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Essays in Bayesian Econometrics

Abstract

This thesis comprises three chapters in Bayesian econometrics. Although the chapters are indepen-
dent, the unifying theme is that Bayesian inference is semiparametric. That is, the econometric
model is either 1. indexed by finite- and infinite-dimensional parameters, or 2. interest is a finite-
dimensional transformation of an infinite-dimensional parameter. All chapters are solo-authored.

Chapter 1 proposes Bayesian inference for conditional moment equality models. The framework
starts with a prior for a conditional distribution and reports a marginal posterior for an estimand
that minimizes the distance of the conditional moments to zero. The key theoretical result is a
Bernstein-von Mises theorem, establishing asymptotic normality of the minimum distance posterior.

Chapter 2 presents a new approach to Bernstein-von Mises theory for partially linear regression
models. The idea is to embed an adaptive parametrization of the regression function within a
(quasi-)likelihood model, enabling verification of the Bernstein-von Mises theorem using ordinary
expansions of the log-likelihood function. The new parametrization alleviates some smoothness
restrictions that are encountered in the original parametrization of the model.

Chapter 3 introduces a Bayesian inference framework for a linear index threshold-crossing binary
choice model subject to a median independence restriction. The proposal exploits an observational
equivalence between the model and a probit model with nonparametric heteroskedasticity. This
leads to a computationally attractive Bayesian inference procedure in which a Gaussian process

forms a conditionally conjugate prior for the natural logarithm of the skedastic function.
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Preface

This thesis comprises three chapters in Bayesian econometrics. Although the chapters are indepen-
dent, the unifying theme is that Bayesian inference is semiparametric. That is, the econometric
model is either 1. indexed by finite- and infinite-dimensional parameters, or 2. interest is a finite-
dimensional transformation of an infinite-dimensional parameter. Chapter 1 is an example of the
latter, while Chapters 2 and 3 are examples of the former.

Chapter 1 presents a semiparametric Bayesian inference framework for conditional moment
equality models. These models map a conditional distribution of data to a structural parameter via
the restriction that a conditional mean equals zero. Using this observation, I introduce a Bayesian
inference framework in which an unknown conditional distribution is replaced with a nonparametric
posterior, and structural parameter inference is then performed using an implied posterior. The
method has the same flexibility as frequentist semiparametric estimators and does not require
converting conditional moments to unconditional moments. Importantly, I prove a semiparametric
Bernstein-von Mises theorem, providing conditions under which, in large samples, the posterior
for the structural parameter is approximately normal, centered at an efficient estimator, and has
variance equal to the Chamberlain (1987) semiparametric efficiency bound. As byproducts, I show
that Bayesian uncertainty quantification methods are asymptotically optimal frequentist confidence
sets and derive low-level sufficient conditions for Gaussian process priors. The latter sheds light on
a key prior stability condition and relates to the numerical aspects of the paper in which these priors
are used to predict the welfare effects of price changes.

Chapter 2 proves a semiparametric Bernstein-von Mises theorem for a partially linear regression



model with independent priors for the low-dimensional parameter of interest and the infinite-
dimensional nuisance parameters. My result avoids a challenging prior invariance condition that
arises from a loss of information associated with not knowing the nuisance parameter. The key idea
is to employ a feasible reparametrization of the partially linear regression model that reflects the
semiparametric structure of the model. This allows a researcher to assume independent priors for
the model parameters while automatically accounting for the loss of information associated with
not knowing the nuisance parameters. The theorem is verified for uniform wavelet series priors and
Matérn Gaussian process priors. A comparison of my approach with the original parametrization in
the Gaussian case reveals that my proposal can alleviate some harsh smoothness restrictions.
Chapter 3 presents a Bayesian inference framework for a linear index threshold-crossing binary
choice model that satisfies a median independence restriction. The key idea is that the model is
observationally equivalent to a probit model with nonparametric heteroskedasticity. Consequently,
Gibbs sampling techniques from Albert and Chib (1993) and Chib and Greenberg (2013) lead to
a computationally attractive Bayesian inference procedure in which a Gaussian process forms a

conditionally conjugate prior for the natural logarithm of the skedastic function.



Chapter 1

Semiparametric Bayesian Inference for a

Conditional Moment Equality Model

1.1 Introduction

1.1.1 Overview

Conditional moment equality models state that certain parametric functions have a conditional
mean equal to zero when evaluated at the true parameter value. These models are popular in
economics, with applications including linear instrumental variables models (Angrist and Krueger,
1991, 2001; Angrist and Pischke, 2009), differentiated product demand models (Berry, 1994; Berry
et al., 1995, 1999; Nevo, 2000; Berry and Haile, 2021), asset pricing models (Hansen and Singleton,
1982; Hansen, 2014), models with social interactions (Graham, 2008), macroeconomic models
(Clarida et al., 2000; Ferndndez-Villaverde et al., 2016), quantile instrumental variables models
(Chernozhukov and Hansen, 2005, 2006), and many more. These models are also theoretically
interesting because the identifying restrictions imply a relatively small set of distributions compatible
with the model. This phenomenon, known as overidentification, leads to a meaningful notion of
efficiency (i.e., there are inefficient estimators), and has motivated a large, mostly frequentist,

econometrics literature on efficient estimation using optimal instruments (Chamberlain, 1987;



Newey, 1990a, 1993; Donald and Newey, 2001; Donald et al., 2003; Kitamura et al., 2004; Donald
et al., 2009; Chen et al., 2021; Chib et al., 2022).

This paper has three main contributions. The first contribution is introducing a semiparametric
Bayesian inference framework for conditional moment equality models. Determining whether
a parameter satisfies a conditional moment equality is simple if the conditional distribution is
known (i.e., compute the expectation and check whether it is equal to zero). Since the conditional
distribution is unknown, my approach replaces it with a nonparametric posterior for a conditional
distribution and derives a marginal posterior for the parameter of interest, an object I call the
structural posterior, via the restriction that the conditional moments equal to zero. The second
contribution is proving a semiparametric Bernstein-von Mises theorem for the structural posterior.
This guarantees that, in large samples, the structural posterior is approximately normal, centered at
an efficient estimator, and has variance equal to the Chamberlain (1987) semiparametric efficiency
bound. As a byproduct, I show that Bayesian uncertainty quantification methods are asymptotically
optimal frequentist confidence sets and provide low-level sufficient conditions for the Bernstein-von
Mises theorem with Gaussian process priors. The third contribution is showing how to compute the
structural posterior, and demonstrating the method using an empirical illustration and data-calibrated
simulation studies focused on the welfare effects of gasoline price changes. Computing the posterior
for the conditional distribution is performed using Gaussian process conditional density methods,
while structural posterior computation is an exercise in Monte Carlo integration. Overall, the
simulations indicate that my method performs well compared to popular alternatives (e.g., more
accurate point estimates and more precise uncertainty quantification).

There are several advantages of semiparametric Bayesian inference. First, the posterior for the
conditional density is nonparametric while the structural posterior only utilizes the information
contained in the conditional moment restrictions. Consequently, the method deviates from traditional
‘small model’ Bayesian methods based on tightly parametrized likelihood models and shares the
advantageous flexibility of frequentist semiparametric estimators (i.e., those based on sample

moment restrictions). This is valuable for economic applications because fully specifying realistic



data-generating processes is difficult, making limited information methods (i.e., those that only
partially specify the data-generating process) appealing. Second, since the framework targets
the conditional moments directly, it does not require converting them to unconditional moment
equalities. This 1s an important practical advantage as overidentification makes unconditional
moment selection challenging. Indeed, ad hoc selections of unconditional moments generate
efficiency loss, while efficient unconditional approaches often involve tuning parameters that may
be hard to select for a given application (e.g., number/choice of basis functions). Third, the method
is fully Bayesian, meaning that it possesses all of the desirable features of Bayesian inference (e.g.,
straightforward finite-sample uncertainty quantification for complicated parameters, decision rules
compatible with expected utility, etc.). These aspects resonate with the empirical illustration since it
focuses on the welfare effect of a price change, a parameter relevant for policy decision-making
(e.g., the price change may represent taxation), and is complicated in that it depends on the solution
to a differential equation. Bayesian uncertainty quantification only requires evaluating the welfare
parameter and reporting empirical quantiles (i.e., no standard error calculations).

This does not mean that the semiparametric Bayesian approach is not without challenges. The
key input is a posterior for a conditional distribution, an object that requires specifying a conditional
model for the data (i.e., the sampling model) and a probability distribution over the model parameters
(i.e., the prior). I specify the sampling model as a nonparametric family of conditional probability
density functions, and, as a result, the prior is a probability distribution over an infinite-dimensional
space. This raises the possibility that the structural posterior may be sensitive to the prior in large
samples. For example, there is growing evidence that semiparametric Bernstein-von Mises theorems
(i.e., posterior asymptotic normality) may be sensitive to the prior in settings where the parameter
of interest is a functional of a smooth nonparametric object such as a probability density function,
a regression function, etc. (Bickel and Kleijn, 2012; Castillo, 2012a,b; Rivoirard and Rousseau,
2012; Castillo and Rousseau, 2015; Ray and van der Vaart, 2020; Monard et al., 2021a). Since
the Bernstein-von Mises theorem is often used to validate the posterior and I treat the structural

parameter as a functional of a conditional density, these general findings make prior robustness



an important concern for the method proposed in this paper. Intuitively, my approach ‘plugs in’ a
regularized estimator of an infinite-dimensional nuisance parameter (i.e., a conditional density), and,
as a result, regularization bias may preclude asymptotic normality of low-dimensional parameters
just like the frequentist theory (Bickel and Ritov, 2003; Robins et al., 2017; Chernozhukov et al.,
2022).

Resolving these concerns motivates me to develop a semiparametric Bernstein-von Mises theory
for the structural posterior. This contribution has two components. For the first component, I
derive general conditions under which the structural posterior satisfies a semiparametric Bernstein-
von Mises theorem compatible with Chamberlain (1987). The key idea is that, under strong
identification, the parameter of interest is an asymptotically linear functional of a conditional
density. Consequently, the Bernstein-von Mises theorem is established by adapting arguments from
Rivoirard and Rousseau (2012) and Castillo and Rousseau (2015), which prove semiparametric
Bernstein-von Mises theorems for smooth functionals of unconditional densities. Besides providing
conditions under which the influence of the prior is negligible in large samples, my theorem also
implies that Bayesian uncertainty quantification methods coincide with asymptotically optimal
frequentist confidence sets. In particular, I formally establish the frequentist optimality of a class of
Bayesian credible sets for smooth transformations of the parameter of interest. This connects to the
empirical illustration because this class includes the welfare parameter. It also makes my findings
potentially useful for frequentists, as Bayesian computation may be comparatively easier in some
applications.

For the second component, I provide a set of low-level sufficient conditions for the Bernstein-von
Mises Theorem when the prior for the conditional density is based on a transformed Gaussian
process (i.e., those used for empirical analysis). Since my core theorem accommodates any prior
for the conditional density that satisfies some high-level conditions, the substantive details of the
Bernstein-von Mises theorem may depend heavily on the class of priors. Indeed, I verify some
preliminary posterior consistency requirements using Holder smoothness conditions related to

the sample paths of the Gaussian process. Moreover, I show that a key prior stability condition



is satisfied if the optimal moment function from Chamberlain (1987) is well-approximated by
a reproducing kernel Hilbert space (RKHS) attached to the prior. This exercise offers a novel
extension of the Gaussian process results from Castillo and Rousseau (2015) to parameters of broad
importance to economists. The RKHS condition highlights that the structural posterior could be
sensitive to the prior because the RKHS may be small. Fortunately, the simulations show that the

structural posterior exhibits robustness to the prior for empirically relevant sample sizes.

1.1.2 Literature

This paper is related to several lines of research in econometrics and statistics. The first is the
Bayesian analysis of moment conditions. Chamberlain and Imbens (2003) propose Bayesian in-
ference for an unconditional moment equality model in which the researcher obtains a simulated
sample from a nonparametric posterior for the joint distribution of the data and then solves for the
parameter that satisfies the moment conditions at each distribution. Their application of the Rubin
(1981) Bayesian bootstrap means their procedure can only be used for conditional moment equalities
with continuous conditioning variables if the conditional moments are first converted to uncondi-
tional moments. In contrast, my approach is based on a posterior for a conditional distribution, so it
bypasses selecting unconditional moments and accommodates continuous conditioning variables.
This is important because conditional moment equalities are overidentifying restrictions, and, as a
result, the choice of unconditional moments has a first-order impact on the inferences drawn about
the parameter of interest. Conditional moments also introduce technical challenges because, unlike
the priors in Chamberlain and Imbens (2003), priors for conditional distributions are not necessarily
supported on a Donsker class. Other papers on the Bayesian analysis of moments include Schennach
(2005), Lancaster and Jun (2010), Kitamura and Otsu (2011), Shin (2015), Liu et al. (2017), Bornn
et al. (2018), and Chib et al. (2018, 2022). Chib et al. (2022) is particularly important because the
authors propose a Bayesian inference procedure for conditional moment equalities in which the
conditional moments are approximated with a sequence of unconditional moments and Bayesian

inference is then performed using the exponentially tilted empirical likelihood (ETEL) procedure of



Schennach (2005). Their procedure is fundamentally different from mine because it is based on
an approximating unconditional statistical model whereas my approach is based on a conditional
statistical model. I compare my procedure with Chamberlain and Imbens (2003) and Chib et al.
(2022) using simulations in Section 1.3.

A second related literature develops semiparametric Bernstein-von Mises theorems. Castillo
and Rousseau (2015) prove a general Bernstein-von Mises theorem for smooth functionals of
nonparametric models with a large portion of their analysis devoted to those of unconditional
probability density functions, a generalization of results for linear functionals produced in Rivoirard
and Rousseau (2012). I build on their results by characterizing the structural parameter as a
smooth functional of a conditional probability density function. Coupled with a nonparametric
local asymptotic normality (LAN) expansion, this characterization implies the Bernstein-von Mises
theorem holds provided that the prior for the conditional density is a good approximation of both
the true conditional density and the optimal residual from Chamberlain (1987). Chib et al. (2022)
also developed Bernstein-von Mises theory for the conditional moment equality model based on
Bayesian ETEL with a growing number of unconditional moments. Their proof is based on a
parametric LAN expansion of the ETEL function on a finite-dimensional sieve in which growth rate
conditions on the dimension are imposed to ensure classical Bernstein-von Mises arguments (e.g.,
Chapter 10 of van der Vaart (1998)) apply. Norets (2015) derives a Bernstein-von Mises theorem
for a heteroskedastic linear regression model using a Gaussian (quasi-)likelihood. A key driver
of Norets’ argument is the information orthogonality of the mean and variance parameters in the
Gaussian model. My results are based on a different approach and apply to all of the models studied
in Chamberlain (1987), a class that includes heteroskedastic linear regression. Papers studying
semi- and nonparametric Bernstein-von Mises theorems in other contexts include Shen (2002), Kim
(2006), Bickel and Kleijn (2012), Castillo (2012a,b), de Jonge and van Zanten (2013), Castillo and
Nickl (2014), Chae et al. (2019b), Ray and van der Vaart (2020), Monard et al. (2021a), Ray and
van der Vaart (2021), and C. D. Walker (2024).

This paper also dovetails with two important strands of literature on frequentist estimation



of moment conditions. The first is efficient frequentist estimation using conditional moment
restrictions. Ai and Chen (2003) propose a minimum distance estimator for the parameters of a
conditional moment equality model that minimizes a weighted norm of the conditional moments
and derive conditions under which the estimator achieves the semiparametric efficiency bound. I
define the structural posterior as the implied posterior of a fixed design estimand that solves an
efficiently weighted minimum distance problem, and, from this perspective, the semiparametric
Bayesian approach has some connection to the Ai and Chen (2003) framework (except that I
do not consider function-valued structural parameters).! Moreover, the first-order conditions of
the optimally weighted minimum distance problem relate my framework to two-step method of
moments estimators that plug in a first-stage estimator of the so-called optimal instruments of
Chamberlain (1987) (e.g., those studied in Robinson (1987), Newey (1990a), Newey (1993), and
Chen et al. (2021)). Other approaches to efficient frequentist estimation of conditional moment
equalities are Generalized Method of Moments (GMM) and Generalized Empirical Likelihood
(GEL) estimators that, like Chib et al. (2022), use a sieve of unconditional moments to approximate
the conditional moments (e.g., Donald and Newey (2001), Donald ef al. (2003), and Donald e al.
(2009)).

Another related strand of frequentist literature studies quasi-Bayes approaches. Introduced
to the econometrics literature in Chernozhukov and Hong (2003), the idea is that an extremum
objective function forms a log quasi-likelihood, a prior is assumed for the parameter, and Bayes
rule is used to obtain a quasi-posterior. The practical appeal is that they facilitate the use of
sampling-based methods (e.g., Markov Chain Monte Carlo (MCMC)) rather than optimization
methods, the latter of which might be difficult when the criterion function is not smooth and
may lead to inadmissible decision-rules when identification is nonstandard (e.g., Andrews and
Mikusheva (2022a,b)). Other examples of quasi-Bayesian methods include Liao and Jiang (2011),
Kato (2013), Chen et al. (2018), Florens and Simoni (2021), and Kankanala (2023). Kankanala

(2023) is particularly relevant because he presents a Bernstein-von Mises theorem for bounded linear

I'Section 1.6.2 discusses extensions to function-valued structural parameters.



functionals of an unknown structural function identified via conditional moment equalities. The
quasi-likelihood is based on the minimum distance criterion from Chen and Pouzo (2012, 2015), a
Gaussian process prior is assumed for the unknown structural function, and the Bernstein-von Mises
theorem is necessary for inference, as the quasi-posterior lacks a finite-sample Bayes justification.
My approach is conceptually different in that it is fully Bayesian, places a prior on a conditional
density function, and, via the Bernstein-von Mises theorem, a byproduct is that the method can be

used for asymptotically efficient frequentist inference.

1.1.3 Outline of Paper

The paper is organized as follows. Section 1.2 provides some background on conditional moment
equalities, formally defines the Bayesian inference procedure, and provides some discussion. Section
1.3 presents data-calibrated simulations and an empirical illustration that applies the method to
analyze the welfare consequences of a price change. Section 1.4 presents a general Bernstein-von
Mises theorem for the conditional moment equality model and provides some commentary on the
theorem. Section 1.5 verifies the high-level conditions for a class of priors and moments related
to the empirical illustration. Section 1.6 concludes with some avenues for future work. Proofs,
technical details about implementation, additional simulations, and further discussion are found in

the Appendix. Notation is introduced when appropriate.

1.2 The Bayesian Analysis of Conditional Moment Equalities

This section has three parts. First, I provide some background on conditional moment equalities
and preview the Bayesian inference framework. Second, I present a formal description of the
structural posterior. Third, I discuss how to use the posterior to answer inference questions about

the conditional moment equality model.
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1.2.1 Conditional Moments and Overview of Inference Framework
Conditional Moments

Let W and Z be random vectors with support equal to YW C R% and Z C R%, respectively, and
let Py z be a hypothesized conditional distribution for W given Z. There is a structural parameter

v(PW\ 7) € R%, d, < oo, that satisfies a set of conditional mean restrictions,
Epy lgW, Z,v(Pwiz))|Z =2l =0 VzeZ, (1.1)

where g(W, Z,~) is a known measurable function taking values in R%, d, < oo. The structural
parameter is the object of interest and the restrictions (1.1) are called conditional moment equalities
(sometimes called conditional moment restrictions). 1 refer to W as the internal variables, Z as
the external variables, and g as the residuals.®> The following example will be used throughout to

illustrate the main ideas.

Example 1 (Regression with Endogeneity). Let Y € YV C R be an outcome, D € D C R be an
endogenous regressor, X € X C R% be an exogenous regressor, and A € A C R% be an excluded
instrumental variable. A researcher is interested in estimating the coefficients ~y of the regression

model
Y =U(D, X)y+U,
where U : R? x R% — R% s a known transformation and U is an error term that satisfies
EUX=2,A=a]=0 V(r,a) € X x A

In this example, W = (D', Y') are the internal variables, Z = (X', A’)" are the external variables,

gW,Z,~v) =Y — U(D, X)'v is the residual, and the restriction on the conditional distribution of

The terminology ‘internal’ and ‘external’ is adapted from Leamer (1985). It reflects that the moment conditions
only restrict the predictive relationship between W and Z. It is preferred over the usual ‘endogenous’ and ‘exogenous’
categorization because the precise meaning of these labels is often context-specific. The terminology ‘residual’
generalizes the idea from regression analysis and is commonly used in the literature on conditional moments (e.g.,
Newey (1990a), Newey (1993), and Donald et al. (2003)).
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the error term implies that there is a y(Py|z) € R% such that
EPW\Z[g(VV? 277<PW|Z))’Z = Z] =0 VzeZ

with Z = X x A. This example is important in applied economics because V(D, X) = (1, D', X')’

corresponds to the canonical linear instrumental variables model.

Let I' C R% be the structural parameter space and let Pw |z be a set of conditional distributions
Pw,z for which Ep,, ,[g(W, Z,~)|Z] exists. The conditional moment equality model M is the
subset of Pyy|z for which the conditional moment restrictions hold for at least one element of I

That is,
M = {PW‘Z € Pwiz: 3y €T st By, lgW, Z,7)|Z =2 =0V z € Z}.

Assumption 1. The following conditions hold: 1. M # 0, and 2. for each Py,|z € M, there is a
unique y(Pywz) € I such that Ep,, ,[g(W, Z,(Pw|z))|Z = 2] = 0forall z € Z.

Assumption 1 enforces point identification of the model M. It implies a mapping that inputs a
conditional distribution Py and returns a unique structural parameter value ( Py ). Specifically,

v(Pw|z) is defined through the mapping

Pwiz > arg min 1Ep,, ,[9(W, Z, 1) Z]]|, (1.2)
e
where || - || is a norm. Since this transformation is deterministic, the researcher’s uncertainty about

the structural parameter solely reflects uncertainty about the conditional distribution Pz of W
given Z. The practical implication is that inference statements about the conditional distribution

should translate directly to inference statements about the structural parameter via this minimization

3Some other things to note about Assumption 1. First, M ## () is imposed to rule out (possibly pathological)
situations in which there are no (v, Py z) pairs such that the moment conditions hold. An (artificial) example is
W = (—o0,—¢€) with e > Osmall, Z = [0,1], " = [0,1], and g(W, Z,v) = W — Z~. In such case, there is no
conditional distribution of Py, and no v such that the conditional moments hold because E[W|Z = z] < —e¢ for all
z € Zand zvy € [0,1] forall (z,7) € Z x [0,1]. Second, Assumption 1 does not impose that the ‘true’ distribution of
W given Z is contained in M because the assumption only concerns the structure of the model and is not about correct
specification (i.e., the position of a particular Py relative to M). Correct specification will be imposed in Section 1.4
for asymptotic analysis.
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problem.

