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Nilpotence and descent in stable homotopy theory

Abstract

We study various applications of the ideas of descent and nilpotence to stable homotopy theory. In

particular, we give a descent-theoretic calculation of the Picard group of topological modular forms and we

prove a partial analog of Thomason’s étale descent theorem in the algebraic K-theory of ring spectra. In

addition, we prove thick subcategory theorems for certain ring spectra and give a new proof of a classical

result of Dade on endotrivial modules for abelian p-groups.
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CHAPTER 1

Introduction

1. A very general introduction

1.1. Descent. Let X be a mathematical object, and suppose one is interested in studying some other

type of object Y over X. In general, the classification of possible Y ’s may be difficult to approach directly.

However, for various reasons, it might be easier to classify possible Y ’s if X is replaced by a smaller or

simpler object. Thus, a basic approach one might take is the following.

Strategy: Find an appropriate “covering” of X by simpler objects {X ′i}. Classify the analogous objects

Y over {X ′i} and then understand how they “glue” into an object over X.

There are numerous instances of this as a central strategy in solving mathematical problems. For

instance, on a manifold, problems can be locally solved in coordinates: a manifold is locally isomorphic to

Rn, and one can write down equations in n variables. As another example, if K is a field, then algebraic

problems over K may be simpler over the separable closure Ksep.

In carrying out such a program, there are several steps one needs to take.

(1) Identify a simpler class of X’s over which the classification of Y ’s is simpler. For example, the class

of X’s in the manifold example could be the euclidean spaces Rn; in the second example, it could

be the separably closed fields. Carry out a classification of possible Y ’s over the simpler X’s.

(2) Formulate a notion of “cover” so that one can say what it means for X to be covered by {X ′i}.

(3) Describe precisely what it means to “glue” objects over X (for example, this can be encoded using

some invariant of the Galois group).

The idea of understanding the “gluing data” is a crucial and key component. A basic example of this

comes from the definition of a principal G-bundle or G-torsor.

Example 1.1. Let G be a topological group. To give a principal G-bundle over a topological space X

is equivalent to giving an open cover {Ui}i∈I of X and transition functions fij : Ui ∩ Uj → G satisfying

the cocycle relation fijfjk = fik over any triple intersection Ui ∩ Uj ∩ Uk. Here the gluing data arises

as follows: the G-bundle is trivialized over the {Ui}, and the functions fij encode compatibilities between

different trivializations. If X is a manifold and one is given a G-bundle over X, then any open covering {Ui}

consisting of contractible open sets can be taken.
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Often such descent problems can be encoded using the notion of a sheaf of categories. One general

picture runs as follows.

(1) For each X, there is a category F(X) of objects Y → X.

(2) There is a Grothendieck topology on the category of X’s, and F forms a sheaf of categories with

respect to this topology.

(3) There is a cover of X by objects X ′ such that the category F(X ′) is tractable.

The classification of objects over X then reduces to calculating a “2-limit” of the categories of objects

over X ′, as X ′ ranges over the cover of X.

A basic example is Grothendieck’s theory of faithfully flat descent. To each commutative ring R, one

associates the category of R-modules. The main theorem states that this construction yields a sheaf of

categories for the flat topology.

These ideas are, of course, very general and have been developed at length in numerous directions. In

this thesis, we will explore the idea of descent in the specific world of (axiomatic) stable homotopy theory.

1.2. What is axiomatic stable homotopy theory? Stable homotopy theory originates with the

study of stable phenomena in algebraic topology. We refer to [May99] for a survey of these ideas. The basic

initial observation if X,Y are finite pointed complexes, the group of homotopy classes [ΣnX,ΣnY ] stabilizes

for n� 0 to a group of stable maps {X,Y }. Stable maps can be composed in a natural fashion, and one can

form a category of finite complexes and stable maps where the objects are the finite (pointed) complexes X

and the maps from X → Y are precisely given by {X,Y }. This is (unlike the unstable homotopy category) an

additive category. When one further completes this category by adding formal desuspensions of complexes,

one obtains the Spanier-Whitehead category. This category, together with its “large version,” the homotopy

category of spectra, is the basic initial arena where stable homotopy theory takes place.

The Spanier-Whitehead category is additive but not abelian: kernels and cokernels do not exist. However,

one has a replacement given by the notion of a cofiber sequence, X → Y → Y ∪CX. As a result, the Spanier-

Whitehead category (as well as the category of spectra) is a fundamental example of a triangulated category.

Triangulated categories arise from a variety of sources in mathematics; another basic example is the

derived category of an abelian category. One basic organizing principle (for more topologically oriented

categories) comes from the classical Brown representability theorem which can also be used to motivate the

idea of a spectrum. This result states that given a cohomology theory E∗ on the category of topological

spaces satisfying the Eilenberg-Steenrod axioms (except the one determining the cohomology of the unit),

there exists an associated spectrum E such that E∗(X) can be recovered as homotopy classes of maps of

spectra [Σ∞+ X,E]∗.
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Principle: Given a cohomology theory E∗ on some class of objects A, one expects a triangulated

category T together with:

(1) A functor φ : A → T .

(2) An object E ∈ T .

(3) A functorial isomorphism [φ(X), E]∗,T ' E∗(X) for X ∈ A.

Even if one is primarily interested in the cohomology theory E∗ instead of the associated triangulated

category T or object E, studying the triangulated category T for its own sake is often a good investment.

For example, many operations that one can do in T are much more difficult to do at the level of cohomology

theories. The category of cohomology theories is not as well-behaved as T : for example, cofiber sequences

are a basic tool in building objects in T , but one does not have this access to this notion in the category of

cohomology theories.

In various forms, for example, the above general principle is central.

(1) As a first example, Ext groups in an abelian category can be described as maps between shifts in

the derived category.

(2) When one studies étale cohomology, the initial objective is to study the cohomology of schemes

(equivalently, of the constant sheaf). However, it is beneficial to study the cohomology of (more

general) étale sheaves on schemes. Thus étale cohomology corresponds to the category of étale

sheaves on a scheme.

(3) Grothendieck’s idea of a category of motives, and contemporary homotopy-theoretic approaches

such as the stable A1-homotopy category. Here various other objects (such as algebraic K-theory)

become representable.

(4) The category of G-spectra for a finite group G. These represent cohomology theories on the category

of G-spaces.

(5) Kontsevich’s approach to non-commutative motives of DG categories, studied later in work of

Tabuada and Blumberg-Gepner-Tabuada characterizing it by a universal property.

For most applications, and certainly in this thesis, it will be necessary to work with triangulated cate-

gories that have an additional tensor structure. We refer to [Bal10] for a survey of the subject.

Definition 1.2. A ⊗-triangulated category or tensor triangulated category is a triangulated category

equipped with a symmetric monoidal tensor product which preserves exact triangles.
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Many examples of triangulated categories have natural tensor structures. For example, the derived

category D(R) of a commutative ring R has the (derived) tensor product, and the homotopy category of

spectra has the smash product.

One of the motivating questions is to what extent one can carry out an analog of faithfully flat descent

in derived categories.

Question 1.3. Let R → R′ be a faithfully flat extension of rings. Can we recover the derived category

D(R) from D(R′) together with descent data?

1.3. Why higher category theory? The gluing and descent of triangulated categories has been

studied by Balmer [Bal12] and in certain examples one can glue triangulated categories. Unfortunately,

derived categories generally do not glue well under faithfully flat extensions, or under the extensions that

we will study in this paper. The basic problem is that the homotopy category loses information. When one

tries to glue objects, there are higher homotopies necessary that disappear at the triangulated level. Given

two objects X,Y in (say) the derived category of a ring R, the maps X → Y in D(R) are the connected

components of a space of maps X → Y , and one can instead work with the space as a whole (at least up to

weak equivalence). In order to glue derived categories, one needs a way of remembering the whole mapping

space between objects.

There are approaches that many authors have used to remember the data of the mapping space, or the

higher homotopies, in various forms. For example, Quillen’s theory of model categories (especially simplicial

model categories) provides a framework for describing mapping spaces between objects.

The technology of∞-categories was used by Lurie to give an elegant solution to Question 1.3. We will not

attempt to give a general introduction to∞-categories here, and refer to the original sources [Lur09, Lur16]

as well as a growing collection of secondary sources.

Definition 1.4 (Lurie [Lur16]). A stable ∞-category is a pointed∞-category with finite colimits, such

that the suspension functor is an equivalence. Earlier notions of stability had also been studied in the model

categorical setting.

A stable ∞-category is a type of “enhancement” of a triangulated category. In practice, almost every

triangulated category that one works with arises from a stable ∞-category. However, in the same way

that spectra form a better theory than cohomology theories, stable ∞-categories form a better theory than

triangulated categories. For example, the ∞-category of stable ∞-categories and exact functors between

them is a compactly generated, presentable ∞-category. This means that one can treat stable ∞-categories
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as a “homotopy theory.” For example, one can form homotopy limits of stable∞-categories. This is essential

for formulating the notion of descent data.

Example 1.5. Let R→ R′ be a faithfully flat extension of commutative rings, and let D(R), D(R′) denote

the derived ∞-categories of R,R′. The ∞-category of R-complexes with descent data is defined to be a

totalization

Tot(D(R′)→→D(R′ ⊗R R′)
→
→
→
. . . ),

in the ∞-category of stable ∞-categories. Lurie’s theorem is that this is canonically equivalent, as a sym-

metric monoidal ∞-category, to D(R).

2. Nilpotence

We will work with a class of extensions which are not faithfully flat but for which the same conclusion

of faithfully flat descent holds. Let A be an algebra object in a symmetric monoidal, stable ∞-category1

(C,⊗,1). Then we can form the ∞-category ModC(A) of A-modules in C. For example, if C = Sp, we will

simply write Mod(A) for the ∞-category of A-module spectra introduced by [EKMM97].

Given A, we can define similarly the ∞-category of descent data to be the totalization in stable ∞-

categories

Tot
(

ModC(A)→→ModC(A⊗A)
→
→
→
. . .
)
,

and an appropriate descent theorem would identify this with C under the tautological functor.

A key definition that we use is the following. A full subcategory of a symmetric monoidal stable ∞-

category C is called a thick ⊗-ideal if it is closed under tensoring with any object of C and it is an idempotent-

complete, stable subcategory. Thick ⊗-ideals play a central role in the study of tensor triangular geometry

[Bal10].

Definition 2.1 (Cf. Balmer [Bal16], Mathew [Mat16]). Then A is descendable if the smallest thick

⊗-ideal in C containing A is all of C. Equivalently, if I denotes the fiber of the unit map 1 → A, then the

natural map I → 1 is ⊗-nilpotent.

One of the main results of [Mat16] is that a derived analog of faithfully flat descent holds whenever one

has a descendable object in C.

Theorem 2.2 ([Mat16]). If A is descendable in C, then the natural functor establishes an equivalence

between C and the ∞-category of A-modules with descent data.

1We always assume the tensor product is biexact.
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A “decategorified” version of this assertion is that we have an equivalence in C,

(1) 1 ' Tot(A→→A⊗A
→
→
→
. . . ).

In fact, the totalization converges very well: we discuss the general notion of “quick convergence” that it

has in the first chapter. In particular, it behaves more like a finite limit than an infinite one.

In Chapter 6, we give a survey of the notion of descendability and some of its applications.

Remark 2.3. Given a faithfully flat extension of commutative rings R → R′, we do not know if it is

descendable in this sense (e.g., if R′ is descendable as an algebra object of the derived ∞-category D(R)).

However, this is known to be true if R is noetherian of finite Krull dimension (and was explained to us by

S. Iyengar). This is proved in the survey given in Chapter 6.

Example 2.4. Suppose 1 ∈ C is compact. Suppose that A is dualizable and tensoring with A is conservative

on C. Then A is descendable.

Example 2.5. The motivating example of [Bal16] is that “Quillen stratification” in modular represen-

tation theory (namely, the observation that phenomena can be detected up to nilpotence on elementary

abelian subgroups) can be formulated as a descendability statement. We refer to [MNN15a] for a detailed

investigation into these phenomena in stable homotopy theory.

A basic source of examples of descendable algebra objects (explored in [Mat16]) comes from the faithful

G-Galois extensions of Rognes [Rog08]. If A→ B is a faithful G-Galois extension of E∞-ring spectra, then

B is descendable. The descent theorem now takes the form of an equivalence

Mod(A) ' Mod(B)hG

where the G-action on B induces one on the module ∞-category Mod(B). In this case, the dualizability of

B enables one to prove the equivalence directly, and this has been observed independently by many authors,

for example [Mei12, GL, Ban13].

A closely related notion to descendability is that of nilpotence. The following definition goes back to

Bousfield.

Definition 2.6. Let A be an algebra object in C as before. An object M is called A-nilpotent if M

belongs to the thick ⊗-ideal generated by A, or if (with the same notation) I⊗n⊗M →M is nullhomotopic

for n� 0.
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We refer to [MNN17] for a general survey of descent and nilpotence. In this thesis, we will study a

variety of examples where the notion of descendability and the above descent theorem has proved useful.

In checking descendability, it becomes useful to have effective techniques for proving that elements are

nilpotent. For example, in the final chapter, we will use the assertion (1) in an appropriate ∞-category of

noncommutative motives to prove descent theorems in the algebraic K-theory of ring spectra.

The following fundamental result gives the definitive criterion for nilpotence in ring spectra.

Theorem 2.7 (Devinatz-Hopkins-Smith [DHS88]). Let R be a ring spectrum. Suppose x ∈ π∗(R) is an

element which maps to a nilpotent element in the complex bordism MU∗(R). Then x is nilpotent. The

same conclusion holds if for each implicit prime p and height n ∈ [0,∞], x maps to a nilpotent element in

the Morava K-theory K(n)∗R.

The Devinatz-Hopkins-Smith result is fundamental to the global structure of the stable homotopy cate-

gory. We will need a nilpotence criterion specific to E∞-rings.

Theorem 2.8 (Mathew-Naumann-Noel [MNN15b]). Let R be an E∞-ring and let x ∈ π∗R be an element.

Suppose x maps to zero in H∗(R;Z). Then x is nilpotent.

We note that this result originally conjectured by May, and was known to Hopkins in unpublished work.

We also note that this result has recently been extended by J. Hahn in [Hah16].

In the final chapter, we will use the following corollary as a means to check descendability.

Corollary 2.9. Suppose 1 ∈ C is compact. Suppose the algebra object A has the property that AQ is

descendable in the rationalization CQ of C. Then for any implicit prime p and height n, the localization LnA

is descendable in LnC.

Here Ln denotes the localization with respect to the nth Morava E-theory spectrum. These localization

functors play a central role in chromatic homotopy theory. Using this corollary, we will show that rational

descent results lead to Ln-local ones.

3. Case study: Picard groups

We illustrate the method of descent with a discussion of Chapter 8.3, which represents joint work with

Stojanoska. One of the basic invariants of a symmetric monoidal category (C,⊗,1) is its Picard group

Pic(C) of isomorphism classes of ⊗-invertible objects. In this case, the use of descent provides new tools for

calculating Picard groups.
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We specialize to the case where C = Mod(R) for R an E∞-ring. In this case, determining Pic(R) =

Pic(Mod(R)) in general seems impossible. However, there are certain instances when the calculation is

tractable. We refer to Chapter 8.3 for more details and references.

Example 3.1. If R is connective, then Pic(R) can be determined in terms of the algebraic Picard group

Pic(π0R).

Example 3.2. If R is such that the homotopy groups π∗(R) are concentrated in even degrees and π∗(R) is

regular, then Pic(R) can be determined in terms of the graded Picard group of the graded ring π∗(R).

Let A→ B be a faithful G-Galois extension in the sense of Rognes. Then the map is descendable, so as

before we obtain an equivalence of symmetric monoidal ∞-categories

(2) Mod(A) ' Mod(B)hG.

We would like to use this to calculate Picard groups. There are two basic observations.

The first observation is that it is possible for the homotopy groups of B to be much simpler than those

of A.

Example 3.3. The map C∗(BCp;Fp) → Fp is a Cp-Galois extension (though not faithful). Note that the

homotopy of the source is not regular while the homotopy of the target is regular.

Example 3.4. The complexification map KO → KU from real to complex topological K-theory is a C2-

Galois extension. Here π∗(KO) contains considerable torsion and nilpotence, while π∗(KU) ' Z[β±1
2 ] is

much simpler homologically. In particular, the general Picard group results apply to KU but not to KO.

The next main observation, due to Hopkins in unpublished work and Gepner-Lawson in recent work, is

that the equivalence Mod(KO) ' Mod(KU)hC2 provides effective tools for calculating Pic(KU). Namely,

to any symmetric monoidal ∞-category C one associates a “Picard spectrum” pic(C). Then π∗pic(C) is given

by the formula

π0pic(C) = Pic(C), π1pic(C) = (π0EndC(1))
×
, πipic(C) = πi−1EndC(1) for i ≥ 2.

The reason that pic(C) is such a useful tool is that the construction C 7→ pic(C), as a functor from symmetric

monoidal ∞-categories to connective spectra, commutes with all limits. In particular, an equivalence of the

form (2) implies that

pic(A) ' τ≥0(pic(B)hG).
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Here we write pic(A) = pic(Mod(A)). This leads to the classical Bousfield-Kan spectral sequence for com-

puting the homotopy groups of pic(A), in particular π0 which is Pic(A).

In Chapter 8.3, in addition to giving a detailed description of this method, we develop several tools

for working with the associated Picard spectral sequence. We use this to determine Pic(TMF) (a result

originally due to Hopkins) and Pic(Tmf).

4. About this thesis

The main portion of this thesis consists of a collection of published and submitted articles. Each chapter

is, therefore, stand-alone in itself.

The bibliographic data of these articles is as follows.

Chapter 1 is this introduction.

Chapter 2 A. Mathew. A thick subcategory theorem for modules over certain ring spectra. Geom. Topol.

19 (2015), no 4, 2359–2392.

Chapter 3 A. Mathew. Torsion exponents in stable homotopy and the Hurewicz homomorphism. Al-

gebr. Geom. Topol. 16 (2016), no. 2, 1025–1041.

Chapter 4 is a preprint.

Chapter 5 A. Mathew. Residue fields for a class of rational E∞-rings and applications. J. Pure Appl. Algebra

221 (2017), no. 3, 707–748.

Chapter 6 A. Mathew and V. Stojanoska. The Picard group of topological modular forms via descent theory.

Geom. Topol. 20 (2016), no. 6, 3133–3217.

Chapter 7 is a preprint.

Chapter 8 is a preprint, joint with Dustin Clausen, Justin Noel, and Niko Naumann.

We note that the article [Mat16] (which is a revised version of the author’s undergraduate thesis)

introduces the basic definitions and proves the descent theorem. It is not included as a part of this thesis.
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CHAPTER 2

A thick subcategory theorem for modules over certain ring spectra

1. Introduction

1.1. Generalities. Let C be a stable ∞-category. Recall that:

Definition 1.1. A full subcategory C′ ⊂ C is thick if C′ is a stable subcategory (i.e., it is closed under

finite limits and colimits), and C′ is closed under retracts.

Note that this definition only depends on the underlying homotopy category of C and its triangulated

structure, and can be studied without the language of ∞-categories. Since many properties of objects in C

are controlled by thick subcategories, it is generally very useful to have classifications of the possible thick

subcategories of C.

In the setting of the stable ∞-category Spω(p) of finite p-local spectra, the following fundamental result

was proved by Hopkins and Smith:

Theorem 1.2 (Hopkins-Smith [14]). There is a descending sequence of thick subcategories

Spω(p) = C0 ) C1 ) C2 ) . . . ,

such that every nonzero thick subcategory of Spω(p) is one of the Ci.

The subcategories Ci can be described in terms of the geometry of the moduli stack MFG of formal

groups. Namely, recall that any finite spectrum defines a Z/2-graded coherent sheaf on MFG (via its

complex bordism). MFG localized at p has a filtration by height

MFG ⊃M≥1
FG ⊃M≥2

FG ⊃ . . . ,

such that the successive “differences” are quotients of a point by an ind-étale group scheme (and in particular,

this tower cannot be refined); for a discussion of this, see [11]. The moduli stack M≥iFG parametrizes formal

groups of height at least i, and M≥1
FG parametrizes formal groups over a Fp-algebra. A spectrum X ∈ Spω(p)

belongs to Ci precisely when its associated quasi-coherent sheaf is set-theoretically supported on M≥iFG. For

instance, C1 consists of the p-torsion spectra.
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In stable homotopy theory, Theorem 1.2 is extremely useful as a sort of “Tauberian” theorem. If one

wishes to prove a property of all finite (p-local) spectra, e.g., of the sphere, then it suffices to show that the

property is thick and that a single finite spectrum with nontrivial rational homology satisfies it.

After the results of [14], thick subcategories have been studied in a number of other settings. For

instance, given a commutative ring R, one may consider the ∞-category Dperf(R) of perfect complexes of

R-modules, and one may consider the thick subcategories of Dperf(R). Given a subset Z ⊂ SpecR closed

under specialization (equivalently, a union of closed subsets), one may define a thick subcategory of Dperf(R)

consisting of complexes whose cohomologies are set-theoretically supported on Z. When R is noetherian,

one has the following theorem:

Theorem 1.3 (Hopkins-Neeman [12, 26]). The above construction establishes a bijection between thick

subcategories of Dperf(R) and subsets of SpecR closed under specialization.

Given a symmetric monoidal stable ∞-category (C,⊗,1), one may also consider thick tensor ideals :

these are thick subcategories D ⊂ C such that if X ∈ D, Y ∈ C, then the tensor product X ⊗ Y belongs to

D as well. Thick tensor ideals have been extensively investigated [5], and one can, for instance, arrange the

“prime” ones into a topological space.

For example, for the perfect derived category of a noetherian scheme, thick tensor-ideals were classified

in work of Thomason [32] generalizing Theorem 1.3. In this case, again thick tensor-ideals are classified in

terms of the supports of objects. The notion of “support” has been axiomatized in work of Benson-Iyengar-

Krause [7] with a view towards diverse applications, including stable module categories for finite groups,

for triangulated categories with an action of a commutative ring as endomorphisms of the identity. In our

setting, we will be working with symmetric monoidal stable ∞-categories (such as Dperf(R)), where the unit

object generates C under finite colimits, so thick subcategories are automatically tensor ideals. Moreover,

the “base ring” will be somewhat complicated, so it will be convenient to work locally, using techniques of

[24].

1.2. Methods. The goal of this paper is to classify thick subcategories in a different setting: that is, for

∞-categories of perfect modules over structured ring spectra which arise as global sections of the structure

sheaf on even periodic derived stacks. Such ring spectra play an important role in stable homotopy theory:

for instance, TMF arises as the ring of functions on a derived version of the moduli stack of elliptic curves.

Our goal is to understand the structure of the ∞-category Modω(TMF) of perfect TMF-modules, for

instance. One difficulty in doing so is that the algebraic structure of π∗TMF is extremely complicated, while

the analysis of ring spectra and modules over them is greatly simplified when one has nice (e.g., regular)

homotopy rings. Nonetheless, we know that TMF is obtained as the homotopy inverse limit of a diagram
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of elliptic spectra, which are even periodic E∞-rings whose formal group is associated to an elliptic curve

classified by an étale map to Mell. More precisely, there is a derived Deligne-Mumford stack (Mell,Otop),

whose underlying ordinary stack is the moduli stack of elliptic curves, such that the global sections of the

structure sheaf Otop gives TMF. These elliptic spectra obtained by evaluating Otop on an affine scheme étale

over Mell are much better behaved: not only are they even periodic, but their homotopy rings are regular

noetherian. The classification of thick subcategories for perfect modules over them is significantly simpler

by the following result which will be proved in Theorem 2.13 below.

Theorem 1.4. Suppose R is an even periodic E∞-ring with π0(R) regular noetherian. Then there is

a canonical bijection between thick subcategories of the ∞-category of perfect R-modules and subsets of

Specπ0(R) closed under specialization.

Therefore, we shall approach the classification of thick subcategories of Modω(TMF) by relating Modω(TMF)

to the ∞-categories of perfect modules over elliptic spectra. The essential ingredients for doing this are in

[24]. In that paper, L. Meier and the author prove:

Theorem 1.5 ([24]). The ∞-category of TMF-modules Mod(TMF) is equivalent the ∞-category of quasi-

coherent sheaves on the derived moduli stack of elliptic curves.

We refer to [20, §2.3] for generalities on quasi-coherent sheaves on derived stacks. By [20, Prop. 2.3.12],

we can rewrite this statement by saying that

Mod(TMF) ' lim←−
SpecR→Mell

Mod(Otop(SpecR)),

as SpecR→Mell ranges over the étale maps from affine schemes.

More generally, the main result of [24] gives a criterion for this phenomenon of “affineness,” which had

been first explored by Meier in [25].

We briefly review the setup. Let X be a Deligne-Mumford stack equipped with a flat map X → MFG.

Given any affine scheme SpecR and an étale map SpecR→ X, the composite SpecR→ X →MFG classifies

a formal group over R which yields an associated (weakly) even periodic, Landweber-exact homology theory

and even a homotopy commutative ring spectrum. In particular, we get a functor

Affet
/X → Homotopy commutative ring spectra

from the category of affine schemes étale over X to the category of homotopy commutative ring spectra and

homotopy classes of maps between them. We refer to [19, Lecture 18] for the fundamentals of even periodic

Landweber-exact, ring spectra.
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In certain important cases, one has a lifting

CAlg

��
Affet

/X

Otop

55

// Homotopy commutative ring spectra

,

where CAlg is the ∞-category of E∞-rings. Such a lift is called an even periodic refinement X = (X,Otop)

of X → MFG. Such even periodic refinements exist, for instance, for X the moduli stack of elliptic curves,

and yield important examples of derived stacks.

Given an even periodic refinement X = (X,Otop), we can consider the E∞-ring Γ(X,Otop) of “functions”

on the derived stack X and its ∞-category of modules. We can also consider a related ∞-category, the ∞-

category QCoh(X) of quasi-coherent sheaves on X, obtained (by [20, Prop. 2.3.12]) as the homotopy limit

of the module categories Mod(Otop(SpecR)) as SpecR→ X ranges over all étale maps from affines.

The main result of [24] now runs as follows.

Theorem 1.6 ([24]). Let X = (X,Otop) be an even periodic refinement of a Deligne-Mumford stack X

equipped with a flat map X → MFG. If X → MFG is quasi-affine, then the global sections functor

establishes an equivalence of symmetric monoidal ∞-categories

Γ: QCoh(X) ' Mod(Γ(X,Otop)).

The hypotheses of Theorem 3.4 apply in several important cases, such as the derived version of the

moduli stack of elliptic curves as well as its Deligne-Mumford compactification.

1.3. Results. In this paper, we will use Theorem 3.4 to illuminate the structure of the ∞-category

of perfect Γ(X,Otop)-modules. In particular, we will classify the thick subcategories of perfect Γ(X,Otop)-

modules, under some further constraints.

In classifying thick subcategories, it will generally be more convenient to work with QCoh(X) (at least

implicitly), and in particular with the homotopy group sheaves π0, π1 of a given object in QCoh(X), which

in the perfect case will define a Z/2-graded coherent sheaf on X. Given a subset of the underlying space

of X closed under specialization, it follows that we can define a thick subcategory of QCoh(X) consisting of

objects whose homotopy group sheaves are supported on that subset.

The main result of this paper is:
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Theorem 1.7. Suppose X is regular and affine flat over MFG. Then the thick subcategories of perfect

modules over Mod(Γ(X,Otop)) ' QCoh(X) are in bijection (as indicated above) with the subsets of X closed

under specialization.

Theorem 1.7 in particular applies to the derived moduli stack of elliptic curves, and one has:

Corollary 1.8. There is a bijection between thick subcategories of perfect TMF-modules and subsets of

Mell which are closed under specialization.

We can also apply this to the classification of thick subcategories of perfect modules over the Hopkins-

Miller EOn-spectra (in view of [24, §6.2]).

Corollary 1.9. Let G be a finite subgroup of the nth Morava stabilizer group, so that G acts on Morava

E-theory En. Then thick subcategories of perfect EhGn -modules are in bijection with G-invariant subsets of

Specπ0En closed under specialization.

The proof of Theorem 1.7 follows the outline of Theorem 1.2, although since we already have the nilpo-

tence technology of [8] and [14] and can in particular use results such as Theorem 1.2, many steps are much

simpler. The proof that all possible thick subcategories come from subsets of X closed under specialization

is essentially formal once certain “residue fields” are constructed, using the techniques of [3] and [4]. (The

analog in Theorem 1.2 is given by the Morava K-theories.) The harder step is to show that all the differ-

ent subsets closed under specialization are realized, which requires in addition some algebraic preliminaries

about the structure of MFG and topological preliminaries of vanishing lines in spectral sequences, which are

of interest in themselves.

2. The affine case

2.1. Setup. Let R be an even periodic E∞-ring such that π0R is regular noetherian. We do not need

to assume that R is Landweber-exact. Consider the stable ∞-category Modω(R) of perfect R-modules. The

goal of this section is to classify the thick subcategories of Modω(R) in Theorem 2.13 below.

Proposition 2.1. Let R be as above, and let M be a perfect R-module. Then:

(1) π0M ⊕ π1M is a finitely generated π0R-module.

(2) Assume that π0R has finite global (i.e., Krull) dimension. In this case, an R-module M is in fact

perfect if and only if π0M ⊕ π1M is a finitely generated R-module.

Proof. The first assertion is equivalent to the assertion that π∗(M) is a finitely generated π∗(R)-

module. Consider the collection of M ∈ Modω(R) for which this holds. It clearly contains R. Since π∗(R) is
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noetherian, it follows from the long exact sequence of a cofibering that this collection is a stable subcategory

of Modω(R), and it is also closed under retracts. Therefore, it is all of Modω(R).

Suppose conversely that π0(R) has finite global dimension and π∗(M) is a finitely generated π∗(R)-

module. We claim that M is perfect. For this, we use descending induction on the (finite) projective

dimension of π0(M)⊕ π1(M) over π0(R). If π0(M), π1(M) are projective R-modules, then it is well-known

that M is perfect: in fact, M is a retract of a sum of copies of R and ΣR. Suppose the projective dimension

of π0(M) ⊕ π1(M) is equal to n > 0. Choose a map Rs ∨ ΣRt → M which induces an epimorphism on

π∗, which we may do as π∗(M) is a finitely generated π∗(R)-module, and let F be the fiber of this map.

Clearly, M ∈ Modω(R) if and only if F ∈ Modω(R). But π∗(F ) is finitely generated, and π0(F )⊕π1(F ) has

projective dimension ≤ n− 1. By induction, we are done. �

Definition 2.2. If M ∈ Modω(R), the support of π0M ⊕ π1M thus defines a closed subset of Specπ0R,

which we will simply write as SuppM .

Given a cofiber sequence

M ′ →M →M ′′ →M ′[1],

we have

SuppM ⊂ SuppM ′ ∪ SuppM ′′,

and, furthermore, the support only shrinks under taking retracts. This enables us to define thick subcate-

gories of Modω(R):

Definition 2.3. Given a closed subset Z ⊂ Specπ0R, we let ModωZ(R) ⊂ Modω(R) be the full subcate-

gory of perfect R-modules M such that SuppM ⊂ Z. It follows from the preceding paragraph that ModωZ(R)

is a thick subcategory of Mod(R).

In general, we cannot expect every thick subcategory of Modω(R) to come from a closed subset Z ⊂ R.

We might choose instead to work with a family of possible choices of Z. If R is a domain, we could, for

example, consider the collection of all M ∈ Modω(R) which are torsion: i.e., those whose support does not

contain the generic point. This is a thick subcategory, but it is not associated to any single closed subset,

but rather to the collection of all closed subsets of SpecR that do not contain the generic point. Rather

than working with “families of closed subsets,” it is simpler to work with subsets of SpecR closed under

specialization.

Definition 2.4. Let Z ⊂ Specπ0R be a subset of Specπ0R closed under specialization. In this case,

we define ModωZ(R) ⊂ Modω(R) analogously to be the collection of M ∈ Modω(R) with SuppM ⊂ Z. We
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thus get a map from the collection of specialization-closed subsets of Specπ0R to the collection of thick

subcategories of Modω(R).

The goal of this section is to prove that the ModωZ(R) are precisely the thick subcategories of Modω(R),

as Z ranges over the specialization-closed subsets of Specπ0R. The proof will follow the argument for finite

spectra in [14]. The key step, as in [14], is a version of the nilpotence theorem, which is much easier in the

present setting.

2.2. Residue fields. The first step is to define “residue fields.” Consider the regular ring π0R. For

each prime ideal p ⊂ π0R, the localization (π0R)p is a regular local ring, whose maximal ideal p(π0R)p is

generated by a system of parameters x1, . . . , xn ∈ (π0R)p such that (π0R)p/(x1, . . . , xn) is a field k(p).

Definition 2.5. Given p, consider first Rp, the arithmetic localization of R at p, as an E∞-R-algebra

using [10, Theorem 2.2] or [22, §8.2.4]. Then consider the R-module K(p) defined as

K(p) = Rp/(x1, . . . , xn)
def
= Rp/x1 ∧R Rp/x2 ∧R · · · ∧R Rp/xn,

where R/x for x ∈ π0R denotes the cofiber of x : R→ R, so that

K(p)∗ ' k(p)[t±1], |t| = 2.

By the results of [2], it follows that K(p) admits the structure of an A∞-algebra internal to Mod(R).

Definition 2.6. For any R-module M , we can form the new R-module K(p)∧RM and in particular we

obtain (by applying π∗) a homology theory K(p)∗ on the category of R-modules, taking value in the category

of graded k(p)[t±1]-modules.

This homology theory K(p) is multiplicative and satisfies a Künneth isomorphism. Strictly speaking,

the notation is abusive, since the multiplicative structure K(p)∗ was not constructed only from p, but also

used some other choices; any of those choices will be fine for our purposes.

The thick subcategories ModωZ(R) can also be defined in terms of the homology theories K(p)∗.

Proposition 2.7. Given a perfect R-module M , we have that M ∈ ModωZ(R) if and only if for every p /∈ Z,

K(p)∗M = 0.

Proof. It suffices to show that Mp = 0 if and only if K(p)∗M = 0, for any M ∈ Modω(R) and

p ∈ Specπ0R. This is a consequence of the fact that if Mp/(x1, . . . , xn) is contractible and M is perfect, so is

the Bousfield localization of M at K(p), i.e., the smash product M ∧R R̂p where the completion R̂p is given
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by

R̂p ' lim←−
N

Rp/(x
N
1 , x

N
2 , . . . , x

N
n ).

We refer to [21, §4] for generalities on completions of E∞-rings and modules. By classical commutative

algebra, R̂p is faithfully flat over Rp, so that Mp is itself contractible. �

The basic step towards the thick subcategory theorem is given by the following Bousfield decomposition

in Mod(R):

Proposition 2.8. If M is an R-module, then M ' 0 if and only if K(p)∗M = 0 for all p ∈ SpecA.

Note that we make no compactness assumptions on M in this proposition.

Proof. One direction is obvious, so suppose M is acyclic with respect to all the homology theories

K(p)∗. We would like to show that M is contractible. Suppose the contrary.

Since a module over π0R vanishes if and only if all its localizations at prime ideals vanish, we can assume

that π0R is a (regular) local ring. We may use induction on the dimension of π0R, and thus assume that

the localization of M at any non-maximal prime ideal p ⊂ π0R is trivial. It follows that if x belongs to the

maximal ideal m ⊂ π0R, then the R[x−1]-module M [x−1] has the property that its localization at any prime

ideal is trivial, so M [x−1] ' 0 for any x ∈ m.

Now we use a lemma from [27, Lemma 1.34]: if N is a nontrivial R-module, then, for any a ∈ π0R, at

least one of N [x−1] and N/xN has to be nontrivial. (This assertion would be false in ordinary algebra.)

It follows that M/xM for each x ∈ m is nontrivial. Repeating this, and applying the same argument, it

follows that M/(x1, . . . , xn)M is nontrivial for any system of parameters (x1, . . . , xn) for m. It follows that

K(m)∗M 6= 0. �

Given the Bousfield decomposition, the rest of the proof of Theorem 2.13 (which follows [14]) is now

completely formal, except for the last statement, and has been axiomatized in [15, §6]. For completeness,

we give a quick review of the argument.

Corollary 2.9. If φ : ΣkM → M is a self-map in Modω(R), then φ is nilpotent if and only if K(p)∗(φ) is

nilpotent for each p ∈ Specπ0R.

Proof. This is a formal consequence of the Bousfield decomposition. Namely, since M is compact, it

follows that φ is nilpotent if and only if the colimit of

M
φ→ Σ−kM

φ→ Σ−2kM → . . .
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is contractible, which by Proposition 2.8 holds if and only if, for each p, the diagram of finitely generated

k(p)[t±1]-modules induced by applying K(p)∗ has zero colimit. This implies the result. �

Corollary 2.10. Let R′ be an R-ring spectrum: that is, a monoid object in the homotopy category of

R-modules.

(1) Suppose α ∈ π∗R maps to a nilpotent element under the Hurewicz map π∗R → K(p)∗R for each

p; then α is nilpotent.

(2) Suppose a class α : R→ R′ ∧R F , for F an R-module, is zero in K(p)∗ for each p. Then it has the

property that αk : R→ R′ ∧R F∧k is null for k � 0.

Proof. The first claim follows using a similar telescope; it implies the second claim by considering

R′ ∧ JF for JF = R⊕ F ⊕ F∧2 ⊕ . . . the free A∞-algebra (in Mod(R)) on F . �

2.3. Proof of the main result. We are now ready to prove a thick subcategory theorem in the affine

case. We will split this into two pieces.

Proposition 2.11. Let M,N ∈ Modω(R). Suppose SuppN ⊂ SuppM . Then the thick subcategory

generated by M contains N .

Proof. The first claim is a consequence of Corollary 2.9. Hypotheses as in the claim, we consider a

fiber sequence

F
φ→ R→M ∧R DM,

where DM = HomR(M,R) is the Spanier-Whitehead dual (in R-modules). By hypothesis, φ has the property

that it is the zero map in K(p)∗-homology for p ∈ SuppM (but not otherwise).

Moreover, the cofiber of φ belongs to the thick subcategory CM ⊂ Modω(R) generated by M . Thus the

cofiber of each iterated tensor power φ∧r : F∧r → R belongs to CM too, and similarly for the cofiber of

1N ∧ φr : N ∧ F∧r → N.

But for large r � 0, these maps are zero. In fact, adjointing over, φ gives a map ψ : R→ End(N)∧DF and

we equivalently need to show that the sufficiently high iterated tensor powers ψr : R→ End(N) ∧DF∧r are

zero. Since ψ is zero on K(p)∗-homology for all p, this follows from Corollary 2.10.

If 1N ∧ φr is nullhomotopic for r � 0, it follows that the cofiber (which we saw belongs to CM ) contains

N as a direct summand, and we are done with the first claim. �

Proposition 2.12. Let Z ⊂ Specπ0R. Then there exists M ∈ Modω(R) such that SuppM = Z.
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Proof. Let Z ⊂ Specπ0R be a closed subset corresponding to the radical ideal I. Choose generators

x1, . . . , xn ∈ I and take as the desired module

M = R/(x1, . . . , xn) ' R/x1R ∧R · · · ∧R R/xnR.

Clearly this vanishes when any of the xi are inverted. Conversely, if p ⊃ I, then R/xiR has nontrivial

K(p)∗-homology (since multiplication by xi induces the zero map on K(p)∗), and therefore the tensor power

that defines M has nontrivial K(p)∗-homology as well. �

Theorem 2.13. The thick subcategories of Modω(R) are precisely the {ModωZ(R)} for Z ⊂ Specπ0R closed

under specialization, and these are all distinct.

We note that this result has been independently obtained in forthcoming work of Benjamin Antieau,

Tobias Barthel, and David Gepner, and is likely known to others as well.

Proof. Given a thick subcategory C ⊂ Modω(R), we associate to it the union Z ′ (in SpecR) of the

supports of all the objects in C. Note that if Z0, Z1 occur as supports of objects in C, then so does Z0∪Z1, by

taking the direct sum. Proposition 2.11 will imply that this subset Z ′, which is closed under specialization,

determines C in turn. Proposition 2.12 will imply that we can obtain any subset Z ′ ⊂ SpecR closed under

specialization in this manner, by taking these modules for each closed subset of Z ′ and the thick subcategory

they (together) generate.

�

3. Vanishing lines in the descent spectral sequence

In the previous section, we classified the thick subcategories of Modω(R) when R is an even periodic E∞-

ring with π0R regular noetherian. The classification relied on the construction of certain “residue fields” of

R to detect nilpotence, and then the verification that all the possible thick subcategories one could thus hope

for actually exist. The latter part was very easy in the affine case, but it is somewhat trickier in the general

case: we actually will need to produce elements in the homotopy groups of Γ(X,Otop) for X = (X,Otop) an

even periodic derived stack.

We will do this by producing such elements in the descent spectral sequence, and by establishing a general

horizontal vanishing line for such descent spectral sequences (based on nilpotence technology). The latter is

the goal of this section, and may be of independent interest. We note that in the setting of Theorem 1.2,

one is not working in an En-localized setting, so the corresponding vanishing line arguments are significantly

more difficult than they are for us.
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3.1. Towers. Let C be a stable ∞-category.

Definition 3.1. Let Tow(C) be the∞-category of towers of objects of C: that is Tow(C) ' Fun((Z≥0)op, C).

To any element of Tow(C) and object P ∈ C, there is associated a spectral sequence converging to

the homotopy groups of the space (or spectrum) of maps from P into the homotopy inverse limit. For

instance, given a cosimplicial spectrum, the spectral sequence associated to the Tot tower is the Bousfield-

Kan homotopy spectral sequence.

Let us single out a certain subcategory Townil(C) of Tow(C) consisting of objects whose spectral sequences

have extremely good convergence properties.

Definition 3.2. Townil(C) ⊂ Tow(C) is the subcategory of Tow(C) consisting of towers · · · → Xn →

Xn−1 → · · · → X0 with the property that there exists an integer r > 0, such that all r-fold composites in

the tower are nullhomotopic. The subcategory Townil(C) is the union of an ascending sequence

Townil
1 (C) ⊂ Townil

2 (C) ⊂ . . . ,

where Townil
r′ ⊂ Townil consists of towers such that every r′-fold composite is null.

Definition 3.3. More generally, given a collection of objects U ⊂ C, we define Townil
U (C) as the collection

of towers · · · → Xn → Xn−1 → . . . such that there exists r ∈ Z>0 such that every r-fold composite

Xn → Xn−r induces the zero map

[U,Xn]∗ → [U,Xn−r]∗, for each U ∈ U.

Taking U = C gives Townil(C).

We also need a generalization of Townil
U (C) to handle towers that are “very close to constant,” but not

necessarily at zero.

Definition 3.4. We define Towfast
U (C) to be the collection of those towers {Xn} such that lim←−iXi exists

and such that the cofiber of the map of towers{
lim←−
i

Xi

}
→ {Xn} ,

where the first term is the constant tower, belongs to Townil
U (C).

The basic permanency property of these subcategories is given by:

21



Proposition 3.5 (Hopkins-Palmieri-Smith [13]). For each U ⊂ C, Townil
U (C),Towfast

U (C) ⊂ Tow(C) are thick

subcategories.

Proof. The assertion about Towfast
U (C) follows from the assertion about Townil

U (C), so we need only

handle this case. Proposition 3.5 is essentially contained in [13, Cor. 2.3], but we give the proof. It is easy

to see that Townil
U (C) ⊂ Tow(C) is closed under retracts and under suspensions and desuspensions. It suffices

to show that given a cofiber sequence in Tow(C)

{Xn} → {Yn} → {Zn} ,

if {Xn} , {Zn} ∈ Townil
U (C), then {Yn} ∈ Townil

U (C).

To see this, suppose every r-fold composite in {Xn} induces the zero map on [U, ·]∗ for each U ∈ U,

and every r′-fold composite in {Zn} induces the zero map on [U, ·]∗ for each U ∈ U. We claim that every

(r + r′)-fold composite in {Yn} induces the zero map on [U, ·]∗ for each U ∈ U. Fix U ∈ U and let n ≥ 0.

Choose any map f : ΣkU → Yn+r+r′ for k ∈ Z arbitrary. Then we have a commutative diagram in C,

Xn+r+r′

��

// Yn+r+r′

��

// Zn+r+r′

��
Xn+r

��

// Yn+r

��

// Zn+r

��
Xn

// Yn // Zn

.

A diagram chase now shows that the composite of f with Yn+r+r′ → Yn is null. In fact, the composite of

f with Yn+r+r′ → Yn+r → Zn+r is null, and so factors through Xn+r. But the composite of any map from

ΣkU → Xn+r with Xn+r → Xn is null. �

Remark 3.6. Given a tower · · · → Xn → Xn−1 → · · · → X0 in Tow(C), it can belong to Townil(C) only

if it is pro-zero: that is, if the associated pro-object in Pro(C) is equivalent to the zero pro-object, as its

inverse limit is contractible and this property is preserved under any exact functor. The converse is false: if

a cofinal subset of the Xi’s are contractible, the tower is automatically pro-zero, but such a tower need not

belong to Townil. The associated spectral sequence may support arbitrarily long differentials.

3.2. Vanishing lines. We keep the notation of the previous subsection. We can give an interpretation

of Townil
U (C) in terms of vanishing lines. Before it, we make the following definitions.

Definition 3.7. Given an inverse system · · · → An → An−1 → · · · → A0 of abelian groups, we define

the rth derived system to be the inverse system of abelian groups {im(An+r → An)}n∈Z≥0
.
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Definition 3.8. An inverse system of abelian groups · · · → An → An−1 → · · · → A0 is eventually

constant if the maps An → An−1 are isomorphisms for n� 0.

Since C is a stable ∞-category, there is a natural spectrum of maps between any two objects X,Y ∈ C,

which for the next result we write simply as Hom(X,Y ).

Proposition 3.9. The tower · · · → Xn → Xn−1 → . . . in C belongs to Townil
U (C) if and only if, for each

U ∈ U, the spectral sequence associated to the tower of spectra

· · · → Hom(U,Xn)→ Hom(U,Xn−1)→ · · · → Hom(U,X0),

collapses to zero at a finite stage independent of U (that is, the rth page is identically zero for some r,

independent of U).

Proof. We consider first the case C = Sp and U =
{
S0
}

, and assume that we have a tower of spectra

{Xn}n∈Z≥0
, which we extend to n < 0 by taking X−1 = X−2 = · · · = 0. In this case, we recall the definition

of the spectral sequence associated to the tower. Let Fi be the fiber of Xi → Xi−1. One has an exact couple

⊕
i π∗Xi

φ
// ⊕

i π∗Xi−1

xx⊕
i π∗Fi

ee
,

where φ is obtained as the direct sums of the maps π∗Xi → π∗Xi−1. The spectral sequence for the homotopy

groups of lim←−Xi is obtained by repeatedly deriving this exact couple. In particular, the successive derived

couples are of the form

imφr−1
φ

// imφr−1

{{
E∗,∗r

cc
,

so that if E∗,∗r is identically zero for some r, then φ necessarily (by exactness) induces an automorphism of

imφr−1. In other words, if we consider the inverse system {π∗Xi}i∈Z, it follows that the rth derived system

is constant, and thus necessarily zero, by considering indices below zero.

For the converse, if {Xn} ∈ Townil
{S0}(Sp), say all r-fold composites in the inverse system are zero, then

reversing the above argument shows that the exact couple degenerates to zero at the r+ 1st stage: the imφr

terms are zero.
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The case of a general (C,U) now easily reduces to this, because (as in the above argument), the point at

which the spectral sequence collapses and the number of successive composites needed to make all the maps

nullhomotopic are functions of each other.

�

Similarly, we can give a criterion for belonging to Towfast
U (C). First, however, we need to prove some

lemmas about pro-systems of abelian groups.

Lemma 3.10. Consider a half-exact sequence of inverse systems of abelian groups

{Xi} → {Yi} → {Zi} .

Then:

(1) If {Yi} , {Zi} have eventually constant rth derived systems and 0 → {Xi} → {Yi} is exact, then

{Xi} has an eventually constant rth derived system.

(2) If {Xi} , {Yi} have eventually constant rth derived systems and {Yi} → {Zi} → 0 is exact, then

{Zi} has an eventually constant rth derived system.

(3) If

0→ {Xi} → {Yi} → {Zi} → 0,

is exact, and {Xi} and {Zi} have eventually constant rth derived systems, then {Yi} has an

eventually constant 2rth derived system.

Proof. We will prove the first and third of these assertions. The second is dual to the first and can

be proved similarly (or via an “opposite category” argument, since everything here works in an arbitrary

abelian category). The three assertions state that the subcategory of the category of towers of abelian groups

consisting of those towers with an eventually constant rth derived system for r � 0 is closed under finite

limits and colimits, and extensions too.

(1) Suppose {Yi} , {Zi} have eventually constant rth derived systems and {Xi} is the kernel inverse

system of {Yi} → {Zi}. In this case, we want to show that the rth derived system of ker(Yi → Zi)

is eventually constant.

For i� 0, it follows that

φ : Im(φr : Xi → Xi−r)→ Im(φr : Xi−1 → Xi−r−1),

is injective, because the analog is true for {Yi}.
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The harder step is to show that the map is surjective. Equivalently, for j � 0, we must

show that any element of Xj that can be lifted up to Xj+r can also be lifted up to Xj+r+1 (not

necessarily in a compatible manner). Fix xj ∈ Xj admitting a lift xj+r ∈ Xj+r. Then the image

yj+r of xj+r in Yj+r lifts the image yj of xj in Yj . It follows that yj , since it lifts r times, is actually

the image of an element y′j+r+1 ∈ Yj+r+1 which is “permanent,” i.e., which lifts arbitrarily. The

image z′j+r+1 ∈ Zj+r of y′j+r+1 maps to zero in Zj , but z′j+r+1 is also “permanent,” so it must

itself vanish by assumption. Thus y′j+r+1 is the image of x′j+r+1 ∈ Xj+r+1 and this lifts xj .

(3) Suppose {Xi} , {Zi} have eventually constant rth derived systems. Suppose j � 0 and suppose

yj ∈ Yj is in the image of Yj+2r. We need to show two things:

• If yj 6= 0, then the image of yj in Yj−1 is not zero.

• yj can be lifted to Yj+2r+1.

For the first item, if the image zj of yj in Zj is not zero, then the image zj−1 of zj in Zj−1 is

also nonzero, because zj is permanent. If zj = 0, then yj comes from Xj , and we can apply the

same argument to Xj .

Namely, choose yj+2r ∈ Yj+2r lifting yj and let yj+r ∈ Yj+r be the image. The image zj+r ∈

Zj+r is a permanent element which, by hypothesis, projects to zero in Zj , so must be zero. In

particular, yj+r ∈ Yj+r comes from Xj+r, which means that yj not only comes from Xj but also

that it is the image of a (nonzero) permanent element in Xj . The image of this in Xj−1 thus cannot

be zero. This completes the proof of the first item.

For the second item, the image zj ∈ Zj of yj is a permanent element, so it lifts uniquely to a

permanent element zj+2r+1. Choose a lift y′j+2r+1 ∈ Yj+2r+1 of zj+2r+1. Let y′j+2r be the image of

y′j+2r+1 in Yj+2r. Then yj+2r − y′j+2r maps to an element in Zj+2r which maps to zero in Zj , and

thus maps to zero in Zj+r. In particular, yj+r − y′j+r belongs to Xj+r; call it xj+r. Taking images

in Yj , we get

yj = xj + y′j ,

where xj is the image of xj+r and y′j is the image of y′j+2r+1. But xj is permanent, and y′j is the

image of something in Yj+2r+1, so this completes the proof.

�
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Lemma 3.11. Let {Ai} , {Bi} , {Ci} be three pro-systems of graded abelian groups. Suppose that there is

a long exact sequence of pro-systems

{Ai} // {Bi}

||
{Ci}

bb
,

where the map {Ci} → {Ai} lowers grading by 1. Suppose the rth derived system of {Ai} and {Bi} are

eventually constant. Then the 2rth derived system of {Ci} is eventually constant.

Proof. More generally, suppose given an exact sequence of inverse systems of abelian groups

{Mi} → {Ni} → {Pi} → {Qi} → {Ri} ,

and suppose that the rth derived systems of the inverse systems {Mi} , {Ni} , {Qi} , {Ri} are eventually

constant. Then we claim that the 2rth derived system of {Pi} is eventually constant. In fact, this follows

by applying Lemma 3.10 three times, and implies the present result.

�

Proposition 3.12. The tower · · · → Xn → Xn−1 → . . . in C belongs to Towfast
U (C) if and only if, for each

U ∈ U, the spectral sequence associated to the tower of spectra

· · · → Hom(U,Xn)→ Hom(U,Xn−1)→ · · · → Hom(U,X0),

collapses at a finite stage with a horizontal vanishing line independent of U . In other words, there should

exist r,N such that Es,∗r = 0 for s > N , in the spectral sequence associated to the above tower for each U .

Proof. Without loss of generality, suppose that U =
{
S0
}

and C = Sp. Analysis with exact couples

as in the proof of Proposition 3.9 shows that the spectral sequence condition of the proposition holds if and

only if there exists r,N such that the map

φ : (imφr : π∗(Xs)→ π∗(Xs−r))→ (imφr : π∗(Xs−1)→ π∗(Xs−r−1))

is an isomorphism, for all s > N . In other words, the rth derived system of the pro-system {π∗Xn} is

eventually constant (rather than constant at zero as in the proof of Proposition 3.9). Necessarily, the stable

value of the pro-system must be π∗ lim←−Xi.

By Lemma 3.11, it follows that if the condition of the proposition holds for the tower {Xi}i∈Z≥0
, then

it also holds for the tower
{

cofib(lim←−Xj → Xi)
}
i∈Z≥0

, since it clearly holds for the constant tower with
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value lim←−Xj , and conversely. It follows that we can reduce to the case where lim←−Xj is contractible, which

is precisely Proposition 3.9.

�

Observe that any object in Towfast
C (C) defines a tower yielding a constant pro-object: this follows from

the analogous assertion about Townil
C (C).

Remark 3.13. Suppose U = C and C is presentable. Then if T is any spectrum and {Xn} ∈ Towfast
C (C), the

tower {T ∧Xn} also belongs to Towfast
C (C), where we recall that C is tensored over Sp. This is a consequence

of the fact that {Xn} defines a constant pro-object in C, so that the natural map

T ∧ lim←−Xi → lim←−(T ∧Xi),

is an equivalence.

3.3. Vanishing in the descent spectral sequence. Our goal is to show that given (X,Otop), then

for any F ∈ QCoh(X), the Tot tower associated to the given cosimplicial spectrum that “computes” Γ(X,F)

(i.e., based on a choice of affine, étale hypercovering of X) has a horizontal vanishing line in the homotopy

spectral sequence.

Let X = (X,Otop) be an even periodic refinement of a Deligne-Mumford stack X equipped with a flat

map X →MFG.

Theorem 3.14. Suppose X → MFG is tame.1 There exists s,N ∈ Z>0 such that for any quasi-coherent

sheaf F on X, the descent spectral sequence for π∗Γ(X,F) has a horizontal vanishing line of height N at the

sth page.

Proof. Note that it suffices to fix F and then prove the result for F specifically: if s and N could not

be taken independently of F , taking appropriate wedges would provide a counterexample.

Let M be the least common multiple of the orders of all the automorphism group schemes of geometric

points of X. Then, the stack X[M−1] is itself tame, and so (as in [24, Prop. 2.24]) has bounded cohomology,

and thus the E2-page of the descent spectral sequence has a horizontal vanishing line at E2 itself after

inverting some M .

We now work p-locally for a fixed “bad” prime p. In this case, all the spectra Otop(SpecR) for étale

maps SpecR→ X are Ln-local for some n; see the discussion at the beginning of [24, §4.2] and in particular

1This is equivalent to the condition that for every geometric point Speck → X, the kernel of the automorphism group to the

automorphism group of the associated formal group has order prime to the characteristic of k. We refer to [1] for the general
theory. In [24, Prop. 4.10], it is shown that this hypothesis implies that the global sections functor on the derived stack X

commutes with filtered colimits. For example, representable maps are tame.

27



−4 −2 0 2 4 6
0

2

4

6

· ··

Figure 2.1. The descent (or homotopy fixed point) spectral sequence for KO ' KhZ/2.
Arrows in red indicate differentials, while arrows in black indicate recurring patterns. Dots
indicate copies of Z/2, while squares indicate copies of Z.

[24, Lemma 4.9]. The collection CF ⊂ Sp of spectra T such that the Tot tower for Γ(X,F ∧ T ) belongs

to Towfast
Γ(X,Otop)(Mod(Γ(X,Otop)) is a thick subcategory. Any thick subcategory of LnSp that contains the

smash powers of En contains LnS
0 by the Hopkins-Ravenel smash product theorem. It thus suffices to show

that the smash powers of En belong to CF . Since F was arbitrary, we need to show that the Tot tower for

Γ(X,F ∧ En) belongs to Towfast
Γ(X,Otop)(Mod(Γ(X,Otop))).

However, as in [24, Prop. 4.10], since the stack X ×MFG
Specπ0En is tame, the descent spectral

sequence Γ(X,F ∧ En) already has a horizontal vanishing line at E2 (and therefore degenerates at a finite

stage), because the fiber product X ×MFG
Specπ0En is a (quasi-compact, separated) tame stack. It follows

that the statement of the proposition holds p-locally. �

Remark 3.15. The descent spectral sequence for π∗Γ(X,F) will generally be very infinite at the E2-page

because of “stackiness.” The descent spectral sequence for KO-theory, which is also the homotopy fixed point

spectral sequence for KO ' KUhZ/2, is displayed in Figure 2.1. The class η is not nilpotent in the E2-page,

until a d3 kills η3. The same phenomenon occurs in the TMF spectral sequence, which is computed in [6]

and [17]. It is a finiteness property of the En-local stable homotopy category: the En-local Adams-Novikov

spectral sequence exhibits the same property [16].

4. Extension to stacks

Fix a regular Deligne-Mumford stack X. Let X → MFG be a flat morphism and consider an even

periodic refinement X = (X,Otop) of this data. We have considered the ∞-category QCoh(X) of quasi-

coherent sheaves on X, which has good finiteness properties if X → MFG is tame, as explored in [24,

§4].

In this section, we will define thick subcategories of QCoh(X) associated to every closed substack of X

and prove one half of the thick subcategory theorem. We will also illustrate how the other, more difficult,

half can be deduced in the special case of a quotient stack by a finite group.
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4.1. Definitions. We keep the previous notation and use the following hypotheses.

Hypotheses. (1) X is a regular, separated, noetherian Deligne-Mumford stack.

(2) X = (X,Otop) is an even periodic refinement of a flat map X →MFG.

(3) The derived stack X has the property that the global sections functor establishes an equivalence

Mod(Γ(X,Otop)) ' QCoh(X). The main result of [24] implies that this holds if X → MFG is

quasi-affine.

Definition 4.1. Let QCohω(X) be the subcategory of quasi-coherent sheaves F ∈ QCoh(X), such that

for each étale map SpecR → X, the Otop(SpecR)-module F(SpecR) is perfect. Thus, QCohω(X) is the ∞-

category of dualizable objects in QCoh(X). Given F ∈ QCohω(X), the homotopy group sheaves πiF , i ∈ Z

define coherent sheaves on X.

Remark 4.2. Under taking global sections, QCohω(X) then corresponds to the dualizable, or equivalently

perfect, Γ(X,Otop)-modules. This follows because dualizability is a local condition (we refer to [22, §4.2.5]

for the theory of duality in∞-categories), and since the dualizable objects in a module category are precisely

the perfect modules.

Recall that there is a topological space associated to X in the sense of [18, Ch. 5]. Fix a closed subset

Z ⊂ X: equivalently, this is an equivalence class of closed substacks of X, where two closed substacks

Z,Z ′ ⊂ X are equivalent if and only if there is a third substack Z ′′ ⊂ X containing Z,Z ′ as a nilpotent

thickening.

Definition 4.3. Given a coherent sheaf G on X, we say that it is supported on Z if there exists a closed

substack of X with Z as its underlying space on which G is supported. (This is a condition on the fibers of

G at field-valued points.)

If we have a particular closed substack Z ⊂ X in mind (and not simply an equivalence class), we will

also say that G is scheme-theoretically supported on Z if G is an OZ-module.

Definition 4.4. Let Z be a subset of X closed under specialization. We define a thick subcategory

QCohωZ(X) ⊂ QCohω(X) consisting of those F ∈ QCohω(X) such that the homotopy group sheaves πiF

are supported set-theoretically on Z. We thus get a map from specialization-closed subsets of X to thick

subcategories of Modω(Γ(X,Otop)).

Using exact sequences, one sees that QCohωZ(X) is in fact thick. Our first goal is to show that every

thick subcategory of QCohω(X) is of this form. As in Section 2, it suffices to construct a sufficient collection

of “residue fields.” To do this, choose an étale surjection SpecR → X. The E∞-ring Otop(SpecR) fits into
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the setting of the previous subsection, and we can construct homology theories K(p)∗ on Mod(Otop(SpecR))

for each p ∈ SpecR.

Via pull-back, we can define these homology theories on QCoh(X). In particular, it follows that given

F ∈ QCoh(X), we can define

K(p)∗F def
= π∗(F(SpecR)p/(x1, . . . , xr)),

where x1, . . . , xr ∈ Rp is a system of parameters. Every point of X can be represented by a prime ideal p ∈

SpecR (the topological space of X is the quotient of SpecR under the two maps SpecR×X SpecR→→ SpecR),

and as in the previous section, it follows that the support of F ∈ QCohω(X) contains the point corresponding

to p ∈ SpecR if and only if K(p)∗F 6= 0.

Proposition 4.5. Given F ∈ QCoh(X), F ' 0 if and only if K(p)∗F = 0 for each p ∈ SpecR.

Proof. This is a consequence of Proposition 2.8, since F is contractible if and only if F(SpecR) is. �

Now the entire thick subcategory argument (reviewed in the previous section for R-modules) can be

carried out in QCohω(X), or, one can appeal to the axiomatic framework in [15]. In particular, just as in

Proposition 2.11, one concludes:

Proposition 4.6. If F ,F ′ ∈ QCohω(X) and SuppF ⊂ SuppF ′, then the thick subcategory generated by F ′

contains F .

Corollary 4.7. Every thick subcategory of QCohω(X) is of the form QCohωZ(X) for some subset Z ⊂ X

closed under specialization.

The primary goal of the rest of this paper will be to study when the different QCohωZ(X) are distinct:

that is, we would like to know when we can realize a given closed subset as the support of a sheaf on X. We

will answer this question, via Theorem 1.7, when X →MFG is affine.

4.2. The case of a quotient stack. In this subsection, we consider a case of Theorem 1.7. Suppose

the Deligne-Mumford stack X is given by the quotient of an affine scheme by a finite group, so

X = (SpecR0)/G,

where |G| < ∞, and R0 is a regular noetherian ring. Consider a flat, affine map X → MFG and an even

periodic refinement (X,Otop) of this map. In this case, we have a G-action on the E∞-ring R = Otop(SpecR0),

and

Γ(X,Otop) ' RhG.
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This case was discussed in [24], and it is quite general (for instance, it includes Mell once any prime is

inverted). By the main result of [24], one has:

Proposition 4.8. We have an equivalence

Mod(RhG) ' QCoh(X) ' Mod(R)hG,

Our goal is to show, as claimed in Theorem 1.7, that every thick subcategory of Mod(RhG) should arise

from a G-invariant subset of SpecR0 closed under specialization (i.e., a union of closed substacks of X). We

begin with some lemmas.

Lemma 4.9. Let Es,tr be an upper half-plane spectral sequence of (not necessarily commutative) algebras

for s ≥ 0, t ∈ Z. Suppose that x ∈ E0,r
2 is an element. Suppose moreover:

(1) x is central in E∗,∗2 .

(2) Es,t2 is torsion for s > 0 and t arbitrary.

(3) The spectral sequence degenerates at a finite stage.

Then a power of x survives to E0,r
∞ .

Proof. In fact, suppose d2(x) is N -torsion; then this implies that xN survives to E3. Repeating, it

follows that a sufficiently divisible enough power of x survives to E4, E5, and so forth to any finite stage.

Since the spectral sequence stops at a finite stage, it follows that a high power of x survives the spectral

sequence. �

Lemma 4.10. Let x ∈ RG0 . Then a sufficiently divisible power of x is in the image of π0R
hG → π0R.

Proof. To see this, consider the homotopy fixed point spectral sequence

Hi(G;πjR) =⇒ πj−iR
hG.

By assumption, x defines an element of E0,0
2 . This spectral sequence has the two key properties of Lemma 4.9.

Above the s = 0 line, everything is torsion: in fact, annihilated by |G|. Moreover, the spectral sequence

degenerates at a finite stage (in fact, with a horizontal vanishing line), thanks to Theorem 3.14. This is

enough to imply the lemma by Lemma 4.9. �

Remark 4.11. If x is invertible, one may prove this using the norm map gl1(R)→ gl1(RhG) ' gl1(R)hG.

Proposition 4.12. The thick subcategories of Modω(Γ(X,Otop)) are in bijection with the G-invariant

subsets of SpecR0 closed under specialization.
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Proof. By Corollary 4.7, the remaining step is to show that given a G-invariant closed subset Z ⊂

SpecR0, we can find a perfect Γ(X,Otop)-module with support exactly Z. We would like to imitate

the construction used to prove Theorem 2.13, although the problem is that the xi need not live inside

π∗Γ(X,Otop) = π∗R
hG. We can get around this as follows.

Let Z correspond to the G-invariant radical ideal I ⊂ R0. We can find an ideal J ⊂ I such that

rad(J) = I and such that J is itself generated by G-invariant elements. Indeed, for each prime p that fails

to contain I, we observe that gp also fails to contain I for each g ∈ G. Therefore, by prime avoidance [9,

Lemma 3.3], choose an element x ∈ I \⋃g∈G(gp). Then consider its norm NGx =
∏
g∈G gx, which is in I

and not in p. Taking norms such as these, we can choose G-invariant elements of I such that any prime that

fails to contain I fails to contain one of these elements.

Therefore, we choose G-invariant elements {x1, . . . , xn} ⊂ RG0 such that they cut out the closed subset

Z ⊂ SpecR0. We would like to take as our Γ(X,Otop)-moduleM the iterated quotient Γ(X,Otop)/(x1, . . . , xn),

except that the xi do not necessarily belong to π0Γ(X,Otop). However, by Lemma 4.10, after raising the xi to

a suitable power, we can arrange that they do belong to π0Γ(X,Otop). Then, the quotient RhG/(x1, . . . , xn)

is the desired RhG-module.

�

Corollary 4.13. Suppose R is an E∞-ring with an action of a finite group G. Suppose that

(1) R is even periodic with π0R regular.

(2) RhG → R is a faithful G-Galois extension (in the sense of [29]).

Then the thick subcategories of Modω(RhG) are in bijection with the G-invariant subsets of Specπ0R closed

under specialization.

Proof. This result is not a corollary of the previous ones, but rather of the proof. Since RhG → R

is faithful G-Galois, we have an equivalence of ∞-categories Mod(RhG) ' Mod(R)hG. This is essentially

Galois descent, and has been observed independently by Gepner-Lawson and Meier; see for example [23,

Th. 9.5].

Moreover, since R is even periodic with π0R regular, we can use the residue field construction of Defi-

nition 2.5 to produce multiplicative homology theories on Mod(RhG) satisfying Künneth isomorphisms that

detect all nonzero objects. This gives one half of the classification of thick subcategories.

Using the same construction as above, one sees that the argument proving Proposition 4.12 applies here

too, provided that Lemma 4.10 applies. But in fact Lemma 4.10 is valid for any faithful G-Galois extension.

As shown in [23], the map RhG → R is “descendable” in the sense of §3-4 of that paper. One can use the

analogous properties of the homotopy fixed point (or descent) spectral sequence (degeneration at a finite
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stage with a horizontal vanishing line, so that Lemma 4.9 applies) which are valid for the homotopy fixed

point spectral sequence for any faithful G-Galois extension; see [23, §4].

�

5. The general case

In this section, we complete the proof of Theorem 1.7. Throughout this section, we fix the even periodic

refinement X = (X,Otop) of the affine map X → MFG, where X is a regular, noetherian, and separated

Deligne-Mumford stack. Our goal is now to produce sufficiently many perfect Γ(X,Otop)-modules to see

that any closed substack of X can be realized as the support. Since X need not be a quotient stack by a

finite group, we will need a different approach from the previous section. We will use the theory of graded

Hopf algebroids (see, e.g., [28]).

5.1. An abstract periodicity theorem. The basic step in producing Γ(X,Otop)-modules is the fol-

lowing analog of the periodicity theorem in our setting.

Theorem 5.1. Let F ∈ QCohω(X) have the property that the homotopy group sheaves of F ∧ DF are

scheme-theoretically supported on a closed substack Z ⊂ X. Given a section s ∈ H0(Z, ωk), there exists a

self-map

ΣnkF → F ,

for some n, whose map on homotopy group sheaves is given by multiplication by s∧n.

Proof. In fact, we consider the endomorphism ring End(F), which is an A∞-algebra internal to the

category QCohω(X). Note first that End(F) has its homotopy group sheaves supported on the closed substack

Z. The homotopy group sheaves End∗(F) of End(F) form a sheaf of graded associative algebras on Z, and

we get a map of quasi-coherent sheaves on Z (or X)

∞⊕
k=−∞

ω⊗kZ → End∗(F).

This is obtained from the natural map

∞⊕
k=−∞

ω⊗k → End∗(F),

which has the property that it factors through the base-change to Z. Note in particular that this map

is central. In particular, the section s ∈ H0(Z, ωk) defines a central element of H0(X,πkEnd(F)): more

precisely, a central element in the E2-page of the spectral sequence

Es,t2 = Hi(X,πjEnd(F)) =⇒ πj−iΓ(X,End(F)).
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In this spectral sequence, everything above the horizontal line s = 0 is torsion, as the rationalization XQ is

the quotient of an affine scheme by Gm in view of the affine map XQ → (MFG)Q ' BGm. In particular,

the presentation XQ = (affine)/Gm implies that XQ has no higher sheaf cohomology. Therefore, it follows

by Theorem 3.14 and Lemma 4.9 that a power of s survives the spectral sequence and defines a global

endomorphism of F as desired. �

This result almost reduces our work to pure algebra. The situation becomes slightly tricky, though,

because while the set-theoretic support is well-behaved in cofiber sequences, the scheme-theoretic support

(which is what intervenes in Theorem 5.1) is less so. We now note further consequences of Theorem 5.1 that

will be used in the sequel.

Lemma 5.2. Let Y ⊂ Y ′ be a nilpotent thickening of Artin stacks, and let L ∈ Pic(Y ′). Then any torsion

section s ∈ H0(Y,L) has the property that some power of s extends over Y ′.

Proof. It suffices to consider a square-zero thickening Y ⊂ Y ′, defined by a square-zero sheaf of ideals

I on Y ′. Then we have an exact sequence of sheaves on Y ′

0→ IL → L → L⊗OY ′ OY → 0,

and we consider a section s of the last term. The obstruction to its lifting is given by the coboundary

δs ∈ H1(IL). The coboundary has the property δ(sN ) = NsN−1δ(s) (in a natural sense, given the operation

of OY ′/I on I), which vanishes for N highly divisible by assumption. �

Corollary 5.3. Let F ∈ QCohω(X). Suppose F is supported (scheme-theoretically) on a closed substack

Z ⊂ X. Suppose Z ′ ⊂ X is another closed substack with the same underlying set as Z and s ∈ H0(Z ′, ωi)

is a torsion section. Let Z ′′ be the closed substack of Z ′ cut out by s. Then there exists F ′ ∈ QCohω(X)

whose set-theoretic support is precisely Z ′′.

Proof. By Lemma 5.2, we may assume, after raising s to an appropriate power, that Z ′ = Z and s

actually is a section over Z. In this case, we use Theorem 5.1 to produce a self-map of F which induces

multiplication by some tensor power of s on homotopy group sheaves. The cofiber of this map can be taken

to be F ′. �

5.2. The algebraic setup; the rational piece. Let Z ⊂ X be a closed substack. In this subsection,

we will begin the algebraic preliminaries in showing that there exists an object in QCohω(X) set-theoretically

supported on Z.
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Definition 5.4. Recall (e.g., from [11]) the covers

M coord,n
FG →MFG,

where M coord,n
FG is the moduli stack of formal groups together with a coordinate to degree n. Each of these

covers is a torsor for the group G that acts on coordinates to degree n (i.e., automorphisms of SpecZ[x]/xn+1).

The group G has a map (which admits a splitting)

G� Gm,

by contemplating the action on the Lie algebra, and the kernel H ⊂ G is an iterated extension of copies of

Ga, This property of the group G will become crucial below.

The inverse limit of the moduli stacks M coord,n
FG parametrizes formal groups together with a coordinate:

equivalently, formal group laws. The inverse limit is thus the spectrum of the Lazard ring L. Since X ×MFG

SpecL is affine by hypothesis, one gets:

Proposition 5.5. X ×MFG
M coord,n
FG is affine for n� 0.

Proof. Consider the tower of Deligne-Mumford stacks X(n) = X×Mcoord,n
FG

MFG as n varies. For n > 0,

the successive maps in the tower are Ga-torsors and in particular are affine morphisms.

Moreover, the inverse limit of this tower, given by X(∞) def
= X ×MFG

SpecL is an affine scheme, by

hypothesis, so we want to claim that some term in the tower is itself an affine scheme. For this, we argue

first that for n� 0, the Deligne-Mumford stacks X(n) are algebraic spaces, or equivalently, by [18, Corollary

8.1.1], that they have no nontrivial automorphisms. In fact, consider the diagonal maps

X(n) → X(n) ×X(n),

for each n. These fit into a tower of cartesian squares as n→∞, since for any morphism of stacks Y1 → Y2,

one has a cartesian square

Y1

��

// Y1 × Y1

��
Y2

// Y2 × Y2

.

Since in the inverse limit, the map X(∞) → X(∞) × X(∞) is a closed immersion, it follows by [30, Prop.

B.3] that X(n) → X(n) ×X(n) is a closed immersion for n� 0. Thus, X(n) is an algebraic space for n� 0.
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Now, we can apply to the general theory of inverse limits of towers of algebraic spaces under affine

morphisms: by [31, Tag 07SQ] if the inverse limit is affine, then some term in the tower (and thus everything

above it) must be affine, to conclude. �

Fix one such n. Then we get a quotient stack presentation for X as the quotient of some affine scheme

SpecR = X ×MFG
M coord,n
FG by an action of the algebraic group G. In particular, if O(G) denotes the ring

of functions on G, then we get a presentation for X via a Hopf algebroid,

(3) Γ: R→→R⊗O(G)
→
→
→
. . . ,

Remark 5.6. Although we do not need this, these covers arise from certain ring spectra X(n). This Hopf

algebroid can be realized in homotopy via the cobar construction

Γ(X,Otop) ∧X(n)→→Γ(X,Otop) ∧X(n) ∧X(n)
→
→
→
. . . .

Consider the setup above. If we forget the Gm-action but remember the associated grading, the result

is a graded Hopf algebroid which presents the stack X. A given closed substack of X ' St(Γ(X,Otop))

corresponds to an invariant homogeneous ideal I ⊂ R∗.

Our strategy will be, first, to choose globally invariant elements x1, . . . , xr that generate I rationally, and

which exist in homotopy in a very strong sense. Here we use the fact that the stack X is (up to Gm-action)

already affine once we rationalize. After we do this, we need to add in more generators to avoid introducing

unnecessary irreducible components of the support. In the torsion case, however, the distinction between

the set-theoretic and scheme-theoretic support simplifies thanks to the Frobenius.

Lemma 5.7. In the above setup, there exist invariant homogeneous elements x1, . . . , xr in the Hopf algebroid

Γ (from (3)) that generate I rationally. In the language of stacks, there are sections xi ∈ H0(X,ωki) which

cut out the closed substack Z rationally.

Proof. We will prove this using a different presentation from (3). On rationalizations, XQ → (MFG)Q '

BGm is affine, so XQ is the Gm-quotient of an affine scheme SpecC with a Gm-action (i.e., grading). Now

a closed substack of XQ ' (SpecC)/Gm is defined by a Gm-invariant ideal of C, or a homogeneous ideal of

C. We can take x1, . . . , xr as homogeneous elements of C (i.e., sections of H0(XQ, ω
ki)) which generate this

homogeneous ideal. Multiplying by a highly divisible integer, we may assume they extend to sections over

X. �

Proposition 5.8. Given the closed substack Z ⊂ X, there exists F ′ ∈ QCohω(X) such that SuppF ′ ⊃ Z

and (SuppF ′)Q = ZQ.

36



Proof. Choose sections x1, . . . , xr ∈ H0(X,ω⊗•) such that the closed substack of X cut out by the

{xi} is equal, rationally, to Z. After multiplying the xi by a sufficiently divisible integer, we may assume

the xi vanish along Z as well. After raising the xi to a sufficiently divisible power, we may assume (by

Theorem 3.14 and Lemma 4.9) that each xi survives to an element in π∗(Γ(X,Otop)). Then, we can take

F ′ = Otop/x1 ∧ · · · ∧ Otop/xr. �

5.3. The torsion piece. In this subsection, we prove some algebraic lemmas needed to handle the

torsion. Throughout, let B be a base ring, assumed noetherian. Let G be an algebraic group over B with

the property that G fits into an exact sequence of group schemes

1→ H → G→ Gm → 1,

where the map G→ Gm has a section (so that G is a semidirect product). Suppose H has a finite filtration

with successive quotients isomorphic to Ga. Observe that on any G-quotient, there is a natural line bundle

ω obtained from the map G → Gm, the standard one-dimensional representation of Gm, and the Borel

construction. Throughout, a representation of an algebraic group (always over the base ring B) will refer

to a B-module together with a coaction of the associated Hopf algebra. Given a representation, the fixed

points consist of the primitive vectors under the coaction map. See [33] for a discussion over fields.

Lemma 5.9. Let M be a Ga-representation. Then if M 6= 0, MGa 6= 0.

Proof. Fix m 6= 0 in M . Consider the coaction map ψ : M →M ⊗B B[t], and suppose:

(4) ψ(m) =

∞∑
i=0

ti ⊗mi, mi = 0 for i� 0.

Recall that m0 = m, and in particular ψ is injective. Let n be maximal such that mn 6= 0. Then mn is

Ga-invariant. In fact, we get an equality from coassociativity,

n∑
i=0

ti ⊗ ψ(mi) =

n∑
i=0

i∑
j=0

(
i

j

)
tj ⊗ ti−j ⊗mi,

and comparing terms of tn ⊗ (. . . ) shows that ψ(mn) = 1⊗mn. �

Lemma 5.10. Let A be a B-algebra with an action of the algebraic group H. Let I ⊂ A be a H-invariant

torsion ideal. Suppose IH consists of nilpotent elements. Then I is nilpotent.

Proof. We first consider the case of H = Ga. Let ψ : A → A ⊗B B[t] be the coaction map. Choose

x ∈ I, and write ψ(x) =
∑n
i=0 t

i⊗xi for the xi ∈ I and for some n. By the proof of (4), it follows that xn is

H-invariant and therefore, by assumption, nilpotent. Choose N highly divisible and so large that xNn = 0.
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In this case, it follows that

ψ(xN ) =

(
n∑
i=0

ti ⊗ xi
)N

=

(
n−1∑
i=0

ti ⊗ xi
)N

,

because N is highly divisible and xn is torsion and nilpotent. (In general, if a is torsion and nilpotent, then

(a+ b)N = bN for N sufficiently highly divisible.) Therefore, when one expands ψ(xN ) =
∑∞
j=0 t

j ⊗ nj , the

largest j that appears is j = N(n− 1), and that term is tN(n−1) ⊗ xNn−1. It follows that xNn−1 is H-invariant

and therefore nilpotent. Continuing in this way, we can work our way down to conclude that all the xi, and

in particular x0 = x, are nilpotent.

In general, if H is not assumed to be isomorphic to Ga, choose an exact sequence

1→ H ′ → H → Ga → 1,

and assume inductively that the lemma is valid for H ′. In particular, if I is not nilpotent, it follows that

IH
′ ⊂ AH′ contains a non-nilpotent element x. The group Ga acts on AH

′
and IH

′
, and in particular (IH

′
)Ga

must contain a non-nilpotent element by the case of the lemma already proved. But then IH contains a

non-nilpotent element, a contradiction. �

Proposition 5.11. Let Y be an Artin stack obtained as Y ' SpecR/G, where R is a noetherian ring. Then

given a closed substack T ⊂ Y such that TQ = YQ, there exists a sequence of closed substacks

Y ⊃ Y1 ⊃ Y2 ⊃ · · · ⊃ Yr ⊃ T,

such that:

(1) There exists an element yi ∈ H0(Yi, ω
ki) such that Yi+1 is the zero locus of yi.

(2) Yr is a nilpotent thickening of T .

Proof. The stack Y is represented by a Hopf algebroid obtained by the G-action on SpecR. The closed

substack T ⊂ Y corresponds to a G-invariant ideal I ⊂ R with the property that I ⊗Z Q = 0. It suffices to

show that there exist homogeneous elements y1, . . . , yr ∈ R such that

(1) The image of yi in H-invariant in R/(y1, . . . , yi−1) (which is inductively a G-representation by this

assumption).

(2) (y1, . . . , yr) contains a power of I.

To do this, note first that we may assume I non-nilpotent. In this case, Lemma 5.10 gives us a non-

nilpotent H-invariant element y1 ∈ I, which we can assume homogeneous. We can now form the quotient

R/(y1), which defines a proper closed G-invariant subscheme of SpecR, or equivalently a proper closed

38



substack Y1 ⊂ Y , which contains T . Now, apply Lemma 5.10 again to the H-action on R/(y1) and the image

of I in here, and continue to get the descending sequence of substacks and the yi. The process stops once

the image of I in R/(y1, . . . , yr) is nilpotent, at which point we have gotten down to a nilpotent thickening

of T . �

5.4. Proof of the main theorem. We now restate and prove the main theorem from the introduction.

Theorem 5.12. The construction Z 7→ QCohωZ(X) establishes a bijection between specialization-closed

subsets of the underlying space of X and thick subcategories of Modω(Γ(X,Otop)) ' QCohω(X).

Proof. It thus suffices to show that, given a closed substack Z ⊂ X, there exists F ∈ QCohω(X) such

that the (set-theoretic) support of F is precisely Z.

By Proposition 5.8, there exists F ′ ∈ QCohω(X) such that the homotopy group sheaves of F ′ are

supported scheme-theoretically on a closed substack Z ′ of X with Z ′ ⊃ Z and Z ′Q = ZQ. Moreover, by

Proposition 5.11 (which is applicable in view of the discussion in Section 5.2), there exists a descending

sequence of closed substacks

Z ′ = Z1 ⊃ Z2 ⊃ · · · ⊃ Zm ⊃ Z,

and torsion sections xi ∈ H0(Zi, ω
ki) for 1 ≤ i ≤ m, such that:

• Zi+1 is the zero locus of xi on Zi.

• Zm is a nilpotent thickening of Z.

We claim that, for each i = 1, 2, . . . ,m, there exists Fi ∈ QCohω(X) such that the set-theoretic support

of Fi is precisely Zi. We prove this by induction on i. For i = 1, we can take F ′. If we have proved the

assertion for i, then the assertion follows for i + 1 by Corollary 5.3. Taking i = m− 1, we have proved our

result. �

Question 5.13. Does X need to be regular for the results of this paper to hold?
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CHAPTER 3

Torsion exponents in stable homotopy and the Hurewicz

homomorphism

1. Introduction

Let X be a spectrum. Then there is a natural map (the Hurewicz map) of graded abelian groups

π∗(X)→ H∗(X;Z)

which is an isomorphism rationally. In general, this is the best that one can say. For instance, given an

element x ∈ πn(X) annihilated by the Hurewicz map, we know that x is torsion, but we cannot a priori

give an integer m such that mx = 0. For example, if K denotes periodic complex K-theory, then K/pk has

trivial homology for each k, but it contains elements in homotopy of order pk.

If, however, X is connective, then one can do better. For instance, the Hurewicz theorem states in this

case that the map π0(X) → H0(X;Z) is an isomorphism. The map π1(X) → H1(X;Z) need not be an

isomorphism, but it is surjective and any element in the kernel must be annihilated by 2. There is a formal

argument that in any degree, “universal” bounds must exist.

