the modular function

3
j= %4 is a homotopy class in T M F[ch], i.e. it survives the descent spectral sequence
H*(Mp[A™Y e, w*) 2 H* (Men,w*)[e; '] = . TMFle; ']

In fact, it is an invertible element of myT M F [ch]. We reason as follows. The torsion in the Es-page consists
only of hj-towers supported on the non-torsion classes, since all other torsion classes in H*( Mgy, w*) are
annihilated by c4. Therefore, when ¢4 is inverted only ds-differentials can be non-zero, and they wipe out
everything above the line s = 3. As A and ¢4 do not support any of those differentials, j is a permanent

cycle, as is 57 1.
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Construction 8.10. Consider the cover of M—; by M—;;{A™!] = My and Mz{c; '] which fit in the pushout
diagram

M[A™Y ep '] —— Mg[A™]

| |

Mle; '] M.

Let J be the line bundle on the derived moduli stack M.y = (Mz;, O°P) obtained by gluing O P on
M_z[A~'] and O%P on M—j;[c; "] using the clutching function j = % on M[A= ;).

We claim that J is not a suspension of O%P, and that 7 = X247 is an element of the Picard group of
order 24.

To see the first assertion, note that by Lemma 8.9, myJ is w™!'2, so if J is a suspension of QP it ought
to be £7240P. However, £ 240" restricted to M_;[A™1] is E_Z4Ot0p|Mm[A—1}, whereas J restricts to
O™ Py a1y

This argument can be repeated with any power J®™ such that m is not divisible by 24. In this case,
T JE™ is w2 g0 if O™ were a suspension of 0P it would be the (—24)m-th suspension. At the same
time, J®™ restricts to

(Otop)®m|Mm[A*1] — OtOPIMm[Afl]

upon inverting A. If J®™ were a suspension, therefore, one would have that X ~24mQtep| Mo[A-1]

(’)t"p|Mm[A71]. By Theorem A, this holds if and only if m is divisible by 24.

This shows that the order of J in Pic(O%P)/Z, where the Z is generated by Y0P, is at least 24. The

spectral sequence argument above, however, showed that this quotient has order at most 24. (Il

The same analysis shows that Pic(Tmf2)) = Z © Z/8 and Pic(T'mf(3)) = Z @ Z/3, the torsion being

generated by the respective localizations of Z. Moreover, Pic(T'm f(,)) = Z when p > 3.

8.5. Relation to the FEs-local Picard group. Notice that Z is the only “exotic” element in all of our
examples involving the various forms of topological modular forms. Let us see how it relates to the exotic
piece of the Picard group of the category of Es-local spectra, i.e. modules over the Fs-local sphere spectrum.
The exotic phenomena only occur at p = 2 and p = 3, but since only the 3-primary FEs-local Picard group
is known, let us concentrate on that case for the remainder of this section.

In [GHMR12], the authors compute k2, the exotic part of the Picard group of the category of 3-primary

K (2)-local spectra; they show ko = Z/3 x Z/3.
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FIGURE 6.20. Descent spectral sequence for I'(picO*P) on M,y
FIGURE 6.21. *
(O denotes Z, e denotes Z/2, and x denotes Z/3)

In addition, they look at the localization map from the Es-local category to the K(2)-local category,

and show that it induces an isomorphism k., — ko, where k., denotes the exotic Ea-local Picard group.
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Consider now the commutative diagram

Kp, ———————————> K2

t \L \L ti(2)

Pic(Tmf()) — Pic(Tmfx(2)),

in which the horizontal maps are given by K (2)-localization, and the vertical maps are given by smashing
with Tmf and T'mfr ), respectively. In [GHMR12, Theorem 5.5], the authors show that there is an
element P of ky such that Ly (o)(P ATmfk(2)) ~ 248Tme(2), ie., tg)P =48 € Z/72 C Pic(Tmf (2))-
Under the top horizontal isomorphism, this P lifts to an element P of i £, such that t(]g) has order three in
Pic(Tmf (3)) and such that the K(2)-localization of t(P) is L (2)(S*¥Tmf). Therefore, t(P) must be twice

the class of Z. In other words, the exotic element P of kr, is detected as an exotic element of Pic(Tm f3)).

The other Z/3 in kg, i.e., ko modulo the subgroup generated by P, is generated by a spectrum ) such
that tx(2)@Q = 0. This @ lifts to @ € Kr,, still of order 3, which must map under ¢ to an element of order 3
in Pic(T'm f(3y) which is in the kernel of the bottom localization map. But there are no non-trivial elements

of finite order in this kernel, hence @ is not detected in Pic(T'mfs)).

Perhaps at the prime 2 as well there is an element of the exotic Es-local Picard group which is detected

in the torsion of Pic(T'm f(s)).

6.A. Group cohomology computations for TMF(2)

In this section of the appendix we compute the group cohomology for the G Lo(Z/2)-action on mopic(TMF(2)) =
Z/4 (with trivial action), and on mpic(TMF(2)) = TMF(2); with the natural action. The group GL2(Z/2)
is the symmetric group on three letters, so it has a (unique) normal subgroup of order 3, which we denote Cfj,

with quotient Co. We can therefore use the associated Lyndon-Hochschild-Serre spectral sequence (LHSSS)
(6.A.1) HP(Cy, H1(C3,M)) = HP*(GLy(Z/2), M)

for GLy(Z/2)-modules M.

Let us first deal with the easier case.

Lemma 6.A.1. The group cohomology for the GL3(Z/2)-action on the trivial module Z/4 is

Z/4, *x=0
H*(GL2(Z/2), mopic(TMF(2))) =

Z/2, * > 0.
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PROOF. Since 3 is invertible in Z/4, we have that H*(C3,Z/4) = Z/4 concentrated in degree zero, and

with trivial action by Cy = GL2(Z/2)/C35. Hence the LHSSS (6.A.1) collapses, giving
H*(GL2(Z/2), Z/4) = H*(Cy, Z/4),

which is Z/4 for s = 0 and Z/2 otherwise. O

Next we will compute the group cohomology for the action of GL2(Z/2) on mipic(TMF(2)) which is
the multiplicative group of units in mgT'M F(2). For brevity, we call this module M, and to begin with, we
explicitly describe the action of GL2(Z/2) on M.

Let o and 7 be the generators of GL2(Z/2) of order 3 and 2 respectively as chosen in [Stol2, Lemma
7.3]; of course, o generates the normal subgroup Cs. It follows from Equation (8.1) that M is isomorphic to
72 ®ZP3, where Z/2 is multiplicatively generated by —1, and the Z’s are multiplicatively generated by 2, s
and (s —1). The action is determined by [Sto12, Lemma 7.3], where it is shown that the chosen generators

o and 7 act as

s—1

s 5

g .S

Written additively, so that m = (€, k, a,b) € M represents (—1)2¥s%(s—1)® € TMF(2), the action is given
by
oc:mw— (e+bk,—a—b,a),

T:m— (e+bk,—a—0b,b).
We use this information to compute H*(C5, M) as a Cy-module. We get that

Z)267, s=0,
H*(C3, M) = { (2./3), s=0,1(4), s > 0,
(Z/3)sgn, $=2,3(4),s>0.
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This gives the Ea-page of the LHSSS eq. (6.A.1), which must collapse and give that

7)2 02, for s = 0,

Z]287Z/3, for s = 1(4),
(6.A.2) H*(GL2(Z/2),M) = 7./2 ® 7.)2, for s = 2(4),

7.)2, for s = 3(4),

220726 7)3, for s =0(4), s > 0.

We have thus proven the following result.

Proposition 6.A.2. The group cohomology for the GLy(Z/2)-action on mopic(TMF(2)) is as in Equa-
tion (6.A.2). In particular, we have that H*(GL2(Z/2),TMF(2)§) = Z/6.

6.B. Group cohomology computations for TM F(3)

This section of the appendix is devoted to computing the group cohomology for GL2(Z/3) acting on
mpic(TMF(3)o)*; we also determine the cohomology of mopic(TM F(3)) = Z/2 as a simple consequence of a
result of Quillen [Qui72]. The group GL2(Z/3) has order 48 and has the binary tetrahedral group as normal
subgroup, in the guise of SL2(Z/3). We have found it difficult to compute the higher cohomology groups of
(TMF(3)0)*, but since we are only using H'(GL2(Z/3),(TMF(3))*) in Section 8.2, we will concentrate
on computing this group only.

In this section, we denote (TMF(3)9)* by M. From Equation (8.1), we see that M C TMF(3)y is
isomorphic to Z/2 ® Z/3 @ Z%* multiplicatively generated by —1,¢, (1 — ¢),t, (1 — (t), and (1 + ¢%t). (To
see the appearance of (1 — (), note that (1 — ¢)? = —3(.) The GL3(Z/3)-module structure is determined in

[Stol4, §4.3]; to describe it, let x,y, z be the elements of GL2(Z/3) chosen in loc. cit. Explicitly,

0 -1 -1 -1 0 -1

10
Then z and y generate a quaternion group @s, and x, y, z generate SLo(Z/3). Let o be the matrix

0 -1

_m

These generate the whole group, and their action on the element ¢ o is as determined in loc. cit.'® to be

1— ¢t t 1
-

z(t) = ——, y(t):C21+<2t7 Z(t):CTC?t’ o(t) =

19Actually, the formulas in loc. cit. determine a right action, although the left action that we include here is almost the same.
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The rest is is determined by the fact that everything fixes Z[1/3] C TM F(3), a matrix A in GL2(Z/3) takes

¢ to ¢9°t 4 and the action respects the ring structure.
To be brutally explicit, let m = (e, a, 8,a,b,¢) € M denote the element (—1)¢¢*(1 — ¢)#t*(1 — ¢t)*(1 +
¢?t)¢. Then the generators z,y,2,0 € GLa2(Z/3) act as
x:m—(et+a+ca+b—cp,—a—b—cc,b),
y:mwe—(e+b+c,a—a—c B,ba,—a—b—c),
(6.B.1)
z:mw—(e,a+a,B,a,¢,—a—b—c),
cm—=(e+fB+b—a—-5—b+c,f,—a—b—cbc).
Since we know a set of generators and relations for GLy(Z/3), and the action is given explicitly, we
can compute H! directly as crossed homomorphisms modulo coboundaries. We found it a little bit simpler,
however, to do this for SLs(Z/3), and then use the Lyndon-Hochschild Serre spectral sequence for the

extension
1— SLy(Z/3) = GL2(Z/3) — Cy — 1,
in which Cy is generated by the image of o € GL2(Z/3). The contributions to H'(GLy(Z/3), M) are from

HY(SLy(Z/3), M)®> and H'(Cy, MSL2(Z/3)) and there is a potential differential

(6.B.2) dy : HY(SLy(Z/3), M)C2 — H?(Cy, MSE2Z/3)),

To compute these groups and the differential, we note that the invariants M5%2(%/3) are the submodule
Z/2®7/3® 7 with a = b= c = 0. Here, ker(1 + o) = im(1 — o), so that H(Cy, M3F2(2/3)) = 0.

Next, suppose f : SLy(Z/3) — M represents a class in H'(SLy(Z/3), M), i.e. it is a crossed homo-
morphism which is o-invariant modulo coboundaries. Since each f(g) is in the kernel of the norm of g, we

must have that

f(I) = (€$?C?L'707a£7 76.’1:7630)7
f(y) = (Eya —Qy — Cy,O,(ly, —ay,cy),

f(z) =(0,0:,0,0,b, c.).
The relations 2 = y?, zyx =y, vz = 2>, and zyx = yz, imply that

Gz + Cp = Gy + Cy, b, = —cg, C: = Cy, €x = Cz + Cy, €y = Ug.
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One directly checks that any crossed homomorphism of this form is o-invariant modulo coboundaries. Finally,
suppose an f of this form is itself a coboundary, i.e. there is an m = (¢,,3,a,b,¢) € M, such that
flg) = gm —m for all g € SLy(Z/3). Then 4b = a; + 3¢y — 2¢y, a = b —ay — ¢z +2¢y, ¢ = b — ¢, and

a, = a. Consequently,
(6.B.3) HY(SLy(Z/3), M)“2 = 7Z./12.

It remains to compute the differential (6.B.2). This is a transgression, and we have an explicit formula
for it, for example in [Koc02, §3.7] or [NSWO08, §1.6]. One checks that this formula gives that dy is zero in

our case. Thus we have proved the following.

Proposition 6.B.1. The cohomology group H'(GL2(Z/3),TMF(3){) is cyclic of order 12.

Although not directly affecting the computation of Pic(T'M F[1/3]), we record the following result of

Quillen that determines a few more entries in the spectral sequence (8.6).

Proposition 6.B.2. [Qui72, Lemma 11] The cohomology ring H*(GL2(Z/3),Z/2) is Z/2[c1, c2] @ A(e1, e2),

where the cohomological degrees are |¢;| = 2i, and |e;| = 2i — 1.

6.C. Derived functors of the symmetric square

The purpose of this appendix is to prove the necessary auxiliary results on symmetric squares of cosim-

plicial abelian groups.

DEFINITION 6.C.1. Let A be an abelian group. We let Sym,(A) = (A ® A)c, be the coinvariants for
the Cy-action on A ® A given by permuting the factors. We also let S}Tnz (A) denote the Cs-coinvariants in
(A® A) ® Z, where the first factor is given the permutation action and Z,. is the sign representation. Note
that if A is a free abelian group, then the 2-torsion in S§H12(A) is canonically isomorphic to A ®z Fy via the

“Frobenius” map

A/24 = Sym’(4), a— a@a.

In [Pri73], Priddy gives a complete description of the actions of the symmetric algebra functor on
cosimplicial vector spaces, or equivalently the analog of the Steenrod algebra for cosimplicial algebras. We
will only need a small piece of this, which we state next. We note that the generators in question are the
Steenrod squares applied to the fundamental class ¢. For example, the generator in maximal degree is the

cup square.

230



Proposition 6.C.2. [Pri73, Theorem 4.0.1] Let A® be a cosimplicial Fa-vector space. Suppose that
H'"1(A®) ~ F, and the cohomology of A® is concentrated in degree t + 1 by a class ¢. Then

, Fo ift+1<i<2(t+1)
H'(Sym?A®) ~ .

0  otherwise
Proposition 6.C.3. Let t > 2 and let A® be a levelwise free, finitely generated cosimplicial abelian group

with H*(A®) concentrated in degree x =t + 1 and H*!(A®) = Z generated by ¢. Then:

(1) If t is even, H?'*2(Sym,A®) ~ Z/2, generated by (2.

(2) If ¢ is odd, then H2*2(Sym,A®) ~ 7/2, generated by .2.
PRrROOF. Consider first the case t even. In this case, we have maps of cosimplicial abelian groups
Symy,A® — A®* ® A® — Sym, A°*

where the first map is the norm map and the second map is projection. The composite is multiplication by
two. Note that H?'*2(A®® A®) ~ Z, but since t is even, the Cy-action is the sign representation, so that the
map H*(Sym,A®) — H*(A®* ® A®) must be the zero map as it lands in the Cs-invariants on cohomology.
In particular, the cohomology of Sym,(A®) is all annihilated by 2. By the universal coefficient theorem, it
suffices to show that H*+2(Sym,A® ®7 Z/2) ~ Z/2 and H*(Sym,A® ®7 Z/2) = 0 for k > 2t + 2, which is
the statement of Proposition 6.C.2. In addition, we see that 2 is a generator, as desired, by working modulo

2.

Now suppose t is odd. Again, using the norm maps
Sym,A® — A® ® A® ® € — Sym,A°,

we find that the cohomology of S/};r/nQA' is annihilated by two. We note that %QA' ®zFgy >~ Symy,A® ®7F,
at the level of cosimplicial abelian groups, but working with the underived tensor product is problematic
here as S/}7;n2A' has 2-torsion. If we take the derived tensor product %Q(A') % Fa, we obtain in addition
a copy of A®* ®zFy (i.e., the 2-torsion in %QA‘) in m; that does not contribute in the relevant dimensions,
so we may ignore it. Now, by Proposition 6.C.2, we know that Hk(S’}I}/HQA' ®z Fo) ~ Fy for k =2t + 2 and
0 for k > 2t + 2, so that we can apply the universal coefficient theorem as in the previous case. We conclude

that ¢2 is a generator similarly. O
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CHAPTER 7
Torus actions, Dade’s theorem, and localizing subcategories

1. Introduction

1.1. Stable module categories. Let G be a finite group and let k be a field of characteristic p. Our
object of study is the stable module category of G, denoted StG. The objects of StG are the k[G]-modules,

i.e., G-representations over k. Given two objects M, N € StG, we have
def
Homg(M, N) = Homyg(M,N)/ ~,

where we take the quotient by the subspace of all k[G]-module maps M — N which factor through a
projective k[G]-module. The stable module category StG has a symmetric monoidal structure given by the

k-linear tensor product of representations.

DEFINITION 1.1. An object M € StG with dim, M < oo is called endotrivial if its endomorphism ring

M ®5, MY is equivalent in StG to the unit k; equivalently, if M belongs to the Picard group of StG.

The unit k is obviously endotrivial. Additional examples of endotrivial modules arise from the fact that
StG is actually a triangulated category, where the suspension of an object M € StG is obtained by choosing
an embedding M < M’ for M’ free and then taking the quotient M’/M. The triangulated and tensor

structures are appropriately compatible, so the suspensions X’k for i € Z are also endotrivial.

Theorem 1.2 (Dade [Dad78, Th. 10.1]). Suppose G is an abelian p-group. Then every endotrivial module

is equivalent in StG to X%k for some i € Z.

The Picard group of StG for a general finite p-group G is an important object of study in modular
representation theory, and has been completely calculated in the work of Carlson-Thevenaz [CT00, CT05,
CTO04]. One of our goals in this paper is to give a homotopy-theoretic proof of Dade’s theorem, using
descent theory. We note that related methods of tensor-triangulated categories have been used to study
Picard groups of stable module categories in [Bal10] and in particular to obtain information about Picard

groups after inverting the characteristic.
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1.2. Structured ring spectra. We now give an overview of our proof of Dade’s theorem. Suppose we
were working not in the stable module category but the ordinary representation category. Then we could
make the following argument to show that the Picard group is trivial: every element of the abelian p-group
G induces multiplication by a scalar in £* on our representation. Since k* is p-torsion free, every element

of G acts trivially and we are done.

One can start this argument in the stable module category. However, it is now only true that every
element of the group acts as the identity up to homotopy (i.e., modulo projectives) on an invertible object.
This is insufficient to conclude that the object is trivial. Nonetheless, we will still be able to carry out
a more sophisticated version of this argument, for which the language of oco-categories and higher algebra
[Lur09, Lur14] will be essential. In particular, we will henceforth work with the oco-categorical enhancement
of StG (which by abuse of notation we will denote by the same symbol).

Our starting point is that StG is equivalent to the oo-category of module spectra over the Tate construc-

k'@ an E..-ring spectrum obtained as a suitable localization of the cochain algebra k"¢ ~ F(BG, k).

tion
In particular, the group of stable equivalence classes of endotrivial modules is isomorphic to the Picard
group of the Eo-ring spectrum k*¢. Dade’s theorem states that the Picard group of k*¢ is generated by the

suspensions of the unit if G is abelian.

Picard groups of structured ring spectra form a recurring topic in stable homotopy theory, starting with
the observation of Hopkins that the Picard groups of the L,, and K (n)-localized stable homotopy categories
contain significantly more than suspensions (or algebraically flat objects). Given an E..-ring spectrum R,
a general theme is that the Picard group will be easier to understand if the homotopy groups of R are
homologically simple. For example, if 7,(R) is regular and concentrated in even degrees, the Picard group
of R can be determined purely algebraically, cf. [BRO5], [HM15, Th. 6.4]. A general approach [GL] to
the computation of Picard groups of E-ring spectra is to decompose the oo-category of R-modules into
oo-categories of modules over E.-rings with better-behaved homotopy groups, and apply a descent spectral

sequence. We refer to [MS, HMS15] for examples of this approach.

1.3. Our approach. If G is abelian, then the Eo-ring k*“ has fairly complicated homotopy groups,

homologically. For instance, if p is odd and G has rank one, then

k'Y ~ E(a_1) @ k[fE1],
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i.e., the tensor product of an exterior algebra and a Laurent polynomial algebra, and this has infinite
homological dimension. When G has higher rank, the positive homotopy groups of 7. (k*“) are entirely

square-zero.

A direct approach using descent theory to the Picard group of k*“ is problematic because of the presence
of these exterior classes; instead, we will use a sort of reverse descent, following ideas that we used in [Mat14,

§9] to study the Galois group. The main step is the following result.

Theorem 1.3. If G is an abelian p-group of rank n, then one can construct an action of the n-torus T™
on the symmetric monoidal co-category StG such that the homotopy fixed points StG"T" are given by the

analog of the stable module co-category for the torus.

The above arises from a faithful T"-Galois extension in the sense of Rognes [Rog08] that runs k*T" —
k. The Picard group of the Eo-ring k'™ can be calculated directly using descent theory. In particular,
we can prove the analog of Dade’s theorem for StG"T" relatively easily. We will show using an obstruction-
theoretic calculation (Theorem 5.3) that any invertible object in StG can be “descended” to the homotopy
fixed points StG"T" ~ Mod(k‘T"). Since the Picard group of the latter is cyclic, this will complete the proof.

This relies on techniques with descent spectral sequences following [MS].

As a result, we will also obtain a partial local version of Dade’s theorem. Choose an identification
Proj(H®V*™(G; k) )red =~ IP’Z_l. Let U C IP’Z_l be a Zariski open subset. We say that a morphism M — N
in StG is an U-equivalence if its cofiber has cohomology supported on the complement of U. We can then

form an associated Bousfield localization (StG)y where we invert all U-equivalences. Then we will prove:

Theorem 1.4. Suppose U C IP’Z71 is affine and p > 2. Let M € StG be a compact object (i.e., one
represented by a finite-dimensional k[G]-representation). Suppose that the U-localization of M is invertible

in (StG)y. Then the U-localization of M is equivalent to the U-localization of ¥k for some 4.