Bayesian Inference

Semiparametric Bayesian inference operationalizes this logic. A Bayesian model for the conditional
distribution of W given Z imposes the additional structure that Pyy|7 is a random variable.* Its
probability law is known as a prior. The specification of a prior leads to a conditional probability
measure for Py given W and Z, known as a posterior, that contains a full theory of inference for
(functionals of) the conditional distribution. Hence, the implied posterior for y(Pyy|), an object
that I call the structural posterior, can be used to answer any question about the structural parameter.

This separation into a ‘statistical’ problem (i.e., specifying a prior for Py 7) and a ‘compu-
tational’ problem (i.e., solving for 7(FPwz) given Py z) makes inference conceptually simple.
Suppose a researcher has specified a prior, can sample from the posterior for Py (e.g., via Markov
Chain Monte Carlo (MCMC)), and has an algorithm for evaluating (Pyz) (e.g., importance

sampling and optimization). Then, the following steps are performed for .S large:
1. Generate a sample {P‘Ef,}l 4 }5_, from the posterior.
2. Compute W(P‘E;]‘Z) for s = 1,...,S by solving (1.2).

Under regularity conditions, the empirical distribution of {7(P1£§| ,)}5_, converges to the structural
posterior as S — 0o, meaning that an entire inference framework is at a researcher’s disposal upon
completion of these two steps. Section 1.2.2 formalizes these steps.

To illustrate the holistic nature of Bayesian inference, I elaborate on the uses of the posterior in
the simple setting with d., = 1. I will generalize these ideas in Section 1.2.3. Given a simulated

sample {71}5_, with 79 := ~ (Pl

W ), the researcher can obtain a point estimate using the posterior

median,

Med({+*}7.)),

“Precisely, Py 7 is a Z-indexed stochastic process of probability measures over W.
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where Med(+) is the sample median.’> Uncertainty can be quantified using a credible set with a

popular choice for scalar parameters being the equitailed probability interval,

esti-o)= [ (2)-cx (1-3)]

S

s=1°

where cs5(q), ¢ € (0,1), is the empirical ¢g-quantile of {7/*1}¥_,, and a € (0,1/2) is a nominal
significance level. A researcher can also make decisions using the structural posterior because the
expected utility framework (e.g., Savage (1954)) states decision rules ag(W, Z) should maximize

posterior expected utility,

s

1 S
> ufa, M),
s=1

where u(a, ) is the utility from action a when the parameter is equal to . The takeaway is powerful:

|

the semiparametric Bayesian framework can answer any inference question about the structural

parameter.

1.2.2 Formal Description of the Bayesian Inference Framework

This section formalizes the posterior for Py and the structural posterior for 7(PW| 7)-

Posterior for the Conditional Distribution

The starting point is to specify a conditional sampling model for the observed internal variables and
a prior over the model parameters. Let {(W/, Z!)'},>1 be a sequence of random vectors for which
{(W!, Zl)}, n > 1, forms the observed data. I condition on the realization {z;};>1 of {Z;};>1

)

and specify a conditional sampling model in which W = (W, ..., W,,) satisfies W) ~ PIE‘Z)Z,
where P‘%)Z = @, Pw}., is a product probability measure on a product measurable space
W ™) = Qi (W, #), Py, is the probability distribution associated with a conditional

probability density function pyyz(-|2;) evaluated at z;, and % is a o-algebra over W. In other

>There are other point estimators (e.g., posterior mean), however, I recommend the posterior median because the
asymptotics in Section 1.4 implies it is also a semiparametrically efficient frequentist estimator.
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words, W; nd Py, for i = 1,...,n. Since the model parameters are conditional densities py|z,
the prior 11 is a probability measure defined on the measurable space (PW‘ 7, Pw| z), where Pw |z
is a space of conditional densities and Py is a o-algebra over Pyy.° There are no parametric
restrictions on Pz (i.e., the model is fully nonparametric). Moreover, predetermined external
variables (i.e., fixing {z;};>1) is a common modeling technique used in settings where the parameter

of interest is a functional of a conditional distribution.

Assumption 2. For each n > 1 and almost-every fixed realization {z;}i>1 of {Z;}i>1, the mapping

(w(”),pmz) = [Ty pwyz(wi|2:) is measurable on (W™ X Py 7z, #™ @ Pw z).

Assumption 2 implies that (W(”), Pw| z) has a well-defined distribution P, ;i on the measurable

space (W" X Pz, #" @ Pw)z) that takes the form
Pn(B % A) = [ P, (Bl
for A € Py 7 and B € #". The resulting probability space
W" X Pwiz, #" @ Pwz, Pon)

is a Bayesian statistical model. 1t implies a conditional distribution IL,(pyz € -|W ™) of pw|z
given W) . This object, the posterior, formalizes the distribution of Py z given W and Z in

Section 1.2.1.

Assumption 3. Let py |z be the true conditional probability density function of W given Z. For

each n > 1 and almost every realization {z; }i>1 of {Z;}i>1,

/ T w1z (Wilz)dl(pw2) € (0,00) ae. B

=1

Three points should be made about the prior and parameter space. First, the prior IT should be understood as a
conditional probability law for the probability density function-valued stochastic process {py|z(-|z) : z € Z} given
{Z;}i>1. This enables complete specification of a conditional distribution for (W (™), py| 7) given {Z;};>1 (and, by
extension, a posterior for pyy|z). Second, the prior IT could also be indexed by n. This will not meaningfully change
the asymptotic theory in Section 1.4. Third, an explicit example of (P |z, Py |z) is found in Appendix A.1.

15



Assumption 3 states that the marginal density of W™ under P, 11 1s positive and finite with

(n)

o] " Itis important

probability one when the internal variables are sampled from the distribution
because, when combined with Assumption 2, it implies that a version of the posterior is obtained

via Bayes rule

_ Ja Ln(pw)2)d(pwz)
J Lu(pwz)dI(pw )

forall A € Pyz, where
n
L, (pwiz) = HpW|Z(VVi|Zi)
i=1
is the likelihood function. Any future reference to the posterior refers to this version. A researcher
can answer any inference question about the conditional density pyy | using the posterior IL, (py |z €
/W), and, relevant to this paper, they can also answer any question about transformations of

Pwiz-

Example 2 (Logistic Transformation). Let  : W x Z — R be a measurable function that
satisfies the integrability condition: [, exp(n(w, z))dw € (0,00) for each z € Z.* A conditional

probability density function p, can then be defined via the logistic transformation,

_ eply(w,2)
Jyv exp(n(@, 2))di

py(w|2) V(w,z) eWXZ

Since p,, is known up to n, a prior 11 for the class of conditional densities {p,(-|z) : z € Z} is
obtained by assuming a prior 11y, for the function n.° If 11y, has large support (for example, the

sample paths 1 satisfy a Holder smoothness restriction), then the prior 11 is also supported on a

7 Although innocuous for finite-dimensional models, this condition can be subtle in nonparametric settings because
the size of the parameter space may result in I being so misspecified (relative to pg y|z) that this integral is zero with
positive probability.

8The integral is with respect to some measure z on (W, #'), however, I suppress this dependence to simplify
exposition.

This is a common framework for density estimation in Bayesian nonparametrics with a nonexhaustive list of

examples including Leonard (1978), Lenk (1988), Lenk (1991), Tokdar (2007), Tokdar et al. (2010), and Riihimé&ki and
Vehtari (2014).
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large class of conditional densities. I adopt this approach for the empirical analysis in Section 1.3,

specifying the log-density 1) := 1y p as
mo,5(w, 2) = log fo(w[z) + B(Fp:(w), Fo(2)) V¥ (w,z) €W x Z, (1.3)

where fo(w|2) is a conditional probability density function known up to a parameter § € © C R%,

dyp < 00, Fy(w) = (Fy.1(w1), Fozo(wi,wa), ..., Fy . a, (w1, ..., wa, ) with
Fg’zd(wl, ...,w]-) = PI’(W]' S wj]W1 = Wi, ..., Wj,1 = wj,l, 7 = 2,6)

forj=1,..,d,, Fy: Z — [0,1]% is a known compactification, and B : [0,1]% "% — R is a
function-valued parameter. In the empirical analysis, a probability law for 1y p is derived from a
joint distribution for (0, B) that assumes 0 1. B, the function B is drawn from a Gaussian process
with law g, and 0 is drawn from a parametric distribution Ilg with density mg (Section 1.5 provides
complementary asymptotic theory)."® In such case, { fo(+|2) : z € Z} can be viewed as a parametric
baseline while the Gaussian process B ensures that the probability law of {py p(:|z) : z € Z}
is supported on a large nonparametric family of conditional probability densities for W given Z,

where py p is shorthand for p,, -1 Applying Bayes rule, the posterior for (0, B) satisfies

dIL, (0, BIW™) o Ly, (py.5)dlls(B)me(0)d0,  Ly(pos) = | [ po.s(Wilz),
i=1

which in turn implies a posterior for pg p. Appendix A.2.4 describes a Metropolis-within-Gibbs
sampler based on Tokdar (2007) and Tokdar et al. (2010) that can be used to sample from the

posterior.

10A Gaussian process is a stochastic process with multivariate Gaussian finite dimensional distributions (see Section
1.5 for a formal definition). Gaussian processes are recommended priors for unrestricted functions (e.g., Rasmussen and
Williams (2005)).

"To see this, note that the conditional density satisfies pp p(w|z) = fo(w|z)C(Fy . (w), Fy(z), B) with
C(u, Fo(z), B) = exp(B(u, Fy(z)))/ f[O,l]dw exp(B(t, Fy(z)))da. This leads to the interpretation that fy(w|z)
is a parametric baseline and the correction factor C'(Fy .(w), Fo(z), B) accommodates nonparametric deviations
through the Gaussian process B. This construction has similarities with the frequentist density estimator of Hjort and
Glad (1995).
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Structural Posterior

The remaining task is to define a mapping from the space of densities Py, to the structural
parameter space [' (i.e., formalize (1.2)). I define this mapping as the solution to an iterated
minimum distance problem that has some similarities to the iterated M-estimators studied in
Dominitz and Sherman (2005) and the iterated Generalized Method of Moments (GMM) estimator

of Hansen and Lee (2021). For py |z € Pw|z, let
m(zi,v) = Epy ,[gW, Z,)|Z = z], i=1,...n
be the conditional moments at the observed external variables, let
3(2i,7) = Epy , [9W. Z,7)gW, Z3)'|Z = 2], i=1,..n

be the conditional second/cross moments at the observed external variables, let

n

1
Qn(’Ya ’5/7 pW|Z) - E Z TI’L(ZI', 7),2_1(27:7 ’N)/)m(zla ’7) (14)
=1

for (7,%) € I' x I be a squared weighted empirical norm of the conditional moments at py|~ (i.e.,

the mean squared Mahalanobis norm), and let

Qn(f%pW\Z) = arg 111:1111 Qn(% Y, pW|Z)
ye

be the minimizer of the criterion Q,, (v, ¥, pw|z) for (¥, pw z) fixed. Under standard regularity con-
ditions, the mapping 7 — ¢, (7, pw|z) has a unique fixed point -y, (pw|z) that can be characterized

as

Yn(Pw|z) = rhi?o Y (PW)2), (1.5)

where the sequence {7, . (pw|z) }r>1 is defined through the recursive relation

%,r(pvv\z) = Qn('yn,r—l(pW\Z>>pW|Z) (1.6)
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for r > 1 given some initial value v, o(pw|z). I use ~, as shorthand for ~, (pw,z). In practice, I
set V,,0(pw|z) equal to the minimizer of the empirical L?-norm of the conditional moments (i.e.,
(1.4) except with X7'(z,%) = I,,)."* Appendix A.1 provides sufficient conditions for (1.5) and
(1.6) by showing ¥ — ¢,,(¥, pw)z) is a random contraction mapping, however, for now, I impose

the following high-level assumption.

Assumption 4. The fixed point v, (pw|z) exists and satisfies (1.5) and (1.6) for I1-almost every

pw|z. Moreover, the mapping pw|z — Vn(Pw|z) is measurable.

The fixed point defines a mapping pyw|z — V»(pw|z) from the space of conditional densities
Pz to the structural parameter space I'. Under Assumption 4, the posterior 1L, (pwz € W)

implies a posterior I1,,(y,, € -|W (™) for the fixed point via the pushforward probability measure,

IL,(, € AW™) = W (pwiz : Yu(pwiz) € AW ™)

for all events A. The pushforward I1,,(v, € -|[W ™) is the precise definition of the structural
posterior from Section 1.2.1. There is no concern that 7,, depends on {z; },>1 because predetermined
external variables imply that v, is a conditional estimand (e.g., Abadie et al. (2014)). Concretely,
for pwz € M, Assumption 1 implies that ¢, (7, pw|z) = 7(pw|z) for each ¥ (and v, (pw|z) =
v(pw‘ z)). It should also be noted that there is no conversion of the conditional moments to

unconditional moments.

Example 1 (Continued). Recall that the internal variables are W = (D', Y'), the external variables
are Z = (X', A"), and the residual is g(W,Z,v) = Y — V(D,X)'y. For a given py,z, let
M(z) = Ep,,,[¥(D,X)|Z = z] and let o%(z,7) = EPW\Z[(Y — (D, X)v)?Z = z] for

12In principle, a researcher does not need to use the weighting matrix X ~1(z,¥); rather they could perform Bayesian
inference using 7, 0. The so-called ‘optimal weighting” ¥~ (z, ) ensures that the semiparametric Bayesian inference
procedure leads to efficient Frequentist estimation under heteroskedasticity and homoskedasticity, whereas identity-
weighting still guarantees asymptotically valid frequentist inference except the efficiency guarantees are local (i.e.,
only under homoskedasticity). The continuation of Example 1 in Section 1.4.5 formalizes this because it is shown that
identity-weighting is asymptotically equivalent to heteroskedasticity-robust inference for a just-identified estimand
defined through the orthogonality conditions E'p,, ,[M (Z)(Y — ¥ (D, X)'v)] = 0, where Py z is the joint distribution
of (W', Z") and M(Z) = Ep,, ,[¥(D, X)|Z].
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1 =1, ...,n. Least squares calculations reveal that the minimization problem

iy 13 a7 (Br 12 = 2] = M)

’YERdW n i—1 Z’hfy)

has an interior solution

n

. 1 1 1
(¥ owiz) = | =) 02—~M(2i)M(Zi)/ n 2 52(5.3)

ZE Y|Z = Zi 1.7
nea (2i;7) —~ 0 (2,7 M(z)Epy,,[Y| z] (1.7)

for each 7 € R%. As such, a posterior for the conditional density of W given Z implies a posterior
for the solution set {q,(7,pw|z) : 7 € I'}, and, under regularity conditions, it implies a posterior
for the fixed point ~y,, that can be computed by iterating the recursive relation vy, , = ¢n(Yn,r—1,Pw|z)

with initial condition

n -1 n

Vo = %Z M (z)M(z) %Z M(z)Ep,, ,[YZ = z).

i=1 i=1
Notice that iprW‘Z[Y|Z =z| = EPW‘Z[\IJ(D, X)|Z = 2/'v(pw)z) forall z € Z, then ¢,(¥, pw|z) =
Y(pw)z) for each 7 € T'. Moreover, the method targets the conditional moments directly, bypassing

selection of unconditional moments.

This description highlights that, given a draw py|z from IL, (pyz € -|W ™), structural pos-
terior sampling is similar to frequentist semiparametric estimation. Indeed, the structural pos-
terior uses the conditional moments in a spirit similar to the minimum distance framework of
Ai and Chen (2003) while iteration has a similar motivation to the iterated GMM estimator of
Hansen and Lee (2021) (i.e., eliminating dependence on the initial weighting matrix).!*> The re-
maining practical consideration is computing m(z,~y) and ¥(z, ). A default approach is to use

Monte Carlo integration methods because if it is possible to sample {W; . } 2, from a pwiz(-|2),

I3A two-step approach (i.e., computing 7,,.,, once in Algorithm 1) could also be applied, a useful point when
the moments are highly nonlinear in the structural parameter. This will not meaningfully affect the first-order
frequentist asymptotic analysis in Section 1.4; the key is weighting using ¥7!(z;,). Similarly, one could modify
the procedure to a continuously updated posterior in which the posterior for ~,, is replaced with the posterior for
argmin, cp Qn, (7,7, W) 7). Results in the frequentist GMM literature (Hansen et al., 1996; Newey and Smith, 2004)
suggest that this may improve the finite-sample frequentist properties of the structural posterior, however, like the
discussion about two-step estimators, it is expected that this adjustment will not meaningfully affect the first-order
frequentist asymptotic analysis because the key feature is weighting using X1 (z;, 7).
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t = 1, ..., n then a researcher can obtain a good approximation to -,, using the Monte Carlo objective
Qn,r(7,7,pw|z), a criterion function that is defined the same way as Q,,(7, :y,pmz) (i.e., (1.4))
except that it replaces m(z;,y) and X(2;, v) with the averages mg(z;,v) = R~} Zr L IWi s 2i,7)
and Yg(2,7) = RV g(Wiy, 2i,7)9(Wir, 2i,7)'s respectively. Algorithm 1 presents pseu-
docode based on this observation; it applies to any posterior for the conditional density and relaxes
the requirement the researcher can sample from pyy|z by including an auxiliary density py|z that

enables importance sampling.'* This relaxation is important for the priors in Example 2.

Example 2 (Continued). Consider the linear regression model with endogeneity (i.e., Example
1) and suppose that the Bayesian model for the conditional density is based on the logistic trans-
formation (1.3) (i.e., pw|z = po,p). Since the residuals are linear in the parameter, computing
4n (¥, po,B) for the linear model with endogeneity requires Ep, ,[Y|Z = 2], Ep, ,[V(D, X)|Z =
zi, Ep, y\Y|Z = 2], Ep, ,[YV(D,X)|Z = 2], and Ep, ,[V(D, X)¥(D, X)'|Z = 2] fori =
1,...,n. As such, a researcher with access to a draw (0, B) from the posterior I1,,((0, B) € -|W ™)

performs the following steps:
1. Generate a synthetic dataset {W; ,}2 | from fo(-|z;) fori=1,.

2. Compute the weighted averages

R R
E @i,rY;,m E @i,r\y< ZT:IZ E wzr 7,7"7372 )/z,rv
2 : 2 : /

wzr zr’ wzr 'mez \P(Di,ryxi> )

fori=1,....,n, where

exp(B(Fp;(Wir), Fo(zi)))
Sor_exp(B(Fy ., (W), Fo(z:))

ir =

forr=1,...Randi=1,...,n

14In the case where it is possible to sample from pw |z directly, then set py|z = pw |z and Algorithm 1 reduces to
classical Monte Carlo integration (i.e., @; , = 1/R).
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3. Iterates Anew = qn(Yoid, Po.5) until convergence using these importance sampling averages in

place of the conditional expectations.

Under regularity conditions, the law of large numbers and continuous mapping theorem implies that
these importance sampling averages converge to the conditional moments under pg g as R — oo.
Relating to Algorithm 1, pyw z(Wirlzi) = fo(Wiy|2) and &;p = pog(Wir|2:)/ fo(Wir|2:) with
the normalizing integral f 0,1]dw exp(B(u, Fy(z;)))du approximated by the Monte Carlo integral

R Zr:l exp(Fe,Zi(VViﬂ”)’ FU(Zl))

Algorithm 1: Semiparametric Bayesian Inference
Input: {(W), Z])'}i, 11, S, R, pw|z, and €.
Output: {”Y[S]} =1
Generate {pW| 415 from IL, (pwyz € -|W™) using any appropriate method;
fors=1,...,5do
for: =1, ...,ndo
L Sample {WV, ] YR from Py z(+|2;) using any appropriate method;

cOmpute{w” ﬁl,wherew[sl Do (Wilz0) /B, (Wi 20):

Compute Joq = argmin.cp = > 7" mg%](zz, v) mg%](zz, ), Where

m%(’zlav) = Zf% lwz’/‘g(wz[’/LZZ? ) and w[ - “«/Z = lwzr fori = 1
while H’Vold - ’?new”old < edo
Compute Jpe,, = argmin,p = 377" 771&;](,2,7 )’(ZE‘;](ZZ-, %ld))*lmg(zi, ~v), where

2l (2, ):Zle@[ﬁg(mu,zl, NgWE 2 y) fori = 1,..,m;

[s] _

L StOI'C ’Yn - ’Ynew’

1.2.3 Using the Structural Posterior for Inference
Point Estimation

The structural posterior can be used for point estimation. For functions f : R» — R, a rec-
ommended choice of point estimator is the posterior median. That is, ¢, ;(1/2) = inf{z € R :
I(f(y,) < 2x|W™) > 1/2} with IL,(f(7,) € -|W ™) denoting the posterior of f(v,) under the

structural posterior IT,, (7, € -|[W ™). It is recommended because simultaneously it is Bayes optimal
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(see Section 1.2.3) and the asymptotic theory in Section 1.4 implies that it is frequentist optimal in
that it achieves the Chamberlain (1987) semiparametric efficiency bound (i.e., it has the smallest
asymptotic variance among all regular asymptotically linear estimators of f(v)). In practice, a

researcher with a sample {77[{9 ]}le from the structural posterior simply 1. evaluates f (%[f]) for

s =1,...,5, and 2. computes the sample median of {f(’yr[f]) 5 .

Uncertainty Quantification

The structural posterior offers finite sample uncertainty quantification under the Bayesian paradigm.
Given a measurable function f : RY — RY, dy < oo, a (1 — a)-credible set C'S,, (1 — a) for

f () is a set that the posterior assigns probability 1 — «. That is,
I, (f(7) € CSpy(1—a)|[ W) =1— P
n ’y'n, n7f 8] [0 a.e. O,W‘Z .

A credible set is the Bayesian analog of a confidence set and offers a finite sample uncertainty
quantification under the Bayesian paradigm. If d; = 1, then a common choice is the equitailed

probability interval,

CSust=) = [ (§) s (-3

where e € (0, 1/2) is some nominal coverage level, and ¢, ¢(¢q), ¢ € (0, 1), is the g-quantile of the
marginal posterior IT,,(f(7,) € -|W ). Their popularity reflects computational simplicity: given a
sample {’yr[f ]}le from the structural posterior, the researcher computes { f (fy,[f }) 5| and reports the
appropriate empirical quantiles. Notice that there is no need to compute standard errors. This is
appealing because the mapping v — f(y) may be highly nonlinear; the continuation of Example 1
below presents such a situation. Section 1.4 proves that these credible intervals are asymptotically
efficient frequentist confidence intervals under strong identification (i.e., the conditions implicit

whenever point estimates and standard errors are reported).