Proposition 1.1. There exists a function M : Z≥0 → Z>0 with the following property: if X is any connective

spectrum, then the kernel and cokernel of the Hurewicz map πn(X)→ Hn(X;Z) are annihilated by M(n).

Proof. We consider the case of the kernel; the other case is similar. Suppose there existed no such

function. Then, there exists an integer n and connective spectra X1, X2, . . . together with elements xi ∈

πn(Xi) for each i such that:

(a) xi is in the kernel of the Hurewicz map (and thus torsion).

(b) The orders of the xi are unbounded.

In this case, we can form a connective spectrum X =
∏∞
i=1Xi. Since homology commutes with arbitrary

products for connective spectra, as HZ can be given a cell decomposition with finitely many cells in each

degree (see [2, Thm. 15.2, part III]), it follows that we obtain an element x = (xi)i≥1 ∈ πn(X) =
∏
i≥1 πn(Xi)

which is annihilated by the Hurewicz map. However, x cannot be torsion since the orders of the xi are

unbounded. �
42



We note that the above argument is very general. For instance, it shows that the nilpotence theorem

[12] implies that there exists a universal function P (n) : Z≥0 → Z>0 such that if R is a connective ring

spectrum and x ∈ πn(R) is annihilated by the MU -Hurewicz map, then xP (n) = 0. The determination of

the best possible function P (n) is closely related to the questions raised by Hopkins in [14].

Proposition 1.1 appears in [6], where an upper bound for the universal function M(n) is established

(although the above argument may be older).

Theorem 1.2 (Arlettaz [6, Thm. 4.1]). If X is any connective spectrum, then the kernel of πn(X) →

Hn(X;Z) is annihilated by ρ1 . . . ρn where ρi is the smallest positive integer that annihilates the torsion

group πi(S
0). The cokernel is annihilated by ρ1 . . . ρn−1.

Different variants of this result have appeared in [5, 8], and this result has also been discussed in [10].

The purpose of this note is to find the best possible bounds for these torsion exponents, up to small constants.

We will do so at each prime p. In particular, we prove:

Theorem 1.3. Let X be a connective spectrum and let n > 0. Then:

(a) The 2-exponent of the kernel of the Hurewicz map πn(X) → Hn(X;Z) is at most
⌈
n
2

⌉
+ 3: that is,

2dn2 e+3 annihilates the 2-part of the kernel.

(b) If p is an odd prime, the p-exponent of the kernel of the Hurewicz map πn(X) → Hn(X;Z) is at most⌈
n+3
2p−2

⌉
+ 1.

(c) The 2-exponent of the cokernel of the Hurewicz map is at most
⌈
n−1

2

⌉
+ 3.

(d) If p is an odd prime, the p-exponent of the cokernel of the Hurewicz map is at most
⌈
n+2
2p−2

⌉
+ 1.

We will also show that these bounds are close to being the best possible.

Proposition 1.4. (a) For each r, there exists a connective 2-local spectrum X and an element x ∈ π2r−1(X)

in the kernel of the Hurewicz map such that the order of x is at least 2r−1.

(b) Let p be an odd prime. For each r, there exists a connective p-local spectrum X and an element

x ∈ π(2p−2)r+1(X) annihilated by the Hurewicz map such that the order of x is at least pr.

Our strategy in proving Theorem 1.3 is to translate the above question into one about the Postnikov

sections τ[1,n]S
0 and their exponents in the homotopy category of spectra (rather than the exponents of

some algebraic invariant). We shall use a classical technique with vanishing lines to show that, at a prime

p, the τ[1,n]S
0 are annihilated by pn/(2p−2)+O(1). This, combined with a bit of diagram-chasing, will imply

the upper bound of Theorem 1.3. The lower bounds will follow from explicit examples.
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Finally, we show that these methods have additional applications and that the precise order of the n-

truncations τ[1,n]S
0 play an important role in several settings. For instance, we sharpen bounds of Arlettaz

[4] on the orders of the k-invariants of a spectrum (Corollary 6.2), improve and make explicit half of a

result of Beilinson [10] on the (unstable) Hurewicz map πn(X) → Hn(X;Z) for X an infinite loop space

(Theorem 6.3), and prove an exponent theorem for the equivariant stable stems (Theorem 6.6).

We also obtain as a consequence the following result.

Theorem 1.5. Let p be a prime number. Let X be a spectrum with homotopy groups concentrated in

degrees [a, b]. Suppose each πi(X) is annihilated by pk. Then pk+ b−a
p−1 +8 annihilates X (Definition 2.1

below).

We have not tried to make the bounds in Theorem 1.5 as sharp as possible since we suspect that our

techniques are not sharp to begin with.

Notation. In this paper, for a spectrum X, we will write τ[a,b]X to denote the Postnikov section of X

with homotopy groups in the range [a, b], i.e., τ≥bτ≤aX. Given spectra X,Y , we will let Hom(X,Y ) denote

the function spectrum from X into Y , so that π0Hom(X,Y ) denotes homotopy classes of maps X → Y .

Acknowledgments. I would like to thank Mike Hopkins and Haynes Miller, from whom (and whose

papers) I learned many of the ideas used here. I would also like to thank Peter May for several helpful

comments and Dustin Clausen for pointing me to [10]. The author was supported by the NSF Graduate

Fellowship under grant DGE-110640.

2. Definitions

Let C be a triangulated category. We recall:

Definition 2.1. Let X ∈ C be an object. We will say that X is annihilated by n ∈ Z>0 if nidX ∈

HomC(X,X) is equal to zero. We let exp(X) denote the minimal n (or ∞ if no such exists) such that n

annihilates X.

If D is any additive category and F : C → D any additive functor, then if X ∈ C is annihilated by n,

then F (X) ∈ D has nidF (X) = 0 too. Here are several important examples of this phenomenon.

Example 2.2. Given any (co)homological functor F : C → Ab, the value of F on an object annihilated by

n is a torsion abelian group of exponent at most n. For instance, if X is a spectrum annihilated by n, then

the homotopy groups of X all have exponent at most n.
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Example 2.3. Suppose C has a t-structure, so that we can construct truncation functors τ≤k : C → C for

k ∈ Z. Let X ∈ C be any object. Then, for any k, exp(τ≤kX) | exp(X).

Example 2.4. Suppose C has a compatible monoidal structure ∧. Then if X,Y ∈ C, we have exp(X ∧ Y ) |

gcd (exp(X), exp(Y )).

Next, we note that such torsion questions can be reduced to local ones at each prime p, and it will be

therefore convenient to have the following notation.

Definition 2.5. Given X ∈ C, we define expp(X) to be the minimal integer n ≥ 0 (or ∞ if none such

exists) such that pnidX = 0 in the group HomC(X,X)(p). For a torsion abelian group A, we will also use

the notation expp(A) in this manner.

Proposition 2.6. Let X ′ → X → X ′′ be a cofiber sequence in C. Suppose X ′ is annihilated by m and X ′′

is annihilated by n. Then X is annihilated by mn. Equivalently, expp(X) ≤ expp(X
′) + expp(X

′′) for each

prime p.

Proof. We have an exact sequence of abelian groups

HomC(X,X
′)→ HomC(X,X)→ HomC(X,X

′′).

If X ′ (resp. X ′′) is annihilated by m (resp. annihilated by n), then it follows that groups on the edges of

the above exact sequence are of exponents dividing m and n, respectively. It follows that HomC(X,X) is

annihilated by mn, and in particular the identity map idX ∈ HomC(X,X) is annihilated by mn. �

Corollary 2.7. Let X be a spectrum with homotopy groups concentrated in degrees [m,n] for m,n ∈ Z.

Suppose for each i ∈ [m,n], we have an integer ei > 0 with eiπi(X) = 0. Then exp(X) |∏n
i=m ei.

The main purpose of this paper is to determine the behavior of the function expp(τ[1,n]S
0) as n varies.

Corollary 2.7 gives the bound that expp(τ[1,n]S
0) is at most the sum of the exponents of the torsion abelian

groups πi(S
0)(p) for 1 ≤ i ≤ n. We will give a stronger upper bound for this function, and show that it is

essentially optimal.

Theorem 2.8 (Main theorem). (a) Let p = 2. Then:

(5)

⌊
n− 1

2

⌋
≤ exp2(τ[1,n]S

0) ≤
⌈n

2

⌉
+ 3.

(b) Let p be odd. Then:

(6)

⌊
n− 1

2p− 2

⌋
≤ expp(τ[1,n]S

0) ≤
⌈
n+ 3

2p− 2

⌉
+ 1
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The upper bounds will be proved in Proposition 3.4 below, and the lower bounds will be proved in

Proposition 4.2 and Proposition 4.3. They include as a special case estimates on the exponents on the

homotopy groups of S0, which were classically known (and in fact our method is a refinement of the proof of

those estimates). Note that the exponents in the unstable homotopy groups have been studied extensively,

including the precise determination at odd primes [11], and that the method of using the Adams spectral

sequence to obtain such quantitative bounds has also been used by Henn [13].

3. Upper bounds

Let p be a prime number. Let Ap denote the mod p Steenrod algebra; it is a graded algebra. Recall

that if X is a spectrum, then the mod p cohomology H∗(X;Fp) is a graded module over Ap. Our approach

to the upper bounds will be based on vanishing lines in the cohomology.

Definition 3.1. Given a nonnegatively graded Ap-module M , we will say that a function f : Z≥0 → Z≥0

is a vanishing function for M if for all s, t ∈ Z≥0,

Exts,tAp(M,F2) = 0 if t < f(s).

Recall here that s is the homological degree, and t is the grading.

Our main technical result is the following:

Proposition 3.2. Suppose X is a connective spectrum such that each πi(X) is a finite p-group. Suppose

the Ap-module H∗(X;Fp) has a vanishing function f . Let n be an integer and let m be an integer such that

f(m)−m > n. Then expp(τ[0,n]X) ≤ m.

Proof. Choose a minimal resolution (see, e.g., [18, Def. 9.3]) of H∗(X;Fp) by free, graded Ap-modules

(7) · · · → P1 → P0 → H∗(X;Fp)→ 0.

In this case, we have Exts,t(H∗(X;Fp),Fp) ' HomAp(Ps,Σ
tFp) by [18, Prop. 9.4]. That is, the free

generators of the Ps give precisely a basis for Exts,∗(H∗(X;Fp);Fp).
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We can realize the resolution (7) topologically via an Adams resolution (cf., e.g., [18, §9.3]). That is,

we can find (working by induction) a tower of spectra,

(8)
...

��
F2X

��

// R2

F1X

��

// R1

F0X = X // R0

,

such that:

(a) Each Ri is a wedge of copies of shifts of HFp.

(b) Each triangle Fi+1X → FiX → Ri is a cofiber sequence.

(c) The sequence of spectra

X → R0 → ΣR1 → Σ2R2 → . . .

realizes on cohomology the complex (7).

As a result, we find inductively that

H∗(FiX;Fp) ' Σ−iim(Pi → Pi−1).

Now the graded Ap-module Pi is concentrated in degrees f(i) and up, by hypothesis and minimality. In

particular, it follows that FiX is (f(i)− i)-connective. It follows, in particular, that the map

X → cofib(FiX → X)

is an isomorphism on homotopy groups below f(i)− i.

Finally, we observe that the cofiber of each FiX → Fi−1X is annihilated by p as it is a wedge of shifts

of HFp. It follows by the octahedral axiom of triangulated categories, induction on i, and Proposition 2.6

that the cofiber of FiX → F0X = X is annihilated by pi. Taking i = m, we get the claim since τ≤nX '

τ≤n(cofib(FmX → X)) is therefore annihilated by pm by Example 2.3. �

Since Ap is a connected graded algebra, it follows easily (via a minimal resolution) that if M is a

connected graded Ap-module, then Exts,t(M,Fp) = 0 if t < s. Of course, this bound is too weak to help
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with Proposition 3.2. In fact, an integer m satisfying the desired conditions will not exist if we use this

bound.

We now specialize to the case of interest. Consider τ≥1S
0 = τ[1,∞]S

0. It fits into a cofiber sequence

S0 → HZ→ Στ≥1S
0,

which leads to an exact sequence

0→ H∗(Στ≥1S
0;Fp)→ H∗(HZ;Fp)→ H∗(S0;Fp)→ 0.

Now we know that (by the change-of-rings theorem [18, Fact 3, p. 438]) Exts,tAp(H∗(HZ;Fp);Fp) vanishes

unless s = t, and is one-dimensional if s = t; in this case it maps isomorphically to Exts,sAp(Fp,Fp). It follows:

(9) Exts,tAp(H∗(τ≥1S
0;Fp);Fp) =


Exts−1,t−1

Ap (Fp;Fp) s 6= t

0 if s = t

We will need certain classical facts, due to Adams [1] at p = 2 and Liulevicius [16] for p > 2, about

vanshing lines in the classical Adams spectral sequence. A convenient reference is [18].

Proposition 3.3 ([18, Thm. 9.43]). (a) Exts,tA2
(F2,F2) = 0 for 0 < s < t < 3s− 3.

(b) Exts,tAp(Fp,Fp) = 0 for 0 < s < t < (2p− 1)s− 2.

Note also that Exts,tAp(Fp,Fp) = 0 for t < s. As a result, one finds that the cohomology of τ≥1S
0, when

displayed with Adams indexing with t− s on the x-axis and s on the y-axis, vanishes above a line with slope

1
2p−2 .

Finally, we can prove our upper bounds.

Proposition 3.4. (a) exp2(τ[1,n]S
0) ≤

⌈
n
2

⌉
+ 3.

(b) For p odd, expp(τ[1,n]S
0) ≤

⌈
n+3
2p−2

⌉
+ 1.

Proof. This is now a consequence of the preceding discussion. We just need to put things together.

At the prime 2, it follows from Proposition 3.3 and (9) that the A2-module H∗(τ≥1S
0;F2) has vanishing

function f(s) = 3s− 5. By Proposition 3.2, it follows that if 2m− 5 > n, then exp2(τ[1,n]S
0) ≤ m. Choosing

m =
⌈
n
2

⌉
+ 3 gives the minimal choice.

At an odd prime, one similarly sees (by Proposition 3.3 and (9)) that f(s) = (2p−1)s−2p is a vanishing

function. That is, if (2p − 2)m − 2p > n, then we have expp(τ[1,n]S
0) ≤ m. Rearranging gives the desired

claim. �
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4. Lower bounds

The purpose of this section is to prove the lower bounds of Theorem 2.8. The proof of the lower bounds

is completely different from the proof of the upper bounds. Namely, we will write down finite complexes that

have homology annihilated by p but for which the p-exponent grows linearly. These complexes are simply

the skeleta of BZ/p. We will show, however, that the p-exponent of the spectra grows linearly by looking at

the complex K-theory. First, we need a lemma.

Lemma 4.1. Let X be a finite torsion complex with cells in degrees 0 through m. Then, for each p,

expp(X) = expp(τ[0,m]S
0 ∧X).

Proof. Without loss of generality, X is p-local. We know that expp(X) ≥ expp(τ[0,m]S
0 ∧X) (Exam-

ple 2.4). Thus, we need to prove the other inequality. Let k = expp(X).

Let Hom(X,X) denote the endomorphism ring spectrum of X. The identity map X → X defines a

class in π0Hom(X,X), which maps isomorphically to π0Hom(X, τ[0,m]S
0 ∧ X) by the hypothesis on the

cells of X. Therefore, there exists a class in π0Hom(X, τ[0,m]S
0 ∧ X) of order exactly pk. It follows that

expp(τ[0,m]S
0 ∧X) ≥ k as desired. �

We are now ready to prove our lower bound at the prime two.

Proposition 4.2. We have exp2(τ[1,n]S
0) ≥ b(n− 1)/2c.

Proof. Since the function n 7→ exp2(τ[1,n]S
0) is increasing in n (Example 2.3), it suffices to assume

n = 2r − 1 is odd. Consider the space RP2r, r ∈ Z>0 and its reduced suspension spectrum Σ∞RP2r, which

is 2-power torsion. We know that K̃0(RP2r) ' Z/2r by [9, Prop. 2.7.7]. It follows that (cf. Example 2.2)

(10) exp2(Σ∞RP2r) ≥ r.

Now Σ∞RP2r has cells in degrees 1 to 2r. By Lemma 4.1, exp2(τ[0,2r−1]S
0 ∧ Σ∞RP2r) ≥ r too.

We have a cofiber sequence

τ[1,2r−1]S
0 ∧ Σ∞RP2r → τ[0,2r−1]S

0 ∧ Σ∞RP2r → HZ ∧ Σ∞RP2r.

The integral homology of Σ∞RP2r is annihilated by 2, so that the HZ-module spectrum HZ ∧ RP2r is a

wedge of copies of HZ/2 and is thus annihilated by 2. It therefore follows from this cofiber sequence and

Proposition 2.6 that

exp2(τ[1,2r−1]S
0 ∧ Σ∞RP2r) ≥ r − 1,

so that exp2(τ[1,2r−1]S
0) ≥ r − 1 as well (in view of Example 2.4).
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�

Let p be an odd prime. We will now give the analogous argument in this case.

Proposition 4.3. We have expp(τ[1,n]S
0) ≥

⌊
n−1
2p−2

⌋
.

Proof. For simplicity, we will work with BΣp (which implicitly will be p-localized) rather than BZ/p.

The p-local homology of BΣp is well-known (see [17, Lem. 1.4] for the mod p homology from which this can

be derived, together with the absence of higher Bocksteins): one has

Hi(BΣp;Z(p)) '


Z(p) i = 0

Z/p i = k(2p− 2)− 1, k > 0

0 otherwise

.

One can thus build a cell decomposition of the (reduced) suspension spectrum Σ∞BΣp with cells in degrees

≡ 0,−1Mod(2p− 2) starting in degree 2p− 1.

Let k > 0, and consider the ((2p− 2)k)-skeleton of this complex. We obtain a finite p-torsion spectrum

Yk equipped with a map

Yk → Σ∞BΣp

inducing an isomorphism in H∗(·;Z(p)) up to and including degree k(2p−2). That is, by universal coefficients,

Hi(Yk;Z(p)) ' Z/p if i = 2p− 2, 2(2p− 2), . . . , k(2p− 2) and is zero otherwise.

We now claim

(11) K0(Yk) ' Z/pk.

In order to see this, we use the Atiyah-Hirzebruch spectral sequence (AHSS)

H∗(Yk;Z) =⇒ K∗(Yk).

Since the cohomology of Yk is concentrated in even degrees, the AHSS degenerates and we find that K0(Yk)

is a finite p-group of length k. However, the extension problems are solved by naturality with the map

Yk → Σ∞BΣp, as K̃0(BΣp) ' Zp after p-adic completion.

Now Yk is a finite spectrum with cells in degrees [(2p− 2)− 1, (2p− 2)k]. Let m = (2p− 2)(k − 1) + 1.

Then we have, by Lemma 4.1 and (11),

(12) expp(Yk) = expp(τ[0,m]S
0 ∧ Yk) ≥ k.
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Finally, expp(HZ∧Yk) = 1 since the p-local homology of Yk is annihilated by p. It follows that expp(τ[1,m]S
0) ≥

k−1, which is the estimate we wanted if we choose k as large as possible so that m = (2p−2)(k−1)+1 ≤ n. �

Remark 4.4. In view of the Kahn-Priddy theorem [15], it is not surprising that the skeleta of classifying

spaces of symmetric groups should yield strong lower bounds for torsion in the Postnikov sections of the

sphere.

5. The Hurewicz map

We next apply our results about the Postnikov sections τ[1,m]S
0 to the original question of understanding

the exponents in the Hurewicz map. Let Y be a connective spectrum. Then the Hurewicz map is realized

as the map in homotopy groups induced by the map of spectra

Y ∧ S0 → Y ∧HZ,

whose fiber is Y ∧ τ[1,∞]S
0. As a result of the long exact sequence in homotopy, we find:

Proposition 5.1. Let Y be any connective spectrum.

(a) Suppose τ[1,n]S
0 is annihilated by N for some N > 0. Then any element x in the kernel of the Hurewicz

map πn(Y )→ Hn(Y ;Z) satisfies Nx = 0.

(b) Suppose τ[1,n−1]S
0 is annihilated by N ′ for some N ′ > 0. Then for any element y ∈ Hn(Y ;Z), N ′y is in

the image of the Hurewicz map.

The homotopy groups of X ∧ τ≥1S
0 are classically denoted Γi(X) (and called Whitehead’s Γ-groups).

The following argument also appears in, for example, [7, Th. 6.6], [19, Cor. 4.6], and [10].

Proof. For the first claim, consider the fiber sequence Y ∧ τ[1,∞]S
0 → Y → Y ∧ HZ. Any element

x ∈ πn(Y ) in the kernel of the Hurewicz map lifts to an element x′ ∈ πn(Y ∧ τ[1,∞]S
0). It suffices to show

that Nx′ = 0. But we have an isomorphism

πn(Y ∧ τ[1,∞]S
0) ' πn(Y ∧ τ[1,n]S

0),

and the latter group is annihilated by N by hypothesis (and Example 2.2), so that Nx′ = 0 as desired.

Now fix y ∈ Hn(Y ;Z). In order to show that N ′y belongs to the image of the Hurewicz map, it suffices

to show that it maps to zero via the connective homomorphism into πn−1(Y ∧ τ[1,∞]S
0). But we have an

isomorphism πn−1(Y ∧ τ[1,∞]S
0) ' πn−1(Y ∧ τ[1,n−1]S

0) and this latter group is annihilated by N ′. �

Remark 5.2. One has an evident p-local version of Proposition 5.1 for p-local spectra if one works instead

with τ[1,n]S
0
(p).

51



Proof of Theorem 1.3. The main result on exponents follows now by combining Proposition 5.1 and

our upper bound estimates in Theorem 2.8. �

It remains to show that the bound is close to being the best possible. This will follow by re-examining

our arguments for the lower bounds.

Proof of Proposition 1.4. We start with the prime 2. For this, we use the space RP2k and form

the endomorphism ring spectrum Z = Hom(Σ∞RP2k,Σ∞RP2k) ' Σ∞RPk ∧ D(Σ∞RP2k) where D denotes

Spanier-Whitehead duality. The spectrum Z is not connective, but it is (1 − 2k)-connective (i.e., its cells

begin in degree 1− 2k). Then we have a class x ∈ π0(Z) representing the identity self-map of Σ∞RP2k. We

know that x has order at least 2k (in view of (10)), but that 2x maps to zero under the Hurewicz map since

the homology of Z is a sum of copies of Z/2 in various degrees by the integral Künneth formula and since the

homology of RP2k is annihilated by 2. If we replace Z by Σ2k−1Z, we obtain a connective spectrum together

with a class (the translate of 2x) in π2k−1 of order at least 2k−1 which maps to zero under the Hurewicz

map.

At an odd prime, one carries out the analogous procedure using the spectra Yk used in Proposition 4.3,

and (12). One takes k = r + 1. �

Remark 5.3. We are grateful to Peter May for pointing out the following. Choose q ≥ 0, and consider the

cofiber sequence

C = τ≥0S
−q → S−q → τ<0S

−q.

Choosing n > 0 and q appropriately, we can find an element in πn(C) = πn+q(S
0) of large exponent (e.g.,

using the image of the J-homomorphism), larger than exp(τ[1,n]S
0). This element must therefore not be

annihilated by the Hurewicz map πn(C) → Hn(C;Z). Let the image in Hn(C;Z) be x. However, the map

Hn(C;Z)→ Hn(S−q;Z) is zero, so x must be in the image of Hn+1(τ<0S
−q;Z). This gives interesting and

somewhat mysterious examples of homology classes in degree n of a coconnective spectrum.

6. Applications

We close the paper by noting a few applications of considering the exponent of the spectrum itself. These

are mostly formal and independent of Theorem 2.8, which however then supplies the explicit bounds.

We begin by recovering and improving upon a result from [4] on k-invariants.

Theorem 6.1. Let X be any connective spectrum. Then the nth k-invariant τ≤n−1X → Σn+1HπnX is

annihilated by exp(τ[1,n]S
0).
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Proof. It suffices to show that Hn+1(τ≤n−1X;πnX) is annihilated by exp(τ[1,n]S
0). By the universal

coefficient theorem (and the fact that the universal coefficient exact sequence splits), it suffices to show that

the two abelian groups Hn(τ≤n−1X;Z) and Hn+1(τ≤n−1X;Z) are each annihilated by exp(τ[1,n]S
0). This

follows from the cokernel part of Proposition 5.1 because τ≤n−1X has no homotopy in degrees n or n+1. �

Corollary 6.2. If X is a connective spectrum, then the nth k-invariant of X has p-exponent at most (for

p = 2)
⌈
n
2

⌉
+ 3 or (for p > 2)

⌈
n+3
2p−2

⌉
+ 1.

Asymptotically, Corollary 6.2 is stronger than the results of [4], which give p-exponent n− Cp for Cp a

constant depending on p, as n→∞.

Next, we consider a question about the homology of infinite loop spaces.

Theorem 6.3. Let X be an (m − 1)-connected infinite loop space. Then the kernel of the (unstable)

Hurewicz map πn(X) → Hn(X;Z) is annihilated by exp(τ[1,n−m]S
0). Therefore, the p-exponent of the

kernel is at most (for p = 2)
⌈
n−m

2

⌉
+ 3 or (for p > 2)

⌈
n−m+3

2p−2

⌉
+ 1.

This improves upon (and makes explicit) a result of Beilinson [10], who also considers the cokernel of

the map from πn(X) to the primitives in Hn(X;Z).

Proof. Without loss of generality, we can assume that X is n-truncated. Let Y be the m-connective

spectrum that deloops X. Consider the cofiber sequence

Y → τ≤n−1Y → Σn+1HπnY.

By Theorem 6.1, the k-invariant map τ≤n−1Y → Σn+1HπnY is annihilated by exp(τ[1,n−m]S
0). Consider

the rotated cofiber sequence

Σ−1τ≤n−1Y → ΣnHπnY → Y.

Using the natural long exact sequence, we obtain that there exists a map

Y → ΣnHπnY

which induces multiplication by exp(τ[1,n−m]S
0) on πn. Compare [3, Lem. 4] for this argument.
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Delooping, we obtain a map of spaces φ : X → K(πnX,n) which induces multiplication by exp(τ[1,n−m]S
0)

on πn. Now we consider the commutative diagram

πn(X)

φ∗

��

// Hn(X;Z)

φ∗

��
πn(K(πnX,n))

' // Hn(K(πnX,n);Z)

.

Choose x ∈ πn(X) which is in the kernel of the Hurewicz map; the diagram shows that φ∗(x) = exp(τ[1,n−m]S
0)x =

0, as desired. �

Next, we give a more careful statement (in terms of exponents of Postnikov sections of S0) of Theorem 1.5,

and prove it. Note that this result is generally much sharper than Corollary 2.7.

Proposition 6.4. Let X be a p-torsion spectrum with homotopy groups concentrated in an interval [a, b]

of length Ell = b − a. Suppose pk annihilates πi(X) for each i. Then expp(X) ≤ k + expp(τ[1,Ell]S
0) +

expp(τ[1,Ell−1]S
0) = k + Ell

p−1 +O(1).

The argument is completely formal except for the equality expp(τ[1,Ell]S
0) + expp(τ[1,Ell−1]S

0) = Ell
p−1 +

O(1). This comparison is a consequence of Theorem 2.8. Proposition 6.4 plus the estimates of Theorem 2.8

yield Theorem 1.5. We note that a simple calculation can make O(1) explicit.

Proof. Without loss of generality, we assume a = 0 so b = Ell. We consider the cofiber sequence and

diagram

τ[1,∞]S
0 ∧X → X → HZ ∧X.

This induces an exact sequence

(13) π0Hom(HZ ∧X,X)→ π0Hom(X,X)→ π0Hom(τ[1,∞]S
0 ∧X,X).

Let R1 = pexpp(τ[1,b]S
0), R2 = pexpp(τ[1,b−1]S

0). We will bound the exponents of the terms on either side

by R1 and R2p
k to bound the exponent on the group in the middle (which will give a torsion exponent for

X). Note that since X is concentrated in degrees [0, b], one has

π0Hom(HZ ∧X,X) ' π0Hom(τ≤b(HZ ∧X), X)(14)

π0Hom(τ[1,∞]S
0 ∧X,X) ' π0Hom(τ[1,b]S

0 ∧X,X).(15)

We claim first that τ≤b(HZ ∧ X) is annihilated by R2p
k. To see this, it suffices, since τ≤b(HZ ∧ X)

is a generalized Eilenberg-MacLane spectrum, to show that its homotopy groups are each annihilated by
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R2p
k. That is, we need to show that each of the homology groups of X is annihilated by R2p

k. For this, we

consider the Hurewicz homomorphism

πi(X)→ Hi(X;Z), i ≤ b.

The source is annihilated by pk, and Proposition 5.1 implies that the cokernel is annihilated by R2. This

proves that Hi(X;Z) is annihilated by R2p
k for each i ∈ [0, b]. Therefore, (14) is annihilated by R2p

k.

Next, we claim that τ[1,b]S
0 ∧X is annihilated by R1. This is evident by Example 2.4, because τ[1,b]S

0

is. Thus, (15) is annihilated by R1.

Putting everything together, we obtain the desired torsion bounds on the ends of (13), so that the middle

term is annihilated by R1R2p
k, and we are done. �

Finally, we show that our results have applications to exponent theorems in equivariant stable homotopy

theory. We begin by noting a useful example on the stable homotopy of classifying spaces.

Example 6.5. Let G be a finite group and let Σ∞BG be the reduced suspension spectrum of the classiying

BG. Then for any n, the abelian group πn(Σ∞BG) is annihilated by |G|exp(τ[1,n]S
0). This follows from

Proposition 5.1, since the integral homology of BG is annihilated by |G|. In fact, we obtain that the spectrum

τ[1,n]BG is annihilated by |G|exp(τ[1,n]S
0). We do not know if the growth rate of exp(τ[1,n]BG) is in general

comparable to this.

Let G be a finite group, and consider the homotopy theory SG of genuine G-equivariant spectra. The

symmetric monoidal category SG has a unit object, the equivariant sphere S0. We will be interested in

exponents for the equivariant stable stems πn,G(S0) = π0HomSG(Sn, S0). More generally, we will replace

the target S0 by a representation sphere SV , for V a finite-dimensional real representation of G. In this

case, we will write πn,G(SV ) = HomSG(Sn, SV ). For a subgroup H ⊂ G, we will write WH = NG(H)/H

for the Weyl group.

Theorem 6.6. Let V be a finite-dimensional G-representation. Suppose n is not equal to the dimension

dimV H for any subgroup H ⊂ G. Then the abelian group πn,G(SV ) is annihilated by the least common

multiple of {|WH|exp(τ[1,n−dimV H ]S
0)} as H ⊂ G ranges over all the subgroups with dim V H < n. In

particular, the p-exponent of πn,G(SV ) is at most

expp(πn,G(SV )) ≤ max
H⊂G,dimV H<n

(
vp(|WH|) + expp(τ[1,n−dimV H ]S

0)
)

= max
H,dimV H<n

(
vp(|WH|) +

n− dimV H

2p− 2

)
+O(1),
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where vp denotes the p-adic valuation.

Remark 6.7. When n > dimV , the least common multiple simplifies to |G|exp(τ[1,n−dimV ]S
0).

Proof. This follows from the Segal-tom Dieck splitting [20], which implies that

πn,G(SV ) =
⊕
H

πn

(
(Σ∞SV

H

)hWH

)
,

where H ranges over a system of conjugacy classes of subgroups of G. When V is the trivial representation,

we can apply Example 6.5 to conclude.

In general, (Σ∞SV
H

)hWH
is dimV H -connective. Moreover, the homology H∗(S

V H ;Z) is concentrated

in dimension dimV H , so that it follows that for n > dimV H , Hn((Σ∞SV
H

)hWH ;Z) is annihilated by the

order of WH. For n < dimV H , there is no contribution in homotopy from (Σ∞SV
H

)hWH
. Applying

Proposition 5.1 and Theorem 2.8, we obtain the desired exponent result. �

In equivariant stable homotopy theory, one is more generally interested in maps SW → SV where W,V

are orthogonal representations of G. Unfortunately, the method of Theorem 6.6 does not seem to give

anything, unless W is very small relative to V , in which case one can use a cell decomposition of SW and

apply Theorem 6.6 to the individual cells.
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[20] T. tom Dieck. Orbittypen und äquivariante Homologie. II. Arch. Math. (Basel), 26(6):650–662, 1975.

57



CHAPTER 4

Examples of descent up to nilpotence

1. Introduction

Let (C,⊗,1) denote a tensor-triangulated category, i.e., a triangulated category equipped with a compat-

ible (in particular, biexact) symmetric monoidal structure. Examples of such abound in various aspects both

of stable homotopy theory (e.g., the stable homotopy category) and in representation theory, via derived

categories of representations and stable module categories. In many such cases, we are interested in describ-

ing large-scale features of C and of the associated mathematical structure. To this end, there are a number

of basic invariants of C that we can study, such as the lattice of thick subcategories (or, preferably, thick

⊗-ideals) or localizing subcategories, the Picard group Pic(C) of isomorphism classes of invertible objects,

and the Grothendieck group K0(C).

One of our basic goals is relate invariants of C to those of another ⊗-triangulated category C′ receiving

a ⊗-triangulated functor F : C → C′; for whatever reason, we may expect invariants to be simpler to under-

stand for C′. However, we can also hope to use information over C′ to understand information over C via

“descent.” Consider for instance the extension R ⊂ C of the real numbers to the complex numbers. Since

C is algebraically closed, phenomena are often much easier to study over C than R. However, we can study

phenomena over R via the classical process of Galois descent.

Classically, in algebra, descent is carried out along faithfully flat maps of rings. Here, however, it turns

out that there is a large class of extensions which are far from faithfully flat, but which satisfy a categorical

condition that forces the conclusion of descent nonetheless to hold. The key definition is as follows.

Definition 1.1. Let C be a ⊗-triangulated category and let A be an algebra object. An object of C

is said to be A-nilpotent if it belongs to the thick ⊗-ideal generated by A. The algebra A is said to be

descendable if the unit of C is A-nilpotent. We will say that a map R→ R′ of E∞-ring spectra is descendable

if R′ is descendable in Mod(R), the category of R-module spectra.

The notion of “A-nilpotence” is very classical and goes back to Bousfield [12]. The idea of “descendabil-

ity” is implicit at various points in the literature (in particular, in the work of Hopkins-Ravenel in chromatic

stable homotopy theory) but has been systematically studied by Balmer [7] (especially in relation to the

spectrum of [5]) and by the author in [50]. We refer as well to [45, Appendix D.3] for a treatment. The
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notion of descendability is enough to imply that a version of faithfully flat descent holds; however, a de-

scendable algebra may be far from being faithfully flat. A simple example is the map KO → KU of ring

spectra.

In this paper, our goal is to give an introduction to these ideas and an overview of several examples,

emphasizing the F -nilpotence of [55, 54]. This paper is mostly intended as an exposition, although some

of the results are improvements or variants of older ones. A number of basic questions remain, and we have

taken the opportunity to highlight some of them. We have in particular emphasized the role that exponents

of nilpotence (Definition 2.28) plays. One new result in this paper, which was explained to us by Srikanth

Iyengar, is Theorem 3.13, which gives a larger class of faithfully flat extensions which are descendable.

There are many applications of these ideas that we shall not touch on here. For example, we refer

to [56, 27] for the use of these techniques to calculate Picard groups of certain ring spectra; [7, 48] for

applications to the classification of thick subcategories; and [17] for applications to Galois descent in algebraic

K-theory.

Conventions. Throughout this paper, we will use the language of ∞-categories as in [40, 44]. In most

cases, we will only use the language very lightly, as most of the invariants exist at the triangulated level.1

In particular, we will use the phrase stably symmetric monoidal ∞-category to mean a (usually small)

symmetric monoidal, stable ∞-category whose tensor product is biexact; this is the natural ∞-categorical

lift of a tensor-triangulated category. We will also need to work with large ∞-categories. We will use the

theory of presentable ∞-categories of [40, Ch. 5]. In particular, a presentably symmetric monoidal stable

∞-category is the natural “large” setting for these questions; it refers to a presentable, stable ∞-category

equipped with a symmetric monoidal tensor product which is bicocontinuous.

We will let Alg(C) denote the ∞-category of associative (or E1) algebras in a symmetric monoidal ∞-

category and let CAlg(C) denote the ∞-category of commutative (or E∞) algebras. If R is an associative

(i.e., E1) ring spectrum, we will write Mod(R) for the∞-category of R-module spectra (see [20], [44, Ch. 7]).

When R is an E∞-ring, then Mod(R) is a presentably symmetric monoidal stable ∞-category. When R is a

discrete associative (resp. commutative) ring, then we can regard R (or the associated Eilenberg-MacLane

spectrum) as an E1 (resp. E∞)-ring and will write either Mod(R) or D(R) for the ∞-category of R-module

spectra, which is equivalent to the derived ∞-category of R.

Acknowledgments. I would like to thank Bhargav Bhatt, Srikanth Iyengar, and Jacob Lurie for helpful

discussions. I would especially like to thank my collaborators Niko Naumann and Justin Noel; much of this

1We note that the descent-theoretic approach to Picard groups uses ∞-categorical technology in an essential manner.
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material is drawn from [55, 54]. Most of all, I would like to thank Mike Hopkins: most of these ideas

originated in his work.

2. Thick ⊗-ideals and nilpotence

2.1. Thick subcategories and ⊗-ideals. We begin by reviewing the theory of thick subcategories.

As this material is very classical, we will be brief.

Let C be an idempotent-complete stable ∞-category.

Definition 2.1. A thick subcategory of C is a full subcategory D ⊂ C satisfying the following three

conditions:

(1) 0 ∈ D.

(2) If X1 → X2 → X3 is a cofiber sequence (i.e., exact triangle) in C, and two out of three of the {Xi}

belong to D, then the third belongs to D.

(3) D is idempotent-complete. Equivalently, if X,Y ∈ C and X ⊕ Y ∈ D, we have X,Y ∈ D.

Given a collection S ⊂ C of objects, there is a smallest thick subcategory of C containing S; we will write

Thick(S) for this and call it the thick subcategory generated by S.

Construction 2.2. We suppose that S is closed under direct sums and suspensions Σi, i ∈ Z. Then

Thick(S) has a natural inductive increasing filtration Thick(S)0 ⊂ Thick(S)1 ⊂ · · · ⊂ Thick(S). This

filtration is well-known in the literature. Compare Christensen [15, Sec. 3.2], the dimension of triangulated

categories introduced by Rouquier [65], and the treatment and the theory of levels in Avramov-Buchweitz-

Iyengar-Miller [3, Sec. 2.2].

• Thick(S)0 = {0}.

• Thick(S)1 consists of the retracts of objects in S.

• An object X belongs to Thick(S)n if X is a retract of an object X̃ such that there exists a cofiber

sequence X̃ ′ → X̃ → X̃ ′′ such that X̃ ′ ∈ Thick(S)1 (i.e., X̃ ′ is a retract of an object in S) and

X̃ ′′ ∈ Thick(S)n−1.

Proposition 2.3. (1) Thick(S) =
⋃
n≥0 Thick(S)n and each Thick(S)n is idempotent-complete.

(2) Given a cofiber sequence X ′ → X → X ′′ with X ′ ∈ Thick(S)n1 and X ′′ ∈ Thick(S)n2 , we have

X ∈ Thick(S)n1+n2
.

Proof. By construction, each Thick(S)n is idempotent-complete. To see that Thick(S) =
⋃
n≥0 Thick(S)n,

one easily reduces to seeing that the union is itself a thick subcategory, which follows from the second asser-

tion. We are thus reduced to proving (2), which is effectively a diagram chase.
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We prove (2) by induction on n1 + n2. We can assume n1, n2 > 0. Up to adding a summand to both

X ′ and X, we may assume that there exists a cofiber sequence Y1 → X ′ → Y2 with Y1 ∈ Thick(S)1 and

Y2 ∈ Thick(S)n1−1. We consider the homotopy pushout square

X ′

ψ1

��

φ1 // X

ψ2

��
Y2

φ2 // X ⊕X′ Y2

.

The cofiber of φ2 is equivalent to the cofiber of φ1, i.e., X ′′. It follows that we have a cofiber sequence

Y2 → X ⊕X′ Y2 → X ′′,

which shows by the inductive hypothesis that X ⊕X′ Y2 ∈ Thick(S)n1+n2−1. In addition, the homotopy

fibers of ψ1, ψ2 are identified with Y1 ∈ Thick(S)1, and the cofiber sequence

Y1 → X → X ⊕X′ Y2,

with Y1 ∈ Thick(S)1, shows that X ∈ Thick(S)n1+n2 . �

Let f : X → Y be a map in C. We say that f is S-zero if for all A ∈ S, the natural map

[A,X]∗ → [A, Y ]∗

is zero. It now follows that if A′ ∈ Thick(S)n and f1, . . . , fn are composable S-zero maps in C with

g = fn ◦ · · · ◦ f1 : X → Y , then g∗ : [A′, X]∗ → [A′, Y ]∗ is zero. Compare [15] for a detailed treatment.

General thick subcategories can be tricky to work with. In practice, for example for classification results,

it is often convenient to restrict to thick ⊗-ideals.

Definition 2.4. Let C be a symmetric monoidal stable ∞-category. A thick ⊗-ideal is a thick sub-

category D ⊂ C which has the following additional property: if X ∈ C and Y ∈ D, then X ⊗ Y ∈ D. Given

a collection S ⊂ C of objects, there is a smallest thick ⊗-ideal of C containing S; we will write Thick⊗(S)

for this and call it the thick ⊗-ideal generated by S.

Construction 2.5. In the same fashion as Thick(S), we can define a filtration {Thick⊗(S)n}n≥0 on

Thick⊗(S). Suppose S is closed under direct sums and suspensions Σi, i ∈ Z. We can define

Thick⊗(S)n = Thick(S ′)n,
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where S ′ consists of all objects in C of the form X1 ⊗X2 with X1,∈ C, X2 ∈ S. One sees that Thick⊗(S) =

Thick(S ′) and that this gives an increasing filtration on Thick⊗(S).

Given a stably symmetric monoidal, idempotent-complete ∞-category C, the classification of thick ⊗-

ideals of C is an important problem. The first major classification result was by Hopkins-Smith [35], who

carried this out for finite p-local spectra, which was followed by work of Hopkins-Neeman, Thomason, Benson-

Carlson-Rickard, and many others. In general, the classification of thick ⊗-ideals can be encapsulated in

the spectrum of Balmer [5], a topological space built from the prime thick ⊗-ideals which determines all the

thick ⊗-ideals (at least under some conditions, e.g., if objects are dualizable).

We give one example of how thick ⊗-ideals can be constructed. Given an object X ∈ C, we write

π∗X = π∗HomC(1, X). We let R∗ = π∗1 = π∗HomC(1,1). Then R∗ is a graded ring and π∗X is a graded

R∗-module.

Example 2.6. Given a homogeneous ideal I ⊂ R∗, we consider the subcategory of all X ∈ C such that for

all Y ∈ C, the R∗-module π∗(X ⊗ Y ) is I-power torsion. This is a thick ⊗-ideal.

2.2. A-nilpotence. We now come to the key definition, that of A-nilpotence. While these ideas are

quite classical, for a detailed presentation of this material along these lines, we refer in particular to [55].

Let C be a stably symmetric monoidal, idempotent-complete ∞-category and let A ∈ Alg(C).

Definition 2.7 (Bousfield [12]). We say that an object X ∈ C is A-nilpotent if X belongs to

Thick⊗(A). We will also write NilA = Thick⊗(A). Note that NilA is also the thick subcategory of C

generated by all objects of the form A⊗ Y, Y ∈ C, i.e., NilA = Thick⊗(A) = Thick({A⊗ Y }Y ∈C).

We give one example of this now; more will follow later.

Example 2.8. Suppose C = D(Z) is the derived ∞-category of abelian groups and A = Z/pZ. Then an

object X ∈ C is A-nilpotent if and only if there exists n ≥ 0 such that the map pn : X → X is nullhomotopic.

In particular, it follows that such an object is p-adically complete and p-torsion.

Remark 2.9. Suppose X ∈ C is a dualizable object. Then the thick ⊗-ideal generated by X is equal to the

one generated by the algebra object X⊗X∨. Therefore, Thick⊗(X) = Thick⊗(X⊗X∨) is the subcategory of

X⊗X∨-nilpotent objects. It follows that any thick ⊗-ideal of C generated by a finite collection of dualizable

objects is automatically of the form NilA for some A.

Let X ∈ C. Then we can try to approximate X in C by objects of the form A ⊗ X ′, X ′ ∈ C. There is

always a canonical way of doing so.
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Recall that ∆+ denotes the category of finite linearly ordered sets, so that ∆+ is the union of the usual

simplex category ∆ with an initial object [−1].

Construction 2.10. Suppose that A ∈ Alg(C). Then we can form an augmented cosimplicial diagram

CBaug(A) in C,

CBaug(A) : 1→ A→→A⊗A
→
→
→
. . . .

The underlying cosimplicial diagram CB•(A)
def
= CBaug(A)|∆ is called the cobar construction or Amitsur

complex. The diagram CBaug(A) admits a splitting or extra degeneracy (see [44, Sec. 4.7.3]) after tensoring

with A. Compare [64, Ch. 8] or [55, Sec. 2].

Example 2.11. Let F : C → Sp be a functor. It follows that we have a Bousfield-Kan [13] type spectral

sequence

(16) Es,t2 = Hs(πtF (X ⊗ CB•(A))) =⇒ πt−sTot(F (X ⊗ CB•(A))).

We will call this the A-based Adams spectral sequence (with respect to F ). When one takes C = Sp, F = id,

and A = HFp, then one recovers the classical Adams spectral sequence.

The first key consequence of A-nilpotence is that the cobar construction always converges very nicely.

Not only does it converge (to the original object) in C, but it does so universally in the following sense. We

will elaborate more on this “universal” convergence below.

Proposition 2.12. Suppose X ∈ Thick⊗(A). Then for any stable∞-category D and exact functor F : C →

D, F (X ⊗ CBaug(A)) : ∆+ → D is a limit diagram. That is, the natural morphism

(17) F (X)→ Tot
(
F (X ⊗A)→→F (X ⊗A⊗A)

→
→
→
. . .
)

is an equivalence in D.

In particular, taking F to be the identity functor, it follows that the augmented cosimplicial diagram

∆+ → C given by X →
(
X ⊗A→→X ⊗A⊗A . . .

→
→
→

)
is a limit diagram. This limit diagram has the

additional property that it is preserved (i.e., remains a limit diagram) after applying any exact functor. This

is a very special property of such diagrams which we will discuss further below.

Proof. The basic observation is that if X = A ⊗ Y for some Y ∈ C, then the augmented cosimplicial

diagram X ⊗ CBaug(A) has an “extra degeneracy” or splitting [44, Sec. 4.7.3], which in particular implies

that it is a universal limit diagram. It follows that (17) is an equivalence if X = A ⊗ Y . Since the class of

X for which (17) is an equivalence is thick, it follows that this class includes NilA. �
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Definition 2.13. Let A ∈ Alg(C). Fix X,Y ∈ C. By convention, we call the A-based Adams spectral

sequence the Tot spectral sequence (or BKSS) converging to π∗HomC(Y,Tot(CB•(X))) (which coincides

with π∗HomC(Y,X) if X ∈ NilA).

We will say that a map Y → X has Adams filtration ≥ k if the induced map Y → Tot(CB•(X)) is

detected in filtration ≥ k in the BKSS. This is equivalent to the existence of the map Y → X factoring as a

k-fold composite of maps each of which becomes nullhomotopic after tensoring with A. Compare [15, Sec.

4] for a detailed treatment (albeit with arrows in the opposite direction from our setting).

In general, Tot spectral sequences (i.e., those giving the homotopy of a cosimplicial space or spectrum) are

only “conditionally” convergent, with potential lim1 subtleties. In the nilpotent case, the spectral sequence

converges in the best possible form and is essentially finitary.

Proposition 2.14. Suppose X ∈ NilA. The spectral sequence (16) has the following property. There exists

N ≥ 2 such that at the EN -page, there exists a horizontal vanishing line of some height h: that is, Es,tN = 0

for s > h.

We will discuss this result in the next section.

2.3. Towers. In this subsection, we will discuss more closely the behavior of the cobar construction of

an A-nilpotent object. First we will need some preliminaries about towers. Let C be an idempotent-complete

stable ∞-category.

Definition 2.15. A tower in C is a functor Zop≥0 → C, i.e., a sequence

· · · → Xn → Xn−1 → · · · → X1 → X0.

The collection of towers in C is naturally organized into a stable ∞-category Tow(C).

Construction 2.16. Let X• : ∆→ C be a cosimplicial object. Then the sequence of partial totalizations

Totn(X•)
def
= lim←−

[i]∈∆,i≤n
Xi

is naturally arranged into a tower, whose inverse limit is given by the totalization Tot(X•). A version of

the Dold-Kan correspondence, due to Lurie [44, Sec. 1.2.4], implies that the cosimplicial object can be

reconstructed from the tower. In fact, one has an equivalence of ∞-categories

Fun(∆, C) ' Tow(C),

which sends a cosimplicial object X• to its Tot tower.
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Definition 2.17. A tower {Xi}i≥0 is said to be nilpotent if there exists N ∈ Z≥0 such that for each

i ∈ Z≥0, the natural map Xi+N → Xi arising from the tower is nullhomotopic. We let Townil(C) ⊂ Tow(C)

denote the subcategory spanned by the nilpotent towers.

We have the following straightforward result.

Proposition 2.18. Townil(C) ⊂ Tow(C) is a thick subcategory.

Definition 2.19. We will say that a tower {Xi}i≥0 is quickly converging if it belongs to the thick

subcategory of Tow(C) generated by the constant towers and the nilpotent towers. The quickly converging

towers form a thick subcategory Towfast(C) ⊂ Tow(C). We will also say that a cosimplicial object in C is

quickly converging if the associated tower is quickly converging.

The first key observation about quick convergence is that it guarantees that limit diagrams are universal.

Proposition 2.20. Let X• ∈ Fun(∆, C) be a cosimplicial object. Suppose X• is quickly converging. Fix

any idempotent-complete stable ∞-category D and exact functor F : C → D,

Then:

(1) Tot(X•) exists in C.

(2) F (X•) is quickly converging in D.

(3) The natural map

F (Tot(X•))→ Tot(F (X•))

is an equivalence.

That is, the limit diagram defined by X• is universal for exact functors. In the language of pro-objects,

the pro-object defined by the tower {Totn(X•)} is constant. Compare the discussion in [50, Sec. 3.2].

Proof. Any exact functor respects finite limits, so we can replace the totalization by the inverse limit

of the Tot tower. It thus suffices to show that if {Yi} is a quickly converging tower, then the natural analogs

of the three statements hold. That is, lim←−Yi exists in C, {F (Yi)} is quickly converging, and the natural map

F (lim←−Yi) → lim←−F (Yi) is equivalence. The class of towers {Zi} for which these three assertions is thick; it

clearly contains the constant and nilpotent towers, so it contains the quickly converging towers. This proves

the result. �

Let X• be a cosimplicial spectrum. In this case, we have the classical Bousfield-Kan spectral sequence

converging to π∗Tot(X•).
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Proposition 2.21. Let X• be a quickly converging cosimplicial spectrum. Then the BKSS converging to

π∗Tot(X•) has a horizontal vanishing line at some finite stage: i.e., there is N ≥ 2 and h ≥ 0 such that

Es,tN = 0 for s > h.

We refer to [48, Prop. 3.12] for an account of this result in this language. Of course, the idea is

much older, and seems to be elucidated in [34], where the authors consider the more general case of spectral

sequences that have a vanishing line of some (possibly positive) slope at a finite stage. It appears prominently

in the proof of many foundational results in chromatic homotopy theory.

Quick convergence indicates that a homotopy limit in a stable ∞-category which is a priori infinite

(such as a totalization) actually behaves like a finite one, up to taking retracts.2 For example, any exact

functor preserves finite limits. An exact functor need not preserve totalizations, but it will preserve quickly

converging ones by Proposition 2.20.

Here is an instance of this phenomenon.

Proposition 2.22. Let X• ∈ Fun(∆, C) be a quickly converging cosimplicial object. Then Tot(X•) belongs

to the thick subcategory of C generated by the
{
Xi
}
i∈Z≥0

.

Proof. Note that each Totn(X•) belongs to the thick subcategory generated by the
{
Xi
}

as Totn is

a finite homotopy limit. It suffices to show that if {Yi}i≥0 is a quickly converging tower, then Y = lim←−Yi
belongs to the thick subcategory generated by the {Yi}. In fact, this follows from the claim that Y is a

retract of some Yi.

To see this, we need to produce a map Yi → Y for some i such that the composite Y → Yi → Y is the

identity. We consider the functor C → Spop given by X 7→ HomC(X,Y ). Since the tower {Yi} is quickly

converging, it follows by applying this functor (and dualizing) that the map of spectra lim−→i
HomC(Yi, Y )→

HomC(Y, Y ) is an equivalence, in view of Proposition 2.20. Unwinding the definitions, it follows that there

exists fi : Yi → Y such that Y → Yi
fi→ Y is the identity, as desired. �

Example 2.23. Let G be a finite group and let X ∈ Fun(BG, C). We can form the homotopy fixed points

XhG ∈ C, which can be recovered as the totalization of a cosimplicial object. Namely, choosing the standard

simplicial model EG• of EG as a free G-space, we have

XhG = MapG(EG,X) = Tot (MapG(EG•, X)) .

Here EG• is levelwise a finite free G-set; namely, EGn = Gn+1. Therefore, we have a cosimplicial object

X̃• such that X̃n =
∏
Gn X such that XhG = Tot(X̃•).

2We remind the reader that taking retracts, in the ∞-categorical setting, is not a finite homotopy limit.
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Suppose this cosimplicial object is quickly converging. Then we find:

(1) XhG belongs to the thick subcategory of C generated by X.

(2) For any exact functor F : C → D, the natural map F (XhG)→ F (X)hG is an equivalence.

In particular, taking homotopy fixed points behaves like a finite homotopy limit in this case. We will return

to this example below (see subsection 4.1) and show the connection to Tate vanishing.

Our goal in this subsection is to show that the theory of “A-nilpotence” is closely connected to the theory

of quickly converging towers. This will take place through the cobar construction. First, we will describe

the associated tower to the cosimplicial object CB•(A). We now assume that C is an idempotent-complete,

stably symmetric monoidal ∞-category. Compare [55, Sec. 4].

Construction 2.24. Fix A ∈ Alg(C). We let I be the fiber of 1→ A, so that we have a natural map I → 1.

Taking the tensor powers, we obtain a natural tower
{
I⊗k

}
k≥0

in C.

Then we define an exact functor

AdamsA : C → Tow(C)

which sends X ∈ C to the tower AdamsA(X) =
{
I⊗k ⊗X

}
k≥0

, which we call the Adams tower. We note

that we have a natural map of towers

(18) AdamsA(X)→ Const(X),

where Const(X) denotes the constant tower at X.

We have the following basic result. Although surely folklore, it is a little tricky to track down in the

older literature. We refer to [55, Prop. 2.14] for a proof in modern language.

Proposition 2.25. The Tot tower {Totn(CB•(A) ⊗X)} is equivalent to the cofiber of the map of towers

(18).

With this in mind, we can state the following basic characterization of A-nilpotence. It implies Proposi-

tion 2.14, in view of Proposition 2.21. We leave the details to the reader. Compare the discussion following

Definition 2.28 below.

Proposition 2.26. The following are equivalent for X ∈ C:

(1) X ∈ NilA.

(2) The cobar construction CB•(A)⊗X is quickly converging and has homotopy limit given by X.

(3) The Adams tower AdamsA(X) is nilpotent.
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Example 2.27. We consider again our basic example of A = Z/pZ in C = Mod(Z). Here the Adams tower

is given by

· · · → Z p→ Z.

We thus recover the fact that X ∈ C is A-nilpotent if and only if some power of p annihilates X.

2.4. Exponents of nilpotence. We keep the same notation from the previous subsection. We recall

that NilA = Thick⊗(A) and Thick⊗(A) has a natural filtration. This leads to the following natural definition:

Definition 2.28. Fix X ∈ NilA. We will say that X has nilpotence exponent ≤ n if the following

equivalent conditions hold:

(1) X ∈ Thick⊗(A)n in the notation of Construction 2.5.

(2) The map I⊗n → 1 becomes null after tensoring with X.

We will write expA(X) for the minimal n such that X has nilpotence exponent ≤ n.

We outline the argument that conditions (1) and (2) are equivalent.

(1) If X ∈ Thick⊗(A)n, we claim that I⊗n ⊗ X → X is null. For n = 0, the claim is obvious. For

n = 1, if X ∈ Thick⊗(A)1, then X is a retract of A ⊗ Y for some Y , and the map I ⊗X → X is

nullhomotopic because X → A ⊗X admits a section. In general, we can induct on n and use the

inductive description of Thick⊗(A)n.

(2) Suppose ψ : I⊗n⊗X → X is nullhomotopic. Then X is a retract of the cofiber of ψ. It thus follows

that we need to show that the cofiber of ψ belongs to Thick⊗(A)n. It suffices to show that the

cofiber of I⊗n → 1 belongs to Thick⊗(A), but it is an extension of the n objects cofib(I⊗(k+1) →

I⊗k) ' A⊗ Ik for k ≤ n− 1.

The exponent of nilpotence is closely related to the behavior of the A-based Adams spectral sequence.

We recall that if X ∈ NilA, then the A-based Adams spectral sequence collapses at a finite stage with a

horizontal vanishing line.

Proposition 2.29 (Cf. [15, Prop. 4.4], [54, Prop. 2.26]). Suppose X ∈ NilA and expA(X) ≤ n. Then the

A-based Adams spectral sequence for π∗HomC(Y,X) satisfies Es,tn+1 = 0 for s ≥ n.

2.5. The descent theorem. We now specialize to the case where every object is A-nilpotent.

Definition 2.30 (Balmer [7], Mathew [50] ). We say that the algebra object A is descendable or of

universal descent if 1 ∈ NilA = Thick⊗(A) (equivalently, if C = Thick⊗(A)).
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When A is descendable, many properties of objects or morphisms in C can be checked after tensoring

up to A, sometimes up to nilpotence.

Proposition 2.31. Suppose A is descendable. Then if X ⊗A = 0, then X = 0.

Proof. The class of all Y such that X ⊗ Y = 0 is clearly a thick ⊗-ideal; if it contains A, it must

therefore contain 1, so that X = 0. �

As another example, we have the following proposition, which can be proved using a diagram-chase. We

leave the details to the reader (or compare the discussion in [55, Sec. 4] and [50, Sec. 3]).

Proposition 2.32. Say that a map f : X → Y in C is A-zero if 1A⊗ f : A⊗X → A⊗ Y is nullhomotopic.

The following are equivalent:

(1) A is descendable.

(2) If I = fib(1 → A), then the map I → 1 is ⊗-nilpotent, i.e., there exists N such that I⊗N → 1 is

null.

(3) There exists N ≥ 1 such that if f1, . . . , fN are composable A-zero maps, then fN ◦ · · · ◦ f1 = 0.

Proposition 2.33. Let A ∈ Alg(C) be descendable. Let R be an algebra object in C. Suppose x ∈ π∗R

maps to zero in π∗(A⊗R). Then x is nilpotent.

Proof. This is a special case of the previous result. Alternatively, we can use the A-based Adams

spectral sequence to compute π∗R. Since the spectral sequence degenerates with a horizontal vanishing line

at a finite stage, we see easily that any permanent cycle in positive filtration must be nilpotent. �

Example 2.34. Suppose that 1 is a retract of A. Then clearly A is descendable, and we can take N = 1

in the above. This case was considered by Balmer [6], who shows that a type of descent at the level of

homotopy (triangulated) categories holds. When A is descendable but 1 is not a retract, one still has a

descent statement, but it requires the use of ∞-categories which we explain below.

One of the key features of the notion of descendability is that it enables a formulation of a derived analog

of faithfully flat descent, as in [50]. This essentially uses the theory of ∞-categories. We refer also to [45,

Appendix D.3] for another account of these results.

If A ∈ Alg(C), then we can form a stable ∞-category of A-modules ModC(A). If C is presentable and

A is a commutative algebra in C, then ModC(A) acquires a symmetric monoidal structure from the A-linear

tensor product. We refer to [44] for an ∞-categorical treatment of these ideas, and the original source [20]

that developed the theory in spectra.
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The basic result is that one can recover C as the ∞-category of “A-modules with descent data,” if A is

descendable. This is an ∞-categorical version of the classical situation in algebra, which we review briefly.

Example 2.35. We remind the reader of the classical setting in ordinary algebra as developed in [1, Exp.

VIII]. A modern exposition is in [68]. Let R→ R′ be a map of commutative rings. Given an R-module M ,

we can form the base-change MR′ = R′ ⊗RM , which is an R′-module. The R′-module MR′ comes with the

following extra piece of data: there is an isomorphism of R′ ⊗R R′-modules

φM : R′ ⊗RMR′ 'MR′ ⊗R R′

(coming from the fact that both are base-changed from M along R → R′ ⊗R R′). In addition, φM satisfies

a cocycle condition. Namely, the map φM yields two natural isomorphisms of R′ ⊗R R′ ⊗R R′-modules

R′ ⊗R R′ ⊗RM 'M ⊗R R′ ⊗R R′

given by (φM,12 ⊗ 1R′) ◦ (1R′ ⊗ φM,23) and φM,13. In this case, we have an equality of maps φM,13 =

(φM,12 ⊗ 1R′) ◦ (1R′ ⊗ φM,23); this is called the cocycle condition.

In general, an R′-module with descent datum consists of an R′-module N ′ and an isomorphism φ :

R′ ⊗R N ' N ⊗R R′ of R′ ⊗R R′-modules satisfying the cocycle condition. Any R-module yields in the

above fashion an R′-module with descent datum. Grothendieck’s faithfully flat descent theorem states that,

if R → R′ is faithfully flat, this functor implements an equivalence of categories between R-modules and

R′-modules with descent datum.

Example 2.36. Consider the special case R→ C. In this case, given an R-vector space V , we can form the

complexification VC = C⊗RV . The C-vector space VC is equipped with a C-antilinear involution ι : VC → VC

given by complex conjugation on the C factor. In this case, faithfully flat descent states that the category

of R-vector spaces is equivalent to the category of C-vector spaces equipped with an antilinear involution.

Note that we can recover V as the fixed points of the C2-action on VC. More generally, given a G-Galois

extension of fields K ⊂ L, a descent datum on an L-vector space W consists of a G-action on W which is

L-semilinear, i.e., for a scalar l ∈ L and w ∈ W , we have g(lw) = g(l)g(w) for g ∈ G and g(l) ∈ L comes

from the natural action of g on L.

In the ∞-categorical setting, it is generally unwieldy to spell out explicitly the higher analogs of the

coherence condition (which are replaced by higher homotopies). However, it is possible to describe an ∞-

categorical analog of the category of descent data as an appropriate homotopy limit, or as an ∞-category of

coalgebras. We refer also to the work of Hess [29] for a detailed treatment in a related setting.
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Let C be presentably symmetric monoidal stable ∞-category. As mentioned earlier, for every A ∈

CAlg(C), we have associated a presentably symmetric monoidal ∞-category ModC(A). This is functorial

in A. Let Cat∞ be the ∞-category of ∞-categories. Then we have a functor CAlg(C) → Cat∞ sending

A 7→ ModC(A) and a map A→ A′ to the relative tensor product functor A′ ⊗A · : ModC(A)→ ModC(A
′) .

If A ∈ CAlg(C), then we can form the cobar construction CB•(A) as a diagram in Fun(∆,CAlg(C)),

i.e., as a cosimplicial diagram in C. Similarly, the augmented cobar construction CBaug(A) is a diagram in

CAlg(C).

Definition 2.37. Let C be a presentably symmetric monoidal stable ∞-category and let A ∈ CAlg(C).

The ∞-category of descent data DescA(C) is given by the totalization in Cat∞

(19) DescA(C) def
= Tot(ModC(CB•(A))) = Tot

(
ModC(A)→→ModC(A⊗A)

→
→
→
. . .
)

Note that since CB•(A) receives an augmentation from 1, we obtain a natural symmetric monoidal, cocon-

tinuous functor

(20) C → DescA(C).

Remark 2.38. Informally, an object of DescA(C) consists of the following:

(1) For each [n] ∈ ∆, an A⊗(n+1)-module M[n].

(2) For each map [n]→ [m] in ∆, an equivalence M[m] ' A⊗(m+1) ⊗A⊗(n+1) M[n].

(3) Cocycle conditions for these equivalences, and higher homotopies.

This yields a generalization of the construction of Example 2.35. Note that the approach to descent

data considered in [29] is based on comonadicity, which applies in more general situations than this. In this

setting, a descent theorem will state that a comparison map of the form (20) is an equivalence.

There is a direct analog of faithfully flat descent when we work in the case C = Sp or Mod(A).

Definition 2.39. A map of E∞-rings A→ B is said to be faithfully flat if:

(1) π0A→ π0B is faithfully flat.

(2) The natural map π0B ⊗π0A π∗A→ π∗B is an isomorphism.

In this case, one can prove an analog of faithfully flat descent for modules.

Theorem 2.40 (Lurie [45, Theorem D.6.3.1], [43, Theorem 6.1] ). Suppose A → B is a faithfully flat

map of E∞-rings. Then the natural map implements an equivalence of symmetric monoidal ∞-categories

Mod(A) ' DescB(Mod(A)).
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A key result in the theory of “descent up to nilpotence” is that the analogous conclusion holds when

one assumes descendability. Unlike faithful flatness, descendability is a purely categorical condition, which

makes sense in any stably symmetric monoidal ∞-category (not only Sp).

Theorem 2.41 ([50, Prop. 3.22]). Suppose A ∈ CAlg(C) is descendable. Then the natural functor imple-

ments an equivalence of symmetric monoidal ∞-categories

C ' DescA(C).

Proof sketch. The descent theorem is an application of the ∞-categorical version of the Barr-Beck

monadicity theorem proved in [44] (see also [63] for another approach to the monadicity theorem). As in [45,

Lemma D.3.5.7], one can identify the ∞-category DescA(C) with the ∞-category of coalgebras in ModA(C)

over the comonad arising from the adjunction C � ModC(A) given by extension and restriction of scalars.

The key point is then to show that the adjunction C � ModA(C) is comonadic. By the monadicity theorem,

we need to show two statements:

(1) The functor A⊗ · : C → ModC(A) is conservative.

(2) The functor A⊗· : C → ModC(A) preserves totalizations in C which admit a splitting after tensoring

with A.

Statement (1) follows from Proposition 2.31. Statement (2) follows in a similar (but more elaborate) fashion:

given any X• ∈ Fun(∆, C) such that A ⊗X• is quickly converging (e.g., admits a splitting), we argue that

X• is quickly converging. This means that any exact functor, e.g., tensoring with A, preserves the inverse

limit of X• by Proposition 2.20. �

3. Examples of nilpotence

3.1. First examples of descendability. We start by giving a number of elementary examples, mostly

from [50].

Let A ∈ CAlg(C). Then an object of C is nilpotent if it belongs to the thick subcategory of C generated

by those objects which admit the structure of A-module; in particular, A is descendable if the unit has this

property. Sometimes, we can check this directly.

Example 3.1. Let R be a commutative ring and let I ⊂ R be a nilpotent ideal. Then the map R → R/I

is clearly descendable. In fact, the (finite) I-adic filtration on R gives a filtration of R with subquotients

R/I-modules.
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Example 3.2. Let R be a connective E∞-ring which is n-truncated, i.e., such that πiR = 0 for i > n. Then

the map R→ π0R = τ≤0R is descendable for a similar reason: we have the Postnikov filtration of R whose

subquotients admit the structure of π0R-modules (internal to Mod(R)).

Example 3.3. Suppose 1 ∈ CAlg(C) is a finite inverse limit of Aα ∈ CAlg(C), α ∈ I. Then
∏
αAα is

descendable. For example, if an E∞-ring R is a finite inverse limit of E∞-rings Rα, then the map R→∏
Rα

is descendable.

Example 3.4. Suppose R is an E∞-ring and X is a finite, pointed, connected CW complex. Then the map

RX = C∗(X;R) → R given by evaluation at the basepoint is descendable. This is a special case of the

previous example.

Example 3.5. Suppose R is an E∞-ring with π0R = k a field and suppose given a map R → k inducing

the identity on π0. Suppose that πiR = 0 for i > 0 and for i � 0. Then the map R → k is descendable.

This follows from the work of [19].

In fact, we claim that if M is an R-module such that πiM = 0 for i /∈ [a, b] for some a ≤ b ∈ Z, then

M is k-nilpotent; applying this to R itself we can conclude. Using [19, Prop. 3.3], we can induct on b − a

and reduce to the case where a = b; then [19, Prop. 3.9] implies that M is actually a k-module inside of

Mod(R).

One necessary (but not sufficient) condition for descendability of A ∈ CAlg(C) is that the kernel of the

map π∗1→ π∗A consists of nilpotent elements by Proposition 2.33. In fact, an elaboration of that argument

shows that the kernel of the aforementioned map needs to be a nilpotent ideal in π∗1. Another necessary

condition is that descent for modules holds. The latter condition is again insufficient in view of the following

example.

Example 3.6. Let C = M̂od(Z)p denote the ∞-category of p-complete objects in Mod(Z) ' D(Z); this

is equipped with the p-adically completed tensor product. Let A = Z/pZ. Then tensoring with A is

conservative. Since A is dualizable, tensoring with A commutes with all limits. By the ∞-categorical Barr-

Beck theorem, the natural map C → DescC(A) is an equivalence (cf. the discussion in [45, Lemma D.3.5.7]).

However, Z/pZ is clearly not descendable because Zp = π01 is not torsion.

Nonetheless, under strong conditions descendability is actually equivalent to this conclusion. The fol-

lowing appears as [50, Th. 3.38]; however, the proof given there uses more abstract category theory than

necessary. We give a simplified presentation here.
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Theorem 3.7. Let B ∈ Alg(C). Suppose 1 is compact and B is dualizable. Suppose that · ⊗ B : C → C is

conservative. Then B is descendable.

Proof. Note first that tensoring with DB is also conservative. In fact, this follows because B is a

retract of B ⊗ DB ⊗B because B is a module over B ⊗ DB. Note that B and DB generate the same thick

⊗-ideal in C.

We consider the augmented cobar construction CBaug(B) ∈ Fun(∆+, C). It takes values in dualizable

objects; therefore, we consider the dual, DCBaug(B) ∈ Fun(∆+,op, C). Since CBaug(B)⊗B is split, it follows

that DCBaug(B) ⊗ DB is a split augmented simplicial diagram and is therefore a colimit diagram. Since

tensoring with DB is conservative, it follows that DCBaug(B) is a colimit diagram. It follows that the natural

map

|DCB•(B)| → 1

is an equivalence in C. The geometric realization is the filtered colimit of its finite skeleta, |DCB•(B)| =

lim−→|sknDCB•(B)|. Since 1 is compact, it follows that 1 is a retract of sknDCB•(B) for some n. Therefore,

1 is B-nilpotent and B is descendable. �

Even under compact generation, it is far from sufficient to assume that tensoring with an object is

conservative to guarantee descendability. We give a simple example below.

Example 3.8. Let C = Mod(Z(p)). Then A = Q×Fp has the property that tensoring with A is conservative

on C, but A is not descendable. For example, the exact functor Mod(Z(p))→ Mod(Z(p)) given by X 7→ (X̂p)Q

annihilates any A-module but is nonzero.

3.2. Maps of discrete rings. Given the motivation of faithfully flat descent, it is a natural question

now to ask when a map of discrete rings is descendable.

Question 3.9. Let f : A→ B be a faithfully flat morphism of commutative rings. Is f descendable?

In general, we do not know the answer to the above question. We can restate it as follows. Consider the

homotopy fiber sequence

(21) I
φ−→ A→ B

in the derived∞-category D(A). Then I = M [−1] where M is an A-module which is flat; namely, M = B/A.

It suffices to show that φ is ⊗-nilpotent, i.e., for some n, the map φ⊗n : I⊗n → A is nullhomotopic in D(A).

Now φ : I → A is an example of a phantom map in D(A). We recall the definition below.
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Definition 3.10. A map N → N ′ in D(A) is said to be phantom if for every perfect A-module F with

a map F → N , the composite F → N → N ′ is nullhomotopic.

We refer to [16, 59] for a treatment of phantom maps in some generality. Equivalently, a phantom map

is a filtered colimit of maps, each of which is nullhomotopic (but the nullhomotopies need not be compatible

with the filtered colimit). In general, in (21), I is a filtered colimit I = lim−→Mα[−1], where each Mα is

a finitely generated free A-module, by Lazard’s theorem (see, e.g., [67, Tag 058G]) and the induced map

Mα[−1]→M [−1]→ A is clearly nullhomotopic, which means that φ is phantom as desired.

In general, phantom maps are very far from being zero, but under countability conditions the class of

phantom maps can be shown to be a square-zero ideal. That is the content of the following classical result.

Theorem 3.11 (Christensen-Strickland [16], Neeman [59]). Let A be a countable ring. Then the composite

of any two phantom maps in D(A) is nullhomotopic.

The result is based on showing that homology theories in D(A) satisfy Brown representability. It follows

that if A is a countable ring and A → B is faithfully flat, then B is descendable: in fact, A is B-nilpotent

of B-exponent at most two because φ⊗2 is nullhomotopic. Using recent work of Muro-Raventós [58], one

can extend this to show that if A has cardinality at most ℵk for some k < ∞, then the composite of k + 2

phantom maps is zero. This leads to the following result:

Proposition 3.12 ([50, Prop. 3.32] or [45, Prop. D.3.3.1]). Suppose the cardinality of A is at most ℵk for

some k ∈ [0,∞). Then the answer to Question 3.9 is positive.

In general, we do not know whether Question 3.9 holds without cardinality hypotheses. Nonetheless,

the answer is positive if one assumes that A is noetherian of finite Krull dimension. We are indebted to

Srikanth Iyengar for pointing out the following to us.

Theorem 3.13. Suppose A is a noetherian ring of finite Krull dimension and suppose B is a faithfully flat

A-algebra. Then B is descendable.

Proof. Keep the same notation as in (21). Choose n > dimA. Then I⊗n ' M⊗n[−n], so that the

map φ⊗n is classified by an element in ExtnA(M⊗n, A). We claim that this group itself vanishes, so that φ⊗n

is nullhomotopic.

We use [26, Cor. 7.2] to observe now that, as a flat A-module, the projective dimension of M⊗n is at

most dimA. It follows that the group ExtnA(M⊗n, A) itself vanishes, which proves that φ is ⊗-nilpotent as

desired. �
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Example 3.14. Let (A,m) be a noetherian local ring. Then the map A→ Â is descendable.

If we do not assume finite Krull dimension then, by contrast, we do not even know if A→∏
p∈SpecAAp

(which is faithfully flat if A is noetherian) is descendable.

We can also easily extend Theorem 3.13 to the case of ring spectra. A map A→ B of E∞-ring spectra

is said to be faithfully flat if π0A→ π0B is faithfully flat and the natural map π∗A⊗π0A π0B → π∗B is an

isomorphism.

Corollary 3.15. Suppose A is an E∞-ring with π0A noetherian of finite Krull dimension and B is a faithfully

flat E∞-A-algebra. Then A→ B is descendable.

Proof. Again, we form the fiber sequence I
φ→ A → B. Let n > dimA; then we argue that I⊗n → A

is nullhomotopic. In general, given N1, N2 ∈ Mod(A), we have the usual spectral sequence (cf. [20, Ch. IV,

Th. 4.1])

Es,t2 = Exts,tπ∗(A)(π∗(N1), π∗(N2)) =⇒ πt−sHomA(N1, N2).

Note that φ induces zero on homotopy, so it is detected in filtration at least one in the Ext spectral sequence.

It follows that φ⊗n is detected in filtration at least n in the Ext spectral sequence. However, we deduce

already (using [26, Cor. 7.2]) that everything in filtration ≥ n of the Ext spectral sequence for HomA(I⊗n, A)

vanishes, so that φ⊗n must vanish. �

We have already seen some examples where a map which is far from faithfully flat is nevertheless

descendable, for example the quotient by a nilpotent ideal. Here is another example. We refer to [11, Prop.

5.25] for a more general statement, showing that the condition of descendability in the noetherian case is

equivalent to being a cover in the h-topology. As this special case is elementary, we illustrate it here.

Theorem 3.16. Let f : A→ B be a finite map of noetherian rings such that kerf is nilpotent (equivalently,

SpecB → SpecA is surjective). Then f is descendable.

In this proof, we will break with convention slightly and indicate derived tensor products by
L
⊗. This is

to avoid confusion, as we will also work with strict quotients by ideals.

Proof. Let Z ⊂ SpecA be a closed subscheme, defined by an ideal J ⊂ A. We consider the condition

that A/J → B/JB is descendable. Using Example 3.1, one sees that this only depends on the radical of J .

Thus we can consider the condition on closed subsets of SpecA.

By noetherian induction, we may assume that the condition holds for all proper subsets of SpecA, i.e.,

that if J is a non-nilpotent ideal, then A/J → B/JB is descendable. We then need to prove that A→ B is

descendable.
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First assume that SpecA is reducible. Let {pi} be the minimal prime ideals of A. Then the map

A → ∏
iA/pi is descendable since the intersection of the pi is nilpotent. By hypothesis, A/pi → B/piB is

descendable because no pi is nilpotent. However, now by a transitivity argument it follows that A → B is

descendable.

Thus, we may assume that SpecA is irreducible, so that it has a unique minimal prime ideal p, which

is nilpotent. Replacing A,B by A/p, B/pB, we may reduce to the case where p = 0 so that A is a domain.

This forces A → B to be injective. Let K(A) be the quotient field of A. Since B ⊗A K(A) is finite free

over K(A), there exists a nonzero f ∈ A such that Bf is finite free over Af , so that Af → Bf is clearly

descendable.

In particular, the map φ in (21) gives an element of Ext1
A(B/A,A) which is f -power torsion. Suppose

fNφ = 0. Note that A/(f) → B/(f) is descendable by the inductive hypothesis; therefore, so is A/f →

B
L
⊗A A/f . It follows that φ⊗n becomes nullhomotopic after (derived) base-change along A → A/f for

some n. Consider the object HomD(A)(B/A
L⊗n, A) ∈ D(A) in which φ⊗n lives in π0. Since B/A is a finitely

generated A-module, we see easily that we have an equivalence in D(A/f),

HomD(A)(B/A
L⊗n, A)

L
⊗A A/f = HomD(A/f)(B/A

L⊗n L
⊗ A/f,A/f).

Let N ∈ D(A). The long exact sequence associated to the cofiber sequence N
f→ N → N

L
⊗A A/f shows

that if x ∈ π0N maps to zero in N
L
⊗A A/f , then x is divisible by f . Taking N = HomD(A)(B/A

L⊗n, A),

we see that we have φ⊗n = fψ for some ψ ∈ π0HomD(A)(B/A
L⊗n, A). It now follows that as fNφ = 0, we

have φ⊗nN+1 = 0. This proves that A→ B is descendable. �

We refer to [11, Sec. 5] for some applications of these ideas in the setting of perfect rings, and in

particular h-descent for quasi-coherent sheaves.

3.3. Galois extensions. In this subsection, we note another example of descendability: the Galois

extensions studied by Rognes [64]. We begin with an important special example.

Proposition 3.17. The map KO → KU is descendable.

Proof. We use the basic equivalence, due to Wood, of KO-module spectra

(22) KU ' KO ∧ Cη,

where Cη ' Σ−2CP2 denotes the cofiber of the Hopf map, and now the fact that η is nilpotent. Namely,

the equivalence (22) implies inductively by taking cofiber sequences that KO ∧ Cηn is KU -nilpotent for
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n ≥ 1. Since η4 = 0,3 we find that KO itself is KU -nilpotent, as desired. We note that this argument is

very classical and appears, for example, in the proof of [12, Cor. 4.7]. �

The analog also works for the map of connective spectra ko → ku, because the equivalence (22) passes

to the connective versions as well.

We note a basic phenomenon here: the homotopy groups of KU are very simple homologically, i.e.,

π∗(KU) ' Z[β±1]. By contrast, the homotopy groups of KO have infinite homological dimension, π∗(KO) '

Z[η, t4, u
±1
8 ]/(2η, η3, t24 = 2u8). As a result, it is generally much easier to work with KU -modules than with

KO-modules. Note that this simplification of the homological dimension is very different from the setting

of faithfully flat descent.

There are more complicated versions of this. For example, we have a map of E∞-rings tmf(2) →

tmf1(3)(2). Here tmf(2) has extremely complicated homotopy groups, while π∗tmf1(3)(2) ' Z(2)[v1, v2] as in

[39]. In [51], it is shown that there is a 2-local finite complex DA(1) such that tmf(2) ∧DA(1) ' tmf1(3)(2),

a result originally due to Hopkins-Mahowald. Here DA(1) has torsion-free homology, and by the thick

subcategory theorem [35], the thick subcategory that DA(1) generates in spectra contains the 2-local sphere.

Therefore, tmf(2) → tmf1(3)(2) is easily seen to be descendable.

Definition 3.18 (Rognes [64]). Let G be a finite group. A faithful G-Galois extension of an E∞-ring

A consists of an E∞-A-algebra B together with a G-action such that:

(1) The natural map A→ BhG is an equivalence.

(2) The natural map B ⊗A B →
∏
GB is an equivalence.

(3) ⊗AB is conservative on Mod(A).

Example 3.19. Let A → A′ be a G-Galois extension of commutative rings (i.e., SpecA′ → SpecA is a

G-torsor in the sense of algebraic geometry in the étale topology). Then the induced map on associated

E∞-rings is Galois in Rognes’s sense.

Example 3.20. The fundamental example of a Galois extension is that KO → KU is a faithful C2-

Galois extension, where C2 acts on KU via complex conjugation. The extensions of connective spectra

tmf(2) →→ tmf1(3)(2) are not Galois, but the periodic analogs fit into a Galois picture. Compare [53].

Proposition 3.21. Suppose A→ B is a faithful G-Galois extension. Then A→ B is descendable.

Proof. In fact, B is dualizable as an A-module by [64, Prop. 6.2.1]. Since tensoring with B is

conservative on Mod(A), the result now follows from Theorem 3.7. �

3In fact, η3 = 0 in π∗(KO).
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We refer to [50] for more details on the relationship between Galois theory and descendability. In

particular, a treatment is given there of how one can fit Rognes’s theory into the “axiomatic Galois theory”

of [1]: the Galois extensions are precisely torsors with respect to descendable morphisms.

We end this subsection by describing how the general descent theorem (Theorem 2.41) applies in the case

of a Galois extension. If A→ B is G-Galois, then the G-action on B induces a G-action on the ∞-category

Mod(B). The following result has been observed independently by many authors. Compare in particular

[21, 28, 57, 9].

Theorem 3.22 (Galois descent). Suppose A → B is a faithful G-Galois extension. Then we have an

equivalence of symmetric monoidal ∞-categories Mod(A) ' Mod(B)hG.

This result can also be proved for G-Galois extensions when G is not necessarily finite (which we do not

discuss here). We refer to [50, Th. 9.4] for the statement when G is allowed to be a topological group and

[49] for an application.

Remark 3.23. We refer to [56, 27] for a description of how these results can be used to calculate Picard

groups of ring spectra. For instance, it is possible to calculate the Picard group of KU -modules relatively

directly using the homotopy groups of KU (compare [4]), while invertible modules over KO can then be

determined by descent.

3.4. The Devinatz-Hopkins-Smith nilpotence theorem. The following result is fundamental for

all the applications of nilpotence in stable homotopy theory: a criterion for the nilpotence of elements in

ring spectra. Throughout, we work in C = Sp.

We let MU denote the E∞-ring spectrum of complex bordism. We will also need to use the ring spectra

K(n) associated to an implicit prime p and a height n. These are no longer E∞, but they are E1-ring spectra.

We have π∗K(n) ' Fp[v±1
n ] with |vn| = 2(pn − 1).