1.4. Thick and localizing subcategories. The idea of comparing the E..-ring k'¢ (or k"“) with an
Eso-ring whose homotopy groups do not have the exterior algebra classes is not new: it is used prominently
in the stratification [BIK11] of localizing subcategories of the stable module category of an p-group. The

main result runs as follows:

Theorem 1.5 (Benson-Iyengar-Krause [BIK11]). Let G be a finite p-group. The localizing subcategories
of Mod(k"@) are in bijection with the subsets of the set of homogeneous prime ideals in m,(k"%). The
localizing subcategories of the stable module category StG ~ Mod(k'“) are in bijection with subsets that do

not contain the irrelevant ideal.
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Earlier work of Benson-Carlson-Rickard [BCR97] classifies the thick subcategories of the compact ob-
jects of StG. The above result has been extended in the work of Stevenson [Steld], for example for the

singularity categories of complete intersection local rings.

Suppose G is in fact elementary abelian, G ~ C. Then Benson-lyengar-Krause prove Theorem 1.5 by
replacing k"C» with a different Eoo-ring R, given by the (derived) ring of functions on the classifying stack
of the k-group scheme aj. The underlying E;-rings of R and k"Cr are equivalent, so it suffices to classify
localizing subcategories of Mod(R). Now the E..-ring R receives a map R’ — R, where m,(R’) has only
polynomial classes (cf. [BIK11, §7]). It is shown (cf. [BIK11, Th. 4.4]) how to use a classification result for
localizing subcategories of Mod(R') to obtain one for Mod(R). The classification of localizing subcategories
of Mod(R') can be proved using a technique with “residue fields” which goes back to [HPS97], as . (R') is

reqular.

In this paper, we study a T"-Galois extension of Eo-rings kT — k"Cr . This gives an E.-approximation
to k"Cs that only sees the polynomial classes. On E;-rings, this extension is equivalent to the one of [BIK11],

but it is constructed using topology rather than graded Hopf algebras.

We will prove a general result that for a faithful T™-Galois extension of E.-rings R; — Ra, the localizing
subcategories of Mod(R;) and Mod(R3) are in canonical bijection. As a result, we can reduce the classification
of localizing subcategories of Mod (k"7 ) to the analog in Mod (k"™ ), where one can use the method of residue
fields. This gives a slightly different approach to some of the technical steps in [BIK11], which does not

require modifying the E..-structure.

1.5. Acknowledgments. I would like to thank Ben Antieau, John Greenlees, Mike Hill, Mike Hopkins,

Srikanth Iyengar, Jacob Lurie, Julia Pevtsova, and especially Vesna Stojanoska for helpful discussions.

2. Stable module categories and Tate spectra

2.1. Construction of the stable module oco-category. We start by reviewing the construction of
the stable module oco-category of a finite group. Although these results are not new, we have spelled out

some of the details for the convenience of the reader.

CONSTRUCTION 1. Let G be a finite group and let k£ be a field of characteristic p > 0. Consider
the group ring k[G] and the symmetric monoidal category C of (discrete) k[G]-modules, equipped with the

k-linear tensor product.

The category C admits a combinatorial model structure [Hov99, §2.2] where:

(1) The fibrations are the surjections.
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(2) The cofibrations are the injections.
(3) The weak equivalences are the stable equivalences. Given a morphism f: V3 — V5 in C, one says
that it is a stable equivalence if there exists a morphism g: V5 — V; such that the endomorphisms

go f —idy, and f o g —idy,, of V1, V5 respectively, each factor through a projective k[G]-module.

One checks in addition that C is a symmetric monoidal model category.

Note that every object in the model category C is cofibrant-fibrant. It is shown in [Hov99, §2.2] that

the morphisms in homotopy category Ho(C) are given by the classical stable module category, i.e.,
(2.1) Homgocy (V1, Vo) =~ Home (V1, Va2)/ ~,

where we identify two morphisms if their difference factors through a projective.

DEFINITION 2.1. The stable module co-category StG is the co-categorical localization CW~1] for W C C
the weak equivalences [Lurl4, Def. 1.3.4.15]. This inherits the structure of a symmetric monoidal oo-

category [Lurl4, Prop. 4.1.3.4].

The stable module co-category also has another description as a Bousfield localization which we review.
We use [MINN15] as a reference for some of these ideas in the context of equivariant stable homotopy theory,

but they are of course much older (e.g., [HPS97]).

CONSTRUCTION 2. Consider the symmetric monoidal co-category Fun(BG, Perf(k)) of perfect k-module
spectra equipped with a G-action. We form the Ind-completion Ind(Fun(BG, Perf(k))) and, inside here,
the A~l-localization (cf. [MINN15, §3]) for A = F(G4,k) € CAlg(Fun(BG, Perf(k))), which we denote
L 4-1Ind(Fun(BG, Perf(k))).

These constructions have been extensively studied in the literature for any noetherian ring, not only
group rings, starting with the work of Krause [Kra05]. We refer to the work of Benson-Krause [BKO08|
for a construction of Ind(Fun(BG, Perf(k))) via a model category of complexes of injectives. Finally, these
oo-categories have been studied by Gaitsgory in the more general setting of DG-algebras and DG-schemes

[Gail3].
Theorem 2.2. There is an equivalence of symmetric monoidal oo-categories between StG and L 4—1 Ind(Fun(BG, Perf(k))).

PROOF. The main point is the construction of the functor in this language. Let C be, as before, the
model category of (discrete) k[G]-modules. Note that C = Ind(C’) for C’ the category of finitely generated

(discrete) k[G]-modules.
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Here Perf(k) denotes the oo-category of perfect k-module spectra. Let Perf¥ (k) C Perf(k) be the full

subcategory spanned by the discrete, finite-dimensional k-vector spaces. We have a functor
C' — Fun(BG, Perf® (k)) C Fun(BG, Perf(k))
which extends by Ind-completion to a symmetric monoidal functor
®: C — Ind(Fun(BG, Perf(k))).
Here ® commutes with filtered colimits. The composite
€ 2 Ind(Fun(BG, Perf(k))) — L 4-1Ind(Fun(BG, Perf(k)))
sends projectives to zero, so it respects weak equivalences and factors through a symmetric monoidal functor
¢: StG ~C[W™'] = L1 Ind(Fun(BG, Perf(k))).

This is the desired functor.

We claim that the above functor ¢ commutes with homotopy colimits. We first show that ¢ is exact.
Suppose given a cofiber sequence M’ — M — M" in StG. Using the model structure on C, we can represent

this cofiber sequence by a short exact sequence in C, e.g.,

(2.2) 0—>M —-M— M —0.

The short exact sequence is a filtered colimit in C of short exact sequences
(2.3) 0— M. — M, — M/ —0,

which belong to C’, i.e., M, is finitely generated. Observe that ® sends each of the short exact sequences
(2.3) to a cofiber sequence in Fun(BG, Perf(k)). Therefore, ® (and therefore ¢) sends (2.2) to a cofiber
sequence too. Next, we observe that ¢ respects arbitrary direct sums (since ® does). It follows that ¢ is
cocontinuous [Lurl4, Prop. 1.4.4.1].

To check that ¢ is an equivalence, we check that it is fully faithful on the homotopy category. Since
Fun(BG, Perf(k)) is generated as a thick subcategory by Fun(BG, Perf” (k)), essential surjectivity will then
be automatic.

Note that StG is stable and the objects represented by finitely generated k[G]-modules are easily seen

to be compact (note that compactness can be checked at the level of the homotopy category, cf. [Lurl4,
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Prop. 1.4.4.1]). Using duality, one reduces to showing that if M € C’, then the natural map

(2.4) Homyo(c) (1, M) £ moHomy, |, tnd(Fun(BG,Pert(k))) (1, M).
is an isomorphism. However, both are known to be the Tate cohomology HO (G; M):

(1) In Ho(C), this is now an easy calculation using the description of the homotopy category (2.1).
(2) We need to show that in L4—1Ind(Fun(BG, Perf(k))), maps from the unit to the A~!-localization
of M are as claimed. This follows from the explicit description of A~!-localization, cf. [MINN15,
§3] and the following subsection.
We can also spell out the details directly. The A~!-localization of M in Ind(Fun(BG, Perf(k)))

can be computed as the cofiber of a map
(2.5) |M ® (DA)®* | — M,

(cf. [MNN15, §3]) for D denoting duality. Since Homi,q(pun(BG,Pert(k)))(1,+) commutes with

arbitrary colimits, one now calculates directly that the mapping spectrum
Homlnd(Fun(BG',Perf(k:)))(17 |M ® (]D)A)®.+l|)

is connective with m given by the coinvariants Mg, and that the map (2.5) induces the norm map

on mg. This implies the desired description of the right-hand-side of (2.4).

2.2. Connection with Greenlees-May. In the stable module co-category StG, endomorphisms of
the unit are given by the Tate construction. We review the connection between StG and the Greenlees-May

definition of the Tate construction [GM95b].

Fix a finite group G.

DEFINITION 2.3 ([GM95b]). Let Sp. denote the symmetric monoidal co-category of G-spectra. Given
a G-spectrum X, the Tate construction is the G-spectrum EG A F(EG,,X). We will write X*“ for the

G-fixed points (EZ‘ AF(EG,,X))%. When the context is clear, we will also call this the Tate construction.

Let A = F(G4,S2); this is a commutative algebra object in Spg. As in [MINN15, §6], we recall that
EG. is the A-acyclization (cf. [MNN15, §3]) of the unit and EG is the A~'-localization. In particular,

F(EG4, X) is the A-completion of X.
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CONSTRUCTION 3. Let k € CAlg(Sps;) denote the Borel-equivariant (or cofree) form of k, i.e., the
G-spectrum representing Borel-equivariant cohomology with coefficients in k. The symmetric monoidal co-
category Perfgy . (k) of compact k-modules in Spg, is identified with Fun(BG, Perf(k)). This follows because
Fun(BG, Perf(k)) is generated as a thick subcategory by the permutation modules {k A (G/H)+}n<c and

in view of [MINN15, §6.3]. In particular, it follows by applying Ind-completion that:
THEOREM 2.4. We have an equivalence of symmetric monoidal co-categories:

(2.6) Modsp,, (k) ~ Ind(Fun(BG, Perf(k))).

Under this, the two objects that we have denoted A correspond. Applying A~!-localization, one finds:

Corollary 2.5. We have an equivalence of symmetric monoidal co-categories StG' ~ Modsp, ., (kA Eé) The

endomorphisms of the unit are given by the E..-algebra k'¢ = (k A EE?)G

We specialize to the case where G is a p-group. We find:

Theorem 2.6 (cf. Keller [Kel94]). If G is a p-group, then there is an equivalence of symmetric monoidal

oo-categories between StG' and Mod (k') for k*¢ the Tate construction of G.

PROOF. In this case, StG is generated as a localizing subcategory by the unit because Fun(BG, Perf(k))
is generated as a thick subcategory by the unit. This follows from the fact that any nontrivial G-representation

over k has a nontrivial fixed vector.

By the symmetric monoidal version of the Schwede-Shipley theorem [Lur1l4, Prop. 7.1.2.7], one obtains

a symmetric monoidal equivalence
(2.7) Ind(Fun(BG, Perf(k))) ~ Modsy,, (k) ~ Mod(k"“),

where k"¢ ~ F(BG,,k) is the Eo-ring of k-valued cochains on the classiyfing space BG. The result
follows. ]

th

Example 2.7. Suppose G is an abelian p-group of rank n. In this case, 7, contains a polynomial algebra

klx1,...,2,] on classes x; with |z;] = —2.

We will need to know that in this case, the Tate construction k*“ can be identified with the localization of
k"G away from the ideal (z1,...,2,) (cf. [GM95a]). Equivalently, the localizing subcategory of Mod (k%) ~
Ind(Fun(BG, Perf(k))) generated by the iterated cofiber k"% /(x1, ..., x,) (using the first description of this

oo-category) is equal to that generated by k A G4 (using the second).
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Although this description is classical, we will describe the argument in the case where G is elementary
abelian. The xz;’s are the Euler classes of complex line bundles for a linearly independent set of maps
G — p, C S'. In more detail, given a complex character x of G, we form the unit sphere S(x), the Euler

sequence S(x)4+ — S% — SX, and the induced cofiber sequence in Fun(BG, Perf(k))
S(xX)4 Nk =k — X2k
In Mod(k"%), we obtain a corresponding cofiber sequence
(S04 A k)G = G E, 52phG

for e(x) € m_2(k"%) the Euler class of the character. From this, it follows that the cofiber of x; is represented
in Fun(BG, Perf(k)) by the smash product of k£ and a finite G-complex with isotropy in a maximal proper
subgroup of G. As a result, the smash product k"¢ /(zy,...,2,) of the cofibers of each of the z;’s has to
belong to the thick subcategory generated by G. The converse direction is easier: the thick subcategory
generated by any nonzero X € Fun(BG, Perf(k)) contains k A G; one sees this from the projection formula

and the fact that k A G4 belongs to the thick subcategory generated by the unit.

Every compact object in the stable module co-category can be represented by a finitely generated k[G]-
module. A general result that includes this appears in [Miy07]. Any invertible object in StG is compact
(as the unit is), and therefore one can identify the group of stable equivalence classes of (finite-dimensional)

endotrivial modules in the sense of Definition 1.1 and the Picard group of the Eo.-ring k*C.

3. Torus actions on oo-categories
3.1. Generalities. We start by reviewing some generalities about group actions.

DEFINITION 3.1. Let V be an oco-category and let G be a topological group. A G-action on an object
x € V will mean a functor of oco-categories BG — V which maps the basepoint of BG to x. We will call
Fun(BG, V) the co-category of objects in V equipped with a G-action. Recall that if V admits limits, the
functor

VY — Fun(BG, V),

which gives an object of V the trivial G-action, admits a right adjoint of homotopy fixed points which we

will denote ()"C.

For example, we can consider a G-action on an oco-category by taking )V to be the co-category Cato, of

oo-categories.
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Example 3.2. Let C be a 1-category. To give an S!'-action on C is equivalent to giving an automorphism
of the identity functor of C. This follows from considering S' = BZ as a monoidal category with one object
whose endomorphisms are Z: to give an S'-action on C is to give a multiplication map BZ x C — C satisfying
natural identities.

Given an S'-action on C, the homotopy fixed points C*® " are the full subcategory of C spanned by those

objects on which this automorphism is the identity. We note that actions of the monoid Z>( were considered

in [Dri04] under the name Z -category.

Example 3.3. Given a finite group G and a central element g € G, we obtain an S'-action on the category

of (discrete) k[G]-modules given by multiplying by g.

Example 3.4. Let R be a smooth commutative algebra over a field of characteristic zero and let r € R
be a nonzerodivisor. Consider the co-category Perf(R) of all perfect R-module spectra. The subcategory
Perf(R),_tors C Mod(R) of all r-power torsion perfect R-module spectra has an S'-action, which gives an
r-power torsion perfect R-module spectrum M the automorphism of multiplication by 1 + 7. In this case,

we have an equivalence of co-categories
(Perf(R),—_iors)™® =~ Coh(R/r),

where Coh(R/r) C Mod(R/r) is the subcategory of those R/r-module spectra that are perfect as R-modules,

by a theorem of Teleman. We refer to [Prel2, §3] for a detailed treatment.

3.2. The action on the stable co-category. We now construct the analog of this action on the stable
module oo-category of an abelian p-group. It is possible to use Example 3.3 together with oco-categorical

localization, but it is convenient for our purposes to take a different approach.

CONSTRUCTION 4. Let A be an abelian p-group of rank n, i.e., A can be minimally generated by n
elements. Then we can find a free abelian group L of rank n and a surjection L — A, with kernel L' C L.
Since A and L are abelian, we can model BL and BA by topological abelian groups, so that BL — BA is
a morphism of topological abelian groups. We thus obtain an action of BL on BA via this homomorphism

and the BA-action on itself by left translation.

We have a fiber sequence of spaces

BL — BA — B*L/,
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exhibiting B?L’ as the homotopy orbits (BA),pr. Note that BL is a torus T" and B2L’' is (CP*)"

(noncanonically). Taking cochains with k-valued coefficients, we obtain a morphism of E.-rings
F(B?L, k) ~ K"PL — khA ~ F(BA, k),

and BL acts on k"4 in the co-category of Eoo—khBL/—algebras such that the natural map khBL (KhAYhBL

is an equivalence.

This action has a Galois property, which enables one to determine the co-category of B L-homotopy fixed

points. We discuss this below.

3.3. Rognes’s Galois theory and descent. Let G be a topological group with the homotopy type

of a finite complex. We will need the notion of a faithful G-Galois extension of E.,-rings.

DEFINITION 3.5 (Rognes [Rog08, Def. 4.1.3]). Consider an extension R — R’ of E..-rings and suppose

G acts on R’ in E,.-R-algebras. The extension is said to be a faithful G-Galois extension if:

(1) R — (R)"¢ is an equivalence.
(2) The natural map R’ @z R’ — F(G4, R’) is an equivalence.

(3) Given an R-module M such that R’ ® g M is contractible, M is itself contractible.

Proposition 3.6. Suppose R — R’ is a morphism of E.-rings and suppose R’ is given a G-action in E-
R-algebras. Then R — R’ is a faithful G-Galois extension if and only if there exists an E..-R-algebra R

such that:

(1) The Eoo-R-algebra R’ ®p R is G-equivariantly isomorphic to F(G4, R) (where the latter has a
G-action by translation)

(2) R is descendable (cf. [Mat14, §3-4], Definition 6.2 below) as an E.-R-algebra.

In particular, G-Galois extensions are stable under base-change.

PROOF. Suppose there exists R as above, so that we need to show that R — R’ is a faithful G-Galois
extension. We first need to check that R — (R')"“ is an equivalence. We claim more strongly that if {X,,}
is the standard tower of R-module spectra converging to (R')"“ (based on the simplicial filtration of BG)
then the cofiber of the natural map of towers {R} — {X,,} is nilpotent (cf. [Mat15, Sec. 3.1]). To check
this, we may make a base-change along the descendable morphism R — R. In fact, descent along R — R
allows to reduce to the case R’ ~ F(G4, R) to begin with, and in this case the cosimplicial object computing

(R"C is split augmented over R.
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Next, the natural map R® R R — F(Gy, ﬁ) is an equivalence as that can be checked after base-change

along R — R’. The final condition (of faithfulness) in Definition 3.5 can similarly be checked by descent.

Conversely, if R — R’ is a faithful G-Galois extension, then R’ is a dualizable R-module [Rog08, Prop.
6.2.1] and the third condition of faithfulness then implies that R’ is itself descendable [Mat14, Th. 3.36] so

that the conditions above are satisfied with R = R’. ([l
We now state the Galois descent theorem. For G finite, this also appears in [Meil2, GL].

Proposition 3.7 (cf. [Mat14, §9]). Given a faithful G-Galois extension R — R’, one obtains a G-action

on the symmetric monoidal co-category Mod(R’) of R’-modules, and the natural functor
Mod(R) — Mod(R')"“
is an equivalence of symmetric monoidal co-categories.

We return to our setup.

Proposition 3.8 (cf. [Mat14, §9]). Notation as in Construction 4, the natural map k"BL" — k" exhibits

the target as a faithful BL-Galois extension of the source.

PROOF. In fact, one checks by an explicit calculation on homotopy groups that the map k"BL" — ghA

makes the target into a free module (with shifts) over the source, e.g., F(BCpy,k) = k"Cr is free over

F(BS', k) ~ k"S" . In particular, it is descendable. Moreover, we have a fiber square of spaces

BL x BA — > BA ,

L

BA B2L

i.e., BA — B?L' is a BL-torsor. By the convergence of the Eilenberg-Moore spectral sequence (cf. [Lurll,

—khA

§1.1]), we have an equivalence of Eo, -algebras,

F(BL,, k") ~ F((BL x BA),, k) ~ k" @50 k",

which is equivariant for the BL-action, by translation on the left-hand-side and on the second factor on the

right-hand-side. This implies the claim. O

As a result of Proposition 3.7 and Proposition 3.8, the canonical functor

Mod(F((CP™)", k)) =~ Mod(k"BX") — Mod(k"4)"BL
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is an equivalence of symmetric monoidal co-categories. Moreover, this holds after arbitrary base-change

along the source.

We will now extend this to the stable module co-category.

DEFINITION 3.9. Let T" be the standard n-torus. Recall that 7.k"" ~ k[zy,...,z,] where, for
each i, |z;| = —2. We will let k'™ denote the localization of k"T" = F(BT%,k) away from the iter-
ated cofiber F(BT?,k)/(x1,...,2,) (cf. [GM95a]), or equivalently the A~'-localization in Mod(k"T") for
A=k (21, .., x,) € Alg(Mod(k"T")) (cf. [MNNT15, §3]). If M is a finitely generated free Z-module,

we will write k*2M for the above construction where we identify BM with an n-torus (in any manner).

We have a pushout square of E-rings

khBL/ ktBL/
khA k}tA

because both the Tate constructions are obtained by the equivalent finite localization (cf. Example 2.7).

CONSTRUCTION 5. As a localization of k", the Tate construction k% inherits a BL-action, and k8L —
kt4 is a faithful BL-Galois extension. The action of BL on the E..-ring k*4 induces a BL-action on the
symmetric monoidal co-category StA ~ Mod(k*4). Note also that the BL-action extends to a BA-action

(which originates with the BA-action on itself by left translation).

We summarize the above analysis in the following.

Theorem 3.10 (cf. [Mat14, §9]). Let A be an abelian p-group of rank n, and choose a short exact sequence
0L — L— A— 0 where L ~ Z". Then one obtains an action of the torus BL ~ T" on the symmetric

monoidal, k-linear oco-category StA such that:

(1) The homotopy fixed points St A"PL are canonically identified with the symmetric monoidal oo-
category Mod(k!BL).

(2) The action of BL extends to an action of BA on StA.

4. Torus actions on spectra

In this section, we will describe some tools for working with torus actions on spectra. We note that most

of the subtleties encountered here disappear after 2 is inverted.
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4.1. E,-rings and gl;. Let R be an E.-ring. Recall the spectrum of units gl; (R) [May77, ABGT14].