Example 1 (Continued). Recall thatY = V(D,X)'yv + U, whereY € Y CR, D € D C R¢,
X € X CR%, Ae ACR%, U isa scalar unobservable that satisfies E[U|X =z, A= a] =0
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forall (x,a) € X X A, and V¥V : D x X — R is a known function. Suppose further that d = 1 and
d, = 1. This represents a situation where the logarithm of commodity consumption Y is modeled
as a function of endogenous price D and exogenous income X. In such case, exp(V(D, X)'7)
may be interpreted structurally as a demand function. One use of these models is to evaluate the
welfare effects of changing price from p° to p* using deadweight loss, a quantity calculated using

the formula
DWL(p®, p', X,v) = S®°, X,v) — (" — ") ¥(p', X)',

where t — S(t, X,v), t € [0, 1], is the solution to the ordinary differential equation

9S(t, X,v)
ot

= —exp(w(p(t), X (X, AL s01,x,9) =0,
where p(t) is a continuously differentiable price path with p(0) = p° and p(1) = p' (Hausman
and Newey, 1995). Even for relatively simple choices of V(D, X) (for instance, V(D, X ) =
(1,log D,log X)) in the case of the constant elasticity model), the deadweight loss is a highly
nonlinear functional of v making the computation of standard errors challenging. The semipara-
metric Bayes approach simply requires computing DW L(p°, p*, X, v) for the posterior draws and
equitailed probability intervals are computed by taking the appropriate empirical quantiles. Under

regularity conditions on the mapping v — S(p°, X, ), the results in Section 1.4 imply that these

credible intervals are asymptotically efficient frequentist confidence intervals.

Making Decisions

The structural posterior also enables decision-making with data. Let u(a,~) be the utility from
action a € A when the unknown parameter is equal to v € I and suppose that the decision-maker
wants to select an action that maximizes utility.!> Since it is generally impossible to find actions

that maximize utility uniformly over the parameter space I', the expected utility framework (Savage,

5The specific form of the utility function u(a,y) depends on the specific decision problem. I take it as given
because its precise form is unimportant for this discussion.
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1954) prescribes that actions a be chosen to maximize expected utility

Unn(a) = /Ep<n> [u (a(W™), v (pwi2)) ] dlL(pw2),

Wz

where F ()
Wz

is the expectation under the product probability distribution P, W| . =Q PW‘ZL
Using Fubini’s theorem and Bayes rule, optimal decision rules a : W™ — A can be shown to be

pointwise maximizers of posterior expected utility,

/u (a(W™), 3 (pwz)) AT (pw 2| W ™).

This characterization means that the semiparametric Bayesian approach leads to tractable decision-

[s] S

making with data because, given a sample {7», , from the structural posterior, the analyst can

determine the optimal action by solving the maximization problem

max - m[f])

IIMO:

Since expected utility is a canonical model of decision-making in economics, this adds to the appeal
of the method because conditional moment equalities often arise in structural settings where the
analyst’s goal may be to use estimates to make a policy decision (e.g., using a deadweight loss
parameter to determine the appropriate tax policy). Moreover, the posterior median and equitailed
probability intervals from Sections 1.2.3 and 1.2.3, respectively, are Bayes optimal actions for

certain choices of u(a,7)."”

16The expression for the expected utility U,, 11 follows from the observation that the joint prior for (7, pw|z) is
Yulpw|z ~ 04, and py |z ~ I, where §,, is the Dirac measure with atom v, (i.e., 0, (4) = 1{7, € A} for all
events A).

7In particular, the utility function is u(a,y) = —|a — f(v)| for the posterior median and the utility function is

u(lar, as),y) = —(ag—a1) = 2(a1 = F(7)1{f () < a1} = 2(f(7) —a2)1{az < f(7)} for the equitailed probability
interval. See Chapter Schervish (1995) for proofs.
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1.3 Calibrated Simulation and Empirical Illustration

This section illustrates the semiparametric Bayesian approach with a data-calibrated simulation and
empirical application focused on the welfare effects of a price change (measured by deadweight
loss). T use the 2001 National Household Travel Survey gasoline demand data from Blundell ef al.
(2012, 2017), a survey of United States households conducted between March 2001 and May
2002.'"® The main variables are gasoline consumption (in gallons), the average price (in dollars per
gallon) of gasoline in the county where the household is located, household income (in dollars), and
distance (in 1,000 kilometers) of a household’s state capital to one of the major oil platforms in the

Gulf of Mexico. The dataset has 4,812 households.

1.3.1 Demand Model and Welfare Parameter
Demand Model

The first step of welfare analysis is a model of household gasoline demand. I assume that
log Q@ = Y(log P,logY)'y + U, (1.8)

where () is observed household gasoline consumption, P is observed gasoline price, Y is observed
household income, and U is an error term that represents unobserved determinants of gasoline
consumption not explained by W(log P, log Y)'y. Price endogeneity is a concern because firm price
setting may partially reflect consumer preferences in a county, as well as Blundell ez al. (2017)
finding some statistical evidence for price endogeneity among low-income households in this dataset.
Consequently, I assume that the oil platform distance variable A is a valid excluded instrumental

variable,

E[U|logY,log A] = 0. (1.9

18The dataset was obtained from the publicly available replication files of Chen and Christensen (2018). They can
be found using the link https://github.com/timothymchristensen/NPIV.
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A justification is that greater distances from the oil platform increase transportation costs that firms
pass on to households through higher prices (i.e., distance is a ‘cost shifter’). The simulations in

Section 1.3.2 set
U(log P,logY) = (1,log P,logY)' (1.10)
while the empirical illustration in Section 1.3.3 specifies
U(log P,logY) = (1,log P,log Y, (log P)?, (log Y)?,1og Plog )’ (1.11)

Specification (1.10) is the constant elasticity model and (1.11) is the translog model. For both
demand specifications, the conditional mean restriction (1.9) leads to a conditional moment equality
model with W = (log P,log Q))', Z = (log Y, log A), and g(W, Z,~v) = log @ — ¥ (log P,log Y)'y

(i.e., Example 1).

Welfare Parameter

The goal is to evaluate the welfare effect, as measured by deadweight loss, of an intervention in
which gasoline prices change from p° to p' (e.g., a tax). This focus conforms to a widespread
practice in structural estimation of using the model primitives (i.e., the demand parameters) as inputs
to a policy experiment (i.e., counterfactual analysis). Following Hausman (1981) and Hausman and
Newey (1995), the deadweight loss DW L(p°, p', y, v) associated with a change in gasoline price

from p to p' at income level y is

DWL®°,p',y,7) = S®°,y,7) — (p' — p")a(p", v,7), (1.12)

where ¢(p, y,v) = exp(¥(log p, log y)'v) is the demand for gasoline for a household with income y
who faces price p, and S(p°, y, ) is the equivalent variation consumer surplus, a quantity determined

by the differential equation

9S(t,y,7)

19)
5 = —qlp(t),y — Sty 1), VL S(1,y,4) =0
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with p(t), ¢ € [0,1], being a continuously differentiable price path such that p(0) = p" and
p(1) = p'. Notice, for a given triple (p°, p', y), the deadweight loss parameter DW L(p°, p', y,7)
is a deterministic, but highly nonlinear, transformation of . Following Section 1.2, Bayesian
methods are appealing for uncertainty quantification because credible intervals for the deadweight
loss parameter are obtained by simply evaluating DW L(p°, p', y,~) at the posterior draws and

computing empirical quantiles (i.e., no standard errors)."

1.3.2 Data-Calibrated Simulation

I present a data-calibrated simulation of the constant elasticity demand model (1.8)—(1.10). The
true parameters are 7y = 4.413, v = —1.631, and ~», = 0.293, which are the instrumental variables
(Wald) estimates from the linear regression of log () on log P and log Y (with log A as the instrument
for log P). Datasets of size n € {1000, 2500} are then generated using a data-generating process
based on the wild bootstrap method for linear instrumental variables models studied in Davidson and
MacKinnon (2010). The simulation data-generating process ensures that the conditional moments
hold at the two-stage least squares estimates (i.e., (1.9) is satisfied), allows for heteroskedasticity
of an unknown form, ensures all variables are continuously distributed, and preserves the level of
price endogeneity in the dataset. See Appendix A.2.2 for the details. I consider deadweight loss
associated with a price change from p° = $1.215 to p* = $1.436 for households with low incomes
(y = $42,500) and high incomes (y = $72,500). These price-income combinations are studied
in Blundell ef al. (2012). The implied deadweight losses are $33.05 and $38.74 for the low- and
high-income households, respectively.

I compare the semiparametric Bayes (SB) approach with several alternatives. For semiparametric
Bayes, the conditional density of W given Z is modeled using (1.3); specifically, a homoskedastic

multivariate Gaussian linear regression of W on Z as the base parametric model f, with diffuse prior

19See Appendix A.2.1 for a closed-form expression for S(p°,y,~) under the constant elasticity model. The
deadweight loss under translog does not admit a simple closed form, however, Hausman (1981) shows that the solution
to the differential equation is unique under mild regularity conditions. Consequently, S(p°, %, ) for translog is
computed using a standard backward differences algorithm (i.e., that used in Chen and Christensen (2018)).
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choices for the location and scale parameters, and a Matérn Gaussian process on [0, 1]* as the prior
for the unknown function B. See Appendix A.2.2 for a complete description. The Matérn process
allows for (Holder) smooth nonparametric deviations from the multivariate Gaussian regression,
and, as a result, the prior for the conditional density is supported on a large nonparametric class
of conditional densities. I compare with two-stage least squares (TSLS) with heteroskedasticity
robust standard errors (i.e., White (1980)), the Bayesian Bootstrap (BB) method of Chamberlain and
Imbens (2003), the Bayesian Exponentially Tilted Empirical Likelihood (BETEL) approach of Chib
et al. (2022), and a plug-in efficient (PE) estimator based on power series estimators of the optimal
instruments.?° It should be noted that semiparametric Bayes, BETEL, and the plug-in efficient
estimator use the information in the conditional moment restrictions efficiently in the presence of
heteroskedasticity, however, two-stage least squares and the Bayesian bootstrap do not.

Tables 1.1 and 1.2 report the results based on 500 independent datasets.?! Table 1.1 reports
median absolute error (MAE), a measure of point estimator accuracy appropriate in simulation
studies with endogeneity and continuous data due to the heavy-tailed finite-sample distributions
of common point estimators.?? The posterior median for the deadweight loss parameter based on
the semiparametric Bayes (SB) is the most accurate point estimator for both sample sizes. This
conclusion does not change when the posterior mean is used instead of the posterior median for
the semiparametric Bayesian procedure (see Table A.1 in Appendix A.2.2). The comparison of the
semiparametric Bayes approach to the plug-in efficient estimator is of particular interest because
both estimate the Chamberlain (1987) optimal instrument, however, the plug-in efficient estimator
uses a power series to approximate the unknown functions while the semiparametric Bayes approach
implicitly uses a basis relative to a reproducing kernel Hilbert space (RKHS). Similarly, the results

indicate that the point estimator of the semiparametric Bayesian procedure is more accurate than

20 Appendix A.2.2 provides the details of these procedures.
2ISee Table A.2 in Appendix A.2.2 for these results under different Matérn priors.

22For example, the two-stage least squares estimator has no moments in the just-identified case with continuous
data.
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that of a BETEL procedure that approximates the optimal instruments using a sieve of unconditional

moments.

Table 1.1: Comparison of Deadweight Loss Point Estimates

Low Income High Income
Criteria Method n = 1000 n = 2500 n = 1000 n = 2500
SB 5.56 3.51 6.53 4.12
TSLS 6.22 3.61 7.47 4.35
MAE PE 6.37 3.83 7.35 4.55
BB 6.18 3.54 7.34 4.32
BETEL 6.45 3.68 7.39 4.37

Notes: The table reports empirical median absolute error (MAE) of the point es-
timates for the deadweight loss parameter. Results for the semiparametric Bayes
(SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) procedures
are based on 20,000 MCMC iterations with the first 10, 000 discarded as burn-in
and then thinning by keeping every fifth draw. The Bayesian Bootstrap (BB) results
are based on 2, 000 bootstrap repetitions. I use the posterior median for the point

estimates for SB, BB, and BETEL in the MAE calculations.

Table 1.2 assesses the finite sample properties of the various uncertainty quantification methods.
The first panel reports the empirical coverage of credible/confidence intervals with a nominal
level of 95%. The results indicate that, like all procedures, the semiparametric Bayesian approach
undercovers when n. = 1000, however, the coverage gets closer to the nominal level of 95% when
n = 2500. A possible explanation for the low coverage when n = 1000 is that nonparametric
Bayesian estimation of E[log P|log A,log Y] and E[U?|log A,log Y] can lead to overly precise
posteriors for the deadweight loss parameter. This is supported by Table 1.1 and the second panel of
Table 1.2 because the semiparametric equitailed credible intervals have the shortest median length

for all sample sizes while the posterior median is the most accurate point estimator. The coverage
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and length results for n = 2500, however, makes a strong case for the semiparametric Bayesian
approach because, not only are the point estimates the most accurate, but the interval estimates also

achieve the desired frequentist coverage and have the shortest median length.

Table 1.2: Comparison of Deadweight Loss Interval Estimates

Low Income High Income
Criteria Method n = 1000 n = 2500 n = 1000 n = 2500
Coverage (%) PE 91.6 91.6 91.8 92.8
BB 94.0 95.6 93.6 95.4
BETEL 93.4 96.0 93.6 95.4
SB 29.78 21.03 34.98 24.50
TSLS 34.29 21.89 40.44 25.78
Length PE 32.28 20.61 38.14 24.36
BB 34.37 21.77 40.46 25.75
BETEL 32.89 21.37 38.82 25.24

Notes: The table reports empirical coverage of the confidence/credible intervals for the
deadweight loss parameter relative to nominal level 95%, and median length of the confi-
dence/credible intervals for the deadweight loss parameter. Results for the semiparametric
Bayes (SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) procedures
are based on 20,000 MCMC iterations with the first 10, 000 discarded as burn-in and then
thinning by keeping every fifth draw, and the Bayesian Bootstrap (BB) results are based
on 2, 000 bootstrap repetitions. Percentile credible intervals are reported for the Bayesian
procedures, while the plug-in efficient (PE) and two-stage least squares (TSLS) confidence

sets use the delta method.
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1.3.3 Empirical Illustration

This section presents an empirical illustration applying the semiparametric Bayesian approach to
the full dataset to perform welfare predictions. I consider the same price change from the simulation
(i.e., p° = $1.22 and p' = $1.44) but expand the income groups to include a middle-income
group of y = $57,500 (i.e., y € {$42500, $57500, $72500}). I treat the translog model (1.8), (1.9),
and (1.11) as the primary specification. Table 1.3 presents the point estimates and uncertainty
quantification for the deadweight loss parameter as a fraction of household income under this model
(i.e., DWL(p°, p', y,7)/y). The results suggest that the price increase more severely impacts poorer
households because, following Blundell et al. (2012), this parameter captures household utility
loss relative to available resources. Appendix A.2.3 examines the sensitivity of the findings to the
choice of Matérn prior and the corresponding constant elasticity estimates. All estimates lead to the
same qualitative conclusion that the price increase more severely impacts poorer households. Table
1.3 also operationalizes a practical advantage of my approach because the interval estimates only

require computing empirical quantiles of the deadweight loss posterior (i.e., no standard errors).

Table 1.3: Translog Deadweight Loss Point and Interval Estimates

Income Group
Low Middle High
Posterior Median 9.55 7.94 6.85
95% Credible Interval (7.86,11.31)  (6.63,9.32)  (5.74,7.98)

Notes: Posterior median for the deadweight loss as a fraction of income is
in first row and equitailed probability intervals are in the second row. The
results are based on 50,000 MCMC iterations with the first 25, 000 discarded
as burn-in and then thinning by keeping every fifth draw. Like Blundell ez al.
(2012), the results are multiplied by 10* for readability.

Although the translog model is more flexible than the constant elasticity model (1.8)—(1.10), the
latter is frequently encountered in practice (e.g., Hughes et al. (2008)). Consequently, an important
empirical question is whether restricting the coefficients on (log P)?, (log Y)?, and log PlogY
to be equal to zero has a meaningful impact on welfare predictions. Semiparametric Bayesian

inference can be used to address this question. The constant elasticity and translog moments
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are determined by the conditional distribution of W = (log P, log ))" given Z = (logY,log A)'.
Consequently, a single posterior IL,,(pywz € |W ™) for py,|z implies a joint posterior for the
fixed points (¢ 1), where ‘CE’ corresponds to (1.8)-(1.10) and “I” corresponds to (1.8),
(1.9), and (1.11). The posterior for (7*, ) implies a joint posterior for the deadweight losses
(DW LT (p°, pt,y,~T), DWLEE(p°, pt, y,~SF)). The practical implication is that the same MCMC
output for the conditional density can be used to compare the welfare predictions by reporting
the posterior for the difference A, (p°, p',y) = |[DWLT(p°, p*, y,~T) — DW LCE(p°, pt, y,75F)).
Since these models are nested, if the posterior for A, (p°; p', y) concentrates its mass away from
zero then there is evidence the nonlinear terms matter for welfare predictions.??

Figure 1.1 presents the posteriors for A, (p°, pt, y) for y € {$42500, $57500, $72500}. Inspect-
ing the density plots in Figure 1.1, it is clear that the posteriors concentrate most of their mass away
from zero, however, the extent of the difference depends on the income group (i.e., the deadweight
loss difference tends to be smaller for low-income households). Moreover, since the deadweight
loss estimates under the constant elasticity model range between approximately $25 and $50, these
differences may be considered practically significant. This indicates that augmenting demand
models to allow for income heterogeneity in demand responses to price changes (i.e., through the
interaction of log P and log Y') and own-price elasticities that vary along the demand curve (i.e.,
through (log P)?) can alter the deadweight loss predictions in a meaningful way. The conclusion

is consistent with Blundell et al. (2012) because they find functional form restrictions can affect

the estimates of the effect of taxation, and, since the demand models are nested, it suggests that

23Since the point null hypothesis of equal deadweight loss is a measure zero event under the prior, examining the
mass of the posterior for the difference in deadweight is a simple Bayesian approach to assessing model fit (e.g., p. 229
of Schervish (1995)). Alternatively, one could construct a formal decision rule by specifying a utility function u(a, 7)
and choosing the action a that maximizes posterior expected utility (see Section 1.2.3). A simple example is as follows.
Let a € {0, 1} be an action with a = 1 corresponding to concluding a similar welfare prediction across models and
a = 0 corresponding to concluding a different welfare prediction, let ¢ > 0 be some tolerance level (e.g., a materiality
threshold), and let the utility function be u(a,v) = al{|A,(P° p', )| < c} + (1 — a)1{|A,(p°, p',y)| > c}. The
utility function rewards concluding similarity when there is a deadweight loss difference less than ¢ and rewards
concluding different when there is a deadweight loss difference greater than c. Using the results in Section 1.2.3,
the expected utility maximizing decision rule is to select a = 1 (i.e., conclude similar predictions) if and only if
I, (AL (p°, ptyy) < W) > T, (AL (P°, ', y) > ¢]W ™) (i.e., the posterior probability of the difference being
small, as measured by c, is greater than it being large).
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researchers should use more flexible demand models when evaluating the welfare effects of gasoline
price interventions. An interesting extension would be to model demand nonparametrically, however,

this is beyond scope (see Section 1.6.2 for discussion about nonparametric instrumental variables).

Posterior Distributions for Absolute Difference in Deadweight Loss
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Figure 1.1: Posterior Distributions for Absolute Difference in Deadweight Loss

1.4 A Bernstein-von Mises Theorem

This section proves a semiparametric Bernstein-von Mises theorem, which states that the structural
posterior is asymptotically Gaussian, centered at an efficient estimator of the structural parameter,
and has variance equal to the Chamberlain (1987) semiparametric efficiency bound. The key
takeaway is that the influence of the prior for the infinite-dimensional parameter is asymptotically
negligible, and Bayesian credible sets can be interpreted as asymptotically optimal frequentist

confidence sets.
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1.4.1 Assumptions about the Data Generating Process

Assumptions 5-10 concern the true data-generating process, and, overall, they are standard relative to
the literature on extremum estimation (e.g., Newey and McFadden (1994)). For notation, let P vz
be the true conditional distribution of W' given Z, let mo(z,7) = Ep, , ,[9(W, Z,7)|Z = 2] be the
dy x 1 vector of conditional moments at Py wz, let Xo(z,7) = Er, , ,[9(W, Z,7)g(W, Z,7)'|Z =
z] be the d, x d, matrix of conditional second/cross moments at % |z, and let My(z,7) =
Omo(z,7y)/07 be the dy x d, Jacobian matrix of the conditional moments at F yy . Furthermore,
let || - || be the Euclidean norm, let || - || » be the Frobenius norm, and let \,,;,,(A) and A, (A) be

the minimum and maximum eigenvalues, respectively, of a matrix A.%*
Assumption 5. The following conditions hold:

1. {(W}, Z})' }i>1 is an i.i.d sequence with distribution Py yw; = Pow|z %X Po.z, where Py w |z

is the conditional distribution of W given Z and I, ; is the marginal distribution of Z.

2. The conditional distribution Py 7 of W given Z has density p w|z contained in Py |z, the

set of conditional probability densities pw|z such that Ep,,, ,[g(W, Z,)|Z] exists.

Assumption 6. The conditional distribution Py |z of W given Z is contained in the family
M = {Pw;z € Pwiz: 37 €l st Ep,,[gW,Z,7)|Z = 2] =0V 2z € Z} and the true

parameter ( Py w|z) is in the interior of the structural parameter space I' C R4, d., < oo,
Assumption 7. The following conditions hold:
1. The conditional moments mq satisfy sup, . ezxr |[mo(2,7)|l2 < oo.

