
Essays in Bayesian Econometrics

Citation
Walker, Christopher Douglas. 2025. Essays in Bayesian Econometrics. Doctoral
Dissertation, Harvard University Graduate School of Arts and Sciences.

Link
https://dash.harvard.edu/handle/1/42719719

Terms of use
This article was downloaded from Harvard University’s DASH repository, and is made
available under the terms and conditions applicable to Other Posted Material (LAA), as set
forth at
https://harvardwiki.atlassian.net/wiki/external/NGY5NDE4ZjgzNTc5NDQzMGIzZWZhMGFlOWI2M2EwYTg

Accessibility
https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story

https://dash.harvard.edu/submit-story?publicationId=5a7eeb99-7257-4dd1-ab90-acb4daeb74b8


HARVARD  UNIVERSITY 

Graduate  School  of  Arts  and  Sciences 


DISSERTATION  ACCEPTANCE  CERTIFICATE 


The  undersigned,  appointed  by  the 


Department  of  Economics 


have  examined  a  dissertation  entitled 


Essays  in  Bayesian  Econometrics 


presented  by  Christopher  Douglas  Walker 


candidate  for  the  degree  of  Doctor  of  Philosophy  and  hereby 


certify  that  it  is  worthy  of  acceptance 


Signature 


Typed  name 
 Prof.  Elie  Tamer 


Signature 


Prof.  Neil  Shephard 
Typed  name 


Signature 


Prof.  Isaiah  Andrews 
Typed  name 


Signature 


Prof.  Anna  Mikusheva 
Typed  name 


Date:  April  284h,  2025 




Essays in Bayesian Econometrics

A dissertation presented

by

Christopher Douglas Walker

to

The Department of Economics

in partial fulfillment of the requirements

for the degree of

Doctor of Philosophy

in the subject of

Economics

Harvard University

Cambridge, Massachusetts

April 2025



© 2025 Christopher Douglas Walker

All rights reserved.



Dissertation Advisor: Prof. Elie Tamer Christopher Douglas Walker

Essays in Bayesian Econometrics

Abstract

This thesis comprises three chapters in Bayesian econometrics. Although the chapters are indepen-

dent, the unifying theme is that Bayesian inference is semiparametric. That is, the econometric

model is either 1. indexed by finite- and infinite-dimensional parameters, or 2. interest is a finite-

dimensional transformation of an infinite-dimensional parameter. All chapters are solo-authored.

Chapter 1 proposes Bayesian inference for conditional moment equality models. The framework

starts with a prior for a conditional distribution and reports a marginal posterior for an estimand

that minimizes the distance of the conditional moments to zero. The key theoretical result is a

Bernstein-von Mises theorem, establishing asymptotic normality of the minimum distance posterior.

Chapter 2 presents a new approach to Bernstein-von Mises theory for partially linear regression

models. The idea is to embed an adaptive parametrization of the regression function within a

(quasi-)likelihood model, enabling verification of the Bernstein-von Mises theorem using ordinary

expansions of the log-likelihood function. The new parametrization alleviates some smoothness

restrictions that are encountered in the original parametrization of the model.

Chapter 3 introduces a Bayesian inference framework for a linear index threshold-crossing binary

choice model subject to a median independence restriction. The proposal exploits an observational

equivalence between the model and a probit model with nonparametric heteroskedasticity. This

leads to a computationally attractive Bayesian inference procedure in which a Gaussian process

forms a conditionally conjugate prior for the natural logarithm of the skedastic function.
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Preface

This thesis comprises three chapters in Bayesian econometrics. Although the chapters are indepen-

dent, the unifying theme is that Bayesian inference is semiparametric. That is, the econometric

model is either 1. indexed by finite- and infinite-dimensional parameters, or 2. interest is a finite-

dimensional transformation of an infinite-dimensional parameter. Chapter 1 is an example of the

latter, while Chapters 2 and 3 are examples of the former.

Chapter 1 presents a semiparametric Bayesian inference framework for conditional moment

equality models. These models map a conditional distribution of data to a structural parameter via

the restriction that a conditional mean equals zero. Using this observation, I introduce a Bayesian

inference framework in which an unknown conditional distribution is replaced with a nonparametric

posterior, and structural parameter inference is then performed using an implied posterior. The

method has the same flexibility as frequentist semiparametric estimators and does not require

converting conditional moments to unconditional moments. Importantly, I prove a semiparametric

Bernstein-von Mises theorem, providing conditions under which, in large samples, the posterior

for the structural parameter is approximately normal, centered at an efficient estimator, and has

variance equal to the Chamberlain (1987) semiparametric efficiency bound. As byproducts, I show

that Bayesian uncertainty quantification methods are asymptotically optimal frequentist confidence

sets and derive low-level sufficient conditions for Gaussian process priors. The latter sheds light on

a key prior stability condition and relates to the numerical aspects of the paper in which these priors

are used to predict the welfare effects of price changes.

Chapter 2 proves a semiparametric Bernstein-von Mises theorem for a partially linear regression
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model with independent priors for the low-dimensional parameter of interest and the infinite-

dimensional nuisance parameters. My result avoids a challenging prior invariance condition that

arises from a loss of information associated with not knowing the nuisance parameter. The key idea

is to employ a feasible reparametrization of the partially linear regression model that reflects the

semiparametric structure of the model. This allows a researcher to assume independent priors for

the model parameters while automatically accounting for the loss of information associated with

not knowing the nuisance parameters. The theorem is verified for uniform wavelet series priors and

Matérn Gaussian process priors. A comparison of my approach with the original parametrization in

the Gaussian case reveals that my proposal can alleviate some harsh smoothness restrictions.

Chapter 3 presents a Bayesian inference framework for a linear index threshold-crossing binary

choice model that satisfies a median independence restriction. The key idea is that the model is

observationally equivalent to a probit model with nonparametric heteroskedasticity. Consequently,

Gibbs sampling techniques from Albert and Chib (1993) and Chib and Greenberg (2013) lead to

a computationally attractive Bayesian inference procedure in which a Gaussian process forms a

conditionally conjugate prior for the natural logarithm of the skedastic function.

2



Chapter 1

Semiparametric Bayesian Inference for a

Conditional Moment Equality Model

1.1 Introduction

1.1.1 Overview

Conditional moment equality models state that certain parametric functions have a conditional

mean equal to zero when evaluated at the true parameter value. These models are popular in

economics, with applications including linear instrumental variables models (Angrist and Krueger,

1991, 2001; Angrist and Pischke, 2009), differentiated product demand models (Berry, 1994; Berry

et al., 1995, 1999; Nevo, 2000; Berry and Haile, 2021), asset pricing models (Hansen and Singleton,

1982; Hansen, 2014), models with social interactions (Graham, 2008), macroeconomic models

(Clarida et al., 2000; Fernández-Villaverde et al., 2016), quantile instrumental variables models

(Chernozhukov and Hansen, 2005, 2006), and many more. These models are also theoretically

interesting because the identifying restrictions imply a relatively small set of distributions compatible

with the model. This phenomenon, known as overidentification, leads to a meaningful notion of

efficiency (i.e., there are inefficient estimators), and has motivated a large, mostly frequentist,

econometrics literature on efficient estimation using optimal instruments (Chamberlain, 1987;
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Newey, 1990a, 1993; Donald and Newey, 2001; Donald et al., 2003; Kitamura et al., 2004; Donald

et al., 2009; Chen et al., 2021; Chib et al., 2022).

This paper has three main contributions. The first contribution is introducing a semiparametric

Bayesian inference framework for conditional moment equality models. Determining whether

a parameter satisfies a conditional moment equality is simple if the conditional distribution is

known (i.e., compute the expectation and check whether it is equal to zero). Since the conditional

distribution is unknown, my approach replaces it with a nonparametric posterior for a conditional

distribution and derives a marginal posterior for the parameter of interest, an object I call the

structural posterior, via the restriction that the conditional moments equal to zero. The second

contribution is proving a semiparametric Bernstein-von Mises theorem for the structural posterior.

This guarantees that, in large samples, the structural posterior is approximately normal, centered at

an efficient estimator, and has variance equal to the Chamberlain (1987) semiparametric efficiency

bound. As a byproduct, I show that Bayesian uncertainty quantification methods are asymptotically

optimal frequentist confidence sets and provide low-level sufficient conditions for the Bernstein-von

Mises theorem with Gaussian process priors. The third contribution is showing how to compute the

structural posterior, and demonstrating the method using an empirical illustration and data-calibrated

simulation studies focused on the welfare effects of gasoline price changes. Computing the posterior

for the conditional distribution is performed using Gaussian process conditional density methods,

while structural posterior computation is an exercise in Monte Carlo integration. Overall, the

simulations indicate that my method performs well compared to popular alternatives (e.g., more

accurate point estimates and more precise uncertainty quantification).

There are several advantages of semiparametric Bayesian inference. First, the posterior for the

conditional density is nonparametric while the structural posterior only utilizes the information

contained in the conditional moment restrictions. Consequently, the method deviates from traditional

‘small model’ Bayesian methods based on tightly parametrized likelihood models and shares the

advantageous flexibility of frequentist semiparametric estimators (i.e., those based on sample

moment restrictions). This is valuable for economic applications because fully specifying realistic

4



data-generating processes is difficult, making limited information methods (i.e., those that only

partially specify the data-generating process) appealing. Second, since the framework targets

the conditional moments directly, it does not require converting them to unconditional moment

equalities. This is an important practical advantage as overidentification makes unconditional

moment selection challenging. Indeed, ad hoc selections of unconditional moments generate

efficiency loss, while efficient unconditional approaches often involve tuning parameters that may

be hard to select for a given application (e.g., number/choice of basis functions). Third, the method

is fully Bayesian, meaning that it possesses all of the desirable features of Bayesian inference (e.g.,

straightforward finite-sample uncertainty quantification for complicated parameters, decision rules

compatible with expected utility, etc.). These aspects resonate with the empirical illustration since it

focuses on the welfare effect of a price change, a parameter relevant for policy decision-making

(e.g., the price change may represent taxation), and is complicated in that it depends on the solution

to a differential equation. Bayesian uncertainty quantification only requires evaluating the welfare

parameter and reporting empirical quantiles (i.e., no standard error calculations).

This does not mean that the semiparametric Bayesian approach is not without challenges. The

key input is a posterior for a conditional distribution, an object that requires specifying a conditional

model for the data (i.e., the sampling model) and a probability distribution over the model parameters

(i.e., the prior). I specify the sampling model as a nonparametric family of conditional probability

density functions, and, as a result, the prior is a probability distribution over an infinite-dimensional

space. This raises the possibility that the structural posterior may be sensitive to the prior in large

samples. For example, there is growing evidence that semiparametric Bernstein-von Mises theorems

(i.e., posterior asymptotic normality) may be sensitive to the prior in settings where the parameter

of interest is a functional of a smooth nonparametric object such as a probability density function,

a regression function, etc. (Bickel and Kleijn, 2012; Castillo, 2012a,b; Rivoirard and Rousseau,

2012; Castillo and Rousseau, 2015; Ray and van der Vaart, 2020; Monard et al., 2021a). Since

the Bernstein-von Mises theorem is often used to validate the posterior and I treat the structural

parameter as a functional of a conditional density, these general findings make prior robustness
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an important concern for the method proposed in this paper. Intuitively, my approach ‘plugs in’ a

regularized estimator of an infinite-dimensional nuisance parameter (i.e., a conditional density), and,

as a result, regularization bias may preclude asymptotic normality of low-dimensional parameters

just like the frequentist theory (Bickel and Ritov, 2003; Robins et al., 2017; Chernozhukov et al.,

2022).

Resolving these concerns motivates me to develop a semiparametric Bernstein-von Mises theory

for the structural posterior. This contribution has two components. For the first component, I

derive general conditions under which the structural posterior satisfies a semiparametric Bernstein-

von Mises theorem compatible with Chamberlain (1987). The key idea is that, under strong

identification, the parameter of interest is an asymptotically linear functional of a conditional

density. Consequently, the Bernstein-von Mises theorem is established by adapting arguments from

Rivoirard and Rousseau (2012) and Castillo and Rousseau (2015), which prove semiparametric

Bernstein-von Mises theorems for smooth functionals of unconditional densities. Besides providing

conditions under which the influence of the prior is negligible in large samples, my theorem also

implies that Bayesian uncertainty quantification methods coincide with asymptotically optimal

frequentist confidence sets. In particular, I formally establish the frequentist optimality of a class of

Bayesian credible sets for smooth transformations of the parameter of interest. This connects to the

empirical illustration because this class includes the welfare parameter. It also makes my findings

potentially useful for frequentists, as Bayesian computation may be comparatively easier in some

applications.

For the second component, I provide a set of low-level sufficient conditions for the Bernstein-von

Mises Theorem when the prior for the conditional density is based on a transformed Gaussian

process (i.e., those used for empirical analysis). Since my core theorem accommodates any prior

for the conditional density that satisfies some high-level conditions, the substantive details of the

Bernstein-von Mises theorem may depend heavily on the class of priors. Indeed, I verify some

preliminary posterior consistency requirements using Hölder smoothness conditions related to

the sample paths of the Gaussian process. Moreover, I show that a key prior stability condition
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is satisfied if the optimal moment function from Chamberlain (1987) is well-approximated by

a reproducing kernel Hilbert space (RKHS) attached to the prior. This exercise offers a novel

extension of the Gaussian process results from Castillo and Rousseau (2015) to parameters of broad

importance to economists. The RKHS condition highlights that the structural posterior could be

sensitive to the prior because the RKHS may be small. Fortunately, the simulations show that the

structural posterior exhibits robustness to the prior for empirically relevant sample sizes.

1.1.2 Literature

This paper is related to several lines of research in econometrics and statistics. The first is the

Bayesian analysis of moment conditions. Chamberlain and Imbens (2003) propose Bayesian in-

ference for an unconditional moment equality model in which the researcher obtains a simulated

sample from a nonparametric posterior for the joint distribution of the data and then solves for the

parameter that satisfies the moment conditions at each distribution. Their application of the Rubin

(1981) Bayesian bootstrap means their procedure can only be used for conditional moment equalities

with continuous conditioning variables if the conditional moments are first converted to uncondi-

tional moments. In contrast, my approach is based on a posterior for a conditional distribution, so it

bypasses selecting unconditional moments and accommodates continuous conditioning variables.

This is important because conditional moment equalities are overidentifying restrictions, and, as a

result, the choice of unconditional moments has a first-order impact on the inferences drawn about

the parameter of interest. Conditional moments also introduce technical challenges because, unlike

the priors in Chamberlain and Imbens (2003), priors for conditional distributions are not necessarily

supported on a Donsker class. Other papers on the Bayesian analysis of moments include Schennach

(2005), Lancaster and Jun (2010), Kitamura and Otsu (2011), Shin (2015), Liu et al. (2017), Bornn

et al. (2018), and Chib et al. (2018, 2022). Chib et al. (2022) is particularly important because the

authors propose a Bayesian inference procedure for conditional moment equalities in which the

conditional moments are approximated with a sequence of unconditional moments and Bayesian

inference is then performed using the exponentially tilted empirical likelihood (ETEL) procedure of

7



Schennach (2005). Their procedure is fundamentally different from mine because it is based on

an approximating unconditional statistical model whereas my approach is based on a conditional

statistical model. I compare my procedure with Chamberlain and Imbens (2003) and Chib et al.

(2022) using simulations in Section 1.3.

A second related literature develops semiparametric Bernstein-von Mises theorems. Castillo

and Rousseau (2015) prove a general Bernstein-von Mises theorem for smooth functionals of

nonparametric models with a large portion of their analysis devoted to those of unconditional

probability density functions, a generalization of results for linear functionals produced in Rivoirard

and Rousseau (2012). I build on their results by characterizing the structural parameter as a

smooth functional of a conditional probability density function. Coupled with a nonparametric

local asymptotic normality (LAN) expansion, this characterization implies the Bernstein-von Mises

theorem holds provided that the prior for the conditional density is a good approximation of both

the true conditional density and the optimal residual from Chamberlain (1987). Chib et al. (2022)

also developed Bernstein-von Mises theory for the conditional moment equality model based on

Bayesian ETEL with a growing number of unconditional moments. Their proof is based on a

parametric LAN expansion of the ETEL function on a finite-dimensional sieve in which growth rate

conditions on the dimension are imposed to ensure classical Bernstein-von Mises arguments (e.g.,

Chapter 10 of van der Vaart (1998)) apply. Norets (2015) derives a Bernstein-von Mises theorem

for a heteroskedastic linear regression model using a Gaussian (quasi-)likelihood. A key driver

of Norets’ argument is the information orthogonality of the mean and variance parameters in the

Gaussian model. My results are based on a different approach and apply to all of the models studied

in Chamberlain (1987), a class that includes heteroskedastic linear regression. Papers studying

semi- and nonparametric Bernstein-von Mises theorems in other contexts include Shen (2002), Kim

(2006), Bickel and Kleijn (2012), Castillo (2012a,b), de Jonge and van Zanten (2013), Castillo and

Nickl (2014), Chae et al. (2019b), Ray and van der Vaart (2020), Monard et al. (2021a), Ray and

van der Vaart (2021), and C. D. Walker (2024).

This paper also dovetails with two important strands of literature on frequentist estimation
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of moment conditions. The first is efficient frequentist estimation using conditional moment

restrictions. Ai and Chen (2003) propose a minimum distance estimator for the parameters of a

conditional moment equality model that minimizes a weighted norm of the conditional moments

and derive conditions under which the estimator achieves the semiparametric efficiency bound. I

define the structural posterior as the implied posterior of a fixed design estimand that solves an

efficiently weighted minimum distance problem, and, from this perspective, the semiparametric

Bayesian approach has some connection to the Ai and Chen (2003) framework (except that I

do not consider function-valued structural parameters).1 Moreover, the first-order conditions of

the optimally weighted minimum distance problem relate my framework to two-step method of

moments estimators that plug in a first-stage estimator of the so-called optimal instruments of

Chamberlain (1987) (e.g., those studied in Robinson (1987), Newey (1990a), Newey (1993), and

Chen et al. (2021)). Other approaches to efficient frequentist estimation of conditional moment

equalities are Generalized Method of Moments (GMM) and Generalized Empirical Likelihood

(GEL) estimators that, like Chib et al. (2022), use a sieve of unconditional moments to approximate

the conditional moments (e.g., Donald and Newey (2001), Donald et al. (2003), and Donald et al.

(2009)).

Another related strand of frequentist literature studies quasi-Bayes approaches. Introduced

to the econometrics literature in Chernozhukov and Hong (2003), the idea is that an extremum

objective function forms a log quasi-likelihood, a prior is assumed for the parameter, and Bayes

rule is used to obtain a quasi-posterior. The practical appeal is that they facilitate the use of

sampling-based methods (e.g., Markov Chain Monte Carlo (MCMC)) rather than optimization

methods, the latter of which might be difficult when the criterion function is not smooth and

may lead to inadmissible decision-rules when identification is nonstandard (e.g., Andrews and

Mikusheva (2022a,b)). Other examples of quasi-Bayesian methods include Liao and Jiang (2011),

Kato (2013), Chen et al. (2018), Florens and Simoni (2021), and Kankanala (2023). Kankanala

(2023) is particularly relevant because he presents a Bernstein-von Mises theorem for bounded linear

1Section 1.6.2 discusses extensions to function-valued structural parameters.
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functionals of an unknown structural function identified via conditional moment equalities. The

quasi-likelihood is based on the minimum distance criterion from Chen and Pouzo (2012, 2015), a

Gaussian process prior is assumed for the unknown structural function, and the Bernstein-von Mises

theorem is necessary for inference, as the quasi-posterior lacks a finite-sample Bayes justification.

My approach is conceptually different in that it is fully Bayesian, places a prior on a conditional

density function, and, via the Bernstein-von Mises theorem, a byproduct is that the method can be

used for asymptotically efficient frequentist inference.

1.1.3 Outline of Paper

The paper is organized as follows. Section 1.2 provides some background on conditional moment

equalities, formally defines the Bayesian inference procedure, and provides some discussion. Section

1.3 presents data-calibrated simulations and an empirical illustration that applies the method to

analyze the welfare consequences of a price change. Section 1.4 presents a general Bernstein-von

Mises theorem for the conditional moment equality model and provides some commentary on the

theorem. Section 1.5 verifies the high-level conditions for a class of priors and moments related

to the empirical illustration. Section 1.6 concludes with some avenues for future work. Proofs,

technical details about implementation, additional simulations, and further discussion are found in

the Appendix. Notation is introduced when appropriate.

1.2 The Bayesian Analysis of Conditional Moment Equalities

This section has three parts. First, I provide some background on conditional moment equalities

and preview the Bayesian inference framework. Second, I present a formal description of the

structural posterior. Third, I discuss how to use the posterior to answer inference questions about

the conditional moment equality model.
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1.2.1 Conditional Moments and Overview of Inference Framework

Conditional Moments

Let W and Z be random vectors with support equal to W ⊆ Rdw and Z ⊆ Rdz , respectively, and

let PW |Z be a hypothesized conditional distribution for W given Z. There is a structural parameter

γ(PW |Z) ∈ Rdγ , dγ <∞, that satisfies a set of conditional mean restrictions,

EPW |Z [g(W,Z, γ(PW |Z))|Z = z] = 0 ∀ z ∈ Z, (1.1)

where g(W,Z, γ) is a known measurable function taking values in Rdg , dg < ∞. The structural

parameter is the object of interest and the restrictions (1.1) are called conditional moment equalities

(sometimes called conditional moment restrictions). I refer to W as the internal variables, Z as

the external variables, and g as the residuals.2 The following example will be used throughout to

illustrate the main ideas.

Example 1 (Regression with Endogeneity). Let Y ∈ Y ⊆ R be an outcome, D ∈ D ⊆ Rd be an

endogenous regressor, X ∈ X ⊆ Rdx be an exogenous regressor, and A ∈ A ⊆ Rda be an excluded

instrumental variable. A researcher is interested in estimating the coefficients γ of the regression

model

Y = Ψ(D,X)′γ + U,

where Ψ : Rd × Rdw → Rdγ is a known transformation and U is an error term that satisfies

E[U |X = x,A = a] = 0 ∀ (x, a) ∈ X ×A.

In this example, W = (D′, Y )′ are the internal variables, Z = (X ′, A′)′ are the external variables,

g(W,Z, γ) = Y −Ψ(D,X)′γ is the residual, and the restriction on the conditional distribution of

2The terminology ‘internal’ and ‘external’ is adapted from Leamer (1985). It reflects that the moment conditions
only restrict the predictive relationship between W and Z. It is preferred over the usual ‘endogenous’ and ‘exogenous’
categorization because the precise meaning of these labels is often context-specific. The terminology ‘residual’
generalizes the idea from regression analysis and is commonly used in the literature on conditional moments (e.g.,
Newey (1990a), Newey (1993), and Donald et al. (2003)).
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the error term implies that there is a γ(PW |Z) ∈ Rdγ such that

EPW |Z [g(W,Z, γ(PW |Z))|Z = z] = 0 ∀ z ∈ Z

with Z = X ×A. This example is important in applied economics because Ψ(D,X) = (1, D′, X ′)′

corresponds to the canonical linear instrumental variables model.

Let Γ ⊆ Rdγ be the structural parameter space and let PW |Z be a set of conditional distributions

PW |Z for which EPW |Z [g(W,Z, γ)|Z] exists. The conditional moment equality model M is the

subset of PW |Z for which the conditional moment restrictions hold for at least one element of Γ.

That is,

M =
{
PW |Z ∈ PW |Z : ∃ γ ∈ Γ s.t. EPW |Z [g(W,Z, γ)|Z = z] = 0 ∀ z ∈ Z

}
.

Assumption 1. The following conditions hold: 1. M ≠ ∅, and 2. for each PW |Z ∈ M, there is a

unique γ(PW |Z) ∈ Γ such that EPW |Z [g(W,Z, γ(PW |Z))|Z = z] = 0 for all z ∈ Z .

Assumption 1 enforces point identification of the model M.3 It implies a mapping that inputs a

conditional distribution PW |Z and returns a unique structural parameter value γ(PW |Z). Specifically,

γ(PW |Z) is defined through the mapping

PW |Z 7→ argmin
γ∈Γ

||EPW |Z [g(W,Z, γ)|Z]||, (1.2)

where || · || is a norm. Since this transformation is deterministic, the researcher’s uncertainty about

the structural parameter solely reflects uncertainty about the conditional distribution PW |Z of W

given Z. The practical implication is that inference statements about the conditional distribution

should translate directly to inference statements about the structural parameter via this minimization

3Some other things to note about Assumption 1. First, M ≠ ∅ is imposed to rule out (possibly pathological)
situations in which there are no (γ, PW |Z) pairs such that the moment conditions hold. An (artificial) example is
W = (−∞,−ϵ) with ϵ > 0 small, Z = [0, 1], Γ = [0, 1], and g(W,Z, γ) = W − Zγ. In such case, there is no
conditional distribution of PW |Z and no γ such that the conditional moments hold because E[W |Z = z] ≤ −ϵ for all
z ∈ Z and zγ ∈ [0, 1] for all (z, γ) ∈ Z × [0, 1]. Second, Assumption 1 does not impose that the ‘true’ distribution of
W given Z is contained in M because the assumption only concerns the structure of the model and is not about correct
specification (i.e., the position of a particular PW |Z relative to M). Correct specification will be imposed in Section 1.4
for asymptotic analysis.

12



problem.

Bayesian Inference

Semiparametric Bayesian inference operationalizes this logic. A Bayesian model for the conditional

distribution of W given Z imposes the additional structure that PW |Z is a random variable.4 Its

probability law is known as a prior. The specification of a prior leads to a conditional probability

measure for PW |Z given W and Z, known as a posterior, that contains a full theory of inference for

(functionals of) the conditional distribution. Hence, the implied posterior for γ(PW |Z), an object

that I call the structural posterior, can be used to answer any question about the structural parameter.

This separation into a ‘statistical’ problem (i.e., specifying a prior for PW |Z) and a ‘compu-

tational’ problem (i.e., solving for γ(PW |Z) given PW |Z) makes inference conceptually simple.

Suppose a researcher has specified a prior, can sample from the posterior for PW |Z (e.g., via Markov

Chain Monte Carlo (MCMC)), and has an algorithm for evaluating γ(PW |Z) (e.g., importance

sampling and optimization). Then, the following steps are performed for S large:

1. Generate a sample {P [s]
W |Z}Ss=1 from the posterior.

2. Compute γ(P [s]
W |Z) for s = 1, ..., S by solving (1.2).

Under regularity conditions, the empirical distribution of {γ(P [s]
W |Z)}Ss=1 converges to the structural

posterior as S → ∞, meaning that an entire inference framework is at a researcher’s disposal upon

completion of these two steps. Section 1.2.2 formalizes these steps.

To illustrate the holistic nature of Bayesian inference, I elaborate on the uses of the posterior in

the simple setting with dγ = 1. I will generalize these ideas in Section 1.2.3. Given a simulated

sample {γ[s]}Ss=1 with γ[s] := γ(P
[s]
W |Z), the researcher can obtain a point estimate using the posterior

median,

Med({γ[s]}Ss=1),

4Precisely, PW |Z is a Z-indexed stochastic process of probability measures over W .
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where Med(·) is the sample median.5 Uncertainty can be quantified using a credible set with a

popular choice for scalar parameters being the equitailed probability interval,

CS(1− α) =
[
cS

(α
2

)
, cS

(
1− α

2

)]
,

where cS(q), q ∈ (0, 1), is the empirical q-quantile of {γ[s]}Ss=1, and α ∈ (0, 1/2) is a nominal

significance level. A researcher can also make decisions using the structural posterior because the

expected utility framework (e.g., Savage (1954)) states decision rules aS(W,Z) should maximize

posterior expected utility,

1

S

S∑
s=1

u(a, γ[s]),

where u(a, γ) is the utility from action awhen the parameter is equal to γ. The takeaway is powerful:

the semiparametric Bayesian framework can answer any inference question about the structural

parameter.

1.2.2 Formal Description of the Bayesian Inference Framework

This section formalizes the posterior for PW |Z and the structural posterior for γ(PW |Z).

Posterior for the Conditional Distribution

The starting point is to specify a conditional sampling model for the observed internal variables and

a prior over the model parameters. Let {(W ′
i , Z

′
i)

′}i≥1 be a sequence of random vectors for which

{(W ′
i , Z

′
i)

′}ni=1, n ≥ 1, forms the observed data. I condition on the realization {zi}i≥1 of {Zi}i≥1

and specify a conditional sampling model in which W (n) = (W1, ...,Wn) satisfies W (n) ∼ P
(n)
W |Z ,

where P (n)
W |Z =

⊗n
i=1 PW |zi is a product probability measure on a product measurable space

(Wn,W n) =
⊗n

i=1(W ,W ), PW |zi is the probability distribution associated with a conditional

probability density function pW |Z(·|zi) evaluated at zi, and W is a σ-algebra over W . In other

5There are other point estimators (e.g., posterior mean), however, I recommend the posterior median because the
asymptotics in Section 1.4 implies it is also a semiparametrically efficient frequentist estimator.
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words, Wi
ind∼ PW |zi for i = 1, ..., n. Since the model parameters are conditional densities pW |Z ,

the prior Π is a probability measure defined on the measurable space (PW |Z ,PW |Z), where PW |Z

is a space of conditional densities and PW |Z is a σ-algebra over PW |Z .6 There are no parametric

restrictions on PW |Z (i.e., the model is fully nonparametric). Moreover, predetermined external

variables (i.e., fixing {zi}i≥1) is a common modeling technique used in settings where the parameter

of interest is a functional of a conditional distribution.

Assumption 2. For each n ≥ 1 and almost-every fixed realization {zi}i≥1 of {Zi}i≥1, the mapping

(w(n), pW |Z) 7→
∏n

i=1 pW |Z(wi|zi) is measurable on (Wn × PW |Z ,W
n ⊗ PW |Z).

Assumption 2 implies that (W (n), pW |Z) has a well-defined distribution Pn,Π on the measurable

space (Wn × PW |Z ,W
n ⊗ PW |Z) that takes the form

Pn,Π(B × A) =

∫
A

P
(n)
W |Z(B)dΠ(pW |Z)

for A ∈ PW |Z and B ∈ W n. The resulting probability space

(Wn × PW |Z ,W
n ⊗ PW |Z , Pn,Π)

is a Bayesian statistical model. It implies a conditional distribution Πn(pW |Z ∈ ·|W (n)) of pW |Z

given W (n). This object, the posterior, formalizes the distribution of PW |Z given W and Z in

Section 1.2.1.

Assumption 3. Let p0,W |Z be the true conditional probability density function of W given Z. For

each n ≥ 1 and almost every realization {zi}i≥1 of {Zi}i≥1,∫ n∏
i=1

pW |Z(Wi|zi)dΠ(pW |Z) ∈ (0,∞) a.e. [P
(n)
0,W |Z ].

6Three points should be made about the prior and parameter space. First, the prior Π should be understood as a
conditional probability law for the probability density function-valued stochastic process {pW |Z(·|z) : z ∈ Z} given
{Zi}i≥1. This enables complete specification of a conditional distribution for (W (n), pW |Z) given {Zi}i≥1 (and, by
extension, a posterior for pW |Z). Second, the prior Π could also be indexed by n. This will not meaningfully change
the asymptotic theory in Section 1.4. Third, an explicit example of (PW |Z ,PW |Z) is found in Appendix A.1.
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Assumption 3 states that the marginal density of W (n) under Pn,Π is positive and finite with

probability one when the internal variables are sampled from the distribution P (n)
0,W |Z .7 It is important

because, when combined with Assumption 2, it implies that a version of the posterior is obtained

via Bayes rule

Πn

(
pW |Z ∈ A

∣∣W (n)
)
=

∫
A
Ln(pW |Z)dΠ(pW |Z)∫
Ln(pW |Z)dΠ(pW |Z)

for all A ∈ PW |Z , where

Ln(pW |Z) =
n∏
i=1

pW |Z(Wi|zi)

is the likelihood function. Any future reference to the posterior refers to this version. A researcher

can answer any inference question about the conditional density pW |Z using the posterior Πn(pW |Z ∈

·|W (n)), and, relevant to this paper, they can also answer any question about transformations of

pW |Z .

Example 2 (Logistic Transformation). Let η : W × Z → R be a measurable function that

satisfies the integrability condition:
∫
W exp(η(w, z))dw ∈ (0,∞) for each z ∈ Z .8 A conditional

probability density function pη can then be defined via the logistic transformation,

pη(w|z) =
exp(η(w, z))∫

W exp(η(w̃, z))dw̃
∀ (w, z) ∈ W ×Z

Since pη is known up to η, a prior Π for the class of conditional densities {pη(·|z) : z ∈ Z} is

obtained by assuming a prior ΠH for the function η.9 If ΠH has large support (for example, the

sample paths η satisfy a Hölder smoothness restriction), then the prior Π is also supported on a

7Although innocuous for finite-dimensional models, this condition can be subtle in nonparametric settings because
the size of the parameter space may result in Π being so misspecified (relative to p0,W |Z ) that this integral is zero with
positive probability.

8The integral is with respect to some measure µ on (W,W ), however, I suppress this dependence to simplify
exposition.

9This is a common framework for density estimation in Bayesian nonparametrics with a nonexhaustive list of
examples including Leonard (1978), Lenk (1988), Lenk (1991), Tokdar (2007), Tokdar et al. (2010), and Riihimäki and
Vehtari (2014).
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large class of conditional densities. I adopt this approach for the empirical analysis in Section 1.3,

specifying the log-density η := ηθ,B as

ηθ,B(w, z) = log fθ(w|z) +B(Fθ,z(w), F0(z)) ∀ (w, z) ∈ W ×Z, (1.3)

where fθ(w|z) is a conditional probability density function known up to a parameter θ ∈ Θ ⊆ Rdθ ,

dθ <∞, Fθ,z(w) = (Fθ,z,1(w1), Fθ,z,2(w1, w2), ..., Fθ,z,dw(w1, ..., wdw))
′ with

Fθ,z,j(w1, ..., wj) = Pr(Wj ≤ wj|W1 = w1, ...,Wj−1 = wj−1, Z = z, θ)

for j = 1, ..., dw, F0 : Z → [0, 1]dz is a known compactification, and B : [0, 1]dw+dz → R is a

function-valued parameter. In the empirical analysis, a probability law for ηθ,B is derived from a

joint distribution for (θ, B) that assumes θ ⊥⊥ B, the function B is drawn from a Gaussian process

with law ΠB, and θ is drawn from a parametric distribution ΠΘ with density πΘ (Section 1.5 provides

complementary asymptotic theory).10 In such case, {fθ(·|z) : z ∈ Z} can be viewed as a parametric

baseline while the Gaussian process B ensures that the probability law of {pθ,B(·|z) : z ∈ Z}

is supported on a large nonparametric family of conditional probability densities for W given Z,

where pθ,B is shorthand for pηθ,B .11 Applying Bayes rule, the posterior for (θ, B) satisfies

dΠn(θ, B|W (n)) ∝ Ln(pθ,B)dΠB(B)πΘ(θ)dθ, Ln(pθ,B) =
n∏
i=1

pθ,B(Wi|zi),

which in turn implies a posterior for pθ,B. Appendix A.2.4 describes a Metropolis-within-Gibbs

sampler based on Tokdar (2007) and Tokdar et al. (2010) that can be used to sample from the

posterior.

10A Gaussian process is a stochastic process with multivariate Gaussian finite dimensional distributions (see Section
1.5 for a formal definition). Gaussian processes are recommended priors for unrestricted functions (e.g., Rasmussen and
Williams (2005)).

11To see this, note that the conditional density satisfies pθ,B(w|z) = fθ(w|z)C(Fθ,z(w), F0(z), B) with
C(u, F0(z), B) = exp(B(u, F0(z)))/

∫
[0,1]dw

exp(B(ũ, F0(z)))dũ. This leads to the interpretation that fθ(w|z)
is a parametric baseline and the correction factor C(Fθ,z(w), F0(z), B) accommodates nonparametric deviations
through the Gaussian process B. This construction has similarities with the frequentist density estimator of Hjort and
Glad (1995).
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Structural Posterior

The remaining task is to define a mapping from the space of densities PW |Z to the structural

parameter space Γ (i.e., formalize (1.2)). I define this mapping as the solution to an iterated

minimum distance problem that has some similarities to the iterated M -estimators studied in

Dominitz and Sherman (2005) and the iterated Generalized Method of Moments (GMM) estimator

of Hansen and Lee (2021). For pW |Z ∈ PW |Z , let

m(zi, γ) = EPW |Z [g(W,Z, γ)|Z = zi], i = 1, ..., n

be the conditional moments at the observed external variables, let

Σ(zi, γ) = EPW |Z [g(W,Z, γ)g(W,Z, γ)
′|Z = zi], i = 1, ..., n

be the conditional second/cross moments at the observed external variables, let

Qn(γ, γ̃, pW |Z) =
1

n

n∑
i=1

m(zi, γ)
′Σ−1(zi, γ̃)m(zi, γ) (1.4)

for (γ, γ̃) ∈ Γ× Γ be a squared weighted empirical norm of the conditional moments at pW |Z (i.e.,

the mean squared Mahalanobis norm), and let

qn(γ̃, pW |Z) = argmin
γ∈Γ

Qn(γ, γ̃, pW |Z)

be the minimizer of the criterion Qn(γ, γ̃, pW |Z) for (γ̃, pW |Z) fixed. Under standard regularity con-

ditions, the mapping γ̃ 7→ qn(γ̃, pW |Z) has a unique fixed point γn(pW |Z) that can be characterized

as

γn(pW |Z) = lim
r→∞

γn,r(pW |Z), (1.5)

where the sequence {γn,r(pW |Z)}r≥1 is defined through the recursive relation

γn,r(pW |Z) = qn(γn,r−1(pW |Z), pW |Z) (1.6)
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for r ≥ 1 given some initial value γn,0(pW |Z). I use γn as shorthand for γn(pW |Z). In practice, I

set γn,0(pW |Z) equal to the minimizer of the empirical L2-norm of the conditional moments (i.e.,

(1.4) except with Σ−1(z, γ̃) = Idg).12 Appendix A.1 provides sufficient conditions for (1.5) and

(1.6) by showing γ̃ 7→ qn(γ̃, pW |Z) is a random contraction mapping, however, for now, I impose

the following high-level assumption.

Assumption 4. The fixed point γn(pW |Z) exists and satisfies (1.5) and (1.6) for Π-almost every

pW |Z . Moreover, the mapping pW |Z 7→ γn(pW |Z) is measurable.

The fixed point defines a mapping pW |Z 7→ γn(pW |Z) from the space of conditional densities

PW |Z to the structural parameter space Γ. Under Assumption 4, the posterior Πn(pW |Z ∈ ·|W (n))

implies a posterior Πn(γn ∈ ·|W (n)) for the fixed point via the pushforward probability measure,

Πn(γn ∈ A|W n) = Πn(pW |Z : γn(pW |Z) ∈ A|W (n))

for all events A. The pushforward Πn(γn ∈ ·|W (n)) is the precise definition of the structural

posterior from Section 1.2.1. There is no concern that γn depends on {zi}i≥1 because predetermined

external variables imply that γn is a conditional estimand (e.g., Abadie et al. (2014)). Concretely,

for pW |Z ∈ M, Assumption 1 implies that qn(γ̃, pW |Z) = γ(pW |Z) for each γ̃ (and γn(pW |Z) =

γ(pW |Z)). It should also be noted that there is no conversion of the conditional moments to

unconditional moments.

Example 1 (Continued). Recall that the internal variables areW = (D′, Y )′, the external variables

are Z = (X ′, A′)′, and the residual is g(W,Z, γ) = Y − Ψ(D,X)′γ. For a given pW |Z , let

M(zi) = EPW |Z [Ψ(D,X)|Z = zi] and let σ2(zi, γ) = EPW |Z [(Y − Ψ(D,X)′γ)2|Z = zi] for

12In principle, a researcher does not need to use the weighting matrix Σ−1(z, γ̃); rather they could perform Bayesian
inference using γn,0. The so-called ‘optimal weighting’ Σ−1(z, γ) ensures that the semiparametric Bayesian inference
procedure leads to efficient Frequentist estimation under heteroskedasticity and homoskedasticity, whereas identity-
weighting still guarantees asymptotically valid frequentist inference except the efficiency guarantees are local (i.e.,
only under homoskedasticity). The continuation of Example 1 in Section 1.4.5 formalizes this because it is shown that
identity-weighting is asymptotically equivalent to heteroskedasticity-robust inference for a just-identified estimand
defined through the orthogonality conditions EPWZ

[M(Z)(Y −Ψ(D,X)′γ)] = 0, where PWZ is the joint distribution
of (W ′, Z ′)′ and M(Z) = EPW |Z [Ψ(D,X)|Z].
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i = 1, ..., n. Least squares calculations reveal that the minimization problem

min
γ∈Rdγ

1

n

n∑
i=1

1

σ2(zi, γ̃)

(
EPW |Z [Y |Z = zi]−M(zi)

′γ
)2

has an interior solution

qn(γ̃, pW |Z) =

(
1

n

n∑
i=1

1

σ2(zi, γ̃)
M(zi)M(zi)

′

)−1
1

n

n∑
i=1

1

σ2(zi, γ̃)
M(zi)EPW |Z [Y |Z = zi] (1.7)

for each γ̃ ∈ Rdγ . As such, a posterior for the conditional density of W given Z implies a posterior

for the solution set {qn(γ̃, pW |Z) : γ̃ ∈ Γ}, and, under regularity conditions, it implies a posterior

for the fixed point γn that can be computed by iterating the recursive relation γn,r = qn(γn,r−1, pW |Z)

with initial condition

γn,0 =

(
1

n

n∑
i=1

M(zi)M(zi)
′

)−1
1

n

n∑
i=1

M(zi)EPW |Z [Y |Z = zi].

Notice that ifEPW |Z [Y |Z = z] = EPW |Z [Ψ(D,X)|Z = z]′γ(pW |Z) for all z ∈ Z , then qn(γ̃, pW |Z) =

γ(pW |Z) for each γ̃ ∈ Γ. Moreover, the method targets the conditional moments directly, bypassing

selection of unconditional moments.

This description highlights that, given a draw pW |Z from Πn(pW |Z ∈ ·|W (n)), structural pos-

terior sampling is similar to frequentist semiparametric estimation. Indeed, the structural pos-

terior uses the conditional moments in a spirit similar to the minimum distance framework of

Ai and Chen (2003) while iteration has a similar motivation to the iterated GMM estimator of

Hansen and Lee (2021) (i.e., eliminating dependence on the initial weighting matrix).13 The re-

maining practical consideration is computing m(z, γ) and Σ(z, γ). A default approach is to use

Monte Carlo integration methods because if it is possible to sample {Wi,r}Rr=1 from a pW |Z(·|zi),

13A two-step approach (i.e., computing γ̃new once in Algorithm 1) could also be applied, a useful point when
the moments are highly nonlinear in the structural parameter. This will not meaningfully affect the first-order
frequentist asymptotic analysis in Section 1.4; the key is weighting using Σ−1(zi, γ). Similarly, one could modify
the procedure to a continuously updated posterior in which the posterior for γn is replaced with the posterior for
argminγ∈ΓQn(γ, γ, pW |Z). Results in the frequentist GMM literature (Hansen et al., 1996; Newey and Smith, 2004)
suggest that this may improve the finite-sample frequentist properties of the structural posterior, however, like the
discussion about two-step estimators, it is expected that this adjustment will not meaningfully affect the first-order
frequentist asymptotic analysis because the key feature is weighting using Σ−1(zi, γ).
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i = 1, ..., n then a researcher can obtain a good approximation to γn using the Monte Carlo objective

Qn,R(γ, γ̃, pW |Z), a criterion function that is defined the same way as Qn(γ, γ̃, pW |Z) (i.e., (1.4))

except that it replaces m(zi, γ) and Σ(zi, γ) with the averages mR(zi, γ) = R−1
∑R

r=1 g(Wi,r, zi, γ)

and ΣR(zi, γ) = R−1
∑R

r=1 g(Wi,r, zi, γ)g(Wi,r, zi, γ)
′, respectively. Algorithm 1 presents pseu-

docode based on this observation; it applies to any posterior for the conditional density and relaxes

the requirement the researcher can sample from pW |Z by including an auxiliary density p̃W |Z that

enables importance sampling.14 This relaxation is important for the priors in Example 2.

Example 2 (Continued). Consider the linear regression model with endogeneity (i.e., Example

1) and suppose that the Bayesian model for the conditional density is based on the logistic trans-

formation (1.3) (i.e., pW |Z = pθ,B). Since the residuals are linear in the parameter, computing

qn(γ̃, pθ,B) for the linear model with endogeneity requires EPθ,B
[Y |Z = zi], EPθ,B

[Ψ(D,X)|Z =

zi], EPθ,B
[Y |Z = zi], EPθ,B

[YΨ(D,X)|Z = zi], and EPθ,B
[Ψ(D,X)Ψ(D,X)′|Z = zi] for i =

1, ..., n. As such, a researcher with access to a draw (θ, B) from the posterior Πn((θ, B) ∈ ·|W (n))

performs the following steps:

1. Generate a synthetic dataset {Wi,r}Rr=1 from fθ(·|zi) for i = 1, ..., n.

2. Compute the weighted averages

R∑
r=1

ω̄i,rYi,r,
R∑
r=1

ω̄i,rΨ(Di,r, xi),
R∑
r=1

ω̄i,rΨ(Di,r, xi)Yi,r,

R∑
r=1

ω̄i,rY
2
i,r,

R∑
r=1

ω̄i,rΨ(Di,r, xi)Ψ(Di,r, xi)
′,

for i = 1, ...., n, where

ω̄i,r =
exp(B(Fθ,zi(Wi,r), F0(zi)))∑R
r′=1 exp(B(Fθ,zi(Wi,r′), F0(zi))

for r = 1, ..., R and i = 1, ..., n.

14In the case where it is possible to sample from pW |Z directly, then set p̃W |Z = pW |Z and Algorithm 1 reduces to
classical Monte Carlo integration (i.e., ω̄i,r = 1/R).
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3. Iterates γ̃new = qn(γ̃old, pθ,B) until convergence using these importance sampling averages in

place of the conditional expectations.

Under regularity conditions, the law of large numbers and continuous mapping theorem implies that

these importance sampling averages converge to the conditional moments under pθ,B as R → ∞.

Relating to Algorithm 1, p̃W |Z(Wi,r|zi) = fθ(Wi,r|zi) and ω̄i,r = pθ,B(Wi,r|zi)/fθ(Wi,r|zi) with

the normalizing integral
∫
[0,1]dw

exp(B(u, F0(zi)))du approximated by the Monte Carlo integral

R−1
∑R

r=1 exp(Fθ,zi(Wi,r), F0(zi)).

Algorithm 1: Semiparametric Bayesian Inference
Input: {(W ′

i , Z
′
i)

′}ni=1, Π, S, R, p̃W |Z , and ϵ.
Output: {γ[s]n }Ss=1

Generate {p[s]W |Z}Ss=1 from Πn(pW |Z ∈ ·|W (n)) using any appropriate method;
for s = 1, ..., S do

for i = 1, ..., n do
Sample {W [s]

i,r}Rr=1 from p̃W |Z(·|zi) using any appropriate method;
Compute {ω[s]

i,r}Rr=1, where ω[s]
i,r = p

[s]
W |Z(W

[s]
i,r |zi)/p̃

[s]
W |Z(W

[s]
i,r |zi);

Compute γ̃old = argminγ∈Γ
1
n

∑n
i=1m

[s]
R (zi, γ)

′m
[s]
R (zi, γ), where

m
[s]
R (zi, γ) =

∑R
r=1 ω̄

[s]
i,rg(W

[s]
i,r , zi, γ) and ω̄[s]

i,r = ω
[s]
i,r/
∑R

r′=1 ω
[s]
i,r′ for i = 1, ..., n;

while ||γ̃old − γ̃new||old < ϵ do
Compute γ̃new = argminγ∈Γ

1
n

∑n
i=1m

[s]
R (zi, γ)

′(Σ
[s]
R (zi, γ̃old))

−1m
[s]
R (zi, γ), where

Σ
[s]
R (zi, γ) =

∑R
r=1 ω̄

[s]
i,rg(W

[s]
i,r , zi, γ)g(W

[s]
i,r , zi, γ)

′ for i = 1, ..., n;

Store γ[s]n = γ̃new;

1.2.3 Using the Structural Posterior for Inference

Point Estimation

The structural posterior can be used for point estimation. For functions f : Rdγ → R, a rec-

ommended choice of point estimator is the posterior median. That is, cn,f (1/2) = inf{x ∈ R :

Π(f(γn) ≤ x|W (n)) ≥ 1/2} with Πn(f(γn) ∈ ·|W (n)) denoting the posterior of f(γn) under the

structural posterior Πn(γn ∈ ·|W (n)). It is recommended because simultaneously it is Bayes optimal
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(see Section 1.2.3) and the asymptotic theory in Section 1.4 implies that it is frequentist optimal in

that it achieves the Chamberlain (1987) semiparametric efficiency bound (i.e., it has the smallest

asymptotic variance among all regular asymptotically linear estimators of f(γ)). In practice, a

researcher with a sample {γ[s]n }Ss=1 from the structural posterior simply 1. evaluates f(γ[s]n ) for

s = 1, ..., S, and 2. computes the sample median of {f(γ[s]n )}Ss=1.

Uncertainty Quantification

The structural posterior offers finite sample uncertainty quantification under the Bayesian paradigm.

Given a measurable function f : Rdγ → Rdf , df < ∞, a (1 − α)-credible set CSn,f (1 − α) for

f(γn) is a set that the posterior assigns probability 1− α. That is,

Πn

(
f(γn) ∈ CSn,f (1− α)

∣∣W (n)
)
= 1− α a.e. [P

(n)
0,W |Z ].

A credible set is the Bayesian analog of a confidence set and offers a finite sample uncertainty

quantification under the Bayesian paradigm. If df = 1, then a common choice is the equitailed

probability interval,

CSn,f (1− α) =
[
cn,f

(α
2

)
, cn,f

(
1− α

2

)]
,

where α ∈ (0, 1/2) is some nominal coverage level, and cn,f (q), q ∈ (0, 1), is the q-quantile of the

marginal posterior Πn(f(γn) ∈ ·|W (n)). Their popularity reflects computational simplicity: given a

sample {γ[s]n }Ss=1 from the structural posterior, the researcher computes {f(γ[s]n )}Ss=1 and reports the

appropriate empirical quantiles. Notice that there is no need to compute standard errors. This is

appealing because the mapping γ 7→ f(γ) may be highly nonlinear; the continuation of Example 1

below presents such a situation. Section 1.4 proves that these credible intervals are asymptotically

efficient frequentist confidence intervals under strong identification (i.e., the conditions implicit

whenever point estimates and standard errors are reported).

Example 1 (Continued). Recall that Y = Ψ(D,X)′γ + U , where Y ∈ Y ⊆ R, D ∈ D ⊆ Rd,

X ∈ X ⊆ Rdx , A ∈ A ⊆ Rda , U is a scalar unobservable that satisfies E[U |X = x,A = a] = 0
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for all (x, a) ∈ X ×A, and Ψ : D ×X → R is a known function. Suppose further that d = 1 and

dx = 1. This represents a situation where the logarithm of commodity consumption Y is modeled

as a function of endogenous price D and exogenous income X . In such case, exp(Ψ(D,X)′γ)

may be interpreted structurally as a demand function. One use of these models is to evaluate the

welfare effects of changing price from p0 to p1 using deadweight loss, a quantity calculated using

the formula

DWL(p0, p1, X, γ) = S(p0, X, γ)− (p1 − p0)Ψ(p1, X)′γ,

where t 7→ S(t,X, γ), t ∈ [0, 1], is the solution to the ordinary differential equation

∂S(t,X, γ)

∂t
= − exp(Ψ(p(t), X − S(t,X, γ))′γ)

∂p(t)

∂t
, S(1, X, γ) = 0,

where p(t) is a continuously differentiable price path with p(0) = p0 and p(1) = p1 (Hausman

and Newey, 1995). Even for relatively simple choices of Ψ(D,X) (for instance, Ψ(D,X) =

(1, logD, logX)′ in the case of the constant elasticity model), the deadweight loss is a highly

nonlinear functional of γ making the computation of standard errors challenging. The semipara-

metric Bayes approach simply requires computing DWL(p0, p1, X, γ) for the posterior draws and

equitailed probability intervals are computed by taking the appropriate empirical quantiles. Under

regularity conditions on the mapping γ 7→ S(p0, X, γ), the results in Section 1.4 imply that these

credible intervals are asymptotically efficient frequentist confidence intervals.

Making Decisions

The structural posterior also enables decision-making with data. Let u(a, γ) be the utility from

action a ∈ A when the unknown parameter is equal to γ ∈ Γ and suppose that the decision-maker

wants to select an action that maximizes utility.15 Since it is generally impossible to find actions

that maximize utility uniformly over the parameter space Γ, the expected utility framework (Savage,

15The specific form of the utility function u(a, γ) depends on the specific decision problem. I take it as given
because its precise form is unimportant for this discussion.
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1954) prescribes that actions a be chosen to maximize expected utility

Un,Π(a) =

∫
E
P

(n)
W |Z

[
u
(
a(W (n)), γn(pW |Z)

)]
dΠ(pW |Z),

where E
P

(n)
W |Z

is the expectation under the product probability distribution P (n)
W |Z =

⊗n
i=1 PW |zi .

16

Using Fubini’s theorem and Bayes rule, optimal decision rules a : Wn → A can be shown to be

pointwise maximizers of posterior expected utility,∫
u
(
a(W (n)), γn(pW |Z)

)
dΠn(pW |Z |W (n)).

This characterization means that the semiparametric Bayesian approach leads to tractable decision-

making with data because, given a sample {γ[s]n }Ss=1 from the structural posterior, the analyst can

determine the optimal action by solving the maximization problem

max
a

1

S

S∑
s=1

u
(
a(W (n)), γ[s]n

)
.

Since expected utility is a canonical model of decision-making in economics, this adds to the appeal

of the method because conditional moment equalities often arise in structural settings where the

analyst’s goal may be to use estimates to make a policy decision (e.g., using a deadweight loss

parameter to determine the appropriate tax policy). Moreover, the posterior median and equitailed

probability intervals from Sections 1.2.3 and 1.2.3, respectively, are Bayes optimal actions for

certain choices of u(a, γ).17

16The expression for the expected utility Un,Π follows from the observation that the joint prior for (γn, pW |Z) is
γn|pW |Z ∼ δγn

and pW |Z ∼ Π, where δγn
is the Dirac measure with atom γn (i.e., δγn

(A) = 1{γn ∈ A} for all
events A).

17In particular, the utility function is u(a, γ) = −|a − f(γ)| for the posterior median and the utility function is
u([a1, a2], γ) = −(a2−a1)− 2

α (a1−f(γ))1{f(γ) < a1}− 2
α (f(γ)−a2)1{a2 < f(γ)} for the equitailed probability

interval. See Chapter Schervish (1995) for proofs.
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1.3 Calibrated Simulation and Empirical Illustration

This section illustrates the semiparametric Bayesian approach with a data-calibrated simulation and

empirical application focused on the welfare effects of a price change (measured by deadweight

loss). I use the 2001 National Household Travel Survey gasoline demand data from Blundell et al.

(2012, 2017), a survey of United States households conducted between March 2001 and May

2002.18 The main variables are gasoline consumption (in gallons), the average price (in dollars per

gallon) of gasoline in the county where the household is located, household income (in dollars), and

distance (in 1,000 kilometers) of a household’s state capital to one of the major oil platforms in the

Gulf of Mexico. The dataset has 4,812 households.

1.3.1 Demand Model and Welfare Parameter

Demand Model

The first step of welfare analysis is a model of household gasoline demand. I assume that

logQ = Ψ(logP, log Y )′γ + U, (1.8)

where Q is observed household gasoline consumption, P is observed gasoline price, Y is observed

household income, and U is an error term that represents unobserved determinants of gasoline

consumption not explained by Ψ(logP, log Y )′γ. Price endogeneity is a concern because firm price

setting may partially reflect consumer preferences in a county, as well as Blundell et al. (2017)

finding some statistical evidence for price endogeneity among low-income households in this dataset.

Consequently, I assume that the oil platform distance variable A is a valid excluded instrumental

variable,

E[U | log Y, logA] = 0. (1.9)

18The dataset was obtained from the publicly available replication files of Chen and Christensen (2018). They can
be found using the link https://github.com/timothymchristensen/NPIV.
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A justification is that greater distances from the oil platform increase transportation costs that firms

pass on to households through higher prices (i.e., distance is a ‘cost shifter’). The simulations in

Section 1.3.2 set

Ψ(logP, log Y ) = (1, logP, log Y )′ (1.10)

while the empirical illustration in Section 1.3.3 specifies

Ψ(logP, log Y ) = (1, logP, log Y, (logP )2, (log Y )2, logP log Y )′ (1.11)

Specification (1.10) is the constant elasticity model and (1.11) is the translog model. For both

demand specifications, the conditional mean restriction (1.9) leads to a conditional moment equality

model with W = (logP, logQ)′, Z = (log Y, logA)′, and g(W,Z, γ) = logQ−Ψ(logP, log Y )′γ

(i.e., Example 1).

Welfare Parameter

The goal is to evaluate the welfare effect, as measured by deadweight loss, of an intervention in

which gasoline prices change from p0 to p1 (e.g., a tax). This focus conforms to a widespread

practice in structural estimation of using the model primitives (i.e., the demand parameters) as inputs

to a policy experiment (i.e., counterfactual analysis). Following Hausman (1981) and Hausman and

Newey (1995), the deadweight loss DWL(p0, p1, y, γ) associated with a change in gasoline price

from p0 to p1 at income level y is

DWL(p0, p1, y, γ) = S(p0, y, γ)− (p1 − p0)q(p1, y, γ), (1.12)

where q(p, y, γ) = exp(Ψ(log p, log y)′γ) is the demand for gasoline for a household with income y

who faces price p, and S(p0, y, γ) is the equivalent variation consumer surplus, a quantity determined

by the differential equation

∂S(t, y, γ)

∂t
= −q(p(t), y − S(t, y, γ), γ)

∂p(t)

∂t
, S(1, y, γ) = 0
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with p(t), t ∈ [0, 1], being a continuously differentiable price path such that p(0) = p0 and

p(1) = p1. Notice, for a given triple (p0, p1, y), the deadweight loss parameter DWL(p0, p1, y, γ)

is a deterministic, but highly nonlinear, transformation of γ. Following Section 1.2, Bayesian

methods are appealing for uncertainty quantification because credible intervals for the deadweight

loss parameter are obtained by simply evaluating DWL(p0, p1, y, γ) at the posterior draws and

computing empirical quantiles (i.e., no standard errors).19

1.3.2 Data-Calibrated Simulation

I present a data-calibrated simulation of the constant elasticity demand model (1.8)–(1.10). The

true parameters are γ0 = 4.413, γ1 = −1.631, and γ2 = 0.293, which are the instrumental variables

(Wald) estimates from the linear regression of logQ on logP and log Y (with logA as the instrument

for logP ). Datasets of size n ∈ {1000, 2500} are then generated using a data-generating process

based on the wild bootstrap method for linear instrumental variables models studied in Davidson and

MacKinnon (2010). The simulation data-generating process ensures that the conditional moments

hold at the two-stage least squares estimates (i.e., (1.9) is satisfied), allows for heteroskedasticity

of an unknown form, ensures all variables are continuously distributed, and preserves the level of

price endogeneity in the dataset. See Appendix A.2.2 for the details. I consider deadweight loss

associated with a price change from p0 = $1.215 to p1 = $1.436 for households with low incomes

(y = $42, 500) and high incomes (y = $72, 500). These price-income combinations are studied

in Blundell et al. (2012). The implied deadweight losses are $33.05 and $38.74 for the low- and

high-income households, respectively.

I compare the semiparametric Bayes (SB) approach with several alternatives. For semiparametric

Bayes, the conditional density of W given Z is modeled using (1.3); specifically, a homoskedastic

multivariate Gaussian linear regression ofW on Z as the base parametric model fθ with diffuse prior

19See Appendix A.2.1 for a closed-form expression for S(p0, y, γ) under the constant elasticity model. The
deadweight loss under translog does not admit a simple closed form, however, Hausman (1981) shows that the solution
to the differential equation is unique under mild regularity conditions. Consequently, S(p0, y, γ) for translog is
computed using a standard backward differences algorithm (i.e., that used in Chen and Christensen (2018)).
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choices for the location and scale parameters, and a Matérn Gaussian process on [0, 1]4 as the prior

for the unknown function B. See Appendix A.2.2 for a complete description. The Matérn process

allows for (Hölder) smooth nonparametric deviations from the multivariate Gaussian regression,

and, as a result, the prior for the conditional density is supported on a large nonparametric class

of conditional densities. I compare with two-stage least squares (TSLS) with heteroskedasticity

robust standard errors (i.e., White (1980)), the Bayesian Bootstrap (BB) method of Chamberlain and

Imbens (2003), the Bayesian Exponentially Tilted Empirical Likelihood (BETEL) approach of Chib

et al. (2022), and a plug-in efficient (PE) estimator based on power series estimators of the optimal

instruments.20 It should be noted that semiparametric Bayes, BETEL, and the plug-in efficient

estimator use the information in the conditional moment restrictions efficiently in the presence of

heteroskedasticity, however, two-stage least squares and the Bayesian bootstrap do not.

Tables 1.1 and 1.2 report the results based on 500 independent datasets.21 Table 1.1 reports

median absolute error (MAE), a measure of point estimator accuracy appropriate in simulation

studies with endogeneity and continuous data due to the heavy-tailed finite-sample distributions

of common point estimators.22 The posterior median for the deadweight loss parameter based on

the semiparametric Bayes (SB) is the most accurate point estimator for both sample sizes. This

conclusion does not change when the posterior mean is used instead of the posterior median for

the semiparametric Bayesian procedure (see Table A.1 in Appendix A.2.2). The comparison of the

semiparametric Bayes approach to the plug-in efficient estimator is of particular interest because

both estimate the Chamberlain (1987) optimal instrument, however, the plug-in efficient estimator

uses a power series to approximate the unknown functions while the semiparametric Bayes approach

implicitly uses a basis relative to a reproducing kernel Hilbert space (RKHS). Similarly, the results

indicate that the point estimator of the semiparametric Bayesian procedure is more accurate than

20Appendix A.2.2 provides the details of these procedures.

21See Table A.2 in Appendix A.2.2 for these results under different Matérn priors.

22For example, the two-stage least squares estimator has no moments in the just-identified case with continuous
data.
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that of a BETEL procedure that approximates the optimal instruments using a sieve of unconditional

moments.

Table 1.1: Comparison of Deadweight Loss Point Estimates

Low Income High Income

Criteria Method n = 1000 n = 2500 n = 1000 n = 2500

SB 5.56 3.51 6.53 4.12

TSLS 6.22 3.61 7.47 4.35

MAE PE 6.37 3.83 7.35 4.55

BB 6.18 3.54 7.34 4.32

BETEL 6.45 3.68 7.39 4.37

Notes: The table reports empirical median absolute error (MAE) of the point es-

timates for the deadweight loss parameter. Results for the semiparametric Bayes

(SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) procedures

are based on 20, 000 MCMC iterations with the first 10, 000 discarded as burn-in

and then thinning by keeping every fifth draw. The Bayesian Bootstrap (BB) results

are based on 2, 000 bootstrap repetitions. I use the posterior median for the point

estimates for SB, BB, and BETEL in the MAE calculations.

Table 1.2 assesses the finite sample properties of the various uncertainty quantification methods.

The first panel reports the empirical coverage of credible/confidence intervals with a nominal

level of 95%. The results indicate that, like all procedures, the semiparametric Bayesian approach

undercovers when n = 1000, however, the coverage gets closer to the nominal level of 95% when

n = 2500. A possible explanation for the low coverage when n = 1000 is that nonparametric

Bayesian estimation of E[logP | logA, log Y ] and E[U2| logA, log Y ] can lead to overly precise

posteriors for the deadweight loss parameter. This is supported by Table 1.1 and the second panel of

Table 1.2 because the semiparametric equitailed credible intervals have the shortest median length

for all sample sizes while the posterior median is the most accurate point estimator. The coverage

30



and length results for n = 2500, however, makes a strong case for the semiparametric Bayesian

approach because, not only are the point estimates the most accurate, but the interval estimates also

achieve the desired frequentist coverage and have the shortest median length.

Table 1.2: Comparison of Deadweight Loss Interval Estimates

Low Income High Income

Criteria Method n = 1000 n = 2500 n = 1000 n = 2500

Coverage (%) PE 91.6 91.6 91.8 92.8

BB 94.0 95.6 93.6 95.4

BETEL 93.4 96.0 93.6 95.4

SB 29.78 21.03 34.98 24.50

TSLS 34.29 21.89 40.44 25.78

Length PE 32.28 20.61 38.14 24.36

BB 34.37 21.77 40.46 25.75

BETEL 32.89 21.37 38.82 25.24

Notes: The table reports empirical coverage of the confidence/credible intervals for the

deadweight loss parameter relative to nominal level 95%, and median length of the confi-

dence/credible intervals for the deadweight loss parameter. Results for the semiparametric

Bayes (SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) procedures

are based on 20, 000 MCMC iterations with the first 10, 000 discarded as burn-in and then

thinning by keeping every fifth draw, and the Bayesian Bootstrap (BB) results are based

on 2, 000 bootstrap repetitions. Percentile credible intervals are reported for the Bayesian

procedures, while the plug-in efficient (PE) and two-stage least squares (TSLS) confidence

sets use the delta method.
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1.3.3 Empirical Illustration

This section presents an empirical illustration applying the semiparametric Bayesian approach to

the full dataset to perform welfare predictions. I consider the same price change from the simulation

(i.e., p0 = $1.22 and p1 = $1.44) but expand the income groups to include a middle-income

group of y = $57, 500 (i.e., y ∈ {$42500, $57500, $72500}). I treat the translog model (1.8), (1.9),

and (1.11) as the primary specification. Table 1.3 presents the point estimates and uncertainty

quantification for the deadweight loss parameter as a fraction of household income under this model

(i.e., DWL(p0, p1, y, γ)/y). The results suggest that the price increase more severely impacts poorer

households because, following Blundell et al. (2012), this parameter captures household utility

loss relative to available resources. Appendix A.2.3 examines the sensitivity of the findings to the

choice of Matérn prior and the corresponding constant elasticity estimates. All estimates lead to the

same qualitative conclusion that the price increase more severely impacts poorer households. Table

1.3 also operationalizes a practical advantage of my approach because the interval estimates only

require computing empirical quantiles of the deadweight loss posterior (i.e., no standard errors).

Table 1.3: Translog Deadweight Loss Point and Interval Estimates

Income Group
Low Middle High

Posterior Median 9.55 7.94 6.85
95% Credible Interval (7.86, 11.31) (6.63, 9.32) (5.74, 7.98)

Notes: Posterior median for the deadweight loss as a fraction of income is
in first row and equitailed probability intervals are in the second row. The
results are based on 50, 000 MCMC iterations with the first 25, 000 discarded
as burn-in and then thinning by keeping every fifth draw. Like Blundell et al.
(2012), the results are multiplied by 104 for readability.

Although the translog model is more flexible than the constant elasticity model (1.8)–(1.10), the

latter is frequently encountered in practice (e.g., Hughes et al. (2008)). Consequently, an important

empirical question is whether restricting the coefficients on (logP )2, (log Y )2, and logP log Y

to be equal to zero has a meaningful impact on welfare predictions. Semiparametric Bayesian

inference can be used to address this question. The constant elasticity and translog moments
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are determined by the conditional distribution of W = (logP, logQ)′ given Z = (log Y, logA)′.

Consequently, a single posterior Πn(pW |Z ∈ ·|W (n)) for pW |Z implies a joint posterior for the

fixed points (γCEn , γTn ), where ‘CE’ corresponds to (1.8)-(1.10) and ‘T ’ corresponds to (1.8),

(1.9), and (1.11). The posterior for (γCEn , γTn ) implies a joint posterior for the deadweight losses

(DWLT (p0, p1, y, γTn ), DWLCE(p0, p1, y, γCEn )). The practical implication is that the same MCMC

output for the conditional density can be used to compare the welfare predictions by reporting

the posterior for the difference ∆n(p
0, p1, y) = |DWLT (p0, p1, y, γTn )−DWLCE(p0, p1, y, γCEn )|.

Since these models are nested, if the posterior for ∆n(p
0, p1, y) concentrates its mass away from

zero then there is evidence the nonlinear terms matter for welfare predictions.23

Figure 1.1 presents the posteriors for ∆n(p
0, p1, y) for y ∈ {$42500, $57500, $72500}. Inspect-

ing the density plots in Figure 1.1, it is clear that the posteriors concentrate most of their mass away

from zero, however, the extent of the difference depends on the income group (i.e., the deadweight

loss difference tends to be smaller for low-income households). Moreover, since the deadweight

loss estimates under the constant elasticity model range between approximately $25 and $50, these

differences may be considered practically significant. This indicates that augmenting demand

models to allow for income heterogeneity in demand responses to price changes (i.e., through the

interaction of logP and log Y ) and own-price elasticities that vary along the demand curve (i.e.,

through (logP )2) can alter the deadweight loss predictions in a meaningful way. The conclusion

is consistent with Blundell et al. (2012) because they find functional form restrictions can affect

the estimates of the effect of taxation, and, since the demand models are nested, it suggests that

23Since the point null hypothesis of equal deadweight loss is a measure zero event under the prior, examining the
mass of the posterior for the difference in deadweight is a simple Bayesian approach to assessing model fit (e.g., p. 229
of Schervish (1995)). Alternatively, one could construct a formal decision rule by specifying a utility function u(a, γ)
and choosing the action a that maximizes posterior expected utility (see Section 1.2.3). A simple example is as follows.
Let a ∈ {0, 1} be an action with a = 1 corresponding to concluding a similar welfare prediction across models and
a = 0 corresponding to concluding a different welfare prediction, let c > 0 be some tolerance level (e.g., a materiality
threshold), and let the utility function be u(a, γ) = a1{|∆n(p

0, p1, y)| ≤ c} + (1 − a)1{|∆n(p
0, p1, y)| > c}. The

utility function rewards concluding similarity when there is a deadweight loss difference less than c and rewards
concluding different when there is a deadweight loss difference greater than c. Using the results in Section 1.2.3,
the expected utility maximizing decision rule is to select a = 1 (i.e., conclude similar predictions) if and only if
Πn(∆n(p

0, p1, y) ≤ c|W (n)) > Πn(∆n(p
0, p1, y) > c|W (n)) (i.e., the posterior probability of the difference being

small, as measured by c, is greater than it being large).
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researchers should use more flexible demand models when evaluating the welfare effects of gasoline

price interventions. An interesting extension would be to model demand nonparametrically, however,

this is beyond scope (see Section 1.6.2 for discussion about nonparametric instrumental variables).