We have a natural equivalence of connected spaces
(Q¥R)>1 ~ (Q%gl (R))>1
and in particular natural isomorphisms of homotopy groups
¥ mi(R) ~ mi(gl (R))

for i > 0. However, these isomorphisms are generally not compatible with the 7, (S°)-module structure.

Proposition 4.1. Let n € {1,3,7}, so that there exists an element §,, € 7,(S°) of Hopf invariant one. Then

if R is any Eqo-ring and if = € m,(R), we have
(4.1) Snth(x) = P(6pz + 2%) € man (gl (R)).
PrOOF. By naturality, it suffices to prove this in the case where R is the free E-ring on S™, so that
R~S%V 8"V (S"AS™ ) hs, V...

and x € 7,(R) is the tautological element. In this case, mop,(R) = T2, (S%) & 7o, (S™) © Z/2. It follows that
we have a “universal” formula

5n¢(x) = ¢(alﬂf +as + a3x2),

where a1 € m,(5Y),a2 € m2,(5°),a3 € Z/2. It remains to determine the values of these coefficients by

considering several specific examples.

First, we claim that ay = 0. This follows because we have a map of Eo.-rings R — S° that annihilates z,
so that §,%(x) must belong to the kernel of the induced map. Second, we claim that a; = d,; this follows by
considering the case of the square-zero Eo.-ring S V S™, so that we have a canonical equivalence of spectra
gl (8% Vv S™) ~ gl,(SY) v S™ by [MS, Prop. 6.5.3].

Finally, we claim that as # 0. For this, we consider the Eo-ring R = 7<9,F2{x,,} obtained by truncating
the free E-algebra over Fy on a degree n class to degrees [0,2n], so that 7, (R) ~ Fa[z,]/(z3). It follows
[MS, Prop. 5.2.2] that the k-invariant of gl, (R) is the map HFy[n] — HF5[2n+1], given by Sq"**. However,

this implies that the classes in degree n and 2n of m,gl; (R) are connected by a ¢, as desired. ]

4.2. The group algebra. Let X be a spectrum with an S'-action. Equivalently, X is a module

spectrum over the topological group ring XS5, Since S! is a commutative topological group, the group
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ring X35! has the structure of an Eo.-ring, and we obtain an action of 7,(£5") on m,(X). We will need

the following description of the former, which is well-known to experts.

Proposition 4.2. The homotopy groups of the ring spectrum X3°S* are given by the algebra . (S°)[y]/(y*+

yn) where |y| = 1. More generally, we have an equivalence of algebras

(4.2) T (BFT) = (SO yr, -yl /(07 =), |yil = 1.

PROOF. As a spectrum, ©S' ~ S% Vv S', so it suffices to determine the multiplicative structure.
We consider the map of E-ring spectra £3°S' — S° obtained from the map of groups S' — 1. Let

y € m(X5°Sh) denote a generator of the kernel of 71 (23°S1) — m(S?).

Using the universal property of gl; [ABG™14, Th. 5.2], we see that there exists a map
HZ[1] — gl (2T SY),
whose image in homotopy is generated by 1 (y). This map is adjoint to the identity map
SPOC(HZ)) =~ 5°S — 528t
In particular, we find that 71 (y) = 0 in w2 (gl (23°S)). It follows from (4.1) that

W(ny) = Y(y?),

so that 32 = ny as ¢ is an isomorphism. O

Remark 4.3. We can also see this as follows. The ring structure on X°S ! comes from the multiplication

map m: St x 81 — S!. On unreduced suspensions, we obtain a map
SPm: BP(ST x 51 = S0vstv sty s? 5 urst ~ 80y St

However, under this identification the stable map S? — S! that one obtains is the stabilization of the
unstable Hopf fibration S* — S2. This determines the multiplicative structure on 7,(X3°S') as claimed.

We are grateful to Mike Hill for this remark.

Remark 4.4. Let X be a spectrum with an S'-action. We can describe multiplication by ¥ in the following
manner on my. Consider the H-space 2°°X and let * — Q2°°X be a map of unpointed spaces corresponding
to an element in 7o X. The S'-action on 2°°X then extends this to an unpointed map S* — Q*°X, which

we can (using the H-space structure on 2°°X) turn into a pointed map S* — QX i.e., a class in m(X).
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This gives the map
mo(X) = m (X)

of multiplication by y.

It follows from this that if X is a spectrum with S*-action, the multiplication by y on 7 is determined by
the S'-action on QX together with its H-space structure. As a result, the multiplication by y on m;,i > 0

is determined by the action on Q2°°X to begin with.

4.3. The spectral sequence. In this subsection, we review the spectral sequence for taking homotopy
fixed points of T"-actions. This spectral sequence is essentially the one described in [Hes96, §1.4] (where it

starts from E; instead).

CONSTRUCTION 6. We can make S° into a ¥T"-module, or a spectrum with T"-action, by making T"

act trivially. Let X be any spectrum with T"-action. Then we have an equivalence of spectra
RT™ 0
X =~ HOmEioTn (S ,X),
and, thanks to the calculation (4.2), we obtain a spectral sequence [EKMM97, Ch. IV, Th. 4.1]

(4.3) By = Bxt o /e (T (80, T(X)) = s (XM,

Here the module structure of 7,(S°) is such that each y; acts trivially. The differentials run d,.: E3' —

s+r,t+r—1
ES .

CONSTRUCTION 7. Suppose 7 acts by zero on 7, (X). In this case, by using natural Ext adjunctions in

both variables, we can rewrite the Ey page of (4.3) as

(4.4) B3 =~ Ext(r, (50)/m) g ,..ognl/(v2) (T (80) /10, e (X)) = Bty o162 (Z e (X))
Here we use the inclusion Z[y1, ..., yn]/(y?) C 7. (E£FT™)/n and we make the y; act by zero on Z.

We will need a condition that ensures that this spectral sequence degenerates at Es. Let A = @, Z[y;]/y:.

Proposition 4.5. If M is an abelian group, consider M ®7 A as an A-module by extending scalars. Then

we have

Ext’(Z, M ®z A) =0, s> 0.

PRrROOF. This follows because there is an isomorphism of A-modules

M ®7 A~ HomZ(A, ]\4)7
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and now one can use Ext adjunctions to obtain
Ext%(Z, M ®7 A) ~ Ext% (Z,Homy (A, M)) ~ Ext;(Z,M) =0, s>0.
O

DEFINITION 4.6. Let X be a spectrum with a T"-action. Suppose 1 acts by zero on 7, (X). We will say
that m,(X) is relatively projective if, as a module over A = Z[y1,y2, ..., yn]/(y7) C m(EPT™)/n, it is a

retract of a direct sum of modules that are obtained from Z-modules by extending scalars.

Example 4.7. Let Y be a spectrum such that 7 acts by zero on 7.(Y). Then we can form the coinduced
spectrum X = F(T7,Y), which inherits a T"-action from the first factor. The homotopy groups are relatively
projective. In fact, as spectra with T"-actions, we have an equivalence X ~ X7"XT"AY by Atiyah duality;

it is clear that the latter has relatively projective homotopy groups.

Corollary 4.8. Suppose X is a spectrum with T™-action. Suppose that 7 acts trivially on 7, (X) and that
7.(X) is relatively projective. Then the map 7, (X"T") — 7,(X) is an injection whose image is given by

ﬂ?:1 ker(y;).

PRrROOF. By Proposition 4.5 above, one sees that the spectral sequence degenerates after Fs with the

desired outcome. O
We now consider a few different examples of the spectral sequence.

Example 4.9. Let X be a discrete spectrum (i.e., m;X = 0 if ¢ # 0) with a T"-action, necessarily trivial.
Then one finds that the above spectral sequence is given additively at Es by moX ® Z[&1, . . ., &,] where each
&; is in bidegree (1, —1). The spectral sequence collapses at Es and one obtains the cohomology of product

of copies of a projective space.

Corollary 4.10. Suppose X is a spectrum with a T™-action and suppose that m,(X) is concentrated in

n.y . .
even degrees. Then 7,(X"™") is concentrated in even degrees.

PROOF. By induction, we may take n = 1 and T" = S*. In this case, we see that 7. (X) is, as a module
over Z[y]/y?, a sum of modules Ma; concentrated in a single degree 2i (for i € Z). The spectral sequence
(4.4) is easily seen to degenerate for reasons of degree and give the result. Alternatively, the result follows

by filtering X via the Postnikov filtration. O

Corollary 4.11. Let X be a spectrum concentrated in degrees 0 and 1 with an T"-action; we do not assume

1 acts by zero. Suppose given x € m9X. Then the following are equivalent:
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(1) z lifts to an element of o X"T".

(2) z is annihilated by the operators y;,i = 1,...,n.

PRrROOF. This follows from the spectral sequence (4.4). In particular, if z is annihilated by the operators
i, it defines a class in the 0-line Homm(sz)(ﬂ*(So), m(X)). We need to show that it survives the spectral

sequence, i.e., it supports no differentials. However, we observe that

Excty o) (1 (%), 1 (X)) = 0

for s > 2 for grading reasons, cf. Example 4.9. This should be compared to Example 3.2 via the identification
between spectra concentrated in degree [0,1] and symmetric monoidal groupoids where every object is

invertible. O

5. Proof of Dade’s theorem

5.1. Picard spectra. Given a symmetric monoidal co-category C, we will let pic(C) denote the (con-

nective) Picard spectrum of C, cf., e.g., [MS, §2.2] for a discussion. Recall that:

(1) mopic(C) = Pic(C) is the Picard group of isomorphism classes of invertible objects in C.
(2) m1pic(C) is the group of homotopy classes of self-equivalences of the unit 1 € C.

(3) mpic(C) for ¢ > 2 is the (i — 1)st homotopy group of the endomorphism space of the unit.

Given an Eo.-ring R, we will also write pic(R) for pic(Mod(R)). We have a natural equivalence of spectra
TzlpiC(R) ~ Zg[l(R)
Let Catg be the oco-category of symmetric monoidal oco-categories and symmetric monoidal functors

between them, and let Sps, denote the oo-category of connective spectra. We obtain a functor

which commutes with limits [MS, Prop. 2.2.3].

For instance, it follows from Theorem 3.10 (with the notation from there) that we have equivalences of

connective spectra
(5.1) ple(k ) o g (pic (k') PE) & 7o (pic(k*)" ") 2 7 (pic(StA)"™).

To prove Dade’s theorem, we will calculate the left-hand-side of this equivalence, and show that any element

of the Picard group of StA survives to the homotopy fixed points pic(StA)"T".
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5.2. The general tool. In this subsection, we prove our main general tool for Picard groups (Theo-
rem 5.3), which gives a criterion for when invertible modules can be descended along a faithful T™-Galois

extension.

Proposition 5.1. Let R — R’ be a faithful T"-Galois extension. Suppose 7.(R) — m.(R’) exhibits the
target as a free module over the source and that n = 0 in 7. (R). Then 7.(R’) is relatively projective as a

module over Zy1, ..., yn]/(y?) C m (ST™) /1.

PROOF. The assumption of freeness of 7. (R’) as m.(R)-module imply that it suffices to check the claim
about relative projectivity after base-change along R — R’ i.e., to show that the action on Z[y1, . .., yn]/(y?)
on m (R ®pg R') makes the target relatively projective. However, this follows again because we have a T"-

equivariant equivalence R’ @ R’ ~ F (T}, R'). |
We will now need a general result about homotopy fixed points.

Proposition 5.2. Let R — R’ be a faithful T"-Galois extension of E,-rings. Suppose that:

(1) n acts trivially on 7. (R).
(2) Every element in m; R squares to zero.

(3) 7« (R') is a free module over 7, (R).

Then we have:

(5.2) mi(T>184 (R/)hw) =130 1 <0 and i even -

77 1 <0 and ¢ odd
If we do not assume hypothesis (2), the above conclusion (5.2) still holds after inverting 2.

Of course, the conclusion of the theorem is the vanishing of ;(7>1gl; (R')"™") for i < 0 even, but we

have stated in this manner for ease of reference.

PRrOOF. First, we consider the case where n = 1 so that R — R’ is an S'-Galois extension. We claim
first that n acts by zero on the homotopy groups of 7>1gl; (R). On 71, this follows from Proposition 4.1. On

higher homotopy groups, this follows because we have an equivalence of spectra

Rigivy ~ ol (Rpiiyny), @22
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by [MS, §5.1]. It follows that m.(r>1(R)) is the direct sum of relatively projective Z[y]/y?-modules and
graded Z[y]/y? modules M concentrated in degree one. By Remark 4.4 and our assumptions, the same holds

T :
hS7Y is as desired.

for 7. (7>101; (R)). The spectral sequence now implies that m;(7>1g/; (R')

Now consider a torus of arbitrary rank T™. Choose a decomposition T" ~ T"~! x S'. By induction
on n, we can assume that m;(7>1gl; (R'))mrnf1 =0 for i < 0 even. We consider the S'-equivariant cofiber

sequence

Torgh (R™ ) = (10 ()T = €,

where by the inductive assumption the homotopy groups of C are concentrated in negative, odd degrees.

Taking S'-homotopy fixed points, we obtain a cofiber sequence of spectra

hst

(7219[1(R/WL71)) = (o104 (R)MT" — S

By Corollary 4.10, it follows that C" " is concentrated in negative, odd degrees. The map R — R’ R g
faithful S'-Galois extension to which the hypotheses of this result applies, and the case of rank one implies
that (T >10h (R’th_1)> " has vanishing 7; for ¢ < 0 even. Combining these completes the proof. When
we invert 2 on gl;(R), we note that one does not have to worry about 1 and the above goes through more

simply. O

We will now consider the following general question. Let R — R’ be a faithful T™-Galois extension and
let £ € Pic(R'). We ask when £ descends to an R-module. Since there is a T"-action on the co-category
Mod(R'), each element a € 71(T") induces a natural automorphism of the identity functor of Mod(R). In
particular, each a induces a natural automorphism of R’-modules £ ~ L, which is classified by an element
in mo(R')*. A necessary condition for £ to descend is that this monodromy automorphism should be the

identity.

Theorem 5.3. Let R — R’ be a faithful T"-Galois extension of E..-ring spectra. Suppose the hypotheses
of Proposition 5.2 are satisfied. Let £ € Pic(R’). Then £ descends to an invertible R-module if and only if

for every a € m1(T"), the induced monodromy automorphism a: £ — L is the identity.

If we assume only that the first and third hypotheses of Proposition 5.2 are satisfied, then given any

such £, the tensor power £22" descends for n > 0.

PRrROOF. By Galois descent, we need to show that the map

pic(RM" = pic(R') — T<1pic(R')
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has the property that the class of £ belongs to the image in 7. For this, we consider the diagram of spectra

S(r18L (R —— (pic(R)"" —— (r<apic(R))"™

T

TglpiC(R/)7

where the top row is a cofiber sequence of spectra. The assumption about monodromy implies that £ belongs
to the image of the vertical map of spectra, cf. Corollary 4.11. It therefore suffices to show that the horizontal
map

(pie(k™)"™ — (r<apic(k)"™

induces a surjection on 7. This in turn follows because m_» (7519l (R'))"™") = 0 by Proposition 5.2. O

5.3. Dade’s theorem and its variants. In this subsection, we complete the proof of Dade’s theorem
and its version over an open subset of projective space. Our first goal is to calculate the Picard group of

E'T" for any n.
Proposition 5.4. The Picard group of k*T" is cyclic, generated by the suspension kT .

PROOF. As explained in [Mat14, §9.4], there exists an even periodic derived scheme X (with structure

sheaf O%P) such that T'(X, O'°P) ~ k'T" and with the following properties:

. . . n—1
(1) The underlying ordinary scheme of X is P}~ .
(2) mOP is the sheaf O(—1) on P}~
(3) There is an equivalence of symmetric monoidal co-categories Mod(k*T") ~ QCoh(X). Equivalently,

QCoh(X) admits the unit as a compact generator [Lurl4, Prop. 7.1.2.7].

The derived scheme X is constructed by inverting each of the polynomial generators in k"™ to obtain
an even periodic E,-ring with my a polynomial algebra over k. One glues together these affine spaces to

form a P}, The third assertion follows from the ampleness of 7_5(O%P), cf. [MM15, Prop 3.22].

Zariski locally, O%P is a sheaf of even periodic ring spectra with regular g, so that the Picard group is
algebraic (cf. [BRO5], [MS, Th. 2.4.4]). In particular, it follows that we can calculate the Picard group of
k™" using the descent spectral sequence [MS, §3]. Using the cohomology of line bundles on projective space
[Har77, I11.5], one sees that there is no contribution to the Picard group. We note that H*(P"~!, O(—r)) =0
ifi ¢ {0,n — 1} for all r € Z. We have H"~}(P"~1, O(—r)) ~ H" Y (P" "1, 19,0%P) # 0 for r > n, but these
will not contribute in the Picard spectral sequence. O
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Theorem 5.5 (Dade [Dad78, Th. 10.1]). If A is an abelian p-group and k is a field of characteristic p,

then the Picard group of StA is cyclic, generated by the suspension of the unit.

PROOF. If A = Cj, the homotopy groups of k' are a graded field k[u%l] and every module over k*4

is free, so the Picard group is trivial. We will therefore assume A # Cy. Then, every element of my(k*4)

squares to zero.

First, we use Theorem 2.6 to identify StA and Mod(k**), so we equivalently need to determine the
Picard group of the E-ring k4. We have a faithful T"-Galois extension of E,-rings k™" — k*4. Note
that (k') is a free module over 7, (k*T"); in fact, one checks this for the faithful T"-Galois extension

EMT" — kM of which this is a base-change.

Fix now an invertible k*4-module M. By Theorem 5.3, it descends to k*T" if and only if the monodromy
elements in m1(T") act trivially on M, i.e., give the identity in (mok*4)* = k*. Since the T™-action on
Mod(k*4) extends to a BA-action, the monodromy necessarily acts by p-power torsion elements. Since k*
is p-torsion free, the monodromy is trivial. It follows that M descends to an invertible module over kT . By

Proposition 5.4, the Picard group of k™" is generated by the suspension of the unit, so we are done. |

We now describe how one can use the above arguments to obtain partial results about the Picard groups

of localized stable module categories.

CONSTRUCTION 8. Let U C IP’Z’_l be an open subset. We can then form an appropriate localization of
the stable module category. Namely, we construct the even periodic derived scheme X as in Proposition 5.4

and consider the open subscheme 4 C X corresponding to U. We construct the E.-rings

KT ST, 00, KA = kT @ kA

The associated module co-category Mod (k1) is the localization (over U) of the stable module oo-category.

In general, we do not know how to control the Picard group of these localized stable module co-categories.

However, we can obtain the following result.

Proposition 5.6. Given an element £ € Pic(kff‘), L%P" is a suspension of the unit for s > 0. In particular,

the quotient of Pic((StA)y) by the cyclic part generated by the suspensions of the unit is p-power torsion.

PROOF. We first argue that the Picard group of k:f}rn is cyclic after p~!-localization. First, { is also
O-affine (cf. [MM15, Prop. 3.28]), i.e., one has an equivalence of symmetric monoidal oo-categories

Mod(kfl") ~ QCoh(). Now the Picard group of the scheme U is cyclic, generated by the twisting sheaf
U
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since the restriction map Pic(P} ') — Pic(U) is surjective by regularity. The remaining terms in the descent
spectral sequence as in Proposition 5.4 that can contribute to the Picard group of kf}rn (or equivalently 1)

are all p-power torsion and there are only finitely many of them.

The descent from ki to k}f can be carried out similarly. Namely, we claim that if £ € Pic(k{#),
there exists r such that £®P" descends to Pic(kf ). In fact, by Theorem 5.3 it suffices to show that the
monodromy action on £®P" (which gives an element of 7o (kt)*) is trivial. Since this monodromy action is
the p"th power of the monodromy element for £ itself, it suffices to take r large enough that p” annihilates
A. Note that if p = 2, there may be elements in 71 which do not square to zero, but we use instead the last

claim of Theorem 5.3. O

Theorem 5.7. Suppose U C ]P’Z_1 is affine and that p > 2. Let £ € Pic((StA)y). Suppose L is the

U-localization of a compact object in StA. Then L is the suspension of a unit.

PRrROOF. Suppose £ € Pic((StA)y). Each generator a € A induces an S'-action on (StA)y given by
multiplication by a. In particular, multiplication by a on £ gives an element in mo(kt1)*. We claim that
this element is trivial, or equivalently that a: £ — £ is homotopic to the identity. Since L is invertible in
(StA)y, it suffices to show that the trace of the endomorphism a — 1 of L is equal to zero. However, we
know that £ arises as the U-localization of a finite-dimensional A-representation V', which is dualizable in
StA. The trace of a — 1 on V is easily seen to be zero, so the trace of a — 1 on L is zero as well. This shows
that every generator a € A acts as the identity on £. By Theorem 5.3, this means that £ descends to an

invertible module over k‘;}r Since kf}r is regular, the Picard group is algebraic and the result follows. [J

Given a compact object in (StA)y (e.g., an invertible one), we recall that the obstruction to its being
the U-localization of a compact object in StA lives in Ky (cf. [TT90, 5.2.2] for the analogous result for

extensions of perfect complexes over schemes).

6. Stratification via projective space

It is known by the work of Benson-Iyengar-Krause that one can “stratify” objects of the stable module
category StG of a p-group G via the cohomology H®V*"(BG;k) and its homogeneous prime ideals. In
particular, one can classify the localizing subcategories [BIK11]. More generally, one can carry this out for
Mod(k"%).

The key case is when G is elementary abelian. In [BIK11], this is proved by showing that the classi-
fication of localizing subcategories of Mod (k") is equivalent to that of the co-category of modules over a

ring spectrum whose homotopy groups are a polynomial ring. Here the classification is much simpler.
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In this section, we use the comparison with the Tate construction for a torus to give another approach

to this reduction, and thus to their results.
6.1. Generalities. Let C be a presentable stable co-category.