Theorem 3.24 (Devinatz-Hopkins-Smith [18]). If R is a ring spectrum and α ∈ π∗(R) maps to zero in

MU∗(R), then α is nilpotent.

Corollary 3.25 (Hopkins-Smith [35]). Let R be a ring spectrum and let α ∈ π∗(R). Then the following

are equivalent:

(1) α is nilpotent.

(2) The image of α in K(n)∗(R) for each implicit prime p and 0 < n < ∞ is nilpotent. Similarly, the

image of α in (HFp)∗(R) for each p and HQ∗(R) is nilpotent.
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We remark that the benefit of the above results is that the K(n)∗ and MU∗-homology theories are

much more computable than stable homotopy groups itself. That is, while MU∗ and K(n)∗ are much easier

to work with than π∗, they are still strong enough to detect nilpotence. Our goal in this subsection is to

explain how one can interpret the nilpotence theorem in terms of exponents of nilpotence. This subsection

is essentially an amplification of remarks of Hopkins [32].

We remark first that Theorem 3.24 would be immediate if we knew that MU was descendable in spectra.

It is also immediate for ring spectra which are MU -nilpotent. This is not the case, as there are nontrivial

spectra Y with MU ∧ Y = 0, for instance the Brown-Comenentz dual of the sphere (cf. [36, Lem. B.11]).

Nonetheless, a partial version of this statement holds in some generality.

As explained in [18], it suffices to assume that R is connective in Theorem 3.24. Let X be a connective

spectrum. In this case, while X need not be MU -nilpotent, the truncations τ≤kX are necessarily MU -

nilpotent because they can be finitely built from Eilenberg-MacLane spectra, which are themselves MU -

nilpotent in view of the map MU → HZ. The MU -exponents of nilpotence of τ≤kX turn out to give

an equivalent formulation of the nilpotence theorem. We will in fact formulate a general question for a

connective ring spectrum.

For simplicity, we work localized at a prime number p.

Definition 3.26. Let R be a connective p-local ring spectrum with π0R = Z(p) and πiR a finitely

generated Z(p)-module for all i. We define the function fR : Z≥0 → Z≥0 via the formula

fR(k) = expR(τ≤(k−1)S
0
(p)).

In general, it is probably impossible to calculate fR(k) exactly except in very low degrees, but we ask

the following general question.

Question 3.27. What is the behavior of the function fR(k) as k →∞?

We note first that the function fR is subadditive, i.e., f(k1 + k2) ≤ f(k1) + f(k2); this follows from

the cofiber sequence τ[k1,k1+k2−1]S
0
(p) → τ≤k1+k2−1S

0
(p) → τ≤k1−1S

0
(p) and the fact that τ[k1,k1+k2−1]S

0
(p) is a

module over τ≤k2−1S
0
(p). It follows that

lim
k→∞

fR(k)

k

exists, and as fR(1) = 1 we find that this limit is between 0 and 1.

Proposition 3.28. The following are equivalent:

(1) fR(k) ≤ m.
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(2) Let X be a connective p-local spectrum and let i ≤ k−1. Any α ∈ πiX of R-based Adams filtration

at least m vanishes. It suffices to take X with finitely generated homology.

Proof. This follows from a straightforward diagram chase. Suppose fR(k) ≤ m and fix α ∈ πiX of

filtration at least m, for some i ≤ k − 1. Let IR be the fiber of the unit S0
(p) → R. By the discussion of the

Adams tower in sec. 2, we then have a lifting of α : Si(p) → X through I∧mR ∧X and form the diagram

I∧mR ∧X

��

p2// I∧mR ∧X ∧ τ≤k−1S
0
(p)

0

��
Si(p)

α //

;;

X
p1 // X ∧ τ≤k−1S

0
(p)

.

The hypothesis that fR(k) ≤ m implies that the map I∧mR ∧ τ≤k−1S
0
(p) → τ≤k−1S

0
(p) is nullhomotopic. Hence

the smash product with X, which is the right vertical map in the diagram, is also nullhomotopic. Since the

map p1 is an isomorphism on πi, the commutativity of the diagram now implies that α is nullhomotopic.

Now suppose that the second hypothesis holds. We need to show that the map I∧mR ∧ τ≤k−1S
0
(p) →

τ≤k−1S
0
(p) is null. Since R has finitely generated homology, it suffices to show that if F is a p-local finite

connective spectrum with cells in degrees up to k − 1 equipped with a map F → I∧mR , then the composite

φ : F → I∧mR ∧ τ≤k−1S
0
(p) → τ≤k−1S

0
(p),

is nullhomotopic.

The composite φ is of R-based Adams filtration at least m. It follows that the adjoint map a : S0
(p) →

τ≤k−1S
0
(p) ∧DF also has R-based Adams filtration at least m. Since the cells of F are in degrees up to k− 1,

it follows that Σk−1DF is connective. Thus, we obtain a map

Σk−1a : Sk−1
(p) → Σk−1τ≤k−1S

0
(p) ∧ DF

which has Adams filtration ≥ m, and where the target is connective. It follows that Σk−1a is null by our

hypotheses, which implies that φ is null as desired. �

Proposition 3.29. Let R be a connective ring spectrum with π0R = Z(p), πiR finitely generated over π0R,

and suppose that fR(k) = o(k) as k →∞. Then R detects nilpotence, i.e., if R′ is a connective p-local ring

spectrum and α ∈ πk(R′) maps to zero in πk(R ∧R′), then α is nilpotent.

Proof. Let R′ be a connective p-local ring spectrum and let α ∈ πn(R′) map to zero in πn(R ∧ R′) =

πn(R ∧ τ≤nR′). For each m, it follows that αm is detected in R-based Adams filtration at least m in
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πnm(τ≤nmR
′). Once m is chosen large enough such that

expR(τ≤nmR
′) ≤ fR(nm+ 1) < m,

it follows that αm = 0 by Proposition 3.28, which proves that α is nilpotent as desired. �

We then have the following equivalent reformulation of the nilpotence theorem.

Theorem 3.30 (Nilpotence theorem, equivalent reformulation). We have fMU(p)
(k) = o(k) as k → ∞. In

particular, if X is a connective p-local spectrum, then expMU(p)
(τ≤kX) = o(k) as k →∞.

Proof. This will follow from the results of [18] as well as the general vanishing line arguments of [35].

Fix a connective p-local spectrum X and ε > 0. Taking direct sums, we can assume that X is actually chosen

so that it attains the bound given by fMU(p)
: that is, we can assume for each k > 0, there exists a nonzero

αk ∈ πk−1X of filtration fMU(p)
(k).

We claim that there exist N,M such that in the MU(p)-based Adams spectral sequence for X, we have

Es,tN = 0 if s > ε(t−s)+M . It follows from [34] that the class of X with this property is thick. By [18, Prop.

4.5], it follows that there exists a finite torsion-free p-local spectrum F such that X ∧ F has this property

(in fact, we can take N = 2). It follows that X has this property in view of the thick subcategory theorem

of [35].

Choose N,M such that we have the vanishing line Es,tN = 0 if s > ε(t−s)+M . Then the Adams-Novikov

spectral sequence together with assumption that the αk exist show that fMU(p)
(k) ≤ εk+O(1). Since ε was

arbitrary, it follows that fMU(p)
(k) = o(k) as k →∞. �

Remark 3.31. In [32], Hopkins explains this result in the following (equivalent) manner: the Adams-

Novikov spectral sequence (i.e., the spectral sequence based on the cosimplicial object CB•(MU(p)) ∧ R),

which always converges for R connective, has a “vanishing curve” of slope tending to zero at E∞. That

is, there is a function t 7→ φ(t) with φ(t) = o(t) such that any element in πt(R) of filtration at least φ(t)

vanishes. We can take φ(t) = fMU(p)
(t + 1) in our notation. Hopkins also raises the more precise question

of the behavior of fMU(p)
(t) as t → ∞, and suggests that fMU(p)

(t) ' t1/2. Hopkins actually works in the

integral (rather than p-local setting).

We now explain the situation when R = HZ(p). Of course, HZ(p) is very insufficient for detecting

nilpotence. So we should expect fHZ(p)
(k) 6= o(k). In fact, we can determine its behavior.

Suppose X is a connective p-local spectrum and suppose that X is n-truncated, i.e., πiX = 0 if i /∈ [0, n].

Then, by induction on n and the Postnikov filtration, we find easily that expHZ(p)
(X) ≤ n+ 1. One can do

somewhat better.
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Proposition 3.32. We have fHZ(p)
(k) = k

2p−2 +O(1).

Proof. This is based on the vanishing line in the HFp-based Adams spectral sequence. Compare [52,

Prop. 3.2–3.3]. The argument there shows that expHZ(p)
(τ≤kS

0
(p)) ≤ k

2p−2 + O(1). In fact, it shows the

stronger claim that expHFp(τ[1,k]S
0
(p)) ≤ k

2p−2 +O(1).

To see the converse, we consider the ring spectrum ku/p. The element v1 ∈ π2p−2(ku/p) maps to

zero in π2p−2(HZ(p) ∧ (ku/p)) ⊂ π2p−2(HFp ∧ (ku/p)). However, v1 is not nilpotent. It follows that

vn1 ∈ πn(2p−2)(ku/p) has HZ(p)-Adams filtration at least n. It follows from this and Proposition 3.28 that

fHZ(p)
(n(2p− 2) + 1) ≥ n+ 1. This proves the claim. �

We can also ask intermediate questions. We have a whole family of ring spectra interpolating between

MU and HZ(p). Since we are working p-locally, it is easier to replace MU with BP . We then have the

family of ring spectra BP 〈n〉. Essentially by construction, BP 〈n〉 does not see vn+1-fold periodicities and

higher; for instance, BP 〈n〉 is annihilated by the Morava K-theories K(m) for m ≥ n+ 1. This leads to the

following question:

Question 3.33. For R = BP 〈n〉, do we have

lim
k→∞

1

k
expBP 〈n〉(τ≤kS

0
(p)) =

1

2(pn+1 − 2)
?

We can also ask for the value of this limit for other intermediate connective ring spectra, such as τ≤nS
0
(p)

and the X(n)-spectra used in the proof of the nilpotence theorem [18].

At n = 1, closely related questions have been studied. In [46, Th. 1.1], Mahowald shows that the

ko-based Adams spectral sequence for the sphere has a vanishing line at E∞ of slope 1
5 . At odd primes, this

has been considered in the work of Gonzalez [22]. In particular, in [22] it is shown that the ku-based Adams

spectral sequence for S0 has a vanishing line at E2 of slope (p2−p−1)−1. We can recover the corresponding

statement for the exponents as follows.

Example 3.34. Let n = 1 and p be an odd prime. Let l be a topological generator of 1 + pZp. Let Ell be

the p-adic Adams summand of k̂up. Then we have a natural map

(̂S0)p → fib(Ell
ψl−1−−−→ Σ2p−2Ell),

which is an equivalence in degrees below degree 2p2 − 2p − 2, where the first β-element β1 occurs. In fact,

the map (̂S0)p → fib(Ell
ψl−1−−−→ Σ2p−2Ell) detects precisely the image of the J-homomorphism, and β1 is the

first class in p-local stable homotopy which does not belong to the image of J .

83



Thus the p-completion τ<(2p2−2p−2)Ŝ0
p has exponent ≤ 2 over Ell. It follows from this that fku(2p2 −

2p−2) = fEll(2p
2−2p−2) ≤ 2. In fact, we can apply Proposition 3.28: if X is a connective p-local spectrum

with finitely generated homology and i < 2p2−2p−2, then any α ∈ πi(X) of ku-filtration at least 2 vanishes.

This follows from expEll

(
τ<(2p2−2p−2)Ŝ0

p

)
≤ 2 and passage to p-completion everywhere. As a result, since

fku(·) is subadditive, limk→∞ fku(k) ≤ 1
p2−p−1 .

3.5. The Hopkins-Ravenel smash product theorem. In this subsection, we briefly discuss the

role of nilpotence in the smash product theorem of Hopkins-Ravenel. We refer to [61] for an account of this

result. See also the course notes [41].

Fix a ring spectrum E.

Definition 3.35 (Bousfield). A spectrum X is E-local if for all spectra Y with E ∧ Y contractible,

we have [Y,X]∗ = 0. To any spectrum X, we have a universal approximation LEX equipped with a map

X → LEX with the following two properties:

(1) X → LEX becomes an equivalence after smashing with E.

(2) LEX is E-local.

This is called the E-localization of X.

Since E is a ring spectrum, we see that if X = E ∧ X ′ for any spectrum X ′, then X is E-local. As

E-local spectra form a thick subcategory of Sp, it follows that any E-nilpotent spectrum is also E-local.

Definition 3.36. We say that a localization LE is smashing if for all spectra X, the natural map

LES
0 ∧ X → LEX is an equivalence. This holds if and only if LE commutes with arbitrary wedges (i.e.,

direct sums).

Suppose that E is an E1-ring spectrum. Then we can form the cobar construction CB•(E) ∈ Fun(∆, Sp).

Proposition 3.37. Suppose the Tot tower of the cobar construction CB•(E) is quickly converging. Then:

(1) The inverse limit of CB•(E) is given by LES
0.

(2) LE : Sp→ Sp is a smashing localization.

(3) The spectrum LES
0 is E-nilpotent.

Proof. Since CB•(E) is quickly converging, it follows that

E ∧ Tot(CB•(E)) ' Tot(E ∧ CB•(E)) ' E
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as E ∧ CB•(E) admits a splitting. Therefore, the map S0 → Tot(CB•(E)) becomes an equivalence after

smashing with E. Since Tot(CB•(E)) is clearly E-local (as an inverse limit of E-local objects), (1) follows.

Since the tower is quickly converging, it follows that the limit LES
0 is E-nilpotent. �

Let En denote Morava E-theory. We refer to [62] for a treatment of En and a proof that it is an E1-ring

spectrum (in fact, it is E∞ by the Goerss-Hopkins-Miller theorem). We then have the following fundamental

result.

Theorem 3.38 (Hopkins-Ravenel). The cobar construction CB•(En) is quickly converging. Therefore, Ln

is a smashing localization.

By Proposition 2.21, the Hopkins-Ravenel theorem implies that the En-based Adams spectral sequence

for any LnS
0-module has a horizontal vanishing line at some finite stage. Actually, the proof of the Hopkins-

Ravenel theorem is based on proving this uniform vanishing line. Then one uses the following crucial result.

We refer to [41, Lecture 30] for an exposition.

Proposition 3.39. Suppose X• is a cosimplicial object. Suppose that there exists N,h such that for every

finite spectrum Y , the BKSS for π∗(Tot(X• ∧ Y )) has the property that Es,tN = 0 for s > h. Then X• is

quickly converging.

Remark 3.40. This result is not totally general: it relies on the fact that the composite of two phantom

maps of spectra is zero, which is not true in more general categories replacing Sp.

4. Nilpotence and group actions

In this section, we discuss some of the relationships between nilpotence and finite group actions, in

particular the F -nilpotence theory of [55, 54].

4.1. Group actions. Let C be a presentably symmetric monoidal stable∞-category. Fix a finite group

G. We consider ∞-category Fun(BG, C) of objects in C equipped with a G-action. With the tensor product

inherited from the one on C, this is also a presentably symmetric monoidal stable ∞-category.

Construction 4.1. We have the homotopy fixed point functor

Fun(BG, C)→ C, X 7→ XhG,

which is the (lax symmetric monoidal) right adjoint to the symmetric monoidal left adjoint functor triv :

C → Fun(BG, C) which equips an object with the trivial action.
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We also have the homotopy orbits functor

Fun(BG, C)→ C, X 7→ XhG,

which is the left adjoint to triv.

In general, the homotopy fixed point functor is not a finite homotopy limit, because BG cannot be

modeled by a finite simplicial set. This is a basic difference between algebra and homotopy theory: in

algebra, forming the fixed points for a finite group action is a finite inverse limit. By contrast, in homotopy

theory, the homotopy fixed points XhG can be much bigger than X. (Similarly, XhG is not a finite homotopy

colimit.)

Construction 4.2. For any X ∈ Fun(BG, C), we have a natural transformation

NX : XhG → XhG

called the norm map. We refer to [42, Sec. 2.1] for the construction in this setting, though it goes back to

work of Greenlees-May [24]. The cofiber of the norm map is called the Tate construction XtG.

In this subsection, we will start by describing an instance where homotopy fixed points behave more like

a finite limit.

Definition 4.3. We let DG+ ∈ Fun(BG, Sp) be the Spanier-Whitehead dual to the space G+, equipped

with the G-action by translation.

The natural symmetric monoidal functor Sp → C yields a symmetric monoidal functor Fun(BG, Sp)→

Fun(BG, C) and we will write DG+ also denote the image. We have DG+ ∈ CAlg(Fun(BG, C)), i.e., it is

naturally a commutative algebra object.

Definition 4.4. We also have a forgetful functor Res : Fun(BG, C)→ C which remembers the underlying

object, and this functor has a biadjoint

CoInd : C → Fun(BG, C), X 7→
∏
G

X,

called coinduction. Given an object X of C, this is the indexed product of G copies of X, with G-action

permuting the factors.

We will need some basic facts about DG+:
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(1) For any X ∈ Fun(BG, C), the object X∧DG+ ∈ Fun(BG, C) has the property that (X∧DG+)hG '

X. In fact, X ∧ DG+ ' CoInd(ResX), which easily implies the description of the homotopy fixed

points.

(2) Since CoInd is also the left adjoint to Res, it follows that

(X ∧ DG+)hG '
(∨
G

X

)
hG

' X,

so that the homotopy orbits are also given by X. In fact, the Tate construction is contractible in

this case and the norm map is an equivalence.

(3) The ∞-category of DG+-modules in Fun(BG, C) is equivalent to C itself. This follows as in [55,

Sec. 5.3].

We can now make the main definition of this subsection.

Definition 4.5. We will say that an object X ∈ Fun(BG, C) is nilpotent if it is DG+-nilpotent.

Proposition 4.6. When X ∈ Fun(BG, C) is nilpotent, then XtG = 0.

Proof. The Tate construction is exact and it annihilates any object of the form Y ∧ DG+. Therefore,

it annihilates X by the evident thick subcategory argument. �

We have the following basic result. All of this is as in Section 2. In the case C = Sp, then we can identify

the homotopy fixed point spectral sequence with the DG+-based Adams spectral sequence in Fun(BG, Sp).

Proposition 4.7. When X ∈ Fun(BG, C) is nilpotent, the following happen:

(1) XhG belongs to the thick subcategory of C generated by X.

(2) If C = Sp, the homotopy fixed point spectral sequence for XhG, H∗(G;π∗X) =⇒ π∗X
hG, collapses

with a horizontal vanishing line at a finite stage.

(3) Any exact functor C → C induces a functor Fun(BG, C) → Fun(BG, C) which preserves nilpotent

objects.

Going in reverse, we can also describe the Tate construction in the following manner. See also [37],

which uses a version of this as the characterization.

Construction 4.8. Let X ∈ Fun(BG, C). We can write X ∈ Fun(BG, C) as an I-indexed colimit X =

lim−→Xi where Xi ∈ Fun(BG, C) is nilpotent. For example, we can take X ' (X ∧ DG+)hG where DG+ ∈

Fun(BG,Fun(BG, Sp)) ' Fun(B(G×G), Sp) via the right and left multiplication of G on itself. Then

XtG = cofib(lim−→
I
XhG
i → XhG).
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We now observe that for an algebra object, Tate vanishing is actually equivalent to nilpotence.

Theorem 4.9. Suppose the unit 1 ∈ C is compact. Let R ∈ Fun(BG, C) be an algebra object. Then the

following are equivalent:

(1) The Tate construction vanishes, i.e., RtG = 0.

(2) R is DG+-nilpotent.

Proof. We refer also to [30, Cor. 10.6] for a result in a similar flavor. For an abstract result including

this (and others), see [55, Th. 4.19].

Let EG• denote the usual simplicial model for the G-space EG, so that EGn = Gn+1. Let sknEG

denote the n-skeleton of the geometric realization |EG•|. Then in the category Fun(BG, C), we have an

equivalence

R ' lim−→
n

R ∧ sknEG+.

Since RtG = 0, it follows that we have an equivalence of RhG-modules

RhG ' lim−→
n

(R ∧ sknEG+)hG,

and the unit 1 ∈ π0R
hG belongs to the image of the natural map (R ∧ sknEG+)hG → RhG for some n

(as 1 is compact). It follows from this that in Fun(BG, C), R is a retract of R ∧ sknEG+, which is clearly

nilpotent. �

Example 4.10. Let A → B be a faithful G-Galois extension, so that B ∈ Fun(BG,Mod(A)). Then B is

nilpotent. In fact, we know that BtG = 0 [64, Prop. 6.3.3] so we can apply Theorem 4.9. Alternatively,

B ⊗A B '
∏
GB is clearly nilpotent, and then one can argue that B is nilpotent since B is descendable as

an A-algebra by Proposition 3.21.

Example 4.11. Suppose multiplication by |G| is an isomorphism on every object in C (equivalently, π∗1 is

a Z[1/|G|]-algebra). Then Tate constructions in C vanish.

We will now study the case G = Cp in some detail. In certain situations, we will be able to give another

description of the ∞-category Fun(BCp, C) and of what nilpotence entails.

Definition 4.12. Let V be the one-dimensional complex representation of Cp (choosing a primitive

pth root of unity) and let SV denote its one-point compactification. We have a natural map of Cp-spaces

e : S0 → SV including the points at 0 and ∞. We will use the same notation for the associated map

in Fun(BCp, Sp) obtained by taking suspension spectra. We write en for the induced n-fold smash power

S0 → SnV .
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We now have the following basic result about nilpotence. In various forms, this argument is crucial to

all aspects of this theory. It appears, for example, in the work of Carlson [14] on Quillen stratification (to

be discussed further in the next section), and in a general form it appears in the derived induction and

restriction theory of [54].

Proposition 4.13. Let X ∈ Fun(BCp, C). Then X is nilpotent if and only if X ∧ en : X → X ∧ SnV is

nullhomotopic in Fun(BCp, C) for some n� 0.

Proof. Note first that e ∧ DG+ is nullhomotopic. This can be seen using the self-duality DG+ ' G+

and the nullhomotopy is at the level of G-spaces itself. It follows that e ∧ DG+ ∧ Y is nullhomotopic for

any Y ∈ Fun(BCp, C), and it follows by a thick subcategory argument that if X ∈ Fun(BCp, C) is nilpotent,

then en ∧X is null for some n.

Conversely, we let S(nV )+ denote the unit sphere in the Cp-representation nV = V ⊕n and consider the

cofiber sequence

S(nV )+ → S0 en→ SnV

in Fun(BCp, Sp), called the Euler sequence. If X ∧ en is nullhomotopic, it follows that X is a retract of

X ∧S(nV )+ in Fun(BCp, C). Now one sees that this is nilpotent using the fact that S(nV )+ admits a finite

Cp-cell decomposition with free cells. �

Definition 4.14. Let R be an E∞-ring. R is complex-oriented if there exists a map of E1-rings

MU → R. In this case, we have an identification4

R ∧ SV ' Σ2R ∈ Fun(BCp,Mod(R)),

so that the map e becomes a map R → Σ2R in Fun(BCp,Mod(R)), which is classified by an element

β ∈ R2(BCp).

In this case, we can formulate an equivalence of categories that further illuminates the condition of

nilpotence of a Cp-group action. We first recall the setup; see also the discussion of “unipotence” in [55], of

which this is another form. Let R be an E∞-ring spectrum. Then for any finite group G, we have a natural

adjunction of presentably symmetric monoidal stable ∞-categories

Mod(C∗(BG;R))� Fun(BG,Mod(R)),

4Stated another way, if BGL1(R) denotes the classifying space of rank 1 R-modules, then the composite BCp → BGL1(R)

classifying the representation sphere is nullhomotopic. We refer to [2] for a detailed treatment.
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where the right adjoint sends X ∈ Fun(BG,Mod(R)) to XhG. This adjunction is generally far from an

equivalence; nonetheless, sometimes it can come close.

Theorem 4.15. Suppose R is an complex-oriented E∞-ring. Then:

(1) The above adjunction induces an equivalence of symmetric monoidal ∞-categories

Fun(BCp, M̂od(R)p) ' M̂od(C∗(BCp;R))(p,β)

between the ∞-category of p-complete R-modules with a Cp-action and the ∞-category of (p, β)-

complete C∗(BCp;R)-modules.

(2) An object of Fun(BCp, M̂od(R)p) is nilpotent if and only if the β-action on the corresponding

C∗(BCp;R)-module is nilpotent.

Proof. Consider first the functor

(23) F : Mod(C∗(BCp;R))→ Fun(BCp,Mod(R)),

which carries C∗(BCp;R) to R equipped with trivial Cp-action. It is clearly fully faithful on the thick

subcategory generated by C∗(BCp;R). Now the cofiber of β : R → Σ2R is carried by F to R ∧ S(V )+ ∈

Fun(BCp,Mod(R)). Since every object in Fun(BCp,Mod(R)) is complete with respect to smashing with

S(V )+ ∈ Fun(BCp, Sp), it follows that F factors through the β-completion, so we obtain a functor

(24) M̂od(C∗(BCp;R))β → Fun(BCp,Mod(R)),

which, again, carries C∗(BCp;R) (which is β-complete) to R equipped with trivial Cp-action. In particular,

it carries the cofiber of β to R∧S(V )+. Equivalently, we observe that the right adjoint to F , given by taking

Cp-homotopy fixed points, lands inside β-complete objects. We can then p-complete everywhere to obtain

another functor

(25) M̂od(C∗(BCp;R))(p,β) → Fun(BCp, M̂od(R)p).

Now the cofiber of β is a compact generator for ̂Mod(C∗(BCp;R))β , and the image R ∧ S(V )+ ∈

Fun(BCp,Mod(R)) is compact, since S(V )+ is built from finitely many free Cp-cells. Similarly, the iter-

ated cofiber C∗(BCp;R))/(p, β) is a compact generator for ̂Mod(C∗(BCp;R))p,β , and it corresponds to the

compact object R ∧ S(V )+/p ∈ Fun(BCp, M̂od(R)p).
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We claim in fact that R ∧ S(V )+/p is a compact generator for Fun(BCp, M̂od(R)p). In fact, there is a

cofiber sequence in Fun(BCp, Sp)

Cp+
x−1→ Cp+ → S(V )+,

where x denotes multiplication by a generator of Cp. Smashing with R/p, we obtain a cofiber sequence

R/p ∧ Cp+ x−1→ R/p ∧ Cp+ → R/p ∧ S(V )+,

in Fun(BCp, M̂od(R)p). In particular, using the identification Fun(BCp,Mod(R)) ' Mod(R[Cp]), we find

that R/p∧S(V )+ is the cofiber of multiplication by x−1 on R[Cp]. However, x−1 is nilpotent on R/p∧Cp+ '

R[Cp]/p. Therefore, the thick subcategory of Fun(BCp, M̂od(R)p) generated by R/p ∧ S(V )+ actually

contains R/p ∧ Cp+, which is a compact generator for Fun(BCp, M̂od(R)p). It follows that R/p ∧ S(V )+ is

a compact generator for Fun(BCp, M̂od(R)p).

It follows that our comparison functor (25) carries a compact generator of the source to a compact

generator of the target, and it is fully faithful on the thick subcategory generated by the compact generator

in the source. It follows now that (25) is an equivalence, as desired.

Finally, we need to connect the notions of nilpotence on both sides of (25). Note that X ∈ Fun(BCp, M̂od(R)p)

is nilpotent if and only if X is a retract of X ∧S(nV )+ for some n. An object Y of ̂Mod(C∗(BCp;R))p,β has

nilpotent β-action if and only if Y is a retract of Y ∧ C∗(BCp;R)/βn for some n. Since C∗(BCp; R̂p)/β
n

and R̂p ∧ S(nV )+ correspond under the equivalence of (25), the second assertion follows. �

We will now connect this to the Tate construction.

Proposition 4.16. Let R be a complex-oriented E∞-ring. The Tate construction Fun(BCp,Mod(R)) →

Mod(R) is given by the composite

Fun(BCp,Mod(R))
M 7→M̂p−−−−−→ Fun(BCp, M̂od(R)p) ' ̂Mod(C∗(BCp;R))β,p

β−1

−−→ Mod(R),

where the last functor is given by inverting β. In particular, RtCp = C∗(BCp, R̂p)[β
−1].

Proof. This follows from the description of the Tate construction in Construction 4.8. Note first that

the map M → M̂p induces an equivalence on Tate constructions; this follows from the usual arithmetic

square, to which the other terms do not contribute after applying ()tCp . Fix M ∈ Fun(BCp,Mod(R)). We

write M as the colimit M ' lim−→n
M ∧ S(nV )+ in Fun(BCp,Mod(R)). It follows that

M tCp = cofib

(
lim−→
n

(M ∧ S(nV )+)hCp →MhCp

)
= lim−→

n

(M ∧ SnV )hCp .
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Now in view of the complex orientation we can identify this last colimit with multiplication by β, i.e.

MhCp β→ Σ2MhCp β→ . . . ,

which proves the claim. �

As a result, we are able to prove a unipotence result for associative ring spectra with Tate vanishing.

The main example is given by the Morava K-theories. We can view this as a form of the convergence of the

Eilenberg-Moore spectral sequence as in [10].

Definition 4.17. We will say that a p-local ring spectrum R satisfies Tate vanishing if RtCp = 0.

Corollary 4.18. Suppose R is an E1-ring spectrum in Mod(MU). Suppose p is nilpotent in π0R. Then the

following are equivalent:

(1) RtCp = 0.

(2) The trivial Cp-action on R is nilpotent.

(3) The comparison functor (23) is an equivalence of∞-categories Mod(C∗(BCp;R)) ' Fun(BCp,Mod(R)).

(4) The image of β ∈MU2(BCp) in R2(BCp) is nilpotent.

Proof. We consider the equivalence M̂od(C∗(BCp;MU))(p,β) ' Fun(BCp, ̂Mod(MU)p) of Theorem 4.15.

We have an E1-algebra object given on the right-hand-side by R with trivial Cp-action and by C∗(BCp;R)

on the left-hand-side. We can thus take module categories with respect to this algebra on both sides. Since

p is nilpotent in π0R, we thus obtain an equivalence

M̂od(C∗(BCp;R))β ' Fun(BCp,Mod(R)).

The desired equivalences now follow in view of this and Proposition 4.16. For example, if β maps to a

nilpotent class in R2(BCp), then every module over Mod(C∗(BCp;R)) is automatically β-complete. �

Example 4.19. The Morava K-theories K(n) satisfy Tate vanishing. In fact, K(n) is complex-oriented

and as K(n)∗(BCp) is a (Z/2(pn − 1)-graded) finite-dimensional vector space, it follows that any element

of the augmentation ideal, such as β, is necessarily nilpotent. Compare [25]. Compare also [31, Sec. 5] for

generalizations of these equivalences. For example, one can replace Cp by any p-group, or in those cases by

appropriate π-finite spaces.

Remark 4.20. It is also known that Tate vanishing holds telescopically. Let F be an associative ring

spectrum which is also a finite type n complex, and let x ∈ π∗F be a central vn-element (these exist by [35]).
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Then we let T (n) = T (n, F, x) = F [x−1]. Then T (n) satisfies Tate vanishing [38]. However, the telescope is

very much not complex orientable.

We close with the following natural question suggested by this discussion.

Question 4.21. What is the exponent of nilpotence for K(n) ∈ Fun(BG, Sp) (with trivial action) as a

function of G? One can also ask the analogous question for T (n), although it is likely much harder.

4.2. Nilpotence in representation theory. In the previous subsection, we explored the phenome-

non of nilpotence in ∞-categories of the form Fun(BG, C). In general, the statement that every object of

Fun(BG, C) should be nilpotent is very strong and is not usually satisfied except in special cases. However,

a weaker form of nilpotence, which involves a family of subgroups of a given group, is satisfied in a much

wider array of cases. In this subsection, we discuss it primarily in the setting of group actions on k-modules.

The material primarily follows [54].

Again, let C be a presentably symmetric monoidal stable ∞-category. We will introduce a generalization

of Definition 4.3 and Definition 4.4.

Construction 4.22. For eachH ≤ G, we have a commutative algebra object D(G/H+) ∈ CAlg(Fun(BG, C)).

This commutative algebra controls restriction to H in the following sense: we have an equivalence of sym-

metric monoidal ∞-categories

ModFun(BG,C)(D(G/H+)) ' Fun(BH, C).

We refer to [8] for a discussion of such equivalences (at least at the level of triangulated categories) as well

as [55, Sec. 5.3].

Definition 4.23. Let F be a family of subgroups of G. An object of Fun(BG, C) is F-nilpotent if it is

nilpotent with respect to
∏
H∈F D(G/H+). We will say that C is F-nilpotent if every object of Fun(BG, C)

is F -nilpotent.

When F is the trivial family (consisting just of (1)), then this of course recovers Definition 4.4. However,

when F is more general, we expand the class of examples for which one has F -nilpotence. One can show

that there is always a unique minimal family with respect to which an object is F -nilpotent.

Example 4.24. Let All be the family of p-groups of G (for any p). Then C is automatically All-nilpotent.

In fact, for each p let Gp ⊂ G be a p-Sylow subgroup. Then one sees easily that S0 ∈ Fun(BG, Sp) is a

retract of
∏
p||G| D(G/Gp+), which implies that the unit S0 is All-nilpotent, and thus any object is.
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Using this, one can reduce the question of F -nilpotence to the case where G is itself a p-group.

Proposition 4.25. Let X ∈ Fun(BG, C). Then the following are equivalent:

(1) X is P-nilpotent, where P is the family of proper subgroups of G.

(2) Let ρ̃G be the (complex) reduced regular representation of G, i.e., the quotient of the regular

representation by the trivial representation. Let eρ̃G : S0 → Sρ̃G be the associated Euler class in

Fun(BG, Sp). Then X ∧ en is nullhomotopic for some n� 0.

The first case where this was effectively studied was when C is the derived∞-category of a ring, starting

with the work of Quillen [60] and later expanded by Carlson [14]. See also the work of Balmer [7], especially

for the context of descent up to nilpotence.

Fix a finite group G and a field k of characteristic p > 0. We take C = Mod(k) = D(k). We consider

the presentably symmetric monoidal ∞-category Fun(BG,Mod(k)), the ∞-category of objects in Mod(k)

(or D(k)) equipped with a G-action, which we can also realize as the derived ∞-category D(k[G]). Using

the k-linear tensor product, this is a presentably symmetric monoidal, stable ∞-category. We will also write

kG/H for D(G/H)+ in here.

It has been known since the work of Quillen [60] that when working with phenomena “up to nilpotence”

in the cohomology of finite groups, the the elementary abelian p-subgroups (i.e., subgroups of the form Cnp

for some n) play the basic role. This can be formulated in the following result.

Theorem 4.26 (Carlson [14]). Let Ep = Ep(G) be the family of elementary abelian p-subgroups of G. Then

Mod(k) is Ep-nilpotent; that is, the algebra
∏
H∈Ep(G) k

G/H ∈ CAlg(Fun(BG,Mod(k))) is descendable.

Carlson’s original statement [14, Th. 2.1] is that there exists a filtration of G-representations over k

0 = W0 ⊂W1 ⊂ · · · ⊂Wn

such that:

(1) Each quotient Wi/Wi−1 is induced from some elementary abelian p-subgroup.

(2) The trivial representation k is a retract of Wn, i.e., Wn ' k ⊕W ′n for some G-representation W ′n.

Clearly, this implies Theorem 4.26.

Theorem 4.26 turns out to be closely related to the “stratification” results on cohomology of finite groups

pioneered by Quillen [60]. Recall the statement of Quillen’s results. Given a finite group G and a subgroup

H ⊂ G, we have a restriction map H∗(G; k)→ H∗(H; k). We let O(G) denote the orbit category of G, i.e.,
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the category of all G-sets of the form G/H,H ⊂ G. Then we have a functor

O(G)op → Ring, G/H 7→ H∗(H; k) ' H∗(G/H ×G EG; k).

Theorem 4.27 (Quillen [60]). Let OEp(G) ⊂ O(G) be the subcategory of G-sets of the form G/H with H

an elementary abelian p-group. The natural map

H∗(G; k)→ lim←−
G/H∈OEp (G)op

H∗(H; k)

is a uniform Fp-isomorphism, that is:

(1) There exists N such that any element x ∈ H∗(G; k) in the kernel satisfies xN = 0.

(2) There exists M such that given any element y of the codomain, yp
M

belongs to the image.

Theorem 4.27 can be recovered from Theorem 4.26 using the Adams spectral sequence and the machinery

of descent up to nilpotence.

Proof sketch of Theorem 4.27. We claim that this follows from the horizontal vanishing line in

the Adams-based spectral sequence. Namely, we consider C = Fun(BG,Mod(k)) and the algebra object

A =
∏
H∈Ep(G) k

G/H , which is descendable by Theorem 4.26. Thus, we have a cosimplicial object CB•(A)

which quickly converges to the unit. Taking homotopy in C (equivalently, forming π∗()
hG everywhere) we

thus obtain a spectral sequence converging to the homotopy groups of khG = C∗(BG; k). The spectral

sequence collapses with a horizontal vanishing line at a finite stage. Therefore, anything in positive filtration

is nilpotent. Moreover, using the Leibniz rule, one sees that any class on the zero-line E0,t
2 survives after

applying the Frobenius sufficiently many times. One can identify the zero-line E0,t
2 with the inverse limit

lim←−G/H∈OEp (G)op
H∗(H; k), which implies the result. �

We can ask to make this quantitative. For simplicity, we state the problem for the family of proper

subgroups.

Question 4.28. Let G be a finite p-group which is not elementary abelian and let k be a field of characteristic

p. What is the exponent of nilpotence of the trivial representation k with respect AP =
∏
H(G k

G/H ∈

Fun(BG,Mod(k))? We write this as nP(G).

There are several equivalent reformulations of this question.

(1) Let Y be representation of G and let α ∈ Hk(G, Y ) be a class which restricts to zero on proper

subgroups. Then there exists n such that α⊗n vanishes in Hnk(G;Y ⊗n). What is the minimal n

(for all Y )?
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(2) Let V be the representation
⊕

H<G k
G/H (i.e., AP) and consider the natural short exact sequence

of representations

0→ k →
⊕
H<G

kG/H →W → 0,

where W = V/k. This defines a natural class in Ext1
k[G](W,k), or equivalently a class u ∈

H1(G,W∨). There exists n such that u⊗n ∈ Hn(G,W∨,⊗n) vanishes. What is the minimal

n?

(3) What is the minimal dimension of a finite G-CW complex F such that FG = ∅ and such that the

map k ∧ F+ → k in Fun(BG,Mod(k)) admits a section? Then nP(G) = dimF + 1. Compare [54,

Prop. 2.26].

Suppose G is not elementary abelian and let Iess ⊂ H∗(G; k) be the ideal of essential cohomology classes,

i.e., those which restrict to zero on all proper subgroups. There is a significant literature on the essential

cohomology ideal, and it was conjectured by Mui (unpublished) and Marx [47] that I2
ess = 0. The conjecture

was disproved by Green [23].

We can interpret the ideal in our framework. The ideal Iess consists of the classes of Adams filtration

≥ 1 in π∗1 in Fun(BG,Mod(k)) with respect to the algebra object AP . It follows from the AP -based Adams

spectral sequence that I
nP(G)
ess = 0.

We can give some upper bounds on NP(G) as follows.

Example 4.29. Suppose we have a surjection φ : G � G′ and G′ is not elementary abelian. Then

nP(G) ≤ nP(G′). This follows from item (3) above.

Example 4.30. Suppose G has a complex irreducible representation V which is not a character. Then G

acts on the projective space P(V ) without fixed points. Then, using the projective bundle formula, one has

an equivalence in Fun(BG,Mod(k)) given by

k ∧ P(V )+ '
dimC V⊕
i=0

Σ2ik.

Moreover, P(V )+ has a cell decomposition with cells of the form Sj×G/H+ for H ( G for j ≤ 2(dimC V −1)

by the equivariant triangulation theorem. Using a cell decomposition, one sees that (cf. also [54, Ex. 5.16])

expAP (k) ≤ expAP (k ∧ P(V )+) ≤ 2 dimC V − 1.

Example 4.31. Suppose φ : G � Cp is a surjection. Let β ∈ H2(Cp; k) be the usual class. Then the

cofiber of β in Fun(BCp, k) has nilpotence exponent 2 as it can be identified with k ∧ S(V )+ as above.

Thus, the cofiber of φ∗β has AP -exponent ≤ 2. For any family of surjections φ1, . . . , φn, the cofiber of
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φ∗β1 . . . φ
∗βn ∈ H2n(G; k) has nilpotence exponent at most 2n. The cohomological length chl(G) of G is the

smallest n such that there exist surjections φ1, . . . , φn with φ∗β1 . . . φ
∗βn = 0; Serre’s theorem [66, Prop. 4]

implies that such an n exists when G is not elementary abelian. It follows that nP(G) ≤ 2chl(G). We refer

to [69] for upper bounds for chl(G).

In general, as above, there are both geometric and cohomological methods of obtaining upper bounds

on nP(G). It seems more difficult to obtain effective lower bounds on nP(G), for example:

Question 4.32. Is nP(G) unbounded as G varies?

4.3. Quillen’s theorem over other bases. We can attempt to replace k with any ring spectrum R

here. That is, we can consider Fun(BG,Mod(R)) as a “brave new” representation category, and ask about

the analogs of Theorem 4.26. It turns out that a better and more wide-ranging generalization is to work

with “genuinely” G-equivariant spectra, as in [55, 54], but we will not treat this generality here.

We raise the following two general question, to which the answer is known at least in a wide variety of

special cases.

Question 4.33. Let R be an E∞-ring spectrum and let G be a finite group. What is the minimal family

for which Mod(R) is F -nilpotent? If R is an E1-ring spectrum, what is the minimal family F for which

R ∈ Fun(BG, Sp) (with trivial action) is nilpotent?5

Remark 4.34. In the language of [54], the above question is equivalent to asking for the derived defect base

of the Borel-equivariant G-spectrum associated to R (with trivial G-action).

We have the following two basic analogs over other bases, all proved in [54]. The first is a basic “complex-

oriented” form of Theorem 4.26, and can be proved in many ways, such as the use of the flag variety. One

knows also that this cannot be improved; e.g. for R = MU the family of abelian p-subgroups is the best

possible. The second is closely related to the Hopkins-Kuhn-Ravenel character theory of [33].

Theorem 4.35. If R is complex-oriented, then R ∈ Fun(BG, Sp) is F -nilpotent for F the family of abelian

p-subgroups of G.

Theorem 4.36. If R is Ln-local, then R ∈ Fun(BG, Sp) is F -nilpotent for F the family of abelian rank ≤ n

p-subgroups of G.

We will sketch the proofs of these two results below. Most of the results in [54] proving F -nilpotence go

through complex orientations, and the following is the basic tool.

5For the results below, it is best not only to restrict to E∞-rings as many natural examples are not (or not known to be) E∞.

If R is E∞, the two statements in the question are equivalent.
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Proposition 4.37 (General reduction step). Let R be a complex-oriented associative ring spectrum. Sup-

pose F is a family of subgroups of G. Suppose that for any H /∈ F , the natural restriction map R∗(BH)→∏
H′(H R

∗(BH ′) has nilpotent kernel. Then R ∈ Fun(BG, Sp) is F -nilpotent.

Proof. We sketch the argument when F is the family of proper subgroups of G (to which the general

case can be reduced). In this case, by Proposition 4.25, it suffices to consider the Euler class e : S0 → Sρ̃G

of the reduced regular representation; this is a map in Fun(BG, Sp).

It suffices to show that the map en ∧R in Fun(BG,Mod(R)) is nullhomotopic for n� 0. But using the

complex orientation to identify Sρ̃G with S2(|G|−1), e defines a class in R2(|G|−1)(BG) which restricts to zero

on all proper subgroups and which is therefore nilpotent, by assumption. �

Proof of Theorem 4.35 and Theorem 4.36. It suffices to show that if G is a finite group, and if

x ∈ R∗(BG) is a class which restricts to zero on all abelian subgroups A ⊂ G, then x is nilpotent. To see

this, one uses a faithful complex representation of G and the associated flag bundle F → BG. One argues

that the class x pulls back to a nilpotent class on F because F can be built as a finite homotopy colimit of

spaces of the form BA, for A ⊂ G abelian. However, the map R∗(BG)→ R∗(F ) is injective by the projective

bundle formula.

To prove Theorem 4.36, it suffices to treat the case where R = LnS
0. Using the smash product theorem,

one can now reduce to the case where R = En. One now reduces to the case where G is abelian. It suffices

to show that if G is of rank ≥ n + 1, then the map R∗(BG) → ∏
G′(GR

∗(BG′) has nilpotent kernel. In

fact, a calculation shows that it is in fact injectve. �

Over a field, we saw in the previous subsection how the descent-up-to-nilpotence picture was enough to

imply F -isomorphism style results after Quillen. It turns out that this works over any ring spectrum. We

thus have the following result.

Theorem 4.38 (General F -isomorphism). Suppose R ∈ Fun(BG, Sp) with trivial action is F -nilpotent and

R is a homotopy commutative and E1-ring spectrum. Then the natural map φ : R∗(BG)→ lim←−G/H∈OF (G)op
R∗(BH)

has the following properties:

(1) φ⊗Z Z[1/|G|] is an isomorphism.

(2) φ(p) is a uniform Fp-isomorphism for every prime p.

Unlike the proof given in the previous section of Theorem 4.27, the proof of Theorem 4.38 requires some

additional work if R is not necessarily torsion-free. The key piece of input is that the higher terms in the

same Adams-style spectral sequence are all |G|-power torsion. This uses some algebraic facts about Mackey

functors. We refer to [54] for details. The statement after inverting |G| is nontrivial (in general, calculating
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E∗(BG)[1/|G|]) for E a spectrum is a difficult problem) and appears in [33] for R = En and related ring

spectra, and follows from the spectral sequence as well.

We now note an example of a ring spectrum for which we do not have F -nilpotence for any family

smaller than the p-groups.

Theorem 4.39. If R = S0, then Mod(R) is not F -nilpotent for any family smaller than the family of

p-subgroups of G.

We do not know an “elementary” proof of the above result. For example, for p-groups, then we know by

the Segal conjecture that the stable cohomotopy of BG is very close to the p-adic completion of the Burnside

ring of G. As a result, it is possible to show that the rational conclusion of Theorem 4.38 fails.

This raises the following general question.

Question 4.40. For which families F does there exist an associative ring spectrum R such that F is the

minimal family for which R ∈ Fun(BG, Sp) (with trivial action) is F -nilpotent?

Remark 4.41. In all the examples where one has a family smaller than the family of p-groups, the proof

relies essentially on complex orientations. In particular, in all known examples the minimal family (if it is

not all subgroups) is contained in the family of abelian subgroups. We do not know if there exists R such

that the minimal family is larger than the abelian subgroups (but not all subgroups).
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CHAPTER 5

Nilpotence for rational E∞-ring spectra

1. Introduction

1.1. Motivation. The goal of this paper is to describe certain invariants of structured ring spectra in

characteristic zero. We start by first reviewing the motivation from stable homotopy theory.

The chromatic picture of stable homotopy theory identifies a class of “residue fields” which play an

important role in global phenomena. Consider the following ring spectra:

(1) HQ: rational homology.

(2) For each prime p, mod p homology HFp.

(3) For each prime p and height n, the nth Morava K-theory K(n).

These all define multiplicative homology theories on the category of spectra satisfying perfect Künneth

isomorphisms: they behave like fields. Moreover, as a consequence of the deep nilpotence technology of

[10, 16], they are powerful enough to describe much of the structure of the stable homotopy category. For

example, one has the following result:

Theorem 1.1 (Hopkins-Smith [16]). Let R be a ring spectrum and let α ∈ π∗(R). Then α is nilpotent if

and only if the Hurewicz image of α in π∗(F ⊗R) is nilpotent, as F ranges over all the ring spectra above.

This fundamental result was used in [16] to classify the thick subcategories of the category of finite p-local

spectra for a fixed prime p: all thick subcategories are defined by vanishing conditions for the various residue

fields. One can attempt to ask such questions not only for spectra but for general symmetric monoidal,

stable ∞-categories, as Hovey, Palmieri, and Strickland have considered in [17]; whenever one has an analog

of Theorem 1.1, it is usually possible to prove results along these lines.

For instance, let A be an E∞-ring. Then one can try to study such questions in the ∞-category Mod(A)

of A-modules. If π∗(A) is concentrated in even degrees and is regular noetherian, then it is possible to

construct residue fields, prove an analog of Theorem 1.1, and obtain a purely algebraic description of the thick

subcategories of perfect A-modules. This has been observed independently by a number of authors. For E∞-

rings (such as the E∞-ring TMF of periodic topological modular forms) which are “built up” appropriately

from such nice E∞-rings, it is sometimes possible to construct residue fields as well. We used this to classify

thick subcategories for perfect modules over E∞-rings such as TMF in [25].
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1.2. Statement of results. In this paper, we will study such questions over the rational numbers. Let

A be a rational E∞-ring such that the even homotopy groups πeven(A) form a noetherian ring and such that

the odd homotopy groups πodd(A) form a finitely generated πeven(A)-module. We will call such rational

E∞-rings noetherian.

For the statement of our first result, we work with E∞-rings containing a unit in degree two. In this

case, we will produce, for every prime ideal p ⊂ π0(A), a “residue field” of A, which will be an E∞-A-algebra

whose homotopy groups form a graded field.

Theorem 1.2 (Existence of residue fields). Let A be a rational, noetherian E∞-ring containing a unit in

degree two. Given a prime ideal p ⊂ π0(A), there exists an E∞-A-algebra κ(p) such that κ(p) is even

periodic and the map π0(A) → π0(κ(p)) induces the reduction π0A → π0(A)p/pπ0(A)p. κ(p) is unique up

to homotopy as an object of the ∞-category CAlgA/ of E∞-rings under A.

We will prove an analog of Theorem 1.1 in Mod(A) for these residue fields.

Theorem 1.3 (Nilpotence). Suppose A is as above, and let B be an A-ring spectrum; that is, an algebra

object in the homotopy category Ho(Mod(A)). Let x ∈ π∗(B). Then x is nilpotent if and only if for every

prime ideal p ⊂ π0(A), the image of x in π∗(B ⊗A κ(p)) is nilpotent.

The proof of Theorem 1.3 uses entirely different (and much simpler) techniques than Theorem 1.1.

However, the conclusion is similar, and we thus find Mod(A) as an interesting new example of an “axiomatic

stable homotopy theory” ([17]) where many familiar techniques can be applied.

In particular, from Theorem 1.3, we will deduce a classification of thick subcategories of the ∞-category

Modω(A) of perfect A-modules, for A rational noetherian (not necessarily containing a unit in degree two).

Let πeven(A) =
⊕

i∈2Z πi(A); this is a graded ring, so Specπeven(A) inherits a Gm-action.

Theorem 1.4 (Thick subcategory theorem). Let A be a rational, noetherian E∞-ring. The thick subcat-

egories of Modω(A) are in natural correspondence with the subsets of the collection of homogeneous prime

ideals of πeven(A) which are closed under specialization or, equivalently, specialization-closed subsets of the

topological space associated to the stack (Specπeven(A))/Gm.

In particular, we determine the spectrum in the sense of Balmer [5] of Modω(A) as the topological space

associated to the stack (Specπeven(A))/Gm. It shows that the spectrum is determined in terms of π∗(A),

i.e., the map of [6] is an isomorphism.

We will then apply these ideas to the computation of Galois groups, which we introduced in [26] as an

extension of Rognes’s work [33]. The use of residue fields in Galois theory goes back to Baker-Richter’s work
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in [4], which studied the Galois groups of Morava E-theories at odd primes. We will show that the Galois

theory of a noetherian rational E∞-ring is “almost” entirely algebraic. (The “almost” comes from, e.g., the

possibility of adjoining roots of periodicity generators in degrees 2n, n > 1.) We prove:

Theorem 1.5. If A is a noetherian rational E∞-ring, then the Galois group of A is the étale fundamental

group of the stack (Specπeven(A)) /Gm.

We note that the Galois group depends on the choice of a basepoint is not truly “canonical”; however,

there is a canonical equivalence of the associated Galois theories, or equivalently of the Galois groupoids.

Finally, we will study the Picard groups of noetherian rational E∞-rings. Here our results are much less

conclusive, but we prove:

Theorem 1.6. If A is a noetherian rational E∞-ring, then the cokernel of the natural map Pic(π∗(A)) →

Pic(A) (see Construction 7.4) is a torsion-free abelian group.

Usually, results such as Theorem 1.4 and Theorem 1.5 are proved using strong homological assumptions

on π∗(A), e.g., that it is a regular ring. We will be able to get away with much weaker hypotheses on π∗(A)

(i.e., nothing close to regularity) because, over characteristic zero, E∞-rings are simpler. They have a more

algebraic feel which gives one a wider range of techniques, and they have been studied in detail starting with

Quillen’s work on rational homotopy theory [32]. In particular, there are two basic coincidences that will be

used in this paper.

(1) The free E∞-ring on a generator in degree zero is equivalent to the suspension spectrum Σ∞+ Z≥0.

In particular, as a result, it is possible to quotient an E∞-ring by an element in degree zero to get

a new E∞-ring.

(2) The free E∞-ring on a generator in degree −1 is equivalent to cochains on S1. This has important

descent-theoretic consequences and enables one to compare modules over this E∞-ring with local

systems on the circle S1.

Both these conditions are specific to the rational numbers. They fail away from characteristic zero,

because of the existence of power operations [9, 8].

The above theorems rely crucially on the noetherianness hypotheses. We will discuss various counterex-

amples in §8. These counterexamples are related to classical purity questions for Picard groups and étale

fundamental groups for local rings. As a consequence, we produce new examples of non-algebraic Galois

extensions of ring spectra in the sense of Rognes [33], which seem to be of interest in itself.

Theorem 1.7. Given n > 1, there exists a rational E∞-ring A with π0(A) = C[xn, yn−1x, yn−2x2, . . . , yn],

πi(A) = 0 for i > 0, and such that the Galois group of A is Z/n.
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As the étale fundamental group of SpecC[xn, yn−1x, yn−2x2, . . . , yn] is trivial, this Galois group is not

algebraic. To our knowledge, this is the first non-algebraic example of a Galois extension of rational ring

spectra to be observed. We will describe explicitly the Z/n-Galois extension in §8.

Organization. This paper is organized as follows. In §2, we analyze the operation of attaching a 1-

cell in a rational E∞-ring in detail. In §3, we do the same for the operation of attaching a 0-cell, via a

comparison between modules over the cochain E∞-ring C∗(S1;Q) and local systems on S1. By reducing to

the case where one has a unit in degree 2, we will be able to obtain all our constructions by only attaching

cells in these degrees. The main technical results (existence of the residue fields and the nilpotence theorem)

are proved in §4. §5, §6, and §7 contain the applications to thick subcategories, Galois groups, and Picard

groups, respectively. Finally, §8 discusses various non-noetherian counterexamples.

Notation. In this paper, we will adopt the following notational conventions. We will frequently identify

abelian groups with their Eilenberg-MacLane spectra without additional notation. The letters R,S, T, ... will

refer to ordinary (discrete) rings. The subscript ∗ will refer to a grading. We will let CAlg denote the ∞-

category of E∞-rings. The letters A,B,C will refer to E∞-rings. Given an E∞-ring A, we let Mod(A)

denote the ∞-category of A-modules and Modω(A) ⊂ Mod(A) the full subcategory spanned by the perfect

A-modules. If X is a space and A an E∞-ring, we let C∗(X;A) denote the cochain E∞-algebra on X with

values in A, often also denoted AX or Fun(X+, A). Finally, if A ∈ CAlg is a rational E∞-ring, we will write

A[t±1
2 ] for the free E∞-A-algebra on an invertible degree two generator.

Although we use the language of ∞-categories and higher algebra [24] in this paper, we note that

everything can be carried out in the world of model categories. The theory of E∞-ring spectra and modules

over them was originally developed [12] in the world of model categories. In characteristic zero, the issue

simplifies further as one can work with commutative differential graded algebras.

Acknowledgments. I am grateful to Bhargav Bhatt and Jacob Lurie for helpful discussions related to

the subject of this paper, and the referee for many detailed comments. The author was supported by the

NSF Graduate Fellowship under grant DGE-114415.

2. Degree zero elements of rational E∞-rings

In this section, we describe the first set of the basic characteristic zero techniques needed for this paper.

In particular, we discuss the “coincidence” of E∞-rings that Σ∞+ Z≥0 is free on a degree zero class and thus

analyze the operation of attaching cells in degree one. The main result of the section (Theorem 2.20) controls

the behavior on homotopy rings of attaching cells in degree one. We also prove a version (Proposition 2.13)
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of the classical result that a complete local ring with residue field of characteristic zero contains a copy of

its residue field.

Some of the more refined results require the noetherianness hypothesis that will be crucial for most of

the main results of this paper.

Definition 2.1. We say that a rational E∞-ring A is noetherian if:

(1) The commutative ring πeven(A) is noetherian.

(2) The πeven(A)-module πodd(A) is finitely generated.

The “noetherian” hypothesis ensures that certain categorical constructions one may perform on A affect

the homotopy groups of A in a reasonable manner and, as such, will be indispensable to this paper.

Warning 1. The noetherian condition is not a purely categorical one. For instance, a finitely presented

E∞-algebra over a noetherian E∞-ring (even Q) need not be noetherian, i.e., the analog of Hilbert’s basis

theorem fails. See Section 8.2 for an example.

2.1. Cofibers of degree zero elements. Let A be an E∞-ring and let x ∈ πk(A), defining a map of

A-modules ΣkA
x→ A.

Definition 2.2. We will write A/x for the cofiber of this map x : ΣkA→ A.

One wants to think of A/x as a homotopy-theoretic “quotient” of A by the “ideal” generated by x and,

as in algebra, turn this into an E∞-ring under A. There is, in general, no reason to expect this to be possible

(or canonical in any way).

Example 2.3. The sphere S0 is the most basic example of an E∞-ring, but the Moore spectrum S0/2 is

not even a ring spectrum up to homotopy.

The obstructions to multiplicative structures have been discussed, for example, in [31, 35]. Some further

obstructions to structured multiplications, via the theory of power operations, are discussed in [27].

Suppose first that k = 0. To understand the failure of such quotients to be ring spectra, recall how the

quotient is constructed in classical commutative algebra. Let R be a (classical) commutative ring, and fix

x ∈ R. The (classical) quotient R/(x) is the pushout of the diagram of commutative rings

Z[t]

x 7→t
��

t 7→0 // Z

��
R // R/(x)

.
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Here Z[t] is the free commutative ring on a generator t, and forming the pushout R/(x) as above amounts

to setting x = 0.

In homotopy theory, one can make a similar construction, which has been discussed in, for example,

[36].

Definition 2.4. There is a free E∞-ring on a single generator, denoted S0 {t}, whose underlying spec-

trum is given by

S0 {t} '
⊕
n≥0

Σ∞+ BΣn,

as {Σn}n≥0 ranges over the symmetric groups. Given an E∞-ring A and an element x ∈ π0A, we obtain a

map (defined up to homotopy) of E∞-rings S0 {t} → A sending the tautological class t ∈ π0S
0 {t} to x, by

the universal property: the space of maps of E∞-rings S0 {t} → A is precisely Ω∞A. In particular, we can

form a pushout square in CAlg,

S0 {t}

t 7→x
��

t 7→0 // S0

��
A // A′

,

where A′ is called the free A-algebra with x = 0. Following Szymik [36], we will write A′ = A//x.

Given an E∞-A-algebra A′′, the space1 HomA/(A
′, A′′) is the space of nullhomotopies of x in A′′ (which

is empty unless x maps to zero in π0A
′′, and in this case is Ω∞+1A′′).

For future reference, it will be convenient to have the following more general definition.

Definition 2.5. For X a spectrum, we write Sym∗(X) for the free E∞-ring on X, so that Sym∗(X) '⊕
n≥0(X⊗n)hΣn . If A is an E∞-ring and x ∈ πkA is an element, we denote by A//x the pushout

Sym∗(Sk)

0

��

x // A

��
S0 // A//x

,

where the map Sym∗(Sk) → A is determined by the map x : Sk → A, and where Sym∗(Sk) → S0 is deter-

mined by 0: Sk → S0. We will call A//x the free E∞-A-algebra with x = 0. Given a sequence of elements

x1, . . . , xn ∈ π∗(A), we will write A//(x1, . . . , xn) for the iterated quotient (. . . (A//x1)//x2) . . . //xn−1) . . . )) //xn.

We return to the case k = 0. In general, if x ∈ π0A is fixed, then Definition 2.4 gives

A//x ' A⊗S0{t} S
0,

1We write CAlgA/ for the ∞-category of E∞-A-algebras and HomA/(·, ·) for mapping spaces here.
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since pushouts of E∞-rings are relative tensor products. This is usually very different, as an A-module, from

A/x. For example, the free E∞-ring with pn = 0 is not S0/pn. From the “chromatic” point of view, it is

actually invisible: its Er-localization vanishes for each r, by the main result of [27].

Remark 2.6. In fact, the S0 {t}-module S0 is quite complicated, and is not, for example, perfect. For

instance, if we worked over F2 rather than S0, then F2 {t} has homotopy groups given by a polynomial ring

on the tautological class t and certain admissible monomials in the Dyer-Lashof algebra applied to t ([9]),

so that F2 is an infinite quotient of F2 {t} by a regular sequence of polynomial generators.

However, there is another E∞-ring which is better behaved in this regard, and which will enable us to

place E∞-structures on quotients in certain cases. Recall that the E∞-ring S0 {t} is obtained from the free

E∞-space on a single generator by applying Σ∞+ . This E∞-space is the free symmetric monoidal category on

one object: the groupoid of finite sets and isomorphisms between them, or topologically
⊔
n≥0BΣn.

Definition 2.7. We can apply Σ∞+ instead to the symmetric monoidal groupoid Z≥0, which has objects

given by the natural numbers (under addition) and no nontrivial isomorphisms. The resulting E∞-ring

Σ∞+ Z≥0, the “monoid algebra” of the natural numbers (as studied, for example, in [1]), will be written S0[t]

since its homotopy groups actually are given by (π∗S
0)[t]. More generally, we will write A[t] for the E∞-ring

A⊗ Σ∞+ Z≥0, if A is any E∞-ring.

Construction 2.8. Now let A be an E∞-ring, and let S0 {t} → A be a map classifying an element x ∈ π0(A).

Suppose that we have a factorization in the ∞-category CAlg

S0 {t}

��

x // A

S0[t]

== .

In this case, we can form the relative tensor product A ⊗S0[t] S
0 (using the map S0[t] → S0 which sends

t 7→ 0), as an E∞-ring. The cofiber sequence of S0[t]-modules

S0[t]
t→ S0[t]→ S0,

shows that this relative tensor product, as an A-module spectrum, is actually A/x.
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In other words, by the universal property of the monoid algebra, if there exists a factorization in the

diagram of E∞-spaces ⊔
n≥0BΣn

��

x // Ω∞A

Z≥0

99 ,

where Ω∞A is given the multiplicative E∞-structure, then we can place a natural E∞-structure on A/x.

Remark 2.9. Let X be an E∞-space and let x ∈ π0X, classified by a map of E∞-spaces
⊔
n≥0BΣn → X. If

this map admits a factorization over Z≥0, then x has been called by Lurie a “strictly commutative” element

of X. Construction 2.8 shows that, while arbitrary cofibers A/x need not admit E∞-structures, one can find

an E∞-structure if x is strictly commutative.

Unfortunately, in general, describing maps out of S0[t] is difficult, since Z≥0 does not admit a simple

presentation as an E∞-space. In characteristic zero, i.e., over Q, the natural map

Q {t} → Q[t],

becomes an equivalence of E∞-rings, because the maps (BΣn)+ → S0 are rational equivalences. In particular,

given any rational E∞-ring A, and an element x ∈ π0(A), we can obtain a map

Q[t]→ A, t 7→ x,

and we can form the relative tensor product A/x ' A⊗Q[t] Q as an E∞-ring. This process can equivalently

be described as attaching a 1-cell to kill the element x ∈ π0A, i.e., as forming A//x. We may summarize

these observations in the following proposition.

Proposition 2.10. Let A be a rational E∞-ring and let x ∈ π0(A). Then A//x ∈ CAlgA/ has as underlying

A-module A/x. In particular, we may make A/x into an E∞-A-algebra.

It is similarly possible to quotient by even degree elements of a rational E∞-ring, as we show below. In

fact, we did not strictly need the discussion of “strict commutativity” for the present paper, but included it

for its intrinsic interest (as it becomes more relevant away from characteristic zero).

Proposition 2.11. Let A be a rational E∞-ring and let x ∈ πn(A). Suppose n is an even integer. Then

A//x ∈ CAlgA/ has underlying A-module A/x.
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Proof. Recall that π∗Sym∗(Q[n]) is a polynomial ring on a class in degree n. Thus, the result follows

from A//x ' A ⊗Sym∗(Q[n]) Q and the cofiber sequence ΣnSym∗Q[n] → Sym∗Q[n] → Q of Sym∗Q[n]-

modules. �

2.2. The Cohen structure theorem. Let (R,m) be a complete local noetherian ring with residue

field k of characteristic zero. In this case, a basic piece of the Cohen structure theorem (see for instance [11,

Ch. 8]) implies that R contains a copy of its residue field:

Theorem 2.12 (Cohen). Hypotheses as above, the projection R→ R/m = k admits a section.

We refer to [29, Theorem 60, §28.J] for a proof of a more general result than Theorem 2.12. It is closely

related to the fact that, in characteristic zero, all field extensions can be obtained as an inductive limit of

smooth morphisms; this argument implies an analogous result in the world of E∞-rings, and it is the purpose

of this subsection to describe that. In particular, we prove:

Proposition 2.13. Let A be a noetherian, rational E∞-ring such that π0A is a complete local ring with

residue field k. Then there exists a morphism of E∞-rings k → A such that on π0, the composite map

k → π0A→ k is the identity.

Proof. By Theorem 2.12, there is a section φ : k → π0A of the reduction map. We want to realize this

topologically. To start with, we obtain a map Q→ A as A is rational. Let {tα}α∈Γ be a transcendence basis

of k/Q (cf. [20, Ch. VIII, sec. 1] for a textbook reference), so that we have field extensions

Q ⊂ Q({tα}) ⊂ k,

where the first extension is purely transcendental and the second extension is algebraic. For each α ∈ Γ,

choose uα ∈ π0A be defined by uα = φ(tα), so that uα projects to tα in the residue field. We obtain a map

of E∞-rings ⊗
Γ

Q[tα]→ A, tα 7→ uα,

where the left-hand-side is a free E∞-ring on |Γ| variables (i.e., a discrete polynomial ring on the {tα}). It

necessarily factors over the localization Q({tα}), so we obtain a map Q({tα})→ A. This realizes on π0 the

restriction φ|Q({tα}).

Finally, we want to find an extension over k such that the diagram

Q({tα}) //

��

k

||
A

,
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such that the composite k → π0A → k is the identity. Since k is a colimit of finite étale Q({tα})-algebras

(i.e., finite separable extensions; recall that we are in characteristic zero), it is equivalent to doing this at

the level of π0 ([24, §7.5]), and the map φ : k → π0(A) enables us to do that. �

Remark 2.14. The argument shows that the set of homotopy classes of maps of E∞-rings k → A is in

bijection with the set of ring-homomorphisms k → π0(A).

2.3. Properties of the quotient E∞-ring. We will need a few more preliminaries on the construction

of Definition 2.4 and its behavior on homotopy. If A is a rational E∞-ring and x ∈ π0A, then the homotopy

groups of A//x ' A/x are determined additively by the short exact sequence

(26) 0→ πj(A)/xπj(A)→ πj(A/x)→ (ker x)|πj−1(A) → 0,

but this fails to determine the precise multiplicative structure. In this section, we will show (Theorem 2.20)

that the multiplicative structure is not so different from that of the subring π∗(A)/xπ∗(A) under noetherian

hypotheses. We will not need the full strength of these results in the sequel.

We begin by reviewing the theory of finite universal homeomorphisms [34, Tag 04DC]. Recall that a map

of rings R → R′ is called a universal homeomorphism if, for every R-algebra R′′, the map R′′ → R′′ ⊗R R′

induces a homeomorphism upon applying Spec.

Proposition 2.15. A morphism R → R′, such that R′ is a finitely generated R-module, is a universal

homeomorphism if and only if, for every morphism R → k where k is a field, the base-change R′ ⊗R k is a

local artinian k-algebra (in particular, nonzero).

Proof. Suppose that for every map from R to a field k, the base-change R′ ⊗R k is a local artinian

k-algebra. It follows that the residue field of R′⊗R k is necessarily a purely inseparable extension of k, since

otherwise we can replace k by k and R′⊗Rk would have nontrivial idempotents. It then follows that the map

SpecR′ → SpecR is a radicial morphism [34, Tag 01S2]. Given any R-algebra R′′, the map R′′ → R′⊗RR′′ is

finite, so induces a closed map on Spec which is also injective since R→ R′ is radicial. The map is surjective

since all the fibers are nonempty by assumption, and thus a homeomorphism.

Conversely, suppose R→ R′ is a finite universal homeomorphism. Then all the base-changes k → R′⊗Rk,

for an R-field k, are universal homeomorphisms themselves. In particular, Spec(R′ ⊗R k) is connected. But

R′ ⊗R k is a finite-dimensional k-algebra, so if its spectrum is connected, then R′ ⊗R k must be local

artinian. �

Corollary 2.16. A finite map R→ R′ of Q-algebras is a universal homeomorphism if and only if for every

residue field R→ k, the tensor product R′ ⊗R k is local with residue field k.

112



Proof. This follows from the fact that all finite extensions in characteristic zero are separable, so that

if A is a finite-dimensional local k-algebra with residue field strictly containing k, then A ⊗k k necessarily

has nontrivial idempotents. �

We will now begin working towards the proof of Theorem 2.20. We will first need a preliminary lemma

on idempotents in these quotients.

Definition 2.17. If A is an E∞-ring, we let Idem(A) denote the set of idempotents in π0A. The

construction A 7→ Idem(A) sends homotopy limits of E∞-rings to inverse limits of sets, since the set Idem(A)

is homotopy equivalent to the space of maps of E∞-rings S0×S0 → A in view of the theory of étale algebras

[24, §7.5]. If R is a discrete ring, we will also write Idem(R) for the set of idempotents in R.

Lemma 2.18. Let A be a rational noetherian E∞-ring with π0(A) local and let x1, . . . , xr ∈ π0(A). Then

the map π0(A)/(x1, . . . , xr)→ π0(A//(x1, . . . , xr)) of discrete rings induces an isomorphism on Idem.

Proof. In fact, we have a map of E∞-rings A→ A//(x1, . . . , xr), and if we form the cobar construction

on this map, we obtain a coaugmented cosimplicial object

A//(x1, . . . , xr)
→
→A//(x1, . . . , xr)⊗A A//(x1, . . . , xr)

→
→
→
. . . ,

whose homotopy limit is the (x1, . . . , xr)-adic completion of A. We refer to [23, §4] for preliminaries on

completions of ring spectra. In particular, the idempotents in the totalization are the same as the idempotents

in the (x1, . . . , xr)-adic completion of π0A, or equivalently, by the lifting idempotents theorem [11, Cor. 7.5],

in π0(A)/(x1, . . . , xr).

Since the operation of taking idempotents commutes with homotopy limits, we conclude that the set of

idempotents in π0(A)/(x1, . . . , xr) is the reflexive equalizer

Idem(A//(x1, . . . , xr))
→
→ Idem(A//(x1, . . . , xr)⊗A A//(x1, . . . , xr)).

However, we claim that the two maps in the reflexive equalizers are isomorphisms (and thus equal). In

fact, A//(x1, . . . , xr) ⊗A A//(x1, . . . , xr) is obtained by attaching 1-cells to kill the classes x1, . . . , xr in

A//(x1, . . . , xr) which are already zero; in particular, as an E∞-ring, we have

A//(x1, . . . , xr)⊗A A//(x1, . . . , xr) ' A//(x1, . . . , xr)⊗ Sym∗[y1, . . . , yr], |yi| = 1,

which has the same idempotents as A//(x1, . . . , xr). �

Proposition 2.19. Let A be a rational noetherian E∞-ring and let x ∈ π0(A). The map π0(A)/(x) →

π0(A//x) is a finite universal homeomorphism.
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Proof. We already know that π0(A//x) is a finitely generated π0(A)/(x)-module, by the short exact

sequence (2.2). We will check that the map is a finite universal homeomorphism fiberwise at each prime.

Fix a prime ideal p of π0(A)/(x). Let x1, . . . , xn ∈ π0(A) project to generators of p. Localizing A at p,

we may assume that π0(A) is local with maximal ideal p. By completing A, we may assume that that A

admits the structure of an E∞-k-algebra for k the residue field of π0(A), in view of Proposition 2.13.

We need to show that the map of commutative rings

(27) π0(A)/(x, x1, . . . , xn)→ π0(A//x)/(x1, . . . , xn)

is a finite universal homeomorphism. The left-hand-side of (27) is the residue field k of π0(A) at the

maximal ideal, and the right-hand-side is a finite module over the left-hand-side and is in particular a

product of local artinian k-algebras. By replacing A with A ⊗k k′ for a finite extension k′/k, we may

assume that each of the residue fields of the left-hand-side of (27) is k itself. Thus, it suffices to show

π0(A//x)/(x1, . . . , xn) has no nontrivial idempotents in this case. As a result, our claim follows from

Lemma 2.18, which implies that the connected components of Specπ0(A//x)/(x1, . . . , xn) are in bijection

with those of Specπ0(A//(x, x1, . . . , xn)), and in turn with those of Specπ0(A)/(x, x1, . . . , xn), while the

latter is just a point. �

By induction (and transitivity), one obtains an analogous result for any finite sequence of elements

in π0A. Moreover, by replacing A with A[t±1
2 ], we can thus obtain a result for quotients by even degree

elements. We find:

Theorem 2.20. Let A be a rational noetherian E∞-ring and let x1, . . . , xn ∈ πeven(A) be a sequence of

elements. Then the map

πeven(A)/(x1, . . . , xn)→ πeven(A//(x1, . . . , xn)),

is a finite universal homeomorphism.

3. Degree −1 elements

We will also encounter odd degree elements in homotopy, and thus, in this section, we consider the

free E∞-Q-algebra Sym∗Q[−1] on a generator in degree −1. It is the purpose of this section to use the

coincidence (Proposition 3.2) that Sym∗Q[−1] ' C∗(S1;Q) to prove certain basic facts (in Section 3.3)

about Sym∗Q[−1] ' C∗(S1;Q)-modules, and ultimately about the construction A//y where A is a rational

E∞-ring and y ∈ π−1(A).
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3.1. The free E∞-ring on k[−1]. Let k be a field of characteristic zero, which we will work over.

Recall that the free E∞-k-algebra on k[−1] is

Sym∗k[−1] '
⊕
n≥0

(k[−1])
⊗n
hΣn

.

Here k[−1]⊗n ' k[−n], and the Σn-action is via the sign representation. For n ≥ 2, this action is nontrivial,

and it follows that the homotopy coinvariants are zero. In particular, we find:

Corollary 3.1. For char k = 0, the homotopy groups of Sym∗k[−1] are given by:

πi(Sym∗k[−1]) '


k if i = 0

k if i = −1

0 otherwise

,

and the multiplication is determined (“square zero” in degree −1).

There are two other E∞-rings which have a similar multiplication law on their homotopy groups:

(1) The cochain E∞-ring on S1, C∗(S1; k).

(2) The square-zero E∞-ring k ⊕ k[−1].

Proposition 3.2. Let k be a field of characteristic zero. Then there are equivalences of E∞-rings Sym∗k[−1] '

C∗(S1; k) ' k ⊕ k[−1].

Proof. In fact, we can produce maps

Sym∗k[−1]→ C∗(S1; k), Sym∗k[−1]→ k ⊕ k[−1],

such that they are isomorphisms on π−1 (using the universal property of Sym∗), and therefore are equivalences

of E∞-rings by inspection of π∗. So, all three are equivalent. �

Remark 3.3. If one worked over Fp, the symmetric algebra Sym∗(Fp[−1]) is definitely much too large to be

either C∗(S1;Fp) or Fp ⊕ Fp[−1], but C∗(S1;Fp) and Fp ⊕ Fp[−1] have the same square-zero multiplication

on homotopy groups. They are not equivalent as E∞-rings under Fp because the zeroth reduced power P0

acts as the identity on π−1 of the former and zero on the latter.

More generally, if n is any odd integer, we can repeat the above reasoning:

Corollary 3.4. If n is odd, then we have equivalences of E∞-rings

(28) Sym∗k[−n] ' k ⊕ k[−n],
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and, if n > 0, then these are equivalent to cochains on the n-sphere, C∗(Sn; k).

3.2. Descent properties and A//x. If A is a rational E∞-ring and x ∈ π∗(A) is an element in an

even degree, then we saw in Proposition 2.11 that the construction A//x was reasonably hands-on: it gave

us the underlying A-module A/x. If x is in odd degree, however, A//x may be much bigger than A.

Example 3.5. Let x = 0 ∈ π−1(A). Then A//x ' A[t].

In fact, for x in an odd degree, it is not even a priori evident that if A is nonzero, then A//x is also

nonzero, even as x2 = 0. We will prove this (and more) using descent theory. We recall first a definition.

Definition 3.6. Let φ : A→ A′ be a morphism of E∞-rings. We say that φ admits descent if the thick

tensor-ideal that A′ generates, in Mod(A), is all of Mod(A).

We refer to [26, §3-4] for preliminaries on the notion of “admitting descent.” Here is a simple example.

Proposition 3.7. Let A be a rational E∞-ring and let x ∈ π0A be nilpotent. Then the E∞-A-algebra A//x

admits descent over A.

Proof. In fact, thanks to the octahedral axiom, the thick subcategory of Mod(A) generated by the

A-module A/x (which is equivalent to the underlying A-module of A//x) contains A/x2, A/x3, . . . ,, and

eventually A/xN where N is so large that xN = 0. But A/xN ' A⊕ΣA for such N , and therefore the thick

subcategory generated by A//x actually contains A. �

Let A be an E∞-ring and let y ∈ πn(A), with n odd. Then y2 = 0, so that one would hope that

the analog of Proposition 3.7 would be automatic. That is, one would hope that A//y ' A ⊗Sym∗(Q[n]) Q

admits descent over A. A priori, it is harder to control this tensor product, because Q is no longer a perfect

Sym∗(Q[n])-module for n odd, so one cannot imitate the above argument. However, we can still prove the

statement.

Proposition 3.8. If A is nonzero and y ∈ πnA (for n odd), then A//y ∈ CAlgA/ admits descent. In

particular, A//y 6= 0.

Proof. The map Sym∗Q[n]→ Q admits descent, in view of the equivalence Sym∗(Q[n]) ' Q⊕Q[n] of

Corollary 3.4. It follows that the map A→ A//y admits descent as well by base-change. �

Example 3.9. Proposition 3.8 definitely fails for E∞-rings under Fp. For example, if p = 2, then odd degree

elements can be invertible (take the Tate spectrum FtZ/22 ). If p > 2, odd degree elements square to zero but
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can still be “resilient.” In the Tate spectrum FtZ/pp , we have

π∗(FtZ/pp ) ' Fp[t±1
2 ]⊗ E(α−1),

where the exterior generator α−1 has the property that βP0α−1 = t−1
2 is invertible. Thus, even though α−1

squares to zero, a basic power operation goes from it to an invertible element. It follows that in any E∞-ring

under FtZ/pp , if α maps to zero, the whole E∞-ring has to be zero. Such phenomena can never happen in

characteristic zero.

3.3. Comparison with local systems. In this subsection, we give the most important (for this paper)

application of Proposition 3.2. We will be able to describe the ∞-category of modules over the free algebra

Sym∗k[−1] ' C∗(S1; k) for chark = 0. In fact, let k be any field, not necessarily of characteristic zero. We

will describe modules over the cochain algebra C∗(S1; k). For example, we will be able to give a complete

classification of all perfect modules.

We first recall a basic construction from [26, §7.2].

Definition 3.10. Let X be a space and let C be an ∞-category. We define LocX(C) = Fun(X, C) and

refer to it as the ∞-category of C-valued local systems on X.

Construction 3.11. Let A be an E∞-ring and let C = Mod(A). Let X be a finite complex. We have a

natural fully faithful, symmetric monoidal imbedding

Mod(C∗(X;A)) ⊂ LocX(Mod(A)),

from modules over the cochain E∞-ring C∗(X;A) into local systems of A-modules on X, whose image in

LocX(Mod(A)) is the localizing subcategory generated by the unit.

Informally, the functor sends a C∗(X;A)-module M to the A-module M ⊗C∗(X;A) A, which lives as a

local system over X (since there is an X’s worth of evaluation maps C∗(X;A)→ A).

In general, it is somewhat subtle to test whether an object in LocX(Mod(A)) belongs to the essential

image of Mod(C∗(X;A)). However, if X = S1 then things simplify considerably. Given a local system

N ∈ LocS1(Mod(A)), the evaluation Nq (for a fixed basepoint q ∈ S1) is an A-module, and Nq acquires a

monodromy automorphism φ

φ : Nq ' Nq,

coming from a choice of generator of π1(S1; q).
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Proposition 3.12 ([26, Remark 7.9]). Given N as above, then N belongs to the image of Mod(C∗(S1;A))

if and only if the action of φ− 1 on the homotopy groups π∗(Nq) is locally nilpotent.

It will be important for us to have the correspondence in Proposition 3.12 in as clear terms as possible.

Thus, we state the following construction.

Construction 3.13. The right adjoint LocS1(Mod(A)) → Mod(C∗(S1;A)) is given, for a local system N ,

by taking its global sections lim←−S1
N . Explicitly, if q ∈ S1 and φ : Nq → Nq is as above, we have

(29) lim←−
S1

N = fib
(
Nq

φ−1→ Nq

)
,

and in particular, we can determine the homotopy groups of lim←−S1
N via a long exact sequence.

Remark 3.14. This discussion is special to the case of S1. For any finite complex X and any E∞-ring A, we

have an inclusion Mod(C∗(X;A)) ⊂ LocX(Mod(A)), and the image always is contained in the subcategory

of local systems satisfying an ind-unipotence property on homotopy groups, but the precise identification of

the image relies on the 1-dimensionality of the circle.

Let C be an arbitrary ∞-category. To give a local system on S1 in some ∞-category C is equivalent

to giving an object of that ∞-category and an automorphism, via S1 ' K(Z, 1). Fix two C-valued local

systems on S1, (x, φx), (y, φy), where x, y ∈ C and φx : x ' x, φy : y ' y are automorphisms in C. Given a

map f : x→ y such that the diagram

(30) x

f

��

φx // x

f

��
y

φy
// y

,

commutes up to homotopy, then we can produce a map of local systems (x, φx)→ (y, φy) extending the map

f : x→ y.

Remark 3.15. Specifying such a map amounts in addition to choosing a homotopy to make the diagram

commute, and there may be many homotopy classes of such.

We can state this formally:

Proposition 3.16. Every object in LocS1(C) is represented by a pair (x, φx) where x ∈ C and φx : x → x

is an automorphism, and two pairs (x, φx), (y, φy) are isomorphic if and only if there exists an isomorphism

f : x→ y such that the diagram (30) is homotopy commutative.
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We now specialize to the case where A = k is a field. We will use Construction 3.11, Proposition 3.12,

and Proposition 3.16 to classify C∗(S1; k)-modules.

Proposition 3.17. Any local system L ∈ LocS1(Mod(k)) decomposes uniquely as a direct sum L '⊕
n∈Z Ln[n] where the fiber of Ln at a point of S1 is discrete.

Proof. Let L = (M,φ). The k-module M decomposes as a sum of its homotopy groups, i.e., M '⊕
n∈Z(πnM)[n], and the automorphism φ : M → M is determined by its behavior on its homotopy groups.