Figure 1.1: Posterior Distributions for Absolute Difference in Deadweight Loss

1.4 A Bernstein-von Mises Theorem

This section proves a semiparametric Bernstein-von Mises theorem, which states that the structural

posterior is asymptotically Gaussian, centered at an efficient estimator of the structural parameter,

and has variance equal to the Chamberlain (1987) semiparametric efficiency bound. The key

takeaway is that the influence of the prior for the infinite-dimensional parameter is asymptotically

negligible, and Bayesian credible sets can be interpreted as asymptotically optimal frequentist

confidence sets.
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1.4.1 Assumptions about the Data Generating Process

Assumptions 5–10 concern the true data-generating process, and, overall, they are standard relative to

the literature on extremum estimation (e.g., Newey and McFadden (1994)). For notation, let P0,W |Z

be the true conditional distribution of W given Z, let m0(z, γ) = EP0,W |Z [g(W,Z, γ)|Z = z] be the

dg× 1 vector of conditional moments at P0,W |Z , let Σ0(z, γ) = EP0,W |Z [g(W,Z, γ)g(W,Z, γ)
′|Z =

z] be the dg × dg matrix of conditional second/cross moments at P0,W |Z , and let M0(z, γ) =

∂m0(z, γ)/∂γ
′ be the dg × dγ Jacobian matrix of the conditional moments at P0,W |Z . Furthermore,

let || · ||2 be the Euclidean norm, let || · ||F be the Frobenius norm, and let λmin(A) and λmax(A) be

the minimum and maximum eigenvalues, respectively, of a matrix A.24

Assumption 5. The following conditions hold:

1. {(W ′
i , Z

′
i)

′}i≥1 is an i.i.d sequence with distribution P0,WZ = P0,W |Z × P0,Z , where P0,W |Z

is the conditional distribution of W given Z and P0,Z is the marginal distribution of Z.

2. The conditional distribution P0,W |Z of W given Z has density p0,W |Z contained in PW |Z , the

set of conditional probability densities pW |Z such that EPW |Z [g(W,Z, γ)|Z] exists.

Assumption 6. The conditional distribution P0,W |Z of W given Z is contained in the family

M = {PW |Z ∈ PW |Z : ∃ γ ∈ Γ s.t. EPW |Z [g(W,Z, γ)|Z = z] = 0 ∀ z ∈ Z} and the true

parameter γ(P0,W |Z) is in the interior of the structural parameter space Γ ⊆ Rdγ , dγ <∞.

Assumption 7. The following conditions hold:

1. The conditional moments m0 satisfy sup(z,γ)∈Z×Γ ||m0(z, γ)||2 <∞.

2. The conditional momentsm0,j , j = 1, ..., dg, are twice continuously differentiable with respect

to γ in a neighborhood Γ0 of the true parameter γ(P0,W |Z) with first and second derivatives

24For a vector a ∈ Rd, the Euclidean norm || · ||2 satisfies ||a||22 =
∑d

j=1 a
2
j . For a matrix A ∈ Rd1×d2 , the

Frobenius norm || · ||F satisfies ||A||2F =
∑d1

j=1

∑d2

l=1 a
2
jl. A convenient (and equivalent) definition of the Frobenius

norm for symmetric matrices A ∈ Rd is ||A||2F =
∑d

j=1 |λj(A)|2, where {λj(A)}dj=1 is the spectrum of A (i.e., the set
of eigenvalues).
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that satisfy

sup
(z,γ)∈Z×Γ0

∣∣∣∣∣∣∣∣∂m0,j(z, γ)

∂γ′

∣∣∣∣∣∣∣∣
2

<∞

and

sup
(z,γ)∈Z×Γ0

∣∣∣∣∣∣∣∣∂2m0,j(z, γ)

∂γ∂γ′

∣∣∣∣∣∣∣∣
2

<∞

for each j = 1, ..., dg.

Assumption 8. The following conditions hold:

1. There exists constants 0 < λ < λ <∞ such that

λ ≤ inf
(z,γ)∈Z×Γ

λmin(Σ0(z, γ)) ≤ sup
(z,γ)∈Z×Γ

λmax(Σ0(z, γ)) ≤ λ.

2. The elements Σ0,jk, j, k ∈ {1, ..., dg}, are continuously differentiable with respect to γ in a

neighborhood Γ0 of the true parameter γ(P0,W |Z) with gradient that satisfies

sup
(z,γ)∈Z×Γ0

∣∣∣∣∣∣∣∣∂Σ0,jk(z, γ)

∂γ′

∣∣∣∣∣∣∣∣
2

<∞

for each j, k ∈ {1, ..., dg}.

Assumption 9. The following conditions hold:

1. The sample criterion function {Qn(γ, γ̃, p0,W |Z) : (γ, γ̃) ∈ Γ× Γ} satisfies

lim sup
n→∞

sup
(γ,γ̃)∈Γ×Γ

∣∣Qn(γ, γ̃, p0,W |Z)−QP0,Z
(γ, γ̃, p0,W |Z)

∣∣ = 0 a.e. [P∞
0,Z ],

where

QP0,Z
(γ, γ̃, p0,W |Z) = EP0,Z

[m0(Z, γ)
′Σ−1

0 (Z, γ̃)m0(Z, γ)]

for each (γ, γ̃) ∈ Γ× Γ, and P∞
0,Z is the probability law of the i.i.d sequence {Zi}i≥1.

2. For each γ̃ ∈ Γ, the function γ 7→ QP0,Z
(γ, γ̃, p0,W |Z) has a well-separated minimum at
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γ(P0,W |Z). That is, for every ξ > 0 and every γ̃ ∈ Γ,

inf
γ∈Rdγ :||γ−γ(P0,W |Z)||2≥ξ

QP0,Z
(γ, γ̃, p0,W |Z) > 0.

Assumption 10. The following conditions hold:

1. Let V0(z, γ̃) = M0(z, γ(P0,W |Z))
′Σ−1

0 (z, γ̃)M0(z, γ(P0,W |Z)) for each (z, γ̃) ∈ Z × Γ. The

function class {V0(·, γ̃) : γ̃ ∈ Γ} satisfies

lim sup
n→∞

sup
γ̃∈Γ

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

V0(zi, γ̃)− EP0,Z
[V0(Z, γ̃)]

∣∣∣∣∣
∣∣∣∣∣
F

= 0 a.e. [P∞
0,Z ],

where P∞
0,Z is the probability law of the i.i.d sequence {Zi}i≥1.

2. EP0,Z
[M0(Z, γ0)

′M0(Z, γ0)] is positive definite.

I now discuss these conditions. Assumption 5 imposes that {(W ′
i , Z

′
i)

′}ni=1 is i.i.d and that the

conditional distribution P0,W |Z of W given Z has a density p0,W |Z in PW |Z . Relative to Section

1.2.2, the first part is a design restriction on the sequence of external variables {Zi}i≥1 because

W (n)|{Zi}i≥1 ∼ P
(n)
0,W |Z for each n ≥ 1 is already maintained. This additional structure for {Zi}i≥1

means that the Chamberlain (1987) semiparametric efficiency theory applies. Assumption 6 states

that the conditional moment equality model is correctly specified in that the true distribution of

W given Z is compatible with the moment restrictions, and, when combined with Assumption

1, there is only one parameter value that satisfies the restrictions at P0,W |Z . I use γ0 throughout

as shorthand for γ(P0,W |Z). It also requires that γ0 be on the interior of the parameter space Γ,

an important condition for Bernstein-von Mises theorems (e.g., Bochkina and Green (2014)) as

well as the asymptotic normality of extremum estimators (e.g., Andrews (1999)). Assumption

7 requires that the conditional moments are differentiable in a neighborhood of γ0. It is similar

to standard assumptions in the literature when the residuals g(W,Z, γ) are differentiable in γ

(e.g., Chamberlain (1987), Donald et al. (2003), and Chib et al. (2022)), however, being stated in

terms of the conditional moments, it accommodates certain nonsmooth residuals such as quantile

instrumental variables (e.g., Chernozhukov and Hansen (2005, 2006)). Part 1 of Assumption 8
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states that the eigenvalues of Σ0(z, γ) are uniformly bounded away from zero and infinity. It is

satisfied, for instance, if Z and Γ are compact, (z, γ) 7→ Σ0(z, γ) is continuous, and Σ0(z, γ) is

pointwise positive definite in (z, γ) because then {Σ0(z, γ) : (z, γ) ∈ Z × Γ} forms a compact

set of positive definite matrices. The uniformity is important because the Bernstein-von Mises

theorem requires showing that posterior draws Σ−1(zi, γ), i = 1, ..., n, are asymptotically uniformly

bounded over certain collections of conditional densities pW |Z . Part 2 of Assumption 8 states

that Σ0 is continuously differentiable in a neighborhood of γ0 with bounded derivative, and, like

Part 2 of Assumption 7, is relatively standard. Assumption 9 states that the criterion function

obeys a uniform strong law of large numbers (USLLN) when evaluated at p0,W |Z and that its

population counterpart has a well-separated minimum at γ0. The USLLN requirement is for a

function class indexed by a finite-dimensional parameter, and, as a result, it is a mild requirement

for which sufficient conditions are abundant (e.g., Andrews (1992)). The well-separated minimizer

condition ensures consistent estimation of γ0 (cf. equation (5.8) in van der Vaart (1998)), and,

like the USLLN assumption, there are many sufficient conditions (e.g., appropriate modifications

of conditions (i)–(iii) of Theorem 2.1 in Newey and McFadden (1994)). Part 1 of Assumption

10 requires a function class indexed by a finite-dimensional parameter to obey a USLLN, and,

like Part 1 of Assumption 9, sufficient conditions are abundant. Part 2 is a strong identification

condition important for asymptotic normality. Combined with Assumption 8.1, it implies the matrix

V0 := EP0,Z
[V0(Z, γ0)] is positive definite and the Chamberlain (1987) efficiency bound, V −1

0 , is

finite.

1.4.2 Assumptions about the Posterior for the Nuisance Parameter

The next assumption concerns the limiting behavior of the posterior for the conditional density.

It is stated in terms of an asymptotic thought experiment that conditions on realizations {zi}i≥1

of {Zi}i≥1. A conditional asymptotic approach is technically convenient because it makes norms

defined relative to the sequence {zi}i≥1 natural, and, for this reason, it will be particularly helpful

for the low-level analysis in Section 1.5. Importantly, the asymptotic theory is strong enough to also

38



hold in the unconditional asymptotic thought experiment where {Zi}i≥1 is treated as random (see

Corollary 1). For notation, ||f ||2n,2 = n−1
∑n

i=1 ||f(zi)||2 is the squared empirical L2-norm defined

relative to {zi}i≥1, ||f ||n,∞ = max1≤i≤n ||f(zi)|| is the empirical uniform norm defined relative

to {zi}i≥1, || · || is the Euclidean norm || · ||2 if f(z) is a vector and is the Frobenius norm || · ||F

if f(z) is a matrix, χ̃0(W,Z) = V −1
0 M0(Z, γ0)

′Σ−1
0 (Z, γ0)g(W,Z, γ0) is the Chamberlain (1987)

efficient influence function, the symbol
P

(n)
0,W |Z−→ denotes convergence in probability under the product

probability measure P (n)
0,W |Z =

⊗n
i=1 P0,W |zi , vec(A) is the vectorized matrix A, and real-valued

sequences {xn}n≥1 and {yn}n≥1 satisfy xn = o(yn) iff limn→∞(xn/yn) = 0 and xn = O(1) iff

there exists a constant C > 0 such that |xn| ≤ C for n large.

Assumption 11. For almost every fixed realization {zi}i≥1 of {Zi}i≥1, there exists a sequence of

measurable sets {P̃n,W |Z}n≥1 := {P̃n,W |Z({zi}i≥1)}n≥1 such that the posterior satisfies

Πn(pW |Z ∈ P̃n,W |Z |W (n))
P

(n)
0,W |Z−→ 1

as n→ ∞ and these sets {P̃n,W |Z}n≥1 are constructed so that

1. sup(γ,pW |Z)∈Γ×P̃n,W |Z
||m(·, γ)−m0(·, γ)||n,2 = o(n− 1

4 )

2. sup(γ,pW |Z)∈Γ0×P̃n,W |Z
||M(·, γ)−M0(·, γ)||n,2 = o(n− 1

4 )

3. sup(γ,pW |Z)∈Γ×P̃n,W |Z
||Σ(·, γ)− Σ0(·, γ)||n,∞ = o(n− 1

4 )

4. sup(γ,pW |Z)∈Γ0×P̃n,W |Z
||∂vec(M(·, γ)′)/∂γ′||n,2 = O(1)

5. sup(γ,pW |Z)∈Γ×P̃n,W |Z
||∂vec(Σ(·, γ))/∂γ′||n,∞ = O(1)

6. sup(γ,pW |Z)∈Γ×P̃n,W |Z
max1≤i≤nEPW |Z [exp(|t′χ̃0(W,Z)|)|Z = zi] = O(1)

for any t in a neighborhood of zero, where Γ0 is the neighborhood of γ(P0,W |Z) from Assumption

7.25

25I use o(·) and O(·) instead of the probabilistic counterparts (i.e., op(·) and Op(·)) in conditions 1–6 because,
conditional on {Zi}i≥1, these objects are nonrandom.
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Assumption 11 states that, conditional on {Zi}i≥1, there are measurable sets {P̃n,W |Z}n≥1

(possibly depending on the realization {zi}i≥1) for which the posterior concentrates on as n→ ∞

and these sets are structured enough to ensure certain convergence guarantees. Specifically, Parts 1

and 2 state that the conditional moments m(·, γ) and Jacobian M(·, γ) converge to their population

counterparts m0(·, γ) and M0(·, γ), respectively, at a rate faster than n−1/4 under the empirical

L2-norm with uniformity along the sequence {P̃n,W |Z}n≥1 and over (a subset of) Γ. The third part

states that P̃n,W |Z also guarantee that the matrix of conditional cross-moments Σ(·, γ) converges to

Σ0(·, γ) at a rate faster than n−1/4 under the empirical supremum norm, a condition analogous to

Assumption 3.4(iii) in Ai and Chen (2003). I derive examples of these sets {P̃n,W |Z}n≥1 for Hölder

smooth Gaussian process priors in Section 1.5. Part 4 and Part 5 state that ||∂vec(M(·, γ)′)/∂γ′||n,2

and ||∂vec(Σ(·, γ))/γ′||n,∞ are asymptotically uniformly bounded. These parts are sufficient for

showing γ̃ 7→ qn(γ̃, pW |Z) is a uniform contraction mapping in large samples, a property important

for establishing that γn concentrates around γ0. Part 6 requires that the elements of P̃n,W |Z have

sufficiently thin tails so that χ̃0 has exponential moments. It helps control the remainder in a power

series expansion that arises in a nonparametric local asymptotic normality (LAN) expansion and is

satisfied, for example, when χ̃0 is bounded.

1.4.3 Core Theorem

Assumptions 1–11 and a prior invariance condition lead to a Bernstein-von Mises theorem for the

conditional moment equality model. The theorem says that the posterior distribution of
√
n(γn− γ̂n)

converges to a mean-zero normal distribution with mean equal to zero and covariance matrix equal

to V −1
0 , where γ̂n = γ0 + n−1

∑n
i=1 χ̃0(Wi, zi) is a hypothetical efficient estimator.

Theorem 1. Suppose that Assumptions 1–11 hold and that, for almost every fixed realization {zi}i≥1

of {Zi}i≥1, the prior invariance condition∫
P̃n,W |Z

Ln(pt,n,W |Z)dΠ(pW |Z)∫
P̃n,W |Z

Ln(pW |Z)dΠ(pW |Z)
= 1 + o

P
(n)
0,W |Z

(1) (1.13)
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holds for any t in a neighborhood of zero, where pt,n,W |Z(w|z) ∝ pW |Z(w|z) exp(−t′χ̃0(w, z)/
√
n).

Then, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, the structural posterior satisfies

dBL
(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N (0, V −1

0 )
) P (n)

0,W |Z−→ 0

as n→ ∞, where dBL is the bounded Lipschitz metric.26

The rest of this section has two parts. First, I discuss some practical implications of the theorem

(e.g., interpretation and uncertainty quantification) in Section 1.4.4. Second, I sketch the proof and

discuss some key technical parts of the theorem (i.e., the weighting matrix and the prior invariance

condition) in Section 1.4.5. Readers only interested in the practical aspects may skip the second

part.

1.4.4 Practical Implications

Interpretation and Unconditional Asymptotics.

Theorem 1 states that, conditional on {Zi}i≥1, the structural posterior distribution (centered at γ̂n and

scaled by
√
n) is asymptotically equivalent to a centered Gaussian distribution with variance equal to

V −1
0 . Since V −1

0 is the semiparametric efficiency bound and γ̂n is an efficient estimator of γ0 under

i.i.d sampling (i.e., Assumption 5), Theorem 1 is compatible with Chamberlain (1987). Notably,

it implies the same limiting behavior for the structural posterior in the unconditional asymptotic

thought experiment where stochastic convergence is under the joint law of {(Wi, Zi)}ni=1, the

approach to asymptotics usually applied in the literature on conditional moments (e.g., Chamberlain

(1987), Newey (1990a), Newey (1993), Ai and Chen (2003), Donald et al. (2003), and Chib

et al. (2022)). This follows from Theorem 1 holding conditionally given {Zi}i≥1 and the bounded

convergence theorem; it is stated formally below with the notation
Pn
0,WZ−→ denoting convergence in

26For any two probability measures P and Q on a measurable space (X ,X ), the bounded Lipschitz distance
is given by dBL(P,Q) = supf∈Lip1

|
∫
fdP −

∫
fdQ|, where Lip1 is the set of functions f : X → [−1, 1] with

supx∈X |f(x)| ≤ 1 and |f(x)− f(y)| ≤ d(x, y) for all x, y ∈ X with x ̸= y, where d is a metric over X . The bounded
Lipschitz distance metrizes the weak-∗ topology on the space of probability measures (i.e., the topology of convergence
in distribution).
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probability with respect to the n-fold product P n
0,WZ of P0,WZ = P0,W |Z × P0,Z .

Corollary 1. If the assumptions of Theorem 1 hold, then

dBL
(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

)) Pn
0,WZ−→ 0

as n→ ∞.

Uncertainty Quantification

Theorem 1 implies that Bayesian credible sets behave like asymptotically efficient frequentist

confidence sets in large samples. Let f : Rdγ → R be continuously differentiable at γ0 and consider

the equitailed probability interval

CSn,f (1− α) =
[
cn,f

(α
2

)
, cn,f

(
1− α

2

)]
for α ∈ (0, 1/2), where cn,f (q), q ∈ (0, 1), is the q-quantile of Πn(f(γn) ∈ ·|W (n)).27 Theorem

1, Corollary 1, the delta method, and standard quantile function results imply that the quantiles

cn,f (α/2) and cn,f (1−α/2) are first-order asymptotically equivalent to the endpoints of an efficient

Wald confidence interval. I state this formally using the corollary below.28

Corollary 2. If the assumptions of Theorem 1 hold and f : Rdγ → R is continuously differentiable

at γ0, then, for any q ∈ (0, 1), the posterior quantile cn,f (q) satisfies

cn,f (q) = f(γ̂n) + Φ−1(q)

√
Ω0,f

n
+ oPn

0,WZ

(
1√
n

)
,

where q 7→ Φ−1(q) is the quantile function of N (0, 1), and

Ω0,f =
∂f(γ0)

∂γ′
V −1
0

∂f(γ0)
′

∂γ
.

27The differentiability of f : Rdγ → R is important because it has been shown that posteriors for nondifferentiable
functions fail to achieve frequentist coverage (Kitagawa et al., 2020).

28Corollary 2 is stated in terms of Pn
0,WZ , however, the same conclusion applies conditionally (i.e., under P (n)

0,W |Z).
See the remark following the proof of Corollary 2 in Appendix A.3.3
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is the asymptotic variance of f(γ̂n).

Corollary 2 has useful practical implications. If the efficient influence function χ̃0 has second

moments, EP0,WZ
[||χ̃0(W,Z)χ̃0(W,Z)

′||F ] < ∞, then the corollary implies that CSn(1 − α)

satisfies the frequentist coverage requirement P n
0,WZ(f(γ0) ∈ CSn,f (1 − α)) = 1 − α + o(1) as

n → ∞. This follows directly from Corollary 2 and applying the Lindeberg-Lévy Central Limit

Theorem/the delta method to the sequence {
√
n(f(γ̂n)− f(γ0))}n≥1. Consequently, the equitailed

probability interval is an asymptotically valid (1 − α)-confidence interval for f(γ0). Moreover,

since efficient estimators generate asymptotic confidence sets with the shortest length among the

class of asymptotically normal estimators for f(γ0), the equitailed probability intervals are optimal

frequentist confidence intervals in the Gaussian limit experiment.29 Recalling Example 1 and the

empirical analysis in Section 1.3, the result guarantees that the equitailed probability intervals for the

deadweight loss parameter are asymptotically optimal confidence sets provided that γ 7→ S(p0, x, γ)

is continuously differentiable at γ0 for (p0, x) fixed and the prior Π satisfies the requirements for the

Bernstein-von Mises theorem. Corollary 2 also implies the posterior median cn,f (1/2) is first-order

asymptotically equivalent to an efficient point estimator f(γ̂n).

1.4.5 Proof Sketch, Role of Weighting Matrix, and Prior Invariance

Proof Sketch

There are two conceptual steps to the proof. The first conceptual step is to show that γn admits

an asymptotically linear representation. Recall the notation m(z, γ) = EPW |Z [g(W,Z, γ)|Z = z],

M(z, γ) = ∂m(z, γ)/∂γ′, and Σ(z, γ) = EPW |Z [g(W,Z, γ)g(W,Z, γ)
′|Z = z] (with additional ‘0’

subscripts indicating expectations at P0,W |Z). Since γn satisfies the first-order conditions

1

n

n∑
i=1

M(zi, γn)Σ
−1(zi, γn)m(zi, γn) = 0,

29Section 1.4.5 considers the case where a researcher does not weight using Σ−1(z, γ) but rather uses the identity
matrix. It turns out that credible intervals achieve frequentist coverage but are inefficient, so the semiparametric
Bayesian inference parallels the use of heteroskedasticity robust standard errors.
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a mean-value expansion of m(zi, γn) around γ0 and Assumptions 5–11 can be employed to show

that

√
n(γn − γ0) =

1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] + o(1)

uniformly over P̃n,W |Z , where I recall that χ̃0(W,Z) = V −1
0 M0(Z, γ0)

′Σ−1
0 (Z, γ0)g(W,Z, γ0) is the

efficient influence function and V0 = EP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ0)M0(Z, γ0)] is the efficient Fisher

information (Chamberlain, 1987). This characterizes the fixed point γn as a smooth functional of a

conditional density in the sense that it is first-order asymptotically equivalent to a linear functional

of the density plus a term that vanishes at a rate faster than 1/
√
n. Theorem 4.1 of Castillo and

Rousseau (2015) proves a Bernstein-von Mises theorem for these types of smooth functionals of

unconditional densities, and, as a result, the second conceptual step is adapting their argument

in a way that accounts for the conditioning (i.e., extending the argument to a triangular array of

independent but not identically distributed random vectors). Specifically, the asymptotically linear

representation, the series expansion of a cumulant generating function, and Assumptions 5–11 imply

that, for any t in a neighborhood of zero, the posterior Laplace function for
√
n(γn − γ̂n) satisfies∫

exp(t′
√
n(γn − γ̂n))dΠn(pW |Z |W (n)) = (1 + o

P
(n)
0,W |Z

(1)) exp

(
1

2
t′V −1

0 t

)
×

∫
P̃n,W |Z

Ln(pt,n,W |Z)dΠ(pW |Z)∫
P̃n,W |Z

Ln(pW |Z)dΠ(pW |Z)

Consequently, the prior invariance condition (1.13) yields that∫
exp(t′

√
n(γn − γ̂n))dΠn(pW |Z |W (n)) = (1 + o

P
(n)
0,W |Z

(1)) exp

(
1

2
t′V −1

0 t

)
,

which implies that the posterior Laplace function is first-order asymptotically equivalent to that

of N (0, V −1
0 ) for any t in a neighborhood of zero. This implies convergence of the posterior

Πn(
√
n(γn − γ̂n) ∈ ·|W (n)) to N (0, V −1

0 ) in the bounded Lipschitz distance (cf. Theorem 1.13.1

in van der Vaart and Wellner (2023b)).

Example 1 (Continued). I elaborate on the asymptotically linear representation in the context of
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the linear model with endogeneity. Using the expression for γ̃ 7→ qn(γ̃, pW |Z) obtained in (1.7), the

fact that γn satisfies γn = qn(γn, pW |Z) (i.e., it is a fixed point), and adding/subtracting the index

Ψ(D,X)′γ0 inside EPW |Z [Y |Z = zi], I conclude that

γn = γ0 +

(
1

n

n∑
i=1

σ−2(zi, γn)M(zi)M(zi)
′

)−1
1

n

n∑
i=1

σ−2(zi, γn)M(zi)m(zi, γ0)︸ ︷︷ ︸
Rn(pW |Z)

,

where m(z, γ) = EPW |Z [Y − Ψ(D,X)′γ|Z = z], M(zi) = EPW |Z [Ψ(D,X)|Z = z], and

σ2(zi, γ) = EPW |Z [(Y − Ψ(D,X)′γ)2|Z = z]. Consequently, the asymptotically linear repre-

sentation requires showing that there are sets {P̃n,W |Z}n≥1 such that

Rn(pW |Z) =
1

n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] + o

(
1√
n

)
, (1.14)

where

χ̃0(W,Z) = V −1
0 σ−2

0 (Z, γ0)M0(Z)(Y −Ψ(D,X)′γ0)

and

V0 = EP0,Z
[σ−2

0 (Z, γ0)M0(Z)M0(Z)
′]

are the efficient influence function and efficient Fisher information, respectively, for this example.

Since the remainder Rn(pW |Z) is essentially a ‘sample analog’ to the leading term in (1.14), if the

posterior concentrates on sets {P̃n,W |Z}n≥1 such that the following three conditions hold

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

∣∣∣∣ 1

σ2(zi, γn)
− 1

σ2
0(zi, γ0)

∣∣∣∣ = o(n− 1
4 )

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi)−M0(zi)||22 = o(n− 1
4 )

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)||22 = o(n− 1
4 ),

then (1.14) is satisfied. These conditions are implied when specializing Assumptions 5–11 to this
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example.

Role of the Weighting Matrix

I discuss weighting using Σ−1(z, γ). As overidentifying restrictions, the conditional moment

equalities impose meaningful restrictions on the scores of the parametric submodels (in the sense of

Stein (1956)) that characterize the semiparametric structure of the model. Formally, the mean-square

closure of the tangent set at the true distribution P0,W |Z × P0,Z (i.e., the set of parametric submodel

scores) is a strict subset of the maximal tangent set at P0,W |Z × P0,Z (i.e., the space of mean-zero

random variables with finite-second moments).30 This means that there are regular asymptotically

linear estimators with different asymptotic influence functions, and, as a result, there are inefficient

estimators of γ0 (Chen and Santos, 2018). A ‘full support’ prior Π (i.e., M ⊊ support(Π)) does not

necessarily account for this structured tangent space, so the posterior for the parameter of interest

must be constructed to avoid information loss. Like frequentist minimum distance estimation,

Theorem 1 shows that weighting the conditional moments using Σ−1(z, γ) is sufficient because

the asymptotically linear representation implies that the fixed point γn is first-order asymptotically

equivalent to a linear functional of pW |Z with Riesz representer given by the efficient influence

function χ̃0. Consequently, an efficient Bernstein-von Mises theorem is established by adapting

results from Castillo and Rousseau (2015). It should be noted, however, that the semiparametric

Bayesian approach is well-defined even when the ‘optimal’ weighting is ignored (e.g., Σ−1 is

replaced with Idg); the example below demonstrates that local efficiency guarantees may still be

possible in such a situation.

Example 1 (Continued). Overidentification makes weighting using Σ−1(z, γ) important for effi-

ciency, however, in practice, researchers sometimes ignore optimal weighting in overidentified

minimum distance/GMM contexts. I explore the consequences of this on the Bernstein-von Mises

theorem in the context of the linear instrumental variables model. Suppose alternatively that a

30See Bickel et al. (1993) and Chapter 25 of van der Vaart (1998) for an introduction to semiparametric efficiency
theory.
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researcher reported the posterior for the identity-weighted estimand

γ†n =

(
1

n

n∑
i=1

M(zi)M(zi)
′

)−1
1

n

n∑
i=1

M(zi)EPW |Z [Y |Z = zi].

Under Assumptions 5–11, one obtains the asymptotically linear representation

√
n(γ†n − γ0) =

1√
n

n∑
i=1

EPW |Z [χ̃
†
0(W,Z)|Z = zi] + o(1)

uniformly over {P̃n,W |Z}n≥1, where χ̃†
0(W,Z) = EP0,Z

[M0(Z)M0(Z)
′]−1M0(Z)g(W,Z, γ0). Fol-

lowing the same proof technique as Theorem 1 (except defining pt,n,W |Z with respect to χ̃†
0 rather

than χ̃0), the posterior for γ†n satisfies

dBL

(
Πn(

√
n(γ†n − γ̂†n) ∈ ·|W (n)),N (0, V †

0 )
) P

(n)
0,W |Z−→ 0

as n→ ∞, where

γ̂†n = γ0 +
1

n

n∑
i=1

χ̃†
0(Wi, Zi)

and

V †
0 =

(
EP0,Z

[M0(Z)M0(Z)
′]
)−1

EP0,Z
[σ2

0(Z, γ0)M0(Z)M0(Z)
′]
(
EP0,Z

[M0(Z)M0(Z)
′]
)−1

.

By the law of iterated expectations, V †
0 is the asymptotic variance of a hypothetical just-identified

instrumental variables estimator that uses M0(Z) = EP0,W |Z [Ψ(D,X)|Z] as an instrument for

Ψ(D,X). Consequently, the semiparametric Bayesian approach delivers the same limiting distribu-

tion as the identity-weighted frequentist estimator in Chen et al. (2021). Credible intervals, although

inefficient, still achieve asymptotic frequentist coverage under heteroskedasticity.31 However, when

σ2
0(z, γ0) = σ2

0 for all z ∈ Z with σ2
0 ∈ (0,∞) being a constant (i.e., there is homoskedasticity),

then V †
0 still achieves the Chamberlain (1987) semiparametric efficiency bound. Consequently, the

identity-weighted structural posterior is a locally efficient estimator (per Definition 1 of Bickel et al.

31This is similar to Lancaster (2003), where it is shown that inferences using the Rubin (1981) Bayesian bootstrap
for linear regression models are asymptotically equivalent to inferences based on ordinary least squares with White
(1980) standard errors.
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(1993)).

Prior Invariance

Condition (1.13) requires the prior Π exhibit a strong lack of sensitivity to shifts in the direction of the

efficient influence function χ̃0 and it arises because a local asymptotic normality (LAN) expansion

is required to establish posterior asymptotic normality.32 Towards the first point, the tilted density

pn,t,W |Z satisfies pn,t,W |Z(w|z) ∝ exp(log pW |Z(w|z) − t′χ̃0(w, z)/
√
n) for all (w, z) ∈ W × Z .

This indicates that the difference between the numerator and the denominator in (1.13) is that the

former involves the shifted log density log pW |Z − t′χ̃0/
√
n while the latter only involves the log

density log pW |Z . Consequently, if a shift in the efficient influence function χ̃0 has an asymptotically

negligible effect on the prior, then ratio in (1.13) approaches one as the sample size grows. Hence,

the name ‘prior invariance’. The second point about LAN explains why prior invariance features in

many semiparametric Bernstein-von Mises theorems (e.g., Theorem 2 of Castillo (2012b), Theorem

2.1 of Rivoirard and Rousseau (2012), Theorem 2.1 of Castillo and Rousseau (2015), Theorem 1 of

Ray and van der Vaart (2020), and Theorem 3.7 of Monard et al. (2021a)).

The usual approach to verifying this condition is to apply a change of variables log pW |Z 7→

log pW |Z − t′χ̃0/
√
n and show that the density dΠn,t/dΠ converges to one as n→ ∞, where Πn,t is

the law of pt,n,W |Z under Π. This holds under standard continuity and positivity conditions for priors

in parametric models, however, the nonparametric counterpart is much more subtle. For example,

Section 1.5 shows that, for the Gaussian process priors used in Sections 1.3, prior invariance depends

on how well the Chamberlain (1987) optimal residual g̃0(w, z) =M0(z, γ0)
′Σ−1

0 (z, γ0)g(w, z, γ0)

is approximated by a reproducing kernel Hilbert space (RKHS) associated with the prior Π and

the rate at which the posterior for the conditional density for W given Z concentrates around the

true conditional density p0,W |Z . The practical implication is that the structural posterior may be

badly biased if the RKHS approximates the optimal residuals poorly. Although there has been some

32A LAN expansion is not required for the asymptotic normality of frequentist minimum distance estimators because
the Central Limit Theorem may be applied. For example, see Corollary C.3 in Ai and Chen (2003) and its role in the
proof of Theorem 4.1.
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progress towards semiparametric Bernstein-von Mises theorems that account for the invariance

condition in other models using either data-driven priors (Ray and van der Vaart, 2020) or interest-

respecting reparametrizations (C. D. Walker (2024)), the problem of finding general approaches

that account for prior invariance remains an open question.

1.5 Verifying Assumption 11 and Prior Invariance with Gaus-

sian Processes

This section presents sufficient conditions for Assumption 11 and the prior invariance condition for

a class of priors based on the simulations and empirical illustration in Section 1.3. Since it is of

theoretical interest, a reader not interested in these technical details can skip it.

1.5.1 Setup

I introduce some notation, the sampling model and class of priors, and some technical assumptions

about the internal variables, external variables, and the residuals.

Notation

Let T = [0, 1]d with d = dw + dz (unless stated otherwise). The notation (C(T,R), || · ||∞) refers

to the space of real-valued continuous functions on T equipped with the supremum norm ||f ||∞ =

supt∈T |f(t)|. I use (L2(T,R), || · ||L2) for the space of real-valued functions on T that are square

integrable with respect to the Lebesgue measure equipped with the seminorm ||f ||L2 =
√

⟨f, f⟩L2 ,

where ⟨f, g⟩L2 =
∫
T
f(t)g(t)dt for any f, g : T → R. The pair (Cα(T,R), || · ||α), α > 0, refers to

the Hölder space of ⌊α⌋-times continuously differentiable real-valued functions on T with an ⌊α⌋th
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derivative that is (α− ⌊α⌋)-Hölder continuous.33 The Hölder space norm || · ||α is given by

||f ||α = max
k:|k|≤⌊α⌋

sup
t∈T

|Dkf(t)|+ max
k:|k|=⌊α⌋

sup
s,t∈T :s ̸=t

|Dkf(t)−Dkf(s)|
||t− s||α−⌊α⌋

2

,

where k = (k1, ..., kd)
′ is a vector of nonnegative integers, |k| = k1 + · · · + kd is their sum, and

Dk = ∂|k|/(∂tk11 · · · ∂tkdd ) is the differential operator. Finally, (Sα(T,R), || · ||2,2,α), α > 0, denotes

the Sobolev space of real-valued functions f defined on T that can be extended to a function f

on Rd that satisfies ||f ||22,2,α =
∫
|f̂(λ)|2(1 + ||λ||22)αdλ <∞, where f̂ is the Fourier transform of

f . The function spaces Sα(T,R) and Cα(T,R) represent different smoothness classes indexed by

α > 0 with many functions contained in their intersection.

Sampling Model and Prior

I model the conditional density ofW given Z using (1.3). Recall that the conditional density satisfies

pθ,B(w|z) ∝ exp(log fθ(w|z) + B(Fθ,z(w), F0(z))), where fθ(w|z) is a conditional probability

density function known up to θ ∈ Θ ⊆ Rdθ , Fθ,z(w) is the associated vector dw × 1 vector of

conditional cumulative distribution functions, F0(z) is a compactification that maps Z to [0, 1]dz ,

and B : T → R is a function-valued parameter. For each j ∈ {1, ..., dw}, let fθ,j(wj|z, w1, ..., wj−1)

denote the conditional density of Wj given Z,W1, ...,Wj−1 under the parametric base density

fθ(·|z).

Assumption 12. Θ ⊆ Rdθ is compact and the class {fθ : θ ∈ Θ} satisfies: 1. the map-

ping (w, z, θ) 7→ fθ,j(wj|z, w1, ..., wj−1) is continuous in all arguments for all j = 1, ..., dw,

2. fθ,j(wj|z, w1, ..., wj−1) > 0 for all (w, z, θ) ∈ W × Z × Θ and all j = 1, ..., dw, and

3. sup(w,z)∈W×Z | log fθ1(w|z)− log fθ2(w|z)| ≲ ||θ1 − θ2||2 for all θ1, θ2 ∈ Θ.

Assumption 12 imposes some standard regularity conditions on the parametric class of base

densities {fθ : θ ∈ Θ}. The first two parts ensure that w 7→ Fθ,z(w) has a continuous inverse for all

θ ∈ Θ and all z ∈ Z because it guarantees that the component cumulative distribution functions

33A function f : T → R is α-Hölder continuous, α > 0, if there exists a constant C > 0 such that |f(t)− f(s)| ≤
C||t− s||α for all t, s ∈ T . For α = 1, the definition coincides with that of a Lipschitz function.
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are strictly increasing and continuous on W .34 It is useful because it enables vieweing pθ,B(·|z)

as a conditional probability density function on [0, 1]dw via the change of variables w = F−1
θ,z (u)

with u ∈ [0, 1]dw . The last part requires that the class of densities is uniformly Lipschitz in the

parameter, and, along with the compactness assumption about Θ, is useful for some metric entropy

calculations. It is slightly stronger than A3 in De Blasi and S. G. Walker (2013), a paper that proves

some posterior consistency results for unconditional densities similar to (1.3), in that they require a

uniform Lipschitz property over neighborhoods of the finite-dimensional parameter that minimizes

the Kullback-Leibler divergence between the true density and the parametric baseline.

A prior for the conditional density is obtained by assuming a probability law Π for (θ, B). I set

Π = ΠΘ × ΠB, where ΠΘ is a probability distribution supported on Θ with a continuous Lebesgue

density πΘ, and ΠB is a centered Gaussian process in (C(T,R), || · ||∞) with sufficiently smooth

sample paths and restricted to have uniformly bounded sample paths. A formal description is found

in Definiton 1 and Assumption 13.

Definition 1. A centered Gaussian process in (C(T,R), || · ||∞) is a continuous stochastic process

{B(t) : t ∈ T} such that, for every t1, ..., tk ∈ T and k ≥ 1, the vector of function values

(B(t1), ..., B(tk))
′ follows a mean-zero multivariate Gaussian distribution, where the covariance

matrix is determined by the covariance function κ : T × T → R, a symmetric positive-semidefinite

kernel on T , evaluated at the possible pairs inputs t1, ..., tk.

Assumption 13. The prior Π satisfies Π = ΠΘ × ΠB, where ΠΘ is a probability distribution

supported on Θ with a continuous Lebesgue density πΘ, and ΠB is the renormalized restriction of

the law Π̃B of a centered Gaussian process B in (C(T,R), || · ||∞) to the event {||B||∞ ≤ B̄} for

some large B̄ ∈ (0,∞) with the property that sample paths B are regular in the sense that there

exists α > dz/2 such that B takes values in (Ca(T,R), || · ||a) for every 0 < a < α.

Some comments on the prior. Uniform boundedness of the sample paths is a technical condition

34Namely, F−1
θ,z : [0, 1]dw → W satisfies F−1

θ,z (u1, ..., udw) = (F−1
θ,z,1(u1), F

−1
θ,z,2(u1, u2), ..., F

−1
θ,z,dw

(u1, ..., udw))

with F−1
θ,z,1(u1) being the conditional quantile function associated with fθ,1(w1|z) evaluated at u1, F−1

θ,z,2(u1, u2) being
the conditional quantile function associated with fθ,2(w2|w1, z) evaluated at u2 with w1 = F−1

θ,z,1(u1), and so on.
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that helps control the high-frequency behavior of certain random conditional probability density

functions. A similar restriction is imposed in Giné and Nickl (2011) and is also used to control

random approximation errors. The magnitude of the bound does not play any role in the derivations,

and, as a result, it can be treated as an arbitrarily large but finite number. This is why it is ignored in

Section 1.3. The smoothness condition requires that sample paths B be (almost) α-Hölder, and, like

the uniform boundedness restriction, the condition that α > dz/2 is used to control basis expansion

remainders. The example below illustrates that the Matérn Gaussian process used as a prior in

Section 1.3 satisfies this smoothness requirement.

Example 3 (Matérn Process). For ease of exposition, suppose that θ is fixed at some value θ∗ (i.e.,

ΠΘ is a point mass at θ∗) and that Π̃B is the law of a centered Matérn process indexed by α > 0.

Matérn Gaussian processes are a class of stationary Gaussian processes with covariance functions

obtained by applying the Fourier transform to spectral densities m(λ) = (1 + ||λ||22)−α−d/2 with

α > 0.35 That is, for a given α > 0, the Matérn covariance function is

κ(s, t) =

∫
exp(i(s− t)′λ)(1 + ||λ||22)−α−d/2dλ, (1.15)

where i is the imaginary unit.36 From (1.15), the choice of α > 0 determines the covariance function

κ and, by extension, the specific Gaussian process prior. Using properties of the spectral density

m, it can be shown that Matérn process is a Gaussian process in Ca(T,R) for all 0 < a < α (see

Section 3.1 of van der Vaart and van Zanten (2011)). Hence, the smoothness restriction imposed in

Assumption 13 is consistent with the priors used in the empirical illustration in Section 1.3.

Internal Variables, External Variables, and Residuals

Finally, I impose some restrictions for the internal variables, the external variables, and the residuals.

35More generally,m(λ) = ν(τ2+||λ||22)−α−d/2 for constants ν, τ, α > 0 (Stein, 1999). However, for the theoretical
analysis in this section, it is enough to set ν = τ = 1.

36κ can be represented using special functions. See Appendix A.2.2 for details.
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Assumption 14. The following conditions hold: 1. the support W is a compact subset of Rdw ,

2. Z = [0, 1]dz , 3. the true conditional density p0,W |Z of W given Z is defined with respect to the

Lesbegue measure, and is continuous and positive on W ×Z , and 4. the marginal distribution P0,Z

admits a density p0,Z with respect to the Lebesgue measure on [0, 1]dz that is bounded away from

zero and infinity.

Assumption 15. The following conditions hold: 1. the parameter space Γ is a compact subset of

Rdγ , 2. (w, z, γ) 7→ gj(w, z, γ) is continuous for each j = 1, ..., dg, 3. (w, z, γ) 7→ ∂gj(w, z, γ)/∂γ
′

is continuous for each j = 1, ..., dg, and 4. (w, z, γ) 7→ ∂2gj(w, z, γ)/∂γ∂γ
′ is continuous for each

j = 1, ..., dg.

I briefly discuss these assumptions. The first two parts of Assumption 14 impose that the support

of the internal and external variables are compact subsets of Rdw and Rdz , respectively. Bounded

internal variables may be restrictive in some applications. For instance, in the context of Section

1.3, it rules out households that do not purchase gasoline, however, this is not a problem for the

Blundell et al. (2012, 2017) dataset used in the empirical analysis. Compactness of the conditioning

variables is standard in nonparametric estimation theory, and, once compactness has been assumed,

it is without loss of generality to set Z = [0, 1]dz . Consequently, I set the compactification F0

used to construct pθ,B equal to the identity (i.e., pθ,B(w|z) ∝ exp(log fθ(w|z) + B(Fθ,z(w), z))).

Combined with the first two parts, Part 3 of Assumption 14 implies that the conditional density of

W given Z is bounded away from zero and infinity. Part 4 of Assumption 14 is also standard in

nonparametric estimation theory. Assumption 15 enforces compactness of the structural parameter

space and strengthens Assumption 7 to enforce that the residuals, their first derivatives, and their

second derivatives are continuous in the data and the parameters. Parts 2–4 are satisfied for the

demand models from Section 1.3. Moreover, the size of Γ plays no role in the argument, so, like the

boundedness of B, it can be considered a technical restriction (i.e., the diameter of Γ can be taken

as arbitrarily large but finite).
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1.5.2 Verifying the Assumptions

This section provides sufficient conditions for Assumption 11 and the prior invariance condition for

the class of priors based on Assumptions 12–13. There are three results. First, I establish a posterior

consistency guarantee in the root mean squared Hellinger (RMSH) distance. Second, I obtain an

empirical uniform convergence guarantee from the RMSH consistency, and, as a result, it covers the

third part of Assumption 11. Together these results imply Parts 1–3 of Assumption 11, and, being

general results on conditional density estimation, they may be of interest beyond the conditional

moment restriction model. The remaining parts of Assumption 11, which are viewed as technical,

are trivially satisfied under Assumptions 14 and 15. The third result is sufficient conditions for the

prior invariance condition (1.13).

Posterior Consistency in the RMSH Distance

I derive sufficient conditions for the posterior to concentrate around the true conditional density

p0,W |Z in the RMSH distance. Specifically, the goal is showing that, for almost every fixed realization

{zi}i≥1 of {Zi}i≥1, there is a sequence {δn}n≥1 with δn → 0 as n→ ∞ such that

Πn

(
(θ, B) : hn(pθ,B, p0,W |Z) < Dδn

∣∣W (n)
) P (n)

0,W |Z−→ 1 (1.16)

as n→ ∞ for some constant D > 0 large, where

hn(pθ,B, p0,W |Z) =

√√√√ 1

n

n∑
i=1

h2(pθ,B(·|zi), p0,W |Z(·|zi))

is the RMSH distance between pθ,B and p0,W |Z with

h2(pθ,B(·|z), p0,W |Z(·|z)) =
∫ (√

pθ,B(w|z)−
√
p0,W |Z(w|z)

)2

dw

being the squared Hellinger distance between the conditional densities at z. If δn = o(n−1/4), then

Part 1 and Part 2 of Assumption 11 are satisfied for any sequence of sets {P̃n,W |Z}n≥1 such that the

set inclusion P̃n,W |Z ⊆ {(θ, B) : hn(pθ,B, p0,W |Z) < Dδn} holds. Indeed, Assumptions 14 and 15
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imply that

sup
γ∈Γ

||m(·, γ)−m0(·, γ)||n,2 ≲ hn(pθ,B, p0,W |Z) (1.17)

and

sup
γ∈Γ

||M(·, γ)−M0(·, γ)||n,2 ≲ hn(pθ,B, p0,W |Z). (1.18)

I use general posterior contraction results for triangular arrays derived in Ghosal and van der

Vaart (2007) and the Gaussian process contraction rate theory from van der Vaart and van Zanten

(2008a) to find sequences that satisfy (1.16). The reproducing kernel Hilbert space (RKHS) of the

Gaussian process B is important for applying this theory.

Definition 2. The reproducing kernel Hilbert space (RKHS) H associated with the centered

Gaussian process B is the completion of the space of functions f : T → R satisfying f(t) =∑k
j=1 ajκ(tj, t), where a1, ..., ak ∈ R, t1, ..., tk ∈ T , and k ≥ 1, relative to the norm || · ||H induced

by the inner product ⟨f, f̃⟩H =
∑k

j=1

∑k′

l=1 ajalκ(tj, tl) for f, f̃ ∈ H.

The role of the RKHS is twofold. First, the support of the unrestricted Gaussian process Π̃B

is the closure H of H with respect to the supremum norm || · ||∞ (see Lemma 5.1 of van der

Vaart and van Zanten (2008b)). This implies there is no hope of consistently estimating the true

conditional density if its logarithm is not contained in the uniform closure of the RKHS. Second,

the convergence rate is tied to the concentration function φb0,θ of B at b0,θ,

φb0,θ(δ) = inf
f∈H:||f−b0,θ||∞≤δ

1

2
||f ||2H − log Π̃B(||B||∞ < δ)

for δ > 0, where

b0,θ(u, z) = log p0,W |Z(F
−1
θ,z (u)|z)− log fθ(F

−1
θ,z (u)|z)

for (u, z) ∈ [0, 1]dw × [0, 1]dz . Intuitively, φb0,θ is a quantitative measure of the mass that a Gaussian

process places around b0,θ as measured by the RKHS. The next result, based on Theorem 4 of

Ghosal and van der Vaart (2007) and Theorem 2.1 of van der Vaart and van Zanten (2008a), makes
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this precise. Although a relatively straightforward application of these theorems, it may be of

general interest because

1. van der Vaart and van Zanten (2008a) only consider unconditional density estimation, and

2. the posterior consistency theorem from Tokdar et al. (2010) does not provide a rate.37

Proposition 1. Suppose Assumptions 5, 12, 13, and 14 holds. If the following conditions hold:

1. supθ∈Θ ||b0,θ||∞ ≤ B̄,

2. {b0,θ : θ ∈ Θ} ⊆ H, and

3. supθ∈Θ φb0,θ(δn) ≤ nδ2n for some sequence {δn}n≥1 satisfying δn → 0 and nδ2n → ∞

, then, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, the posterior satisfies

Πn

(
hn(pθ,B, p0,W |Z) < Dδn

∣∣W (n)
) P (n)

0,W |Z−→ 1

as n→ ∞ for some large constant D > 0.

Example 3 (Continued). If b0,θ∗ ∈ Cα0(T,R) ∩ Sα0(T,R) for some α0, then results on the con-

centration function for Matérn priors from Section 3.1 of van der Vaart and van Zanten (2011)

imply that the contraction rate is δn = n−min{α,α0}/(2α+d). Consequently δn = o(n−1/4) if and

only if α > d/2 and α0 > α/2 + d/4. The second inequality be interpreted as ruling out certain

forms of oversmoothing because, in the undersmoothed case (i.e., α ≤ α0), the contraction rate is

δn = n−α/(2α+d) meaning that α > d/2 implies δn = o(n−1/4). Note that the posterior contracts

around p0,W |Z at the minimax rate n−α0/(2α0+d) when α = α0 and satisfies δn = o(n−1/4) provided

that α0 > d/2.

37It should be noted, however, that Tokdar et al. (2010) allow for subspace projection to incorporate high dimensional
Z in their proof of consistency.
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Empirical Uniform Convergence

Proposition 1 alone is too weak to be used for the verification of Part 3 of Assumption 11.38 However,

it can be combined with a projection argument to obtain a (possibly suboptimal) contraction rate in

the empirical supremum total variation distance,

max
1≤i≤n

∫
|pθ,B(w|zi)− p0,W |Z(w|zi)|dw.

Since it concerns the behavior of conditional probability density functions, this result may be of

general interest beyond the conditional moment equality model. In particular, 1. it differs from the

heuristic in Section 4.3 of De Blasi and S. G. Walker (2016) through the choice of prior and the

empirical uniform convergence guarantee, and 2. it is novel relative to Proposition 2 of Castillo and

Rousseau (2015), where projection is used to establish uniform convergence of an unconditional

probability density function.

Proposition 2. Suppose that Assumptions 5, 12, 13, and 14 hold. If

sup
θ∈Θ

∫
[0,1]dw

|| log p0,W |Z(F
−1
θ,· (u)|·)||

2
α0
du <∞

for some α0 > dz/2, and

sup
θ∈Θ

∫
[0,1]dw

|| log fθ(F−1
θ,· (u)|·)||

2
adu <∞

for each a ∈ (0, α), then, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, there exists sequences

{P̃1,n,W |Z}n≥1 and {δ̃n}n≥1 with δ̃n := δ̃n({zi}i≥1, δn, J) such that

Πn

(
P̃n,1,W |Z |W (n)

) P
(n)
0,W |Z−→ 1

sup
pθ,B∈P̃1,n,W |Z

max
1≤i≤n

∫
W

∣∣pθ,B(w|zi)− p0,W |Z(w|zi)
∣∣ dw ≤ D̃δ̃n

for a constant D̃ > 0 large enough, where {δn}n≥1 is the rate from Proposition 1 and J ∈ Z++

38An exception is when Z has finite support because all product space norms defined relative to {zi}ni=1 are
equivalent.
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Several features of Proposition 2 should be discussed. The first concerns the interpretation of the

result and its connection to the Bernstein-von Mises theorem. Proposition 2 states that, given a pre-

liminary RMSH rate δn and some Hölder-type smoothness conditions for z 7→ {log fθ(F−1
θ,z (·)|z) :

θ ∈ Θ} and z 7→ {log p0,W |Z(F
−1
θ,z (·)|z) : θ ∈ Θ}, there exists a sequence {δ̃n}n≥1 that bounds the

empirical supremum total variation distance between {pθ,B(·|z) : z ∈ [0, 1]dz} and {p0,W |Z(·|z) :

z ∈ [0, 1]dz}. Since Assumptions 14 and 15 reveal that for any j, k ∈ {1, ..., dg},

max
1≤i≤n

||EPθ,B
[gj(W,Z, γ)gk(W,Z, γ)|Z = zi]− EP0,W |Z [gj(W,Z, γ)gk(W,Z, γ)|Z = zi]||n,∞

≲ max
1≤i≤n

∫
W

∣∣pθ,B(w|zi)− p0,W |Z(w|zi)
∣∣ dw,

the condition δ̃n = o(n−1/4) implies Assumption 11.3. Combined with the fact that Assumptions

11.4-11.6 hold under Assumptions 14 and 15, Propositions 1 and 2 provide a complete set of

low-level sufficient conditions for Assumption 11.

The second discussion point concerns the proof. Proposition 2 is where the Hölder assumption

on the sample paths of the Gaussian process B is used explicitly. The smoothness restriction

ensures that the sample paths {pθ,B(·|z) : z ∈ [0, 1]dz} are well approximated by tensor products

of the boundary-adapted wavelet basis from Cohen et al. (1993a) (referred to as ‘CDV wavelets’

from here onwards) and that the posterior concentrates around certain sequences of Hölder balls

as n→ ∞.39 A bound on the empirical supremum total variation distance norm is then obtained

by 1. showing the empirical supremum L1-distance between the sample least squares projections

of {pθ,B(·|z) : z ∈ [0, 1]dz} and {p0,W |Z(·|z) : z ∈ [0, 1]dz} onto a finite-dimensional linear sieve

generated by the wavelets is bounded (up to a multiplicative constant) by the RMSH distance,

and 2. using the Hölder smoothness assumptions to control the remaining approximation errors.

Provided that the sieve dimension {Jn}n≥1 satisfies Jn → ∞ as n → ∞ appropriately, these

arguments imply that the sequence {δ̃n}n≥1 satisfies

δ̃n = O
(
2Jn

dz
2 δn +

√
nδn2

Jn(
dz
2
−a) + 2Jn(

dz
2
−α0)

)
,

39See Appendix A.3.4 for background on CDV wavelets and the relevant properties.
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where a ∈ (dz/2, α) is a constant that is arbitrarily close to α. Example 3 uses this expression to

find pairs (α, α0) for which δ̃n = o(n−1/4) holds. The takeaway is that uniform convergence at a

rate faster than n−1/4 may require some smoothness and that the prior’s regularity α cannot severely

deviate from the regularity α0 of the true conditional density.

Example 3 (Continued). I elaborate on the rate δ̃n in the context of the Matérn Gaussian process

prior. Setting 2Jn = (n/ log n)1/(2α+dz), I obtain

2Jn
dz
2 δn +

√
nδn2

Jn(
dz
2
−a) + 2Jn(

dz
2
−α0) = δnn

dz
2(2α+dz) (log n)−

dz
2(2α+dz)

+ δnn
(α−a)+dz
2α+dz (log n)−

(dz−2a)
2(2α+dz)

+ n
(dz−2α0)
2(2α+dz) (log n)−

(dz−2α0)
2(2α+dz)

:= rn,1 + rn,2 + rn,3

Since rn,1 = o(rn,2),40 it suffices to find conditions under which the following conditions hold:

n
(dz−2α0)
2(2α+dz) (log n)−

(dz−2α0)
2(2α+dz) = o(n− 1

4 ), δnn
(α−a)+dz
2α+dz (log n)−

(dz−2a)
2(2α+dz) = o(n− 1

4 ).

Substituting the rate δn = n−min{α,α0}/(2α+d) derived earlier and using that polynomial decay is

faster than logarithmic growth, these terms are o(n−1/4) if the following inequalities holds:

α

2
+

3dz
4

< α0,
1

4
+
dz + (α− a)

2α + dz
<

min{α, α0}
2α + d

. (1.19)

Since these inequalities are not as easily interpreted as their RMSH counterparts, I plot the range

of feasible (α, α0)-pairs for (dw, dz) ∈ {(1, 2), (2, 2)} in Figure 1.2 (note that (dw, dz) = (2, 2)

corresponds to simulations/empirical illustration in Section 1.3).41 From the plots, there are two

key takeaways: 1. a sufficient condition for the rate requirement is that the Hölder index of the prior

and the true function are both sufficiently large and there is not a large mismatch between the two,

40Note that rn,1/rn,2 = 2aJn/n1/2. Substituting 2Jn = (n/ log(n))1/(2α+dz), rn,1/rn,2 = o(1) if n
a

2α+dz /
√
n =

o(1). Since a < α, n
a

2α+dz /
√
n = o(n

α
2α+dz /

√
n) and n

α
2α+dz /

√
n = o(1) because dz > 0.

41I only plot the second inequality in (1.19) because inspection of the plots for (α, α0) ∈ [0, 10]2 indicates that the
first inequality holds when the second holds.
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and 2. there is a curse of dimensionality because the range of feasible (α, α0)-pairs shrinks towards

the northeast when dw increases.

Figure 1.2: Feasible (α, α0)-Pairs for the Matérn Prior

Prior Invariance

I conclude this section with sufficient conditions for the prior invariance (1.13). Specialized to this

example, prior invariance requires that∫
P̃n,W |Z

Ln(pt,n,θ,B)dΠB(B)πΘ(θ)dθ∫
P̃n,W |Z

Ln(pθ,B)dΠB(B)πΘ(θ)dθ
= 1 + o

P
(n)
0,W |Z

(1), (1.20)

as n → ∞, where pt,n,θ,B(w|z) ∝ pθ,B(w|z) exp(−t′χ̃0(w, z)/
√
n) is a tilting of the conditional

density that incorporates the efficient influence function. Like the verification of Assumption 11, the

RKHS has an important role because the condition holds if the optimal residual from Chamberlain

(1987),

g̃0(w, z, γ0) =M0(z, γ0)
′Σ−1

0 (z, γ0)g(w, z, γ0),

is well-approximated by it. The next proposition formalizes this claim and is based on Proposition

3 of Castillo and Rousseau (2015). For notation, let {g̃0,θ : θ ∈ Θ} be a class of functions that
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satisfies g̃0,θ(u, z, γ0) = g̃0(F
−1
θ,z (u), z, γ0), z, γ0) for (u, z, θ) ∈ [0, 1]dw × [0, 1]dz ×Θ.

Proposition 3. Suppose that Assumptions 5, 6, 12, 13, 14, and 15 hold. Further, suppose that

{g̃0,θ,j : θ ∈ Θ}, j = 1, ..., dγ , is contained in H and that there are sequences {g̃∗n,θ,j : θ ∈ Θ}n≥1,

j = 1, ..., dγ, in H and {ζn}n≥1 in R++ with ζn → 0 such that

1. supθ∈Θmax1≤j≤dγ ||g̃∗n,θ,j − g̃0,θ,j||∞ ≲ ζn.

2. supθ∈Θmax1≤j≤dγ ||g̃∗n,θ,j||H ≲
√
nζn.

3.
√
nζnδn → 0 as n→ ∞.

and that

sup
θ∈Θ

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

{∆∗
n,θ(Wi, zi)− EP0,W |Z [∆

∗
n,θ(W,Z)|Z = zi]}

∣∣∣∣∣
∣∣∣∣∣
2

P
(n)
0,W |Z−→ 0

as n→ ∞, where

∆∗
n,θ(Wi, zi) = g̃∗n,θ(Fθ,zi(Wi), zi)− g̃0,θ(Fθ,zi(Wi), zi)

for each n ≥ 1. Then there is a sequence {P̃n,W |Z}n≥1 such that (1.20) holds.

Part 3 of Proposition 3 formalizes the earlier point about the RKHS approximation. Suppose that

θ is fixed and equal to θ∗ for ease of exposition.42 Since H is the smallest closed set that contains

H in the topology of uniform convergence, sequences {g̃∗n,θ∗,j}n≥1 and {ζn}n≥1 such that Part 1

holds always exist. Moreover, Part 2 implies that the sequences {ζn}n≥1 can be computed as ζn =

max1≤j≤dγ ζn,j , where ζn,j is the minimal solution to the inequality inff∈H:||f−g̃0,θ∗,j ||∞≤ζn,j

1
2
||f ||H ≲

nζ2n,j , an inequality that features prominently in concentration function calculations (e.g., van der

Vaart and van Zanten (2008a)). Since it is assumed that δn = o(n− 1
4 ), Part 3 requires that

ζn,j = o(n− 1
4 ) for j = 1, ..., dγ . This is not innocuous because ζn,j generally depends on the

regularity of the component functions g̃0,θ∗,j implying that it is possible that ζn,j → 0 very slowly if

42The discussion extends to random θ by making the appropriate uniformity qualifications just like the proposition
statement. This uniformity is over a compact set Θ, so this extension should be considered a technical requirement
rather than having a substantive impact on the discussion.
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the optimal residual g̃0,θ∗ is not well-approximated by H. The continuation of Example 3 makes this

concrete for the Matérn process in that it demonstrates that the smoothness of g̃0,θ must be similar

to the smoothness of the Gaussian process sample paths.

Example 3 (Continued). Suppose that there exists β0,1, ..., β0,dg > 0 such that g̃0,θ∗,j(·, ·, γ0) ∈

Cβ0,j(T,R) ∩ Sβ0,j(T,R) for j = 1, ..., dg. Applying Lemma 4 of van der Vaart and van Zan-

ten (2011), one can show that ζn,j = n−β0,j/(2α+d) for j = 1, ..., dγ , and, as a result, ζn =

max1≤j≤dγ ζn,j = o(n−1/4) if and only if

min
1≤j≤dγ

β0,j >
α

2
+
d

4
.

This further restricts the regularity of the prior sample paths and rules out excessive smoothing

because the inequality does not hold for values of α that are very large relative to β0,j .

1.6 Conclusion and Possible Extensions

1.6.1 Summary

This paper proposes a semiparametric Bayesian inference framework for parameters defined by

conditional moment equalities. The method constructs a posterior for the structural parameter

via the pushforward of a conditional density posterior through an iterated minimum distance

estimand. It has the same data requirements as frequentist semiparametric estimators and targets

the conditional moments directly. The former means that it can readily accommodate economic

data issues such as heteroskedasticity, while the latter is useful because overidentification makes

converting the conditional moment to unconditional moments challenging. Moreover, as a fully

Bayesian inference procedure, it offers finite-sample uncertainty quantification via credible sets, can

be used for decision-making under the expected utility framework, and enables model comparison.

The framework is conceptually simple because, given a sample from the structural posterior, answers

to inference questions are obtained through manipulations of an empirical distribution.
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At the same time, this approach to Bayesian inference requires assuming a prior for a conditional

probability density function. This raises the possibility that the structural posterior is sensitive

to the prior for the infinite-dimensional nuisance parameter even in large samples. To resolve

these concerns, I prove a general semiparametric Bernstein-von Mises theorem that provides

general conditions under which, in large samples, the structural posterior is approximately normally

distributed, centered at an efficient estimator, and with variance given by the Chamberlain (1987)

semiparametric efficiency. I then verify the key high-level conditions for a class of priors that

feature in the simulation studies and empirical illustration with an important takeaway being that

the Bernstein-von Mises theorem depends on how well the Chamberlain (1987) optimal residual is

approximated by a reproducing kernel Hilbert space. A byproduct of the theorem is that Bayesian

credible sets are asymptotically efficient frequentist confidence sets.

1.6.2 Possible Extensions

A first extension is incorporating a prior for the structural parameter γ. The semiparametric

Bayesian approach gives the researcher no control over the prior for the parameter of interest.

Indeed, the inference framework is based on a nonparametric probability model for the conditional

distribution of W and Z while inferences drawn about the structural parameter are based on an

implied distribution. Although there is a tradition in Bayesian econometrics revolving around this

principle (e.g., the application of the Ferguson (1973) Dirichlet process to unconditional moment

restrictions in Chamberlain and Imbens (2003) and to identified sets in Kline and Tamer (2016)), the

lack of control over the prior for the structural parameter may be considered a drawback because a

researcher with domain-specific knowledge about the economic phenomenon under study may want

to flexibly incorporate this by specifying a prior. For example, some of the structural parameters in

the simulation and empirical illustration in Section 1.3 have an interpretation as price and income

elasticities, both objects that a researcher may have informed prior beliefs about. Kessler et al.

(2015) propose an approach to reweighting pushforward posteriors to incorporate a researcher’s

beliefs about a low-dimensional target parameter.
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A second extension is to verify the sufficient conditions for Theorem 1 for a broader class of pri-

ors. Although Gaussian processes are a common approach to nonparametric density estimation, there

are many other methods for specifying priors for conditional densities (e.g., covariate-dependent

generalizations of Dirichlet process mixtures (Quintana et al., 2022) and mixtures of experts (Norets,

2010; Norets and Pelenis, 2014; Norets and Pati, 2017)). As far as I know, an open theoretical

question (with applications beyond conditional moment equalities) is semiparametric Bernstein-von

Mises theory for these priors (in particular, verifying prior invariance). Developing this theory and

comparing the finite-sample performance with the Gaussian process methods applied in this paper

is an interesting direction for future research. Similarly, research determining conditions under

which adaptive priors (i.e., those that learn the unknown regularity of p0,W |Z) can be used without

compromising the Bernstein-von Mises theorem is also an important direction. Indeed, the sufficient

conditions in Section 1.5 indicate that the Bernstein-von Mises theorem depends on the interplay

between the regularity of the prior and the true conditional density, the latter of which is unknown.

A third extension allows the structural parameter γ to be infinite-dimensional (i.e., a function).

For instance, an important extension of Example 1 is to accommodate the structural equation

Y = γ(D,X) + U , where γ : D × X → R is an unknown function, and U is an error term that

satisfies E[U |X = x,A = a] = 0 for all (x, a) ∈ X ×A. This is the nonparametric instrumental

variables model (NPIV) model – a model that has received considerable attention (Ai and Chen,

2003; Newey and Powell, 2003; Hall and Horowitz, 2005; Blundell et al., 2007; Darolles et al., 2011;

Horowitz, 2011; Kato, 2013; Berry and Haile, 2014; Chen and Christensen, 2018; Compiani, 2022;

Chen et al., 2024). Approximating the unknown function γ(D,X) using a finite-dimensional linear

sieve Ψ(D,X)′γ, where Ψ(D,X) is a dΨ × 1 vector of basis functions with dΨ := dΨ(n) → ∞

as n → ∞, leads to a conditional moment equality indexed by a finite-dimensional parameter

(in fact, it is Example 1). Hence, an NPIV extension that models the structural function using a

finite-dimensional linear sieve does not change the implementation of the semiparametric Bayes

approach; the challenge is modifying the asymptotic results to match the Ai and Chen (2003)

efficiency theory.
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A fourth extension allows for dependent data. In many macroeconomic and finance appli-

cations (e.g., those mentioned in the first paragraph of Section 1.1), the data is a time series

(W−p+1,W−p+2, ...,Wn,Wn+1), where p ≥ 1 is an integer, and the goal is an inference about a

structural parameter γ that satisfies E[g(Wi+1,Wi, ...,Wi−p+1, γ)|{Wj}ij=i−p+1] = 0. Carrasco

and Florens (2014) extend Chamberlain (1987) to the case where {Wi}i≥1 is a stationary ergodic

Markov process of order p. It is foreseeable that a Bayesian model for the transition distribution

(i.e., that of Wi+1 given {Wj}ij=i−p+1) and an appropriate modification to the iterated minimum

distance problem would lead to a semiparametric Bernstein-von Mises theorem for conditional

moment restriction models with time series data. I leave this as a subject of future research because

there are likely to be several technical challenges that arise when dependence is introduced (e.g.,

LAN expansions) and the data structure may motivate different priors.
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Chapter 2

Parametrization, Prior Independence, and

the Semiparametric Bernstein-von Mises

Theorem for the Partially Linear Model

2.1 Introduction

2.1.1 Overview

This paper is concerned with Bayesian inference for a partially linear regression model. The partially

linear model states that the outcome Y ∈ R is related to covariates X ∈ R and W ∈ Rdw via the

regression model

Y = Xβ0 + η0(W ) + U, (2.1)

where β0 is a scalar parameter, η0 is a function-valued parameter, and U is a scalar unobservable that

satisfies E[U |X,W ] = 0 and V ar[U |X,W ] = σ2
01 for some scalar σ2

01 ∈ (0,∞). Partially linear

models appear in a variety of applications including modeling the relationship between temperature

and electricity demand (Engle et al., 1986), economic models of production with endogenous input

choices (Olley and Pakes, 1996; Levinsohn and Petrin, 2003; Wooldridge, 2009; Ackerberg et al.,

66



2015), and sample selection models (Ahn and Powell, 1993; Das et al., 2003). Moreover, the

model has also gained recent theoretical attention as a leading example for which debiased machine

learning methods are applied (see, for example, Chernozhukov et al. (2018)).

My analysis views β0 as the parameter of interest while treating η0 as an infinite-dimensional

nuisance parameter. The goal is to derive conditions under which the Bernstein-von Mises theorem

holds (i.e., the marginal posterior for β is asymptotically normal and matches an efficient frequentist

estimator). A key challenge with Bernstein-von Mises theory for the partially linear model is

that there is loss of information associated with not knowing the nuisance parameter η0, and, as a

result, the natural assumption that β and η are independent a priori leads to prior invariance. Prior

invariance refers to constructing a change of variables that respects the model’s semiparametric

structure and leaves the prior for the nuisance function η roughly unchanged. It was first emphasized

as a general condition for semiparametric Bernstein-von Mises theorems in the important papers

of Castillo (2012b,a), and it introduces both practical and technical issues.1 From a practical

standpoint, prior invariance stipulates that the prior for η must be adequate for estimating of the true

control function η0 and the conditional expectation m02 of X given W , a condition that restricts

the smoothness m02 relative to η0, and, as a result, limits the data-generating processes for which

the Bernstein-von Mises theorem can be applied. From a technical perspective, showing the prior

for η is roughly unchanged after the change of variables can be difficult to verify for some priors

because it involves performing an infinite-dimensional change of measure (e.g., this is a key reason

that Castillo (2012b,a) focuses on Gaussian priors).

The main contribution of this paper is a Bernstein-von Mises theorem for the partially linear

model that bypasses prior invariance. Theorem 2 in Section 2.3.1 establishes this result, and the

theorem is verified for two examples in Section 2.3.2. A common theme in the examples is that

there are no cross-restrictions on the smoothness of nuisance functions, which demonstrates that

my approach can eliminate the aforementioned practical challenge of requiring a prior for a single

1Prior invariance is also encountered in statistical functional estimation (Rivoirard and Rousseau, 2012; Castillo
and Rousseau, 2015; Ray and van der Vaart, 2020). Moreover, the condition has been shown to be an almost necessary
condition for the Bernstein-von Mises theorem in some models (e.g., the curve alignment model in Castillo (2012a)).
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nuisance parameter (i.e., η) be suitable for estimation of multiple quantities (i.e., η0 and m02). To

make things concrete, my proposal is to embed an interest-respecting reparametrization of (2.1)

given by

Y = m01(W ) + [X −m02(W )]β0 + U, (2.2)

where m01(W ) = E[Y |W ] and m02(W ) = E[X|W ], within a (quasi-)likelihood model that

is suitable for identification of (β0,m01,m02), and then perform Bayesian inference by placing

independent priors on β and m = (m1,m2). The transformed regression model (2.2) is commonly

referred to as the Robinson (1988) transformation, and is observationally equivalent to (2.1) because

η0 is identified as m01 − β0m02. A key property of the (quasi-)likelihood model is that there is no

loss of information associated with not knowing the nuisance parameter m0 = (m01,m02) (i.e.,

it is adaptive in the sense of Bickel (1982)). Consequently, there is no need to change variables

because ordinary/parametric local asymptotic normality expansions respect the semiparametric

structure of the model. For terminology, I refer to (2.1) as the (β, η)-parametrization and (2.2) as

the (β,m)-parametrization throughout.