DEFINITION 6.1. We recall that a localizing subcategory C’ C C is a full stable subcategory closed under
arbitrary colimits. We will also assume that any object of C equivalent to an object in C’ is itself in C'. We

will let Loc(C) denote the class of all localizing subcategories of C.

Given a full subcategory D C C, the intersection of all localizing subcategories containing D is a localizing

subcategory, and is said to be the localizing subcategory generated by D.

Let C, D be presentable stable oco-categories and let F': C — D be a cocontinuous functor. Then if M € C
belongs to the localizing subcategory generated by the {M4}, .4 C C, we can conclude that F/(M) belongs
to the localizing subcategory generated by the {F'(My)},c4 C D. This follows easily because the preimage

of a localizing subcategory is a localizing subcategory. We obtain a map
F.: Loc(C) — Loc(D),

which sends a localizing subcategory C' C C to the localizing subcategory of D generated by F(C').

In this subsection, we will show that this map is an isomorphism for a faithful Galois extension of
Eoo-rings with a connected Galois group. It will be convenient to use the notion of descendability [Mat14,

§3-4].

DEFINITION 6.2. A morphism of E,,-rings A — B is descendable if the thick ®-ideal that B generates
in Mod(A) is all of Mod(A).

Given an A-module M, one can form the cobar construction, which is an augmented cosimplicial object
M — (M@AB:M@@AB@AB} )

If A — B is descendable, then M is the totalization of the above cobar construction; moreover, M is a
retract of the partial totalization at a finite stage. It follows, for example, that the thick ®-ideals in Mod(A)

that M and M ®4 B generate are equal.

Proposition 6.3. Let R — R’ be a morphism of E..-rings which is descendable. Then the map Loc(Mod(R))
Loc(Mod(R')) obtained by base-change is injective, and has a section Loc(Mod(R’)) — Loc(Mod(R)) ob-
tained by restriction of scalars.
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PROOF. We have a forgetful right adjoint functor Mod(R’) — Mod(R) given by restriction of scalars,
which is also cocontinuous. We claim that this induces a section to the map Loc(Mod(R)) — Loc(Mod(R')).
Equivalently, we need to show that if M € Mod(R), then the R-modules M and R’ ® g M generate the same
localizing subcategory of Mod(R). This follows because, as remarked above, M and R’ ® g M even generate

the same thick ®@-ideal in Mod(R). O

Proposition 6.4. Let R be an E-ring and let X be a connected finite complex. Then base-change
Mod(R) — Mod(F (X4, R)) induces an isomorphism Loc(Mod(R)) ~ Loc(Mod(F (X4, R))) (whose inverse

is induced by the restriction of scalars functor).

PROOF. Choose a basepoint * € X, so that we obtain a map s: F(X,,R) — R of E,-rings. The
morphism Loc(Mod(R)) — Loc(Mod(F (X4, R))) admits a section since s is a section of R — F(X4, R).
This section

¢: Loc(Mod(F (X4, R))) — Loc(Mod(R))

comes from the functor

Qrxy,mR

Mod(F(X, R)) Mod(R),

given by extension of scalars along s. However, s: F(X;, R) — R is descendable [Mat14, Prop. 3.34], so ¢

is also an injection by Proposition 6.3. Therefore, ¢ is an inverse to the map in question. ]

Theorem 6.5. Let R be an E.-ring and let G be a topological group with the homotopy type of a connected
finite complex. Let R — R’ be a faithful G-Galois extension. Then extension and restriction of scalars induce

isomorphisms Loc(Mod(R)) ~ Loc(Mod(R’)) inverse to one another.

PROOF. It suffices to show that the restriction of scalars functor
Mod(R') — Mod(R)

induces an injection on Loc, by Proposition 6.3.
Choose a descendable Eo.-R-algebra R such that R’ @z R ~ F (G4, ﬁ) Then we have a commutative
diagram
®rR ~
Mod(R') —— Mod(R' ®gr R) .

.

®rR ~
Mod(R) Mod(R)
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The horizontal arrows are given by extension of scalars along R — R and the vertical arrows come from

restriction of scalars. Applying Loc, we obtain a commutative diagram

Loc(Mod(R')) . ouf Loc(Mod(R' @5 R))

.

Loc(Mod(R)) E Loc(Mod(R))

The left vertical arrow is an isomorphism by Proposition 6.4, and the horizontal arrows are injections by

Proposition 6.3.

The diagram shows that restriction of scalars induces an injection Loc(Mod(R’)) < Loc(Mod(R)). By
Proposition 6.3, it is also a surjection and is therefore an isomorphism (with inverse induced by extension of

scalars) as desired. O

The above should be compared with [BIK11, Th. 4.4], which is the necessary comparison tool in the

Benson-Iyengar-Krause proof.

6.2. The classification. We note the stratification result for cochains on the classifying space of the

torus. Here the argument uses the existence of “residue fields” as in [Ang08].

Proposition 6.6 (cf. [BIK11, Th. 5.2]). Let k be a field of characteristic p. The localizing subcategories
of Mod(k"™") (resp. Mod(k*T")) are in bijection with the subsets of the set of homogeneous prime ideals of

7. (E"™") (resp. those not containing the irrelevant ideal).

Let A be an abelian p-group and construct the T"-action on StA ~ Mod (k") as before, as well as the
map k'T" — k', which is a Galois extension with Galois group isomorphic to T". Combining this result

with the previous subsection, Construction 5, and Theorem 3.10, one obtains:

Theorem 6.7 (Benson-Iyengar-Krause [BIK11]). Let A be an abelian p-group of rank n. The functor
Mod(k"4) — Mod(k"™") induced by restriction of scalars along k"™ — k"4 induces an isomorphism on
Loc. As a result, the localizing subcategories of Mod(k"#) are in bijection with the subsets of the set of

homogeneous prime ideals of 7, (k"T").

Theorem 6.8 (Benson-Iyengar-Krause [BIK11]). Let A be an abelian p-group of rank n. The functor
StA — Mod(k*™") induced by restriction of scalars along k*T" — k' induces an isomorphism on Loc. As a
result, the localizing subcategories of St A are in bijection with the subsets of the set PZ_I of homogeneous

prime ideals of 7, (k*"") which do not contain the irrelevant ideal.
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CHAPTER 8

A descent theorem in algebraic K-theory (with D. Clausen, N.

Naumann, and J. Noel)

1. Introduction

1.1. Motivation: K-theory. Let X be a noetherian scheme. A subtle and important invariant of X
is given by the algebraic K-theory groups {K,(X)}, 5. As X varies, the groups {K,(X)} behave something
like a cohomology theory in X. For example, they form a contravariant functor in X and there is an analog
of the classical Mayer-Vietoris sequence thanks to the localization properties of algebraic K-theory [TT90,
Thm. 10.3]. A highbrow formulation of this property is that the groups {K,(X)} arise as the homotopy

groups of a spectrum K(X), and that the contravariant functor
K: Sch — Spsq

forms a sheaf of connective spectra on the Zariski site of X.!

As is well-known, however, the Zariski topology of X is too coarse to have a strong analogy with algebraic
topology: a more appropriate topology is given by the étale topology. One might hope that K is a sheaf (i.e.,
behaves “like a cohomology theory”) for the étale topology; if so, one could then hope for a local-to-global
spectral sequence (an analog of the Atiyah-Hirzebruch spectral sequence for topological K-theory) beginning
with étale cohomology and ultimately converging to algebraic K-theory. Indeed, the convergence properties

of such a spectral sequence are the subject of the Lichtenbaum-Quillen conjecture [Qui75].

The problem is that K-theory is not a sheaf for the étale topology. If E — F' is a G-Galois extension of

fields, one has a G-action on K (F') and a natural map
(1.1) K(E) — K(F)"¢,

but this need not be an equivalence, contradicting étale descent. In fact, since algebraic K-theory satisfies
Nisnevich descent (cf. [Nis89] and [TT90, Thm. 10.8]), the failure of descent along Galois extensions of

commutative rings is the only obstruction to satisfying étale descent [Lurll, Cor. 4.24].

1To obtain a sheaf of spectra, one has to work with the non-connective version K of K-theory.
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In the foundational paper [Tho85] and in the later extension [TT90], Thomason showed that these
problems disappear after a localization, after which maps of the form (1.1) become equivalences. Specifically,
let X be a scheme where a fixed prime number [ is invertible and suppose X contains the Ith roots of unity. If
[ > 5 (as we assume for simplicity), there is a natural element 5 € mo (K (X)/[) called the Bott element. Under

these assumptions, K (X)/l is naturally a ring spectrum up to homotopy and one can form the localization

(K(X)/D[B~1].

THEOREM 1.2 (Thomason [Tho85, Thm. 2.45] and [TT90, Thm. 11.5]). Suppose X is a noetherian
scheme of finite Krull dimension over Z[1/l, 1], satisfying Thomason’s technical hypothesis on the existence
of uniformly bounded ‘Tate-Tsen filtrations’ on the residue fields.? Then the functor Y s (K (Y)/1)[7!] is

a sheaf of spectra on the small étale site of X. Moreover, there exists a descent spectral sequence
Hg (X, o K/1[B71) = HE (X, Z/1(t)) = mae—s(K(X)/D]B7].

1.2. Brave new algebra and chromatic homotopy. In this paper, we will follow the philosophy
of “brave new rings” of Waldhausen, which proposes to carry out constructions from classical algebra with
structured ring spectra. For example, one can define and try to compute the algebraic K-theory of structured
ring spectra. This has been effectively carried out in certain important cases (we refer to [Rog14] for a recent

survey).

Another important instance of this philosophy is the work of Rognes [Rog08], which formulates a
notion of a Galois extension of E.,-ring spectra generalizing the classical notion in commutative algebra.
The extension KO — KU is a basic example of a Cs-Galois extension, and there are higher analogs in the
theory of topological modular forms. The extension from the K (n)-local sphere to Lubin-Tate theory is a

K (n)-local pro-Galois extension with the Galois group given by the Morava stabilizer group.

Our primary goal in this paper is to obtain analogs of Thomason’s étale descent theorem for structured

ring spectra. For instance, one can ask:

Question 1.3. Let A — B be a G-Galois extension of E,.-ring spectra in the sense of Rognes. How close

is the map K (A) — K(B)"“ to being an equivalence?

In the algebraic K-theory of connective ring spectra, the theory of trace methods is a fundamental
tool. Using it, one can try to answer the above question by combining Thomason’s results together with

comparisons with topological cyclic homology. However, the most interesting Galois extensions arise from

2This implies that the residue fields of X have uniformly bounded I-torsion Galois cohomological dimension. To the authors’
knowledge, no counterexample to the converse implication is known.
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nonconnective ring spectra (in fact, all Galois extensions of connective ring spectra can be determined in
terms of pure algebra by [Matl6a, Thm. 6.17] and [MM15, Ex. 5.5]). We will take a completely different

approach in this paper which is based on a re-examination of some of Thomason’s ideas.

Before explaining our methods, we need to discuss a replacement for the localization with respect to a
Bott element in Theorem 1.2. A priori, one does not have such elements in the K-theory of ring spectra
(compare [Aus10], however). Nonetheless, there is a purely homotopical description of this procedure: The
spectrum (K (X)/1)[~] from Theorem 1.2 is the localization of the spectrum K (X)/l at Morava K-theory
K (1) (at the implicit prime 1). In particular, one can reformulate Thomason’s result as stating that algebraic
K-theory forms an étale hypersheaf (under those conditions) after K (1)-localization (cf. [Mit97]). This is

the form in which one can hope to generalize Thomason’s results to ring spectra.

The procedure of K(1)-localization is, of course, only one of infinitely many chromatic localizations
Lg(ry for r € Z>g. In general, it is a theorem of Mitchell [Mit90] that the higher localizations Ly, r>2
annihilate the algebraic K-theory of discrete rings. Here the situation is more interesting for ring spectra.
One expects a chromatic redshift phenomenon (as coined by Rognes) that the algebraic K-theory of a ring
spectrum at chromatic levels 0 through n will live at chromatic levels 0 through n + 1. So in Question 1.3,
one could ask whether one gets equivalences after other chromatic localizations. As a result, in [ARO8], the

following conjecture was made:

CONJECTURE 1.4 (Ausoni and Rognes). Let A — B be a K(n)-local G-Galois extension of E..-rings.

Let T be a telescope of a v,,41-self map of a type (n + 1)-complex. Then the map
TAK(A) - TAK(B)"

is an equivalence.

Our main result, which appears below as Theorem 5.1, is the following. Note in particular that the

Galois condition is not necessary for this result, and that the Galois group will play no role in our argument.

THEOREM 1.5. Let A — B be a morphism of E,,-rings such that B is a perfect A-module. Suppose
that the rationalized restriction of scalars map Ky(B) ® Q — Ky(A) ® Q is surjective. Let E(—) be either
algebraic K-theory K(—), non-connective algebraic K-theory K(—), THH(—), or TC(—) and let Ly denote

one of the following localization functors: Lp(n), Li(n), Ll

I, or L, (taken at an implicit prime p for some

n > 0).
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Then the map
(1.6) E(A) — Tot (E(B) SE(B®aB) .. )

becomes an equivalence after Lp-localization, which can be applied either inside or outside the totalization.
Moreover, the associated Tot/ Cech-spectral sequence collapses at a finite page with a horizontal vanishing

line.

In particular, if A — B is a G-Galois extension satisfying the hypothesis on Ky(—) ® Q, then the
Ausoni-Rognes Conjecture 1.4 holds for this extension. In this case, the associated spectral sequence is the

homotopy fixed point spectral sequence:
H*(G;mLTE(B)) = m_s LT E(A).

Theorem 1.5 reduces the localized descent problem to a question about Ky(—) ® Q. This condition is

relatively accessible and can be checked in many examples of interest:

THEOREM 1.7. The hypotheses of Theorem 1.5 are satisfied for the following maps of E,.-ring spectra:

e Any finite étale cover A — B (see Lemma 5.4 for a more general condition).

e The complexification maps of topological K-theory spectra: KO — KU or ko — ku (Examples 5.9
and 5.30).

e The G-Galois extensions E"® — E, where G C G, is a finite subgroup of the extended Morava
stabilizer group.

e Any finite G-Galois extension of the following variations on topological modular forms: TMF[1/n], Tmf[1/n], Tmfy(n
or Tmf;(n) (Theorems 5.24 and 5.27), where n > 1.

e The extension tmf[1/3] — tmf;(3) of connective topological modular forms (Example 5.31).
For extensions defined by certain higher real K-theories one has sharper results (see Theorem 5.10).

1.3. Methods. Our methods are based on the observation, due to Thomason [Tho85, Thm. 2.15] and
explored more generally by Tabuada [Tab14], that the above result follows from a simple algebraic trick

when one works rationally.
To illustrate the general idea of our argument, consider the case of a G-Galois extension A — B. Using

techniques of Merling [Mer15], Barwick [Bar15], and Barwick-Glasman-Shah [BGS15], one constructs an

Ew-algebra R = K(B;G) in the oo-category of G-spectra such that for any subgroup H < G, we have
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RY = K(B;G)¥ = K(B"M). The descent comparison map now becomes the classical comparison map
RY — RM

from fixed points to homotopy fixed points. It is a general fact about G-spectra that the fiber of this

comparison map is a module over the cofiber of the transfer map
Ryg — RG,

where RC /Ry = (R A EG)® = K(A)/K(B)ne has the structure of an Eo-ring spectrum. Our hypotheses
imply that K(A)/K(B)pc is rationally trivial. By the main result of [MININ15], this implies that the
K (n)-localization of the E-ring spectrum K(A)/K(B)nq, and thus the K(n)-localization of fib(K(A) —
K(B)"%), is trivial for any n and implicit prime p.

In this paper, however, we will not use the technology of equivariant algebraic K-theory or the language
of G-spectra, since we do not want to restrict ourselves to Galois extensions. Instead we will essentially use
a certain oo-category of non-commutative motives (as in [BGT13, BGT14, HSS15]) as a replacement for

the equivarant stable homotopy category.

To give an idea of how this goes, let us outline the proof of Theorem 1.5. The stable co-category of
non-commutative motives Mot 4 we associate to A is built universally so that every additive invariant of
A-linear stable oo-categories naturally factors through Mot4. Crucially, Mot 4 also carries a symmetric
monoidal structure coming from the Lurie tensor product of A-linear stable oco-categories. We consider the

full subcategory Z C Mot 4 of all those M € Mot 4 for which the augmented cosimplicial object
M—M®[BZMe[B|le B ...

becomes a limit diagram after applying any additive invariant, i.e. exact functor F': Moty — Sp. We
want to show that [A] lies in Z “up to K(n)-localization” in some sense. In the main text, this “up to

K (n)-localization” will be formalized in the notion of an e-object.

It is easy to see that Z is a thick ®-ideal of Mots. Therefore the Verdier quotient Moty /Z is a
symmetric monoidal oo-category. On the other hand, for formal reasons [B] lies in Z. Then hypothesis that
Ko(B)®Q — Ko(A)®Q is surjective lets us conclude that the Eo-ring spectrum R of endomorphisms of the
unit object of Mot 4 /Z satisfies R ® Q = 0. It follows from the main result of [MNN15] that Lg )R = 0,

whence L,y Mots /Z = 0, which implies the desired conclusion.
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We emphasize that our methods do not recover Thomason’s spectral sequence, whose Fs-term is the
sheaf cohomology. The convergence of that spectral sequence requires étale hyperdescent, rather than the
descent result we prove. It seems to us that any hyperdescent statement for non-rational localizations will
require additional tools. Furthermore, the explicit identification of the Es-term of the spectral sequence
requires showing that the etale sheafified homotopy of Lp(1)K(—) identifies with Z;(t) in degree 2t and 0 in
odd degrees. In the setting of classical commutative rings, this follows from the Gabber-Suslin theorem but

we do not know what the analogous statement should be for structured ring spectra.

On the other hand, if we ignore the issue of sheaf vs. hypersheaf, then our methods show that none of
the technical hypotheses on X imposed in Thomason’s theorem are actually necessary. Thus, we do obtain

new descent results even in the algebraic K-theory of discrete rings (see also Example 5.5).

1.4. Outline. In Section 2 we introduce the notion of e-objects and e-equivalences. This robust theory
allows us to formulate rigorously what it means for a homotopy limit to quickly converge modulo objects
which are invisible to chromatic homotopy theory. In Section 3 we review the relative theory of non-
commutative motives as developed by [BGT13, HSS15|. This section is technical and can be skipped on a
first reading. We require the relative version for R-linear categories in order to ensure that our K-theoretic
homotopy limits have the correct form. The only minor variation in our treatment allows us to consider

additive invariants which do not commute with all filtered colimits (such as TC).

In Section 4, we show how the nilpotence criterion for Eo.-rings of [MNN15] provides a simple method
for establishing descent results. In Section 5 we establish our aforementioned examples and prove that
telescopically localized K-theory is a sheaf for the finite flat topology on E..-ring spectra. As a corollary,
we obtain in Appendix 1 an analog for spectral algebraic spaces of Thomason’s result that the K-theory of

schemes satisfies étale descent after periodic localization.

Notation.

(1) We will write Catgfjrf for the co-category of idempotent-complete, small stable co-categories and
exact functors between them. We recall that Catgfjrf is a presentable, symmetric monoidal oo-
category under the Lurie tensor product. We refer to [BGT13| for an account of the general
features of CatP'T,

(2) We let CAlg(CatP™) denote the oo-category of commutative algebra objects in CatP™™: equiv-
alently, this is the oo-category of small symmetric monoidal, idempotent-complete stable oo-
categories (C,®,1) where ® is exact in each variable. The morphisms in CAlg(CatP®f) are the

symmetric monoidal exact functors. Given an object X € C, we will write 7 (X) = mHome (1, X).
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(3) We will let PrL denote the category of presentable, stable co-categories and cocontinuous functors
between them, with the Lurie tensor product.

(4) We will also need to consider not necessarily small, idempotent-complete stable co-categories and
exact functors between them, and we denote the oco-category of such by é\atijrf. Thus 6\atzoerf
includes both small and presentable idempotent-complete, stable co-categories.

(5) Although due to set-theoretic technicalities we will not consider 6\at§jrf as a symmetric monoidal
oo-category, we will abuse notation and write CAlg(@czrf) for the oo-category of symmetric

monoidal, stable, idempotent-complete co-categories with a biexact tensor product, and symmetric

monoidal exact functors between them.

We write Sp for the oo-category of spectra and Sp® C Sp for the subcategory of finite spectra. Given
an E.-ring spectrum R, we write Perf(R) for the oco-category of perfect (i.e., compact) R-modules. We will
write D for the dual of an object (e.g., the Spanier-Whitehead dual of a finite spectrum). Given objects X,V

of a stable co-category C, we will write Hom¢(X,Y) € Sp for the mapping spectrum.
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2. e-nilpotence

—perf
Let C € Catgo be a (not necessarily small) stable, idempotent-complete co-category and let 7 C C
be a full subcategory. Recall that T is called thick if T is a stable subcategory which is also idempotent-
—perf
complete, so T € CatzO . Using the nilpotence theorem [DHS88], Hopkins and Smith gave in [HS98, Thm.

7] a complete classification of thick subcategories of finite spectra. The classification of thick subcategories
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in general is a problem that has been further studied in many different contexts and is closely related to

questions of nilpotence.

A key technique of this paper uses a specific enlargement 7 of a thick subcategory 7 C C. Roughly
speaking, 7¢ is the maximal enlargement of 7 which is no different from 7 from the point of view of any
periodic localization. We will discuss some important examples of this construction and, ultimately, a basic
criterion that enables one to check whether an object belongs to 7. by performing a rational calculation
(Theorem 4.2). All the results in this section are fairly formal consequences of the nilpotence technology of

[DHS88, HS98).

2.1. e-enlargements. In this subsection, we make the basic definition. In the remaining subsections,

we will explore this further for specific choices of thick subcategories.

—perf
DEFINITION 2.1. Let C € Ca‘czc and let 7 C C be a thick subcategory. We will define several enlarge-

ments of 7. Recall that C is naturally tensored over finite spectra.