2. The conditional moments my j, j = 1, ..., dg, are twice continuously differentiable with respect

to vy in a neighborhood I of the true parameter (P w|z) with first and second derivatives

d

2For a vector a € R?, the Euclidean norm || - |2 satisfies [|a||3 = > o1 a3. For a matrix A € R4*d2 | the
Frobenius norm || - || satisfies ||A||% = 2?1:1 Eziil a3, A convenient (and equivalent) definition of the Frobenius

norm for symmetric matrices A € R%is || A||% = Z?Zl |X;(A)[?, where {A;(A)}9_, is the spectrum of A (i.e., the set
of eigenvalues).
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that satisfy

omo (2,
sup Moz 7) (/Z 7) < 0
(2,7)EZ%Tp afy 2
and
?*mg (2
sup mO,j( /7 7) < 00
(z7)€ZxTy OyOy 2

foreachj=1,..,d,.
Assumption 8. The following conditions hold:

1. There exists constants 0 < A\ < X < oo such that

A S 1nf )\min(EO(Z7 7)) S sup Amax(ZO(Za 7)) S X

(z,1)€ZXT (z27)€ZXT

2. The elements ¥ ;i, j,k € {1, ...,d,}, are continuously differentiable with respect to y in a

neighborhood Ty of the true parameter (P, ) with gradient that satisfies

aEO,jk<Z7 7)
o'

< o0
2

sup
(Z,’Y) eZxTy

foreach j, k € {1,....d,}.
Assumption 9. The following conditions hold:

1. The sample criterion function {Q, (v, 7, pow|z) : (7,7) € I' x I'} satisfies

limsup sup |Qn(%7>])0,w|z) - QPO,Z(%%PO,W|Z)| =0 a.e. [Péfoz];

n—00  (v,5)€lxT

where
Qro, (7,3 powiz) = Ep, ,Imo(Z,7) S5 (Z,7)me(Z, 7))
for each (v,7) € I' x I, and Pg%, is the probability law of the i.i.d sequence {Z;};>1.
2. For each 7 € T, the function v — Qp, ,(7,7,pow|z) has a well-separated minimum at
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Y(Po,w|z)- That is, for every & > 0 and every 7 € T,

inf QPO,Z (77:)/7PO,W|Z) > 0.
WGRdWHV—"/(Po,W\Z)HZZf

Assumption 10. The following conditions hold:

1. Let Vo(2,7) = Mo(z,v(Powz)) S (2, 7)Mo (2, v (Powz)) for each (z,7) € Z x T. The

function class {Vy(-,7) : 4 € I'} satisfies

lim sup sup

=0 a.e [Pyl
n—oo Jel'

F

1 3 .
E Z %(Zza ’7) - EPO,Z [%(27 /7)]
i=1

where P55, is the probability law of the i.i.d sequence {Z;};>.
2. Ep, ,[Mo(Z,0) Mo(Z, )] is positive definite.

I now discuss these conditions. Assumption 5 imposes that {(W/, Z!)'}" | is i.i.d and that the
conditional distribution Py |z of W given Z has a density pg |z in Py|z. Relative to Section
1.2.2, the first part is a design restriction on the sequence of external variables {Z;};>; because
W Z}is1 ~ Pé;l/%,‘ ,, for each n > 1 is already maintained. This additional structure for {Z; };>1
means that the Chamberlain (1987) semiparametric efficiency theory applies. Assumption 6 states
that the conditional moment equality model is correctly specified in that the true distribution of
W given Z is compatible with the moment restrictions, and, when combined with Assumption
1, there is only one parameter value that satisfies the restrictions at [% y|z. I use 7y throughout
as shorthand for (P w|z). It also requires that 7, be on the interior of the parameter space I',
an important condition for Bernstein-von Mises theorems (e.g., Bochkina and Green (2014)) as
well as the asymptotic normality of extremum estimators (e.g., Andrews (1999)). Assumption
7 requires that the conditional moments are differentiable in a neighborhood of ~y,. It is similar
to standard assumptions in the literature when the residuals g(W, Z, ) are differentiable in ~
(e.g., Chamberlain (1987), Donald et al. (2003), and Chib et al. (2022)), however, being stated in
terms of the conditional moments, it accommodates certain nonsmooth residuals such as quantile

instrumental variables (e.g., Chernozhukov and Hansen (2005, 2006)). Part 1 of Assumption 8
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states that the eigenvalues of ¥y(z, ) are uniformly bounded away from zero and infinity. It is
satisfied, for instance, if Z and I" are compact, (z,7) — Yo(z,) is continuous, and ¥¢(z, ) is
pointwise positive definite in (z,y) because then {¥y(z,7) : (z,7) € Z x I'} forms a compact
set of positive definite matrices. The uniformity is important because the Bernstein-von Mises
theorem requires showing that posterior draws X7!(z;,), i = 1, ..., n, are asymptotically uniformly
bounded over certain collections of conditional densities py|z. Part 2 of Assumption 8 states
that Xy is continuously differentiable in a neighborhood of ~, with bounded derivative, and, like
Part 2 of Assumption 7, is relatively standard. Assumption 9 states that the criterion function
obeys a uniform strong law of large numbers (USLLN) when evaluated at po 1|z and that its
population counterpart has a well-separated minimum at . The USLLN requirement is for a
function class indexed by a finite-dimensional parameter, and, as a result, it is a mild requirement
for which sufficient conditions are abundant (e.g., Andrews (1992)). The well-separated minimizer
condition ensures consistent estimation of 7, (cf. equation (5.8) in van der Vaart (1998)), and,
like the USLLN assumption, there are many sufficient conditions (e.g., appropriate modifications
of conditions (i)—(iii) of Theorem 2.1 in Newey and McFadden (1994)). Part 1 of Assumption
10 requires a function class indexed by a finite-dimensional parameter to obey a USLLN, and,
like Part 1 of Assumption 9, sufficient conditions are abundant. Part 2 is a strong identification
condition important for asymptotic normality. Combined with Assumption 8.1, it implies the matrix
Vo := Ep,, [Vo(Z,70)] is positive definite and the Chamberlain (1987) efficiency bound, VO_I, is

finite.

1.4.2 Assumptions about the Posterior for the Nuisance Parameter

The next assumption concerns the limiting behavior of the posterior for the conditional density.
It is stated in terms of an asymptotic thought experiment that conditions on realizations {z;};>1
of {Z;};>1. A conditional asymptotic approach is technically convenient because it makes norms
defined relative to the sequence {z;};>; natural, and, for this reason, it will be particularly helpful

for the low-level analysis in Section 1.5. Importantly, the asymptotic theory is strong enough to also

38



hold in the unconditional asymptotic thought experiment where {Z; };> is treated as random (see
Corollary 1). For notation, || f||2, =n"">"" || f(z)]|* is the squared empirical L*-norm defined

relative to {2; }i>1, || f|lncc = Mmaxi<i<y ||f(2:)]| is the empirical uniform norm defined relative

to {z;}i>1, || - || is the Euclidean norm || - ||2 if f(z) is a vector and is the Frobenius norm || - ||r

if f(2) is a matrix, Xo(W, Z) = V5 ' Mo(Z,70)' S5 (Z,7)g(W, Z, 7o) is the Chamberlain (1987)
)

efficient influence function, the symbol 27 denotes convergence in probability under the product

probability measure PO(;L/%H ;= Q. Powi» vec(A) is the vectorized matrix A, and real-valued

sequences {Z, },>1 and {y, }n>1 satisfy z, = o(y,) iff lim,, o (2,/y,) = 0 and x,, = O(1) iff

there exists a constant C' > 0 such that |z,,| < C for n large.

Assumption 11. For almost every fixed realization {z;}i>1 of {Z;}i>1, there exists a sequence of
measurable sets {75n7w|z}n21 = {75n7W|Z({zi}1~21)}n21 such that the posterior satisfies

~ P(n)
I, (pwiz € Pawiz|W™) 21

as n — oo and these sets {ﬁn,W\ 7 }n>1 are constructed so that

~

_1
SUP (v, pyy 1 2) €T X Py w2 [[m(-,7) = mo(-; V) |[n2 = o(n™1)

2 =o(n"7)

2' Sup(’y,pw‘z)eroXﬁn,W‘Z ||M<.7 7) - MO('7 7)|
3. 5B yera g IZ27) = Salesllmoo = o)
4. 50D e [0V€C(M (7)) [0l = O(1)

5. Py 160 e 10V0C(E () [0 e = O1)

IS

SUD () by 2)eDx By 1y, WK1 <i<n Epy, ,[exp([t'X0(W, 2)|)|Z = 2] = O(1)

for any t in a neighborhood of zero, where I is the neighborhood of (P w)|z) from Assumption

7. 25

2T use o(+) and O(-) instead of the probabilistic counterparts (i.e., 0,(+) and O,(-)) in conditions 1-6 because,
conditional on {Z; };>1, these objects are nonrandom.
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Assumption 11 states that, conditional on {Z;};>1, there are measurable sets {75n7W| 7 tn>1
(possibly depending on the realization {z;};>1) for which the posterior concentrates on as n — 0o
and these sets are structured enough to ensure certain convergence guarantees. Specifically, Parts 1
and 2 state that the conditional moments m(-,~) and Jacobian M (-, ) converge to their population

counterparts mq(-,7) and My(-, ), respectively, at a rate faster than n~'/4

under the empirical
L?-norm with uniformity along the sequence {ﬁn,w‘ 7 }n>1 and over (a subset of) I'. The third part
states that 75an| 7 also guarantee that the matrix of conditional cross-moments Y(+, ) converges to

1/4 under the empirical supremum norm, a condition analogous to

Yo(-, ) at a rate faster than n~
Assumption 3.4(ii1) in Ai and Chen (2003). I derive examples of these sets {ﬁn,w‘ 7 }n>1 for Holder

smooth Gaussian process priors in Section 1.5. Part 4 and Part 5 state that ||Ovec(M (-, 7)) /07|

n,2
and ||Ovec(X(-,7))/7||n,c are asymptotically uniformly bounded. These parts are sufficient for
showing ¥ — ¢,(¥, pw|z) is a uniform contraction mapping in large samples, a property important
for establishing that 7, concentrates around ~,. Part 6 requires that the elements of 75n,W‘ 7 have
sufficiently thin tails so that y, has exponential moments. It helps control the remainder in a power
series expansion that arises in a nonparametric local asymptotic normality (LAN) expansion and is

satisfied, for example, when Y is bounded.

1.4.3 Core Theorem

Assumptions 1-11 and a prior invariance condition lead to a Bernstein-von Mises theorem for the
conditional moment equality model. The theorem says that the posterior distribution of \/n(7,, —4y)
converges to a mean-zero normal distribution with mean equal to zero and covariance matrix equal

to V5!, where 4, = o + n 1 31| Xo(Wi, 2;) is a hypothetical efficient estimator.

Theorem 1. Suppose that Assumptions 1-11 hold and that, for almost every fixed realization {z; };>1

of {Z;}i>1, the prior invariance condition

J5 L (Pt 2)d(pw 2)
Pr,wi|z =1+ 0p(n) (1) (1.13)
fﬁn,W\Z L”(pW|Z)dH(pW|Z) 0,W|Z
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holds for any t in a neighborhood of zero, where py , w7 (w|z) o< pw|z(w|z) exp(—t'Xo(w, 2) /\/n).

Then, for almost every fixed realization {z;}i>1 of {Z;}i>1, the structural posterior satisfies
dBL (Hn (ﬁ(lyn - ’S/n) € |W(n)) 7N(07 VE)_I)> MZ 0
as n — 0o, where dgy, is the bounded Lipschitz metric.*

The rest of this section has two parts. First, I discuss some practical implications of the theorem
(e.g., interpretation and uncertainty quantification) in Section 1.4.4. Second, I sketch the proof and
discuss some key technical parts of the theorem (i.e., the weighting matrix and the prior invariance
condition) in Section 1.4.5. Readers only interested in the practical aspects may skip the second

part.

1.4.4 Practical Implications
Interpretation and Unconditional Asymptotics.

Theorem 1 states that, conditional on {Z; };>1, the structural posterior distribution (centered at 7,, and
scaled by /n) is asymptotically equivalent to a centered Gaussian distribution with variance equal to
Vi L. Since V! is the semiparametric efficiency bound and 4, is an efficient estimator of ~y, under
1.1.d sampling (i.e., Assumption 5), Theorem 1 is compatible with Chamberlain (1987). Notably,
it implies the same limiting behavior for the structural posterior in the unconditional asymptotic
thought experiment where stochastic convergence is under the joint law of {(W;, Z;)} ,, the
approach to asymptotics usually applied in the literature on conditional moments (e.g., Chamberlain
(1987), Newey (1990a), Newey (1993), Ai and Chen (2003), Donald et al. (2003), and Chib
et al. (2022)). This follows from Theorem 1 holding conditionally given {Z;};>; and the bounded

P’VL
convergence theorem; it is stated formally below with the notation — denoting convergence in

2For any two probability measures P and () on a measurable space (X, 2"), the bounded Lipschitz distance
is given by dpr,(P,Q) = supscr,, | [ fdP — [ fdQ|, where Lip, is the set of functions f : X — [~1,1] with
sup,ex ()] < land |f(z) — f(y)| < d(x,y) forall 2,y € X with x # y, where d is a metric over X'. The bounded
Lipschitz distance metrizes the weak-* topology on the space of probability measures (i.e., the topology of convergence
in distribution).
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probability with respect to the n-fold product P&W 7z Rywz = Powiz X Poz.
Corollary 1. If the assumptions of Theorem 1 hold, then
P’VL
dpr (T (Vi —n) € (W) N (0,V571)) =70

as n — oQ.

Uncertainty Quantification

Theorem 1 implies that Bayesian credible sets behave like asymptotically efficient frequentist
confidence sets in large samples. Let f : R% — R be continuously differentiable at  and consider

the equitailed probability interval

OS5t =) = [ens (3) s (1- )]

for e € (0,1/2), where ¢, ((q), ¢ € (0,1), is the g-quantile of IL,(f(v,) € -|W™).27 Theorem
1, Corollary 1, the delta method, and standard quantile function results imply that the quantiles
Cn,f(a/2) and ¢, f(1 — a/2) are first-order asymptotically equivalent to the endpoints of an efficient

Wald confidence interval. I state this formally using the corollary below.?

Corollary 2. If the assumptions of Theorem 1 hold and f : R*™ — R is continuously differentiable

at o, then, for any q € (0, 1), the posterior quantile c,, ¢(q) satisfies

Cn,f(q) = f(m) + @_I(Q)@ +opp,, (%) :

where q — ®71(q) is the quantile function of N'(0,1), and

0f ()"

Q(]f — )‘/071 a,y

?"The differentiability of f : R% — R is important because it has been shown that posteriors for nondifferentiable
functions fail to achieve frequentist coverage (Kitagawa er al., 2020).

2 Corollary 2 is stated in terms of F¢'w 7z, however, the same conclusion applies conditionally (i.e., under PO(T;/%/\ 7)-
See the remark following the proof of Corollary 2 in Appendix A.3.3
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is the asymptotic variance of (7).

Corollary 2 has useful practical implications. If the efficient influence function y, has second
moments, Ep, .. [||[Xo(W, Z)Xo(W, Z)'||r] < oo, then the corollary implies that C'S,(1 — «)
satisfies the frequentist coverage requirement F'y, ,(f(70) € CSps(1 — ) =1 —a +o(1) as
n — oo. This follows directly from Corollary 2 and applying the Lindeberg-Lévy Central Limit
Theorem/the delta method to the sequence {v/n(f (%) — f(70)) }n>1. Consequently, the equitailed
probability interval is an asymptotically valid (1 — «)-confidence interval for f(~,). Moreover,
since efficient estimators generate asymptotic confidence sets with the shortest length among the
class of asymptotically normal estimators for f(~,), the equitailed probability intervals are optimal
frequentist confidence intervals in the Gaussian limit experiment.?’ Recalling Example 1 and the
empirical analysis in Section 1.3, the result guarantees that the equitailed probability intervals for the
deadweight loss parameter are asymptotically optimal confidence sets provided that y — S(p°, z, )
is continuously differentiable at ~, for (p°, x) fixed and the prior IT satisfies the requirements for the
Bernstein-von Mises theorem. Corollary 2 also implies the posterior median ¢, ;(1/2) is first-order

asymptotically equivalent to an efficient point estimator f(%,).

1.4.5 Proof Sketch, Role of Weighting Matrix, and Prior Invariance
Proof Sketch

There are two conceptual steps to the proof. The first conceptual step is to show that y,, admits
an asymptotically linear representation. Recall the notation m(z,v) = Ep,, ,[9(W, Z,7)|Z = 2],
M(z,v) = 0m(z,7)/07, and X(z,7) = Ep, ,[9(W, Z,7)g(W, Z,~)'|Z = =] (with additional ‘0’

subscripts indicating expectations at [ 7). Since 7, satisfies the first-order conditions

1< _
E ZM(Z“VTL)E 1(Zi>ﬁyn>m(zi7’7n) = 07
i=1

2Section 1.4.5 considers the case where a researcher does not weight using 371 (z,) but rather uses the identity
matrix. It turns out that credible intervals achieve frequentist coverage but are inefficient, so the semiparametric
Bayesian inference parallels the use of heteroskedasticity robust standard errors.
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a mean-value expansion of m(z;, 7, ) around 7y and Assumptions 5—11 can be employed to show

that
Vi — o) = % > Eny, [0V 2)12 = 2] + 1)

uniformly over P,, vz, where I recall that Yo(W, Z) = Vi Mo(Z, %) S0 (Z,70)9(W, Z, 7o) is the
efficient influence function and Vo = Ep, ,[Mo(Z,70)'Sy " (Z,70) Mo(Z, 70)] is the efficient Fisher
information (Chamberlain, 1987). This characterizes the fixed point ,, as a smooth functional of a
conditional density in the sense that it is first-order asymptotically equivalent to a linear functional
of the density plus a term that vanishes at a rate faster than 1//n. Theorem 4.1 of Castillo and
Rousseau (2015) proves a Bernstein-von Mises theorem for these types of smooth functionals of
unconditional densities, and, as a result, the second conceptual step is adapting their argument
in a way that accounts for the conditioning (i.e., extending the argument to a triangular array of
independent but not identically distributed random vectors). Specifically, the asymptotically linear
representation, the series expansion of a cumulant generating function, and Assumptions 5—11 imply

that, for any ¢ in a neighborhood of zero, the posterior Laplace function for \/n (v, — ¥,) satisfies

/exp(t,\/ﬁ(’}/ﬂ - ﬁ/n))dnn(pww‘w(n)) = (1 + Op(n) (1>> €exXp (%t,‘/o_lt)

0,W|Z
f75n Wz Ln(ptm,w\z)dﬂ(pw‘z)
« ,
fﬁn,vwz L"(pW|Z)dH(pW\Z)

Consequently, the prior invariance condition (1.13) yields that

/ 2 n 1 Iy 7r—
[ X = AW ) = (1 oy () esp (52757).

0,W|Z

which implies that the posterior Laplace function is first-order asymptotically equivalent to that
of N'(0,Vy ') for any t in a neighborhood of zero. This implies convergence of the posterior
IL, (v (" — An) € -[W™) to N'(0, V5 ') in the bounded Lipschitz distance (cf. Theorem 1.13.1
in van der Vaart and Wellner (2023b)).

Example 1 (Continued). I elaborate on the asymptotically linear representation in the context of
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the linear model with endogeneity. Using the expression for 5 — q, (7, pw)|z) obtained in (1.7), the
fact that v, satisfies v, = ¢n(Vn, Pw|z) (i.e., it is a fixed point), and adding/subtracting the index

V(D, X)'y inside Ep,, ,[Y|Z = zi], I conclude that

’Yo+< ZU (2i57n) Zz>M<Zi)/) %ZU2(2’17%)M(Zz')m(2i,’70),

Rn(pw|z)
where m(z,v) = Ep,,[Y — W(D,X)VZ = 2|, M(z) = Ep,,[¥(D,X)|Z = 2|, and
0*(25,7) = Epy,|(Y = W(D,X)7)*|Z = z]. Consequently, the asymptotically linear repre-

sentation requires showing that there are sets {ﬁn,w\ 7 fn>1 such that

1
o (Pwz) ZEPW‘Z (W,2)|Z=z]+o (\/ﬁ) , (1.14)

where
Xo(W, Z) = Vi og 2 (Z,70) Mo(Z) (Y — W(D, X))
and
Vo = Ep, [0 2(Z,70) Mo(Z)Mo(Z)']

are the efficient influence function and efficient Fisher information, respectively, for this example.
Since the remainder R, (pw\z) is essentially a ‘sample analog’ to the leading term in (1.14), if the

posterior concentrates on sets {75n,W\ 7 tn>1 such that the following three conditions hold

1 | = o(n )
— =o(n
o?(2i, Vn) Ug(zi; %)

sup max
1<i<n

Pw|zEPn,w|z

o 3" M) = Mol = ofn )

Pw|zEPn,w|z

1 — .
sup | =3 [Imi(z70) [ = o(n ),
=1

Pw|zEPn,w|z

then (1.14) is satisfied. These conditions are implied when specializing Assumptions 5—11 to this
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example.

Role of the Weighting Matrix

I discuss weighting using ¥7!(z,v). As overidentifying restrictions, the conditional moment
equalities impose meaningful restrictions on the scores of the parametric submodels (in the sense of
Stein (1956)) that characterize the semiparametric structure of the model. Formally, the mean-square
closure of the rangent set at the true distribution Fy vz X [, 7z (i.e., the set of parametric submodel
scores) is a strict subset of the maximal tangent set at I}y w7z X P 7 (i.e., the space of mean-zero

).3% This means that there are regular asymptotically

random variables with finite-second moments
linear estimators with different asymptotic influence functions, and, as a result, there are inefficient
estimators of 7, (Chen and Santos, 2018). A “full support’ prior II (i.e., M C support(II)) does not
necessarily account for this structured tangent space, so the posterior for the parameter of interest
must be constructed to avoid information loss. Like frequentist minimum distance estimation,
Theorem 1 shows that weighting the conditional moments using X !(z, ) is sufficient because
the asymptotically linear representation implies that the fixed point v, is first-order asymptotically
equivalent to a linear functional of pyz with Riesz representer given by the efficient influence
function (. Consequently, an efficient Bernstein-von Mises theorem is established by adapting
results from Castillo and Rousseau (2015). It should be noted, however, that the semiparametric
Bayesian approach is well-defined even when the ‘optimal’ weighting is ignored (e.g., X! is

replaced with I;,); the example below demonstrates that local efficiency guarantees may still be

possible in such a situation.

Example 1 (Continued). Overidentification makes weighting using ¥~ (z,v) important for effi-
ciency, however, in practice, researchers sometimes ignore optimal weighting in overidentified
minimum distance/GMM contexts. I explore the consequences of this on the Bernstein-von Mises

theorem in the context of the linear instrumental variables model. Suppose alternatively that a

30See Bickel et al. (1993) and Chapter 25 of van der Vaart (1998) for an introduction to semiparametric efficiency
theory.
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researcher reported the posterior for the identity-weighted estimand

v = (% ZM(%)M(@)’) %Z M(z)Epy, ,[YZ = 2].