To my knowledge, Theorem 2 is the first Bernstein-von Mises theorem for the (β,m) parametriza-

tion of the partially linear model. It has several important takeaways. The first takeaway is that the

findings demonstrate that the choice of parametrization can influence the conditions under which

the semiparametric Bernstein-von Mises theorem holds. This is demonstrated explicitly in Section

2.4.2 in which the (β, η)- and (β,m)-parametrizations are compared for Matérn Gaussian process

priors, a class of Gaussian process priors popular in applications (see, for example, Rasmussen and

Williams (2005)). Since the (β,m)-parametrization is orthogonal (and the (β, η)-parametrization is

not), this takeaway is similar to the recent frequentist debiased machine learning literature (Cher-

nozhukov et al., 2018) and is reminiscent of classical results on improving parametric likelihood

estimators via orthogonal parametrizations (Cox and Reid, 1987). The second takeaway is that the

use of reparametrization to eliminate prior invariance conditions avoids data-driven prior/posterior

adjustments. For this reason, my proposal offers a conceptually distinct approach to obtaining
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debiased Bernstein-von Mises theorems relative to those encountered in a growing literature on

data-driven prior/posterior adjustments (Yang et al., 2015; Ray and Szabó, 2019; Ray and van der

Vaart, 2020; Breunig et al., 2022; Yiu et al., 2025). Determining whether the approach of this paper

is more generally applicable is an important area for future research. A final takeaway is that the

Bernstein-von Mises theorem can be valid even if the (quasi-)likelihood model is misspecified. This

reflects classical results on quasi-maximum likelihood estimation (Gourieroux et al., 1984; White,

1994), and Section 2.3.2 makes the claim precise by verifying Theorem 2 for uniform wavelet series

priors without requiring the sampling model be correctly specified.

2.1.2 Related Literature

This paper connects to several active literatures in statistics and econometrics. First, it is related to

the literature on semiparametric Bernstein-von Mises theorems. A Bernstein-von Mises theorem for

the (β, η)-parametrization with independent priors for β and η is studied in Shen (2002), Bickel and

Kleijn (2012), Yang et al. (2015), and Xie and Xu (2020). Castillo (2012b,a) are also relevant to

my paper because these important papers emphasize the role of the prior invariance condition in

separated semiparametric models with information loss. Relatedly, Rivoirard and Rousseau (2012)

and Castillo and Rousseau (2015) demonstrated the importance of prior invariance for general

smooth functionals of nonparametric models (with the latter treating separated semiparametric

models as a special case). Yang et al. (2015); Ray and van der Vaart (2020); Breunig et al. (2022),

and Yiu et al. (2025) propose data-driven prior/posterior corrections to prove Bernstein-von Mises

theorems under weaker conditions than their unmodified counterparts. A key difference between

these papers and my proposal is that I do not require any data-driven adjustment because the lack

of prior invariance follows from the adaptivity of the (β,m)-parametrization. Yang (2019) derives

Bernstein-von Mises theorem for a single coordinate in a high-dimensional linear regression model

under sparsity using a different type of reparametrization and a prior correction. Although I do not

explicitly study high-dimensional linear regression, Section 2.5 outlines how my approach can be

extended to this setting and an interesting subject for future research would be determining whether
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my approach leads to results similar to Yang (2019) in this setting. Other papers on semiparametric

Bernstein-von Mises theorems include Kim (2006), de Jonge and van Zanten (2013), Norets (2015),

Chae et al. (2019a), Nickl and Söhl (2019), Nickl (2020), Monard et al. (2021b), and L’Huillier

et al. (2023).

Second, some of the auxiliary results in Section 2.3.2 connect this paper to the literature on

posterior contraction rates in nonparametric models. Specifically, Propositions 4 and 5 provide a

general approach to deriving posterior contraction rates for nuisance functions m01 and m02. These

propositions are based on empirical process conditions that arise from direct expansions of the

(quasi-)likelihood ratio process, and, for this reason, are conceptually similar to the convergence rate

framework of Shen and Wasserman (2001) in which empirical process-type conditions for likelihood

ratios (e.g., bracketing integrals) are used to derive posterior contraction rates. Since Propositions

4 and 5 concern posterior contraction rates in (possibly) misspecified Gaussian nonparametric

regression, the auxiliary results in Section 2.3.2 are also related to the theory presented in Section

4 of Kleijn and van der Vaart (2006). Other papers on posterior contraction rates in general

nonparametric models include Ghosal et al. (2000); Ghosal and van der Vaart (2007); Castillo

(2008); van der Vaart and van Zanten (2008a, 2009a, 2011); Giné and Nickl (2011); de Jonge and

van Zanten (2012); Castillo (2014a), and Shen and Ghosal (2015).

Finally, since the Bernstein-von Mises theorem establishes asymptotic equivalence between

Bayesian and frequentist estimators, my paper also dovetails with the literature on frequentist

semiparametric estimation. The (β,m)-parametrization was first utilized in Robinson (1988) to

derive asymptotically normal least squares estimators of β0 based on kernel estimators of m01 and

m02. Donald and Newey (1994) also apply the partialling out technique of Robinson (1988) to show

that asymptotic normality of the least squares estimators of β0 can be achieved under very mild

conditions when series regression methods are used to estimate the nuisance functions. My paper

provides a Bayesian analogue to these papers because it shows the (β,m)-parametrization can be

used to derive a Bernstein-von Mises theorem that bypasses prior invariance. The proposed Bayesian

inference framework is also related to the literature on profile likelihood estimation (Severini and
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Wong, 1992; Murphy and Van der Vaart, 2000) because the transformed regression model (2.2)

mimics the Gaussian profile maximum likelihood problem for (2.1). Since (β,m)-parametrization is

orthogonal, my paper is also related to the literature on two-step semiparametric estimation based on

Neyman orthogonal moment conditions (e.g., Andrews (1994); Newey (1994); Chernozhukov et al.

(2018)). Using a (quasi-)likelihood to perform Bayesian inference a low-dimensional parameter of

interest defined by conditional moment restrictions also connects my proposal to the quasi-maximum

likelihood estimation literature (Gourieroux et al., 1984; White, 1994; Komunjer, 2005).

2.1.3 Outline of Paper

The rest of the paper is organized as follows. Section 2.2 formalizes the data-generating process

and puts forward the Bayesian inference framework. Section 2.3 derives conditions under which the

marginal posterior for β satisfies a Bernstein-von Mises theorem and verifies the conditions for two

important classes of priors. Section 2.4 provides an extensive discussion the findings of Section 2.3.

Section 2.5 concludes and proposes some directions for future research. All proofs are in Appendix

B and notation is introduced when appropriate.

2.2 Data Generating Process and Bayesian Inference

2.2.1 Data Generating Process

Let Y ∈ Y ⊆ R be an outcome variable, let X ∈ X ⊆ R be a covariate of interest, let W ∈ W ⊆

Rdw , dw < ∞, be some control variables, and let P0 be the joint distribution of (Y,X,W ′)′. The

observed data {(Yi, Xi,W
′
i )

′}ni=1 consists of the first n elements of a sequence {(Yi, Xi,W
′
i )

′}i≥1

of independent and identically distributed (i.i.d) random vectors drawn from P0. Assumption 16

states the restrictions on the data distribution P0.

Assumption 16. The distribution P0 of (Y,X,W ′)′ satisfies the following restrictions:

1. The conditional distribution of Y givenX andW satisfiesEP0 [Y |X,W ] = Xβ0+η0(W ) and
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V arP0 [Y |X,W ] = σ2
01 for some (β0, η0, σ2

01) ∈ B×H×R++ with B ⊆ R and H ⊆ L2(W),

where f ∈ L2(W) iff EP0 [f
2(W )] <∞.

2. There exists constants 0 < c < c <∞ such that EP0 [(X − EP0 [X|W ])2] ∈ [c, c].

3. The conditional distribution P0,Y X|W of (Y,X)′ given W has a density p0,Y X|W with respect

to the Lebesgue measure and EP0 | log p0,Y X|W (Y,X|W )| ∈ (0,∞)

4. The projection errors Y − EP0 [Y |W ] and X − EP0 [X|W ] satisfy EP0 [(Y − EP0 [Y |W ])2] ∈

(0,∞) and EP0 [(X − EP0 [X|W ])4] ∈ (0,∞).

I briefly discuss Assumption 16. Part 1 of Assumption 16 imposes that the conditional moment

restriction (2.1) is satisfied at P0 and that the projection error Y −Xβ0 − η0(W ) is homoskedastic.

I treat σ2
01 as known for exposition, however, Appendix B extends the main results to accommodate

unknown σ2
01 and multivariate X . Part 2 of Assumption 16 is a strong identification condition that

is necessary and sufficient for regular estimation of β0 (Robinson, 1988). The remaining parts are

technical conditions that enable the application of stochastic limit theorems and ensure certain

population objective functions are well-defined.

2.2.2 Bayesian Inference

Bayesian inference starts with a conditional model for the data (sampling model) and a distribution

over the model parameters (prior). I describe each of these in turn. The sampling model is

Yi|{(Xi,W
′
i )

′}ni=1, β,m
ind∼ N (m1(Wi) + β(Xi −m2(Wi)), σ

2
01) (2.3)

Xi|{Wi}ni=1, β,m
ind∼ N (m2(Wi), σ

2
02) (2.4)

for i = 1, ..., n, where β ∈ B, m = (m1,m2) ∈ M with M = M1 ×M2 and Mj ⊆ L2(W) for

j ∈ {1, 2}, and σ2
01, σ

2
02 ∈ (0,∞) are known scalars. Display (2.3) is a model for the conditional

distribution of Y given X and W that imposes the Robinson (1988) transformation of the partially

linear model, a result that establishes the observational equivalence between (2.1) and the ‘partialed
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out’ regression model Y = m01(W ) + (X − m02(W ))β0 + U , where m01(W ) = EP0 [Y |W ],

m02(W ) = EP0 [X|W ], and U satisfies E[U |X,W ] = 0 and V ar[U |X,W ] = σ2
01. Display (2.4)

is a model for the conditional distribution of X given W that is included to account for the fact

that m01 and m02 are not separately identified from (2.3).2 Together, (2.3) and (2.4) imply a

(quasi-)likelihood Ln(β,m) given by

Ln(β,m) =
n∏
i=1

pβ,m(Yi, Xi|Wi),

where pβ,m(·|w) is the probability density function of a bivariate Gaussian distribution with mean

vector m(w) = (m1(w),m2(w))
′ and covariance matrix

V (β) =

σ2
01 + σ2

02β
2 βσ2

02

βσ2
02 σ2

02

 .

The term ‘(quasi-)likelihood’ is used because the set of conditional distributions for (Y,X) given

W compatible with Assumption 16 is much larger than those that are compatible with (2.3)–(2.4).

Sections 2.3 and 2.4 elaborate on the sampling model’s suitability for estimating β0 despite it being

much more restrictive than Assumption 16.

Since the model parameters are (β,m), the prior Π is a probability distribution over B ×M.

Throughout, I maintain that β ∼ ΠB, m ∼ ΠM, and β ⊥⊥ m, where ΠB and ΠM are probability

measures over B and M, respectively. This means that Π = ΠB⊗ΠM. Prior independence between

the low-dimensional target parameter and the infinite-dimensional nuisance parameters is standard

in semiparametric Bayesian inference (Bickel and Kleijn, 2012; Castillo, 2012b,a; Ghosal and

Van der Vaart, 2017). Assumption 17 states some regularity conditions for Π.

Assumption 17. The following conditions hold:

1. The prior is such that P∞
0 (
∫
B×M Ln(β,m)dΠ(β,m) ∈ (0,∞)) = 1, where P∞

0 is the law of

the i.i.d sequence {(Yi, Xi,W
′
i )

′}i≥1.

2Since (2.4) is for identification of m02 only, σ2
02 has no intrinsic meaning and can be set at an arbitrary fixed value

(e.g., σ2
02 = 1).
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2. The prior ΠB has a Lebesgue density πB that is continuous and positive over a neighborhood

B0 of the true parameter β0.

The sampling model (2.3)–(2.4) and prior distribution Π implies a conditional probability

distribution Π((β,m) ∈ ·|{(Yi, Xi,W
′
i )

′}ni=1) for the model parameters (β,m) given the data

{(Yi, Xi,W
′
i )

′}ni=1. This is known as the posterior, and, under Assumption 17, posterior probabilities

are computed via Bayes rule. That is, for any event A,

Π((β,m) ∈ A|{(Yi, Xi,W
′
i )

′}ni=1) =

∫
A
Ln(β,m)dΠ(β,m)∫

B×M Ln(β,m)dΠ(β,m)
.

Bayesian inference revolves around the posterior distribution. As examples, researchers interested

in a point estimator for β can report the posterior median or posterior mean, while researchers

interested in quantifying uncertainty about β report a credible set, a set estimator CSn(1− α) that

satisfies the posterior coverage requirement Π(β ∈ CSn(1− α)|{(Yi, Xi,W
′
i )

′}ni=1) = 1− α.

Remark 1 (Posterior Computation). Although this paper focuses on theoretical properties of the

posterior, I briefly discuss posterior computation. An approach to sampling from the posterior is

Gibbs sampling. That is, the elements of (β,m1,m2) are updated component-wise while fixing

the remaining parameters. Holding β and m2 fixed, (2.3) reveals that Bayesian updating of m1 is

that of a Gaussian nonparametric regresion of Y − (X −m2(W ))β on W . Similarly, factorizing

pβ,m into the product of the conditional distribution of X|Y,W and Y |W indicates that Bayesian

updating of m2 (while holding β and m1 fixed) is that of a Gaussian nonparametric regression of

X − (βσ2
2/(σ

2
01 + β2σ2

02))(Y −m1(W )) on W . Finally, holding m1 and m2 fixed, the first part

of (2.3) reveals that Bayesian updating of β conforms to that of a Gaussian linear regression of

Y − m1(W ) on X − m2(W ). Section 2.3.2 provides some theoretical guarantees for the case

where m1 ⊥⊥ m2 and mj , j ∈ {1, 2}, follows a Gaussian process. This is relevant for computation

because these priors are conjugate for the first two steps.
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2.3 Bernstein-von Mises Theorem

This section provides Bernstein-von Mises theory for the marginal posterior for β. It has two

subsections. The first establishes a general Bernstein-von Mises theorem based on high-level

posterior consistency and empirical process conditions, and the second verifies the assumptions for

two classes of priors.

2.3.1 General Theorem

I prove a general Bernstein-von Mises theorem for the marginal posterior of β. The asymp-

totic analysis is conducted conditional on the realizations of {Wi}i≥1, meaning that {(Yi, Xi)}ni=1

should be viewed as a sequence of independent but not identically distributed random vectors (i.e.,

(Yi, Xi) ⊥⊥ (Yj, Xj)|{Wi}i≥1 for i ̸= j). For notation, P∞
0,W is the joint law of the i.i.d sequence

{Wi}i≥1, ⟨f, g⟩n,2 = n−1
∑n

i=1 f(wi)g(wi) and ||f ||n,2 =
√

⟨f, f⟩n,2 are the empirical L2 inner

product and induced norm, respectively, for functions f, g : W → R and for a given realization

{wi}i≥1 of {Wi}i≥1, Bn,M(m0, δ) is a ball centered atm0 with radius δ > 0 in the product empirical

L2 norm max{||m1||n,2, ||m2||n,2}, and P (n)
0,Y X|W =

⊗n
i=1 P0,Y X|wi

with P0,Y X|wi
denoting the prob-

ability distribution associated with the probability density function p0,Y X|W (·|wi) for i = 1, ..., n.

The next two assumptions concern the limiting behavior of the posterior.

Assumption 18. There exists a sequence {δn}n≥1 such that

δn = o(n−1/4)

and

Π(Bn,M(m0, Dδn)|{(Yi, Xi, w
′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ for some constant D > 0

large.
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Assumption 19. There are sets {Mn}n≥1 ⊆ M such that

Π(Mn|{(Yi, Xi, w
′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 1

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣G(1)
n (m)

∣∣ P (n)
0,Y X|W−→ 0

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣G(2)
n (m)

∣∣ P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed sequence {wi}i≥1 of {Wi}i≥1 as n→ ∞, where G(1)

n , G
(2)
n : M → R

satistify

G(1)
n (m) =

1√
n

n∑
i=1

εi2(m1(wi)−m01(wi))

and

G(2)
n (m) =

1√
n

n∑
i=1

(Ui − β0εi2)(m2(wi)−m02(wi)),

with εi2 = Xi −m02(wi) and Ui = Yi −m01(wi)− (Xi −m02(wi))β0.

Assumptions 18 and 19 are high-level conditions about the the limiting behavior of the posterior.

Assumption 18 enforces that the marginal posterior for m concentrates around m0 in the empirical

L2-norm and the rate of convergence δn is faster than n−1/4. Assumption 19 imposes that there are

sets {Mn}n≥1 that the posterior concentrates on such that, when intersected with Bn,M(m0, δn),

are structured enough to ensure that multiplier empirical processes {G(1)
n }n≥1 and {G(2)

n }n≥1 satisfy

stochastic equicontinuity-type conditions. These requirements are conceptually similar to those

encountered in the literature on asymptotic normality of plug-in method of moments estimators based

on orthogonal moment conditions (Andrews, 1994; Chernozhukov et al., 2018) and semiparametric

maximum likelihood estimators (Murphy and Van der Vaart, 2000). Combined with Assumptions

16 and 17, Assumptions 18 and 19 imply that the marginal posterior for β satisfies a Bernstein-von

Mises theorem.
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Theorem 2. Let Ĩn(m0) be given by

Ĩn(m0) =
1

n

n∑
i=1

(
Xi −m02(wi)

σ01

)2

and let ∆̃n,0 be given by

∆̃n,0 = Ĩn(m0)
−1 1√

n
ℓ̃n(β0,m0),

where

ℓ̃n(β0,m0) =
1

σ2
01

n∑
i=1

(Yi −m01(wi)− (Xi −m02(wi))β0)(Xi −m02(wi)).

If Assumptions 16, 17, 18, and 19 hold and β0 ∈ int(B), then∣∣∣∣∣
∣∣∣∣∣Π(β ∈ ·|{(Yi, Xi, w

′
i)
′}ni=1)−N

(
β0 +

∆̃n,0√
n
,
1

n
Ĩn(m0)

−1

)∣∣∣∣∣
∣∣∣∣∣
TV

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where || · ||TV is total

variation distance.3

Remark 2 (Unconditional Asymptotics). Theorem 2 conditions on the sequence of control variables

{Wi}i≥1. The same conclusion holds in the unconditional asymptotic thought experiment in which

P
(n)
0,Y X|W is replaced by the n-fold product measure P n

0 (i.e., the sequence {Wi}i≥1 is also treated

as random). This follows from an application of the Bounded Convergence Theorem and is stated

as a corollary below.

Corollary 3. If Assumptions 16, 17, 18, and 19 hold and β0 ∈ int(B), then∣∣∣∣∣
∣∣∣∣∣Π(β ∈ ·|{(Yi, Xi,W

′
i )

′}ni=1)−N

(
β0 +

∆̃n,0√
n
,
1

n
Ĩn(m0)

−1

)∣∣∣∣∣
∣∣∣∣∣
TV

Pn
0−→ 0

as n→ ∞.

Remark 3 (Efficiency). Under i.i.d sampling, the probability limit of Ĩ−1
n (m0) is the Chamberlain

(1992) semiparametric efficiency bound under homoskedasticity and β̂n = β0 + ∆̃n,0/
√
n is an

3The total variation distance between probability measures P and Q is ||P −Q||TV = supA |P (A)−Q(A)|.
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estimator that achieves Chamberlain’s bound. Consequently, the above results provide conditions

under which the marginal posterior for β is first-order asymptotically equivalent to a (locally)

efficient frequentist estimator of the regression coefficient β0. Efficiency is local because Chamber-

lain (1992) does not constrain the conditional variance of U given X and W to be constant when

deriving the information bound (see Section 4.3 of Newey (1990b) for more on local efficiency).

Remark 4 (Uncertainty Quantification). Theorem 2 implies Bayesian credible sets are asymptoti-

cally (locally) efficient frequentist confidence sets for data-generating processes compatible with

Assumption 16. To see why, let cn(q), q ∈ (0, 1), be the q-quantile of Π(β ∈ ·|{(Yi, Xi,W
′
i )

′}ni=1)

and consider the equitailed probability interval [cn(α/2), cn(1− α/2)], where α ∈ (0, 1/2). Corol-

lary 4 establishes that the endpoints of these intervals are asymptotically equivalent to the endpoints

of Wald confidence intervals based on the (locally) efficient estimator β̂n = β0 + ∆̃n,0/
√
n. Conse-

quently, the credible interval [cn(α/2), cn(1− α/2)] achieves asymptotic frequentist coverage of

1− α. Note that the result is stated conditionally (i.e., P (n)
0,Y X|W ), however, the same argument can

be applied using Corollary 3 to obtain it unconditionally (i.e., P n
0 ).

Corollary 4. If Assumptions 16, 17, 18, and 19 hold and β0 ∈ int(B), then the q-quantile cn(q),

q ∈ (0, 1), of the marginal posterior Π(β ∈ ·|{(Yi, Xi, w
′
i)
′}ni=1) satisfies

cn(q) = β̂n + Φ−1(q)

√
Ĩ−1
n (m0)

n
+ o

P
(n)
0,Y X|W

(
1√
n

)
for P∞

0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where Φ is the cumulative

distribution function of N (0, 1), β̂n = β0+∆̃n,0/
√
n, and Ĩn(m0) = σ−2

01 n
−1
∑n

i=1(Xi−m02(wi))
2.

2.3.2 Sufficient Conditions and Examples

This section has three subsections. Section 2.3.2 presents sufficient conditions for the assumptions

in Section 2.3. Sections 2.3.2 and 2.3.2 verify Theorem 2 for two classes of priors using these

sufficient conditions.
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Useful Preliminary Results

I start with a proposition that enables finding sequences {δn}n≥1 for which Assumption 18 holds.

It has similarities with Theorem 2 of Shen and Wasserman (2001) in that it establishes posterior

consistency by directly analyzing the (quasi-)likelihood ratio process. For notation, ε = (Y −

m01(W ), X −m02(W ))′ denotes the L2-projection errors, and λmin(A) and λmax(A) denotes the

minimum and maximum eigenvalues of a matrix A, respectively.

Proposition 4. Suppose that B is compact, supw∈W λmax(E(εε
′|W = w)) < ∞, and there is a

sequence {δn}n≥1 such that the following conditions hold:

1. There exists a constant C > 0 such that ΠM(m ∈ Bn,M(m0, δn)) ≳ exp(−Cnδ2n) condition-

ally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1.

2. There exists increasing function δ 7→ ωn(δ) for which ωn(δn) ≤
√
nδ2n, δ 7→ ωn(δ)/δ

υ is

decreasing for some υ ∈ (0, 2), and

E
P

(n)
0,Y X|W

[
sup

(β,m)∈B×Bn,M(m0,δ)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣
]
≲ ωn(δ) (2.5)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1.

3. The sequence satisfies nδ2n → ∞ as n→ ∞.

Then the marginal posterior for m satisfies

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ for some large constant

D > 0.

Proposition 4 states that δn is determined by 1. the mass the nuisance prior ΠM assigns to

empirical L2 neighborhoods of m0, and 2. the rate of convergence of the least squares estimator

of m0. Since || · ||n,2 ≤ || · ||∞ with ||f ||∞ = supw∈W |f(w)| denoting the supremum norm, the

prior mass condition can be checked by analyzing the probability mass that ΠM assigns to uniform
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balls centered at m0, a quantity that has been studied for many different priors (Ghosal and Van der

Vaart, 2017). The least squares connection is through the second condition because δ 7→ ωn(δ) can

be identified as the ‘continuity modulus’ of the multiplier empirical process that determines the

least squares rate of convergence (see, for example, Chapter 9 of van de Geer (2000) and Section

3.2 of van der Vaart and Wellner (2023a)). Given a valid choice {δn}n≥1, conditions that ensure

δn = o(n−1/4) can be established.

Remark 5 (Relaxing Part 2 of Proposition 4). The supremum in (2.5) may be infinite for some

choices of M (e.g., if M is not compact).4 The following result modifies Proposition 4 to hold

along sieves {Mn}n≥1 such that the posterior Π(m ∈ Mn|{(Yi, Xi, w
′
i)
′}ni=1) → 1 in P (n)

0,Y X|W -

probability for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This relaxation

is relevant for the Gaussian process example in Section 2.3.2, and, like Proposition 4, has some

similarities with Shen and Wasserman (2001) (i.e., Theorem 4 of their paper).

Proposition 5. Suppose that B is compact, supw∈W λmax(E(εε
′|W = w)) < ∞, and there is a

sequences {δn}n≥1 and {Mn}n≥1 such that the following conditions hold:

1. There exists a constant C > 0 such that ΠM(m ∈ Bn,M(m0, δn)) ≳ exp(−Cnδ2n) condition-

ally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1.

2. The posterior satisfies Π(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1) → 0 in P

(n)
0,Y X|W -probability for P∞

0,W -

almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

3. There exists an increasing function δ 7→ ωn(δ) for which ωn(δn) ≤
√
nδ2n, δ 7→ ωn(δ)/δ

υ is

decreasing for some υ ∈ (0, 2), and

E
P

(n)
0,Y X|W

[
sup

(β,m)∈B×(Mn∩Bn,M(m0,δ))

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣
]
≲ ωn(δ)

for P∞
0,W almost-every fixed realization {wi}i≥1 of {Wi}i≥1.

4I do not relax compactness of B because, unlike infinite-dimensional parameter spaces, a compactness condition
for a finite-dimensional parameter space is not overly restrictive.
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4. The sequence satisfies nδ2n → ∞ as n→ ∞.

Then the marginal posterior for m satisfies

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ for some large constant

D > 0.

Remark 6 (Propositions 4 and 5 Can Help Verify Assumption 19). Verifying Proposition 4 can

also lead to the verification of Assumption 19. Since β 7→ V −1(β) is continuous and B is compact,

the verification of (2.5) can be reduced to a collection of univariate problems of finding increasing

functions δ 7→ ωn,j1,j2(δ), j1, j2 ∈ {1, 2}, such that δ 7→ ωn,j1,j2(δ)/δ
υj1,j2 is decreasing for some

υj1,j2 ∈ (0, 2) and

E
P

(n)
0,Y X|W

[
sup

mj1
∈Mj1

:||mj1
−m0,j1

||n,2<δn

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))
′εi,j2

∣∣∣∣∣
]
≲ ωn,j1,j2(δ). (2.6)

Indeed, given {ωn,j1,j2 : j1, j2 ∈ {1, 2}}, I can check the inequality maxj1,j2∈{1,2} ωn,j1,j2(δn) ≤
√
nδ2n to verify that (2.5) holds. Since it is required that δn = o(n−1/4) and the error U satisfies

U = ε1 − β0ε2, the inequality

max
j1,j2∈{1,2}

ωn,j1,j2(δn) ≤
√
nδ2n

implies Assumption 19 holds for Mn = M. For the case where the suprema in (2.6) may be

unbounded, a similar argument may be applied except that (2.6) is modified to incorporate Mn,j1 ,

j1 ∈ {1, 2}. That is,

E
P

(n)
0,Y X|W

[
sup

mj1
∈Mn,j1

:||mj1
−m0,j1

||n,2<δn

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))
′εi,j2

∣∣∣∣∣
]
≲ ωn,j1,j2(δ).

In such case, Assumption 19 holds for a candidate Mn used to verify Proposition 5. I use the

technique outlined in this remark for the examples in Sections 2.3.2 and 2.3.2, so that Assumptions

18 and 19 are simultaneously verified.
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Example 1 – Uniform Wavelet Series Priors

I verify Theorem 2 for a class of priors based on untruncated uniform wavelet series. These

priors have feature regularly in the Bayesian nonparametrics literature (Giné and Nickl, 2011;

Castillo and Nickl, 2013; Castillo, 2014a; L’Huillier et al., 2023), however, as far as I am aware,

the Bernstein-von Mises theorem for the partially linear model has not been verified using these

priors. To make things formal, suppose that W = [0, 1], the marginal distribution P0,W of W has

a Lebesgue density p0,W on [0, 1] that is bounded away from zero and infinity, and that there are

known constants M > 0 and α0,1, α0,2 > 1/2 such that ||m0,j||∞,∞,α0,j
≤ M for all j ∈ {1, 2},

where || · ||∞,∞,α denotes the norm of a Hölder-Zygmund space Bα
∞,∞([0, 1]), α > 0.5 Given these

assumptions, I set the nuisance parameter spaces to be Mj = {f ∈ L2([0, 1]) : ||f ||∞,∞,α0,j
≤M}

for each j ∈ {1, 2} and construct a prior ΠM over M1 ×M2 as follows. I take a boundary adapted

wavelet basis {ψlk : l ≥ 0, 0 ≤ k ≤ 2l − 1} for L2([0, 1]) that is sufficiently regular to characterize

(Bα
∞,∞([0, 1]), || · ||∞,∞,α), α ∈ {α0,1, α0,2}, and set the marginal prior ΠMj

for mj to be the law of

the random function

mj =
∞∑
l=0

2l−1∑
k=0

2−l(α0,j+1/2)νlk,jψlk,

where νlk,j are independent and identically distributed (across l, k, and j) uniform random variables

supported on [−M,M ].6 Since the wavelet coefficients are i.i.d across j, the joint prior for

m = (m1,m2) is ΠM = ΠM1 ⊗ ΠM2 . One can also check that the support of ΠM is M1 ×M2.

The next proposition verifies Theorem 2 for these priors under a (conditional) subgaussian restriction

on the projection errors ε.

Proposition 6. Suppose that Assumption 16 holds, ε is subgaussian conditional on W and the

5For α /∈ N, Hölder-Zygmund spaces coincide with the usual Hölder space Cα([0, 1]) of functions that are ⌊α⌋-
times continuously differentiable and ⌊α⌋th derivative is (α− ⌊α⌋)-Lipschitz and the norm || · ||∞,∞,α is equivalent to
the usual Hölder norm || · ||α (i.e., given by (4.111) in Giné and Nickl (2015)). However, for α ∈ N, these spaces are no
longer the same. See Section 4.3.3 of Giné and Nickl (2015) for more details.

6The wavelet basis being sufficiently regular to characterize (Bα
∞,∞([0, 1]), || · ||α,∞,∞) means that the norm

|| · ||∞,∞,α satisfies ||f ||∞,∞,α = supl≥0 max0≤k≤2l−1 2
l(α+1/2)|⟨f, ψlk⟩2|, where ⟨·, ·⟩2 is the L2([0, 1]) inner

product. An example is the wavelet basis proposed in Cohen et al. (1993b).
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conditional distribution is continuous inW , the marginal distribution P0,W of the control variableW

has a probability density function p0,W with respect to the Lebesgue measure on [0, 1] that is bounded

away from zero and infinity, m0 ∈ M1 ×M2 with Mj = {f ∈ L2([0, 1]) : ||f ||∞,∞,α0,j
≤M} for

each j ∈ {1, 2}, where α0,1, α0,2 > 1/2 and M < ∞, and β0 ∈ (−B,B) for some B ∈ (0,∞).

Then Theorem 2 holds for the prior Π = ΠB ⊗ ΠM, where ΠB is the uniform distribution over

B = [−B,B] and ΠM = ΠM1 ⊗ ΠM2 with ΠMj
being the law of the uniform wavelet series.

Remark 7 (Model Specification and Role of Subgaussianity). Proposition 6 indicates that the

uniform wavelet series priors are a class of priors for which the Bernstein-von Mises theorem holds

even when the Gaussian model (2.3)–(2.4) is misspecified (i.e., it only requires ε be subgaussian

conditional onW ). The subgaussian restriction is only imposed to relate ωn(δ) to the metric entropy

integrals
∫ δ
0

√
logN(τ,Mj, || · ||n,2)dτ , j ∈ {1, 2}, so that well-known metric entropy bounds for

Besov balls (e.g., Theorem 4.3.36 of Giné and Nickl (2015)) can be applied to find sequences

that satisfy Part 2 of Proposition 4.7 For this reason, I consider subgaussianity to be a technical

restriction and it may be that heavier tailed ε can be accommodated with more refined complexity

measures for Mj .

Remark 8 (No Cross Restrictions on Regularity of m01 and m02). There are no restrictions on

the relative magnitude of α0,1 and α0,2 because it is only required that α0,1 > 1/2 and α0,2 > 1/2.

In other words, the uniform wavelet series example demonstrates that the (β,m)-parametrization

can allow for m01 to be very smooth relative to m02 (and vice versa), so long as this baseline

smoothness condition is met (i.e., regularity greater than 1/2).

Example 2 – Matérn Gaussian Process Priors

This section verifies Theorem 2 for a popular class of Gaussian process priors. Suppose that

W = [0, 1]dw for some 1 ≤ dw < ∞. The prior for m = (m1,m2) is ΠM = ΠM1 ⊗ ΠM2 , where

7The notation N(τ,F , || · ||) refers to the τ -covering number of the set F under the (semi)norm || · ||. That is, the
smallest number of || · ||-balls with radius τ required to cover F . The logarithm of the covering number is known as the
metric entropy.
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ΠMj
is the law of a centered Matérn Gaussian process on [0, 1]dw with regularity parameter αj > 0.

Specifically, mj ∼ ΠMj
if and only if, for any set of indices w1, ..., wk ∈ [0, 1]dw , the vector of

function values (mj(w1), ...,mj(wk))
′ follows a centered multivariate normal distribution with

covariance matrix elements given by

καj
(ws, wt) =

∫
Rdw

exp(−iλ′(ws − wt))(1 + ||λ||22)−αj− dw
2 dλ, s, t ∈ {1, ..., k}.

The regularity parameter αj determines the smoothness of the sample paths because it can be shown

that mj takes values in the Hölder space (Ca([0, 1]dw), || · ||a) for any a < αj (see Section 3.1 of

van der Vaart and van Zanten (2011)).8 The next proposition verifies Theorem 2 for the Matérn

prior in the case where (2.3)–(2.4) is correctly specified (see Remark 9). For notation, Hα([0, 1]dw)

denotes the Sobolev space of functions f on [0, 1]dw that can be extended to a function on Rd with

Fourier transform f̂ that satisfies
∫
Rdw |f̂(λ)|2(1 + ||λ||22)αdλ <∞.

Proposition 7. Suppose that Π = ΠB⊗ΠM, where ΠB is the uniform distribution over B = [−B,B]

and ΠM = ΠM1 ⊗ ΠM2 with ΠMj
being the law of a Matérn process with regularity αj > 0.

Further, suppose that (Y,X)′|W ∼ N (m0(W ), V (β0)) for β0 ∈ (−B,B) and m0 = (m01,m02)

with m0,j ∈ Cα0,j([0, 1]dw) ∩ Hα0,j([0, 1]dw) for each j ∈ {1, 2}. Then, Theorem 2 holds if the

regularity parameters α1, α0,1, α2, α0,2 > 0 satisfy the following inequalities:

α1 >
dw
2
, α0,1 >

α1

2
+
dw
4

α2 >
dw
2
, α0,2 >

α2

2
+
dw
4
. (2.7)

Remark 9 (Role of Correct Specification). Proposition 7 assumes that the sampling model (2.3)–

(2.4) is correctly specified. This is restrictive relative to Theorem 2 (and Proposition 6). Correct

specification is used at only one point of the proof of Proposition 7 and that is to verify Part 2 of

Proposition 5. Specifically, I use the property E
P

(n)
0,Y X|W

[Ln(β,m)/Ln(β0,m0)] = 1, which is true if

8The Hölder space Cα([0, 1]) is the space of functions on [0, 1]dw that are ⌊α⌋-times continuously differentiable
and ⌊α⌋th derivative is (α − ⌊α⌋)-Lipschitz. The Hölder norm || · ||α is given by (4.111) in Giné and Nickl (2015),
however, its specific form is not important for Proposition 7 (nor Proposition 8 in Section 2.4.2, which establishes the
analogous result for the (β, η)-parametrization).
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p0,Y X|W = pβ0,m0 , to show the expected value of the numerator of the posterior satisfies

E
P

(n)
0,Y X|W

∫
[−B,B]×Mc

n

Ln(β,m)

Ln(β0,m0)
dΠ(β,m) ≤ ΠM(Mc

n).

This allows ΠM(Mc
c) ≤ exp(−Mnδ2n) for M > 0 large to verify Π(Mc

n|{(Yi, Xi, w
′
i)
′}ni=1) → 0

in P (n)
0,Y X|W -probability, an inequality that the sieves {Mn}n≥1 introduced in the Step 2 of the proof

satisfy. If it could be shown that Π(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1) → 0 in P (n)

0,Y X|W -probability without

correct specification of (2.3)–(2.4) for the sieves {Mn}n≥1 (or for some modification of {Mn}n≥1

that does not change the metric entropy in a meaningful way), then Theorem 2 could be verified

only under the restriction that ε is subgaussian conditional on W because the maximal inequalities

used to verify Part 3 of Proposition 5 (and Assumption 19) only require subgaussianity (i.e., they

apply Corollary 2.2.9 of van der Vaart and Wellner (2023a)).

Remark 10 (No Cross Restrictions on Regularity of m01 and m02). Proposition 7 is similar to the

uniform wavelet series example from Section 2.3.2 in the sense that the result does not impose cross

restrictions on the nuisance function. The inequalities of the proposition only compare the regularity

of the prior draws mj to the function m0,j they are targeting. Specifically, α0,j > αj/2 + dw/4

means draws mj from the marginal prior ΠMj
cannot be too smooth relative to the true nuisance

parameter m0,j , however, this does not restrict the smoothness of the draws from ΠM1 and m02

(and vice versa).

2.4 Discussion

This section presents a discussion of Theorem 2 and compares the Bernstein-von Mises theorem for

the (β,m)-parametrization and the (β, η)-parametrization of the partially linear model.

2.4.1 Why Theorem 2 Works

Theorem 2 proves that the marginal posterior for the coefficient of interest β is asymptotically

normal. The main requirements are that the marginal posterior for m concentrates around m0 at a
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rate faster than n−1/4 and certain multiplier empirical processes satisfy asymptotic equicontinuity

conditions. These conditions mirror those required for the asymptotic normality of method of

moments estimators based on orthogonal estimating equations (Andrews, 1994; Chernozhukov

et al., 2018). Moreover, Theorem 2 can be valid when the sampling model (2.3)–(2.4) is misspecified.

Specifically, the uniform wavelet series prior example in Section 2.3.2 satisfies Theorem 2 without

requiring that the true conditional distribution P0,Y X|W of (Y,X) given W be compatible with

(2.3)–(2.4). The next result is important for explaining these features.

Theorem 3. If Assumption 16 holds, then

1. For any β ∈ B fixed, m0 = (m01,m02) is the unique solution to the minimization problem

min
m∈M

EP0

[
KL

(
p0,Y X|W (·|W ), pβ,m(·|W )

)]
. (2.8)

2. The true parameter (β0,m0) is the unique solution to the minimization problem

min
(β,m)∈B×M

EP0

[
KL

(
p0,Y X|W (·|W ), pβ,m(·|W )

)]
, (2.9)

where KL(p, q) denotes the Kullback-Leibler divergence between two densities p and q.

The connection between Theorem 3 and Theorem 2 is as follows. Part 1 shows that the true

nuisance function m0 maximizes the population log-likelihood function when β is fixed, and, since

the Gaussian distributions with unknown means and known variances form linear exponential

families, it may be viewed as a nonparametric application of Theorem 1 of Gourieroux et al.

(1984) (and Theorem 5.4 of White (1994)).9 The result is important for Theorem 2 because the

independence of the solution m0 from β reveals that there is no loss of information associated with

not knowing the nuisance parameter m0. This means the (β,m)-parametrization is an example of an

adaptive semiparametric model (Bickel, 1982). Adaptive semiparametric models have the property

that the ordinary score (i.e., the derivative of log pβ,m with respect to β at (β0,m0)) coincides with

9Since EP0 [log pβ,m(Y,X|W )] = −EP0 [KL(p0,Y X|W (·|W ), pβ,m(·|W ))] + EP0 [log p0,Y X|W (Y,X|W )], the
solutions to (2.8) and (2.9) coincide with that obtained when maximimizing EP0 [log pβ,m(Y,X|W )] with m and
(β,m), respectively.
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the efficient score (i.e., the ordinary score of least favorable parametric submodel β 7→ pβ,m0 at

β0). Consequently, the asymptotic analysis of the semiparametric model is essentially that of a

regular parametric model because ordinary local asymptotic normality (LAN) expansions along

parametric submodels β 7→ pβ,m respect the semiparametric structure of the model. This makes

the primary concern whether (β0,m0) is identifiable from the sampling model (2.3)–(2.4). Part 2

confirms identifiability because it establishes that the true parameter (β0,m0) uniquely maximizes

the population log-likelihood even though the sampling model may be misspecified, and, similar to

Part 1, may be viewed as a nonparametric extension of Theorem 6 of Gourieroux et al. (1984) since

Gaussian distributions with unknown means and variances form quadratic exponential families.

Given these properties, the purpose of Assumptions 18 and 19 is simply to ensure that remainders

of these ordinary LAN expansions (i.e., due to estimation of m0) vanish appropriately as the sample

size grows.

Remark 11 (Efficiency). The achievement of the Chamberlain (1992) efficiency bound under

homoskedasticity despite (2.3)–(2.4) being possibly misspecified reflects the fact that maximum

likelihood estimation in the least favorable parametric submodel {pβ,m0 : β ∈ B} is that of a linear

exponential family, and, as a result, the maximum likelihood estimator has the same asymptotic

distribution as a weighted least squares estimator based on the conditional moment restrictions

EP0 [Y |X,W ] = m01(W ) + (X −m02(W ))β0 with weights 1/σ2
01 (see, for example, Theorem 4 of

Gourieroux et al. (1984) and Theorem 6.13 of White (1994)).

Remark 12 (Connection to Castillo (2012b)). Theorem 3 establishes that the (β,m)-parametrization

is an example of an adaptive semiparametric model, and, as a result, it falls within the class of

semiparametric models Castillo (2012b) refers to as ‘the case without loss of information’ (see

Section 1.3 of his paper). Consequently, it is foreseeable that Theorem 1 of his paper could be

verified to establish the Bernstein-von Mises theorem (at least in the correctly specified case). The

structure of the Gaussian (quasi-)likelihood makes it convenient to apply direct arguments rather

than employ his more abstract, yet more generally applicable, LAN conditions.
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2.4.2 Comparison with the Original Parametrization

I compare my results with the Bernstein-von Mises theory for the (β, η)-parametrization. Bayesian

inference in the (β, η)-parametrization is typically based on the following model for the conditional

distribution of Y given X and W (for example, Section 7 of Bickel and Kleijn (2012)):

Yi|{(Xi,W
′
i )

′}ni=1, β, η
ind∼ N (Xiβ + η(Wi), σ

2
01), i = 1, ..., n, β ∼ ΠB, η ∼ ΠH, β ⊥⊥ η,

(2.10)

where β ∈ B ⊆ R, η ∈ H ⊆ L2(W), ΠB is a probability distribution over B, ΠH is a probability

distribution over H, and σ2
01 ∈ (0,∞) is a known constant. Since the parameters (β0, η0) are

identifiable from the conditional distribution of Y given X and W , there is no need to include a

model for the conditional distribution of X given W .

The key distinction between the sampling model (2.10) and the sampling model (2.3)–(2.4)

is that the former is not adaptive. Indeed, for β ∈ B fixed, the maximizer of the population

log-likelihood function with respect to η is ηβ = η0 − (β − β0)m02, which means there is loss

of information associated with not knowing the nuisance parameter η (unless m02 = 0). This

makes finding priors/data generating processes that satisfy the Bernstein-von Mises theorem more

challenging because the prior ΠH must be chosen so it is suitable for both estimation of η0 and m02.

Proposition 8 demonstrates this for the case where ΠH is the law of a centered Matérn Gaussian

process.10 A discussion follows.

Proposition 8. Suppose Y |X,W ∼ N (Xβ0 + η0(W ), σ2
01) and X|W ∼ N (m02(W ), σ2

02),

where β0 ∈ (−B,B), η0 ∈ Cα0,η([0, 1]dw) ∩ Hα0,η([0, 1]dw), α0,η > 0, m02 ∈ Cα0,2([0, 1]dw) ∩

Hα0,2([0, 1]dw), α0,2 > 0, and σ2
01, σ

2
02 ∈ (0,∞) are known. Suppose further that Bayesian inference

is based on (2.10) with ΠB equal to the uniform distribution over B = [−B,B] and ΠH equal to

the probability law of a centered Matérn Gaussian process with regularity parameter αη > 0. If

10The proposition also imposes the same restrictions on the data-generating process as Proposition 7 to ensure fair
comparison.
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αη, α0,η, and α0,2 satisfy the following inequalities

αη >
dw
2
, α0,η >

αη
2

+
dw
4
, α0,2 >

αη
2

+
dw
4
, (2.11)

then the marginal posterior Π(β ∈ ·|{(Yi, Xi,W
′
i )

′}ni=1) satisfies∣∣∣∣∣
∣∣∣∣∣Π(β ∈ ·|{(Yi, Xi, w

′
i)
′}ni=1)−N

(
β0 +

∆̃n,0√
n
,
1

n
Ĩn(m0)

−1

)∣∣∣∣∣
∣∣∣∣∣
TV

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

I compare Proposition 7 and 8 to elaborate on the aforementioned challenges associated with

Bayesian inference for the (β, η)-parametrization. Since both propositions assume correct specifica-

tion and are based on the same class of Gaussian process priors, the inequalities for the regularity

parameters is the natural point of comparison. The first two inequalities of (2.11) are comparable

with the inequalities (2.7) in Proposition 7 in that they require the draws from the prior to not be too

smooth relative to the function they are targeting (i.e., draws from ΠH,ΠM1 , and ΠM2 cannot be

too smooth relative to η0, m01, and m02 respectively). However, as mentioned earlier, Proposition 8

also restricts the regularity of the draws from the prior ΠH relative to m02 because the third part of

(2.11) states that η ∼ ΠH cannot be too smooth relative to m02. This relates to the nonadaptivity of

the (β, η)-parametrization. Indeed, verifying the appropriate LAN expansions requires a change of

parametrization (β, η) 7→ (β0, η̃n(β, η)), where η̃n(β, η) = η + (β − β0)mn,2 for some sequence

{mn,2}n≥1 in the reproducing kernel Hilbert space (Hη, || · ||Hη) of the Gaussian process η for

which ||mn,2||Hη ≤ 2
√
nρn and ||mn,2 −m02||∞ ≤ ρn for ρn = n−min{αη ,α0,2}/(2αη+dw). Control of

the LAN remainder requires ρn = o(n−1/4), a condition that holds if and only if αη > dw/2 and

α0,2 > αη/2 + dw/4 (i.e., the first and third parts of (2.11)). This indicates that the Bernstein-von

Mises theorem may fail for the (β, η)-parametrization in situations where m02 is not smooth relative

to η ∼ ΠH. In contrast, Remark 10 points out that there are no cross-restrictions between the

regularity of the nuisance functions and the draws from the prior ΠM in Proposition 7 (i.e., m02

could potentially be much less smooth than m1 ∼ ΠM1 without violating Proposition 7). Put

differently, the (β,m)-parametrization enables the researcher to direct nuisance priors towards the
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specific functions they are estimating without concern that this may adversely affect estimation of

the regression coefficient β0.

A more subtle point of comparison relates to the requirement that the sequence {mn,2}n≥1 be in

the reproducing kernel Hilbert space (Hη, || · ||Hη) of the Gaussian process η. In applying the change

of parametrization (β,m) 7→ (β0, η̃n(β, η)), it must also be shown that the prior ΠH is roughly

unchanged under the mapping η 7→ η̃n(β, η) for β fixed. Since, for β fixed, η̃n(β, η) concerns a

shift of a Gaussian process, it is necessary and sufficient that {mn,2}n≥1 be in (Hη, || · ||Hη) so that

the Cameron-Martin theorem (Proposition I.20 of Ghosal and Van der Vaart (2017)) can be applied

to establish the required stability of ΠH via an infinite-dimensional change of measure. Since there

is no need to change variables in the (β,m)-parametrization (i.e., ordinary LAN expansions respect

the semiparametric structure), this prior stability condition does not arise in my proposed framework.

This is important because it can be technically difficult to check this condition for non-Gaussian

priors supported on infinite-dimensional spaces (i.e., Cameron-Martin is a tool specific to Gaussian

priors), whereas Propositions 4 and 5 indicate that the key assumptions of Theorem 2 can be

verified using standard small ball probability conditions for the prior and maximal inequalities

for multiplier empirical processes.11 This allows me to check Theorem 2 for other priors (e.g.,

untruncated uniform wavelet series prior) using similar technical devices to the Gaussian case (i.e.,

via Propositions 4 and 5). The points raised in this paragraph and the previous paragraph illustrate

that there may be benefits from the (β,m)-parametrization.

2.5 Conclusion

This paper proves a Bernstein-von Mises theorem for the partially linear model. The theorem

is based on a feasible adaptive parametrization of the model that is based on Robinson (1988)

11Readers should not be concerned about whether the sets {Mn}n≥1 in Proposition 5 pose additional challenges
for the (β,m)-parametrization relative to the (β, η)-parametrization. The proof of Proposition 8 illustrates that exact
analogs of the sets {Mn}n≥1 constructed in the proof of Proposition 7 are utilized to verify corresponding asymptotic
equicontinuity conditions in the LAN expansions for the (β, η)-parametrization (specifically, see {H̃n}n≥1 in Step 1 of
the proof of Proposition 8).
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transformation. An important feature of the result is that it avoids the prior invariance condition.

The examples in Sections 2.3.2 and 2.3.2 indicate that this is beneficial because they show that my

approach does not impose cross-restrictions on the regularity of unknown functions. In contrast, the

original parametrization with independent priors requires that the prior for the nuisance function

η be simultaneously appropriate for estimating η0 and m02, a condition that leads to restrictions

on smoothness of the conditional expectation m02 relative to the prior draws η ∼ ΠM. Moreover,

the avoidance of a change of variables in the (β,m)-parametrization means that my approach can

bypass an infinite-dimensional change of measure, a technical condition that may be hard to verify

for complicated priors.

There are a number of extensions that would be interesting to pursue. First, it would be

interesting to consider rate-adaptive priors for m1 and m2. I conjecture Theorem 2 could be verified

for rate adaptive priors (at least in the case of correct specification). The Matérn prior example in

Section 2.3.2 follows a similar argument to Theorem 3.1 of de Jonge and van Zanten (2013), and,

as a result, it is reasonable that the argument of Theorem 4.1 in their paper could also be modified

to verify Theorem 2 in the case of hierarchical spline priors, an example of a prior that can yield

adaptive, rate-optimal posterior rates of contraction (de Jonge and van Zanten, 2012). However,

the extent to which adaptive priors can be accommodated should be formally investigated. Second,

it would be interesting to consider the case where η(W ) = W ′η but the dimension of W is large

relative to the sample size n. In this case, the sampling model (2.3)–(2.4) coincides with the setup of

Hahn et al. (2018) and their simulations indicate favorable performance when using shrinkage priors

for the nuisance parameters. Hahn et al. (2018) do not provide any formal asymptotic analysis,

and, for this reason, it would be interesting to examine whether an asymptotic normality result

could be established in this setting. Finally, the general idea in this paper is to use knowledge of the

profile likelihood (Severini and Wong, 1992; Murphy and Van der Vaart, 2000) to derive an adaptive

parametrization of the partially linear model. An important extension is determining a more general

class of models for which this technique could be applied.
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Chapter 3

A Bayesian Perspective on the Maximum

Score Problem

3.1 Introduction

The threshold-crossing binary choice model is regularly encountered in economics and other social

sciences. Under the model, an observable binary outcome Y ∈ {0, 1} is determined by some

observable covariates X ∈ Rdx and an unobservable random variable U ∈ R via the sign of a linear

index X ′β − U , where β ∈ Rdx is an unknown vector of parameters. That is,

Y =


1 if X ′β − U ≥ 0

0 if X ′β − U < 0

. (3.1)

This is a semiparametric model as the conditional distribution for Y given X is determined by a

finite-dimensional vector of index function coefficients β and an infinite-dimensional parameter

representing the conditional distribution of U given X . It is relevant in economics because Y may

represent an individual’s choice between two alternatives and X ′β − U is the difference in utility

values.

This paper considers a setting where the goal is structural analysis (i.e., learning about the
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threshold-crossing process). Structural analysis is useful because it enables the researcher to learn

about certain features of the decision-making problem, generate more precise predictions relative to

simply estimating the conditional mean of Y given X using nonparametric methods, and extrapolate

beyond the observed covariate values. A necessary ingredient for structural analysis is the objective

identifiability of the index coefficients β, and, to that end, I will maintain that the conditional

distribution of U given X satisfies the conditional median restriction,

Median(U |X) = 0, (3.2)

a constraint first imposed in Manski (1975, 1985) that is sometimes referred to as median indepen-

dence in the econometrics literature.1 Frequentist estimators based on this location restriction are

often called maximum score methods (e.g., Manski (1975, 1985); Manski and Thompson (1986);

Horowitz (1992); Khan (2013); Komarova (2013); Jun et al. (2015, 2017); Patra et al. (2018); Gao

and Xu (2020)). For this reason, structural analysis under median independence will be called the

maximum score problem.

This paper offers a Bayesian perspective on the maximum score problem. A Bayesian approach

requires specifying a prior for the index coefficients β and the conditional distribution of U given

X . The latter is challenging because any prior for the conditional distribution of the error term U

given X must be supported on a set of conditional distributions that obey median independence.

Without modification, standard priors for conditional distributions (e.g., Quintana et al. (2022)

and the references therein) do not impose the location normalization. Consequently, the resulting

Bayes estimators do not have a structural interpretation (i.e., they can only be used for reduced-form

analysis where the goal is to estimate conditional response probabilities). An exception is Newton

et al. (1996), a paper proposing Bayesian inference for a linear index threshold-crossing model

using a median zero-constrained Dirichlet process prior. Their prior, however, assigns probability

one to single index models for the conditional distribution of Y given X (i.e., models in which

the conditional distribution of Y given X depends on the covariates through the linear index X ′β

1See Manski (1988) and Horowitz (2009) for use of this terminology.
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only). This means their model is restrictive relative to the class of distributions accommodated

by (3.2) because it does not allow for arbitrary heteroskedasticity. Unrestricted heteroskedasticity

is important in economic applications due to the possibility of random coefficients in the utility

function.

Rather than constraining a prior for the distribution of U given X to impose median inde-

pendence, I work with a reparametrization of the threshold-crossing model that simultaneously

enables structural analysis and unrestricted priors for the infinite-dimensional nuisance parameters.

Manski (1988) and Khan (2013) show that the threshold-crossing model with median independence

is observationally equivalent to a probit model with nonparametric heteroskedasticity. That is,

conditional distributions for Y given X compatible with (3.1) and (3.2) can be matched to those

implied by the threshold-crossing model

Y =


1 if X ′β − σ(X)ε ≥ 0

0 if X ′β − σ(X)ε < 0

,

where ε follows a standard normal distribution and x 7→ σ(x) is an unknown positive function. This

leads to a simple Bayesian inference procedure because the data augmentation strategy of Albert

and Chib (1993) effectively reduces inference to that of a Gaussian linear regression model with

unknown heteroskedasticity. Using this observation and writing σ2(X) = exp(g(X)), I employ

techniques from Chib and Greenberg (2013) to derive a Gibbs sampler in which a Gaussian process

forms a conditionally conjugate prior for g.

There are at least two benefits associated with a Bayesian approach in this setting. The first is

that inference is based on a full probability model for the conditional distribution of Y given X .

Consequently, any inference question can be answered using the posterior. For example, a simulated

sample from the posterior provides finite-sample Bayesian uncertainty quantification for the index

function coefficients β and the model-implied choice probabilities Φ(X ′β exp(−g(X)/2)), where

Φ(·) is the standard normal cumulative distribution. Operationally, these questions are addressed

with simple manipulations of an empirical distribution (computing sample means, empirical quan-
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tiles, etc.). The second benefit is computational. For the class of priors recommended in this paper,

every step of the Gibbs sampler has a closed form. This means the researcher has to sample from

standard parametric distributions during implementation. In contrast, maximum score methods

typically require maximizing a nonconcave objective function with many local extrema, and, with-

out smoothing, these optimization problems may require mixed integer programming (Florios and

Skouras, 2008). Quasi-Bayesian approaches to the maximum score problem (e.g., Jun et al. (2015,

2017)) are easier to compute through the use of Markov Chain Monte Carlo methods, however, they

do not enable choice probability estimation. Beyond computation, asymptotic frequentist inference

is challenging due to nonstandard limiting distributions associated with unsmoothed maximum

score estimators (Kim and Pollard, 1990), while inference based on smoothed maximum score

estimators (e.g., Horowitz (1992)) can be sensitive to choice of bandwidth parameters.

The paper is organized as follows. Section 3.2 introduces the Bayesian inference procedure.

Section 3.3 presents a Gibbs sampling algorithm for the model. Section 3.4 discusses some

extensions. Section 3.5 provides a small-scale simulation to illustrate some of the finite-sample

properties of the method. Section 3.6 concludes. Notation is introduced when appropriate and

proofs are in the Appendix.

3.2 Bayesian Inference

3.2.1 Sampling Model

I start with the specification of a conditional sampling model. Let {xi}ni=1 be a fixed set of covariates

each taking values in X , a subset of Rdx with dx < ∞.2 The outcome variables (Y1, ..., Yn)′ are

2Readers may view {xi}i≥1 as a fixed realization of a stochastic process {Xi}i≥1 of covariates.
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generated according to the linear index threshold-crossing model,

Yi =


1 if x′iβ − Ui ≥ 0

0 if x′iβ − Ui < 0

, Ui|β, {Q(·|x) : x ∈ X} ind∼ Q(·|xi), i = 1, ..., n,

where β is a parameter vector that belongs to a subset B of Rd, and {Q(·|x) : x ∈ X} is a class of

conditional cumulative distribution functions belonging to some space QX (i.e., Q(t|x) = Pr(U ≤

t|X = x) for each (t, x) ∈ R × X ). This specifies a conditional sampling model Mn,B×QX for

(Y1, ..., Yn)
′,

Mn,B×QX =

{
n⊗
i=1

Bin(1, Q(x′iβ|xi)) : (β, {Q(·|x) : x ∈ X}) ∈ B ×QX

}
,

where Bin(k, p) denotes a binomial distribution with k trials and success probability p.

Assumption 20. Elements {Q(·|x) : x ∈ X} of QX satisfy

1. t 7→ Q(t|x) is continuous for each x ∈ X ,

2. t 7→ Q(t|x) is strictly increasing for each x ∈ X , and

3. inf{t ∈ R : Q(t|x) ≥ 0.5} = 0 for each x ∈ X .

Assumption 21. The parameter space B satisifes B = Θ× {1}, where Θ is a subset of Rdx−1.

Assumptions 20 and 21 restrict the joint parameter space B ×QX . Assumption 20 formalizes

median independence because Part 3 enforces that the conditional distribution of U given X has

median zero.3 Median independence is a minimal location normalization for the error distribution

that ensures nontrivial identification of the index coefficients β (Manski, 1975, 1985).4 For example,

it accommodates heteroskedasticity of an unknown form. This is important in stochastic choice

models, where x′iβ−Ui represents utility differences between options (e.g., purchase a good or not),

3Parts 1 and 2 are regularity conditions that are helpful for the proof of Theorem 4 below. Namely, they ensure that
Q(x′β|x) = 0.5 if and only if x′β = 0, a property used to establish observational equivalence with the heteroskedastic
probit model.

4In contrast, the mean independence restriction E(U |X) = 0 has no identifying power (Manski, 1988).
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because heteroskedasticity may arise due to unobservable preference heterogeneity (i.e., random

coefficients). Assumption 21 imposes that β = (θ′, 1)′ for some θ ∈ Θ ⊆ Rdx−1. It is a scale

normalization introduced because median independence places no restrictions on the scale of β.

There are other approaches to scale normalization, for instance setting B = {β ∈ Rdx : ||β||2 = 1}

a lá Manski (1985), however, simply setting the last element of β equal to one is convenient for my

paper.

Assumption 20 implies that the linear index threshold-crossing model is observationally equiv-

alent to a probit model with nonparametric heteroskedasticity. Let z 7→ Φ(z) be the cumulative

distribution function of the standard normal distribution N (0, 1) and let S be the set of functions

mapping from X to R++. The heteroskedastic probit model is

Mn,B×S =

{
n⊗
i=1

Bin

(
1,Φ

(
x′iβ

σ(xi)

))
: (β, σ) ∈ B × S

}
.

The next theorem is based on Theorem 2.1 of Khan (2013), an extension of a lemma on p. 737 of

Manski (1988). It formalizes the observational equivalence of the two binary choice models.

Theorem 4. Assumption 20 implies Mn,B×QX = Mn,B×S .

Theorem 4 justifies using the heteroskedastic probit model for inference about the threshold-

crossing model. Indeed, it states that any vector (Y1, ..., Yn)′ drawn from a distribution in Mn,B×QX

can also be drawn from a distribution in Mn,B×S (and vice versa). Since elements of S can be

written as σ = exp(g/2) for g = log σ2, I base inference on the sampling model

Mn,B×G =

{
n⊗
i=1

Bin

(
1,Φ

(
x′iβ exp

(
−1

2
g(xi)

)))
: (β, g) ∈ B × G

}
.

This leads to the likelihood function

Ln(β, g) =
n∏
i=1

{
Φ

(
x′iβ exp

(
−1

2
g(xi)

))Yi (
1− Φ

(
x′iβ exp

(
−1

2
g(xi)

)))1−Yi
}

for each (β, g) ∈ B × G. Notice that the nuisance parameter g is unrestricted in Mn,B×G (i.e., it is

just a mapping from X to R). This contrasts with the original parametrization where the nuisance

parameter is restricted to satisfy median independence. It is practically useful because the researcher
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can avoid semiparametric likelihood estimation over a constrained parameter space. Khan (2013)

studies frequentist estimation of Mn,B×G , approximating the nuisance parameter space G using a

finite-dimensional linear sieve.

3.2.2 Prior and Posterior

I adopt a Bayesian approach and equip the parameter space B × G with a prior Π. Specifically,

I assume β ∼ ΠB, g ∼ ΠG , and β ⊥⊥ g so that the joint distribution Π of (β, g) is the product

ΠB ×ΠG . The marginal distribution ΠB can be virtually any (improper) probability distribution over

B, however, I specify ΠG as the probability law of a mean-zero Gaussian process {g(x) : x ∈ X}.

That is, for any finite collection x1, ..., xk of inputs in X with k ≥ 1, the vector of function values

(g(x1), ..., g(xk))
′ follows a mean-zero Gaussian distribution with covariance matrix (κ(xj, xl))

k
j,l=1,

where κ : X ×X → R is a positive semidefinite kernel known as a covariance function. This choice

primarily reflects computation (see Section 3.3), however, it should be noted that Gaussian processes

have become a default choice of nonparametric prior for unrestricted functions (see Rasmussen and

Williams (2005) and the references therein). In Section 3.5, I assume that g is drawn from a Matérn

Gaussian process, a stationary Gaussian process with a covariance function hyperparameter that

can accommodate any order of differentiability (Stein, 1999).

The prior and the sampling model leads to a conditional distribution for (β, g) given {Yi}ni=1,

known as a posterior, that can be used to answer any inference question involving the pair (β, g).

Applying Bayes theorem, the posterior distribution Πn((β, g) ∈ ·|{Yi}ni=1) for (β, g) satisfies

dΠn(β, g|{Yi}ni=1) ∝ Ln(β, g)dΠ(β, g).

Point estimates for the elements of β can be chosen as elementwise posterior medians, uncertainty

quantification for functions f(β, g) of (β, g) can be obtained using a credible set, a set estimator

CSn,f (1− α) that satisfies the coverage requirement

Πn(f(β, g) ∈ CSn,f (1− α)|{Yi}ni=1) = 1− α

98



for some nominal level α ∈ (0, 1), and predictions can made using the posterior predictive distribu-

tion

Pn,Π(Y = 1|X = x∗) =

∫
Φ

(
x′∗β exp

(
−1

2
g(x∗)

))
dΠ(β, g|{Yi}ni=1)

for some covariate value x∗ ∈ X . In practice, these integrals are replaced with sample averages

based on a simulated posterior sample {(βs, gs)}Ss=1. The takeaway is powerful: a researcher with a

sample {(βs, gs)}Ss=1 can answer any inference question that arises in the structural analysis of the

binary choice model. I now turn to the important issue of sampling from the posterior.

3.3 Sampling from the Posterior

3.3.1 Overview of the Gibbs Sampler

I propose Gibbs sampler for the parameters of the heteroskedastic probit model. The starting point

is to expand the parameter from (β, g) to (β, g, Z1, ..., Zn) using that Yi = 1{Zi ≥ 0}, i = 1, ..., n,

where Zi|β, g
ind∼ N (x′iβ, exp(g(xi))) for each i = 1, ..., n. This leads to the joint posterior

dΠn(β, g, Z1, ..., Zn|{Yi}ni=1)

∝
n∏
i=1

{
1{Zi ≥ 0}Yi1{Zi < 0}1−Yiϕ(Zi|x′iβ, exp(g(xi)))

}
dΠ(β, g), (3.3)

where z 7→ ϕ(z|µ, τ 2) is the probability density function of the normal distribution N (µ, τ 2). Gibbs

sampling then proceeds by sequentially updating β, g, and Z1, ..., Zn. That is,

1. Sample {Zi}ni=1 from the conditional posterior Πn((Z1, ..., Zn) ∈ ·|{Yi}ni=1, β, g).

2. Sample β from the conditional posterior Πn(β ∈ ·|{Yi}ni=1, {Zi}ni=1, g).

3. Sample g from the conditional posterior Πn(g ∈ ·|{Yi}ni=1, {Zi}ni=1, β).

This data augmentation strategy, due to Albert and Chib (1993), is useful because, given {Zi}ni=1,

the problem of learning β and g as a Gaussian linear model with nonparametric heteroskedasticity.
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Relative to Albert and Chib (1993), the challenge is sampling from the conditional posterior of g

given β and {Zi}ni=1 as the first two steps are identical to the parametric case except with transformed

covariates xi exp(−g(xi)/2).

Since data augmentation reduces Bayesian estimation of the heteroskedastic probit model to a

Gaussian linear regression model with nonparametric heteroskedasticity, I adopt the approach from

Chib and Greenberg (2013) to sample from the conditional posterior for g. Let

T (Zi, xi, β) = log((Zi − x′iβ)
2), i = 1, ..., n

for i = 1, ..., n. The latent Gaussian linear regression model can be transformed as

T (Zi, xi, β) = g(xi) + νi, νi|β, g
ind∼ logχ2

1, i = 1, ..., n.

A Gaussian process is not a conjugate prior for a regression model with log chi-squared errors.

Fortunately, the log chi-squared distribution is well-approximated by a known location-scale mixture

of ten Gaussian distributions (Kim et al., 1998; Omori et al., 2007). Consequently, I update the

unknown function g using the approximating model

T (Zi, xi, β) = g(xi) + ν∗i , i = 1, ..., n,

where

ν∗i |β, g
ind∼

10∑
j=1

ω0,jN (µ0,j, τ
2
0,j), i = 1, ..., n

with (ω0,1, ..., ω0,10)
′ being a vector of probability weights, (µ0,1, ..., µ0,10)

′ being a vector of means,

and (τ 20,1, ..., τ
2
0,10)

′ being a vector of variance parameters. The mixture parameters are known

because the log chi-squared distribution does not depend on any unknown parameters.5 Recognizing

that the mixture model admits the hierarchical representation,

ν∗i |β, g, {Ai}ni=1
ind∼ N (µ0,Ai

, τ 20,Ai
), Ai|β, g

ind∼ Categorical({ω0,1, ..., ω0,10}), i = 1, ..., n,

5See Table 1 of Omori et al. (2007) for the Gaussian mixture parameters.
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whereCategorical({p1, ..., p10}) generically denotes a discrete probability distribution on {1, ..., 10}

with probability weights {p1, ..., p10}, Bayesian updating of the heteroskedasticity parameter can be

performed using the data-augmented conditional posterior

dΠn(g, A1, ..., An|{Yi}ni=1, β, {Zi}ni=1)

∝
n∏
i=1

10∏
j=1

{
ω
1{Ai=j}
0,j ϕ(T (Zi, xi, β)|µ0,j + g(xi), τ

2
0,j)

1{Ai=j}
}
dΠG(g). (3.4)

This adds considerable tractability to the method because the mixture representation implies that the

Gaussian process forms a conjugate prior, and, as a result, Bayesian updating of (g(x1), ..., g(xn))′

requires sampling from a multivariate Gaussian distribution. Of course, this benefit follows from

approximation. An inspection of the right panel of Figure 1 in Omori et al. (2007) shows that it is

an excellent approximation, and, for that reason, I am not concerned about this discrepancy.

3.3.2 Steps of the Gibbs Sampler

This section describes a single iteration of a Gibbs sampler. That is, obtaining a new parameter

vector (βs+1, gs+1, {Zi,s+1}ni=1, {Ai,s+1}ni=1) given a current parameter (βs, gs, {Zi,s}ni=1, {Ai,s}ni=1).

Iterating this process until s > S for S ≥ 1 generates a sample {(βs, gs, {Zi,s}ni=1, {Ai,s}ni=1)}Ss=1

from the posterior.

Step 1: Updating the Latent Variables.

The first stage is updating the latent variables {Zi}ni=1 while holding β, g, and {Ai}ni=1 fixed at their

current value. From (3.3), the conditional posterior

Πn ((Z1, ..., Zn) ∈ ·|{Yi}ni=1, β, g)

for the latent variables {Zi}ni=1 satisfies

dΠn (Z1, ..., Zn|{Yi}ni=1, β, g) ∝
n∏
i=1

1{Zi > 0}Yi1{Zi ≤ 0}(1−Yi)ϕ (Zi|x′iβ, exp(g(xi))) ,
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which is the density kernel of a product of n independent truncated normal distributions. This

implies that the vector of latent variables (Z1,s+1, ..., Zn,s+1) is sampled according to the rule

Zi,s+1|{Yi}ni=1, βs, gs, {Ai,s}ni=1
ind∼


N[0,∞) (x

′
iβs, exp(gs(xi))) if Yi = 1

N(−∞,0) (x
′
iβs, exp(gs(xi)) if Yi = 0

, i = 1, ..., n,

where NC(µ, τ
2) denotes a normal distribution N (µ, τ 2) truncated to a set C.

Step 2: Updating the Index Coefficients.

The second stage is updating the index coefficients β while holding g, {Zi}ni=1, and {Ai}ni=1 fixed.

From (3.3), the conditional posterior

Πn(β ∈ ·|{Yi}ni=1, g, {Zi}ni=1)

satisfies

dΠn(β|{Yi}ni=1, g, {Zi}ni=1) ∝
n∏
i=1

ϕ(Zi|x′iβ, exp(g(xi)))dΠB(β).