(1) Given a finite spectrum F'; we define T to be the smallest thick subcategory of C containing T
and {F' A C}eec-

(2) Let ¥ be a finite set of prime numbers. We define thick subcategories T¢ 5 via
7;,2 = ﬂ TFa
F

where F ranges over all finite spectra whose p-localization is nontrivial for every p € X.

(3) Finally, we define the thick subcategory 7 via

as ¥ ranges over all finite sets of prime numbers. We will call this the e-enlargement of T.

The process of e-enlargement interacts well with exact functors.

——perf

PROPOSITION 2.2. Suppose G: C — D is a morphism in Cat,, (i.e., an exact functor). Suppose T C C
and 7' C D are thick subcategories and G(7) C T'. Then G(7¢) C 7.. Furthermore, for each finite set of

prime numbers ¥, we have G(7c ) C Ty

PRrROOF. Let F' be any finite spectrum. Omne shows easily that G(7r) C T/ (because G commutes
with smashing with the finite spectrum F') and then the remaining assertions follow formally by taking

intersections and unions. O
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—_ rf € .
DEFINITION 2.3. Let C € Catzs . Suppose T = {0}. Then we write Nil¢(C) ' 7. and call it the

subcategory of e-objects of C. In the case C = Sp, we will call this the subcategory of e-spectra. We will
say that a morphism f: X — Y in C is an e-equivalence if the cofiber is an e-object. Finally, we also write

Nile (C) for T » for any finite set ¥ of prime numbers.

Our next result will be Lemma 2.5, which explains that the general formation of 7. can be reduced to

the special case that 7 = {0}, using Verdier quotients.

Suppose now that C is small, i.e., C € Catggrf. Suppose 7 C C is a thick subcategory. Then we recall
that we can form the (idempotent-complete) Verdier quotient C/T € CatE™ receiving an exact functor from
C (cf. [BGT13, §5.1] for a treatment; in particular, C/T is the pushout C L 0 in CatP"). An object of C

belongs to T if and only if its image in the Verdier quotient vanishes.
Note that Lemma 2.2 implies that e-objects are preserved by any exact functor in Catgsrf. Applying
this to the functor C — C/7T shows that 7. is mapped to Nil.(C/T), and to see the converse, we first need

an elementary lemma whose proof we leave to the reader.
Lemma 2.4. Let C € Cat?™ and let 7 C C be a thick subcategory. Then 7 = C N Ind(7) C Ind(C).

PrOPOSITION 2.5. Let C € Catggrf and let 7 C C be a thick subcategory. Then an object X € C belongs

to T if and only if its image in C/7T is an e-object.

PrOOF. The “only if” implication follows from Lemma 2.2, applied to the canonical functor C — C/T.
For the converse, suppose ¥ is a finite set of prime numbers and the image X € C/T of X belongs to

Nil, (C/T). We show that X € 7 5.

Let F' be any finite spectrum such that F{,) # 0 for each p € ¥. We need to show that X belongs to
Tr. Equivalently, by Lemma 2.4, we need to show that X belongs to Ind(77) C Ind(C). In Ind(C) we can
localize to obtain a cofiber sequence,

X' =X = X",

where X’ € Ind(7") C Ind(C) while Homp,q(c)(7, X"”) = 0 for T € T. Thus, it suffices to show that X"

belongs to the localizing subcategory generated by {F AY }ycc.

Finally, we recall (cf. [BGT13, §5.1]) that the collection of Z € Ind(C) with Hom,q(cy (T, Z) = 0 for
each T' € T can be identified with Ind(C/7T) and X" can be identified with the image X € C/T C Ind(C/T).
So, our assumption that X € Nil. x(C/T) now shows that X” belongs to the localizing subcategory as

desired. O
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We next observe that being an e-object can be checked locally at one prime at a time. The proof of the

next proposition is left to the reader.

—perf
PROPOSITION 2.6. Let C € Catzo . Fix an object X € C. Then X € Nil.(C) if and only if the following

conditions are satisfied:

(1) There exists N € Zsq such that N = 0 € mgHome (X, X). Therefore, we get a canonical decompo-
sition X ~ VP|N X(p)y where X, is the p-localization of X.

(2) In the above decomposition, for each p dividing N, we have X,y € Nil, 1,3(C).

We will now give basic criteria for identifying e-objects, which shows that they are ‘strongly null-

isogenous’ or ‘endomorphism-dissonant.” Here we will freely use the nilpotence technology [DHS88, HS98].

Recall the for every n and prime p, there exists a type n, finite p-local spectrum F;,, admitting a non-
trivial v,-self map f. Let T'(n) = F,,[f '] be the mapping telescope on f. While the spectrum 7'(n) depends
on the choice of F,, its Bousfield class does not. In other words, the condition T'(n).X = 0 (for a spectrum

X)) does not depend on the choices made.

—perf
PROPOSITION 2.7. Let C € Catio and X € C. The following are equivalent:

(1) The object X is an e-object.

(2) The endomorphism ring spectrum End¢(X) has the property that T'(n).Ende(X) = 0 for all
n € [0,00) and all primes p.

(3) The endomorphism ring spectrum Ende(X) has the property that K(n).Ende(X) = 0 for all

n € [0,00) and all primes p.

PRrROOF. First we prove ((1)=(2)), i.e., if X is an e-object, then T'(n).End¢(X) = 0 for every n and
implicit prime p. By Lemma 2.6, we can suppose that X € Nil, ;,3(C). Now for a fixed n > 0, we choose a
type n, finite p-local spectrum F}, with a v,-self map f such that T'(n) = F,[f '] as above. Let C'f denote
the cofiber of f. We will show that the class D of Y € C such that T'(n),Hom¢(X,Y) = 0 contains X.

Evidently, D is a thick subcategory and by construction of C'f,
T(n)Home(X,CfANZ)~T(n). (Cf ANHome(X,Z)) =0, forany Z €C,

which implies that any C'f A Z belongs to D. By hypothesis, X belongs to the thick subcategory generated
by {Cf A Z}zec and thus X € D, so the claim follows.

The implication ((2)=-(3)), is both easy and classical.
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For the final implication ((3)=-(1)), suppose that the endomorphism ring spectrum End¢(X) is K(n)-
acyclic for all primes p and 0 < n < co. First of all, observe that End¢(X) is therefore a torsion spectrum.
Breaking X into a direct sum of its p-localizations, we may assume that End¢(X) is p-power torsion. We

then need to show that X € Nil, ,,,(C).

Let F' be any finite nontrivial p-torsion spectrum. We will show that X belongs to the thick subcategory
generated by F' A X. Replacing F' by F ADF = Endg,(F), we may assume F is a ring spectrum and we
let S — F be the unit map. We let I — S° denote the fiber of the unit map. Note that F' has nontrivial
homology, so I — S? induces the zero map in mod p homology. We will show that there exists n such that
0

A X — X is nullhomotopic. It will follow that X is a summand of the cofiber of this map, which belongs

to the thick subcategory generated by F' A X as desired.

To show that there exists n such that I"" A X — X is nullhomotopic, we observe that it suffices to show
(by adjointness) that there exists n such that the map of spectra I"™ — S° — End¢(X) is nullhomotopic.
Equivalently, the map S° — End¢(X) ADI needs to be smash nilpotent. By the nilpotence theorem [HS98,
Thm. 3], it suffices to check this after applying K(n). for n € [0, 00]. For n < oo, we know that End¢(X)
itself is K (n).-acyclic. For n = oo, so that K(oc) = HF,, we know that S° — DI induces the zero map in

homology, so we are done here too. O

—perf
COROLLARY 2.8. Given C € Catzzr and an object X € C, the following are equivalent:

(1) X is an e-object.

(2) For every prime p and height n > 0 and every exact functor F': C — Ly (,)Sp, the image of X
under F' is zero.

(3) For every prime p and height n > 0 and every exact functor F': C — Lz,)Sp, the image of X

under F' is zero.

PRrOOF. To see that ((1)=-(2) and (3)), it suffices by Lemma 2.2 to show that there are no nontrivial
e-objects of Ly (,)Sp and Ly,)Sp. Let C be a type n +1 finite complex. Then smashing with (' annihilates
both L (,)Sp and Lp(,)Sp. This easily implies that there are no nontrivial e-objects as desired. For the other
direction, i.e., to show ((2) or (3)=-(1)), we use Lemma 2.7 and consider the functors L (,)Home (X, -): C —

Lk (»)Sp (or the telescopic analog). a

Example 2.9. Here are some examples of e-objects.

(1) If C = Sp“ is the oco-category of finite spectra, then every e-object is 0: Using Lemma 2.6 and

Lemma 2.7, it suffices to see that if X is the p-localization of a finite spectrum with K (n).(X) =0
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for all 0 < n < oo, then X is contractible. Since for sufficiently large n, the Atiyah-Hirzebruch
spectral sequence H*(X,F,) = K(n)*(X) collapses, this is clear.

(2) If C is such that for every prime p, the p-localization C(,) is enriched over Mod(L,,S) for some n
(possibly depending on p), then every e-object of C is zero. This is immediate from Lemma 2.7
and applies for example to the E,-local category, the K (n)-local category, the co-category of KO-
modules, and the oo-category of Tmf-modules.

(3) If C = Sp, then every X € Sp which admits the structure of an HZ-module spectrum and is
annihilated by some N > 1 is an e-object. So is any spectrum in the thick subcategory generated
by these, e.g., any spectrum with only finitely many non-zero homotopy groups, each of which is
annihilated by some N.

(4) If each mapping spectrum in C is an HZ-module, for example if C arises from a dg-category, then
the e-objects are exactly the objects annihilated by some N € N.

(5) If C is a full subcategory of D, then an X € C is an e-object of C if and only if it is an e-object of
D.

(6) HQ/Z € Sp is an example of a spectrum, even an HZ-module, which is T'(n)-acyclic for every
n < oo but is not an e-spectrum. This follows because for every N, multiplication by N is nonzero

on HQ/Z.

——perf
PrOPOSITION 2.10. Suppose C € Catij . Given a thick subcategory 7 C C, we have (T¢). = T.. In

other words, e-enlargement is an idempotent procedure.

PROOF. Without loss of generality, we can assume C € CatP™™ by writing C as a union of small subcat-
egories. Suppose X € (7¢).. By Lemma 2.5, we need to show that the image of X in C/7 is an e-object.
Note that the quotient map carries 7. into Nil.(C/T) and therefore it carries (7¢). into (Nil(C/T))e by

Lemma 2.2. As a result, we need to show that
(Nile(C/T))e = Nile(C/T)

because this will imply that the image of X in C/7 is an e-object.
The upshot of this discussion is that, by passage from C to C/T, we can assume 7 = 0 to begin with,
and we make this assumption. So, assume X € (Nil.(C))¢; we show that X is itself an e-object.

By Corollary 2.8, it suffices to show that any exact functor F': C — Lk(,)Sp annihilates X. As we

saw above, F' annihilates Nil.(C) and therefore factors through an exact functor F: C/Nil.(C) — L K (n)SP-
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However, our assumption is that the image of X in C/Nil.(C) is an e-object and therefore F' annihilates

it. ]

Remark 2.11. The collection of e-objects is preserved even by arbitrary additive functors between idempotent-
complete, stable co-categories. Compare [GGN15, Sec. 2] for a treatment of additive co-categories. In fact,

if F': C — D is an additive functor, then for each X € C, we obtain a natural map of spectra
TEQHOHI(;(X, X) — TonOIn’D(F(X), F(X)),

which carries the unit in mg to the unit. Using Lemma 2.7 (and the fact that smashing with K (n) annihilates

bounded-above spectra for n > 0) one sees easily that F'(X) is also an e-object.

We next check that e-enlargements are invisible to all finite chromatic localizations. We recall briefly
the theory of finite localizations (cf. [Mil92]). Let C be a presentable stable co-category. Fix a prime p and
a height n. Then we define a localization functor Lf: C — C as follows. When n = 0, then Lf is simply
rationalization. When n > 0, choose a nontrivial type n + 1, finite complex F. Consider the subcategory of
all X € C such that F' A X is contractible. This subcategory is closed under all limits and colimits and is
the image of a colimit-preserving, idempotent functor Lf: C — C. We note that L/ annihilates any object

in C of the form F' A X, and that as a result L annihilates Nil.(C). More generally, we have the following:

PrOPOSITION 2.12. Let C be a presentable, stable co-category and let 7 C C be a thick subcategory.
For any prime p and height n, we have L7 = LI 7., i.e., T and 7. have the same image under the finite

localization functor L.

PrOOF. We have an inclusion L{7T C LI T, so it suffices to show the other inclusion. Let ¥ be any
finite set of prime numbers and let F' be a finite torsion spectrum such that Fi4) # 0 for any q € ¥ and such
that LfLF = 0. Then, it follows that T¢ s C Tr where we use the notation of Definition 2.1. One sees now

that LfTr = L{ T, so we are done. O

We now consider the case where C € CAIg(C/J.z;tijrf). That is, (C,®,1) is a not necessarily small,
symmetric monoidal, idempotent-complete stable oo-category, where the tensor structure ® is exact in each
variable. Recall that a thick subcategory Z C C is called a thick ®-ideal if for each X € Z and Y € C, we
have X @ Y € 7.

ProrosiTiON 2.13. If Z C C is a thick ®-ideal, then so is its e-enlargement Z, C C.

PROOF. We need to show that if Y € C, then the exact functor (—=) ® Y: C — C preserves Z.. This
follows from Lemma 2.2 because the functor preserves Z. O
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2.2. e-nilpotent towers. We recall some basic definitions when working with towers of objects. We

refer to [HPS99] or [Mat15a, §3| for more details.

—perf
DEFINITION 2.14. Suppose C € Catzo . Let Tow(C) denote the oco-category Fun(ZZ;,C) of towers in C,
—perf
and observe that Tow(C) € Catzo . We will often abuse notation and denote a tower by {X;}, the maps

X;+1 — X; being understood.

We recall the definitions of two important thick subcategories of Tow(C):

(1) We let Tow™(C) C C denote the full subcategory spanned by those towers {X;} such that there
exists N € Zx>( such that the maps X;yy — X; are nullhomotopic for all ¢ € Z>g. We will call
such towers nilpotent.

(2) We let Tow ™*(C) denote the thick subcategory of Tow(C) generated by Tow™"(C) and the constant

towers. We will call such towers quickly converging.

We will now consider Definition 2.1 for these thick subcategories of the co-category of towers.

— f
DEFINITION 2.15. Suppose C € Cato.

oot

(1) We define Tow"™!(C) via
Tow" ™ (C) = (Tow™'(€)) .

We will say that a tower is e-nilpotent if it belongs to Tow®™(C).

(2) Let {X;} be a tower in C. Suppose given an object X € C and a map of towers {X} — {X;} (if C
admits inverse limits, then this is equivalent to giving a map X — l&nXl) We will say that this
map exhibits X as an e-nilpotent limit of the tower {X,} if the cofiber tower {X;/X} belongs to
Tow®™(C).

(3) Let X* € Fun(A™,C) be an augmented cosimplicial object of C. We say that it is an e-nilpotent
limit diagram if the natural map of towers {X !} — {Tot;(X*®)} exhibits X! as an e-nilpotent

limit of the target.
PROPOSITION 2.16. The e-nilpotent limit diagrams form a thick subcategory of Fun(A™,C).

ProoF. Consider the functor F: Fun(A*,C) — Tow(C) which to X* associates the cofiber tower
{Tot;(X*®)/X~1}. This is an exact functor, and by definition, the e-nilpotent limit diagrams are exactly

those objects such that this cofiber belongs to Towe’“il(C); in particular, they form a thick subcategory. [

Using Lemma 2.2, we easily obtain the functoriality of e-nilpotent towers.
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—perf
PRroPOSITION 2.17. Let C,D € Catzj and let F': C — D be an exact functor. Clearly, F' induces an

exact functor F: Tow(C) — Tow(D). Then:

(1) F.(Tow™(C)) c Tow™! (D).

(2) F.(Tow*™(C)) C Tow"™(D).

(3) Suppose {X;} is a tower in C and {X} — {X;} is a map of towers. Suppose that this map exhibits
X as an e-nilpotent limit of {X;}. Then the induced map {F(X)} — {F(X;)} exhibits F(X) as
an e-nilpotent limit of {F(X;)}.

(4) Let X* € Fun(A™,C) be an augmented cosimplicial object. Suppose X*® is an e-nilpotent limit
diagram. Then the augmented cosimplicial object F'(X®) € Fun(A™1,D) is an e-nilpotent limit

diagram.

For our purposes, it will be important to know that e-nilpotent limit diagrams turn into actual limit

diagrams after periodic localization.

PROPOSITION 2.18. Suppose C is a presentable stable oo-category and X*® € Fun(A™,C) is an e-nilpotent

limit diagram. Let L] be any finite localization functor (associated to a prime p and a height n). Then:

(1) The map
X1 — Tot(X*®)

is an e-equivalence.
(2) The localized Tot tower { L Tot;(X*®)} is quickly converging.
(3) The maps
LIX™Y = LI Tot(X*) — Tot(L! X*)

are equivalences.

PROOF. We consider items (1) and (3) first. Setting {Y;} := {Tot;(X*)/X '}, one reduces to showing

that if {Y;} € Tow"™(C), then lim Y; is an e-object and

In fact, consider the two exact functors

in-

n

F,F:Tow(C) = €, F({Y;}) =L{lmY;,, F({Y})=lmL

K2

Clearly if {V;} € Tow™(C), then Fy({Y;}) = F»({Yi}) = 0. It follows from Lemma 2.2 that if {V;} €
Tow®™(C), then F}({Y;}), F2({Y;}) are both e-objects of C. Since they are both L!-local, however, it follows
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that they must be contractible. Similarly, considering the functor F3: Tow(C) — C given by F3({Y;}) =

I'&HY;, we conclude that @K is an e-object.

To prove item (2), it suffices to show that if {¥;} € Tow®™(C), then the tower {L{Y;} belongs to
Tow™!(C). This follows from Lemma 2.12, which implies that Tow™(C) and Tow®™!(C) have the same

image under L. ]

—perf
2.3. (A, e)-nilpotent objects. Let C € CAlg(Catzo ) be a symmetric monoidal, stable, idempotent-

complete co-category with biexact tensor product and let A € Alg(C).

DEHNHHON219(C£[Bou79;Dd.37D.ThewﬂmMmgnyNﬂA<iCisﬂwthkk@ﬁdmﬂonganmmﬁd
by A.

We refer to [MINN17] for a detailed treatment of the theory of A-nilpotence and [Mat16a] for some
applications to analogs of faithfully flat descent theorems. As before, we can define an e-version of the above

following the same pattern.

DEFINITION 2.20. We define Nil*** = (Nil#), as in Definition 2.1 and we call this the subcategory of

(A, €)-nilpotent objects in C.

We recall the following result. Although the idea is surely classical, we refer to [MINN17, Prop. 4.7]
for a modern exposition. Consider the augmented cobar construction CB*"#(A): AT — C. The underlying

cosimplicial object is the cobar construction CB*(A) € Fun(A,C)
—
AjA@Aj...7

and the augmentation is from the unit.

—perf
PROPOSITION 2.21. Let C € CAlg(CautZ<> ) and let A € Alg(C). Suppose X € C is A-nilpotent. Then
the augmented cosimplicial object CB*'#(A) ® X is a limit diagram and the associated Tot tower is quickly

converging.

As a consequence, we can deduce an e-version of the above.

—perf
PROPOSITION 2.22. Let C € CAIg(CatI:j ) and let A € Alg(C). If X € C is (A, €)-nilpotent, then the

augmented cosimplicial object CB*"¢(A4) ® X is an e-nilpotent limit diagram.

PrROOF. We have an exact functor C — Tow(C) which sends

X — {cofib(X — Tot;(CB*(A4) ® X))}.
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This carries Nil?* into Townﬂ(C) by the previous proposition. Therefore, it carries Nil**¢ into Tow*™! (C) by

Lemma 2.2, which completes the proof. O

3. Noncommutative motives

In this section, we will set up more machinery needed for our descent theorems in algebraic K-theory.
These will take place in an appropriate co-category of non-commutative motives which, following [BGT13],

is universal as a target for certain invariants of oo-categories with some additional structure.

3.1. General motives. We begin by reviewing the point of view on connective algebraic K-theory
described in the papers of Blumberg-Gepner-Tabuada [BGT13, BGT14] and its generalization to the
setting of stable co-categories linear over a fixed base, which has been developed by Hoyois-Scherotzke-
Sibilla [HSS15]. Our treatment will essentially follow theirs. For our purposes, however, it will be necessary
to work with a slight variant since we want to consider invariants of oo-categories that do not necessarily

commute with filtered colimits, such as topological cyclic homology. This will not change the essential ideas.

As before, we consider the oco-category Catgsrf of small, idempotent-complete, stable co-categories and
exact functors between them. Using the Lurie tensor product, Catggrf is a symmetric monoidal co-category.

One has a lax symmetric monoidal functor
K(—): Catl™ — Sp

given by (connective) K-theory. In the setup of [BGT13, BGT14], one constructs a presentable, stable
symmetric monoidal co-category Mot of mon-commutative motives. This receives a symmetric monoidal
functor Uygq: CatPt — Mot, and given C € CatP™™, we can identify K (C) with the mapping spectrum from
the unit into the object Upga(C) € Mot. The oco-category Mot satisfies a universal property for receiving
maps from Catggrf that satisfy certain properties. We briefly review a general form of their construction (cf.

[BGT14, §5)).

Let C be a small, pointed, symmetric monoidal oo-category and let 2 C Fun(A! x Al C) be a full

subcategory. Suppose that:

(1) 2 is closed under tensoring with objects in C.

(2) The tensor product of a zero object in C with any object is a zero object.
DEFINITION 3.1. Let D be a presentable, stable co-category. A functor F': C — D is called 2l~-admissible
if the following hold:

e Let * € C be a zero object. Then F(x) € D is a zero object.
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e Any diagram A! x Al — C that belongs to 2l is carried by F to a pushout square in D.

We will let Fun®™(C, D) € Fun(C, D) denote the co-category of 2l-admissible functors from C to D.