Under Assumptions 5—11, one obtains the asymptotically linear representation
1 ¢ i
vyl — ) = 7n Z EPW\Z[X?)(V[/? Z)|Z = 2] + o(1)
i=1

uniformly over {Pp w\z Yn>1, where X\(W, Z) = Ep, ,IMo(Z)Mo(Z)] ' Mo(Z)g(W, Z, 7). Fol-
lowing the same proof technique as Theorem I (except defining py , w|z with respect to )ZJ[S rather

than Xy), the posterior for v} satisfies
Pywz
dir, (TL (Vi) = 48) € (W), N (0, V) ) =¥ 0
as n — 0o, where
A=+ lzn:XT(W Z;)
n n p 0 1y “1

and

-1

Vo = (Ep, ,[Mo(Z)Mo(2))) " Ep, ,102(Z,70)Mo(Z) Mo(Z)') (Ep, ,[Mo(Z) Mo (Z)")

By the law of iterated expectations, VOT is the asymptotic variance of a hypothetical just-identified
instrumental variables estimator that uses My(Z) = Ep,,, ,[V(D, X)|Z] as an instrument for
U(D, X). Consequently, the semiparametric Bayesian approach delivers the same limiting distribu-
tion as the identity-weighted frequentist estimator in Chen et al. (2021). Credible intervals, although
inefficient, still achieve asymptotic frequentist coverage under heteroskedasticity.’! However, when
02(z,7) = of forall z € Z with 02 € (0,00) being a constant (i.e., there is homoskedasticity),
then VJ still achieves the Chamberlain (1987) semiparametric efficiency bound. Consequently, the

identity-weighted structural posterior is a locally efficient estimator (per Definition 1 of Bickel et al.

3I'This is similar to Lancaster (2003), where it is shown that inferences using the Rubin (1981) Bayesian bootstrap
for linear regression models are asymptotically equivalent to inferences based on ordinary least squares with White
(1980) standard errors.
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(1993)).

Prior Invariance

Condition (1.13) requires the prior 11 exhibit a strong lack of sensitivity to shifts in the direction of the
efficient influence function y, and it arises because a local asymptotic normality (LAN) expansion
is required to establish posterior asymptotic normality.*?> Towards the first point, the tilted density
Pntwz satisfies p, ¢ wiz(w]z) oc exp(log pwz(w]z) — t'xo(w, 2)/v/n) for all (w,z) € W x Z.
This indicates that the difference between the numerator and the denominator in (1.13) is that the
former involves the shifted log density log py|z — t'X0/+/n While the latter only involves the log
density log py|z. Consequently, if a shift in the efficient influence function X, has an asymptotically
negligible effect on the prior, then ratio in (1.13) approaches one as the sample size grows. Hence,
the name ‘prior invariance’. The second point about LAN explains why prior invariance features in
many semiparametric Bernstein-von Mises theorems (e.g., Theorem 2 of Castillo (2012b), Theorem
2.1 of Rivoirard and Rousseau (2012), Theorem 2.1 of Castillo and Rousseau (2015), Theorem 1 of
Ray and van der Vaart (2020), and Theorem 3.7 of Monard ef al. (2021a)).

The usual approach to verifying this condition is to apply a change of variables log py|z +
log pw iz —t'Xo /+/n and show that the density dI1,, ;/dII converges to one as n — oo, where I1,, ; is
the law of p; ,, |z under II. This holds under standard continuity and positivity conditions for priors
in parametric models, however, the nonparametric counterpart is much more subtle. For example,
Section 1.5 shows that, for the Gaussian process priors used in Sections 1.3, prior invariance depends
on how well the Chamberlain (1987) optimal residual go(w, z) = Mo(2, %) 25 (2, v0)g9(w, 2, Y0)
is approximated by a reproducing kernel Hilbert space (RKHS) associated with the prior II and
the rate at which the posterior for the conditional density for W given Z concentrates around the
true conditional density pg1|z. The practical implication is that the structural posterior may be

badly biased if the RKHS approximates the optimal residuals poorly. Although there has been some

32A LAN expansion is not required for the asymptotic normality of frequentist minimum distance estimators because
the Central Limit Theorem may be applied. For example, see Corollary C.3 in Ai and Chen (2003) and its role in the
proof of Theorem 4.1.
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progress towards semiparametric Bernstein-von Mises theorems that account for the invariance
condition in other models using either data-driven priors (Ray and van der Vaart, 2020) or interest-
respecting reparametrizations (C. D. Walker (2024)), the problem of finding general approaches

that account for prior invariance remains an open question.

1.5 Verifying Assumption 11 and Prior Invariance with Gaus-
sian Processes

This section presents sufficient conditions for Assumption 11 and the prior invariance condition for
a class of priors based on the simulations and empirical illustration in Section 1.3. Since it is of

theoretical interest, a reader not interested in these technical details can skip it.

1.5.1 Setup

I introduce some notation, the sampling model and class of priors, and some technical assumptions

about the internal variables, external variables, and the residuals.

Notation

Let 7' = [0, 1]¢ with d = d,, + d. (unless stated otherwise). The notation (C(T,R), || - || ) refers
to the space of real-valued continuous functions on 7" equipped with the supremum norm || f||o =
sup;er | f(t)]- Tuse (L*(T,R), || - ||2) for the space of real-valued functions on 7' that are square
integrable with respect to the Lebesgue measure equipped with the seminorm || f||z2 = \/{(f, f) L2
where (f,g)12 = [, f(t)g(t)dt for any f,g : T — R. The pair (C*(T,R),|| - ||a), & > 0, refers to

the Holder space of |« |-times continuously differentiable real-valued functions on 7" with an |« |th
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derivative that is (o — |a|)-Holder continuous.*®* The Holder space norm || - ||, is given by

D*f(t) — D*
Iflle = max sup|DFf(t)]+ max sup |D*f(t) f(s)]
ki|k|<|a) teT klkl=la] speTistt ||t — S||37Laj

where k = (ky, ..., kq)’ is a vector of nonnegative integers, |k| = k; + - - - + kg is their sum, and
D* = 9IF /(9 - .. Otke) is the differential operator. Finally, (S®(T,R), || - ||2.2.) @ > 0, denotes
the Sobolev space of real-valued functions f defined on 7' that can be extended to a function f
on R? that satisfies || f|[35., = J [F(\)[2(1 + [|A[|2)*d\ < 0o, where f is the Fourier transform of
f. The function spaces S*(7,R) and C*(T, R) represent different smoothness classes indexed by

a > 0 with many functions contained in their intersection.

Sampling Model and Prior

I model the conditional density of W given Z using (1.3). Recall that the conditional density satisfies
po.s(w|z) o< exp(log fo(w|z) + B(Fp.(w), Fy(z))), where fy(w|z) is a conditional probability
density function known up to § € © C R, Fy .(w) is the associated vector d,, X 1 vector of
conditional cumulative distribution functions, Fy(z) is a compactification that maps Z to [0, 1]%,
and B : T'— R s a function-valued parameter. For each j € {1, ..., d,}, let fo ;(w;|z, wy, ..., w;_1)

denote the conditional density of W; given Z, W, ..., W;_; under the parametric base density
fol:2).

Assumption 12. © C R% is compact and the class {fy : 0 € ©} satisfies: 1. the map-
ping (w, z,0) — fo;(wj|z,wr,...,w;_1) is continuous in all arguments for all j = 1,...,d,,
2. foj(wj|lz,wy,...;wj—1) > 0 for all (w,z,0) € W x Zx 0O and all j = 1,...,d,, and
3. SUp(y ) ewx z | 10g fo, (w|2) — log fo, (w]2)| < [|01 — 2|2 for all 0,,0, € ©.

Assumption 12 imposes some standard regularity conditions on the parametric class of base

densities { fy : 6 € ©}. The first two parts ensure that w +— Fp .(w) has a continuous inverse for all

f € © and all z € Z because it guarantees that the component cumulative distribution functions

3A function f : T — R is a-Holder continuous, o > 0, if there exists a constant C' > 0 such that |f(t) — f(s)| <
C||t — s||* for all t, s € T. For a = 1, the definition coincides with that of a Lipschitz function.
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are strictly increasing and continuous on W.** Tt is useful because it enables vieweing pg 5(-|2)
as a conditional probability density function on [0, 1]%* via the change of variables w = Fg’; (u)
with v € [0,1]%. The last part requires that the class of densities is uniformly Lipschitz in the
parameter, and, along with the compactness assumption about ©, is useful for some metric entropy
calculations. It is slightly stronger than A3 in De Blasi and S. G. Walker (2013), a paper that proves
some posterior consistency results for unconditional densities similar to (1.3), in that they require a
uniform Lipschitz property over neighborhoods of the finite-dimensional parameter that minimizes
the Kullback-Leibler divergence between the true density and the parametric baseline.

A prior for the conditional density is obtained by assuming a probability law II for (6, B). I set
IT = Ilg x IIp, where Ilg is a probability distribution supported on © with a continuous Lebesgue
density 7e, and Il is a centered Gaussian process in (C'(T,R), || - ||) with sufficiently smooth

sample paths and restricted to have uniformly bounded sample paths. A formal description is found

in Definiton 1 and Assumption 13.

Definition 1. A centered Gaussian process in (C(T,R),|| - ||o) is a continuous stochastic process
{B(t) : t € T} such that, for every t1,...ty, € T and k > 1, the vector of function values
(B(t1), ..., B(tx))' follows a mean-zero multivariate Gaussian distribution, where the covariance
matrix is determined by the covariance function . : T X T — R, a symmetric positive-semidefinite

kernel on T, evaluated at the possible pairs inputs tq, ..., lx.

Assumption 13. The prior 11 satisfies 11 = Ilg x Ilg, where llg is a probability distribution
supported on © with a continuous Lebesgue density mg, and g is the renormalized restriction of
the law Tl of a centered Gaussian process B in (C(T,R), || - ||s) to the event {||B||oc < B} for
some large B € (0, 00) with the property that sample paths B are regular in the sense that there

exists o > d, /2 such that B takes values in (C*(T,R), || - ||o) for every 0 < a < a.

Some comments on the prior. Uniform boundedness of the sample paths is a technical condition

3*Namely, ngl :[0,1]% — W satisfies Fgle(ul, ey U, ) = (F(,le’l(ul),Faleg(uhugL ...7F9”Zl)dw (U1, .oy ig,))
with F~ z1’1 (u1) being the conditional quantile function associated with fp,1(w12) evaluated at u1, F; Zl’z(ul, us) being

-1

the conditional quantile function associated with fg »(w2|w1, 2) evaluated at up with wy = Fj, | (u1), and so on.
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that helps control the high-frequency behavior of certain random conditional probability density
functions. A similar restriction is imposed in Giné and Nickl (2011) and is also used to control
random approximation errors. The magnitude of the bound does not play any role in the derivations,
and, as a result, it can be treated as an arbitrarily large but finite number. This is why it is ignored in
Section 1.3. The smoothness condition requires that sample paths B be (almost) a-Holder, and, like
the uniform boundedness restriction, the condition that o > d /2 is used to control basis expansion
remainders. The example below illustrates that the Matérn Gaussian process used as a prior in

Section 1.3 satisfies this smoothness requirement.

Example 3 (Matérn Process). For ease of exposition, suppose that 0 is fixed at some value 0* (i.e.,
[l is a point mass at 6*) and that Mg is the law of a centered Matérn process indexed by o > 0.
Matérn Gaussian processes are a class of stationary Gaussian processes with covariance functions
obtained by applying the Fourier transform to spectral densities m(\) = (1 4 ||\||2) =22 with

a > 0.% That is, for a given a > 0, the Matérn covariance function is
K(s,t) = /exp(i(s — )Y N)(1+ ||A2) 7" 92aN, (1.15)

where i is the imaginary unit.>® From (1.15), the choice of o > 0 determines the covariance function
k and, by extension, the specific Gaussian process prior. Using properties of the spectral density
m, it can be shown that Matérn process is a Gaussian process in C*(T,R) for all 0 < a < « (see
Section 3.1 of van der Vaart and van Zanten (2011)). Hence, the smoothness restriction imposed in

Assumption 13 is consistent with the priors used in the empirical illustration in Section 1.3.

Internal Variables, External Variables, and Residuals

Finally, I impose some restrictions for the internal variables, the external variables, and the residuals.

3>More generally, m(\) = v/(72+||A[|3)~*~%/2 for constants v, 7, > 0 (Stein, 1999). However, for the theoretical
analysis in this section, it is enough toset v = 7 = 1.

36k can be represented using special functions. See Appendix A.2.2 for details.
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Assumption 14. The following conditions hold: 1. the support W is a compact subset of R%,
2. Z =10,1]%, 3. the true conditional density po,w|z of W given Z is defined with respect to the
Lesbegue measure, and is continuous and positive on VW x Z, and 4. the marginal distribution I
admits a density py 7 with respect to the Lebesgue measure on [0, 1]% that is bounded away from

zero and infinity.

Assumption 15. The following conditions hold: 1. the parameter space 1 is a compact subset of
RY, 2. (w, z,7) — g;(w, z,7) is continuous for each j = 1, ..., d,, 3. (w, z,7) = 9g;(w, z,7) /0
is continuous for each j =1, ...,d,, and 4. (w, z,7) — 9%g;(w, z,7)/0v07" is continuous for each

j=1,.d,

I briefly discuss these assumptions. The first two parts of Assumption 14 impose that the support
of the internal and external variables are compact subsets of R% and R%, respectively. Bounded
internal variables may be restrictive in some applications. For instance, in the context of Section
1.3, it rules out households that do not purchase gasoline, however, this is not a problem for the
Blundell et al. (2012, 2017) dataset used in the empirical analysis. Compactness of the conditioning
variables is standard in nonparametric estimation theory, and, once compactness has been assumed,
it is without loss of generality to set Z = [0, 1]%:. Consequently, I set the compactification Fy
used to construct py 5 equal to the identity (i.e., pp g(w|z) x exp(log fo(w|z) + B(Fy.(w), 2))).
Combined with the first two parts, Part 3 of Assumption 14 implies that the conditional density of
W given Z is bounded away from zero and infinity. Part 4 of Assumption 14 is also standard in
nonparametric estimation theory. Assumption 15 enforces compactness of the structural parameter
space and strengthens Assumption 7 to enforce that the residuals, their first derivatives, and their
second derivatives are continuous in the data and the parameters. Parts 2—4 are satisfied for the
demand models from Section 1.3. Moreover, the size of I" plays no role in the argument, so, like the
boundedness of B, it can be considered a technical restriction (i.e., the diameter of I" can be taken

as arbitrarily large but finite).
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1.5.2 Verifying the Assumptions

This section provides sufficient conditions for Assumption 11 and the prior invariance condition for
the class of priors based on Assumptions 12—13. There are three results. First, I establish a posterior
consistency guarantee in the root mean squared Hellinger (RMSH) distance. Second, I obtain an
empirical uniform convergence guarantee from the RMSH consistency, and, as a result, it covers the
third part of Assumption 11. Together these results imply Parts 1-3 of Assumption 11, and, being
general results on conditional density estimation, they may be of interest beyond the conditional
moment restriction model. The remaining parts of Assumption 11, which are viewed as technical,
are trivially satisfied under Assumptions 14 and 15. The third result is sufficient conditions for the

prior invariance condition (1.13).

Posterior Consistency in the RMSH Distance

I derive sufficient conditions for the posterior to concentrate around the true conditional density
Po,w|z in the RMSH distance. Specifically, the goal is showing that, for almost every fixed realization
{zi}i>1 of {Z;}i>1, there is a sequence {0, },>1 with 6,, — 0 as n — oo such that

pm

I, ((0, B) : hu(po.5, powiz) < Dé,|W™) 2571 (1.16)

as n — oo for some constant D > () large, where

1 n
hn(po.5spowiz) = | — > W (po.s(:120), powiz(c]20))
=1

is the RMSH distance between py g and pg |z with

1 us12) a1 = [ (Voratel?) st o

being the squared Hellinger distance between the conditional densities at z. If 6, = o(n~'/%), then
Part 1 and Part 2 of Assumption 11 are satisfied for any sequence of sets {75n7w| 7 }n>1 such that the

set inclusion 75n7W|Z C {(0,B) : hn(po,B, Pow|z) < Dby} holds. Indeed, Assumptions 14 and 15
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imply that

SU? (-, 7) = mo(s )2 S ha(po,B: Pow|2) (1.17)
YE
and
SU? M, v) = Mo(-s )| n2 S Pnl(po,B: Pow|z)- (1.18)
YyE

I use general posterior contraction results for triangular arrays derived in Ghosal and van der
Vaart (2007) and the Gaussian process contraction rate theory from van der Vaart and van Zanten
(2008a) to find sequences that satisfy (1.16). The reproducing kernel Hilbert space (RKHS) of the

Gaussian process B is important for applying this theory.

Definition 2. The reproducing kernel Hilbert space (RKHS) H associated with the centered
Gaussian process B is the completion of the space of functions f : T — R satisfying f(t) =
Z?Zl a;jk(t;,t), where ay,...,a € R, ty, ...ty € T, and k > 1, relative to the norm || - || induced
by the inner product (f, f) = Z?Zl Z;il ajaik(ty, ) for f, f € H.

The role of the RKHS is twofold. First, the support of the unrestricted Gaussian process s
is the closure H of H with respect to the supremum norm || - ||o (see Lemma 5.1 of van der
Vaart and van Zanten (2008b)). This implies there is no hope of consistently estimating the true

conditional density if its logarithm is not contained in the uniform closure of the RKHS. Second,

the convergence rate is tied to the concentration function @y, , of B at by g,

b (0) = 211113, — log 1 (|| Blloe < 8)

feH: Hf bo olloo<d 2

for & > 0, where

boo(u, 2) = log powz(Fy . (u)]z) — log fo(Fy ; (u)]2)

for (u, z) € [0,1]% x [0, 1]%-. Intuitively, ¢, , is a quantitative measure of the mass that a Gaussian
process places around by y as measured by the RKHS. The next result, based on Theorem 4 of

Ghosal and van der Vaart (2007) and Theorem 2.1 of van der Vaart and van Zanten (2008a), makes
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this precise. Although a relatively straightforward application of these theorems, it may be of

general interest because
1. van der Vaart and van Zanten (2008a) only consider unconditional density estimation, and
2. the posterior consistency theorem from Tokdar et al. (2010) does not provide a rate.?’
Proposition 1. Suppose Assumptions 5, 12, 13, and 14 holds. If the following conditions hold:
1. supyee ||bo,9||oo < B,
2. {byy:0 €0} CH, and
3. Supgee Loy, (0n) < 102 for some sequence {0, }n>1 satisfying 6, — 0 and nd, — oo

, then, for almost every fixed realization {z;};>1 of {Z;}i>1, the posterior satisfies

(n)
1L, (hn(pe,Bapo,W\Z) < D5n|W(")) PMZ 1

as n — oo for some large constant D > (.

Example 3 (Continued). If by g« € C*(T,R) N S (T, R) for some v, then results on the con-
centration function for Matérn priors from Section 3.1 of van der Vaart and van Zanten (2011)

2a+d) - Consequently 6,, = o(n~'/*) if and

imply that the contraction rate is 6, = n~ ™aeo}/(
only if « > d/2 and oy > /2 + d/4. The second inequality be interpreted as ruling out certain
forms of oversmoothing because, in the undersmoothed case (i.e., o < «y), the contraction rate is
5, = n~2%) meaning that o > d/2 implies §,, = o(n~'/4). Note that the posterior contracts

around po |z at the minimax rate n=°°/ 20+ ywhen o = o and satisfies 8, = o(n='/*) provided

that og > d /2.

371t should be noted, however, that Tokdar et al. (2010) allow for subspace projection to incorporate high dimensional
Z in their proof of consistency.
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Empirical Uniform Convergence

Proposition 1 alone is too weak to be used for the verification of Part 3 of Assumption 11.3® However,
it can be combined with a projection argument to obtain a (possibly suboptimal) contraction rate in

the empirical supremum total variation distance,

max/\png(w|zi) — powz(w|z;)|dw.

1<i<n

Since it concerns the behavior of conditional probability density functions, this result may be of
general interest beyond the conditional moment equality model. In particular, 1. it differs from the
heuristic in Section 4.3 of De Blasi and S. G. Walker (2016) through the choice of prior and the
empirical uniform convergence guarantee, and 2. it is novel relative to Proposition 2 of Castillo and
Rousseau (2015), where projection is used to establish uniform convergence of an unconditional

probability density function.

Proposition 2. Suppose that Assumptions 5, 12, 13, and 14 hold. If

sw/ 1 log powiz(Fy () || 12, du < oo
0€0 J[0,1]dw

for some oy > d, /2, and

sup [ [1og ol (w)]) i < o0
0€® J[0,1]dw
foreach a € (0, «), then, for almost every fixed realization {z; };>1 of { Z; }i>1, there exists sequences
{7517n7w|z}n21 and {Sn}nzl with 6, = Sn({zi}iZI, On, J) such that

™

11, (75”,17W|Z‘W(n)) *gz

1<i<
P9,BEPL n,w|z

sup max/ ‘peB wlz;) — po,w|z(w|2) ‘dw < D5

for a constant D>0 large enough, where {0,,},>1 is the rate from Proposition 1 and J € 7.

3An exception is when Z has finite support because all product space norms defined relative to {z;}", are
equivalent.
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Several features of Proposition 2 should be discussed. The first concerns the interpretation of the
result and its connection to the Bernstein-von Mises theorem. Proposition 2 states that, given a pre-
liminary RMSH rate §,, and some Holder-type smoothness conditions for z — {log fg(Fg_; ()2) :
0 € O} and z — {logp07W‘Z(F9_7zl(~)|z) . § € O}, there exists a sequence {0, },>1 that bounds the
empirical supremum total variation distance between {py 5(+|2) : 2z € [0,1]%} and {po w2z (-|2) :

z € [0, 1]%}. Since Assumptions 14 and 15 reveal that for any j, k € {1, ...,d,},

max HEPO,B[gj(VI/? 27 7)gk<W7 Z> 7)’2 = Zi] - EPO,WlZ[gj(W7 Z, V)Qk(wfa Za 7)‘2 = Zimn,oo

1<i<n

< lrga;;/w ‘pe,B(w|Zi) _pO,W|Z(w’Z7L)|dwa

the condition 6,, = o(n~/*) implies Assumption 11.3. Combined with the fact that Assumptions
11.4-11.6 hold under Assumptions 14 and 15, Propositions 1 and 2 provide a complete set of
low-level sufficient conditions for Assumption 11.