It follows that, for each n, we can produce squares

(πnM)[n]

��

φ∗ // (πnM)[n]

��
M

φ
// M

,

which commute up to homotopy. Putting this together, we can produce a square

⊕
n∈Z(πnM)[n]

��

φ∗ // ⊕
n∈Z(πnM)[n]

��
M

φ
// M

,

which commutes up to homotopy, and where the vertical maps are now equivalences. It follows from Propo-

sition 3.16 that the pair (M,φ) is equivalent to the direct sum of the pairs {((πnM)[n], φ∗)}n∈Z, where each

of these is concentrated in a single degree. �

Using the imbedding Mod(C∗(S1; k)) ⊂ LocS1(Mod(k)), we find from this:

Corollary 3.18. Any C∗(S1; k)-module M admits a unique decomposition M '⊕n≥0Mn[n], where Mn ∈

Mod(C∗(S1; k)) has the property that M ⊗C∗(S1;k) k is a discrete k-module.

In order to give a discrete local system on S1, it suffices simply to give a k-vector space with an

automorphism. In the case we are interested, i.e., local systems coming from C∗(S1; k)-modules, it follows

that to give an equivalence class of C∗(S1; k)-modules M equates to giving, for each n ∈ Z, a discrete k[x]-

module on which x acts locally nilpotently. The nth such object corresponds to πn(M ⊗C∗(S1;k) k) and x is

the monodromy automorphism minus the identity.

In general, the classification of torsion modules over a PID is nontrivial, but in the finitely generated

case, we have a simple complete classification. This leads to:

Construction 3.19. Fix i ∈ Z>0. We consider the n-dimensional k-vector space Vi = k[x]/xn and the

nilpotent endomorphism given by multiplication by x. Let Vi be the associated local system on S1 with
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fiber Vi and monodromy automorphism 1 + x. Then, by Proposition 3.12, Vi corresponds to a C∗(S1; k)-

module that we will denote by Ni. Thus, Ni ⊗C∗(S1;k) k is discrete, and i-dimensional, and the monodromy

automorphism is unipotent with a single Jordan block.

In order to determine the homotopy groups of Ni, we have to form the associated local system, and take

global sections over S1, as in Construction 3.13. We have

πj(Ni) =


k if j = 0

k if j = −1

0 otherwise

.

For example, N1 = C∗(S1; k).

Proposition 3.20. Ni is a perfect C∗(S1; k)-module.

Proof. By construction, Ni⊗C∗(S1;k) k is a perfect k-module. Moreover, C∗(S1; k)→ k admits descent

[26, Prop. 3.35]. Therefore, Ni is a perfect C∗(S1; k)-module in view of [26, Prop. 3.27]. �

Proposition 3.21. Any perfect C∗(S1; k)-module M decomposes uniquely as a sum of copies of shifts of

the Ni.

Proof. Given a perfect C∗(S1; k)-module, the associated local system (which is a local system of perfect

k-modules) splits as a direct sum of shifts of local systems of discrete k-modules, by Proposition 3.17. Each

of these is determined by a finite-dimensional k-vector space with an unipotent automorphism, and these

are classified as a direct sum of indecomposable ones determined by their Jordan type, corresponding to the

decomposition of a finitely generated k[x]-module as a direct sum of cyclic ones. These summands correspond

to the C∗(S1; k)-modules Ni. �

3.4. Evenly graded C∗(S1; k)-modules. Let k be a field. We will have to work with certain non-

perfect C∗(S1; k)-modules in the sequel, and here we will prove a basic technical result (Proposition 3.23)

concerning them. We need the following classical algebraic fact with R = k[x](x).

Theorem 3.22. Let R be a discrete valuation ring with quotient field K. Then any torsion divisible

R-module is a direct sum of copies of K/R.

We refer to [19, Theorem 6.3] for a proof of Theorem 3.22. We will translate it into our setting and

prove the following.
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Proposition 3.23. Let M be a C∗(S1; k)-module. Suppose that πiM = 0 if i is odd. Then M is a direct

sum of copies of even shifts of the C∗(S1; k)-module k (under the map of E∞-rings C∗(S1; k)→ k given by

evaluation at a point).

Proof. We know, first, that M is a direct sum of copies of C∗(S1; k)-modules whose base-change to k

is shifted discrete (Proposition 3.17), so we may assume this to begin with. That is, we may assume that

M ⊗C∗(S1;k) k is concentrated in one degree, say n, in homotopy. In particular, under the correspondence

between C∗(S1; k)-modules and local systems with the unipotence property, M comes from a discrete k[x]-

module P0, on which x is locally nilpotent. Moreover, at most one of ker x, cokerx can nonzero because of

the hypothesis on the homotopy groups on M , and Construction 3.13, which describes how to get from P0

to M .

Since x is locally nilpotent, ker x is always nonzero (if P0 6= 0), so the conclusion must be that coker x = 0,

and we have an even shift of a discrete local system. In other words, P0 is a x-torsion divisible k[x]-module.

Any such is a direct sum of copies of k[x±1]/k[x] by Theorem 3.22.

It follows that if M̃ is the C∗(S1; k)-module corresponding to the k[x]-module k[x±1]/k, then M is a

direct sum of even shifts of copies of M̃ . It remains to argue that k ' M̃ . In fact, our reasoning shows that

k must be a direct sum of copies of M̃ , but clearly k is indecomposable, so k ' M̃ .

�

Corollary 3.24. Let M be a C∗(S1; k)-module such that πiM = 0 if i is odd. Then the k-module

M ⊗C∗(S1;k) k has the same property.

Proof. This follows from Proposition 3.23, but it could also have been seen directly. �

4. Residue fields

In this section, we will prove Theorems 1.2 and 1.3 on the existence of residue fields and the detection

of nilpotence. It will be convenient to work throughout with an extra assumption of a degree two unit. In

this case, the attachment of even cells can always be replaced with the attachment of degree zero cells.

4.1. Definitions. Let A be a rational, noetherian E∞-ring such that π2(A) contains a unit. Fix a

prime ideal p ⊂ π0(A).

Definition 4.1. A residue field for A is an object κ(p) ∈ CAlgA/ such that:

(1) The map π0(A)→ π0(κ(p)) exhibits π0(κ(p)) as the residue field of π0(A) at p.

(2) π1(κ(p)) = 0.

121



In particular, if k(p) is the residue field of π0A at p, then π∗(κ(p)) is a Laurent series ring on k(p) on a

generator in degree two.

In this section, we will show that residue fields for such E∞-rings exist uniquely, and are sufficient to

detect nilpotence in Mod(A). The rest of the paper will use these residue fields to describe certain invariants

of Mod(A).

Remark 4.2. The name “residue field” is appropriate because of the perfect Künneth isomorphism

κ(p)∗(M)⊗κ(p)∗ κ(p)∗(N) ' κ(p)∗(M ⊗A N), M,N ∈ Mod(A);

indeed, there is a map from left to right which is an isomorphism for M = N = A, and both sides define two-

variable homology theories on Mod(A), so the natural map must be an isomorphism in general. Alternatively,

any κ(p)-module is a sum of shifts of free ones.

We describe the connection with the use of residue fields as in [4]. Given an even periodic E∞-ring A (not

necessarily over Q) with π0(A) regular noetherian, it is possible to form “residue fields” of A as E1-algebras in

Mod(R), by successively quotienting by a regular sequence. These residue fields have analogous properties of

detecting nilpotence [25, Cor. 2.6] and are quite useful for describing invariants of Mod(A) (e.g., [2, 4, 26]).

These residue fields are usually not E∞-algebras in Mod(A). For example, in the “chromatic” setting, the

associated residue fields (such as the Morava K-theories K(n) for the E∞-ring En) are almost never E∞.

Over the rational numbers, we are able to produce residue fields without such regularity hypotheses, and

as E∞-algebras. However, we will have to work a bit harder: the residue fields of such an A will no longer

in general be perfect as A-modules (or as E∞-A-algebras), and we will have to use a countable limiting

procedure, together with the techniques from the previous sections.

Let A be as above. In order to construct a residue field for A for the prime ideal p ∈ Specπ0A, we may

first localize at p, and assume that π0A is local and that p is the maximal ideal. Then, given generators

x1, . . . , xn ∈ π0A for p, we will need to set them equal to zero by attaching 1-cells. That of course will

introduce new elements (in both π0, π1) and we will have to kill them in turn. This process will be greatly

facilitated by the analysis in Section 3.

4.2. Detection of nilpotence. Given an E∞-ring A, we start by reviewing what it means for a

collection of A-algebras to detect nilpotence, following ideas of [10, 16].

Definition 4.3. Let A be an E∞-ring, and let A′ be an A-ring spectrum: that is, an associative algebra

object in the homotopy category of Mod(A). We say that A → A′ detects nilpotence if, whenever T is an
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A-ring spectrum, then the map of associative rings

π∗(T )→ π∗(A
′ ⊗A T )

has the property that any u ∈ π∗(T ) which maps to a nilpotent element is nilpotent. More generally, a

collection of A-ring spectra {A′α}α∈S is said to detect nilpotence if any u ∈ π∗(T ) which maps to nilpotent

elements under each map π∗(T )→ π∗(A
′
α ⊗A T ) is itself nilpotent.

For example, the nilpotence theorem (Theorem 1.1) states that the Morava K-theories and homology

(rational and mod p) detect nilpotence for A = S0. The original form (in [10]) states that the E∞-ring MU

of complex bordism detects nilpotence by itself, again over S0.

As in [10, §1], one has the following consequences of detecting nilpotence:

Proposition 4.4. Let {A′α}α∈S be a collection of A-ring spectra that detect nilpotence.

(1) Given a map of perfect A-modules φ : T → T ′ such that each 1A′α ⊗A φ : A′α ⊗A T → A′α ⊗A
T ′ is nullhomotopic as a map of A-modules, then φ is smash nilpotent: φ⊗N : T⊗N → T ′⊗N is

nullhomotopic for N � 0.

(2) Given a self-map of perfect A-modules v : ΣkT → T , if each 1A′α ⊗A v : Σk(A′α ⊗A T ) → A′α ⊗A T

is nilpotent in Mod(A), then v itself is nilpotent.

Example 4.5. Suppose A′ is an A-ring spectrum that detects nilpotence. Then A′ cannot annihilate any

nonzero perfect A-module M ; in fact, that would force the identity M →M to be nilpotent.

Moreover, one sees:

Proposition 4.6. Let A be an E∞-ring.

(1) Let A1 → A2 → A3 → . . . be a diagram of A-ring spectra, such that the colimit A∞ = lim−→Ai has a

compatible structure of an A-ring spectrum. If each Ai detects nilpotence over A, then A∞ detects

nilpotence over A.

(2) Let {A′α}α∈S be a collection of E∞-A-algebras that detect nilpotence over A. For each α ∈ S, let

{A′′αβ}β∈Tα be a collection of E∞-A′α-algebras that detect nilpotence over A′α. Then the collection{
A′′αβ

}
α∈S,β∈Tα

of A-algebras detects nilpotence over A.

(3) Suppose the {A′α}α∈S are a collection of E∞-A-algebras detecting nilpotence over A such that each

π∗(A
′
α) is a graded field. Then an A-ring spectrum A′′ detects nilpotence over R if and only if

A′′ ⊗A A′α 6= 0 for each α ∈ S.
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Proof. By a graded field, we mean a graded ring which is either a field (concentrated in degree zero)

or k[t±1] for |t| > 0 and k a field. The third assertion then follows from the second, since any nonzero

ring spectrum over each A′α detects nilpotence over A′α. The proofs of the first and second assertions are

straightforward. �

Finally, we need an important example of a pair that detects nilpotence.

Example 4.7. Let A be a rational E∞-ring, and let x ∈ π0(A). As before, the cofiber A/x inherits the

canonical structure of an E∞-algebra under A, as A//x. The localization A[x−1] always inherits a natural

E∞-ring structure. The claim is that the pair of A-algebras
{
A/x,A[x−1]

}
detects nilpotence.

To see this, let T be an A-ring spectrum, and let α ∈ πj(A). Suppose α maps to zero in A[x−1] =

T ⊗A A[x−1]. This means that xNα = 0 for N chosen large enough. Suppose also that α maps to zero in

πj(T/x) = πj(T ⊗A A/x). This means that α = xβ for some β ∈ πj(T ). We then have

α2N = αNαN = (xβ)NαN = βNxNαN = 0,

since xNα = 0. In other words, α is nilpotent.

This example will be extremely important to us in making induction arguments on the Krull dimension.

Example 4.8. Let A → A′ be a map of E∞-rings. Suppose that A → A′ admits descent (Definition 3.6).

Then A→ A′ detects nilpotence; see for instance [26, Prop. 3.26].

4.3. The main result. In this subsection, we prove the main technical result of this paper (Theo-

rem 4.14): the existence of residue fields and the detection of nilpotence. We begin with a preliminary

technical result.

Proposition 4.9. Let B be a rational E∞-ring such that:

(1) π0(B) is a field k.

(2) π2(B) contains a unit u.

(3) π−1(B) is a countably dimensional k-vector space.

Then there exists a sequence of E∞-rings

(31) B = B(0) → B(1) → B(2) → . . .

such that:

(1) Each B(i) satisfies the three hypotheses above on B.

(2) There exists an element yi ∈ π−1(B(i−1)) such that B(i) ' B(i−1)//yi.
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(3) Given any element y ∈ π−1(B), there exists N such that y maps to zero under the map B → B(N).

Proof. Note first that, by Proposition 2.13, B naturally admits the structure of an E∞-k-algebra. Let

u1, u2, · · · ∈ π−1(B) be a k-basis. We define B(1) ' B//u1 = B ⊗Sym∗k[−1] k via the map Sym∗k[−1] → B

classifying u1. Next, we define the E∞-B(1)-algebra B(2) ' B(1)//u2 ' B(1) ⊗Sym∗k[−1] k where the map

Sym∗k[−1] → B(1) classifies u2. Inductively, we obtain a sequence of E∞-rings B(i). We need to verify the

above three conclusions on the B(i). The second and third conclusions are immediate from the construction.

Consider the Sym∗k[−1]-module B under the map Sym∗k[−1]→ B classifying u1. We have a map

k[t±1
2 ]⊗k Sym∗k[−1]→ B,

of Sym∗k[−1]-modules. The cofiber C, by hypothesis, is a Sym∗k[−1]-module whose homotopy groups are

concentrated entirely in odd degrees. In particular, we find by Proposition 3.23 that C is a direct sum of

odd shifts of the Sym∗k[−1]-module k, so the cofiber sequence

k[t±1
2 ]→ B ⊗Sym∗k[−1] k → C ⊗Sym∗k[−1] k,

(which has to induce split exact sequences on the level of homotopy groups) implies that, at the level of

homotopy groups, B(1) = B⊗Sym∗k[−1]k has the same property as did B: the even homotopy groups are given

by the Laurent series ring. Moreover, the map π∗(C)→ π∗(C ⊗Sym∗k[−1] k) is injective, so the {u2, u3, . . . , }

remain nonzero and linearly independent in π−1(B(1)). We find inductively that all the B(i) have homotopy

groups entirely in odd degrees except for the Laurent series over k.

�

Lemma 4.10. Let k be a field of characteristic zero and let A be any E∞-ring. Then the map

(32) HomCAlg(k[t±1
2 ], A)→ HomRing∗(π∗(k[t±1

2 ]), π∗(A))

is a bijection.

Proof. This follows as in the proof Proposition 2.13. That is, using a transcendence basis for k over

Q, one sees that there exists a free E∞-ring on a discrete Q-module V such that k is a filtered colimit of

étale Sym∗(V )-algebras. The analog of (32) is easily seen to be true for Sym∗(V ) and, by the theory of étale

extensions [24, §7.5], it must hold for k. In other words, the map

(33) HomCAlg(k,A)→ HomRing∗(k, π0(A))
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is a bijection. It is similarly easy to see that the analog holds for k replaced by Q[t±1
2 ]. Since k[t±1

2 ] '

k ⊗Q Q[t±1
2 ], we may conclude. �

Proposition 4.11. Let B satisfy the hypotheses of Proposition 4.9.

(1) Then there exists a map of E∞-rings B → k[t±1
2 ] which detects nilpotence.

(2) If L is any field of characteristic zero, then the map

(34) π0HomCAlg(B,L[t±1
2 ])→ HomRing∗(π∗(B), π∗(L[t±1

2 ]))

is a bijection.

Proof. Given B and the basis u1, u2, . . . , as above, we let B1 be the colimit lim−→B(i) of the sequence (31)

obtained by applying Proposition 4.9. Then B1 satisfies the hypotheses of this proposition as well. Moreover,

the map π−1(B) → π−1(B1) is the zero map. Thus, we can repeat the above sequential construction of

Proposition 4.9 to B1 to produce a new sequence

B1 → B
(1)
1 → B

(2)
1 → . . . ,

obtained by iteratively coning off the degree −1 elements in π∗(B1). Let the colimit be the E∞-B1-algebra

B2. Then B2 satisfies the hypotheses of Proposition 4.9, but π−1(B1) → π−1(B2) is zero. Repeating the

process, we get a sequence

(35) B → B1 → B2 → . . . ,

whose colimit, finally, is the E∞-ring k[t±1
2 ], since each of the maps is zero on π−1.

We need to see that the map B → k[t±1
2 ] thus constructed detects nilpotence. For this, it suffices to

argue that each Bi → Bi+1 in the above sequence detects nilpotence, since detecting nilpotence is preserved

in filtered colimits. But Bi → Bi+1 is a filtered colimit of maps each of which is obtained by coning off a

degree −1 element, and these maps detect nilpotence by Proposition 3.8.

Finally, we need to analyze homotopy classes of maps B → L[t±1
2 ] where L is a field of characteristic

zero. We have already shown that (34) is a surjection, so we only need to prove injectivity. For this, we

observe that any map B → L[t±1
2 ] extends over B → B1. Indeed, B → B1 is a filtered colimit of maps

B(i−1) → B(i−1)//yi where |yi| = −1. Since π−1L[t±1
2 ] = 0, any map B(i−1) → L[t±1

2 ] can be extended

over B(i). In particular, π0HomCAlg(B(i), L[t±1
2 ]) → π0HomCAlg(B(i−1), L[t±1

2 ]) is a surjection. Taking

inverse limits, it follows easily that π0HomCAlg(B1, L[t±1
2 ]) → π0HomCAlg(B,L[t±1

2 ]) is a surjection too, as

claimed. Applying this to Bi, we find that each map π0HomCAlg(Bi, L[t±1
2 ])→ π0HomCAlg(Bi−1, L[t±1

2 ]), is
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a surjection, and taking limits, that the map

π0HomCAlg(k[t±1
2 ], L[t±1

2 ])→ π0HomCAlg(B,L[t±1
2 ])

is a surjection, too. However, maps k[t±1
2 ]→ L[t±1

2 ] of E∞-rings are determined by their action on homotopy

groups in view of Lemma 4.10. This proves uniqueness and completes the proof of Proposition 4.11. �

Proposition 4.12. Let A0 be a noetherian, rational E∞-ring containing a unit in degree two. Suppose

π0(A0) is a local artinian ring with residue field k. Let L be any field of characteristic zero. Then:

(1) The natural map

π0HomCAlg(A0, L[t±1
2 ])→ HomRing∗(π∗A0, L[t±1

2 ]) ' HomRing∗(k[t±1
2 ], L[t±1

2 ])

is a bijection.

(2) Any map A0 → L[t±1
2 ] of E∞-rings detects nilpotence.

Proof. We first treat existence in case L = k. Our goal is to produce a map of E∞-rings from A0 to

k[t±1
2 ]. For this, we will need to kill the degree zero elements, and the degree −1 elements. We will first kill

the degree 0 elements by adding cells in dimension one, to reduce to the case where there is nothing (except

for k) in odd dimensions. Then, we will use a separate argument to kill the odd homotopy.

We first make A0 into an E∞-k-algebra, using Proposition 2.13. Given A0, let m ⊂ π0(A0) be the

maximal ideal, which is a finite-dimensional k-vector space. Consider the map

Sym∗(m)→ A0,

of E∞-k-algebras, and form the pushout

A1
def
= A0 ⊗Sym∗(m) k,

which has the same property as A0: π∗(A1) satisfies the desired noetherianness assumptions (in fact, all the

homotopy groups are finite-dimensional k-vector spaces), and π0(A1) is local artinian with residue field k by

Theorem 2.20. Note that A0 → A1 admits descent in view of Proposition 3.7.

Let m1 ⊂ π0(A1) be the maximal ideal, and continue the process with

A2
def
= A1 ⊗Sym∗(m2) k,
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and repeating this, we find a sequence of 2-periodic, noetherian E∞-rings

A0 → A1 → A2 → . . . ,

where each Ai has the following properties:

(1) π0(Ai) is a local artinian ring with residue field k and π1(Ai) is a finite-dimensional k-vector space.

(2) Ai+1 is obtained from Ai by attaching a 1-cell for each element in a k-basis of the maximal ideal

of π0(Ai), and thus Ai → Ai+1 admits descent.

(3) In particular, the map π0(Ai)→ π0(Ai+1) annihilates the maximal ideal of the former.

If we take the colimit A∞ = lim−→i
Ai, we find an E∞-A-algebra A∞ such that π0(A∞) = k. This process of

iteratively attaching 1-cells has likely introduced elements in π−1, but we know that π−1(A∞) is a countably

dimensional k-vector space. Note that A0 → A∞ detects nilpotence, as it is the sequential colimit of a

sequence of objects in CAlgA0/ that admit descent. But now we can appeal to Proposition 4.11 to obtain a

map A∞ → k[t±1
2 ] which detects nilpotence. This completes the proof of existence.

We may handle the first assertion (of which we now only need to prove injectivity of the map) in a

similar manner as in the proof of Proposition 4.11. That is, we observe that

HomCAlg(Ai, L[t±1
2 ])→ HomCAlg(Ai−1, L[t±1

2 ])

is surjective for each i, because Ai ' Ai−1//(x
(1)
i , . . . , x

(n)
i ) where the x

(j)
i are nilpotent. In the limit, we

find that the map

HomCAlg(A∞, L[t±1
2 ])→ HomCAlg(A0, L[t±1

2 ])

is surjective. But now we can apply the uniqueness statement of Proposition 4.11 to complete the proof.

That is, maps A∞ → L[t±1
2 ] are determined by their behavior on homotopy groups. So, if we had two

different maps A0 → L[t±1
2 ] inducing the same behavior on homotopy groups, we would get two different

maps A∞ → L[t±1
2 ] inducing the same behavior on homotopy groups, and this is a contradiction. �

Proposition 4.13. Let A be a noetherian, rational E∞-ring containing a unit in degree two. Suppose k is

a field of characteristic zero. Then the map

π0HomCAlg(A, k[t±1
2 ])→ HomRing∗(π∗(A), k[t±1

2 ])

is a bijection.

Proof. We begin with surjectivity. Suppose given a map π0(A) → k. We want to realize this at the

level of E∞-rings. By localizing, we may assume that π0(A) is a local ring and that p ⊂ π0(A) is its maximal
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ideal; let k′ be the residue field π0(A)/p. By hypothesis, we have a map k′ → k. Choose ideal generators

x1, . . . , xn ∈ p and use them to construct a map

Q[u1, . . . , un]→ A, ui 7→ xi.

We let A0 be the E∞-ring A ⊗Q[u1,...,un] Q ' A//(u1, . . . , un). Then we get a map A → A0 → k′[t±1
2 ] by

Proposition 4.12 realizing the map on π∗ desired. We can compose this with the map k[t±1
2 ]→ k[t±1

2 ].

Suppose now we have two distinct E∞-maps A → k[t±1
2 ] realizing the same map on π∗. The same

argument as before shows that both maps extend to (necessarily distinct) maps A0 → k[t±1
2 ] realizing the

same map on homotopy groups, but this contradicts Proposition 4.12. �

We can now prove our main result.

Theorem 4.14. Let A be a noetherian, rational E∞-ring containing a unit in degree two.

(1) For each prime ideal p ⊂ π0(A), a residue field κ(p) ∈ CAlgA/ for A at p exists and is unique up to

homotopy.

(2) The E∞-A-algebras κ(p) detect nilpotence.

Proof. The existence and uniqueness of residue fields is a consequence of Proposition 4.13, since we

can of course construct them uniquely in the setting of commutative algebra (i.e., at the level of homotopy

groups).

Finally, we need to show that the residue fields detect nilpotence. If π0A is local artinian, then we

have already seen this (Proposition 4.12). Now, assume the result on detection of nilpotence proved for all

noetherian A with the Krull dimension of π0(A) at most n − 1. We will then prove it for dimension ≤ n.

In fact, we may assume that π0A is noetherian local of Krull dimension ≤ n. Choose x ∈ π0A such that

π0A/(x) has Krull dimension ≤ n− 1. As we saw in Example 4.7, the pair of E∞-A-algebras A//x,A[x−1]

detect nilpotence over A, and each of these is noetherian with π0 having Krull dimension ≤ n−1. Therefore,

the residue fields of the E∞-rings A/x,A[x−1] are sufficient to detect nilpotence over each of them, and thus

detect nilpotence over A by Proposition 4.6.

Given any rational noetherian E∞-ring A, in order to prove that the residue fields {κ(p)}p∈Specπ0A
detect

nilpotence over A, it suffices to reduce to the case where π0A is local, and thus of finite Krull dimension, so

that what we have already done suffices to show that the residue fields detect nilpotence.

�
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Proposition 4.15. Let A be a rational noetherian E∞-ring containing a unit in π2. Suppose B ∈ CAlgA/ is

noetherian as well. Let p ∈ Specπ0A. Let k(p) be the associated algebraic residue field and let κ(p) ∈ CAlgA/

be the topological one. Then the following are equivalent:

(1) π0(B)⊗π0(A) k(p) 6= 0.

(2) B ⊗A κ(p) 6= 0.

Proof. There is a map of commutative rings π0(B) ⊗π0(A) k(p) → π0(B ⊗A κ(p)), so if the latter is

nonzero, clearly the former is as well. Suppose the former is nonzero now. Without loss of generality, we

may assume that π0(A) is local and p is its maximal ideal. Let (x1, . . . , xn) be a system of generators for p

and let A0 = A//(x1, . . . , xn). Then B ⊗A A0 6= 0 as π0(B)/(x1, . . . , xn) 6= 0, in view of Theorem 2.20; it is

here that we use that B is noetherian. However, the map A0 → κ(p) detects nilpotence as π0(A0) is local

artinian, so that if B ⊗A A0 6= 0, then B ⊗A κ(p) 6= 0 too. �

Remark 4.16. Proposition 4.15 is false if we do not assume B is noetherian. We refer to Section 8.2 for a

counterexample: the map Q[x, y]→ A constructed is an isomorphism on π0, but B//(x, y) = 0.

Corollary 4.17. Let A be a rational noetherian E∞-ring containing a unit in π2. Given two different prime

ideals p, q ⊂ π0A, the tensor product κ(p)⊗A κ(q) is contractible.

Corollary 4.18. Let A be a rational noetherian E∞-ring containing a unit in degree two. Let A′, A′′ ∈

CAlgA/ be noetherian. Then the following are equivalent:

(1) π0(A′)⊗π0(A) π0(A′′) 6= 0.

(2) A′ ⊗A A′′ 6= 0.

Proof. Consider the π0(A)-algebra R = π0(A′)⊗π0(A)π0(A′′). Since it is a nonzero algebra, there exists

p ∈ Specπ0(A) such that R⊗π0(A) k(p) 6= 0, where k(p) is the residue field of π0A at p. Thus, π0(A′)⊗π0(A)

k(p) 6= 0 and π0(A′′) ⊗π0(A) k(p) 6= 0. By Proposition 4.15, the E∞-rings A′ ⊗A κ(p) and A′′ ⊗A κ(p) are

nonzero, and thus their relative tensor product over κ(p) is nonzero. Thus, (A′ ⊗A A′′)⊗A κ(p) 6= 0, so that

A′ ⊗A A′′ 6= 0 as well. �

Replacing A by A[t±1
2 ], we also get the following result, which will be important for the next section.

Corollary 4.19. Let A be a rational noetherian E∞-ring (not necessarily containing a unit in degree two).

Let A′, A′′ ∈ CAlgA/ be noetherian. Then the following are equivalent:

(1) πeven(A′)⊗πeven(A)
πeven(A′′) 6= 0.

(2) A′ ⊗A A′′ 6= 0.
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Remark 4.20. Given a rational, noetherian E∞-ring A containing a unit in π2, we constructed a family of

residue fields {κ(p)}p∈SpecA that detect nilpotence in the ∞-category Mod(A). One could ask if one has in

fact a Bousfield decomposition. That is, if an A-module M (not necessarily perfect) has the property that

κ(p)∗(M) = 0 for all p ∈ SpecA, does that force M to be contractible? In the regular and even periodic

case, this is known (e.g., [25, Prop. 2.5]). The analog over the sphere fails: there are noncontractible spectra

that smash to zero with every residue field, for instance the Brown-Comenentz dual I of the sphere ([18,

Appendix B]). We do not know what happens in Mod(A).

5. A thick subcategory theorem

In this section, we use Theorem 4.14 to obtain the classification of thick subcategories of perfect modules

over a rational, noetherian E∞-ring.

5.1. Review of the axiomatic argument. Let A be an E∞-ring together with a collection {κ(p)∗} of

multiplicative homology theories on Mod(A), satisfying perfect Künneth isomorphisms, such that together

they detect nilpotence over A. In this case, it is well-known that they are sufficient to detect thick subcate-

gories as well. We note that these are the same as thick tensor-ideals, since the unit generates Modω(A) as

a thick subcategory. In particular, consider M,N ∈ Modω(A). We recall:

Theorem 5.1 (Hopkins-Smith-Hovey-Palmieri-Strickland [17, Th. 5.2.2 and Cor. 5.2.3]). Suppose M,N ∈

Modω(A) are such that whenever κ(p)∗(M) 6= 0, then κ(p)∗(N) 6= 0 too. Then the thick subcategory that

N generates in Modω(A) contains M .

At least under noetherian hypotheses, every thick subcategory C ⊂ Modω(A) is then determined by a

subset of the {κ(p)∗} (the κ(p)∗ such that there exists X ∈ C with κ(p)∗(X) 6= 0), and the classification

of thick subcategories reduces to the determination of which subsets arise from thick subcategories; or

equivalently, which subsets of the {κ(p)} arise as {p : κ(p)∗(M) 6= 0} for some M ∈ Modω(A).

5.2. The even periodic case. The main subtleties of the present section will revolve around the

grading. As a result, we start with the simplest case, where the ring contains a unit in degree two. This is

a direct consequence of the work of the previous section and the axiomatic argument, Theorem 5.1.

Construction 5.2. Let A be a rational, noetherian E∞-ring containing a unit in degree two. Let Z ⊂

Specπ0A be a specialization-closed subset. We define a thick subcategory ModωZ(A) ⊂ Modω(A) consisting

of modules M such that π0(M)⊕ π1(M) is set-theoretically supported on a closed subset of Z.

Construction 5.2 clearly defines thick subcategories of Modω(A). We start by noting that they can also

be defined in terms of the residue fields of A.
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Proposition 5.3. Let A be a rational, noetherian 2-periodic E∞-ring. Let M be a perfect A-module. Then

the following are equivalent, for p ∈ Specπ0A:

(1) Mp 6= 0.

(2) κ(p)∗(M) 6= 0 (where κ(p) ∈ CAlgA/ is the residue field of Theorem 4.14).

Proof. Without loss of generality, we can assume that π0(A) is local and that p is the maximal ideal

of π0(A). Then we need to show that if κ(p)∗(M) = 0, then M itself is contractible, a form of Nakayama’s

lemma. Without loss of generality, we can assume that π0(A) is complete local, because the completion is

faithfully flat over A [29, Theorem 56, §24].

Let x1, . . . , xn ∈ π0(A) be generators for the maximal ideal p. Then it suffices to show that M/(x1, . . . , xn),

which is the base-change of M to A//(x1, . . . , xn), is contractible, because M is (x1, . . . , xn)-adically com-

plete. In particular, we may replace A with A//(x1, . . . , xn) and thus assume that π0(A) is actually local

artinian. We thus reduce to this case.

But if π0(A) is local artinian, we know that the map A→ κ(p) actually detects nilpotence: in particular,

it cannot annihilate a nonzero perfect A-module (Example 4.5). So, if κ(p)∗(M) = 0, then M is contractible.

�

Proposition 5.4. Let A be a rational, noetherian E∞-ring containing a unit in degree two. Then the thick

subcategories of Modω(A) are in natural bijection with the specialization-closed subsets of Specπ0A, via the

correspondence given in Construction 5.2.

Proof. By Theorem 5.1 and Proposition 5.3, it follows that if M,N ∈ Modω(A) and the set-theoretic

support of π0(M)⊕π1(M) contains that of π0(N)⊕π1(N), then N belongs to the thick subcategory generated

by M .

Next, we argue that any closed subset of Specπ0A is realized as the support of π0M for some M ∈

Modω(A). If the closed subset is defined by the ideal (x1, . . . , xn) ∈ π0(A), then we can take M =

A/(x1, . . . , xn), thanks to Theorem 2.20. This implies that if Z,Z ′ ⊂ Specπ0A are two distinct specialization-

closed subsets, say Z \ Z ′ 6= ∅ then there exists a module M ∈ Modω(A) which belongs to ModωZ(A) \

ModωZ′(A). In other words, the map of Construction 5.2 from subsets to thick subcategories is injective.

Finally, if C ⊂ Modω(A) is a thick subcategory, we let Z be the specialization-closed subset of those

p ∈ Specπ0(A) such that there there exists M ∈ C with κ(p)∗(M) 6= 0. Clearly, C ⊂ ModωZ(A). To see

equality, fix an arbitrary M ∈ ModωZ(A). Then there exists a set {Mα}α∈S of objects in C such that the

support of π0M ⊕ π1M is contained in the union of the supports of the {π0Mα ⊕ π1Mα}. Therefore, since

π0(A) is noetherian, there exists a finite subcollection S′ ⊂ S such that the same conclusion holds, and

Theorem 5.1 implies that M belongs to the thick subcategory generated by
⊕

α∈S′Mα ∈ C. �
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5.3. Graded rings. In the rest of the section, we will explain how to adapt the argument of Proposi-

tion 5.4 to the general case, where we do not assume the existence of a unit in degree two. We begin with

a review of some facts about graded rings. We will work with graded rings which are commutative (in the

ungraded sense) such as πeven of an E∞-ring.

Definition 5.5. Let R∗ be a commutative, graded ring. The topological space GrSpec(R∗) consists

of the homogeneous prime ideals of R∗. The topology on GrSpec(R∗) is defined by taking as a basis

of open sets the subsets V (a)
def
= {p ∈ GrSpec(R∗) : a /∈ p} for each homogeneous element p. Note that

GrSpec(R∗) ⊂ SpecR∗ and the inclusion map is continuous (for the usual Zariski topology on the latter).

Given a graded ring R∗, the space GrSpec(R∗) is also the underlying topological space [21, Ch. 5] of the

algebraic stack (SpecR∗)/Gm, where the Gm-action on SpecR∗ is given by the grading of R∗. Given a point

of (SpecR∗)/Gm, represented a map Speck → (SpecR∗)/Gm where k is a field, one obtains a map of graded

rings R∗ → k[t±1] where |t| = 1. The kernel of this map is a homogeneous prime ideal of GrSpec(R∗), which

gives the correspondence between points of the stack and GrSpec(R∗).

Example 5.6. Suppose R∗ is nonnegatively graded, i.e., Ri = 0 for i < 0, and suppose R0 is a field. Then

GrSpec(R∗) is the union of Proj(R∗) and one additional point, corresponding to the irrelevant ideal
⊕

i>0Ri.

Definition 5.7. Let R∗ be a commutative, graded ring. A collection C ⊂ GrSpec(R∗) of homogeneous

prime ideals of R∗ is closed under specialization if, whenever p ∈ C and q ⊃ p is a larger homogeneous prime

ideal, then q ∈ C too. C ⊂ GrSpec(R∗) is closed under specialization if and only if it is a union of closed

subsets.

We next observe that there is a notion of “support” in the graded setting.

Definition 5.8. Suppose R∗ is noetherian and M∗ is a finitely generated graded R∗-module. Let

Supp(M∗) denote the collection of all p ∈ GrSpec(R∗) such that the localization (M∗)p does not vanish.

Then Supp(M∗) ⊂ GrSpec(R∗) is closed as it is the intersection of the usual support of M∗ in Spec(R∗) with

GrSpec(R∗) ⊂ Spec(R∗).

A priori, the construction of the localization (M∗)p (which is not a graded R∗-module) is somewhat

unnatural. However, it is easy to see that the condition that (M∗)p 6= 0 is equivalent to the condition that

the localization of M∗ at the multiplicative subset S = {r ∈ R∗ homogeneous : r /∈ p} should not vanish, and

this latter localization is naturally a graded R∗-module.

We will next need the notion of a graded-local ring.
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Definition 5.9. R∗ is graded-local if it has a unique maximal homogeneous ideal. R∗ is a graded field

if either:

(1) R∗ = k, concentrated in degree zero, where k is a field.

(2) R∗ = k[u, u−1] where |u| > 0 and k is a field.

It is easy to see that a graded ring is a graded field if and only if the zero ideal is a maximal homogeneous

ideal. In fact, this condition implies that any homogeneous element is either zero or a unit. As a result,

given any p ∈ GrSpec(R∗), we can form the graded R∗-algebra R∗[p]/p, where R∗[p] is the localization of R∗

at the set of homogeneous elements not in p. This is a graded field.

We will next need to understand a little about the interaction between homogeneous and inhomogeneous

prime ideals.

Construction 5.10. Let q ∈ Spec(R∗) be a prime ideal (not assumed homogeneous). We define a homoge-

neous prime ideal p ∈ GrSpec(R∗) such that x ∈ p if and only if each homogeneous component of x belongs

to q. Clearly, p ⊂ q is the maximal homogeneous ideal contained in q.

In the language of stacks, we have a quotient map SpecR∗ → (SpecR∗)/Gm, which induces a map on

points SpecR∗ → GrSpec(R∗). This map sends q 7→ p as above.

Finally, to use both graded and ungraded techniques, we need the following construction.

Construction 5.11. Let R∗ be a commutative, graded noetherian ring. Let R′∗ be the graded ring R∗[u
±1]

where |u| = 1. Then graded R′∗-modules are canonically in correspondence with ungraded R∗-modules. For

example, let q ∈ Spec(R∗) be a prime ideal, not assumed homogeneous. We let k(q)∗ denote the graded

R′∗-module corresponding to ungraded R∗-module which is the residue field of R∗ at q.

Given an ungraded R∗-module M , we can form a graded R′∗-module M ′∗ as in Construction 5.11 and

restrict to get a graded R∗-module (still denoted M ′∗), such that M ′n = M for every n. The following

elementary lemma will be crucial in the next subsection.

Lemma 5.12. Let R∗ be a graded, commutative noetherian ring. Let R′∗ = R∗[u
±1] where |u| = 1. Let

q ∈ SpecR∗ and let p ∈ GrSpec(R∗) be the homogeneous part. Define the graded R′∗-algebras k(p)∗, k(q)∗

as in Construction 5.11. Then k(p)∗ ⊗R∗ k(q)∗ 6= 0.

Proof. We can assume without loss of generality that R∗ is graded-local with maximal homogeneous

ideal p. After replacing R∗ with R∗/p, we can assume p = 0. In this case, R∗ is a graded field so that the

tensor product of any two nonzero graded R∗-modules (e.g., k(p)∗, k(q)∗, under pull-back from R∗ → R′∗) is

nonzero. �
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5.4. The thick subcategory theorem. Let A be a rational, noetherian E∞-ring. The purpose of

this subsection is to give the proof that thick subcategories of Modω(A) correspond to specialization-closed

subsets of GrSpec(πeven(A)), without assuming the existence of a unit in degree two. We first state formally

the map that realizes the correspondence. We note that our results prove that the map from the spectrum

(cf. [5]) of the ⊗-triangulated category associated to Modω(A) to the homogeneous spectrum of π∗(A), as

constructed by Balmer [6], is an isomorphism.

Definition 5.13. Let M ∈ Modω(A). We define the support Supp(M) to be the support (in the sense

of Definition 5.8) of the graded πeven(A)-module π∗(M). We will denote this by SuppM ; it is a subset

of GrSpec(πeven(A)). Given a specialization-closed subset Z ⊂ GrSpec(πeven(A)), we define ModωZ(A) ⊂

Modω(A) to be the full subcategory spanned by those perfect A-modules M with SuppM ⊂ Z.

Theorem 5.14. Let A be a rational, noetherian E∞-ring. Then the construction Z 7→ ModωZ(A) de-

fines a correspondence between the thick subcategories of Modω(A) and specialization-closed subsets of

GrSpec(πeven(A)).

The primary goal of this section is to give a proof of Theorem 5.14, which we already did (in Proposi-

tion 5.4) in case π2(A) contains a unit.

To begin with, we will need to discuss residue fields for A. Let A be a noetherian rational E∞-ring and

p ⊂ πeven(A) a homogeneous prime ideal. We form the E∞-ring A′ = A[t±1
2 ] and we then have

π0A
′ ' πevenA.

In particular, p becomes a prime ideal of π0A
′. As a result, in view of Theorem 4.14, we can construct

a residue field κ(p) of A′ at p and we obtain maps A → A′ → κ(p). Rather than considering the {κ(p)}

as E∞-A′-algebras, we consider them as E∞-A-algebras. They satisfy a perfect Künneth isomorphism as

homology theories on Mod(A), as before.

Lemma 5.15. Let q ⊂ πeven(A) be an inhomogeneous prime ideal and let p ⊂ πeven(A) be the homogeneous

part. Let κ(q), κ(p) ∈ CAlgA′ denote the respective residue fields, which we regard as E∞-A-algebras under

A→ A′. Then κ(q)⊗A κ(p) 6= 0.

Proof. This follows from Corollary 4.19 and Lemma 5.12. �

As a result, we can now show that the residue fields κ(p) ∈ CAlgA/ for p ∈ GrSpec(πeven(A)) suffice to

detect nilpotence.
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Theorem 5.16. The {κ(p)}, as p ranges over the homogeneous prime ideals in Specπeven(A), detect nilpo-

tence over A.

This is not an immediate consequence of Theorem 4.14 applied to A′, because the homogeneous p do

not exhaust all the prime ideals of π0(A′). In other words, the κ(p) in question do not detect nilpotence over

A′.

Proof. We know that the {κ(q)} ⊂ CAlgA′ for q ∈ SpecπevenA = π0A
′ detect nilpotence over A′

(Theorem 4.14), and thus over A. Thus, in order to prove that the {κ(p)} for p ranging over the homogeneous

prime ideals detect nilpotence over A, we appeal to the third part of Proposition 4.6 and Lemma 5.15. �

We note now that if M ∈ Modω(A), then the support of M in GrSpec(πeven(A)) is equivalently the set

of p ∈ GrSpec(πeven(A)) such that M ⊗A κ(p) 6= 0; this is a consequence of Proposition 5.3.

Proof of Theorem 5.14. In particular, it now follows formally (via the axiomatic argument given

in Theorem 5.1, together with the noetherianness of GrSpec(πeven(A)) from Theorem 5.16 that a thick

subcategory of Modω(A) is determined by a subcollection of the {κ(p)} as p ranges over the homogeneous

prime ideals of πeven(A). It remains to determine what subsets are allowed to arise.

We will show that those subsets are precisely those which are closed under specialization. To see

this, we need to show that every closed subset of GrSpec(πeven(A)) (associated to a homogeneous ideal

I ⊂ πeven(A)) can be realized as the support of some M , but this follows by forming A/(x1, . . . , xn) where

x1, . . . , xn ∈ πeven(A) generate I. In particular, this completes the proof of Theorem 5.14. �

6. Galois groups

Let A be an E∞-ring such that π0(A) has no nontrivial idempotents. In [26], we introduced the Galois

group π1Mod(A) of A, a profinite group defined “up to conjugacy” (canonically as a profinite groupoid),

by developing a version of the étale fundamental group formalism. The Galois group π1Mod(A) has the

property that if G is a finite group, then to give a continuous group homomorphism π1Mod(A) → G is

equivalent to giving a faithful G-Galois extension of A in the sense of Rognes [33]. More generally, we

introduced ([26, Def. 6.1]) the notion of a finite cover of an E∞-ring A, as a homotopy-theoretic version of

the classical notion of a finite étale algebra over a commutative ring. A continuous action of π1Mod(A) on a

finite set is equivalent to a finite cover of the E∞-ring A. The Galois group can be a fairly sensitive invariant

of E∞-rings; for instance ([26, Ex. 7.21]) two different E∞-structures on the same E1-ring can yield different

Galois groups, and computing it appears to be a subtle problem in general. Here, we will show that the

Galois group is much less sensitive over the rational numbers, under noetherian hypotheses.
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The Galois group comes with a surjection

(36) π1Mod(A)� πet
1 Specπ0(A),

since every algebraic Galois cover of Specπ0(A) can be realized topologically. More generally, to every

finite étale π0(A)-algebra A′0 one can canonically associate A′ ∈ CAlgA/ such that π0A
′ ' A′0 and such

that πkA
′ ' A′0 ⊗π0A πkA [24, §7.5]. This yields a full subcategory of the category of finite covers which

corresponds to the above surjection. In general, however, it is an insight of Rognes that the above surjection

has a nontrivial kernel: that is, there exist finite covers that do not arise algebraically in this fashion. A

basic example is the complexification map KO → KU .

In [26], we computed Galois groups in certain instances. Our basic ingredient ([26, Th. 6.30]) was a

strengthening of work of Baker-Richter [4] to show that the Galois theory is entirely algebraic for even periodic

E∞-rings with regular π0, using the theory of residue fields. Over the rational numbers, the methods of the

present paper enable one to construct these “residue fields” without regularity assumptions. In particular,

we will show in this section that, for noetherian rational E∞-rings, the computation of the Galois group

can be reduced to a problem of pure algebra. (For instance, we will show that (36) is an isomorphism if A

contains a unit in degree two.) In general, (36) will not be an isomorphism, because over Q, it is permissible

to adjoin square roots of invertible elements in homotopy in degrees divisible by four, for instance. But we

will see that such issues of grading are the only failure of (36) to be an isomorphism.

6.1. Review of invariance properties. To obtain the results of the present section, we will need

some basic tools for working with Galois groups, which will take the form of the “invariance results” of

[26]. For example, we will need to know that killing a nilpotent degree zero class does not affect the Galois

group. For convenience, we will assume that all E∞-rings A considered in this section have no nontrivial

idempotents in π0, so that we can speak about a Galois group.

Theorem 6.1. Let A be a rational E∞-ring and let x ∈ π0A be a nilpotent element. Then the map

A→ A//x induces an isomorphism on Galois groupoids.

Proof. This is [26, Theorem 8.13], for the map Q[[t]]→ A sending t 7→ x. �

Proposition 6.2. Let A be a rational E∞-ring and let x ∈ π−1A be a class. Then the map

A→ A//x ' A⊗Sym∗Q[−1] Q,

obtained by coning off x, induces a surjection on Galois groups.
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Proof. By [26, §8.1], it suffices to show that the map C∗(S1;Q) ' Sym∗Q[−1] → Q is universally

connected : that is, for any A ∈ CAlgC∗(S1;Q)/, the natural map A→ A⊗C∗(S1;Q) Q induces an isomorphism

on Idem.

Since C∗(S1;Q) → Q admits descent, the set Idem(A) of idempotents in A is the equalizer of the two

maps

A⊗C∗(S1;Q) Q→→A⊗C∗(S1;Q) Q⊗C∗(S1;Q) Q '
(
A⊗C∗(S1;Q) Q

)
[t].

This is a reflexive equalizer, and one of the maps is the natural inclusion

A⊗C∗(S1;Q) Q→
(
A⊗C∗(S1;Q) Q

)
[t],

which induces an isomorphism on idempotents. It follows that all the maps in the reflexive equalizer are

isomorphisms and thus the two forward maps are equal, proving that A → A ⊗C∗(S1;Q) Q induces an

isomorphism on idempotents. �

6.2. The periodic case. We are now ready to show (Theorem 6.4 below) that the Galois theory of a

noetherian rational E∞-ring containing a degree two unit is algebraic.

Lemma 6.3. Let A be a rational, noetherian E∞-ring containing a unit in π2 such that π0A is local artinian.

Then the Galois theory of A is algebraic.

Proof. The strategy is to imitate the proof of Theorem 4.14, while cognizant of the invariance results

for Galois groups reviewed in the previous subsection. Namely, we not only showed that A had a residue

field, but we constructed it via a specific recipe. Let k be the residue field of π0A.

In proving Theorem 4.14 (that is, in the course of the proof of Proposition 4.12), we first formed a

sequence of rational, noetherian, E∞-rings with artinian π0,

A = A0 → A1 → A2 → · · · → A∞ = lim−→Ai,

such that:

(1) Ai+1 is obtained from Ai by attaching 1-cells along a finite number of nilpotent elements in π0(Ai).

(2) All the π0(Ai) are local artinian rings with residue field k, and each map π0(Ai) → π0(Ai+1)

annihilates the maximal ideal.
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By Theorem 6.1, at no finite stage do we change the Galois group; each map A → Ai induces an

isomorphism on Galois groups. Now, by [26, Th. 6.21], the Galois group is compatible with filtered colimits

and therefore A→ A∞ induces an isomorphism on Galois groups.2

Now, the E∞-ring A∞ has the properties of Proposition 4.9: it has a unit in degree two, its π0 is

isomorphic to k, and π1 is countably dimensional. We showed in the proof of Proposition 4.9 that by killing

degree −1 cells repeatedly and forming countable colimits, and repeating countably many times, we could

start with A∞ and reach k[t±1
2 ]. It follows by Proposition 6.2 (along with the compatibility of Galois groups

and filtered colimits, again) that the map

A∞ → k[t±1
2 ],

induces a surjection on Galois groups. But the Galois group of k[t±1
2 ] is algebraic (i.e., Gal(k/k)) in view of

the Künneth isomorphism [26, Prop. 6.28], so the Galois group of A∞ must be bounded by Gal(k/k), and

therefore that of A must be, too. �

We can now prove the main result of the present subsection.

Theorem 6.4. Let A be a rational, noetherian E∞-ring containing a unit in degree two. Then the Galois

theory of A is algebraic, i.e., π1Mod(A) ' πet
1 Specπ0(A).

Proof. Fix a finite cover A → A′ of E∞-rings. We need to show that A′ is flat over A: that is, the

natural map π0(A)→ π0(A′) is flat, and the map π∗(A)⊗π0(A) π0(A′)→ π∗(A
′) is an isomorphism. This is

a local question, so we may assume that π0(A) is a local noetherian ring. Moreover, by completing A at the

maximal ideal m ⊂ π0A, we may assume that π0A is complete; we may do this because the completion of

any noetherian local ring is faithfully flat over it.

Let k be the residue field of the (discrete) commutative ring π0A. The étale fundamental group of

Specπ0A is naturally isomorphic to that of Speck, via the inclusion Speck ↪→ Specπ0A as the closed point,

since π0A is a complete local ring. Let x1, . . . , xn ∈ π0A be generators for the maximal ideal. Consider the

tower of E∞-A-algebras

· · · → A//(x3
1, . . . , x

3
n)→ A//(x2

1, . . . , x
2
n)→ A//(x1, . . . , xn),

whose inverse limit is given by A itself (by completeness). Observe that the maps at each stage are not

uniquely determined. For instance, to give a map A//(x2
1, . . . , x

2
n) → A//(x1, . . . , xn) amounts to giving

nullhomotopies of each of x2
1, . . . , x

2
n in A//(x1, . . . , xn), and there are many possible choices of nullhomo-

topies. One has to make choices at each stage.

2In fact, all we need for the proof of this lemma is that A→ A∞ induces a surjection on Galois groups. This does not require

the obstruction theory used in proving [26, Th. 6.21], and is purely formal.
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Denote the E∞-algebras in this tower by {Am}. As a result, the equivalence A ' lim←−Am leads to a fully

faithful imbedding

Modω(A) ⊂ lim←−Modω(Am),

from the∞-category Modω(A) of perfect A-modules into the homotopy limit of the∞-categories Modω(Am)

of perfect Am-modules. As discussed in [26, §7.1], this implies that if we show that the Galois group of each

Am is equivalent to that of k (i.e., is algebraic), then the Galois group of A itself is forced to be algebraic.

This, however, is precisely what we proved in Lemma 6.3 above.

�

6.3. The general case. In the previous parts of this section, we showed that the Galois theory of a

rational noetherian E∞-ring A containing a unit in π2 was entirely algebraic. In this subsection, we will

explain the modifications needed to handle the case where we do not have a unit in π2; in this case, the

structure of the entire homotopy ring π∗A (rather than simply π0A) intervenes. We will begin with some

generalities from [3] which, incidentally, shed further light on Galois groups of general E∞-rings.

Let R∗ be a commutative, Z-graded ring (not graded-commutative!), such as πeven(A) for A ∈ CAlg.

We start by setting up a Galois formalism for R∗ that takes into account the grading.

Definition 6.5. A graded finite étale R∗-algebra is a commutative, graded R∗-algebra R′∗ such that, as

underlying commutative rings, the map R∗ → R′∗ is finite étale.

We list two fundamental examples:

Example 6.6. Given a finite étale R0-algebra R′0, then one can build from this a graded finite étale R∗-

algebra via R′∗
def
= R′0 ⊗R0 R∗.

Example 6.7. Let R∗ = Z[1/n, x±1
n ] where |xn| = n. Then the map R∗ → R′∗ = Z[1/n, y±1

1 ], xn 7→ yn1 is

graded finite étale. In other words, one can adjoin nth roots of invertible generators in degrees divisible by

n, over a Z[1/n]-algebra.

Consider the category CR∗ of graded finite étale R∗-algebras and graded R∗-algebra homomorphisms. We

start by observing that it is opposite to a Galois category. One can formulate this in the following manner.

The grading on R∗ determines an action of the multiplicative group Gm on SpecR∗, in such a manner that to

give a quasi-coherent sheaf on the quotient stack (SpecR∗)/Gm is equivalent to giving a graded R∗-module.

To give a finite étale cover of the quotient stack (SpecR∗)/Gm is equivalent to giving a graded R∗-algebra

which is finite étale over R∗. In other words, graded finite étale R∗-algebras are equivalent to finite étale

covers of the stack SpecR∗/Gm.
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Definition 6.8. We define the graded étale fundamental group πet,gr
1 SpecR∗ to be the étale fundamental

group of the stack (SpecR∗)/Gm.

Example 6.9. Suppose R∗ contains a unit in degree 1. In this case, R∗ ' R0 ⊗Z Z[t±1] where |t| = 1. In

particular, the quotient stack (SpecR∗)/Gm is simply SpecR0, so the graded étale fundamental group of R∗

is the fundamental group of SpecR0.

Now, let Aeven = πeven(A), constructed with the degree halved (so that (Aeven)1 = π2(A)) and fix a

graded, finite étale Aeven-algebra A′∗. We will construct an E∞-A-algebra A′ equipped with an isomorphism

πevenA
′ ' A′∗ which is a finite cover of A, generalizing the construction that starts with a finite étale

π0A-algebra and obtains a finite cover of A. As a result, we will obtain:

Theorem 6.10 (Baker-Richter [3]). There is a natural fully faithful imbedding from the category of graded,

finite étale Aeven-algebras into the category of finite covers of A in E∞-rings.

Dually, we obtain surjections of profinite groups

(37) π1Mod(A)� πet,gr
1 (SpecAeven)� πet

1 (Specπ0A),

refining the surjection (36). Since our formulation of the (essentially same) result is slightly different from

that of Baker-Richter, we give the deduction from their statement below.

Proof. Start with a G-Galois object A′∗ in the category of graded, finite étale Aeven-algebras (for G a

finite group). Then A′∗ is a projective Aeven-module. Let Ã′∗ = A′∗ ⊗Aeven π∗(A) be the graded-commutative

algebra obtained by tensoring up; it acquires a G-action. Moreover, it is a finitely generated, projective

π∗(A)-module, and the map

Ã′∗ ⊗π∗(A) Ã
′
∗ →

∏
G

Ã′∗,

given by all the twisted multiplications a1 ⊗ a2 7→ a1g(a2) for g ∈ G, is an isomorphism. By [3, Theorem

2.1.1], we can construct an object A′ ∈ CAlgA/ with a G-action such that A′ is a G-Galois extension of A

and realizes the above map π∗(A)→ Ã′∗ on homotopy groups.

We can now describe the universal property of A′ as an E∞-A-algebra. In fact, we claim that for any

E∞-A-algebra B, we have a natural homotopy equivalence

(38) HomCAlgA/(A′, B) = HomAeven
(A′∗, πeven(B)),
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so in particular the left-hand-side is discrete. But by Galois descent, this is also the G-fixed points of the

set of maps

HomCAlgA′ (A
′ ⊗A A′, B ⊗A A′) '

∏
G

Idem(B ⊗A A′)

= HomA′∗
(A′∗ ⊗πeven(A)

A′∗, πeven(B)⊗πeven(A)
A′∗),

since A′ has homotopy groups which are flat over π∗(A) and since A′∗ ⊗πeven(A)
A′∗ '

∏
GA
′
∗. But using the

algebraic form of Galois descent, we get that

HomA′∗
(A′∗ ⊗πeven(A)

A′∗, πeven(B)⊗πeven(A)
A′∗)

G = HomAeven
(A′∗, πeven(B)),

so we get (38) as claimed.

This imbeds the Galois objects in the category of graded, finite étale πeven(A)-algebras fully faithfully

(by (38)) in the category of finite covers of the E∞-ring. To associate a finite cover to any graded, finite

étale πeven(A)-algebra, one now uses Galois descent: the Galois objects can be used to split any finite étale

algebra object. Full faithfulness on these more general covers can now be checked locally, using descent. �

With this in mind, we can state and prove our main result.

Theorem 6.11. LetA be a noetherian, rational E∞-ring. Then the natural map π1Mod(A)→ πet,gr
1 (Specπeven(A))

is an isomorphism of profinite group(oid)s.

Proof. We have already proved this result if A has a unit in degree two, thanks to Theorem 6.4 (see

also Example 6.9). We want to claim that for any A satisfying the conditions of this result, the functor

from graded, finite étale πeven(A)-algebras to finite covers of the E∞-ring A is an equivalence of categories

C1 ' C2. We already know that the functor C1 → C2 is fully faithful.

Both categories depend functorially on A and have a good theory of descent via the base-change of

E∞-rings Q → Q[t±1
2 ], where Q[t±1

2 ] is the free rational E∞-ring on an invertible degree two class. By

descent theory, we can thus reduce to the case of a Q[t±1
2 ]-algebra, for which we have proved the result in

Theorem 6.4. �

7. The Picard group

7.1. Generalities. Another natural invariant that one might attempt to study using the theory of

residue fields is the Picard group. Recall that the Picard group of an E∞-ring A, denoted Pic(A), is the

group of isomorphism classes of ⊗-invertible A-modules. In fact, these techniques were originally introduced
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in [15] in the study of the K(n)-local Picard group. It is known that if A is an E∞-ring which is even

periodic and whose π0 is regular, then the Picard group is algebraic ([2]).

In this paper, we have given global descriptions (in terms of algebra) of both the Galois theory and the

thick subcategories of Mod(A), for A a noetherian rational E∞-ring. We do not know if it is possible to

describe the Picard group of rational E∞-rings in a similar global manner. However, the following example

shows that any answer will be necessarily more complicated.

Example 7.1. Consider the E∞-ring A = Sym∗Q[−1] ⊗ Q[ε]/ε2, which is obtained from the ring of “dual

numbers” by freely adding a generator in degree −1. By the results of Section 3.3, we have

Mod(A) ⊂ LocS1(Mod(Q[ε]/ε2)),

that is, to give an A-module is equivalent to giving a Q[ε]/ε2-module together with an automorphism whose

action on homotopy groups is ind-unipotent.

For example, we might consider the Q[ε]/ε2-module Q[ε]/ε2 and equip it with the automorphism given

by 1+rε, for any r ∈ Q. For any r ∈ Q, this defines an A-module Mr. Since the underlying Q[ε]/ε2-module is

invertible, it follows that Mr ∈ Pic(Mod(A)). Moreover, Mr⊗Mr′ 'Mr+r′ (by composing automorphisms).

This shows that there is a copy of Q inside the Picard group of Mod(A) that one does not see from the

homotopy groups of A. In fact, one sees easily that Pic(A) ' Z⊕Q.

Nonetheless, we will be able to obtain a weak partial result about the Picard groups of noetherian

rational E∞-rings in comparison to the algebraic analog. We will first need some algebraic preliminaries.

Definition 7.2. Given a graded-commutative ring R∗, the category of graded R∗-modules has a sym-

metric monoidal structure (the graded tensor product). We let Pic(R∗) denote the Picard group of the

category of graded R∗-modules, i.e., the group of isomorphism classes of invertible graded R∗-modules.

Note that any invertible graded R∗-module must be flat, since tensoring with it is an autoequivalence

(hence exact).

Proposition 7.3. Suppose R∗ is a graded-commutative ring such that R2 contains a unit and R0 is a

noetherian ring, and R1 is a finitely generated R0-module. Suppose R0 has no nontrivial idempotents. Then

Pic(R∗) = Z/2⊕ Pic(R0), where the Z/2 comes from the shift of R∗.

Proof. It suffices to show that if R0 is local, then Pic(R∗) = Z/2. We prove this first if R0 is a field

k, so there is a map R∗ → k[t±1
2 ] of graded rings with nilpotent kernel. Let M∗ be an invertible R∗-module.

Then M ⊗R∗ k[t±1
2 ] is either k[t±1

2 ] or its shift since Pic(k[t±1
2 ]) ' Z/2; assume the former without loss of
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generality. Choose a homogeneous x ∈ (M∗ ⊗R∗ k[t±1
2 ])0 which is a generator and lift it to a homogeneous

element x ∈M0. We then obtain a map R∗ →M∗ which induces an isomorphism after tensoring with k[t±1
2 ].

By Nakayama’s lemma, one sees that it is surjective. Let K∗ be the kernel. Then the short exact sequence

0→ K∗ → R∗ →M∗ → 0

has the property that

0→ K∗ ⊗R∗ k[t±1
2 ]→ k[t±1

2 ]→ k[t±1
2 ]→ 0

is still exact, by flatness of M∗, and it shows that K∗ = 0 by Nakayama’s lemma.

If R0 is not a field k, then we can consider the maximal ideal m ⊂ R0 and consider the map R∗ → R∗/R∗m

to reduce to this case. Using a similar argument with Nakayama’s lemma, and the fact that the Picard group

of R∗/R∗m is Z/2, we find that the Picard group of R∗ is Z/2 as well. �

Recall that if A is an E∞-ring, one has the following basic construction.

Construction 7.4 ([2]). There is an inclusion Pic(π∗(A))→ Pic(A) which sends an invertible graded π∗(A)-

module M∗ to an invertible A-module M (which is uniquely determined) with π∗(M) ' M∗. The image

consists of those invertible A-modules M such that π∗(M) is a flat π∗(A)-module.

Elements in the image of the map Pic(π∗(A)) → Pic(A) are said to be algebraic; if every element is

algebraic, then the Picard group itself is said to be algebraic. There are many cases in which the Picard

group of an E∞-ring can be shown to be algebraic. For instance, if A is even periodic with regular noetherian

π0, or if A is connective, then it is known [2] that the Picard group of A is algebraic (see also [28, §2.4.6]).

Example 7.1 shows that the Picard group of a rational noetherian E∞-ring need not be algebraic. Our main

result (Theorem 7.7), however, implies that any torsion in the Picard group is necessarily algebraic.

To prove this result, we will need to use some techniques from [28] which we review briefly here. Recall

([28, Def. 2.2.1]) that the Picard group Pic(A) is the group of connected components of a connective

spectrum pic(A) called the Picard spectrum of A. The infinite loop space Ω∞pic(A) is associated to the

symmetric monoidal ∞-groupoid of invertible A-modules (under tensor product). The use of pic(A) (as

opposed to simply Pic(A)) is critical when one wishes to appeal to descent-theoretic techniques.

We now outline a basic descent-theoretic technique in the study of Picard groups of ring spectra.

Construction 7.5 (Compare [28, §3]). Let A → B be a morphism of E∞-rings which admits descent. In

this case, we can obtain an expression for the ∞-category Mod(A) as the totalization

Mod(A) ' Tot
(

Mod(B)→→Mod(B ⊗A B)
→
→
→
. . .
)
,
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by descent theory [26, §3]. As a result, one obtains an expression for the spectrum pic(A),

(39) pic(A) = τ≥0Tot
(
pic(B(⊗•+1))

)
,

and a resulting homotopy spectral sequence

(40) Es,t2 = Hs
(
πtpic(B

(⊗•+1))
)

=⇒ πt−spic(A), t− s ≥ 0.

We recall, moreover, that for any E∞-ring A, we have natural isomorphisms π1(pic(A)) ' (π0A)× and

πt(pic(A)) ' πt−1(A) for t ≥ 2. In particular, the descent spectral sequence (40), for t ≥ 2, has the same

E2-page as the usual Adams spectral sequence. If A → B admits descent, it follows from [28, Comparison

Tool 5.2.4] together with the analogous result for the A → B Adams spectral sequence [26, Cor. 4.4] that

(40) degenerates (for t− s ≥ 0) after a finite stage with a horizontal vanishing line.

Remark 7.6. We refer to [28] for several computational examples and applications of this spectral sequence.

In this paper, we will only use the existence of this spectral sequence and its degeneration at a finite stage

with a horizontal vanishing line.

7.2. The main result.

Theorem 7.7. Let A be a rational, noetherian E∞-ring. Then the cokernel of the map Pic(π∗(A))→ Pic(A)

is torsion-free.

The main goal of this subsection is to prove Theorem 7.7, which while not entirely satisfying still

provides significant information. In other settings, most of the interesting information in such Picard groups

is precisely the torsion. We will prove this in several steps, following the construction of residue fields in

Theorem 4.14.

Lemma 7.8. Let A be a rational E∞-ring and let y ∈ π−1(A). Then the kernel of Pic(A) → Pic(A//y) is

a Q-vector space.

Proof. In fact, A→ A//y admits descent (Proposition 3.8), so we use the homotopy spectral sequence

associated to the expression (39). We observe that, for i ≥ 2, the cosimplicial abelian group πi(pic(B
⊗•+1))

consists of rational vector spaces. Therefore, to prove the lemma, it suffices to show that there is no

contribution in filtration one. However, we note that π0((A//y)⊗k) ' π0(A//y)[u1, . . . , uk−1]. As a result,

the cosimplicial abelian group π0((A//y)⊗•+1)× is actually constant and has no nontrivial cohomology. This

proves the claim. �
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Lemma 7.9. Let A be a rational E∞-ring such that:

(1) π2(A) contains a unit.

(2) π0(A) is a field k.

(3) π−1(A) is countably dimensional vector space over k.

Then the torsion subgroup of Pic(A) is {A,ΣA}.

Proof. We will imitate the argument of Proposition 4.11. Consider the sequence of E∞-rings A '

A(0) → A(1) → A(2) → . . . of Proposition 4.9. By Lemma 7.8, the maps

Pic(A(i))tors → Pic(A(i+1))tors

are injections.

Let A1 = lim−→A(i). It follows that the map A → A1 induces an injection Pic(A)tors → Pic(A1)tors,

because the Picard functor commutes with filtered colimits [28, Prop. 2.4.1]. Moreover, A1 satisfies the same

hypotheses, and we can construct a sequence of E∞-rings A1 ' A
(0)
1 → A

(1)
1 → . . . from Proposition 4.9.

Similarly, each of the maps A
(i)
1 → A

(i+1)
1 induces an injection Pic(A

(i)
1 )tors → Pic(A

(i+1)
1 )tors. If we set

A2 = lim−→A
(i)
1 , we get that the map A1 → A2 induces an injection Pic(A1)tors → Pic(A2)tors. Inductively,

we follow the proof of Proposition 4.11 and construct the sequence

A = A0 → A1 → A2 → . . . ,

such that each Ai satisfies the same hypotheses as A did, and such that Ai → Ai+1 is a colimit of a sequence

constructed in Proposition 4.9, whose colimit is k[t±1
2 ]. Our reasoning shows that we get a sequence of

injections

Pic(A)tors → Pic(A1)tors → Pic(A2)tors → · · · → Pic(k[t±1
2 ])tors ' Z/2

because, again, the Picard functor commutes with filtered colimits. This completes the proof. �

Lemma 7.10. Let A be a rational, noetherian E∞-ring. Suppose that π2(A) contains a unit and that

π0(A) is a local artinian ring with residue field. Let x ∈ π0(A) belong to the maximal ideal. Then the map

A→ A//x induces an injection Pic(A)tors → Pic(A//x)tors.

Proof. The map A → A//x admits descent since x is nilpotent (Proposition 3.7). Therefore, we can

apply the expression (39) and the associated spectral sequence. As in Lemma 7.9, to run the argument, it

suffices to see that there are no torsion contributions in filtration one. All the rings π0((A//x)⊗(n+1)) are

local artinian with the same residue field k, in view of Theorem 2.20. Given any local artinian ring R with

residue field k, the group R× of units has a natural splitting k×⊕R×,unip where R×,unip is a Q-vector space.
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From this, it follows easily that the contribution in filtration one in the spectral sequence is a Q-vector space,

which proves the lemma. �

Lemma 7.11. Let A be a rational, noetherian E∞-ring. Suppose that π2(A) contains a unit and that π0(A)

is a local artinian ring. Then the only nontrivial element in the torsion subgroup of Pic(A) is ΣA.

Proof. As in the proof of Proposition 4.12, we can construct a sequence of E∞-rings

A = A0 → A1 → A2 → . . . ,

such that:

(1) Ai+1 ' Ai//(x(i)
1 , . . . , x

(i)
ni ) for some finite sequence of nilpotent elements x

(i)
j ∈ π0(Ai).

(2) Each ring π0(Ai) is local artinian with residue field k.

(3) Each map Ai → Ai+1 induces a map of local artinian rings π0(Ai) → π0(Ai+1) which annihilates

the maximal ideal of π0(Ai).

By Lemma 7.10, it follows that each of the maps Ai → Ai+1 induces an injection Pic(Ai)tors → Pic(Ai+1)tors.

The colimit A∞ = lim−→i
Ai has Pic(A∞)tors ' Z/2 in view of Lemma 7.9, and Pic(A)tors ↪→ Pic(A∞)tors.

Putting everything together, we get that Pic(A)tors ' Z/2 as desired. �

Proof of Theorem 7.7. Let M be an invertible A-module. Suppose that n > 0 and that the tensor

power M⊗n ∈ Pic(A) has the property that π∗(M) is a flat π∗(A)-module, i.e., M⊗n belongs to the image

of the map Pic(π∗(A))→ Pic(A). We need to show that M itself has this property.

For this, we may make the base change A → A[t±1
2 ], as π∗(A) → π∗(A[t±1

2 ]) is faithfully flat, and thus

assume that π2(A) contains a unit. Since flatness is a local property, it also suffices to work under the

assumption that π0(A) is a local ring. Similarly, by completing, we can assume that π0(A) is complete local

with maximal ideal m = (x1, . . . , xn) ⊂ π0(A). Here we have to use the fact that any invertible A-module is

necessarily perfect [28, Prop. 2.1.2]. In this case, the algebraic Picard group is trivial (Proposition 7.3). So

it suffices to show that Pic(A)tors = Z/2.

Consider the tower of E∞-A-algebras Am
def
= A//(xm1 , . . . , x

m
n ). We have Pic(Am)tors ' Z/2 by Lemma 7.11.

One sees that Pic(A) ⊂ π0(lim←−m pic(Am)) because Modω(A) ⊂ lim←−m Modω(Am). Note that the tower of

abelian groups {π1(pic(Am))} = {π0(Am)×} satisfies the Mittag-Leffler condition since the tower {π0(Am)} of

finite-dimensional k-vector spaces clearly satisfies the Mittag-Leffler condition. In particular, π0(lim←−m pic(Am)) =

lim←−m Pic(Am) by the Milnor exact sequence. Finally,

Pic(A)tors ⊂
(

lim←−
m

Pic(Am)

)
tors

⊂ lim←−
m

Pic(Am)tors = lim←−
m

Z/2 = Z/2.
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8. Non-noetherian counterexamples

The purpose of this section is to describe certain counterexamples that can arise from non-noetherian

rational E∞-rings. In particular, we obtain as a result new constructions of Galois extensions of ring spectra

(Theorem 8.15) and of elements in Picard groups (Example 8.17). The main point of this section is that we

can obtain such examples for quasi-affine schemes (such as punctured spectra) which fail to satisfy a form

of “purity.”

8.1. Quasi-affineness. Let X be a noetherian scheme. Recall the presentable, stable ∞-category

QCoh(X) of quasi-coherent sheaves of OX -complexes on X [22]. QCoh(X) is a symmetric monoidal ∞-

category with unit the structure sheaf OX , whose endomorphisms are given by the E∞-ring RΓ(X,OX) of

(derived) global sections of OX . In this generality, we obtain an adjunction

(41) (· ⊗RΓ(X,OX) OX ,RΓ): Mod(RΓ(X,OX))� QCoh(X),

which sends the RΓ(X,OX)-module RΓ(X,OX) to the structure sheaf OX . The right adjoint takes the

derived global sections. We need the following basic fact.

Theorem 8.1 ( [22, Prop. 2.4.4]). Suppose X is quasi-affine. Then the adjunction (41) is a pair of inverse

equivalences of symmetric monoidal ∞-categories.

E∞-rings of the form RΓ(X,OX) for quasi-affine schemes will be our primary source of counterexamples,

because questions about RΓ(X,OX) can often be reduced to questions (in ordinary algebraic geometry)

about the scheme X. For instance, we obtain immediately:

Corollary 8.2. Suppose X is a quasi-affine scheme and L is a line bundle on X. Then the RΓ(X,OX)-

module RΓ(X,L) is invertible.

We can also obtain a comparison for Galois theory.

Corollary 8.3. Suppose X is a quasi-affine scheme. Suppose Y → X is a finite étale cover. Then the map

RΓ(X,OX)→ RΓ(Y,OY ) of E∞-rings is a finite cover. If Y → X is a G-torsor for a finite group G, then the

map (together with the natural G-action on the target) exhibits RΓ(Y,OY ) as a faithful G-Galois extension

of RΓ(X,OX). In fact, the Galois group of the E∞-ring RΓ(X,OX) is naturally identified with the étale

fundamental group of X.
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Proof. If f : Y → X is a finite étale cover, then Y can be constructed as the relative Spec of a sheaf of

commutative OX -algebras f∗(OY ). On any affine open SpecR ⊂ X, f∗(OY )|SpecR is obtained from a finite

étale algebra. In other words, if we write QCoh(X) = lim←−SpecR⊂X Mod(R), as the inverse limit ranges over

all Zariski open subsets SpecR ⊂ X, then f∗(OY ) ∈ QCoh(X) defines a family of finite covers in each of these

symmetric monoidal ∞-categories. It follows from [26, Prop. 7.1] (and [26, Th. 6.5] for the comparison

between weak finite covers and finite covers) that f∗(OY ) defines a finite cover of the unit in the ∞-category

QCoh(X). Thus, applying the equivalence RΓ then completes the proof. �

In general, there is no reason for the Galois theory (resp. Picard group) of the quasi-affine scheme to be

determined by that of π0RΓ(X,OX), and this will be a source of counterexamples. This is related to subtle

purity questions. However, we can obtain immediately counterexamples to the thick subcategory theorem

without noetherian hypotheses in view of the following result.

Theorem 8.4 (Thomason [37, Th. 3.15]). Let X be a noetherian scheme. Let QCohω(X) denote the ∞-

category of quasi-coherent complexes F ∈ QCoh(X) such that for every open affine SpecR ⊂ X, F(SpecR)

is a perfect R-module (equivalently, QCohω(X) consists of the dualizable objects in QCoh(X)). Then the

thick tensor-ideals in QCohω(X) are in natural bijection with the specialization-closed subsets of X.

Suppose X is quasi-affine. In this case, QCohω(X) corresponds under the equivalence of Theorem 8.1

to the RΓ(X,OX)-modules which are dualizable, i.e., perfect, and thick tensor-ideals are the same as thick

subcategories. Thus, we get:

Corollary 8.5. If X is a quasi-affine scheme, then the thick subcategories of Modω(RΓ(X,OX)) are in

natural bijection with the specialization-closed subsets of X.

Construction 8.6. Let X be a quasi-affine, noetherian scheme which is not affine. In this case, the natural

map X → Specπ0(RΓ(X,OX)) is an open immersion of schemes [34, Tag 01P5]. By Corollary 8.5, the

thick subcategories of Mod(RΓ(X,OX)) are in bijection not with specialization-closed subsets of the scheme

Specπ0 (RΓ(X,OX)), but rather specialization-closed subsets of an open subset (i.e., X) of this scheme.

8.2. The punctured affine plane. Not every compact E∞-Q-algebra has the noetherianness prop-

erties used in this paper. In this subsection, we explain how E∞-rings of the form RΓ(X,OX) can give

counterexamples, and work out the simplest nontrivial case.
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Construction 8.7. Consider the E∞-ring A of functions on the punctured affine plane A2 \ {(0, 0)}, which

fits into a homotopy pullback

A

��

// Q[x±1, y]

��
Q[x, y±1] // Q[x±1, y±1]

.

The homotopy groups π∗(A) are given by

πi(A) =


Q[x, y] i = 0

Q[x, y]/(x∞, y∞) i = −1

0 otherwise

,

where Q[x, y]/(x∞, y∞) denotes the cokernel of the map Q[x±1, y]⊕Q[x, y±1]→ Q[x±1, y±1]. In particular,

π−1(A) is not a finitely generated π0(A)-module (though π0(A) is noetherian).

Proposition 8.8. The E∞-ring A is compact in CAlgQ/.

We are grateful to J. Lurie for explaining this to us.

Proof. In fact, to give a morphism A → B, for B a rational E∞-ring, is equivalent to giving two

elements u, v ∈ Ω∞B which have the property that B/(x, y) is contractible. This follows from the fact that

A is the finite localization ([30]) of Q[x, y] away from the Q[x, y]-module Q[x, y]/(x, y) (which is supported at

the origin). In particular, to give a morphism of E∞-rings A→ B is equivalent to giving a map Q[x, y]→ B

such that B//(x, y) = B/(x, y) is contractible; note that this condition is detected in a finite stage of a

filtered colimit. �

In [7, Ex. 2.8], B. Bhatt and D. Halpern-Leistner give in fact an explicit presentation of A as an E∞-ring

under Q[x, y]. Consider the Q[x, y]-module M = Q[x, y]/(x, y) and the natural map φ : Q[x, y] → M . The

dual gives a map ψ : DM → Q[x, y], where DM is the Spanier-Whitehead dual of M . Then one has:

Proposition 8.9 (Bhatt, Halpern-Leinster). The E∞-Q[x, y]-algebra is the pushout

Sym∗Q[x,y](DM)

��

// Q[x, y]

��
Q[x, y] // A

,

where:

(1) Sym∗Q[x,y](DM) is the free E∞-Q[x, y]-algebra on the Q[x, y]-module DM .
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(2) The two maps Sym∗Q[x,y](DM)→ Q[x, y] are adjoint to two maps of Q[x, y]-modules DM → Q[x, y]

which are given by ψ and the zero map.

Proof. Indeed, let A′ ∈ CAlgQ[x,y]/. Then

HomCAlgQ[x,y]/
(A,A′) ' ∗ ×HomMod(Q[x,y])(DM,A′) ∗.

Here the two maps ∗ → HomMod(Q[x,y])(DM,A′) send, respectively, ∗ to 0 and to the map DM ψ→ A→ A′. If

A′//(x, y) = 0, then DM = 0 and the mapping space HomCAlgQ[x,y]/
(A,A′) is therefore contractible. If not,

then DM → A → A′ is not the zero map, so that mapping space is empty. This is precisely the universal

property of A′ ∈ CAlgA′/. �

Remark 8.10. The ∞-category of A-modules is equivalent to the ∞-category of quasi-coherent sheaves on

the scheme A2
Q\{(0, 0)}, since this scheme is quasi-affine. In particular, it follows Corollary 8.5 that the thick

subcategories of Modω(A) correspond to the subsets of A2
Q \{(0, 0)} which are closed under specialization. In

particular, Theorem 1.4 fails for A, as there is no thick subcategory corresponding to the origin in Specπ0A.

Remark 8.11. A also illustrates the failure of Theorem 2.20 in the non-noetherian case. In fact, π0(A)/(x, y) '

Q while A//(x, y) is contractible.

8.3. Punctured spectra and counterexamples. We will now describe counterexamples to our the-

orems on Galois groups and Picard groups in the non-noetherian case, arising from quasi-affine schemes in

a similar way. We start by recalling the context.

Construction 8.12. Let (R,m) be a noetherian local ring. We define the punctured spectrum Spec◦R =

SpecR \ {m}.

The punctured spectrum Spec◦R is a quasi-affine scheme, and many “purity” results in algebraic geom-

etry and commutative algebra relate invariants of Spec◦R to those of SpecR.

Theorem 8.13 (Zariski-Nagata [14, Exp. X, Th. 3.4]). Let R be a regular local ring of dimension ≥ 2.

Then the inclusion Spec◦R→ SpecR induces an isomorphism on étale fundamental groups.

From our point of view, we can restate “purity” results such as the Zariski-Nagata theorem in terms of

ring spectra, by passage to the E∞-ring RΓ(Spec◦R,OSpec◦R). Let (R,m) be a regular local ring of dimension

≥ 2. Then π0(RΓ(Spec◦R,OSpec◦R)) = R and π−iRΓ(Spec◦R,OSpec◦R)) = 0 if i /∈ {0, dim(R)− 1} by

general results on local cohomology and depth [14, Exp. III, Ex. 3.4]. For example, we obtain:
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(1) Theorem 8.13 is thus equivalent to the statement that the Galois group of the E∞-ring RΓ(Spec◦R,OSpec◦R)

is algebraic.

(2) Similarly, on a much more elementary level, let (R,m) be a regular local ring of dimension ≥ 2.

Then R is factorial, so that it has trivial Picard group. Since the Picard group is isomorphic to

the class group, it follows that the inclusion Spec◦R → SpecR induces an isomorphism on Picard

groups. In particular, it follows that the Picard group of RΓ(Spec◦R,OSpec◦R) is algebraic. (More

subtle purity results of the Picard group in non-regular cases can be phrased in this form too.)

The main point of this subsection is that non-regular rings for which purity fails can be used to give

interesting examples of Galois extensions and invertible modules over non-noetherian ring spectra. Our

example (which is not local) follows [13, Example 16.5].

Let K be a field of characteristic zero containing a primitive nth root ζn of unity. Let m ≥ 2. Consider

the Z/n-action on the ring R′ = K[x1, . . . , xm] sending xi 7→ ζnxi. Then R = R′Z/n is the subring generated

by all the homogeneous degree n monomials. Geometrically, the map SpecR′ → SpecR = SpecR′Z/n

corresponds to the quotient of the affine space Am by rotation by the angle 2π/n in each direction. In

particular, this map is étale away from the origin, the only place where the action fails to be free.

Construction 8.14. Let X = SpecR and let Y = SpecR′. We have a Z/n-action on Y and a map

Y → X which exhibits X as the quotient Y/(Z/n). If y ∈ Y is the point corresponding to the prime ideal

(x1, . . . , xm) and x ∈ X its image, then the point y is Z/n-invariant, and the induced map Y \{y} → X \{x}

is a Z/n-torsor. We write X◦ = X \ {x} , Y ◦ = Y \ {y}.

We define E∞-rings A = RΓ(X◦,OX◦) and B = RΓ(Y ◦,OY ◦). Note that B ∈ CAlgA/ has a natural

Z/n-action.

Theorem 8.15. We have π0(A) = R, π0(B) = R′. The map A → B, together with the Z/n-action on B

exhibits B as a faithful Z/n-Galois extension of A.

Proof. The natural map R′ = Γ(Y,OY ) → Γ(Y ◦,OY ◦) is an isomorphism since Y is normal and the

missing locus is codimension ≥ 2 by [29, §17, Th. 35]. Moreover, the Z/n-torsor Y ◦ → X◦ shows that

RΓ(X◦,OX◦) ' RΓ(Y ◦,OY ◦)hZ/n. Taking π0, we find that π0(A) ' (π0 (Γ(Y ◦,OY ◦)))Z/n = R′Z/n = R.

The assertion that A→ B is a faithful Z/n-Galois extension comes from Corollary 8.3. �

The map of commutative rings R → R′ is not étale: in fact, R′ is not regular (at zero) while R is. In

particular, the Galois extension of Theorem 8.15 does not come from algebra.