We will now recall the construction of the universal presentable, stable oco-category receiving an 2A-

admissible functor from C, which we will denote Motc o below.

Construction 3.2. We consider the Yoneda embedding C < P(C). We recall (cf. [Lurl6, Cor. 4.8.1.12]
and [Glal6]) that the target inherits a symmetric monoidal structure via Day convolution. Similarly, the
oo-category Psp(C) of presheaves of spectra inherits a bicocontinuous symmetric monoidal structure via the

tensor product

Psp(C) ~P(C) ® Sp.
We have a canonical symmetric monoidal functor C — Pg,(C). We will let the image of x € C in Pg,(C) be
denoted hy; these are compact generators of Pgp,(C).
We consider the localizing subcategory Z C Ps,(C) generated by the following two sets of objects:

e h,, where x € C is a zero object.

e For each square

|

O <—0Q
Q <~

—_—

which belongs to 2, the cofiber of hy Up, he — hq.

Our hypotheses on A and C imply that Z is actually a localizing ®-ideal and that it is compactly
generated. We define the symmetric monoidal co-category Motc o of (C,2)-motives as the localization of

Psp(C) at the class of morphisms X — 0 where X € T.

We note the following basic properties of Mot o:

PROPOSITION 3.3. (1) Motc,g is a presentable, symmetric monoidal stable co-category with a
bicocontinuous tensor product ®.
(2) There is a symmetric monoidal, A-admissible functor C — Mot¢ o and the image consists of compact
objects of Mot o. In particular, the unit is compact in Mot¢ 5.

(3) Let D be any presentable stable co-category. Then there is a natural equivalence

Fun® (Motc o, D) ~ Fun®™(C, D).
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If, moreover, D is presentably symmetric monoidal, then symmetric monoidal functors correspond

under this equivalence.

PROOF. The first claim follows from the construction of Mot¢ o as the accessible localization of Pg,(C)
at a localizing ®-ideal. For the second claim, we note that the functor C — Pg,(C) is symmetric monoidal
and so is the localization functor Pgp(C) — Motc o. Therefore, their composite is naturally a symmetric
monoidal functor. Now the Yoneda functor C — Pg,(C) takes values in compact objects and, since we
are localizing at a class of morphisms generated by maps with compact source and target, the localization
Psp(C) — Mote o preserves compact objects. For the final claim, we have natural equivalences for any

presentable stable co-category D,
Fun” (Ps,,(C), D) =~ Fun®(P(C), D) ~ Fun(C, D).

Here one sees that the subcategory Fun®™(C, D) of 2-admissible functors corresponds to the subcategory

of Fun” (Psp(C), D) which carries the localizing subcategory Z into 0. This proves the result. |

3.2. The oo-categories Mot,(R). We consider the symmetric monoidal co-category CatP™™ of small
stable, idempotent-complete oco-categories with the Lurie tensor product. This is a compactly generated,
presentable co-category (cf. [BGT13, Cor. 4.25]) with a bicocontinuous tensor product. We will need to

know that the compact objects are closed under the tensor product.
Lemma 3.4 ([BGT14, Prop. 5.2]). The tensor product of compact objects C,D € Catgoerf is compact.

DEFINITION 3.5. Given a small symmetric monoidal stable oco-category R € CAIg(Catggrf), consider
its oo-category Modg (CatP™) of modules in CatP™, which we call the co-category of (small) R-linear

oo-categories.

By construction, ModR(Catgsrf) is a compactly generated presentable symmetric monoidal co-category
with the relative tensor product — ®x — commuting with colimits in each variable. The generators are
of the form R @ C, where C € Catgsrf is compact. It follows that there are also internal mapping objects

Mapg (—, —) in Modg (Cat2™).

Example 3.6. Since the unit R € Modg (CatP™) corepresents the functor which extracts the underlying
oo-groupoid of an object M of Modg (CatP™), it follows that the underlying co-groupoid of Maps (M, N)

identifies with the space of maps M — N in ModR(Catlgsrf).

perf

Construction 3.7. The symmetric monoidal co-category Modg (CatbS

) is closed, so we can regard it as

enriched over itself. As a result, we can extract a 2-category from it, as follows. Namely, for M, N €
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1\/[0d73(Cat§.’fjrf)7 we define the category of morphisms from M to A to be the homotopy category of the

underlying co-category of the internal mapping object Map (M, N) € Modg (Cat2e™).

Thus, for a morphism f: M — N in ModR(CatIo’grf), it makes sense to ask, for example, whether f is

right adjointable.

Remark 3.8. The condition that a morphism f in ModR(Catggrf) be right adjointable is generally stronger
than the condition that the underlying functor of f admit a right adjoint (we need the right adjoint to be
R-linear), though the conditions are equivalent if every object of R is dualizable. To avoid ambiguity, we
will use the term R-linear right adjoint for the notion coming from the 2-category ModR(Catgjrf). For more

discussion of this issue, see [Gail2] and [Lur, Rem. D.1.5.3].

Now we recall a class 2 of objects of Fun(A! x A, Modg (CatP")) which corresponds to the class of
split-exact sequences of [BGT13, BGT14], or in other terms to the notion of semi-orthogonal decomposition
in the theory of triangulated categories (cf. [Lur, §6.2]). Compare [HSS15, Def. 5.3] for a discussion in the

R-linear setting.
DEFINITION 3.9. Let R € CAlg(Cat?™") and let
X=WM-S5 NP

a sequence in Modg (CatP") with null composite. Note that the space of null-homotopies of any map in

Cat‘;f)rf is either empty or contractible, so this can be interpreted either as structure or a condition.

We say that X is a split-exact sequence if the following conditions hold:

The functors ¢ and p both have R-linear right adjoints, say 4, and p,., respectively.

The unit map 1 — 4, o7 is an equivalence, i.e., 7 is fully faithful.

The counit map p o p,. — 1 is an equivalence, i.e., p,. is fully faithful.

The natural sequence i o i,, — idpyr — p, 0 p is a cofiber sequence of functors A" — A. Note that

one has a canonical nullhomotopy of the composite because M — P is the zero functor.

In such a situation, it is easy to see that X is both a fiber sequence and a cofiber sequence in Modz (Cat2')
(and a Verdier quotient in Catgfjrf), and the same is true of the sequence obtained by passing to right ad-
joints. We will need to know that the R-linear tensor product respects split-exact sequences. Compare also

[BGT14, Lem. 5.5].

Lemma 3.10. Let M — N — P be a split-exact sequence of R-linear oo-categories and let C be any

R-linear oo-category. Then the sequence C @ M — C @r N — C @ P is a split-exact sequence too.
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PROOF. The tensor product —®% C: Modg (Cat2") — Modx (CatP™") is naturally an enriched functor.
Therefore, it can be applied not only to R-linear functors, but also to natural transformations of functors:
it has the structure of a 2-functor. In particular, it preserves adjunctions, and hence it preserves the first

three conditions in the definition of split-exact sequence.

To check the last condition, we observe that if F/ — F — F" is a cofiber sequence of R-linear functors

C — D for C,D € Modg (Cat®™™), then
F/®R(€—>F®R5—>F”®Rg

is a cofiber sequence of R-linear functors C ®r & — D @5 & for any £ € Modg (Cat2™"). This follows from

the fact that the map of spaces
Homy; - (carzerty (C; D) = Homyy o iperty (C @R €, D @R €)
arises by taking spaces of objects from a morphism
Mapg (C, D) = Mapg (C ®r €, D @ £) € Modg (CatPe™),

i.e., an R-linear exact functor, which in particular preserves cofiber sequences on underlying oo-categories.

O

We now would like to construct an oo-category of R-linear non-commutative motives from Modz (CatP'),
but we need to make a minor technical detour since Catggrf is not essentially small. Choose a regular car-
dinal k. Then the k-compact objects in ModR(Catgfff) are closed under pushouts, retracts, and R-linear
tensor products (cf. Lemma 3.4). For any specific statement (e.g., descent-theoretic assertion), we will end

up assuming & is taken large enough such that our required statement takes place entirely in the world of

K-compact objects.

DEFINITION 3.11. Fix R € CAlg(Cat?™) and fix a regular cardinal k. We let Modj (Cat®t) <

ModR(Catgsrf) denote the full subcategory spanned by the k-compact objects, or an equivalent small model.

(1) The oo-category Mot (R) of non-commutative R-motives is defined to be MotMod%(Cmggrf),gl where
2 is the collection of split-exact sequences in Mod%(Catggrf). When R = Sp® and k = Ny, then
this is equivalent to the definition of [BGT13] in view of [HSS15, Prop. 5.6]. Of course, the
definition of Mot (R) depends on the choice of .

(2) When R is an E-ring, we will write Mot, (R) = Mot (Perf(R)).
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(3) Given a k-compact R-linear oo-category M, we write Uyaga(M) € Mot,(R) for its image. We let
Kjy(M) = moHomper,, (r) Uwadd (R), Uwadd (M)).

(4) A weakly additive invariant of (k-compact) R-linear co-categories is a functor Modg (CatP™) — D,
where D is a presentable stable co-category, which is 2-admissible for 2 as in part (1). We find
that any weakly additive invariant naturally factors through Mot,(R) by Lemma 3.3. We adopt

the term weakly additive here to remind the reader that commutation with filtered colimits is not

stipulated.

To conclude this section, we relate K (—) with algebraic K-theory.

Construction 3.12. Let M be an R-linear co-category. Let Ex(M) denote the R-linear co-category of
cofiber sequences (X — Y — Z) in M. More formally, Ex(M) C Fun(A! x A, M) is the subcategory of

those cocartesian diagrams of the following form:
X
0

Note that Fz(M) ~ Fun(AY, M) via (X - Y — Z) — (X — Y). We have the following split-exact

—_—

N <~ ~

-

sequence of R-linear co-categories M — Ex(M) — M, where:

e M — Ex(M) is the functor X — (X = X — 0). This has a right adjoint which sends (X - Y —
7Z) to X.

o FEx(M) — M is the functor (X — Y — Z) — Z. This has a right adjoint which sends Z to
0 Z = 2).

Remark 3.13. Note that Ex(M) ~ Ex(Sp*) ® M € CatP™ | so that if M € Modg (CatP™) is k-compact,
then so is Ex(M). To see this, we use the fact that Ez(M) ~ Fun(A', M) is the co-category of compact
objects in Fun(A!,Ind(M)) ~ Fun(A',Sp) ® Ind(M), where the latter tensor product is taken in the oo-

category Prk. Compare [Lurl5, Prop. 2.2.6].

It follows that the functors Fx(M) I M given by (X - Y — Z) — X and (X =Y — Z) — Z induce
an equivalence

Uadd(Bx(M)) = Ugaaa (M) X Uadaa(M) € Mot (R).

Construction 3.14. Let M be a k-compact R-linear co-category. We construct a homomorphism

(3.15) Ko(M) — Kj(M)
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as follows.

Given X € M, we obtain an R-linear functor R — M sending the unit object to X, which defines an
element in K{(M). Given a cofiber sequence X — Y — Z, we need to show that the class of Y in K{(M) is
equal to the sum of the classes of X and Z. By applying the functor of projection to the “middle term,” it
suffices to check that the class of the object (X — Y — Z) in Fxz(M) is the sum of the classes (X = X — 0)
and (0 — Z = Z). But by the above equivalence in Mot (R), we can check this after projection to the outer

terms, where it is obvious.

Using the techniques of [BGT13, HSS15], one can in fact show that Ky ~ K. Since we will not need

this, we omit the proof.

4. Abstract descent results

In this brief but central section, we describe how the use of E.-structures enables one to prove abstract
descent and e-nilpotence results in a symmetric monoidal, stable co-category. Our basic tool is Theorem 4.2

below. Throughout, we use the following notation.

—perf
DEFINITION 4.1. Given C € CAlg(Ca’czO ) and M € C, we let (M)® C C denote the thick ®-ideal

generated by M and (M)? its e-enlargement.

€

—perf
THEOREM 4.2. Suppose C € CAlg(Ca‘cZo ) with unit 1 and R € CAlg(C). Moreover, suppose there
exists M € C and a map M — R such that the image of (moM) ® Q — (mgR) ® Q contains the unit. Then
R e (M)®.

ProOF. Without loss of generality, we may assume C is small by writing C as a union of small subcat-
egories. Let N be a positive integer such that (moM)[N~!] — (moR)[N~!] has image containing the unit.
Let X be the set of primes dividing N. We will show that in fact R belongs to (M >§2-

To see this, let T" be any finite spectrum whose p-localizations for p € 3 are all nontrivial. We need to
show that R belongs to the thick ®-ideal generated by M and T'A 1. Let J C C denote this thick ®-ideal.
We can then form the Verdier quotient C/J, and equivalently we need to show that the image R of R in
C/J is zero. This is equivalent to showing that the E..-ring B = Homg, 7(1, R) is contractible: in fact,
that will imply that the unit map 1 — R is nullhomotopic, so that R = 0. Note also that 7' A B = 0 since

smashing with 7" annihilates the co-category C/J.

We now prove that B is contractible. By hypothesis, there is a map f: M — R in C whose image in

7o ® Z|N~1] contains the unit. In other words, there is a map g: 1 — M such that N¥ = fog € mgR. After
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taking the Verdier quotient, M and hence z maps to zero, so we find that N¥ = 0 in moB. This implies that
we have HQ A B = 0 and that for all primes p not dividing N, we also have HF, A B = 0. For each p | N,
however, we claim that we have HF, A B = 0 as well. This follows from the fact that B AT = 0 and since
T has nontrivial mod p homology. Using the May nilpotence conjecture [MINN15, Thm. A] applied to the

unit in B, we conclude that B = 0. ]
We obtain the following consequence for (A4, €)-nilpotence.

——perf
THEOREM 4.3. Suppose C € CAlg(Catzo ), R € CAlg(C) and A € Alg(C). Suppose that there exists
an A-module M and a map M — R such that the image of moM ® Q — 7R ® Q contains the unit. Then

R e Nil’¢. In particular, CB®'¢(A) ® R is an e-nilpotent limit diagram.

PROOF. Theorem 4.2 implies that R € (M)®. Since M is an A-module, we have M € (A)®, and

conclude that R € (4)® = Nil*. The final claim follows from Lemma 2.22. O

We can apply this to obtain an e-nilpotence descent result in Mot (R) in the sense of the previous

section.

THEOREM 4.4. Let R € CAlg(Catgf)rf) be a small symmetric monoidal, idempotent-complete stable oco-
category and let A € Alg(Modg (Cat?™)) be an R-linear monoidal co-category. Suppose that there exists
an R-linear functor A — R whose image on Ky(—) ® Q contains the unit. Choose a regular cardinal x such

that A is k-compact in Modg (CatP™). Then the augmented cosimplicial object in Mot (R),
—
Z/{wadd(lR’) — (uwadd(A) :))uwadd (A ®R A) :; e )
is an e-nilpotent limit diagram.

PrROOF. We apply Theorem 4.3 with C := Mot (R), R := Uyadaa(R) € CAlg(C) the unit of C, and
M = A := Uyaada(A) € Alg(C). Then the map (moM — meR) = (K{(A) — K}(R)) is seen to be
rationally surjective (equivalently, has image containing the unit) using the map in Construction 3.14 and

our assumption on Kj. O

To conclude this section, we now establish a result that gives a much stronger conclusion about the
comparison map as above in the special case in which one has a further assumption on the image in my of

the map M — R.

THEOREM 4.5. Suppose C is a presentable, symmetric monoidal stable co-category where the tensor is

bicontinuous, and the unit 1 is compact. Suppose A € Alg(C) is dualizable in C. Suppose that there exists
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an A-module M and a map M — 1 such that the image of moM — w1 contains the prime p. Then, for any
X € C, the fiber of
X — Tot(CB*(4) ® X)

has the structure of an [F,-module.

PrROOF. We will freely use the language of acyclizations (or cellularizations) and localizations with
respect to a dualizable object, for which we refer to [MINN17, § 2-3] for an exposition. We use Hom for
internal mapping objects in C. Let V4,U4 € C be the A-acyclization and A~ !-localization of 1, so that we
have a cofiber sequence

VA—>1%UA,

such that A ® U4 = 0 and such that V4 belongs to the localizing ®-ideal generated by A. We then have
Tot(CB*(A) ® X) ~ Hom¢(Va, X),

because both sides give the A-completion of X. In particular, the fiber of X — Tot(CB*(A4) ® X) can be

identified with the internal mapping object Hom¢ (U, M).

We observe now that Uy is an E-algebra in C, as the A~!-localization of 1. Moreover, by assumption
moU 24 is an Fp-algebra. It follows that the underlying Es-algebra of Home(1,Uy) is an Eq-algebra over I, by
the Hopkins-Mahowald theorem that the free Eo-algebra with p = 0 is HF,. See [MINN15, Thm. 4.18] or
[ACB14, Thm. 5.1] for recent expositions of this result. By adjunction, it follows that Uy € C is a module

over [F,,, and therefore the fiber Hom¢ (U4, X) is one, too. |

5. Examples and applications

In this section, we will give the primary examples and applications of our descent results (in particular,
Theorem 4.4), to algebraic finite flat extensions of E.-rings and to many of Rognes-style Galois extensions

of Eo-rings.

THEOREM 5.1. Let A — B be a morphism of E-rings. Suppose that B is a perfect A-module and the
natural map Ko(B) ® Q — Ko(A) ® Q has image containing the unit. Assume k is such that Perf(B) is

k-compact in Modpe,s(4) (Catggrf).

Let F be any weakly additive invariant of s-compact A-linear oo-categories (e.g., K-theory, non-

connective/Bass K-theory, homotopy K-theory of Z-linear co-categories [Tabl5], THH, and TC) taking
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values in a presentable stable co-category D. Then the augmented cosimplicial diagram
F(Perf(A)) — (F(Perf(B)) S F(Perf(B®a B)) = .. )
is an e-nilpotent limit diagram. In particular, the natural map in D
F(Perf(A)) — Tot (F(Perf(B)) = F(Perf(B @4 B)) = .. )
is an e-equivalence, and the associated Tot tower becomes quickly convergent after any periodic localisation.

Proor. We apply Theorem 4.4 with R := Perf(A), A := Perf(B) and the forgetful functor A — R,
which is R-linear. Note that the functor B’ — Perf(B’) is a symmetric monoidal functor from the oco-
category of A-algebras to the oo-category Modpe,¢() (Catggrf) (cf. [Lurl6, Rem. 4.8.5.17] for a treatment in

the presentable setting). We conclude that
Usada (Perf(4)) = (Usaaa (Perf(B)) = Unaaa (Perf(B @4 B)) = ... )

is an e-nilpotent limit diagram in Mot (A). The given F' factors through an exact functor Mot,(A) — D,

and we conclude by Lemma 2.17, part (4) and Lemma 2.18, part (2). |

Remark 5.2. We note that if the hypotheses of Theorem 5.1 are satisfied for A — B, then they are satisfied

for A - B®4 A’ for any E-ring A’ under A.

5.1. Algebraic examples. We now show that the desired hypothesis of rational surjectivity in Theo-
rem 5.1 is satisfied for a finite flat extension of E..-ring spectra. In particular, algebraic K-theory, after any

periodic localization, is a sheaf on the finite flat site.

We need a lemma first.

Lemma 5.3. Let X be a quasi-compact, quasi-separated scheme and P € Perf(X) a perfect complex
of Ox-modules. Assume that the Euler characteristic of P has constant value n € Z. Then the class
[P] —n € Ko(X) is nilpotent. In particular, if the Euler characteristic of P is everywhere non-zero, then the

class [P] € Ko(X) ® Q is a unit.

PROOF. In this case, the class [P] — n is annihilated by the augmentation map Ky(R) — Z and is
therefore nilpotent (cf. [Swa68, Prop. 10.2]). |
PROPOSITION 5.4. Let A — B be a morphism of E,-ring spectra. Suppose that:

(1) The mpA-module 7B is faithfully flat, finite, and projective.
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(2) The natural map m,(A) ®x,(a) 70(B) — m.(B) is an isomorphism.

Then the hypotheses of Theorem 5.1 are satisfied.

PROOF. It is easy to see that B is a perfect A-module. Applying Remark 5.2, it suffices to prove this
proposition after replacing A and B with their connective covers. In this case, K¢(A) = Ko(mpA). The

result now follows from Lemma 5.3. O

Example 5.5. Let f: X — Y be a morphism of noetherian schemes. Consider the functor f*: Perf(Y) —
Perf(X).

Suppose f is projective and of finite Tor-dimension, so that f, defines a functor f.: Perf(X) — Perf(Y).
Suppose further that f is surjective. In this case, we note that f,. defines a rational surjection Ko(X)®Q —
Ko(Y)®Q. In fact, we can choose a relatively ample line bundle O(1) on X and f.(O(n)) is a perfect complex
of everywhere nonzero Euler characteristic on X for n > 0, so that the class of f,(O(n)) is invertible in
Ko(X) ® Q by [Swa68, Prop. 10.2] in the affine case. One can reduce to the case of YV affine by Zariski

descent as in Lemma 5.22.

Thus, for any weakly additive invariant F' of Z-linear oo-categories, we have that
F(Perf(Y)) — (F(Perf(X)) = F(Perf(X xy X)) 3)

is an e-nilpotent limit.

We use [BZFN10, Thm. 1.2] (whose hypotheses are satisfied by [BZFN10, Prop. 3.19, Cor. 3.23]) to
identify Perf(X xy X) ~ Perf(X) ®peys(y) Perf(X) and so on for the higher terms. Note that if f is not flat,
then the fiber products such as X xy X need to be interpreted in the derived sense. However, if [ is a prime
invertible on Y, then the [-completed K-theory will be the same whether we take the derived or ordinary
fiber products. (Use Zariski descent to reduce to the affine case; there, by the group-completion theorem, it
suffices to see that if A is a connective Eo-ring with 1/I € A then BGLg(A) — BGLg(mpA) = m<1 BGL4(A)
is a (mod !) homology equivalence. This follows from the fact that for n > 1, the homotopy m, BGL4(A) =

(ﬂ'n_lA)d2 is uniquely I-divisible.)