This is Bayesian updating for a linear regression model with an unknown slope and known het-

eroskedasticity, a problem for which there exist priors in which it is simple to sample from the

posterior. For example, an (improper) prior proportional to the product of the Lebesgue measure

on Θ and the point mass at 1 (due to scale normalization) means that samples from the conditional

posterior of β = (θ′, 1)′ are drawn according to the rule

θs+1|{Yi}ni=1, {Zi,s+1}ni=1, gs, {Ai,s}ni=1 ∼ NΘ(θ̂n(gs), V̂n(gs)),

where

θ̂n(gs) =

(
n∑
i=1

exp(−gs(xi))xi,−dxx′i,−dx

)−1 n∑
i=1

exp(−gs(xi))xi,−dx(Zi,s+1 − xi,dx)
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and

V̂n(gs) =

(
n∑
i=1

exp(−gs(xi))xi,−dxx′i,−dx

)−1

.

with xi,−dx being the subvector of xi that excludes the last element xi,dx . This step and that of

Section 3.3.2 are identical to the data-augmentation method for parametric probit models in Albert

and Chib (1993).

Step 3: Updating Mixture Assignments

The third stage is updating the mixture assignments {Ai}ni=1 while holding β, g, and {Zi}ni=1 fixed

at their current values. The conditional posterior for the latent mixture assignments (A1, ..., An)

implied by (3.4) is

dΠn(A1, ..., An|{Yi}ni=1, β, {Zi}ni=1, g) ∝
n∏
i=1

10∏
j=1

{
ω
1{Ai=j}
0,j ϕ(T (Zi, xi, β)|µ0,j + g(xi), τ

2
0,j)

1{Ai=j}
}
,

which implies that

Ai,s+1|{Yi}ni=1, βs+1, {Zi,s+1}ni=1, gs

ind∼ Categorical

{ ω0,jϕ(T (Zi,s+1, xi, βs+1)|µ0,j + gs(xi), τ
2
0,j)∑10

k=1 ω0,kϕ(T (Zi,s+1, xi, βs+1)|µ0,k + gs(xi), τ 20,k)

}10

j=1


for i = 1, ..., n, whereCategorical({pj}10j=1) denotes a discrete probability distribution on {1, ..., 10}

with probability weights {p1, ..., p10}.

Step 4: Updating the Logarithm of the Conditional Variance

The final stage is updating the logarithm of the conditional variance (g(x1), ..., g(xn))
′. From (3.4),

the conditional posterior for (g(x1), ..., g(xn))′ is given by

dΠn((g(x1), ..., g(xn))|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1)

∝
n∏
i=1

{
ϕ(T (Zi, xi, β)|µ0,Ai

+ g(xi), τ
2
0,Ai

)
}
dΠG(g).
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Since ΠG is the law of a mean-zero Gaussian process, the conditional posterior for (g(x1), ..., g(xn))′

implied by (3.4) is

(g(x1), ..., g(xn))
′|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1 ∼ N (mn(β, {Ai}ni=1), Vn({Ai}ni=1)),

where

mn(β, {Ai}ni=1) = Kn(Kn + Σn)
−1(Tn(β)− µ0,n)

and

Vn({Ai}ni=1) = Kn −Kn(Kn + Σn)
−1Kn

with Kn = (κ(xi, xj))
n
i,j=1, Σn = diag(σ2

0,A1
, ..., σ2

0,An
), Tn(β) = (T (Z1, x1, β), ..., T (Zn, xn, β))

′,

and µ0,n = (µ0,A1 , ..., µ0,An)
′. These formulae arise from the conjugacy of Gaussian process

priors regression models with normally distributed error terms (Rasmussen and Williams, 2005).

Consequently,

(gs+1(x1), ..., gs+1(xn))
′|{Yi}ni=1, βs+1, {Zi,s+1}ni=1, {Ai,s+1}ni=1

∼ N (mn(βs+1, {Ai,s+1}ni=1), Vn({Ai,s+1}ni=1)).

As such, the nuisance parameter updating only requires sampling from a multivariate Gaussian dis-

tribution. A caveat, however, is that the inversion of Kn+Σn typically scales at O(n3). Fortunately,

Gaussian process methods are regularly encountered in machine learning applications in which the

sample n is very large, which in turn has led to the development of computational methods for large

datasets (see Chapter 10 of Rasmussen and Williams (2005) for an introduction).
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3.4 Extensions

3.4.1 Discrete Covariates

Some computational simplifications can arise when some of the elements ofX are discrete. Suppose

that x = (x′D, x
′
C)

′ with xD ∈ XD denoting the discrete variables and let xC ∈ XC denoting the

continuous variables. Moreover, let XD = {x1,D, ...., xR,D} with R < ∞. In such case, g can be

written as

g(x) =
R∑
r=1

g(xr,D, xC)1{xD = xr,D}.

Consequently, for any i = 1, ..., n, the log variance g(xi) admits the additive representation

g(xi) =
R∑
r=1

gr(xi,C)1{xi,D = xr,D},

meaning that the last step of the Gibbs sampler (i.e., that described in Section 3.3.2) may be applied

groupwise. This can be computationally advantageous. To see why, suppose that gr
ind∼ ΠGr ,

r = 1, ..., R, where ΠGr is the law of a Gaussian process on XC and let Ir ⊆ {1, ..., n} be such that

xi,D = xr,D for all i ∈ Ir. From (3.4), the conditional posterior of the log variance g is

dΠn((g(x1), ..., g(xn))|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1)

∝
R∏
r=1

{∏
i∈Ir

ϕ(T (Zi, (x
′
r,D, x

′
i,C)

′, β)|µ0,Ai
+ gr(xi,C), τ

2
0,Ai

)dΠGr(gr)

}
.

Consequently, for β, {Ai}ni=1, and {Zi}ni=1 fixed, the functions g1, ..., gR are independent under the

posterior. This is amenable to computation because 1. the inversion of the group level covariance

matrices Knr + Σnr is O(n3
r), where Knr = (κr(xi, xl))i,l∈Ir , Σnr = diag(σ2

0,Ai
: i ∈ Ir), and

nr = |Ir| (as opposed to O(n3) when dealing with Kn + Σn), and 2. Step 4 (i.e., Section 3.3.2) of

the Gibbs sampler can be performed in parallel across r.
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3.4.2 Predicition

Another reason for undertaking a structural analysis is prediction. That is, determine a future

outcome y∗ given a covariate value x∗. Following Section 3.3 of Manski (1988), I cast prediction as a

decision problem in which the utility from action a ∈ [0, 1] in state y∗ ∈ {0, 1} is u(a, y∗) = −|y∗−

a|. The goal is selecting the action a ∈ [0, 1] that maximizes utility. Since y∗ is unknown, a Bayesian

reports the action that maximizes expected utility under the posterior predictive distribution,

Pn,Π(Y = 1|X = x∗) =

∫
Φ

(
x′∗β exp

(
−1

2
g(x∗)

))
dΠ(β, g|{Yi}ni=1).

For u(a, y∗) = −|y∗ − a|, it can be shown that the optimal action a∗({Yi}ni=1) solves

min
a∈[0,1]

{|1− a|Pn,Π(Y = 1|X = x∗) + |a|(1− Pn,Π(Y = 1|X = x∗))}

from which it can be seen that

a∗ ({Yi}ni=1) =


1 if Pn,Π(Y = 1|X = x∗) ≥ 1/2

0 if Pn,Π(Y = 1|X = x∗) < 1/2

In practice, a researcher with a simulated sample {(β′
s, gs(x∗))

′}Ss=1 from the posterior computes

1

S

S∑
s=1

Φ

(
x′∗βs exp

(
−1

2
gs(x∗)

))
and reports y∗S = 1 if this quantity is greater than or equal to 1/2 and reports y∗S = 0 if this quantity

is less than 1/2. This differs from the frequentist decision rule from Manski (1988) in which

a = 1{x′∗β ≥ 0}.

Since the Gibbs sampler in Section 3.3 only samples from the posterior for (g(x1), ..., g(xn))′,

it is inadequate for out-of-sample predictions (i.e., x∗ /∈ {xi}ni=1). For extrapolation, I expand the

parameter to

(β′, {Zi}ni=1, {Ai}ni=1, g(x1), ..., g(xn), g(x∗))
′

and update in blocks β, {Zi}ni=1, {Ai}ni=1, {g(xi)}ni=1, and g(x∗). This requires that the step of the
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Gibbs sampler from Section 3.3.2 be modified and that an additional step is introduced.

Modifying Section 3.3.2

Since (g(x1), ..., g(xn))
′ and g(x∗) are correlated under the Gaussian process prior ΠG , Bayesian

updating of (g(x1), ..., g(xn))
′ given β, {Zi}ni=1, {Ai}ni=1, and g(x∗) uses the conditional dis-

tribution (g(x1), ..., g(xn))
′ given g(x∗) under ΠG as the prior. Let κ∗ = κ(x∗, x∗), κn,∗ =

(κ(x1, x∗), ..., κ(xn, x∗))
′, andKn = (κ(xi, xj))

n
i,j=1. The conditional distribution of (g(x1), ..., g(xn))′

given g(x∗) under ΠG is

N (κn,∗κ(x∗, x∗)
−1g(x∗), Kn − κ(x∗, x∗)

−1κn,∗κ
′
n,∗).

Letting

mn,∗ = κn,∗κ(x∗, x∗)
−1g(x∗)

and

Kn,∗ = Kn − κ(x∗, x∗)
−1κn,∗κ

′
n,∗,

it follows from standard properties of multivariate Gaussian distributions that

(g(x1), ..., g(xn))
′|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1, g(x∗) ∼ N (mn,∗(β, {Ai}ni=1), Vn,∗({Ai}ni=1)),

where

mn,∗(β, {Ai}ni=1) = Σn (Kn,∗ + Σn)
−1mn,∗ +Kn,∗ (Kn,∗ + Σn)

−1 (Tn(β)− µ0,n)

and

Vn,∗({Ai}ni=1) = Kn,∗ −Kn,∗(Kn,∗ + Σn)
−1Kn,∗.
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Consequently, the stage of the Gibbs sampler described in Section 3.3.2 is modified to

(gs+1(x1), ..., gs+1(xn))
′|{Yi}ni=1, βs+1, {Zi,s+1}ni=1, {Ai,s+1}ni=1, gs(x∗)

∼ N (mn,∗(βs+1, {Ai,s+1}ni=1), Vn,∗({Ai,s+1}ni=1)).

This is similar to the step outlined in Section 3.3.2, however, the meanmn,∗(β, {Ai}ni=1) and variance

Vn,∗({Ai}ni=1) are modified to account for the fact g(x∗) is correlated with (g(x1), ..., g(xn))
′ under

ΠG .

New Step

The new step is updating g(x∗) while holding β, {Zi}ni=1, {Ai}ni=1, and {g(xi)}ni=1 fixed. Since

g(x∗) does not enter the likelihood function, it follows that

dΠ(g(x∗)|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1, {g(xi)}ni=1) ∝ dΠG(g(x∗)|g(x1), ..., g(xn))

Consequently, standard properties of multivariate Gaussian distributions imply

g(x∗)|{Yi}ni=1, β, {Zi}ni=1, {Ai}ni=1, {g(xi)}ni=1 ∼ N (κ′n,∗K
−1
n gn, κ(x∗, x∗)− κ′n,∗K

−1
n κn,∗),

where gn = (g(x1), ..., g(xn))
′. This implies that sampling the out-of-sample log conditional

variance gs+1(x∗) is performed using the following rule

gs+1(x∗)|{Yi}ni=1, βs+1, {Zi,s+1}ni=1, {Ai,s+1}ni=1, {gs+1(xi)}ni=1

∼ N (κ′n,∗K
−1
n gn,s+1, κ(x∗, x∗)− κ′n,∗K

−1
n κn,∗).

Intuitively, the sample path properties of the Gaussian process enable information from the collection

{g(xi)}ni=1 to inform g(x∗) (i.e., there is an extrapolation via smoothness).

3.5 Simulation

I present a small-scale simulation study to illustrate some finite-sample properties of the posterior.
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Data Generating Process. The simulation data-generating process is based on a design from

Horowitz (1992). Specifically, data is generated according to the rule

Yi = 1{Xi1 + θXi2 ≥ Ui}, i = 1, ..., n,

where θ = 1, Xi1
iid∼ N (0, 1), Xi2

iid∼ N (1, 1), and

Ui = 0.25(1 + 2(Xi1 +Xi2)
2 + (Xi1 +Xi2)

4)Vi

with Vi|{(Xi1, Xi2)}ni=1
ind∼ logistic with median zero and variance equal to one. I generate

one thousand independent datasets of size n according to this data-generating process for n ∈

{250, 500}.

Prior. The prior for θ is an improper prior proportional to the Lebesgue measure on R, g is

assumed to be drawn from a centered Matérn Gaussian process, and θ ⊥⊥ g under the prior. The

Matérn Gaussian process has the defining property that, for any realized covariates {xi}ni=1, the

vector of function values (g(x1), ..., g(xn))′ follows a Gaussian distribution

(g(x1), ..., g(xn))
′ ∼ N (0, Kn),

where the covariance matrix Kn = (κ(xi, xj))
n
i,j=1 has elements

κ(xi, xj) =
21−α

Γ(α)

(√
2α||xi − xj||2

l

)
Kα

(√
2α||xi − xj||2

l

)
,

for i, j ∈ {1, ..., n}. Here, α > 0 is a smoothness parameter, l > 0 is a length-scale parameter,

Γ(·) is the gamma function, and Kα is a modified Bessel function of the second kind of order

α. In the simulation, I set l = 1 and choose α ∈ {1/2, 3/2, 5/2, 7/2} to evaluate how prior

smoothness affects the procedure. Figure 3.1 illustrates how α governs the smoothness properties

of the process by plotting sample paths of a Matérn process defined over the interval [−3, 3] for

regularity parameter α ∈ {1/2, 3/2, 5/2, 7/2}. More precisely, it can be shown that the sample

paths g are ⌊α⌋-differentiable in mean-square, the Matérn Gaussian process with α = 1/2 and
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one-dimensional X is the Ornstein-Uhlenbeck (OU) process, and the α → ∞ limit is the Gaussian

process with the squared exponential covariance function, a process with analytic sample paths.6

Figure 3.1: Sample Paths of the Matérn Process for Different Values of α.

Results. Table 3.1 reports the mean square error of the posterior median for θ, the frequentist

coverage of the 95% equitailed probability interval for θ, and the average length of the interval

estimates. The equitailed probability interval is a credible interval with lower and upper bounds

given by the 0.025 and 0.975 empirical quantiles of the simulated posterior sample for θ. The

results have several takeaways. First, the posterior median becomes accurate across all smoothness

levels as the sample size increases. Second, the performance of the posterior median seems to

be relatively unaffected by the prior when it is assumed that g has at least one derivative (i.e.,

α ∈ {3/2, 5/2, 7/2}), however, the posterior median based on a prior that is only mean-square

continuous (i.e., α = 1/2) is less accurate than its smooth counterparts. The comparison of α = 1/2

with α > 1/2 parallels the relative performance of the smoothed and unsmoothed maximum score

6See Section 3.1 of van der Vaart and van Zanten (2011) for a formal treatment.
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estimators (see columns 3, 5, 7, and row ‘H’ of Table I of Horowitz (1992)). Third, the equitailed

probability interval for θ undercovers when n = 250 with the extent of the coverage distortion

depending on the smoothness of the prior. Frequentist size/coverage distortions of similar magnitude

are documented for the Horowitz (1992) smoothed maximum score estimator (see Columns 2 and 4

of Table II in Horowitz (1992)). Finally, the equitailed credible intervals have frequentist coverage

close to the nominal level of 95% for this data-generating process when n = 500, however, the

average length of the credible intervals based on smooth priors (i.e. α ∈ {3/2, 5/2, 7/2}) result in

credible intervals with shorter length on average.

Sample Size
Regularity n = 250 n = 500
α = 1/2 0.033 0.007

Mean Square Error
α = 3/2 0.023 0.005
α = 5/2 0.021 0.005
α = 7/2 0.020 0.005

α = 1/2 85.4% 95.0%

Coverage (%)
α = 3/2 90.7% 95.7%
α = 5/2 90.8% 95.9%
α = 7/2 91.7% 95.9%

α = 1/2 0.5150 0.3133

Average Length
α = 3/2 0.4853 0.2933
α = 5/2 0.4790 0.2887
α = 7/2 0.4750 0.2873

Table 3.1: Matérn Process Simulation Results

Notes: Results based on 10,000 iterations of the Gibbs sampler with
the first 5,000 discarded as burn-in. Point estimates used in mean
square error calculations are posterior median, equitailed credible
intervals have nominal level equal to 95%, and the true θ is one.

3.6 Conclusion

This paper presents a Bayesian inference procedure for the maximum score problem. The key

idea is that a semiparametric binary choice model subject to a median independence restriction is
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observationally equivalent to a probit model with nonparametric heteroskedasticity. Consequently,

a computationally attractive Bayesian inference procedure can be derived from Gibbs sampling

techniques developed in Albert and Chib (1993) and Chib and Greenberg (2013). Establishing

formal asymptotic properties of the posterior for the index coefficients β (i.e., posterior consistency,

rates of convergence, and frequentist uncertainty quantification guarantees) is work in progress.
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Appendix A

Appendix to Chapter 1

A.1 Measurability and Existence of the Fixed Point

I provide sufficient conditions for Assumption 4. A discussion follows.

Assumption 22. The following holds for almost every realization {zi}i≥1 of {Zi}i≥1 and every

n ≥ 1,

1. Γ is a compact subset of (Rdγ , || · ||2)

2. pW |Z 7→ Qn(γ, γ̃, pW |Z) is PW |Z-measurable for each (γ, γ̃) ∈ Γ× Γ

3. γ 7→ Qn(γ, γ̃, pW |Z) is continuous for every γ̃ ∈ Γ and Π-almost every pW |Z ∈ PW |Z

4. qn(γ̃, pW |Z) = argminγ∈ΓQn(γ, γ̃, pW |Z) is unique and satisfies qn(γ̃, pW |Z) ∈ int(Γ) for

every γ̃ ∈ Γ and Π-almost every pW |Z ∈ PW |Z .

Assumption 23. The following conditions hold for almost every realization {zi}i≥1 of {Zi}i≥1 and

every n ≥ 1:

1. γ 7→ m(zi, γ), i = 1, ..., n, is twice continuously differentiable for Π-almost every pW |Z ∈

PW |Z .

2. γ 7→ Σ(zi, γ),i = 1, ..., n, is continuously differentiable for Π-almost every pW |Z ∈ PW |Z ,

126



3. infγ∈Γmin1≤i≤n λmin(Σ(zi, γ)) > 0 for Π-almost every pW |Z ∈ PW |Z .

4. The criterion function (x1, x2) 7→ Qn(x1, x2, pW |Z) satisfies

sup
γ∈Γ

∣∣∣∣∣
∣∣∣∣∣
(

∂2

∂x1∂x′1
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

)−1
∣∣∣∣∣
∣∣∣∣∣
op

<

(
sup
γ∈Γ

∣∣∣∣∣∣∣∣ ∂2

∂x1∂x′2
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

)−1

for Π-almost every pW |Z ∈ PW |Z .

Discussion of Assumptions. Assumptions 22 and 23 are similar to Assumption 1 in Hansen and

Lee (2021) except that they apply to conditional moments and account for the fact that the density

pW |Z is a random variable. Assumption 22 ensures that, with Π-probability equal to one, there

is a unique interior solution to minγ∈ΓQn(γ, γ̃, pW |Z) and the solution qn(γ̃, pW |Z) is a random

variable on (PW |Z ,PW |Z) for each γ̃ ∈ Γ. Compactness is included to ensure that a solution exists,

however, it is not essential (as Example 1 in the main text indicates) and the other assumptions are

analogous to the conditions that ensure the measurability of an extremum estimator (e.g., Newey

and McFadden (1994)) with pW |Z playing the role of the data in my context. I elaborate on Part 2 of

Assumption 22 after stating Proposition 9. Assumption 23 ensures γ̃ 7→ qn(γ̃, pW |Z) is continuous

with Π-probability equal to one and that the function is a random contraction mapping. That is,

there exists a random variable ρ(pW |Z)1 such that 0 ≤ ρ(pW |Z) < 1 with Π-probability equal to

one and

||qn(γ̃1, pW |Z)− qn(γ̃2, pW |Z)||2 ≤ ρ(pW |Z)||γ̃1 − γ̃2||2 ∀ γ̃1, γ̃2 ∈ Γ

with Π-probability equal to one. This conclusion follows from an application of the implicit function

theorem to the first-order conditions

∂

∂γ′
Qn(qn(γ̃, pW |Z), γ̃, pW |Z) = 0
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and then the fact that Part 4 of the assumption implies that

sup
γ̃∈Γ

∣∣∣∣∣∣∣∣ ∂∂γ̃′ qn(γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

< 1

for Π almost every pW |Z ∈ PW |Z . Consequently, probabilistic extensions of the Banach fixed point

theorem ensure that there is a Γ-valued random variable γn(pW |Z) that is the unique fixed point of

qn(·, pW |Z).1 In other words, the fixed point γn(pW |Z) exists, it is unique, and one can coherently

assign probabilities to it using the posterior Πn(pW |Z ∈ ·|W (n)). The next proposition formalizes

this.

Proposition 9. If Assumptions 22 and 23 hold, then Assumption 4 holds.

Measurability of the Criterion Function and Example of (PW |Z ,PW |Z). The measurability of

the mapping pW |Z 7→ Qn(γ, γ̃, pW |Z) is potentially delicate despite the density pW |Z being likened

to the data in the usual extremum estimation theory. Indeed, the usual extremum estimation theory

(e.g., Newey and McFadden (1994)) assumes the data are Euclidean-valued random variables that

are Borel measurable, and, as a result, a straightforward sufficient condition for measurability of

criterion functions in the data is continuity. In contrast, pW |Z is an infinite-dimensional random

variable, and, as a result, the continuity of this mapping depends on the topological properties of the

parameter space PW |Z . The next proposition states a sufficient condition for Part 2 of Assumption

22.

Proposition 10. Suppose that the following conditions hold for almost every realization {zi}i≥1 of

{Zi}i≥1 and every n ≥ 1:

1. max1≤i≤n
∫
W g2j (w, zi, γ)dw <∞ for each j = 1, ..., dg and for each γ ∈ Γ.

2. min1≤i≤n λmin(Σ(zi, γ)) > 0 and max1≤i≤n λmax(Σ(zi, γ)) <∞ for each γ ∈ Γ.

1See Bharucha-Reid (1976) for an overview of probabilistic fixed point theorems.
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Then Part 2 of Assumption 22 holds for

PW |Z =

{
pW |Z : max

1≤i≤n

∫
p2W |Z(w|zi)dw <∞

}
and PW |Z equal to the Borel σ-algebra generated by the open sets in the norm

||pW |Z ||PW |Z = max
1≤i≤n

(∫
|pW |Z(w|zi)|2dw

) 1
2

.

Remark 13. The parameter space PW |Z and the associated norm || · ||PW |Z is defined conditional

on the realization {zi}i≥1 of {Zi}i≥1. A reader seeking to eliminate dependence on {zi}i≥1 should

note that Proposition 10 can be stated in terms of the supremum over Z (i.e., replace max1≤i≤n and

min1≤i≤n with supz∈Z and infz∈Z , respectively).

A.2 Additional Simulation and Empirical Illustration Details

A.2.1 Simulation: Deadweight Loss Calculation for the Constant Elasticity

Model

I derive the expression for S(p0, y, γ) for the constant elasticity model. Following equation (1.1) in

Hausman and Newey (1995), I need to solve the differential equation

∂S(t, y, γ)

∂t
= − exp(γ0)p(t)

γ1(y − S(t, y, γ))γ2
∂p(t)

∂t
, S(1, y, γ) = 0,

where t 7→ p(t), t ∈ [0, 1], is a continuously differentiable price path with p(0) = p0 and p(1) = p1.

Rearranging and applying the chain rule,

1

1− γ2

∂

∂t
(y − S(t, y, γ))1−γ2 = exp(γ0)

1

1 + γ1

∂

∂t
p(t)1+γ1

Integrating both sides, it follows that

1

1− γ2
(y − S(t, y, γ))1−γ2 =

exp(γ0)

1 + γ1
p(t)1+γ1 + C
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Using the condition S(1, y, γ) = 0, it follows that

C =
1

1− γ2
y1−γ2 − exp(γ0)

1 + γ1
p(1)1+γ1

This implies that

1

1− γ2
(y − S(t, y, γ))1−γ2 =

exp(γ0)

1 + γ1
p(t)1+γ1 +

1

1− γ2
y1−γ2 − exp(γ0)

1 + γ1
p(1)1+γ1

=
exp(γ0)

1 + γ1

(
p(t)1+γ1 − p(1)1+γ1

)
+

1

1− γ2
y1−γ2

and, as a result,

S(t, y, γ) = −
(
exp(γ0)(1− γ2)

1 + γ1

(
p(t)1+γ1 − p(1)1+γ1

)
+ y1−γ2

) 1
1−γ2

+ y

= −
(

(1− γ2)

(1 + γ1)yγ2
(p(t)q(p(t), y, γ)− p(1)q(p(1), y, γ)) + y1−γ2

) 1
1−γ2

+ y.

Since p(0) = p0 and p(1) = p1, it follows that

S(p0, y, γ) = −
(

(1− γ2)

(1 + γ1)yγ2

(
p0q(p0, y, γ)− p1q(p1, y, γ)

)
+ y1−γ2

) 1
1−γ2

+ y.

This implies the deadweight loss parameter is

DWL(p0, p1, y, γ) = y −
(

(1− γ2)

(1 + γ1)yγ2

(
p0q(p0, y, γ)− p1q(p1, y, γ)

)
+ y1−γ2

) 1
1−γ2

− (p1 − p0) exp(γ0)(p
1)γ1yγ2 .

The fact that the constant elasticity deadweight loss has a closed form is useful for the simulation

study because it enables a standard application of the delta method to compute standard errors for

the frequentist estimators. This is the primary reason that the constant elasticity model is used for

the simulation study.
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A.2.2 Simulation: Generating Data, Prior, Posterior Median Versus Posterior

Mean, Effect of Prior Hyperparameter on Results, and Description of

Other Procedures

Data Generating Process.

The following section details the simulation data-generating process for the constant elasticity

model with endogenous prices. I simulate the linear instrumental variables model

logQ = γ0 + γ1 logP + γ2 log Y + U1 (A.1)

logP = λ0 + λ1 log Y + λ2 logA+ U2, (A.2)

where the error terms U1 and U2 satisfy the conditional mean restrictions E[U1| logA, log Y ] = 0

and E[U2| logA, log Y ] = 0, respectively. I call equation (A.1) the structural equation and (A.2) is

the first stage equation. The coefficients of the structural equation are set equal to the instrumental

variables estimates γ̂ = (γ̂0, γ̂1, γ̂2)
′ of the regression of logQ on logP and log Y with logA

as an instrument for logP using the full dataset. Let Ûi,1 = logQi − γ̂0 − γ̂1 logPi − γ̂2 log Yi

be the instrumental variables residuals. Similarly, the first stage coefficients are equal to OLS

estimates λ̂ = (λ̂0, λ̂1, λ̂2)
′ of the regression of logP on log Y and logA using the full dataset. Let

Ûi,2 = logPi − λ̂0 − λ̂1 log Yi − λ̂2 logAi be the OLS residuals. Datasets {(A∗
ij
, Y ∗

ij
, Q∗

ij
, P ∗

ij
)}nj=1

of size n are then generated as follows:

1. Sample a set of indices {i1, ..., in} by randomly sampling from {1, ..., n} with replacement.

2. Sample (εi1,1, εi1,2, εi1,3, εi1,4), ..., (εin,1, εin,2, εin,3, εin,4) independently from the Gaussian

distribution N (0, Ω̂), where

Ω̂ = diag
(

1

100
V̂ ar(log Y ),

1

100
V̂ ar(logA),

1

100
V̂ ar(logP ),

1

100
V̂ ar(logQ)

)
.

3. Generate log Y ∗
ij
= log Yij + εij ,1 and logA∗

ij
= logAij + εij ,2 for j = 1, ..., n.

4. Sample Ri1 , ..., Rin independently from a Rademacher distribution.
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5. Generate logP ∗
ij
= λ̂0 + λ̂1 log Y

∗
ij
+ λ̂2 logA

∗
ij
+Rij Ûij ,2 + εij ,3 for j = 1, ..., n.

6. Generate logQ∗
ij
= γ̂0 + γ̂1 logP

∗
ij
+ γ̂2 log Y

∗
ij
+Rij Ûij ,1 + εij ,4 for j = 1, ..., n.

The random vectors (εij ,1, εij ,2, εij ,3, εij ,4) ensure that the variables are continuously distributed

while the interaction between the Rademacher variables and the residuals ensure that the conditional

moment restrictions hold at γ̂n and allow for heteroskedasticity of an unknown form. Multiplying

Ûij ,1 and Ûij ,2 by a common Rademacher variable Rij preserves the correlation between the first

stage and structural errors.

Prior

Recall that I use the model described in (1.3). That is,

pθ,B(w|z) ∝ exp(log fθ(w|z) +B(Fθ,z(w), F0(z))).

As such, there are four things to specify: 1. a base density fθ(w|z), 2. a prior over the base

density parameters θ, 3. a prior for the function B, and 4. a compactification F0 for the external

variables. For 1., I set fθ(w|z) = fθ,1(w1|z) × fθ,2(w2|z), where fθ,1(w1|z) is the density of

N (µ′
1z, σ

2
1), where z = (1, log y, log a), µ1 ∈ R3 and σ2

1 > 0, and fθ,2(w2|z, w1) is the density of

N (µ′
21z + µ22ŵ1(µ1, σ

2
1), σ

2
2), where µ21 ∈ R3, µ22 ∈ R, ŵ1(µ1, σ

2
1) = (w1 − z′µ1)/σ1, and σ2

2 ∈

R++. Standard properties of normal distributions indicate that this is equivalent to assuming that W

given Z is a bivariate Gaussian linear regression model. In this example, θ = (µ′
1, µ

′
21, µ22, σ

2
1, σ

2
2)

′,

and, towards 2., I assume that the elements of (µ′
1, µ

′
21, µ22)

′ are mutually independent N (0, 1000)

random variables, the elements of (σ2
1, σ

2
2)

′ are mutually independent random variables with an

inverse gamma distribution with shape and scale parameters equal to 0.001, and (µ′
1, µ

′
21, µ22)

′ ⊥⊥

(σ2
1, σ

2
2)

′. These are standard diffuse (but proper) prior choices for location and scale parameters in

a Gaussian model. For 3., I assume that B is drawn from a centered Matérn Gaussian process. That

is, for any t1, ..., tk ∈ [0, 1]4, the vector of function values (B(t1), ..., B(tk))
′ follows a multivariate
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Gaussian distribution with covariance matrix given by (κ(tj, tl))
k
j,l=1, where

κ(t, s) =
21−α

Γ(α)

(√
2α||t− s||2

l

)α

Kα

(√
2α||t− s||2

l

)
.

for t, s ∈ [0, 1]4, where α > 0, l > 0 Γ(·) is the gamma function, and Kα is the modified Bessel

function of the second kind of order α. Throughout, I set the length-scale parameter l = 1 so that the

hyperparameter α fully specifies the prior. It represents the analyst’s beliefs about the smoothness

of the conditional density because the sample paths are ⌊α⌋-times differentiable in mean square

(Rasmussen and Williams, 2005). Figures A.1 plot sample paths of the Matérn process for the case

where the input space is [0, 1] for different values of the regularity parameter α. Matérn Gaussian

processes are often recommended in applications with a common hyperparameter choice being

α = 5/2 (see Rasmussen and Williams (2005) and the references therein).2 I use this value of α

in the simulations in the main text. For 4., I set F0(zi) = (F0,1(log yi), F0,2(log ai)) for i = 1, ..., n

with the component functions being the linear transformations (xi −min1≤i≤n xi)/(max1≤i≤n xi −

min1≤i≤n xi).

Posterior Median versus Posterior Mean as Bayesian Point Estimator.

Table A.1 presents the median absolute error (MAE) results using the posterior mean versus the

posterior median as a point estimator for the deadweight loss parameter. I set α = 5/2 and the

results indicate that finite-sample properties of the two estimators are fairly similar in this example.

2An even more striking endorsement of the Matérn process is found on p. 14 of Stein (1999) in which one of the
key practical recommendations for modeling random fields is plainly ‘Use the Matérn model.’.
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Figure A.1: Sample Paths from Matérn Gaussian Process

Table A.1: MAE Comparison of Posterior Mean Versus Posterior Median

Low Income High Income

Estimator n = 1000 n = 2500 n = 1000 n = 2500

Posterior Median 5.56 3.53 6.53 4.12

Posterior Mean 5.47 3.51 6.52 4.25

Notes: The results are based on 20, 000 MCMC iterations with the first

10, 000 discarded as burn-in and then thinning by keeping every fifth draw.

Prior Sensitivity.

Since the data-calibrated simulation does not give the researcher control over the smoothness of

the relevant unknown functions (i.e., there is no guarantee that α = 5/2 is the ‘right’ choice), it is

important to assess how this choice of prior affects the results. For this reason, I present the results
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for α ∈ {1/2, 3/2, 5/2, 7/2, 9/2} in Table A.2. The MAE results exhibit some robustness to the

regularity parameter α with the choice of α = 5/2 having the best performance across the income

groups. However, it should be noted that, for α ∈ {3/2, 5/2, 7/2, 9/2} and n ∈ {1000, 2500}, the

MAE of the posterior median is smaller than the other point estimators for at least one income group.

The coverage results indicate that the smoother priors result in finite-sample coverage closer to 0.95

for n = 2500 (especially α = 7/2). This suggests hierarchical procedures that attempt to learn the

unknown regularity may be useful, however, extending the semiparametric Bayesian framework to

accommodate priors that adapt to the unknown regularity of the nuisance parameter may introduce

several technical challenges, and, as a result, it is an important avenue for future research.3

3Although hierarchical Bayes approaches are known to deliver rate-adaptive posterior consistency guarantees
(van der Vaart and van Zanten, 2009b; Fang and Bhadra, 2024), they can severely bias estimates of low-dimensional
target parameters (e.g., see Section 4.3 of Castillo and Rousseau (2015) for a counterexample). Consequently, the
problem of determining conditions under which adaptive priors can be accommodated for semiparametric Bayesian
inference is an important direction for future research.

135



Table A.2: Varying the Regularity Parameter

Low Income High Income

Criteria Regularity n = 1000 n = 2500 n = 1000 n = 2500

α = 1/2 5.91 3.71 7.05 4.42

α = 3/2 5.94 3.51 7.22 4.22

MAE α = 5/2 5.56 3.53 6.53 4.12

α = 7/2 5.91 3.62 6.94 4.27

α = 9/2 6.16 3.57 7.41 4.10

α = 1/2 89.0 97.0 87.4 97.0

α = 3/2 91.8 97.4 91.6 97.2

Coverage (%) α = 5/2 91.4 96.4 91.6 96.6

α = 7/2 90.0 95.8 90.2 95.8

α = 9/2 88.8 96.2 89.0 95.6

α = 1/2 28.72 23.66 33.69 27.37

α = 3/2 30.65 21.59 35.81 25.08

Length α = 5/2 29.78 21.03 34.98 24.50

α = 7/2 29.16 20.47 33.96 23.81

α = 9/2 28.51 20.00 33.57 23.33

Notes: The table reports empirical median absolute error (MAE) of the point estimates for the

deadweight loss parameter, empirical coverage of the equitailed probability intervals for the

deadweight loss parameter relative to nominal level 95%, and median length of the equitailed

probability intervals for the deadweight loss parameter. Results are based on 20, 000 MCMC

iterations with the first 10, 000 discarded as burn-in and then thinning by keeping every fifth

draw. I use the posterior median for the point estimates in the MAE calculations.
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Description of Other Procedures.

I describe the other procedures:

1. Two-Stage Least Squares. The two-stage least squares estimator is based on the estimating

equation EPWZ
[Zg(W,Z, γ)] = 0, where PWZ is the joint distribution of (W ′, Z ′)′. Since the

moment condition is just-identified (i.e., dz = dγ), the estimator coincides with the Wald esti-

mator and has the formula γ̂ = (
∑n

i=1 ziX
′
i)

−1
∑n

i=1 zi logQi, whereXi = (1, logPi, log Yi)
′

and zi = (1, log yi, log ai)
′. The estimator for asymptotic variance is

V̂ =

(
1

n

n∑
i=1

ziX
′
i

)−1(
1

n

n∑
i=1

ziz
′
iÛ

2
i

)(
1

n

n∑
i=1

ziX
′
i

)−1

,

where Ûi = logQi − γ̂′Xi are the Wald residuals. The delta method is used to estimate the

asymptotic variance of the deadweight loss parameter.

2. Bayesian Bootstrap. The Bayesian bootstrap produces a posterior for the parameter γ that

solves EPWZ
[Zg(W,Z, γ)] = 0 via a weighted bootstrap. Specifically, for each bootstrap

repetition, the researcher samples V1, ..., Vn i.i.d from a standard exponential distribution

and solves the estimating equation
∑n

i=1 Vizig(Wi, zi, γ) = 0. It has a fully Bayesian

interpretation because it coincides with a noninformative limit of a Ferguson (1973) Dirichlet

process posterior. Under regularity conditions (e.g., Lo (1987)), the Bayesian bootstrap

posterior has the same limiting distribution as the Wald estimator.

3. Plug-In Efficient Estimator. The plug-in efficient estimator is a two-step method of moments

estimator based on the estimating equation EPWZ
[h(Z, γ)g(W,Z, γ)] = 0, where h(Z, γ) =

ω(Z, γ)M(Z) withM(Z) = (1, EPW |Z [logP |Z], log Y )′ and ω(Z, γ) = 1/E[g2(W,Z, γ)|Z].

It is a two-step procedure that has the following steps:

(a) Estimate γ using γ̃ = (
∑n

i=1 ziX
′
i)

−1
∑n

i=1 zi logQi and estimate the conditional ex-

pectation functions E[logP | log Y, logA] and E[U2| log Y, logA] using the fitted val-

ues from regression of logP and the square of the instrumental variables residuals
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Û = logQ− γ̃′Z, respectively, on a tensor product polynomial of log Y and logA. Let

M̂(z) = (1, Ê[logP | log Y, logA], log Y )′ and ω̂(z, γ̃) = 1/Ê[U2| log Y, logA], where

Ê[logP | log Y, logA] and Ê[U2| log Y, logA] are the power series estimators.

(b) The plug-in estimator γ̂ is obtained using the formula

γ̂ =

(
n∑
i=1

ω̂(zi, γ̃)M̂(zi)X
′
i

)−1 n∑
i=1

ω̂(zi, γ̃)M̂(zi) logQi.

The asymptotic variance is estimated using the associated plug-in estimator of the

Chamberlain (1987) efficiency bound

V̂ =

(
1

n

n∑
i=1

ω̂(zi, γ̃)M̂(zi)M̂(zi)
′

)−1

.

I set the degree of the polynomials to be ⌊n1/7⌋. The logic is that if the true conditional

expectations are α-regular, then optimal rates of convergence typically require that the degree

of the polynomials be of the order n1/(dz+2α). I set α = 5/2 to coincide with the choice for

the Matérn prior, and, in this example, dz = 2. This leads to the sieve dimension of n1/7.

4. Bayesian Exponentially Tilted Empirical Likelihood (BETEL). For the BETEL procedure,

Bayesian inference is performed using the posterior,

πBETEL(γ|W (n)) ∝ LBETELn (γ)πΓ(γ)1{γ ∈ int(Co(γ))},

where

LBETELn (γ) =
n∏
i=1

p̂i(γ), p̂i(γ) =
exp(λ̂(γ)′g(Wi, zi, γ)h(zi))∑n
j=1 exp(λ̂(γ)

′g(Wj, zj, γ)h(zj))
, i = 1, ..., n

with

λ̂(γ) = argmin
γ∈Rdh

1

n

n∑
i=1

exp(λ′g(Wi, zi, γ)h(zi))
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and

Co(γ) =

{
(p1, ..., pn)

′ ∈ Rn
+ :

n∑
i=1

pi = 1,
n∑
i=1

pig(Wi, zi, γ) = 0

}
.

In the simulations, I set h(z) to the natural cubic spline basis of discussed on p. 744 of Chib

et al. (2022) with their recommended choice of ⌊2 · n1/6⌋ knots. For the empirical study, I set

the number of knots equal to ⌊n1/6⌋ due to numerical issues with the spline basis. I use the

Chib et al. (2018, 2022) default Student’s t prior for γ in both cases.

A.2.3 Additional Empirical Results

Constant Elasticity Estimates

Table A.3 compares the estimates of deadweight loss as a fraction of income estimates under the

constant elasticity model to those obtained from the procedures that appear in the simulation study.

The common theme is that the price change has a more pronounced effect on relative household

utility loss as the household income decreases. These results are qualitatively similar to the log-log

estimates in Blundell et al. (2012) (see the last column of Table 4 in their paper), however, it should

be noted that their estimates assume exogenous prices whereas mine allow for price endogeneity.

The semiparametric Bayes point estimates predict a less severe welfare effect than that predicted by

two-stage least squares, the Bayesian bootstrap, and BETEL, however, the point estimates suggest a

more severe impact when compared to the plug-in efficient estimates. Across all of the procedures

and all income groups, the equitailed probability intervals for the semiparametric Bayes procedure

have the shortest length, and, in particular, they are contained in the interval estimates for two-stage

least squares and the Bayesian bootstrap. Note that the same posterior sample for the conditional

density is used to estimate the translog and the constant elasticity models.
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Table A.3: Deadweight Loss Relative to Income for the Constant Elasticity Model

Method
SB TSLS PE BB BETEL

Low Income 7.63 7.78 7.39 7.76 8.06
(6.00, 9.21) (5.92, 9.63) (5.61, 9.18) (5.85, 9.60) (6.30, 9.59)

Middle Income 6.21 6.29 5.95 6.28 6.49
(4.88, 7.48) (4.78, 7.80) (4.51, 7.39) (4.72, 7.79) (5.07, 7.76)

High Income 5.30 5.34 5.04 5.34 5.50
(4.17, 6.40) (4.06, 6.63) (3.82, 6.26) (4.02, 6.63) (4.30, 6.53)

Notes: Point estimates with credible/confidence intervals in parentheses. Semiparametric Bayes
(SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) results are based on 50, 000
MCMC iterations with the first 25, 000 discarded as burn-in and then thinning by keeping every
fifth draw, the Bayesian bootstrap (BB) results are based on 5, 000 bootstrap repetitions, and the
two-stage least squares (TSLS)/plug-in efficient (PE) confidence sets use the delta method. The
posterior median is used for the point estimates for Bayesian methods and credible intervals are
equitailed probability intervals.

Prior Sensitivity

The key input for the Matérn process is a smoothness parameter α > 0 with larger values of

α corresponding to smoother conditional densities. Like the simulation study, I set α = 5/2

in Table 1.3. Tables A.4 and A.5 reports the posterior median and equitailed intervals for α ∈

{1/2, 3/2, 5/2, 7/2, 9/2} for constant elasticity and translog demand models, respectively. The

results indicate the same theme across the levels of α: the price change has a more severe impact

on available household resources as income decreases, however, the magnitudes are higher for the

translog specification.
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Table A.4: Prior Sensitivity under Constant Elasticity Demand

Regularity

α = 1/2 α = 3/2 α = 5/2 α = 7/2 α = 9/2

Low Income 8.11 8.26 7.63 7.37 8.13

(6.63, 9.96) (6.70, 9.86) (6.00, 9.21) (5.77, 9.03) (6.56, 9.63)

Middle Income 6.62 6.74 6.21 6.00 6.60

(5.42, 7.87) (5.48, 8.05) (4.88, 7.48) (4.70, 7.34) (5.33, 7.83)

High Income 5.67 5.77 5.30 5.12 5.64

(4.64, 6.73) (4.68, 6.89) (4.17, 6.40) (4.00, 6.27) (4.55, 6.67)

Notes: Posterior median with equitailed probability intervals reported in parentheses. The results

are based on 50, 000 MCMC iterations with the first 25, 000 discarded as burn-in and then thinning

by keeping every fifth draw.

Table A.5: Prior Sensitivity under Translog Demand

Regularity
α = 1/2 α = 3/2 α = 5/2 α = 7/2 α = 9/2

Low Income 10.81 10.65 9.55 8.98 9.54
(9.38, 12.45) (9.01, 12.40) (7.86, 11.31) (7.22, 10.85) (7.87, 11.21)

Middle Income 9.04 8.88 7.94 7.47 7.91
(7.88, 10.31) (7.59, 10.25) (6.63, 9.32) (6.09, 8.92) (6.61, 9.18)

High Income 7.81 7.66 6.85 6.44 6.81
(6.82, 8.89) (6.59, 8.81) (5.74, 7.98) (5.28, 7.63) (5.73, 7.84)

Notes: Posterior median with equitailed probability intervals reported in parentheses. The results are
based on 50, 000 MCMC iterations with the first 25, 000 discarded as burn-in and then thinning by keeping
every fifth draw.

A.2.4 Posterior Computations

This section outlines posterior computation.
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Kriging Approximation

Background on Kriging. A key computational challenge is that

pθ,B(w|z) = fθ(w|z)
exp(B(Fθ,z(w), F0(z)))∫
[0,1]dw

exp(B(u, F0(z)))du

has a normalizing integral ∫
[0,1]dw

exp(B(u, F0(z)))du (A.3)

that depends on the entire sample path of the Gaussian process B. Following Tokdar (2007) and

Tokdar et al. (2010), I use an interpolating Gaussian process to deal with likelihood evaluation

challenges arising from the normalizing integral (this is also suggested in Ghosal and Van der Vaart

(2017)). Let t1, .., tk be a set nodes in [0, 1]d. An interpolating Gaussian process, sometimes referred

to as a kriging, is a random function B∗
k : [0, 1]

d → R that satisfies

B∗
k(t) = EΠB [B(t)|B(t1), ..., B(tk)].

for any t ∈ [0, 1]d. If B has continuous sample paths, then B∗
k does too, and, since B∗

k(tj) = B(tj)

for all j ∈ {1, ..., k}, the interpolating Gaussian process B∗
k is thus a good approximation to B

provided the nodes t1, ..., tk grow dense in [0, 1]d. Kriging is useful because it reduces computation

to a finite-dimensional problem because the joint normality of (B(t), B(t1), ..., B(tk))
′ implies that

B∗
k satisfies B∗

k(t) = b′kK
−1/2
k κk(t) for any t ∈ T , where bk ∼ N (0, Ik),

Kk =



κ(t1, t1) κ(t1, t2) · · · κ(t1, tk)

κ(t2, t1) κ(t2, t2) · · · κ(t2, tk)

...
... . . . ...

κ(tk, t1) κ(tk, t2) · · · κ(tk, tk)


,
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and

κk(t) =


κ(t1, t)

...

κ(tk, t)


Using Ak(t) for K−1/2

k κk(t), the function Ak : T → Rk is known, and, as a result, the researcher

has to sample a vector (θ, bk) rather than (θ, B). This means that standard Bayesian computation

techniques (i.e., MCMC) can be used for density estimation and the normalizing integral∫
[0,1]dw

exp(b′kAk(u, F0(z)))du

may be computed using standard numerical methods. It should be noted that this use of the

covariance function κ : T × T → R to induce an approximating degenerate Gaussian process

prior is purely a computational device. All of the theoretical guarantees in Section 1.5 are based

on the original (possibly) nondegenerate Gaussian process B (i.e., it assumes that (A.3) can be

computed, eliminating the need for the interpolating Gaussian process). This conforms to the

standard theoretical treatment of Gaussian process density estimation (Tokdar and Ghosh, 2007;

van der Vaart and van Zanten, 2008a; Tokdar et al., 2010).

Selecting Nodes. I describe the choice of nodes used for the simulations and empirical analysis.

The set of nodes is chosen to be equal to ({j/δ}δj=0)
dw × {ẑn,j}δ+1

j=1, where δ ∈ Z++ is a user-

specified width parameter and {ẑn,j}δ+1
j=1 are the cluster centers obtained from applying k-means

to partition the observed external variables {zi}ni=1 into δ + 1 clusters. The simulations and

empirics set δ = 2. The rationale for using k-means to select nodes for the external variables is

as follows. Since the semiparametric Bayesian approach only relies on the Gaussian processes

(B(·, z1), ..., B(·, zn)), a practically convenient approach to kriging would be to set the nodes equal

to ({j/δ}δj=0)
dw × {zi}ni=1 because it does not require the researcher select a grid for the external

variables. Unfortunately, this adds considerable computational burden when n is large/the external

variables have large support. The clustering algorithm serves as a low-dimensional approximation
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to this ideal while being amenable to computation. There is no concern about the data being used

for this approximation because, from the perspective of conditioning on the realization {zi}i≥1,

the k-means clustering algorithm is simply a deterministic transformation of the observed external

variables {zi}ni=1. Moreover, it is a formally an approximation to the practical ideal (i.e., kriging

using (B(t1, z1), ..., B(tk, z1), ..., B(t1, zn), ..., B(tk, zn))) because setting the number of clusters

equal to n leads to the set of nodes ({j/δ}δj=0)
dw × {zi}ni=1. Reversible jump algorithms that treat

the nodes as additional parameters (e.g., Tokdar (2007)) could also be applied, however, I found a

coarse grid with δ = 2 seemed to well for the simulations in Section 1.3 while being amenable to

computation.

Metropolis-within-Gibbs Sampler

I outline the steps of a Metropolis-within-Gibbs sampler that generates a sample {(θ[s], b[s]k )}Ss=1

from the posterior. Let (θold, bk,old) be a current value of the Markov Chain (i.e., a given (θ[s], b
[s]
k )).

The following two steps lead to a new value (θnew, bk,new) (i.e., a (θ[s+1], b
[s+1]
k )). Hence, performing

these steps S times generates a sample {(θ[s], b[s]k )}Ss=1 from the posterior.

Step 1 – Updating the Kriging Coefficients. I outline how to update the coefficients bk of the

interpolating Gaussian process. The conditional posterior for bk given θ satisfies

dΠn(bk|θ,W (n)) ∝
n∏
i=1

fθ(Wi|zi)
exp(b′kAk(Fθ,zi(Wi), F0(zi)))∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du
ϕk(bk)

∝
n∏
i=1

exp(b′kAk(Fθ,zi(Wi), F0(zi)))∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du
ϕk(bk),

where ϕk is the density of N (0, Ik) and the second ‘∝’ follows from the fact that fθ(Wi|zi) does not

depend on bk. Since the prior is not conjugate for the likelihood, I use Random Walk Metropolis-

Hastings (RWMH) to sample from the conditional posterior:

1. Draw bk ∼ N (bk,old, c
2
bIk)
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2. Accept bk with probability

min

{
1,

ϕk(bk)

ϕk(bk,old)

n∏
i=1

exp(b′kAk(Fθold,zi(Wi), F0(zi)))

exp(b′k,oldAk(Fθold,zi(Wi), F0(zi)))

∫
[0,1]dw

exp(b′k,oldAk(u, F0(zi)))du∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du

}
.

The proposal scale cb > 0 is updated during the burn-in period to target an acceptance rate of 35%.

Specifically, the proposal scale parameter cb is selected according to the rule,

cb,new = cb,old

(
0.95 + 0.1

exp(âb − 0.35)

1 + exp(âb − 0.35)

)
,

where âb is the fraction of bks accepted relative to the number of iterations. This rule is based on

Herbst and Schorfheide (2014) and Chen et al. (2018). The integrals were computed using Monte

Carlo integration based on sampling a large number of independent dw × 1 random vectors with

mutually independent elements drawn from U([0, 1]).

Step 2 – Updating the Base Density Parameters. I outline how to update the parameters of the

base parametric model fθ. The conditional posterior for θ given bk satisfies

dΠn(θ|bk,W (n)) ∝
n∏
i=1

fθ(Wi|zi)
exp(b′kAk(Fθ,zi(Wi), F0(zi)))∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du
πΘ(θ)

∝
n∏
i=1

fθ(Wi|zi) exp(b′kAk(Fθ,zi(Wi), F0(zi)))πΘ(θ),

where the second ‘∝’ recognizes that the normalizing integral
∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du,

i = 1, ..., n, does not depend on θ. This implies that
∫
[0,1]dw

exp(b′kAk(u, F0(zi)))du does not need

to be evaluated when generating samples from the conditional posterior for θ. Nonetheless, the

factor exp(b′kAk(Fθ,zi(Wi), F0(zi))) means the prior πΘ is generally not conjugate, and, as a result,

I use Random Walk Metropolis-Hastings (RMWH) to sample from the conditional posterior:

1. Draw θnew ∼ N (θold, c
2
θIdθ)

2. Accept θnew with probability

min

{
1,
πΘ(θnew)

∏n
i=1 fθnew(Wi|zi) exp(b′k,newAk(Fθnew,zi(Wi), F0(zi)))

πΘ(θold)
∏n

i=1 fθold(Wi|zi) exp(b′k,newAk(Fθold,zi(Wi), F0(zi)))

}
,
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where bk,new = bk if the proposal from the previous step is accepted and bk,new = bk,old if the

proposal from the previous step is not accepted. Like the previous step, I update cθ during the

burn-in period according to

cθ,new = cθ,old

(
0.95 + 0.1

exp(âθ − 0.35)

1 + exp(âθ − 0.35)

)
,

where âθ is the fraction of θs accepted relative to the number of iterations. In both the simulations

and empirical illustration, I found it helpful to update the location µ and scale σ parameters in

blocks in which I broke this step into two substeps with the first step updating µ while holding σ at

its current value and then updating σ while holding µ at its current value. In such case, the proposal

scale parameters are cµ and cσ and are computed using the same rule as before.

Obtaining a Draw from the Structural Posterior

I outline the steps of sampling from the structural posterior given a draw (θ, bk) from the posterior

for the conditional distribution. Repeating these steps for every value in the sample {(θ[s], b[s]k )}Ss=1

leads to a sample from the structural posterior. Let U1, ..., UR be mutually independent dw × 1

random vectors with Ur = (Ur,1, ..., Ur,dw) satisfying Ur,1, ...., Ur,dw i.i.d U([0, 1]) for r = 1, ..., R.

Note the factorization

fθ(w|z) = fθ(w1|z)fθ(w2|z, w1) · · · fθ(wdw |z, w1, ..., wdw−1)

and recall that

Fθ,z(w) = (Fθ,z,1(w1), Fθ,z,2(w1, w2), ..., Fθ,z,dw(w1, ..., wdw−1, wdw))

with

Fθ,z,j(w1, ..., wj−1, wj) =

∫ wj

−∞
fθ(t|z, w1, ..., wj−1)dt.

I perform the following steps to obtain a draw from the structural posterior.

1. Compute Wi,r = F−1
θ,zi

(Ur) for r = 1, ..., R and i = 1, ..., n
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2. Compute the importance weights ωr,i = exp(b′kAk(Ur, zi)) for r = 1, ..., R and i = 1, ..., n.

3. Iterate the relationship until convergence

γ̃new = argmin
γ∈Γ

1

n

n∑
i=1

mR(zi, γ)
′Σ−1

R (zi, γ̃old)mR(zi, γ),

where

mR(zi, γ) =
R∑
r=1

ω̄i,rg(Wi,r, zi, γ), (A.4)

ΣR(zi, γ) =
R∑
r=1

ω̄i,rg(Wi,r, zi, γ)g(Wi,r, zi, γ)
′, (A.5)

and

ω̄i,r =
ωi,r∑R
r′=1 ωi,r′

In the simulation and empirical illustration, I set R = 1000 and set the tolerance for the fixed point

calculation equal to 10−5. This is the same tolerance used in Hansen and Lee (2021) and I did not

encounter any issues with convergence. The justification for these approximations is that, under

regularity conditions,

mR(zi, γ) −→

∫
[0,1]dw

g(F−1
θ,zi

(u), zi, γ) exp(b
′
k,newAk(u, zi))du∫

[0,1]dw
exp(b′k,newAk(u, zi))du

ΣR(zi, γ) −→

∫
[0,1]dw

g(F−1
θ,zi

(u), zi, γ)g(F
−1
θ,zi

(u), zi, γ)
′ exp(b′k,newAk(u, zi))du∫

[0,1]dw
exp(b′k,newAk(u, zi))du

as R → ∞, almost everywhere. Consequently, if I apply the change of variables

(u1, ..., udw) = (Fθ,z,1(w1), ..., Fθ,z,dw(w1, ..., wdw−1, wdw)),

it follows that∫
[0,1]dw

g(F−1
θ,zi

(u), zi, γ) exp(b
′
k,newAk(u, zi))du∫

[0,1]dw
exp(b′k,newAk(u, zi))du

= EPθ,b′
k
Ak
[g(W,Z, γ)|Z = zi]
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and ∫
[0,1]dw

g(F−1
θ,zi

(u), zi, γ)g(F
−1
θ,zi

(u), zi, γ)
′ exp(b′k,newAk(u, zi))du∫

[0,1]dw
exp(b′k,newAk(u, zi))du

= EPθ,b′
k
Ak
[g(W,Z, γ)g(W,Z, γ)′|Z = zi].

for i = 1, ..., n, where Pθ,b′kAk
is the conditional distribution associated with pθ,b′kAk

A.3 Proofs

This section presents proofs of the theorems and propositions (and intermediate technical lemmas).

Since ideas from the proofs of Propositions 9 and 10 are useful for technical lemmas leading to

Theorem 1, I start with these propositions and then prove the results from the main text.

A.3.1 Proofs of Proposition 9 and 10

Proof of Proposition 9. The proof has two steps. Step 1 verifies that qn(γ̃, pW |Z) exists, is unique,

and is a measurable function of pW |Z . Step 2 verifies that γ̃ 7→ qn(γ̃, pW |Z) is a random contraction

mapping and has a unique fixed point γn.

Step 1. Since Γ is compact and γ 7→ Qn(γ, γ̃, pW |Z) is continuous for every γ̃ ∈ Γ and Π-almost

every pW |Z ∈ PW |Z , the set of minimizers qn(γ̃, pW |Z) = argminγ∈ΓQn(γ, γ̃, pW |Z) is nonempty

for every γ̃ ∈ Γ and Π-almost every pW |Z ∈ PW |Z . Moreover, by assumption, qn(γ̃, pW |Z) is a

singleton for every γ̃ ∈ Γ and Π-almost every pW |Z ∈ PW |Z . Consequently, I need to show that the

mapping pW |Z 7→ qn(γ̃, pW |Z) is measurable for each γ̃ ∈ Γ to complete this step of the proof. This

follows Lemma 2 of Jennrich (1969).

Step 2. Let

Fn(γ, γ̃, pW |Z) =
2

n

n∑
i=1

M(zi, γ)
′Σ(zi, γ̃)

−1m(zi, γ).
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for every (γ, γ̃, pW |Z) ∈ Γ× Γ× PW |Z . Since qn(γ̃, pW |Z) is an interior minimizer for Π-almost

every pW |Z ∈ PW |Z , it follows that

Fn(qn(γ̃, pW |Z), γ̃, pW |Z) = 0

for Π-almost every pW |Z ∈ PW |Z . The twice continuous differentiability of γ 7→ m(z, γ), the

continuously differentiability of γ̃ 7→ Σ(z, γ̃), and the positive definiteness requirement for Σ(z, γ)

implies that I can use the implicit function theorem to conclude that (γ, γ̃) 7→ Fn(γ, γ̃, pW |Z) is

continuously differentiable for Π-almost every pW |Z ∈ PW |Z and its derivative equals

∂

∂γ̃′
qn(γ̃, pW |Z) = −

(
∂2

∂x1∂x′1
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

)−1
∂2

∂x1∂x′2
Qn(qn(γ̃, pW |Z), γ̃, pW |Z),

for Π-almost every pW |Z ∈ PW |Z , where it is recalled that x1 and x2 refer to the first two arguments

of Qn (i.e., Qn(x1, x2, pW |Z)). As such, I use the submultiplicativity of the operator norm to

conclude that∣∣∣∣∣∣∣∣ ∂∂γ̃′ qn(γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

≤

∣∣∣∣∣
∣∣∣∣∣
(

∂2

∂x1∂x′1
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

)−1
∣∣∣∣∣
∣∣∣∣∣
op

×
∣∣∣∣∣∣∣∣ ∂2

∂x1∂x′2
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

≤ sup
γ∈Γ

∣∣∣∣∣
∣∣∣∣∣
(

∂2

∂x1∂x′1
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

)−1
∣∣∣∣∣
∣∣∣∣∣
op

× sup
γ∈Γ

∣∣∣∣∣∣∣∣ ∂2

∂x1∂x′2
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

for Π-almost every pW |Z ∈ PW |Z , and, as a result, the final part of Assumption 23 implies that

sup
γ̃∈Γ

∣∣∣∣∣∣∣∣ ∂∂γ̃′ qn(γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

< 1

for Π-almost every pW |Z ∈ PW |Z . This implies that the continuous random operator q(·, pW |Z) :

Γ → Γ is a random contraction operator, and, as a result, I can apply Theorem 7 of Bharucha-Reid

(1976) to conclude that there is a Γ-valued random variable γn(pW |Z) which is the unique fixed

point of qn(·, pW |Z) (i.e., Π(pW |Z : γn(pW |Z) = qn(γn(pW |Z), pW |Z)) = 1).
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Proof of Proposition 10. The proof has two steps. Step 1 shows that pW |Z 7→ Qn(γ, γ̃, pW |Z) is

continuous for each (γ, γ̃) ∈ Γ× Γ. Step 2 argues the measurability.

Step 1. Let p1,W |Z , p2,W |Z ∈ PW |Z be arbitrary. By adding and subtractingm2(z, γ) and Σ−1
2 (z, γ)

and applying the triangle inequality, I know that

∣∣m1(z, γ)
′Σ−1

1 (z, γ̃)m1(z, γ)−m2(z, γ)
′Σ−1

2 (z, γ̃)m2(z, γ)
∣∣

≤ |(m1(z, γ)−m2(z, γ))
′Σ−1

1 (z, γ̃)m1(z, γ)|

+ |m2(z, γ)
′(Σ−1

1 (z, γ̃)− Σ−1
2 (z, γ̃))m1(z, γ)|

+ |m2(z, γ)
′Σ−1

2 (z, γ̃)(m1(z, γ)−m2(z, γ))|

Using the Cauchy-Schwarz inequality and the submultiplicativity of the operator norm, it follows

that

|(m1(z, γ)−m2(z, γ))
′Σ−1

1 (z, γ̃)m1(z, γ)| ≤ ||m1(z, γ)−m2(z, γ)||2

× ||Σ−1
1 (z, γ̃)||op · ||m1(z, γ)||2

|m2(z, γ)
′(Σ−1

1 (z, γ̃)− Σ−1
2 (z, γ̃))m1(z, γ)| ≤ ||m2(z, γ)||2 · ||Σ−1

1 (z, γ̃)||op

× ||Σ1(z, γ̃)− Σ2(z, γ̃)||op

× ||Σ−1
2 (z, γ̃)||op · ||m1(z, γ)||2

|m2(z, γ)
′Σ−1

2 (z, γ̃)(m1(z, γ)−m2(z, γ))| ≤ ||m2(z, γ)||2 · ||Σ−1
2 (z, γ̃)||op

× ||m1(z, γ)−m2(z, γ)||2

Under the maintained assumptions, these inequalities imply that the mapping

pW |Z 7→ m(zi, γ)
′Σ−1(zi, γ̃)m(zi, γ)

is continuous for each (γ, γ̃) ∈ Γ× Γ and for each i = 1, ..., n with respect to the topology induced

by norm || · ||PW |Z . Since the sum of continuous functions is continuous, it then follows that the
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mapping

pW |Z 7→ 1

n

n∑
i=1

m(zi, γ)
′Σ−1(zi, γ̃)m(zi, γ)

is continuous for each (γ, γ̃) ∈ Γ× Γ.

Step 2. Step 1 shows that pW |Z 7→ Qn(γ, γ̃, pW |Z) is a continuous mapping from PW |Z to R

for each (γ, γ̃) ∈ Γ × Γ. Consequently, for any Borel subset A of R, the preimage {pW |Z :

Qn(pW |Z , γ, γ̃) ∈ A} belongs to PW |Z for each (γ, γ̃) ∈ Γ × Γ. The definition of measurability

then concludes the result.

A.3.2 Proof of Theorem 1

The first result establishes that, in large samples, the matrices Σ−1(z, γ) are uniformly bounded

over Γ× P̃n,W |Z . I use || · ||op for the operator norm associated with the Euclidean norm || · ||2.

Lemma 1. Suppose Assumptions 8.1 and 11.3 hold. Then, for almost every fixed realization {zi}i≥1

of {Zi}i≥1 and any subsequence {kn}n≥1 of {n}n≥1,

sup
(γ,pW |Z)∈Γ×P̃kn,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)||op = O(1),

where {P̃kn,W |Z}n≥1 are the sets introduced in Assumption 11.

Proof. The proof has three steps. Step 1 establishes an asymptotic lower bound on the minimum

eigenvalue of Σ(z, γ). Step 2 uses it to verify the claim of the lemma along the sequence {n}n≥1.

Step 3 generalizes to any subsequence {kn}n≥1 of {n}n≥1.

Step 1. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. I first show that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin(Σ(zi, γ)) ≥ λ.

The variational characterization of eigenvalues implies that λmin(A+B) ≥ λmin(A)+λmin(B) for

symmetric real matrices A and B. Since Σ(zi, γ)− Σ0(zi, γ) and Σ0(zi, γ) are real and symmetric,
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I can apply this inequality to conclude that

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin(Σ(zi, γ))

≥ inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

(λmin(Σ(zi, γ)− Σ0(zi, γ)) + λmin(Σ0(zi, γ)))

≥ inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ)) + inf
γ∈Γ

min
1≤i≤n

λmin(Σ0(zi, γ))

for all n ≥ 1. Taking the limit inferior, it follows that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin(Σ(zi, γ))

≥ lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ))

+ lim inf
n→∞

inf
γ∈Γ

min
1≤i≤n

λmin(Σ0(zi, γ)).

Assumption 8.1 implies that

lim inf
n→∞

inf
γ∈Γ

min
1≤i≤n

λmin(Σ0(zi, γ)) ≥ λ.

Consequently, I want to show that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ)) = 0.

I claim I can find a subsequence {(γln , pln,W |Z)}n≥1 with (γln , pln,W |Z) ∈ Γ × P̃ln,W |Z for each

n ≥ 1 such that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ))

= lim
n→∞

min
1≤i≤ln

λmin(Σln(zi, γln)− Σ0(zi, γln)),

where γln is not necessarily the fixed point (despite similar notation) and Σln(z, γ) indicates that the

conditional expectation is taken using pln,W |Z . To see this, note that, for each n ≥ 1 fixed,

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ)) ≥ −λ > −∞ ∀ (γ, pW |Z) ∈ Γ× P̃n,W |Z (A.6)

152



and, as a result, there exists a sequence {(γk, pk,W |Z)}k≥1 in Γ× P̃n,W |Z such that

lim
k→∞

min
1≤i≤n

λmin (Σk(zi, γk)− Σ0(zi, γk)) = inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ)) .

(A.7)

The reason for (A.6) is that v′(Σ(z, γ) − Σ0(z, γ))v = v′Σ(z, γ)v − v′Σ0(z, γ)v ≥ −λ for all

v ∈ Rdg , z ∈ Z , γ ∈ Γ, and pW |Z ∈ P̃n,W |Z using the variation characterization of eigenvalues,

the positive semidefiniteness of Σ(z, γ) (as the expectation of an outer product), and Assumption

8.1. The reason for (A.7) is that one can always construct a sequence that converges to the infimum

because it is a limit point. Repeating this argument for each n ≥ 1 and systematically moving along

the implied array indexed by (n, k), I can construct a sequence {(γn, pn,W |Z)}n≥1 such that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ))

= lim inf
n→∞

min
1≤i≤n

λmin(Σn(zi, γn)− Σ0(zi, γn))

Then using the definition of the limit inferior (i.e., the smallest subsequential limit), I can extract a

subsequence {ln}n≥1 of {n}n≥1 such that

lim inf
n→∞

min
1≤i≤n

λmin(Σn(zi, γn)− Σ0(zi, γn)) = lim
n→∞

min
1≤i≤ln

λmin(Σln(zi, γln)− Σ0(zi, γln)).

This establishes that the appropriate subsequence exists and that it suffices to show that

lim
n→∞

λmin(Σln(z
∗
ln , γln)− Σ0(z

∗
ln , γln)) = 0,

where {z∗ln}n≥1 satisfies

λmin(Σln(z
∗
ln , γln)− Σ0(z

∗
ln , γln)) = min

1≤i≤ln
λmin(Σln(zi, γln)− Σ0(zi, γln))
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for each n ≥ 1. Let {λj(A)}dgj=1 be the spectrum of a (dg × dg)-matrix of A (i.e., the set of

eigenvalues). Observe that

∣∣λmin(Σln(z
∗
ln , γln)− Σ0(z

∗
ln , γln))

∣∣ ≤ max
1≤i≤ln

√√√√ dg∑
j=1

|λj(Σln(zi, γln)− Σ0(zi, γln))|2.

Using that the Frobenius norm || · ||F is the Euclidean norm of the vector of eigenvalues for a

symmetric real matrix A, it follows that

max
1≤i≤ln

√√√√ dg∑
j=1

|λj(Σln(zi, γln)− Σ0(zi, γln))|2 = ||Σln(·, γln)− Σ0(·, γln)||ln,∞

≤ sup
(γ,pW |Z)∈Γ×P̃ln,W |Z

||Σ(·, γ)− Σ0(·, γ)||ln,∞.

Since Assumption 11.3 implies that

lim sup
n→∞

sup
(γ,pW |Z)∈Γ×P̃ln,W |Z

||Σ(·, γ)− Σ0(·, γ)||ln,∞ = 0,

it follows that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃ln,W |Z

min
1≤i≤n

λmin (Σ(zi, γ)− Σ0(zi, γ)) = 0

when combined with the above. I then conclude that

lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin(Σ(zi, γ)) ≥ λ.

Step 2. Given this result, I use the definition of the operator norm, the positive definiteness of

Σ(zi, γ), the relationship between the eigenvalues of a matrix and its inverse, and properties of

infimum/supremum to conclude that

lim sup
n→∞

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op = lim sup
n→∞

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

λ−1
min(Σ(zi, γ))

≤

(
lim inf
n→∞

inf
(γ,pW |Z)∈Γ×P̃n,W |Z

min
1≤i≤n

λmin(Σ(zi, γ))

)−1

≤ 1

λ
.
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This establishes that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op = O(1).

Since I fixed the realization {zi}i≥1 of {Zi}i≥1 arbitrarily, I can conclude that, for almost every

fixed realization {zi}i≥1 of {Zi}i≥1,

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)||op = O(1).

Step 3. Repeating Step 1 and Step 2 except with kn in place of n, I conclude the result along

subsequences.

The next result establishes that qn(γ̃, pW |Z) converges uniformly to γ0 along the sequence

{Γ× P̃n,W |Z}n≥1.

Lemma 2. Suppose that Assumptions 5, 6, 7.1, 8.1, 9, 11.1, and 11.3 hold. Then, for almost every

fixed realization {zi}i≥1 of {Zi}i≥1 and any subsequence {kn}n≥1 of {n}n≥1,

lim sup
n→∞

sup
(γ̃,pW |Z)∈Γ×Pkn,W |Z

||qkn(γ̃, pW |Z)− γ0||2 = 0

where {P̃n,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof has three steps and closely resembles the arguments for consistency of an M-

estimator (e.g., Newey and McFadden (1994), Chapter 5 of van der Vaart (1998)). Step 1 obtains a

preliminary uniform convergence result. Step 2 uses Step 1 to establish a convergence result for the

population objective function. Finally, Step 3 uses the result from Step 2 to conclude the lemma.