The second discussion point concerns the proof. Proposition 2 is where the Holder assumption
on the sample paths of the Gaussian process B is used explicitly. The smoothness restriction
ensures that the sample paths {ps p(-|2) : 2z € [0, 1]%} are well approximated by tensor products
of the boundary-adapted wavelet basis from Cohen ez al. (1993a) (referred to as ‘CDV wavelets’
from here onwards) and that the posterior concentrates around certain sequences of Holder balls
as n — 00.> A bound on the empirical supremum total variation distance norm is then obtained
by 1. showing the empirical supremum L!-distance between the sample least squares projections
of {py,5(-|2) : z € [0,1]%} and {pow|z(:|z) : = € [0,1]%} onto a finite-dimensional linear sieve
generated by the wavelets is bounded (up to a multiplicative constant) by the RMSH distance,
and 2. using the Holder smoothness assumptions to control the remaining approximation errors.
Provided that the sieve dimension {.J,},>; satisfies J, — oo as n — oo appropriately, these

arguments imply that the sequence {Sn}nZI satisfies

b= O (275 8, + /o250 4 (5 e0))

3See Appendix A.3.4 for background on CDV wavelets and the relevant properties.
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where a € (d,/2, «) is a constant that is arbitrarily close to a. Example 3 uses this expression to
find pairs (c, ) for which 8, = o(n~/*) holds. The takeaway is that uniform convergence at a

—1/4

rate faster than n may require some smoothness and that the prior’s regularity o cannot severely

deviate from the regularity o of the true conditional density.

Example 3 (Continued). I elaborate on the rate bn in the context of the Matérn Gaussian process

prior. Setting 2’» = (n/logn)Y?*+) [ obtain

0I5 5, + /16,27 (F =) 4 9In(Fm00) = 5 7t (log )~ T

(a—a)+ds _ (d2—2a)
+ 0p,n 2ot e (logn) 2C@a+d:)

(dz—2ap) _ (dz—2aq)
+ n2@a+dz) (1og n) 2(2atdz)

=T + Tn2 + Tn3

Since rp1 = 0(rn2),% it suffices to find conditions under which the following conditions hold:

R (logn)~ 20ata) — o(n™3), Gun Tt (logn) 2@t — o(n~ ).

Substituting the rate 6, = n~ "{®0}/ Ce+d) gorived earlier and using that polynomial decay is

faster than logarithmic growth, these terms are o(n™/*) if the following inequalities holds:

a  3d, - 1 N d,+ (v —a) - min{a, ag}
ap, - :
Y47 2a+d, 20 +d

2+4

(1.19)

Since these inequalities are not as easily interpreted as their RMSH counterparts, I plot the range
of feasible (cv, a)-pairs for (dy,d,) € {(1,2),(2,2)} in Figure 1.2 (note that (d,,d,) = (2,2)
corresponds to simulations/empirical illustration in Section 1.3).*' From the plots, there are two
key takeaways: 1. a sufficient condition for the rate requirement is that the Holder index of the prior

and the true function are both sufficiently large and there is not a large mismatch between the two,

“Note that 7, 1 /7 2 = 2%/ /n!/2. Substituting 27 = (n/log(n))"/Co+d=) 1 | /r, o = o(1) if n¥o4a= /\/n =
o(1). Since a < o, n?+2% /\/n = o(n?+ /\/n) and n¥+a /\/n = o(1) because d, > 0.

“IT only plot the second inequality in (1.19) because inspection of the plots for (c, o) € [0, 10]? indicates that the
first inequality holds when the second holds.
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and 2. there is a curse of dimensionality because the range of feasible («, )-pairs shrinks towards

the northeast when d,, increases.

d,=1andd,=2 d,=2andd,=2

=]

0.0 25

Figure 1.2: Feasible («, «p)-Pairs for the Matérn Prior

Prior Invariance

I conclude this section with sufficient conditions for the prior invariance (1.13). Specialized to this

example, prior invariance requires that

fﬁn Wiz Ly, (ptnop)dllp(B)me(6)dd 1 " .
7 =140, , )
fﬁn,W|Z L"(p97B)dHB(B)7T®(9)d9 Pé,‘}/\z

as n — 0o, where p; 0 g(w|2) x pg p(w|z) exp(—t'Xo(w, z)//n) is a tilting of the conditional
density that incorporates the efficient influence function. Like the verification of Assumption 11, the
RKHS has an important role because the condition holds if the optimal residual from Chamberlain

(1987),

Go(w, 2,7) = Mo(2,7)' 25" (2,7%)9(w, 2, %),

is well-approximated by it. The next proposition formalizes this claim and is based on Proposition

3 of Castillo and Rousseau (2015). For notation, let {goy : 6 € ©} be a class of functions that
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satisfies go,o(u, z,%0) = Jo(Fy.. (1), 2,70), 2, 7) for (u, z,0) € [0, 1]* x [0,1]% x ©.

Proposition 3. Suppose that Assumptions 5, 6, 12, 13, 14, and 15 hold. Further, suppose that
{Gog;:0 €O}, j=1,..,d,, is contained in H and that there are sequences {900 € Ofnx1,

j=1,..,d,, in " and {(,}n>1 in Ry with , — 0 such that
1. supgeg maxi<j<a, ||Gn g — Go.0.5llo0 S Cnr
2. supgeg maxi<j<d, |G 111 S V1o

3. /n(,0, = 0asn — oo.

and that
su —1 En {A* (”' Z) - B w [ , (” Z)’Z - Z]} &) 4 0
eeep \/ﬁ — n,O\ "Y1 1 Po,wiz1=n,0\"Y> ( )

as n — 0o, where
;79(M7 ZZ) = g;ﬁ(FO,Zi (VVz)a Zl) - §070(F9,Zi(m)7 ZZ)
or each n > 1. Then there is a sequence 75n W1Z tn>1 such that (1.20) holds.
W >

Part 3 of Proposition 3 formalizes the earlier point about the RKHS approximation. Suppose that
0 is fixed and equal to 0* for ease of exposition.*> Since H is the smallest closed set that contains
#H in the topology of uniform convergence, sequences {gy o ; }n>1 and {(, }n>1 such that Part 1
holds always exist. Moreover, Part 2 implies that the sequences {(,, },,>1 can be computed as ¢,, =
maxi <;<d, n,j» Where Cp ; is the minimal solution to the inequality inf fea(f—g, v |10 <Cn ; Sl S
n{’fu ;» an inequality that features prominently in concentration function calculations (e.g., van der
Vaart and van Zanten (2008a)). Since it is assumed that §,, = o(n_i), Part 3 requires that
Cnj = o(n*i) for j = 1,...,d,. This is not innocuous because ¢, ; generally depends on the

regularity of the component functions gy ¢- ; implying that it is possible that ¢,, ; — 0 very slowly if

#The discussion extends to random # by making the appropriate uniformity qualifications just like the proposition
statement. This uniformity is over a compact set O, so this extension should be considered a technical requirement
rather than having a substantive impact on the discussion.
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the optimal residual g ¢~ is not well-approximated by H. The continuation of Example 3 makes this
concrete for the Matérn process in that it demonstrates that the smoothness of g ¢ must be similar

to the smoothness of the Gaussian process sample paths.

Example 3 (Continued). Suppose that there exists (o1, ..., fo,.q, > 0 such that Gog-;(-,-,Y) €
CPoi(T,R) N SPoi(T,R) for j = 1,...,d,. Applying Lemma 4 of van der Vaart and van Zan-
ten (2011), one can show that (,; = n~Pos/Zetd) for 5 = 1, ...,d, and, as a result, ¢, =
maxi<j<q, Cnj = o(n~"*) if and only if

in By > «Q n d
min > — 4 —,
1§j1§d7 0.3 2 4

This further restricts the regularity of the prior sample paths and rules out excessive smoothing

because the inequality does not hold for values of o that are very large relative to f3 ;.

1.6 Conclusion and Possible Extensions

1.6.1 Summary

This paper proposes a semiparametric Bayesian inference framework for parameters defined by
conditional moment equalities. The method constructs a posterior for the structural parameter
via the pushforward of a conditional density posterior through an iterated minimum distance
estimand. It has the same data requirements as frequentist semiparametric estimators and targets
the conditional moments directly. The former means that it can readily accommodate economic
data issues such as heteroskedasticity, while the latter is useful because overidentification makes
converting the conditional moment to unconditional moments challenging. Moreover, as a fully
Bayesian inference procedure, it offers finite-sample uncertainty quantification via credible sets, can
be used for decision-making under the expected utility framework, and enables model comparison.
The framework is conceptually simple because, given a sample from the structural posterior, answers

to inference questions are obtained through manipulations of an empirical distribution.
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At the same time, this approach to Bayesian inference requires assuming a prior for a conditional
probability density function. This raises the possibility that the structural posterior is sensitive
to the prior for the infinite-dimensional nuisance parameter even in large samples. To resolve
these concerns, I prove a general semiparametric Bernstein-von Mises theorem that provides
general conditions under which, in large samples, the structural posterior is approximately normally
distributed, centered at an efficient estimator, and with variance given by the Chamberlain (1987)
semiparametric efficiency. I then verify the key high-level conditions for a class of priors that
feature in the simulation studies and empirical illustration with an important takeaway being that
the Bernstein-von Mises theorem depends on how well the Chamberlain (1987) optimal residual is
approximated by a reproducing kernel Hilbert space. A byproduct of the theorem is that Bayesian

credible sets are asymptotically efficient frequentist confidence sets.

1.6.2 Possible Extensions

A first extension is incorporating a prior for the structural parameter v. The semiparametric
Bayesian approach gives the researcher no control over the prior for the parameter of interest.
Indeed, the inference framework is based on a nonparametric probability model for the conditional
distribution of W and Z while inferences drawn about the structural parameter are based on an
implied distribution. Although there is a tradition in Bayesian econometrics revolving around this
principle (e.g., the application of the Ferguson (1973) Dirichlet process to unconditional moment
restrictions in Chamberlain and Imbens (2003) and to identified sets in Kline and Tamer (2016)), the
lack of control over the prior for the structural parameter may be considered a drawback because a
researcher with domain-specific knowledge about the economic phenomenon under study may want
to flexibly incorporate this by specifying a prior. For example, some of the structural parameters in
the simulation and empirical illustration in Section 1.3 have an interpretation as price and income
elasticities, both objects that a researcher may have informed prior beliefs about. Kessler et al.
(2015) propose an approach to reweighting pushforward posteriors to incorporate a researcher’s

beliefs about a low-dimensional target parameter.
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A second extension is to verify the sufficient conditions for Theorem 1 for a broader class of pri-
ors. Although Gaussian processes are a common approach to nonparametric density estimation, there
are many other methods for specifying priors for conditional densities (e.g., covariate-dependent
generalizations of Dirichlet process mixtures (Quintana et al., 2022) and mixtures of experts (Norets,
2010; Norets and Pelenis, 2014; Norets and Pati, 2017)). As far as I know, an open theoretical
question (with applications beyond conditional moment equalities) is semiparametric Bernstein-von
Mises theory for these priors (in particular, verifying prior invariance). Developing this theory and
comparing the finite-sample performance with the Gaussian process methods applied in this paper
is an interesting direction for future research. Similarly, research determining conditions under
which adaptive priors (i.e., those that learn the unknown regularity of p 1|z) can be used without
compromising the Bernstein-von Mises theorem is also an important direction. Indeed, the sufficient
conditions in Section 1.5 indicate that the Bernstein-von Mises theorem depends on the interplay
between the regularity of the prior and the true conditional density, the latter of which is unknown.

A third extension allows the structural parameter 7 to be infinite-dimensional (i.e., a function).
For instance, an important extension of Example 1 is to accommodate the structural equation
Y =~(D,X)+ U, where v : D x X — R is an unknown function, and U is an error term that
satisfies F[U|X =z, A =a] = 0forall (x,a) € X x A. This is the nonparametric instrumental
variables model (NPIV) model — a model that has received considerable attention (Ai and Chen,
2003; Newey and Powell, 2003; Hall and Horowitz, 2005; Blundell ez al., 2007; Darolles et al., 2011;
Horowitz, 2011; Kato, 2013; Berry and Haile, 2014; Chen and Christensen, 2018; Compiani, 2022;
Chen et al., 2024). Approximating the unknown function (D, X) using a finite-dimensional linear
sieve U(D, X)'~, where ¥(D, X) is a dy x 1 vector of basis functions with dy := dy(n) — oo
as n — oo, leads to a conditional moment equality indexed by a finite-dimensional parameter
(in fact, it is Example 1). Hence, an NPIV extension that models the structural function using a
finite-dimensional linear sieve does not change the implementation of the semiparametric Bayes
approach; the challenge is modifying the asymptotic results to match the Ai and Chen (2003)

efficiency theory.
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A fourth extension allows for dependent data. In many macroeconomic and finance appli-
cations (e.g., those mentioned in the first paragraph of Section 1.1), the data is a time series
(W_ps1, W_pio, ..., Wy, Wyi1), where p > 1 is an integer, and the goal is an inference about a
structural parameter 7 that satisfies E[g(Wi1, Wi, ..., Wi_p 1, v){W;}iZ; 1] = 0. Carrasco
and Florens (2014) extend Chamberlain (1987) to the case where {W; };>; is a stationary ergodic
Markov process of order p. It is foreseeable that a Bayesian model for the transition distribution
(i.e., that of W,y given {WV; };'-:ifp +1) and an appropriate modification to the iterated minimum
distance problem would lead to a semiparametric Bernstein-von Mises theorem for conditional
moment restriction models with time series data. I leave this as a subject of future research because
there are likely to be several technical challenges that arise when dependence is introduced (e.g.,

LAN expansions) and the data structure may motivate different priors.
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Chapter 2

Parametrization, Prior Independence, and
the Semiparametric Bernstein-von Mises

Theorem for the Partially Linear Model

2.1 Introduction

2.1.1 Overview

This paper is concerned with Bayesian inference for a partially linear regression model. The partially
linear model states that the outcome Y € R is related to covariates X € R and W € R% via the

regression model
Y = XBy+n(W)+U, 2.1

where [ is a scalar parameter, 7)o is a function-valued parameter, and U is a scalar unobservable that
satisfies E[U|X, W] = 0 and Var[U|X, W] = o2, for some scalar 02, € (0,00). Partially linear
models appear in a variety of applications including modeling the relationship between temperature
and electricity demand (Engle et al., 1986), economic models of production with endogenous input

choices (Olley and Pakes, 1996; Levinsohn and Petrin, 2003; Wooldridge, 2009; Ackerberg et al.,
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2015), and sample selection models (Ahn and Powell, 1993; Das et al., 2003). Moreover, the
model has also gained recent theoretical attention as a leading example for which debiased machine
learning methods are applied (see, for example, Chernozhukov et al. (2018)).

My analysis views (3, as the parameter of interest while treating 7, as an infinite-dimensional
nuisance parameter. The goal is to derive conditions under which the Bernstein-von Mises theorem
holds (i.e., the marginal posterior for /3 is asymptotically normal and matches an efficient frequentist
estimator). A key challenge with Bernstein-von Mises theory for the partially linear model is
that there is loss of information associated with not knowing the nuisance parameter 7y, and, as a
result, the natural assumption that 5 and 7 are independent a priori leads to prior invariance. Prior
invariance refers to constructing a change of variables that respects the model’s semiparametric
structure and leaves the prior for the nuisance function 7 roughly unchanged. It was first emphasized
as a general condition for semiparametric Bernstein-von Mises theorems in the important papers
of Castillo (2012b,a), and it introduces both practical and technical issues.! From a practical
standpoint, prior invariance stipulates that the prior for 77 must be adequate for estimating of the true
control function 7y and the conditional expectation mg; of X given W, a condition that restricts
the smoothness m; relative to 7y, and, as a result, limits the data-generating processes for which
the Bernstein-von Mises theorem can be applied. From a technical perspective, showing the prior
for 7 is roughly unchanged after the change of variables can be difficult to verify for some priors
because it involves performing an infinite-dimensional change of measure (e.g., this is a key reason
that Castillo (2012b,a) focuses on Gaussian priors).

The main contribution of this paper is a Bernstein-von Mises theorem for the partially linear
model that bypasses prior invariance. Theorem 2 in Section 2.3.1 establishes this result, and the
theorem is verified for two examples in Section 2.3.2. A common theme in the examples is that
there are no cross-restrictions on the smoothness of nuisance functions, which demonstrates that

my approach can eliminate the aforementioned practical challenge of requiring a prior for a single

IPrior invariance is also encountered in statistical functional estimation (Rivoirard and Rousseau, 2012; Castillo
and Rousseau, 2015; Ray and van der Vaart, 2020). Moreover, the condition has been shown to be an almost necessary
condition for the Bernstein-von Mises theorem in some models (e.g., the curve alignment model in Castillo (2012a)).
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nuisance parameter (i.e., 17) be suitable for estimation of multiple quantities (i.e., 79 and m2). To
make things concrete, my proposal is to embed an interest-respecting reparametrization of (2.1)

given by
Y =mo(W) + [X —mo(W)]5o + U, (2.2)

where mo1 (W) = E[Y|W] and me(W) = E[X|W], within a (quasi-)likelihood model that
is suitable for identification of (S, mg1, mg2), and then perform Bayesian inference by placing
independent priors on $ and m = (mq, my). The transformed regression model (2.2) is commonly
referred to as the Robinson (1988) transformation, and is observationally equivalent to (2.1) because
7o is identified as mg; — Bomoz. A key property of the (quasi-)likelihood model is that there is no
loss of information associated with not knowing the nuisance parameter mo = (mq, mg2) (i.e.,
it is adaptive in the sense of Bickel (1982)). Consequently, there is no need to change variables
because ordinary/parametric local asymptotic normality expansions respect the semiparametric
structure of the model. For terminology, I refer to (2.1) as the (3, n)-parametrization and (2.2) as
the (3, m)-parametrization throughout.

To my knowledge, Theorem 2 is the first Bernstein-von Mises theorem for the (3, m) parametriza-
tion of the partially linear model. It has several important takeaways. The first takeaway is that the
findings demonstrate that the choice of parametrization can influence the conditions under which
the semiparametric Bernstein-von Mises theorem holds. This is demonstrated explicitly in Section
2.4.2 in which the (3, 7)- and (3, m)-parametrizations are compared for Matérn Gaussian process
priors, a class of Gaussian process priors popular in applications (see, for example, Rasmussen and
Williams (2005)). Since the (3, m)-parametrization is orthogonal (and the (3, )-parametrization is
not), this takeaway is similar to the recent frequentist debiased machine learning literature (Cher-
nozhukov et al., 2018) and is reminiscent of classical results on improving parametric likelihood
estimators via orthogonal parametrizations (Cox and Reid, 1987). The second takeaway is that the
use of reparametrization to eliminate prior invariance conditions avoids data-driven prior/posterior

adjustments. For this reason, my proposal offers a conceptually distinct approach to obtaining
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debiased Bernstein-von Mises theorems relative to those encountered in a growing literature on
data-driven prior/posterior adjustments (Yang et al., 2015; Ray and Szabd, 2019; Ray and van der
Vaart, 2020; Breunig et al., 2022; Yiu et al., 2025). Determining whether the approach of this paper
is more generally applicable is an important area for future research. A final takeaway is that the
Bernstein-von Mises theorem can be valid even if the (quasi-)likelihood model is misspecified. This
reflects classical results on quasi-maximum likelihood estimation (Gourieroux et al., 1984; White,
1994), and Section 2.3.2 makes the claim precise by verifying Theorem 2 for uniform wavelet series

priors without requiring the sampling model be correctly specified.

2.1.2 Related Literature

This paper connects to several active literatures in statistics and econometrics. First, it is related to
the literature on semiparametric Bernstein-von Mises theorems. A Bernstein-von Mises theorem for
the (3, n)-parametrization with independent priors for /3 and 7 is studied in Shen (2002), Bickel and
Kleijn (2012), Yang et al. (2015), and Xie and Xu (2020). Castillo (2012b,a) are also relevant to
my paper because these important papers emphasize the role of the prior invariance condition in
separated semiparametric models with information loss. Relatedly, Rivoirard and Rousseau (2012)
and Castillo and Rousseau (2015) demonstrated the importance of prior invariance for general
smooth functionals of nonparametric models (with the latter treating separated semiparametric
models as a special case). Yang et al. (2015); Ray and van der Vaart (2020); Breunig et al. (2022),
and Yiu et al. (2025) propose data-driven prior/posterior corrections to prove Bernstein-von Mises
theorems under weaker conditions than their unmodified counterparts. A key difference between
these papers and my proposal is that I do not require any data-driven adjustment because the lack
of prior invariance follows from the adaptivity of the (3, m)-parametrization. Yang (2019) derives
Bernstein-von Mises theorem for a single coordinate in a high-dimensional linear regression model
under sparsity using a different type of reparametrization and a prior correction. Although I do not
explicitly study high-dimensional linear regression, Section 2.5 outlines how my approach can be

extended to this setting and an interesting subject for future research would be determining whether
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my approach leads to results similar to Yang (2019) in this setting. Other papers on semiparametric
Bernstein-von Mises theorems include Kim (2006), de Jonge and van Zanten (2013), Norets (2015),
Chae et al. (2019a), Nickl and Sohl (2019), Nickl (2020), Monard et al. (2021b), and L’ Huillier
et al. (2023).

Second, some of the auxiliary results in Section 2.3.2 connect this paper to the literature on
posterior contraction rates in nonparametric models. Specifically, Propositions 4 and 5 provide a
general approach to deriving posterior contraction rates for nuisance functions mg; and mg.. These
propositions are based on empirical process conditions that arise from direct expansions of the
(quasi-)likelihood ratio process, and, for this reason, are conceptually similar to the convergence rate
framework of Shen and Wasserman (2001) in which empirical process-type conditions for likelihood
ratios (e.g., bracketing integrals) are used to derive posterior contraction rates. Since Propositions
4 and 5 concern posterior contraction rates in (possibly) misspecified Gaussian nonparametric
regression, the auxiliary results in Section 2.3.2 are also related to the theory presented in Section
4 of Kleijn and van der Vaart (2006). Other papers on posterior contraction rates in general
nonparametric models include Ghosal et al. (2000); Ghosal and van der Vaart (2007); Castillo
(2008); van der Vaart and van Zanten (2008a, 2009a, 2011); Giné and Nickl (2011); de Jonge and
van Zanten (2012); Castillo (2014a), and Shen and Ghosal (2015).