5.2. Rognes’s Galois extensions. We now obtain our general descent result for Galois extensions of

structured ring spectra in the sense of Rognes [Rog08].

THEOREM 5.6. Let A — B be a G-Galois extension of E.-ring spectra where G is finite. Suppose that
the image of the transfer map Ko(B) ® Q — K(A4) ® Q contains the unit. Then, for all n > 0 and implicit

primes, we have:
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(1) The natural maps of spectra

LYK (A) = LI(K(B)") — (L, K(B)",

n

are equivalences.
(2) If M is any A-linear oo-category and F': Modpe,¢(4) (CatPe™) — Sp is any weakly additive invariant

for k large enough, the maps
LIF(M) = LL(F(M ©4 B)"%) — (L{ F(M ®@4 B))"©

are equivalences.

(3) Notation as above, the map
F(M) = (F(M ®4 B))"¢

is an e-equivalence (e.g., K(A) — K(B)"“ is an e-equivalence).

(4) The Tot tower that computes L} F(M ® 4 B)"“ is quickly converging.

PROOF. This follows from Theorem 5.1. We note that B is a dualizable, and hence perfect, A-module
by [Rog08, Prop. 6.2.1], and that the equivalence B ® 4 B ~ [] sec B identifies the cobar construction
B2 B®a BE ... with the diagram computing the G-homotopy fixed points of B. Note also that each of
the functors

B — Perf(B) — Uyaaa(Perf(B)) — F(Perf(B))

preserves finite products: in fact, any weakly additive invariant preserves finite products. O

We next observe that the condition of rational surjectivity of the transfer map is particularly transparent

in the case of a Galois extension.

PROPOSITION 5.7. Let G be a finite group and A — B be a G-Galois extension. Then the following are

equivalent:

e Ky(B)®Q — Ky(A) ® Q has image containing the unit.
e The class of [B] € Ko(A) ® Q is a unit.
e The class [B] € Ko(A) ® Q is equal to |G]|.

PRrROOF. Clearly, the third condition implies the second, which implies the first. It suffices to argue that

the first condition implies the third to prove that they are all equivalent.
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Let i*: Ko(A) ® Q = Ko(B) ® Q be the canonical ring map and i,: Ko(B) ® Q = Kyo(A) ® Q be the
restriction map. Recall that if we regard Ko(B)®Q as a Ky(A) ® Q-module via i*, then i, is a module map.
Suppose € Ko(B) ® Q has i,(z) = 1. Then ¢* is injective, since it has a section given by y +— i.(zy). To
show that [B] = |G|, it thus suffices to apply i* and check it in Ko(B) ® Q. We have

*[B]=[BwaB]= |[] B| =Gl
geG

and we are done. ]
For ease of reference, we give this property a name.

CONDITION A. A G-Galois extension A — B satisfies the equivalent statements of Lemma 5.7.

We now give some examples.

Example 5.8. Let n > 1 and let k£ be a field of characteristic zero containing the nth roots of unity. We let
A be the unique E,-algebra over k with homotopy groups given by m,(A4) ~ k[mzﬂ] where |2o| = 2. Here
A can be obtained by starting with the free E,-algebra under k£ on a degree two class and then inverting
it. There is a Cy-action on A (obtained, e.g., using this presentation) such that a generator acts on xs
by multiplication by a fixed primitive nth root of unity, and A’ = (A)"“» has homotopy groups given by

k[(z3)*1]. The map A’ — A is a C,,-Galois extension and Condition A is satisfied, so we find that
K(A') — K(A)"n
is an e-equivalence.

Example 5.9. Cousider the C3-Galois extension KO — KU. In this case, the class in Ko(KO) of KU €
Perf(KO) is equal to 2, in view of Wood’s theorem KO AX~2CP? ~ KU. Therefore, Condition A is satisfied
and we find that the fiber of K(KO) — K(KU)"“? is an e-spectrum.

We note that the comparison problem here was raised in [AR12, Rem. 2.13]. In [BL14], it was shown

that the map K(KO) ® Q — (K(KU) ® Q))"“2 is an equivalence using localization sequences.

As indicated in the introduction, we can actually do better in this case.

THEOREM 5.10. (1) The fiber of the comparison map K(KO) — K(KU)"“2 admits the structure

of an Fy-module spectrum.
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(2) Let E,_; denote Lubin-Tate E-theory at the height p — 1, so that C}, is a subgroup of the Morava
stabilizer group. Then, the fiber of the comparison map K(Ez}ff) — K(E,_1)"“» admits the
structure of an IF,,-module spectrum.

(3) More generally, if R — R’ is a G-Galois extension and the wrong-way map Ko(R') — Ky(R)
has image containing a prime number p, then the fiber of the map K(R) — K(R')"“ admits the

structure of an F,-module.

ProOOF. We will prove the third claim and then explain why the first and second claims are special

cases. For the third claim, we will apply Theorem 4.5.

To apply this result we will first show that if R — R’ is a G-Galois extension of E,.-rings in the sense of
Rognes (with G finite), then Perf(R’) is dualizable in Mod, pert (Perf(R)). By [AG14, Thm. 3.15] (originally
due to [Toél2, Prop. 1.5 for simplicial commutative rings), this statement is equivalent to the assertion

that R is a smooth and proper R-algebra, that is:

(1) R is a perfect R-module, so all mapping R-module spectra in Perf(R’) are perfect as R-modules.

(2) R’ is perfect as an R’ @ g R'-module.

The first condition is a general fact about Galois extensions: the perfect R-modules are the dualizable R-
modules and R’ is dualizable by [Rog08, Prop. 6.2.1]. The second condition follows from the equivalence of

algebras R’ @r R’ ~ ]| e R', which implies that R’ is a direct factor of a free R’ ® g R’-module of rank one.

Suppose R — R’ is a G-Galois extension and the image of Ko(R') — Ko(R) contains the prime p. In

this case, we find that the fiber of the map in Moty, (R)
Usaad (Perf(R)) — Tot (uwadd (Perf(R'))  Unaaa(Pert(R @ R')) S .. )

or equivalently

fib (Uyaad (Perf(R)) — Ugaaa(Perf(R'))")

admits the structure of an Fy-module in Moty, (R). We now apply the functor
HomMotNO(R)(L -): Moty, (R) — Sp

(which is continuous and cocontinuous) and use the identification (cf. [BGT13, Thm. 7.13] when R = S°

and [HSS15, Thm. 5.25] for R arbitrary) with K-theory to conclude that
fib (K(R) — K(R')"“)

has the structure of an F,-module spectrum.
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Finally, we need to check that the relevant prime p belongs to the image of the transfer map in the cases
of KO — KU and E:f{’ — E,_1. We already observed this for the extension KO — KU in Example 5.9.

The claim for the extensions E;ff — E,_; is contained in the appendix (omitted in this thesis). ]

5.3. Further Galois examples. In this subsection, we will give several further examples of our Galois
descent results. We will need various tools for verifying Condition A. We begin with the observation that
if we can control Ky of a ring spectrum, checking Condition A (on an arbitrary Galois extension) is often
straightforward.

We consider the following condition on a ring spectrum. Given an E.-ring A, let Idem(A) be the set of
idempotents in mo(A). We obtain a map Idem(A) — Idem(K (A) ® Q) that sends an idempotent e € mpA to

the class of the perfect A-module Afe™?].

CoNDITION B. The map Idem(A) — Idem(K(A) ® Q) is bijective.

We first show that the map is often injective.

Lemma 5.11. Let A be an E.-ring. Suppose that A has no nontrivial torsion idempotents (equivalently, for
every nonzero idempotent e € my(A), the rationalization Ale~!]g is nontrivial). Then the map Idem(A4) —

Idem (K (A) ® Q) is injective.

PRrROOF. Note first that the map Idem(A) — Idem (K (A4) ® Q) is a map of Boolean algebras. It suffices
to show the map has trivial kernel. Let e be a nontrivial idempotent. We need to show that the class of the
perfect A-module A[e™!] is nontrivial in Ko(A)® Q. However, under the map Ky(A4) ®Q — Ko(Ale™!]) ®Q,
this class is carried to the unit. Therefore, it suffices to show that Ko(A[e™']) ® Q # 0. This follows from

the existence of a multiplicative trace map
K()(A[e_l]) ® Q — THH()(A[G_l]Q) — W()A[e_l](@.
Since the target is nonzero by assumption, the source must be nonzero too. O

Condition B will play a basic role in this subsection, and most of our results will state that specific E.-
ring spectra satisfy the condition. In particular, it (together with a mild statement about rationalization)

implies the previous Condition A for every Galois extension.

PROPOSITION 5.12. Suppose A is an E.-ring such that:

(1) A satisfies Condition B.

(2) A has no nontrivial torsion idempotents.
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Then every G-Galois extension A — B satisfies Condition A.

PRrROOF. We use the notation in the discussion immediately following Condition A. Namely, we let
iv: Ko(B)®@Q — Ko(A) ® Q the rational restriction of scalars map and i*: Ko(A) ® Q — Ko(B) ® Q be the

usual map. Let y = ,(1)/|G| € Ko(A) ® Q. We need to argue that y = 1.

We have y? = y by the relation B®4 B ~ ], B, so y € Ky(A) ® Q is an idempotent. By Condition B,
every idempotent in Ko(A) ® Q arises from an idempotent e € mgA. Consider the E,.-ring A’ = A[(1—¢e)™}]
and the G-Galois extension A’ — B’ ~ B ®4 A’. Since A’ is a perfect A-module, base-change along
A — A’ preserves the Galois condition. It follows that we have a G-Galois extension A’ — B’ such that
[B'] =0 € Ko(A") ® Q. We will now show that Ag = 0. The hypothesis (2) we have assumed implies that
e =1, and we will then be done.

The image of [B’] under the map Ky(A') ® Q — Ko(B') ® Q is given by |G| via the Galois property
B' @4 B" ~ [ B’. Thus, if [B'] € Ko(A") ® Q vanishes, we conclude that Ky(B’) ® Q is the zero ring
and, by the argument with the trace of Lemma 5.11, we find that B@ ~ (. By Lemma 5.13, we get that
Af ~ 0.3 |

Lemma 5.13. Let B be an E,-ring. Suppose the finite group G acts on B in the oo-category of E.-rings

and set A = B"“. Suppose an integer N is nilpotent in mo(B). Then N is nilpotent in mo(A) too.

PRrOOF. First of all, B splits into a direct product of its p-completions for p | N, and the p-completion
Ep has the property that it is annihilated by a power of p. The splitting is compatible with the action of G.

Therefore, we may assume that N = p is a prime number.

Let G, be a p-Sylow subgroup of G. Then A is a retract of B"G» Tt suffices to show that p is nilpotent
in B"G». Therefore, we can reduce us to the case where G = G, is itself a p-group. Since p-groups are

nilpotent, an induction reduces to the case of G = C},, which we now consider.

So suppose B is an E,-ring with a Cp-action and A ~ B"®». Suppose p is nilpotent in 7o(B). By [BH15,
Thm. 1.4], the Cp-action on B determines a cofree or Borel-complete genuine commutative Cp-ring spectrum
R with R} ~ B, R® ~ A. By the results of [Bru07], its m is therefore endowed with the structure of
a Tambara functor [Tam93]. Therefore, we can consider the multiplicative norm NEP: mo(B) — mo(A) as

well as the additive norm Tr%” : mo(B) — mo(A). We have, using [Tam93, p. 1398, (v)],

NE(p)=p+ (P = 1)Telr(1) € mo(A).

3When A’ — B’ is a faithful Galois extension, then A’ — B’ is descendable, so that B@ ~ 0 implies A@ ~ 0 by descent. The
use of Lemma 5.13 is to cover the non-faithful case.
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Note that z = TrS? (1) satisfies 22 = pz. Since for n > 0 sufficiently large, p"z = TrS?(p™) = 0, it follows
that x is nilpotent: in fact, 2! = 0. Since NEP (p) is nilpotent in my(A) too, it follows that p is nilpotent

in 7T0(A). O

We next exhibit a class of E-rings A for which Ky(A) admits a purely algebraic description, and as
a result, the above conditions are more amenable for them. In particular, we will show that in this case

Condition B is satisfied.

PROPOSITION 5.14. Let A be an Eo.-ring spectrum. Suppose 7, (A) is even, regular, and noetherian of

finite Krull dimension. Then we have an isomorphism of commutative rings
Ko(A) ~ Ko(m.(4)),

where we consider 7, (A) as an ungraded ring.

PrOOF. We define the morphism

Ko(A) — Ko(m(A))

(which by regularity is the Grothendieck group of finitely generated 7.(A)-modules) as follows. Given a
perfect A-module M, we consider 7, (M) ~ Teyen(M) & Toaqa(M) as a finitely generated m,(A)-module and
take the class [Teven(M)] — [Foaa(M)] in Ky. The long exact sequence in homotopy implies easily that this

defines a map Ky(A) — Ko(m.(A)) as desired.

To define the isomorphism in the opposite direction, let C be the category of finitely generated, evenly
graded projective m,(A)-modules. To any object of C we can associate a perfect A-module (given by a retract

of a sum of shifts of A itself) and we easily obtain a multiplicative map
Ky(C) = Ko(A).

For any P € C, the class of P and its shift P(2) (defined such that P(2); = Pyy2) map to the same class in
Ky(A). By a theorem of van den Bergh [VdB86] (cf. also [Haz16, Cor. 6.4.2], but applied to the graded

ring B, with B, = As,), we have an isomorphism of rings
(5.15) Ko(m.(A)) = Ko(C)/([P] - [P(2)] | P€C),

SO we obtain a map
Ko(me(A)) = Ko(A).
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It suffices now to show that the two maps Ko(A) — Ko(m(4)) = Ko(A) and Ky(m.(4)) = Ko(4) —

Ko(m.(A)) are the identity.

(1)

For the first claim, we first observe that Ky(A) is generated by classes corresponding to retracts of
graded free A-modules. To see this, we fix a perfect A-module M and induct on the homological
dimension of 7,(M) as a m.(A)-module. If dim, (4)7m«(M) = 0, then 7, (M) is projective so that
M itself is a retract of a graded free A-module. If dim (4)7m«(M) > 0, then we choose a graded
free A-module and a map F' — M inducing a surjection on homotopy. We have then a cofiber
sequence M’ — F — M, where dim, a4y 7. (M') = dim, ) 7(M) — 1. Using [M] = [F] — [M’]
and induction, we can conclude that [M] belongs to the subgroup of Ky(A) generated by the classes
corresponding to retracts of graded free A-modules.

Suppose M is a retract of a graded free A-module. In this case, one checks directly the map
Ko(A) = Ko(m(A)) — Ko(A) carries [M] to itself, as desired. Since the classes [M] generate
Ky(A), this completes the verification of this case.

For the second map, we use (5.15). Consider a class in Ky(m(A)) represented by an evenly
graded 7.(A)-module P, which is projective. We can find an A-module P with 7, (P) ~ P.. The
map Ko(m.(A4)) — Ko(A) carries [P.] — [P]. It follows easily that the composite Ko(m.(A)) —

Ko(m.(A)) is the identity on [P,], and therefore in general.

O

COROLLARY 5.16. Assume A is an E.,-ring such that A, is even, regular, Noetherian and of finite Krull

dimension. Then A satisfies Condition B.

PRrROOF. Without loss of generality, we can assume that my(A) (and thus 7.(A)) has no nontrivial

idempotents, after splitting into finitely many factors. The augmentation map Ko(A) ~ Ko(m.(A)) — Z

takes values in Z, because my(A) is connected. By [Swa68, Prop. 10.2], its kernel is nilpotent, hence

Ky(A) ® Q is a nilpotent thickening of Q, and does therefore not contain any non-trivial idempotents. [

Next, we include a basic tool that enables us to check Condition B via descent.

PROPOSITION 5.17. Suppose A is an E.,-ring. Suppose that there exists an E..-A-algebra A’ such that:

(1)

(2)
(3)

A’ is perfect as an A-module and the map Ky(A') @ Q — Ko(A4) ® Q from restriction of scalars is
surjective.
A is A’-complete.

A’ satisfies Condition B.
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(4) Suppose that either A’ has no nontrivial idempotents, or A" and A’® 4 A’ have no nontrivial torsion

idempotents.

Then A satisfies Condition B and has no nontrivial torsion idempotents.
PROOF. We have, since A is A’-complete and A’ is dualizable in Mod(A), an equivalence
A ~ Tot (A/j)A'@mA’E> ) )
We also know that we have an equivalence
K(A)g ~ Tot (K(A’)Q SK(A @4 A . ) .

as a (very) special case of Theorem 5.1: in fact, in this case the above augmented cosimplicial object is seen
to be split. The functor Idem: CAlg(Sp) — Set commutes with all limits (as it is corepresentable by the

Eoo-ring S x SY); and we find that we have equalizer diagrams

Idem(A) — (Idem(A”") 23 Idem(A’ @4 A"))

Idem(K (A)g) — (Idem(K (A")g) = Idem(K (A’ @4 A')g)) -

We have a natural transformation between them.

A diagram-chase now completes the proof. First of all, since Idem(A’) — Idem(K (A")g) is an isomor-
phism, we get that Idem(A) — Idem (K (A)g) is at least injective. For example, suppose that A", A’ @4 A’
have no nontrivial torsion idempotents. Since by assumption Idem(A’) — Idem(K(A')g) is an isomorphism,
and since by Lemma 5.11 the map Idem(A' ®4 A’) — Idem(K (A’ ®4 A')g) is injective, we can conclude that
Idem(A) — Idem(K (A)g) is an isomorphism. The case where A" has no nontrivial idempotents is easier and

we find that Idem(A) ~ Idem (K (A)g) ~ {0, 1}. O

For our example with topological modular forms, we will need to check Condition B by Zariski localization

on the base. We will use the following result.

CoOROLLARY 5.18. Suppose A is an E-ring. Suppose every localization A(,) at a prime p satisfies

Condition B. Then A satisfies Condition B.

PROOF. We consider the following two examples of sheaves with values in the co-category CAlg(SpZO)

of connective Eq-ring spectra on the Zariski site of Spec(Z):

(1) Fi assigns to the open subset Spec(Z[1/N]) the Ex-ring 7>9A[1/N].
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(2) F» assigns to the open subset Spec(Z[1/N]) the Eq-ring K (A[1/N])g. Zariski descent in K-theory
(a special case of Nisnevich descent in K-theory, cf. Lemma 1.13) implies that this is a sheaf of

connective E,.-ring spectra.

Recall that Idem: CAlg(Sps,) — Set commutes with limits, so we obtain sheaves of sets Idem(F7 ), Idem(F3).

We have a natural map of sheaves

Idem(F1) — Idem(F2)

Our assumption (and the fact that Idem commutes with filtered colimits) implies that the map on stalks
is an isomorphism, so we get that Idem(F;) ~ Idem(F2). Taking global sections, we find that A satisfies

Condition B as desired. O

We will now need various tools that enable one to reduce checking Condition B via other types of
localization and completion. The next lemma is well-known in the algebraic context (where x has degree

zero) (cf. [TT90, Ex. 3.19.2]).
Lemma 5.19. Let A be an E,-ring and let = € 7,(A) be a homogeneous elements. Then the diagram

K(A) —— K(A[z71)

|

K(A,) —> K(A, 7).

is homotopy cartesian in the co-category Sp of connective spectra.

PROOF. Let Perf,_,,(A) denote the co-category of perfect A-modules which are z-power torsion. The

natural functor
(5.20) Perf,_or (A) — Perfy_or (Ay)

given by tensoring with gﬂ; is an equivalence. In fact, any perfect x-power torsion A-module is automatically

z-adically complete as x will act nilpotently on it.

Let K denote nonconnective K-theory. Now comparing the fiber sequences of spectra (cf. [Barl6,

Prop. 11.16], [BGT13, Sec. 9])

K(Perf, _tor(A)) —— K(Perf(A)) —— K(Perf(A[z7]))

|- | l

K(Perf, ior(4y)) —> K(Perf(4,)) — K(Perf(A,[z71])),
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shows that we have a fiber square in Sp~ (after taking connective covers to return to K') as desired. ]
Using similar arguments as in the proof of Corollary 5.18, we find the following result:

PROPOSITION 5.21. Let A be an E.-ring. Suppose x € m.(A) is a homogenous element. Suppose

o)

o Alz1, A, [z~1] satisfy Condition B. Then A satisfies Condition B.

Using similar reasoning, one also has:

PROPOSITION 5.22. Let A be an E.-ring. Suppose z1,...,2, € m.(A). Suppose A/(z1,...,x,) is
contractible. Suppose the E..-ring A[(x;, ...2;, )~ '] satisfies Condition B for any nonempty collection of

indices 41,...,i; € {1,...,n}. Then A satisfies Condition B.

PROOF. We use induction on n. When n = 1, the assertion is obvious, so we assume n > 1 and
assume the result proved for n — 1 replacing n. Let A’ be the localization of A away from the perfect A-
module Endyeq(a)(A/ (71, ..., 2n-1)) (cf. [MNN17, §3] for an exposition). We then have A’ [z, =~ Az Y
for 1 <n-—1and A /(z1,...,2,—1) = 0. In addition, the natural map A — A’ induces an equivalence

Az, ~ A'/x,. As a result, the natural map Perf(A) — Perf(A’) restricts to an equivalence on x,-power

torsion objects. We therefore obtain a fiber square of connective spectra

K(Aly']) — K(A'[z;])

n n

By induction, it follows that A’ and A'[x,,!] satisfy Condition B: in fact, we consider the sequence x1, ..., Z,_1

m,A’. Therefore, the above fiber square implies that A satisfies Condition B. O

We now include our main examples involving TMF, the spectrum of topological modular forms (cf.
[DFHH14| for a textbook reference). We first need a general lemma about even periodic derived stacks,
(cf. [MM15, Section 2] for an exposition of this). Given an even periodic derived stack (X, O'P), we let w

denote the line bundle m,O%*P on X.

Lemma 5.23. Let X = (X, O%P) be a regular, noetherian even periodic derived Deligne-Mumford stack.
Suppose that the map X — BG,, classifying w is quasi-affine. Then O%P(X) satisfies Condition B. If X is

flat over SpecZ, then O'P(X) has no nontrivial torsion idempotents.