Example 8.16. Suppose K = C is the field of complex numbers. In this case, the topological realization

of SpecR (i.e., the topological space Cm/(Z/n)) is easily seen to be contractible: one can scale down to the
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image of the origin. Therefore, the étale fundamental group of R = π0(A) is trivial. However, the Z/n-Galois

extension A→ B (and the fact that B has trivial Galois group by Corollary 8.3 applied to Cm \{(0, . . . , 0)})

shows that the Galois group of the E∞-ring A is precisely Z/n.

We can also obtain elements of the Picard group.

Example 8.17. We compute the (classical) Picard group of the scheme X◦ again with K = C. First, we

observe that the Picard group of Y ◦ is trivial since that of affine space Y is and Y ◦ = Y \ {y}. Moreover,

Γ(Y ◦,O◦Y ) = C×. We have a Z/n-torsor Y ◦ → X◦, and we can use Galois descent to compute the Picard

group as Pic(X◦) = H1(Z/n;H0(Y ◦,O×Y ◦)) = Z/n since the action is trivial. Therefore, the Picard group

of the E∞-ring A is given by Z ⊕ Z/n where the Z comes from suspensions. However, we claim that the

Picard group of π0(A) is trivial. Indeed, by Lemma 8.18 below, we have Pic(X) ⊂ Pic(X◦) = Z/n. But the

Picard group of X can have no torsion as X is topologically contractible, in view of the Kümmer sequence,

and therefore Pic(X) = 0. In particular, by Corollary 8.2, we find that Pic(A) ' Z⊕Z/n though the Picard

group of π0(A) is trivial.

Lemma 8.18. Let X be a noetherian, normal, integral scheme. Let Z ⊂ X have codimension ≥ 2. Then

the map Pic(X)→ Pic(X \ Z) is injective.

Proof. Let j : X \Z → X be the open imbedding. Then the map O×X → j∗(O×X\Z) is an isomorphism.

The Leray spectral sequence now shows that the natural map H1(X,O×X)→ H1(X\Z,O×X\Z) is an injection.

�
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CHAPTER 6

The Picard group of topological modular forms via descent theory

(with V. Stojanoska)

1. Introduction

Elliptic curves and modular forms occupy a central role in modern stable homotopy theory in the guise

of the variants of topological modular forms : the connective tmf , the periodic TMF, and Tmf which inter-

polates between them. These are structured ring spectra which have demonstrated surprising connections

between the arithmetic of elliptic curves and v2-periodicity in stable homotopy. For example, tmf detects

a number of 2-torsion and 3-torsion classes in the stable homotopy groups of spheres through the Hurewicz

image. Even more interestingly, the more geometric-natured TMF can be used to detect and describe, using

congruences between modular forms, the 2-line of the Adams-Novikov spectral sequence at primes p ≥ 5,

according to [Beh09].

From a different perspective, the structure of topological modular forms as E∞-ring spectra leads to

symmetric monoidal ∞-categories of modules which give rise to well-behaved invariants of algebraic or

algebro-geometric type. For instance, [Mei12] has studied TMF -modules which become free when certain

level structures are introduced; these can be thought of as locally free sheaves with respect to a pre-determined

cover.

Our goal in this paper is to understand another such invariant, the Picard group. Any symmetric

monoidal category has an associated group of isomorphism classes of objects invertible under the tensor

product, which is called the Picard group. The classical examples are the Picard group Pic(R) of a ring R,

i.e., of the category Mod(R) of R-modules, or the Picard group of a scheme X, i.e., of the category Mod(OX)

of quasi-coherent modules over its structure sheaf. In homotopy theory, the interest in Picard groups arose

when Mike Hopkins made the observation that the homotopy categories of En-local and K(n)-local spectra

have interesting Picard groups, particularly when the prime at hand is small in comparison with n. Here,

En is the Lubin-Tate spectrum and K(n) is the Morava K-theory spectrum at height n. In the few existing

computations of such groups, notably [HMS94, HS99, KS07, GHMR12, Hea14], one often uses that

an invertible En-module must be a suspension of En itself.
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The K(2)-localization of any of the three versions of topological modular forms gives a spectrum closely

related to the Lubin-Tate spectrum E2; namely, this localization is a finite product of homotopy fixed point

spectra of finite group actions on E2 (or slight variants of E2 with larger residue fields). More generally,

each En is an E∞-ring spectrum with an action, through E∞-ring maps, by a profinite group Gn called

the Morava stabilizer group (see [Rez98] for the E1-ring case). The K(n)-local sphere is obtained then as

the Devinatz-Hopkins homotopy fixed points. However, Gn also has interesting finite subgroups when the

prime is relatively small with respect to n. If G is such a subgroup, the homotopy fixed points EhGn are

an E∞-ring spectrum, which is in theory easier to study than the K(n)-local sphere, but hopefully contains

a lot of information about the K(n)-local sphere. For instance, Hopkins has observed that in all known

examples, the Picard group of EhGn (unlike that of the K(n)-local category) is very simple as it only contains

suspensions of EhGn , and raised the following natural question.

Question (Hopkins). Let G be a finite subgroup of the Morava stabilizer group Gn at height n. Is it

true that any invertible K(n)-local module over EhGn is a suspension of EhGn ?

The periodic TMF is closer to its K(2)-localization than Tmf , and this is demonstrated by the following

result, originally due to Hopkins but unpublished.

Theorem A (Hopkins). The Picard group of TMF is isomorphic to Z/576, generated by the suspension

ΣTMF.

In the paper at hand, we prove Theorem A using a descent-theoretic approach. In particular, our method

is different from Hopkins’s. The descent-theoretic approach also enables us to prove that, nonetheless, the

non-connective, non-periodic flavor of topological modular forms Tmf behaves differently and has a more

interesting Picard group.

Theorem B. The Picard group of Tmf is isomorphic to Z⊕Z/24, generated by the suspension ΣTmf and

a certain 24-torsion invertible object.

In addition, we explicitly construct the 24-torsion module in Construction 8.10. We note that, after

the initial submission of this paper, the preprint of Hill-Meier [HM15] appeared, in which the authors use

techniques from C2-equivariant stable homotopy to construct exotic torsion elements in the Picard group of

Tmf1(3). In contrast, our construction is given by an unusual gluing of locally trivial modules.

We hope that our method of proof of Theorem A and Theorem B, which is very general, will also be

of interest to those not directly concerned with TMF. Our method is inspired by and analogous to the
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forthcoming work of Gepner-Lawson [GL] on Galois descent of Brauer as well as Picard groups, though the

key ideas are classical.

Take, for example, the periodic variant TMF. Its essential property is that it arises as the global sections

of the structure sheaf Otop of a regular “derived stack” (Mell,Otop) refining the moduli stack of elliptic curves

Mell. Thus

TMF = Γ(Mell,Otop) = lim←−
SpecR→Mell

Γ(SpecR,Otop),

where the maps SpecR → Mell range over all étale morphisms from affine schemes to Mell. Moreover,

the E∞-ring spectra Γ(SpecR,Otop) are weakly even periodic; thus we have TMF as the homotopy limit

of a diagram of weakly even periodic E∞-rings. It follows by the main result of [MM15] that the module

category of TMF can also be represented as the inverse limit of the module categories Mod(Otop(SpecR)),

that is, as quasi-coherent sheaves on the derived stack. In any analogous situation, our descent techniques

for calculating Picard groups apply.

Over an affine chart SpecR→Mell, the Picard group of Γ(SpecR,Otop) (i.e. that of an elliptic spectrum)

is purely algebraic, by a classical argument of [HMS94, BR05] with “residue fields.” This results from

the fact that the ring π∗Γ(SpecR,Otop) is homologically simple: in particular, it has finite global dimension,

which makes the study of Γ(SpecR,Otop)-modules much easier. One attempts to use this together with

descent theory to compute the Picard group of TMF itself; however, doing so necessitates the consideration

of higher homotopy coherences. For this, it is important to work with Picard spectra rather than Picard

groups, as they have a better formal theory of descent.

The Picard spectrum pic(A) of an E∞-ring A is an important spectrum associated to A that deloops the

space of units GL1(A) of [May77]1: it is connective, its π0 is the Picard group of A, and its 1-connective

cover τ≥1pic(A) is equivalent to Σgl1(A) for gl1(A) the spectrum of units of [May77]. We find that the

Picard spectrum of TMF is the connective cover of the homotopy limit of pic(Otop(SpecR)), taken over étale

maps SpecR→Mell. This statement is a homotopy-theoretic expression of the descent theory that we need.

Thus, we get a descent spectral sequence for the homotopy groups of pic(TMF), which is a computational tool

for understanding the aforementioned homotopy coherences concretely. We use this technique to compute

π0(pic(TMF)), the group we are after.

The descent spectral sequence has many consequences in cases where it degenerates simply for dimen-

sional reasons, or in cases where the information sought is coarse. For instance, in a specific example

(Proposition 2.24), we show that the Picard group of the E∞-ring C∗(S1;Q[ε]/ε2) is given by Z×Q, which

1See [ABG+14] for a very important application.
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yields a counterexample to a general conjecture of Balmer [Bal10, Conjecture 74] on the Picard groups of

certain tensor-triangulated categories. We also prove the following general results in Sections 4 and 5.

Theorem C. Let A be a weakly even periodic Landweber exact E∞-ring with π0A regular noetherian. Let

n ≥ 1 be an integer, and let Ln denote localization with respect to the Lubin-Tate spectrum En. The Picard

group of LnA is

Pic(LnA) = Pic(π∗A)× π−1(LnA),

where Pic(π∗A) refers to the (algebraic) Picard group of the graded commutative ring π∗A.

Note that Pic(π∗A) sits in an extension

0→ Pic(π0A)→ Pic(π∗A)→ Z/2→ 0,

which is split if A is strongly even periodic.

Theorem D. Let A be an E∞-ring such that π0A is a field of characteristic zero and such that πiA = 0 for

i > 0. Then Pic(A) is infinite cyclic, generated by ΣA.

Theorem E. Let G be a finite group, and let A → B be a faithful G-Galois extension of E∞-rings in the

sense of Rognes [Rog08]. Then the relative Picard group of B/A (i.e., the kernel of Pic(A) → Pic(B)) is

|G|-power torsion of finite exponent.

For TMF, the descent spectral sequence does not degenerate so nicely, and we need to work further to

obtain our main results. The homotopy groups of the Picard spectrum of an E∞-ring A, starting with π2,

are simply those of A: in fact, we have a natural equivalence of spaces

Ω∞+2pic(A) ' Ω∞+1A.

This determines the E2-page and many of the differentials in the descent spectral sequence for Pic(TMF),

but not all the ones that affect π0. A key step in our argument is the identification of the differentials of the

descent spectral sequence for the Picard spectra, in a certain range of dimensions, with that of the (known)

descent spectral sequence for π∗(TMF). We prove this in a general setting in Section 5 below.

At the prime 2, this technique is not sufficient to determine all the differentials in the descent spectral

sequence, and we need to determine in addition the first “unstable” differential in the Picard spectral

sequence (in comparison to the usual descent spectral sequence). We give a “universal” formula for this first

differential in Theorem 6.1, which we hope will have further applications.
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Conventions. Throughout, we will write S for the ∞-category of spaces, S∗ for the ∞-category of

pointed spaces, and Sp for the ∞-category of spectra. We will frequently identify abelian groups A with

their associated Eilenberg-MacLane spectra HA. Finally, all spectral sequences are displayed with the

Adams indexing convention, i.e. the vertical axis represents the cohomological degree, and the horizontal

axis represents the total topological degree.
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2. Picard groups

We begin by giving an introduction to Picard groups in stable homotopy theory. General references here

include [HMS94, May01].

2.1. Generalities. Let (C,⊗,1) be a symmetric monoidal category.

Definition 2.1. The Picard group of C is the group of isomorphism classes of objects x ∈ C which are

invertible, i.e. such that there exists an object y ∈ C such that x ⊗ y ' 1. We will denote this group by

Pic(C).

Remark 2.2. If C is a large category, then it is not necessarily clear that the Picard group is a set. However,

in all cases of interest, C will be presentable so that this will be automatic (see Remark 2.4 below).

When C is the category of quasi-coherent sheaves on a scheme (or stack) X, then this recovers the usual

Picard group of X: line bundles are precisely the invertible objects. The principal goal of this paper is to

compute a Picard group in a homotopy-theoretic setting.

We will repeatedly use the following simple principle, which follows from the observation that tensoring

with an invertible object induces an autoequivalence of categories.

Proposition 2.3. Let C0 ⊂ C be a full subcategory that is preserved under any autoequivalence of C.

Suppose the unit object 1 ∈ C belongs to C0. Then any x ∈ Pic(C) belongs to C0 as well.

For example, if 1 is a compact object (that is, if HomC(1, ·) commutes with filtered colimits), then so is

x.
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Suppose now that, more generally, C is a symmetric monoidal∞-category in the sense of [Lur12], which

is the setting that we will be most interested in. Then we can still define the Picard group Pic(C) of C,

which is the same as Pic(Ho(C)). Moreover, Proposition 2.3 is valid, but where one is allowed to (and often

should) use ∞-categorical properties.

Remark 2.4. The theory of presentable ∞-categories [Lur09, §5.5] enables one to address set-theoretic

concerns. If C is a presentable symmetric monoidal ∞-category, then the unit of C is κ-compact for some

regular cardinal κ. Therefore, by Proposition 2.3 (strictly speaking, its∞-categorical analog), every invertible

object of C is κ-compact, and the collection of κ-compact objects of C is essentially small. In particular, the

collection of isomorphism classes forms a set and the Picard group is well-defined.

Example 2.5. Suppose that C is a symmetric monoidal stable ∞-category such that the tensor product

commutes with finite colimits in each variable. Then one has a natural homomorphism

Z→ Pic(C),

sending n 7→ Σn1.

Example 2.6. Let Sp be the ∞-category of spectra with the smash product. Then it is a classical result

[HMS94, p. 90] that Pic(C) ' Z, generated by the sphere S1. A quick proof based on the above principle

(which simplifies the argument in [HMS94] slightly) is as follows. If T ∈ Sp is invertible, so that there

exists a spectrum T ′ such that T ∧ T ′ ' S0, then we need to show that T is a suspension of S0.

Since the unit object S0 ∈ Sp is compact, it follows that T is compact: that is, it is a finite spectrum.

By suspending or desuspending, we may assume that T is connective,2 and that π0T 6= 0. By the Künneth

formula, it follows easily that H∗(T ;F ) is concentrated in one dimension for each field F . Since H∗(T ;Z) is

finitely generated, an argument with the universal coefficient theorem implies that H∗(T ;Z) is torsion-free

of rank one and is concentrated in dimension zero: i.e. H0(T ;Z) ' Z. By the Hurewicz theorem, T ' S0.

Example 2.7. Other variants of the stable homotopy category can have more complicated Picard groups.

For instance, if E ∈ Sp, one can consider the ∞-category LESp of E-local spectra, with the symmetric

monoidal structure given by the E-localized smash product (X,Y ) 7→ LE(X ∧ Y ). The Picard group of

LESp is generally much more complicated than Z. When E is given by the Morava E-theories En or the

Morava K-theories K(n), the resulting Picard groups have been studied in [HMS94] and [HS99], among

other references.

2We always use “connective” to mean “(−1)-connected.”
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Another important example of this construction arises for R an E∞-ring, when we can consider the

symmetric monoidal ∞-category Mod(R) of R-modules.

Definition 2.8. Given an E∞-ring R, we write Pic(R) for the Picard group Pic(Mod(R)).

Using the same argument as in Example 2.6, it follows that any invertible R-module is necessarily

compact (i.e. perfect): in particular, the invertible modules actually form a set rather than a proper class.

Note that if R is simply an E2-ring spectrum, then Mod(R) is a monoidal ∞-category, so one can still define

a Picard group. This raises the following natural question.

Question 2.9. Is there an example of an E2-ring whose Picard group is nonabelian?

We will only work with E∞-rings in the future, as it is for these highly commutative multiplications that

we will be able to obtain good (from the point of view of descent theory) infinite loop spaces that realize

Pic(R) on π0.

2.2. Picard ∞-groupoids. If (C,⊗,1) is a symmetric monoidal∞-category, we reviewed in the previ-

ous section the Picard group of C. There is, however, a more fundamental invariant of C, where we remember

all isomorphisms (and higher isomorphisms), and which behaves better with respect to descent processes.

Definition 2.10. Let Pic(C) denote the ∞-groupoid (i.e. space) of invertible objects in C and equiva-

lences between them. We will refer to this as the Picard ∞-groupoid of C; it is a group-like E∞-space, and

thus [May72, Seg74] the delooping of a connective Picard spectrum pic(C).

We have in particular

π0Pic(C) ' Pic(C).

However, we can also describe the higher homotopy groups of Pic(C). Recall that since C is symmetric

monoidal, End(1) is canonically an E∞-space and Aut(1) consists of the grouplike components. Since

ΩPic(C) ' Aut(1),

we get the relations

π1Pic(C) = (π0End(1))×, πiPic(C) = πi−1End(1) for i ≥ 2.

Example 2.11. Let R be an E∞-ring. We will write

Pic(R)
def
= Pic(Mod(R)), pic(R)

def
= pic(Mod(R)).
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Then Pic(R) is a delooping of the space of units GL1(R) studied in [May77] and more recently using ∞-

categorical techniques in [ABG+14]. In particular, the homotopy groups of Pic(R) look very much like

those of R (with a shift), starting at π2. In fact, if we take the connected components at the basepoint, we

have a natural equivalence of spaces

τ≥1(GL1R) ' τ≥1(ΩPic(R)) ' τ≥1(Ω∞R),

given by subtracting 1 with respect to the group structure on the infinite loop space Ω∞R. Nonetheless, the

spectra pic(R) and R are generally very different: that is, the infinite loop structure on Pic(R) behaves very

differently from that of Ω∞R.

Unlike the group-valued functor Pic, Pic as well as pic have the fundamental property, upon which the

calculations in this paper are based, that they commute with homotopy limits.

Proposition 2.12. The functor

pic : Cat⊗ → Sp≥0,

from the ∞-category Cat⊗ of symmetric monoidal ∞-categories to the ∞-category Sp≥0 of connective

spectra, commutes with limits and filtered colimits, and Pic = Ω∞ ◦ pic : Cat⊗ → S∗ does as well.

Proof. We will treat the case of limits; the case of filtered colimits is similar and easier. It suffices to

show that Pic commutes with homotopy limits, since Ω∞ : Sp≥0 → S∗ creates limits. Let CAlg(S) be the

∞-category of E∞-spaces. Now, Pic is the composite inv ◦ ι where:

(1) ι : Cat⊗ → CAlg(S) sends a symmetric monoidal ∞-category to the symmetric monoidal ∞-

groupoid (i.e. E∞-space) obtained by excluding all non-invertible morphisms.

(2) inv : CAlg(S) → S∗ sends an E∞-space X to the union of those connected components which are

invertible in the commutative monoid π0X, with basepoint given by the identity.

It thus suffices to show that ι and inv both commute with limits.

(1) The functor ι : Cat→ S that sends an∞-category C to its core ιC commutes with limits: in fact, it

is right adjoint to the inclusion S → Cat that regards a space as an ∞-groupoid. See for instance

[Rie14, §17.2]. Now, to see that ι commutes with limits, we observe that limits either in Cat⊗ or

in CAlg(S) are calculated at the level of the underlying spaces (resp. ∞-categories), so the fact

that ι commutes with limits implies that ι does too.

(2) It is easy to see that inv commutes with arbitrary products. Therefore, we need to show that inv

turns pullbacks in CAlg(S) into pullbacks in S∗. We recall that if A,B are complete ∞-categories,
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then a functor F : C → D preserves limits if and only if it preserves pullbacks and products [Lur09,

Prop. 4.4.2.7]. Suppose given a homotopy pullback

(2.1) A

��

// B

��
C // D

in CAlg(S); we need to show that

inv(A)

��

// inv(B)

��
inv(C) // inv(D)

is one too, in S∗. Given the construction of inv as a union of connected components, it suffices to

show that if x ∈ π0A has the property that x maps to invertible elements in the monoids π0B, π0C,

then x itself is invertible.

To see this, consider the homotopy pullback square (2.1). Addition of x induces an endomor-

phism of the square. Since it acts via homotopy equivalences on B,C,D, it follows formally that

it must act invertibly on A, i.e., that x ∈ π0A has an inverse.

�

2.3. Descent. Let R → R′ be a morphism of E∞-rings. Recall the cobar construction, a cosimplicial

E∞-R-algebra

R′ →→R
′ ⊗R R′

→
→
→
. . . ,

important in descent procedures, which receives an augmentation from R. The cobar construction is the

Čech nerve (see [Lur09, 6.1.2]) of R→ R′, in the opposite ∞-category.

Definition 2.13 ([Lur11b, Def. 5.2]). We say that R→ R′ is faithfully flat if π0R→ π0R
′ is faithfully

flat and the natural map π∗R⊗π0R π0R
′ → π∗R

′ is an isomorphism.

In this case, the theory of faithfully flat descent goes into effect. We have:

Theorem 2.14 ([Lur11b, Theorem 6.1]). Suppose R→ R′ is a faithfully flat morphism of E∞-rings. Then

the symmetric monoidal ∞-category Mod(R) can be recovered as the limit of the cosimplicial diagram of

symmetric monoidal ∞-categories

Mod(R′)→→Mod(R′ ⊗R R′)
→
→
→
. . . .
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As a result, by Proposition 2.12, Pic(R) can be recovered as a totalization of spaces,

(2.2) Pic(R) ' Tot(Pic(R′⊗(•+1))).

Equivalently, one has an equivalence of connective spectra

(2.3) pic(R) ' τ≥0Tot(pic(R′⊗(•+1))).

In this paper, we will apply a version of this, except that we will work with morphisms of ring spectra that

are not faithfully flat on the level of homotopy groups. As we will see, the descent spectral sequences given

by (2.2) and (2.3) are not very useful in the faithfully flat case for our purposes.

Example 2.15. A more classical example of this technique (e.g. [Har77, Exercise 6.9]) is as follows. Let

X be a nodal cubic curve over the complex numbers C. Then X can be obtained from its normalization P1

by gluing together 0 and ∞. There is a pushout diagram of schemes

{0,∞}

��

// ∗

��
P1 // X.

Therefore, one would like to say that the QCoh(X) of on X fits into a homotopy pullback square

(2.4) QCoh(X)

��

// QCoh(∗)

��
QCoh(P1) // QCoh(∗ t ∗),

and that therefore, therefore, the Picard groupoid of X fits into the homotopy cartesian square

(2.5) Pic(X)

��

// Pic(∗)

��
Pic(P1) // Pic(∗)× P ic(∗).

Unfortunately, (2.4) is not a pullback square of categories, because restricting to a closed subscheme is not an

exact functor. It is possible to remedy this (up to connectivity issues) by working with derived ∞-categories

[Lur11a, Theorem 7.1], or by noting that we are working with locally free sheaves and applying a version

of [Mil71, Theorems 2.1–2.3]. In any event, one can argue that (2.5) is homotopy cartesian.
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Alternatively, we obtain a homotopy pullback diagram of connective spectra. Using the long exact

sequence on π∗, it follows that we have a short exact sequence

0→ C× → Pic(X)→ Pic(P1) ' Z→ 0.

The approach of this paper is essentially an elaboration of this example.

2.4. Picard groups of E∞-rings. We now specialize to the case of interest to us in this paper. Let R

be an E∞-ring, and consider the Picard group Pic(R), and better yet, the Picard ∞-groupoid Pic(R) and

the Picard spectrum pic(R). The first of these has been studied by Baker-Richter in the paper [BR05], and

we start by recalling some of their results.

We start with the following useful property.

Proposition 2.16. The functor R 7→ Pic(R) commutes with filtered colimits in R.

Proof. This is a consequence of a form of “noetherian descent” [Gro66, §8]. Given an E∞-ring T , let

Modω(T ) denote the ∞-category of perfect T -modules. If I is a filtered ∞-category and {Ri}i∈I is a filtered

system of E∞-rings indexed by I, then the functor of symmetric monoidal ∞-categories

(2.6) lim−→
i∈I

Modω(Ri)→ Modω(lim−→
I

Ri)

is an equivalence. We outline the proof of this below.

Assume without loss of generality that I is a filtered partially ordered set and write R = lim−→I
Ri.

To see that (2.6) is an equivalence, observe that the ∞-category lim−→i∈I Modω(Ri) has objects given by

pairs (M, i) where i ∈ I and M ∈ Modω(Ri). The space of maps between (M, i) and (N, j) is given

by lim−→k≥i,j HomMod(Rk)(Rk ⊗Ri M,Rk ⊗Rj N). For instance, this implies that if i′ ≥ i, the pair (M, i) is

(canonically) equivalent to the pair (Ri′⊗RiM, i′). Thus, the assertion that (2.6) is fully faithful is equivalent

to the assertion that if M,N ∈ Modω(Ri) for some i, then the natural map

(2.7) lim−→
j≥i

HomModω(Rj)(Rj ⊗Ri M,Rj ⊗Ri N)→ HomModω(R)(R⊗Ri M,R⊗Ri N)

is an equivalence. But (2.7) is clearly an equivalence if M = Ri for any N . The collection of M ∈ Modω(Ri)

such that (2.7) is an equivalence is closed under finite colimits, desuspensions, and retracts, and therefore it

is all of Modω(Ri). It therefore follows that (2.6) is fully faithful.

Moreover, the image of (2.6) contains R ∈ Modω(R) and is closed under desuspensions and cofibers (thus

finite colimits). Let C ⊂ Modω(R) be the subcategory generated by R under finite colimits and desuspensions.
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We have shown the image of the fully faithful functor (2.6) contains C. Any object M ∈ Modω(R) is a

retract of an object X ∈ C, associated to an idempotent map e : X → X. We can “descend” X to some

Xi ∈ Modω(Ri) and the map e to a self-map ei : Xi → Xi such that e2
i is homotopic to ei. As is classical,

we use the idempotent ei to split Xi; see [Nee01, Prop. 1.6.8] or the older [Fre66a] and [Fre66b, Th. 5.3].

Explicitly, form the filtered colimit Yi of Xi
ei→ Xi

ei→ . . . , which splits off Xi. The tensor product R ⊗Ri Yi
is the direct summand of X given by the idempotent e and is therefore equivalent to M .

The association C 7→ Pic(C) commutes with filtered colimits of symmetric monoidal ∞-categories by

Proposition 2.12. Taking Picard groups in the equivalence (2.6), the proposition follows. �

Purely algebraic information can be used to begin approaching Pic(R). Let Pic(R∗) be the Picard group

of the symmetric monoidal category of graded R∗-modules. The starting point of [BR05] is the following.

Construction 2.17. There is a monomorphism

Φ: Pic(R∗)→ Pic(R),

constructed as follows. If M∗ is an invertible R∗-module, it has to be finitely generated and projective of

rank one. Consequently, there is a finitely generated free R∗-module F∗ of which M∗ is a direct summand,

i.e. there is a projection p∗ with a section s∗, F∗
p∗

// M∗

s∗
tt

.

Clearly, F∗ can be realized as an R-module F which is a finite wedge sum of copies of R or its suspensions.

Let e∗ be the idempotent given by composition s∗ ◦ p∗. Since F is free over R, e∗ can be realized as an R-

module map e : F → F which must be idempotent. Define M to be the colimit of the sequence F
e→ F

e→ . . . ,

i.e. the image of the idempotent e. Observe that the homotopy groups of M are given by M∗, as desired.

If M ′∗ is the inverse to M∗ in the category of graded R∗-modules, we can construct an analogous R-module

M ′, and clearly M ⊗RM ′ ' R by the degeneration of the Künneth spectral sequence. Thus, M ∈ Pic(R).

The association M∗ 7→M defines Φ.

Note that any two R-modules that realize M∗ on homotopy groups are equivalent by the degeneration

of the Ext-spectral sequence, and that Φ is a homomorphism by the degeneration of the Künneth spectral

sequence. Observe also that Φ is clearly a monomorphism as equivalences of R-modules are detected on

homotopy groups.

Definition 2.18. When Φ is an isomorphism, we say that Pic(R) is algebraic.

Baker-Richter [BR05] determine certain conditions which imply algebraicity. There are, in particular,

two fundamental examples. The first one generalizes Example 2.6.
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Theorem 2.19 (Baker-Richter [BR05]). Suppose R is a connective E∞-ring. Then the Picard group of R

is algebraic.

Proof. Since the formulation in [BR05, Theorem 21] assumed a coherence hypothesis on π∗R, we

explain briefly how this (slightly stronger) version can be deduced from the theory of flatness of [Lur12,

§8.2.2]. Recall that an R-module M is flat if π0M is a flat π0R-module and the natural map

π∗R⊗π0R π0M → π∗M,

is an isomorphism.

Since the Picard group commutes with filtered colimits in R, we may assume that R is finitely presented

in the ∞-category of connective E∞-rings: in particular, by [Lur12, Proposition 8.2.5.31], π0R is a finitely

generated Z-algebra and in particular noetherian; moreover, each πjR is a finitely generated π0R-module.

These are the properties that will be critical for us.

Let M be an invertible R-module. We will show that π∗M is a flat module over π∗R, which immediately

implies the claim of the theorem. Localizing at a prime ideal of π0R, we may assume that π0R is a noetherian

local ring; in this case we will show the Picard group is Z generated by the suspension of the unit. We saw

that M is perfect, so we can assume by shifting that M is connective and that π0M 6= 0. Now for every

map3 R→ k, for k a field, π∗(M ⊗R k) is necessarily concentrated in a single degree: in fact, M ⊗R k is an

invertible object in Mod(k) and one can apply the Künneth formula to see that Pic(Mod(k)) ' Z generated

by Σk. By Nakayama’s lemma, since π0M 6= 0, the homotopy groups of M ⊗R k must be concentrated in

degree zero. Thus, M ⊗R k ' k itself. Using Lemma 2.20 below, it follows that M is equivalent to R as an

R-module, so we are done. �

Lemma 2.20. Let R be a connective E∞-ring with π0R noetherian local with residue field k. Suppose

moreover each πiR is a finitely generated π0R-module. Suppose M is a connective,4 perfect R-module.

Then, for n ≥ 0, the following are equivalent:

(1) M ' Rn.

(2) M ⊗R k ' kn.

Proof. Suppose M ⊗R k is isomorphic to kn and concentrated in degree zero. Note that π0(M ⊗R k) '

π0M ⊗π0R k. Choose a basis x1, . . . , xn of this k-vector space and lift these elements to x1, . . . , xn ∈ π0M .

These define a map Rn →M which induces an equivalence after tensoring with k, since M ⊗R k ' kn.

3Recall that we are using the same symbol to denote an abelian group and its Eilenberg-MacLane spectrum.
4i.e. (−1)-connected
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Now consider the cofiber C of Rn → M . It follows that C ⊗R k is contractible. Suppose C itself is not

contractible. The hypotheses on π∗R imply that C is connective and each πjC is a finitely generated module

over the noetherian local ring π0R. If j is chosen minimal such that πjC 6= 0, then

0 = πj(C ⊗R k) ' πjC ⊗π0R k,

and Nakayama’s lemma implies that πjC = 0, a contradiction. �

Some of our analyses in the computational sections will rest upon the next result about the Picard

groups of periodic ring spectra.

Theorem 2.21 (Baker-Richter [BR05, Theorem 37]). Suppose R is a weakly even periodic E∞-ring with

π0R regular noetherian. Then the Picard group of R is algebraic.

The result in [BR05, Theorem 37] actually assumes that π0R is a complete regular local ring. However,

one can remove the hypotheses by replacing R with the localization Rp for any p ∈ Specπ0R and then

forming the completion at the maximal ideal.

We will need a slight strengthening of Theorem 2.21, though.

Corollary 2.22. Suppose R is an E∞-ring satisfying the following assumptions.

(1) π0R is regular noetherian.

(2) The π0R-module π2kR is invertible for some k > 0.

(3) πiR = 0 if i 6≡ 0 mod 2k.

Then the Picard group of R is algebraic.

Proof. Using the obstruction theory of [Ang08] (as well as localization), we can construct “residue

fields” in R as E1-algebras in Mod(R) (which will be 2k-periodic rather than 2-periodic). After this, the

same argument as in Theorem 2.21 goes through. �

Remark 2.23. If R is a ring spectrum satisfying the conditions of Corollary 2.22, then Pic(R) ∼= Pic(π∗R)

sits in a short exact sequence

0→ Pic(π0R)→ Pic(π∗R)→ Z/(2k)→ 0.

The extension is such that the (2k)-th power of a set-theoretic lift of a generator of Z/(2k) to Pic(π∗R) is

identified with the invertible π0R-module π2kR.

An example of a non-algebraic Picard group, based on [Mat14b, Example 7.1], is as follows.
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Proposition 2.24. The Picard group of the rational E∞-ring R = Q[ε0, ε−1]/ε20 (free on two generators

ε0, ε−1 of degree 0 and −1, and with the relation ε20 = 0) is given by Z×Q.

Proof. The key observation is that R is equivalent, as an E∞-ring, to cochains over S1 on the (discrete)

E∞-ring Q[ε0]/ε20, because C∗(S1;Q) is equivalent to Q[ε−1]. By [Mat14a, Remark 7.9], we have a fully

faithful, symmetric monoidal embedding Mod(R) ⊂ LocS1(Mod(Q[ε0]/ε20)) into the ∞-category of local

systems (see Definition 4.1 below) of Q[ε0]/ε20-modules over the circle, whose image consists of those local

systems of Q[ε0]/ε20-modules such that the monodromy action of π1(S1) is ind-unipotent.

In particular, to give an object in Pic(R) is equivalent to giving an element in Pic(Q[ε0]/ε20) (of which

there are only the suspensions of the unit, by Theorem 2.19) and an ind-unipotent (monodromy) automor-

phism, which is necessarily given by multiplication by 1 + qε0 for q ∈ Q. We observe that this gives the right

group structure to the Picard group because (1 + qε0)(1 + q′ε0) = 1 + (q + q′)ε0. �

Proposition 2.24 provides a counterexample to [Bal10, Conjecture 74], which states that in a tensor tri-

angulated category generated by the unit with a local spectrum (e.g. with no nontrivial thick subcategories),

any element L in the Picard group has the property that L⊗n is a suspension of the unit for suitable n > 0.

In fact, one can take the (homotopy) category of perfect R-modules for R as in Proposition 2.24, which has

no nontrivial thick subcategories by [Mat14b, Theorem 1.3].

Remark 2.25. Other Picard groups of interest come from the theory of stable module ∞-categories of a

p-group G over a field k of characteristic p, which from a homotopy-theoretic perspective can be expressed

as the module ∞-categories of the Tate construction ktG. The Picard groups of stable module ∞-categories

have been studied in the modular representation theory literature (under the name endotrivial modules)

starting with [Dad78], where it is proved that the Picard group is algebraic (and cyclic) in the case where

G is elementary abelian. The classification for a general p-group appears in [CT05].

3. The descent spectral sequence

In this section, we describe a descent spectral sequence for calculating Picard groups. The spectral

sequence (studied originally by Gepner and Lawson [GL] in a closely related setting) is based on the ob-

servation (Proposition 2.12) that the association C 7→ P ic(C), from symmetric monoidal ∞-categories to

E∞-spaces, commutes with homotopy limits. We will describe several examples and applications of this in

the present section. Explicit computations will be considered in later parts of this paper.
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For example, let {CU} be a sheaf of symmetric monoidal ∞-categories on a site, and let Γ(C) denote the

global sections (i.e. the homotopy limit) ∞-category. Then we have an equivalence of connective spectra

pic(Γ(C)) ' τ≥0Γ(pic(CU )),

and one can thus use the descent spectral sequence for a sheaf of spectra to approach the computation of

pic(Γ(C)). We will use this approach, together with a bit of descent theory, to calculate Pic(TMF). The key

idea is that while TMF itself has sufficiently complicated homotopy groups that results such as Theorem 2.21

cannot apply, the ∞-category of TMF-modules is built up as an inverse limit of module categories over E∞-

rings with better behaved homotopy groups.

3.1. Refinements. Let X be a Deligne-Mumford stack equipped with a flat map X → MFG to the

moduli stack of formal groups. We will use the terminology of [MM15].

Definition 3.1. An even periodic refinement of X is a sheaf Otop of E∞-rings on the affine, étale site

of X, such that for any étale map

SpecR→ X,

the multiplicative homology theory associated to the E∞-ring Otop(SpecR) is functorially identified with the

(weakly) even-periodic Landweber-exact theory5 associated to the formal group classified by SpecR→ X →

MFG. We will denote the refinement of the ordinary stack X by X.

A very useful construction from the refinement X is the E∞-ring of “global sections” Γ(X,Otop), which

is the homotopy limit of the Otop(SpecR) as SpecR→ X ranges over the affine étale site of X.

Example 3.2. When X is the moduli stackMell of elliptic curves, with the natural mapMell →MFG that

assigns to an elliptic curve its formal group, fundamental work of Goerss, Hopkins, and Miller, and (later)

Lurie constructs an even periodic refinement Mell. The global sections of Mell are defined to be the E∞-ring

TMF of topological modular forms ; for a survey, see [Goe10]. There is a similar picture for the compactified

moduli stack Mell, whose global sections are denoted Tmf.

Definition 3.3. Given the refinement X, one has a natural symmetric monoidal stable ∞-category

QCoh(X) of quasi-coherent sheaves on X, given as a homotopy limit of the (stable symmetric monoidal)

∞-categories Mod(Otop(SpecR)) for each étale map SpecR→ X.

5See [Lur10, Lecture 18] for an exposition of the theory of weakly even-periodic theories.
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There is an adjunction

(3.1) Mod(Γ(X,Otop))� QCoh(X),

where the left adjoint “tensors up” and the right adjoint takes global sections.6

Our main goal in this paper is to investigate the left hand side; however, the right hand side is sometimes

easier to work with, since even periodic, Landweber-exact spectra have convenient properties. Therefore,

the following result will be helpful.

Theorem 3.4 ([MM15, Theorem 4.1]). Suppose X is noetherian and separated, and X → MFG is quasi-

affine. Then the adjunction (3.1) is an equivalence of symmetric monoidal ∞-categories.

For example, since the map Mell →MFG is affine, it follows that Mod(TMF) is equivalent to QCoh(Mell).

This was originally proved by Meier, away from the prime 2, in [Mei12]. Theorem 3.4 implies the analog

for Tmf and the derived compactified moduli stack, as well [MM15, Theorem 7.2].

Suppose X →MFG is quasi-affine. In particular, it follows that there is a sheaf of symmetric monoidal

∞-categories on the affine, étale site of X, given by

(SpecR→ X)→ Mod(Otop(SpecR)),

whose global sections are given by Mod(Γ(X,Otop)). This diagram of ∞-categories is a sheaf in view of the

descent theory of [Lur11b, Theorem 6.1], but [MM15, Theorem 4.1] gives the global sections. We are now

in the situation of the introduction to this section. In particular, we obtain a descent spectral sequence for

pic(Γ(X,Otop)), and we turn to studying it in detail.

3.2. The Gepner-Lawson spectral sequence. Keep the notation of the previous subsection: X is a

Deligne-Mumford stack equipped with a quasi-affine flat map X →MFG, and (X,Otop) is an even periodic

refinement.

Our goal in this subsection is to prove:

6One way to extract this from [Lur12] is to consider the thick subcategory C of QCoh(X,Otop) generated by the unit. Then,

one obtains by the universal property of Ind an adjunction Ind(C) � QCoh(X,Otop). However, the symmetric monoidal ∞-
category Ind(C) is generated under colimits by the unit, so it is by Lurie’s symmetric monoidal version [Lur12, Prop. 8.1.2.7]

of Schwede-Shipley theory equivalent to modules over Γ(X,Otop), which is the ring of endomorphisms of the unit.
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Theorem 3.5. Suppose that X is a regular Deligne-Mumford stack with a quasi-affine flat map X →MFG,

and suppose X is an even periodic refinement of X. There is a spectral sequence with

(3.2) Es,t2 =



Hs(X,Z/2) t = 0,

Hs(X,O×X) t = 1,

Hs(X,ω(t−1)/2) t ≥ 3 odd,

0 otherwise,

whose abutment is πt−sΓ(X, pic(Otop)). The differentials run dr : Es,tr → Es+r,t+r−1.

The analogous spectral sequence for a faithful Galois extension has been studied in work of Gepner and

Lawson [GL], and our approach is closely based on theirs.

Proof. In this situation, as we saw in the previous subsection, we get an equivalence of symmetric

monoidal ∞-groupoids,

Pic(Γ(X,Otop)) ' holimSpecR→XPic(Otop(SpecR)),

where SpecR → X ranges over the affine étale maps. Equivalently, we have an equivalence of connective

spectra

pic(Γ(X,Otop)) ' τ≥0

(
holimSpecR→Xpic(Otop(SpecR))

)
.

Let us study the descent spectral sequence associated to this. We need to understand the homotopy

group sheaves of the sheaf of connective spectra (SpecR → X) 7→ pic(Otop(SpecR)) (i.e. the sheafification

of the homotopy group presheaves (SpecR→ X) 7→ πipic(Otop(SpecR))). First, we know that

π1pic(Otop(SpecR)) ' R×,

and, for i ≥ 2, we have

πi
(
pic(Otop(SpecR)

)
' πi−1Otop(SpecR) =


ω(i−1)/2 i odd

0 i even.

It remains to determine the homotopy group sheaf π0. If X is a regular Deligne-Mumford stack, so

that each ring R that enters is regular, then we can do this using Theorem 2.21. In fact, it follows that

if R is a local ring, then π0pic(Otop(SpecR)) ' Z/2. Thus, up to suitably suspending once, invertible

sheaves are locally trivial. Using the descent spectral sequence for a sheaf of spectra, we get that the above
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descent spectral sequence for Γ(X, pic(Otop)) is almost entirely the same as the descent spectral sequence for

Γ(X,Otop) in the sense that the cohomology groups that appear for t ≥ 3, i.e. Hs(X,ω(t−1)/2), are the same

as those that appear in the descent spectral sequence for Γ(X,Otop). However, the terms for t = 1 are the

étale cohomology of Gm on X. In particular, we obtain the term

H1(X,O×X) ' Pic(X),

which is the Picard group of the underlying ordinary stack. �

Remark 3.6. One may think of the spectral sequence as arising from a totalization, or rather as a filtered

colimit of totalizations. Choose an étale hypercover A given by U• → X by affine schemes {Un}. For any

E∞-ring A, denote by PicZ(A) the symmetric monoidal subcategory of Pic(A) spanned by those A-modules

such that, after restricting to each connected component of Spec π0A, become equivalent to a suspension of

A. Denote by picZ(A) the associated connective spectrum. Then we form the totalization

Tot(picZ(Otop(U•))),

whose associated infinite loop space Ω∞Tot(picZ(Otop(U•))) is, by descent theory, the symmetric monoidal

∞-subgroupoid of Pic(Γ(X,Otop)) spanned by those invertible modules which become (up to a suspension)

trivial after pullback along U0 → X. In particular, the filtered colimit of these totalizations is the spectrum

we are after. The descent spectral sequence of Theorem 3.5 is the filtered colimit of these Tot spectral

sequences.

3.3. Galois descent. We next describe the setting of the spectral sequence that was originally consid-

ered in [GL]. Let A → B be a faithful G-Galois extension of E∞-ring spectra in the sense of [Rog08]. In

particular, G acts on B in the ∞-category of E∞-A-algebras and A→ BhG is an equivalence. Then A→ B

is an analog of a G-Galois étale cover in the sense of ordinary commutative algebra or algebraic geometry. As

in ordinary algebraic geometry, there is a good theory of Galois descent along A→ B, as has been observed

by several authors, for instance [GL, Mei12].

Theorem 3.7 (Galois descent). Let A → B be a faithful G-Galois extension of E∞-rings. Then there is a

natural equivalence of symmetric monoidal ∞-categories Mod(A) ' Mod(B)hG.

The “strength” of the descent is in fact very good. As shown in [Mat14a, Theorem 3.36], any faithful

Galois extension A→ B satisfies a form of descent up to nilpotence: the thick tensor-ideal that B generates

in Mod(A) is equal to all of Mod(A). This imposes strong restrictions on the descent spectral sequences that

can arise.
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Applying the Picard functor, we get an equivalence of spaces

(3.3) Pic(A) ' P ic(B)hG,

or an equivalence of connective spectra

(3.4) pic(A) ' τ≥0pic(B)hG.

Remark 3.8. The spectrum Σgl1B is equivalent to τ≥1pic(B); consider the induced map of G-homotopy

fixed point spectral sequences. All the differentials involving the t− s = 0 line will be the same for picB and

Σgl1B. Hence, we obtain a short exact sequence

0→ π0(Σgl1B)hG → π0(pic(B))hG → E0,0
∞ → 0,

where E0,0
∞ is the kernel of all the differentials supported on H0(G, π0picB). This short exact sequence

exhibits π0(Σgl1B)hG as the relative Picard group of A → B, which consists of invertible A-modules which

after smashing with B become isomorphic to B itself.

Our main interest in Galois theory, for the purpose of this paper, comes from the observation, due to

Rognes, that there are numerous examples of G-Galois extensions of E∞-rings A→ B where the homotopy

groups of B are significantly simpler than that of A. In particular, one hopes to understand the homotopy

groups of pic(B), and then use (3.3) and (3.4) together with an analysis of the associated homotopy fixed-

point spectral sequence

Hs(G, πtpic(B))⇒ πt−s(pic(B))hG,(3.5)

whose abutment for t = s is the Picard group Pic(A).

Example 3.9 ([Rog08, Proposition 5.3.1]). The map KO → KU and the C2-action on KU arising from

complex conjugation exhibit KU as a C2-Galois extension of KO.

Example 3.9 is fundamental and motivational to us: the study of KO-modules, which is a priori difficult

because of the complicated structure of the ring π∗KO, can be approached via Galois descent together with

the (much easier) study of KU -modules. In particular, we obtain

pic(KO) ' τ≥0pic(KU)hC2 ,
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and one can hope to use the homotopy fixed-point spectral sequence (HFPSS) to calculate pic(KO). This

approach is due to Gepner-Lawson [GL],7 and we shall give a version of it below in Section 7.1 (albeit using

a different method of deducing differentials).

Other examples of Galois extensions come from the theory of topological modular forms with level

structure.

Example 3.10. Let n ∈ N, and let TMF(n) denote the periodic version of TMF for elliptic curves over

Z[1/n]-algebras with a full level n structure. Then, by [MM15, Theorem 7.6], TMF[1/n] → TMF(n) is

a faithful GL2(Z/n)-Galois extension. The advantage is that, if n ≥ 3, the moduli stack of elliptic curves

with level n structure is actually a regular affine scheme (by [KM85, Corollary 2.7.2], elliptic curves with

full level n ≥ 3 structure have no nontrivial automorphisms). In particular, TMF(n) is even periodic with

regular π0, and one can compute its Picard group purely algebraically by Theorem 2.21. One can then hope

to use GL2(Z/n)-descent to get at the Picard group of TMF[1/n]. We will take this approach below.

3.4. The En-local sphere. In addition, descent theory can be used to give a spectral sequence for

pic(LnS
0). This is related to work of Kamiya-Shimomura [KS07] and the upper bounds that they obtain

on Pic(LnS
0).

Consider the cobar construction on LnS
0 → En, i.e. the cosimplicial E∞-ring

En
→
→En ∧ En

→
→
→
. . . ,

whose homotopy limit is LnS
0. It is a consequence of the Hopkins-Ravenel smash product theorem [Rav92,

Ch. 8] that this cosimplicial diagram has “effective descent.”

Proposition 3.11. The natural functor

Mod(LnS
0)→ Tot

(
Mod(E∧(•+1)

n )
)
,

is an equivalence of symmetric monoidal ∞-categories.

Proof. According to the Hopkins-Ravenel smash product theorem, the map of E∞-rings LnS
0 → En

has the property that the thick tensor-ideal that En generates in Mod(LnS
0) is all of Mod(LnS

0).8

7The original calculation of the Picard group of KO, by related techniques, is unpublished work of Mike Hopkins.
8The argument in [Rav92, Ch. 8] is stated for the uncompleted Johnson-Wilson theories, but also can be carried out for the
completed ones. We refer in particular to the lecture notes of Lurie [Lur10]; Lecture 30 contains the necessary criterion for

constancy of the Tot-tower.
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According to [Mat14a, Proposition 3.21], this implies the desired descent statement (the condition is

there called “admitting descent”). The argument is a straightforward application of the Barr-Beck-Lurie

monadicity theorem [Lur12, §6.2]. �

In particular, we find that

pic(LnS
0) ' τ≥0Tot pic(E∧(•+1)

n ).

Let us try to understand the associated spectral sequence.

The higher homotopy groups πi, i ≥ 2 of pic(E
∧(•+1)
n ) are determined in terms of those of E

∧(•+1)
n .

Once again, it remains to determine π0. Now En is an even periodic E∞-ring whose π0 is regular local, so

Pic(En) ' π0pic(En) ' Z/2 by Theorem 2.21. The iterated smash products E∧mn are also even periodic, so

their Picard group contains at least a Z/2. We do not need to know their exact Picard groups, however, to

run the spectral sequence, as only the Z/2 component is relevant for the spectral sequence (as it is all that

comes from π0pic(En)).

Next, we need to determine the algebraic Picard group. After taking π0, the simplicial scheme

. . .
→
→
→

Specπ0(En ∧ En)→→ Specπ0En,

is a presentation of the moduli stack M≤nFG of formal groups (over Z(p)-algebras) of height at most n.

Proposition 3.12. Pic(M≤nFG) ' Z, generated by ω.

Proof. We use the presentation of MFG (localized at p) via the simplicial stack

(3.6) . . .
→
→
→

(Spec(MU ∧MU)∗)/Gm→→ (SpecMU∗)/Gm.

Since the Picard group of a polynomial ring over Z(p) is trivial,9 and each smash power of MU has a

polynomial ring for π∗, the Picard group of each of the terms in the simplicial stack without the Gm-quotient

is trivial, and the group of units is Z×(p), constant across the simplicial object. In other words, the Picard

groupoid of each Spec(MU∧(s+1))∗ is BZ×(p). When we add the Gm-quotient, we get Z × BZ×(p) for the

Picard groupoid of each term in the simplicial stack because of the possibility of twisting by a character

of Gm: this twisting corresponds to the powers of ω. By descent theory, this shows that Pic(MFG) ' Z,

generated by ω. More precisely, the Picard groupoid of MFG is the totalization of the Picard groupoids of

Spec(MU∧(s+1))∗/Gm, and each of these is Z×BZ×(p): that is, the cosimplicial diagram of Picard groupoids

is constant and the totalization is Z×BZ×(p) again.

9Since the Picard group commutes with filtered colimits, one reduces to the case of a polynomial ring on a finite number of

variables, and here it follows from unique factorization.
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When we replace MFG by M≤nFG, we can replace the above presentation by excising from each term the

closed substack cut out by (p, v1, . . . , vn). This does not affect the Picard groupoid since the codimension of

the substack removed is at least 2 (i.e. neither the Picard group nor the group of units is affected).10 That

is, when we modify each term in (3.6) to form the associated presentation of M≤nFG, the Picard groupoid is

unchanged. It follows by faithfully flat descent that the inclusion M≤nFG →MFG induces an isomorphism on

Picard groups (or groupoids) and that the Picard group is generated by ω. �

We obtain the following result.

Theorem 3.13. There is a spectral sequence

Es,t2 =



Z/2 t = 0,

Hs(M≤nFG,O×MFG
) t = 1,

Hs(M≤nFG, ω
(t−1)/2) t ≥ 3 odd,

0 otherwise,

which converges for t−s ≥ 0 to πt−spic(LnS
0). The relevant occurrences of the second case are H0(M≤nFG,O×MFG

) '

Z×(p) and H1(M≤nFG,O×MFG
) ' Z.

Note in particular that the E2-term is determined entirely in terms of the Adams-Novikov spectral

sequence for the En-local sphere. As we will see in Section 5, many of the differentials are also determined

by the ANSS.

4. First examples

In this section, we will give several examples where descent theory gives a quick calculation of the Picard

group. In these examples, we will not need to analyze differentials in the descent spectral sequence (3.5).

The main examples of interest, where there will be a number of differentials to determine, will be treated in

the last part of this paper.

4.1. The faithfully flat case. We begin with the simplest case. Suppose R → R′ is a morphism of

E∞-rings which is faithfully flat. In this case, we know from [Lur11b, Theorem 6.1] that the tensor-forgetful

adjunction Mod(R) � Mod(R′) is comonadic and we get a descent spectral sequence for the Picard group

of R, as

pic(R) ' τ≥0Tot pic(R′⊗(•+1)).

10Once again, this is a familiar result for regular rings, and here one must pass to filtered colimits since one is working with

polynomial rings on infinitely many variables.
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This spectral sequence, however, gives essentially no new information that is not algebraic in nature.

That is, the entire E2-term Es,t2 for t > 1 vanishes, as it can be identified with the E2-term for the cobar

resolution R′⊗(•+1) of R, and this cobar resolution has a degenerate spectral sequence with non-zero terms

only for s = 0 at E2. For example, an element in Pic(R) is algebraic if and only if its image in Pic(R′) is

algebraic, by faithful flatness.

Thus, faithfully flat descent will be mostly irrelevant to us as a tool of computing the non-algebraic parts

of Picard groups. In the examples of interest, we want π∗R
′ to be significantly simpler homologically than

π∗R, so that we will be able to conclude (using results such as Theorem 2.21) that the Picard group of R′ is

entirely algebraic. But if π∗R
′ is faithfully flat over π∗R, it cannot be much simpler homologically. (Recall

for example that regularity descends under faithfully flat extensions of noetherian rings.)

4.2. Cochain E∞-rings and local systems. In this subsection, we give another example of a family

of E∞-ring spectra whose Picard groups can be determined, or at least bounded.

Let X be a space and R an E∞-ring. Let RX = C∗(X;R) be the E∞-ring of R-valued cochains on X.

Definition 4.1. Let LocX(Mod(R)) = Fun(X,Mod(R)) denote the ∞-category of local systems of

R-module spectra on X.

Then we have a fully faithful embedding of symmetric monoidal ∞-categories

Modω(RX) ⊂ LocX(Mod(R)),

which sends RX to the constant local system at R and is determined by that. As discussed in [Mat14a, §7],

this embedding is often useful for relating invariants of RX to those of R. In particular, since any invertible

RX -module is perfect, we have a fully faithful functor of ∞-groupoids

Pic(RX)→ Pic(LocX(Mod(R))) = Map(X,Pic(Mod(R))),

where the last identification follows because Pic commutes with homotopy limits (Proposition 2.12). Thus,

we get the following useful upper bound for the Picard group of RX .

Proposition 4.2. If R is an E∞-ring and X is any space, then Pic(RX) is a subgroup of π0(pic(R)X).

Without loss of generality, we will assume that X is connected. Note that we have a cofiber sequence

Σgl1(R)→ pic(R)→ H(Pic(R)),
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where H(Pic(R)) denotes the Eilenberg-MacLane spectrum associated to the group Pic(R). If we take the

long exact sequence after taking maps from X, we get an exact sequence

(4.1) 0→ π−1(gl1(R)X)→ π0(pic(R)X)→ Pic(R).

Our object of interest, Pic(RX), is a subobject of the middle term, by the above proposition.

Let us unwind the exact sequence further. First, the composite map Pic(RX)→ π0(pic(R)X)→ Pic(R)

comes from the map of E∞-rings RX → R given by choosing a basepoint of X. In particular, it is split

surjective as it has a section given by R→ RX (so (4.1) is a split exact sequence). Next, observe that, using

the truncation map gl1(R) → HR×0 , we have a map π−1(gl1(R)X) → π−1((HR×0 )X) = Hom(π1(X), R×0 ).

We can understand this map in terms of Pic(RX). Very explicitly, suppose given an invertible RX -module

M with associated local system L ∈ LocX(Mod(R)). Then if the image of M in Pic(R) is trivial, we conclude

that Lx ' R for any basepoint x ∈ X. An element in π1(X,x) induces a monodromy automorphism of Lx
and thus defines an element of R×0 . This defines a map in Hom(π1(X,x), R×0 ). Let Pic0(RX) be the kernel

of Pic(RX)→ Pic(R). Then we have just described the map

(4.2) Pic0(RX)
φ→ Hom(π1(X,x), R×0 ),

that comes from the exact sequence (4.1).

The monodromy action cannot be arbitrary, since this local system is not arbitrary: it is in the image

of Modω(RX) and therefore belongs to the thick subcategory generated by the unit. As in [Mat14a, §8],

it follows that the monodromy action of any element of the fundamental group must be ind-unipotent. In

particular, fix an element M of Pic0(RX). Given any loop γ ∈ π1(X,x), the associated element u = uγ,M ∈

R×0 under the homomorphism φ(M) : Pic0(RX)→ Hom(π1(X,x), R×0 ) of (4.2) must have the property that

u− 1 is nilpotent.

Hence if R0 is a reduced ring, we deduce from (4.1) the following conclusion.

Corollary 4.3. If R is an E∞-ring with π0R reduced, and X is any connected space, then we have a split

short exact sequence

0→ A→ Pic(RX)→ Pic(R)→ 0,

where A ⊂ π−1(gl1(R)X) is actually contained in π−1((τ≥1gl1(R))X) ⊂ π−1((gl1(R))X). In particular, if

π−1((τ≥1gl1(R))X) = 0, then Pic(R)→ Pic(RX) is an isomorphism.

Again, we note that the map π−1((τ≥1gl1(R))X)→ π−1(gl1(R)X) is injective, by the long exact sequence

and the fact that π0(gl1(R)X)→ π0((HR×0 )X) ' R×0 is surjective.
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As an application, we obtain a calculation of the Picard group of a nonconnective E∞-ring in a setting

far from regularity.

Theorem 4.4. Let A be any finite abelian group and let En be Morava E-theory. Then the Picard group

of EBAn is Z/2, generated by the suspension ΣEBAn . The same conclusion holds for any finite group G whose

p-Sylow subgroup is abelian, where p is the prime of definition for En.

Proof. We induct on the p-rank of A. When A has no p-torsion, then EBAn ' En and Theorem 2.21

implies that the Picard group is Z/2.

If the p-rank of A is positive, write A ' Z/pm×A′ where the p-rank of A′ has smaller cardinality than that

of A. The inductive hypothesis gives us that the Picard group of EBA
′

n is Z/2. Now EBAn ' (EBA
′

n )BZ/pm .

Moreover, EBA
′

n is well-known to be even periodic (though its π0 is not regular).11

We claim now that π−1((τ≥1gl1(EBAn ))BZ/pm) = 0. To see this, we observe that the homotopy groups of

τ≥1gl1(EBA
′

n ) are concentrated in even degrees and are all given by torsion-free p-complete abelian groups.

Therefore, the cohomology groups Hi(Z/pm, πjτ≥1gl1(EBAn )) vanish if i is odd, since the Z/pm-action on

them is trivial. In the homotopy fixed point spectral sequence for (τ≥1gl1(EBAn ))BZ/pm (i.e. the Atiyah-

Hirzebruch spectral sequence), there is no room for contributions to π−1. In fact, there is no room for

differentials at all, which indicates that any lim1 terms cannot occur either. Now Corollary 4.3 shows that

the map EBA
′

n → EBAn induces an equivalence on Picard groups, which completes the inductive step.

For the last claim, fix any finite group G with an abelian p-Sylow subgroup A ⊂ G. For any connected

space X, denote as before Pic0(RX) the kernel of Pic(RX)→ Pic(R). We have a commutative square

Pic0(EBGn ) //
� _

��

Pic0(EBAn )
� _

��
π−1(τ≥1gl1(En)BG) // π−1(τ≥1gl1(En)BA)

The bottom horizontal map is injective since τ≥1gl1(En) is p-local and BG is p-locally a wedge summand

of BA in view of the transfer Σ∞+ BG → Σ∞+ BA, which has the property that the composite Σ∞+ BG →

Σ∞+ BA → Σ∞+ BG is a p-local equivalence by inspection of p-local homology. It follows that Pic0(EBGn ) →

Pic0(EBAn ) is injective, and since the latter is zero, the former must be as well. �

Recall that the spectrum E1 is p-complete complex K-theory.

Proposition 4.5. Let G be any finite group. Then the Picard group of EBG1 is finite.

11We refer to [HKR00, §7] for a general analysis of the question of when EBG
n is even-periodic for G a finite group.
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Proof. In fact, π−1

(
τ≥1gl1(E1)BG

)
is finite. We know that τ≥3gl1(E1) ' Σ4kup̂ by a theorem of

Adams-Priddy [AP76]. Moreover, (kup̂)
∗(BG) is finite in each odd dimension, by comparing with E∗1 (BG)

which vanishes in odd dimensions. It follows now from Corollary 4.3 that the desired Picard group has to

be finite. �

Question 4.6. Let G be any finite group. Can the Picard group of EBG1 be any larger than Z/2? What

about the higher Morava E-theories?

4.3. Coconnective rational E∞-rings. We can also determine the Picard groups of coconnective

rational E∞-ring spectra. A rational E∞-ring R is said to be coconnective if

(1) π0R is a field (of characteristic zero).

(2) πiR = 0 for i > 0.

Theorem D. If R is a coconnective rational E∞-ring, then the Picard group Pic(R) ' Z, generated by

ΣR.

Proof. Let k = π0R. We use [Lur11c, Proposition 4.3.3] to conclude that R ' Tot(A•), where A• is

a cosimplicial E∞-k-algebra with each Ai of the form k ⊕ V [−1], where V is a discrete k-vector space; the

E∞-structure given is the “square-zero” one.

We thus begin with the case of R = k ⊕ V [−1]: we will show that Pic(R) ' Z in this case. Since Pic

commutes with filtered colimits, we may assume that V is a finite-dimensional vector space. In this case,

R ' kS1∨···∨S1

,

where the number of copies of S1 in the wedge summand is equal to the dimension n = dimk V ; by [Lur11c,

Proposition 4.3.1], any rational E∞-ring with these homotopy groups is equivalent to k⊕V [−1]. But we can

now use Corollary 4.3 to see that the Picard group of kS
1∨···∨S1

is Z, generated by the suspension, because

τ≥1gl1(k) = 0.

Now suppose that R is arbitrary. As above, we have an equivalence R ' Tot(A•) where each Ai

is a coconnective E∞-ring of the form k ⊕ V [−1] for V a discrete k-vector space. We have seen above

that Pic(Ai) ' Z. We know, moreover, that we have a fully faithful embedding of symmetric monoidal

∞-categories

Modω(R) ⊂ Tot(Mod(A•)),

which implies that we have a fully faithful functor of ∞-groupoids

Pic(R)→ Tot(Pic(A•)).
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But each Pic(Ai), as an ∞-groupoid, has homotopy groups given by

πjPic(Ai) '


Z j = 0

k× j = 1

,

and in particular, in the cosimplicial diagram Pic(A•), all the maps are equivalences. This is a helpful

consequence of coconnectivity. Thus, we find that Tot(Pic(A•)) maps by equivalences to each Pic(Ai), and

we get an upper bound of Z for Pic(R). This upper bound is realized by the suspension ΣR (which hits the

generator of Z ' π0Tot(Pic(A•))). �

Remark 4.7. If k = Q, then a large class of coconnective E∞-rings with π0 ' Q (e.g. those with reasonable

finiteness hypotheses and vanishing π−1) arise as cochains on a simply connected space, by Quillen-Sullivan’s

rational homotopy theory. The comparison with local systems can be carried out directly here to prove

Theorem D for these E∞-rings.

4.4. Quasi-affine cases. We now consider a case where the descent spectral sequence enables us to

produce nontrivial elements in the Picard group. Let A be a weakly even-periodic E∞-ring with π0A regular

noetherian, and write ω = π2A. Then A leads to a sheaf of E∞-rings on the affine étale site of Spec π0A.

That is, for every étale π0A-algebra A′0, there is (functorially) associated [Lur12, §8.5] an E∞-ring A′ under

A with π0A
′ ' A′0 and A′ flat over A. We will denote this sheaf by Otop.

Now let a1, . . . , an ∈ π0A be a regular sequence, for n ≥ 2. We consider the complement U in Specπ0A

of the closed subscheme V (a1, . . . , an) and the sections A = Γ(U,Otop). A is an E∞-A-algebra and is a type

of localization of A, albeit not (directly) an arithmetic one.12 Note that Pic(A) is algebraic by Theorem 2.21,

but the situation for A is more complicated.

The homotopy groups π∗(A) are given by the abutment of a descent spectral sequence

Hs(U, ω⊗t) =⇒ π2t−s(A).(4.3)

We can first determine the zero-line. We have

H0(U, ω⊗t) = H0(Specπ0A,ω
⊗t),

because Spec π0A is regular and U ⊂ Specπ0A is obtained by removing a codimension ≥ 2 subscheme.

Proposition 4.8. The only other nonzero term in the descent spectral sequence (4.3) occurs for s = n− 1.

The descent spectral sequence degenerates.

12A piece of forthcoming work of Bhatt and Halpern-Leinster identifies the universal property of A.
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Proof. Cover the scheme U by the n open affine subsets Ui = Specπ0(A) \ V (ai), for 1 ≤ i ≤ n. Given

any quasi-coherent sheaf F on U , it follows that the coherent cohomology H∗(U,F) is that of the Čech

complex (which starts in degree zero)

n⊕
i=1

F(Ui)→
⊕
i<j

F(Ui ∩ Uj)→ · · · → F(U1 ∩ · · · ∩ Un).

Let R = π0A, and suppose F is the restriction to U ⊂ SpecR of the quasi-coherent sheaf M̃ on SpecR for

an R-module M . Then the final term is the cokernel of the map

n⊕
i=1

M [(a1 . . . âi . . . an)−1]→M [(a1 . . . an)−1],

where the hat denotes omission. If M is flat, the complex is exact away from degrees 0 and n − 1 as the

sequence a1, . . . , an is regular, using a Koszul complex argument (see [ILL+07] for a detailed treatment or

[GM95] for a short exposition with a view towards topological applications), and the zeroth cohomology is

given by M itself.

Now, in view of the map A → A, clearly everything in the zero-line of the E2-page of the spectral

sequence survives, so the spectral sequence must degenerate. �

We now study the Picard group of A: as above, π∗A is not regular but instead has a great deal of

square-zero material. Let U = (U,Otop|U ) denote the derived scheme consisting of the topological space

U ⊂ Specπ0A, but equipped with the sheaf Otop of E∞-rings restricted to U . A arises as the global sections

of the structure sheaf Otop over the derived scheme U.

Since U is quasi-affine as an (ordinary!) scheme, it follows by [MM15, Corollary 3.24] that the global

sections functor is the right adjoint of an inverse equivalence

Mod(A)� QCoh(U),

of symmetric monoidal∞-categories. In particular, the Picard group Pic(A) can be computed as Pic(QCoh(U)).

As before, we have a descent spectral sequence (3.2) converging to πt−spic(A). But from (3.2), we know

that almost all of the terms at E2 are identified with the descent spectral sequence for π∗A. In addition,

we know that H1(U,O×U ) ' Pic(π0A), as π0A is regular and the complement of U has codimension ≥ 2.

These classes must be permanent cycles as they are realized in Pic(A): in fact, they are realized in Pic(A)

itself. Thus, the descent spectral sequence for pic degenerates as well. We get three contributions to the

Picard group: Z/2 and Pic(π0A), which together build Pic(π∗A) (compare Remark 2.23), and a group that
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is identified with π−1A. The relevant extension problem is solved because of the map Pic(π∗A) ∼= Pic(A)→

Pic(A) realizing the algebraic part of the Picard group. We get:

Theorem 4.9. Let A = Γ(U,Otop) as above. Then we have a natural isomorphism

Pic(A) ' Pic(π∗A)× π−1(A).

Moreover, observe that

(4.4) π−1(A) =


coker

(⊕n
i=1 ω

n/2−1[(a1 . . . âi . . . an)−1]→ ωn/2−1[(a1 . . . an)−1]
)

n ≥ 4 even

0 n odd.

Example 4.10. Let A be a Landweber-exact weakly even periodic E∞-ring with π0A regular noetherian;

for instance, A could be Morava E-theory En. In this case, we take a1, . . . , ak = p, v1, . . . , vk−1, so that

A ' LkA. This gives Theorem C as a special case of Theorem 4.9.

5. The comparison tool in the stable range

This is a technical section in which we develop a tool that will enable us to compare many of the

differentials in a Picard spectral sequence for Galois or étale descent with the analogous differentials in the

corresponding descent spectral sequence before taking the Picard functor (i.e. for the E∞-rings themselves).

For example, in the Galois descent setting, we are given a G-Galois extension A → B, and we know the

descent, i.e. homotopy fixed point, spectral sequence for A ' BhG. The tool we develop in this section will

allow us to deduce many differentials in the homotopy fixed point spectral sequence for (pic(B))hG.

For a spectrum or a pointed space X, and integers a, b, we denote by τ≥aX, τ≤bX, and τ[a,b]X the

truncations of X with homotopy groups in the designated range. Our main observation is that if R is any

E∞-ring, then for any n ≥ 2, there is a natural equivalence of spectra

τ[n,2n−1]R ' τ[n,2n−1]gl1(R).

This equivalence is natural at the level of ∞-categories, and enables us to identify a large number of dif-

ferentials in descent spectral sequences for gl1 and therefore also for pic. This observation, however, fails if

we increase the range by 1, and an identification of the relevant discrepancy (as observed in such spectral

sequences) will be the subject of the following section and the formula (6.1).

The main result of Section 5.1 is essentially a formulation of the classical concept of the “stable range” in

∞-categorical terms, as can be seen from the fact that the major ingredients of the proof are Freudenthal’s
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suspension theorem as well as the existence of Whitehead products in the unstable setting. Nonetheless, our

formulation will be extremely useful in the sequel.

5.1. Truncated spaces and spectra. Throughout, n ≥ 2.

Definition 5.1. Let Sp[n,2n−1] ⊂ Sp denote the ∞-category of spectra with homotopy groups concen-

trated in degrees [n, 2n − 1]. Let S∗ denote the ∞-category of pointed spaces, and let S∗,[a,b] ⊂ S∗ denote

the subcategory spanned by those pointed spaces whose homotopy groups are concentrated in the interval

[a, b].

The main goal of this subsection is to prove the following result identifying spaces and spectra whose

homotopy groups are concentrated in a range of dimensions.

Theorem 5.2. The functor Ω∞ : Sp[n,2n−1] → S∗ is fully faithful. The functor Ω∞ : Sp[n,2n−2] → S∗,[n,2n−2]

is an equivalence of ∞-categories.

Proof. Let X,Y ∈ Sp[n,2n−1]. We want to show that the natural map

(5.1) HomSp(X,Y )→ HomS∗(Ω
∞X,Ω∞Y )

is a homotopy equivalence. By adjointness, we can identify this with the map

HomSp(X,Y )→ HomSp(Σ∞Ω∞X,Y )

that arises from the counit map Σ∞Ω∞X → X. Observe that we have a natural equivalence HomSp(Σ∞Ω∞X,Y ) '

HomSp(τ≤2n−1Σ∞Ω∞X,Y ) because Y is (2n − 1)-truncated. In particular, to prove Theorem 5.2, it will

suffice to show that the natural map of spectra

τ≤2n−1Σ∞Ω∞X → X ' τ≤2n−1X,

is an equivalence, for any X ∈ Sp[n,2n−1]. Equivalently, we need to show that for any such spectrum X, the

map

(5.2) πk(Σ∞Ω∞X)→ πk(X)

is an isomorphism for k ≤ 2n− 1. But we have maps of spaces

Ω∞X → Ω∞Σ∞Ω∞X → Ω∞X,
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where the composite is the identity. The first map is the unit Y → Ω∞Σ∞Y applicable for any Y ∈ S∗, and

the second map is Ω∞ applied to the counit. By the Freudenthal suspension theorem, the first map induces

an isomorphism on homotopy groups πk for k ≤ 2n − 1, and therefore the second map does as well. This

proves the claim that (5.2) is an equivalence and the first part of the theorem.

The functor Ω∞ : Sp[n,2n−1] → S∗,[n,2n−1] is not essentially surjective, because spaces with homotopy

groups concentrated in degrees [n, 2n − 1] can still have Whitehead products, and spaces with nontrivial

Whitehead products can never be in the image of Ω∞. However, we claimed in the statement of the theorem

that the functor Ω∞ : Sp[n,2n−2] → S∗,[n,2n−2] is an equivalence of ∞-categories. To show this, it suffices to

show that the functor is essentially surjective.

Given a pointed space X with homotopy groups in the desired range, we suppose inductively (on k) that

τ≤kX is in the image of Ω∞. If k ≥ 2n− 2, then we are done. Otherwise, we have a pullback square

τ≤k+1X

��

// ∗

��
τ≤kX // K(πk+1X, k + 2).

Observe that the three pointed spaces τ≤kX,K(πk+1X, k + 2), and ∗ are all in the image of Ω∞ (the first

by the inductive hypothesis), and K(πk+1X, k + 2) ∈ S∗,[n,2n−1]. Moreover, the maps in the diagram are in

the image of Ω∞ by the previous part of the result. Therefore, the object τ≤k+1X is in the image of Ω∞, as

Ω∞ preserves homotopy fiber squares. �

Given an integer k, we could precompose the functor of Theorem 5.2 with the equivalence Ωk : Sp[n+k,2n+k−1] →

Sp[n,2n−1], and obtain the following:

Corollary 5.3. For any integer k, the functor Ω∞+k : Sp[n+k,2n+k−1] → S∗ is fully faithful.

5.2. Comparisons for E∞-rings. Our basic example for all this comes from the spectrum gl1(R)

associated to an E∞-ring R, and the comparison between the two. This comparison is the main obstacle

in understanding the descent spectral sequence for the Picard group: it is generally easier to understand

descent spectral sequences for the E∞-rings themselves (e.g. for TMF).

We emphasize again that given an E∞-ring R, the spectra R and gl1(R) are generally very different, and

for an illustration we provide the following example.

Example 5.4 (T. Lawson [hl]). Consider the commutative differential graded algebra F2[x]/x3 where |x| = 1

and dx = 0 (so d ≡ 0). Let R be the associated E∞-ring under F2. Then gl1(R) has homotopy groups in

187



dimensions 1, 2 given by F2; however, they are connected by multiplication by η. In particular, gl1(R) is not

an F2-module spectrum.

More generally, let R be the E∞-ring associated to the commutative differential graded algebra F2[x]/x3

where |x| = n, dx = 0. R can also be constructed by applying the Postnikov section τ≤2n to the free E∞-

F2-algebra on a class in degree n. Then πn(gl1(R)) ' π2n(gl1(R)) ' F2 and all the other homotopy groups

of gl1(R) vanish. Therefore, gl1(R) is the fiber of a k-invariant map HF2[n]→ HF2[2n+ 1]. In this case, we

can identify the k-invariant and thus identify gl1(R).

Proposition 5.5. Given R as above, the k-invariant of gl1(R) is given by the map

Sqn+1 : HF2[n]→ HF2[2n+ 1].

Proof. We first argue, following Lawson, that gl1(R) cannot be the spectrum HF2[n] ∨ HF2[2n]. In

fact, in this case, the map of spectra HF2[n] → gl1(R) would, by adjointness [ABG+14] lead to a map of

E∞-rings

Σ∞+ K(F2, n)→ R,

carrying the class in πnK(F2, n) to the nonzero class in πnR. Smashing with HF2, we would get a map of

E∞-HF2-algebras

HF2 ∧ Σ∞+ K(F2, n)→ R

with the same property. Now πn(HF2∧Σ∞+ K(F2, n)) ' F2, with the nontrivial class coming from πn(K(F2, n)).

However, this class squares to zero by [CLM76, Lemma 6.1, Ch. 1] while the nonzero class in πnR does

not square to zero. This is a contradiction and proves that such a map cannot exist. Consequently, the

k-invariant map for gl1(R) must be nontrivial.

On the other hand, we know Ω∞gl1(R) ' K(F2, n) × K(F2, 2n) because Ω∞gl1(R) is the connected

component at 1 of Ω∞R. In particular, the k-invariant HF2[n] → HF2[2n + 1] defines upon applying Ω∞

the trivial cohomology class in H2n+1(K(F2, n);F2).

So, for the k-invariant of gl1(R), we need a nonzero element φ of degree n+ 1 in the (mod 2) Steenrod

algebra such that, if ιn ∈ Hn(K(F2, n);n) is the tautological class, then φιn = 0. By the calculation of the

cohomology of Eilenberg-MacLane spaces [Ser53] (see also [MT68, Ch. 9] for a textbook reference), the

only possibility is Sqn+1. �

Nonetheless, we will show that right below the range of the previous example, the spectra gl1(R) and R

can be identified.
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Corollary 5.6. Let n ≥ 2 and let R be any E∞-ring. Then there is an equivalence of spectra, functorial in

R,

τ[n,2n−1]gl1(R) ' τ[n,2n−1]R.

Similarly, there is an equivalence of spectra, functorial in R,

τ[n+1,2n]pic(R) ' Στ[n,2n−1]R.

Proof. For any E∞-ring R, the space Ω∞gl1(R) = GL1(R) is a union of those components of Ω∞R

that correspond to units in π0R. In particular, Ω∞τ≥1gl1(R) is canonically identified with Ω∞τ≥1R in S∗.

Applying Theorem 5.2, we now get a canonical identification as desired in the corollary. The second half of

Corollary 5.6 follows from the first, as τ≥0Ωpic(R) ' gl1(R) as spectra. �

Take now a faithful G-Galois extension A → B of E∞-rings, and consider the HFPSS (3.5) for the G-

action on pic(B). We want to understand π0(pic(B)hG), or equivalently π−1(Ωpic(B)hG), and we can do this

by understanding the HFPSS for the G-action on Ωpic(B). Observe first that πtΩpic(B) ' πtB functorially

for t ≥ 1: in fact, Ω∞(Ωpic(B)) ' GL1(B). In other words, the spectrum Ωpic(B) equipped with the

G-action has the property that, after applying Ω∞, it is identified with a union of connected components of

Ω∞B (with the G-action on B).

As a result, we have a map of spaces with G-action

Ω∞(Ωpic(B))→ Ω∞B,

which identifies the former with a union of connected components of the latter. As a result, we can identify

the respective HFPSS for the spaces Ω∞(Ωpic(B)), Ω∞B for t > 0, both at E2 and differentials (including

the “fringed” ones). This identification comes from the map τ≥1GL1(B)→ Ω∞B given by subtracting one.

In particular, shifting by one again, most of the differentials in the HFPSS for pic(B) are determined

by the HFPSS for B. More precisely, any differential out of Es,tr for t − s > 0, s > 0, depends only on the

G-space ΩPic(B), so the equivalence of ΩPic(B) with a union of connected components of Ω∞B implies

that the differential can be identified with the analogous differential in the HFPSS for B.

However, to understand π0(pic(B)hG) ' π0(Pic(B)hG) ' Pic(A), we need to determine differentials out

of Es,tr with t = s. These differentials cannot be determined by ΩPic(B), as a space with a G-action. Our

strategy to determine these differentials is to use the equivalence of spectra with G-action

τ[n+1,2n]pic(B) ' Στ[n,2n−1]B,
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which is a special case of Corollary 5.6.

Assume that r ≤ t−1. In this case, any differential dr : Es,t∗ → Es+r,t+r−1
∗ in the HFPSS for pic(B) is de-

termined by the G-action on τ[t,t+r−1]pic(B). Since we have an equivalence τ[t,t+r−1]pic(B) ' Στ[t−1,t+r−2]B,

compatible with the G-actions, we can identify the differentials.

Denote the differentials in the homotopy fixed point spectral sequence

Hs(G, πtpicB)⇒ πt−s(picB)hG

by ds,tr (picB), and similarly ds,tr (B) for those in the HFPSS for B. The upshot of this discussion is the

following.

Comparison Tool 5.2.1. Let A → B be a G-Galois extension of E∞-rings. Whenever 2 ≤ r ≤ t − 1, we

have an equality of differentials ds,tr (picB) = ds,t−1
r (B).

Of course, we also have an identification of differentials out of (s, t) if t− s > 0, s > 0.

Remark 5.7. Our original approach to the Comparison Tool 5.2.1 was somewhat more complicated than the

above and has been described in [MS16]. Namely, our strategy was to identify the HFPSS with a Bousfield-

Kan spectral sequence for a certain cosimplicial space X• built from Pic(B) with its G-action, and argue

that these differentials only depended on the fiber of Tott+r(X
•)→ Tott−1(X•) (as well as the other fibers in

between). In the appropriate range, these fibers depend only on ΩX• as a cosimplicial space. However, ΩX•

can be (almost) identified with the analogous cosimplicial space for the G-action on Ω∞−1(τ≥0B) because

ΩPic(B) is a union of components of Ω∞B. This forces the differentials to correspond to one another.

For the same reasons, we have analogous comparison results for the spectral sequence as Theorem 3.5.

Again, any differential in the descent spectral sequence for pic(Γ(X,Otop)) that only depends on the diagram

τ[n+1,2n]pic(Otop) can be identified with the corresponding differential in the descent spectral sequence for

Γ(X,Otop), thanks to the equivalence of diagrams of spectra τ[n+1,2n]pic(Otop) ' Στ[n,2n−1]Otop.

Remark 5.8. The equivalence τ[n,2n−1]R ' τ[n,2n−1]gl1(R) resembles the following observation in commuta-

tive algebra. Let A be an ordinary commutative ring and let I ⊂ A be a square-zero ideal. Then 1 + I ⊂ A×

and there is an isomorphism of groups

I ' 1 + I ⊂ A×, x 7→ 1 + x.

This correspondence is a very degenerate version of the exponential and logarithm.
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Suppose p is a prime number and (p− 1)! is invertible in A. Then if J ⊂ A is an ideal with Jp = 0, we

have 1 + J ⊂ A× and a natural isomorphism of groups

J ' 1 + J, x 7→ 1 + x+
x2

2
+ · · ·+ xp−1

(p− 1)!
,

given by a p-truncated exponential.

Similarly, let R be an E∞-ring with (p − 1)! invertible. Motivated by the above, for any n ≥ 1, one

could surmise a functorial equivalence of spectra τ[n,pn−1]R ' τ[n,pn−1]gl1(R). We expect to construct such

an equivalence in ongoing joint work with Clausen and Heuts.

5.3. A general result on Galois descent. As a quick application of the preceding ideas, we can

prove a general result about Galois descent for Picard groups.

Theorem E. Let A→ B be a faithful G-Galois extension of E∞-rings. Then the relative Picard group

of B/A is |G|-power torsion of finite exponent.

Proof. We know that the relative Picard group of A → B is given by π−1(gl1(B)hG) (compare Re-

mark 3.8). There is a HFPSS that converges to the homotopy groups, which begins with the group cohomol-

ogy of G with coefficients in π∗(gl1(B)). Every contributing term is |G|-power torsion: in fact, every term is

a Hi(G, ·) for i > 0 and is thus killed by |G|. However, in view of the potential infiniteness of the filtration,

as well as the possibilities of nontrivial extensions, this alone does not force π−1(gl1(B)hG) to be |G|-power

torsion.

Our strategy is to compare the HFPSS for π−1(gl1(B)hG) with that of π−1(BhG). The map A → B

admits descent in the sense of [Mat14a, Definition 3.17]. In particular, by [Mat14a, Corollary 4.4], the

descent spectral sequence for A → B (equivalently, the HFPSS) has a horizontal vanishing line at a finite

stage. It follows that, above a certain filtration, everything in the HFPSS for π∗(A) ' π∗(B
hG) is killed by

a dk for k bounded.

In view of our Comparison Tool 5.2.1, it follows that any class in the relative Picard group has bounded

filtration (though possibly the bound is weaker than the analog in π−1(B)). Since every contributing term

in the spectral sequence is killed by |G|, the theorem follows. �

6. The first unstable differential

6.1. Context. Let R• be a cosimplicial E∞-ring, and consider the Bousfield-Kan spectral sequences

(BKSS) {Es,tr } and
{
E
s,t

r

}
for the two cosimplicial objects R• and gl1(R•), converging to πt−s of the

respective totalizations in Sp.
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For t− s ≥ 0, the spectral sequences and the differentials are mostly identified with one another, as the

space Ω∞gl1(R) is a union of connected components of Ω∞R. But for t− s = −1, we get differentials

dr : Et+1,t
r → Et+r+1,t+r−1

r , dr : E
t+1,t

r → E
t+r+1,t+r−1

r .