Finally, since the Bernstein-von Mises theorem establishes asymptotic equivalence between
Bayesian and frequentist estimators, my paper also dovetails with the literature on frequentist
semiparametric estimation. The (3, m)-parametrization was first utilized in Robinson (1988) to
derive asymptotically normal least squares estimators of 3, based on kernel estimators of m; and
mgp2. Donald and Newey (1994) also apply the partialling out technique of Robinson (1988) to show
that asymptotic normality of the least squares estimators of [, can be achieved under very mild
conditions when series regression methods are used to estimate the nuisance functions. My paper
provides a Bayesian analogue to these papers because it shows the (3, m)-parametrization can be
used to derive a Bernstein-von Mises theorem that bypasses prior invariance. The proposed Bayesian

inference framework is also related to the literature on profile likelihood estimation (Severini and
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Wong, 1992; Murphy and Van der Vaart, 2000) because the transformed regression model (2.2)
mimics the Gaussian profile maximum likelihood problem for (2.1). Since (3, m)-parametrization is
orthogonal, my paper is also related to the literature on two-step semiparametric estimation based on
Neyman orthogonal moment conditions (e.g., Andrews (1994); Newey (1994); Chernozhukov et al.
(2018)). Using a (quasi-)likelihood to perform Bayesian inference a low-dimensional parameter of
interest defined by conditional moment restrictions also connects my proposal to the quasi-maximum

likelihood estimation literature (Gourieroux et al., 1984; White, 1994; Komunjer, 2005).

2.1.3 Outline of Paper

The rest of the paper is organized as follows. Section 2.2 formalizes the data-generating process
and puts forward the Bayesian inference framework. Section 2.3 derives conditions under which the
marginal posterior for /3 satisfies a Bernstein-von Mises theorem and verifies the conditions for two
important classes of priors. Section 2.4 provides an extensive discussion the findings of Section 2.3.
Section 2.5 concludes and proposes some directions for future research. All proofs are in Appendix

B and notation is introduced when appropriate.

2.2 Data Generating Process and Bayesian Inference

2.2.1 Data Generating Process

Let Y € Y C R be an outcome variable, let X € X C R be a covariate of interest, let W € W C
R, d,, < oo, be some control variables, and let P, be the joint distribution of (Y, X, W’)". The
observed data {(Y;, X;, W/)'}_, consists of the first n elements of a sequence {(Y;, X;, W/)' }i>1

of independent and identically distributed (i.i.d) random vectors drawn from F,. Assumption 16

states the restrictions on the data distribution F.
Assumption 16. The distribution Py of (Y, X, W'Y satisfies the following restrictions:

1. The conditional distribution of Y given X and W satisfies Ep,[Y| X, W] = X Bo+no(W') and

71



Varp,[Y|X, W] = o3, for some (o, m0,0%,) € BXx H xR,y with B C Rand H C L*(W),
where f € L2(W) iff Ep,[f*(W)] < oc.

2. There exists constants 0 < ¢ < ¢ < oo such that Ep[(X — Ep,[X|W])?] € [c, .

3. The conditional distribution Py xyw of (Y, X)" given W has a density poy x|w with respect

to the Lebesgue measure and Ep,|1og poy xiw (Y, X|W)| € (0, 00)

4. The projection errors Y — Ep,[Y|W]and X — Ep,[X|W] satisfy Ep,[(Y — Ep,[Y|W])?] €
(0,00) and Ep,[(X — Ep,[X|W])4] € (0, c0).

I briefly discuss Assumption 16. Part 1 of Assumption 16 imposes that the conditional moment
restriction (2.1) is satisfied at Py and that the projection error Y — X 3y — 19(/') is homoskedastic.
[ treat 02, as known for exposition, however, Appendix B extends the main results to accommodate
unknown 02, and multivariate X. Part 2 of Assumption 16 is a strong identification condition that
is necessary and sufficient for regular estimation of 3, (Robinson, 1988). The remaining parts are
technical conditions that enable the application of stochastic limit theorems and ensure certain

population objective functions are well-defined.

2.2.2 Bayesian Inference

Bayesian inference starts with a conditional model for the data (sampling model) and a distribution

over the model parameters (prior). I describe each of these in turn. The sampling model is

Vi (X, WYYy, Bym ™ N (ma (W3) + B(X; — ma(W)), 02,) (2.3)
Xi{Wie_y, B,m % N (ma(W5), 02,) (2.4)

fori =1,...,n, where 8 € B, m = (my,my) € M with M = M; x My and M; C L*(W) for
J € {1,2},and 03, 02, € (0, 00) are known scalars. Display (2.3) is a model for the conditional
distribution of Y given X and W that imposes the Robinson (1988) transformation of the partially

linear model, a result that establishes the observational equivalence between (2.1) and the ‘partialed
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out’ regression model Y = mg (W) + (X — me2(W))Bo + U, where mg, (W) = Ep,[Y|W],
moe(W) = Ep,[X|W], and U satisfies E[U|X, W] = 0 and Var[U|X, W] = o2,. Display (2.4)
is a model for the conditional distribution of X given W that is included to account for the fact
that mg; and mgy are not separately identified from (2.3).> Together, (2.3) and (2.4) imply a
(quasi-)likelihood L, (3, m) given by

La(8,m) = [ [ pam(Yi, Xil W),

i=1

where pg ., (-|w) is the probability density function of a bivariate Gaussian distribution with mean
vector m(w) = (my(w), ma(w))’ and covariance matrix

V(8) = oh + 05.8% Bogy

Bog, o

The term ‘(quasi-)likelihood’ is used because the set of conditional distributions for (Y, X') given
W compatible with Assumption 16 is much larger than those that are compatible with (2.3)—(2.4).
Sections 2.3 and 2.4 elaborate on the sampling model’s suitability for estimating (3, despite it being
much more restrictive than Assumption 16.

Since the model parameters are (3, m), the prior II is a probability distribution over B x M.
Throughout, I maintain that 5 ~ Ilz, m ~ I, and 5 1 m, where Il and Il are probability
measures over B and M, respectively. This means that IT = [13 ®I14. Prior independence between
the low-dimensional target parameter and the infinite-dimensional nuisance parameters is standard
in semiparametric Bayesian inference (Bickel and Kleijn, 2012; Castillo, 2012b,a; Ghosal and

Van der Vaart, 2017). Assumption 17 states some regularity conditions for II.
Assumption 17. The following conditions hold:

1. The prior is such that Pg°( [\, Ln(8,m)dI1(8,m) € (0,00)) = 1, where Pg° is the law of
the i.i.d sequence {(Y;, X;, W/)'}i>1.

)

2Since (2.4) is for identification of mgz only, o2, has no intrinsic meaning and can be set at an arbitrary fixed value
(e.g., 08y = 1).
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2. The prior 11 has a Lebesgue density mp that is continuous and positive over a neighborhood

By of the true parameter 5.

The sampling model (2.3)—(2.4) and prior distribution II implies a conditional probability
distribution II((5,m) € -[{(Y;, X;, W/)'},) for the model parameters (3, m) given the data
{(Y;, Xy, W/)'}2_,. This is known as the posterior, and, under Assumption 17, posterior probabilities

)

are computed via Bayes rule. That is, for any event A,

(60 € A5, W) = a2
Bx M T\ X

Bayesian inference revolves around the posterior distribution. As examples, researchers interested
in a point estimator for 3 can report the posterior median or posterior mean, while researchers
interested in quantifying uncertainty about /3 report a credible set, a set estimator C'S,, (1 — «) that

satisfies the posterior coverage requirement [1(5 € C'S,,(1 — a)[{(Y;, X;, W/)}) =1 — a.

Remark 1 (Posterior Computation). Although this paper focuses on theoretical properties of the
posterior, I briefly discuss posterior computation. An approach to sampling from the posterior is
Gibbs sampling. That is, the elements of (3, m1, ms) are updated component-wise while fixing
the remaining parameters. Holding 3 and ms fixed, (2.3) reveals that Bayesian updating of m is
that of a Gaussian nonparametric regresion of Y — (X — mqo(W)) 5 on W. Similarly, factorizing
Pg.m into the product of the conditional distribution of X|Y, W and Y |W indicates that Bayesian
updating of mo (while holding 5 and m; fixed) is that of a Gaussian nonparametric regression of
X — (Bo3/(0d, + B%02,))(Y — my(W)) on W. Finally, holding m, and my fixed, the first part
of (2.3) reveals that Bayesian updating of 3 conforms to that of a Gaussian linear regression of
Y —mi(W) on X — mo(W). Section 2.3.2 provides some theoretical guarantees for the case
where my L mo and m;, j € {1,2}, follows a Gaussian process. This is relevant for computation

because these priors are conjugate for the first two steps.
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2.3 Bernstein-von Mises Theorem

This section provides Bernstein-von Mises theory for the marginal posterior for 5. It has two
subsections. The first establishes a general Bernstein-von Mises theorem based on high-level
posterior consistency and empirical process conditions, and the second verifies the assumptions for

two classes of priors.

2.3.1 General Theorem

I prove a general Bernstein-von Mises theorem for the marginal posterior of 3. The asymp-
totic analysis is conducted conditional on the realizations of {W;};>1, meaning that {(Y;, X;)}",
should be viewed as a sequence of independent but not identically distributed random vectors (i.e.,
(Y3, X;) L (Y, X5){Wi}iz1 for i # j). For notation, Py is the joint law of the i.i.d sequence
{(Witist, (f,@)n2 = n 300, flw;)g(w;) and || f|ln2 = /{f, f)n2 are the empirical L? inner
product and induced norm, respectively, for functions f, g : YW — R and for a given realization

{w; }is1 of {W; }i>1, Bi (Mg, 0) is a ball centered at mg with radius § > 0 in the product empirical

(n) —

L? norm max{||mi||nz2, [[mallnz2}, and By py =

&, Po,y x|w; With Py y x|, denoting the prob-
ability distribution associated with the probability density function pg y x|w (-|w;) fori =1, ..., n.

The next two assumptions concern the limiting behavior of the posterior.

Assumption 18. There exists a sequence {0, },>1 such that
6p = o(n=14)

and

(n)
Pyxw
) —

H<BTL,M(m07D6n)|{(Y;7lew;y ?:1 1

for PgSy-almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oo for some constant D > 0

large.
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Assumption 19. There are sets { M, },>1 C M such that

(n)
0,Y X|W

(M {(Y;, X, wi) '}y 1

(n)

P
sup ’Gg)(mﬂ ="
m€M7szn,M(m07D6")

sup G m)] =" 0
mEMntn,M (m07D6”)

for FgSy-almost every fixed sequence {w;}i>1 of {Wi}i>1 as n — oo, where GS), GP MR

satistify

GV (m) = % Z gia(ma(w;) — mor(w;))

and

G@(m) = % > (Ui = Bocia) (ma(w;) — maa(wy)),

i=1

with €;5 = X; — mog(w;) and U; = Y; — mor (w;) — (X; — moa(w;)) Bo.

Assumptions 18 and 19 are high-level conditions about the the limiting behavior of the posterior.
Assumption 18 enforces that the marginal posterior for m concentrates around m, in the empirical
L?-norm and the rate of convergence 4, is faster than n~'/4. Assumption 19 imposes that there are
sets {M,, },>1 that the posterior concentrates on such that, when intersected with B, r¢(mg, 9,,),
are structured enough to ensure that multiplier empirical processes {GS)}”ZI and {fo) Fn>1 satisfy
stochastic equicontinuity-type conditions. These requirements are conceptually similar to those
encountered in the literature on asymptotic normality of plug-in method of moments estimators based
on orthogonal moment conditions (Andrews, 1994; Chernozhukov et al., 2018) and semiparametric
maximum likelihood estimators (Murphy and Van der Vaart, 2000). Combined with Assumptions
16 and 17, Assumptions 18 and 19 imply that the marginal posterior for J satisfies a Bernstein-von

Mises theorem.
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Theorem 2. Let I,,(m,) be given by
- L~ (Xi— )\
o(mg) = ~ <M)
i

and let An,() be given by

where

n

gn(ﬁ()»mO) =3 Z(Yz — mo1(w;) — (X; — moz(w;)) Bo) (X — moz(w;)).

o
0L =1

If Assumptions 16, 17, 18, and 19 hold and By € int(B), then

An ]_ ~ P(")
(8 € 0 Xl Yy — A [ 5o+ 220 LE gyt || 0y
vnn
vV
for FgSy-almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oo, where || - ||y is total

variation distance.?

Remark 2 (Unconditional Asymptotics). Theorem 2 conditions on the sequence of control variables
{W.}i>1. The same conclusion holds in the unconditional asymptotic thought experiment in which
PO(SL; x| S replaced by the n-fold product measure P} (i.e., the sequence {W;};>1 is also treated
as random). This follows from an application of the Bounded Convergence Theorem and is stated

as a corollary below.

Corollary 3. If Assumptions 16, 17, 18, and 19 hold and [, € int(B), then

(5 € {(¥5 X W) Hy) ~ N (60 L2 %fnuno)—l)

as n — oQ.

Remark 3 (Efficiency). Under i.i.d sampling, the probability limit of I, *(my) is the Chamberlain

(1992) semiparametric efficiency bound under homoskedasticity and Bn = fo+ An,O /\/n is an

3The total variation distance between probability measures P and Q is ||P — Q||7v = sup 4 |P(4) — Q(A)|.
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estimator that achieves Chamberlain’s bound. Consequently, the above results provide conditions
under which the marginal posterior for [ is first-order asymptotically equivalent to a (locally)
efficient frequentist estimator of the regression coefficient 3y. Efficiency is local because Chamber-
lain (1992) does not constrain the conditional variance of U given X and W to be constant when

deriving the information bound (see Section 4.3 of Newey (1990b) for more on local efficiency).

Remark 4 (Uncertainty Quantification). Theorem 2 implies Bayesian credible sets are asymptoti-
cally (locally) efficient frequentist confidence sets for data-generating processes compatible with
Assumption 16. To see why, let ¢, (q), q € (0,1), be the q-quantile of 11(5 € -|{(Yi, X;, W/)'}1,)
and consider the equitailed probability interval [c,(c/2), ¢, (1 — a/2)], where o € (0,1/2). Corol-
lary 4 establishes that the endpoints of these intervals are asymptotically equivalent to the endpoints
of Wald confidence intervals based on the (locally) efficient estimator Bn = [y + An,O /\/n. Conse-
quently, the credible interval [c,(a/2), ¢, (1 — a/2)] achieves asymptotic frequentist coverage of

1 — a. Note that the result is stated conditionally (i.e., PO(TQ X|w ), however, the same argument can

be applied using Corollary 3 to obtain it unconditionally (i.e., Fy').

Corollary 4. If Assumptions 16, 17, 18, and 19 hold and 3y € int(B3), then the q-quantile c,(q),

q € (0, 1), of the marginal posterior I1(5 € -|{(Y;, X;, w})' }_,) satisfies

T—1

cn(q) = Bn + ©71<Q) w T OPfg,nY)Xlw <%)

for Py, -almost every fixed realization {w;};>1 of {W;}i>1 as n — oo, where @ is the cumulative

distribution function of N'(0,1), B, = Bo+Ano/v/n, and I,(mo) = o520~ S0 (X —moga(w;))2

2.3.2 Sufficient Conditions and Examples

This section has three subsections. Section 2.3.2 presents sufficient conditions for the assumptions
in Section 2.3. Sections 2.3.2 and 2.3.2 verify Theorem 2 for two classes of priors using these

sufficient conditions.
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Useful Preliminary Results

I start with a proposition that enables finding sequences {J,, },,>1 for which Assumption 18 holds.
It has similarities with Theorem 2 of Shen and Wasserman (2001) in that it establishes posterior
consistency by directly analyzing the (quasi-)likelihood ratio process. For notation, ¢ = (Y —
mo1 (W), X — mgo(WW)) denotes the L2-projection errors, and A, (A) and A4, (A) denotes the

minimum and maximum eigenvalues of a matrix A, respectively.

Proposition 4. Suppose that B is compact, sup,,cyy Amaz(E(e€’|W = w)) < oo, and there is a

sequence {3y, }n>1 such that the following conditions hold:

1. There exists a constant C' > 0 such that TIp((m € B, ym(mo, 6,)) 2 exp(—Cnd?) condition-

ally given FgSy-almost every realization {w;}i>1 of {W;}ix1.

2. There exists increasing function 6 +— w,(8) for which w,(8,) < /ndé2, & — w,(8)/8 is

decreasing for some v € (0,2), and

Z — mo(w))V (B)e

] Swe(d) (2.5

Ep(n) sup
OYXIW | (8,m)€BX By a1 (mo,6)

for FgS5y-almost every fixed realization {w; }i>1 of {Wi}iz1.
3. The sequence satisfies nd> — oo asn — oo.

Then the marginal posterior for m satisfies
POUQX\W
I (m € By m(mo, D6,){(Y;, Xiyw))'Hiey) = 0

for P55y -almost every fixed realization {w;}i>1 of {W;}i>1 as n — oo for some large constant

D > 0.

Proposition 4 states that J,, is determined by 1. the mass the nuisance prior Il assigns to
empirical L? neighborhoods of m,, and 2. the rate of convergence of the least squares estimator
of mg. Since || - ||n2 < || - |loo With || f||c = Sup,ew | f(w)| denoting the supremum norm, the

prior mass condition can be checked by analyzing the probability mass that 11 assigns to uniform
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balls centered at m, a quantity that has been studied for many different priors (Ghosal and Van der
Vaart, 2017). The least squares connection is through the second condition because § — w, () can
be identified as the ‘continuity modulus’ of the multiplier empirical process that determines the
least squares rate of convergence (see, for example, Chapter 9 of van de Geer (2000) and Section
3.2 of van der Vaart and Wellner (2023a)). Given a valid choice {J, },>1, conditions that ensure

8, = o(n~/*) can be established.

Remark 5 (Relaxing Part 2 of Proposition 4). The supremum in (2.5) may be infinite for some
choices of M (e.g., if M is not compact).* The following result modifies Proposition 4 to hold
along sieves { M, },>1 such that the posterior II(m € M, |{(YV;, X;,w})}",) — 1in Pé }2X|W'
probability for PgS,-almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oc. This relaxation
is relevant for the Gaussian process example in Section 2.3.2, and, like Proposition 4, has some

similarities with Shen and Wasserman (2001 ) (i.e., Theorem 4 of their paper).

Proposition 5. Suppose that B is compact, sup,,cyy Amaz(E(e€'|W = w)) < oo, and there is a

sequences {0y }n>1 and { M, },>1 such that the following conditions hold:

1. There exists a constant C' > 0 such that TIp((m € By, pm(mo, 6,)) = exp(—Cnd?) condition-

ally given Py -almost every realization {w; }is1 of {Wi}is1.

2. The posterior satisfies TI(ME|{(Y;, Xi,w))'}ioy) — 0 in PO(@XW—probabiliry for FgSy-

almost every fixed realization {w; };>1 of {W;}i>1 as n — oc.

3. There exists an increasing function 6 — w,(8) for which w,(5,)) < \/nd2, 6 — w,(8)/6? is

decreasing for some v € (0,2), and

() sup Z —mo(w;))'V(B)e;

O.YXIW | (8,m)€Bx (MnNBp,am(mo,0))

] S wn(9)

for Pg%y almost-every fixed realization {w; }is1 of {W, }is1.

I do not relax compactness of 3 because, unlike infinite-dimensional parameter spaces, a compactness condition
for a finite-dimensional parameter space is not overly restrictive.
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4. The sequence satisfies nd> — oo as n — oo.

Then the marginal posterior for m satisfies

(n)
0,Y X|W

I (m € Bna(mo, Don) [{(Yi, Xi, wf) }ey) 0

for PsSy-almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oo for some large constant

D > 0.

Remark 6 (Propositions 4 and 5 Can Help Verify Assumption 19). Verifying Proposition 4 can
also lead to the verification of Assumption 19. Since 3 — V~1(3) is continuous and B is compact,
the verification of (2.5) can be reduced to a collection of univariate problems of finding increasing
functions 6 — wy,j, j,(0), j1, j2 € {1,2}, such that § — wy, j, ;,(8)/0%172 is decreasing for some

Ujy g2 € (O, 2) and

1 n
E o sup 7 Z(ma‘l(wi) — Mo g, (wi)) € gy ] S Wnjiga(0). (2.6)
=1

oY XIw mjq GMh:Hmh 7m0,j1”71>2<5n

Indeed, given {wy j, j, : j1,j2 € {1,2}}, I can check the inequality max;, j,c (1,2} Wn.j, j» (0n) <
/162 to verify that (2.5) holds. Since it is required that 5, = o(n~'/*) and the error U satisfies

U = &1 — Poey, the inequality

) < 52
jlﬂr'znea{}f,z} w”dwz( n) < \/ﬁ -

implies Assumption 19 holds for M,, = M. For the case where the suprema in (2.6) may be
unbounded, a similar argument may be applied except that (2.6) is modified to incorporate M,, ;,,

J1 € {1,2}. That is,

my) €M jy 2 lm; —mo,j; [In,2<6n

1 n
E o sup n > (my, (w:) = mojy (wi))'es 5, ] S Wi (6)-
=1

In such case, Assumption 19 holds for a candidate M.,, used to verify Proposition 5. I use the
technique outlined in this remark for the examples in Sections 2.3.2 and 2.3.2, so that Assumptions

18 and 19 are simultaneously verified.
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Example 1 — Uniform Wavelet Series Priors

I verify Theorem 2 for a class of priors based on untruncated uniform wavelet series. These
priors have feature regularly in the Bayesian nonparametrics literature (Giné and Nickl, 2011;
Castillo and Nickl, 2013; Castillo, 2014a; L’Huillier et al., 2023), however, as far as I am aware,
the Bernstein-von Mises theorem for the partially linear model has not been verified using these
priors. To make things formal, suppose that YW = [0, 1], the marginal distribution Py 1> of W has
a Lebesgue density pg - on [0, 1] that is bounded away from zero and infinity, and that there are
known constants M > 0 and aq 1, ag2 > 1/2 such that |[mg||oc,00,a0, < M forall j € {1,2},
where || - ||0,00,a denotes the norm of a Holder-Zygmund space BS, ([0, 1]), o > 0.> Given these
assumptions, I set the nuisance parameter spaces to be M; = {f € L*([0,1]) : || f||oo,00a0, < M}
for each j € {1,2} and construct a prior IT, over M; x M, as follows. I take a boundary adapted
wavelet basis {1 : [ > 0,0 < k < 2! — 1} for L?([0, 1]) that is sufficiently regular to characterize
(B% oo ([0,1]), [] - [loo,00,a)s @ € {01, g2}, and set the marginal prior Iy, for m; to be the law of

the random function

oo 20—1

m; = Z Z 270 2y, W,

1=0 k=0

where v, ; are independent and identically distributed (across [, £, and j) uniform random variables
supported on [—M, M].5 Since the wavelet coefficients are i.i.d across j, the joint prior for
m = (mq,mg) is Iy = Iy, ® I1pq,. One can also check that the support of 1Ty is M; x Mo.
The next proposition verifies Theorem 2 for these priors under a (conditional) subgaussian restriction

on the projection errors €.