PROOF. The quasi-affineness hypothesis is equivalent to the assertion that there sections si,...,s, €

H°(X,w®*) such that X[s;'] is affine over BG,,, i.e., arises as the quotient of a G,,-action (or grading)
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on the spectrum of a graded ring R; ., and such that the {s;} have no common vanishing locus. Note that
a power of each s; survives the descent spectral sequence (cf. the argument of [MM15, Prop. 3.24]); by
passage to such a power, we may assume that s; arises from an element (which for convenience we still denote
by ;) in ma,, OP(X).

We observe that O%P(X)[s; '] arises as the sheaf of global sections of an even periodic derived stack of
the form Spec(R; «)/G., where R; . is a regular noetherian graded-commutative ring concentrated in even
degrees. In particular, we get

T (O"P(X))[s7 '] = Ri,

2

so by Corollary 5.16 we find that O%P(X )[si_l] satisfies Condition B. Similarly, for any collection of in-
dices i1, ..., i, we have that OP(X)[(s;, ...s;, ) '] satisfies Condition B. It follows that O*P(X) satisfies

Condition B in view of Lemma 5.22.

Finally, one sees that the idempotents of O'P(X) correspond precisely to the idempotents in the discrete
ring I'(X, Ox), and by hypotheses the latter is torsion-free. In fact, on the étale site of X, we consider the
following two presheaves of Eq.-rings: the first sends SpecR — X to O'P(SpecR) and the second to R itself.
The idempotents of each are naturally identified. Since the functor Idem: CAlg(Sp) — Set commutes with
limits, we find the identification Idem(T'(X, O*P)) ~ Idem(I'(X, Ox)). O

Let M,y denote the moduli stack of elliptic curves. Let My = (Mo, OP) be the Goerss-Hopkins-
Miller derived stack, i.e., the pair of Mgy together with the sheaf O'P of even periodic, elliptic Ey-ring
spectra that they construct. For any étale morphism (assumed representable) of stacks X — M.y, we can

form the E-ring of sections O*P(X). For example, we have by definition O*P(M,;) = TMF.

THEOREM 5.24. Given any étale separated morphism X — M.y, the Eq-ring O%P(X) satisfies Condi-

tion B and has no nontrivial torsion idempotents. In particular, any Galois extension of O%P(X) satisfies

Condition A.

PROOF. The final claim follows from the first one together with Lemma 5.12. By Corollary 5.18, it

suffices to prove Condition B for O%P(X )(p) for a prime number p. We consider three different cases.

(1) p > 5. In this case, we have an equivalence of stacks (M), =~ P(4,6)[A7!]. Note that X, is
quasi-affine over (Men ),y by Zariski’s main theorem [Gro66, Th. 8.12.6]. By Lemma 5.23, we find
that O*P(X),) satisfies Condition B.

(2) p = 3. In this case, we have an equivalence TMF 3y A C' ~ TMF(2)3) for a three cell complex C
with even cells (cf. [Mat16b, Thm. 4.13]). The moduli stack Y = Mcy;1(2)s) has the property that

Y — BG,, is affine (cf. the explicit presentation in [Sto12, §7]). Note also that ¥ — (Men)(s) is
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a finite étale cover. It follows that X (3) X a4, Y is quasi-affine over BG,,, and the map of E..-rings

ell
OtoP(X)(g,) — Omp(X(?,) X Men Y)

exhibits the target as a perfect module over the source; in fact by 0-affineness of the derived moduli

stack (cf. [MM15, Thm. 7.2])
O"P(X(3) XMuy Y) = OP(X(3)) @1MEF ) TMF1(2)(3) > O*P(X) 3 A C.

By Lemma 5.23, O%P(X(3) X m,, Y) satisfies Condition B and has no nontrivial torsion idem-

potents. In addition,
OtOP(X(g) X Men Y) ®Ot0p(x(3)) OtOP(X(g)) X Men Y) ~ OtOp(Y X Men Y)

also has no nontrivial torsion idempotents. The complex C enables us to conclude that Q%P (X )(3)
satisfies Condition B and has no nontrivial torsion idempotents, by Lemma 5.17.
(3) p = 2. Here we argue similarly as in (2), using an eight cell complex DA(1) and the equivalence

TMF 9y A DA(1) ~ TMF{(3)(2) due to Hopkins-Mahowald (see [Mat16b, § 4]).

Remark 5.25. It seems remarkable that to establish Condition A for TMF, we need the existence of certain
specific finite complexes. In particular, we do not know the analogous result for the finite Galois extensions
provided by the theory of topological automorphic forms from [BL10]. In fact, we do not know a single

example of a finite Galois extension which violates Condition A.

Example 5.26. Consider the Galois extension TMF[1/n] = O%P(M,y; [2]) — TMF(n) with Galois group

n

GLy(Z/n) (cf. IMM15, Thm. 7.6]). It follows that the map
K(TMF[1/n]) — K(TMF(n))hGLz(Z/nZ)

becomes an equivalence after any periodic localization.

We now describe the analog of our results for the Hill-Lawson extension of the sheaf O'P on the étale
site of Mey. Let M denote the compactified moduli stack of elliptic curves. In [HL16], Hill and Lawson
describe the log-étale site of M_; and endow it with a sheaf O™P of E-ring spectra which restricts to the

previous sheaf on the étale site of M.
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THEOREM 5.27. Let (X, Mx) — Mz be a log-étale map. Then O™P (X, M) satisfies Condition B and
has no nontrivial torsion idempotents. For example, every finite Galois extension of the E.-ring spectra

Tmf, Tmfy(n), Tmf;(n) (n > 1) satisfies Condition A.

ProoF. We use Lemma 5.21.

After inverting the modular form A?* € 7576Tmf, the log-étale site of My is identified with the étale

site of M. It follows that O%P(X, Mx)[A~24] satisfies Condition B in view of Theorem 5.24.

The Eo-ring O*P(X), and more generally the sheaf O'P, is defined in [HL16] by gluing together
O'P(X Xpr; Men) and the completion at the cusp. In particular, we can also evaluate O*°P on log-étale
morphisms to the completion. Now, we need to consider the completion OtOP()A( )= (’)tOP(/X,\M X ) p24- This is
obtained by completing the stack X at the modular form A. Note first that @A ~ (SpfZ[[q]]) /C2 via the
Tate curve and its automorphism given by —1. We consider the A-completed log stack Y = X x M. SPEZ[q]],
so that Y is log-étale over the log-scheme (SpfZ[[¢]],q). We claim first that O'*P(Y) is even periodic and
ToOP(Y) is regular. This follows from the discussion [HL16, Cor. 2.19] of the log-étale site of (Z[[¢]], q)

and the construction in [HL16, Sec. 5.1]. Finally, the map O™P(X) — O%P(Y) exhibits an equivalence
O%P(X) A £T2CP? ~ 0P (Y),

by Wood’s theorem, which implies that the Cy-action on O©P(Y) A S~2CP? ~ KU|[g]] A ©2CP? is given
by the coinduced representation. Therefore, we find by descent (Lemma 5.17) along (’)tOP()A( ) — (’)t‘)p(f/)
and O%P(X)[g1] = O%P(Y)[g~!] that O%*P(X), OP(X)[¢~!] satisfy Condition B. Putting everything

together, we find by Lemma 5.21 that O'P(X) satisfies Condition B. O

Example 5.28. Let n be square-free. Then we have a (Z/n)*-Galois extension Tmfq(n) — Tmf;(n) under

Tmf[1/n] [MM15, Thm. 7.12]. This Galois extension satisfies Condition A, so that the map
K(Tmfy(n)) = K(Tmf,(n))"?/m"
is an e-equivalence.

Finally, for completeness we give an example of a torsion E.,-ring that does not satisfy Condition B.

We do not know any non-torsion examples.

Example 5.29. Let G be a nontrivial finite p-group and let k& be a field of characteristic p. Then there
is an identification between Perf(k*“) and the stable module co-category of finite-dimensional k[G]-modules

modulo projectives (cf. [Kel94] or [Mat15b]). Using this, we can calculate Ko(k'“).
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Every finite-dimensional k[G]-representation has a finite filtration with subquotients given by the trivial
representation, and the representation k[G] is identified with zero in the stable module co-category. This
forces Ko(k'®) ~ Z/r where r | |G|. We also have a homomorphism Ko (k'“) — Z/|G| that sends a
representation to its dimension modulo |G|. Since two representations become isomorphic in the stable
module co-category if and only if they are stably isomorphic as representations (i.e., become isomorphic

after adding free summands), it follows that Ko(k'¢) ~ Z/|G|. In particular, Ko(k'¢) ® Q = 0.

5.4. Non-Galois examples of descent. In this subsection, we record a few additional examples where

one has descent but which are not Galois.

Example 5.30. We consider the connective version of Example 5.9 above. Consider the map of E.-rings
ko — ku. Since ku ~ ko A X~2CP?, we observe that the class of ku in Ky(ko) is equal to 2. As a result,
we conclude by Theorem 5.1 that we have an e-nilpotent limit diagram given by the augmented cosimplicial
object

K (ko) — (K(ku) DK (ku Ao ku) 5 ) .

To compare this to Example 5.9, we consider the following diagram of localization sequences [BMO8,

BL14]:

K(z) K (ko) K(KO)

% |= | =

TOt(K(ku/\ko.Jrl)) [ Tot(K(KU/\Koo+1))

| | |-

F(BCyy,K(Z)) ~ K(Z)"? ——— K(ku)"“? ——————— K(KU)"*:

We have established the first two e-equivalences in the first row of vertical arrows, which implies the
induced map on the fibers is an e-equivalence. It follows that K (ko) — K (ku)"*? is an e-equivalence if and
only if the composite map K(Z) — F(BCy,,K(Z)) is an e-equivalence. However, by comparing with KU
one sees that the map

K(Z) — K(Z)">

is not even a rational equivalence. To see this, we observe that the unit and the transfer of the unit from
oK (Z) @ Q LN 7o(K (Z)"“?) @ Q are linearly independent in 7o (K (Z)"“?) @ Q because they are linearly
independent in 7o(KU"“?) ® Q and we have a K-theoretic map K (Z) — KU. As a result, we conclude that

K (ko) — K (ku)"®? is not an e-equivalence (or even a rational equivalence). The same argument also shows
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that Ly 1)K (ko) = (Lg(1)K (ku))"“ fails to be an equivalence when K(1) is the first Morava K-theory at

the prime 2.

On the other hand, it is evident that if we rationalize before taking homotopy fixed points we obtain
an equivalence K(Z) ® Q — (K(Z) ® Q)"“2 and hence the vertical composites are all equivalences if we

rationalize first and then take homotopy fixed points.

Example 5.31. Consider the map tmf[1/3] — tmf;(3). We claim that this satisfies the assumptions of

Theorem 5.1, so we have an e-nilpotent limit diagram
—
K (tmf[1/3]) — (K(tmf1(3)) =2 K (6mf 1 (3) Agngr ) tmfy (3) = - ) .

In fact, it suffices to show that the class [tmf;(3)] — 8 is nilpotent in Ko(tmf[1/3]). It suffices to check this
after localizing at 2 and inverting 2. When localizing at 2, this follows from the complex DA(1) and the
equivalence tmf o) A DA(1) =~ tmf;(3)2) (cf. [Mat16b, §4]). After inverting 2, we see the equivalence just

by considering homotopy.

1. Etale descent for spectral algebraic spaces

We have seen in Proposition 5.4 that telescopically localized algebraic K-theory (or indeed any tele-
scopically localized additive invariant) satisfies finite flat descent on E..-rings. In this appendix, we will
describe the argument for Nisnevich descent for such invariants in the setting of spectral algebraic spaces as
in [Lur, Ch. 3]. This argument is due to Thomason-Trobaugh [TT90], and we will indicate the necessary
modifications in the present setting. Compare also the treatment by Barwick [Barl6, Prop. 12.12]. As a
result, one obtains a basic étale descent result (Theorem 1.14 below) which applies to invariants such as

algebraic K-theory after periodic localization.

We need the definition of a localizing invariant in CatP™™ | as in [BGT13], although we shall not assume
that our invariant commutes with filtered colimits. For simplicity, we will make the following definition in

the rigid case.

DEFINITION 1.1. Let R € CAlg(CatP™") be such that all objects of R are dualizable. Suppose A; — Ay
is a morphism in ModR(Catggrf) which is fully faithful on underlying oo-categories. The Verdier quotient
A/ Aj is the pushout Ay Uy, {0} in Modg (CatP™). A weakly localizing invariant of R-linear co-categories

with values in a presentable, stable co-category D is a functor

F: Modg (Cat?®™) — D
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which carries Verdier quotient sequences to cofiber sequences in D. It follows in particular that F' is weakly

additive in the sense of Definition 3.11.

Let X be a quasi-compact quasi-separated (hereafter gegs) spectral algebraic space. Recall [Lur, Ch. 2
that one has a presentable, symmetric monoidal stable oo-category QCoh(X) of quasi-coherent sheaves on
X. By [Lur, Prop. 8.6.1.1], the oco-category QCoh(X) is compactly generated, and the compact objects are

given by the dualizable objects, which are denoted Perf(X).

Remark 1.2. The compact generation of QCoh(X) has a long history. For classical quasi-compact, sepa-
rated schemes, the result is due to Neeman [Nee96, Prop. 2.5]. For classical qcgs schemes, the result appears

in [BvdB03, Thm. 3.1.1]. That argument is extended to derived schemes in [BZFN10, Prop. 3.19].

Here Perf(X) € CAlg(Catggrf). Given a morphism f:Y — X of qcgs spectral algebraic spaces, one
obtains a symmetric monoidal pull-back functor f*: QCoh(X) — QCoh(Y") which restricts to dualizable or

compact objects and yields a functor f*: Perf(X) — Perf(Y).

The basic results will be fairly straightforward in the affine case. The general case will require a local-
to-global argument for which the theory of stable quasi-coherent stacks of [Lur, Ch. 9] will be useful. A
stable quasi-coherent stack C on X assigns to every R-point n of X (for R a connective E,-ring) an R-linear
presentable stable co-category C,. Given amap f: R — R’ of connective E,-rings, we obtain a new R’-point

of X given by f*n and we have a compatibility equivalence Cy-,, ~ C, ®r R'. More precisely:

DEFINITION 1.3 ([Lur, Ch. 9]). The oo-category QStk®(X) of stable quasi-coherent stacks is defined as
@Spec Rox LinCat$ where LinCat$ denotes the co-category of presentable R-linear co-categories. Given
a stable quasi-coherent stack C, we can form the global sections QCoh(X;C) which form a QCoh(X)-linear

presentable stable co-category.

Let X be a qcgs spectral algebraic space and let j: U C X be a quasi-compact open immersion. Let Z

be the closed complement.

DEFINITION 1.4. Let QCoh,(X) C QCoh(X) be the subcategory of those F € QCoh(X) such that
J*F = 0. Let Perfz(X) = QCoh,(X) N Perf(X) denote those perfect modules on X which restrict to zero
on U.

We now show that QCoh,(X) is compactly generated, with compact objects precisely Perfz(X). This
will be relatively easy to check when X is affine. In general, the basic local-to-global observation that will

be used throughout is that QCoh,(X) arises from a stable quasi-coherent stack.
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Construction 1.5. We define the following three quasi-coherent stacks Ci,Cs,C3 € QStk™(X) on X. Let

7: SpecR — X be an R-point of X (with R a connective Eq.-ring).

(1) We define C; via (C1), = Mod(R) = QCoh(SpecR) itself. This is the unit in the oco-category of
stable quasi-coherent stacks. Clearly QCoh(X;C1) ~ QCoh(X) by definition.

(2) We define Cy via (Cs), = QCoh(SpecR x x U). This is the push-forward of the unit in QStk**(U)
along j: U — X. We have QCoh(X;Cs) ~ QCoh(U).

(3) Let (Cs), C QCoh(SpecR) = Mod(R) denote the subcategory of those quasi-coherent sheaves
on SpecR which restrict to zero on SpecR xx U C SpecR. Then {(C3)y}, . specrx assembles
into a quasi-coherent stack Cs: in fact, Cs is the pull-back C; X¢, 0. We note that limits in
QStk™(X) are computed pointwise (cf. [Lur, 9.1.3]). Unwinding the definitions again, we find that
QCoh(X;C3) ~ QCoh,(X).

Lemma 1.6. Suppose X = Spec(A) is an affine spectral algebraic space and U C X a quasi-compact open

subset of X, with closed complement Z. Then QCoh,(X) is compactly generated.

PRrOOF. This is proved in [Lur, Prop. 6.1.1.12, (e)]. The argument runs as follows. Choose elements
fi,.. fx € moA such that U = |J, Spec(A[f; ']). Then QCohy(X) identifies with the full subcategory of
QCoh(X) = Mod(A) spanned by those A-modules M such that M[f; '] = 0 for all i. One can take as

compact generator the iterated cofiber A/(f1,..., fx). a
The next result was known previously for classical qcgs schemes, see [Rou08, Thm. 6.8].

ProprosiTION 1.7. If X is a qcgs spectral algebraic space and j: U — X a quasi-compact open im-
mersion with Z the closed complement, then QCoh (X)) is compactly generated. In addition, the inclusion

QCoh,(X) — QCoh(X) preserves compact objects.

PrROOF. We saw that QCoh,(X) arises as the global sections of a stable quasi-coherent stack Cs, which
is locally compactly generated by Lemma 1.6. By [Lur, Prop. 9.3.2.1], the global sections QCoh,(X) are
compactly generated. To see that QCoh,(X) — QCoh(X) preserves compact objects, we note that both
oo-categories are compactly generated and the right adjoint to the inclusion is given by F — fib(F — j.j*F),
which commutes with filtered colimits (cf. [Lur, Prop. 2.5.4.3]). Therefore, QCoh,(X) — QCoh(X) must

preserve compact objects. O
COROLLARY 1.8. Hypotheses as above, the sequence

(1.9) Perf;(X) — Perf(X) L3 Pert(U)
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is a Verdier quotient sequence in Modpcrf(X)(Catggrf).

Proor. This follows from Lemma 1.7 which implies that the Ind-completion of the above sequence is

precisely

QCoh;(X) — QCoh(X) — QCoh(U).

Compare also [Lur, Prop. 6.2.3.1], which implies that we have a semi-orthogonal decomposition of QCoh(X).

O

COROLLARY 1.10 (Cf. [Barl6, Prop. 12.12]). Given any localizing invariant F': Modperf(X)(Catggrf) —

D, we have a fiber sequence in D,
(1.11) F(Perfz(X)) = F(Perf(X)) — F(Perf(U)).

We call (1.11) the localization sequence.

ProprosITION 1.12. Let X, Y be qcgs spectral algebraic spaces and let j: U C X be a quasi-compact
open immersion. Suppose f: Y — X is a flat, representable morphism. Let Z be the reduced, discrete closed

. Z . .
complement of j and suppose the map Y xx Z fX—X> Z is an equivalence. Then the map

f*l QCOhZ(X) — QCOhffl(Z)(Y)

is an equivalence of Perf(X)-linear co-categories.

PROOF. We need to see that if M € QCoh,(X), then the map M — f.f*M is an equivalence, and that
if N € QCoh;-1,(Y) then fuN € QCoh,(X) and f*f.N — N is an equivalence. Without loss of generality,
we may assume that X = Spec(A) is affine and Y is a scheme. It suffices to check the desired claim on
homotopy group sheaves. Since f is flat, the functor f* simply tensors up over my on homotopy group
sheaves. If M € QCoh-1,(Y), then the homotopy groups of M are supported on f~1(Z) and therefore
have no higher derived pushforwards along f: Y — X. As a result, the claim follows from the analog of our

lemma in ordinary algebraic geometry, which is a special case of [TT90, Thm. 2.6.3] . ]

ProrosiTION 1.13. Let X be a qcgs spectral algebraic space, U a quasi-compact open subset of X,
f:Y — X an étale map which is an isomorphism above Z = X \ U, and F' a localizing invariant as above.
Then the diagram

F(Perf(X)) —— F(Perf(U))

| |

F(Perf(Y)) ——= F(Perf(Y xx U))
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is a pullback square.

PRrOOF. This will follow from the above localization sequence (1.11) provided we can show that pullback
by f induces an equivalence Perf 7 (X)) ~ Perf ;-1 4(Y"). This follows by taking compact objects in Lemma 1.12.
0

Finally, we can prove our main result.

THEOREM 1.14. Let X be a qcgs spectral algebraic space. Suppose that F': Modpcrf(x)(Catggrf) —-D

is a localizing invariant where D is T'(n)-local for some implicit prime p and height n. Then the presheaf
(U= X)— F(Perf(U))
on the étale site X¢; of X is an étale sheaf.

PROOF. Since Nisnevich excision is equivalent to Nisnevich descent by a theorem of Morel-Voevodsky
(cf. [Lur, 3.7.5.1]), it follows from Lemma 1.13 that U +— F(Perf(U)) is a Nisnevich sheaf when X is any
qcgs spectral algebraic space. If X is an affine spectral scheme, the functor also satisfies descent for finite
étale covers (Lemma 5.4). By [Lur, B.6.4.1], if X is affine, étale descent follows from Nisnevich descent and
finite étale descent for affine schemes (Lemma 5.4). Zariski descent then implies that whenever X is a qegs

spectral scheme, the result holds, i.e., U — F(Perf(U)) is an étale sheaf.

To extend to the case of qcgs spectral algebraic spaces, we use [Lur, Ex. 3.7.1.5] to observe that X is

Nisnevich-locally affine, and therefore the affine case implies the general one. O

We note that the above result does not extend to the case where X is a Deligne-Mumford stack in general;
counterexamples are easy to come by for the classifying stacks of finite groups. However, Theorem 5.24
together with the derived-affineness result of [MM15] implies that it nonetheless holds for the spectral
Deligne-Mumford moduli stack of elliptic curves 2., underlying the theory of T M F', even though it doesn’t

hold for the underlying usual moduli stack M.
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