These depend on more than the spaces Ω∞R•,Ω∞gl1(R•): they require the one-fold deloopings. As we saw

in Corollary 5.6, for any n ≥ 2, in the range [n, 2n− 1], the cosimplicial spectra τ[n,2n−1]R
•, τ[n,2n−1]gl1(R•)

are identified. As a result, for r ≤ t, the groups in question are (canonically) identified and dr = dr.

But in general, dt+1 6= dt+1. Since all the previous differentials entering or leaving this spot between

the two spectral sequences were identified, the groups in question are identified. We let the correspondence

Et+1,t
t+1 ' Et+1,t

t+1 be given as x 7→ x. Similarly, we have a correspondence E2t+2,2t
t+1 ' E2t+2,2t

t+1 .

In this subsection, we will give a universal formula for the first differential out of the stable range. We

will need this in Section 8.2 to obtain the 2-primary Picard group of TMF.

Theorem 6.1. We have the formula

(6.1) dt+1(x) = dt+1(x) + x2, x ∈ Et+1,t
t+1 .

Remark 6.2. The above formula actually makes dt+1 into a linear operator. This follows from the graded-

commutativity of the BKSS for R•. Note in particular that the difference between dt+1 and dt+1 is annihilated

by two.

6.2. The universal example. The proof of (6.1) follows a standard technique in algebraic topology:

we reduce to a “universal” case and show that (6.1) is essentially the only possibility. We want to consider

the universal case of a cosimplicial E∞-ring R• with a class in Et+1,t
t+1 . This class represents an element in

π−1Tot2t+1(R•) trivialized in Tott(R
•); the differential dt+1 represents the obstruction to lifting to Tot2t+2.

So, we need to make the analysis of differentials in the cosimplicial E∞-ring which corepresents the functor

R• 7→ A(R•) = Ω∞
(
Σ−1fib (Tot2t+1(R•)→ Tott(R

•))
)
.

The relevant cosimplicial E∞-ring X • can be constructed as follows.

Definition 6.3. Let Lan denote the operation of left Kan extension, and let Lan∆≤t→∆(∗) denote the

left Kan extension of the constant functor ∆≤t → S at a point to ∆. Similarly, define Lan∆≤2t+1→∆(∗).
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Consider the homotopy pushout

(6.2) Lan∆≤t→∆(∗)+

��

// ∗

��
Lan∆≤2t+1→∆(∗)+

// F •,

where F • : ∆→ S∗ is a functor to the ∞-category S∗ of pointed spaces.

Consider

G •
def
= Σ∞−1F • : ∆→ Sp

and the functor

X • = FreeCAlg(G •) : ∆→ CAlg,

into the ∞-category CAlg of E∞-rings, obtained by applying the free algebra functor everywhere to G .

Then X •, by construction, corepresents the functor A : Fun(∆,CAlg) → S in which we are interested. In

particular, it suffices to prove (6.1) for this particular functor. As we will see in the next paragraph, G •

takes values in connective spectra and therefore so does X •. Since we are only interested in differentials in a

particular range, we may (by naturality) only consider the Postnikov section τ≤2tX •. We get the following

basic step.

Proposition 6.4. In order to prove Theorem 6.1, it suffices to prove it for τ≤2tX • (and the tautological

class).

In fact, we have a reasonable handle on what the functor τ≤2tX • looks like and can entirely determine

the BKSS. To see this, we recall the construction of F •; compare also the discussion in [MS16]. The functor

Lan∆≤t→∆(∗) : ∆→ S,

sends any finite nonempty totally ordered set T to the nerve of the category ∆≤t/T of all order-preserving

morphisms {S → T} where:

(1) S is a finite, nonempty totally ordered set, and

(2) |S| ≤ t+ 1.

Proposition 6.5. Lan∆≤t→∆(∗) is naturally equivalent to the functor which sends T ∈ ∆ to the nerve of

the poset P≤t+1(T ) of nonempty subsets of T of cardinality ≤ t+ 1.

Proof. In fact, for any T , there is a natural map P≤t+1(T ) → ∆≤t/T , which is a homotopy equivalence

as it is right adjoint to the functor ∆≤t/T → P≤t+1(T ) which sends S → T to image(S → T ) ⊂ T . �
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In view of the last proposition, one can also consider the following approach to the left Kan extension.

There is a standard cosimplicial simplicial set sending [n] 7→ ∆n. The functor of the proposition is equivalent

to the barycentric subdivision of the cosimplicial simplicial set [n] 7→ skt∆
n.

As in [MS16], the nerve of P≤t+1(T ), for any choice of T , is (pointwise) homotopy equivalent to a wedge

of t-spheres, and contractible if |T | ≤ t+ 1. We get from (6.2):

Proposition 6.6. The functor F • : ∆→ S∗ constructed above has the following properties:

(1) For any T , F (T ) is always a wedge of copies of St+1 and S2t+1.

(2) Restricted to ∆≤t, F • is contractible. Restricted to ∆≤2t, F • is pointwise a wedge of copies of

St+1.

6.3. Some technical lemmas. Our first goal is to understand the BKSS for G • = Σ∞−1F •. Observe

that pointwise, this cosimplicial spectrum is a wedge of copies of St and S2t by Proposition 6.6. In order to

do this, we need to understand the cosimplicial abelian group π∗(Σ
∞−1F •). We will prove the following:

Proposition 6.7. The cohomology Hs(π∗(G •)) is given by

(6.3) Hs(π∗(G
•)) '


π∗S

t s = t+ 1,

π∗S
2t s = 2(t+ 1).

In the spectral sequence, the differential dt+1 is an isomorphism.
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Figure 6.1. Bousfield-Kan spectral sequence for G •, with t = 2.
πk denotes πkS

0
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The spectral sequence is depicted in Figure 6.1. The proof of Proposition 6.7 will take work and will be

spread over two subsections. In the present subsection, our main result is that the totalization of G • (and

related cosimplicial spectra) is contractible, and we will deduce the differentials from that. The approach to

this is not computational and relies instead on ideas involving the ∞-categorical Dold-Kan correspondence

of Lurie.

We recall from [Lur09, 1.2.8.4] the cone construction, which associates to a simplicial set K, the cone

KC. If K is an ∞-category, KC is as well, and is obtained by adding a new initial object to K.

Lemma 6.8. Let K be a simplicial set and D an ∞-category with colimits. Let F : KC → D be a functor

with the property that F carries the cone point to an initial object of D. Then the natural map

lim−→
K

F |K → lim−→
KC

F

is an equivalence in D.

Proof. It suffices to show13 that the natural map

(6.4) DKC/ → DK/

is an equivalence of ∞-categories. But we have DKC/ ' D(∆0?K)/ ' (D∆0/)K/ in view of the definition of

the overcategory [Lur09, §1.2.9], where ? denotes the join of simplicial sets [Lur09, §1.2.8]. However, we

also know that the projection map D∆0/ → D is an equivalence since ∆0 → D maps to an initial object.

Therefore, we obtain that (6.4) is an equivalence, as desired. �

Lemma 6.9. Let C,D be ∞-categories and assume that D has colimits. Let F : CC → D be a functor such

that F carries the cone point to an initial object of D. Let C′ ⊂ C be a full subcategory. Then the following

are equivalent:

(1) F |C is a left Kan extension of its restriction to C′.

(2) F is a left Kan extension of its restriction to C′C.

Proof. Suppose the first condition is satisfied. Then if c ∈ C is arbitrary, the natural map

lim−→
c′→c∈C′

/c

F (c′)→ F (c)

13We are indebted to the referee for substantially simplifying our original argument here.
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is an equivalence. Now, we have an equivalence of ∞-categories (C′/c)C ' (C′C)/c, because C adds a new

initial object. Therefore, for arbitrary c ∈ C, we also get that the natural map

lim−→
c′→c∈(C′C)/c

F (c′) ' lim−→
c′→c∈(C′

/c
)C

F (c′)→ F (c)

is an equivalence, thanks to Lemma 6.8. At the cone point, the left Kan extension condition is automatic.

Thus, it follows that F is a left Kan extension of F |C′C . The converse is proved in the same way. �

Proposition 6.10. Let C be a stable ∞-category and let F : ∆≤n → C be any functor. Suppose F is a left

Kan extension of its restriction to ∆≤n−1. Then lim←−∆≤n
F is contractible.

Proof. Observe that the cone (∆≤n)C is given by the category ∆≤n+ of the finite totally ordered sets

{[i]}−1≤i≤n since [−1] is an initial object of this category. Consider the functor F̃ : ∆≤n+ ' (∆≤n)C → C

extending F that sends the cone point to the initial object (one can always make such an extension). In

order to show that lim←−∆≤n
F is contractible, it suffices to show that F̃ is a right Kan extension of F = F̃ |∆≤n .

Now, we recall a basic result of Lurie [Lur12, Lemma 1.2.4.19] (which we use for the opposite category),

a piece of the ∞-categorical version of the Dold-Kan correspondence: given any functor G : ∆≤n+ → C, G is

a right Kan extension of G|∆≤n if and only if G is a left Kan extension of G|
∆
≤n−1
+

. In our case, it follows

that to show that F̃ is a right Kan extension of F (as we would like to see), it suffices to show that F̃ is a

left Kan extension of F̃ |
∆
≤n−1
+

. But by Lemma 6.9, this follows from the fact that F̃ |∆≤n = F is a left Kan

extension of F̃ |∆≤n−1 = F |∆≤n−1 . �

6.4. The BKSS for F . The goal of this subsection is to complete the proof of Proposition 6.7. To

begin with, we analyze the BKSS for the functor Σ∞+ Lan∆≤t→∆(∗) : ∆→ Sp.

Proposition 6.11. The BKSS for the cosimplicial spectrum Σ∞+ Lan∆≤t→∆(∗) satisfies

(6.5) Es,∗2 = Hs(π∗(Σ
∞
+ Lan∆≤t→∆(∗))) =


π∗(S

0) s = 0

π∗(S
t) s = t+ 1.

The differential dt+1 is an isomorphism. (The result for t = 2 is displayed in Figure 6.2.)

Proof. Observe that Lan∆≤t→∆(∗) is, pointwise, a wedge of t-spheres, so to compute the desired

cohomology Hs(π∗(Σ
∞
+ Lan∆≤t→∆(∗))), it suffices to do this for πt. (The disjoint basepoint contributes the

π∗(S
0) for s = 0 in cohomology.) In other words, we may consider the cosimplicial HZ-module M• =

HZ∧Σ∞+ Lan∆≤t→∆(∗). Now we know that, for each n, π∗(M
n) is concentrated in degrees 0 and t, and that
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Figure 6.2. Bousfield-Kan spectral sequence for Σ∞+ Lan∆≤t→∆(∗), with t = 2.

π0(M•) is the constant cosimplicial abelian group Z. Moreover, by Proposition 6.10, Tot(M•) is contractible.

A look at the spectral sequence for Tot(M•) shows that Hs(πtM
•) must be concentrated in degree s = t+ 1

and must be a Z there. The claim about differentials also follows from contractibility of the totalization. �

Proof of Proposition 6.7. The definition (6.2) of F • and Proposition 6.11 together give the E2-

page of the spectral sequence, when one uses the long exact sequence in homotopy groups. The differentials

are forced, again, by Proposition 6.10 which implies that Tot(G •) is contractible. �

6.5. Completion of the proof. Now we need to consider the cosimplicial E∞-ring defined earlier

Y •
def
= τ≤2tX

• ' τ≤2tFreeCAlg(G •).

We recall that this is well-defined as a cosimplicial E∞-ring because G • is (pointwise) connective.

In this subsection, we will determine the relevant piece of the BKSS for Y and then complete the proof

of Theorem 6.1. We have that

Y • ' τ≤2tS
0 ∨ τ≤2tG

• ∨ τ≤2t

(
(G •)∧2

hΣ2

)
,

because, by a connectivity argument, no other terms contribute. In particular, the cohomology Hs(π∗(Y •))

picks up a copy of π∗(S
0) for s = 0 (which is mostly irrelevant). In Proposition 6.7, we determined the

BKSS for G •; in bidegrees (t+ 1, t) and (2t+ 2, 2t), this picks up copies of Z such that the first one hits the

second one with a dt+1. We will prove:

Proposition 6.12. E2t+2,2t
2 ' Z ⊕ Z/2 in the BKSS for Y •. The Z/2 is generated by the square of the

class in bidegree (t+ 1, t).

Proof. We will use the notation and results of Section 6.C. Let A• be the cosimplicial abelian group

πtG •, which is levelwise free and finitely generated. As we have seen (Proposition 6.7), Ht+1(A•) ' Z and
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the other cohomology of A• vanishes. Now, using the notation of Definition 6.C.1,

π2t(G
•∧2
hΣ2

) =


Sym2A

• t even

S̃ym2A
• t odd.

By Proposition 6.C.3, we find that the E2t+2,2t
2 term of (G •)∧2

hΣ2
is as claimed. �

We are now ready to complete the proof and determine the differential in the gl1 spectral sequence.

Using the notation of the beginning of this section, it follows that Et+1,t
t+1 ' Z and E2t+1,2t

t+1 ' Z⊕ Z/2, and

similarly for E. The dt+1 carries the Z into the other Z. By naturality of the spectral sequence, it follows

that there must exist a universal formula

(6.6) dt+1(x) = adt+1(x) + εx2, a ∈ Z, ε ∈ {0, 1}.

The main claim is that a = ε = 1. Our first goal is to compute a.

Lemma 6.13. We have an equivalence of∞-categories between the∞-category FunL(Sp≥0, Sp≥0) of cocon-

tinuous functors Sp≥0 → Sp≥0 and Sp≥0 given by evaluating at the sphere. The inverse equivalence sends a

connective spectrum Y to the functor X 7→ X ⊗ Y .

Proof. It suffices to show that evaluation at the sphere induces an equivalence of∞-categories FunL(Sp≥0, Sp) '

Sp (with inverse given as above). But the ∞-category Sp is the stabilization [Lur12, §1.4] of Sp≥0 (as one

sees easily from the fact that Σ is fully faithful on Sp≥0 and an equivalence on Sp), so that we have an equiv-

alence (by [Lur12, Corollary 1.4.4.5]) FunL(Sp, Sp) ' FunL(Sp≥0, Sp) given by restriction. But we know

that FunL(Sp, Sp) ' Sp by evaluation at the sphere spectrum, with inverse given by the smash product (see

[Lur12, §4.8.2]). �

We need the following fact about gl1.

Proposition 6.14. Let X be a connective spectrum, and let S0 ∨ X be the square-zero E∞-ring. Then

there is a natural equivalence of spectra,

gl1(S0 ∨X) ' gl1(S0) ∨X.

On homotopy groups, this equivalence is compatible with the purely algebraic equivalence πtgl1(S0∨X) '

πt(S
0 ∨X) ' πt(S0)⊕ πt(X) ' πt(gl1(S0))⊕ πt(X).
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Proof. Given the connective spectrum X, we can use the composite S0 → S0 ∨X → S0, in which the

second map sends X to 0, to get a natural splitting

gl1(S0 ∨X) ' gl1(S0) ∨ F (X),

where F : Sp≥0 → Sp≥0 is a certain functor that we want to claim is naturally isomorphic to the identity.

First, observe that F commutes with colimits. Namely, F commutes with filtered colimits (as one can check

on homotopy groups), F takes ∗ to ∗, and given a pushout square

(6.7) X1

��

// X2

��
X3

// X4,

in Sp≥0, the analogous diagram

(6.8) F (X1)

��

// F (X2)

��
F (X3) // F (X4)

is a pushout square in Sp≥0. This in turn follows by considering long exact sequences in homotopy groups.

More precisely, given the pushout square (6.7), the diagram of E∞-rings

S0 ∨X1

��

// S0 ∨X2

��
S0 ∨X3

// S0 ∨X3,

is a homotopy pullback in E∞-rings, so that applying gl1 (which is a right adjoint) leads to a pullback square

gl1(S0 ∨X1)

��

// gl1(S0 ∨X2)

��
gl1(S0 ∨X3) // gl1(S0 ∨X4),

and in particular, (6.8) is homotopy cartesian too in Sp≥0. Therefore, it is homotopy cocartesian as well if

we can show that the map

π0(gl1(S0 ∨X3))⊕ π0(gl1(S0 ∨X2))→ π0(gl1(S0 ∨X4))
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is surjective. This, however, follows from the analogous fact that π0(X3)⊕ π0(X2)→ π0(X4) is surjective as

(6.7) is a pushout.

Therefore, as both F commutes with colimits, F is necessarily of the form X 7→ X ⊗ Y for some

Y ∈ Sp≥0, by Lemma 6.13. For X = HZ, we find F (X) = HZ, so that HZ ⊗ Y is concentrated in degree

zero and is isomorphic to HZ. This forces Y ' S0 and proves the claim. �

Proof of Theorem 6.1. Proposition 6.14 implies that in the universal formula (6.6), the constant

a = 1. In fact, we know that if X• is any cosimplicial spectrum, then the cosimplicial spectra gl1(S0 ∨X•)

and gl1(S0) ∨ X• are identified in a manner compatible with the identifications of homotopy groups. In

particular, the differentials in the spectral sequence for gl1(S0∨X•) and in the spectral sequence for S0∨X•

are identified, forcing a = 1.

It remains to show that ε = 1. For this, we need an example where the two differentials do not agree.

This will be a generalization of Example 5.4. Consider the E∞-ring R of Proposition 5.5, with n = t, so

that, in particular, gl1(R) has homotopy groups in dimensions t and 2t only. Proposition 5.5 shows that the

k-invariant is nontrivial.

Consider the space X = K(F2, t + 1), and consider the Atiyah-Hirzebruch spectral sequences for the

homotopy groups of gl1(R)X and RX (these can be identified with BKSS’s by choosing simplicial resolutions

of X by points). The latter clearly degenerates because R is an Eilenberg-MacLane spectrum, but we claim

that the former does not.

More precisely, we claim that there is no map of spectra

Σ−1Σ∞K(F2, t+ 1)→ gl1(R),

inducing an isomorphism on πt. The degeneration of the AHSS would certainly imply the existence of such

a map. To see this, it is equivalent to showing that there is no map of (pointed) spaces

K(F2, t+ 1)→ BGL1(R),

with the same properties. If there existed such a map, then we could combine it with the map τ≥2t+1BGL1(R) '

K(F2, 2t+ 1)→ BGL1(R) via the infinite loop structure to obtain a map

K(F2, t+ 1)×K(F2, 2t+ 1)→ BGL1(R),

which would be an equivalence by inspection of homotopy groups. However, this contradicts Proposition 5.5,

which shows that the space BGL1(R) has a nontrivial k-invariant.
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This completes the proof of Theorem 6.1. �

7. Picard groups of real K-theory and its variants

Before we embark on the lengthy computations for the Picard groups of the various versions of topological

modular forms, let us work out in detail the case of real K-theory, as well as the Tate K-theory spectrum

KO((q)). In particular, these examples will illustrate our methodology without being computationally

cumbersome.

7.1. Real K theory. In this subsection, we compute the Picard group of KO using C2-Galois descent

from the C2-Galois extension KO → KU and the Comparison Tool 5.2.1 (but not the universal formula of

Theorem 6.1).

We begin with the basic case of complex K-theory.

Example 7.1 (Complex K-theory). The complex K theory spectrum has a very simple ring of homotopy

groups KU∗ = Z[u±1] with u in degree 2. In particular, KU is even periodic with a regular noetherian

π0, so its Picard group is algebraic by Theorem 2.21. The inner workings of Theorem 2.21 would use that

the only (homogeneous) maximal ideals of KU∗ are generated by prime numbers p; for each p, there is a

corresponding residue field spectrum, namely mod-p K-theory, also known as an extension of the Morava

K-theory of height one at the given prime. As the Picard group of KU0 = Z is trivial, and Pic(KU∗) ' Z/2,

any invertible KU -module is equivalent to either KU or ΣKU .

To compute Pic(KO), we start with this knowledge that, thanks to Example 7.1, π0pic(KU) = Pic(KU)

is Z/2. We have the spectral sequence from (3.5)

H∗(C2, π∗pic(KU))⇒ π∗(pic(KU))hC2

which will allow us to compute π0(pic(KU))hC2 ' PicKO. We note that π1pic(KU) ' (KU0)× = Z/2, and

H∗(C2,Z/2) = Z/2[x],

where x is in cohomological degree 1. The higher homotopy groups of pic(KU) coincide (as C2-modules)

with those of KU , suitably shifted by one.

Recall, moreover, that the E2-page of the HFPSS for π∗KO is given by the bigraded ring

E∗,∗2 = Z[u2, u−2, h1]/(2h1), |u2| = (4, 0), |h1| = (1, 2),
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where u2 is the square of the Bott class in π∗KU ' Z[u±1], and h1 detects in homotopy the Hopf map

η. The class h1 is in bidegree (s, t) = (1, 2), so it is drawn using Adams indexing in the (1, 1) place. The

differentials are determined by d3(u2) = h3
1 and the spectral sequence collapses at E4. For convenience, we

reproduce a picture in Figure 6.3; the interested reader can find the detailed computation of this spectral

sequence in [HS14, §5].
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Figure 6.3. Homotopy fixed point spectral sequence for π∗KO ' π∗(KUhC2)
(• denotes Z/2 and � denotes Z)

Therefore, the E2-page of the spectral sequence for (pic(KU))hC2 is as in Figure 6.4. To deduce differ-

entials, we use our Comparison Tool 5.2.1: in the homotopy fixed point spectral sequence for KU , there are

only (non-trivial) d3-differentials. By the Comparison Tool 5.2.1, we conclude that we can “import” those

differentials to the HFPSS for pic(KU) when they involve terms with t ≥ 4. In particular, we see that the

differentials drawn in Figure 6.4 are non-zero; moreover, everything that is above the drawn range and in

the s = t column either supports or is the target of a non-zero differential. Note that we are not claiming

that there are no other non-zero differentials, but these suffice for our purposes.
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Figure 6.4. Homotopy fixed point spectral sequence for pic(KU)hC2

We deduce from this that π0pic(KU)hC2 = Pic(KO) has cardinality at most eight. On the other hand,

the fact that KO is 8-periodic gives us a lower bound Z/8 on Pic(KO). Thus we get:
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Theorem 7.2 (Hopkins; Gepner-Lawson [GL]). Pic(KO) is precisely Z/8, generated by ΣKO.

Theorem 7.2 was proved originally by Hopkins (unpublished) using related techniques. The approach

via descent theory is due to Gepner-Lawson in [GL]. Their identification of the differentials in the spectral

sequence is, however, different from ours: they use an explicit knowledge of the structure of gl1(KU) with

its C2-action (which one does not have for TMF).

Remark 7.3. In view of Remark 3.8, we conclude that the relative Picard group of the C2-extension

KO → KU is π−1(gl1KU)hC2 ' Z/4.

Remark 7.4. In the usual descent spectral sequence for KO, the class
h3
1

u2 in red supports a d3. By

Theorem 6.1 and the multiplicative structure of the usual SS,
h3
1

u2 does not support a d3 in the descent SS

for Pic. We saw that above by counting: if
h3
1

u2 did not survive, the Picard group of KO would be too small.

For 2-local TMF, simple counting arguments will not suffice and we will actually need to use Theorem 6.1

as well.

Remark 7.5. We can also deduce from the spectral sequence that the cardinality of the relative Brauer

group for KO/KU , which is isomorphic to π−1(pic(KU))hC2 , is most eight. However, we do not know how

to construct necessarily non-trivial elements of this Brauer group in order to deduce a lower bound as in the

Picard group case.

7.2. KO[q],KO[[q]] and KO((q)). We now include a variant of the above example where one adds a

polynomial (resp. power series, Laurent series) generator, where we will also be able to confirm the answer

using a different argument. This example can be useful for comparison with TMF using topological q-

expansion maps. We begin by introducing the relevant E∞-rings. This subsection will not be used in the

sequel and may be safely skipped by the reader.

Definition 7.6. We write for S0[x] the suspension spectrum Σ∞+ Z≥0. Since Z≥0 is an E∞-monoid in

spaces (in fact, a commutative topological monoid), S0[x] naturally acquires the structure of an E∞-ring.

Given an E∞-ring R, we will write R[x] = R ∧ S0[x].

We can also derive several other variants:

(1) We will let R[[x]] denote the x-adic completion of R[x], so its homotopy groups look like a power

series ring over π∗R.

(2) We will let R[x±1] denote the localization R[x][1/x], so its homotopy groups are given by Laurent

polynomials in π∗R.
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(3) We will let R((x)) = R[[x]][1/x], so that its homotopy groups look like formal Laurent series over

π∗R.

On the one hand, π∗(R[x]) ' (π∗R)[x] is a polynomial ring over π∗R on a generator in degree zero. On

the other hand, as an E∞-algebra under R, the universal property of R[x] is significantly more complicated

than that of the “free” E∞-R-algebra on a generator (which is often denoted R {x}). A map R[x]→ R′, for

an E∞-R-algebra R′, is equivalent to an E∞-map

Z≥0 → Ω∞R′,

where Ω∞R′ is regarded as an E∞-space under multiplication. In general, given a class in π0R
′, there is no

reason to expect an E∞-map R[x] → R′ carrying x to it, since Z≥0 as an E∞-monoid is quite complicated.

Classes for which this is possible (together with the associated maps R[x] → R′) have been called “strictly

commutative” by Lurie.

Example 7.7. There is a map R[x] → R sending x → 1. This comes from the map of E∞-spaces Z≥0 →

∗ → Ω∞S0 where ∗ maps to the unit in Ω∞S0.

Example 7.8. There is a map R[x]→ R sending x→ 0.14

To obtain this in the universal case R = S0, we consider the adjunction

(Σ∞,Ω∞) : S∗ � Sp.

Here S∗ and Sp are symmetric monoidal with the smash product and Σ∞ is a symmetric monoidal functor.

In particular, Σ∞ carries commutative algebra objects in S∗ to E∞-ring spectra.

We start with the commutative monoid M with a single element m. Then M+ = {∗,m} ∈ S∗ is a

commutative algebra object of S∗ with respect to the smash product: in fact, it is the unit S0 as a pointed

space. Similarly, (Z≥0)+ is a commutative algebra object of S∗. Now we have equivalences of E∞-ring

spectra Σ∞(M+) ' S0 and Σ∞(Z≥0)+ ' Σ∞+ Z≥0. There is a map of commutative monoids in S∗

(Z≥0)+ →M+,

which carries 0 ∈ Z≥0 to m and everything else to ∗. After applying Σ∞, we obtain the desired map

S0[x]→ S0 of E∞-rings.

14We are grateful to the referee for suggesting this argument over our previous one.
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The map R[x] → R given in Example 7.8 has the property that it exhibits the R[x]-module R as the

cofiber R[x]/x. It follows in particular that if R′ is any E∞-R-algebra and x′ ∈ π0R
′ is a strictly commutative

element, then we can give the cofiber R′/x′ ' R′ ⊗R[x] R the structure of an E∞-R′-algebra.

Remark 7.9. Consider the sphere spectrum S0. Then no cofiber S0/n for n /∈ {±1, 0} can admit the

structure of an E∞-ring by, for example, [MNN15, Remark 4.3].15 It follows that the only element of

π0S
0 ' Z, besides 0 and 1, that can potentially be strictly commutative is −1. Now, −1 is not strictly

commutative in the K(1)-local sphere LK(1)S
0 at the prime 2 because of the operator θ of [Hop14]: we

have θ(−1) = (−1)2−(−1)
2 = 1 6= 0, while power operations such as θ annihilate strictly commutative elements.

Therefore, −1 cannot be strictly commutative in S0. (One could have applied a similar argument with power

operations to every other integer, too.) However, we observe that it is strictly commutative in S0[1/2]: the

obstruction is entirely 2-primary (Proposition 7.11 below).

Example 7.10. Let a, b ∈ π0R be strictly commutative elements for R an E∞-ring. Then ab is also strictly

commutative. If a is a unit, then a−1 is strictly commutative. This follows because there is a natural addition

on E∞-maps Z≥0 → Ω∞R.

Proposition 7.11. Let R be an E∞-ring with n invertible. Then any u ∈ π0R with un = 1 (i.e., an nth

root of unity) admits the structure of a strictly commutative element.

Proof. We consider the map of E∞-monoids Z≥0 → Z/nZ and the induced map of E∞-ring spectra

(7.1) R[x]→ R ∧ Σ∞+ Z/nZ.

Since 1
n ∈ π0R, R ∧ Σ∞+ Z/nZ is étale over R and the homotopy groups are given by π∗R[x]/(xn − 1). We

can thus produce a map of E∞-rings R∧Σ∞+ (Z/nZ)→ R sending 1 ∈ Z/nZ to u by étaleness.16 Composing

with (7.1) gives us the strictly commutative structure on u. �

Using these ideas, we will be able to give a direct computation of the Picard group of the E∞-ring

KO[[q]]. (We have renamed the power series variable to “q” in accordance with “q-expansions.”)

Proposition 7.12. The map Pic(KO)→ Pic(KO[[q]]) is an isomorphism, where q is in degree zero.

Proof. Suppose M is an invertible KO[[q]]-module such that M/qM ' M ⊗KO[[q]] KO is equivalent

to KO. We will show that then M is equivalent to KO[[q]] using Bocksteins. Specifically, consider the

15It is an unpublished result of Hopkins that no Moore spectrum can even admit the structure of an E1-algebra.
16The étale obstruction theory has been developed by a number of authors; a convenient reference for the result that we need

is [Lur12, Thm. 8.5.4.2].
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generating class in π0(M/qM) ' Z; we will lift this to a class in π0M . It will follow that the induced map

KO[[q]]→M becomes an equivalence after tensoring with KO ' KO[[q]]/q. Since M is q-adically complete,

it will follow that KO[[q]] 'M .

By induction on k, suppose that:

(1) π−1(M/qkM) = 0.

(2) π0(M/qkM)→ π0(M/qM) is a surjection.

These conditions are clearly satisfied for k = 1. If these conditions are satisfied for k, then the cofiber

sequence of KO[[q]]-modules

M/qkM →M/qk+1M →M/qM

shows that they are satisfied for k + 1. In the limit, we find that there is a map KO[[q]] → M which lifts

the generator of π0(M/qM), which proves the claim. �

Proposition 7.12 can also be proved using Galois descent, but unlike for KO, we need to use Theorem 6.1.

Second proof of Proposition 7.12. The faithful C2-Galois extension KO → KU induces upon

base-change a faithful C2-Galois extension KO[[q]]→ KU [[q]]. The Picard group of KU [[q]], again by Theo-

rem 2.21, is Z/2 generated by the suspension. Consider now the descent spectral sequence for (pic(KU [[q]]))hC2 ,

which is a modification of the descent spectral sequence for KUhC2 in Figure 6.4. One difference is that

every term with t ≥ 2 is replaced by its tensor product over Z with Z[[q]]; the other is that the t = 1 line

now contains the C2-cohomology of the units in π0KU [[q]], which is a bigger module than (π0KU)× = Z/2.

Namely, these units are Z/2⊕qZ[[q]], with trivial C2-action. The resulting E2-page is displayed in Figure 6.5.

�4 �2 0 2 4 6 8

0

2

4

6

⌅ ⌅

1

Figure 6.5. Homotopy fixed point spectral sequence for pic(KU [[q]])hC2

• denotes Z/2, • denotes Z/2[[q]], and � denotes Z[[q]]
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Since the d3 is the only differential in the ordinary HFPSS for π∗KO[[q]], as before, it follows that the

only contributions to Pic(KO[[q]]) can come from the Z/2 with t = s = 0 (the suspension), the Z/2 with

(s, t) = (1, 1) (i.e. the algebraic Picard group), and the Z/2[[q]] in bi-degree (s, t) = (3, 3).

But here, E3,3
2 = Z/2[[q]]

h3
1

u2 is infinite, so unlike previously, we do not get the automatic upper bound

of eight on |Pic(KO[[q]])|. On the other hand, we can use Theorem 6.1 to determine the d3 supported here.

Note that in the HFPSS for (KU [[q]])hC2 , we have

d3

(
f(q)

h3
1

u2

)
= f(q)

h6
1

u4
, f(q) ∈ Z/2[[q]].

Therefore, in view of (6.1), in the HFPSS for pic(KU [[q]])hC2 , we have

d3

(
f(q)

h3
1

u2

)
=
(
f(q) + f(q)2

) h6
1

u4
.

(Note that a crucial point here is that in the HFPSS for KO, squaring or applying d3 to
h3
1

u2 yields the same

result.) It follows from this that in the HFPSS, the kernel of d3 on E3,3
2 is Z/2 generated by 1

h3
1

u2 : the

equation f(q) + f(q)2 = 0 has only the solutions f(q) ≡ 0, 1. Therefore, we do get an upper bound of eight

on the cardinality of Pic(KO[[q]]) after all, as nothing else in E3,3
2 lives to E4. �

Corollary 7.13. The maps KO → KO[q], KO → KO((q)) induce isomorphisms on Picard groups.

Proof. This result is not a corollary of Proposition 7.12 but rather of its second proof. In fact, the

same argument shows that d3 has a Z/2 as kernel on the relevant term E3,3
2 , which gives an upper bound of

cardinality eight on the Picard group of KO[q] or KO((q)) as before. �

Remark 7.14. Corollary 7.13 cannot be proved using the Bockstein spectral sequence argument used in the

first proof of Proposition 7.12. However, a knowledge of the Picard group of KO[[q]] can be used to describe

enough of the C2-descent spectral sequence to make it possible to prove Corollary 7.13 without the explicit

formula (6.1). We leave this to the reader.

8. Picard groups of topological modular forms

In the rest of the paper we proceed to use descent to compute the Picard groups of various versions of

topological modular forms. We will analyze the following descent-theoretic situations:

• The Galois extension TMF [1/2] → TMF (2), with structure group GL2(Z/2), also known as the

symmetric group on three letters.

• The Galois extension TMF [1/3] → TMF (3), with structure group GL2(Z/3); this is a group of

order 48, which is a nontrivial extension of the binary tetrahedral group and C2.
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• Étale descent from the (derived) moduli stack of elliptic curves or its compactification.

In each of these cases, we will start with the knowledge of the original descent spectral sequence, com-

puting the homotopy groups of the global sections or homotopy fixed point spectrum. This information plus

some additional computation of the differing cohomology groups will provide the data for the E2-page of

the descent spectral sequence for the Picard spectrum. The additional computations are somewhat lengthy,

hence we are including them separately in the Appendix.

8.1. The Picard group of TMF [1/2]. When 2 is inverted, the moduli stack of elliptic curves Mell

has a GL2(Z/2)-Galois cover by Mell(2), the moduli stack of elliptic curves with full level 2 structure.

This remains the case for the derived versions of these stacks, and on global sections gives a faithful Galois

extension TMF [1/2] → TMF (2) by [MM15, Theorem 7.6]. The extension is useful for the purposes of

descent as the homotopy groups of TMF (2) are cohomologically very simple.

To be precise, we have that

TMF (2)∗ = Z[1/2][λ±1
1 , λ±1

2 ][(λ1 − λ2)−1],

where the (topological) degree of each λi is four. To see this, one can use the presentation of the moduli stack

Mell(2) from [Sto12, §7]. There it is computed that Mell(2) is equivalent to (the stacky) ProjZ[1/2][λ1, λ2].

Moreover, the substack classifying smooth curves, i.e.,Mell(2), is the locus of non-vanishing of λ2
1λ

2
2(λ1−λ2)2.

More precisely, Mell(2), as a stack, is the Gm-quotient of the ring Z[1/2][λ1, λ2, (λ
2
1λ

2
2(λ1 − λ2))−1], where

the Gm-action is as follows: a unit u acts as λi 7→ u2λi for i = 1, 2, so that it is an open substack of a

weighted projective stack.

In particular, TMF (2)∗ has a unit in degree 4, and is zero in degrees not divisible by 4. It will be

helpful to write TMF (2)∗ differently, so as to reflect this periodicity more explicitly; for example, we have

that TMF (2)∗ = TMF (2)0[λ±1
2 ], and

TMF (2)0 = Z[1/2][s±1, (s− 1)−1],(8.1)

where s = λ1

λ2
. Therefore, Corollary 2.22 applies to give the following conclusion.

Lemma 8.1. The Picard group of TMF (2) is Z/4, generated by the suspension ΣTMF (2).

Remark 8.2. The proof of Corollary 2.22 relies on the construction of “residue field” spectra; let us specify

what they are in the case at hand. The maximal ideals in TMF (2)0 are m = (p, f(s)), where p is an odd

prime and f(s) a monic polynomial irreducible modulo p (and not congruent mod p to s, s− 1). For each of

these ideals, we have an associative ring spectrum (the “residue field”) with homotopy groups TMF (2)∗/m
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by [Ang08]; denote it temporarily by TMF (2)/m. After extending scalars so that f splits, we get that

TMF (2)/m is a product of (extensions of) mod p Morava K-theory spectra at height one or two, one for

each zero of f . By [Sil86, V.4.1], the factor associated to the zero a of f has height two precisely when

(p−1)/2∑
i=0

(
(p− 1)/2

i

)
ai

is zero modulo p.

Next we use descent from TMF (2) to TMF [1/2] to obtain the following result.

Theorem 8.3. The Picard group of TMF [1/2] is Z/72, generated by the suspension ΣTMF [1/2]. In

particular, this Picard group is algebraic.

Proof. We use the homotopy fixed point spectral sequence (3.5)

Hs(GL2(Z/2), πtpic(TMF (2)))⇒ πt−spic(TMF (2))hGL2(Z/2).(8.2)

To begin with, note that the homotopy groups πtpic(TMF (2)) for t ≥ 2 are isomorphic to πt−1TMF (2) as

GL2(Z/2)-modules. This tells us that the t ≥ 2 part of the E2-page of the HFPSS (8.2) for pic(TMF (2)) is

a shifted version of the corresponding part for TMF (2).

The latter is immediately obtained from the analogous computation for Tmf(2) in [Sto12] (depicted in

Figure 2 of loc. cit.), as we now describe. Recall that TMF (2) ' Tmf(2)[∆−1]; the non-negative homotopy

groups π≥0Tmf(2) are the graded polynomial ring Λ = Z[1/2][λ1, λ2] [Sto12, Proposition 8.1], and the class

∆ ∈ π24Tmf(2) is

∆ = 16λ2
1λ

2
2(λ2 − λ1)2

by [Sto12, Proposition 10.3]. Now, by [Sto12, Prop. 10.8] we have that

H∗
(
GL2(Z/2), π∗TMF (2)

)
= H∗

(
GL2(Z/2),Λ

)
[∆−1].

In particular, the invariants H0
(
GL2(Z/2),Λ

)
[∆−1] are the ring of ∆-inverted modular forms

Z[1/2][c4, c6,∆
±1]/(123∆− c34 + c26).

The higher cohomology H>0
(
GL2(Z/2),Λ

)
is computed in [Sto12, §10.1], and in particular is killed by c4

and c6. Consequently,

H>0
(
GL2(Z/2), π≥0TMF (2)

)
= H>0

(
GL2(Z/2),Λ

)
= H>0(GL2(Z/2), π≥0Tmf(2)).
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Let us recall (the names of) certain interesting classes in these cohomology groups:

(1) There is a in H1(GL2(Z/2), π4TMF (2)) = Z/3, hence in H1
(
GL2(Z/2), π5pic(TMF (2))

)
(so, a is

in bidegree (s, t) = (1, 5) in the Picard HFPSS, and depicted in position (s, t− s) = (1, 4) using the

Adams convention). In homotopy, this element detects the Greek letter element α1 in the Hurewicz

image in TMF [1/2].

(2) There is b in H2
(
GL2(Z/2), π13pic(TMF (2))

)
= Z/3 (b is in bidegree (2, 13) or position (2, 11));

in homotopy it detects β1.

Then, H>0
(
GL2(Z/2), TMF (2)∗

)
is precisely the ideal of Z/3[a, b][∆±1]/(a2) of positive cohomological

degree. For example

H5
(
GL2(Z/2), π5pic(TMF (2))

)
= H5

(
GL2(Z/2), π4TMF (2)

)
= Z/3,

generated by ab2∆−1. We see this class depicted red below in Figure 6.7.

Next, we turn to the information which is new for the Picard HFPSS, i.e., the group cohomology of π0

and π1 of the spectrum pic(TMF (2)). By Lemma 8.1, we know that the zeroth homotopy group is Z/4,

and since it is generated by the suspension ΣTMF (2), the action of GL2(Z/2) on this Z/4 is trivial. Even

though for our purposes only the invariants H0
(
GL2(Z/2), π0pic(TMF (2))

)
are necessary, we can in fact

compute all the cohomology groups. This is done in Lemma 6.A.1 of Section 6.A.

The last piece of data needed for the determination of the E2-page of the Picard HFPSS is the group

cohomology with coefficients in π1pic(TMF (2)) = (π0TMF (2))×. This is done in Proposition 6.A.2. The

range s ≤ 15 and −6 ≤ t− s ≤ 7 of spectral sequence is depicted in Figure 6.7. Note that in this range, the

t− s = 0 column has three non-zero entries: there is a Z/4 for s = 0, Z/6 for s = 1, and Z/3 for s = 5.

Now we are ready to study the differentials in the HFPSS for pic(TMF (2))hGL2(Z/2). Comparison with

the HFPSS for the GL2(Z/2)-action on TMF (2) gives a number of differentials, using our Comparison

Tool 5.2.1. To distinguish between the differentials in the two spectral sequences, let us denote by dor those

in the HFPSS of TMF (2). The superscript o stands for “original.”

Recall that in the HFPSS for TMF (2), there are non-zero do5 and do9 differentials, which are obtained, for

example, by a comparison with the HFPSS for Tmf(2) which is fully determined in [Sto12]. In particular,

in the HFPSS for TMF (2), the first differential is do5(∆) = ab2, and the rest of the do5’s are determined by

multiplicativity and the fact that a and b are permanent cycles. In particular, we have

do5

(
b5

∆2

)
=
ab7

∆3
, do5

(
b3

∆

)
= −ab

5

∆2
.(8.3)
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Figure 6.6. Homotopy fixed point spectral sequence for (pic(TMF (2)))hGL2(Z/2)

Figure 6.7. *
(� denotes Z, • denotes Z/2, and × denotes Z/3)

Next (and last) is do9; we have that do9(a∆2) = b5. Consequently, we also have

do9

(
ab2

∆

)
=

b7

∆3
.(8.4)

Let us now see which of these differentials also occur in the HFPSS for pic(TMF (2)); according to

Comparison Tool 5.2.1, the d5-differentials are imported in the range t > 5, and the d9-differentials in the

t > 9 range. In particular, the differentials in (8.3) are the same in the Picard HFPSS; these are the two

differentials drawn in Figure 6.7. Moreover, everything in the zero column and above the depicted region,

i.e., such that s = t > 16, either supports a differential or is killed by one which originates in the t > 9 range.

Hence, everything above the depicted region is killed in the spectral sequence and nothing survives to the

E∞-page.

Note, however, that we cannot (and should not attempt to) import the differential (8.4); this would be

a d9-differential with t = 5, so it does not satisfy the hypothesis of Comparison Tool 5.2.1.

Let us analyze the potentially remaining contributions to π0pic(TMF (2))GL2(Z/2); regardless of what

the rest of the differentials could possibly be, we have:

• a group of order at most 4 (and dividing 4) in position (0, 0),

• a group of order at most 6 (and dividing 6) in position (0, 1), and
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• a group of order at most 3 (and dividing 3) in position (0, 5).

Therefore Pic(TMF [1/2]) = π0pic(TMF (2))GL2(Z/2) has order at most 4×6×3 = 72, and dividing 72. This

is an upper bound. But we also have a well-known lower bound: the suspension ΣTMF [1/2] generates a

nontrivial element of Pic(TMF [1/2]) of order 72 because TMF [1/2] is 72-periodic. Thus we have proven

the result. �

Remark 8.4. Our computations give an independent proof of the result of Fulton-Olsson [FO10] that the

Picard group of the classical moduli stack of elliptic curves Mell over Z[1/2] is Z/12. (Fulton-Olsson carry

out the analysis over any base, though.) This is a toy analog of the above analysis, as we now see.

The Picard groupoid of the moduli stackMell[1/2] is the homotopy fixed points of the GL2(Z/2)-action

on the Picard groupoid of Mell(2). Now the Picard group of Mell(2) is Z/2, as Mell(2) is an open subset

in a weighted projective stack over a UFD, so that quasi-coherent sheaves on Mell(2) correspond simply to

graded modules over Z[1/2, λ1, λ2, (λ
2
1λ

2
2(λ1 − λ2))−1] and the only nontrivial invertible object is the shift

by one of the unit. Note that this is the algebraic setting: the generator of Pic(Mell(2)) would correspond

to the two-fold suspension of TMF (2).

Next, in the HFPSS for computing Pic(Mell[1/2]), we see by the above computation of

H1
(
GL2(Z/2),Γ(Mell(2),O×)

)
that one gets a contribution of order 6. Together with Pic(Mell(2)) = Z/2 from the previous paragraph, we

get that |Pic(Mell[1/2])| ≤ 12, but we know that ω has order twelve, so we are done.

8.2. The Picard group of TMF [1/3]. This section will be similar to Section 8.1, but with more

complicated computations as is to be expected from 2-torsion. In this case we will use the GL2(Z/3)-Galois

extension TMF [1/3]→ TMF (3), coming from the Galois cover Mell(3)→Mell[1/3] of the moduli stack of

elliptic curves with 3 inverted by the moduli stack of elliptic curves equipped with a full level 3-structure.

From [Sto14, §4.2], we can immediately compute the homotopy groups of TMF (3): the moduli stack

Mell(3) is affine, and is given as the locus of non-vanishing of

∆ = 3−5ζ(1− ζ)γ3
1γ

3
2(γ1 + ζγ2)3(γ2 − ζγ1)3

in the compact moduli stack Mell(3) = ProjZ[1/3, ζ][γ1, γ2]. Here γi are variables in (topological) degree 2,

and ζ is a primitive third root of unity, whose appearance is due to the fact that the Weil pairing on the
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3-torsion points of an elliptic curve equips Mell(3) with a map to SpecZ[1/3, ζ].17 Hence the descent spectral

sequence computing TMF (3)∗ collapses to give

TMF (3)∗ = Z[1/3, ζ][γ±1
1 , γ±1

2 ][(γ1 + ζγ2)−1, (γ2 − ζγ1)−1].

Written differently, we have that TMF (3)∗ = TMF (3)0[γ±1
2 ], and

TMF (3)0 = Z[1/3, ζ][t±1, (1− ζt)−1, (1 + ζ2t)−1],(8.5)

for t = γ1
γ2

. In particular TMF (3)0 is regular noetherian, and TMF (3) is even periodic. Thus, Theorem 2.21

(together with the fact that the ring Z[ζ, t] and hence any of its localizations has unique factorization) implies

the following conclusion.

Lemma 8.5. The Picard group Pic(TMF (3)) is Z/2, generated by ΣTMF (3).

Naturally, we will use this lemma as an input in computing the HFPSS for the associated Picard spectra.

Theorem 8.6. The Picard group of TMF [1/3] is Z/192, generated by the suspension ΣTMF [1/3]. In

particular, this Picard group is algebraic.

Proof. As is to be expected, we use the HFPSS Equation (3.5)

Hs(GL2(Z/3), πtpic(TMF (3)))⇒ πt−spic(TMF (3))hGL2(Z/3).(8.6)

The homotopy groups πt(pic(TMF (3))) for t ≥ 2 are isomorphic to πt−1TMF (3) as GL2(Z/3)-modules,

hence the t ≥ 2 part of the E2-page of the HFPSS for pic(TMF (3)) is same as the corresponding part in the

HFPSS for TMF (3). We will use the fact that TMF (3) ' Tmf(3)[∆−1] to identify this part of the spectral

sequence for TMF (3) and therefore for pic(TMF (3)).

The E2-page of the HFPSS computing the homotopy groups of Tmf 2̂ as (Tmf(3)2̂)hGL2(Z/3) is computed

in [Sto14], and depicted in Figure 9 of loc. cit. Since we are working with 3 inverted, and 2 and 3 are the

only primes dividing the order of GL2(Z/3), we conclude that

H>0(GL2(Z/3), π∗Tmf(3)) = H>0(GL2(Z/3), π∗Tmf(3)2̂).

The invariants H0(GL2(Z/3), π≥0Tmf(3)) are the ring of modular forms Z[1/3][c4, c6,∆]/(123∆− c34 + c26).

17The map is given by the usual Weil pairing on the locus of smooth curves; for what it does at the cusps, see for example

[DR73, IV.3.21].
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Let Γ denote the graded ring Z[1/3, ζ][γ1, γ2]. As in the case of level 2-structures, we have that

H∗(GL2(Z/3), π∗TMF (3)) = H∗(GL2(Z/3),Γ)[∆−1].

In the group cohomology of Γ, computed and depicted in Figure 7 of [Sto14], there are a number of interesting

torsion classes, including:

(1) h1 in bidegree (s, t) = (1, 2), depicted in position (s, t − s) = (1, 1), which detects (the Hurewicz

image of) the Hopf map η in homotopy.

(2) h2 in position (1, 3), which detects (the Hurewicz image of) the Hopf map ν.

(3) d in position (2, 14), which detects in homotopy the class known as κ.

(4) g in position (4, 20), which detects in homotopy the class κ̄.

(5) c in position (2, 8), which detects in homotopy the class ε.

The homotopy elements detected by these classes satisfy some relations; for example,

η3 = 4ν, κν2 = 4κ̄.

Let us also name one of the less famous elements in the descent spectral sequence for tmf(2), which also

appears in the HFPSS for TMF [1/3]. Namely, there is a Z/2 in position (1, 5); we will denote the generating

class by the generic name x (in [Bau08] it bears the name a2
1h1).

All torsion classes with the exception of (powers of) h1 are annihilated by c4 and c6. In the Picard

spectral sequence, all of these classes appear shifted by one to the right; we have labeled some such classes

in Figure 6.16. A “zoomed in” portion of the Picard spectral sequence is depicted in Figure 6.13. There,

and in all of the related spectral sequences, lines of slope 1 denote h1-multiplication, and lines of slope 1/3

denote h2-multiplication.

A “zoomed out” portion of the Picard HFPSS (8.6) is depicted in Figure 6.10; the elements that are to

the right of the t = 2 line are, of course, a shift of the corresponding elements in the spectral sequence for

TMF [1/3]. However, to avoid cluttering the picture, a family of classes is not shown. The family consists

precisely of the h1-power multiples of non-torsion classes. An exception is made for the elements depicted

in green, namely h3
1
c4c6
∆ and h6

1
c24
∆ , as well as the tower supported on 1, which do belong to this family, but

are nonetheless depicted. In the “zoomed in” Figure 6.16 this family is also not shown.

More specifically, the non-torsion subring of the E2-page of the TMF [1/3]-spectral sequence is precisely

the part in cohomological degree 0 and consists of the ring of modular forms MF∗[1/3] = Z[1/3][c4, c6,∆
±1]/(123∆−

c34 + c26). On the E2-page, these support infinite h1-multiples, i.e., MF∗[1/3][h1]/(2h1) is a subring of the
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Figure 6.8. Homotopy fixed point spectral sequence for pic(TMF (3))hGL2(Z/3)

Figure 6.9. *
“Zoomed out” version with some h1-omissions

Figure 6.10. *
(� denotes Z, • denotes Z/2, • denotes Z/2[j], and × denotes Z/3)

E2-page. Note that in degree zero, MF0[1/3] = Z[1/3, j], where j =
c34
∆ is the classical j-invariant. What

we have omitted drawing in Figure 6.10 and 6.16 are all of the elements coming from this subring, with
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the exception of the mentioned classes. For comparison, these elements are drawn in the smaller-range

Figure 6.13.
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Figure 6.11. Homotopy fixed point spectral sequence for pic(TMF (3))hGL2(Z/3)

Figure 6.12. *
“Zoomed in” version without omissions

Figure 6.13. *
(� denotes Z, • denotes Z/2, • denotes Z/2[j], and × denotes Z/3)
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Remark 8.7. The two classes h3
1
c4c6
∆ and h6

1
c24
∆ , which we have depicted in green, do not appear in the

spectral sequence for Tmf [1/3], since they involve a negative power of ∆. Another difference between the

Tmf and TMF situation is that in the E2-page of the latter, there are infinite groups, isomorphic to Z/2[j]

and generated by h1, h2
1, h3

1, etc., in positions (1, 1), (2, 2), (3, 3), etc. Moreover, the element x in position

(1, 5) also generates an infinite Z/2[j], as do all of its h1-multiples.

Note that in the range that we are considering (namely, t > 1), the HFPSS for the GL2(Z/3)-action on

Tmf(3) coincides with the descent spectral sequence for Tmf [1/3] as the sections of Otop over Mell[1/3], and

the differentials in the latter have been fully determined in Johan Konter’s master thesis [Kon]. Of course,

these differentials really come from the connective tmf , whose descent spectral sequence is fully computed

in [Bau08]. In these spectral sequences, do3 is the first non-trivial differential, followed by do5, d
o
7, d

o
9 . . . d

o
23.

In particular, we have the following differentials [Bau08, Sec. 8]:

(8.7)

do3(c6) = c4h
3
1 do3(x) = h4

1

do5(∆) = gh2 do7(4∆) = gh3
1

do9(∆2h1) = g2c do11(d∆2) = g3h1,

and a number of others.

Let us see now which of these differentials we can import using our Comparison Tool 5.2.1. In the

TMF [1/3] spectral sequence, we have that do3(h3
1
c4c6
∆ ) = h6

1
c24
∆ ; in the Picard SS, the element corresponding

to h3
1
c4c6
∆ has t = 3, thus we cannot import this differential. We deal with this class later, i.e., in the next

paragraph. However, all the other classes which are on the s = t column and are h1-power multiples of

non-torsion classes, i.e., members of the family which we have not drawn in Figure 6.10, are well within the

t > 3 range, so that we can indeed conclude by Comparison Tool 5.2.1 that they either support a differential

or are killed by one. For example, the h1-multiple of the differential just discussed does happen, i.e., in the

Picard SS we have d3(h4
1
c4c6
∆ ) = h7

1
c24
∆ . In particular, we need not worry about these omitted classes any

more.

Now we turn to the question of whether any differentials are supported on the (s, t− s) = (3, 0) position

in the HFPSS for pic(TMF (3))hGL2(Z/3). For this purpose we use the universal formula (6.1) of Theorem 6.1,

just as we did in the second proof of Proposition 7.12. We have that E3,3
2 of the Picard spectrum HFPSS is

Z/2[j] generated by h3
1
c4c6
∆ ; the corresponding element in the original HFPSS has

do3

(
h3

1

c4c6
∆

)
= h6

1

c24
∆
.
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Now we have that (
h3

1

c4c6
∆

)2

= h6
1

c24c
2
6

∆2
= (j − 123)h6

1

c24
∆

= jh6
1

c24
∆
,
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using the fact that 123∆ = c34 − c26 and that by definition, j =
c34
∆ . Therefore, we conclude by (6.1) that in

the Picard HFPSS, the differential d3 : E3,3
3 → E6,5

3 is given by

d3

(
f(j)h3

1

c4c6
∆

)
= (f(j) + jf(j)2)h6

1

c24
∆
,

where
(
f(j)h3

1
c4c6
∆

)
is an arbitrary element of E3,3

3 . However, (f(j) + jf(j)2) in Z/2[j] is zero only if f(j)

is zero, hence this d3 is injective and has trivial kernel. (Note this is an interesting difference between the

present situation and the one in Proposition 7.12.) Consequently, E3,3
4 is zero.

Further use of Comparison Tool 5.2.1 determines that all the differentials we have drawn in blue in

Figures 6.10 to 6.16 are non-zero. Note that of the classes in the s = t column, i.e., the one which contributes

to the Picard group of TMF [1/3], everything with s ≥ 8 is killed. However, h2
g
∆ , generating a Z/4 in s = 5,

and h3
1
g
∆ generating a Z/2 in s = 7, remain. In the original spectral sequence, the first one of these supported

a do5 and a do13, and the second supported a do23.

Next we need to determine the rest of the spectral sequence, i.e., the part which involves π0 and π1

of the Picard spectrum of TMF (3). Detailed computations for this are deferred to Section 6.B. The piece

in which we are most interested is H1(GL2(Z/3), π1pic(TMF (3))), a cyclic group of order 12 according to

Proposition 6.B.1; we have also determined H∗(GL2(Z/3), π0pic(TMF (3))) in Proposition 6.B.2 using a

more general result of Quillen’s.

At this point we are ready to make conclusions about the Picard group of TMF [1/3]: in the t = s

vertical line of the HFPSS, i.e., the one that abuts to π0pic(TMF [1/3]) = Pic(TMF [1/3]), nothing above

the s = 7 line survives the spectral sequence. The following might survive:

• at most a group of order 2 in position (0, 0),

• at most a group of order 12 in (1, 0),

• at most a group of order 4 in (5, 0), and

• at most a group of order 2 in (7, 0).

The upshot is that we get an upper bound of 2 × 12 × 4 × 2 = 192 on the order of the Picard group. But

TMF [1/3] is 192-periodic, so this upper bound must also be a lower bound. In conclusion,

Pic(TMF [1/3]) = Z/192

as claimed, generated by ΣTMF [1/3]. �

Remark 8.8. As in Remark 8.4, we can use some of our computations to reprove Fulton-Olsson’s [FO10]

result that the moduli stack of elliptic curvesMell[1/3] also has a Picard group Z/12. Namely, we start with
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the knowledge that Pic(Mell(3)) is trivial, as Mell(3) is the prime spectrum of a UFD. Then, we consider

the Picard HFPSS for the algebraic stack Mell[1/3], which must collapse. The only contribution towards

the Picard group is

H1
(
GL2(Z/3),Γ(Mell(3),O×)

)
,

which we saw by Proposition 6.B.1 has order 12. But ω has order 12, hence Pic(Mell[1/3]) is cyclic of order

12.

8.3. Calculation of Pic(TMF). In this section we will compute the Picard group of the integral peri-

odic version of topological modular forms TMF . The result, as stated in the introduction, is:

Theorem A. The Picard group of integral TMF is Z/576, generated by ΣTMF .

Proof. There is no nontrivial Galois extension of the integral TMF by [Mat14a, Theorem 10.1], but

we can use étale descent, as TMF is obtained as the global sections of the sheaf Otop of even-periodic E∞-

rings on the moduli stack of elliptic curves. Namely, we can use Theorem 3.5 because the map Mell →MFG

is known to be affine. The spectral sequence is

Hs(Mell, πtpicOtop)⇒ πt−sΓ(picOtop),

and we are interested in π0. Using Theorem 3.5, the E2-page of this spectral sequence is given by (for

t− s ≥ 0)

Es,t2 =



Z/2 t = s = 0

Hs(Mell,O×Mell
) t = 1

Hs(Mell, ω
(t−1)/2) t ≥ 3, odd

0 otherwise.

Over a field k of characteristic 6= 2, 3, Mumford [Mum65] showed that

H1((Mell)k,O×Mell
) ' Z/12,

i.e., the Picard group of the moduli stack is Z/12, generated by the line bundle ω that assigns to an elliptic

curve the dual of its Lie algebra. This result is also true over Z by the work of Fulton-Olsson [FO10].

However, using descent we can reprove that result. Namely, in Remarks 8.4 and 8.8 we saw that the Picard

groups of both Mell[1/2] and Mell[1/3] are Z/12, both generated by ω. Cover the integral stack Mell by

these two; their intersection is Mell[1/6], which is the weighted projective stack ProjZ[1/6][c4, c6] (with c4
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and c6 in degrees18 4 and 6 respectively), and which therefore has Picard group Z/12 also generated by ω.

The descent spectral sequence for pic associated to this cover gives the result.

Because Mell[1/6] has no higher cohomology, the groups Hs(Mell, ω
(t−1)/2), when s > 0, are given as

the direct sum of the corresponding cohomology groups of Mell[1/2] and Mell[1/3]. These groups, in turn,

are isomorphic to

Hs(GL2(Z/p), πt−1TMF (p)) = Hs(GL2(Z/p), H0(Mell(p), ω
(t−1)/2)),

where p is 2 or 3, as the map Mell(p) → Mell[1/p] is Galois, and Mell(p) has no higher cohomology. We

computed these groups in the previous examples.

The machinery of Section 5 now allows us to compare this Picard descent spectral sequence to the

one which computes the homotopy groups of TMF . From Corollary 5.6 and an analogue of Comparison

Tool 5.2.1, we conclude that the differentials involving 3-torsion classes wipe out everything above the s = 5

line, and those involving 2-torsion classes wipe out everything above the s = 7 line. These differentials are

identical to what happens in the homotopy fixed point spectral sequences in the previous two examples. We

conclude that the following are the only groups that can survive:

• at most a group of order 2 in (t− s, s) = (0, 0),

• at most a group of order 12 in (0, 1),

• at most a group of order 12 in (0, 5), and

• at most a group of order 2 in (0, 7).

This gives us an upper bound 2632 = 576 on the cardinality of π0, which is exactly the periodicity of TMF .

The spectral sequence is depicted in Figure 6.19. �

8.4. Calculation of Pic(Tmf). We will now prove the following result stated in the introduction.

Theorem B. The Picard group of Tmf is Z ⊕ Z/24, generated by ΣTmf and a certain 24-torsion

invertible module.

Note that while Tmf [1/n], for n = 2, 3, can be described as the homotopy fixed point spectrum

Tmf(n)hGL2(Z/n) just as in the periodic case, the extension Tmf [1/n]→ Tmf(n) is not Galois, and there-

fore we cannot use Galois descent to compute the Picard group. However, we can use Theorem 3.5 for the

compactified moduli stack Mell.

First, we need a lemma.

18These are the algebraic degrees, which get doubled in topology.

221



�4 �2 0 2 4 6

0

2

4

6

8

10

12

14

16

18

?

?

?

?

⇥

?

?

?

?

h3
1
c4c6
�

h6
1
c24
�

h1

h2
x

x g
�

h1
g
�

h2
g
�

c g2

�2

d g3

�3

dh1
g4

�4

⇥
a

⇥ ab2

�

⇥

⇥

⇥

⇥

⇥

⇥

1

Figure 6.17. Descent spectral sequence for Γ(picOtop) on Mell

Figure 6.18. *
with some h1-omissions as in Figure 6.10

Figure 6.19. *
(� denotes Z, • denotes Z/2, • denotes Z/2[j], and × denotes Z/3)

Lemma 8.9. Let L be the line bundle on Mell obtained by gluing the trivial line bundles on Mell =

Mell[∆
−1] and Mell[c

−1
4 ] via the clutching function j. Then L ' ω−12.

222



Proof. To give a section of L ⊗ ω12 over Mell is equivalent to giving sections s1 ∈ Γ(Mell, ω
12) and

s2 ∈ Γ(Mell[c
−1
4 ], ω12) such that (js1)|Mell[c

−1
4 ] = (s2)|Mell[c

−1
4 ]. We take s1 = ∆ and s2 = c34, and we get a

nowhere vanishing section of L ⊗ ω12. �

Proof of Theorem B. The relevant part of the Picard descent spectral sequence is similar to that of

TMF , with the following exceptions: the algebraic part H1(Mell,O×) is now Z generated by ω, according

to Fulton-Olsson [FO10], and all the torsion groups are now finite, i.e., there are no Z/2[j]’s appearing. In

particular, E3,3
2 is zero, and we have

• at most a group of order 2 in (t− s, s) = (0, 0),

• a sub-quotient of Z in (0, 1),

• at most a group of order 12 in (0, 5), and

• at most a group of order 2 in (0, 7),

as potential contributions to the s = t line of the E∞-page. The depiction is in Figure 6.21.

Note that the Z/2 in (0, 0), which corresponds to a single suspension of the even-periodic spectra that

Tmf is built from, is represented by ΣTmf in the Picard group of Tmf . Similarly, the element 1 ∈ Z =

E0,1
2 = Pic(Mell) corresponds to the line bundle ω, which topologically is represented by Σ2Tmf . Thus these

groups survive to the E∞-page and are related by an extension. The rest of the E∞-filtration now tells us

that Pic(Tmf) sits in an extension

0→ A→ Pic(Tmf)→ Z→ 0,

where A is a finite group of order at most 24.

We claim that A = Z/24 and therefore Pic(Tmf) = Z ⊕ Z/24. To see this, we will construct a line

bundle I such that I⊗24 ' Otop, but no lower power of I is equivalent to Otop.

In order to proceed with the construction, we make the preliminary observation that the modular function

j =
c34
∆ is a homotopy class in π0TMF [c−1

4 ], i.e. it survives the descent spectral sequence

H∗(Mell[∆
−1, c−1

4 ], ω∗) ∼= H∗(Mell, ω
∗)[c−1

4 ]⇒ π∗TMF [c−1
4 ].

In fact, it is an invertible element of π0TMF [c−1
4 ]. We reason as follows. The torsion in the E2-page consists

only of h1-towers supported on the non-torsion classes, since all other torsion classes in H∗(Mell, ω
∗) are

annihilated by c4. Therefore, when c4 is inverted only d3-differentials can be non-zero, and they wipe out

everything above the line s = 3. As ∆ and c4 do not support any of those differentials, j is a permanent

cycle, as is j−1.
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Construction 8.10. Consider the cover of Mell by Mell[∆
−1] =Mell and Mell[c

−1
4 ] which fit in the pushout

diagram

Mell[∆
−1, c−1

4 ] //

��

Mell[∆
−1]

��
Mell[c

−1
4 ] // Mell.

Let J be the line bundle on the derived moduli stack Mell = (Mell,Otop) obtained by gluing Otop on

Mell[∆
−1] and Otop on Mell[c

−1
4 ] using the clutching function j =

c34
∆ on Mell[∆

−1, c−1
4 ].

We claim that J is not a suspension of Otop, and that I = Σ24J is an element of the Picard group of

order 24.

To see the first assertion, note that by Lemma 8.9, π0J is ω−12, so if J is a suspension of Otop, it ought

to be Σ−24Otop. However, Σ−24Otop restricted to Mell[∆
−1] is Σ−24Otop|Mell[∆

−1], whereas J restricts to

Otop|Mell[∆
−1].

This argument can be repeated with any power J⊗m such that m is not divisible by 24. In this case,

π0J⊗m is ω−12m, so if J⊗m were a suspension of Otop, it would be the (−24)m-th suspension. At the same

time, J⊗m restricts to

(Otop)⊗m|Mell[∆
−1] = Otop|Mell[∆

−1]

upon inverting ∆. If J⊗m were a suspension, therefore, one would have that Σ−24mOtop|Mell[∆
−1] '

Otop|Mell[∆
−1]. By Theorem A, this holds if and only if m is divisible by 24.

This shows that the order of J in Pic(Otop)/Z, where the Z is generated by ΣOtop, is at least 24. The

spectral sequence argument above, however, showed that this quotient has order at most 24. �

The same analysis shows that Pic(Tmf(2)) = Z ⊕ Z/8 and Pic(Tmf(3)) = Z ⊕ Z/3, the torsion being

generated by the respective localizations of I. Moreover, Pic(Tmf(p)) = Z when p > 3.

8.5. Relation to the E2-local Picard group. Notice that I is the only “exotic” element in all of our

examples involving the various forms of topological modular forms. Let us see how it relates to the exotic

piece of the Picard group of the category of E2-local spectra, i.e. modules over the E2-local sphere spectrum.

The exotic phenomena only occur at p = 2 and p = 3, but since only the 3-primary E2-local Picard group

is known, let us concentrate on that case for the remainder of this section.

In [GHMR12], the authors compute κ2, the exotic part of the Picard group of the category of 3-primary

K(2)-local spectra; they show κ2 = Z/3× Z/3.
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Figure 6.20. Descent spectral sequence for Γ(picOtop) on Mell

Figure 6.21. *
(� denotes Z, • denotes Z/2, and × denotes Z/3)

In addition, they look at the localization map from the E2-local category to the K(2)-local category,

and show that it induces an isomorphism κL2
→ κ2, where κL2

denotes the exotic E2-local Picard group.
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Consider now the commutative diagram

κL2
//

t

��

κ2

tK(2)

��
Pic(Tmf(3)) // Pic(TmfK(2)),

in which the horizontal maps are given by K(2)-localization, and the vertical maps are given by smashing

with Tmf and TmfK(2), respectively. In [GHMR12, Theorem 5.5], the authors show that there is an

element P of κ2 such that LK(2)(P ∧ TmfK(2)) ' Σ48TmfK(2), i.e., tK(2)P = 48 ∈ Z/72 ⊆ Pic(TmfK(2)).

Under the top horizontal isomorphism, this P lifts to an element P̃ of κL2 , such that t(P̃ ) has order three in

Pic(Tmf(3)) and such that the K(2)-localization of t(P̃ ) is LK(2)(Σ
48Tmf). Therefore, t(P̃ ) must be twice

the class of I. In other words, the exotic element P̃ of κL2
is detected as an exotic element of Pic(Tmf(3)).

The other Z/3 in κ2, i.e., κ2 modulo the subgroup generated by P , is generated by a spectrum Q such

that tK(2)Q = 0. This Q lifts to Q̃ ∈ κL2 , still of order 3, which must map under t to an element of order 3

in Pic(Tmf(3)) which is in the kernel of the bottom localization map. But there are no non-trivial elements

of finite order in this kernel, hence Q̃ is not detected in Pic(Tmf(3)).

Perhaps at the prime 2 as well there is an element of the exotic E2-local Picard group which is detected

in the torsion of Pic(Tmf(2)).

6.A. Group cohomology computations for TMF (2)

In this section of the appendix we compute the group cohomology for the GL2(Z/2)-action on π0pic(TMF (2)) =

Z/4 (with trivial action), and on π1pic(TMF (2)) = TMF (2)×0 with the natural action. The group GL2(Z/2)

is the symmetric group on three letters, so it has a (unique) normal subgroup of order 3, which we denote C3,

with quotient C2. We can therefore use the associated Lyndon-Hochschild-Serre spectral sequence (LHSSS)

Hp(C2, H
q(C3,M))⇒ Hp+q(GL2(Z/2),M)(6.A.1)

for GL2(Z/2)-modules M .

Let us first deal with the easier case.

Lemma 6.A.1. The group cohomology for the GL2(Z/2)-action on the trivial module Z/4 is

H∗(GL2(Z/2), π0pic(TMF (2))) =


Z/4, ∗ = 0

Z/2, ∗ > 0.
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Proof. Since 3 is invertible in Z/4, we have that H∗(C3,Z/4) = Z/4 concentrated in degree zero, and

with trivial action by C2 = GL2(Z/2)/C3. Hence the LHSSS (6.A.1) collapses, giving

Hs(GL2(Z/2),Z/4) = Hs(C2,Z/4),

which is Z/4 for s = 0 and Z/2 otherwise. �

Next we will compute the group cohomology for the action of GL2(Z/2) on π1pic(TMF (2)) which is

the multiplicative group of units in π0TMF (2). For brevity, we call this module M , and to begin with, we

explicitly describe the action of GL2(Z/2) on M .

Let σ and τ be the generators of GL2(Z/2) of order 3 and 2 respectively as chosen in [Sto12, Lemma

7.3]; of course, σ generates the normal subgroup C3. It follows from Equation (8.1) that M is isomorphic to

Z/2⊕Z⊕3, where Z/2 is multiplicatively generated by −1, and the Z’s are multiplicatively generated by 2, s

and (s− 1). The action is determined by [Sto12, Lemma 7.3], where it is shown that the chosen generators

σ and τ act as

σ : s 7→ s− 1

s
, τ : s 7→ 1

s
.

Written additively, so that m = (ε, k, a, b) ∈M represents (−1)ε2ksa(s−1)b ∈ TMF (2)×0 , the action is given

by

σ : m 7→ (ε+ b, k,−a− b, a),

τ : m 7→ (ε+ b, k,−a− b, b).

We use this information to compute H∗(C3,M) as a C2-module. We get that

Hs(C3,M) =


Z/2⊕ Z, s = 0,

(Z/3), s ≡ 0, 1(4), s > 0,

(Z/3)sgn, s ≡ 2, 3(4), s > 0.
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This gives the E2-page of the LHSSS eq. (6.A.1), which must collapse and give that

(6.A.2) Hs(GL2(Z/2),M) =



Z/2⊕ Z, for s = 0,

Z/2⊕ Z/3, for s ≡ 1(4),

Z/2⊕ Z/2, for s ≡ 2(4),

Z/2, for s ≡ 3(4),

Z/2⊕ Z/2⊕ Z/3, for s ≡ 0(4), s > 0.

We have thus proven the following result.

Proposition 6.A.2. The group cohomology for the GL2(Z/2)-action on π0pic(TMF (2)) is as in Equa-

tion (6.A.2). In particular, we have that H1(GL2(Z/2), TMF (2)×0 ) = Z/6.

6.B. Group cohomology computations for TMF (3)

This section of the appendix is devoted to computing the group cohomology for GL2(Z/3) acting on

π1pic(TMF (3)0)×; we also determine the cohomology of π0pic(TMF (3)) = Z/2 as a simple consequence of a

result of Quillen [Qui72]. The group GL2(Z/3) has order 48 and has the binary tetrahedral group as normal

subgroup, in the guise of SL2(Z/3). We have found it difficult to compute the higher cohomology groups of

(TMF (3)0)×, but since we are only using H1(GL2(Z/3), (TMF (3)0)×) in Section 8.2, we will concentrate

on computing this group only.

In this section, we denote (TMF (3)0)× by M . From Equation (8.1), we see that M ⊂ TMF (3)0 is

isomorphic to Z/2 ⊕ Z/3 ⊕ Z⊕4 multiplicatively generated by −1, ζ, (1 − ζ), t, (1 − ζt), and (1 + ζ2t). (To

see the appearance of (1− ζ), note that (1− ζ)2 = −3ζ.) The GL2(Z/3)-module structure is determined in

[Sto14, §4.3]; to describe it, let x, y, z be the elements of GL2(Z/3) chosen in loc. cit. Explicitly,

x =

0 −1

1 0

 , y =

−1 −1

−1 1

 , z =

0 −1

1 −1

 .

Then x and y generate a quaternion group Q8, and x, y, z generate SL2(Z/3). Let σ be the matrix

1 0

0 −1

.

These generate the whole group, and their action on the element t = γ1
γ2

is as determined in loc. cit.19 to be

x(t) = −1

t
, y(t) = ζ2 1− ζt

1 + ζ2t
, z(t) = ζ

t

1 + ζ2t
, σ(t) =

1

t
.

19Actually, the formulas in loc. cit. determine a right action, although the left action that we include here is almost the same.
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The rest is is determined by the fact that everything fixes Z[1/3] ⊂ TMF (3)0, a matrix A in GL2(Z/3) takes

ζ to ζdetA, and the action respects the ring structure.

To be brutally explicit, let m = (ε, α, β, a, b, c) ∈ M denote the element (−1)εζα(1− ζ)βta(1− ζt)b(1 +

ζ2t)c. Then the generators x, y, z, σ ∈ GL2(Z/3) act as

(6.B.1)

x : m 7→(ε+ a+ c, α+ b− c, β,−a− b− c, c, b),

y : m 7→(ε+ b+ c, α− a− c, β, b, a,−a− b− c),

z : m 7→(ε, α+ a, β, a, c,−a− b− c),

σ : m 7→(ε+ β + b,−α− β − b+ c, β,−a− b− c, b, c).

Since we know a set of generators and relations for GL2(Z/3), and the action is given explicitly, we

can compute H1 directly as crossed homomorphisms modulo coboundaries. We found it a little bit simpler,

however, to do this for SL2(Z/3), and then use the Lyndon-Hochschild Serre spectral sequence for the

extension

1→ SL2(Z/3)→ GL2(Z/3)→ C2 → 1,

in which C2 is generated by the image of σ ∈ GL2(Z/3). The contributions to H1(GL2(Z/3),M) are from

H1(SL2(Z/3),M)C2 and H1(C2,M
SL2(Z/3)), and there is a potential differential

d2 : H1(SL2(Z/3),M)C2 → H2(C2,M
SL2(Z/3)).(6.B.2)

To compute these groups and the differential, we note that the invariants MSL2(Z/3) are the submodule

Z/2⊕ Z/3⊕ Z with a = b = c = 0. Here, ker(1 + σ) = im(1− σ), so that H1(C2,M
SL2(Z/3)) = 0.

Next, suppose f : SL2(Z/3) → M represents a class in H1(SL2(Z/3),M)C2 , i.e. it is a crossed homo-

morphism which is σ-invariant modulo coboundaries. Since each f(g) is in the kernel of the norm of g, we

must have that

f(x) = (εx, cx, 0, ax,−cx, cx),

f(y) = (εy,−ay − cy, 0, ay,−ay, cy),

f(z) = (0, αz, 0, 0, bz, cz).

The relations x2 = y2, xyx = y, xz = zy3, and zyx = yz, imply that

ax + cx = ay + cy, bz = −cx, cz = cy, εx = cx + cy, εy = ax.

229



One directly checks that any crossed homomorphism of this form is σ-invariant modulo coboundaries. Finally,

suppose an f of this form is itself a coboundary, i.e. there is an m = (ε, α, β, a, b, c) ∈ M , such that

f(g) = gm −m for all g ∈ SL2(Z/3). Then 4b = ax + 3cx − 2cy, a = b − ax − cx + 2cy, c = b − cx, and

αz = a. Consequently,

H1(SL2(Z/3),M)C2 = Z/12.(6.B.3)

It remains to compute the differential (6.B.2). This is a transgression, and we have an explicit formula

for it, for example in [Koc02, §3.7] or [NSW08, §I.6]. One checks that this formula gives that d2 is zero in

our case. Thus we have proved the following.

Proposition 6.B.1. The cohomology group H1(GL2(Z/3), TMF (3)×0 ) is cyclic of order 12.

Although not directly affecting the computation of Pic(TMF [1/3]), we record the following result of

Quillen that determines a few more entries in the spectral sequence (8.6).

Proposition 6.B.2. [Qui72, Lemma 11] The cohomology ring H∗(GL2(Z/3),Z/2) is Z/2[c1, c2]⊗Λ(e1, e2),

where the cohomological degrees are |ci| = 2i, and |ei| = 2i− 1.

6.C. Derived functors of the symmetric square

The purpose of this appendix is to prove the necessary auxiliary results on symmetric squares of cosim-

plicial abelian groups.

Definition 6.C.1. Let A be an abelian group. We let Sym2(A) = (A ⊗ A)C2
be the coinvariants for

the C2-action on A⊗A given by permuting the factors. We also let S̃ym2(A) denote the C2-coinvariants in

(A⊗ A)⊗ Zε where the first factor is given the permutation action and Zε is the sign representation. Note

that if A is a free abelian group, then the 2-torsion in S̃ym2(A) is canonically isomorphic to A⊗Z F2 via the

“Frobenius” map

A/2A→ S̃ym
2
(A), a 7→ a⊗ a.

In [Pri73], Priddy gives a complete description of the actions of the symmetric algebra functor on

cosimplicial vector spaces, or equivalently the analog of the Steenrod algebra for cosimplicial algebras. We

will only need a small piece of this, which we state next. We note that the generators in question are the

Steenrod squares applied to the fundamental class ι. For example, the generator in maximal degree is the

cup square.
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Proposition 6.C.2. [Pri73, Theorem 4.0.1] Let A• be a cosimplicial F2-vector space. Suppose that

Ht+1(A•) ' F2 and the cohomology of A• is concentrated in degree t+ 1 by a class ι. Then

Hi(Sym2A•) '


F2 if t+ 1 ≤ i ≤ 2(t+ 1)

0 otherwise

.

Proposition 6.C.3. Let t ≥ 2 and let A• be a levelwise free, finitely generated cosimplicial abelian group

with H∗(A•) concentrated in degree ∗ = t+ 1 and Ht+1(A•) = Z generated by ι. Then:

(1) If t is even, H2t+2(Sym2A
•) ' Z/2, generated by ι2.

(2) If t is odd, then H2t+2(S̃ym2A
•) ' Z/2, generated by ι2.

Proof. Consider first the case t even. In this case, we have maps of cosimplicial abelian groups

Sym2A
• → A• ⊗A• → Sym2A

•

where the first map is the norm map and the second map is projection. The composite is multiplication by

two. Note that H2t+2(A•⊗A•) ' Z, but since t is even, the C2-action is the sign representation, so that the

map H∗(Sym2A
•) → H∗(A• ⊗ A•) must be the zero map as it lands in the C2-invariants on cohomology.

In particular, the cohomology of Sym2(A•) is all annihilated by 2. By the universal coefficient theorem, it

suffices to show that H2t+2(Sym2A
• ⊗Z Z/2) ' Z/2 and Hk(Sym2A

• ⊗Z Z/2) = 0 for k > 2t + 2, which is

the statement of Proposition 6.C.2. In addition, we see that ι2 is a generator, as desired, by working modulo

2.

Now suppose t is odd. Again, using the norm maps

S̃ym2A
• → A• ⊗A• ⊗ ε→ S̃ym2A

•,

we find that the cohomology of S̃ym2A
• is annihilated by two. We note that S̃ym2A

•⊗ZF2 ' Sym2A
•⊗ZF2

at the level of cosimplicial abelian groups, but working with the underived tensor product is problematic

here as S̃ym2A
• has 2-torsion. If we take the derived tensor product S̃ym2(A•)

L
⊗ F2, we obtain in addition

a copy of A•⊗Z F2 (i.e., the 2-torsion in S̃ym2A
•) in π1 that does not contribute in the relevant dimensions,

so we may ignore it. Now, by Proposition 6.C.2, we know that Hk(S̃ym2A
• ⊗Z F2) ' F2 for k = 2t+ 2 and

0 for k > 2t+ 2, so that we can apply the universal coefficient theorem as in the previous case. We conclude

that ι2 is a generator similarly. �
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CHAPTER 7

Torus actions, Dade’s theorem, and localizing subcategories

1. Introduction

1.1. Stable module categories. Let G be a finite group and let k be a field of characteristic p. Our

object of study is the stable module category of G, denoted StG. The objects of StG are the k[G]-modules,

i.e., G-representations over k. Given two objects M,N ∈ StG, we have

HomStG(M,N)
def
= Homk[G](M,N)/ ∼,

where we take the quotient by the subspace of all k[G]-module maps M → N which factor through a

projective k[G]-module. The stable module category StG has a symmetric monoidal structure given by the

k-linear tensor product of representations.

Definition 1.1. An object M ∈ StG with dimkM <∞ is called endotrivial if its endomorphism ring

M ⊗kM∨ is equivalent in StG to the unit k; equivalently, if M belongs to the Picard group of StG.

The unit k is obviously endotrivial. Additional examples of endotrivial modules arise from the fact that

StG is actually a triangulated category, where the suspension of an object M ∈ StG is obtained by choosing

an embedding M ↪→ M ′ for M ′ free and then taking the quotient M ′/M . The triangulated and tensor

structures are appropriately compatible, so the suspensions Σik for i ∈ Z are also endotrivial.

Theorem 1.2 (Dade [Dad78, Th. 10.1]). Suppose G is an abelian p-group. Then every endotrivial module

is equivalent in StG to Σik for some i ∈ Z.

The Picard group of StG for a general finite p-group G is an important object of study in modular

representation theory, and has been completely calculated in the work of Carlson–Thevenaz [CT00, CT05,

CT04]. One of our goals in this paper is to give a homotopy-theoretic proof of Dade’s theorem, using

descent theory. We note that related methods of tensor-triangulated categories have been used to study

Picard groups of stable module categories in [Bal10] and in particular to obtain information about Picard

groups after inverting the characteristic.
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1.2. Structured ring spectra. We now give an overview of our proof of Dade’s theorem. Suppose we

were working not in the stable module category but the ordinary representation category. Then we could

make the following argument to show that the Picard group is trivial: every element of the abelian p-group

G induces multiplication by a scalar in k× on our representation. Since k× is p-torsion free, every element

of G acts trivially and we are done.

One can start this argument in the stable module category. However, it is now only true that every

element of the group acts as the identity up to homotopy (i.e., modulo projectives) on an invertible object.

This is insufficient to conclude that the object is trivial. Nonetheless, we will still be able to carry out

a more sophisticated version of this argument, for which the language of ∞-categories and higher algebra

[Lur09, Lur14] will be essential. In particular, we will henceforth work with the∞-categorical enhancement

of StG (which by abuse of notation we will denote by the same symbol).