Step 1. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. I show that

lim sup
n→∞

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃n,W |Z

|Qn(γ, γ̃, pW |Z)−QP0,Z
(γ, γ̃, p0,W |Z)| = 0
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Then I argue that the conclusion can be strengthened to

lim sup
n→∞

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃n,W |Z

|Qkn(γ, γ̃, pW |Z)−QP0,Z
(γ, γ̃, p0,W |Z)| = 0

for any subsequence {kn}n≥1 of {n}n≥1. Since the triangle inequality implies that

|Qn(γ, γ̃, pW |Z)−QP0,Z
(γ, γ̃, p0,W |Z)| ≤ |Qn(γ, γ̃, pW |Z)−Qn(γ, γ̃, p0,W |Z)|

+ |Qn(γ, γ̃, p0,W |Z)−QP0,Z
(γ, γ̃, p0,W |Z)|,

It suffices to show that

lim sup
n→∞

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃n,W |Z

|Qn(γ, γ̃, pW |Z)−Qn(γ, γ̃, p0,W |Z)| = o(1)

because Assumption 9.1 implies

lim sup
n→∞

sup
(γ,γ̃)∈Γ×Γ

|Qn(γ, γ̃, p0,W |Z)−QP0,Z
(γ, γ̃, p0,W |Z)| = o(1)

Adding and subtractingm0(zi, γ) and Σ−1
0 (zi, γ̃), applying the triangle inequality, the operator norm

inequality, and Hölder’s inequality, I obtain the upper bound

∣∣Qn(γ, γ̃, pW |Z)−Qn(γ, γ̃, p0,W |Z)
∣∣

≤ ||m(·, γ)−m0(·, γ)||n,2 max
1≤i≤n

||Σ−1(zi, γ̃)||op||m(·, γ)||n,2

+ ||m0(·, γ)||n,2 max
1≤i≤n

||Σ−1(zi, γ̃)− Σ−1
0 (zi, γ̃)||op||m(·, γ)||n,2

+ ||m0(·, γ)||n,2 max
1≤i≤n

||Σ−1
0 (zi, γ̃)||op||m(·, γ)−m0(·, γ)||n,2 (A.8)

for all n ≥ 1. Assumption 7.1 and Assumption 11.1 implies

sup
(γ,pW |Z)∈P̃n,W |Z

||m(·, γ)−m0(·, γ)||n,2 = o(1)

sup
γ∈Γ

||m0(·, γ)||n,2 = O(1)

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

||m(·, γ)||n,2 = O(1),

156



where the third statement is an implication of the first two (by the triangle inequality). Lemma 1

shows that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op = O(1)

while Assumption 8.1 implies that

sup
γ∈Γ

max
1≤i≤n

||Σ−1
0 (zi, γ)||op = O(1).

Consequently, I need to show that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)− Σ−1
0 (zi, γ)||op = o(1)

to conclude from (A.8) that

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃n,W |Z

|Qn(γ, γ̃, pW |Z)−Qn(γ, γ̃, p0,W |Z)| = o(1)

as n→ ∞. To show that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)− Σ−1
0 (zi, γ)||op = o(1),

I use the matrix identity B−1 −A−1 = A−1(A−B)B−1 and the submultiplicativity of the operator

norm to conclude that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)− Σ−1
0 (zi, γ)||op

≤ sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op

× sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1
0 (zi, γ)||op

× sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ(zi, γ)− Σ0(zi, γ)||op.
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Then Lemma 1 implies that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op = O(1),

Assumption 8.1 implies

sup
γ∈Γ

max
1≤i≤n

||Σ−1
0 (zi, γ)||op = O(1),

and Assumption 11.3 implies

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ(zi, γ)− Σ0(zi, γ)||op = o(1).

Consequently,

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)− Σ−1
0 (zi, γ)||op = o(1).

This leads to the conclusion that

lim sup
n→∞

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃n,W |Z

|Qn(γ, γ̃, pW |Z)−Qn(γ, γ̃, p0,W |Z)| = 0.

Repeating the argument with kn in place of n yields that

lim sup
n→∞

sup
(γ,γ̃,pW |Z)∈Γ×Γ×P̃kn,W |Z

|Qkn(γ, γ̃, pW |Z)−QP0,Z
(γ, γ̃, p0,W |Z)| = 0

The result holds for almost every fixed realization {zi}i≥1 of {Zi}i≥1 because I fixed {zi}i≥1

arbitrarily.

Step 2. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. I show that

sup
(γ̃,pW |Z)∈Γ×P̃kn,W |Z

∣∣QP0,Z
(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−QP0,Z

(γ0, γ̃, p0,W |Z)
∣∣ = o(1)

for any subsequence {kn}n≥1 of {n}n≥1. Since the criterion function satisfies

QP0,Z
(γ0, γ̃, p0,W |Z) ≤ QP0,Z

(qkn(γ̃, pW |Z), γ̃, p0,W |Z)
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for all kn, it suffices to show

sup
(γ̃,pW |Z)∈Γ×P̃kn,W |Z

(
QP0,Z

(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−QP0,Z
(γ0, γ̃, p0,W |Z)

)
= o(1),

To that end, I add/subtract Qkn(qkn(γ̃, pW |Z), γ̃, pW |Z) to obtain

QP0,Z
(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−QP0,Z

(γ0, γ̃, p0,W |Z)

= QP0,Z
(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−Qkn(qkn(γ̃, pW |Z), γ̃, pW |Z)

+Qkn(qkn(γ̃, pW |Z), γ̃, pW |Z)−QP0,Z
(γ0, γ̃, p0,W |Z)

≤ QP0,Z
(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−Qkn(qkn(γ̃, pW |Z), γ̃, pW |Z)

+Qkn(γ0, γ̃, pW |Z)−QP0,Z
(γ0, γ̃, p0,W |Z),

where the inequality uses that

Qkn(γ0, γ̃, pW |Z) ≥ Qkn(qkn(γ̃, pW |Z), γ̃, pW |Z)

because qkn(γ̃, pW |Z) ∈ Γ minimizes Qkn(γ, γ̃, pW |Z). Using the definition of the supremum,

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

(
QP0,Z

(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−QP0,Z
(γ0, γ̃, p0,W |Z)

)
≤ 2 sup

(γ,γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣Qkn(γ, γ̃, pW |Z)−QP0,Z
(γ, γ̃, p0,W |Z)

∣∣
Applying Step 1, it then follows that

sup
(γ̃,pW |Z)∈Γ×P̃kn,W |Z

(
QP0,Z

(qkn(γ̃, pW |Z), γ̃, p0,W |Z)−QP0,Z
(γ0, γ̃, p0,W |Z)

)
= o(1)

as n→ ∞ for any subsequence {kn}n≥1 of {n}n≥1. Since I fixed {zi}i≥1 arbitrarily, I can extend

the argument so that it holds for almost every fixed realization {zi}i≥1 of {Zi}i≥1.
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Step 3. Assume by contradiction that there exists a subsequence {kn}n≥1 of {n}n≥1 such that the

result is false. That is, there exists ξ > 0 such that

lim sup
n→∞

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

||qkn(γ̃, pkn,W |Z)− γ0||2 ≥ 2ξ.

Then there exists a subsequence {lkn}n≥1 of {kn}n≥1 and a sequence {(γ̃lkn , plkn ,W |Z)}n≥1 with

(γ̃lkn , plkn ,W |Z) ∈ Γ× P̃lkn ,W |Z for each n ≥ 1 such that

||qkn(γ̃lkn , pkn,W |Z)− γ0||2 ≥ ξ

for n large. Using that

inf
γ∈Γ:||γ−γ0||2≥ξ

QP0,Z
(γ, γ̃lkn , p0,W |Z) ≤ QP0,Z

(qkn(γ̃lkn , pkn,W |Z), γ̃lkn , p0,W |Z)

by definition, it follows that

inf
γ∈Γ:||γ−γ0||2≥ξ

QP0,Z
(γ, γ̃lkn , p0,W |Z)−QP0,Z

(γ0, γ̃lkn , p0,W |Z)

≤ QP0,Z
(qkn(γ̃lkn , pkn,W |Z), γ̃lkn , p0,W |Z)−QP0,Z

(γ0, γ̃lkn , p0,W |Z)

for n large. Since Step 2 implies that

QP0,Z
(qkn(γ̃lkn , pkn,W |Z), γ̃lkn , p0,W |Z)−QP0,Z

(γ0, γ̃lkn , p0,W |Z) = o(1),

and Part 2 of Assumption 9 implies that

inf
γ∈Γ:||γ−γ0||2≥ξ

QP0,Z
(γ, γ̃lkn , p0,W |Z)−QP0,Z

(γ0, γ̃lkn , p0,W |Z) > 0,

there is a contradiction. This completes the proof.

The next lemma establishes that γ̃ 7→ qn(γ̃, pW |Z) is a uniform contraction mapping over

P̃n,W |Z .

Lemma 3. Let {kn}n≥1 be an arbitrary subsequence of {n}n≥1. If Assumptions 5, 6, 7, 8.1, 9, 10,

and 11 hold, then, for almost every fixed realization {zi}i≥1 of {Zi}i≥1 and n large, the function
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γ̃ 7→ qkn(γ̃, pW |Z) is a uniform contraction mapping over P̃kn,W |Z . That is, there exists a constant

ρ ∈ [0, 1) and a natural number N ≥ 1 such that ||qkn(γ̃1, pW |Z)− qkn(γ̃2, pW |Z)||2 ≤ ρ||γ̃1− γ̃2||2

for all γ̃1, γ̃2 ∈ Γ, pW |Z ∈ P̃n,W |Z , and n ≥ N .

Proof. The proof has three steps and is based on Theorem 3.2 in Hansen and Lee (2021). Step 1

establishes a sufficient condition for γ̃ 7→ qn(γ̃, pW |Z) to be a uniform contraction mapping. Step 2

and Step 3 verify the sufficient condition. Step 4 extends the argument to an arbitrary subsequence

{kn}n≥1 of {n}n≥1.

Step 1. Since γ0 = argminγ∈ΓQP0,Z
(γ, γ̃, p0,W |Z) for all γ̃ ∈ Γ by Assumption 6, it follows that

the mapping γ̃ 7→ argminγ∈ΓQP0,Z
(γ, γ̃, p0,W |Z) is trivially a contraction mapping as a constant

function. Since Step 1 of Lemma 2 established uniform convergence of the objective function and

∂γ0/∂γ̃
′ = 0, it suffices to show that

sup
(γ̃,pkn,W |Z )∈Γ×P̃kn,W |Z

∣∣∣∣∣∣∣∣ ∂∂γ̃′ qkn(γ̃, pkn,W |Z)

∣∣∣∣∣∣∣∣
op

= o(1)

as per Lemma 3 of Dominitz and Sherman (2005). Recall from the proof of Proposition 9,

∂

∂γ̃′
qn(γ̃, pW |Z) = −Dn(γ̃, pW |Z)

−1Bn(γ̃, pW |Z),

where

Bn(γ̃, pW |Z)

=
∂2

∂x1∂x′2
Qn(qn(γ̃, pW |Z), γ̃, pW |Z)

=
2

n

n∑
i=1

[
m(zi, qn(γ̃, pW |Z))

′ ⊗M(zi, qn(γ̃, pW |Z))
′] [Σ−1(zi, γ̃)⊗ Σ−1(zi, γ̃)

] ∂

∂γ̃′
vec(Σ(zi, γ̃))
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and

Dn(γ̃, pW |Z) =
∂2

∂x1∂x′1
Qn(qn(γ̃, pW |Z), γ̃)

=
1

n

n∑
i=1

M(zi, qn(γ̃, pW |Z))
′Σ(zi, γ̃)

−1M(zi, qn(γ̃, pW |Z))

+
1

n

n∑
i=1

(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′)

As such, I use the submultiplicativity of the operator norm to conclude that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣∣∣∣∣ ∂∂γ̃′ qn(γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

≤ sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣Dn(γ̃, pW |Z)
−1
∣∣∣∣
op

× sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣Bn(γ̃, pW |Z)
∣∣∣∣
op
.

I claim that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣Bn(γ̃, pW |Z)
∣∣∣∣
op

= o(1),

and

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣Dn(γ̃, pW |Z)
−1
∣∣∣∣
op

= O(1)

because this implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣∣∣∣∣ ∂∂γ̃′ qn(γ̃, pW |Z)

∣∣∣∣∣∣∣∣
op

= o(1)

Step 2 and Step 3 verify these conditions.

Step 2. I show that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣Bn(γ̃, pW |Z)
∣∣∣∣
op

= o(1)
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Using the submultiplicativity of the operator norm and the fact that ||A⊗B||op = ||A||op · ||B||op

for matrices A and B, I know that

∣∣∣∣Bn(γ̃, pW |Z)
∣∣∣∣
op

≤
(
max
1≤i≤n

||Σ−1(zi, γ̃)||op
)2

max
1≤i≤n

∣∣∣∣∣∣∣∣ ∂∂γ̃′vec(Σ(zi, γ̃))
∣∣∣∣∣∣∣∣
op

× 1

n

n∑
i=1

{
||m(zi, qn(γ̃, pW |Z))||op · ||M(zi, qn(γ̃, pW |Z))||op

}
Lemma 1 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ̃)||op = O(1)

while Assumption 11.5 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

∣∣∣∣∣∣∣∣ ∂∂γ̃′vec(Σ(zi, γ̃))
∣∣∣∣∣∣∣∣
op

= O(1).

Consequently, I need to show that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

1

n

n∑
i=1

{
||m(zi, qn(γ̃, pW |Z))||op · ||M(zi, qn(γ̃, pW |Z))||op

}
= o(1)

Applying Hölder’s inequality, I conclude that

1

n

n∑
i=1

{
||m(zi, qn(γ̃, pW |Z))||op · ||M(zi, qn(γ̃, pW |Z))||op

}
≤

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))||22 ·

√√√√ 1

n

n∑
i=1

||M(zi, qn(γ̃, pW |Z))||2op.
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The triangle inequality and a mean-value expansion reveals that√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))||22 ≤

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))−m0(zi, qn(γ̃, pW |Z))||22

+

√√√√ 1

n

n∑
i=1

||m0(zi, qn(γ̃, pW |Z))||22

≤

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))−m0(zi, qn(γ̃, pW |Z))||22

+ ||qn(γ̃, pW |Z)− γ0||2

√√√√ 1

n

n∑
i=1

||M0(zi, γ̃∗n)||2op,

where γ̃∗n is on the line segment joining qn(γ̃, pW |Z) and γ0. Such an expansion is valid because,

for large n, Lemma 2 implies that qn(γ̃, pW |Z) ∈ Γ0 for all γ̃ ∈ Γ and all pW |Z ∈ P̃n,W |Z , and, as a

result, I can apply Assumption 7.2. Lemma 2 and Assumption 7.2 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

||qn(γ̃, pW |Z)− γ0||2

√√√√ 1

n

n∑
i=1

||M0(zi, γ̃∗n)||2op

 = o(1)

while

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))−m0(zi, qn(γ̃, pW |Z))||22 = o(1)

by Assumption 11.1. Consequently,

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))||22 = o(1).

Lemma 4 implies that {qn(γ̃, pW |Z) : (γ̃, pW |Z) ∈ Γ × P̃n,W |Z} ⊆ Γ0 for large n, where Γ0 is

the neighborhood of γ0 defined in Assumption 7.2. Consequently, the triangle inequality and this
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observation imply that, for n large,√√√√ 1

n

n∑
i=1

||M(zi, qn(γ̃, pW |Z))||2F

≤

√√√√ 1

n

n∑
i=1

||M(zi, qn(γ̃, pW |Z))−M0(zi, qn(γ̃, pW |Z))||2F

+

√√√√ 1

n

n∑
i=1

||M0(zi, qn(γ̃, pW |Z))||2F

≤ sup
(γ,pW |Z)∈Γ0×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γ)−M0(zi, γ)||2F + sup
γ∈Γ0

√√√√ 1

n

n∑
i=1

||M0(zi, γ)||2F ,

for all γ̃ ∈ Γ. Consequently, it follows that

lim sup
n→∞

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, qn(γ̃, pW |Z))||2F

≤ lim sup
n→∞

sup
γ∈Γ0

√√√√ 1

n

n∑
i=1

||M0(zi, γ)||2F <∞

using Assumption 7.2 and Assumption 11.2. Putting these two results together, it follows that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

1

n

n∑
i=1

{
||m(zi, qn(γ̃, pW |Z))||op · ||M(zi, qn(γ̃, pW |Z))||op

}
= o(1).

This leads to the conclusion that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

||Bn(γ̃, pW |Z)||op = o(1).

Step 3. I start by showing that

Dn(γ̃, pW |Z) = EP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ̃)M0(Z, γ0)] + o(1) (A.9)

uniformly over Γ× P̃n,W |Z . Consider the first term in the expression for Dn(γ̃, pW |Z),

1

n

n∑
i=1

M(zi, qn(γ̃, pW |Z))
′Σ(zi, γ̃)

−1M(zi, qn(γ̃, pW |Z)).
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The triangle inequality, Hölder’s inequality, Lemma 1, and Assumption 11.2-11.3 implies that

1

n

n∑
i=1

M(zi, qn(γ̃, pW |Z))
′Σ(zi, γ̃)

−1M(zi, qn(γ̃, pW |Z))

=
1

n

n∑
i=1

M0(zi, qn(γ̃, pW |Z))
′Σ−1

0 (zi, γ̃)M0(zi, qn(γ̃, pW |Z)) + o(1)

uniformly over Γ× P̃n,W |Z . Next, I show that

1

n

n∑
i=1

M0(zi, qn(γ̃, pW |Z))
′Σ−1

0 (zi, γ̃)M0(zi, qn(γ̃, pW |Z))

=
1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ̃)M0(zi, γ0) + o(1)

uniformly over Γ× P̃n,W |Z . Applying the triangle inequality and Hölder’s inequality, I obtain the

following inequality∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(
M0(zi, qn(γ̃, pW |Z))−M0(zi, γ0)

)′
Σ−1

0 (zi, γ̃)M0(zi, qn(γ̃, pW |Z))

∣∣∣∣∣
∣∣∣∣∣
op

≤ max
1≤i≤n

||Σ−1
0 (zi, γ̃)||op

√√√√ 1

n

n∑
i=1

∣∣∣∣M0(zi, qn(γ̃, pW |Z))−M0(zi, γ0)
∣∣∣∣2
op

×

√√√√ 1

n

n∑
i=1

∣∣∣∣M0(zi, qn(γ̃, pW |Z))
∣∣∣∣2
op
.

Assumption 8.1 implies that

sup
γ̃∈Γ

max
1≤i≤n

||Σ−1
0 (zi, γ̃)||op = O(1).

Using Assumption 7.2 and that Lemma 4 implies {qn(γ̃, pW |Z) : (γ̃, pW |Z) ∈ Γ × P̃n,W |Z} ⊆ Γ0

for large n, I can conclude that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

∣∣∣∣M0(zi, qn(γ̃, pW |Z))
∣∣∣∣2
op

≤ sup
γ∈Γ0

√√√√ 1

n

n∑
i=1

||M0(zi, γ)||2op = O(1).
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for large n, and, as a result, I obtain

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

∣∣∣∣M0(zi, qn(γ̃, pW |Z))
∣∣∣∣2
op

= O(1).

Assumption 7.2 and Lemma 2 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

∣∣∣∣M0(zi, qn(γ̃, pW |Z))−M0(zi, γ0)
∣∣∣∣2
op

= o(1).

by the mean-value theorem. Consequently,

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(
M0(zi, qn(γ̃, pW |Z))−M0(zi, γ0)

)′
Σ−1

0 (zi, γ̃)M0(zi, qn(γ̃, pW |Z))

∣∣∣∣∣
∣∣∣∣∣
op

= o(1).

A similar argument reveals that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ̃)
[
M0(zi, qn(γ̃, pW |Z))−M0(zi, γ0)

]∣∣∣∣∣
∣∣∣∣∣
op

= o(1).

As such, I am able to conclude that

1

n

n∑
i=1

M(zi, qn(γ̃, pW |Z))
′Σ(zi, γ̃)

−1M(zi, qn(γ̃, pW |Z))

=
1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ̃)M0(zi, γ0) + o(1)

uniformly over Γ× P̃n,W |Z . Applying Assumption 10.1, I can further conclude that

1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ̃)M0(zi, γ0) = EP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ̃)M0(Z, γ0)] + o(1)

for all γ̃ ∈ Γ. As such,

Dn(γ̃, pW |Z) = EP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ̃)M0(Z, γ0)]

+
1

n

n∑
i=1

(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′) + o(1),
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uniformly over Γ× P̃n,W |Z . Thus, I need to show that

1

n

n∑
i=1

(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′) = o(1)

uniformly over Γ× P̃n,W |Z to conclude (A.9). I use the triangle inequality, submultiplicativity of

operator norms, and Hölder’s inequality to conclude that∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′)

∣∣∣∣∣
∣∣∣∣∣
op

≤ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′)

∣∣∣∣∣∣∣∣
op

≤ 1

n

n∑
i=1

∣∣∣∣(m(zi, qn(γ̃, pW |Z))
∣∣∣∣
op

∣∣∣∣Σ−1(zi, γ̃)
∣∣∣∣
op

∣∣∣∣∣∣∣∣ ∂∂γ′vec(M(zi, qn(γ̃, pW |Z))
′)

∣∣∣∣∣∣∣∣
op

≤ max
1≤i≤n

||Σ−1(zi, γ̃)||op
1

n

n∑
i=1

∣∣∣∣m(zi, qn(γ̃, pW |Z))
∣∣∣∣
op
·
∣∣∣∣∣∣∣∣ ∂∂γ′vec(M(zi, qn(γ̃, pW |Z))

′)

∣∣∣∣∣∣∣∣
op

≤ max
1≤i≤n

||Σ−1(zi, γ̃)||op

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))||22

×

√√√√ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣ ∂∂γ′vec(M(zi, qn(γ̃, pW |Z))′)

∣∣∣∣∣∣∣∣2
F

.

Step 2 shows that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, qn(γ̃, pW |Z))||22 = o(1).

Lemma 1 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ̃)||op = O(1).

Since Lemma 2 implies {qn(γ̃, pW |Z) : (γ̃, pW |Z) ∈ Γ × P̃n,W |Z} ⊆ Γ0 for large n, Assumption

11.4 implies that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣ ∂∂γ′vec(M(zi, qn(γ̃, pW |Z))′)

∣∣∣∣∣∣∣∣2
F

= O(1)
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This leads to the conclusion that

1

n

n∑
i=1

(m(zi, qn(γ̃, pW |Z))
′Σ−1(zi, γ̃)⊗ I)

∂

∂γ′
vec(M(zi, qn(γ̃, pW |Z))

′) = o(1)

uniformly over Γ× P̃n,W |Z , and, as a result, I am able to conclude

Dn(γ̃, pW |Z) = EP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ̃)M0(Z, γ0)] + o(1)

uniformly over Γ×P̃n,W |Z (i.e., (A.9)). Since the Gram matrixEP0,Z
[M0(Z, γ0)

′Σ−1
0 (Z, γ̃)M0(Z, γ0)]

is positive definite for all γ̃ ∈ Γ by Assumptions 8.1 and 10.2, I can apply the continuous mapping

theorem to conclude that

Dn(γ̃, pW |Z)
−1 = EP0,Z

[M0(Z, γ0)
′Σ−1

0 (Z, γ̃)M0(Z, γ0)]
−1 + o(1)

uniformly over Γ× P̃n,W |Z . This leads to the conclusion that

sup
(γ̃,pW |Z)∈Γ×P̃n,W |Z

||Dn(γ̃, pW |Z)
−1||op = O(1).

Step 4. Replacing n with kn and repeating Steps 1–3 leads to the conclusion that the result holds

along any subsequence {kn}n≥1 of {n}n≥1.

The next lemma establishes that the fixed point γn converges to γ0 uniformly along {P̃n,W |Z}n≥1.

Lemma 4. If Assumptions 5, 6, 7, 8.1, 9, 10, and 11.1–11.5 hold, then, for almost every fixed

realization {zi}i≥1 of {Zi}i≥1 and any subsequence {kn}n≥1 of {n}n≥1,

lim sup
n→∞

sup
pW |Z∈P̃kn,W |Z

||γkn − γ0||2 = 0,

where {P̃kn,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof has two steps. Step 1 uses Lemmas 2 and 3 to establish the result along a fixed

subsequence {kn}n≥1. Step 2 argues that the result holds along any subsequence {kn}n≥1 of {n}n≥1.
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Step 1. Let {kn}n≥1 be an arbitrary subsequence of {n}n≥1 and let {zi}i≥1 be a fixed realization

of {Zi}i≥1. I want to show that for every ξ > 0, there exists Kξ ∈ N such that

sup
pW |Z∈P̃kn,W |Z

||γkn − γ0||2 < ξ

for all kn ≥ Kξ. Define the relation γψkn
= qkn(γψkn−1, pW |Z) for a given integer ψkn ≥ 1.

Applying Lemma 3, I can find ψkn such that

sup
pW |Z∈P̃kn,W |Z

||γkn − γψkn
||2 <

ξ

2

for all kn large. Consequently, I need to show that there exists Kξ ∈ N such that

sup
pW |Z∈P̃kn,W |Z

||γψkn
− γ0||2 <

ξ

2

for all kn ≥ Kξ. Since γψkn
= qkn(γψkn−1, pW |Z), I know that

||γψkn
− γ0||2 = ||qkn(γψkn−1, pW |Z)− γ0||2 ≤ sup

(γ̃,pW |Z)∈Γ×P̃kn,W |Z

||qkn(γ̃, pW |Z)− γ0||2

Lemma 2 states that for any ξ > 0, there exists Kξ ∈ N such that

sup
(γ̃,pW |Z)∈Γ×P̃kn,W |Z

||qkn(γ̃, pW |Z)− γ0||2 <
ξ

2

for all kn ≥ Kξ. Consequently,

sup
pW |Z∈P̃n,W |Z

||γψkn
− γ0||2 <

ξ

2

for all kn ≥ Kξ. Since I fixed {zi}i≥1 arbitrarily, I can obtain the same conclusion for almost every

fixed realization {zi}i≥1 of {Zi}i≥1.

Step 2. Since {kn}n≥1 was chosen arbitrarily, I can repeat the arguments in Step 1 and Step 2 to

conclude that the result holds along any subsequence {kn}n≥1 of {n}n≥1.

The next lemma establishes that M(·, γn) and Σ(·, γn) satisfy an asymptotic Lipschitz property.
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Lemma 5. Suppose that Assumptions 5, 6, 7, 8, 9, 10, and 11 hold. Then, for almost every

realization {zi}i≥1 of {Zi}i≥1 and any subsequence {kn}n≥1 of {n}n≥1,

sup
pW |Z∈P̃kn,W |Z

||M(·, γkn)−M0(·, γ0)||kn,2 ≲ o(k−1/4
n ) + sup

pW |Z∈P̃kn,W |Z

||γkn − γ0||2

and

sup
pW |Z∈P̃kn,W |Z

||Σ(·, γkn)− Σ0(·, γ0)||kn,∞ ≲ o(k−1/4
n ) + sup

pW |Z∈P̃kn,W |Z

||γkn − γ0||2

where {P̃kn,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof comprises of two steps with each corresponding to the statements in the lemma.

That is, Step 1 verifies the first claim and Step 2 verifies the second.

Step 1. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. Since γn ∈ Γ0 for all pW |Z ∈ P̃n,W |Z and

n large by Lemma 4, I can apply the triangle inequality and the definition of the supremum to

conclude that

sup
pW |Z∈P̃n,W |Z

||M(·, γn)−M0(·, γ0)||n,2

≤ sup
pW |Z∈P̃n,W |Z

||M(·, γn)−M0(·, γn)||n,2 + sup
pW |Z∈P̃n,W |Z

||M0(·, γn)−M0(·, γ0)||n,2

≤ sup
(γ,pW |Z)∈Γ0×P̃n,W |Z

||M(·, γ)−M0(·, γ)||n,2 + sup
pW |Z∈P̃n,W |Z

||M0(·, γn)−M0(·, γ0)||n,2 .

for large n. Applying Assumption 11.2, I know that

sup
(γ,pW |Z)∈Γ0×P̃n,W |Z

||M(·, γ)−M0(·, γ)||n,2 = o(n− 1
4 )

Since {γn(pW |Z) : pW |Z ∈ P̃n,W |Z} ⊆ Γ0 for large n by Lemma 4, Assumption 7.2 and the

mean-value theorem implies there exists M0 ∈ [0,∞) such that

sup
pW |Z∈P̃n,W |Z

||M0(·, γn)−M0(·, γ0)||n,2 ≤M0 sup
pW |Z∈P̃n,W |Z

||γn − γ0||2
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as n→ ∞. Together, these results imply that the following holds

sup
pW |Z∈P̃n,W |Z

||M(·, γn)−M0(·, γ0)||n,2 ≲ o(n−1/4) + sup
pW |Z∈P̃n,W |Z

||γn − γ0||2

The argument can be extended to subsequences {kn}n≥1 of {n}n≥1 by replacing n with kn and

following the same steps. Moreover, since the argument holds for an arbitrary fixed realization

{zi}i≥1, I can conclude that it holds for almost every fixed realization {zi}i≥1 of {Zi}i≥1.

Step 2. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. Applying the triangle inequality and the

definition of the supremum, I know that

sup
pW |Z∈P̃n,W |Z

||Σ(·, γn)− Σ0(·, γ0)||n,∞

≤ sup
pW |Z∈P̃n,W |Z

||Σ(·, γn)− Σ0(·, γn)||n,∞ + sup
pW |Z∈P̃n,W |Z

||Σ0(·, γn)− Σ0(·, γ0)||n,∞

≤ sup
(γ,pW |Z)∈Γ×P̃n,W |Z

||Σ(·, γ)− Σ0(·, γ)||n,∞ + sup
pW |Z∈P̃n,W |Z

||Σ0(·, γn)− Σ0(·, γ0)||n,∞.

Assumption 11.3 yields

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

||Σ(·, γ)− Σ0(·, γ)||n,∞ = o(n− 1
4 )

Moreover, Lemma 4 implies that γn ∈ Γ0 for large n. Consequently, Assumption 8.2 and the

mean-value theorem implies that there exists a constant Σ0 ∈ [0,∞) such that

sup
pW |Z∈P̃n,W |Z

||Σ0(·, γn)− Σ0(·, γ0)||n,∞ ≤ Σ0 sup
pW |Z∈P̃n,W |Z

||γn − γ0||2.

as n→ ∞. Putting these results together,

sup
pW |Z∈P̃n,W |Z

||Σ(·, γn)− Σ0(·, γ0)||n,∞ ≲ o(n−1/4) + sup
pW |Z∈P̃n,W |Z

||γn − γ0||2.

The argument can be extended to subsequences {kn}n≥1 of {n}n≥1 by replacing n with kn and

following the same steps. Moreover, since the argument holds for an arbitrary fixed realization

{zi}i≥1, I can conclude that it holds for almost every realization {zi}i≥1 of {Zi}i≥1.
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Lemma 6. Suppose that Assumptions 5, 6, 7, 8.1, 9, 10, and 11.1–11.5 hold. Then there exists a

constant c > 0 such that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1 and every positive

sequence {rn}n≥1 with rn → 0 as n→ ∞, the following holds:

lim inf
n→∞

inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin

(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)
≥ c,

where {P̃n,W |Z}n≥1 are the sets defined in Assumption 11 and {B(γ0, rn)}n≥1 are open balls in

(Rdγ , || · ||2) centered at γ0 and with radii {rn}n≥1.

Proof. The proof has three steps. Step 1 derives a sufficient condition for the lemma. Step 2 derives

an intermediate technical result. Step 3 verifies the sufficient condition using Step 2.

Step 1. Let {zi}i≥1 be a fixed realization of {Zi}i≥1. For each (γ, pW |Z) ∈ Γ× P̃n,W |Z , I let

Hn(γ, pW |Z) =
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ).

Adding and subtractingHn(γ0, p0,W |Z) and using the inequality λmin(A+B) ≥ λmin(A)+λmin(B)

for real symmetric matrices A and B, I obtain that

inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin

(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)

≥ inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin
(
Hn(γ, pW |Z)−Hn(γ0, p0,W |Z)

)
+ λmin

(
Hn(γ0, p0,W |Z)

)
for all n ≥ 1. Taking the limit inferior, it follows that

lim inf
n→∞

inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin

(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)

≥ lim inf
n→∞

inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin
(
Hn(γ, pW |Z)−Hn(γ0, p0,W |Z)

)
+ lim inf

n→∞
λmin

(
Hn(γ0, p0,W |Z)

)
.
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Assumptions 8.1 and 10 implies that there exists a constant c ≥ 0 that does not depend on {zi}i≥1

such that

lim inf
n→∞

λmin
(
Hn(γ0, p0,W |Z)

)
≥ c.

Consequently, I need to show that

lim inf
n→∞

inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin
(
Hn(γ, pW |Z)−Hn(γ0, pn,0,W |Z)

)
= 0.

Step 2. As an intermediate technical result, I show that

lim sup
n→∞

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣∣∣Hn(γ, pW |Z)−Hn(γ0, p0,W |Z)
∣∣∣∣
F
= 0,

for any subsequence {kn}n≥1 of {n}n≥1. Adding and subtracting M0(zi, γ0) and Σ0(zi, γ0) appro-

priately, I obtain

Hn(γ, pW |Z)−Hn(γ0, p0,W |Z)

=
1

kn

kn∑
i=1

M(zi, γ)
′(Σ−1(zi, γ)− Σ−1

0 (zi, γ0))M(zi, γ)

+
1

kn

kn∑
i=1

M(zi, γ)
′Σ−1

0 (zi, γ0)(M(zi, γ)−M0(zi, γ0))

+
1

kn

kn∑
i=1

(M(zi, γ)−M0(zi, γ0))
′Σ−1

0 (zi, γ0)
−1M0(zi, γ0)

for all (γ, pW |Z) ∈ B(γ0, rkn)× P̃n,W |Z . The triangle inequality then reveals that it suffices to show

three results

1

kn

kn∑
i=1

∣∣∣∣M(zi, γ)
′(Σ−1(zi, γ)− Σ−1

0 (zi, γ0))M(zi, γ)
∣∣∣∣
F
= o(1) (A.10)

1

kn

kn∑
i=1

∣∣∣∣M(zi, γ)
′Σ−1

0 (zi, γ0)(M(zi, γ)−M0(zi, γ0))
∣∣∣∣
F
= o(1) (A.11)

1

kn

kn∑
i=1

∣∣∣∣(M(zi, γ)−M0(zi, γ0))
′Σ−1

0 (zi, γ0)
−1M0(zi, γ0)

∣∣∣∣
F
= o(1) (A.12)
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uniformly over B(γ0, rkn)× P̃n,W |Z , for any subsequence {kn}n≥1. For (A.10), I use the submulti-

plicative property of the Frobenius norm and apply Hölder’s inequality to conclude that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

1

kn

kn∑
i=1

∣∣∣∣M(zi, γ)
′(Σ−1(zi, γ)− Σ−1

0 (zi, γ0))M(zi, γ)
∣∣∣∣
F

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)− Σ−1
0 (zi, γ0)||F

×

 sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F

2

for any subsequence {kn}n≥1 of {n}n≥1. Using the matrix identity A−1 −B−1 = B−1(B −A)A−1

and the submultiplicativity of the Frobenius norm, I know that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)− Σ−1
0 (zi, γ0)||F

≤ sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)||F max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F

× sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

max
1≤i≤kn

||Σ(zi, γ)− Σ0(zi, γ0)||F

for any subsequence {kn}n≥1 of {n}n≥1. Part 2 of Lemma 5 implies that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

max
1≤i≤kn

||Σ(zi, γ)− Σ0(zi, γ0)||F = o(1).

The symmetry of Σ−1
0 (zi, γ) and Assumption 8.1 implies that

lim sup
n→∞

max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F = lim sup

n→∞
max

1≤i≤kn

√√√√ dg∑
j=1

λ2j(Σ
−1
0 (zi, γ0))

≤
√
dg

lim infn→∞ min1≤i≤kn λmin(Σ0(zi, γ0))

≤
√
dg

λ

<∞.
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Lemma 1 and the inequality ||A||F ≤
√
dg||A||op for any A ∈ Rdg×dg implies that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)||F

≤
√
dg sup

(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)||op = O(1).

Consequently,

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

max
1≤i≤kn

||Σ−1(zi, γ)− Σ−1
0 (zi, γ0)||F = o(1).

Moreover, the triangle inequality and Part 1 of Lemma 5 guarantees that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣∣∣∣∣
√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F −

√√√√ 1

kn

kn∑
i=1

||M0(zi, γ0)||2F

∣∣∣∣∣∣
≤ sup

(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)−M0(zi, γ0)||2F

≲ sup
γ∈B(γ0,rkn )

||γ − γ0||2 + o(k
− 1

4
n )

= o(1)

for any subsequence {kn}n≥1 of {n}n≥1. Since

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)−M0(zi, γ0)||2F +

√√√√ 1

kn

kn∑
i=1

||M0(zi, γ0)||2F

= o(1) +

√√√√ 1

kn

kn∑
i=1

||M0(zi, γ0)||2F ,

it follows from Assumption 7 that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F = O(1)
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for any subsequence {kn}n≥1 of {n}n≥1. For (A.11), I use the submultiplicativity of the Frobenius

norm and apply Hölder’s inequality to obtain that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

1

kn

kn∑
i=1

∣∣∣∣M(zi, γ)
′Σ−1

0 (zi, γ0)(M(zi, γ)−M0(zi, γ0))
∣∣∣∣
F

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F

× sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)−M0(zi, γ0))||2F

along any subsequence {kn}n≥1 of {n}n≥1. In dealing with (A.10), I showed that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)||2F = O(1)

holds for any subsequence {kn}n≥1 of {n}n≥1. Assumption 8.1 implies that

max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F = O(1)

for any subsequence {kn}n≥1 of {n}n≥1. Part 1 of Lemma 5 shows that

sup
(γ,pW |Z)∈P̃n,W |Z×B(γ0,rkn )

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)−M0(zi, γ0)||2F

≲ sup
γ∈B(γ0,rkn )

||γ − γ0||2 + o(k
− 1

4
n )

for any subsequence {kn}n≥1 of {n}n≥1. Since rkn → 0 as kn → ∞, I conclude that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

1

kn

kn∑
i=1

∣∣∣∣M(zi, γ)
′Σ−1

0 (zi, γ0)(M(zi, γ)−M0(zi, γ0))
∣∣∣∣
F
= o(1)
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for any subsequence {kn}n≥1 of {n}n≥1. For (A.12), a similar argument to that applied (A.11) to

yields that

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

1

kn

kn∑
i=1

∣∣∣∣(M(zi, γ)−M0(zi, γ0))
′Σ−1

0 (zi, γ0)
−1M0(zi, γ0)

∣∣∣∣
F

≤ max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F

√√√√ 1

kn

kn∑
i=1

||M0(zi, γ0)||2F

× sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ 1

kn

kn∑
i=1

||M(zi, γ)−M0(zi, γ0)||2F

≲ max
1≤i≤kn

||Σ−1
0 (zi, γ0)||F

√√√√ 1

kn

kn∑
i=1

||M0(zi, γ0)||2F

(
sup

γ∈B(γ0,rkn )

||γ − γ0||2 + o(k
− 1

4
n )

)

= o(1)

for any subsequence {kn}n≥1 of {n}n≥1.

Step 3. Let

cn({zi}i≥1) = inf
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin
(
Hn(γ, pW |Z)−Hn(γ0, p0,W |Z)

)
for all n ≥ 1. Since Hn(γ, pW |Z) is a Gram matrix (i.e., it is positive semidefinite) and Assumptions

8 and 10 imply that Hn(γ0, p0,W |Z) has bounded spectrum, a similar diagonalization argument as

that applied in Lemma 1 can be used to extract a subsequence {kn}n≥1 of {n}n≥1 and a sequence

{(γkn , pkn,W |Z)} with (γkn , pkn,W |Z) ∈ B(γ0, rkn)× P̃kn,W |Z such that

∣∣λmin (Hkn(γkn , pkn,W |Z)−Hkn(γ0, p0,W |Z)
)
− cn({zi}i≥1)

∣∣ = o(1).

Since

∣∣λmin (Hkn(γkn , pkn,W |Z)−Hkn(γ0, p0,W |Z)
)∣∣

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣λmin (Hkn(γ, pW |Z)−Hkn(γ0, p0,W |Z)
)∣∣
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holds for all n ≥ 1, it suffices to show that

lim sup
n→∞

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣λmin (Hkn(γ, pW |Z)−Hkn(γ0, p0,W |Z)
)∣∣ = 0.

Since the Frobenius norm is an upper bound on for the Euclidean norm of the eigenvalues,

sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣λmin (Hkn(γ, pW |Z)−Hn(γ0, pkn,0,W |Z)
)∣∣

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

√√√√ dγ∑
j=1

∣∣λj (Hkn(γ, pW |Z)−Hn(γ0, pkn,0,W |Z)
)∣∣2

≤ sup
(γ,pW |Z)∈B(γ0,rkn )×P̃n,W |Z

∣∣∣∣Hkn(γ, pW |Z)−Hn(γ0, pkn,0,W |Z)
∣∣∣∣
F

= o(1)

using the result from Step 2. Since I fixed {zi}i≥1 arbitrarily, the argument holds for almost every

realization {zi}i≥1 of {Zi}i≥1.

The next result establishes that γn converges uniformly to γ0 at a rate faster than n−1/4.

Lemma 7. Suppose that Assumptions 5, 6, 7, 8, 9, 10, and 11.1–11.5 hold. Then, for almost every

fixed realization {zi}i≥1 of {Zi}i≥1, the following holds:

lim sup
n→∞

sup
pW |Z∈P̃n,W |Z

||n
1
4 (γn − γ0)||2 = 0,

where {P̃n,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof has three steps. Step 1 verifies the conclusion of the lemma after asserting two

intermediate technical results. Step 2 and Step 3 are dedicated to the verification these two results.

Step 1. Let {zi}i≥1 be an arbitrary fixed realization of {Zi}i≥1. First note that γn satisfies the first

order conditions

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γn) = 0
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for all n ≥ 1. Applying a mean-value expansion of m(zi, γn) around γ0 I know that

m(zi, γn) = m(zi, γ0) +M(zi, γ
†
n)(γn − γ0),

for all i = 1, ..., n, where {γ†n}n≥1 is a sequence such that γ†n on the line segment joining γn and γ0.

Substituting this into the first order conditions, I conclude that

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0) +

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)(γn − γ0) = 0

for all n ≥ 1. Consequently,

γn − γ0 = −

(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

which implies that

sup
pW |Z∈P̃n,W |Z

||n
1
4 (γn − γ0)||2 ≤ sup

pW |Z∈P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

× sup
pW |Z∈P̃n,W |Z

n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

using a well-known inequality for the Euclidean norm of a matrix acting on a vector. This motivates

showing two results. First, I want to show that

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

= O(1).

Second, I want to show that

sup
pW |Z∈P̃n,W |Z

n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

= o(1).

Indeed, these results complete the proof because they imply that

sup
pW |Z∈P̃n,W |Z

||n
1
4 (γn − γ0)||2 = o(1)
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and, because {zi}i≥1 was fixed arbitrarily, it holds for almost every fixed realization {zi}i≥1 of

{Zi}i≥1.

Step 2. I show

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

= O(1),

Following Lemma 6, I can deduce that

λmin

(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)
≥ c

2
> 0

for all (γ, pW |Z) ∈ B(γ0, rn)× P̃n,W |Z and for all n large. Recognizing that Lemma 4 implies that

there exists a sequence {rn}n≥1 such that γn, γ†n ∈ B(γ0, rn) for large n, I use the definition of the

operator norm and the relationship between the eigenvalues of a matrix and its inverse to conclude

that

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

≤ sup
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

= sup
(γ,pW |Z)∈B(γ0,rn)×P̃n,W |Z

λmin

(
1

n

n∑
i=1

M(zi, γ)
′Σ−1(zi, γ)M(zi, γ)

)−1

≤ 2

c

for n large. Taking the limit superior, I then obtain

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣∣
∣∣∣∣∣∣
(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
op

= O(1).
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Step 3. Applying the triangle inequality and a well-known inequality related to operator norms, it

follows that

sup
pW |Z∈P̃n,W |Z

n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

≤ sup
pW |Z∈P̃n,W |Z

n
1
4
1

n

n∑
i=1

||M(zi, γn)||op · ||Σ−1(zi, γn)||op · ||m(zi, γ0)||2

for all n ≥ 1. Next, an application of Hölder’s inequality and the submultiplicativity of the

supremum yields that

sup
pW |Z∈P̃n,W |Z

n
1
4
1

n

n∑
i=1

||M(zi, γn)||op · ||Σ−1(zi, γn)||op · ||m(zi, γ0)||2

≤ sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γn)||op sup
pW |Z∈P̃n,W |Z

1

n

n∑
i=1

||M(zi, γn)||op · ||m(zi, γ0)||2

≤ sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γn)||op sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γn)||2op

× sup
pW |Z∈P̃n,W |Z

n
1
4

√√√√ 1

n

n∑
i=1

||m(zi, γ0)||22.

for all n ≥ 1. Lemma 1 states that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γ)||op = O(1).

Next, I note that√√√√ 1

n

n∑
i=1

||M(zi, γn)||2op ≤ sup
(γ,pW |Z)∈Γ0×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γ)||2F

for large n using the definition of the supremum, that {γn(pW |Z) : pW |Z ∈ P̃n,W |Z} ⊆ Γ0 for large

n by Lemma 4, and the fact that || · ||op ≤ || · ||F . The triangle inequality and Assumption 11.2

implies that

sup
(γ,pW |Z)∈Γ×P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γ)||2F ≤ o(1) + sup
γ∈Γ0

√√√√ 1

n

n∑
i=1

||M0(zi, γ)||2F
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From Assumption 7.2, it follows that

sup
γ∈Γ0

√√√√ 1

n

n∑
i=1

||M0(zi, γ)||2F = O(1),

and, as a result, I can conclude that

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γn)||2op = O(1)

Finally, Assumption 6 and Assumption 11.1 yields that

sup
pW |Z∈P̃n,W |Z

n
1
4

√√√√ 1

n

n∑
i=1

||m(zi, γ0)||22 = o(1).

Putting these results together, I conclude that

sup
pW |Z∈P̃n,W |Z

n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

= o(1).

This completes the proof.

Lemma 8. If Assumptions 5, 6, 7, 8, 9, 10, and 11.1–11.5 hold, then, for almost every fixed

realization {zi}i≥1 of {Zi}i≥1,

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣
∣∣∣∣∣√n(γn − γ0)−

1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi]

∣∣∣∣∣
∣∣∣∣∣
2

= o(1),

where {P̃n,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof has five steps. Step 1 shows that the lemma holds if four conditions are met. Steps

2–5 are dedicated to the verification of the conditions.

Step 1. First note that γn satisfies the first order conditions

1

n

n∑
i=1

M(zi, γn)Σ(zi, γn)
−1m(zi, γn) = 0
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for all pW |Z ∈ P̃n,W |Z . A similar mean-value expansion of m(zi, γn) around γ0 to Lemma 7 reveals

that

1

n

n∑
i=1

M(zi, γn)Σ
−1(zi, γn)m(zi, γn) =

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)

+
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)(γn − γ0),

where γ†n is on the line segment joining γn and γ0. This implies that

√
n(γn − γ0) =

(
1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)M(zi, γ

†
n)

)−1

× 1√
n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γn).

The linearity of the expectation reveals that

1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] = V −1
0

1√
n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0).

Letting

Vn =
1

n

n∑
i=1

M(zi, γn)Σ
−1(zi, γn)M(zi, γ

†
n),

it follows that∣∣∣∣∣
∣∣∣∣∣√n(γn − γ0)−

1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi]

∣∣∣∣∣
∣∣∣∣∣
2

≤

∣∣∣∣∣
∣∣∣∣∣V −1
n

(
1√
n

n∑
i=1

{
M(zi, γn)

′Σ−1(zi, γn)m(zi, γn)−M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)
})∣∣∣∣∣

∣∣∣∣∣
2

+

∣∣∣∣∣
∣∣∣∣∣(V −1

n − V −1
0

) 1√
n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

≤
∣∣∣∣V −1

n

∣∣∣∣
op
·

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

{
M(zi, γn)

′Σ−1(zi, γn)m(zi, γn)−M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)
}∣∣∣∣∣
∣∣∣∣∣
2

+ ||V −1
n ||op · n

1
4 ||Vn − V0||op · ||V −1

0 ||op · n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2
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for all pW |Z ∈ P̃n,W |Z , where the last inequality uses the matrix identity A−1 −B−1 = B−1(B −

A)A−1. This indicates that I need to show∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

{M(zi, γn)
′Σ(zi, γn)

−1m(zi, γ0)−M0(zi, γ0)
′Σ0(zi, γ0)

−1m(zi, γ0)}

∣∣∣∣∣
∣∣∣∣∣
2

= o(1)

(A.13)∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣
2

= o(n− 1
4 ) (A.14)

||Vn − V0||op = o(n− 1
4 ) (A.15)∣∣∣∣V −1

n

∣∣∣∣
op

= O(1) (A.16)

uniformly over P̃n,W |Z . The remaining steps verify these claims.

Step 2. I verify (A.13). Adding and subtracting M0(zi, γ0) and Σ−1
0 (zi, γ0) appropriately and

recognizing that m0(zi, γ0) = 0 (i.e., Assumption 6), I obtain the following decomposition:

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0)−

1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)

=
1

n

n∑
i=1

(M(zi, γn)−M0(zi, γ0))
′Σ−1(zi, γn)m(zi, γ0)

+
1

n

n∑
i=1

M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
m(zi, γ0)

=
1

n

n∑
i=1

(M(zi, γn)−M0(zi, γ0))
′Σ−1(zi, γn) (m(zi, γ0)−m0(zi, γ0))

+
1

n

n∑
i=1

M0(zi, γ0)
′ (Σ−1(zi, γn)

−1 − Σ−1
0 (zi, γ0)

)
(m(zi, γ0)−m0(zi, γ0)) .

An application of the triangle inequality then reveals that it suffices to show that

sup
pW |Z∈P̃n,W |Z

1√
n

n∑
i=1

∣∣∣∣(M(zi, γn)−M0(zi, γ0))
′Σ−1(zi, γn) (m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2
= o(1)

(A.17)
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and

sup
pW |Z∈P̃n,W |Z

1√
n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣ = o(1).

(A.18)

For (A.17), I apply two well-known inequalities relating to operator norms induced by Euclidean

norms to obtain that

∣∣∣∣(M(zi, γn)−M0(zi, γ0))
′Σ(zi, γn)

−1 (m(zi, γ0)−m0(zi, γ0))
∣∣∣∣
2

≤ ||M(zi, γn)−M0(zi, γ0)||op · ||Σ−1(zi, γn)(m(zi, γ0)−m0(zi, γ0))||2

≤ ||M(zi, γn)−M0(zi, γ0)||op · ||Σ−1(zi, γn)||op · ||m(zi, γ0)−m0(zi, γ0)||2

≤ ||M(zi, γn)−M0(zi, γ0)||F · ||Σ−1(zi, γn)||op · ||m(zi, γ0)−m0(zi, γ0)||2

for i = 1, ..., n and for all n ≥ 1. Consequently, an application of Hölder’s inequality reveals that

sup
pW |Z∈P̃n,W |Z

1√
n

n∑
i=1

∣∣∣∣(M(zi, γn)−M0(zi, γ0))
′Σ−1(zi, γn) (m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2

≤ sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γn)||op

× n
1
4 sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γn)−M0(zi, γ0)||2F

× n
1
4 sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22.

Assumption 11.1 implies that

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22 = o(n− 1
4 ).

Furthermore, Lemma 5 and Lemma 7 yields

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γn)−M0(zi, γ0)||2F = o(n− 1
4 )
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Consequently, I obtain the desired result if

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γn)||op = O(1).

This is implied by the conclusion of Lemma 1. For (A.18), I apply a well-known operator norm

inequality for matrices and the matrix identity B−1 − A−1 = A−1(A−B)B−1 to obtain

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2

≤ ||M0(zi, γ0)||op · ||Σ−1(zi, γn)||op · ||Σ(zi, γn)− Σ0(zi, γ0)||op

× ||Σ−1
0 (zi, γ0)||op · ||m(zi, γ0)−m0(zi, γ0)||2.

Assumption 7.2 and 8.1 implies the existence of a constant C ∈ (0,∞) such that

max

{
sup
z∈Z

||Σ−1
0 (z, γ0)||op, sup

z∈Z
||M0(z, γ0)||op

}
≤ C

Consequently,

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2

≲ ||Σ−1(zi, γn)||op · ||Σ(zi, γn)− Σ0(zi, γ0)||F ||m(zi, γ0)−m0(zi, γ0)||2.

An application of Hölder’s inequality then obtains

1

n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2

≲ max
1≤i≤n

||Σ−1(zi, γn)||op

√√√√ 1

n

n∑
i=1

||Σ(zi, γn)− Σ0(zi, γ0)||2F

×

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22,
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and, as a result,

sup
pW |Z)∈P̃n,W |Z

1

n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γn)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2

≲ sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ−1(zi, γn)||op sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)− Σ0(zi, γ0)||F

× sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22.

by taking the supremum over P̃n,W |Z . Lemma 5 and Lemma 7 implies

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)− Σ0(zi, γ0)||F = o(n− 1
4 )

while Lemma 1 implies

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)−1||op = O(1).

Consequently,

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)−1||op · sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)− Σ0(zi, γ0)||2F = o(n− 1
4 ).

Assumption 11.1 implies that

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22 = o(n− 1
4 ).

Putting everything together, I obtain that

sup
pW |Z∈P̃n,W |Z

1

n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′ (Σ−1(zi, γ)− Σ−1

0 (zi, γ0)
)
(m(zi, γ0)−m0(zi, γ0))

∣∣∣∣
2
= o(n− 1

2 ).

Consequently,

1

n

n∑
i=1

M(zi, γn)
′Σ−1(zi, γn)m(zi, γ0) =

1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0) + o(n− 1
2 )

uniformly over P̃n,W |Z . This verifies (A.13).
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Step 3. I verify (A.14). Since m0(zi, γ0) = 0 for all i = 1, ..., n by Assumption 6, it follows from

the triangle inequality and Hölder’s inequality that∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)m(zi, γ0)

∣∣∣∣∣
∣∣∣∣∣

≤ max
1≤i≤n

∣∣∣∣Σ−1
0 (zi, γ0)

∣∣∣∣
op

√√√√ 1

n

n∑
i=1

||M0(zi, γ0)||2F

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22

Assumption 11.1 implies that

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||m(zi, γ0)−m0(zi, γ0)||22 = o(n− 1
4 ).

while Assumption 7.2 and 8.1 imply that

max
1≤i≤n

∣∣∣∣Σ−1
0 (zi, γ0)

∣∣∣∣
op

√√√√ 1

n

n∑
i=1

||M0(zi, γ0)||2F = O(1).

This verifies (A.14).

Step 4. I verify (A.15). To that end, I first show that

sup
pW |Z∈P̃n,W |Z

||Vn − Vn,0||op = o(n− 1
4 ),

where

Vn,0 =
1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0).

Adding and subtracting M0(zi, γ0) and Σ0(zi, γ0) appropriately,

Vn − Vn,0 =
1

n

n∑
i=1

(M(zi, γn)−M0(zi, γ0))
′Σ−1(zi, γn)M(zi, γ

†
n)

+
1

n

n∑
i=1

M0(zi, γ0)
′Σ−1(zi, γn)(M(zi, γ

†
n)−M0(zi, γ0))

+
1

n

n∑
i=1

M0(zi, γ0)
′(Σ−1(zi, γn)− Σ−1

0 (zi, γ0))M0(zi, γ0).
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The triangle inequality then reveals that it suffices to show three results

sup
pW |Z∈P̃n,W |Z

1

n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′(Σ(zi, γn)

−1 − Σ0(zi, γ0)
−1)M0(zi, γ0)

∣∣∣∣
op

= o(n− 1
4 )

sup
pW |Z∈P̃n,W |Z

1

n

n∑
i=1

∣∣∣∣M0(zi, γ0)
′Σ−1(zi, γn)(M(zi, γ

†
n)−M0(zi, γ0))

∣∣∣∣
op

= o(n− 1
4 )

sup
pW |Z∈P̃n,W |Z

1

n

n∑
i=1

∣∣∣∣(M(zi, γn)−M0(zi, γ0))
′Σ(zi, γn)

−1M(zi, γ
†
n)
∣∣∣∣
op

= o(n− 1
4 )

These are refinements of (A.10), (A.11), and (A.12) encountered in Lemma 6, and, as a result, I

need to show that

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γn)−M0(zi, γ0)||2op = o(n− 1
4 ) (A.19)

sup
pW |Z∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||M(zi, γ
†
n)−M0(zi, γ0)||2op = o(n− 1

4 ) (A.20)

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γn)− Σ0(zi, γ0)||op = o(n− 1
4 ) (A.21)

because an otherwise identical argument yields the result. Since Lemma 7 yields

sup
pW |Z∈P̃n,W |Z

||γn − γ0||2 = o(n− 1
4 ),

conditions (A.19), (A.20), and (A.21) follow from applications of Lemma 5. Consequently, I deduce

that

sup
pW |Z∈P̃n,W |Z

||Vn − Vn,0||op = o(n− 1
4 ).

As such, it remains to show that∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0)− V0

∣∣∣∣∣
∣∣∣∣∣
op

= o(n− 1
4 )

Since M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0) is symmetric, Z1, Z2, ... are i.i.d according to P0,Z , and

Assumptions 7.2 and 8.1 imply that the random matrix M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0) is bounded

in operator norm, I can apply the matrix Bernstein inequality to conclude that the following holds
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for large n: for any ξ > 0,

P∞
0,Z

{zi}i≥1 : n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

{M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0)− V0}

∣∣∣∣∣
∣∣∣∣∣
op

> ξ

 ≲ exp
(
−C1

√
nξ2
)

for some constant C1 > 0. As such, I can deduce that

∞∑
n=1

P∞
0,Z

{zi}i≥1 : n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

{M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0)− V0}

∣∣∣∣∣
∣∣∣∣∣
op

> ξ

 <∞

and then

n
1
4

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

{M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0)− V0}

∣∣∣∣∣
∣∣∣∣∣
op

−→ 0 a.e. [P∞
0,Z ]

by the Borel-Cantelli lemma. Applying the triangle inequality, it follows that

sup
pW |Z∈P̃n,W |Z

||Vn − V0||op = o(n− 1
4 ).

This verifies (A.15).

Step 5. I verify condition (A.16). Since suppW |Z∈P̃n,W |Z
||V −1

n ||op ≤ (infpW |Z∈P̃n,W |Z
λmin(Vn))

−1

and Lemma 6 shows that

lim inf
n→∞

inf
pW |Z∈P̃n,W |Z

λmin(Vn) ≥ c,

it follows that

lim sup
n→∞

sup
pW |Z∈P̃n,W |Z

||V −1
n ||op <∞.

This verifies (A.16). The proof is complete.

The next lemma establishes an expansion of the log-likelihood function that reflects the semi-

parametric structure of the conditional moment equality model.

Lemma 9. Let Sn,i(pW |Z) = χ̃0(Wi, zi)−EPW |Z [χ̃0(W,Z)|Z = zi] for i = 1, ..., n be the centered

influence function. If Assumptions 5, 6, 7, 8, 9, 10, and 11 hold, then, for almost every fixed
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realization {zi}i≥1 of {Zi}i≥1,

sup
pW |Z∈P̃n,W |Z

∣∣∣∣∣logLn(pW |Z)− logLn(pt,n,W |Z)− t′
1√
n

n∑
i=1

Sn,i(pW |Z) +
1

2
t′V −1

0 t

∣∣∣∣∣ P
(n)
0,W |Z−→ 0,

where {P̃n,W |Z}n≥1 are the sets defined in Assumption 11.

Proof. The proof has two steps. Step 1 establishes a preliminary uniform convergence result.

Step 2 modifies the argument from Theorem 4.1 of Castillo and Rousseau (2015) to conclude the

expansion.

Step 1. I start by showing that

max
1≤i≤n

||EPW |Z [χ̃0(W,Z)χ̃0(W,Z)
′|Z = zi]− EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi]||F = o(1).

uniformly over P̃n,W |Z . Using the definition of χ̃0(W,Z) and the submultiplicativity of the Frobe-

nius norm, I know that∣∣∣∣∣∣EPW |Z [χ̃0(W,Z)χ̃0(W,Z)
′|Z = zi]− EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi]
∣∣∣∣∣∣
F

=
∣∣∣∣V −1

0 M0(zi, γ0)
′Σ−1

0 (zi, γ0) (Σ(zi, γ0)− Σ0(zi, γ0)) Σ
−1
0 (zi, γ0)M0(zi, γ0)V

−1
0

∣∣∣∣
F

≤ ||V −1
0 ||2F ||M0(zi, γ0)||2F ||Σ−1

0 (zi, γ0)||2F ||Σ(zi, γ0)− Σ0(zi, γ0)||F

for i = 1, ..., n. Since V0 is real, symmetric, and positive definite by Assumptions 8.1 and 10.2, I

know that there exists a constant c > 0 such that

||V −1
0 ||2F =

dγ∑
j=1

1

λ2j(V0)
≤ dγ
λ2min(V0)

≤ dγ
c2
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Moreover, supz∈Z ||M0(z, γ0)||2F < ∞ and supz∈Z ||Σ−1
0 (z, γ0)||2F < ∞ by Assumptions 7.2 and

8.1. Consequently,

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||EPW |Z [χ̃0(W,Z)χ̃0(W,Z)
′|Z = zi]− EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi]||F

≲ sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

||Σ(zi, γ0)− Σ0(zi, γ0)||F

= sup
pW |Z∈P̃n,W |Z

||Σ(·, γ0)− Σ0(·, γ0)||n,∞.

Assumption 11.3 then implies

max
1≤i≤n

||EPW |Z [χ̃0(W,Z)χ̃0(W,Z)
′|Z = zi]− EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi]||F = o(1).

for all pW |Z ∈ P̃n,W |Z .

Step 2. Using the definition of pt,n,W |Z , a sufficient condition for

P
(n)
0,W |Z

(
sup

pW |Z∈P̃n,W |Z

∣∣∣∣∣log
(

Ln(pW |Z)

Ln(pt,n,W |Z)

)
− t′

1√
n

n∑
i=1

Sn,i(pW |Z)−
1

2
t′V −1

0 t

∣∣∣∣∣ > ξ

)
= o(1)

for any ξ > 0 is∣∣∣∣∣
n∑
i=1

logEPW |Z

[
exp

(
−t

′χ̃0(W,Z)√
n

)∣∣∣∣Z = zi

]
+ t′

1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi]−
1

2
t′V −1

0 t

∣∣∣∣∣
= o(1)

uniformly over P̃n,W |Z . Using the series representation of the exponential function,

n∑
i=1

logEPW |Z

[
exp

(
−t

′χ̃0(W,Z)√
n

)∣∣∣∣Z = zi

]
=

n∑
i=1

log

(
1− t′

1√
n
EPW |Z [χ̃0(W,Z)|Z = zi] +

1

2
t′
1

n
EPW |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi]t

+ rn,i(t, pW |Z)

)
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for all n ≥ 1, where

rn,i(t, pW |Z) = EPW |Z

[
∞∑
l=3

(−1)l(t′χ̃0(W,Z))
l

l!n
l
2

∣∣∣∣∣Z = zi

]

for all i = 1, ..., n. Applying the triangle inequality, I obtain

∣∣rn,i(t, pW |Z)
∣∣ ≤ 1

n
3
2

EPW |Z

[
∞∑
l=0

|t′χ̃0(W,Z)|l

l!

∣∣∣∣∣Z = zi

]
=

1

n
3
2

EPW |Z [exp(|t′χ̃0(W,Z)|)|Z = zi]

for i = 1, ..., n with the equality using the series representation of the exponential function.

Consequently,

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

∣∣rn,i(t, pW |Z)
∣∣ ≤ 1

n
3
2

sup
pW |Z∈P̃n,W |Z

max
1≤i≤n

EPW |Z [exp(|t′χ̃0(W,Z)|)|Z = zi] .

As such, Assumption 11.6 implies that max1≤i≤n
∣∣rn,i(t, pW |Z)

∣∣ = O(n− 3
2 ) uniformly over P̃n,W |Z .

Combining this result with that from Step 1, it follows that

n∑
i=1

logEPW |Z

[
exp

(
−t

′χ̃0(W,Z)√
n

)∣∣∣∣Z = zi

]
=

n∑
i=1

log

(
1− t′

1√
n
EPW |Z [χ̃0(W,Z)|Z = zi] +

1

2
t′
1

n
EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi] t

+O

(
1

n
3
2

)
+ o

(
1

n

))
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uniformly over P̃n,W |Z as n → ∞. A Taylor expansion of x 7→ log(1 + x) around x = 0 then

implies that

n∑
i=1

log

(
1− t′

1√
n
EPW |Z [χ̃0(W,Z)|Z = zi] +

1

2
t′
1

n
EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)

′|Z = zi] t

+O

(
1

n
3
2

)
+ o

(
1

n

))
= −t′ 1√

n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] +
1

2
t′
1

n

n∑
i=1

EP0,W |Z [χ̃0(W,Z)χ̃0(W,Z)
′|Z = zi] t+ o(1)

= −t′ 1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] +
1

2
t′V −1

0

(
1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0)

)
V −1
0 t

+ o(1)

= −t′ 1√
n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi] +
1

2
t′V −1

0 t+ o(1)

uniformly over P̃n,W |Z . The second equality uses the definition of χ̃0 and the linearity of expectation

while the third equality uses the strong law of law numbers to obtain

1

n

n∑
i=1

M0(zi, γ0)
′Σ−1

0 (zi, γ0)M0(zi, γ0) = V0 + o(1)

as n→ ∞. Putting this all together, I conclude that

n∑
i=1

logEPW |Z

[
exp

(
−t

′χ̃n,0(W,Z)√
n

)∣∣∣∣Z = zi

]
= −t′ 1√

n

n∑
i=1

EPW |Z [χ̃0(W,Z)|Z = zi]

+
1

2
t′V −1

0 t+ o(1)

uniformly over {P̃n,W |Z}n≥1 as n→ ∞. This completes the proof.

I now formally prove Theorem 1. The argument is similar to Theorem 4.1 in Castillo and

Rousseau (2015) with appropriate modifications to account for conditioning on {Zi}i≥1.

Proof of Theorem 1. The proof has two steps. Step 1 establishes the validity of focusing on the

bounded Lipschitz distance between the conditional posterior Πn(
√
n(γn − γ̂n) ∈ ·|W (n), P̃n,W |Z)

and N (0, V −1
0 ). Step 2 uses Lemma 8 and Lemma 9 to show that the bounded Lipschitz distance

between these probability measures converges to zero.
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Step 1. Let Πn(
√
n(γn − γ̂n) ∈ ·|W (n), P̃n,W |Z) be the conditional posterior of

√
n(γn − γ̂n)

given P̃n,W |Z . I argue that

dTV

(
Πn(

√
n(γn − γ̂n) ∈ ·|W (n)),Πn(

√
n(γn − γ̂n) ∈ ·|W (n), P̃n,W |Z)

) P
(n)
0,W |Z−→ 0

as n→ ∞ so that I can focus on showing

dBL

(
Πn(

√
n(γn − γ̂n) ∈ ·|W (n), P̃n,W |Z),N (0, V −1

0 )
) P

(n)
0,W |Z−→ 0

as n → ∞ to obtain the Bernstein-von Mises theorem. This follows from the triangle inequality

and that the total variation distance is a stronger metric than the bounded Lipschitz distance. The

argument for convergence in total variation is as follows. Since, for any event A, the posterior for
√
n(γn − γ̂n) satisfies

Πn(
√
n(γn − γ̂n) ∈ A|W (n)) = Πn(pW |Z ∈ γ−1

n (An)|W (n))

with An = 1√
n
A+ γ̂n, it is enough to show that

dTV

(
Πn(pW |Z ∈ ·|W (n)),Πn(pW |Z ∈ ·|W (n), P̃n,W |Z)

) P
(n)
0,W |Z−→ 0

as n→ ∞. For any event A, the law of total probability reveals that∣∣∣Πn(pW |Z ∈ A|W (n))− Πn(pW |Z ∈ A ∩ P̃n,W |Z |W (n))
∣∣∣ = Πn

(
pW |Z ∈ A ∩ P̃c

n,W |Z |W (n)
)

Using that A ∩ P̃c
n,W |Z ⊆ P̃c

n,W |Z for all events A, it follows that

sup
A

∣∣∣Πn(pW |Z ∈ A|W (n))− Πn(pW |Z ∈ A ∩ P̃n,W |Z |W (n))
∣∣∣ ≤ Π

(
pW |Z ∈ P̃c

n,W |Z

∣∣∣W (n)
)

using the monotonicity of probability measures. An application of Assumption 11 then yields that

sup
A

∣∣∣Πn(pW |Z ∈ A|W (n))− Πn(pW |Z ∈ A ∩ P̃n,W |Z |W (n))
∣∣∣ P (n)

0,W |Z−→ 0
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as n → ∞. Similarly, I use the definition of conditional probability and the complement rule to

obtain

sup
A

∣∣∣Πn(pW |Z ∈ A ∩ P̃n,W |Z |W (n))− Πn

(
pW |Z ∈ A

∣∣∣W (n), P̃n,W |Z

)∣∣∣
= sup

A

∣∣∣Πn

(
pW |Z ∈ A

∣∣∣W (n), P̃n,W |Z

)(
Πn

(
pW |Z ∈ P̃n,W |Z |W (n)

)
− 1
)∣∣∣

≤ Πn

(
pW |Z ∈ P̃c

n,W |Z

∣∣∣W (n)
)

An application of Assumption 11 then implies that

sup
A

∣∣∣Πn(pW |Z ∈ A ∩ P̃n,W |Z |W (n))− Πn

(
pW |Z ∈ A

∣∣∣W (n), P̃n,W |Z

)∣∣∣ P (n)
0,W |Z−→ 0

as n→ ∞. The triangle inequality then leads to the conclusion that

dTV

(
Πn(pW |Z ∈ ·|W (n)),Πn(pW |Z ∈ ·|W (n), P̃n,W |Z)

) P
(n)
0,W |Z−→ 0

as n→ ∞.

Step 2. Adding/subtracting t′
√
nγ0 and logLn(pt,n,W |Z), I know that

t′
√
n(γn − γ̂n) + logLn(pt,n,W |Z)

= t′
√
n(γn − γ0)− t′

√
n(γ̂n − γ0) + logLn(pW |Z)− logLn(pt,n,W |Z) + logLn(pt,n,W |Z)

Using the definition of γ̂n and Lemma 8, it follows that

t′
√
n(γn − γ0)− t′

√
n(γ̂n − γ0) = −t′ 1√

n

n∑
i=1

{
χ̃0(Wi, zi)− EPW |Z [χ̃0(W,Z)|Z = zi]

}
+ o

P
(n)
0,W |Z

(1)

uniformly over P̃n,W |Z as n→ ∞. Moreover, Lemma 9 implies that

logLn(pW |Z)− logLn(pt,n,W |Z)

= t′
1√
n

n∑
i=1

{
χ̃0(Wi, zi)− EPW |Z [χ̃0(W,Z)|Z = zi]

}
+

1

2
t′V −1

0 t+ o
P

(n)
0,W |Z

(1).
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uniformly over P̃n,W |Z as n → ∞. Letting EΠ[·|W (n), P̃n,W |Z ] be the expectation under the

conditional posterior Πn(pW |Z ∈ ·|W (n), P̃n,W |Z), I can put these results together to conclude that

EΠ

[
exp

(
t′
√
n(γn − γ̂n)

)∣∣∣W (n), P̃n,W |Z

]
=

∫
P̃n,W |Z

exp
(
t′
√
n(γn − γ̂n) + logLn(pW |Z)

)
dΠ(pW |Z)∫

P̃n,W |Z
exp

(
logLn(pW |Z)

)
dΠ(pW |Z)

= (1 + o
P

(n)
0,W |Z

(1)) exp

(
1

2
t′V −1

0 t

) ∫
P̃n,W |Z

exp
(
logLn(pt,n,W |Z)

)
dΠ(pW |Z)∫

P̃n,W |Z
exp

(
logLn(pW |Z)

)
dΠ(pW |Z)

.

as n→ ∞. Consequently, the condition∫
P̃n,W |Z

Ln(pt,n,W |Z)dΠ(pW |Z)∫
P̃n,W |Z

Ln(pW |Z)dΠ(pW |Z)
= 1 + o

P
(n)
0,W |Z

(1)

implies that∣∣∣∣EΠ

[
exp

(
t′
√
n(γn − γ̂n)

)∣∣∣W (n), P̃n,W |Z

]
− exp

(
1

2
t′V −1

0 t

)∣∣∣∣ = o
P

(n)
0,W |Z

(1)

for any t in a neighborhood of zero as n→ ∞. Since exp(t′V −1
n,0 t/2) is the Laplace function of the

Gaussian distribution N (0, V −1
0 ), it follows that

dBL

(
Π
(√

n(γn − γ̂n) ∈ ·
∣∣∣W (n), P̃n,W |Z

)
,N (0, V −1

0 )
) P

(n)
0,W |Z−→ 0

as n→ ∞ using Theorem 1.13.1 in van der Vaart and Wellner (2023b).

A.3.3 Proofs of Corollaries

Proof of Corollary 1. Fix ξ > 0 arbitrarily. Theorem 1 implies that

P
(n)
0,W |Z

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)
−→ 0

as n → ∞ for P∞
0,Z-almost every fixed realization {zi}i≥1 of {Zi}i≥1. Since the sequence of

functions

{
{zi}i≥1 7→ P

(n)
0,W |Z

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)}

n≥1
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is uniformly bounded, it follows from the bounded convergence theorem that

EP∞
0,Z

[
P

(n)
0,W |Z

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)]

−→ 0 (A.22)

as n→ ∞. Using the fact that P∞
0,Z is a product probability measure, it then follows that

EP∞
0,Z

[
P

(n)
0,W |Z

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)]

= EPn
0,Z

[
P

(n)
0,W |Z

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)]
,

and, combining this with (A.22), it follows that

P n
0,WZ

(
dBL

(
Πn

(√
n(γn − γ̂n) ∈ ·

∣∣W (n)
)
,N
(
0, V −1

0

))
≥ ξ
)
−→ 0

as n→ ∞, as probabilities are expectations of indicator functions. Since ξ > 0 was arbitrary, the

claim holds for any ξ > 0 and the proof is complete.

Proof of Corollary 4. Corollary 1 and the delta method implies that

dBL
(
Πn

(√
n(f(γn)− f(γ̂n)) ∈ ·

∣∣W (n)
)
,N (0,Ω0,f )

) Pn
0,WZ−→ 0

as n→ ∞, where

Ω0,f =
∂

∂γ′
f(γ0)V

−1
0

∂

∂γ′
f(γ0)

′.

By the Portmanteau theorem for conditional weak convergence (i.e., Theorem 1.13.1 in van der

Vaart and Wellner (2023b)), it then follows that

Πn

(√
n(f(γn)− f(γ̂n)) ≤ x

∣∣W (n)
) Pn

0,WZ−→ PN (0,Ω0,f )(X ≤ x)

for all x ∈ R, where PN (0,Ω0,f ) denotes the probability distribution of N (0,Ω0,f ). Applying Lemma

21.2 of van der Vaart (1998) and the equivariance of quantiles to monotone transformations, I then

obtain that

√
n(cn,f (q)− f(γ̂n)) = zf (q) + oPn

0,WZ
(1)
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with zf (q) being the q-quantile of the Gaussian distribution N (0,Ω0,f ). Since properties of

Gaussian distributions reveal that

zf (q) = Φ−1(q)
√

Ω0,f

for any q ∈ (0, 1), I conclude that

cn,f (q) = f(γ̂n) + Φ−1(q)

√
Ω0,f

n
+ oPn

0,WZ

(
1√
n

)
for any q ∈ (0, 1).

Remark 14. Inspecting the proof of Corollary 4, one can deduce that the same conclusion holds if

P n
0,WZ is replaced by P (n)

0,W |Z by invoking Theorem 1 directly (rather than Corollary 1). Consequently,

the asymptotic expansion of the quantile function holds conditionally too.

A.3.4 Proofs for Section 1.5

Proof of Proposition 1

Although the sequence {(W ′
i , Z

′
i)

′}i≥1 is i.i.d, the asymptotic thought experiment conditions on

realizations {zi}i≥1 of {Zi}i≥1. Consequently, the sequence of observations {W (n) : n ≥ 1} should

be viewed as a triangular array with rows consisting of independent but not identically distributed

random vectors. This means that the results from Section 4 of Ghosal and van der Vaart (2007) apply

to the setting studied in this paper. To keep the exposition relatively self-contained, I specialize

several of the main results from their paper to my setting as lemmas and then invoke them to prove

the proposition.

Background Lemmas Specializing Ghosal and van der Vaart (2007). The first lemma is useful

for controlling the asymptotic behavior of the marginal likelihood. It specializes Lemma 10 of

Ghosal and van der Vaart (2007). Let

KLn(θ, B) =
1

n

n∑
i=1

KL(p0,W |Z(·|zi), pθ,B(·|zi)),
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where

KL(p0,W |Z(·|zi), pθ,B(·|zi)) = EP0,W |Z

[
log

(
p0,W |Z(W |Z)
pθ,B(W |Z)

)∣∣∣∣Z = zi

]
, i = 1, ..., n,

is the Kullback-Leibler divergence between p0,W |Z(·|zi) and pθ,B(·|zi), and let

KLVn(θ, B) =
1

n

n∑
i=1

KLV (p0,W |Z(·|zi), pθ,B(·|zi)),

where

KLV (p0,W |Z(·|zi), pθ,B(·|zi)) = V arP0,W |Z

[
log

(
p0,W |Z(W |Z)
pθ,B(W |Z)

)∣∣∣∣Z = zi

]
is the conditional variance of the log-likelihood ratio. For each δ > 0, I define neighborhoods

Un(p0,W |Z , δ) as follows

Un(p0,W |Z , δ) =
{
(θ, B) : KLn(θ, B) < δ2, KLVn(θ, B) < δ2

}
.

Lemma 10. The following holds for almost every fixed realization {zi}i≥1 of {Zi}i≥1: for every

δ > 0 and every probability measure Π̄n supported on Un(p0,W |Z , δ), I have, for every constant

C > 0,

P
(n)
0,W |Z

(∫
Ln(pθ,B)

Ln(p0,W |Z)
dΠ̄n(θ, B) ≤ exp

(
−(1 + C)nδ2

))
≤ 1

C2nδ2
.

Proof. The proof has two steps. Step 1 derives an upper bound for the probability in the claim. Step

2 shows this upper bound is less than (C2nδ2)−1.

Step 1. Let C > 0 be an arbitrary constant and let Rn(θ, B) = log(Ln(pθ,B)/Ln(p0,W |Z)).

Applying Jensen’s inequality, I know that

log

∫
Ln(pθ,B)

Ln(p0,W |Z)
dΠ̄n(θ, B) ≥

∫
Rn(θ, B)dΠ̄n(θ, B)

=

∫ {
Rn(θ, B)− E

P
(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

+

∫
E
P

(n)
0,W |Z

[Rn(θ, B)] dΠ̄n(θ, B)
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Since

E
P

(n)
0,W |Z

[Rn(θ, B)] = −
n∑
i=1

KL(p0,W |Z(·|zi), pθ,B(·|zi)) ≥ −nδ2

for Π̄n-almost every (θ, B), it follows that∫
E
P

(n)
0,W |Z

[Rn(θ, B)] dΠ̄n(θ, B) ≥ −nδ2.

As such, I know that

P
(n)
0,W |Z

(∫
Ln(pθ,B)

Ln(p0,W |Z)
dΠ̄n(θ, B) ≤ exp

(
−(1 + C)nδ2

))
≤ P

(n)
0,W |Z

(∫ {
Rn(θ, B)− E

P
(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B) ≤ −Cnδ2

)
≤ P

(n)
0,W |Z

(∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣ ≥ Cnδ2
)

Step 2. It remains to show that

P
(n)
0,W |Z

(∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣ ≥ Cnδ2
)

≤ 1

C2nδ2
.

Applying Chebyshev’s inequality, I know that

P
(n)
0,W |Z

(∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣ ≥ Cnδ2
)

≤ 1

C2n2δ4
E
P

(n)
0,W |Z

[∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣2
]

Applying Jensen’s inequality and then Fubini’s theorem,

E
P

(n)
0,W |Z

[∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣2
]

≤
∫
V ar

P
(n)
0,W |Z

[Rn(θ, B)] dΠ̄n(θ, B) ≤ nδ2,

where the last inequality uses that

V ar
P

(n)
0,W |Z

[Rn(θ, B)] =
n∑
i=1

KLV
(
p0,W |Z(·|zi), pθ,B(·|zi)

)
≤ nδ2
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for Π̄n-almost every (θ, B). As such,

P
(n)
0,W |Z

(∣∣∣∣∫ {Rn(θ, B)− E
P

(n)
0,W |Z

[Rn(θ, B)]

}
dΠ̄n(θ, B)

∣∣∣∣ ≥ Cnδ2
)

≤ 1

C2nδ2
.

Since this argument holds for C > 0 fixed arbitrarily, it extends to any C > 0. This completes the

proof.

The next lemma shows that the posterior concentrates around sets {P̄n,W |Z}n≥1 for which the

prior Π assigns exponentially small mass to their complement. It is a specialization of Lemma 1 in

Ghosal and van der Vaart (2007) to the setting of this paper.

Lemma 11. Suppose that for almost-every fixed realization {zi}i≥1 of {Zi}i≥1, there is a sequence

{δn}n≥1 with nδ2n → ∞ and sets {P̄n,W |Z}n≥1 such that, for some constant C̄ > (2+C) withC > 0

small, the prior satisfies Π(P̄c
n,W |Z) ≲ exp(−C̄nδ2n) and Π

(
Un(p0,W |Z , δn)

)
≳ exp(−nδ2n). Then,

for almost-every fixed realization {zi}i≥1 of {Zi}i≥1, the posterior satisfies Πn(P̄c
n,W |Z |W (n))

P
(n)
0,W |Z−→

0 as n→ ∞.

Proof. The proof has two steps. Step 1 derives a sufficient condition for the result. Step 2 establishes

that the sufficient condition holds under the assumptions.

Step 1. Let Π̄n be the renormalized restriction of Π to Un(p0,W |Z , δn) and let An be the event∫
Ln(pθ,B)

Ln(p0,W |Z)
dΠ̄n(θ, B) ≥ exp

(
−(1 + C)nδ2n

)
.

for some small constant C > 0. By Lemma 10, P (n)
0,W |Z(An) → 1 as n → ∞, and, as a result, it

suffices to show

E
P

(n)
0,W |Z

[
Πn(P̄c

n,W |Z |W (n))1{An}
]
−→ 0

as n→ ∞.
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Step 2. Using the definition of the posterior and An, it follows that

E
P

(n)
0,W |Z

[
Πn(P̄c

n,W |Z |W (n))1{An}
]
≤ exp((2 + C)nδ2n)EP (n)

0,W |Z

[∫
P̄c
n,W |Z

Ln(pθ,B)

Ln(p0,W |Z)
dΠ(θ, B)

]

Applying Fubini’s theorem, I know that

E
P

(n)
0,W |Z

[∫
P̄c
n,W |Z

Ln(pθ,B)

Ln(p0,W |Z)
dΠ(θ, B)

]
=

∫
P̄c
n,W |Z

E
P

(n)
0,W |Z

(
Ln(pθ,B)

Ln(p0,W |Z)

)
dΠ(θ, B)

= Π(P̄c
n,W |Z).

Consequently, the assumption Π(P̄c
n,W |Z) ≲ exp(−C̄nδ2n) implies that

E
P

(n)
0,W |Z

[
Πn(P̄c

n,W |Z |W (n))1{An}
]
≤ exp(((2 + C)− C̄)nδ2n) → 0

as n→ ∞ because nδ2n → ∞ as n→ ∞ and C̄ > 2 + C.

The next lemma provides sufficient conditions for posterior contraction in RMSH distance for a

general prior for the pair (θ, B) (i.e., not necessarily a Gaussian process). It specializes Theorem 4

of Ghosal and van der Vaart (2007) to the setup of this paper. In the proof, I use the notation P (n)
θ,B to

refer to the probability measure attached to the product density
∏n

i=1 pθ,B(·|zi).

Lemma 12. Suppose that for almost-every fixed realization {zi}i≥1 of {Zi}i≥1, there is a sequence

{δn}n≥1 with δn → 0 and nδ2n → ∞ and sets {P̄n,W |Z}n≥1 such that, for some constants K > 0,

C̃ > 0, and C̄ > (2 + C) with C > 0 small, the following holds

Π
(
Un(p0,W |Z , δn)

)
≳ exp(−nδ2n) (A.23)

Π
(
P̄c
n,W |Z

)
≲ exp

(
−C̄nδ2n

)
(A.24)

logN(δn/72, P̄n,W |Z , hn) ≲ C̃nδ2n. (A.25)

Then, for almost-every fixed realization {zi}i≥1 of {Zi}i≥1, the posterior satisfies

E
P

(n)
0,W |Z

[
Πn(hn(pθ,B, p0,W |Z) ≥ Dδn|W (n))

]
−→ 0

as n→ ∞ for D > 0 large.
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Proof. The proof has two steps. Step 1 uses (A.23) and (A.24) to establish that it suffices to

study the behavior of Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n)) on an event An that satisfies

P
(n)
0,W |Z(An) → 1 as n→ ∞. Step 2 uses this sufficient condition and the entropy restriction (A.25)

to conclude the lemma.

Step 1. Conditions (A.23) and (A.24) imply that it suffices to show that

Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n))
P

(n)
0,W |Z−→ 0

as n→ ∞ because Lemma 11 implies that

Πn(hn(pθ,B, p0,W |Z) ≥ Dδn|W (n)) = Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n)) + o
P

(n)
0,W |Z

(1).

Next, let Π̄n be the renormalized restriction of Π to Un(p0,W |Z , δn) and let An be the event∫
Ln(pθ,B)

Ln(p0,W |Z)
dΠ̄n(θ, B) ≥ exp

(
−(1 + C)nδ2n

)
.

for some small constant C > 0. By Lemma 10, P (n)
0,W |Z(An) → 1 as n → ∞, and, as a result, it

suffices to show

E
P

(n)
0,W |Z

[
Πn({hn(pθ,B, p0,W |Z) ≥ Dδn} ∩ P̄n,W |Z |W (n))1{An}

]
−→ 0

as n→ ∞.

Step 2. I show that

E
P

(n)
0,W |Z

[
Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n))1{An}

]
−→ 0

as n → ∞. Let {ϕn}n≥1 be a sequence of tests with 0 ≤ ϕn(W
(n)) ≤ 1 such that, for any δ > 0

and any pθ,B with hn(pθ,B, p0,W |Z) > δ, the following holds

E
P

(n)
0,W |Z

[ϕn(W
(n))] ≤ exp

(
−1

2
nδ2
)

(A.26)
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and

sup
(θ̃,B̃):hn(pθ̃,B̃ ,pθ,B)≤δ/18

E
P

(n)
θ,B

[1− ϕn(W
(n))] ≤ exp

(
−1

2
nδ2
)
. (A.27)

Lemma 2 of Ghosal and van der Vaart (2007) establishes the existence of such tests. If

sup
δ>δn

logN

(
δ

36
, {pθ,B ∈ P̄n,W |Z : hn(pθ,B, p0,W |Z) < δ}, hn

)
≤ C̃nδ2n

for some constant C̃ > 0, then Lemma 9 of Ghosal and van der Vaart (2007) states that (A.26) and

(A.27) implies

E
P

(n)
0,W |Z

[ϕn(W
(n))] ≤ exp(C̃nδ2n)

exp(−1
2
D2nδ2n)

1− exp(−1
2
D2nδ2n)

(A.28)

and

sup
pθ,B∈P̄n,W |Z∩{(θ,B):hn(pθ,B ,p0,W |Z)≥Dδn}

E
P

(n)
θ,B

[1− ϕn(W
(n))] ≤ exp

(
−1

2
D2nδ2n

)
(A.29)

Since {pθ,B ∈ P̄n,W |Z : hn(pθ,B, p0,W |Z) < Dδn} ⊆ P̄n,W |Z , standard properties of covering

numbers leads to the conclusion that

logN(δn/72, P̄n,W |Z , hn) ≤ C̃nδ2n

implies

sup
δ>δn

logN

(
δ

36
, {pθ,B ∈ P̄n,W |Z : hn(pθ,B, p0,W |Z) < δ}, hn

)
≤ C̃nδ2n.
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Next, recognizing that 1 = 1− ϕn(W
(n)) + ϕn(W

(n)) and that probabilities are bounded by one, I

can conclude that

E
P

(n)
0,W |Z

[
Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n))1{An}

]
≤ E

P
(n)
0,W |Z

[ϕn(W
(n))]

+ exp((2 + C)nδ2n)

× E
P

(n)
0,W |Z

[∫
P̄n,W |Z∩{(θ,B):hn(pθ,B ,p0,W |Z)≥Dδn}

(1− ϕn(W
(n)))

Ln(pθ,B)

Ln(p0,W |Z)
dΠ(θ, B)

]
.

Applying Fubini’s theorem, it follows that

E
P

(n)
0,W |Z

[∫
P̄n,W |Z∩{(θ,B):hn(pθ,B ,p0,W |Z)≥Dδn}

(1− ϕn(W
(n)))

Ln(pθ,B)

Ln(p0,W |Z)
dΠ(θ, B)

]

≤ sup
pW |Z∈P̄n,W |Z∩{(θ,B):hn(pθ,B ,p0,W |Z)≥Dδn}

E
P

(n)
θ,B

[
1− ϕn(W

(n))
]

So by setting D > 0 large, it follows from (A.28), (A.29), and nδ2n → ∞ that

E
P

(n)
0,W |Z

[
Πn(P̄n,W |Z ∩ {hn(pθ,B, p0,W |Z) ≥ Dδn}|W (n))1{An}

]
−→ 0

as n→ ∞.

Proving Proposition 1. Lemma 12 establishes that there are three requirements to prove Proposi-

tion 1: 1. showing that the neighborhoods Un(p0,W |Z , δn) satisfy Π(Un(p0,W |Z , δn)) ≳ exp(−nδ2n),

2. finding sets {P̄n,W |Z}n≥1 such that Π(P̄c
n,W |Z) ≳ exp(−C̄nδ2n), and 3. showing that the hn-metric

entropy N(δ, P̄n,W |Z , hn) satisfies logN(δn/72, P̄n,W |Z , hn) ≲ nδ2n. van der Vaart and van Zanten

(2008a) shows how to verify these conditions for Gaussian process priors and this connection is

why the concentration function is important for Proposition 1.

Proof of Proposition 1. The proof has three steps. Step 1 shows that the prior places sufficiently

high probability on Kullback-Leibler neighborhoods of p0,W |Z . Step 2 constructs sets {P̄n,W |Z}n≥1

and shows condition (A.24). Step 3 shows that the hn-metric entropy of the balls P̄n,W |Z is bounded

from above by a multiple of nδ2n. These three steps imply the conditions of Lemma 12.
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Step 1. The first step is to show Π(Un(δn, p0,W |Z)) ≳ exp(−nδ2n). Applying Lemma 3.1 of

van der Vaart and van Zanten (2008a), it suffices to show that

Π

(
sup

(w,z)∈W×[0,1]dz
| log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)| < 2δn

)
≥ exp(−nδ2n).

Applying the law of total probability and that Π = ΠB × ΠΘ, I know that

Π

(
sup

(w,z)∈W×[0,1]dz

∣∣log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)
∣∣ < 2δ

)

=

∫
Θ

ΠB

(
sup

(w,z)∈W×[0,1]dz

∣∣log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)
∣∣ < 2δ

)
πΘ(θ)dθ

Since w = F−1
θ,z (Fθ,z(w)) for θ and z fixed, I can use the definition of b0,θ and the assumption that

Fθ,z(W) = [0, 1]dw to conclude that

sup
w∈W

∣∣log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)
∣∣ = sup

w∈W
|B(Fθ,z(w), z)− b0,θ(Fθ,z(w), z)|

≤ sup
u∈[0,1]dw

|B(u, z)− b0,θ(u, z)|

≤ sup
(u,z)∈[0,1]dw×[0,1]dz

|B(u, z)− b0,θ(u, z)|

for all z ∈ [0, 1]dz . Taking the supremum over z ∈ [0, 1]dz , it follows that∫
Θ

ΠB

(
sup

(w,z)∈W×[0,1]dz

∣∣log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)
∣∣ < 2δ

)
πΘ(θ)dθ

≥
∫
Θ

ΠB

(
sup

(u,z)∈[0,1]dw×[0,1]dz
|B(u, z)− b0,θ(u, z)| < 2δ

)
πΘ(θ)dθ.

Since sup(u,z)∈[0,1]dw×[0,1]dz |B(u, z)| ≤ B̄ implies that

ΠB

(
sup

(v,z)∈[0,1]dw×[0,1]dz
|B(u, z)− b0,θ(u, z)| < 2δ

)

=
Π̃B
(
sup(v,z)∈[0,1]dw×[0,1]dz |B(u, z)− b0,θ(u, z)| < 2δ

)
Π̃B
(
sup(u,z)∈[0,1]dw×[0,1]dz |B(u, z)| ≤ B̄

)
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for δ > 0 small, I apply the small ball probability for Gaussian processes (i.e., Lemma 5.3 of van der

Vaart and van Zanten (2008b)) to conclude that∫
Θ

ΠB

(
sup

(v,z)∈[0,1]dw×[0,1]dz
|B(u, z)− b0,θ(u, z)| < 2δ

)
πΘ(θ)dθ ≳

∫
Θ

exp(−φb0,θ(δ))πΘ(θ)dθ

for δ > 0 small. Consequently, the inequality supθ∈Θ φb0,θ(δn) ≤ nδ2n implies

Π

(
sup

(w,z)∈W×[0,1]dz
| log fθ(w|z) +B(Fθ,z(w), z)− log p0,W |Z(w|z)| < 2δn

)
≳ exp(−nδ2n).

Step 2. I now construct the sets P̄n,W |Z . Let B(1) be the unit ball in (C(T,R), || · ||∞), let H(1) be

the unit ball in the RKHS (H, ⟨·, ·⟩H), let Φ be the standard normal cumulative distribution function,

let Bn = δnB(1) +DnH(1) for

Dn = −2Φ−1(Π̃B(||B||∞ ≤ B̄) exp(−Cnδ2n))

for some C > 1 large, and let P̄n,W |Z = {pθ,B : (θ, B) ∈ Θ × Bn}. Borell’s inequality (i.e.,

Theorem 5.1 of van der Vaart and van Zanten (2008b)) implies that

Π̃B(B ∈ Bcn) ≤ 1− Φ
(
Φ−1

(
Π̃B(||B||∞ ≤ δn)

)
+Dn

)
,

Since Π̃B(||B||∞ ≤ δn) ≥ exp(−nδ2n) by Borell’s inequality and the assumption that φb0,θ(δn) ≤

nδ2n for all θ ∈ Θ, it follows that

Φ−1
(
Π̃B(||B||∞ ≤ δn)

)
≥ exp(−nδ2n) ≥ Π̃B(||B||∞ ≤ B̄) exp(−Cnδ2n) ≥ −Dn

2
.

Consequently, I can conclude that

Π̃B(B ∈ Bcn) ≤ 1− Φ

(
Dn

2

)
and then

Π̃B(B ∈ Bcn) ≤ Π̃B
(
||B||∞ ≤ B̄

)
exp

(
−Cnδ2n

)
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using the symmetry of the standard normal distribution. Since Π̃B
(
||B||∞ ≤ B̄

)
≤ 1, I then

conclude that

ΠB (B ∈ Bcn) ≤ exp
(
−Cnδ2n

)
.

Step 3. The final step is to show the metric entropy condition. Using the triangle inequality

h(pθ1,B1(·|zi), pθ2,B2(·|zi)) ≤ h(pθ1,B1(·|zi), pθ1,B2(·|zi)) + h(pθ1,B2(·|zi), pθ2,B2(·|zi))

for i = 1, ..., n. Using Lemma 3.1 of van der Vaart and van Zanten (2008a), the Lipschitz continuity

of θ 7→ fθ(w|z), and the compactness of Θ, there is a constant L > 0 such that

h(pθ1,B2(·|zi), pθ2,B2(·|zi)) ≤ sup
(w,z)∈W×[0,1]dz

| log fθ1(w|z)− log fθ2(w|z)|

× exp

(
1

2
sup

(w,z)∈W×[0,1]dz
| log fθ1(w|z)− log fθ2(w|z)|

)

≤ L · ||θ1 − θ2||2 exp
(
1

2
L · ||θ1 − θ2||2

)
≤ L · ||θ1 − θ2||2 exp

(
1

2
L · diam(Θ)

)
≲ ||θ1 − θ2||2

for all i = 1, ..., n. Moreover, Lemma 3.1 of van der Vaart and van Zanten (2008a) implies that

h(pθ1,B1(·|z), pθ1,B2(·|z)) ≤ ||B1 −B2||∞ exp

(
1

2
||B1 −B2||∞

)
for i = 1, ..., n. Consequently,

hn(pθ1,B1 , pθ2,B2) ≲ ||B1 −B2||∞ exp

(
1

2
||B1 −B2||∞

)
+ ||θ1 − θ2||2

210



implies the hn-entropy of Θ× Bn is bounded by a multiple of the sum of the || · ||∞-entropy of Bn

and the || · ||2-entropy of the compact set Θ. Since

logN(δ,Bn, || · ||∞) + logN(δ,Θ, || · ||2) ≲ logN(δ,Bn, || · ||∞) + log

(
1

δ

)
≲ logN(δ,Bn, || · ||∞)

using a standard inequality for covering numbers of a compact set in (Rdθ , || · ||2) (e.g., Proposition

C.2 of Ghosal and Van der Vaart (2017)) and the bound logN(δn/72,Bn, || · ||∞) ≲ nδ2n follows

from Theorem 2.1 of van der Vaart and van Zanten (2008a), the proof is complete.

Proof of Proposition 2

Background on Wavelets. A key tool in the proof of Proposition 2 is the existence of a suitably

localized orthonormal wavelet basis for L2([0, 1]dz). Since bases for multivariate domains can be

constructed through tensor products, an example that will meet the specific requirements is the

tensor product of the boundary-adapted wavelet basis for L2([0, 1]) from Cohen et al. (1993a). I

refer to this as ‘CDV wavelets’ and the basis will be denoted {ψjk : j ≥ 0, 0 ≤ k ≤ 2jdz−1}.4

As an orthonormal basis for L2([0, 1]dz), any function f ∈ L2([0, 1]dz) admits the representation

f(z) =
∑∞

j=0

∑2jdz−1
k=0 βf,jkψjk(z) in which the coefficients satisfy βf,jk = ⟨f, ψjk⟩L2 . Several

properties of CDV wavelets will be useful in the proof: 1. ||ψjk||∞ ≲ 2jdz/2, 2. the localization

property
∑2jdz−1

k=0 ||ψjk||∞ ≲ 2jdz for each j ≥ 1, 3. the orthogonality with the constant function

equal to one ⟨ψjk, 1⟩L2([0,1]dz ) = 0 for j large, and 4. the fact they characterize Besov spaces

B∞,∞,a([0, 1]
dz ,R) for a ≤ α with α > 0 fixed in the sense that f ∈ B∞,∞,a([0, 1]

dz) if and only

if ||f ||∞,∞,a < ∞, where ||f ||∞,∞,a = supj≥0,0≤k≤2jdz−1 2j(dz/2+a)|⟨f, ψjk⟩L2|. This last property

is useful for Hölder functions because B∞,∞,a([0, 1]
dz ,R) = Ca([0, 1]dz ,R) for noninteger a with

equivalent norms, and, for integer a, Ca([0, 1]dz ,R) ⊆ B∞,∞,a([0, 1]
dz ,R) and there exists a

universal constant C > 0 such that ||f ||∞,∞,a ≤ C||f ||a (i.e., it is a continuous embedding). More

4There are other ways to express the CDV wavelet basis, however, this notation is consistent with the Bayesian
nonparametrics literature (e.g., Castillo (2014b), Castillo and Rousseau (2015), Ray and van der Vaart (2020)).
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generally, the notation Bp,q,α(T,R) refers to the Besov space of real-valued functions defined on T

with level of smoothness α and (p, q) indicating the norms with which the smoothness is measured.

Intuitively, Besov spaces define a large class of function spaces which nest common classical spaces

(e.g., Sobolev and Hölder spaces). See Chapter 4 of Giné and Nickl (2016) and Appendix E of

Ghosal and Van der Vaart (2017) for more details.

Lemmas and Proof of Proposition. The first result is a technical result that establishes that if

a function b : [0, 1]dw × [0, 1]dz → R has a bounded Hölder norm, then the Hölder norm of the

function b(u, ·) : [0, 1]dz → R, for u ∈ [0, 1]dz fixed, must satisfy the same bound. It is useful

because the assumptions underlying Proposition 2 involve bounds on the integrated Hölder norm.

The argument follows from the definition of the differential operator, and, towards this, it is helpful

to introduce some notation. For a given (dw + dz)× 1 vector of integers k = (k′w, k
′
z)

′, where kw is

dw × 1 and kz is dz × 1, I define the differential operators,

Dk =
∂|k|

∂u
k1,w
1 · · · ∂ukdw,w

dw
∂z

k1,z
1 · · · ∂zkdz,zdz

and

Dkz
z =

∂|kz |

∂z
k1,z
1 · · · ∂zkdz,zdz

with |k| and |kz| being the sums of the elements k and kz, respectively. The symbol [Dkb](u, z) is

the differential operator acting on b evaluated at (u, z) and similarly for [Dkz
z b](u, z).

Lemma 13. Let b : [0, 1]dw × [0, 1]dz → R be a function that satisfies ||b||α ≤ δ for δ ∈ (0,∞).

Then ||b(u, ·)||α ≤ δ for each u ∈ [0, 1]dw .

Proof. The proof has two steps with each step corresponding to a part of the sum that defines || · ||α.
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Step 1. Let |kz| ≤ α and ũ ∈ [0, 1]dw be fixed arbitrarily. I obtain the following inequali-

ties/equalities

sup
z∈[0,1]dz

|[Dkz
z b](ũ, z)| ≤ sup

(u,z)∈[0,1]dw×[0,1]dz
|[Dkz

z b](u, z)|

= sup
(u,z)∈[0,1]dw×[0,1]dz

|[D(0,kz)b](u, z)|

≤ max
k:|k|≤α

sup
(u,z)∈[0,1]dw×[0,1]dz

|Dkb(u, z)|,

where the first inequality uses the definition of the supremum, the equality uses the definition of the

differential operator, and the last inequality uses that |kz| ≤ α implies that the sum of the elements

of vector (0, kz) is bounded from above by α and then uses the definition of the maximum. Since

this bound holds for all kz such that |kz| ≤ α, I obtain that

max
kz :|kz |≤α

sup
z∈[0,1]dz

|[Dkz
z b](ũ, z)| ≤ max

k:|k|≤α
sup

(u,z)∈[0,1]dw×[0,1]dz
|[Dkb](u, z)|. (A.30)

Step 2. The decomposition

{(u1, z1), (u2, z2) : (u1, z1) ̸= (u2, z2)} = {(u1, z1), (u2, z2) : u1 ̸= u2, z1 ̸= z2}

∪ {(u1, z1), (u2, z2) : u1 = u2, z1 ̸= z2}

∪ {(u1, z1), (u2, z2) : u1 ̸= u2, z1 = z2},

implies that

sup
z1,z2∈[0,1]dz :z1 ̸=z2

|[Dkz
z b](ũ, z1)− [Dkz

z b](ũ, z2)|
||z1 − z2||α−α2

≤ sup
(u1,z1),(u2,z2)∈[0,1]dw×[0,1]dz :u1=u2,z1 ̸=z2

|[D(0,kz)b](u1, z1)− [D(0,kz)b](u2, z2)|
||(u1, z1)− (u2, z2)||α−α2

≤ sup
(u1,z1),(u2,z2)∈[0,1]dw×[0,1]dz :(u1,z1) ̸=(u2,z2)

|[D(0,kz)b](u1, z1)− [D(0,kz)b](u2, z2)|
||(u1, z1)− (u2, z2)||α−α2

≤ max
k:|k|=α

sup
(u1,z1),(u2,z2)∈[0,1]dw×[0,1]dz :(u1,z1 )̸=(u2,z2)

|[Dkb](u1, z1)− [Dkb](u2, z2)|
||(u1, z1)− (u2, z2)||α−α2
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for any u ∈ [0, 1]dw and any kz such that |kz| = α. Consequently, I conclude that

max
kz :|kz |=α

sup
z1,z2∈[0,1]dz :z1 ̸=z2

|[Dkz
z b](ũ, z1)− [Dkz

z b](ũ, z2)|
||z1 − z2||α−α2

≤ max
k:|k|=α

sup
(u1,z1),(u2,z2)∈[0,1]dw×[0,1]dz :(u1,z1 )̸=(u2,z2)

|[Dkb](u1, z1)− [Dkb](u2, z2)|
||(u1, z1)− (u2, z2)||α−α2

(A.31)

for any ũ ∈ [0, 1]dw . Summing (A.30) and (A.31), I conclude that

||b(ũ, ·)||α ≤ ||b||α

for any ũ ∈ [0, 1]dw .

Proof of Proposition 2. The proof has five steps. Step 1 constructs the sets {P̃1,n,W |Z}n≥1 and

shows that their posterior probability approaches one as the sample size grows. Step 2 establishes

that the empirical supremum L1-distance between the sample least squares projections of pθ,B and

p0,W |Z onto a finite-dimensional linear sieve formed using the wavelet system is bounded from

above by the RMSH distance and a multiplicative constant that depends on the sieve dimension. Step

3 and Step 4 derive bounds on the approximation errors using the Hölder smoothness conditions.

Step 5 finds an expression for δ̃n and concludes the result.

Step 1. Define a sequence of sets {P̃1,n,W |Z}n≥1 as follows

P̃1,n,W |Z = {(θ, B) : hn(pθ,B, p0,W |Z) ≤ Dδn} ∩ {(θ, B) : ||B||a ≤ D
√
nδn, ||B||∞ ≤ B̄}

for some a ∈ (0, α) and some D > 0 sufficiently large. Given the conclusion of Proposition 1, I

need to show that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, the following holds

Πn({(θ, B) : ||B||a ≤ D
√
nδn, ||B||∞ ≤ B̄}c|W (n))

P
(n)
0,W |Z−→ 0

as n→ ∞ to conclude that, given almost every fixed realization {zi}i≥1 of {Zi}i≥1, the posterior

satisfies

Πn(P̃1,n,W |Z |W (n))
P

(n)
0,W |Z−→ 1
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as n→ ∞. To do this, I note that it suffices to show that, for almost every fixed realization {zi}i≥1

of {Zi}i≥1,

Πn({(θ, B) : ||B||a ≤ D
√
nδn}c|W (n))

P
(n)
0,W |Z−→ 0

as n→ ∞ because {||B||∞ > B̄} is an event that receives probability zero under the prior Π. To

this end, I follow the argument on p. 15 of the supplement to Castillo and Rousseau (2015). Since

B ∈ C ā(T,R) for any ā ∈ (0, α), it follows that B ∈ Ca+2ã(T,R) for ã small. The continuous

embedding Ca+2ã(T,R) ↪→ Bã−1,1,ã+a(T,R) (obtained using Proposition 4.3.6 of Giné and Nickl

(2016)) implies that the Gaussian process B can be viewed as a random element of the separable

Banach space Bã−1,1,ã+a(T,R). Consequently, I apply Borell’s inequality (i.e., Proposition A.2.1

of van der Vaart and Wellner (2023a)) and that ΠB(A) ≲ Π̃B(A) for any event A to conclude that

there exists a constant C > 0 such that

ΠB(||B||ã−1,1,ã+a > D
√
nδn) ≲ exp(−Cnδ2n).

The continuous embedding Bã−1,1,ã+a(T,R) ↪→ Ca(T,R) (also obtained using Proposition 4.3.6 of

Giné and Nickl (2016)), then implies that

ΠB(||B||a > D
√
nδn) ≲ exp(−Cnδ2n)

Applying Lemma 11 (except with Θ× {B : ||B||a > D
√
nδn} in place of P̄n,W |Z), I then conclude

that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, the posterior satisfies

Πn({(θ, B) : ||B||a ≤ D
√
nδn}c|W (n))

P
(n)
0,W |Z−→ 0

as n→ ∞ for D > 0 large.

Step 2. Let

p̂Jθ,B(w, z) =
J∑
j=0

2jdz−1∑
k=0

ψjk(z)β̂
J
jk(w)
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and

p̂J0,W |Z(w, z) =
J∑
j=0

2jdz−1∑
k=0

ψjk(z)β̂
J
0,jk(w)

be the sample least squares projections of pθ,B(w|·) and p0,W |Z(w|·) onto span{ψjk : 0 ≤ j ≤

J, 0 ≤ k ≤ 2jdz − 1}. Applying the triangle inequality and a localization property of the wavelet

basis (that is, the inequality
∑2jdz−1

k=0 ||ψjk||∞ ≲ 2jdz/2), I know that

|p̂Jθ,B(w, zi)− p̂J0 (w, zi)|

≤
J∑
j=0

max
0≤k≤2jdz−1

∣∣∣β̂Jjk(w)− β̂J0,jk(w)
∣∣∣ 2jdz−1∑

k=0

||ψjk||∞

≲
J∑
j=0

2
jdz
2 max

0≤k≤2jdz−1

∣∣∣β̂Jjk(w)− β̂J0,jk(w)
∣∣∣ (A.32)

for any J ≥ 1. Consequently, I seek a uniform bound (in j, k) for the difference |β̂Jjk(w)− β̂J0,jk(w)|.

Using the residual regression result (cf. Chapter 17 of Goldberger (1991)), I know that

β̂Jjk(w) =
1
n

∑n
i=1 ψ̃jk(zi)pθ,B(w|zi)
1
n

∑n
i=1 ψ̃

2
jk(zi)

and

β̂J0,jk(w) =
1
n

∑n
i=1 ψ̃jk(zi)p0,W |Z(w|zi)

1
n

∑n
i=1 ψ̃

2
jk(zi)

,

where

ψ̃jk(zi) = ψjk(zi)− τ̂ ′n,jkψ
J
−jk(zi),

with ψJ−jk(zi) being the subvector of (ψjk(zi) : 0 ≤ j ≤ J, 0 ≤ k ≤ 2jdz−1)′ that excludes ψjk(zi)

and τ̂n,jk being the sample ordinary least squares coefficients from the linear predictor of ψjk on

ψJ−jk. Consequently,

β̂Jjk(w)− β̂J0,jk(w) =
1
n

∑n
i=1 ψ̃jk(zi)

(
pθ,B(w|zi)− p0,W |Z(w|zi)

)
1
n

∑n
i=1 ψ̃

2
jk(zi)
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for all j, k. The triangle inequality, Hölder’s inequality, and the definition of the minimum then

implies that

|β̂Jjk(w)− β̂J0,jk(w)|

=

(
1

n

n∑
i=1

ψ̃2
jk(zi)

)−1 ∣∣∣∣∣ 1n
n∑
i=1

ψ̃jk(zi)(pθ,B(w|zi)− p0,W |Z(w|zi))

∣∣∣∣∣
≤

(
1

n

n∑
i=1

ψ̃2
jk(zi)

)−1
1

n

n∑
i=1

∣∣∣ψ̃jk(zi)(pθ,B(w|zi)− p0,W |Z(w|zi))
∣∣∣

≤

(
1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

√√√√ 1

n

n∑
i=1

|pθ,B(w|zi)− p0,W |Z(w|zi)|2

≤

(
min
0≤j≤J

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

√√√√ 1

n

n∑
i=1

|pθ,B(w|zi)− p0,W |Z(w|zi)|2.

Substituting this into the upper bound (A.32),

|p̂Jθ,B(w, zi)− p̂J0,W |Z(w, zi)|

≤

(
min
0≤j≤J

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2 J∑
j=0

2
jdz
2

√√√√ 1

n

n∑
i=1

|pθ,B(w|zi)− p0,W |Z(w|zi)|2

≲

(
min
0≤j≤J

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
lk(zi)

)− 1
2

2
Jdz
2

√√√√ 1

n

n∑
i=1

|pθ,B(w|zi)− p0,W |Z(w|zi)|2

for all i = 1, ..., n. Applying Hölder’s inequality, I know that

∫
W

√√√√ 1

n

n∑
i=1

|pθ,B(w|zi)− p0,W |Z(w|zi)|2dw

≤ λ(W)

√√√√ 1

n

n∑
i=1

∫
W
|pθ,B(w|zi)− p0,W |Z(w|zi)|2dw

≲ λ(W)hn(pθ,B, p0,W |Z),

where λ(W) < ∞ is the Lebesgue measure of W , and the last inequality holds by the uniform

boundedness of the densities and the equivalence between the Hellinger and total variation distance
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between densities. Combining this with the above,

sup
(θ,B)∈P̃1,n,W |Z

max
1≤i≤n

∫
W
|p̂Jθ,B(w, zi)− p̂J0,W |Z(w, zi)|dw

≲

(
min
0≤j≤J

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

2
Jdz
2 δn.

Step 3. Applying the triangle inequality, I know that

|p0,W |Z(w|zi)− p̂J0,W |Z(w, zi)|

≤
∣∣p0,W |Z(w|zi)− pJ0,W |Z(w, zi)

∣∣︸ ︷︷ ︸
T1(w,zi)

+
∣∣pJ0,W |Z(w, zi)− p̂J0,W |Z(w, zi)

∣∣︸ ︷︷ ︸
T2(w,zi)

,

where

pJ0,W |Z(w, z) =
J∑
j=0

2jdz−1∑
k=0

ψlk(z)β0,lk(w)

is the population least squares projection of p0,W |Z(w|·) onto span{ψlk : 0 ≤ j ≤ J, 0 ≤ k ≤

2jdz − 1}. I derive bounds on

max
1≤i≤n

∫
W
T1(w, zi)dw

and

max
1≤i≤n

∫
W
T2(w, zi)dw

I apply the change of variables w = F−1
θ,zi

(u), i = 1, ..., n, and the inverse function theorem to

conclude that

max
1≤i≤n

∫
W
T1(w, zi)dw = max

1≤i≤n

∫
[0,1]dw

1

fθ(F
−1
θ,zi

(u)|zi)
T1(F

−1
θ,zi

(u), zi)du
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As such, I will study the behavior of T1(F−1
θ,zi

(u), zi) to deal with the first term. Applying the triangle

inequality and using the localization properties of the CDV wavelet system, I know that

T1(F
−1
θ,zi

(u), zi) ≤

∣∣∣∣∣∣
∞∑

j=J+1

2jdz−1∑
k=0

β̃0,jk(u)ψjk(zi)

∣∣∣∣∣∣
≤

∞∑
j=J+1

max
0≤k≤2jdz−1

|β̃0,jk(u)|
2jdz−1∑
k=0

||ψjk||∞

≲
∞∑

j=J+1

2
jdz
2 max

0≤k≤2jdz−1
|β̃0,jk(u)|,

where

β̃0,jk(u) =

∫
[0,1]dz

p0,W |Z(F
−1
θ,z (u)|z)ψjk(z)dz

for each j, k. Next, I divide and multiply by 2j(dz/2+α0) and use the relationship between || · ||∞,∞,α0

and || · ||α0 to obtain

max
0≤k≤2jdz−1

∣∣⟨p0,W |Z(F
−1
θ,· (u)|·), ψjk⟩L2

∣∣ ≤ 2−j(
dz
2
+α0)

× sup
j≥1

max
0≤k≤2jdz−1

2j(
dz
2
+α0)

∣∣⟨p0,W |Z(F
−1
θ,· (u)|·), ψjk⟩L2

∣∣
≲ 2−j(

dz
2
+α0)||p0,W |Z(F

−1
θ,· (u)|·)||α0

Substituting this into the upper bound for T1(F−1
θ,zi

(u), zi), I obtain

T1(F
−1
θ,zi

(u), zi) ≲ 2−α0J ||p0,W |Z(F
−1
θ,· (u)|·)||α0

≲ 2−α0J || log p0,W |Z(F
−1
θ,· (u)|·)||α0
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for all i = 1, ..., n, where the second inequality holds by the chain rule because p0,W |Z is bounded

away from zero and infinity. Consequently, I obtain

max
1≤i≤n

∫
[0,1]dw

1

fθ(F
−1
θ,zi

(u)|zi)
T1(F

−1
θ,zi

(u), zi)

≲ 2−α0J

∫
[0,1]dw

1

min1≤i≤n fθ(F
−1
θ,zi

(u)|zi)
|| log p0,W |Z(F

−1
θ,· (u)|·)||α0du

≲ 2−α0J ,

where the last inequality uses the assumption about the Hölder norm of log p0,W |Z and the fact that

Assumption 12 implies the class {fθ : θ ∈ Θ} is uniformly bounded away from zero and infinity.

Regarding T2(w, zi), I apply the Cauchy-Schwarz inequality to obtain that

T2(w, zi) ≤

√√√√ J∑
j=0

2jdz−1∑
k=0

ψ2
jk(zi)

√√√√ J∑
j=0

2jdz−1∑
k=0

|β̂0,jk(w)− β0,jk(w)|2

Since ||ψjk||∞ ≲ 2jdz/2 for all j, k and the localization property of the wavelets states that∑2jdz−1
k=0 ||ψjk||∞ ≲ 2jdz/2, I can conclude that√√√√ J∑

j=0

2jdz−1∑
k=0

ψ2
jk(zi) ≲ 2

Jdz
2 ,

and, as a result, T2(w, zi) satisfies

T2(w, zi) ≲ ||β̂J0 (w)− βJ0 (w)||22
Jdz
2 .

Let ΨJ be the matrix with rows given by ψJ(zi)′, where

ψJ(zi) = (ψjk(zi) : 0 ≤ j ≤ J, 0 ≤ k ≤ 2jdz−1)′,

and let ε(w) be the n× 1 vector with ith element εi(γ) = p0,W |Z(w|zi)− pJ0,W |Z(w, zi), i = 1, ..., n.

Since

β̂J0 (w) =

(
1

n
Ψ′
JΨJ

)−1(
1

n
Ψ′
JY (w)

)
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with Y (w) being the n× 1 vector with element p0,W |Z(w|zi) for i = 1, ..., n, standard least squares

algebra reveals that

β̂J0 (w) = βJ0 (w) +

(
1

n
Ψ′
JΨJ

)−1
1

n
Ψ′
Jε(w),

Consequently, using an inequality for quadratic forms, I obtain

||β̂J0 (w)− βJ0 (w)||22 =
(
1

n
ε(w)′ΨJ

)(
1

n
Ψ′
JΨJ

)− 1
2
(
1

n
Ψ′
JΨJ

)−1(
1

n
Ψ′
JΨJ

)− 1
2
(
1

n
Ψ′
Jε(w)

)
≤
(
λmin

(
1

n
Ψ′
JΨJ

))−1
∣∣∣∣∣
∣∣∣∣∣
(
1

n
Ψ′
JΨJ

)− 1
2 1

n
Ψ′
Jε(w)

∣∣∣∣∣
∣∣∣∣∣
2

2

=

(
λmin

(
1

n
Ψ′
JΨJ

))−1
1

n
ε(w)′ε̂J(w)

with ε̂J(w) being the least squares projection of ε(w) on ΨJ (i.e., ε̂J(w) = ΨJ(Ψ
′
JΨJ)

−1Ψ′
Jε(w)).

Using orthogonality properties of least squares projections with respect to the empirical L2-inner

product and the fact that projections are norm-reducing, it follows that(
λmin

(
1

n
Ψ′
JΨJ

))−1
1

n
ε(w)′ε̂J(w) ≤

(
λmin

(
1

n
Ψ′
JΨJ

))−1
1

n
ε̂J(w)

′ε̂J(w)

≤
(
λmin

(
1

n
Ψ′
JΨJ

))−1
1

n
ε(w)′ε(w).

Combining this with the above, it follows that

||β̂J0 (w)− βJ0 (w)||22 ≤
(
λmin

(
1

n
Ψ′
JΨJ

))−1
1

n
ε(w)′ε(w),

and, as a result, I obtain

T2(w, zi) ≲

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2

2
Jdz
2

√
1

n
ε(w)′ε(w).
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for all i = 1, ..., n. By Hölder’s inequality, I know that

∫
W

√
1

n
ε(w)′ε(w)dw ≲

√√√√ 1

n

n∑
i=1

∫
W
|p0,W |Z(w|zi)− pJ0,W |Z(w|zi)|2dw

≲

√
max
1≤i≤n

∫
W
T 2
1 (w, zi)dw

Consequently, I can apply the change of variables w = F−1
θ (u|zi) for each i = 1, ..., n and the

bound derived in the previous argument to conclude that∫
W

√
1

n
ε(w)′ε(w)dw ≲ 2−α0J

As such,

max
1≤i≤n

∫
W
T2(w, zi) ≲ 2J(

dz
2
−α0)

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2

for all i = 1, ..., n. Putting everything together, I obtain that

max
1≤i≤n

∫
W
|p0,W |Z(w|zi)− pJ0,W |Z(w, zi)|dw ≲ 2J(

dz
2
−α0)

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2

+ 2−α0J .

Step 4. Like Step 3, I apply the triangle inequality to conclude that

max
1≤i≤n

∫
W
|pθ,B(w|zi)− p̂Jθ,B(w, zi)|dw ≤ max

1≤i≤n

∫
W
|pθ,B(w|zi)− pJθ,B(w, zi)|dw

+ max
1≤i≤n

∫
W
|pJθ,B(w, zi)− p̂Jθ,B(w, zi)|dw,

where pJθ,B is the population least squares projection. The same argument as in Step 3 can be applied

to conclude that

max
1≤i≤n

∫
W
|pJθ,B(w, zi)− p̂Jθ,B(w, zi)|dw

≲

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2

2
Jdz
2

√
max
1≤i≤n

∫
W
|pθ,B(w|zi)− pJθ,B(w, zi)|2dw.
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Consequently, I study the population projection error |pθ,B(w|zi)− pJθ,B(w, zi)|. Note that for each

i = 1, ..., n, there exists u ∈ [0, 1]dw such that w = F−1
θ,zi

(u). Consequently, I have that

|pθ,B(w|zi)− pJθ,B(w, zi)| = |pθ,B(F−1
θ,zi

(u)|zi)− pJθ,B(F
−1
θ,zi

(u), zi)|

for each i = 1, ..., n. A similar argument to before and the definition of pθ,B(F−1
θ,z (u)|z) yields that

|pθ,B(F−1
θ (u|zi)|zi)− pJθ,B(F

−1
θ (u|zi), zi)| ≲ 2−aJ

∣∣∣∣∣
∣∣∣∣∣fθ(F−1

θ,· (u)) exp(B(u, ·))
C(·, B)

∣∣∣∣∣
∣∣∣∣∣
a

for all i = 1, ..., n, where C(·, B) : [0, 1]dz → R++ satisfies

C(z,B) =

∫
[0,1]dw

exp(B(ũ, z))dũ

for each z ∈ [0, 1]dz . Since the class (θ, B) 7→ fθ(F
−1
θ,· (·)) exp(B(·, ·))/C(·, B) is bounded away

from zero and infinity by Assumption 12 and the condition that ||B||∞ ≤ B̄, the chain rule implies

||pθ,B(F−1
θ (u|·)|·)||a ≲ || log pθ,B(F−1

θ (u|·)|·)||a

Consequently,

|| log pθ,B(F−1
θ,· (u)|·)||a ≤ || log fθ(F−1

θ,· (u)|·)||a + ||B(u, ·)||a + || logC(·, B)||a,

by the triangle inequality. Lemma 13 implies

||B(u, ·)||a ≲
√
nδn,

for all u ∈ [0, 1]dw on P̃n,W |Z,1. Since ||B||∞ ≤ B̄ implies that

0 < exp(−B̄) ≤
∫
[0,1]dw

exp(B(ũ, z))dũ ≤ exp(B̄) <∞,

it suffices to study the || · ||a-norm of z 7→ C(z,B). Since ||B||∞ ≤ B̄ and ||B(u, ·)||a ≲
√
nδn,

the function z 7→ exp(B(u, z)) inherits the Hölder regularity of B(u, z), and, by the dominated
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convergence theorem, ||C(·, z)||a ≲
√
nδn. Putting everything together, it follows that

|pθ,B(F−1
θ (u|zi)|zi)− pJθ,B(F

−1
θ (u|zi), zi)| ≲ 2−aJ

∣∣∣∣∣
∣∣∣∣∣fθ(F−1

θ,· (u)) exp(B(u, ·))
C(·, B)

∣∣∣∣∣
∣∣∣∣∣
a

≲
√
nδn2

−aJ + 2−aJ || log fθ(F−1
θ,· (u)|·)||a

for all i = 1, ..., n. Consequently, the change of variables w = F−1
θ,z (u) and the observation that

{fθ : θ ∈ Θ} is bounded away from zero and infinity by Assumption 12 implies that

max
1≤i≤n

∫
W
|pθ,B(w|zi)− pJθ,B(w, zi)|dw ≲

√
nδn2

−aJ + 2−aJ
∫
[0,1]dw

|| log fθ(F−1
θ,· (u)|·)||adu

and

max
1≤i≤n

∫
W
|pθ,B(w|zi)− pJθ,B(w, zi)|2dw ≲ nδ2n2

−2aJ + 2−2aJ

∫
[0,1]dw

|| log fθ(F−1
θ (u|·)|·)||2adu

+
√
nδn2

−2aJ

∫
[0,1]dw

|| log fθ(F−1
θ,· (u)|·)||adu

Consequently, the assumption that

sup
θ∈Θ

∫
[0,1]dw

|| log fθ(F−1
θ,· (u)|·)||

2
adu <∞

implies that √
max
1≤i≤n

∫
W
|pθ,B(w|zi)− pJθ,B(w, zi)|2dw ≲ 2−aJ

√
nδn + 2−aJ ,

and, as a result,

max
1≤i≤n

∫
W
|p̂Jθ,B(w, zi)− pJθ,B(w, zi)|dw ≲

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2 √

nδn2
J( dz

2
−a)

+

(
λmin

(
1

n
Ψ′
JΨJ

))− 1
2

2J(
dz
2
−a)
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Step 5. Combining all of these steps, I conclude that

sup
(θ,B)∈P̃1,n,W |Z

max
1≤i≤n

∫
W

∣∣pθ,B(w|zi)− p0,W |Z(w|zi)
∣∣ dw

≲

(
min
1≤j≤J

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

2
Jdz
2 δn

+
(
2J(

dz
2
−α0) +

√
nδn2

J( dz
2
−α) + 2J(

dz
2
−a)
)(

λmin

(
1

n
Ψ′
JΨJ

))−1

+ 2−α0J +
√
nδn2

−αJ + 2−aJ

Letting J = Jn, I define

δ̃n =

(
min

1≤j≤Jn
min

0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

2
Jndz

2 δn

+
(
2Jn(

dz
2
−α0) +

√
nδn2

Jn(
dz
2
−α) + 2Jn(

dz
2
−a)
)(

λmin

(
1

n
Ψ′
JnΨJn

))−1

+ 2−α0Jn +
√
nδn2

−αJn + 2−aJn

to conclude that

sup
(θ,B)∈P̃1,n,W |Z

max
1≤i≤n

∫ ∣∣pθ,B(w|zi)− p0,W |Z(w|zi)
∣∣ dw ≤ D̃δ̃n

for suitably large D̃ > 0. This completes the proof.

Comments on the Bound in Step 5. I discuss the bounding sequence {δ̃n}n≥1. In the main text,

it is stated that

δ̃n = O
(
2

Jndz
2 δn +

√
nδn2

Jn(
dz
2
−a) + 2J(

dz
2
−α0)

)
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if {Jn}n≥1 satisfies Jn → ∞ as n→ ∞ at an appropriate rate. From the expression

δ̃n =

(
min

1≤j≤Jn
min

0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi)

)− 1
2

2
Jndz

2 δn

+
(
2Jn(

dz
2
−α0) +

√
nδn2

Jn(
dz
2
−α) + 2Jn(

dz
2
−a)
)(

λmin

(
1

n
Ψ′
JnΨJn

))−1

+ 2−α0Jn +
√
nδn2

−αJn + 2−aJn ,

this is true if there exists c1, c2 > 0 such that for almost every fixed realization {zi}i≥1 of {Zi}i≥1,

the following holds

λmin

(
1

n
Ψ′
JnΨJn

)
≥ c1 (A.33)

and

min
1≤j≤Jn

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi) ≥ c2 (A.34)

for large n. The next proposition establishes that (A.33) and (A.34) holds in the case where

2Jn = (n/ log n)1/(2α+dz), the sequence chosen in Example 3.

Proposition 11. Suppose that Assumptions 5 and 14 hold and {Jn}n≥1 is chosen so that 2Jn =

(n/ log n)1/(2α+dz) with α > dz/2, then (A.33) and (A.34) hold.

Proof. The proof has two steps. The first establishes that ||(1/n)Ψ′
Jn
ΨJn − I||op = o(1) using

a matrix Bernstein-type inequality due to Tropp (2012). Step 2 uses this result to establish the

inequalities.

Step 1. Applying Theorem 4.1 of Chen and Christensen (2015), a rectangular matrix Bernstein

inequality for i.i.d sequences of random matrices due to Tropp (2012), it follows that, for any ξ > 0,

P∞
0,Z

(∣∣∣∣∣∣∣∣ 1nΨ′
JnΨJn − I

∣∣∣∣∣∣∣∣
op

≥ ξ

)
≲ exp

(
log 2Jndz − Cmin

{
ξ2n

2Jndz
,
ξn

2Jndz

})
,
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where C > 0 is a universal constant. Using the fact that 2Jndz = (n/ log n)dz/(2α+dz), it follows that

∞∑
n=1

P∞
0,Z

(∣∣∣∣∣∣∣∣ 1nΨ′
JnΨJn − I

∣∣∣∣∣∣∣∣
op

≥ ξ

)
<∞

Consequently, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, I obtain that∣∣∣∣∣∣∣∣ 1nΨ′
JnΨJn − I

∣∣∣∣∣∣∣∣
op

−→ 0 (A.35)

as n→ ∞ by the Borel-Cantelli lemma. I now use this result to establish (A.33) and (A.34).

Step 2. Equation (A.35) implies that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1, the

minimum eigenvalue satisfies

λmin

(
1

n
Ψ′
JnΨJn

)
≥ 1

2

for large n by Weyl’s inequality. Hence, (A.33) holds with c1 = 1/2. As such, it remains to establish

(A.34). Using that ψ̃jk(zi) = ψjk(zi) − τ̂ ′n,jkψ
Jn
−jk(zi) and the orthogonality properties of sample

least squares residuals, I know that

1

n

n∑
i=1

ψ̃2
jk(zi) =

1

n

n∑
i=1

ψ2
jk(zi)− τ̂ ′n,jk

1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

Let ejk be a unit vector with the same number of elements as (ψjk(z) : 0 ≤ j ≤ J, 0 ≤ k ≤ 2jdz−1)′

with the element corresponding to ψjk equal to one and all others equal to zero. It follows from

(A.35) that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1,

1

n

n∑
i=1

ψ2
jk(zi) = e′jk

1

n
Ψ′
JnΨJnejk ≥ λmin

(
1

n
Ψ′
JnΨJn

)
≥ 1

2
∀ j, k

for large n. Consequently, I want to argue that

τ̂ ′n,jk
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi) = o(1)
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as n→ ∞ uniformly in (j, k) in order to conclude that

min
1≤j≤Jn

min
0≤k≤2jdz−1

1

n

n∑
i=1

ψ̃2
jk(zi) ≥ c2

for large n (thereby establishing (A.34)). Using the expression for τ̂n,jk, it follows that

τ̂ ′n,jk
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

=

(
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

)′(
1

n

n∑
i=1

ψJn−jk(zi)ψ
Jn
−jk(zi)

′

)−1(
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

)
.

Since

1

n

n∑
i=1

ψJn−jk(zi)ψ
Jn
−jk(zi)

′

is a principal submatrix of

1

n
Ψ′
JnΨJn

arising from deleting the row and column corresponding to ψjk, the Cauchy Interlacing Theorem

and (A.35) implies that, for almost every fixed realization {zi}i≥1 of {Zi}i≥1,

1

2
≤ λmin

(
1

n

n∑
i=1

ψJn−jk(zi)ψ
Jn
−jk(zi)

′

)
≤ λmax

(
1

n

n∑
i=1

ψJn−jk(zi)ψ
Jn
−jk(zi)

′

)
≤ 3

2
∀ j, k

for large n. Consequently, for large n,

τ̂ ′n,jk
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi) ≤
3

2

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

∣∣∣∣∣
∣∣∣∣∣
2

2

and

τ̂ ′n,jk
1

n

n∑
i=1

ψJn−jk(zi)ψjk(zi) ≥
1

2

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

∣∣∣∣∣
∣∣∣∣∣
2

2

for all j, k, using the variational characterization of eigenvalues. Consequently, I want to argue that

max
0≤j≤J

max
0≤k≤2jdz−1

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

∣∣∣∣∣
∣∣∣∣∣
2

= o(1)
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Observe that

max
0≤j≤J

max
0≤k≤2jdz−1

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

∣∣∣∣∣
∣∣∣∣∣
2

≤ max
0≤j≤J

max
0≤k≤2jdz−1

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn(zi)ψjk(zi)− ejk

∣∣∣∣∣
∣∣∣∣∣
2

= max
0≤j≤J

max
0≤k≤2jdz−1

∣∣∣∣∣∣∣∣ 1nΨ′
JnΨJnejk − Iejk

∣∣∣∣∣∣∣∣
2

≤
∣∣∣∣∣∣∣∣ 1nΨ′

JnΨJn − I

∣∣∣∣∣∣∣∣
op

,

where ψJn(zi) = (ψjk(zi) : 0 ≤ j ≤ J, 0 ≤ k ≤ 2jdz−1)′, and the last inequality holds because of

the property max0≤j≤J max0≤k≤2jdz−1 ||ejk||2 = 1 and a well-known inequality related to operator

norms. Consequently,

max
0≤j≤J

max
0≤k≤2jdz−1

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψJn−jk(zi)ψjk(zi)

∣∣∣∣∣
∣∣∣∣∣
2

= o(1)

by (A.35).

Proof of Proposition 3

Proof of Proposition 3. The proof has four steps. Step 1 defines the sequence of sets {P̃n,W |Z}n≥1

and shows that their posterior probability converges in probability to one asymptotically. Step 2

shows that Ln(pt,n,θ,B) can be replaced with Ln(p∗t,n,θ,B), where p∗t,n,θ,B is defined the same way as

pt,n,θ,B except that χ̃0,θ is replaced with an approximating sequence χ̃∗
n,θ = V −1

0 g̃∗n,θ. Step 3 applies

the Cameron-Martin theorem to show that the ratio of integrated likelihoods is asymptotically

equivalent to a ratio of posterior probabilities. Step 4 shows that this ratio of posterior probabilities

converges in probability to one.

Step 1. Let χ̃∗
n,θ,j , j = 1, ..., dγ , be an element of the dγ × 1 vector χ̃∗

n,θ = V −1
0 g̃∗n,θ. Since the ele-

ments of g̃∗n,θ are contained in H, the elements of χ̃∗
n,θ are also contained in H because they are finite

linear combinations of g̃∗n,θ. Let H∗
n,θ be a dγ × dγ positive definite matrix with elements H∗

jk,n,θ =

⟨χ̃∗
n,θ,j, χ̃

∗
n,θ,k⟩H. Let G∗

n,t,θ(B) be a random variable that satisfies G∗
n,t,θ(B) ∼ N (0, t′H∗

n,θt) under
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Π̃B for any t in a neighborhood of zero. I define a sequence of sets {P̃n,2,W |Z}n≥1 that satisfy

P̃n,2,W |Z =
{
(θ, B) : |G∗

n,t,θ(B)| ≤ D
√
nδn
√
t′H∗

n,θt
}

for each n ≥ 1. Since ΠB(A) = Π̃B(A∩ {||B||∞ ≤ B̄})/Π̃B(||B||∞ ≤ B̄), it follows from the law

of total probability that

Π

(
(θ, B) :

1√
n

∣∣G∗
n,t,θ(B)

∣∣ ≥ Dδn
√
t′H∗

n,θt

)
=

∫
Θ

ΠB

(
B :

1√
n

∣∣G∗
n,t,θ(B)

∣∣ ≥ Dδn
√
t′H∗

n,θt

)
πΘ(θ)dθ

≤

∫
Θ
Π̃B

(
B : 1√

n

∣∣G∗
n,t,θ(B)

∣∣ ≥ Dδn
√
t′H∗

n,θt
)
πΘ(θ)dθ

Π̃B(B : ||B||∞ ≤ B̄)

Since G∗
n,t,θ(B) ∼ N (0, t′H∗

n,θt) under Π̃B for θ fixed, it follows that

Π̃B

(
B :

1√
n

∣∣G∗
n,t,θ(B)

∣∣ ≥ Dδn
√
t′H∗

n,θt

)
= 1− Φ(D

√
nδn).

for all θ ∈ Θ. Consequently,

Π

(
(θ, B) :

1√
n

∣∣G∗
n,t,θ(B)

∣∣ ≥ Dδn
√
t′H∗

n,θt

)
≲ exp

(
−D

2nδ2n
2

)
by the Gaussian concentration inequality. It then follows that Πn(P̃c

n,2,W |Z |W (n)) → 0 in P (n)
0,W |Z-

probability as n → ∞ using Lemma 11. Combining this with Step 1 of Proposition 2, it follows

that

P̃n,W |Z = P̃n,1,W |Z ∩ P̃n,2,W |Z ,

where P̃n,1,W |Z is the sequence defined in Proposition 2, satisfies Πn(P̃c
n,W |Z |W (n))

P
(n)
0,W |Z−→ 0 as

n→ ∞.

Step 2. I show that

sup
(θ,B)∈P̃n,W |Z

| logLn(pt,n,θ,B)− logLn(p
∗
t,n,θ,B)|

P
(n)
0,W |Z−→ 0
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as n→ ∞, where p∗t,n,θ,B ∝ pθ,B exp(−t′χ̃∗
n,θ/

√
n). Direct calculations reveal that

logLn(pt,n,θ,B)− logLn(p
∗
t,n,θ,B)

= t′
1√
n

n∑
i=1

[χ̃∗
n,θ(Fθ,zi(Wi), zi)− χ̃0,θ(Fθ,zi(Wi), zi)]

+
n∑
i=1

logEPθ,B
[exp(−t′χ̃∗

n,θ(Fθ,Z(W ), Z)/
√
n)|Z = zi]

−
n∑
i=1

logEPθ,B
[exp(−t′χ̃0,θ(Fθ,Z(W ), Z)/

√
n)|Z = zi].

Since EP0,W |Z [χ̃0,θ(Fθ,Z(W ), Z)|Z = zi] = EP0,W |Z [χ̃0(W,Z)|Z = zi] = 0 for i = 1, ..., n by the

definition of χ̃0,θ and Assumption 6, it follows that

t′
1√
n

n∑
i=1

[χ̃∗
n,θ(Fθ,zi(Wi), zi)− χ̃0,θ(Fθ,zi(Wi), zi)]

= t′V −1
0

1√
n

n∑
i=1

∆n,i(θ) + t′
1√
n

n∑
i=1

EP0,W |Z [χ̃
∗
n,θ(Fθ,Z(W ), Z)|Z = zi]

= t′
1√
n

n∑
i=1

EP0,W |Z [χ̃
∗
n,θ(Fθ,Z(W ), Z)|Z = zi] + o

P
(n)
0,W |Z

(1)

uniformly over Θ by assumption. Moreover, a Taylor expansion around t = 0, the fact that

χ̃∗
n,θ = V −1

0 g̃∗n,θ and χ̃0,θ = V −1
0 g̃0,θ and the assumption that supθ∈Θ ||g̃∗n,θ− g̃0,θ||∞ → 0 as n→ ∞

implies that

n∑
i=1

logEPθ,B
[exp(−t′χ̃∗

n,θ(Fθ,Z(W ), Z)/
√
n|Z = zi]

−
n∑
i=1

logEPθ,B
[exp(−t′χ̃0,θ(Fθ,Z(W ), Z)/

√
n|Z = zi]

= −t′ 1√
n

n∑
i=1

EPθ,B
[χ̃∗
n,θ(Fθ,Z(W ), Z)|Z = zi]

+ t′
1√
n

n∑
i=1

EPθ,B
[χ̃0,θ(Fθ,Z(W ), Z)|Z = zi] + o(1)
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uniformly over P̃n,W |Z . Consequently,

sup
(θ,B)∈P̃n,W |Z

∣∣logLn(pt,n,θ,B)− logLn(p
∗
t,n,θ,B)

∣∣
≤ sup

(θ,B)∈P̃n,W |Z

∣∣∣∣∣ 1√
n

n∑
i=1

∫
(χ̃∗

n,θ(Fθ,zi(w), zi)− χ̃0,θ(Fθ,zi(w), zi))(pθ,B(w|zi)− p0,W |Z(w|zi))dw

∣∣∣∣∣
+ o

P
(n)
0,W |Z

(1)

≤
√
n sup
θ∈Θ

||χ̃∗
n,θ − χ̃0,θ||∞ sup

(θ,B)∈P̃n,W |Z

1

n

n∑
i=1

||pθ,B(·|zi)− p0,W |Z(·|zi)||L1 + o
P

(n)
0,W |Z

(1)

≤
√
n sup
θ∈Θ

||χ̃∗
n,θ − χ̃0,θ||∞ sup

(θ,B)∈P̃n,W |Z

√√√√ 1

n

n∑
i=1

||pθ,B(·|zi)− p0,W |Z(·|zi)||2L1 + o
P

(n)
0,W |Z

(1)

≲
√
nζnδn + o

P
(n)
0,W |Z

(1),

where the first inequality is the triangle inequality the results derived earlier, the second is Hölder’s

inequality, the third is Hölder’s inequality, and the final inequality uses the equivalence between total

variation and Hellinger topology and the assumption that supθ∈Θ ||g̃∗n,θ − g̃0,θ||∞ ≤ ζn (as well as

the fact that χ̃0,θ = V −1
0 g̃0,θ and χ̃∗

n,θ = V −1
0 g∗n,θ). Consequently, the assumption that

√
nζnδn → 0

as n→ ∞ implies

sup
(θ,B)∈P̃n,W |Z

∣∣logLn(pt,n,θ,B)− logLn(p
∗
t,n,θ,B)

∣∣ P (n)
0,W |Z−→ 0

as n→ ∞.