Our starting point is that StG is equivalent to the∞-category of module spectra over the Tate construc-

tion ktG, an E∞-ring spectrum obtained as a suitable localization of the cochain algebra khG ' F (BG+, k).

In particular, the group of stable equivalence classes of endotrivial modules is isomorphic to the Picard

group of the E∞-ring spectrum ktG. Dade’s theorem states that the Picard group of ktG is generated by the

suspensions of the unit if G is abelian.

Picard groups of structured ring spectra form a recurring topic in stable homotopy theory, starting with

the observation of Hopkins that the Picard groups of the Ln and K(n)-localized stable homotopy categories

contain significantly more than suspensions (or algebraically flat objects). Given an E∞-ring spectrum R,

a general theme is that the Picard group will be easier to understand if the homotopy groups of R are

homologically simple. For example, if π∗(R) is regular and concentrated in even degrees, the Picard group

of R can be determined purely algebraically, cf. [BR05], [HM15, Th. 6.4]. A general approach [GL] to

the computation of Picard groups of E∞-ring spectra is to decompose the ∞-category of R-modules into

∞-categories of modules over E∞-rings with better-behaved homotopy groups, and apply a descent spectral

sequence. We refer to [MS, HMS15] for examples of this approach.

1.3. Our approach. If G is abelian, then the E∞-ring ktG has fairly complicated homotopy groups,

homologically. For instance, if p is odd and G has rank one, then

π∗k
tG ' E(α−1)⊗k k[β±1

−2 ],
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i.e., the tensor product of an exterior algebra and a Laurent polynomial algebra, and this has infinite

homological dimension. When G has higher rank, the positive homotopy groups of π∗(k
tG) are entirely

square-zero.

A direct approach using descent theory to the Picard group of ktG is problematic because of the presence

of these exterior classes; instead, we will use a sort of reverse descent, following ideas that we used in [Mat14,

§9] to study the Galois group. The main step is the following result.

Theorem 1.3. If G is an abelian p-group of rank n, then one can construct an action of the n-torus Tn

on the symmetric monoidal ∞-category StG such that the homotopy fixed points StGhT
n

are given by the

analog of the stable module ∞-category for the torus.

The above arises from a faithful Tn-Galois extension in the sense of Rognes [Rog08] that runs ktT
n →

ktG. The Picard group of the E∞-ring ktT
n

can be calculated directly using descent theory. In particular,

we can prove the analog of Dade’s theorem for StGhT
n

relatively easily. We will show using an obstruction-

theoretic calculation (Theorem 5.3) that any invertible object in StG can be “descended” to the homotopy

fixed points StGhT
n ' Mod(ktT

n

). Since the Picard group of the latter is cyclic, this will complete the proof.

This relies on techniques with descent spectral sequences following [MS].

As a result, we will also obtain a partial local version of Dade’s theorem. Choose an identification

Proj(Heven(G; k))red ' Pn−1
k . Let U ⊂ Pn−1

k be a Zariski open subset. We say that a morphism M → N

in StG is an U -equivalence if its cofiber has cohomology supported on the complement of U . We can then

form an associated Bousfield localization (StG)U where we invert all U -equivalences. Then we will prove:

Theorem 1.4. Suppose U ⊂ Pn−1
k is affine and p > 2. Let M ∈ StG be a compact object (i.e., one

represented by a finite-dimensional k[G]-representation). Suppose that the U -localization of M is invertible

in (StG)U . Then the U -localization of M is equivalent to the U -localization of Σik for some i.

1.4. Thick and localizing subcategories. The idea of comparing the E∞-ring ktG (or khG) with an

E∞-ring whose homotopy groups do not have the exterior algebra classes is not new: it is used prominently

in the stratification [BIK11] of localizing subcategories of the stable module category of an p-group. The

main result runs as follows:

Theorem 1.5 (Benson-Iyengar-Krause [BIK11]). Let G be a finite p-group. The localizing subcategories

of Mod(khG) are in bijection with the subsets of the set of homogeneous prime ideals in π∗(k
hG). The

localizing subcategories of the stable module category StG ' Mod(ktG) are in bijection with subsets that do

not contain the irrelevant ideal.
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Earlier work of Benson-Carlson-Rickard [BCR97] classifies the thick subcategories of the compact ob-

jects of StG. The above result has been extended in the work of Stevenson [Ste14], for example for the

singularity categories of complete intersection local rings.

Suppose G is in fact elementary abelian, G ' Cnp . Then Benson-Iyengar-Krause prove Theorem 1.5 by

replacing khC
n
p with a different E∞-ring R, given by the (derived) ring of functions on the classifying stack

of the k-group scheme αnp . The underlying E1-rings of R and khC
n
p are equivalent, so it suffices to classify

localizing subcategories of Mod(R). Now the E∞-ring R receives a map R′ → R, where π∗(R
′) has only

polynomial classes (cf. [BIK11, §7]). It is shown (cf. [BIK11, Th. 4.4]) how to use a classification result for

localizing subcategories of Mod(R′) to obtain one for Mod(R). The classification of localizing subcategories

of Mod(R′) can be proved using a technique with “residue fields” which goes back to [HPS97], as π∗(R
′) is

regular.

In this paper, we study a Tn-Galois extension of E∞-rings khT
n → khC

n
p . This gives an E∞-approximation

to khC
n
p that only sees the polynomial classes. On E1-rings, this extension is equivalent to the one of [BIK11],

but it is constructed using topology rather than graded Hopf algebras.

We will prove a general result that for a faithful Tn-Galois extension of E∞-rings R1 → R2, the localizing

subcategories of Mod(R1) and Mod(R2) are in canonical bijection. As a result, we can reduce the classification

of localizing subcategories of Mod(khC
n
p ) to the analog in Mod(khT

n

), where one can use the method of residue

fields. This gives a slightly different approach to some of the technical steps in [BIK11], which does not

require modifying the E∞-structure.

1.5. Acknowledgments. I would like to thank Ben Antieau, John Greenlees, Mike Hill, Mike Hopkins,

Srikanth Iyengar, Jacob Lurie, Julia Pevtsova, and especially Vesna Stojanoska for helpful discussions.

2. Stable module categories and Tate spectra

2.1. Construction of the stable module ∞-category. We start by reviewing the construction of

the stable module ∞-category of a finite group. Although these results are not new, we have spelled out

some of the details for the convenience of the reader.

Construction 1. Let G be a finite group and let k be a field of characteristic p > 0. Consider

the group ring k[G] and the symmetric monoidal category C of (discrete) k[G]-modules, equipped with the

k-linear tensor product.

The category C admits a combinatorial model structure [Hov99, §2.2] where:

(1) The fibrations are the surjections.
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(2) The cofibrations are the injections.

(3) The weak equivalences are the stable equivalences. Given a morphism f : V1 → V2 in C, one says

that it is a stable equivalence if there exists a morphism g : V2 → V1 such that the endomorphisms

g ◦ f − idV1 and f ◦ g − idV2 , of V1, V2 respectively, each factor through a projective k[G]-module.

One checks in addition that C is a symmetric monoidal model category.

Note that every object in the model category C is cofibrant-fibrant. It is shown in [Hov99, §2.2] that

the morphisms in homotopy category Ho(C) are given by the classical stable module category, i.e.,

(2.1) HomHo(C)(V1, V2) ' HomC(V1, V2)/ ∼,

where we identify two morphisms if their difference factors through a projective.

Definition 2.1. The stable module∞-category StG is the∞-categorical localization C[W−1] forW ⊂ C

the weak equivalences [Lur14, Def. 1.3.4.15]. This inherits the structure of a symmetric monoidal ∞-

category [Lur14, Prop. 4.1.3.4].

The stable module ∞-category also has another description as a Bousfield localization which we review.

We use [MNN15] as a reference for some of these ideas in the context of equivariant stable homotopy theory,

but they are of course much older (e.g., [HPS97]).

Construction 2. Consider the symmetric monoidal∞-category Fun(BG,Perf(k)) of perfect k-module

spectra equipped with a G-action. We form the Ind-completion Ind(Fun(BG,Perf(k))) and, inside here,

the A−1-localization (cf. [MNN15, §3]) for A = F (G+, k) ∈ CAlg(Fun(BG,Perf(k))), which we denote

LA−1Ind(Fun(BG,Perf(k))).

These constructions have been extensively studied in the literature for any noetherian ring, not only

group rings, starting with the work of Krause [Kra05]. We refer to the work of Benson-Krause [BK08]

for a construction of Ind(Fun(BG,Perf(k))) via a model category of complexes of injectives. Finally, these

∞-categories have been studied by Gaitsgory in the more general setting of DG-algebras and DG-schemes

[Gai13].

Theorem 2.2. There is an equivalence of symmetric monoidal∞-categories between StG and LA−1Ind(Fun(BG,Perf(k))).

Proof. The main point is the construction of the functor in this language. Let C be, as before, the

model category of (discrete) k[G]-modules. Note that C = Ind(C′) for C′ the category of finitely generated

(discrete) k[G]-modules.
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Here Perf(k) denotes the ∞-category of perfect k-module spectra. Let Perf♥(k) ⊂ Perf(k) be the full

subcategory spanned by the discrete, finite-dimensional k-vector spaces. We have a functor

C′ → Fun(BG,Perf♥(k)) ⊂ Fun(BG,Perf(k))

which extends by Ind-completion to a symmetric monoidal functor

Φ: C → Ind(Fun(BG,Perf(k))).

Here Φ commutes with filtered colimits. The composite

C Φ−→ Ind(Fun(BG,Perf(k)))→ LA−1Ind(Fun(BG,Perf(k)))

sends projectives to zero, so it respects weak equivalences and factors through a symmetric monoidal functor

ϕ : StG ' C[W−1]→ LA−1Ind(Fun(BG,Perf(k))).

This is the desired functor.

We claim that the above functor ϕ commutes with homotopy colimits. We first show that ϕ is exact.

Suppose given a cofiber sequence M ′ →M →M ′′ in StG. Using the model structure on C, we can represent

this cofiber sequence by a short exact sequence in C, e.g.,

(2.2) 0→M ′ →M →M ′′ → 0.

The short exact sequence is a filtered colimit in C of short exact sequences

(2.3) 0→M ′α →Mα →M ′′α → 0,

which belong to C′, i.e., Mα is finitely generated. Observe that Φ sends each of the short exact sequences

(2.3) to a cofiber sequence in Fun(BG,Perf(k)). Therefore, Φ (and therefore ϕ) sends (2.2) to a cofiber

sequence too. Next, we observe that ϕ respects arbitrary direct sums (since Φ does). It follows that ϕ is

cocontinuous [Lur14, Prop. 1.4.4.1].

To check that ϕ is an equivalence, we check that it is fully faithful on the homotopy category. Since

Fun(BG,Perf(k)) is generated as a thick subcategory by Fun(BG,Perf♥(k)), essential surjectivity will then

be automatic.

Note that StG is stable and the objects represented by finitely generated k[G]-modules are easily seen

to be compact (note that compactness can be checked at the level of the homotopy category, cf. [Lur14,

241



Prop. 1.4.4.1]). Using duality, one reduces to showing that if M ∈ C′, then the natural map

(2.4) HomHo(C)(1,M)
ϕ−→ π0HomLA−1 Ind(Fun(BG,Perf(k)))(1,M).

is an isomorphism. However, both are known to be the Tate cohomology Ĥ0(G;M):

(1) In Ho(C), this is now an easy calculation using the description of the homotopy category (2.1).

(2) We need to show that in LA−1Ind(Fun(BG,Perf(k))), maps from the unit to the A−1-localization

of M are as claimed. This follows from the explicit description of A−1-localization, cf. [MNN15,

§3] and the following subsection.

We can also spell out the details directly. The A−1-localization of M in Ind(Fun(BG,Perf(k)))

can be computed as the cofiber of a map

(2.5) |M ⊗ (DA)⊗•+1| →M,

(cf. [MNN15, §3]) for D denoting duality. Since HomInd(Fun(BG,Perf(k)))(1, ·) commutes with

arbitrary colimits, one now calculates directly that the mapping spectrum

HomInd(Fun(BG,Perf(k)))(1, |M ⊗ (DA)⊗•+1|)

is connective with π0 given by the coinvariants MG, and that the map (2.5) induces the norm map

on π0. This implies the desired description of the right-hand-side of (2.4).

�

2.2. Connection with Greenlees-May. In the stable module ∞-category StG, endomorphisms of

the unit are given by the Tate construction. We review the connection between StG and the Greenlees-May

definition of the Tate construction [GM95b].

Fix a finite group G.

Definition 2.3 ([GM95b]). Let SpG denote the symmetric monoidal ∞-category of G-spectra. Given

a G-spectrum X, the Tate construction is the G-spectrum ẼG ∧ F (EG+, X). We will write XtG for the

G-fixed points (ẼG∧F (EG+, X))G. When the context is clear, we will also call this the Tate construction.

Let A = F (G+, S
0
G); this is a commutative algebra object in SpG. As in [MNN15, §6], we recall that

EG+ is the A-acyclization (cf. [MNN15, §3]) of the unit and ẼG is the A−1-localization. In particular,

F (EG+, X) is the A-completion of X.
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Construction 3. Let k ∈ CAlg(SpG) denote the Borel-equivariant (or cofree) form of k, i.e., the

G-spectrum representing Borel-equivariant cohomology with coefficients in k. The symmetric monoidal ∞-

category PerfSpG(k) of compact k-modules in SpG is identified with Fun(BG,Perf(k)). This follows because

Fun(BG,Perf(k)) is generated as a thick subcategory by the permutation modules {k ∧ (G/H)+}H≤G and

in view of [MNN15, §6.3]. In particular, it follows by applying Ind-completion that:

Theorem 2.4. We have an equivalence of symmetric monoidal ∞-categories:

(2.6) ModSpG(k) ' Ind(Fun(BG,Perf(k))).

Under this, the two objects that we have denoted A correspond. Applying A−1-localization, one finds:

Corollary 2.5. We have an equivalence of symmetric monoidal ∞-categories StG ' ModSpG(k∧ ẼG). The

endomorphisms of the unit are given by the E∞-algebra ktG = (k ∧ ẼG)G.

We specialize to the case where G is a p-group. We find:

Theorem 2.6 (cf. Keller [Kel94]). If G is a p-group, then there is an equivalence of symmetric monoidal

∞-categories between StG and Mod(ktG) for ktG the Tate construction of G.

Proof. In this case, StG is generated as a localizing subcategory by the unit because Fun(BG,Perf(k))

is generated as a thick subcategory by the unit. This follows from the fact that any nontrivial G-representation

over k has a nontrivial fixed vector.

By the symmetric monoidal version of the Schwede-Shipley theorem [Lur14, Prop. 7.1.2.7], one obtains

a symmetric monoidal equivalence

(2.7) Ind(Fun(BG,Perf(k))) ' ModSpG(k) ' Mod(khG),

where khG ' F (BG+, k) is the E∞-ring of k-valued cochains on the classiyfing space BG. The result

follows. �

Example 2.7. Suppose G is an abelian p-group of rank n. In this case, π∗k
hG contains a polynomial algebra

k[x1, . . . , xn] on classes xi with |xi| = −2.

We will need to know that in this case, the Tate construction ktG can be identified with the localization of

khG away from the ideal (x1, . . . , xn) (cf. [GM95a]). Equivalently, the localizing subcategory of Mod(khG) '

Ind(Fun(BG,Perf(k))) generated by the iterated cofiber khG/(x1, . . . , xn) (using the first description of this

∞-category) is equal to that generated by k ∧G+ (using the second).
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Although this description is classical, we will describe the argument in the case where G is elementary

abelian. The xi’s are the Euler classes of complex line bundles for a linearly independent set of maps

G � µp ⊂ S1. In more detail, given a complex character χ of G, we form the unit sphere S(χ), the Euler

sequence S(χ)+ → S0 → Sχ, and the induced cofiber sequence in Fun(BG,Perf(k))

S(χ)+ ∧ k → k → Σ2k.

In Mod(khG), we obtain a corresponding cofiber sequence

(S(χ)+ ∧ k)hG → khG
e(χ)−−−→ Σ2khG,

for e(χ) ∈ π−2(khG) the Euler class of the character. From this, it follows that the cofiber of xi is represented

in Fun(BG,Perf(k)) by the smash product of k and a finite G-complex with isotropy in a maximal proper

subgroup of G. As a result, the smash product khG/(x1, . . . , xn) of the cofibers of each of the xi’s has to

belong to the thick subcategory generated by G+. The converse direction is easier: the thick subcategory

generated by any nonzero X ∈ Fun(BG,Perf(k)) contains k ∧G+; one sees this from the projection formula

and the fact that k ∧G+ belongs to the thick subcategory generated by the unit.

Every compact object in the stable module ∞-category can be represented by a finitely generated k[G]-

module. A general result that includes this appears in [Miy07]. Any invertible object in StG is compact

(as the unit is), and therefore one can identify the group of stable equivalence classes of (finite-dimensional)

endotrivial modules in the sense of Definition 1.1 and the Picard group of the E∞-ring ktG.

3. Torus actions on ∞-categories

3.1. Generalities. We start by reviewing some generalities about group actions.

Definition 3.1. Let V be an ∞-category and let G be a topological group. A G-action on an object

x ∈ V will mean a functor of ∞-categories BG → V which maps the basepoint of BG to x. We will call

Fun(BG,V) the ∞-category of objects in V equipped with a G-action. Recall that if V admits limits, the

functor

V → Fun(BG,V),

which gives an object of V the trivial G-action, admits a right adjoint of homotopy fixed points which we

will denote ()hG.

For example, we can consider a G-action on an ∞-category by taking V to be the ∞-category Cat∞ of

∞-categories.
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Example 3.2. Let C be a 1-category. To give an S1-action on C is equivalent to giving an automorphism

of the identity functor of C. This follows from considering S1 = BZ as a monoidal category with one object

whose endomorphisms are Z: to give an S1-action on C is to give a multiplication map BZ×C → C satisfying

natural identities.

Given an S1-action on C, the homotopy fixed points ChS1

are the full subcategory of C spanned by those

objects on which this automorphism is the identity. We note that actions of the monoid Z≥0 were considered

in [Dri04] under the name Z+-category.

Example 3.3. Given a finite group G and a central element g ∈ G, we obtain an S1-action on the category

of (discrete) k[G]-modules given by multiplying by g.

Example 3.4. Let R be a smooth commutative algebra over a field of characteristic zero and let r ∈ R

be a nonzerodivisor. Consider the ∞-category Perf(R) of all perfect R-module spectra. The subcategory

Perf(R)r−tors ⊂ Mod(R) of all r-power torsion perfect R-module spectra has an S1-action, which gives an

r-power torsion perfect R-module spectrum M the automorphism of multiplication by 1 + r. In this case,

we have an equivalence of ∞-categories

(Perf(R)r−tors)
hS1

' Coh(R/r),

where Coh(R/r) ⊂ Mod(R/r) is the subcategory of those R/r-module spectra that are perfect as R-modules,

by a theorem of Teleman. We refer to [Pre12, §3] for a detailed treatment.

3.2. The action on the stable ∞-category. We now construct the analog of this action on the stable

module ∞-category of an abelian p-group. It is possible to use Example 3.3 together with ∞-categorical

localization, but it is convenient for our purposes to take a different approach.

Construction 4. Let A be an abelian p-group of rank n, i.e., A can be minimally generated by n

elements. Then we can find a free abelian group L of rank n and a surjection L � A, with kernel L′ ⊂ L.

Since A and L are abelian, we can model BL and BA by topological abelian groups, so that BL → BA is

a morphism of topological abelian groups. We thus obtain an action of BL on BA via this homomorphism

and the BA-action on itself by left translation.

We have a fiber sequence of spaces

BL→ BA→ B2L′,
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exhibiting B2L′ as the homotopy orbits (BA)hBL. Note that BL is a torus Tn and B2L′ is (CP∞)n

(noncanonically). Taking cochains with k-valued coefficients, we obtain a morphism of E∞-rings

F (B2L′+, k) ' khBL′ → khA ' F (BA+, k),

and BL acts on khA in the ∞-category of E∞-khBL
′
-algebras such that the natural map khBL

′ → (khA)hBL

is an equivalence.

This action has a Galois property, which enables one to determine the∞-category of BL-homotopy fixed

points. We discuss this below.

3.3. Rognes’s Galois theory and descent. Let G be a topological group with the homotopy type

of a finite complex. We will need the notion of a faithful G-Galois extension of E∞-rings.

Definition 3.5 (Rognes [Rog08, Def. 4.1.3]). Consider an extension R→ R′ of E∞-rings and suppose

G acts on R′ in E∞-R-algebras. The extension is said to be a faithful G-Galois extension if:

(1) R→ (R′)hG is an equivalence.

(2) The natural map R′ ⊗R R′ → F (G+, R
′) is an equivalence.

(3) Given an R-module M such that R′ ⊗RM is contractible, M is itself contractible.

Proposition 3.6. Suppose R → R′ is a morphism of E∞-rings and suppose R′ is given a G-action in E∞-

R-algebras. Then R → R′ is a faithful G-Galois extension if and only if there exists an E∞-R-algebra R̃

such that:

(1) The E∞-R̃-algebra R′ ⊗R R̃ is G-equivariantly isomorphic to F (G+, R̃) (where the latter has a

G-action by translation)

(2) R̃ is descendable (cf. [Mat14, §3-4], Definition 6.2 below) as an E∞-R-algebra.

In particular, G-Galois extensions are stable under base-change.

Proof. Suppose there exists R̃ as above, so that we need to show that R → R′ is a faithful G-Galois

extension. We first need to check that R→ (R′)hG is an equivalence. We claim more strongly that if {Xn}

is the standard tower of R-module spectra converging to (R′)hG (based on the simplicial filtration of BG)

then the cofiber of the natural map of towers {R} → {Xn} is nilpotent (cf. [Mat15, Sec. 3.1]). To check

this, we may make a base-change along the descendable morphism R → R̃. In fact, descent along R → R̃

allows to reduce to the case R′ ' F (G+, R) to begin with, and in this case the cosimplicial object computing

(R′)hG is split augmented over R.
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Next, the natural map R̃⊗R R̃→ F (G+, R̃) is an equivalence as that can be checked after base-change

along R→ R′. The final condition (of faithfulness) in Definition 3.5 can similarly be checked by descent.

Conversely, if R→ R′ is a faithful G-Galois extension, then R′ is a dualizable R-module [Rog08, Prop.

6.2.1] and the third condition of faithfulness then implies that R′ is itself descendable [Mat14, Th. 3.36] so

that the conditions above are satisfied with R̃ = R′. �

We now state the Galois descent theorem. For G finite, this also appears in [Mei12, GL].

Proposition 3.7 (cf. [Mat14, §9]). Given a faithful G-Galois extension R → R′, one obtains a G-action

on the symmetric monoidal ∞-category Mod(R′) of R′-modules, and the natural functor

Mod(R)→ Mod(R′)hG

is an equivalence of symmetric monoidal ∞-categories.

We return to our setup.

Proposition 3.8 (cf. [Mat14, §9]). Notation as in Construction 4, the natural map khBL
′ → khA exhibits

the target as a faithful BL-Galois extension of the source.

Proof. In fact, one checks by an explicit calculation on homotopy groups that the map khBL
′ → khA

makes the target into a free module (with shifts) over the source, e.g., F (BCp+, k) = khCp is free over

F (BS1, k) ' khS1

. In particular, it is descendable. Moreover, we have a fiber square of spaces

BL×BA //

��

BA

��
BA // B2L′

,

i.e., BA→ B2L′ is a BL-torsor. By the convergence of the Eilenberg-Moore spectral sequence (cf. [Lur11,

§1.1]), we have an equivalence of E∞-khA-algebras,

F (BL+, k
hA) ' F ((BL×BA)+, k) ' khA ⊗khBL′ khA,

which is equivariant for the BL-action, by translation on the left-hand-side and on the second factor on the

right-hand-side. This implies the claim. �

As a result of Proposition 3.7 and Proposition 3.8, the canonical functor

Mod(F ((CP∞)n+, k)) ' Mod(khBL
′
)→ Mod(khA)hBL
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is an equivalence of symmetric monoidal ∞-categories. Moreover, this holds after arbitrary base-change

along the source.

We will now extend this to the stable module ∞-category.

Definition 3.9. Let Tn be the standard n-torus. Recall that π∗k
hTn ' k[x1, . . . , xn] where, for

each i, |xi| = −2. We will let ktT
n

denote the localization of khT
n

= F (BTn+, k) away from the iter-

ated cofiber F (BTn+, k)/(x1, . . . , xn) (cf. [GM95a]), or equivalently the A−1-localization in Mod(khT
n

) for

A = khT
n

/(x1, . . . , xn) ∈ Alg(Mod(khT
n

)) (cf. [MNN15, §3]). If M is a finitely generated free Z-module,

we will write ktBM for the above construction where we identify BM with an n-torus (in any manner).

We have a pushout square of E∞-rings

khBL
′

��

// ktBL
′

��
khA // ktA

,

because both the Tate constructions are obtained by the equivalent finite localization (cf. Example 2.7).

Construction 5. As a localization of khA, the Tate construction ktA inherits a BL-action, and ktBL
′ →

ktA is a faithful BL-Galois extension. The action of BL on the E∞-ring ktA induces a BL-action on the

symmetric monoidal ∞-category StA ' Mod(ktA). Note also that the BL-action extends to a BA-action

(which originates with the BA-action on itself by left translation).

We summarize the above analysis in the following.

Theorem 3.10 (cf. [Mat14, §9]). Let A be an abelian p-group of rank n, and choose a short exact sequence

0→ L′ → L→ A→ 0 where L ' Zn. Then one obtains an action of the torus BL ' Tn on the symmetric

monoidal, k-linear ∞-category StA such that:

(1) The homotopy fixed points StAhBL are canonically identified with the symmetric monoidal ∞-

category Mod(ktBL
′
).

(2) The action of BL extends to an action of BA on StA.

4. Torus actions on spectra

In this section, we will describe some tools for working with torus actions on spectra. We note that most

of the subtleties encountered here disappear after 2 is inverted.
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4.1. E∞-rings and gl1. Let R be an E∞-ring. Recall the spectrum of units gl1(R) [May77, ABG+14].

We have a natural equivalence of connected spaces

(Ω∞R)≥1 ' (Ω∞gl1(R))≥1

and in particular natural isomorphisms of homotopy groups

ψ : πi(R) ' πi(gl1(R))

for i > 0. However, these isomorphisms are generally not compatible with the π∗(S
0)-module structure.

Proposition 4.1. Let n ∈ {1, 3, 7}, so that there exists an element δn ∈ πn(S0) of Hopf invariant one. Then

if R is any E∞-ring and if x ∈ πn(R), we have

(4.1) δnψ(x) = ψ(δnx+ x2) ∈ π2n(gl1(R)).

Proof. By naturality, it suffices to prove this in the case where R is the free E∞-ring on Sn, so that

R ' S0 ∨ Sn ∨ (Sn ∧ Sn)hΣ2
∨ . . . ,

and x ∈ πn(R) is the tautological element. In this case, π2n(R) ' π2n(S0)⊕ π2n(Sn)⊕ Z/2. It follows that

we have a “universal” formula

δnψ(x) = ψ(a1x+ a2 + a3x
2),

where a1 ∈ πn(S0), a2 ∈ π2n(S0), a3 ∈ Z/2. It remains to determine the values of these coefficients by

considering several specific examples.

First, we claim that a2 = 0. This follows because we have a map of E∞-rings R→ S0 that annihilates x,

so that δnψ(x) must belong to the kernel of the induced map. Second, we claim that a1 = δn; this follows by

considering the case of the square-zero E∞-ring S0 ∨ Sn, so that we have a canonical equivalence of spectra

gl1(S0 ∨ Sn) ' gl1(S0) ∨ Sn by [MS, Prop. 6.5.3].

Finally, we claim that a3 6= 0. For this, we consider the E∞-ring R = τ≤2nF2{xn} obtained by truncating

the free E∞-algebra over F2 on a degree n class to degrees [0, 2n], so that π∗(R) ' F2[xn]/(x3
n). It follows

[MS, Prop. 5.2.2] that the k-invariant of gl1(R) is the map HF2[n]→ HF2[2n+1], given by Sqn+1. However,

this implies that the classes in degree n and 2n of π∗gl1(R) are connected by a δn, as desired. �

4.2. The group algebra. Let X be a spectrum with an S1-action. Equivalently, X is a module

spectrum over the topological group ring Σ∞+ S
1. Since S1 is a commutative topological group, the group
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ring Σ∞+ S
1 has the structure of an E∞-ring, and we obtain an action of π∗(Σ

∞
+ S

1) on π∗(X). We will need

the following description of the former, which is well-known to experts.

Proposition 4.2. The homotopy groups of the ring spectrum Σ∞+ S
1 are given by the algebra π∗(S

0)[y]/(y2+

yη) where |y| = 1. More generally, we have an equivalence of algebras

(4.2) π∗(Σ
∞
+ Tn) ' π∗(S0)[y1, . . . , yn]/(y2

i = ηyi), |yi| = 1.

Proof. As a spectrum, Σ∞+ S
1 ' S0 ∨ S1, so it suffices to determine the multiplicative structure.

We consider the map of E∞-ring spectra Σ∞+ S
1 → S0 obtained from the map of groups S1 → 1. Let

y ∈ π1(Σ∞+ S
1) denote a generator of the kernel of π1(Σ∞+ S

1)→ π1(S0).

Using the universal property of gl1 [ABG+14, Th. 5.2], we see that there exists a map

HZ[1]→ gl1(Σ∞+ S
1),

whose image in homotopy is generated by ψ(y). This map is adjoint to the identity map

Σ∞+ Ω∞(HZ[1]) ' Σ∞+ S
1 → Σ∞+ S

1.

In particular, we find that ηψ(y) = 0 in π2(gl1(Σ∞+ S
1)). It follows from (4.1) that

ψ(ηy) = ψ(y2),

so that y2 = ηy as ψ is an isomorphism. �

Remark 4.3. We can also see this as follows. The ring structure on Σ∞+ S
1 comes from the multiplication

map m : S1 × S1 → S1. On unreduced suspensions, we obtain a map

Σ∞+ m : Σ∞+ (S1 × S1) ' S0 ∨ S1 ∨ S1 ∨ S2 → Σ∞+ S
1 ' S0 ∨ S1.

However, under this identification the stable map S2 → S1 that one obtains is the stabilization of the

unstable Hopf fibration S3 → S2. This determines the multiplicative structure on π∗(Σ
∞
+ S

1) as claimed.

We are grateful to Mike Hill for this remark.

Remark 4.4. Let X be a spectrum with an S1-action. We can describe multiplication by y in the following

manner on π0. Consider the H-space Ω∞X and let ∗ → Ω∞X be a map of unpointed spaces corresponding

to an element in π0X. The S1-action on Ω∞X then extends this to an unpointed map S1 → Ω∞X, which

we can (using the H-space structure on Ω∞X) turn into a pointed map S1 → Ω∞X, i.e., a class in π1(X).
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This gives the map

π0(X)→ π1(X)

of multiplication by y.

It follows from this that if X is a spectrum with S1-action, the multiplication by y on π0 is determined by

the S1-action on Ω∞X together with its H-space structure. As a result, the multiplication by y on πi, i > 0

is determined by the action on Ω∞X to begin with.

4.3. The spectral sequence. In this subsection, we review the spectral sequence for taking homotopy

fixed points of Tn-actions. This spectral sequence is essentially the one described in [Hes96, §1.4] (where it

starts from E1 instead).

Construction 6. We can make S0 into a Σ∞+ Tn-module, or a spectrum with Tn-action, by making Tn

act trivially. Let X be any spectrum with Tn-action. Then we have an equivalence of spectra

XhTn ' HomΣ∞+ Tn(S0, X),

and, thanks to the calculation (4.2), we obtain a spectral sequence [EKMM97, Ch. IV, Th. 4.1]

(4.3) Es,t2 = Exts,t
π∗(S0)[y1,...,yn]/(y2i+yiη)

(π∗(S
0), π∗(X)) =⇒ πt−s(X

hTn).

Here the module structure of π∗(S
0) is such that each yi acts trivially. The differentials run dr : Es,tr →

Es+r,t+r−1
r .

Construction 7. Suppose η acts by zero on π∗(X). In this case, by using natural Ext adjunctions in

both variables, we can rewrite the E2 page of (4.3) as

(4.4) Es,t2 ' Ext(π∗(S0)/η)[y1,...,yn]/(y2i )(π∗(S
0)/η, π∗(X)) ' ExtZ[y1,...,yn]/(y2i )(Z, π∗(X)).

Here we use the inclusion Z[y1, . . . , yn]/(y2
i ) ⊂ π∗(Σ∞+ Tn)/η and we make the yi act by zero on Z.

We will need a condition that ensures that this spectral sequence degenerates at E2. LetA =
⊗n

i=1 Z[yi]/y
2
i .

Proposition 4.5. If M is an abelian group, consider M ⊗Z A as an A-module by extending scalars. Then

we have

ExtsA(Z,M ⊗Z A) = 0, s > 0.

Proof. This follows because there is an isomorphism of A-modules

M ⊗Z A ' HomZ(A,M),
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and now one can use Ext adjunctions to obtain

ExtsA(Z,M ⊗Z A) ' ExtsA(Z,HomZ(A,M)) ' ExtsZ(Z,M) = 0, s > 0.

�

Definition 4.6. Let X be a spectrum with a Tn-action. Suppose η acts by zero on π∗(X). We will say

that π∗(X) is relatively projective if, as a module over A = Z[y1, y2, . . . , yn]/(y2
i ) ⊂ π∗(Σ

∞
+ Tn)/η, it is a

retract of a direct sum of modules that are obtained from Z-modules by extending scalars.

Example 4.7. Let Y be a spectrum such that η acts by zero on π∗(Y ). Then we can form the coinduced

spectrum X = F (Tn+, Y ), which inherits a Tn-action from the first factor. The homotopy groups are relatively

projective. In fact, as spectra with Tn-actions, we have an equivalence X ' Σ−nΣ∞+ Tn∧Y by Atiyah duality;

it is clear that the latter has relatively projective homotopy groups.

Corollary 4.8. Suppose X is a spectrum with Tn-action. Suppose that η acts trivially on π∗(X) and that

π∗(X) is relatively projective. Then the map π∗(X
hTn) → π∗(X) is an injection whose image is given by⋂n

i=1 ker(yi).

Proof. By Proposition 4.5 above, one sees that the spectral sequence degenerates after E2 with the

desired outcome. �

We now consider a few different examples of the spectral sequence.

Example 4.9. Let X be a discrete spectrum (i.e., πiX = 0 if i 6= 0) with a Tn-action, necessarily trivial.

Then one finds that the above spectral sequence is given additively at E2 by π0X ⊗Z[ξ1, . . . , ξn] where each

ξi is in bidegree (1,−1). The spectral sequence collapses at E2 and one obtains the cohomology of product

of copies of a projective space.

Corollary 4.10. Suppose X is a spectrum with a Tn-action and suppose that π∗(X) is concentrated in

even degrees. Then π∗(X
hTn) is concentrated in even degrees.

Proof. By induction, we may take n = 1 and Tn = S1. In this case, we see that π∗(X) is, as a module

over Z[y]/y2, a sum of modules M2i concentrated in a single degree 2i (for i ∈ Z). The spectral sequence

(4.4) is easily seen to degenerate for reasons of degree and give the result. Alternatively, the result follows

by filtering X via the Postnikov filtration. �

Corollary 4.11. Let X be a spectrum concentrated in degrees 0 and 1 with an Tn-action; we do not assume

η acts by zero. Suppose given x ∈ π0X. Then the following are equivalent:
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(1) x lifts to an element of π0X
hTn .

(2) x is annihilated by the operators yi, i = 1, . . . , n.

Proof. This follows from the spectral sequence (4.4). In particular, if x is annihilated by the operators

yi, it defines a class in the 0-line Homπ∗(Σ∞+ Tn)(π∗(S
0), π∗(X)). We need to show that it survives the spectral

sequence, i.e., it supports no differentials. However, we observe that

Exts,s−1
π∗(Σ∞+ Tn)(π∗(S

0), π∗(X)) = 0

for s ≥ 2 for grading reasons, cf. Example 4.9. This should be compared to Example 3.2 via the identification

between spectra concentrated in degree [0, 1] and symmetric monoidal groupoids where every object is

invertible. �

5. Proof of Dade’s theorem

5.1. Picard spectra. Given a symmetric monoidal ∞-category C, we will let pic(C) denote the (con-

nective) Picard spectrum of C, cf., e.g., [MS, §2.2] for a discussion. Recall that:

(1) π0pic(C) = Pic(C) is the Picard group of isomorphism classes of invertible objects in C.

(2) π1pic(C) is the group of homotopy classes of self-equivalences of the unit 1 ∈ C.

(3) πipic(C) for i ≥ 2 is the (i− 1)st homotopy group of the endomorphism space of the unit.

Given an E∞-ring R, we will also write pic(R) for pic(Mod(R)). We have a natural equivalence of spectra

τ≥1pic(R) ' Σgl1(R).

Let Cat⊗ be the ∞-category of symmetric monoidal ∞-categories and symmetric monoidal functors

between them, and let Sp≥0 denote the ∞-category of connective spectra. We obtain a functor

pic : Cat⊗ → Sp≥0,

which commutes with limits [MS, Prop. 2.2.3].

For instance, it follows from Theorem 3.10 (with the notation from there) that we have equivalences of

connective spectra

(5.1) pic(ktBL
′
) ' τ≥0(pic(ktA)hBL) ' τ≥0(pic(ktA)hT

n

) ' τ≥0(pic(StA)hT
n

).

To prove Dade’s theorem, we will calculate the left-hand-side of this equivalence, and show that any element

of the Picard group of StA survives to the homotopy fixed points pic(StA)hT
n

.
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5.2. The general tool. In this subsection, we prove our main general tool for Picard groups (Theo-

rem 5.3), which gives a criterion for when invertible modules can be descended along a faithful Tn-Galois

extension.

Proposition 5.1. Let R → R′ be a faithful Tn-Galois extension. Suppose π∗(R) → π∗(R
′) exhibits the

target as a free module over the source and that η = 0 in π∗(R). Then π∗(R
′) is relatively projective as a

module over Z[y1, . . . , yn]/(y2
i ) ⊂ π∗(Σ∞+ Tn)/η.

Proof. The assumption of freeness of π∗(R
′) as π∗(R)-module imply that it suffices to check the claim

about relative projectivity after base-change along R→ R′, i.e., to show that the action on Z[y1, . . . , yn]/(y2
i )

on π∗(R
′ ⊗R R′) makes the target relatively projective. However, this follows again because we have a Tn-

equivariant equivalence R′ ⊗R R′ ' F (Tn+, R′). �

We will now need a general result about homotopy fixed points.

Proposition 5.2. Let R→ R′ be a faithful Tn-Galois extension of E∞-rings. Suppose that:

(1) η acts trivially on π∗(R).

(2) Every element in π1R squares to zero.

(3) π∗(R
′) is a free module over π∗(R).

Then we have:

(5.2) πi(τ≥1gl1(R′)hT
n

) =


πigl1(R) i ≥ 1

0 i ≤ 0 and i even

?? i ≤ 0 and i odd

.

If we do not assume hypothesis (2), the above conclusion (5.2) still holds after inverting 2.

Of course, the conclusion of the theorem is the vanishing of πi(τ≥1gl1(R′)hT
n

) for i ≤ 0 even, but we

have stated in this manner for ease of reference.

Proof. First, we consider the case where n = 1 so that R → R′ is an S1-Galois extension. We claim

first that η acts by zero on the homotopy groups of τ≥1gl1(R). On π1, this follows from Proposition 4.1. On

higher homotopy groups, this follows because we have an equivalence of spectra

R[i,i+1] ' gl1(R[i,i+1]), i ≥ 2
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by [MS, §5.1]. It follows that π∗(τ≥1(R)) is the direct sum of relatively projective Z[y]/y2-modules and

graded Z[y]/y2 modules M concentrated in degree one. By Remark 4.4 and our assumptions, the same holds

for π∗(τ≥1gl1(R)). The spectral sequence now implies that πi(τ≥1gl1(R′)hS
1

) is as desired.

Now consider a torus of arbitrary rank Tn. Choose a decomposition Tn ' Tn−1 × S1. By induction

on n, we can assume that πi(τ≥1gl1(R′))hT
n−1

= 0 for i ≤ 0 even. We consider the S1-equivariant cofiber

sequence

τ≥1gl1(R′hT
n−1

)→ (τ≥1gl1(R′))hT
n−1 → C,

where by the inductive assumption the homotopy groups of C are concentrated in negative, odd degrees.

Taking S1-homotopy fixed points, we obtain a cofiber sequence of spectra

(
τ≥1gl1(R′hT

n−1

)
)hS1

→ (τ≥1gl1(R′))hT
n → ChS

1

.

By Corollary 4.10, it follows that ChS
1

is concentrated in negative, odd degrees. The map R→ R′hT
n−1

is a

faithful S1-Galois extension to which the hypotheses of this result applies, and the case of rank one implies

that
(
τ≥1gl1(R′hT

n−1

)
)hS1

has vanishing πi for i ≤ 0 even. Combining these completes the proof. When

we invert 2 on gl1(R), we note that one does not have to worry about η and the above goes through more

simply. �

We will now consider the following general question. Let R→ R′ be a faithful Tn-Galois extension and

let L ∈ Pic(R′). We ask when L descends to an R-module. Since there is a Tn-action on the ∞-category

Mod(R′), each element a ∈ π1(Tn) induces a natural automorphism of the identity functor of Mod(R). In

particular, each a induces a natural automorphism of R′-modules L ' L, which is classified by an element

in π0(R′)×. A necessary condition for L to descend is that this monodromy automorphism should be the

identity.

Theorem 5.3. Let R → R′ be a faithful Tn-Galois extension of E∞-ring spectra. Suppose the hypotheses

of Proposition 5.2 are satisfied. Let L ∈ Pic(R′). Then L descends to an invertible R-module if and only if

for every a ∈ π1(Tn), the induced monodromy automorphism a : L → L is the identity.

If we assume only that the first and third hypotheses of Proposition 5.2 are satisfied, then given any

such L, the tensor power L⊗2n descends for n� 0.

Proof. By Galois descent, we need to show that the map

pic(R′)hT
n → pic(R′)→ τ≤1pic(R

′)
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has the property that the class of L belongs to the image in π0. For this, we consider the diagram of spectra

Σ(τ≥1gl1(R′))hT
n // (pic(R′))hT

n //

''

(τ≤1pic(R
′))hT

n

��
τ≤1pic(R

′),

where the top row is a cofiber sequence of spectra. The assumption about monodromy implies that L belongs

to the image of the vertical map of spectra, cf. Corollary 4.11. It therefore suffices to show that the horizontal

map

(pic(ktA))hT
n → (τ≤1pic(k

tA))hT
n

induces a surjection on π0. This in turn follows because π−2(τ≥1gl1(R′))hT
n

) = 0 by Proposition 5.2. �

5.3. Dade’s theorem and its variants. In this subsection, we complete the proof of Dade’s theorem

and its version over an open subset of projective space. Our first goal is to calculate the Picard group of

ktT
n

for any n.

Proposition 5.4. The Picard group of ktT
n

is cyclic, generated by the suspension ΣktT
n

.

Proof. As explained in [Mat14, §9.4], there exists an even periodic derived scheme X (with structure

sheaf Otop) such that Γ(X,Otop) ' ktTn and with the following properties:

(1) The underlying ordinary scheme of X is Pn−1
k .

(2) π2Otop is the sheaf O(−1) on Pn−1
k .

(3) There is an equivalence of symmetric monoidal ∞-categories Mod(ktT
n

) ' QCoh(X). Equivalently,

QCoh(X) admits the unit as a compact generator [Lur14, Prop. 7.1.2.7].

The derived scheme X is constructed by inverting each of the polynomial generators in khT
n

to obtain

an even periodic E∞-ring with π0 a polynomial algebra over k. One glues together these affine spaces to

form a Pn−1
k . The third assertion follows from the ampleness of π−2(Otop), cf. [MM15, Prop 3.22].

Zariski locally, Otop is a sheaf of even periodic ring spectra with regular π0, so that the Picard group is

algebraic (cf. [BR05], [MS, Th. 2.4.4]). In particular, it follows that we can calculate the Picard group of

ktT
n

using the descent spectral sequence [MS, §3]. Using the cohomology of line bundles on projective space

[Har77, III.5], one sees that there is no contribution to the Picard group. We note that Hi(Pn−1,O(−r)) = 0

if i /∈ {0, n− 1} for all r ∈ Z. We have Hn−1(Pn−1,O(−r)) ' Hn−1(Pn−1, π2rOtop) 6= 0 for r ≥ n, but these

will not contribute in the Picard spectral sequence. �
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Theorem 5.5 (Dade [Dad78, Th. 10.1]). If A is an abelian p-group and k is a field of characteristic p,

then the Picard group of StA is cyclic, generated by the suspension of the unit.

Proof. If A = C2, the homotopy groups of ktA are a graded field k[u±1
1 ] and every module over ktA

is free, so the Picard group is trivial. We will therefore assume A 6= C2. Then, every element of π1(ktA)

squares to zero.

First, we use Theorem 2.6 to identify StA and Mod(ktA), so we equivalently need to determine the

Picard group of the E∞-ring ktA. We have a faithful Tn-Galois extension of E∞-rings ktT
n → ktA. Note

that π∗(k
tA) is a free module over π∗(k

tTn); in fact, one checks this for the faithful Tn-Galois extension

khT
n → khA of which this is a base-change.

Fix now an invertible ktA-module M . By Theorem 5.3, it descends to ktT
n

if and only if the monodromy

elements in π1(Tn) act trivially on M , i.e., give the identity in (π0k
tA)× = k×. Since the Tn-action on

Mod(ktA) extends to a BA-action, the monodromy necessarily acts by p-power torsion elements. Since k×

is p-torsion free, the monodromy is trivial. It follows that M descends to an invertible module over ktT
n

. By

Proposition 5.4, the Picard group of ktT
n

is generated by the suspension of the unit, so we are done. �

We now describe how one can use the above arguments to obtain partial results about the Picard groups

of localized stable module categories.

Construction 8. Let U ⊂ Pn−1
k be an open subset. We can then form an appropriate localization of

the stable module category. Namely, we construct the even periodic derived scheme X as in Proposition 5.4

and consider the open subscheme U ⊂ X corresponding to U . We construct the E∞-rings

ktT
n

U
def
= Γ(U,Otop), ktAU ' ktT

n

U ⊗ktTn ktA.

The associated module ∞-category Mod(ktAU ) is the localization (over U) of the stable module ∞-category.

In general, we do not know how to control the Picard group of these localized stable module∞-categories.

However, we can obtain the following result.

Proposition 5.6. Given an element L ∈ Pic(ktAU ), L⊗ps is a suspension of the unit for s� 0. In particular,

the quotient of Pic((StA)U ) by the cyclic part generated by the suspensions of the unit is p-power torsion.

Proof. We first argue that the Picard group of ktT
n

U is cyclic after p−1-localization. First, U is also

0-affine (cf. [MM15, Prop. 3.28]), i.e., one has an equivalence of symmetric monoidal ∞-categories

Mod(ktT
n

U ) ' QCoh(U). Now the Picard group of the scheme U is cyclic, generated by the twisting sheaf
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since the restriction map Pic(Pn−1
k )→ Pic(U) is surjective by regularity. The remaining terms in the descent

spectral sequence as in Proposition 5.4 that can contribute to the Picard group of ktT
n

U (or equivalently U)

are all p-power torsion and there are only finitely many of them.

The descent from ktAU to ktT
n

U can be carried out similarly. Namely, we claim that if L ∈ Pic(ktAU ),

there exists r such that L⊗pr descends to Pic(ktT
n

U ). In fact, by Theorem 5.3 it suffices to show that the

monodromy action on L⊗pr (which gives an element of π0(ktAU )×) is trivial. Since this monodromy action is

the prth power of the monodromy element for L itself, it suffices to take r large enough that pr annihilates

A. Note that if p = 2, there may be elements in π1 which do not square to zero, but we use instead the last

claim of Theorem 5.3. �

Theorem 5.7. Suppose U ⊂ Pn−1
k is affine and that p > 2. Let L ∈ Pic((StA)U ). Suppose L is the

U -localization of a compact object in StA. Then L is the suspension of a unit.

Proof. Suppose L ∈ Pic((StA)U ). Each generator a ∈ A induces an S1-action on (StA)U given by

multiplication by a. In particular, multiplication by a on L gives an element in π0(ktAU )×. We claim that

this element is trivial, or equivalently that a : L → L is homotopic to the identity. Since L is invertible in

(StA)U , it suffices to show that the trace of the endomorphism a − 1 of L is equal to zero. However, we

know that L arises as the U -localization of a finite-dimensional A-representation V , which is dualizable in

StA. The trace of a− 1 on V is easily seen to be zero, so the trace of a− 1 on L is zero as well. This shows

that every generator a ∈ A acts as the identity on L. By Theorem 5.3, this means that L descends to an

invertible module over ktT
n

U . Since ktT
n

U is regular, the Picard group is algebraic and the result follows. �

Given a compact object in (StA)U (e.g., an invertible one), we recall that the obstruction to its being

the U -localization of a compact object in StA lives in K0 (cf. [TT90, 5.2.2] for the analogous result for

extensions of perfect complexes over schemes).

6. Stratification via projective space

It is known by the work of Benson-Iyengar-Krause that one can “stratify” objects of the stable module

category StG of a p-group G via the cohomology Heven(BG; k) and its homogeneous prime ideals. In

particular, one can classify the localizing subcategories [BIK11]. More generally, one can carry this out for

Mod(khG).

The key case is when G is elementary abelian. In [BIK11], this is proved by showing that the classi-

fication of localizing subcategories of Mod(khG) is equivalent to that of the ∞-category of modules over a

ring spectrum whose homotopy groups are a polynomial ring. Here the classification is much simpler.
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In this section, we use the comparison with the Tate construction for a torus to give another approach

to this reduction, and thus to their results.

6.1. Generalities. Let C be a presentable stable ∞-category.

Definition 6.1. We recall that a localizing subcategory C′ ⊂ C is a full stable subcategory closed under

arbitrary colimits. We will also assume that any object of C equivalent to an object in C′ is itself in C′. We

will let Loc(C) denote the class of all localizing subcategories of C.

Given a full subcategory D ⊂ C, the intersection of all localizing subcategories containing D is a localizing

subcategory, and is said to be the localizing subcategory generated by D.

Let C,D be presentable stable∞-categories and let F : C → D be a cocontinuous functor. Then if M ∈ C

belongs to the localizing subcategory generated by the {Mα}α∈A ⊂ C, we can conclude that F (M) belongs

to the localizing subcategory generated by the {F (Mα)}α∈A ⊂ D. This follows easily because the preimage

of a localizing subcategory is a localizing subcategory. We obtain a map

F∗ : Loc(C)→ Loc(D),

which sends a localizing subcategory C′ ⊂ C to the localizing subcategory of D generated by F (C′).

In this subsection, we will show that this map is an isomorphism for a faithful Galois extension of

E∞-rings with a connected Galois group. It will be convenient to use the notion of descendability [Mat14,

§3-4].

Definition 6.2. A morphism of E∞-rings A → B is descendable if the thick ⊗-ideal that B generates

in Mod(A) is all of Mod(A).

Given an A-module M , one can form the cobar construction, which is an augmented cosimplicial object

M →
(
M ⊗A B→→M ⊗A B ⊗A B

→
→
→
. . .
)
.

If A → B is descendable, then M is the totalization of the above cobar construction; moreover, M is a

retract of the partial totalization at a finite stage. It follows, for example, that the thick ⊗-ideals in Mod(A)

that M and M ⊗A B generate are equal.

Proposition 6.3. LetR→ R′ be a morphism of E∞-rings which is descendable. Then the map Loc(Mod(R))→

Loc(Mod(R′)) obtained by base-change is injective, and has a section Loc(Mod(R′)) → Loc(Mod(R)) ob-

tained by restriction of scalars.
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Proof. We have a forgetful right adjoint functor Mod(R′) → Mod(R) given by restriction of scalars,

which is also cocontinuous. We claim that this induces a section to the map Loc(Mod(R))→ Loc(Mod(R′)).

Equivalently, we need to show that if M ∈ Mod(R), then the R-modules M and R′⊗RM generate the same

localizing subcategory of Mod(R). This follows because, as remarked above, M and R′ ⊗RM even generate

the same thick ⊗-ideal in Mod(R). �

Proposition 6.4. Let R be an E∞-ring and let X be a connected finite complex. Then base-change

Mod(R) → Mod(F (X+, R)) induces an isomorphism Loc(Mod(R)) ' Loc(Mod(F (X+, R))) (whose inverse

is induced by the restriction of scalars functor).

Proof. Choose a basepoint ∗ ∈ X, so that we obtain a map s : F (X+, R) → R of E∞-rings. The

morphism Loc(Mod(R)) → Loc(Mod(F (X+, R))) admits a section since s is a section of R → F (X+, R).

This section

φ : Loc(Mod(F (X+, R)))→ Loc(Mod(R))

comes from the functor

Mod(F (X+, R))
⊗F (X+,R)R−−−−−−−→ Mod(R),

given by extension of scalars along s. However, s : F (X+, R)→ R is descendable [Mat14, Prop. 3.34], so φ

is also an injection by Proposition 6.3. Therefore, φ is an inverse to the map in question. �

Theorem 6.5. Let R be an E∞-ring and let G be a topological group with the homotopy type of a connected

finite complex. Let R→ R′ be a faithful G-Galois extension. Then extension and restriction of scalars induce

isomorphisms Loc(Mod(R)) ' Loc(Mod(R′)) inverse to one another.

Proof. It suffices to show that the restriction of scalars functor

Mod(R′)→ Mod(R)

induces an injection on Loc, by Proposition 6.3.

Choose a descendable E∞-R-algebra R̃ such that R′ ⊗R R̃ ' F (G+, R̃). Then we have a commutative

diagram

Mod(R′)

��

⊗RR̃// Mod(R′ ⊗R R̃)

��

Mod(R)
⊗RR̃ // Mod(R̃)

.
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The horizontal arrows are given by extension of scalars along R → R̃ and the vertical arrows come from

restriction of scalars. Applying Loc, we obtain a commutative diagram

Loc(Mod(R′))

��

� �
⊗RR̃// Loc(Mod(R′ ⊗R R̃))

'
��

Loc(Mod(R)) � �
⊗RR̃ // Loc(Mod(R̃))

The left vertical arrow is an isomorphism by Proposition 6.4, and the horizontal arrows are injections by

Proposition 6.3.

The diagram shows that restriction of scalars induces an injection Loc(Mod(R′)) ↪→ Loc(Mod(R)). By

Proposition 6.3, it is also a surjection and is therefore an isomorphism (with inverse induced by extension of

scalars) as desired. �

The above should be compared with [BIK11, Th. 4.4], which is the necessary comparison tool in the

Benson-Iyengar-Krause proof.

6.2. The classification. We note the stratification result for cochains on the classifying space of the

torus. Here the argument uses the existence of “residue fields” as in [Ang08].

Proposition 6.6 (cf. [BIK11, Th. 5.2]). Let k be a field of characteristic p. The localizing subcategories

of Mod(khT
n

) (resp. Mod(ktT
n

)) are in bijection with the subsets of the set of homogeneous prime ideals of

π∗(k
hTn) (resp. those not containing the irrelevant ideal).

Let A be an abelian p-group and construct the Tn-action on StA ' Mod(ktA) as before, as well as the

map ktT
n → ktA, which is a Galois extension with Galois group isomorphic to Tn. Combining this result

with the previous subsection, Construction 5, and Theorem 3.10, one obtains:

Theorem 6.7 (Benson-Iyengar-Krause [BIK11]). Let A be an abelian p-group of rank n. The functor

Mod(khA) → Mod(khT
n

) induced by restriction of scalars along khT
n → khA induces an isomorphism on

Loc. As a result, the localizing subcategories of Mod(khA) are in bijection with the subsets of the set of

homogeneous prime ideals of π∗(k
hTn).

Theorem 6.8 (Benson-Iyengar-Krause [BIK11]). Let A be an abelian p-group of rank n. The functor

StA→ Mod(ktT
n

) induced by restriction of scalars along ktT
n → ktA induces an isomorphism on Loc. As a

result, the localizing subcategories of StA are in bijection with the subsets of the set Pn−1
k of homogeneous

prime ideals of π∗(k
tTn) which do not contain the irrelevant ideal.

261



Bibliography

[ABG+14] Matthew Ando, Andrew J. Blumberg, David Gepner, Michael J. Hopkins, and Charles Rezk, Units of ring spectra,

orientations and Thom spectra via rigid infinite loop space theory, J. Topol. 7 (2014), no. 4, 1077–1117. MR 3286898

[Ang08] Vigleik Angeltveit, Topological Hochschild homology and cohomology of A∞ ring spectra, Geom. Topol. 12 (2008),

no. 2, 987–1032. MR 2403804 (2009e:55012)

[Bal10] Paul Balmer, Picard groups in triangular geometry and applications to modular representation theory, Trans. Amer.

Math. Soc. 362 (2010), no. 7, 3677–3690. MR 2601604 (2011f:18015)

[BCR97] D. J. Benson, Jon F. Carlson, and Jeremy Rickard, Thick subcategories of the stable module category, Fund. Math.

153 (1997), no. 1, 59–80. MR 1450996 (98g:20021)

[BIK11] David J. Benson, Srikanth B. Iyengar, and Henning Krause, Stratifying modular representations of finite groups,

Ann. of Math. (2) 174 (2011), no. 3, 1643–1684. MR 2846489

[BK08] David John Benson and Henning Krause, Complexes of injective kG-modules, Algebra Number Theory 2 (2008),

no. 1, 1–30. MR 2377361 (2009d:20010)

[BR05] Andrew Baker and Birgit Richter, Invertible modules for commutative S-algebras with residue fields, Manuscripta

Math. 118 (2005), no. 1, 99–119. MR 2171294 (2006f:55009)
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CHAPTER 8

A descent theorem in algebraic K-theory (with D. Clausen, N.

Naumann, and J. Noel)

1. Introduction

1.1. Motivation: K-theory. Let X be a noetherian scheme. A subtle and important invariant of X

is given by the algebraic K-theory groups {Kn(X)}n≥0. As X varies, the groups {Kn(X)} behave something

like a cohomology theory in X. For example, they form a contravariant functor in X and there is an analog

of the classical Mayer-Vietoris sequence thanks to the localization properties of algebraic K-theory [TT90,

Thm. 10.3]. A highbrow formulation of this property is that the groups {Kn(X)} arise as the homotopy

groups of a spectrum K(X), and that the contravariant functor

K : Schop → Sp≥0

forms a sheaf of connective spectra on the Zariski site of X.1

As is well-known, however, the Zariski topology of X is too coarse to have a strong analogy with algebraic

topology: a more appropriate topology is given by the étale topology. One might hope that K is a sheaf (i.e.,

behaves “like a cohomology theory”) for the étale topology; if so, one could then hope for a local-to-global

spectral sequence (an analog of the Atiyah-Hirzebruch spectral sequence for topological K-theory) beginning

with étale cohomology and ultimately converging to algebraic K-theory. Indeed, the convergence properties

of such a spectral sequence are the subject of the Lichtenbaum-Quillen conjecture [Qui75].

The problem is that K-theory is not a sheaf for the étale topology. If E → F is a G-Galois extension of

fields, one has a G-action on K(F ) and a natural map

(1.1) K(E)→ K(F )hG,

but this need not be an equivalence, contradicting étale descent. In fact, since algebraic K-theory satisfies

Nisnevich descent (cf. [Nis89] and [TT90, Thm. 10.8]), the failure of descent along Galois extensions of

commutative rings is the only obstruction to satisfying étale descent [Lur11, Cor. 4.24].

1To obtain a sheaf of spectra, one has to work with the non-connective version K of K-theory.
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In the foundational paper [Tho85] and in the later extension [TT90], Thomason showed that these

problems disappear after a localization, after which maps of the form (1.1) become equivalences. Specifically,

let X be a scheme where a fixed prime number l is invertible and suppose X contains the lth roots of unity. If

l ≥ 5 (as we assume for simplicity), there is a natural element β ∈ π2(K(X)/l) called the Bott element. Under

these assumptions, K(X)/l is naturally a ring spectrum up to homotopy and one can form the localization

(K(X)/l)[β−1].

Theorem 1.2 (Thomason [Tho85, Thm. 2.45] and [TT90, Thm. 11.5]). Suppose X is a noetherian

scheme of finite Krull dimension over Z[1/l, µl], satisfying Thomason’s technical hypothesis on the existence

of uniformly bounded ‘Tate-Tsen filtrations’ on the residue fields.2 Then the functor Y 7→ (K(Y )/l)[β−1] is

a sheaf of spectra on the small étale site of X. Moreover, there exists a descent spectral sequence

Hs
ét(X, π̃2tK/l[β

−1]) ∼= Hs
ét(X,Z/l(t)) =⇒ π2t−s(K(X)/l)[β−1].

1.2. Brave new algebra and chromatic homotopy. In this paper, we will follow the philosophy

of “brave new rings” of Waldhausen, which proposes to carry out constructions from classical algebra with

structured ring spectra. For example, one can define and try to compute the algebraic K-theory of structured

ring spectra. This has been effectively carried out in certain important cases (we refer to [Rog14] for a recent

survey).

Another important instance of this philosophy is the work of Rognes [Rog08], which formulates a

notion of a Galois extension of E∞-ring spectra generalizing the classical notion in commutative algebra.

The extension KO → KU is a basic example of a C2-Galois extension, and there are higher analogs in the

theory of topological modular forms. The extension from the K(n)-local sphere to Lubin-Tate theory is a

K(n)-local pro-Galois extension with the Galois group given by the Morava stabilizer group.

Our primary goal in this paper is to obtain analogs of Thomason’s étale descent theorem for structured

ring spectra. For instance, one can ask:

Question 1.3. Let A → B be a G-Galois extension of E∞-ring spectra in the sense of Rognes. How close

is the map K(A)→ K(B)hG to being an equivalence?

In the algebraic K-theory of connective ring spectra, the theory of trace methods is a fundamental

tool. Using it, one can try to answer the above question by combining Thomason’s results together with

comparisons with topological cyclic homology. However, the most interesting Galois extensions arise from

2This implies that the residue fields of X have uniformly bounded l-torsion Galois cohomological dimension. To the authors’

knowledge, no counterexample to the converse implication is known.

266



nonconnective ring spectra (in fact, all Galois extensions of connective ring spectra can be determined in

terms of pure algebra by [Mat16a, Thm. 6.17] and [MM15, Ex. 5.5]). We will take a completely different

approach in this paper which is based on a re-examination of some of Thomason’s ideas.

Before explaining our methods, we need to discuss a replacement for the localization with respect to a

Bott element in Theorem 1.2. A priori, one does not have such elements in the K-theory of ring spectra

(compare [Aus10], however). Nonetheless, there is a purely homotopical description of this procedure: The

spectrum (K(X)/l)[β−1] from Theorem 1.2 is the localization of the spectrum K(X)/l at Morava K-theory

K(1) (at the implicit prime l). In particular, one can reformulate Thomason’s result as stating that algebraic

K-theory forms an étale hypersheaf (under those conditions) after K(1)-localization (cf. [Mit97]). This is

the form in which one can hope to generalize Thomason’s results to ring spectra.

The procedure of K(1)-localization is, of course, only one of infinitely many chromatic localizations

LK(r) for r ∈ Z≥0. In general, it is a theorem of Mitchell [Mit90] that the higher localizations LK(r), r ≥ 2

annihilate the algebraic K-theory of discrete rings. Here the situation is more interesting for ring spectra.

One expects a chromatic redshift phenomenon (as coined by Rognes) that the algebraic K-theory of a ring

spectrum at chromatic levels 0 through n will live at chromatic levels 0 through n+ 1. So in Question 1.3,

one could ask whether one gets equivalences after other chromatic localizations. As a result, in [AR08], the

following conjecture was made:

Conjecture 1.4 (Ausoni and Rognes). Let A → B be a K(n)-local G-Galois extension of E∞-rings.

Let T be a telescope of a vn+1-self map of a type (n+ 1)-complex. Then the map

T ∧K(A)→ T ∧K(B)hG

is an equivalence.

Our main result, which appears below as Theorem 5.1, is the following. Note in particular that the

Galois condition is not necessary for this result, and that the Galois group will play no role in our argument.

Theorem 1.5. Let A → B be a morphism of E∞-rings such that B is a perfect A-module. Suppose

that the rationalized restriction of scalars map K0(B) ⊗ Q → K0(A) ⊗ Q is surjective. Let E(−) be either

algebraic K-theory K(−), non-connective algebraic K-theory K(−), THH (−), or TC (−) and let LT denote

one of the following localization functors: LT (n), LK(n), L
f
n, or Ln (taken at an implicit prime p for some

n ≥ 0).
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Then the map

(1.6) E(A)→ Tot
(
E(B)→→E(B ⊗A B)

→
→
→
. . .
)

becomes an equivalence after LT -localization, which can be applied either inside or outside the totalization.

Moreover, the associated Tot/Čech-spectral sequence collapses at a finite page with a horizontal vanishing

line.

In particular, if A → B is a G-Galois extension satisfying the hypothesis on K0(−) ⊗ Q, then the

Ausoni-Rognes Conjecture 1.4 holds for this extension. In this case, the associated spectral sequence is the

homotopy fixed point spectral sequence:

Hs(G;πtLTE(B))⇒ πt−sLTE(A).

Theorem 1.5 reduces the localized descent problem to a question about K0(−) ⊗ Q. This condition is

relatively accessible and can be checked in many examples of interest:

Theorem 1.7. The hypotheses of Theorem 1.5 are satisfied for the following maps of E∞-ring spectra:

• Any finite étale cover A→ B (see Lemma 5.4 for a more general condition).

• The complexification maps of topological K-theory spectra: KO → KU or ko→ ku (Examples 5.9

and 5.30).

• The G-Galois extensions EhGn → En where G ⊂ Gn is a finite subgroup of the extended Morava

stabilizer group.

• Any finiteG-Galois extension of the following variations on topological modular forms: TMF[1/n],Tmf[1/n],Tmf0(n),

or Tmf1(n) (Theorems 5.24 and 5.27), where n ≥ 1.

• The extension tmf[1/3]→ tmf1(3) of connective topological modular forms (Example 5.31).

For extensions defined by certain higher real K-theories one has sharper results (see Theorem 5.10).

1.3. Methods. Our methods are based on the observation, due to Thomason [Tho85, Thm. 2.15] and

explored more generally by Tabuada [Tab14], that the above result follows from a simple algebraic trick

when one works rationally.

To illustrate the general idea of our argument, consider the case of a G-Galois extension A→ B. Using

techniques of Merling [Mer15], Barwick [Bar15], and Barwick-Glasman-Shah [BGS15], one constructs an

E∞-algebra R = K(B;G) in the ∞-category of G-spectra such that for any subgroup H ≤ G, we have
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RH = K(B;G)H = K(BhH). The descent comparison map now becomes the classical comparison map

RG → RhG

from fixed points to homotopy fixed points. It is a general fact about G-spectra that the fiber of this

comparison map is a module over the cofiber of the transfer map

RhG → RG,

where RG/RhG = (R ∧ ẼG)G = K(A)/K(B)hG has the structure of an E∞-ring spectrum. Our hypotheses

imply that K(A)/K(B)hG is rationally trivial. By the main result of [MNN15], this implies that the

K(n)-localization of the E∞-ring spectrum K(A)/K(B)hG, and thus the K(n)-localization of fib(K(A) →

K(B)hG), is trivial for any n and implicit prime p.

In this paper, however, we will not use the technology of equivariant algebraic K-theory or the language

of G-spectra, since we do not want to restrict ourselves to Galois extensions. Instead we will essentially use

a certain ∞-category of non-commutative motives (as in [BGT13, BGT14, HSS15]) as a replacement for

the equivarant stable homotopy category.

To give an idea of how this goes, let us outline the proof of Theorem 1.5. The stable ∞-category of

non-commutative motives MotA we associate to A is built universally so that every additive invariant of

A-linear stable ∞-categories naturally factors through MotA. Crucially, MotA also carries a symmetric

monoidal structure coming from the Lurie tensor product of A-linear stable ∞-categories. We consider the

full subcategory I ⊂ MotA of all those M ∈ MotA for which the augmented cosimplicial object

M →M ⊗ [B]→→M ⊗ [B]⊗ [B]
→
→
→
. . .

becomes a limit diagram after applying any additive invariant, i.e. exact functor F : MotA → Sp. We

want to show that [A] lies in I “up to K(n)-localization” in some sense. In the main text, this “up to

K(n)-localization” will be formalized in the notion of an ε-object.

It is easy to see that I is a thick ⊗-ideal of MotA. Therefore the Verdier quotient MotA /I is a

symmetric monoidal ∞-category. On the other hand, for formal reasons [B] lies in I. Then hypothesis that

K0(B)⊗Q→ K0(A)⊗Q is surjective lets us conclude that the E∞-ring spectrum R of endomorphisms of the

unit object of MotA /I satisfies R ⊗Q = 0. It follows from the main result of [MNN15] that LK(n)R = 0,

whence LK(n) MotA /I = 0, which implies the desired conclusion.
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We emphasize that our methods do not recover Thomason’s spectral sequence, whose E2-term is the

sheaf cohomology. The convergence of that spectral sequence requires étale hyperdescent, rather than the

descent result we prove. It seems to us that any hyperdescent statement for non-rational localizations will

require additional tools. Furthermore, the explicit identification of the E2-term of the spectral sequence

requires showing that the etale sheafified homotopy of LT (1)K(−) identifies with Zl(t) in degree 2t and 0 in

odd degrees. In the setting of classical commutative rings, this follows from the Gabber-Suslin theorem but

we do not know what the analogous statement should be for structured ring spectra.

On the other hand, if we ignore the issue of sheaf vs. hypersheaf, then our methods show that none of

the technical hypotheses on X imposed in Thomason’s theorem are actually necessary. Thus, we do obtain

new descent results even in the algebraic K-theory of discrete rings (see also Example 5.5).

1.4. Outline. In Section 2 we introduce the notion of ε-objects and ε-equivalences. This robust theory

allows us to formulate rigorously what it means for a homotopy limit to quickly converge modulo objects

which are invisible to chromatic homotopy theory. In Section 3 we review the relative theory of non-

commutative motives as developed by [BGT13, HSS15]. This section is technical and can be skipped on a

first reading. We require the relative version for R-linear categories in order to ensure that our K-theoretic

homotopy limits have the correct form. The only minor variation in our treatment allows us to consider

additive invariants which do not commute with all filtered colimits (such as TC ).

In Section 4, we show how the nilpotence criterion for E∞-rings of [MNN15] provides a simple method

for establishing descent results. In Section 5 we establish our aforementioned examples and prove that

telescopically localized K-theory is a sheaf for the finite flat topology on E∞-ring spectra. As a corollary,

we obtain in Appendix 1 an analog for spectral algebraic spaces of Thomason’s result that the K-theory of

schemes satisfies étale descent after periodic localization.

Notation.

(1) We will write Catperf
∞ for the ∞-category of idempotent-complete, small stable ∞-categories and

exact functors between them. We recall that Catperf
∞ is a presentable, symmetric monoidal ∞-

category under the Lurie tensor product. We refer to [BGT13] for an account of the general

features of Catperf
∞ .

(2) We let CAlg(Catperf
∞ ) denote the ∞-category of commutative algebra objects in Catperf

∞ : equiv-

alently, this is the ∞-category of small symmetric monoidal, idempotent-complete stable ∞-

categories (C,⊗,1) where ⊗ is exact in each variable. The morphisms in CAlg(Catperf
∞ ) are the

symmetric monoidal exact functors. Given an object X ∈ C, we will write πk(X) = πkHomC(1, X).
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(3) We will let PrLst denote the category of presentable, stable ∞-categories and cocontinuous functors

between them, with the Lurie tensor product.

(4) We will also need to consider not necessarily small, idempotent-complete stable ∞-categories and

exact functors between them, and we denote the ∞-category of such by Ĉat
perf

∞ . Thus Ĉat
perf

∞

includes both small and presentable idempotent-complete, stable ∞-categories.

(5) Although due to set-theoretic technicalities we will not consider Ĉat
perf

∞ as a symmetric monoidal

∞-category, we will abuse notation and write CAlg(Ĉat
perf

∞ ) for the ∞-category of symmetric

monoidal, stable, idempotent-complete ∞-categories with a biexact tensor product, and symmetric

monoidal exact functors between them.

We write Sp for the ∞-category of spectra and Spω ⊂ Sp for the subcategory of finite spectra. Given

an E∞-ring spectrum R, we write Perf(R) for the ∞-category of perfect (i.e., compact) R-modules. We will

write D for the dual of an object (e.g., the Spanier-Whitehead dual of a finite spectrum). Given objects X,Y

of a stable ∞-category C, we will write HomC(X,Y ) ∈ Sp for the mapping spectrum.
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2. ε-nilpotence

Let C ∈ Ĉat
perf

∞ be a (not necessarily small) stable, idempotent-complete ∞-category and let T ⊂ C

be a full subcategory. Recall that T is called thick if T is a stable subcategory which is also idempotent-

complete, so T ∈ Ĉat
perf

∞ . Using the nilpotence theorem [DHS88], Hopkins and Smith gave in [HS98, Thm.

7] a complete classification of thick subcategories of finite spectra. The classification of thick subcategories
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in general is a problem that has been further studied in many different contexts and is closely related to

questions of nilpotence.

A key technique of this paper uses a specific enlargement Tε of a thick subcategory T ⊂ C. Roughly

speaking, Tε is the maximal enlargement of T which is no different from T from the point of view of any

periodic localization. We will discuss some important examples of this construction and, ultimately, a basic

criterion that enables one to check whether an object belongs to Tε by performing a rational calculation

(Theorem 4.2). All the results in this section are fairly formal consequences of the nilpotence technology of

[DHS88, HS98].

2.1. ε-enlargements. In this subsection, we make the basic definition. In the remaining subsections,

we will explore this further for specific choices of thick subcategories.

Definition 2.1. Let C ∈ Ĉat
perf

∞ and let T ⊂ C be a thick subcategory. We will define several enlarge-

ments of T . Recall that C is naturally tensored over finite spectra.

(1) Given a finite spectrum F , we define TF to be the smallest thick subcategory of C containing T

and {F ∧ C}C∈C .

(2) Let Σ be a finite set of prime numbers. We define thick subcategories Tε,Σ via

Tε,Σ =
⋂
F

TF ,

where F ranges over all finite spectra whose p-localization is nontrivial for every p ∈ Σ.

(3) Finally, we define the thick subcategory Tε via

Tε =
⋃
Σ

Tε,Σ,

as Σ ranges over all finite sets of prime numbers. We will call this the ε-enlargement of T .

The process of ε-enlargement interacts well with exact functors.

Proposition 2.2. Suppose G : C → D is a morphism in Ĉat
perf

∞ (i.e., an exact functor). Suppose T ⊂ C

and T ′ ⊂ D are thick subcategories and G(T ) ⊂ T ′. Then G(Tε) ⊂ T ′ε . Furthermore, for each finite set of

prime numbers Σ, we have G(Tε,Σ) ⊂ T ′ε,Σ.

Proof. Let F be any finite spectrum. One shows easily that G(TF ) ⊂ T ′F (because G commutes

with smashing with the finite spectrum F ) and then the remaining assertions follow formally by taking

intersections and unions. �
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Definition 2.3. Let C ∈ Ĉat
perf

∞ . Suppose T = {0}. Then we write Nilε(C) def
= Tε and call it the

subcategory of ε-objects of C. In the case C = Sp, we will call this the subcategory of ε-spectra. We will

say that a morphism f : X → Y in C is an ε-equivalence if the cofiber is an ε-object. Finally, we also write

Nilε,Σ(C) for Tε,Σ for any finite set Σ of prime numbers.

Our next result will be Lemma 2.5, which explains that the general formation of Tε can be reduced to

the special case that T = {0}, using Verdier quotients.

Suppose now that C is small, i.e., C ∈ Catperf
∞ . Suppose T ⊂ C is a thick subcategory. Then we recall

that we can form the (idempotent-complete) Verdier quotient C/T ∈ Catperf
∞ receiving an exact functor from

C (cf. [BGT13, §5.1] for a treatment; in particular, C/T is the pushout C tT 0 in Catperf
∞ ). An object of C

belongs to T if and only if its image in the Verdier quotient vanishes.

Note that Lemma 2.2 implies that ε-objects are preserved by any exact functor in Catperf
∞ . Applying

this to the functor C −→ C/T shows that Tε is mapped to Nilε(C/T ), and to see the converse, we first need

an elementary lemma whose proof we leave to the reader.

Lemma 2.4. Let C ∈ Catperf
∞ and let T ⊂ C be a thick subcategory. Then T = C ∩ Ind(T ) ⊂ Ind(C).

Proposition 2.5. Let C ∈ Catperf
∞ and let T ⊂ C be a thick subcategory. Then an object X ∈ C belongs

to Tε if and only if its image in C/T is an ε-object.

Proof. The “only if” implication follows from Lemma 2.2, applied to the canonical functor C −→ C/T .

For the converse, suppose Σ is a finite set of prime numbers and the image X ∈ C/T of X belongs to

Nilε,Σ(C/T ). We show that X ∈ Tε,Σ.

Let F be any finite spectrum such that F(p) 6= 0 for each p ∈ Σ. We need to show that X belongs to

TF . Equivalently, by Lemma 2.4, we need to show that X belongs to Ind(TF ) ⊂ Ind(C). In Ind(C) we can

localize to obtain a cofiber sequence,

X ′ → X → X ′′,

where X ′ ∈ Ind(T ) ⊂ Ind(C) while HomInd(C)(T,X
′′) = 0 for T ∈ T . Thus, it suffices to show that X ′′

belongs to the localizing subcategory generated by {F ∧ Y }Y ∈C .

Finally, we recall (cf. [BGT13, §5.1]) that the collection of Z ∈ Ind(C) with HomInd(C)(T, Z) = 0 for

each T ∈ T can be identified with Ind(C/T ) and X ′′ can be identified with the image X ∈ C/T ⊂ Ind(C/T ).

So, our assumption that X ∈ Nilε,Σ(C/T ) now shows that X ′′ belongs to the localizing subcategory as

desired. �
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We next observe that being an ε-object can be checked locally at one prime at a time. The proof of the

next proposition is left to the reader.

Proposition 2.6. Let C ∈ Ĉat
perf

∞ . Fix an object X ∈ C. Then X ∈ Nilε(C) if and only if the following

conditions are satisfied:

(1) There exists N ∈ Z>0 such that N = 0 ∈ π0HomC(X,X). Therefore, we get a canonical decompo-

sition X ' ∨p|N X(p) where X(p) is the p-localization of X.

(2) In the above decomposition, for each p dividing N , we have X(p) ∈ Nilε,{p}(C).

We will now give basic criteria for identifying ε-objects, which shows that they are ‘strongly null-

isogenous’ or ‘endomorphism-dissonant.’ Here we will freely use the nilpotence technology [DHS88, HS98].

Recall the for every n and prime p, there exists a type n, finite p-local spectrum Fn admitting a non-

trivial vn-self map f . Let T (n) = Fn[f−1] be the mapping telescope on f . While the spectrum T (n) depends

on the choice of Fn, its Bousfield class does not. In other words, the condition T (n)∗X = 0 (for a spectrum

X) does not depend on the choices made.

Proposition 2.7. Let C ∈ Ĉat
perf

∞ and X ∈ C. The following are equivalent:

(1) The object X is an ε-object.

(2) The endomorphism ring spectrum EndC(X) has the property that T (n)∗EndC(X) = 0 for all

n ∈ [0,∞) and all primes p.

(3) The endomorphism ring spectrum EndC(X) has the property that K(n)∗EndC(X) = 0 for all

n ∈ [0,∞) and all primes p.

Proof. First we prove ((1)⇒(2)), i.e., if X is an ε-object, then T (n)∗EndC(X) = 0 for every n and

implicit prime p. By Lemma 2.6, we can suppose that X ∈ Nilε,{p}(C). Now for a fixed n ≥ 0, we choose a

type n, finite p-local spectrum Fn with a vn-self map f such that T (n) = Fn[f−1] as above. Let Cf denote

the cofiber of f . We will show that the class D of Y ∈ C such that T (n)∗HomC(X,Y ) = 0 contains X.

Evidently, D is a thick subcategory and by construction of Cf ,

T (n)∗HomC(X,Cf ∧ Z) ' T (n)∗ (Cf ∧HomC(X,Z)) = 0, for any Z ∈ C,

which implies that any Cf ∧ Z belongs to D. By hypothesis, X belongs to the thick subcategory generated

by {Cf ∧ Z}Z∈C and thus X ∈ D, so the claim follows.

The implication ((2)⇒(3)), is both easy and classical.
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For the final implication ((3)⇒(1)), suppose that the endomorphism ring spectrum EndC(X) is K(n)-

acyclic for all primes p and 0 ≤ n <∞. First of all, observe that EndC(X) is therefore a torsion spectrum.

Breaking X into a direct sum of its p-localizations, we may assume that EndC(X) is p-power torsion. We

then need to show that X ∈ Nilε,{p}(C).

Let F be any finite nontrivial p-torsion spectrum. We will show that X belongs to the thick subcategory

generated by F ∧ X. Replacing F by F ∧ DF = EndSp(F ), we may assume F is a ring spectrum and we

let S0 → F be the unit map. We let I → S0 denote the fiber of the unit map. Note that F has nontrivial

homology, so I → S0 induces the zero map in mod p homology. We will show that there exists n such that

I∧n∧X → X is nullhomotopic. It will follow that X is a summand of the cofiber of this map, which belongs

to the thick subcategory generated by F ∧X as desired.

To show that there exists n such that I∧n∧X → X is nullhomotopic, we observe that it suffices to show

(by adjointness) that there exists n such that the map of spectra I∧n → S0 → EndC(X) is nullhomotopic.

Equivalently, the map S0 → EndC(X)∧DI needs to be smash nilpotent. By the nilpotence theorem [HS98,

Thm. 3], it suffices to check this after applying K(n)∗ for n ∈ [0,∞]. For n < ∞, we know that EndC(X)

itself is K(n)∗-acyclic. For n = ∞, so that K(∞) = HFp, we know that S0 → DI induces the zero map in

homology, so we are done here too. �

Corollary 2.8. Given C ∈ Ĉat
perf

∞ and an object X ∈ C, the following are equivalent:

(1) X is an ε-object.

(2) For every prime p and height n ≥ 0 and every exact functor F : C → LK(n)Sp, the image of X

under F is zero.

(3) For every prime p and height n ≥ 0 and every exact functor F : C → LT (n)Sp, the image of X

under F is zero.

Proof. To see that ((1)⇒(2) and (3)), it suffices by Lemma 2.2 to show that there are no nontrivial

ε-objects of LK(n)Sp and LT (n)Sp. Let C be a type n+ 1 finite complex. Then smashing with C annihilates

both LK(n)Sp and LT (n)Sp. This easily implies that there are no nontrivial ε-objects as desired. For the other

direction, i.e., to show ((2) or (3)⇒(1)), we use Lemma 2.7 and consider the functors LK(n)HomC(X, ·) : C →

LK(n)Sp (or the telescopic analog). �

Example 2.9. Here are some examples of ε-objects.

(1) If C = Spω is the ∞-category of finite spectra, then every ε-object is 0: Using Lemma 2.6 and

Lemma 2.7, it suffices to see that if X is the p-localization of a finite spectrum with K(n)∗(X) = 0
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for all 0 ≤ n < ∞, then X is contractible. Since for sufficiently large n, the Atiyah-Hirzebruch

spectral sequence H∗(X,Fp)⇒ K(n)∗(X) collapses, this is clear.

(2) If C is such that for every prime p, the p-localization C(p) is enriched over Mod(LnS) for some n

(possibly depending on p), then every ε-object of C is zero. This is immediate from Lemma 2.7

and applies for example to the En-local category, the K(n)-local category, the ∞-category of KO-

modules, and the ∞-category of Tmf-modules.

(3) If C = Sp, then every X ∈ Sp which admits the structure of an HZ-module spectrum and is

annihilated by some N > 1 is an ε-object. So is any spectrum in the thick subcategory generated

by these, e.g., any spectrum with only finitely many non-zero homotopy groups, each of which is

annihilated by some N .