Step 3. Using the result from Step 1 and 2, it follows that∫
Pn,W |Z

Ln(pt,n,θ,B)dΠ(θ, B)∫
Pn,W |Z

Ln(pθ,B)dΠ(θ, B)
= (1 + o

P
(n)
0,W |Z

(1))

∫
Pn,W |Z

Ln(p
∗
t,n,θ,B)dΠ(θ, B)∫

Pn,W |Z
Ln(pθ,B)dΠ(θ, B)

(A.36)
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Letting c(u, z, b) = exp(b(u, z))/
∫
[0,1]dw

exp(b(ũ, z))dũ, the ratio on the RHS of (A.36) satisfies∫
Pn,W |Z

Ln(p
∗
t,n,θ,B)dΠ(θ, B)∫

Pn,W |Z
Ln(pθ,B)dΠ(θ, B)

=

∫
Pn,W |Z

∏n
i=1 fθ(Wi|zi)C(Fθ,zi(Wi), zi, B − t′χ̃∗

n,θ/
√
n)dΠ(θ, B)∫

Pn,W |Z

∏n
i=1 fθ(Wi|zi)C(Fθ,zi(Wi), zi, B)dΠ(θ, B)

,

Under Assumption 13, I then conclude that∫
P̃n,W |Z

∏n
i=1 fθ(Wi|zi)C(Fθ,zi(Wi), zi, B − t′χ̃∗

n,θ/
√
n)dΠ(θ, B)∫

P̃n,W |Z

∏n
i=1 fθ(Wi|zi)C(Fθ,zi(Wi), zi, B)dΠ(θ, B)

=

∫
Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B − t′χ̃∗

n,θ/
√
n)dΠ̃B(B)πΘ(θ)dθ∫

Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B)dΠ̃B(B)πΘ(θ)dθ

,

where δθ,B(P̃n,W |Z) = 1{(θ, B) ∈ P̃n,W |Z}. Note that the integrals are taken with respect to Π̃B

because P̃n,W |Z imposes ||B||∞ ≤ B̄ and 1/Π̃B(||B||∞ ≤ B̄) is a common positive constant in

the numerator and the denominator. Applying the change of variables υ = B − t′χ̃∗
n,θ/

√
n, it then

follows that∫
Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B − t′χ̃∗

n,θ/
√
n)dΠ̃B(B)πΘ(θ)dθ∫

Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B)dΠ̃B(B)πΘ(θ)dθ

=

∫
Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,v+t′χ̃∗

n,θ/
√
n(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, υ)dΠ̃t,n,θ,B(υ)πΘ(θ)dθ∫

Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B)dΠ̃B(B)πΘ(θ)dθ

,

where Π̃t,n,θ,B is the probability law of B − t′χ̃∗
n,θ/

√
n under Π̃B for θ fixed. Since {χ̃∗

n,θ,j : θ ∈

Θ, j = 1, ..., dγ} ⊆ H for all n ≥ 1, I know that t′χ̃∗
n,θ ∈ H for all θ ∈ Θ (as a linear space), and,

as a result, the Cameron-Martin theorem yields that Π̃t,n,θ,B ≪ Π̃B with Radon-Nikodym derivative(
dΠ̃t,n,θ,B

dΠ̃B

)
(B) = exp

(
1√
n
G∗
n,t,θ(B)− 1

2n
t′H∗

n,θt

)
,

where I recall from Step 1 that H∗
n,θ is a dγ × dγ positive definite matrix with elements H∗

jk,n,θ =

⟨χ̃∗
n,θ,j, χ̃

∗
n,θ,k⟩H and G∗

n,t,θ(B) is a random variable that satisfies G∗
n,t,θ(B) ∼ N (0, t′H∗

n,θt) under

Π̃B. I argue that supθ∈Θ t′H∗
n,θt ≤ C||t||22nζ2n for some constant. Applying the triangle inequality
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and the Cauchy-Schwarz inequality I obtain,

t′H∗
n,θt ≤

dγ∑
j=1

dγ∑
k=1

|tj| · |tk| · |⟨χ̃∗
n,θ,j, χ̃

∗
n,θ,k⟩H|

≤
dγ∑
j=1

dγ∑
k=1

|tj| · |tk| · ||χ̃∗
n,θ,j||H · ||χ̃∗

n,θ,k||H

Since χ̃∗
n,θ,j =

∑dγ
l=1 a0,jlg̃

∗
n,θ,l with a0,jl being the (j, l)th entry of V −1

0 , it follows from the linearity

of inner products and that

||χ̃∗
n,θ,j||2H =

∣∣∣∣∣
dγ∑
l=1

dγ∑
l′=1

a0,jla0,jl′⟨g̃∗n,θ,l, g̃∗n,θ,l′⟩H

∣∣∣∣∣ ≤ Cj

(
sup
θ∈Θ

max
1≤l≤dγ

||g∗n,θ,l||H
)2

,

where Cj =
∑dγ

l=1 a
2
0,jl. Taking the maximum and applying Hölder’s inequality, it follows that there

exists C > 0 such that

t′H∗
n,θt ≤ C||t||22

(
sup
θ∈Θ

max
1≤l≤dγ

||g∗n,θ,l||H
)2

≲ ||t||22nζ2n

with the last inequality holding by assumption. Consequently, on the event P̃n,W |Z , I know that

sup
θ∈Θ

∣∣∣∣ 1√
n
G∗
n,t,θ(B)

∣∣∣∣ ≲ δn
√
t′H∗

n,θt ≲ ||t||2
√
nδnζn

and

sup
θ∈Θ

1

2n
t′H∗

n,θt ≲ ζ2n.

This implies that, for any t in a neighborhood of zero,

sup
(θ,B)∈P̃n,W |Z

∣∣∣∣∣log
(
dΠ̃t,n,θ,B

dΠ̃B

)
(B)

∣∣∣∣∣ ≤ C̃1||t||2
√
nδnζn + C̃2ζ

2
n||t||22

for some universal constants C̃1, C̃2 > 0. Using that
√
nδnζn → 0 and ζn → 0 as n → ∞ (by

assumption), I conclude that

sup
(θ,B)∈P̃n,W |Z

∣∣∣∣∣log
(
dΠ̃t,n,θ,B

dΠ̃B

)
(B)

∣∣∣∣∣ −→ 0
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as n→ ∞, and, as a result, I can conclude that∫
P̃n,W |Z

Ln(pt,n,θ,B)dΠ(θ, B)∫
P̃n,W |Z

Ln(pθ,B)dΠ(θ, B)

= (1 + o
P

(n)
0,W |Z

(1))

×

∫
Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,v+t′χ̃∗

n,θ/
√
n(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, υ)dΠ̃t,n,θ,B(υ)πΘ(θ)dθ∫

Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B)dΠ̃B(B)πΘ(θ)dθ

= (1 + o
P

(n)
0,W |Z

(1))

×

∫
Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,v+t′χ̃∗

n,θ/
√
n(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, υ)dΠ̃B(υ)πΘ(θ)dθ∫

Θ

∏n
i=1 fθ(Wi|zi)

∫
δθ,B(P̃n,W |Z)

∏n
i=1C(Fθ,zi(Wi), zi, B)dΠ̃B(B)πΘ(θ)dθ

= (1 + o
P

(n)
0,W |Z

(1))

∫
{(θ,B):(θ,B+t′χ̃∗

n,θ/
√
n)∈P̃n,W |Z} Ln(pθ,B)dΠB(B)πΘ(θ)dθ∫

P̃n,W |Z
Ln(pθ,B)dΠB(B)πΘ(θ)dθ

= (1 + o
P

(n)
0,W |Z

(1))
Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) ∈ P̃n,W |Z

∣∣∣W (n)
)

Π
(
P̃n,W |Z

∣∣∣W (n)
) ,

where the last equality holds by dividing and multiplying by∫
Ln(pθ,B)dΠB(B)πΘ(θ)dθ

and the definition of the posterior.

Step 4. It remains to show that

Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) ∈ P̃n,W |Z

∣∣∣W (n)
)

Πn

(
P̃n,W |Z

∣∣∣W (n)
) = 1 + o

P
(n)
0,W |Z

(1)

Since I established that

Πn

(
P̃n,W |Z

∣∣∣W (n)
)
= 1 + o

P
(n)
0,W |Z

(1)

in Step 1, I need to show that

Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) ∈ P̃n,W |Z

∣∣∣W (n)
)
= 1 + o

P
(n)
0,W |Z

(1)
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to conclude the result. Using the definition of P̃n,W |Z , it follows that

Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) /∈ P̃n,W |Z

∣∣∣W (n)
)

≤ Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) /∈ P̃n,1,W |Z

∣∣∣W (n)
)

+Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) /∈ P̃n,2,W |Z

∣∣∣W (n)
)

≤ Πn

(
||B + t′χ̃∗

n,θ/
√
n||a > D

√
nδn
∣∣W (n)

)
+Πn

(
hn(pθ,B+t′χ̃∗

n,θ/
√
n, p0,W |Z) ≥ Dδn

∣∣∣W (n)
)

+Πn

(
1√
n
|G∗

n,t,θ(B + t′χ̃∗
n,θ/

√
n)| > Lδn

√
t′H∗

n,θt

∣∣∣∣W (n)

)
I argue that each of these posterior probabilities converges to zero in P (n)

0,W |Z-probability:

1. For the first probability, Lemma 8.1 of van der Vaart and van Zanten (2008b) implies that

I can view B as a Gaussian random variable in (Ca(T,R), || · ||a) without changing the

RKHS (H, ⟨·, ·⟩H) because C(T,R) is the completion of Ca(T,R) with respect to the uni-

form norm || · ||∞ and || · ||∞ ≤ || · ||a. Since the RKHS norm is stronger than the Ba-

nach space norm, it follows ||t′χ̃∗
n,θ||a/

√
n ≲ supθ∈Θ ||t′χ̃∗

n,θ||H/
√
n, and, as a result, I

deduce that supθ∈Θ ||t′χ̃∗
n,θ||a/

√
n→ 0 as n→ ∞ because of the assumption on the RKHS

norm of g̃∗n,θ. This means that the event {||B + t′χ̃∗
n,θ/

√
n||a > D

√
nδn} hardly differs

from {||B||a > D
√
nδn}, and, as a result, the same argument as encountered in Step 1 of

Proposition 2 can be used to argue that Πn(||B + t′χ̃∗
n,θ/

√
n||a > D

√
nδn|W (n)) → 0 in

P
(n)
0,W |Z-probability as n→ ∞.

2. For the second probability, I use the triangle inequality to conclude that

h
(
pθ,B+t′χ̃∗

n,θ/
√
n(·|zi), p0,W |Z(·|zi)

)
≤ h

(
pθ,B+t′χ̃∗

n,θ/
√
n(·|zi), pθ,B(·|zi)

)
+ h

(
pθ,B(·|zi), p0,W |Z(·|zi)

)
Applying Lemma 3.1 of van der Vaart and van Zanten (2008a) and adding/subtracting t′χ̃0,θ
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inside || · ||∞, I know that

h
(
pθ,B+t′χ̃∗

n,θ/
√
n(·|zi), pθ,B(·|zi)

)
≤ 1√

n
||t′χ̃∗

n,θ||∞ exp
(
||t′χ̃∗

n,θ||∞/2
√
n
)

≤ 1√
n
||t′χ̃∗

n,θ − t′χ̃0,θ||∞ exp
(
||t′χ̃∗

n,θ||∞/2
√
n
)
+

1√
n
||t′χ̃0,θ||∞ exp

(
||t′χ̃∗

n,θ||∞/2
√
n
)

≤ 1√
n
||t′χ̃∗

n,θ − t′χ̃0,θ||∞ exp
(
||t′χ̃∗

n,θ − t′χ̃0,θ||∞/2
√
n
)
exp

(
||t′χ̃0,θ||∞/2

√
n
)

+
1√
n
||t′χ̃0,θ||∞ exp

(
||t′χ̃∗

n,θ − t′χ̃0,θ||∞/2
√
n
)
exp

(
||t′χ̃0,θ||∞/2

√
n
)

= o(1) + (1 + o(1))
1√
n
||t′χ̃0,θ||∞

for i = 1, ..., n, where the last equality holds because it is assumed that max1≤j≤dγ ||g̃n,θ,j −

g̃0,θ,j||∞ → 0 as n→ ∞. Consequently, there exists a constant C ∈ (0,∞) such that

Πn

(
hn(pθ,B+t′χ̃∗

n,θ/
√
n, p0,W |Z) ≥ Dδn

∣∣∣W (n)
)

≤ Πn

(
hn
(
pθ,B, p0,W |Z

)
≥ Dδn − C/

√
n
∣∣W (n)

)
.

for any t in a neighborhood of zero. Proposition 1 then implies that

Πn

(
hn
(
pθ,B, p0,W |Z

)
≥ Dδn − C/

√
n
∣∣W (n)

)
= o

P
(n)
0,W |Z

(1)

as n→ ∞.

3. For the third probability, I apply Lemma 13 of Ray and van der Vaart (2020) to conclude that

G∗
n,t,θ(B + t′χ̃∗

n,θ/
√
n) ∼ N

(
−
t′H∗

n,θt√
n

, t′H∗
n,θt

)
under Π̃B. Since the mean t′H∗

n,θt/
√
n is negligible relative to the standard deviation, a

similar application of the Gaussian tail bound to that encountered Step 1 reveals that

Πn

(
1√
n
|G∗

n,t,θ(B + t′χ̃∗
n,θ/

√
n)| ≥ Dδn

√
t′H∗

n,θt

∣∣∣∣W (n)

)
= o

P
(n)
0,W |Z

(1).
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Putting everything together, I can conclude that

Πn

(
(θ, B) : (θ, B + t′χ̃∗

n,θ/
√
n) ∈ P̃n,W |Z

∣∣∣W (n)
)

Πn

(
P̃n,W |Z

∣∣∣W (n)
) = 1 + o

P
(n)
0,W |Z

(1)

This completes the proof.
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Appendix B

Appendix to Chapter 2

B.1 Proofs

B.1.1 Proof of Theorem 2

I state two important lemmas relevant for Theorem 1. Their proofs are found in Appendix B.1.3.

Lemma 14. Let {Mn ∩ Bn,M(m0, Dδn)}∞n=1 be the sets defined in Assumption 18 and 19. If

Assumptions 16, 18, and 19 hold, then the following holds:

1. The collection of functions {ℓ̃n(β0,m) : m ∈ M} satisfies

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

2. The collection of functions {Ĩn(m) : m ∈ M} satisfies

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣Ĩn(m)− Ĩn(m0)
∣∣∣ P (n)

0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

3. Let c0 = c/σ2
01 and c0 = c/σ2

01, where c and c are the constants Part 2 of Assumption 16. The
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following statements hold:

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) ≥ c0

)
→ 1

and

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

Ĩn(m) ≤ c0

)
→

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

4. Let Rn(β,m) be given by

Rn(β,m) = ℓn(β,m)− ℓn(β0,m)− 1√
n
ℓ̃n(β0,m0)

√
n(β − β0) +

n

2
(β − β0)

2Ĩn(m0)

for each (β,m) ∈ B × M and let BB(β0,Mn/
√
n) = {β ∈ B : |β − β0| < Mn/

√
n}. If

Mn → ∞ arbitrarily slowly as n→ ∞, then

sup
(β,m)∈BB(β0,Mn/

√
n)×(Bn,M(m0,Dδn)∩Mn)

|Rn(β,m)|
P

(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Lemma 15. Let {Mn ∩ Bn,M(m0, Dδn)}∞n=1 be the sets defined in Assumptions 18 and 19. If

Assumptions 16, 17, 18, and 19 hold, then for every Mn → ∞,

sup
m∈Mn∩Bn,M(m0,Dδn)

Π
(
β ∈ BB(β0,Mn/

√
n)c|{(Yi, Xi,W

′
i )

′}ni=1,m
) P (n)

0,Y X|W→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Proof of Theorem 2. There are four steps in the proof of Theorem 1. Steps 1–3 use Lemmas 14 and

15 to reduce the problem to one in which β is the only free parameter. Step 4 shows asymptotic

normality.
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Step 1. Applying the law of total probability,

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1)

=

∫
Mn∩Bn,M(m0,Dδn)

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

+

∫
Mn∩Bn,M(m0,Dδn)c

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

+

∫
Mc

n

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1).

for any event A. As 0 ≤ Π(β ∈ ·|{(Yi, Xi, w
′
i)
′}ni=1,m) ≤ 1, it follows that

sup
A

∫
Mn∩Bn,M(m0,Dδn)c

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

≤ Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1)

and

sup
A

∫
Mc

n

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

≤ Π(m ∈ Mc
n|{(Yi, Xi, w

′
i)
′}ni=1).

Applying Assumptions 18 and 19, it then follows that

sup
A

∫
Mn∩Bn,M(m0,Dδn)c

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 0

and

sup
A

∫
Mc

n

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi,W

′
i )

′}ni=1)
P

(n)
0,Y X|W−→ 0.

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. As a result,

sup
A

|Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1)− Fn,1(A)|

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where A 7→ Fn,1(A) is a
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set function that satisfies

Fn,1(A) =

∫
Mn∩Bn,M(m0,Dδn)

Π(β ∈ A|{(Yi, Xi, w
′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1).

Step 2. Let Mn → ∞ arbitrarily slowly. Since A ∩ BB(β0,Mn/
√
n) and A ∩ BB(β0,Mn/

√
n)c

define a partition of A, it follows that

sup
A

|Fn,1(A)− Fn,1(A ∩BB(β0,Mn/
√
n))|

= sup
A
Fn,1(A ∩BB(β0,Mn/

√
n)c)

≤ sup
A

sup
m∈Mn∩Bn,M(m0,Dδn)

Π(A ∩BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)

× Π(Mn ∩Bn,M(m0, Dδn)|{(Yi, Xi, w
′
i)
′}ni=1)

≤ sup
m∈Mn∩Bn,M(m0,Dδn)

Π(BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)

with the first inequality is Hölder’s inequality, and the second uses that A ∩ BB(β0,Mn/
√
n)c ⊆

BB(β0,Mn/
√
n)c for all A and that probabilities are bounded from above by one. Applying Lemma

15, I then obtain

sup
m∈Mn∩Bn,M(m0,Dδn)

Π(BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, and, as a result,

sup
A

|Fn,1(A)− Fn,1(A ∩BB(β0,Mn/
√
n))|

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Moreover, I know that∣∣∣∣∣

∫
Mn∩Bn,M(m0,Dδn)

(∫
BB(β0,Mn/

√
n)
Ln(β,m)dΠB(β)∫

B Ln(β,m)dΠB(β)
− 1

)
dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

∣∣∣∣∣
=

∫
Mn∩Bn,M(m0,Dδn)

Π(β ∈ BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

≤ sup
m∈Mn∩Bn,M(m0,Dδn)

Π(β ∈ BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)

with the inequality applying Hölder’s inequality and that probabilities are bounded by one. Lemma
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15 then implies that

sup
m∈Mn∩Bn,M(m0,Dδn)

Π(β ∈ BB(β0,Mn/
√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m)

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, and, as a result,∣∣∣∣∣

∫
Mn∩Bn,M(m0,Dδn)

(∫
BB(β0,Mn/

√
n)
Ln(β,m)dΠB(β)∫

B Ln(β,m)dΠB(β)
− 1

)
dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Consequently, I can

conclude that

sup
A

|Fn,1(A)− Fn,2(A)|
P

(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where A 7→ Fn,2(A) is a

set function given by

Fn,2(A) =

∫
Mn∩Bn,M(m0,Dδn)

(∫
A∩BB(β0,Mn/

√
n)
Ln(β,m)dΠB(β)∫

BB(β0,Mn/
√
n)
Ln(β,m)dΠB(β)

)
dΠ(m|{(Yi, Xi, w

′
i)
′}ni=1)

for all events A.

Step 3. Exponentiating and adding/subtracting ℓn(β0,m), we have that∫
A∩BB(β0,Mn/

√
n)
Ln(β,m)dΠB(β)∫

BB(β0,Mn/
√
n)
Ln(β,m)dΠB(β)

=

∫
A∩BB(β0,Mn/

√
n)
exp(ℓn(β,m)− ℓn(β0,m))dΠB(β)∫

BB(β0,Mn/
√
n)
exp(ℓn(β,m)− ℓn(β0,m))dΠB(β)

for all events A. Recall the definition

Rn(β,m) = ℓn(β,m)− ℓn(β0,m)− 1√
n
ℓ̃n(β0,m0)

√
n(β − β0) +

1

2
Ĩn(m0)n(β − β0)

2

for (β,m) ∈ B ×M. Part 4 of Lemma 14 implies that

Rn := sup
(β,m)∈BB(β0,Mn/

√
n)×Bn,M(m0,Dδn)

exp(Rn(β,m))
P

(n)
0,Y X|W−→ 1

and

Rn := inf
(β,m)∈BB(β0,Mn/

√
n)×Bn,M(m0,Dδn)

exp(Rn(β,m))
P

(n)
0,Y X|W−→ 1.

243



for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently, there exists

a positive sequence {cn,1}∞n=1 such that cn,1 → 0 and

P
(n)
0,Y X|W

(∣∣∣∣Rn

Rn

− 1

∣∣∣∣ ≤ cn,1

)
−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Next, the assumption that

ΠB has a density that is continuous and positive in a neighborhood of β0 guarantees that there exists

a positive sequence cn,2 such that cn,2 → 0 and∣∣∣∣supβ∈BB(β0,Mn/
√
n) πB(β)

infβ∈BB(β0,Mn/
√
n) πB(β)

− 1

∣∣∣∣ ≤ cn,2.

As a result, with P (n)
0,Y X|W -probability approaching one, the following quantities

(1 + cn,1)(1 + cn,2)

∫
A∩BB(β0,Mn/

√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)

2
)
dβ∫

BB(β0,Mn/
√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)2

)
dβ

and

[(1 + cn,1)(1 + cn,2)]
−1

∫
A∩BB(β0,Mn/

√
n)
exp

(
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)

2
)
dβ∫

BB(β0,Mn/
√
n)
exp

(
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)2

)
dβ

are upper and lower bounds, respectively, for Fn,2(A), conditionally given P∞
0,W -almost every

realization {wi}i≥1 of {Wi}i≥1. Since cn,1, cn,2 → 0 as n→ ∞, it follows that

sup
A

∣∣∣∣∣∣Fn,2(A)−
∫
A∩BB(β0,Mn/

√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)

2
)
dβ∫

BB(β0,Mn/
√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)2

)
dβ

∣∣∣∣∣∣
P

(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.
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Step 4. Recalling that ∆̃n,0 = Ĩn(m0)
−1ℓ̃n(β0,m0)/

√
n, I complete the square to obtain

exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)−

1

2
Ĩn(m0)n(β − β0)

2

)
= exp

(
−1

2
Ĩn(m0)

(√
n(β − β0)− ∆̃n,0

)2)
exp

(
1

2
Ĩn(m0)∆̃

2
n,0

)

= exp

−1

2
nĨn(m0)

(
β − β0 −

∆̃n,0√
n

)2
 exp

(
1

2
Ĩn(m0)∆̃

2
n,0

)
.

It then follows that∫
A∩BB(β0,Mn/

√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)

2
)
dβ∫

BB(β0,Mn/
√
n)
exp

(
1√
n
ℓ̃n(β0,m0)

√
n(β − β0)− 1

2
Ĩn(m0)n(β − β0)2

)
dβ

=

∫
A∩BB(β0,Mn/

√
n)
exp

(
−1

2
nĨn(m0)

(
β − β0 − ∆̃n,0√

n

)2)
dβ

∫
BB(β0,Mn/

√
n)
exp

(
−1

2
nĨn(m0)

(
β − β0 − ∆̃n,0√

n

)2)
dβ

=

∫
A∩BB(β0,Mn/

√
n)
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ∫
BB(β0,Mn/

√
n)
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ
(B.1)

for all events A, where ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

is the density of N (β0 + ∆̃n,0/
√
n, (nĨn(m0))

−1). The

denominator satisfies∫
BB(β0,Mn/

√
n)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ = Φ

 Mn − ∆̃n,0√
Ĩn(m0)−1

− Φ

−Mn − ∆̃n,0√
Ĩn(m0)−1


where Φ(·) is standard normal cumulative distribution function. Following Part 4 of Assumption 16,

I can apply Chebyshev’s inequality the Strong Law of Large Numbers to conclude that

Ĩn(m0)
P

(n)
0,Y X|W−→ Ĩ0(m0)

for P∞
0,W -almost every fixed realization {wi}i≥1 of the sequence {Wi}i≥1 as n → ∞, where

Ĩ0(m0) = σ−2
01 EP0 [(X −m02(W ))2]. An application of the Continuous Mapping Theorem (valid
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by Part 2 of Assumption 16) then leads to the conclusion that

Ĩ−1
n (m0)

P
(n)
0,Y X|W−→ Ĩ−1

0 (m0)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Moreover, Chebyshev’s

inequality, Assumption 16, and the Strong Law of Large Numbers implies that

1√
n
ℓ̃n(β0,m0) = O

P
(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, and, as a result, the

Continuous Mapping Theorem implies that

∆̃n,0 = O
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Since Mn → ∞, it then

follows that ∫
BB(β0,Mn/

√
n)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ = 1 + o
P

(n)
0,Y X|W

(1).

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently,

sup
A

∣∣∣∣∣∣
∫
A∩BB(β0,

Mn√
n
)
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ∫
BB(β0,

Mn√
n
)
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ
−
∫
A∩BB(β0,

Mn√
n
)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ

∣∣∣∣∣∣ P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Hence, it remains to show

that

sup
A

∣∣∣∣∣
∫
A

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ −
∫
A∩BB(β0,

Mn√
n
)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0 (B.2)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞ because, if this is true, then

the above results and an application of the triangle inequality leads to the conclusion that∣∣∣∣∣
∣∣∣∣∣Π(β ∈ A|{(Yi, Xi,W

′
i )

′}ni=1)−N

(
β0 +

∆̃n,0√
n
,
1

n
Ĩn(m0)

−1

)∣∣∣∣∣
∣∣∣∣∣
TV

P
(n)
0,Y X|W−→ 0
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for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Since A∩BB(β0,Mn/

√
n)

and A ∩BB(β0,Mn/
√
n)c define a partition of A, I know that

sup
A

∣∣∣∣∣
∫
A

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ −
∫
A∩BB(β0,

Mn√
n
)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ

∣∣∣∣∣
= sup

A

∫
A∩BB(β0,

Mn√
n
)c
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ

≤
∫
BB(β0,

Mn√
n
)c
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩ−1
n (m0)

(β)dβ,

where the inequality uses the monotonicity of probability measures. An earlier argument showed

that ∫
BB(β0,Mn/

√
n)

ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ = 1 + o
P

(n)
0,Y X|W

(1),

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, so the complement rule for

probability measures implies that∫
BB(β0,Mn/

√
n)c
ϕ
β0+

∆̃n,0√
n
, 1
n
Ĩn(m0)−1

(β)dβ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. As such, I conclude that

(B.2) holds and complete the proof.

B.1.2 Proof of Corollaries 3 and 4

Proof of Corollary 1. Theorem 1 implies that for every ζ > 0, P (n)
0,Y X|W (An(ζ)) → 0 for P∞

0,W -

almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where

An(ζ) =

{∣∣∣∣∣
∣∣∣∣∣Π(β ∈ A|{(Yi, Xi, w

′
i)
′}ni=1)−N

(
β0 +

∆̃n,0√
n
,
1

n
Ĩn(m0)

−1

)∣∣∣∣∣
∣∣∣∣∣
TV

≥ ζ

}
.

Since {wi}i≥1 7→ P
(n)
0,Y X|W (An(ξ)) is bounded, the bounded convergence theorem implies that, for

each ζ > 0, EP∞
0,W

[P
(n)
0,Y X|W (An(ζ))] → 0 as n → ∞. Since i.i.d sampling and the law of iterated

expectations implies EP∞
0,W

[P
(n)
0,Y X|W (An(ζ))] = P n

0 (An(ζ)), I conclude the claim of Corollary

3.
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Proof of Corollary 2. Let FN (0,Ĩ−1
n (m0))

(·) be the cumulative distribution function of N (0, Ĩ−1
n (m0))

and let β̂n = β0 + ∆̃n,0/
√
n. Theorem 1 implies that

sup
b∈R

∣∣∣Π(√n(β − β̂n) ≤ b|{(Yi, Xi, w
′
i)
′}ni=1)− FN (0,Ĩ−1

n (m0))
(b)
∣∣∣ P (n)

0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Since the set of continuity

points of the Gaussian distribution N (0, Ĩ−1
n (m0)) is R, I can apply Lemma 21.2 of Van der Vaart

(1998) and the equivariance of quantiles under monotonic transformations to conclude that

cn(q) = β̂n + Φ−1 (q)

√
Ĩ−1
n (m0)

n
+ o

P
(n)
0,Y X|W

(
1√
n

)
holds for P∞

0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

B.1.3 Proofs of Lemmas 14 and 15

Proof of Lemma 14. The proof has four steps with each step corresponding to the appropriate part

of the lemma (i.e., Step 1 verifies Part 1 of the lemma and so on).

Step 1. Let ℓ̃(Y,X,W, β,m) = (Y −m1(W )− (X −m2(W ))β)(X −m2(W ))/σ2
01 for each

(β,m). Since Yi = m01(wi) + (Xi −m02(wi))β0 + Ui and Xi = m02(wi) + εi2, I know that

ℓ̃(Yi, Xi, wi, β0,m)

=
1

σ2
01

(Yi −m1(wi)− (Xi −m2(wi))β0) (Xi −m2(wi))

=
1

σ2
01

(m01(wi)−m1(wi)− (m02(wi)−m2(wi))β0 + Ui) (m02(wi)−m2(wi) + εi2)

=
1

σ2
01

{
(m01(wi)−m1(wi))(m02(wi)−m2(wi))− (m02(wi)−m2(wi))

2β0

+(m02(wi)−m2(wi))(Ui − β0εi2) + (m01(wi)−m1(wi))εi2 + Uiεi2} .
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Observing that ℓ̃(Yi, Xi, wi, β0,m0) = Uiεi2/σ
2
01, the previous derivation implies that

σ2
01√
n

(
ℓ̃n(β0,m)− ℓ̃n(β0,m0)

)
=

√
n⟨m1 −m01,m2 −m02⟩n,2 −

√
n||m2 −m02||2n,2β0 −G(1)

n (m)−G(2)
n (m),

where I recall that the empirical processes {G(1)
n }∞n=1 and {G(2)

n }∞n=1 are given by

G(1)
n (m) =

1√
n

n∑
i=1

(m1(wi)−m01(wi))εi2

and

G(2)
n (m) =

1√
n

n∑
i=1

{(m2(wi)−m02(wi)) (Ui − β0εi2)}

for m ∈ M. Applying Assumption 19, I know that

sup
m∈Mn∩Bn,M(m0,Dδn)

|G(1)
n (m)| = o

P
(n)
0,Y X|W

(1)

and

sup
m∈Mn∩Bn,M(m0,Dδn)

|G(2)
n (m)| = o

P
(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Moreover, the Cauchy-Schwarz

inequality and the definition of Bn,M(m0, Dδn) reveals that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣√n⟨m1 −m01,m2 −m02⟩n,2
∣∣ ≲ √

nδ2n

and

sup
m∈Mn∩Bn,M(m0,Dδn)

√
n||m2 −m02||2n,2 ≲

√
nδ2n.

Using Assumption 18, I know that
√
nδ2n = o(1). Consequently, when combined with the arguments

above, I am able to conclude that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ P (n)
0,Y X|W−→ 0
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for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 2. Since Xi = m02(wi) + εi2, it follows that

(Xi −m2(wi))
2 = (m2(wi)−m02(wi))

2 − 2(m2(wi)−m02(wi))εi2 + ε2i2,

and, as a result, I obtain

Ĩn(m)− Ĩn(m0) =
1

σ2
01

||m2 −m02||2n,2 −
2

σ2
01

1

n

n∑
i=1

(m2(wi)−m02(wi))εi2.

Applying Assumption 19, I know that

sup
m∈Mn∩Bn,M(m0,D,δn)

∣∣∣∣∣ 1n
n∑
i=1

(m2(wi)−m02(wi))εi2

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Moreover, using the definition of

Bn,M(m0, Dδn) and Assumption 18, I know that

sup
m∈Mn∩Bn,M(m0,Dδn)

||m2 −m02||2n,2 ≲ δ2n = o(1)

as n→ ∞. Consequently, I conclude that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣Ĩn(m)− Ĩn(m0)
∣∣∣ P (n)

0,Y X|W−→ 0

for P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 3. I add and subtract Ĩn(m0) and apply the law of total probability to conclude that

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) < c0

)
= P

(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) < c0, Ĩn(m0) ≥ c0

)
+ P

(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) < c0, Ĩn(m0) < c0

)
≤ P

(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
(Ĩn(m)− Ĩn(m0)) < 0

)
+ P

(n)
0,Y X|W

(
Ĩn(m0) < c0

)
Applying Chebyshev’s inequality and the conditional independence, I know that, for P∞

0,W -almost
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every fixed realization {wi}i≥1 of {Wi}i≥1,

P
(n)
0,Y X|W

(
Ĩn(m0) ≥ c0

)
≲

1

n2

n∑
i=1

EP0,Y X|W [(X −m02(W ))4|W = wi] = o(1),

where the second equality applies the Strong Law of Large Numbers to the sample average

1

n

n∑
i=1

EP0,Y X|W [(X −m02(W ))4|W = wi],

which is valid because of Part 4 of Assumption 16 and the assumption that {Wi}i≥1 is an i.i.d

sequence. Applying Part 2 of the lemma, I deduce that

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
(Ĩn(m)− Ĩn(m0)) < 0

)
−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. It then follows that

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) < c0

)
−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. A symmetric argument

establishes

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

Ĩn(m) > c0

)
−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 4. Since pβ,m(Yi, Xi|wi) is the density of N (m(wi), V (β)), I obtain the following expan-

sion of the log-likelihood function around the true parameter β0:

ℓn(β,m)− ℓn(β0,m) =
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m),
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and, as a result, I apply the triangle inequality to conclude∣∣∣∣ℓn(β,m)− ℓn(β0,m)− 1√
n
ℓ̃n(β0,m0)

√
n(β − β0) +

1

2
n(β − β0)

2Ĩn(m0)

∣∣∣∣
≤
∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ · ∣∣√n(β − β0)
∣∣+ n

2
(β − β0)

2
∣∣∣Ĩn(m)− Ĩn(m0)

∣∣∣
≤
∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ ·Mn +
M2

n

2

∣∣∣Ĩn(m)− Ĩn(m0)
∣∣∣

Since Mn → ∞ arbitrarily slowly as n→ ∞, it follows from Part 1 and Part 2 of the lemma that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ ·Mn

P
(n)
0,Y X|W−→ 0

and

M2
n

2
sup

m∈Mn∩Bn,M(m0,Dδn)

∣∣∣Ĩn(m)− Ĩn(m0)
∣∣∣ P (n)

0,Y X|W−→ 0

conditionally given P∞
0,W almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This concludes

the proof because it implies that

sup
(β,m)∈BB(β0,Mn/

√
n)×(Bn,M(m0,Dδn)∩Mn)

|Rn(β,m)|
P

(n)
0,Y X|W−→ 0

for P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Proof of Lemma 15. The proof is comprised of three steps. Step 1 obtains an expression for

the posterior based on a quadratic expansion of the log-likelihood function. Step 2 shows that

the numerator is uniformly bounded from above by exp(−(c0/4)M
2
n) with P (n)

0,Y X|W -probability

approaching 1, where c0 > 0 is the constant defined in Part 3 of Lemma 14. Step 3 shows that

the denominator is uniformly bounded from below by exp(−(c0/8)M
2
n) with P (n)

0,Y X|W -probability

approaching 1. The arguments for Step 2 and Step 3 are similar to those encountered on pp.

233-234 and the proof of Lemma 6.3, respectively, in Bickel and Kleijn (2012) with appropriate

modifications.
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Step 1. I start with the definition of the posterior:

Π
(
β ∈ BB(β0,Mn/

√
n)c|{(Yi, Xi, wi)}ni=1,m

)
=

∫
BB(β0,Mn/

√
n)c

exp (ℓn(β,m)− ℓn(β0,m)) dΠB(β)∫
B exp (ℓn(β,m)− ℓn(β0,m)) dΠB(β)

.

As pβ,m(Yi, Xi|wi) is the density of N (m(wi), V (β)), I obtain the following expansion of the

log-likelihood function around the true parameter β0

ℓn(β,m)− ℓn(β0,m) =
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m).

Consequently,

Π
(
β ∈ BB(β0,Mn/

√
n)c|{(Yi, Xi, w

′
i)
′}ni=1,m

)
=

∫
BB(β0,Mn/

√
n)c

exp
(

1√
n
ℓ̃n(β0,m)

√
n(β − β0)− 1

2
n(β − β0)

2Ĩn(m)
)
dΠB(β)∫

B exp
(

1√
n
ℓ̃n(β0,m)

√
n(β − β0)− 1

2
n(β − β0)2Ĩn(m)

)
dΠB(β)

.

Step 2. Let An,1 be the event that

sup
m∈Bn,M(m0,Dδn)∩Mn

∫
BB(β0,Mn/

√
n)c

exp

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

)
dΠB(β)

≤ exp

(
−c0M

2
n

4

)
The first task is to show that P (n)

0,Y X|W (Acn,1) → 0 for P∞
0,W -almost every fixed realization {wi}i≥1 of

{Wi}i≥1 as n→ ∞. Using the definition of the supremum and that probabilities are bounded from

above by 1, I obtain the following string of inequalities∫
BB(β0,Mn/

√
n)c

exp

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

)
dΠB(β)

≤ sup
β∈BB(β0,Mn/

√
n)c

exp

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

)
≤ exp

(
sup

β∈BB(β0,Mn/
√
n)c

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

))

≤ exp

(
sup

β∈BB(β0,Mn/
√
n)c

(∣∣∣∣ 1√
n
ℓ̃n(β0,m)

∣∣∣∣ · |√n(β − β0)| −
1

2
n(β − β0)

2Ĩn(m)

))
(B.3)
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for all m ∈ Mn ∩Bn,M(m0, Dδn). From Part 1 of Lemma 14, I know that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣ 1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

∣∣∣∣ P (n)
0,XY |W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Moreover, for any τ > 0,

independence across i, Chebyshev’s inequality, Part 1 of Assumption 16, and the Law of Iterated

Expectations implies that

P
(n)
0,Y X|W

(∣∣∣∣ 1√
n
ℓ̃n(β0,m0)

∣∣∣∣ ≥ τ

)
≤ 1

τ 2
1

n

n∑
i=1

E[U2ε22|W = wi] =
σ2
01

τ 2
1

n

n∑
i=1

V ar(ε2|W = wi),

which implies

1√
n
ℓ̃n(β0,m0) = O

P
(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ after applying the Strong

Law of Large Numbers to the sample average n−1
∑n

i=1 V ar(ε2|W = wi), which is valid by Part 2

of Assumption 16 and the fact that {Wi}i≥1 is i.i.d. Consequently, I am able to conclude that

P
(n)
0,Y X|W

(
sup

m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣ 1√
n
ℓ̃n(β0,m)

∣∣∣∣ < c0
4
Mn

)
−→ 1. (B.4)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Further, Part 3 of Lemma

14 implies that

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
Ĩn(m) ≥ c0

)
−→ 1 (B.5)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Hence, I can combine (B.3),

(B.4), and (B.5) to conclude that

P
(n)
0,Y X|W (Acn,1)

≤ 1

{
c0 sup

β∈BB(β0,Mn/
√
n)c

(
1

4
Mn · |

√
n(β − β0)| −

1

2
n(β − β0)

2

)
> −c0

4
M2

n

}
+ o(1).
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as n→ ∞. Defining t =
√
n|β − β0|, it follows that

sup
β∈BB(β0,Mn/

√
n)c

[
Mn

4

√
n|β − β0| −

1

2
n(β − β0)

2

]
= sup

t∈BB(0,Mn)c

[
Mn

4
t− 1

2
t2
]
= −M

2
n

4

as a concave quadratic function maximized subject to the constraint that t ≥Mn. This implies that

1

{
c0 sup

β∈BB(β0,Mn/
√
n)c

(
1

4
Mn · |

√
n(β − β0)| −

1

2
n(β − β0)

2

)
> −c0

4
M2

n

}
= 0

and leads to the conclusion that P (n)
0,Y X|W (Acn,1) → 0 for P∞

0,W -almost every fixed realization {wi}i≥1

of {Wi}i≥1 as n→ ∞, and, as a result, the complement rule implies P (n)
0,Y X|W (An,1) → 1 as n→ ∞

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 3. Let An,2 be the event that

inf
m∈Bn,M(m0,Dδn)∩Mn

∫
B
exp

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

)
dΠB(β)

≥ exp
(
−c0

8
M2

n

)
.

I want to show that P (n)
0,Y X|W (Acn,2) → 0 for P∞

0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1

as n→ ∞ because, combined with the result from Step 2, it is sufficient to conclude the result of

the lemma because it implies

sup
m∈Mn∩Bn,M(m0,Dδn)

Π
(
β ∈ BB(β0,Mn/

√
n)c|{(Yi, Xi, wi)}ni=1,m

)
≤ exp

(
−c0

8
M2

n

)
with P

(n)
0,Y X|W -probability approaching one for P∞

0,W -almost every fixed realization {wi}i≥1 of

{Wi}i≥1, as n → ∞ as n → ∞. Let C = c0/8c0 with 0 < c0 < c0 < ∞ defined as in Part 3 of

Lemma 1. For this step, I elect to work in the local parametrization s =
√
n(β − β0). Consequently,

I let Πn be the induced prior for s (i.e., the pushforward of ΠB through the map β 7→
√
n(β − β0)),

let S be the support of Πn, and let SC = {s : |s| ≤
√
C}. Under Assumption 2, for large n, the

induced prior Πn admits a Lebesgue density πn such that infs∈SC
πn(s) ≥ C̃ for some constant
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C̃ > 0. Consequently, I apply a change of variables and conclude that for n large,

inf
m∈Mn∩Bn,M(m0,Dδn)

∫
B
exp

(
1√
n
ℓ̃n(β0,m)

√
n(β − β0)−

1

2
n(β − β0)

2Ĩn(m)

)
dΠB(β)

= inf
m∈Mn∩Bn,M(m0,Dδn)

∫
S
exp

(
1√
n
ℓ̃n(β0,m)s− 1

2
s2Ĩn(m)

)
dΠn(s)

≥ C̃λ(SC) inf
m∈Mn∩Bn,M(m0,Dδn)

∫
exp

(
1√
n
ℓ̃n(β0,m)s− 1

2
s2Ĩn(m)

)
πSC

(s)ds,

where λ is the Lebesgue measure on R and πSC
(s) = 1{s ∈ SC}/λ(SC) is the density of a uniform

distribution on SC . Applying Part 3 of Lemma 1, it follows that, for P∞
0,W -almost every fixed

realization {wi}i≥1 of {Wi}i≥1, the following holds:

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

Ĩn(m) ≤ c0M
2
n

)
→ 1

for any Mn → ∞ as n→ ∞. Using that C = c0/8c0, it then follows that the following is true:

P
(n)
0,Y X|W

(
−1

2
s2Ĩn(m) ≥ − c0

16
M2

n ∀ (s,m) ∈ SC × (Mn ∩Bn,M(m0, Dδn))

)
→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently,

P
(n)
0,Y X|W

(
Acn,2

)
≤ P

(n)
0,Y X|W (Ãcn,2) + o(1),

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where Ãn,2 is the event

inf
m∈Mn∩Bn,M(m0,Dδn)

∫
exp

(
1√
n
ℓ̃n(β0,m)s

)
πSC

(s)ds ≥
(
λ(SC)C̃

)−1

exp
(
− c0
16
M2

n

)
.

Applying Jensen’s inequality,∫
exp

(
1√
n
ℓ̃n(β0,m)s

)
πSC

(s)ds ≥ exp

(
1√
n
ℓ̃n(β0,m)

∫
sπSC

(s)ds

)

256



for all m ∈ Mn ∩Bn,M(m0, Dδn). As the infimum is the greatest lower bound, I then obtain

inf
m∈Mn∩Bn,M(m0,Dδn)

∫
exp

(
1√
n
ℓ̃n(β0,m)s

)
πSC

(s)ds

≥ inf
m∈Mn∩Bn,M(m0,Dδn)

exp

(
1√
n
ℓ̃n(β0,m)

∫
sπSC

(s)ds

)
≥ exp

(
inf

m∈Mn∩Bn,M(m0,Dδn)

1√
n
ℓ̃n(β0,m)

∫
sπSC

(s)ds

)
≥ exp

(
inf

m∈Mn∩Bn,M(m0,Dδn)

((
1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

)∫
sπSC

(s)ds

))
× exp

(
1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds

)
,

where the last inequality adds/subtracts (1/
√
n)ℓ̃n(β0,m0) and uses that the sum of the infima is

less than or equal to the infimum of the sum. Since∣∣∣∣∫ sπSC
(s)ds

∣∣∣∣ ≤ ∫ |s|πSC
(s)ds ≤

√
C

because πSC
is supported on {s : |s| ≤

√
C} and πSC

integrates to 1 (i.e., it is a probability density

function), it follows from Part 1 of Lemma 14 that

exp

(
inf

m∈Mn∩Bn,M(m0,Dδn)

((
1√
n
ℓ̃n(β0,m)− 1√

n
ℓ̃n(β0,m0)

)∫
sπSC

(s)ds

))
= 1 + o

P
(n)
0,Y X|W

(1)

conditionally given P∞
0,W almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. As such, I arrive

at the conclusion

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)

∫
B
exp(ℓn(β,m)− ℓn(β0,m))dΠB(β) < exp

(
−c0

8
M2

n

))
≤ P

(n)
0,Y X|W

(
1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds < − log C̃ − log λ(SC)−
c0
16
M2

n

)
+ o(1).

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Since the inequality

− log C̃ − log λ(SC) ≤
c0
32
M2

n
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holds for n large, I can further conclude

P
(n)
0,Y X|W

(
Acn,2

)
≤ P

(n)
0,Y X|W

(
1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds < − c0
32
M2

n

)
+ o(1).

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Next, the event

1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds < − c0
32
M2

n

implies ∣∣∣∣ 1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds

∣∣∣∣ > c0
32
M2

n,

and, as a result, I can apply Chebyshev’s inequality to conclude that

P
(n)
0,Y X|W

(
1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds < − c0
32
M2

n

)
≲

1

M4
n

E
P

(n)
0,Y X|W

∣∣∣∣ 1√
n
ℓ̃n(β0,m0)

∣∣∣∣2 ∣∣∣∣∫ sπSC
(s)ds

∣∣∣∣2
≲

1

M4
n

E
P

(n)
0,Y X|W

∣∣∣∣ 1√
n
ℓ̃n(β0,m0)

∣∣∣∣2
with the second inequality using Jensen’s inequality and that sups∈SC

|s|2 ≤ C. Since the random

variable ℓ̃n(β0,m0) satisfies E
P

(n)
0,Y X|W

[ℓ̃n(β0,m0)] = 0, it follows that

E
P

(n)
0,Y X|W

∣∣∣∣ 1√
n
ℓ̃n(β0,m0)

∣∣∣∣2
= V ar

P
(n)
0,Y X|W

(
1√
n
ℓ̃n(β0,m0)

)
=

1

σ2
01

1

n

n∑
i=1

EP0,Y X|W [ε22|W = wi]

= O(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1, where the last equality reflects Part 2

of Assumption 1 and the Strong Law of Large Numbers. Consequently, I obtain

P
(n)
0,Y X|W

(
1√
n
ℓ̃n(β0,m0)

∫
sπSC

(s)ds < − c0
32
M2

n

)
= O(M−4

n ),
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as n → ∞, and, as a result, P (n)
0,Y X|W (Acn,2) → 0 for P∞

0,W -almost every fixed realization {wi}i≥1

of {Wi}i≥1 as n → ∞ because Mn → ∞ as n → ∞. Since I chose the sequence {Mn}∞n=1 with

Mn → ∞ arbitrarily, the argument holds for any such choice and I conclude the proof.

B.1.4 Proof of Proposition 4 and Proposition 5

Proof of Proposition 4. The proof has three steps. First, I show that it suffices to study the uniform

behavior of the conditional posterior Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1, β), where the

uniformity holds over B. Second, I use the first assumption of the proposition to derive a lower

bound for the normalizing constant of the conditional posterior that holds uniformly over B. Third,

I combine the second assumption of the proposition with a ‘peeling’ argument to establish the

proposition.

Step 1. Applying the law of total probability and using that probability measures are bounded

from above by one, I obtain.

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1)

=

∫
B
Π(m ∈ Bn,M(m0, Dδn)

c|{(Yi, Xi, w
′
i)
′}ni=1, β) dΠ(β|{(Yi, Xi, w

′
i)
′}ni=1)

≤ sup
β∈B

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1, β) .

Consequently, it suffices to show that

sup
β∈B

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1, β) = o

P
(n)
0,Y X|W

(1). (B.6)

for P∞
0,W almost-every fixed realization {wi}i≥1 of {Wi}i≥1. This is the purpose of the remaining

steps.

Step 2. I start by showing that the normalizing constant of the conditional posterior satisfies

P
(n)
0,Y X|W

(
inf
β∈B

∫
M

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m) ≳ exp(−Cnδ2n)
)

−→ 1 (B.7)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where C > 0 is a constant.
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I first note that the log-(quasi)likelihood ratio process satisfies

ℓn(β,m)− ℓn(β,m0) =
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)(Zi −m0(wi))

− 1

2

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)(m(wi)−m0(wi))

Since Bn,M(m0, δn) ⊆ M, I can use the nonnegativity of the integrand and the expression for

ℓn(β,m)− ℓn(β,m0) to conclude that∫
M

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m)

≥
∫
Bn,M(m0,δn)

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m)

≥ exp

(
−nδ

2
n

2
sup
β∈B

λmax(V
−1(β))

)
×
∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM(m)

= exp

(
−nδ

2
n

2
sup
β∈B

λmax(V
−1(β))

)
ΠM(Bn,M(m0, δn))

×
∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m),

where ΠM,δn is the renormalized restriction of ΠM to the event Bn,M(m0, δn). Note that the

compactness of B, the continuity of β 7→ V (β), and the positive-definiteness of V (β) guarantees

supβ∈B λmax(V
−1(β)) <∞. I now want to argue that

P
(n)
0,Y X|W

(∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m) ≥ exp(−nδ2n)

)
→ 1

(B.8)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Indeed, if this holds, then

P
(n)
0,Y X|W

(∫
M

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m) ≥ exp
(
−C̄nδ2n

)
ΠM(Bn,M(m0, δn))

)
−→ 1

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n → ∞ for the choice

of constant C̄ = 1
2
supβ∈B λmax(V

−1(β)) + 1 > 0. This implies (B.7) following an application of
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Condition 1 in the statement of the proposition. To show (B.8), Jensen’s inequality reveals

log

∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m)

≥
∫
Bn,M(m0,δn)

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m)

Consequently,

P
(n)
0,Y X|W

(
log

∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m) < −nδ2n

)

≤ P
(n)
0,Y X|W

(∫
Bn,M(m0,δn)

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m) < −nδ2n

)

≤ P
(n)
0,Y X|W

(∣∣∣∣∣
∫
Bn,M(m0,δn)

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m)

∣∣∣∣∣ > nδ2n

)

≤ 1

n2δ4n
E
P

(n)
0,Y X|W

∣∣∣∣∣
∫
Bn,M(m0,δn)

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m)

∣∣∣∣∣
2

,

where the last inequality is Chebyshev’s inequality. Applying Jensen’s inequality and Fubini’s

theorem, I know that

E
P

(n)
0,Y X|W

∣∣∣∣∣
∫
Bn,M(m0,δn)

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εidΠM,δn(m)

∣∣∣∣∣
2

≤
∫
Bn,M(m0,δn)

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)EP0,Y X|W (εε′|W = wi)V

−1(β)(m(wi)−m0(wi))

≲ nδ2n,

for P∞
0,W -almost every sequence {wi}i≥1 of {Wi}i≥1, where the last inequality uses the maximum

eigenvalue assumption supw∈W λmax(E(εε
′|W = w)) <∞ as well as supβ∈B λmax(V −1(β)) <∞

by the compactness of B, the continuity of β 7→ V −1(β), and the positive definiteness of V (β).

Since nδ2n → ∞, this implies that

P
(n)
0,Y X|W

(∫
Bn,M(m0,δn)

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

)
dΠM,δn(m) < exp(−nδ2n)

)
= o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This verifies (B.8).
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Step 3. I study the numerator∫
Bn,M(m0,Dδn)c

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m).

Since

Bn,M(m0, Dδn)
c =

∞⋃
j=0

An,j, An,j = {D2jδn ≤ max{||m1 −m01||n,2, ||m2 −m02||n,2} < D2j+1δn},

I can write ∫
Bn,M(m0,Dδn)c

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m)

=
∞∑
j=0

∫
An,j

exp(ℓn(β,m)− ℓn(β,m0))dΠM(m)

Using the expression for ℓn(β,m), I know that

ℓn(β,m)− ℓn(β,m0) ≤
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi −D222jnδ2n inf

β∈B
λmin(V

−1(β))

for all (β,m) ∈ B × An,j and all j ≥ 0. Consequently,

sup
β∈B

∞∑
j=0

∫
An,j

exp (ℓn(β,m)− ℓn(β,m0)) dΠM(m)

≤ sup
β∈B

∞∑
j=0

∫
An,j

exp

(
n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi − D̃22jnδ2n

)
dΠM(m)

≤
∞∑
j=0

sup
β∈B

∫
An,j

exp

(
√
n

1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi − D̃22jnδ2n

)
dΠM(m)

≤
∞∑
j=0

exp

(
√
n sup
β∈B

sup
m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣− D̃22jnδ2n

)
,

where D̃ = infβ∈B λmin(V
−1(β))D2 > 0. Therefore, to complete the proof, it suffices to show that

P
(n)
0,Y X|W

(
sup
β∈B

sup
m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣ ≤ D̃22j−1
√
nδ2n ∀ j

)
→ 1

(B.9)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Indeed, it implies I can
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condition on the event given in the probability in (B.9) and conclude from the above that

sup
β∈B

∞∑
j=0

∫
An,j

exp (ℓn(β,m)− ℓn(β,m0)) dΠM(m) ≤
∞∑
j=0

exp

(
−D̃

2
nδ2n2

2j

)
,

which, when combined with (B.7), implies that

sup
β∈B

Π(Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1) ≲

∞∑
j=0

exp

((
C1 −

D̃

2
22j

)
nδ2n

)

with P (n)
0,Y X|W -probability approaching one, and, as a result, the claim of the proposition holds if

D > 0 is sufficiently large (i.e., chosen so that D̃/2 > C1) because nδ2n → ∞. To verify (B.9), I

apply the union bound, Markov’s inequality, and the assumptions on δ 7→ ωn(δ) to obtain that, for

D > 0 large, the following holds:

P
(n)
0,Y X|W

(
∃ j s.t. sup

β∈B
sup

m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣ > D̃22j−1
√
nδ2n

)

≤
∞∑
j=0

P
(n)
0,Y X|W

(
sup
β∈B

sup
m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣ > D̃22j−1
√
nδ2n

)

≤
∞∑
j=0

1

D̃22j−1
√
nδ2n

E
P

(n)
0,Y X|W

[
sup
β∈B

sup
m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣
]

≤
∞∑
j=0

ωn(D2j+1δn)

D̃22j−1
√
nδ2n

≲ Dυ−2ωn(δn)√
nδ2n

∞∑
j=0

2(υ−2)j.

Since it is assumed that ωn(δn) ≤
√
nδ2n and υ ∈ (0, 2), I am then able to conclude that

P
(n)
0,Y X|W

(
∃ j : sup

β∈B
sup

m∈Bn,M(m0,D2j+1δn)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣ > D̃

2
22j

√
nδ2n

)

= o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ provided that D → ∞.

Hence, by setting D > 0 large (i.e., D = Dn with Dn → ∞ arbitrarily slowly as n→ ∞), I verify

(B.9).
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Proof of Proposition 5. Since Π(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1) → 0 in P

(n)
0,Y X|W -probability for P∞

0,W -

almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, the law of total probability reveals

that

Π(m ∈ Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1)

= Π (m ∈ Mn ∩Bn,M(m0, Dδn)
c|{(Yi, Xi, w

′
i)
′}ni=1) + o

P
(n)
0,Y X

(1)

for P∞
0,W almost-every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Consequently, the claim

of the proposition holds by repeating the steps of Proposition 1 with the only modification being

that Step 3 uses Mn ∩ Bn,M(m0, Dδn)
c instead of Bn,M(m0, Dδn)

c (i.e., the shells An,j are now

An,j ∩Mn).

B.1.5 Proof of Proposition 6

Proof of Proposition 6. It suffices to verify Assumptions 18 and 19. Step 1 and Step 2 verify the

conditions underpinning Proposition 1 so that Assumption 18 is verified. Step 3 verifies Assumption

19.

Step 1. I first verify Part 1 of Proposition 1 for the sequence δn = max{δn,1, δn,2}, where

δn,j =

(
log n

n

) α0,j
2α0,j+1

for each j ∈ {1, 2}. To that end, it suffices to show that, for each j ∈ {1, 2}, there is a constant

C1,j > 0 such that

ΠMj
(||mj −m0,j||∞ < δn,j) ≥ exp(−C1,jnδ

2
n,j). (B.10)

Indeed, || · ||n,2 ≤ || · ||∞ and ΠM = ΠM1 ⊗ ΠM2 implies that if (B.10) holds, then, for C1 =

C1,1 + C1,2,

ΠM(m ∈ Bn,M(m0, δn)) ≥ exp
(
−C1nδ

2
n

)
for P∞

0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1, which is Part 1 of Proposition 1. To
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verify (B.10), I follow the argument of Proposition 1 in Giné and Nickl (2011) with appropriate mod-

ifications. Let m0,lk,j be the coefficients in the wavelet series representation of m0,j . Since the supre-

mum norm of the difference m0,j−mj satisfies ||m0,j−mj||∞ ≤
∑∞

l=0 2
l/2max0≤k≤2l−1 |m0,lk,j−

2−l(α0,j+1/2)νlk,j|, the following inequality holds

ΠMj
(||mj −m0,j||∞ < δn,j) ≥ ΠMj

(
∞∑
l=0

2l/2 max
0≤k≤2l−1

|2−l(α0,j+1/2)νlk,j −m0,lk,j| < δn,j

)

Next, I write m̃0,lk,j = 2l(α0j+1/2)m0,lk,j and note that |m̃0,lk,j| ≤ ||m0,j||∞,∞,α0,j
≤ M to obtain

that

∞∑
l=0

2l/2 max
0≤k≤2l−1

|2−l(α0,j+1/2)νlk,j −m0,lk,j|

=
L∑
l=0

max
0≤k≤2l−1

2−lα0,j |νlk,j − m̃0,lk,j|+
∞∑

l=L+1

2−lα0,j max
0≤k≤2l−1

|νlk,j − m̃0,lk,j|

≤
L∑
l=0

max
0≤k≤2l−1

2−lα0,j |νlk,j − m̃0,lk,j|+ 2M
∞∑

l=L+1

2−lα0,j

≤
L∑
l=0

max
0≤k≤2l−1

2−lα0,j |νlk,j − m̃0,lk,j|+ 2−Lα0,jc1,j

where c1,j > 0 is a constant that depends on M and α0,j . Consequently,

L∑
l=0

max
0≤k≤2l−1

2−lα0,j |νlk,j − m̃0,lk,j| < δn,j − 2−Lα0,jc1,j =⇒ ||mj −m0,j||∞ < δn,j.

Now, if L is chosen such that 2L is of the order (n/ log n)1/(2α0,j+1), then I can use the above to

conclude that, for n large, there exists constants c2,j, c3,j > 0 such that

ΠMj
(||mj −m0,j||∞ < δn,j) ≥ ΠMj

(
L∑
l=0

max
0≤k≤2l−1

2−lα0,j |νlk,j − m̃0,lk,j| < c2,jδn,j

)

≥ ΠMj

(
max
0≤l≤L

max
0≤k≤2l−1

|νlk,j − m̃0,lk,j| < c3,jδn,j

)
,

Let S(L) =
∑L

l=0

∑2l−1
k=0 1 ≤ 2 · 2L. Since νlk,j are i.i.d U(−M,M) random variables and 2L is of
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the order δ−(1/α0,j)
n,j , it follows that

ΠMj

(
max
0≤l≤L

max
0≤k≤2l−1

|νlk,j − m̃0,lk,j| < c3,jδn,j

)
=

(
c3,jδn,j
2M

)S(L)
≥ exp(−c4,j log(1/δn,j)δ

− 1
α0,j

n,j )

≥ exp(−C1,jnδ
2
n,j)

where c4,j, C1,j > 0 are constants. This verifies Part 1 of Proposition 1. Since α0,1, α0,2 > 1/2, I

also know that δn = o(n−1/4).

Step 2. I verify Part 2 of Proposition 1. Since B is compact and β 7→ V −1(β) is continuous, an

application of the triangle inequality reveals that

E
P

(n)
0,Y X|W

[
sup

(β,m)∈B×BM(m0,δ)

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣
]

≲
∑

(j1,j2)∈{1,2}2
E
P

(n)
0,Y X|W

[
sup

mj1
∈Mj1

:||mj1
−m0,j1

||n,2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))εi,j2

∣∣∣∣∣
]

Since εj2 is subgaussian conditional on W for all j2 ∈ {1, 2}, Corollary 2.2.9 of van der Vaart and

Wellner (2023a) yields the following bound

∑
(j1,j2)∈{1,2}2

E
P

(n)
0,Y X|W

[
sup

mj1
∈Mj1

:||mj1
−m0,j1

||n,2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))εi,j2

∣∣∣∣∣
]
≲ ωn(δ),

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1, where

ωn(δ) =

∫ δ

0

√
logN(τ,M1, || · ||n,2)dτ +

∫ δ

0

√
logN(τ,M2, || · ||n,2)dτ.

Since M1 and M2 are balls in the Besov spaces Bα0,1
∞,∞([0, 1]) and Bα0,2

∞,∞([0, 1]), respectively, and

|| · ||n,2 ≤ || · ||∞, I apply Theorem 4.3.36 of Giné and Nickl (2015) to conclude that∫ δ

0

√
logN(τ,Mj, || · ||n,2)dτ ≤ δ

1− 1
2α0,j .

for each j ∈ {1, 2}. Consequently, any sequence {δ̄n}n≥1 for which δ̄n ≥ n
− α0

(2α0+1) with α0 =

min{α0,1, α0,2} satisfies Part 2 of Proposition 1. Thus, δn = (n/ log n)−α0/(2α0+1) satisfies Part 2

of Proposition 1.
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Step 3. The argument of Step 2 establishes

E
P

(n)
0,Y X|W

[
sup

mj1
∈Mj1

:||mj1
−m0,j1

||n,2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))εi,j2

∣∣∣∣∣
]
≤

√
nδ2n ∀ j1, j2 ∈ {1, 2}

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1. Consequently, Assumption

19 is verified because U = ε1−β0ε2 is a linear combination of ε1 and ε2 and δn = o(n−1/4) implies
√
nδ2n → 0 as n→ ∞.

B.1.6 Proof of Propositions 7 and 8

I start with a lemma that is used to verify the second condition in Proposition 5. It is the only point

where the normality assumption in Proposition 7 is used (in particular, it is used in Step 2 of the

proof).

Lemma 16. Suppose that the following conditions hold

1. The distribution of the data satisfies (Y,X)|W ∼ N (m0(W ), V (β0))

2. There exists a constant C1 > 0 such that ΠM(m ∈ Bn,M(m0, δn)) ≥ exp(−C1nδ
2
n) for

P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1.

3. There exists sets {Mn}n≥1 such that ΠM(Mc
n) ≤ exp(−Mnδ2n) for some M > 0 large.

4. The sequence {δn}n≥1 satisfies nδ2n → ∞ and δn → 0 as n→ ∞.

Then, for prior Π = ΠB ⊗ ΠM with ΠB being the uniform distribution on [−B,B] and ΠM being

the prior described above, the posterior satisfies

Π(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Proof. The proof has two steps. The first step uses Condition 2 to show that the normalizing constant

of the posterior is bounded from below by exp(−Cnδ2n) with P (n)
0,Y X|W -probability approaching one
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as n → ∞. The second step uses the first step and Conditions 1, 3, and 4 to conclude the result.

Note that Step 2 is the only part of the argument in which correct specification (i.e., Condition 1) is

used.

Step 1. I start with the normalizing constant in the posterior. Since

Ln(β,m)

Ln(β0,m0)
=

Ln(β,m)

Ln(β,m0)
· Ln(β,m0)

Ln(β0,m0)
,

I know that

1

2B

∫
[−B,B]

∫
M

Ln(β,m)

Ln(β0,m0)
dΠM(m)dβ ≥ inf

β∈[−B,B]

∫
M

Ln(β,m)

Ln(β,m0)
dΠM(m)

× 1

2B

∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ

Step 2 of the proof of Proposition 1 yields that there exists a constant C1 > 0 such that

P
(n)
0,Y X|W

(
inf

β∈[−B,B]

∫
M

Ln(β,m)

Ln(β,m0)
dΠM(m) ≥ exp(−C1nδ

2
n)

)
−→ 1.

for P∞
0,W -almost every fixed sequence {wi}i≥1 of {Wi}i≥1 as n→ ∞. Now, I show that there exists

a constant C2 > 0 such that

P
(n)
0,Y X|W

(
1

2B

∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ ≥ exp(−C2nδ

2
n)

)
−→ 1

for P∞
0,W -almost every fixed sequence {wi}i≥1 of {Wi}i≥1 as n→ ∞. By the nonnegativity of the

integrand and the assumption that δn = o(1),∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ ≥

∫
BB(β0,δn)

Ln(β,m0)

Ln(β0,m0)
dβ

for large n, where BB(β0, δn) = {β ∈ R : |β − β0| < δn}. Using the expression for ℓn(β,m0), I

know

ℓn(β,m0)− ℓn(β0,m0) =
√
n(β − β0)

1√
n
ℓ̃n(β0,m0)−

1

2
n(β − β0)

2Ĩn(m0)

≥
√
n(β − β0)

1√
n
ℓ̃n(β0,m0)−

nδ2n
2
Ĩn(m0)
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Consequently, I can apply Part 3 of Lemma 14 to conclude that

P
(n)
0,Y X|W (

∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ ≥ exp(−c0

2
nδ2n)

∫
BB(β0,δn)

exp(
√
n(β − β0)

1√
n
ℓ̃n(β0,m0))dβ)

−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Now, letting λ(·) denote

the Lebesgue measure on R, I know that∫
BB(β0,δn)

exp

(√
n(β − β0)

1√
n
ℓ̃n(β0,m0)

)
dβ

= λ(BB(β0, δn))

∫
exp

(√
n(β − β0)

1√
n
ℓ̃n(β0,m0)

)
πδn(β)dβ,

where πδn(β) is the uniform distribution on BB(β0, δn). An application of Chebyshev’s inequality

and Jensen’s inequality reveals that

P
(n)
0,Y X|W

(∫
exp

(√
n(β − β0)

1√
n
ℓ̃n(β0,m0)

)
πδn(β)dβ < exp

(
−c0

2
nδ2n

))
= o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Consequently, the following holds

P
(n)
0,Y X|W

(∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ ≥ exp

(
−c0nδ2n

)
λ(BB(β0, δn))

)
= 1 + o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Since λ(BB(β0, δn)) = 2δn

and nδ2n → ∞, it follows that

P
(n)
0,Y X|W

(∫
[−B,B]

Ln(β,m0)

Ln(β0,m0)
dβ ≥ exp

(
−(c0 + 2)nδ2n

))
−→ 1

conditionally given P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Define

C2 = c0 + 2 to obtain the desired inequality.

Step 2. By Step 1, the event

An =

{
1

2B

∫
[−B,B]

∫
M

Ln(β,m)

Ln(β0,m0)
dΠM(m)dβ ≥ exp(−Cnδ2n)

}
,

where C = C1 + C2, satisfies P (n)
0,Y X|W (An) → 1 for P∞

0,W -almost every fixed realization {wi}i≥1
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of {Wi}i≥1. Consequently, I deduce that

E
P

(n)
0,Y X|W

[ΠM(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1)]

≤ E
P

(n)
0,Y X|W

[ΠM(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1)1{An}] + o(1)

≤ exp(Cnδ2n)

∫
[−B,B]

∫
Mc

n

E
P

(n)
0,Y X|W

Ln(β,m)

Ln(β0,m0)
dΠM(m)dβ + o(1)

= exp(Cnδ2n)ΠM(Mc
n) + o(1),

for P∞
0,W -almost every sequence {wi}i≥1 of {Wi}i≥1, where the first inequality uses the law of

total probability and the conclusion of Step 1 (i.e., P (n)
0,Y X|W (Acn) = o(1)), the second inequality

uses An and Fubini’s theorem, and the equality uses the assumption of correct specification (i.e.,

P0,Y X|W = N (m0(W ), V (β0))). Since ΠM satisfies ΠM(Mc
n) ≲ exp(−Mnδ2n) for M > 0 large,

I can find a constant C̃ > 0 such that the following holds

E
P

(n)
0,Y X|W

[ΠM(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1)] ≲ exp(−C̃nδ2n) + o(1).

for P∞
0,W -almost every sequence {wi}i≥1 of {Wi}i≥1. Since nδ2n → ∞ as n→ ∞ and convergence

in mean implies convergence in probability, the proof is complete.

Proof of Proposition 7. The proof has four steps. Step 1 proposes a candidate sequence {δn}n≥1

that satisfies Parts 1 and 4 of Proposition 2. Steps 2 and 3 then verify Parts 2 and 3 of Proposition 2,

respectively, to complete the verification of Assumption 18. Step 4 verifies Assumption 19.

Step 1. I first propose a sequence δn for which Part 1 of Proposition 2 holds. Applying Lemma

5.3 of van der Vaart and van Zanten (2008b), the marginal prior ΠMj
for mj satisfies the inequality

ΠMj
(||mj −m0j||∞ < δ) ≥ exp(−φm0,j ,j(δ/2))

for each j ∈ {1, 2} and any δ > 0, where δ 7→ φm0,j ,j(δ) for δ > 0 is the supremum norm

concentration function of the Matérn Gaussian process at m0,j . That is,

φm0,j ,j(δ) = inf
hj∈Hj :||hj−m0,j ||∞<δ

1

2
||hj||2Hj

− log ΠMj
(||mj||∞ < δ),
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for each δ > 0, where (Hj, || · ||Hj
) is the reproducing kernel Hilbert space (RKHS) associated

with the Matern Gaussian process mj . Applying Lemma 3 and 4 of van der Vaart and van Zanten

(2011), the minimal sequence δ̃n,j for which φm0,j ,j(δ̃n,j) ≤ nδ̃2n,j is δ̃n,j = n−min{αj ,α0,j}/(2αj+dw),

however, since I only require δn = o(n−1/4), it is without loss to set δn,j = max{δ̃n,j, n−αj/(2αj+dw)}

because αj > dw/2 guarantees that n−αj/(2αj+dw) = o(n−1/4) (in addition to α0,j > αj/2 + dw/4

guaranteeing δ̃n,j = o(n−1/4)). Furthermore, since δ 7→ φm0,j ,j(δ) is decreasing (Lemma 3 of

Castillo (2008)), it follows that φm0,j ,j(δn) ≤ nδ2n for δn = max{δn,1, δn,2}, and, as a result, I obtain

the inequality

ΠMj
(||mj −m0j||∞ < δn) ≥ exp(−nδ2n)

for each j ∈ {1, 2}. Hence, δn = max{δn,1, δn,2} meets the requirement that δn = o(n−1/4) and

Part 1 of Proposition 2 because || · ||n,2 ≤ || · ||∞ and ΠM = ΠM1 ⊗ ΠM2 . Notice that nδ2n → ∞

as n→ ∞, so Part 4 of Proposition 2 holds too. It remains to verify Parts 2 and 3 of Proposition 2

in order to check Assumption 18. This is the task of the next two steps.

Step 2. I construct sets {Mn}n≥1 such that Part 2 of Proposition 2 holds. These sets are

similar to those encountered in Theorem 3 of de Jonge and van Zanten (2013). For each n ≥ 1,

let Mn = Mn1 × Mn2 with Mnj = Mj

√
nδnHj,1 + γn,jC

aj
1 ([0, 1]dw) for each j ∈ {1, 2},

where Hj,1 = {f ∈ Hj : ||f ||Hj
≤ 1} is the unit ball in (Hj, || · ||Hj

), Caj
1 ([0, 1]dw) = {f ∈

Caj([0, 1]) : ||f ||aj ≤ 1} is the unit ball in (Caj([0, 1]dw), || · ||aj) for some aj ∈ (dw/2, αj),

γn,j = n−(αj−aj)/(2αj+dw), and Mj > 0 is a sufficiently large constant for each j ∈ {1, 2}. I show

that ΠM(Mn) ≲ exp(−Mnδ2n) for some large constant M > 0 so that I can use Lemma 16 to very

Part 2 of Proposition 2. Since mj takes values in (Caj([0, 1]dw), || · ||aj) for any aj < αj , I can view

mj as a Gaussian element in the Hölder space (Caj([0, 1]dw), || · ||aj) for aj ∈ (dw/2, αj). Such

an aj exists because αj > dw/2 by the assumption of the proposition. The RKHS is unchanged

because the space C([0, 1]dw) of real-valued continuous functions on [0, 1]dw is the completion of

the Hölder space Caj([0, 1]dw) with respect to the uniform norm || · ||∞ and || · ||∞ ≤ || · ||aj (see

Lemma 8.1 in van der Vaart and van Zanten (2008b)). I then apply Theorem 5.1 in van der Vaart
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and van Zanten (2008b) to conclude that the law ΠMj
satisfies

ΠMj
(Mc

nj) ≤ 1− Φ
(
Φ−1

(
ΠMj

(mj ∈ γn,jC
aj
1 ([0, 1]dw))

)
+Mj

√
nδn
)
,

where Φ(·) denotes the standard normal cumulative distribution function. Since the unit ball H1,j in

(Hj, || · ||Hj
) satisfies the metric entropy condition logN(τ,H1,j, || · ||aj) ≲ τ−2dw/(dw+2(αj−aj)) for

any τ > 0 (see Section 4.3 of van der Vaart and van Zanten (2011)), I can invoke the relationship

between the metric entropy of the unit ball in RKHS and small ball probabilities established in Li and

Linde (1999) to find a constant Lj > 0 such that ΠMj
(||mj||aj < γn,j) ≥ exp(−Ljγ

−dw/(αj−aj)
n,j )

for each j ∈ {1, 2}. Since γn,j = n−(αj−aj)/(2αj+dw) satisfies γ−dw/(αj−aj)
n,j = ndw/(2αj+dw) ≤

nδ2n because of the lower bound δn ≥ n−αj/(2αj+dw), it follows that ΠMj
(||mj||aj < γn,j) ≥

exp(−Ljnδ2n). Consequently, ΠMj
satisfies

ΠMj
(Mc

nj) ≤ 1− Φ
(
Φ−1

(
exp(−Ljnδ2n)

)
+Mj

√
nδn
)

for each j ∈ {1, 2}. Using the quantile function inequality Φ−1(p) ≥ −
√
2 log(1/p) for any p ∈

(0, 1), I know Φ−1 (exp(−Ljnδ2n)) ≥ −
√
2Ljnδ2n = −L̃j

√
nδn for L̃j =

√
2Lj . Consequently, I

obtain that ΠMj
(Mc

nj) ≲ 1 − Φ((Mj − L̃j)
√
nδn). By choosing Mj > L̃j arbitrarily large and

using the inequality Φ(z) ≥ 1−exp(−z2/2), it follows that ΠMj
(Mc

nj) ≲ exp(−1
2
(Mj− L̃j)2nδ2n)

for each j ∈ {1, 2}. Since ΠM(Mc
n) ≲ max{ΠM1(Mc

n1),ΠM2(Mc
n2)}, it follows that there exists

a large constantM > 0 such that ΠM(Mc
n) ≲ exp(−Mnδ2n). Applying Lemma 16, I then conclude

that the posterior satisfies ΠM(Mc
n|{(Yi, Xi, w

′
i)
′}ni=1) → 0 in P (n)

0,Y X|W -probability for P∞
0,W -almost

every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This verifies Part 2 of Proposition 2.

Step 3. I verify Part 3 of Proposition 2. Since B is compact and β 7→ V −1(β) is continuous, an

application of the triangle inequality reveals that

E
P

(n)
0,Y X|W

[
sup

(β,m)∈B×(Mn∩BM(m0,δ))

∣∣∣∣∣ 1√
n

n∑
i=1

(m(wi)−m0(wi))
′V −1(β)εi

∣∣∣∣∣
]

≲
∑

(j1,j2)∈{1,2}2
E
P

(n)
0,Y X|W

[
sup

mj1
∈Mn,j1

:||mj1
−m0,j1

||n,2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))εi,j2

∣∣∣∣∣
]
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conditionally given P∞
0,W -almost every realization {wi}i≥1 of the sequence {Wi}i≥1. Since εj2 is

subgaussian conditional on W for all j2 ∈ {1, 2}, Corollary 2.2.9 of van der Vaart and Wellner

(2023a) implies

∑
(j1,j2)∈{1,2}2

E
P

(n)
0,Y X|W

[
sup

mj1
∈Mn,j1

:||mj1
−m0,j1

||n,2≤δ

∣∣∣∣∣ 1√
n

n∑
i=1

(mj1(wi)−m0,j1(wi))εi,j2

∣∣∣∣∣
]
≲ ωn(δ),

conditionally given P∞
0,W -almost every realization {wi}i≥1 of the sequence {Wi}i≥1, where

ωn(δ) =

∫ δ

0

√
logN(τ,Mn,1, || · ||n,2)dτ +

∫ δ

0

√
logN(τ,Mn,2, || · ||n,2)dτ

I show that ωn(δn) ≲
√
nδ2n for the choice of δn proposed in Step 1. Using the definition of Mnj

and || · ||n,2 ≤ || · ||∞, I deduce that

logN(τ,Mn,j, || · ||n,2) ≤ logN(τ/2,Mj

√
nδnHj,1, || · ||∞) + logN(τ/2, γn,jC

aj
1 ([0, 1]), || · ||∞),

and, as a result, I can use the metric entropy bound of the RKHS unit ball Hj,1 stated in Step 2 and

Theorem 2.7.1 of van der Vaart and Wellner (2023a) to conclude that

logN(τ,Mj

√
nδnHj,1, || · ||∞) ≲

(√
nδn
τ

) 2dw
2αj+dw

and

logN(τ, γn,jC
aj
1 ([0, 1]), || · ||∞) ≲

(γn,j
τ

) dw
aj .

This implies that the metric entropy integral satisfies∫ δn

0

√
logN(τ,Mn,j, || · ||∞)dτ ≲ n

dw
4αj+2dw δn + γ

dw
2aj

n,j δ

2aj−dw

2aj
n .

Direct calculations reveal that

n
dw

4αj+2dw δn + γ
dw
2aj

n,j δ

2aj−dw

2aj
n ≲

√
nδ2n ∀ j ∈ {1, 2},

so δn satisfies Part 3 of Proposition 2.

Step 4. I now verify Assumption 19 for Mn ∩B(m0, Dδn), where {Mn}n≥1 is the sequence
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introduced in Step 2. Since U = ε1 − β0ε2 and
√
nδ2n = o(1), the maximal inequalities from Step

3 also verify Assumption 19 through an application of the triangle inequality. This completes the

proof.

Proof of Proposition 8. It suffices to verify the conditions of Theorem 12.9 of Ghosal and Van der

Vaart (2017), an extension of Theorem 2 in Castillo (2012a). This involves four steps. Step 1

proposes a subsets of the parameter space [−B,B] × H for which the posterior concentrates as

n→ ∞. Step 2 verifies a LAN condition along the sets from Step 1 to check condition (12.13) of

Ghosal and Van der Vaart (2017). Step 3 uses the subsets from Step 1 to verify condition (12.14)

of Ghosal and Van der Vaart (2017). Step 4 uses the previous steps to establish the claim of the

proposition.

Step 1. In order to verify Theorem 12.9 of Ghosal and Van der Vaart (2017), I first construct

sequences {ζn}n≥1 and {Hn}n≥1 such that Hn ⊆ H, ζn → 0 as n → ∞, nζ2n → ∞ as n → ∞,

and

Π
(
(β, η) ∈ [−B,B]×Hn : |β − β0| < Dζn, ||η − η0||n,2 < D̄ζn

∣∣{(Yi, Xi, w
′
i)
′}ni=1

) P (n)
0,Y X|W−→ 1

(B.11)

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where D > 0

and D̄ > 0 are sufficiently large constants. Rather than showing (B.11) directly, I start by showing

a preliminary result:

Π

(β, η) ∈ [−B,B]×Hn :

√√√√ 1

n

n∑
i=1

(fi(β, η)− fi(β0, η0))2 < Dζn

∣∣∣∣∣∣{(Yi, xi, w′
i)
′}ni=1

 P
(n)
0,Y |XW−→ 1

(B.12)

for P∞
0,XW -almost every fixed realization {(xi, w′

i)}i≥1 of {(Xi,W
′
i )

′}i≥1 as n → ∞, where

fi(β, η) = xiβ + η(wi) for each (β, η) ∈ [−B,B]×H, P (n)
0,Y |XW =

⊗n
i=1 P0,Y |xi,wi

with P0,Y |xi,wi

denoting the probability distribution associated with the true conditional density p0,Y |X,W (·|xi, wi) of

Y givenX = xi andW = wi, and P∞
0,WX is the joint law of the i.i.d sequence {(Xi,W

′
i )

′}i≥1. Theo-

rem 4 of Ghosal and van der Vaart (2007) implies ζn = max{n−min{αη ,α0,η}/(2αη+dw), n−αη/(2αη+dw)}
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satisfies the posterior contraction condition

Π

(β, η) ∈ [−B,B]×H :

√√√√ 1

n

n∑
i=1

(fi(β, η)− fi(β0, η0))2 < Dζn

∣∣∣∣∣∣{(Yi, xi, w′
i)
′}ni=1

 P
(n)
0,Y |XW−→ 1

(B.13)

for P∞
0,WX-almost every fixed realization {(xi, w′

i)
′}i≥1 of {(Xi,W

′
i )

′}i≥1 as n → ∞ for a suffi-

ciently large constant D > 0. Indeed, Lemmas 3–4 of van der Vaart and van Zanten (2011) and

Lemma 3 of Castillo (2008) imply that the supremum norm concentration function φη0 of the Matérn

Gaussian process at η0 satisfies φη0(ζn) ≤ nζ2n, and, as a result, Theorem 4 of Ghosal and van der

Vaart (2007) can be verified for dn equal to the empirical L2 norm based on {(x1, w′
1)

′, ..., (xn, w
′
n)

′},

εn = ζn, and Θn = [−B,B] ×H∗
n with {H∗

n}n≥1 being the sieves from Theorem 2.1 of van der

Vaart and van Zanten (2008a) in order to establish (B.13).1 To finish verifying (B.12), I propose sets

{Hn}n≥1 such that

Π(η ∈ Hc
n|{(Yi, xi, w′

i)
′}ni=1)

P
(n)
0,Y |XW−→ 0 (B.14)

for P∞
0,XW -almost every fixed realization {(xi, w′

i)
′}i≥1 of {(Xi,W

′
i )

′}i≥1 as n → ∞. For each

n ≥ 1, let Hn = H̃n ∩
{
η ∈ H : |G(mn,2, η)| ≤ 2

√
nζn||mn,2||Hη

}
, where H̃n = M

√
nζnHη,1 +

γnC
aη
1 ([0, 1]dw) with Caη

1 ([0, 1]dw) being the unit ball in the Hölder space (Caη([0, 1]dw), || · ||aη) for

aη ∈ (dw/2, αη), Hη,1 being the unit ball in the RKHS (Hη, || · ||Hη), γn = n−(αη−aη)/(2αη+dw), M >

0 being a sufficiently large positive constant, and G(mn,2, η) being a centered Gaussian random

variable with variance ||mn,2||2Hη
under ΠH with {mn,2}n≥1 being a sequence in the RKHS (Hη, || ·

||Hη) such that ||mn,2||Hη ≤ 2
√
nρn and ||mn,2−m02||∞ ≤ ρn for ρn = n−min{αη ,α0,2}/(2αη+dw). The

sequences {mn,2}n≥1 and {ρn}n≥1 exist because infh∈Hη :||h−m02||∞<ρn
1
2
||h||2Hη

≤ nρ2n by Lemma 3

of van der Vaart and van Zanten (2011). Following a similar argument to Step 2 of Proposition 4, ΠH

satisfies ΠH(H̃c
n) ≲ exp(−Mnζ2n). Moreover, the Gaussian tail bound P (Z > z) ≤ exp(−z2/2)

1That is, H∗
n = ζnC1([0, 1]) +MnHη,1, where C1([0, 1]) = {f ∈ C([0, 1]) : ||f ||∞ ≤ 1} is the unit ball in

space of continuous functions C([0, 1]) equipped with the supremum norm || · ||∞, Hη,1 is the unit ball in the RKHS
(Hη, || · ||Hη

) associated with the Gaussian process η, and Mn is a positive constant.
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for Z ∼ N (0, 1) implies ΠH(|G(mn,2, η)| > 2
√
nζn||mn,2||Hη) ≤ exp(−nζ2n). Consequently,

(B.14) holds by an application of Lemma 1 in Ghosal and van der Vaart (2007), a result that is

valid in this setting because Kullback-Leibler balls of the form (3.5) in their paper are contained

in empirical L2 balls {(β, η) : (n−1
∑n

i=1(fi(β, η) − fi(β0, η0))
2)1/2 < ζn} and Π = ΠB ⊗ ΠH

satisfies Π((n−1
∑n

i=1(fi(β, η) − fi(β0, η0))
2)1/2 < ζn) ≥ exp(−nζ2n) when ΠB = U([−B,B]),

ΠH is the law of a centered Matérn gaussian process, and φη0(ζn) ≤ nζ2n. The posterior contraction

(B.12) follows from (B.13), (B.14), and the law of total probability. With (B.12) established, I

turn to the verification of (B.11). By the Bounded Convergence Theorem and i.i.d assumption on

{(Yi, Xi,W
′
i )

′}i≥1, (B.12) implies

Π

(β, η) ∈ [−B,B]×Hn :

√√√√ 1

n

n∑
i=1

(fi(β, η)− fi(β0, η0))2 < Dζn

∣∣∣∣∣∣{(Yi, Xi, w
′
i)
′}ni=1


P

(n)
0,Y X|W−→ 1 (B.15)

for P∞
0,W -almost every fixed realization {wi}i≥ of {Wi}i≥1 as n → ∞. For each (β, η), define a

function h(·, β, η) : [0, 1]dw → R as follows h(w, β, η) = m02(w)(β − β0) + η(w)− η0(w). Since

the centered empirical process { 1√
n

∑n
i=1 εi2h(wi, β, η) : (β, η) ∈ [−B,B]× H̃n} is a subgaussian

process with seminorm given by ||h(·, β1, η1)−h(·, β2, η2)||n,2, appropriate modifications of Lemma

A.3 in Yang et al. (2015) reveal

sup
(β,η)∈[−B,B]×H̃n


∣∣∣ 1√

n

∑n
i=1 εi2h(wi, β, η)

∣∣∣
√
nζnmax{||h(·, β, η)||n,2 log n, ζn}

 = O
P

(n)
0,Y X|W

(1) (B.16)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Combining (B.16) with the

identification condition EP0 [ε
2
2] ∈ (0,∞), a similar argument to that encountered on p. 26 of Yang

et al. (2015) can then be used to show that (B.15) implies

Π((β, η) ∈ [−B,B]×Hn : |β − β0| < Dζn|{(Yi, Xi, w
′
i)
′}ni=1) = 1 + o

P
(n)
0,Y X|W

(1) (B.17)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞ for D > 0 large. Applying
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the triangle inequality, it follows by (B.15), (B.17), EP0 [ε
2] ∈ (0,∞), and ||m02||∞ <∞ that

Π
(
(β, η) ∈ [−B,B]×Hn : |β − β0| < Dζn, ||η − η0||n,2 < D̄ζn

∣∣{(Yi, xi, w′
i)
′}ni=1

) P (n)
0,Y |XW−→ 1,

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1, where D̄ > 0 can be taken as any

constant that satisfies D̄ > max{2D, 2D||m02||∞}.

Step 2. I verify (12.13) of Ghosal and Van der Vaart (2017). In my setting, this requires showing

that

sup
(β,η)∈B×Hn:|β−β0|<Dζn,||η−η0||n,2<D̄ζn

|R̄n(β, η)|
1 + n|β − β0|2

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where

R̄n(β, η) = ℓ̄n(β, η)− ℓ̄n(β0, η̃n(β, η))−
√
n(β − β0)

1√
n
ℓ̃n(β0,m0) +

1

2
n(β − β0)

2Ĩn(m0)

with

ℓ̄n(β, η) = −n
2
log 2π − n

2
log σ2

01 −
1

2σ2
01

n∑
i=1

(Yi −Xiβ − η(wi))
2

denoting the log-likelihood under the (β, η)-parametrization and

η̃n(β, η) = η + (β − β0)mn,2

for each (β, η) ∈ [−B,B]×H. Letting t = β − β0, a second-order Taylor expansion of ℓn(β0 +

t, η)− ℓn(β0, η − tmn,2) around t = 0 reveals that

ℓ̄n(β0 + t, η)− ℓ̄n(β0, η + tmn,2)

= t
1

σ2
01

n∑
i=1

(Ui − (η(wi)− η0(wi)))(Xi −mn,2(wi))

− t2

2

1

σ2
01

{
n∑
i=1

(Xi −mn2(wi))
2 + 2

n∑
i=1

(Xi −mn,2(wi))mn,2(wi)

}

=
√
n(β − β0)Tn,1 −

1

2
n(β − β0)

2Tn,2,
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where

Tn,1 =
1√
n

1

σ2
01

n∑
i=1

(Ui − (η(wi)− η0(wi)))(Xi −mn,2(wi))

and

Tn,2 =
1

σ2
01n

n∑
i=1

(Xi −mn2(wi))
2 +

2

nσ2
01

n∑
i=1

(Xi −mn,2(wi))mn,2(wi).

Consequently, to verify (12.13) of Ghosal and Van der Vaart (2017), it suffices to show that

sup
(β,η)∈B×Hn:|β−β0|<Dζn,||η−η0||n,2<D̄ζn

{
|
√
n(β − β0)|

1 + n|β − β0|2

∣∣∣∣Tn,1 − 1√
n
ℓ̃n(β0,m0)

∣∣∣∣} P
(n)
0,Y X|W−→ 0 (B.18)

and

sup
(β,η)∈B×Hn:|β−β0|<Dζn,||η−η0||n,2<D̄ζn

{
n |β − β0|2

1 + n|β − β0|2
∣∣∣Tn,2 − Ĩn(m0)

∣∣∣} P
(n)
0,Y X|W−→ 0 (B.19)

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n → ∞. I first show

condition (B.18). Since Xi −mn,2(wi) = Xi −m02(wi) +m02(wi)−mn,2(wi) for i = 1, ..., n, I

know that∣∣∣∣Tn,1 − 1√
n
ℓ̃n(β0,m0)

∣∣∣∣ ≤
∣∣∣∣∣ 1

σ2
01

√
n

n∑
i=1

Ui(m02(wi)−mn,2(wi))

∣∣∣∣∣
+

∣∣∣∣∣ 1

σ2
01

√
n

n∑
i=1

(η(wi)− η0(wi))εi2

∣∣∣∣∣
+

∣∣∣∣∣ 1

σ2
01

√
n

n∑
i=1

(η(wi)− η0(wi))(mn,2(wi)−m02(wi))

∣∣∣∣∣
By Chebyshev’s inequality, the fact that V arP0 [U |X,W ] = σ2

01, and ||mn,2 − m02||∞ → 0 as

n→ ∞, ∣∣∣∣∣ 1√
n

n∑
i=1

Ui(m02(wi)−mn,2(wi))

∣∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Since αη > dw/2 and α0,η > αη/2 +
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dw/4, a symmetric argument to that encountered in Proposition 4 implies that∫ D̄ζn

0

√
logN(τ,Hn, || · ||n,2)dτ → 0,

and, as a result, it follows by Corollary 2.2.9 of van der Vaart and Wellner (2023a) that

sup
η∈Hn:||η−η0||n,2<D̄ζn

∣∣∣∣∣ 1√
n

n∑
i=1

εi2(η(wi)− η0(wi))

∣∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Finally, an application of

Cauchy-Schwarz and the fact that || · ||n,2 ≤ || · ||∞ reveals that

sup
η∈Hn:||η−η0||n,2<D̄ζn

∣∣∣∣∣ 1√
n

n∑
i=1

(η(wi)− η0(wi))(mn,2(wi)−m02(wi))

∣∣∣∣∣ ≲ √
nζnρn = o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, where convergence holds

because αη > dw/2 and α0,η > αη/2 + dw/4 implies
√
nζn = o(n1/4) and α0,2 > αη/2 + dw/4

implies ρn = o(n−1/4). Consequently,

sup
η∈Hn:||η−η0||n,2<D̄ζn

∣∣∣∣Tn,1 − 1√
n
ℓ̃n(β0,m0)

∣∣∣∣ P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This verifies (B.18) because

the ratio |
√
n(β−β0)|/(1+n|β−β0|2) ≤ 1/2 for all β by the arithmetic-geometric mean inequality.

For (B.19), Xi − mn,2(wi) = Xi − m02(wi) + m02(wi) − mn,2(wi) implies that Tn,2 − Ĩn(m0)

satisfies∣∣∣Tn,2 − Ĩn(m0)
∣∣∣ ≲ ∣∣∣∣∣ 1n

n∑
i=1

εi2(mn,2(wi)−m02(wi))

∣∣∣∣∣+ 1

n

n∑
i=1

(mn,2(wi)−m02(wi))
2

+

∣∣∣∣∣ 1n
n∑
i=1

εi2m02(wi)

∣∣∣∣∣+
∣∣∣∣∣ 1n

n∑
i=1

(mn,2(wi)−m02(wi))m02(wi)

∣∣∣∣∣
Since ||mn,2 −m02||∞ → 0 as n→ ∞ and supw∈[0,1]dw V arP0(ε2|W = w) <∞, an application of

Chebyshev’s inequality reveals that∣∣∣∣∣ 1n
n∑
i=1

εi2(mn,2(wi)−m02(wi))

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0 and

∣∣∣∣∣ 1n
n∑
i=1

εi2m02(wi)

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0
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conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Moreover, the

convergence ||mn,2 −m02||∞ → 0 as n→ ∞ implies that

1

n

n∑
i=1

(mn,2(wi)−m02(wi))
2 −→ 0 and

∣∣∣∣∣ 1n
n∑
i=1

(mn,2(wi)−m02(wi))m02(wi)

∣∣∣∣∣ −→ 0

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n → ∞. This verifies

(B.19) because n|β − β0|2/(1 + n|β − β0|2) ≤ 1 for all β.

Step 3. The next step is to verify (12.14) of Ghosal and Van der Vaart (2017). In my setting, this

requires

sup
(β,η)∈B×Hn:|β−β0|<Dζn,||η−η0||n,2<D̄ζn

| log(dΠn,β,H(η)/dΠH(η))|
1 + n|β − β0|2

−→ 0,

where Πn,β,H is the law of η̃n(β, η) under ΠH for β fixed. Since {mn,2}n≥1 is a sequence in the

RKHS (Hη, || · ||Hη), I can apply the Cameron-Martin theorem to obtain

log
dΠn,β,H(η)

dΠH(η)
= (β − β0)G(mn,2, η)−

1

2
|β − β0|2||mn,2||2Hη

,

where G(mn,2, η) ∼ N (0, ||mn,2||2Hη
) under ΠH. Since {η : |G(mn,2, η)| ≤ 2

√
nζn||mn,2||Hη} ⊆

Hn and ||mn,2||Hη ≤ 2
√
nρn, I know that

sup
(β,η)∈B×Hn:|β−β0|<Dζn,||η−η0||n,2<D̄ζn

| log(dΠn,β,H(η)/dΠH(η))|
1 + n|β − β0|2

≲
√
nζnρn + ρ2n = o(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞ because the sequences

satisfy ρn → 0 and
√
nρnζn → 0 as n→ ∞.

Step 4. The results from Steps 1–3 permit an application of Theorem 12.9 of Ghosal and Van der

Vaart (2017) provided that I can show that the posterior satisfies

sup
|β−β0|<Dζn

Π
(
η̃n(β, {η ∈ Hn : ||η − η0||n,2 < D̄ζn})c

∣∣{(Yi, Xi, wi)
′}ni=1, β = β0

) P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. By definition of η̃n(β, η), I
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know that

η̃n(β, {η ∈ Hn : ||η − η0||n,2 < D̄ζn}) = H̃n(β) ∩ {η : ||η − (β − β0)mn,2 − η0||n,2 < D̄ζn}

∩ {η : |G(mn,2, η − (β − β0)mn,2)| ≤ 2
√
nζn||mn,2||Hη},

where H̃n(β) = H̃n + (β − β0)mn,2. Hence, an application of De Morgan’s law and the union

bound implies that it suffices to show

sup
|β−β0|<Dζn

Π
(
H̃n(β)

c
∣∣∣{(Yi, Xi, wi)

′}ni=1, β = β0

) P
(n)
0,Y X|W−→ 0 (B.20)

sup
|β−β0|<Dζn

Π
(
||η − (β − β0)mn,2 − η0||n,2 ≥ D̄ζn

∣∣{(Yi, Xi, wi)
′}ni=1, β = β0

) P (n)
0,Y X|W−→ 0 (B.21)

sup
|β−β0|<Dζn

Π
(
|G(mn,2, η − (β − β0)mn,2)| > 2

√
nζn||mn,2||Hη

∣∣{(Yi, Xi, wi)
′}ni=1, β = β0

)
P

(n)
0,Y X|W−→ 0 (B.22)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. For the probability (B.20),

the sets H̃n(β), |β−β0| < Dζn, hardly differ from H̃n because sup|β−β0|<Dζn ||(β−β0)mn,2||Hη ≲
√
nζnρn = o(1). Consequently, a similar argument to Step 1 can be used to check (B.20). For the

probability (B.21), the inequality ||(β−β0)mn,2||n,2 ≤ Dζnρn+Dζn||m02||∞ for all |β−β0| < Dζn

implies the set inclusion {η : ||η − (β − β0)mn,2 − η0||n,2 ≥ D̄ζn} ⊆ {η : ||η − η0||n,2 ≥

D̄ζn − 2Dζn||m02||∞} for large n, by the triangle inequality and the fact that ρnζn → 0 faster than

ζn → 0. By setting D̄ > 0 large, I can guarantee that D̄ − 2D||m02||∞ > 0 is also large and follow

the same argument as Step 1 to check (B.21). For (B.22), Lemma 13 of Ray and van der Vaart

(2020) implies G(mn,2, η − (β − β0)mn,2) ∼ N ((β − β0)||mn,2||2Hη
, ||mn,2||2Hη

) for η ∼ ΠH and β

fixed, and, as a result, G(mn,2, η − (β − β0)mn,2) = G(mn,2, η) + (β − β0)||mn,2||2Hη
for β fixed.

Since the inequality sup|β−β0|<Dζn |β − β0| · ||mn,2||Hη ≤ D
√
nζnρn ≤

√
nζn holds for large n (as

√
nζnρn → 0 as n→ ∞ and nζ2n → ∞ as n→ ∞), it follows that (B.22) also holds by a similar

argument to Step 1. This verifies all the conditions for Theorem 12.9 in Ghosal and Van der Vaart

(2017).
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B.1.7 Proof of Theorem 3

Proof of Theorem 3. The proof has two steps. Step 1 proves Part 1 by relating the objective function

to least squares. Step 2 uses the results from Step 1 to prove the second statement of the theorem.

Step 1. Let Z = (Y,X)′. I use the definition of Kullback Leibler divergence and the expression

for pβ,m to conclude that

EP0

[
KL

(
p0,Y X|W (·|W ), pβ,m(·|W )

)]
= EP0 [log p0,Y X|W (Y,X|W )]− EP0 [log pβ,m(Y,X|W )]

= EP0 [log p0,Y X|W (Y,X|W )] +
1

2
log 4π2 +

1

2
log detV (β)

+
1

2
EP0 [(Z −m(W ))′V −1(β)(Z −m(W ))].

Note that the expectation is finite for all (β,m) ∈ B×M by Assumption 16, M ⊆ L2(W)×L2(W),

and the fact that detV (β) = σ2
01σ

2
02 > 0. Next, I write Z = m0(W ) + ε and note that ε =

Z −m0(W ) satisfies EP0 [ε|W ] = 0. Consequently, the law of iterated expectations implies

1

2
EP0

[
(Z −m(W ))′V (β)−1(Z −m(W ))

]
=

1

2
EP0

[
(ε+m0(W )−m(W ))′V (β)−1(ε+m0(W )−m(W ))

]
=

1

2
EP0 [(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))] +

1

2
EP0 [ε

′V (β)−1ε].

Assumption 16 and V (β)−1 being symmetric and positive-definite guarantees EP0 [ε
′V (β)−1ε] ∈

(0,∞). Positive-definiteness of V (β) follows from Sylvester’s criterion because σ2
01 + β2σ2

01 > 0

and detV (β) = σ2
01σ

2
02 > 0. Hence, I can combine this with the above to conclude that there is a

constant C(β) ∈ (−∞,∞) such that

EP0 [KL (p0(·|W ), pβ,m(·|W ))] = C(β) +
1

2
EP0 [(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))].

Consequently, it suffices to solve

min
m∈M

EP0

[
(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))

]
. (B.23)
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I establish that m0 uniquely solves (B.23). First, m0 minimizes the objective function because

EP0

[
(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))

]
≥ 0

for all m ∈ M with equality at m = m0 and the nuisance parameter space is chosen so that

m0 ∈ M (i.e., m0 is feasible). For uniqueness, I note that the positive-definiteness of V (β)−1

implies

EP0

[
(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))

]
≥ λmin(V (β)−1)

{
EP0 [(m1(W )−m01(W ))2] + EP0 [(m2(W )−m02(W ))2]

}
(B.24)

and

EP0

[
(m(W )−m0(W ))′V (β)−1(m(W )−m0(W ))

]
≤ λmax(V (β)−1)

{
EP0 [(m1(W )−m01(W ))2] + EP0 [(m2(W )−m02(W ))2]

}
, (B.25)

Using the definition of the L2-norm, it follows that

EP0 [(m1(W )−m01(W ))2] + EP0 [(m2(W )−m02(W ))2] > 0

if and only if there exists j ∈ {1, 2} such that

P0(mj(W ) ̸= m0j(W )) > 0.

From this, I conclude that m0 is the unique solution to (B.23) in an almost-sure sense.

Step 2. Based on the results of Step 1, it is sufficient to solve

min
β∈B

EP0 [KL(p0(·|W ), pβ,m0(·|W ))].

to obtain the second assertion of the theorem. The factorization of a bivariate normal distribution

into its conditional and marginal distributions offers further simplification because it reduces the
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problem to solving

min
β∈B

EP0

[
1

2σ2
01

(Y −m01(W )− (X −m02(W ))β)2
]
.

Adding and subtracting (X − m02(W ))β0 and invoking Part 4 of Assumption 16, I can find a

constant C ∈ (−∞,∞) that does not depend on β such that

EP0

[
1

2σ2
01

(Y −m01(W )− (X −m02(W ))β)2
]
= C +

1

2σ2
01

(β − β0)
2EP0 [(X −m02(W ))2],

and, as a result, it suffices to solve the least squares problem

min
β∈B

{
1

2σ2
01

(β − β0)
2EP0 [(X −m02(W ))2]

}
. (B.26)

Since the objective function is nonnegative and equal to zero when β = β0 (feasible because

β0 ∈ B), it follows that β0 is a solution to (B.26). Uniqueness follows Part 2 of Assumption 16

because the restriction EP0 [(X −m02(W ))2] ∈ [c, c] implies that the objective function is equal to

0 if and only if β = β0.

B.2 Multivariate Extension

The main text assumes that σ2
01 is known and treats X as a scalar random variable, however, this

was largely for expositional reasons and can be relaxed with minor modifications to the assumptions.

This section presents an extension of Theorem 1 to allow for unknown σ2
01 and multivariate X .

B.2.1 DGP, Bayesian Model, and Assumptions about Posterior Concentra-

tion

Data-Generating Process

Assumption 24 extends Assumption 16 to allow for multivariateX and unknown σ2
01. The conditions

are virtually the same except the existence of fourth moments for the projection errors Y −EP0 [Y |X]
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(in Part 4) arises due to the estimation of σ2
01. For notation, the symbol || · ||2 refers to the Euclidean

norm.

Assumption 24. The distribution of the data P0 satisfies the following restrictions:

1. The conditional distribution of Y givenX andW satisfiesEP0 [Y |X,W ] = X ′β0+η0(W ) and

V arP0 [Y |X,W ] = σ2
01 for some (β0, η0, σ2

01) ∈ B×H×R++, where B ⊆ Rdx , H ⊆ L2(W).

2. There are constants 0 < c < c < ∞ such that c < λmin(EP0 [(X − EP0 [X|W ])(X −

EP0 [X|W ])′]) and λmax(EP0 [(X − EP0 [X|W ])(X − EP0 [X|W ])′]) ≤ c.

3. The conditional distribution of (Y,X ′)′ given W has a density p0,Y X|W with respect to the

Lebesgue measure and EP0| log p0,Y X|W (Y,X|W )| ∈ (0,∞)

4. Projection errors Y −EP0 [Y |W ] andX−EP0 [X|W ] are such that EP0 [(Y −EP0 [Y |W ])4] ∈

(0,∞) and EP0 [||X − EP0 [X|W ]||42] ∈ (0,∞).

Bayesian Model

I extend the Bayesian model from Section 2 of the main text to accommodate multivariate X and

unknown σ2
01. I parametrize the sampling model in terms of precision ξ0 = 1/σ2

01, which means

that the extension of the sampling model is

Yi|{Xi,Wi}ni=1, β,m, ξ
ind∼ N (m1(Wi) + (Xi −m2(Wi))

′β, ξ−1) (B.27)

Xi|{Wi}ni=1, β,m, ξ
ind∼ N (m2(Wi),Σ02) (B.28)

for i = 1, ..., n, where β ∈ B ⊆ Rdx , m = (m1,m2) ∈ M1 ×
∏dx

k=1M2,k ⊆ L2(W)dx+1,

ξ ∈ Ξ with Ξ = [σ−2, σ−2] for some 0 < σ < σ < ∞, and Σ02 is a known positive-definite

matrix. The first display imposes the multivariate version of the Robinson (1988) transformation.

The second display is included solely for identifiability of m02, and, as a result, it is without

loss of generality to treat Σ02 as known (e.g., Σ02 = Idx) as it has no intrinsic meaning (like

σ2
02 in the main text). Let Ln(β, ξ,m) be the (quasi-)likelihood implied by (B.27)–(B.28) and
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let ℓn(β, ξ,m) = logLn(β, ξ,m). For the prior, I assume that (β, ξ) ∼ ΠB×Ξ, m ∼ ΠM, and

(β, ξ) ⊥⊥ m. Consequently, the joint prior is Π = ΠB×Ξ ⊗ ΠM.

Assumption 25. The following conditions hold:

1. The prior Π is chosen so that P∞
0 (
∫
B×M Ln(β, ξ,m)dΠ(β, ξ,m) ∈ (0,∞)) = 1.

2. The prior ΠB×Ξ has a Lebesgue density πB×Ξ that is continuous and positive over a neighbor-

hood of the true parameter (β0, ξ0).

Assumption 25 implies that the posterior Π((β, ξ,m) ∈ ·|{(Yi, X ′
i,W

′
i )

′}ni=1) is obtained via

Bayes rule,

Π((β, ξ,m) ∈ A|{(Yi, Xi,W
′
i )

′}ni=1) =

∫
A
Ln(β, ξ,m)dΠ(β, ξ,m)∫

B×M Ln(β, ξ,m)dΠ(β, ξ,m)
,

where A is a measurable set.

Assumptions on Nuisance Posterior

The next two assumptions extend Assumptions 18 and 19 to accommodate multivariate X and

unknown σ2
01. The estimation of σ2

01 explains why Assumption 27 is stated slightly differently to

Assumption 19 because an unknown scale parameter σ2
01 introduces a multiplier empirical process

that involves the interaction between U and m1 −m01. In the case where dx = 1, one can check

that Assumption 27 implies Assumption 19 by an application of the triangle inequality and the

fact that U = ε1 − ε′2β0. For notation, Bn,M(m0, δ) = {m ∈ M : max{||m1 −m01||n,2, ||m2,1 −

m02,1||n,2, ..., ||m2,dx −m02,dx||n,2} < δ} with m2,k, k ∈ {1, ..., dx}, being components of m2, and

|| · ||op is the operator norm of a matrix induced by the Euclidean norm || · ||2 (i.e., the spectral

norm).

Assumption 26. There exists a sequence {δn}n≥1 such that

δn = o(n−1/4)
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and

Π(Bn,M(m0, Dδn)|{(Yi, Xi, w
′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where D > 0 is a large

constant.

Assumption 27. There are sets {Mn}n≥1 such that

Π(Mn|{(Yi, Xi, w
′
i)
′}ni=1)

P
(n)
0,Y X|W−→ 1

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣ 1√
n

n∑
i=1

εi1(m1(wi)−m01(wi))

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

εi2(m1(wi)−m01(wi))

∣∣∣∣∣
∣∣∣∣∣
2

P
(n)
0,Y X|W−→ 0

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

εi1(m2(wi)−m02(wi))

∣∣∣∣∣
∣∣∣∣∣
2

P
(n)
0,Y X|W−→ 0

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

εi2(m2(wi)−m02(wi))
′

∣∣∣∣∣
∣∣∣∣∣
op

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

B.2.2 Extensions of Lemma 14 and 15 to Multivariate X and Unknown σ201

This section extends Lemmas 14 and 15 to allow for unknown σ2
01 and multivariate X . I start with

some notation. Let

ℓ̃n(β, ξ,m) =

 ℓ̃n,1(β, ξ,m)

ℓ̃n,2(β, ξ,m),


where

ℓ̃n,1(β, ξ,m) =
∂

∂β′ ℓn(β, ξ,m) = ξ
n∑
i=1

(Yi −m1(wi)− (Xi −m2(wi))
′β)(Xi −m2(wi))
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and

ℓ̃n,2(β, ξ,m) =
∂

∂ξ
ℓn(β, ξ,m) =

n

2ξ
− 1

2

n∑
i=1

(Yi −m1(wi)− (Xi −m2(wi))
′β)2.

Let

Ĩn(β, ξ,m) =

Ĩn,11(β, ξ,m) Ĩn,12(β, ξ,m)

Ĩn,21(β, ξ,m) Ĩn,22(β, ξ,m)

 ,

be a (dx + 1)× (dx + 1) symmetric matrix, where

Ĩn,11(β, ξ,m) = − ∂2

∂β∂β′
1

n
ℓn(β, ξ,m) = ξ

1

n

n∑
i=1

(Xi −m2(wi))(Xi −m2(wi))
′

Ĩn,12(β, ξ,m) = − ∂2

∂β∂ξ

1

n
ℓn(β, ξ,m) = − 1

n

n∑
i=1

(Yi −m1(wi)− (Xi −m2(wi))
′β)(Xi −m2(wi))

Ĩn,22(β, ξ,m) = − ∂2

∂ξ2
1

n
ℓn(β, ξ,m) =

1

2ξ2
.

The first result extends Lemma 14 to accommodate multivariate X and unknown σ2
01.

Lemma 17. Let {Mn ∩ Bn,M(m0, Dδn)}∞n=1 be the sets defined in Assumptions 26 and 27. If

Assumption 24 holds, then the following holds:

1. The collection of functions {ℓ̃n(β0, ξ0,m) : m ∈ M} satisfies

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n(β0, ξ0,m)− 1√

n
ℓ̃n(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

2. The collection of functions {Ĩn,11(β0, ξ0,m) : m ∈ M} satisfies

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣∣Ĩn,11(β0, ξ0,m)− Ĩn,11(β0, ξ0,m0)
∣∣∣∣∣∣
op

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

3. Let c0 = c/σ2
01 and c0 = c/σ2

01, where c and c are the constants Part 2 of Assumption 24. The
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following statements hold:

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
λmin(Ĩn,11(β0, ξ0,m)) ≥ c0

)
→ 1

and

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

λmax(Ĩn,11(β0, ξ0,m)) ≤ c0

)
→

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

4. Let θ = (β′, ξ)′ and let Rn(θ,m) be given by

Rn(θ,m) = ℓn(θ,m)− ℓn(θ0,m)− 1√
n
ℓ̃n(θ0,m0)

′√n(θ − θ0)

+
n

2
(θ − θ0)

′Ĩn(θ0,m0)(θ − θ0).

If Mn → ∞ arbitrarily slowly, then

sup
(θ,m)∈BB×Ξ(θ0,Mn/

√
n)×(Bn,M(m0,Dδn)∩Mn)

|Rn(θ,m)|
P

(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Proof. The proof has four steps with each step corresponding to the appropriate part of the lemma.

Step 1. Applying the triangle inequality, I know that∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n(β0, ξ0,m)− 1√

n
ℓ̃n(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

≤
∣∣∣∣∣∣∣∣ 1√

n
ℓ̃n,1(β0, ξ0,m)− 1√

n
ℓ̃n,1(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

+

∣∣∣∣ 1√
n
ℓ̃n,2(β0, ξ0,m)− 1√

n
ℓ̃n,2(β0, ξ0,m0)

∣∣∣∣
Consequently, it suffices to show that the following holds

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n,1(β0, ξ0,m)− 1√

n
ℓ̃n,1(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

P
(n)
0,Y X|W−→ 0 (B.29)

and

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣ 1√
n
ℓ̃n,2(β0, ξ0,m)− 1√

n
ℓ̃n,2(β0, ξ0,m0)

∣∣∣∣ P (n)
0,Y X|W−→ 0 (B.30)
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for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. For (B.29), I directly

expand ℓ̃n,1(β0, ξ0,m)− ℓ̃n,1(β0, ξ0,m0) and apply the triangle inequality to conclude

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n,1(β0, ξ0,m)− 1√

n
ℓ̃n,1(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

≤ sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

(m1(wi)−m01(wi))εi2

∣∣∣∣∣
∣∣∣∣∣
2

+ sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

(m2(wi)−m02(wi))(Ui − ε′i2β0)

∣∣∣∣∣
∣∣∣∣∣
2

+ sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

(m1(wi)−m01(wi))(m2(wi)−m02(wi))

∣∣∣∣∣
∣∣∣∣∣
2

+ sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

(m2(wi)−m02(wi))(m2(wi)−m02(wi))
′β0

∣∣∣∣∣
∣∣∣∣∣
2

Assumptions 26 and 27 then imply that

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n,1(β0, ξ0,m)− 1√

n
ℓ̃n,1(β0, ξ0,m0)

∣∣∣∣∣∣∣∣
2

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. For (B.30), let

Ui(m) = Yi −m1(wi)− (Xi −m2(wi))
′β0
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and observe that

1√
n
ℓ̃n,2(β0, ξ0,m) =

√
n

2ξ0
− 1

2
√
n

n∑
i=1

U2
i

− 1

2
√
n

n∑
i=1

((m1(wi)−m01(wi)) + (m2(wi)−m02(wi))
′β0)

2

+
2√
n

n∑
i=1

Ui[(m1(wi)−m01(wi)) + (m2(wi)−m02(wi))
′β0]

=
1√
n
ℓ̃n,2(β0, ξ0,m0)

− 1

2
√
n

n∑
i=1

((m1(wi)−m01(wi)) + (m2(wi)−m02(wi))
′β0)

2

+
2√
n

n∑
i=1

Ui[(m1(wi)−m01(wi)) + (m2(wi)−m02(wi))
′β0],

where I have used that Ui(m0) = Ui. Assumptions 26 and 27 then imply that

sup
m∈Bn,M(m0,Dδn)∩Mn

∣∣∣∣ 1√
n
ℓ̃n,2(β0, ξ0,m)− 1√

n
ℓ̃n,2(β0, ξ0,m0)

∣∣∣∣ P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This verifies (B.30).

Step 2. Adding and subtracting m02(wi), the block Ĩn,11(β0, ξ0,m) admits the decomposition:

Ĩn,11(β0, ξ0,m) = Ĩn(β0, ξ0,m0) +
ξ0
n

n∑
i=1

(m2(wi)−m02(wi))(m2(wi)−m02(wi))
′

− ξ0
n

n∑
i=1

εi2(m2(wi)−m02(wi))
′ − ξ0

n

n∑
i=1

(m2(wi)−m02(wi))ε
′
i2

Consequently, the triangle inequality and the fact that λmax(A) = λmax(A
′) reveals

∣∣∣∣∣∣Ĩn,11(β0, ξ0,m)− Ĩn,11(β0, ξ0,m0)
∣∣∣∣∣∣
op

≲

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(m2(wi)−m02(wi))(m2(wi)−m02(wi))
′

∣∣∣∣∣
∣∣∣∣∣
op

+

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

εi2(m2(wi)−m02(wi))
′

∣∣∣∣∣
∣∣∣∣∣
op

.
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Since δn = o(1),

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(m2(wi)−m02(wi))(m2(wi)−m02(wi))
′

∣∣∣∣∣
∣∣∣∣∣
op

−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Moreover, Assumption 27

implies

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

εi2(m2(wi)−m02(wi))
′

∣∣∣∣∣
∣∣∣∣∣
op

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. This establishes Part 2.

Step 3. I first show the result for the minimum eigenvalue. Since

λmin(Ĩn,11(β0, ξ0,m)) = ||Ĩ−1
n,11(β0, ξ0,m)||op,

it suffices to show that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣∣Ĩ−1
n,11(β0, ξ0,m)− Ĩ−1

n,11(β0, ξ0,m0)
∣∣∣∣∣∣
op

P
(n)
0,Y X|W−→ 0 (B.31)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Indeed, Parts 2 and 4 of

Assumption 24, Chebyshev’s inequality, and the strong law of large numbers implies that

P
(n)
0,Y X|W

(∣∣∣∣∣∣Ĩ−1
n,11(β0, ξ0,m0)

∣∣∣∣∣∣
op

≥ c0

)
−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. The convergence (B.31)

holds by Part 2 of the lemma and the continuous mapping theorem. Next, I show the result for the

maximum eigenvalue. Part 2 of Assumption 24 implies

P
(n)
0,Y X|W

(
||Ĩn,11(β0, ξ0,m0)||op ≤ c0

)
−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently, it follows by

Part 2 of this lemma, the triangle inequality, and the fact that ||A||op = λmax(A) that

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

λmax

(
Ĩn,11(β0, ξ0,m)

)
≤ c0

)
−→ 1
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for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 4. Let θ = (β′, ξ)′. Applying a second-order Taylor expansion, I know that

ℓn(θ,m)− ℓn(θ0,m) =
√
n(θ − θ0)

′ 1√
n
ℓ̃n(θ0,m)− 1

2
n(θ − θ0)

′Ĩn(θ̃n,m)(θ − θ0),

where θ̃n is on the line segment joining θ and θ0. Consequently, I want to show that

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣∣√n(θ − θ0)
′
(

1√
n
ℓ̃n(θ0,m)− 1√

n
ℓ̃n(θ0,m)

)∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

(B.32)

and

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣n(θ − θ0)
′
(
Ĩn(θ̃n,m)− Ĩn(θ0,m0)

)
(θ − θ0)

∣∣∣ = o
P

(n)
0,Y X|W

(1)

(B.33)

conditionally given P∞
0,W -almost every sequence {wi}i≥1 of {Wi}i≥1. For (B.32), Part 1 of the

lemma and the fact that Mn → ∞ arbitrarily slowly as n→ ∞ implies that

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣∣√n(θ − θ0)
′ 1√
n
ℓ̃n(θ0,m)−

√
n(θ − θ0)

′ 1√
n
ℓ̃n(θ0,m0)

∣∣∣∣
≤Mn sup

m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣ 1√
n
ℓ̃n(θ0,m)− 1√

n
ℓ̃n(θ0,m0)

∣∣∣∣
= o

P
(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. For (B.33), I apply the

Cauchy-Schwarz inequality, ||Ax||2 ≤ ||A||op||x||2 for a matrix A and Euclidean vector x, and the
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triangle inequality to conclude that

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣n(θ − θ0)
′
(
Ĩn(θ̃n,m)− Ĩn(θ0,m0)

)
(θ − θ0)

∣∣∣
≤M2

n sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣∣∣∣Ĩn(θ̃n,m)− Ĩn(θ0,m0)
∣∣∣∣∣∣
op

≤M2
n sup

(θ,m)∈BB×Ξ(θ0,
Mn√

n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣∣∣∣Ĩn(θ̃n,m)− Ĩn(θ̃n,m0)
∣∣∣∣∣∣
op

+M2
n sup
θ∈BB×Ξ(θ0,

Mn√
n
)

∣∣∣∣∣∣Ĩn(θ̃n,m0)− Ĩn(θ0,m0)
∣∣∣∣∣∣
op

Since supθ∈BB×Ξ(θ0,Mn/
√
n) ||θ̃n||2 = O(1) and the elements of Ĩn(θ,m)− Ĩn(θ,m0) are linear in θ,

Part 2 of the lemma implies the following convergence

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣∣∣∣Ĩn(θ̃n,m)− Ĩn(θ̃n,m0)
∣∣∣∣∣∣
op

= o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Moreover, since the

mapping θ 7→ Ĩn(θ,m0) is continuous over BB×Ξ(θ0,Mn/
√
n),

sup
θ∈BB×Ξ(θ0,

Mn√
n
)

∣∣∣∣∣∣Ĩn(θ̃n,m0)− Ĩn(θ0,m0)
∣∣∣∣∣∣
op

= o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently, I conclude

that if Mn → ∞ arbitrarily slowly as n→ ∞, then

sup
(θ,m)∈BB×Ξ(θ0,

Mn√
n
)×(Mn∩Bn,M(m0,Dδn))

∣∣∣n(θ − θ0)
′
(
Ĩn(θ̃n,m)− Ĩn(θ0,m0)

)
(θ − θ0)

∣∣∣ P (n)
0,Y X|W−→ 0

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Lemma 18. Let {Mn ∩ Bn,M(m0, Dδn)}∞n=1 be the sets defined in Assumptions 26 and 27. If

Assumptions 24, 25, 26, and 27 hold, then for every Mn → ∞,

sup
m∈Mn∩Bn,M(m0,Dδn)

Π
(
(β, ξ) ∈ BB×Ξ((β0, ξ0),Mn/

√
n)c|{(Yi, Xi,W

′
i )

′}ni=1,m
) P (n)

0,Y X|W−→ 0

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where the set

294



BB×Ξ((β0, ξ0),Mn/
√
n) is a Euclidean ball centered at (β0, ξ0) with radius Mn/

√
n.

Proof. The proof has two steps. The first step derives a uniform upper bound for the numerator of

the conditional posterior. The second step derives a uniform lower bound for the denominator of

the conditional posterior that when combined with the first step implies the result. The argument is

conceptually similar to the proof of Lemma 15.

Step 1. I start with a unifom upper bound for the numerator of the conditional posterior.

Specifically, I show that there exists a constant C > 0 such that

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∫
BB×Ξ

(
(β0,ξ0),

Mn√
n

)c

Ln(β, ξ,m)

Ln(β0, ξ0,m)
dΠB×Ξ(β, ξ) ≤ exp(−CM2

n)

)

−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Dividing/multiplying by

Ln(β0, ξ,m), it suffices to show that there exists constants C1 > 0 and C2 > 0 such that

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∫
BB×Ξ

(
(β0,ξ0),

Mn√
n

)c

Ln(β, ξ,m)

Ln(β0, ξ,m)
dΠB×Ξ(β, ξ) ≤ exp(−C1M

2
n)

)

−→ 1 (B.34)

and

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∫
BB×Ξ

(
(β0,ξ0),

Mn√
n

)c

Ln(β0, ξ,m)

Ln(β0, ξ0,m)
dΠB×Ξ(β, ξ) ≤ exp(−C2M

2
n)

)

−→ 1 (B.35)

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. For the bound

(B.34), an expansion of the log-likelihood implies

ℓn(β, ξ,m)− ℓn(β0, ξ,m)

=
ξ

ξ0

(√
n(β − β0)

′ 1√
n
ℓ̃n,1(β0, ξ0,m)− 1

2

√
n(β − β0)

′Ĩn,11(β0, ξ0,m)
√
n(β − β0)

)
=

ξ

ξ0
(ℓn(β, ξ0,m)− ℓn(β0, ξ0,m))
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Consequently, I can apply a symmetric argument to that of Step 2 of Lemma 15 to conclude that

P
(n)
0,Y X|W

 sup
m∈Mn∩Bn,M(m0,Dδn)

sup
β∈B:||β−β0||2≥Mn√

n

Ln(β, ξ0,m)

Ln(β0, ξ0,m)
≤ exp

(
−c0

4
M2

n

) −→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, where c0 is the constant

defined in Part 3 of Lemma 17. Since Ξ = [σ−2, σ−2], I able to further conclude that there exists a

constant C1 > 0 such that

P
(n)
0,Y X|W

(
sup

(β,ξ)∈B((β0,ξ0),Mn/
√
n)c

Ln(β, ξ,m)

Ln(β0, ξ,m)
dΠB×Ξ(β, ξ) ≲ exp(−C1M

2
n)

)
−→ 1

for P∞
0,W almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. For (B.35), expanding the

log-likelihood reveals that

ℓn(β0, ξ,m)− ℓn(β0, ξ0,m)

=
n

2
(log ξ − log ξ0)−

n

2
(ξ − ξ0)

1

n

n∑
i=1

(Yi −m1(wi)− (Xi −m2(wi))
′β0)

2

A second order Taylor expansion of x 7→ log x reveals that

n

2
(log ξ − log ξ0) =

n

2ξ0
(ξ − ξ0)−

n

2ξ̃2n
(ξ − ξ0)

2,

where ξ̃n on the line segment joining ξ and ξ0. Since ξ̃n ≥ σ−2 uniformly over Ξ, it follows that

ℓn(β0, ξ,m)− ℓn(β0, ξ01,m) ≤
√
n

2

(
1

ξ0
− 1

n

n∑
i=1

U2
i (m)

)
√
n(ξ − ξ0)−

1

2σ2 (
√
n(ξ − ξ0))

2,

where Ui(m) = Yi −m1(wi)− (Xi −m2(wi))
′β0 for i = 1, ..., n. The proof of Part 1 of Lemma

17 shows that

sup
m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣ 1√
n

n∑
i=1

U2
i −

1√
n

n∑
i=1

U2
i (m)

∣∣∣∣∣ P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Moreover, Chebyshev’s
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inequality reveals

1

n

n∑
i=1

U2
i −

1

ξ0
= O

P
(n)
0,Y X|W

(
1√
n

)
for P∞

0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently,

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∣∣∣∣∣ 1√
n

n∑
i=1

(
U2
i (m)− 1

ξ0

)∣∣∣∣∣ ≤ Mn

2σ2

)
−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Consequently, with

P
(n)
0,Y X|W -probability approaching one, the following holds

sup
(ξ,m):|ξ−ξ0|≥Mn√

n
,m∈Mn∩Bn,M(m0,Dδn)

exp (ℓn(β0, ξ,m)− ℓn(β0, ξ0,m))

≤ exp

(
sup

t∈R:t≥Mn

{
Mn

4σ2 t−
1

2σ2 t
2

})
,

where t = |
√
n(ξ− ξ0)|. Solving the maximization problem to obtain t =Mn, I conclude that there

is a constant C2 > 0 such that

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∫
BB×Ξ

(
(β0,ξ0),

Mn√
n

)c

Ln(β0, ξ,m)

Ln(β0, ξ0,m)
dΠB×Ξ(β, ξ) ≤ exp(−C2M

2
n)

)

−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Letting C = C1 + C2, I

conclude that

P
(n)
0,Y X|W

(
sup

m∈Mn∩Bn,M(m0,Dδn)

∫
BB×Ξ

(
(β0,ξ0),

Mn√
n

)c

Ln(β, ξ,m)

Ln(β0, ξ0,m)
dΠB×Ξ(β, ξ) ≤ exp(−CM2

n)

)

−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Step 2. Given the result of Step 1, it is sufficient to show that

P
(n)
0,Y X|W

(∫
B×Ξ

Ln(β, ξ,m)

Ln(β0, ξ0,m)
dΠB×Ξ(β, ξ) ≥ exp

(
−C

2
M2

n

))
−→ 1
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for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. The argument is similar to

Step 3 of Lemma 15. Let θ = (β′, ξ)′, let s =
√
n(θ − θ0), and let S be the image of B × Ξ under

the mapping θ 7→ s. Applying the change of variables θ 7→ s, the posterior normalizing constant

satisfies ∫
B×Ξ

exp (ℓn(β, ξ,m)− ℓn(β0, ξ0,m)) dΠB×Ξ(β, ξ)

=

∫
S
exp (ℓ∗n(s,m)− ℓ∗n(0,m)) dΠS(s)

≥
∫
SC̃

exp (ℓ∗n(s,m)− ℓ∗n(0,m)) dΠS(s)

≥ K

∫
Rdx+1

exp (ℓ∗n(s,m)− ℓ∗n(0,m)) πSC̃
(s)ds,

where ℓ∗n(s,m) = ℓn(θ0 + s/
√
n,m), SC̃ = {s ∈ S : ||s||2 ≤ C̃} for C̃ > 0, πSC̃

(s) = 1{s ∈

SC̃}/λ(SC̃), and K = infs∈SC̃
πS(s)/λ(SC̃). Part 2 of Assumption 25 guarantees that K ∈ (0,∞).

Consequently, the following inequality holds

P
(n)
0,Y X|W

(∫
B×Ξ

exp (ℓn(β, ξ,m)− ℓn(β0, ξ0,m)) dΠB×Ξ(β, ξ) ≤ exp

(
−C

2
M2

n

))
≤ P

(n)
0,Y X|W

(∫
Rdx+1

exp (ℓ∗n(s,m)− ℓ∗n(0,m))πSC̃
(s)ds ≤ K−1 exp

(
−C

2
M2

n

))
.

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Letting s = (s′1, s2)

′ with s1 corre-

sponding to β and s2 corresponding to ξ, I know that

ℓ∗n(s,m)− ℓ∗n(0,m) = (ℓ∗n(s,m)− ℓ∗n((0, s2),m)) + (ℓ∗n((0, s2),m)− ℓ∗n(0,m))

Taylor expansions of each term reveals that

ℓ∗n(s,m)− ℓ∗n((0, s2),m) = s′1
1√
n
ℓ̃n,1

(
β0, ξ0 +

s2√
n
,m

)
− 1

2
s′1Ĩn,11

(
β0, ξ0 +

s2√
n
,m

)
s1
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and

ℓ∗n((0
′, s2)

′,m)− ℓ∗n((0, s2)
′,m) =

n

2

(
log

(
ξ0 +

s2√
n

)
− log (ξ0)

)
− s2

1

2
√
n

n∑
i=1

U2
i (m)

= s2

√
n

2

(
1

ξ0
− 1

n

n∑
i=1

U2
i (m)

)
− 1

2ξ20
s22 +O

(
s32√
n

)

Using the definition of ℓ̃n,1(β, ξ,m) and Ĩn,11(β, ξ,m), Lemma 17, and that ||s||2 ≤ C̃, I know that

the following holds:

sup
s∈SC̃

sup
m∈Mn∩B(m0,Dδn)

∣∣∣∣s′1 1√
n
ℓ̃n,1

(
β0, ξ0 +

s2√
n
,m

)
− s′1

1√
n
ℓ̃n,1(β0, ξ0,m0)

∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞, and, as a result, with

P
(n)
0,Y X|W -probability approaching one,

inf
m∈Mn∩Bn,M(m0,Dδn)

s′1
1√
n
ℓ̃n,1(β0, ξ0 +

s2√
n
,m) ≥ −C

16
M2

n + s′1
1√
n
ℓ̃n,1(β0, ξ0,m0)∀ s ∈ SC̃

holds conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Similarly,

sup
s∈SC̃

sup
m∈Mn∩B(m0,Dδn)

∣∣∣∣∣s2
√
n

2

(
1

ξ0
− 1

n

n∑
i=1

U2
i (m)

)
− s2

1√
n
ℓ̃n,2(β0, ξ0,m0)

∣∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, and, as a result,

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)
s2

1√
n
ℓ̃n,2 (β0, ξ0,m) ≥ −C

16
M2

n + s2
1√
n
ℓ̃n,2(β0, ξ0,m0)∀ s ∈ SC̃

)
−→ 1

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. Moreover, Lemma 17

implies that

P
(n)
0,Y X|W

(
sup
s∈SC̃

sup
m∈Mn∩B(m0,Dδn)

1

2
s′1Ĩn,11

(
β0, ξ0 +

s2√
n
,m

)
s1 ≤

C

16
M2

n

)
−→ 1

conditionally given P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞, and, since

|s2| ≤ C̃ and ξ201 ∈ (0,∞), sups:||s||2≤C̃
s22
2ξ20

≤ C
16
M2

n for large n. Consequently, I am able to
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conclude that

P
(n)
0,Y X|W

(
inf

m∈Mn∩Bn,M(m0,Dδn)

∫
Rdx+1

exp (ℓ∗n(s,m)− ℓ∗n(0,m))πSC̃
(s)ds ≤ K−1 exp

(
−C

2
M2

n

))
≤ P

(n)
0,Y X|W

({∫
Rdx+1

exp

(
s′

1√
n
ℓ̃n(β0, ξ0,m0)

)
πSC̃

(s)ds ≤ K−1 exp

(
−C

4
M2

n

)})
+ o(1)

≤ P
(n)
0,Y X|W

(
1√
n
ℓ̃n(β0, ξ0,m0)

′
∫
Rdx+1

sπSC̃
(s)ds ≤ −C

8
M2

n

)
+ o(1),

conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1, where the last inequality

is an application of Jensen’s inequality and the fact that − logK ≤ C
8
M2

n for large n. Applying

Chebyshev’s inequality and the Cauchy-Schwarz inequality, I obtain the following inequalities

P
(n)
0,Y X|W

(
1√
n
ℓ̃n(β0, ξ0,m0)

′
∫
Rdx+1

sπSC̃
(s)ds ≤ −C

8
M2

n

)
≤ P

(n)
0,Y X|W

(∣∣∣∣ 1√
n
ℓ̃n(β0, ξ0,m0)

′
∫
Rdx+1

sπSC̃
(s)ds

∣∣∣∣ ≥ C

8
M2

n

)
≲

1

M4
n

∣∣∣∣∣∣∣∣∫
Rdx+1

sπSC̃
(s)ds

∣∣∣∣∣∣∣∣2
2

E
P

(n)
0,Y X|W

∣∣∣∣∣∣∣∣ 1√
n
ℓ̃n(β0, σ

2
01,m0)

∣∣∣∣∣∣∣∣2
2

= O(M−4
n ),

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1. Since Mn → ∞ as n→ ∞, I can then

conclude that

P
(n)
0,Y X|W

(
inf

m∈Mn∩B(m0,Dδn)

∫
B×Ξ

exp (ℓn(β, ξ,m)− ℓn(β0, ξ0,m)) dΠ(β, σ2
1) ≤ exp

(
−C

2
M2

n

))
−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. This completes the

proof.

B.2.3 Extension of Theorem 2 to Multivariate X and Unknown σ201

The next result extends Theorem 2 to allow for multivariate X and unknown σ2
01. The result is

stated in terms of the joint posterior for (β′, ξ)′, however, it implies the same result as Theorem 1 for

the marginal posterior for β given that Ĩn(β0, ξ0,m0) converges in probability to a block diagonal
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matrix.

Theorem 5. Let θ = (β′, ξ)′ and let ∆̃n,0 = Ĩ−1
n (β0, ξ0,m0)n

−1/2ℓ̃n(β0, ξ0,m0). If Assumptions 24,

25, 26, and 27 hold and θ0 ∈ int(B × Ξ), then∣∣∣∣∣∣∣∣Π(θ ∈ ·|{(Yi, Xi, w
′
i)
′}ni=1)−N

(
θ0 +

1√
n
∆̃n,0,

1

n
Ĩ−1
n (β0, ξ0,m0)

)∣∣∣∣∣∣∣∣
TV

P
(n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞.

Proof. The argument is very similar to Theorem 1 except with appropriate modifications. Following

symmetric arguments as Steps 1–3 of the proof of Theorem 1, Assumptions 24–27 lead me to

deduce that

Π(θ ∈ A|{(Yi, Xi, w
′
i)
′}ni=1)

=

∫
A∩BB×Ξ(θ0,

Mn√
n
)
exp

(
1√
n
ℓ̃n(θ0,m0)

′√n(θ − θ0)− n
2
(θ − θ0)

′Ĩn(θ0,m0)(θ − θ0)
)
dθ∫

BB×Ξ(θ0,
Mn√

n
)
exp

(
1√
n
ℓ̃n(θ0,m0)′

√
n(θ − θ0)− n

2
(θ − θ0)′Ĩn(θ0,m0)(θ − θ0)

)
dθ

+ o
P

(n)
0,Y X|W

(1)

for all events A, conditionally given P∞
0,W -almost every realization {wi}i≥1 of {Wi}i≥1. Recalling

that ∆̃n,0 = n− 1
2 Ĩ−1
n (θ0,m0)ℓ̃n(θ0,m0), I complete the square to obtain∫

A∩BB×Ξ(θ0,
Mn√

n
)
exp

(
1√
n
ℓ̃n(θ0,m0)

′√n(θ − θ0)− n
2
(θ − θ0)

′Ĩn(θ0,m0)(θ − θ0)
)
dθ∫

BB×Ξ(θ0,
Mn√

n
)
exp

(
1√
n
ℓ̃n(θ0,m0)′

√
n(θ − θ0)− n

2
(θ − θ0)′Ĩn(θ0,m0)(θ − θ0)

)
dθ

=

∫
A∩BB×Ξ(θ0,

Mn√
n
)
exp

(
−1

2
(θ − θ0 − n− 1

2 ∆̃n,0)
′nĨn(θ0,m0)(θ − θ0 − n− 1

2 ∆̃n,0)
)
dθ∫

BB×Ξ(θ0,
Mn√

n
)
exp

(
−1

2
(θ − θ0 − n− 1

2 ∆̃n,0)′nĨn(θ0,m0)(θ − θ0 − n− 1
2 ∆̃n,0)

)
dθ

=

∫
A∩BB×Ξ(θ0,

Mn√
n
)
ϕ
θ0+n

− 1
2 ∆̃n,0,n−1Ĩ−1

n (θ0,m0)
(θ)dθ∫

BB×Ξ(θ0,
Mn√

n
)
ϕ
θ0+n

− 1
2 ∆̃n,0,n−1Ĩ−1

n (θ0,m0)
(θ)dθ

,

where ϕ
θ0+n

− 1
2 ∆̃n,0,n−1Ĩ−1

n (θ0,m0)
is the probability density function of N (θ0+n

− 1
2 ∆̃n,0, n

−1Ĩ−1
n (θ0)).

This expression is analogous to that obtained in the final step of the proof of Theorem 1 (cf. equation

(B.1)). Since ∆̃n,0 = O
P

(n)
0,Y X|W

(1) and Ĩn(θ0,m0) = O
P

(n)
0,Y X|W

(1) conditionally given P∞
0,W -almost

every realization {wi}i≥1 of {Wi}i≥1, it can be shown using analogous arguments to the proof of
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Theorem 1 that, if Mn → ∞ arbitrarily slowly, then

sup
A

∣∣∣∣∣∣
∫
A∩BB×Ξ(θ0,

Mn√
n
)
ϕθ0+ 1√

n
∆̃n,0,

1
n
Ĩ−1
n (θ0,m0)

(θ)dθ∫
BB×Ξ(θ0,

Mn√
n
)
ϕθ0+ 1√

n
∆̃n,0,

1
n
Ĩ−1
n (θ0,m0)

(θ)dθ
−
∫
A

ϕθ0+ 1√
n
∆̃n,0,

1
n
Ĩ−1
n (θ0,m0)

(θ)dθ

∣∣∣∣∣∣ = o
P

(n)
0,Y X|W

(1)

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n→ ∞. Consequently, an application

of the triangle inequality allows me to conclude that

sup
A

∣∣∣∣Π(θ ∈ A|{(Yi, Xi, w
′
i)
′}ni=1)−

∫
A

ϕθ0+ 1√
n
∆̃n,0,

1
n
Ĩ−1
n (θ0,m0)

(θ)dθ

∣∣∣∣ P (n)
0,Y X|W−→ 0

for P∞
0,W -almost every fixed realization {wi}i≥1 of {Wi}i≥1 as n → ∞. This completes the

proof.
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Appendix C

Appendix to Chapter 3

C.1 Proof of Theorem 4

Proof of Theorem 4. The proof has two steps. In Step 1, I show that Mn,B×M ⊆ Mn,B×S . In Step

2, I show that Mn,S ⊆ Mn,B×QX . By double inclusion, these two steps establish the claim.

Step 1. Let P (n)
Y |X be an arbitrary element Mn,B×QX . Let i ∈ {1, ..., n} be fixed arbitrarily. If

x′iβ ̸= 0, then Q(x′iβ|xi) = Φ (x′iβ/σ(xi)) with σ(xi) > 0 given by σ(xi) = x′iβ/Φ
−1(Q(x′iβ|xi)).

The positivity claim holds because Assumption 20 implies sign(Φ−1(Q(x′iβ|xi))) = sign(x′iβ).

If x′iβ = 0, then Q(x′iβ|xi) = Φ(x′iβ/σ(xi)) with σ(xi) = 1. This follows from Assumption

20 and Φ(0) = 0.5. Repeating this argument for all i ∈ {1, ..., n}, it follows that there exists

P̃
(n)
Y |X ∈ Mn,B×S such that P (n)

Y |X = P̃
(n)
Y |X . Since I fixed P (n)

Y |X ∈ Mn,B×QX arbitrarily, it follows that

Mn,B×M ⊆ Mn,B×S .

Step 2. Let P̃ (n)
Y |X ∈ Mn,B×S be fixed arbitrarily. The random vector (Ũ1, ..., Ũn) with Ũi =

ε̃i/σ(xi) with ε̃i|β, σ
ind∼ N (0, 1) for i = 1, ..., n and σ : X → R++ satisfies Assumption 20.

Consequently, it follows that P̃ (n)
Y |X ∈ Mn,B×QX . Since I fixed P̃ (n)

Y |X ∈ Mn,B×S arbitrarily, it

follows that Mn,B×S ⊆ Mn,B×QX .
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