(4) If each mapping spectrum in C is an HZ-module, for example if C arises from a dg-category, then

the ε-objects are exactly the objects annihilated by some N ∈ N.

(5) If C is a full subcategory of D, then an X ∈ C is an ε-object of C if and only if it is an ε-object of

D.

(6) HQ/Z ∈ Sp is an example of a spectrum, even an HZ-module, which is T (n)-acyclic for every

n <∞ but is not an ε-spectrum. This follows because for every N , multiplication by N is nonzero

on HQ/Z.

Proposition 2.10. Suppose C ∈ Ĉat
perf

∞ . Given a thick subcategory T ⊂ C, we have (Tε)ε = Tε. In

other words, ε-enlargement is an idempotent procedure.

Proof. Without loss of generality, we can assume C ∈ Catperf
∞ by writing C as a union of small subcat-

egories. Suppose X ∈ (Tε)ε. By Lemma 2.5, we need to show that the image of X in C/T is an ε-object.

Note that the quotient map carries Tε into Nilε(C/T ) and therefore it carries (Tε)ε into (Nilε(C/T ))ε by

Lemma 2.2. As a result, we need to show that

(Nilε(C/T ))ε = Nilε(C/T )

because this will imply that the image of X in C/T is an ε-object.

The upshot of this discussion is that, by passage from C to C/T , we can assume T = 0 to begin with,

and we make this assumption. So, assume X ∈ (Nilε(C))ε; we show that X is itself an ε-object.

By Corollary 2.8, it suffices to show that any exact functor F : C → LK(n)Sp annihilates X. As we

saw above, F annihilates Nilε(C) and therefore factors through an exact functor F : C/Nilε(C) → LK(n)Sp.
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However, our assumption is that the image of X in C/Nilε(C) is an ε-object and therefore F annihilates

it. �

Remark 2.11. The collection of ε-objects is preserved even by arbitrary additive functors between idempotent-

complete, stable ∞-categories. Compare [GGN15, Sec. 2] for a treatment of additive ∞-categories. In fact,

if F : C → D is an additive functor, then for each X ∈ C, we obtain a natural map of spectra

τ≥0HomC(X,X)→ τ≥0HomD(F (X), F (X)),

which carries the unit in π0 to the unit. Using Lemma 2.7 (and the fact that smashing with K(n) annihilates

bounded-above spectra for n > 0) one sees easily that F (X) is also an ε-object.

We next check that ε-enlargements are invisible to all finite chromatic localizations. We recall briefly

the theory of finite localizations (cf. [Mil92]). Let C be a presentable stable ∞-category. Fix a prime p and

a height n. Then we define a localization functor Lfn : C → C as follows. When n = 0, then Lfn is simply

rationalization. When n > 0, choose a nontrivial type n+ 1, finite complex F . Consider the subcategory of

all X ∈ C such that F ∧ X is contractible. This subcategory is closed under all limits and colimits and is

the image of a colimit-preserving, idempotent functor Lfn : C → C. We note that Lfn annihilates any object

in C of the form F ∧X, and that as a result Lfn annihilates Nilε(C). More generally, we have the following:

Proposition 2.12. Let C be a presentable, stable ∞-category and let T ⊂ C be a thick subcategory.

For any prime p and height n, we have LfnT = LfnTε, i.e., T and Tε have the same image under the finite

localization functor Lfn.

Proof. We have an inclusion LfnT ⊂ LfnTε, so it suffices to show the other inclusion. Let Σ be any

finite set of prime numbers and let F be a finite torsion spectrum such that F(q) 6= 0 for any q ∈ Σ and such

that LfnF = 0. Then, it follows that Tε,Σ ⊂ TF where we use the notation of Definition 2.1. One sees now

that LfnTF = LfnT , so we are done. �

We now consider the case where C ∈ CAlg(Ĉat
perf

∞ ). That is, (C,⊗,1) is a not necessarily small,

symmetric monoidal, idempotent-complete stable ∞-category, where the tensor structure ⊗ is exact in each

variable. Recall that a thick subcategory I ⊂ C is called a thick ⊗-ideal if for each X ∈ I and Y ∈ C, we

have X ⊗ Y ∈ I.

Proposition 2.13. If I ⊂ C is a thick ⊗-ideal, then so is its ε-enlargement Iε ⊂ C.

Proof. We need to show that if Y ∈ C, then the exact functor (−) ⊗ Y : C → C preserves Iε. This

follows from Lemma 2.2 because the functor preserves I. �
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2.2. ε-nilpotent towers. We recall some basic definitions when working with towers of objects. We

refer to [HPS99] or [Mat15a, §3] for more details.

Definition 2.14. Suppose C ∈ Ĉat
perf

∞ . Let Tow(C) denote the ∞-category Fun(Zop≥0, C) of towers in C,

and observe that Tow(C) ∈ Ĉat
perf

∞ . We will often abuse notation and denote a tower by {Xi}, the maps

Xi+1 → Xi being understood.

We recall the definitions of two important thick subcategories of Tow(C):

(1) We let Townil(C) ⊂ C denote the full subcategory spanned by those towers {Xi} such that there

exists N ∈ Z≥0 such that the maps Xi+N → Xi are nullhomotopic for all i ∈ Z≥0. We will call

such towers nilpotent.

(2) We let Towconst(C) denote the thick subcategory of Tow(C) generated by Townil(C) and the constant

towers. We will call such towers quickly converging.

We will now consider Definition 2.1 for these thick subcategories of the ∞-category of towers.

Definition 2.15. Suppose C ∈ Ĉat
perf

∞ .

(1) We define Towε,nil(C) via

Towε,nil(C) =
(

Townil(C)
)
ε
.

We will say that a tower is ε-nilpotent if it belongs to Towε,nil(C).

(2) Let {Xi} be a tower in C. Suppose given an object X ∈ C and a map of towers {X} → {Xi} (if C

admits inverse limits, then this is equivalent to giving a map X → lim←−Xi). We will say that this

map exhibits X as an ε-nilpotent limit of the tower {Xi} if the cofiber tower {Xi/X} belongs to

Towε,nil(C).

(3) Let X• ∈ Fun(∆+, C) be an augmented cosimplicial object of C. We say that it is an ε-nilpotent

limit diagram if the natural map of towers {X−1} → {Toti(X
•)} exhibits X−1 as an ε-nilpotent

limit of the target.

Proposition 2.16. The ε-nilpotent limit diagrams form a thick subcategory of Fun(∆+, C).

Proof. Consider the functor F : Fun(∆+, C) → Tow(C) which to X• associates the cofiber tower

{Toti(X
•)/X−1}. This is an exact functor, and by definition, the ε-nilpotent limit diagrams are exactly

those objects such that this cofiber belongs to Towε,nil(C); in particular, they form a thick subcategory. �

Using Lemma 2.2, we easily obtain the functoriality of ε-nilpotent towers.
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Proposition 2.17. Let C,D ∈ Ĉat
perf

∞ and let F : C → D be an exact functor. Clearly, F induces an

exact functor F∗ : Tow(C)→ Tow(D). Then:

(1) F∗(Townil(C)) ⊂ Townil(D).

(2) F∗(Towε,nil(C)) ⊂ Towε,nil(D).

(3) Suppose {Xi} is a tower in C and {X} → {Xi} is a map of towers. Suppose that this map exhibits

X as an ε-nilpotent limit of {Xi}. Then the induced map {F (X)} → {F (Xi)} exhibits F (X) as

an ε-nilpotent limit of {F (Xi)}.

(4) Let X• ∈ Fun(∆+, C) be an augmented cosimplicial object. Suppose X• is an ε-nilpotent limit

diagram. Then the augmented cosimplicial object F (X•) ∈ Fun(∆+,D) is an ε-nilpotent limit

diagram.

For our purposes, it will be important to know that ε-nilpotent limit diagrams turn into actual limit

diagrams after periodic localization.

Proposition 2.18. Suppose C is a presentable stable∞-category and X• ∈ Fun(∆+, C) is an ε-nilpotent

limit diagram. Let Lfn be any finite localization functor (associated to a prime p and a height n). Then:

(1) The map

X−1 → Tot(X•)

is an ε-equivalence.

(2) The localized Tot tower
{
LfnToti(X

•)
}

is quickly converging.

(3) The maps

LfnX
−1 → LfnTot(X•)→ Tot(LfnX

•)

are equivalences.

Proof. We consider items (1) and (3) first. Setting {Yi} := {Toti(X
•)/X−1}, one reduces to showing

that if {Yi} ∈ Towε,nil(C), then lim←−Yi is an ε-object and

Lfn lim←−Yi ' lim←−L
f
nYi ' 0.

In fact, consider the two exact functors

F1, F2 : Tow(C)→ C, F1({Yi}) = Lfn lim←−
i

Yi, F2({Yi}) = lim←−
i

LfnYi.

Clearly if {Yi} ∈ Townil(C), then F1({Yi}) = F2({Yi}) = 0. It follows from Lemma 2.2 that if {Yi} ∈

Towε,nil(C), then F1({Yi}), F2({Yi}) are both ε-objects of C. Since they are both Lfn-local, however, it follows
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that they must be contractible. Similarly, considering the functor F3 : Tow(C) → C given by F3({Yi}) =

lim←−Yi, we conclude that lim←−Yi is an ε-object.

To prove item (2), it suffices to show that if {Yi} ∈ Towε,nil(C), then the tower
{
LfnYi

}
belongs to

Townil(C). This follows from Lemma 2.12, which implies that Townil(C) and Towε,nil(C) have the same

image under Lfn. �

2.3. (A, ε)-nilpotent objects. Let C ∈ CAlg(Ĉat
perf

∞ ) be a symmetric monoidal, stable, idempotent-

complete ∞-category with biexact tensor product and let A ∈ Alg(C).

Definition 2.19 (Cf. [Bou79, Def. 3.7]). The subcategory NilA ⊂ C is the thick ⊗-ideal of C generated

by A.

We refer to [MNN17] for a detailed treatment of the theory of A-nilpotence and [Mat16a] for some

applications to analogs of faithfully flat descent theorems. As before, we can define an ε-version of the above

following the same pattern.

Definition 2.20. We define NilA,ε = (NilA)ε as in Definition 2.1 and we call this the subcategory of

(A, ε)-nilpotent objects in C.

We recall the following result. Although the idea is surely classical, we refer to [MNN17, Prop. 4.7]

for a modern exposition. Consider the augmented cobar construction CBaug(A) : ∆+ → C. The underlying

cosimplicial object is the cobar construction CB•(A) ∈ Fun(∆, C)

A→→A⊗A
→
→
→
. . . ,

and the augmentation is from the unit.

Proposition 2.21. Let C ∈ CAlg(Ĉat
perf

∞ ) and let A ∈ Alg(C). Suppose X ∈ C is A-nilpotent. Then

the augmented cosimplicial object CBaug(A)⊗X is a limit diagram and the associated Tot tower is quickly

converging.

As a consequence, we can deduce an ε-version of the above.

Proposition 2.22. Let C ∈ CAlg(Ĉat
perf

∞ ) and let A ∈ Alg(C). If X ∈ C is (A, ε)-nilpotent, then the

augmented cosimplicial object CBaug(A)⊗X is an ε-nilpotent limit diagram.

Proof. We have an exact functor C → Tow(C) which sends

X 7→ {cofib(X → Toti(CB•(A)⊗X))} .
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This carries NilA into Townil(C) by the previous proposition. Therefore, it carries NilA,ε into Towε,nil(C) by

Lemma 2.2, which completes the proof. �

3. Noncommutative motives

In this section, we will set up more machinery needed for our descent theorems in algebraic K-theory.

These will take place in an appropriate ∞-category of non-commutative motives which, following [BGT13],

is universal as a target for certain invariants of ∞-categories with some additional structure.

3.1. General motives. We begin by reviewing the point of view on connective algebraic K-theory

described in the papers of Blumberg-Gepner-Tabuada [BGT13, BGT14] and its generalization to the

setting of stable ∞-categories linear over a fixed base, which has been developed by Hoyois-Scherotzke-

Sibilla [HSS15]. Our treatment will essentially follow theirs. For our purposes, however, it will be necessary

to work with a slight variant since we want to consider invariants of ∞-categories that do not necessarily

commute with filtered colimits, such as topological cyclic homology. This will not change the essential ideas.

As before, we consider the ∞-category Catperf
∞ of small, idempotent-complete, stable ∞-categories and

exact functors between them. Using the Lurie tensor product, Catperf
∞ is a symmetric monoidal ∞-category.

One has a lax symmetric monoidal functor

K(−) : Catperf
∞ → Sp

given by (connective) K-theory. In the setup of [BGT13, BGT14], one constructs a presentable, stable

symmetric monoidal ∞-category Mot of non-commutative motives. This receives a symmetric monoidal

functor Uadd : Catperf
∞ → Mot, and given C ∈ Catperf

∞ , we can identify K(C) with the mapping spectrum from

the unit into the object Uadd(C) ∈ Mot. The ∞-category Mot satisfies a universal property for receiving

maps from Catperf
∞ that satisfy certain properties. We briefly review a general form of their construction (cf.

[BGT14, §5]).

Let C be a small, pointed, symmetric monoidal ∞-category and let A ⊂ Fun(∆1 × ∆1, C) be a full

subcategory. Suppose that:

(1) A is closed under tensoring with objects in C.

(2) The tensor product of a zero object in C with any object is a zero object.

Definition 3.1. Let D be a presentable, stable∞-category. A functor F : C → D is called A-admissible

if the following hold:

• Let ∗ ∈ C be a zero object. Then F (∗) ∈ D is a zero object.
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• Any diagram ∆1 ×∆1 → C that belongs to A is carried by F to a pushout square in D.

We will let Funadm(C,D) ⊂ Fun(C,D) denote the ∞-category of A-admissible functors from C to D.

We will now recall the construction of the universal presentable, stable ∞-category receiving an A-

admissible functor from C, which we will denote MotC,A below.

Construction 3.2. We consider the Yoneda embedding C ↪→ P(C). We recall (cf. [Lur16, Cor. 4.8.1.12]

and [Gla16]) that the target inherits a symmetric monoidal structure via Day convolution. Similarly, the

∞-category PSp(C) of presheaves of spectra inherits a bicocontinuous symmetric monoidal structure via the

tensor product

PSp(C) ' P(C)⊗ Sp.

We have a canonical symmetric monoidal functor C → PSp(C). We will let the image of x ∈ C in PSp(C) be

denoted hx; these are compact generators of PSp(C).

We consider the localizing subcategory I ⊂ PSp(C) generated by the following two sets of objects:

• h∗, where ∗ ∈ C is a zero object.

• For each square

a

��

// b

��
c // d

which belongs to A, the cofiber of hb tha hc → hd.

Our hypotheses on A and C imply that I is actually a localizing ⊗-ideal and that it is compactly

generated. We define the symmetric monoidal ∞-category MotC,A of (C,A)-motives as the localization of

PSp(C) at the class of morphisms X → 0 where X ∈ I.

We note the following basic properties of MotC,A:

Proposition 3.3. (1) MotC,A is a presentable, symmetric monoidal stable ∞-category with a

bicocontinuous tensor product ⊗.

(2) There is a symmetric monoidal, A-admissible functor C → MotC,A and the image consists of compact

objects of MotC,A. In particular, the unit is compact in MotC,A.

(3) Let D be any presentable stable ∞-category. Then there is a natural equivalence

FunL(MotC,A,D) ' Funadm(C,D).
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If, moreover, D is presentably symmetric monoidal, then symmetric monoidal functors correspond

under this equivalence.

Proof. The first claim follows from the construction of MotC,A as the accessible localization of PSp(C)

at a localizing ⊗-ideal. For the second claim, we note that the functor C → PSp(C) is symmetric monoidal

and so is the localization functor PSp(C) → MotC,A. Therefore, their composite is naturally a symmetric

monoidal functor. Now the Yoneda functor C → PSp(C) takes values in compact objects and, since we

are localizing at a class of morphisms generated by maps with compact source and target, the localization

PSp(C) → MotC,A preserves compact objects. For the final claim, we have natural equivalences for any

presentable stable ∞-category D,

FunL(PSp(C),D) ' FunL(P(C),D) ' Fun(C,D).

Here one sees that the subcategory Funadm(C,D) of A-admissible functors corresponds to the subcategory

of FunL(PSp(C),D) which carries the localizing subcategory I into 0. This proves the result. �

3.2. The ∞-categories Motκ(R). We consider the symmetric monoidal ∞-category Catperf
∞ of small

stable, idempotent-complete ∞-categories with the Lurie tensor product. This is a compactly generated,

presentable ∞-category (cf. [BGT13, Cor. 4.25]) with a bicocontinuous tensor product. We will need to

know that the compact objects are closed under the tensor product.

Lemma 3.4 ([BGT14, Prop. 5.2]). The tensor product of compact objects C,D ∈ Catperf
∞ is compact.

Definition 3.5. Given a small symmetric monoidal stable ∞-category R ∈ CAlg(Catperf
∞ ), consider

its ∞-category ModR(Catperf
∞ ) of modules in Catperf

∞ , which we call the ∞-category of (small) R-linear

∞-categories.

By construction, ModR(Catperf
∞ ) is a compactly generated presentable symmetric monoidal ∞-category

with the relative tensor product − ⊗R − commuting with colimits in each variable. The generators are

of the form R ⊗ C, where C ∈ Catperf
∞ is compact. It follows that there are also internal mapping objects

MapR(−,−) in ModR(Catperf
∞ ).

Example 3.6. Since the unit R ∈ ModR(Catperf
∞ ) corepresents the functor which extracts the underlying

∞-groupoid of an object M of ModR(Catperf
∞ ), it follows that the underlying ∞-groupoid of MapR(M,N )

identifies with the space of maps M→N in ModR(Catperf
∞ ).

Construction 3.7. The symmetric monoidal ∞-category ModR(Catperf
∞ ) is closed, so we can regard it as

enriched over itself. As a result, we can extract a 2-category from it, as follows. Namely, for M,N ∈
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ModR(Catperf
∞ ), we define the category of morphisms from M to N to be the homotopy category of the

underlying ∞-category of the internal mapping object MapR(M,N ) ∈ ModR(Catperf
∞ ).

Thus, for a morphism f : M→ N in ModR(Catperf
∞ ), it makes sense to ask, for example, whether f is

right adjointable.

Remark 3.8. The condition that a morphism f in ModR(Catperf
∞ ) be right adjointable is generally stronger

than the condition that the underlying functor of f admit a right adjoint (we need the right adjoint to be

R-linear), though the conditions are equivalent if every object of R is dualizable. To avoid ambiguity, we

will use the term R-linear right adjoint for the notion coming from the 2-category ModR(Catperf
∞ ). For more

discussion of this issue, see [Gai12] and [Lur, Rem. D.1.5.3].

Now we recall a class A of objects of Fun(∆1 × ∆1,ModR(Catperf
∞ )) which corresponds to the class of

split-exact sequences of [BGT13, BGT14], or in other terms to the notion of semi-orthogonal decomposition

in the theory of triangulated categories (cf. [Lur, §6.2]). Compare [HSS15, Def. 5.3] for a discussion in the

R-linear setting.

Definition 3.9. Let R ∈ CAlg(Catperf
∞ ) and let

X = (M i−→ N p−→ P)

a sequence in ModR(Catperf
∞ ) with null composite. Note that the space of null-homotopies of any map in

Catperf
∞ is either empty or contractible, so this can be interpreted either as structure or a condition.

We say that X is a split-exact sequence if the following conditions hold:

• The functors i and p both have R-linear right adjoints, say ir and pr, respectively.

• The unit map 1→ ir ◦ i is an equivalence, i.e., i is fully faithful.

• The counit map p ◦ pr → 1 is an equivalence, i.e., pr is fully faithful.

• The natural sequence i ◦ ir → idN → pr ◦ p is a cofiber sequence of functors N → N . Note that

one has a canonical nullhomotopy of the composite because M→ P is the zero functor.

In such a situation, it is easy to see that X is both a fiber sequence and a cofiber sequence in ModR(Catperf
∞ )

(and a Verdier quotient in Catperf
∞ ), and the same is true of the sequence obtained by passing to right ad-

joints. We will need to know that the R-linear tensor product respects split-exact sequences. Compare also

[BGT14, Lem. 5.5].

Lemma 3.10. Let M → N → P be a split-exact sequence of R-linear ∞-categories and let C be any

R-linear ∞-category. Then the sequence C ⊗RM→ C ⊗R N → C ⊗R P is a split-exact sequence too.
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Proof. The tensor product −⊗RC : ModR(Catperf
∞ )→ ModR(Catperf

∞ ) is naturally an enriched functor.

Therefore, it can be applied not only to R-linear functors, but also to natural transformations of functors:

it has the structure of a 2-functor. In particular, it preserves adjunctions, and hence it preserves the first

three conditions in the definition of split-exact sequence.

To check the last condition, we observe that if F ′ → F → F ′′ is a cofiber sequence of R-linear functors

C → D for C,D ∈ ModR(Catperf
∞ ), then

F ′ ⊗R E → F ⊗R E → F ′′ ⊗R E

is a cofiber sequence of R-linear functors C ⊗R E → D ⊗R E for any E ∈ ModR(Catperf
∞ ). This follows from

the fact that the map of spaces

HomModR(Catperf
∞ )(C,D)→ HomModR(Catperf

∞ )(C ⊗R E ,D ⊗R E)

arises by taking spaces of objects from a morphism

MapR(C,D)→ MapR(C ⊗R E ,D ⊗R E) ∈ ModR(Catperf
∞ ),

i.e., an R-linear exact functor, which in particular preserves cofiber sequences on underlying ∞-categories.

�

We now would like to construct an∞-category ofR-linear non-commutative motives from ModR(Catperf
∞ ),

but we need to make a minor technical detour since Catperf
∞ is not essentially small. Choose a regular car-

dinal κ. Then the κ-compact objects in ModR(Catperf
∞ ) are closed under pushouts, retracts, and R-linear

tensor products (cf. Lemma 3.4). For any specific statement (e.g., descent-theoretic assertion), we will end

up assuming κ is taken large enough such that our required statement takes place entirely in the world of

κ-compact objects.

Definition 3.11. Fix R ∈ CAlg(Catperf
∞ ) and fix a regular cardinal κ. We let ModκR(Catperf

∞ ) ⊂

ModR(Catperf
∞ ) denote the full subcategory spanned by the κ-compact objects, or an equivalent small model.

(1) The∞-category Motκ(R) of non-commutative R-motives is defined to be MotModκR(Catperf
∞ ),A where

A is the collection of split-exact sequences in ModκR(Catperf
∞ ). When R = Spω and κ = ℵ0, then

this is equivalent to the definition of [BGT13] in view of [HSS15, Prop. 5.6]. Of course, the

definition of Motκ(R) depends on the choice of κ.

(2) When R is an E∞-ring, we will write Motκ(R) = Motκ(Perf(R)).
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(3) Given a κ-compact R-linear ∞-category M, we write Uwadd(M) ∈ Motκ(R) for its image. We let

K ′0(M) = π0HomMotκ(R)(Uwadd(R),Uwadd(M)).

(4) A weakly additive invariant of (κ-compact) R-linear∞-categories is a functor ModκR(Catperf
∞ )→ D,

where D is a presentable stable ∞-category, which is A-admissible for A as in part (1). We find

that any weakly additive invariant naturally factors through Motκ(R) by Lemma 3.3. We adopt

the term weakly additive here to remind the reader that commutation with filtered colimits is not

stipulated.

To conclude this section, we relate K ′0(−) with algebraic K-theory.

Construction 3.12. Let M be an R-linear ∞-category. Let Ex(M) denote the R-linear ∞-category of

cofiber sequences (X → Y → Z) in M. More formally, Ex(M) ⊂ Fun(∆1 ×∆1,M) is the subcategory of

those cocartesian diagrams of the following form:

X

��

// Y

��
0 // Z.

Note that Ex(M) ' Fun(∆1,M) via (X → Y → Z) 7→ (X → Y ). We have the following split-exact

sequence of R-linear ∞-categories M→ Ex(M)→M, where:

• M → Ex(M) is the functor X 7→ (X = X → 0). This has a right adjoint which sends (X → Y →

Z) to X.

• Ex(M) → M is the functor (X → Y → Z) 7→ Z. This has a right adjoint which sends Z to

(0→ Z = Z).

Remark 3.13. Note that Ex(M) ' Ex(Spω)⊗M ∈ Catperf
∞ , so that if M∈ ModR(Catperf

∞ ) is κ-compact,

then so is Ex(M). To see this, we use the fact that Ex(M) ' Fun(∆1,M) is the ∞-category of compact

objects in Fun(∆1, Ind(M)) ' Fun(∆1, Sp) ⊗ Ind(M), where the latter tensor product is taken in the ∞-

category PrLst. Compare [Lur15, Prop. 2.2.6].

It follows that the functors Ex(M)→→M given by (X → Y → Z) 7→ X and (X → Y → Z) 7→ Z induce

an equivalence

Uwadd(Ex(M)) ' Uwadd(M)× Uwadd(M) ∈ Motκ(R).

Construction 3.14. Let M be a κ-compact R-linear ∞-category. We construct a homomorphism

(3.15) K0(M)→ K ′0(M)
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as follows.

Given X ∈ M, we obtain an R-linear functor R → M sending the unit object to X, which defines an

element in K ′0(M). Given a cofiber sequence X → Y → Z, we need to show that the class of Y in K ′0(M) is

equal to the sum of the classes of X and Z. By applying the functor of projection to the “middle term,” it

suffices to check that the class of the object (X → Y → Z) in Ex(M) is the sum of the classes (X = X → 0)

and (0→ Z = Z). But by the above equivalence in Motκ(R), we can check this after projection to the outer

terms, where it is obvious.

Using the techniques of [BGT13, HSS15], one can in fact show that K0 ' K ′0. Since we will not need

this, we omit the proof.

4. Abstract descent results

In this brief but central section, we describe how the use of E∞-structures enables one to prove abstract

descent and ε-nilpotence results in a symmetric monoidal, stable ∞-category. Our basic tool is Theorem 4.2

below. Throughout, we use the following notation.

Definition 4.1. Given C ∈ CAlg(Ĉat
perf

∞ ) and M ∈ C, we let 〈M〉⊗ ⊂ C denote the thick ⊗-ideal

generated by M and 〈M〉⊗ε its ε-enlargement.

Theorem 4.2. Suppose C ∈ CAlg(Ĉat
perf

∞ ) with unit 1 and R ∈ CAlg(C). Moreover, suppose there

exists M ∈ C and a map M → R such that the image of (π0M)⊗Q→ (π0R)⊗Q contains the unit. Then

R ∈ 〈M〉⊗ε .

Proof. Without loss of generality, we may assume C is small by writing C as a union of small subcat-

egories. Let N be a positive integer such that (π0M)[N−1] → (π0R)[N−1] has image containing the unit.

Let Σ be the set of primes dividing N . We will show that in fact R belongs to 〈M〉⊗ε,Σ.

To see this, let T be any finite spectrum whose p-localizations for p ∈ Σ are all nontrivial. We need to

show that R belongs to the thick ⊗-ideal generated by M and T ∧ 1. Let J ⊂ C denote this thick ⊗-ideal.

We can then form the Verdier quotient C/J , and equivalently we need to show that the image R of R in

C/J is zero. This is equivalent to showing that the E∞-ring B = HomC/J (1, R) is contractible: in fact,

that will imply that the unit map 1 → R is nullhomotopic, so that R = 0. Note also that T ∧ B = 0 since

smashing with T annihilates the ∞-category C/J .

We now prove that B is contractible. By hypothesis, there is a map f : M → R in C whose image in

π0⊗Z[N−1] contains the unit. In other words, there is a map g : 1→M such that Nk = f ◦ g ∈ π0R. After

287



taking the Verdier quotient, M and hence x maps to zero, so we find that Nk = 0 in π0B. This implies that

we have HQ ∧ B = 0 and that for all primes p not dividing N , we also have HFp ∧ B = 0. For each p | N ,

however, we claim that we have HFp ∧ B = 0 as well. This follows from the fact that B ∧ T = 0 and since

T has nontrivial mod p homology. Using the May nilpotence conjecture [MNN15, Thm. A] applied to the

unit in B, we conclude that B = 0. �

We obtain the following consequence for (A, ε)-nilpotence.

Theorem 4.3. Suppose C ∈ CAlg(Ĉat
perf

∞ ), R ∈ CAlg(C) and A ∈ Alg(C). Suppose that there exists

an A-module M and a map M → R such that the image of π0M ⊗ Q → π0R ⊗ Q contains the unit. Then

R ∈ NilA,ε. In particular, CBaug(A)⊗R is an ε-nilpotent limit diagram.

Proof. Theorem 4.2 implies that R ∈ 〈M〉⊗ε . Since M is an A-module, we have M ∈ 〈A〉⊗, and

conclude that R ∈ 〈A〉⊗ε = NilA,ε. The final claim follows from Lemma 2.22. �

We can apply this to obtain an ε-nilpotence descent result in Motκ(R) in the sense of the previous

section.

Theorem 4.4. Let R ∈ CAlg(Catperf
∞ ) be a small symmetric monoidal, idempotent-complete stable ∞-

category and let A ∈ Alg(ModR(Catperf
∞ )) be an R-linear monoidal ∞-category. Suppose that there exists

an R-linear functor A → R whose image on K0(−)⊗Q contains the unit. Choose a regular cardinal κ such

that A is κ-compact in ModR(Catperf
∞ ). Then the augmented cosimplicial object in Motκ(R),

Uwadd(R)→
(
Uwadd(A)→→Uwadd(A⊗R A)

→
→
→
. . .
)

is an ε-nilpotent limit diagram.

Proof. We apply Theorem 4.3 with C := Motκ(R), R := Uwadd(R) ∈ CAlg(C) the unit of C, and

M := A := Uwadd(A) ∈ Alg(C). Then the map (π0M → π0R) = (K ′0(A) → K ′0(R)) is seen to be

rationally surjective (equivalently, has image containing the unit) using the map in Construction 3.14 and

our assumption on K0. �

To conclude this section, we now establish a result that gives a much stronger conclusion about the

comparison map as above in the special case in which one has a further assumption on the image in π0 of

the map M → R.

Theorem 4.5. Suppose C is a presentable, symmetric monoidal stable ∞-category where the tensor is

bicontinuous, and the unit 1 is compact. Suppose A ∈ Alg(C) is dualizable in C. Suppose that there exists
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an A-module M and a map M → 1 such that the image of π0M → π01 contains the prime p. Then, for any

X ∈ C, the fiber of

X → Tot(CB•(A)⊗X)

has the structure of an Fp-module.

Proof. We will freely use the language of acyclizations (or cellularizations) and localizations with

respect to a dualizable object, for which we refer to [MNN17, § 2–3] for an exposition. We use Hom for

internal mapping objects in C. Let VA, UA ∈ C be the A-acyclization and A−1-localization of 1, so that we

have a cofiber sequence

VA → 1→ UA,

such that A⊗ UA = 0 and such that VA belongs to the localizing ⊗-ideal generated by A. We then have

Tot(CB•(A)⊗X) ' HomC(VA, X),

because both sides give the A-completion of X. In particular, the fiber of X → Tot(CB•(A) ⊗ X) can be

identified with the internal mapping object HomC(UA,M).

We observe now that UA is an E∞-algebra in C, as the A−1-localization of 1. Moreover, by assumption

π0UA is an Fp-algebra. It follows that the underlying E2-algebra of HomC(1, UA) is an E2-algebra over Fp by

the Hopkins-Mahowald theorem that the free E2-algebra with p = 0 is HFp. See [MNN15, Thm. 4.18] or

[ACB14, Thm. 5.1] for recent expositions of this result. By adjunction, it follows that UA ∈ C is a module

over Fp, and therefore the fiber HomC(UA, X) is one, too. �

5. Examples and applications

In this section, we will give the primary examples and applications of our descent results (in particular,

Theorem 4.4), to algebraic finite flat extensions of E∞-rings and to many of Rognes-style Galois extensions

of E∞-rings.

Theorem 5.1. Let A→ B be a morphism of E∞-rings. Suppose that B is a perfect A-module and the

natural map K0(B) ⊗ Q → K0(A) ⊗ Q has image containing the unit. Assume κ is such that Perf(B) is

κ-compact in ModPerf(A)(Catperf
∞ ).

Let F be any weakly additive invariant of κ-compact A-linear ∞-categories (e.g., K-theory, non-

connective/Bass K-theory, homotopy K-theory of Z-linear ∞-categories [Tab15], THH , and TC ) taking
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values in a presentable stable ∞-category D. Then the augmented cosimplicial diagram

F (Perf(A))→
(
F (Perf(B))→→F (Perf(B ⊗A B))

→
→
→
. . .
)

is an ε-nilpotent limit diagram. In particular, the natural map in D

F (Perf(A))→ Tot
(
F (Perf(B))→→F (Perf(B ⊗A B))

→
→
→
. . .
)

is an ε-equivalence, and the associated Tot tower becomes quickly convergent after any periodic localisation.

Proof. We apply Theorem 4.4 with R := Perf(A), A := Perf(B) and the forgetful functor A → R,

which is R-linear. Note that the functor B′ 7→ Perf(B′) is a symmetric monoidal functor from the ∞-

category of A-algebras to the ∞-category ModPerf(A)(Catperf
∞ ) (cf. [Lur16, Rem. 4.8.5.17] for a treatment in

the presentable setting). We conclude that

Uwadd(Perf(A))→
(
Uwadd(Perf(B))→→Uwadd(Perf(B ⊗A B))

→
→
→
. . .
)

is an ε-nilpotent limit diagram in Motκ(A). The given F factors through an exact functor Motκ(A) → D,

and we conclude by Lemma 2.17, part (4) and Lemma 2.18, part (2). �

Remark 5.2. We note that if the hypotheses of Theorem 5.1 are satisfied for A→ B, then they are satisfied

for A′ → B ⊗A A′ for any E∞-ring A′ under A.

5.1. Algebraic examples. We now show that the desired hypothesis of rational surjectivity in Theo-

rem 5.1 is satisfied for a finite flat extension of E∞-ring spectra. In particular, algebraic K-theory, after any

periodic localization, is a sheaf on the finite flat site.

We need a lemma first.

Lemma 5.3. Let X be a quasi-compact, quasi-separated scheme and P ∈ Perf(X) a perfect complex

of OX -modules. Assume that the Euler characteristic of P has constant value n ∈ Z. Then the class

[P ]−n ∈ K0(X) is nilpotent. In particular, if the Euler characteristic of P is everywhere non-zero, then the

class [P ] ∈ K0(X)⊗Q is a unit.

Proof. In this case, the class [P ] − n is annihilated by the augmentation map K0(R) → Z and is

therefore nilpotent (cf. [Swa68, Prop. 10.2]). �

Proposition 5.4. Let A→ B be a morphism of E∞-ring spectra. Suppose that:

(1) The π0A-module π0B is faithfully flat, finite, and projective.
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(2) The natural map π∗(A)⊗π0(A) π0(B)→ π∗(B) is an isomorphism.

Then the hypotheses of Theorem 5.1 are satisfied.

Proof. It is easy to see that B is a perfect A-module. Applying Remark 5.2, it suffices to prove this

proposition after replacing A and B with their connective covers. In this case, K0(A) = K0(π0A). The

result now follows from Lemma 5.3. �

Example 5.5. Let f : X → Y be a morphism of noetherian schemes. Consider the functor f∗ : Perf(Y )→

Perf(X).

Suppose f is projective and of finite Tor-dimension, so that f∗ defines a functor f∗ : Perf(X)→ Perf(Y ).

Suppose further that f is surjective. In this case, we note that f∗ defines a rational surjection K0(X)⊗Q�

K0(Y )⊗Q. In fact, we can choose a relatively ample line bundle O(1) on X and f∗(O(n)) is a perfect complex

of everywhere nonzero Euler characteristic on X for n � 0, so that the class of f∗(O(n)) is invertible in

K0(X) ⊗ Q by [Swa68, Prop. 10.2] in the affine case. One can reduce to the case of Y affine by Zariski

descent as in Lemma 5.22.

Thus, for any weakly additive invariant F of Z-linear ∞-categories, we have that

F (Perf(Y ))→
(
F (Perf(X))→→F (Perf(X ×Y X))

→
→
→

)
is an ε-nilpotent limit.

We use [BZFN10, Thm. 1.2] (whose hypotheses are satisfied by [BZFN10, Prop. 3.19, Cor. 3.23]) to

identify Perf(X×Y X) ' Perf(X)⊗Perf(Y ) Perf(X) and so on for the higher terms. Note that if f is not flat,

then the fiber products such as X ×Y X need to be interpreted in the derived sense. However, if l is a prime

invertible on Y , then the l-completed K-theory will be the same whether we take the derived or ordinary

fiber products. (Use Zariski descent to reduce to the affine case; there, by the group-completion theorem, it

suffices to see that if A is a connective E∞-ring with 1/l ∈ A then BGLd(A)→ BGLd(π0A) = π≤1BGLd(A)

is a (mod l) homology equivalence. This follows from the fact that for n > 1, the homotopy πnBGLd(A) =

(πn−1A)d
2

is uniquely l-divisible.)

5.2. Rognes’s Galois extensions. We now obtain our general descent result for Galois extensions of

structured ring spectra in the sense of Rognes [Rog08].

Theorem 5.6. Let A→ B be a G-Galois extension of E∞-ring spectra where G is finite. Suppose that

the image of the transfer map K0(B)⊗Q→ K0(A)⊗Q contains the unit. Then, for all n ≥ 0 and implicit

primes, we have:
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(1) The natural maps of spectra

LfnK(A)→ Lfn(K(B)hG)→ (LfnK(B))hG,

are equivalences.

(2) IfM is any A-linear∞-category and F : ModκPerf(A)(Catperf
∞ )→ Sp is any weakly additive invariant

for κ large enough, the maps

LfnF (M)→ Lfn(F (M⊗A B)hG)→ (LfnF (M⊗A B))hG

are equivalences.

(3) Notation as above, the map

F (M)→ (F (M⊗A B))hG

is an ε-equivalence (e.g., K(A)→ K(B)hG is an ε-equivalence).

(4) The Tot tower that computes LfnF (M⊗A B)hG is quickly converging.

Proof. This follows from Theorem 5.1. We note that B is a dualizable, and hence perfect, A-module

by [Rog08, Prop. 6.2.1], and that the equivalence B ⊗A B ' ∏
g∈GB identifies the cobar construction

B→→B ⊗A B
→
→
→
. . . with the diagram computing the G-homotopy fixed points of B. Note also that each of

the functors

B 7→ Perf(B) 7→ Uwadd(Perf(B)) 7→ F (Perf(B))

preserves finite products: in fact, any weakly additive invariant preserves finite products. �

We next observe that the condition of rational surjectivity of the transfer map is particularly transparent

in the case of a Galois extension.

Proposition 5.7. Let G be a finite group and A→ B be a G-Galois extension. Then the following are

equivalent:

• K0(B)⊗Q→ K0(A)⊗Q has image containing the unit.

• The class of [B] ∈ K0(A)⊗Q is a unit.

• The class [B] ∈ K0(A)⊗Q is equal to |G|.

Proof. Clearly, the third condition implies the second, which implies the first. It suffices to argue that

the first condition implies the third to prove that they are all equivalent.
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Let i∗ : K0(A) ⊗ Q → K0(B) ⊗ Q be the canonical ring map and i∗ : K0(B) ⊗ Q → K0(A) ⊗ Q be the

restriction map. Recall that if we regard K0(B)⊗Q as a K0(A)⊗Q-module via i∗, then i∗ is a module map.

Suppose x ∈ K0(B) ⊗ Q has i∗(x) = 1. Then i∗ is injective, since it has a section given by y 7→ i∗(xy). To

show that [B] = |G|, it thus suffices to apply i∗ and check it in K0(B)⊗Q. We have

i∗[B] = [B ⊗A B] =

∏
g∈G

B

 = |G|,

and we are done. �

For ease of reference, we give this property a name.

Condition A. A G-Galois extension A→ B satisfies the equivalent statements of Lemma 5.7.

We now give some examples.

Example 5.8. Let n ≥ 1 and let k be a field of characteristic zero containing the nth roots of unity. We let

A be the unique E∞-algebra over k with homotopy groups given by π∗(A) ' k[x±1
2 ] where |x2| = 2. Here

A can be obtained by starting with the free E∞-algebra under k on a degree two class and then inverting

it. There is a Cn-action on A (obtained, e.g., using this presentation) such that a generator acts on x2

by multiplication by a fixed primitive nth root of unity, and A′ = (A)hCn has homotopy groups given by

k[(xn2 )±1]. The map A′ → A is a Cn-Galois extension and Condition A is satisfied, so we find that

K(A′)→ K(A)hCn

is an ε-equivalence.

Example 5.9. Consider the C2-Galois extension KO → KU . In this case, the class in K0(KO) of KU ∈

Perf(KO) is equal to 2, in view of Wood’s theorem KO ∧Σ−2CP 2 ' KU . Therefore, Condition A is satisfied

and we find that the fiber of K(KO)→ K(KU)hC2 is an ε-spectrum.

We note that the comparison problem here was raised in [AR12, Rem. 2.13]. In [BL14], it was shown

that the map K(KO)⊗Q→ (K(KU )⊗Q))hC2 is an equivalence using localization sequences.

As indicated in the introduction, we can actually do better in this case.

Theorem 5.10. (1) The fiber of the comparison map K(KO)→ K(KU )hC2 admits the structure

of an F2-module spectrum.
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(2) Let Ep−1 denote Lubin-Tate E-theory at the height p− 1, so that Cp is a subgroup of the Morava

stabilizer group. Then, the fiber of the comparison map K(E
hCp
p−1 ) → K(Ep−1)hCp admits the

structure of an Fp-module spectrum.

(3) More generally, if R → R′ is a G-Galois extension and the wrong-way map K0(R′) → K0(R)

has image containing a prime number p, then the fiber of the map K(R) → K(R′)hG admits the

structure of an Fp-module.

Proof. We will prove the third claim and then explain why the first and second claims are special

cases. For the third claim, we will apply Theorem 4.5.

To apply this result we will first show that if R→ R′ is a G-Galois extension of E∞-rings in the sense of

Rognes (with G finite), then Perf(R′) is dualizable in ModCatperf
∞

(Perf(R)). By [AG14, Thm. 3.15] (originally

due to [Toë12, Prop. 1.5] for simplicial commutative rings), this statement is equivalent to the assertion

that R′ is a smooth and proper R-algebra, that is:

(1) R′ is a perfect R-module, so all mapping R-module spectra in Perf(R′) are perfect as R-modules.

(2) R′ is perfect as an R′ ⊗R R′-module.

The first condition is a general fact about Galois extensions: the perfect R-modules are the dualizable R-

modules and R′ is dualizable by [Rog08, Prop. 6.2.1]. The second condition follows from the equivalence of

algebras R′⊗RR′ '
∏
g∈GR

′, which implies that R′ is a direct factor of a free R′⊗RR′-module of rank one.

Suppose R → R′ is a G-Galois extension and the image of K0(R′) → K0(R) contains the prime p. In

this case, we find that the fiber of the map in Motℵ0(R)

Uwadd(Perf(R))→ Tot
(
Uwadd(Perf(R′))→→Uwadd(Perf(R′ ⊗R R′))

→
→
→
. . .
)

or equivalently

fib
(
Uwadd(Perf(R))→ Uwadd(Perf(R′))hG

)
admits the structure of an Fp-module in Motℵ0(R). We now apply the functor

HomMotℵ0 (R)(1, ·) : Motℵ0(R)→ Sp

(which is continuous and cocontinuous) and use the identification (cf. [BGT13, Thm. 7.13] when R = S0

and [HSS15, Thm. 5.25] for R arbitrary) with K-theory to conclude that

fib
(
K(R)→ K(R′)hG

)
has the structure of an Fp-module spectrum.
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Finally, we need to check that the relevant prime p belongs to the image of the transfer map in the cases

of KO → KU and E
hCp
p−1 → Ep−1. We already observed this for the extension KO → KU in Example 5.9.

The claim for the extensions E
hCp
p−1 → Ep−1 is contained in the appendix (omitted in this thesis). �

5.3. Further Galois examples. In this subsection, we will give several further examples of our Galois

descent results. We will need various tools for verifying Condition A. We begin with the observation that

if we can control K0 of a ring spectrum, checking Condition A (on an arbitrary Galois extension) is often

straightforward.

We consider the following condition on a ring spectrum. Given an E∞-ring A, let Idem(A) be the set of

idempotents in π0(A). We obtain a map Idem(A)→ Idem(K(A)⊗Q) that sends an idempotent e ∈ π0A to

the class of the perfect A-module A[e−1].

Condition B. The map Idem(A)→ Idem(K(A)⊗Q) is bijective.

We first show that the map is often injective.

Lemma 5.11. Let A be an E∞-ring. Suppose that A has no nontrivial torsion idempotents (equivalently, for

every nonzero idempotent e ∈ π0(A), the rationalization A[e−1]Q is nontrivial). Then the map Idem(A) →

Idem(K(A)⊗Q) is injective.

Proof. Note first that the map Idem(A)→ Idem(K(A)⊗Q) is a map of Boolean algebras. It suffices

to show the map has trivial kernel. Let e be a nontrivial idempotent. We need to show that the class of the

perfect A-module A[e−1] is nontrivial in K0(A)⊗Q. However, under the map K0(A)⊗Q→ K0(A[e−1])⊗Q,

this class is carried to the unit. Therefore, it suffices to show that K0(A[e−1]) ⊗ Q 6= 0. This follows from

the existence of a multiplicative trace map

K0(A[e−1])⊗Q→ THH 0(A[e−1]Q)→ π0A[e−1]Q.

Since the target is nonzero by assumption, the source must be nonzero too. �

Condition B will play a basic role in this subsection, and most of our results will state that specific E∞-

ring spectra satisfy the condition. In particular, it (together with a mild statement about rationalization)

implies the previous Condition A for every Galois extension.

Proposition 5.12. Suppose A is an E∞-ring such that:

(1) A satisfies Condition B.

(2) A has no nontrivial torsion idempotents.
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Then every G-Galois extension A→ B satisfies Condition A.

Proof. We use the notation in the discussion immediately following Condition A. Namely, we let

i∗ : K0(B)⊗Q→ K0(A)⊗Q the rational restriction of scalars map and i∗ : K0(A)⊗Q→ K0(B)⊗Q be the

usual map. Let y = i∗(1)/|G| ∈ K0(A)⊗Q. We need to argue that y = 1.

We have y2 = y by the relation B ⊗A B '
∏
GB, so y ∈ K0(A)⊗Q is an idempotent. By Condition B,

every idempotent in K0(A)⊗Q arises from an idempotent e ∈ π0A. Consider the E∞-ring A′ = A[(1− e)−1]

and the G-Galois extension A′ → B′ ' B ⊗A A′. Since A′ is a perfect A-module, base-change along

A → A′ preserves the Galois condition. It follows that we have a G-Galois extension A′ → B′ such that

[B′] = 0 ∈ K0(A′) ⊗ Q. We will now show that A′Q = 0. The hypothesis (2) we have assumed implies that

e = 1, and we will then be done.

The image of [B′] under the map K0(A′) ⊗ Q → K0(B′) ⊗ Q is given by |G| via the Galois property

B′ ⊗A′ B′ '
∏
GB

′. Thus, if [B′] ∈ K0(A′) ⊗ Q vanishes, we conclude that K0(B′) ⊗ Q is the zero ring

and, by the argument with the trace of Lemma 5.11, we find that B′Q ' 0. By Lemma 5.13, we get that

A′Q ' 0.3 �

Lemma 5.13. Let B be an E∞-ring. Suppose the finite group G acts on B in the ∞-category of E∞-rings

and set A = BhG. Suppose an integer N is nilpotent in π0(B). Then N is nilpotent in π0(A) too.

Proof. First of all, B splits into a direct product of its p-completions for p | N , and the p-completion

B̂p has the property that it is annihilated by a power of p. The splitting is compatible with the action of G.

Therefore, we may assume that N = p is a prime number.

Let Gp be a p-Sylow subgroup of G. Then A is a retract of BhGp . It suffices to show that p is nilpotent

in BhGp . Therefore, we can reduce us to the case where G = Gp is itself a p-group. Since p-groups are

nilpotent, an induction reduces to the case of G = Cp, which we now consider.

So suppose B is an E∞-ring with a Cp-action and A ' BhCp . Suppose p is nilpotent in π0(B). By [BH15,

Thm. 1.4], the Cp-action on B determines a cofree or Borel-complete genuine commutative Cp-ring spectrum

R with R{1} ' B,RCp ' A. By the results of [Bru07], its π0 is therefore endowed with the structure of

a Tambara functor [Tam93]. Therefore, we can consider the multiplicative norm N
Cp
e : π0(B) → π0(A) as

well as the additive norm TrCpe : π0(B)→ π0(A). We have, using [Tam93, p. 1398, (v)],

NCp
e (p) = p+ (pp−1 − 1)TrCpe (1) ∈ π0(A).

3When A′ → B′ is a faithful Galois extension, then A′ → B′ is descendable, so that B′Q ' 0 implies A′Q ' 0 by descent. The

use of Lemma 5.13 is to cover the non-faithful case.
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Note that x = TrCpe (1) satisfies x2 = px. Since for n ≥ 0 sufficiently large, pnx = TrCpe (pn) = 0, it follows

that x is nilpotent: in fact, xn+1 = 0. Since N
Cp
e (p) is nilpotent in π0(A) too, it follows that p is nilpotent

in π0(A). �

We next exhibit a class of E∞-rings A for which K0(A) admits a purely algebraic description, and as

a result, the above conditions are more amenable for them. In particular, we will show that in this case

Condition B is satisfied.

Proposition 5.14. Let A be an E∞-ring spectrum. Suppose π∗(A) is even, regular, and noetherian of

finite Krull dimension. Then we have an isomorphism of commutative rings

K0(A) ' K0(π∗(A)),

where we consider π∗(A) as an ungraded ring.

Proof. We define the morphism

K0(A)→ K0(π∗(A))

(which by regularity is the Grothendieck group of finitely generated π∗(A)-modules) as follows. Given a

perfect A-module M , we consider π∗(M) ' πeven(M) ⊕ πodd(M) as a finitely generated π∗(A)-module and

take the class [πeven(M)] − [πodd(M)] in K0. The long exact sequence in homotopy implies easily that this

defines a map K0(A)→ K0(π∗(A)) as desired.

To define the isomorphism in the opposite direction, let C be the category of finitely generated, evenly

graded projective π∗(A)-modules. To any object of C we can associate a perfect A-module (given by a retract

of a sum of shifts of A itself) and we easily obtain a multiplicative map

K0(C)→ K0(A).

For any P ∈ C, the class of P and its shift P (2) (defined such that P (2)k = Pk+2) map to the same class in

K0(A). By a theorem of van den Bergh [VdB86] (cf. also [Haz16, Cor. 6.4.2], but applied to the graded

ring B∗ with B∗ = A2∗), we have an isomorphism of rings

(5.15) K0(π∗(A)) ' K0(C)/ 〈[P ]− [P (2)] | P ∈ C〉 ,

so we obtain a map

K0(π∗(A))→ K0(A).
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It suffices now to show that the two maps K0(A) → K0(π∗(A)) → K0(A) and K0(π∗(A)) → K0(A) →

K0(π∗(A)) are the identity.

(1) For the first claim, we first observe that K0(A) is generated by classes corresponding to retracts of

graded free A-modules. To see this, we fix a perfect A-module M and induct on the homological

dimension of π∗(M) as a π∗(A)-module. If dimπ∗(A) π∗(M) = 0, then π∗(M) is projective so that

M itself is a retract of a graded free A-module. If dimπ∗(A) π∗(M) > 0, then we choose a graded

free A-module and a map F → M inducing a surjection on homotopy. We have then a cofiber

sequence M ′ → F → M , where dimπ∗(A) π∗(M
′) = dimπ∗(A) π∗(M) − 1. Using [M ] = [F ] − [M ′]

and induction, we can conclude that [M ] belongs to the subgroup of K0(A) generated by the classes

corresponding to retracts of graded free A-modules.

Suppose M is a retract of a graded free A-module. In this case, one checks directly the map

K0(A) → K0(π∗(A)) → K0(A) carries [M ] to itself, as desired. Since the classes [M ] generate

K0(A), this completes the verification of this case.

(2) For the second map, we use (5.15). Consider a class in K0(π∗(A)) represented by an evenly

graded π∗(A)-module P∗ which is projective. We can find an A-module P with π∗(P ) ' P∗. The

map K0(π∗(A)) → K0(A) carries [P∗] 7→ [P ]. It follows easily that the composite K0(π∗(A)) →

K0(π∗(A)) is the identity on [P∗], and therefore in general.

�

Corollary 5.16. Assume A is an E∞-ring such that A∗ is even, regular, Noetherian and of finite Krull

dimension. Then A satisfies Condition B.

Proof. Without loss of generality, we can assume that π0(A) (and thus π∗(A)) has no nontrivial

idempotents, after splitting into finitely many factors. The augmentation map K0(A) ' K0(π∗(A)) → Z

takes values in Z, because π0(A) is connected. By [Swa68, Prop. 10.2], its kernel is nilpotent, hence

K0(A)⊗Q is a nilpotent thickening of Q, and does therefore not contain any non-trivial idempotents. �

Next, we include a basic tool that enables us to check Condition B via descent.

Proposition 5.17. Suppose A is an E∞-ring. Suppose that there exists an E∞-A-algebra A′ such that:

(1) A′ is perfect as an A-module and the map K0(A′)⊗Q→ K0(A)⊗Q from restriction of scalars is

surjective.

(2) A is A′-complete.

(3) A′ satisfies Condition B.
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(4) Suppose that either A′ has no nontrivial idempotents, or A′ and A′⊗AA′ have no nontrivial torsion

idempotents.

Then A satisfies Condition B and has no nontrivial torsion idempotents.

Proof. We have, since A is A′-complete and A′ is dualizable in Mod(A), an equivalence

A ' Tot
(
A′ →→A

′ ⊗A A′
→
→
→
. . .
)
.

We also know that we have an equivalence

K(A)Q ' Tot
(
K(A′)Q

→
→K(A′ ⊗A A′)Q

→
→
→
. . .
)
.

as a (very) special case of Theorem 5.1: in fact, in this case the above augmented cosimplicial object is seen

to be split. The functor Idem: CAlg(Sp) → Set commutes with all limits (as it is corepresentable by the

E∞-ring S0 × S0), and we find that we have equalizer diagrams

Idem(A)→ (Idem(A′)→→ Idem(A′ ⊗A A′))

Idem(K(A)Q)→ (Idem(K(A′)Q)→→ Idem(K(A′ ⊗A A′)Q)) .

We have a natural transformation between them.

A diagram-chase now completes the proof. First of all, since Idem(A′) → Idem(K(A′)Q) is an isomor-

phism, we get that Idem(A) → Idem(K(A)Q) is at least injective. For example, suppose that A′, A′ ⊗A A′

have no nontrivial torsion idempotents. Since by assumption Idem(A′)→ Idem(K(A′)Q) is an isomorphism,

and since by Lemma 5.11 the map Idem(A′⊗AA′)→ Idem(K(A′⊗AA′)Q) is injective, we can conclude that

Idem(A)→ Idem(K(A)Q) is an isomorphism. The case where A′ has no nontrivial idempotents is easier and

we find that Idem(A) ' Idem(K(A)Q) ' {0, 1}. �

For our example with topological modular forms, we will need to check Condition B by Zariski localization

on the base. We will use the following result.

Corollary 5.18. Suppose A is an E∞-ring. Suppose every localization A(p) at a prime p satisfies

Condition B. Then A satisfies Condition B.

Proof. We consider the following two examples of sheaves with values in the ∞-category CAlg(Sp≥0)

of connective E∞-ring spectra on the Zariski site of Spec(Z):

(1) F1 assigns to the open subset Spec(Z[1/N ]) the E∞-ring τ≥0A[1/N ].
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(2) F2 assigns to the open subset Spec(Z[1/N ]) the E∞-ring K(A[1/N ])Q. Zariski descent in K-theory

(a special case of Nisnevich descent in K-theory, cf. Lemma 1.13) implies that this is a sheaf of

connective E∞-ring spectra.

Recall that Idem: CAlg(Sp≥0)→ Set commutes with limits, so we obtain sheaves of sets Idem(F1), Idem(F2).

We have a natural map of sheaves

Idem(F1)→ Idem(F2)

Our assumption (and the fact that Idem commutes with filtered colimits) implies that the map on stalks

is an isomorphism, so we get that Idem(F1) ' Idem(F2). Taking global sections, we find that A satisfies

Condition B as desired. �

We will now need various tools that enable one to reduce checking Condition B via other types of

localization and completion. The next lemma is well-known in the algebraic context (where x has degree

zero) (cf. [TT90, Ex. 3.19.2]).

Lemma 5.19. Let A be an E∞-ring and let x ∈ π∗(A) be a homogeneous elements. Then the diagram

K(A)

��

// K(A[x−1])

��

K(Âx) // K(Âx[x−1]).

is homotopy cartesian in the ∞-category Sp≥0 of connective spectra.

Proof. Let Perfx−tor(A) denote the ∞-category of perfect A-modules which are x-power torsion. The

natural functor

(5.20) Perfx−tor(A)→ Perfx−tor(Âx)

given by tensoring with Âx is an equivalence. In fact, any perfect x-power torsion A-module is automatically

x-adically complete as x will act nilpotently on it.

Let K denote nonconnective K-theory. Now comparing the fiber sequences of spectra (cf. [Bar16,

Prop. 11.16], [BGT13, Sec. 9])

K(Perfx−tor(A))

'
��

// K(Perf(A))

��

// K(Perf(A[x−1]))

��

K(Perfx−tor(Âx)) // K(Perf(Âx)) // K(Perf(Âx[x−1])),

,
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shows that we have a fiber square in Sp≥0 (after taking connective covers to return to K) as desired. �

Using similar arguments as in the proof of Corollary 5.18, we find the following result:

Proposition 5.21. Let A be an E∞-ring. Suppose x ∈ π∗(A) is a homogenous element. Suppose

Âx, A[x−1], Âx[x−1] satisfy Condition B. Then A satisfies Condition B.

Using similar reasoning, one also has:

Proposition 5.22. Let A be an E∞-ring. Suppose x1, . . . , xn ∈ π∗(A). Suppose A/(x1, . . . , xn) is

contractible. Suppose the E∞-ring A[(xi1 . . . xik)−1] satisfies Condition B for any nonempty collection of

indices i1, . . . , ik ∈ {1, . . . , n}. Then A satisfies Condition B.

Proof. We use induction on n. When n = 1, the assertion is obvious, so we assume n > 1 and

assume the result proved for n − 1 replacing n. Let A′ be the localization of A away from the perfect A-

module EndMod(A)(A/(x1, . . . , xn−1)) (cf. [MNN17, §3] for an exposition). We then have A′[x−1
i ] ' A[x−1

i ]

for 1 ≤ n − 1 and A′/(x1, . . . , xn−1) = 0. In addition, the natural map A → A′ induces an equivalence

A/xn ' A′/xn. As a result, the natural map Perf(A) → Perf(A′) restricts to an equivalence on xn-power

torsion objects. We therefore obtain a fiber square of connective spectra

K(A)

��

// K(A′)

��
K(A[x−1

n ]) // K(A′[x−1
n ])

.

By induction, it follows that A′ andA′[x−1
n ] satisfy Condition B: in fact, we consider the sequence x1, . . . , xn−1 ∈

π∗A
′. Therefore, the above fiber square implies that A satisfies Condition B. �

We now include our main examples involving TMF, the spectrum of topological modular forms (cf.

[DFHH14] for a textbook reference). We first need a general lemma about even periodic derived stacks,

(cf. [MM15, Section 2] for an exposition of this). Given an even periodic derived stack (X,Otop), we let ω

denote the line bundle π2Otop on X.

Lemma 5.23. Let X = (X,Otop) be a regular, noetherian even periodic derived Deligne-Mumford stack.

Suppose that the map X → BGm classifying ω is quasi-affine. Then Otop(X) satisfies Condition B. If X is

flat over SpecZ, then Otop(X) has no nontrivial torsion idempotents.

Proof. The quasi-affineness hypothesis is equivalent to the assertion that there sections s1, . . . , sn ∈

H0(X,ω⊗•) such that X[s−1
i ] is affine over BGm, i.e., arises as the quotient of a Gm-action (or grading)
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on the spectrum of a graded ring Ri,∗, and such that the {si} have no common vanishing locus. Note that

a power of each si survives the descent spectral sequence (cf. the argument of [MM15, Prop. 3.24]); by

passage to such a power, we may assume that si arises from an element (which for convenience we still denote

by si) in π2niOtop(X).

We observe that Otop(X)[s−1
i ] arises as the sheaf of global sections of an even periodic derived stack of

the form Spec(Ri,∗)/Gm where Ri,∗ is a regular noetherian graded-commutative ring concentrated in even

degrees. In particular, we get

π∗(Otop(X))[s−1
i ] ' Ri,∗,

so by Corollary 5.16 we find that Otop(X)[s−1
i ] satisfies Condition B. Similarly, for any collection of in-

dices i1, . . . , ik, we have that Otop(X)[(si1 . . . sik)−1] satisfies Condition B. It follows that Otop(X) satisfies

Condition B in view of Lemma 5.22.

Finally, one sees that the idempotents of Otop(X) correspond precisely to the idempotents in the discrete

ring Γ(X,OX), and by hypotheses the latter is torsion-free. In fact, on the étale site of X, we consider the

following two presheaves of E∞-rings: the first sends SpecR→ X to Otop(SpecR) and the second to R itself.

The idempotents of each are naturally identified. Since the functor Idem: CAlg(Sp) → Set commutes with

limits, we find the identification Idem(Γ(X,Otop)) ' Idem(Γ(X,OX)). �

Let Mell denote the moduli stack of elliptic curves. Let Mell = (Mell,Otop) be the Goerss-Hopkins-

Miller derived stack, i.e., the pair of Mell together with the sheaf Otop of even periodic, elliptic E∞-ring

spectra that they construct. For any étale morphism (assumed representable) of stacks X →Mell, we can

form the E∞-ring of sections Otop(X). For example, we have by definition Otop(Mell) = TMF.

Theorem 5.24. Given any étale separated morphism X →Mell, the E∞-ring Otop(X) satisfies Condi-

tion B and has no nontrivial torsion idempotents. In particular, any Galois extension of Otop(X) satisfies

Condition A.

Proof. The final claim follows from the first one together with Lemma 5.12. By Corollary 5.18, it

suffices to prove Condition B for Otop(X)(p) for a prime number p. We consider three different cases.

(1) p ≥ 5. In this case, we have an equivalence of stacks (Mell)(p) ' P(4, 6)[∆−1]. Note that X(p) is

quasi-affine over (Mell)(p) by Zariski’s main theorem [Gro66, Th. 8.12.6]. By Lemma 5.23, we find

that Otop(X)(p) satisfies Condition B.

(2) p = 3. In this case, we have an equivalence TMF(3) ∧ C ' TMF1(2)(3) for a three cell complex C

with even cells (cf. [Mat16b, Thm. 4.13]). The moduli stack Y = Mell,1(2)(3) has the property that

Y → BGm is affine (cf. the explicit presentation in [Sto12, §7]). Note also that Y → (Mell)(3) is
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a finite étale cover. It follows that X(3)×Mell
Y is quasi-affine over BGm and the map of E∞-rings

Otop(X)(3) → Otop(X(3) ×Mell
Y )

exhibits the target as a perfect module over the source; in fact by 0-affineness of the derived moduli

stack (cf. [MM15, Thm. 7.2])

Otop(X(3) ×Mell
Y ) ' Otop(X(3))⊗TMF(3)

TMF1(2)(3) ' Otop(X)(3) ∧ C.

By Lemma 5.23, Otop(X(3) ×Mell
Y ) satisfies Condition B and has no nontrivial torsion idem-

potents. In addition,

Otop(X(3) ×Mell
Y )⊗Otop(X(3)) Otop(X(3) ×Mell

Y ) ' Otop(Y ×Mell
Y )

also has no nontrivial torsion idempotents. The complex C enables us to conclude that Otop(X)(3)

satisfies Condition B and has no nontrivial torsion idempotents, by Lemma 5.17.

(3) p = 2. Here we argue similarly as in (2), using an eight cell complex DA(1) and the equivalence

TMF(2) ∧DA(1) ' TMF1(3)(2) due to Hopkins-Mahowald (see [Mat16b, § 4]).

�

Remark 5.25. It seems remarkable that to establish Condition A for TMF, we need the existence of certain

specific finite complexes. In particular, we do not know the analogous result for the finite Galois extensions

provided by the theory of topological automorphic forms from [BL10]. In fact, we do not know a single

example of a finite Galois extension which violates Condition A.

Example 5.26. Consider the Galois extension TMF[1/n] = Otop(Mell

[
1
n

]
) → TMF(n) with Galois group

GL2(Z/n) (cf. [MM15, Thm. 7.6]). It follows that the map

K(TMF[1/n])→ K(TMF(n))hGL2(Z/nZ)

becomes an equivalence after any periodic localization.

We now describe the analog of our results for the Hill-Lawson extension of the sheaf Otop on the étale

site of Mell. Let Mell denote the compactified moduli stack of elliptic curves. In [HL16], Hill and Lawson

describe the log-étale site of Mell and endow it with a sheaf Otop of E∞-ring spectra which restricts to the

previous sheaf on the étale site of Mell.
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Theorem 5.27. Let (X,MX)→Mell be a log-étale map. Then Otop(X,MX) satisfies Condition B and

has no nontrivial torsion idempotents. For example, every finite Galois extension of the E∞-ring spectra

Tmf,Tmf0(n),Tmf1(n) (n ≥ 1) satisfies Condition A.

Proof. We use Lemma 5.21.

After inverting the modular form ∆24 ∈ π576Tmf, the log-étale site of Mell is identified with the étale

site of Mell. It follows that Otop(X,MX)[∆−24] satisfies Condition B in view of Theorem 5.24.

The E∞-ring Otop(X), and more generally the sheaf Otop, is defined in [HL16] by gluing together

Otop(X ×Mell
Mell) and the completion at the cusp. In particular, we can also evaluate Otop on log-étale

morphisms to the completion. Now, we need to consider the completion Otop(X̂) = ̂Otop(X,MX)∆24 . This is

obtained by completing the stack X at the modular form ∆. Note first that (̂Mell)∆
' (SpfZ[[q]]) /C2 via the

Tate curve and its automorphism given by −1. We consider the ∆-completed log stack Ŷ = X×Mell
SpfZ[[q]],

so that Ŷ is log-étale over the log-scheme (SpfZ[[q]], q). We claim first that Otop(Ŷ ) is even periodic and

π0Otop(Ŷ ) is regular. This follows from the discussion [HL16, Cor. 2.19] of the log-étale site of (Z[[q]], q)

and the construction in [HL16, Sec. 5.1]. Finally, the map Otop(X̂)→ Otop(Ŷ ) exhibits an equivalence

Otop(X̂) ∧ Σ−2CP2 ' Otop(Ŷ ),

by Wood’s theorem, which implies that the C2-action on Otop(Ŷ ) ∧ Σ−2CP2 ' KU [[q]] ∧ Σ−2CP2 is given

by the coinduced representation. Therefore, we find by descent (Lemma 5.17) along Otop(X̂) → Otop(Ŷ )

and Otop(X̂)[q−1] → Otop(Ŷ )[q−1] that Otop(X̂),Otop(X̂)[q−1] satisfy Condition B. Putting everything

together, we find by Lemma 5.21 that Otop(X) satisfies Condition B. �

Example 5.28. Let n be square-free. Then we have a (Z/n)×-Galois extension Tmf0(n)→ Tmf1(n) under

Tmf[1/n] [MM15, Thm. 7.12]. This Galois extension satisfies Condition A, so that the map

K(Tmf0(n))→ K(Tmf1(n))h(Z/n)×

is an ε-equivalence.

Finally, for completeness we give an example of a torsion E∞-ring that does not satisfy Condition B.

We do not know any non-torsion examples.

Example 5.29. Let G be a nontrivial finite p-group and let k be a field of characteristic p. Then there

is an identification between Perf(ktG) and the stable module ∞-category of finite-dimensional k[G]-modules

modulo projectives (cf. [Kel94] or [Mat15b]). Using this, we can calculate K0(ktG).
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Every finite-dimensional k[G]-representation has a finite filtration with subquotients given by the trivial

representation, and the representation k[G] is identified with zero in the stable module ∞-category. This

forces K0(ktG) ' Z/r where r | |G|. We also have a homomorphism K0(ktG) → Z/|G| that sends a

representation to its dimension modulo |G|. Since two representations become isomorphic in the stable

module ∞-category if and only if they are stably isomorphic as representations (i.e., become isomorphic

after adding free summands), it follows that K0(ktG) ' Z/|G|. In particular, K0(ktG)⊗Q = 0.

5.4. Non-Galois examples of descent. In this subsection, we record a few additional examples where

one has descent but which are not Galois.

Example 5.30. We consider the connective version of Example 5.9 above. Consider the map of E∞-rings

ko → ku. Since ku ' ko ∧ Σ−2CP 2, we observe that the class of ku in K0(ko) is equal to 2. As a result,

we conclude by Theorem 5.1 that we have an ε-nilpotent limit diagram given by the augmented cosimplicial

object

K(ko)→
(
K(ku)→→K(ku ∧ko ku)

→
→
→
. . .
)
.

To compare this to Example 5.9, we consider the following diagram of localization sequences [BM08,

BL14]:

K(Z)

��

// K(ko)

'ε
��

// K(KO)

'ε
��

Tot(F •)

��

// Tot(K(ku∧ko•+1))

��

// Tot(K(KU ∧KO•+1))

'
��

F (BC2+,K(Z)) ' K(Z)hC2 // K(ku)hC2 // K(KU )hC2

We have established the first two ε-equivalences in the first row of vertical arrows, which implies the

induced map on the fibers is an ε-equivalence. It follows that K(ko)→ K(ku)hC2 is an ε-equivalence if and

only if the composite map K(Z) → F (BC2+,K(Z)) is an ε-equivalence. However, by comparing with KU

one sees that the map

K(Z)→ K(Z)hC2

is not even a rational equivalence. To see this, we observe that the unit and the transfer of the unit from

π0K(Z) ⊗ Q Tr−→ π0(K(Z)hC2) ⊗ Q are linearly independent in π0(K(Z)hC2) ⊗ Q because they are linearly

independent in π0(KU hC2)⊗Q and we have a K-theoretic map K(Z)→ KU . As a result, we conclude that

K(ko)→ K(ku)hC2 is not an ε-equivalence (or even a rational equivalence). The same argument also shows
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that LK(1)K(ko)→ (LK(1)K(ku))hC2 fails to be an equivalence when K(1) is the first Morava K-theory at

the prime 2.

On the other hand, it is evident that if we rationalize before taking homotopy fixed points we obtain

an equivalence K(Z) ⊗ Q → (K(Z) ⊗ Q)hC2 and hence the vertical composites are all equivalences if we

rationalize first and then take homotopy fixed points.

Example 5.31. Consider the map tmf[1/3] → tmf1(3). We claim that this satisfies the assumptions of

Theorem 5.1, so we have an ε-nilpotent limit diagram

K(tmf[1/3])→
(
K(tmf1(3))→→K(tmf1(3) ∧tmf[1/3] tmf1(3))

→
→
→
. . .
)
.

In fact, it suffices to show that the class [tmf1(3)] − 8 is nilpotent in K0(tmf[1/3]). It suffices to check this

after localizing at 2 and inverting 2. When localizing at 2, this follows from the complex DA(1) and the

equivalence tmf(2) ∧DA(1) ' tmf1(3)(2) (cf. [Mat16b, §4]). After inverting 2, we see the equivalence just

by considering homotopy.

1. Étale descent for spectral algebraic spaces

We have seen in Proposition 5.4 that telescopically localized algebraic K-theory (or indeed any tele-

scopically localized additive invariant) satisfies finite flat descent on E∞-rings. In this appendix, we will

describe the argument for Nisnevich descent for such invariants in the setting of spectral algebraic spaces as

in [Lur, Ch. 3]. This argument is due to Thomason-Trobaugh [TT90], and we will indicate the necessary

modifications in the present setting. Compare also the treatment by Barwick [Bar16, Prop. 12.12]. As a

result, one obtains a basic étale descent result (Theorem 1.14 below) which applies to invariants such as

algebraic K-theory after periodic localization.

We need the definition of a localizing invariant in Catperf
∞ , as in [BGT13], although we shall not assume

that our invariant commutes with filtered colimits. For simplicity, we will make the following definition in

the rigid case.

Definition 1.1. Let R ∈ CAlg(Catperf
∞ ) be such that all objects of R are dualizable. Suppose A1 → A2

is a morphism in ModR(Catperf
∞ ) which is fully faithful on underlying ∞-categories. The Verdier quotient

A2/A1 is the pushout A2 ∪A1 {0} in ModR(Catperf
∞ ). A weakly localizing invariant of R-linear ∞-categories

with values in a presentable, stable ∞-category D is a functor

F : ModR(Catperf
∞ )→ D
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which carries Verdier quotient sequences to cofiber sequences in D. It follows in particular that F is weakly

additive in the sense of Definition 3.11.

Let X be a quasi-compact quasi-separated (hereafter qcqs) spectral algebraic space. Recall [Lur, Ch. 2]

that one has a presentable, symmetric monoidal stable ∞-category QCoh(X) of quasi-coherent sheaves on

X. By [Lur, Prop. 8.6.1.1], the ∞-category QCoh(X) is compactly generated, and the compact objects are

given by the dualizable objects, which are denoted Perf(X).

Remark 1.2. The compact generation of QCoh(X) has a long history. For classical quasi-compact, sepa-

rated schemes, the result is due to Neeman [Nee96, Prop. 2.5]. For classical qcqs schemes, the result appears

in [BvdB03, Thm. 3.1.1]. That argument is extended to derived schemes in [BZFN10, Prop. 3.19].

Here Perf(X) ∈ CAlg(Catperf
∞ ). Given a morphism f : Y → X of qcqs spectral algebraic spaces, one

obtains a symmetric monoidal pull-back functor f∗ : QCoh(X)→ QCoh(Y ) which restricts to dualizable or

compact objects and yields a functor f∗ : Perf(X)→ Perf(Y ).

The basic results will be fairly straightforward in the affine case. The general case will require a local-

to-global argument for which the theory of stable quasi-coherent stacks of [Lur, Ch. 9] will be useful. A

stable quasi-coherent stack C on X assigns to every R-point η of X (for R a connective E∞-ring) an R-linear

presentable stable∞-category Cη. Given a map f : R→ R′ of connective E∞-rings, we obtain a new R′-point

of X given by f∗η and we have a compatibility equivalence Cf∗η ' Cη ⊗R R′. More precisely:

Definition 1.3 ([Lur, Ch. 9]). The ∞-category QStkst(X) of stable quasi-coherent stacks is defined as

lim←−SpecR→X LinCatstR where LinCatstR denotes the ∞-category of presentable R-linear ∞-categories. Given

a stable quasi-coherent stack C, we can form the global sections QCoh(X; C) which form a QCoh(X)-linear

presentable stable ∞-category.

Let X be a qcqs spectral algebraic space and let j : U ⊂ X be a quasi-compact open immersion. Let Z

be the closed complement.

Definition 1.4. Let QCohZ(X) ⊂ QCoh(X) be the subcategory of those F ∈ QCoh(X) such that

j∗F = 0. Let PerfZ(X) = QCohZ(X) ∩ Perf(X) denote those perfect modules on X which restrict to zero

on U .

We now show that QCohZ(X) is compactly generated, with compact objects precisely PerfZ(X). This

will be relatively easy to check when X is affine. In general, the basic local-to-global observation that will

be used throughout is that QCohZ(X) arises from a stable quasi-coherent stack.
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Construction 1.5. We define the following three quasi-coherent stacks C1, C2, C3 ∈ QStkst(X) on X. Let

η : SpecR→ X be an R-point of X (with R a connective E∞-ring).

(1) We define C1 via (C1)η = Mod(R) = QCoh(SpecR) itself. This is the unit in the ∞-category of

stable quasi-coherent stacks. Clearly QCoh(X; C1) ' QCoh(X) by definition.

(2) We define C2 via (C2)η = QCoh(SpecR ×X U). This is the push-forward of the unit in QStkst(U)

along j : U → X. We have QCoh(X; C2) ' QCoh(U).

(3) Let (C3)η ⊂ QCoh(SpecR) = Mod(R) denote the subcategory of those quasi-coherent sheaves

on SpecR which restrict to zero on SpecR ×X U ⊂ SpecR. Then {(C3)η}η : SpecR→X assembles

into a quasi-coherent stack C3: in fact, C3 is the pull-back C1 ×C2 0. We note that limits in

QStkst(X) are computed pointwise (cf. [Lur, 9.1.3]). Unwinding the definitions again, we find that

QCoh(X; C3) ' QCohZ(X).

Lemma 1.6. Suppose X = Spec(A) is an affine spectral algebraic space and U ⊂ X a quasi-compact open

subset of X, with closed complement Z. Then QCohZ(X) is compactly generated.

Proof. This is proved in [Lur, Prop. 6.1.1.12, (e)]. The argument runs as follows. Choose elements

f1, . . . fk ∈ π0A such that U =
⋃
i Spec(A[f−1

i ]). Then QCohZ(X) identifies with the full subcategory of

QCoh(X) = Mod(A) spanned by those A-modules M such that M [f−1
i ] = 0 for all i. One can take as

compact generator the iterated cofiber A/(f1, . . . , fk). �

The next result was known previously for classical qcqs schemes, see [Rou08, Thm. 6.8].

Proposition 1.7. If X is a qcqs spectral algebraic space and j : U → X a quasi-compact open im-

mersion with Z the closed complement, then QCohZ(X) is compactly generated. In addition, the inclusion

QCohZ(X)→ QCoh(X) preserves compact objects.

Proof. We saw that QCohZ(X) arises as the global sections of a stable quasi-coherent stack C3, which

is locally compactly generated by Lemma 1.6. By [Lur, Prop. 9.3.2.1], the global sections QCohZ(X) are

compactly generated. To see that QCohZ(X) → QCoh(X) preserves compact objects, we note that both

∞-categories are compactly generated and the right adjoint to the inclusion is given by F 7→ fib(F → j∗j
∗F),

which commutes with filtered colimits (cf. [Lur, Prop. 2.5.4.3]). Therefore, QCohZ(X) → QCoh(X) must

preserve compact objects. �

Corollary 1.8. Hypotheses as above, the sequence

(1.9) PerfZ(X)→ Perf(X)
j∗→ Perf(U)
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is a Verdier quotient sequence in ModPerf(X)(Catperf
∞ ).

Proof. This follows from Lemma 1.7 which implies that the Ind-completion of the above sequence is

precisely

QCohZ(X)→ QCoh(X)→ QCoh(U).

Compare also [Lur, Prop. 6.2.3.1], which implies that we have a semi-orthogonal decomposition of QCoh(X).

�

Corollary 1.10 (Cf. [Bar16, Prop. 12.12]). Given any localizing invariant F : ModPerf(X)(Catperf
∞ )→

D, we have a fiber sequence in D,

(1.11) F (PerfZ(X))→ F (Perf(X))→ F (Perf(U)).

We call (1.11) the localization sequence.

Proposition 1.12. Let X,Y be qcqs spectral algebraic spaces and let j : U ⊂ X be a quasi-compact

open immersion. Suppose f : Y → X is a flat, representable morphism. Let Z be the reduced, discrete closed

complement of j and suppose the map Y ×X Z
f×XZ−−−−→ Z is an equivalence. Then the map

f∗ : QCohZ(X)→ QCohf−1(Z)(Y )

is an equivalence of Perf(X)-linear ∞-categories.

Proof. We need to see that if M ∈ QCohZ(X), then the map M → f∗f
∗M is an equivalence, and that

if N ∈ QCohf−1Z(Y ) then f∗N ∈ QCohZ(X) and f∗f∗N → N is an equivalence. Without loss of generality,

we may assume that X = Spec(A) is affine and Y is a scheme. It suffices to check the desired claim on

homotopy group sheaves. Since f is flat, the functor f∗ simply tensors up over π0 on homotopy group

sheaves. If M ∈ QCohf−1Z(Y ), then the homotopy groups of M are supported on f−1(Z) and therefore

have no higher derived pushforwards along f : Y → X. As a result, the claim follows from the analog of our

lemma in ordinary algebraic geometry, which is a special case of [TT90, Thm. 2.6.3] . �

Proposition 1.13. Let X be a qcqs spectral algebraic space, U a quasi-compact open subset of X,

f : Y → X an étale map which is an isomorphism above Z = X \ U , and F a localizing invariant as above.

Then the diagram

F (Perf(X)) //

��

F (Perf(U))

��
F (Perf(Y )) // F (Perf(Y ×X U))
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is a pullback square.

Proof. This will follow from the above localization sequence (1.11) provided we can show that pullback

by f induces an equivalence PerfZ(X) ' Perff−1Z(Y ). This follows by taking compact objects in Lemma 1.12.

�

Finally, we can prove our main result.

Theorem 1.14. Let X be a qcqs spectral algebraic space. Suppose that F : ModPerf(X)(Catperf
∞ ) → D

is a localizing invariant where D is T (n)-local for some implicit prime p and height n. Then the presheaf

(U → X) 7→ F (Perf(U))

on the étale site Xét of X is an étale sheaf.

Proof. Since Nisnevich excision is equivalent to Nisnevich descent by a theorem of Morel-Voevodsky

(cf. [Lur, 3.7.5.1]), it follows from Lemma 1.13 that U 7→ F (Perf(U)) is a Nisnevich sheaf when X is any

qcqs spectral algebraic space. If X is an affine spectral scheme, the functor also satisfies descent for finite

étale covers (Lemma 5.4). By [Lur, B.6.4.1], if X is affine, étale descent follows from Nisnevich descent and

finite étale descent for affine schemes (Lemma 5.4). Zariski descent then implies that whenever X is a qcqs

spectral scheme, the result holds, i.e., U 7→ F (Perf(U)) is an étale sheaf.

To extend to the case of qcqs spectral algebraic spaces, we use [Lur, Ex. 3.7.1.5] to observe that X is

Nisnevich-locally affine, and therefore the affine case implies the general one. �

We note that the above result does not extend to the case where X is a Deligne-Mumford stack in general;

counterexamples are easy to come by for the classifying stacks of finite groups. However, Theorem 5.24

together with the derived-affineness result of [MM15] implies that it nonetheless holds for the spectral

Deligne-Mumford moduli stack of elliptic curves Mell underlying the theory of TMF , even though it doesn’t

hold for the underlying usual moduli stack Mell.
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[BGT14] Andrew J. Blumberg, David Gepner, and Gonçalo Tabuada. Uniqueness of the multiplicative cyclotomic trace. Adv.

Math., 260:191–232, 2014.

[BH15] Andrew J. Blumberg and Michael A. Hill. Operadic multiplications in equivariant spectra, norms, and transfers.

Adv. Math., 285:658–708, 2015.

[BL10] Mark Behrens and Tyler Lawson. Topological automorphic forms. Mem. Amer. Math. Soc., 204(958):xxiv+141,

2010.

[BL14] Clark Barwick and Tyler Lawson. Regularity of structured ring spectra and localization in K-theory. arXiv preprint

arXiv:1402.6038, 2014.

[BM08] Andrew J. Blumberg and Michael A. Mandell. The localization sequence for the algebraic K-theory of topological

K-theory. Acta Math., 200(2):155–179, 2008.

[Bou79] A. K. Bousfield. The localization of spectra with respect to homology. Topology, 18(4):257–281, 1979.

[Bru07] M. Brun. Witt vectors and equivariant ring spectra applied to cobordism. Proc. Lond. Math. Soc. (3), 94(2):351–385,

2007.

[BvdB03] A. Bondal and M. van den Bergh. Generators and representability of functors in commutative and noncommutative

geometry. Mosc. Math. J., 3(1):1–36, 258, 2003.

311



[BZFN10] David Ben-Zvi, John Francis, and David Nadler. Integral transforms and Drinfeld centers in derived algebraic

geometry. J. Amer. Math. Soc., 23(4):909–966, 2010.
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[Tab14] Gonçalo Tabuada. Galois descent of additive invariants. Bull. Lond. Math. Soc., 46(2):385–395, 2014.
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