Proposition 6. Suppose that Assumption 16 holds, < is subgaussian conditional on W and the

SFor v ¢ N, Holder-Zygmund spaces coincide with the usual Holder space C([0, 1]) of functions that are |-
times continuously differentiable and | o |th derivative is (cv — | «|)-Lipschitz and the norm || - ||co,c0,« i €quivalent to
the usual Holder norm || - ||, (i-e., given by (4.111) in Giné and Nickl (2015)). However, for « € N, these spaces are no
longer the same. See Section 4.3.3 of Giné and Nickl (2015) for more details.

SThe wavelet basis being sufficiently regular to characterize (B, ([0, 1]), ]| - ||a,c0,00) means that the norm

|| |loc,00,a satisfies || f|loo,00,0 = SUP;>(Maxg<p<ar_q Ut 1/2)|(f 4hii)a|, where (-,-) is the L2([0,1]) inner
product. An example is the wavelet basis proposed in Cohen et al. (1993b).
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conditional distribution is continuous in W, the marginal distribution Py y of the control variable W
has a probability density function po w with respect to the Lebesgue measure on |0, 1] that is bounded
away from zero and infinity, my € My X My with M; = {f € L*([0,1]) : | f]]oo,00,00,; < M} for
each j € {1,2}, where o 1,02 > 1/2 and M < oo, and By € (—B, B) for some B € (0,0).
Then Theorem 2 holds for the prior 11 = 11z ® I\, where 1lg is the uniform distribution over

B =[-B,B]and =, @ My, with L, being the law of the uniform wavelet series.

Remark 7 (Model Specification and Role of Subgaussianity). Proposition 6 indicates that the
uniform wavelet series priors are a class of priors for which the Bernstein-von Mises theorem holds
even when the Gaussian model (2.3)—(2.4) is misspecified (i.e., it only requires ¢ be subgaussian

conditional on W ). The subgaussian restriction is only imposed to relate w,,(9) to the metric entropy

integrals fO(S Viog N(7, M, || - [ln2)dr, j € {1,2}, so that well-known metric entropy bounds for
Besov balls (e.g., Theorem 4.3.36 of Giné and Nickl (2015)) can be applied to find sequences
that satisfy Part 2 of Proposition 4.” For this reason, I consider subgaussianity to be a technical
restriction and it may be that heavier tailed € can be accommodated with more refined complexity

measures for M.

Remark 8 (No Cross Restrictions on Regularity of mg; and mqs). There are no restrictions on
the relative magnitude of o 1 and o o because it is only required that oy > 1/2 and o2 > 1/2.
In other words, the uniform wavelet series example demonstrates that the (3, m)-parametrization
can allow for mg; to be very smooth relative to mqy (and vice versa), so long as this baseline

smoothness condition is met (i.e., regularity greater than 1/2).

Example 2 — Matérn Gaussian Process Priors

This section verifies Theorem 2 for a popular class of Gaussian process priors. Suppose that

W = [0,1]% for some 1 < d,, < oo. The prior for m = (my, my) is Iy, = [y, @ [y, where

"The notation N (7, F, || - ||) refers to the T-covering number of the set F under the (semi)norm || - ||. That is, the
smallest number of || - ||-balls with radius 7 required to cover F. The logarithm of the covering number is known as the
metric entropy.
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Iy, is the law of a centered Matérn Gaussian process on [0, 1]% with regularity parameter v; > 0.
Specifically, m; ~ Il if and only if, for any set of indices wy, ..., wy, € [0,1]%, the vector of
function values (m;(w;), ..., m;(wy))" follows a centered multivariate normal distribution with

covariance matrix elements given by

Fray (103, 01) = / exp(—iN (w, —w))(1+ N3 ¥ X, st € {1k},
Rdw

The regularity parameter «; determines the smoothness of the sample paths because it can be shown
that m; takes values in the Holder space (C*([0,1]%), || - ||.) for any a < «a; (see Section 3.1 of
van der Vaart and van Zanten (2011)).> The next proposition verifies Theorem 2 for the Matérn
prior in the case where (2.3)—(2.4) is correctly specified (see Remark 9). For notation, H*([0, 1]%)
denotes the Sobolev space of functions f on [0, 1]% that can be extended to a function on R¢ with

Fourier transform f that satisfies [, [f(A\)[2(1 +||A|[3)%d) < oo.

Proposition 7. Suppose that 11 = g1, where g is the uniform distribution over B = [— B, B]
and 1y = Ty, @ Mag, with Hpy, being the law of a Matérn process with regularity «; > 0.
Further, suppose that (Y, X)'|W ~ N (mo(W),V(B)) for By € (—B, B) and mg = (mg1, mo2)
with mg ; € C*4([0,1]%) N H*4([0,1]%) for each j € {1,2}. Then, Theorem 2 holds if the

regularity parameters o, o 1, 2, 0 2 > 0 satisfy the following inequalities:

s G Lo de S G N
a > —, « —+— a>—, « — 4+ —.
1 9 ) 0,1 9 4 2 9 ) 0,2 2 4

2.7)
Remark 9 (Role of Correct Specification). Proposition 7 assumes that the sampling model (2.3)—
(2.4) is correctly specified. This is restrictive relative to Theorem 2 (and Proposition 6). Correct
specification is used at only one point of the proof of Proposition 7 and that is to verify Part 2 of

Proposition 5. Specifically, I use the property E [L.(8,m)/L,(Bo, mo)] = 1, which is true if

(n)
PO,YXlW

8The Holder space C([0, 1]) is the space of functions on [0, 1]%= that are | o|-times continuously differentiable
and | o] th derivative is (o — |« ])-Lipschitz. The Holder norm || - || is given by (4.111) in Giné and Nickl (2015),
however, its specific form is not important for Proposition 7 (nor Proposition 8 in Section 2.4.2, which establishes the
analogous result for the (3, n)-parametrization).
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D0,y X|W = PBo,mo» [0 Show the expected value of the numerator of the posterior satisfies

E_
FBov

X|W /[—B,B}XM; Ln(ﬁo,mo)dn(ﬁ’m) < HM(-/\/ln)

This allows Tl y(M¢) < exp(—Mnd?) for M > 0 large to verify TI{ME|{(Y;, X;, w!)'},) — 0
in Pég; XlW-probability, an inequality that the sieves { M, },>1 introduced in the Step 2 of the proof

satisfy. If it could be shown that IL{M|{(Y;, X;, w})'}7y) — 0in P

0 YX‘W—probability without

correct specification of (2.3)—(2.4) for the sieves { M., },>1 (or for some modification of { M, },>1
that does not change the metric entropy in a meaningful way), then Theorem 2 could be verified
only under the restriction that ¢ is subgaussian conditional on W because the maximal inequalities
used to verify Part 3 of Proposition 5 (and Assumption 19) only require subgaussianity (i.e., they

apply Corollary 2.2.9 of van der Vaart and Wellner (2023a)).

Remark 10 (No Cross Restrictions on Regularity of mg; and mgs). Proposition 7 is similar to the
uniform wavelet series example from Section 2.3.2 in the sense that the result does not impose cross
restrictions on the nuisance function. The inequalities of the proposition only compare the regularity
of the prior draws my to the function my ; they are targeting. Specifically, o ; > /2 + d, /4
means draws m; from the marginal prior 11, cannot be too smooth relative to the true nuisance
parameter my ;, however, this does not restrict the smoothness of the draws from Il v, and mo

(and vice versa).

2.4 Discussion

This section presents a discussion of Theorem 2 and compares the Bernstein-von Mises theorem for

the (3, m)-parametrization and the (3, n)-parametrization of the partially linear model.

24.1 Why Theorem 2 Works

Theorem 2 proves that the marginal posterior for the coefficient of interest /3 is asymptotically

normal. The main requirements are that the marginal posterior for m concentrates around m, at a
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rate faster than n~/4

and certain multiplier empirical processes satisfy asymptotic equicontinuity
conditions. These conditions mirror those required for the asymptotic normality of method of
moments estimators based on orthogonal estimating equations (Andrews, 1994; Chernozhukov
etal.,2018). Moreover, Theorem 2 can be valid when the sampling model (2.3)—(2.4) is misspecified.
Specifically, the uniform wavelet series prior example in Section 2.3.2 satisfies Theorem 2 without

requiring that the true conditional distribution Fyy xw of (Y, X)) given W be compatible with

(2.3)—(2.4). The next result is important for explaining these features.
Theorem 3. If Assumption 16 holds, then

1. For any (B € B fixed, mo = (o1, mo2) is the unique solution to the minimization problem
n{bléljel Epy [KL (poyxiw (-[W), pgm(-[W))] - (2.8)
2. The true parameter ([3y, mg) is the unique solution to the minimization problem

i Er (KL (poyxw(IW), pam(-[W))] 2.9)

where K L(p, q) denotes the Kullback-Leibler divergence between two densities p and q.

The connection between Theorem 3 and Theorem 2 is as follows. Part 1 shows that the true
nuisance function my maximizes the population log-likelihood function when £ is fixed, and, since
the Gaussian distributions with unknown means and known variances form linear exponential
families, it may be viewed as a nonparametric application of Theorem 1 of Gourieroux et al.
(1984) (and Theorem 5.4 of White (1994)).° The result is important for Theorem 2 because the
independence of the solution mg from /3 reveals that there is no loss of information associated with
not knowing the nuisance parameter m,. This means the (5, m)-parametrization is an example of an
adaptive semiparametric model (Bickel, 1982). Adaptive semiparametric models have the property

that the ordinary score (i.e., the derivative of log ps ,,, with respect to 3 at (3, mg)) coincides with

*Since Ep, [log ps.m (Y, X|W)] = —Ep,[KL(po,y xjw (-{W), ps.m(-|W))] + Ep,[log po,y xjw (Y, X[W)], the
solutions to (2.8) and (2.9) coincide with that obtained when maximimizing Ep, [log pg ., (Y, X|W)] with m and
(B, m), respectively.
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the efficient score (i.e., the ordinary score of least favorable parametric submodel 3 — pg n, at
Bo). Consequently, the asymptotic analysis of the semiparametric model is essentially that of a
regular parametric model because ordinary local asymptotic normality (LAN) expansions along
parametric submodels 3 — pg ,,, respect the semiparametric structure of the model. This makes
the primary concern whether (5, my) is identifiable from the sampling model (2.3)—(2.4). Part 2
confirms identifiability because it establishes that the true parameter (3, m) uniquely maximizes
the population log-likelihood even though the sampling model may be misspecified, and, similar to
Part 1, may be viewed as a nonparametric extension of Theorem 6 of Gourieroux et al. (1984) since
Gaussian distributions with unknown means and variances form quadratic exponential families.
Given these properties, the purpose of Assumptions 18 and 19 is simply to ensure that remainders
of these ordinary LAN expansions (i.e., due to estimation of 1my) vanish appropriately as the sample

SiZe grows.

Remark 11 (Efficiency). The achievement of the Chamberlain (1992) efficiency bound under
homoskedasticity despite (2.3)—(2.4) being possibly misspecified reflects the fact that maximum
likelihood estimation in the least favorable parametric submodel {pg ., : € B} is that of a linear
exponential family, and, as a result, the maximum likelihood estimator has the same asymptotic
distribution as a weighted least squares estimator based on the conditional moment restrictions
Ep,[Y|X, W] =mu (W) + (X — mo2(W)) By with weights 1/a2, (see, for example, Theorem 4 of
Gourieroux et al. (1984) and Theorem 6.13 of White (1994)).

Remark 12 (Connection to Castillo (2012b)). Theorem 3 establishes that the (3, m)-parametrization
is an example of an adaptive semiparametric model, and, as a result, it falls within the class of
semiparametric models Castillo (2012b) refers to as ‘the case without loss of information’ (see
Section 1.3 of his paper). Consequently, it is foreseeable that Theorem 1 of his paper could be
verified to establish the Bernstein-von Mises theorem (at least in the correctly specified case). The
structure of the Gaussian (quasi-)likelihood makes it convenient to apply direct arguments rather

than employ his more abstract, yet more generally applicable, LAN conditions.
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2.4.2 Comparison with the Original Parametrization

I compare my results with the Bernstein-von Mises theory for the (3, 7)-parametrization. Bayesian
inference in the (3, n)-parametrization is typically based on the following model for the conditional

distribution of Y given X and W (for example, Section 7 of Bickel and Kleijn (2012)):

n ind .
Y;|{(XZ7VI/Z,)/ i:17/87n ~ N(XZ/B + n(Wi)7U§1)7 1= ]-7 ey T 6 ~ HB: n~ H'Ha /B 1 n,
(2.10)

where 5 € B C R, n € H C L?*(W), I3 is a probability distribution over B, I3 is a probability
distribution over H, and 02, € (0,00) is a known constant. Since the parameters (3, 79) are
identifiable from the conditional distribution of Y given X and W/, there is no need to include a
model for the conditional distribution of X given V.

The key distinction between the sampling model (2.10) and the sampling model (2.3)—(2.4)
is that the former is not adaptive. Indeed, for § € B fixed, the maximizer of the population
log-likelihood function with respect to 7 is ng = 19 — (8 — Bo)mo2, Which means there is loss
of information associated with not knowing the nuisance parameter 1 (unless mg = 0). This
makes finding priors/data generating processes that satisfy the Bernstein-von Mises theorem more
challenging because the prior I15 must be chosen so it is suitable for both estimation of 1y and ms.
Proposition 8 demonstrates this for the case where 11y is the law of a centered Matérn Gaussian

process.'? A discussion follows.

Proposition 8. Suppose Y|X, W ~ N(XBy + no(W),03,) and X|W ~ N(mp(W),od,),
where 3y € (—B, B), o € C*([0,1]%) N H*=([0,1]%), g,y > 0, mgg € C2([0, 1]%) N
H*2(]0,1]%), ag 2 > 0, and 03, 02, € (0, 00) are known. Suppose further that Bayesian inference
is based on (2.10) with g equal to the uniform distribution over B = [— B, B| and 11y, equal to

the probability law of a centered Matérn Gaussian process with regularity parameter o, > 0. If

10The proposition also imposes the same restrictions on the data-generating process as Proposition 7 to ensure fair
comparison.
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ay, O, and o o satisfy the following inequalities
(2.11)

then the marginal posterior I1(§ € -[{(Yi, X;, W/[)' }I_,) satisfies

1

(n)
Poyvxiw
—

(8 € [{(¥;, X wl) Vi) = N (50 +Ent, %fnmo)l)

n

for FgSy-almost every fixed realization {w; }i>1 of {Wi}i>1 asn — oc.

TV

I compare Proposition 7 and 8 to elaborate on the aforementioned challenges associated with
Bayesian inference for the (3, n)-parametrization. Since both propositions assume correct specifica-
tion and are based on the same class of Gaussian process priors, the inequalities for the regularity
parameters is the natural point of comparison. The first two inequalities of (2.11) are comparable
with the inequalities (2.7) in Proposition 7 in that they require the draws from the prior to not be too
smooth relative to the function they are targeting (i.e., draws from Il IT 4, , and 11,4, cannot be
too smooth relative to 79, mg1, and mg, respectively). However, as mentioned earlier, Proposition 8
also restricts the regularity of the draws from the prior 11y relative to mg, because the third part of
(2.11) states that n ~ 113, cannot be too smooth relative to m.. This relates to the nonadaptivity of
the (3, n)-parametrization. Indeed, verifying the appropriate LAN expansions requires a change of
parametrization (5,7) — (5o, 7.(58,n)), where 7,,(8,1) = n + (8 — Bo)mn2 for some sequence
{ms2}n>1 in the reproducing kernel Hilbert space (H.,, || - ||m,) of the Gaussian process 7 for
which ||my, 2|, < 2v/npy, and ||my, 2 — Mozl | < py, for p, = n=minlana02}/@antdu) - Control of
the LAN remainder requires p,, = o(n~'/*), a condition that holds if and only if o, > d,,/2 and
Qo2 > oy /2 + dy, /4 (ie., the first and third parts of (2.11)). This indicates that the Bernstein-von
Mises theorem may fail for the (3, n)-parametrization in situations where my; is not smooth relative
to n ~ Ily. In contrast, Remark 10 points out that there are no cross-restrictions between the
regularity of the nuisance functions and the draws from the prior I1,, in Proposition 7 (i.e., ms
could potentially be much less smooth than m; ~ Il without violating Proposition 7). Put

differently, the (3, m)-parametrization enables the researcher to direct nuisance priors towards the
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specific functions they are estimating without concern that this may adversely affect estimation of
the regression coefficient f3.

A more subtle point of comparison relates to the requirement that the sequence {1, 2 },>1 be in
the reproducing kernel Hilbert space (H,, || - ||z, ) of the Gaussian process 7. In applying the change
of parametrization (3, m) — (Bo, 7.(5,7n)), it must also be shown that the prior Il is roughly
unchanged under the mapping n — 7,,(3,n) for § fixed. Since, for S fixed, 7,(/3,n) concerns a
shift of a Gaussian process, it is necessary and sufficient that {1, 2},>1 be in (H,, || - |[g,) so that
the Cameron-Martin theorem (Proposition 1.20 of Ghosal and Van der Vaart (2017)) can be applied
to establish the required stability of I via an infinite-dimensional change of measure. Since there
is no need to change variables in the (/3, m)-parametrization (i.e., ordinary LAN expansions respect
the semiparametric structure), this prior stability condition does not arise in my proposed framework.
This is important because it can be technically difficult to check this condition for non-Gaussian
priors supported on infinite-dimensional spaces (i.e., Cameron-Martin is a tool specific to Gaussian
priors), whereas Propositions 4 and 5 indicate that the key assumptions of Theorem 2 can be
verified using standard small ball probability conditions for the prior and maximal inequalities
for multiplier empirical processes.!! This allows me to check Theorem 2 for other priors (e.g.,
untruncated uniform wavelet series prior) using similar technical devices to the Gaussian case (i.e.,
via Propositions 4 and 5). The points raised in this paragraph and the previous paragraph illustrate

that there may be benefits from the (3, m)-parametrization.

2.5 Conclusion

This paper proves a Bernstein-von Mises theorem for the partially linear model. The theorem

is based on a feasible adaptive parametrization of the model that is based on Robinson (1988)

Readers should not be concerned about whether the sets {M,, },,>1 in Proposition 5 pose additional challenges
for the (3, m)-parametrization relative to the (3, )-parametrization. The proof of Proposition 8 illustrates that exact
analogs of the sets {M,, },,>1 constructed in the proof of Proposition 7 are utilized to verify corresponding asymptotic
equicontinuity conditions in the LAN expansions for the (3, n)-parametrization (specifically, see {7—2”}”21 in Step 1 of
the proof of Proposition 8).
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transformation. An important feature of the result is that it avoids the prior invariance condition.
The examples in Sections 2.3.2 and 2.3.2 indicate that this is beneficial because they show that my
approach does not impose cross-restrictions on the regularity of unknown functions. In contrast, the
original parametrization with independent priors requires that the prior for the nuisance function
1 be simultaneously appropriate for estimating 7y and mys, a condition that leads to restrictions
on smoothness of the conditional expectation my; relative to the prior draws 1 ~ II,,. Moreover,
the avoidance of a change of variables in the (3, m)-parametrization means that my approach can
bypass an infinite-dimensional change of measure, a technical condition that may be hard to verify
for complicated priors.

There are a number of extensions that would be interesting to pursue. First, it would be
interesting to consider rate-adaptive priors for m, and ms. I conjecture Theorem 2 could be verified
for rate adaptive priors (at least in the case of correct specification). The Matérn prior example in
Section 2.3.2 follows a similar argument to Theorem 3.1 of de Jonge and van Zanten (2013), and,
as a result, it is reasonable that the argument of Theorem 4.1 in their paper could also be modified
to verify Theorem 2 in the case of hierarchical spline priors, an example of a prior that can yield
adaptive, rate-optimal posterior rates of contraction (de Jonge and van Zanten, 2012). However,
the extent to which adaptive priors can be accommodated should be formally investigated. Second,
it would be interesting to consider the case where (W) = W'y but the dimension of W is large
relative to the sample size n. In this case, the sampling model (2.3)—(2.4) coincides with the setup of
Hahn et al. (2018) and their simulations indicate favorable performance when using shrinkage priors
for the nuisance parameters. Hahn ef al. (2018) do not provide any formal asymptotic analysis,
and, for this reason, it would be interesting to examine whether an asymptotic normality result
could be established in this setting. Finally, the general idea in this paper is to use knowledge of the
profile likelihood (Severini and Wong, 1992; Murphy and Van der Vaart, 2000) to derive an adaptive
parametrization of the partially linear model. An important extension is determining a more general

class of models for which this technique could be applied.
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Chapter 3

A Bayesian Perspective on the Maximum

Score Problem

3.1 Introduction

The threshold-crossing binary choice model is regularly encountered in economics and other social
sciences. Under the model, an observable binary outcome Y € {0,1} is determined by some
observable covariates X € R% and an unobservable random variable U € R via the sign of a linear
index X' — U, where 3 € R% is an unknown vector of parameters. That is,

1 ifX'B-U>0
Y = 3.1)

0 iftX'8-U<0
This is a semiparametric model as the conditional distribution for Y given X is determined by a
finite-dimensional vector of index function coefficients S and an infinite-dimensional parameter
representing the conditional distribution of U given X. It is relevant in economics because Y may
represent an individual’s choice between two alternatives and X'/3 — U is the difference in utility
values.

This paper considers a setting where the goal is structural analysis (i.e., learning about the
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threshold-crossing process). Structural analysis is useful because it enables the researcher to learn
about certain features of the decision-making problem, generate more precise predictions relative to
simply estimating the conditional mean of Y given X using nonparametric methods, and extrapolate
beyond the observed covariate values. A necessary ingredient for structural analysis is the objective
identifiability of the index coefficients (3, and, to that end, I will maintain that the conditional

distribution of U given X satisfies the conditional median restriction,
Median(U|X) = 0, (3.2)

a constraint first imposed in Manski (1975, 1985) that is sometimes referred to as median indepen-
dence in the econometrics literature.! Frequentist estimators based on this location restriction are
often called maximum score methods (e.g., Manski (1975, 1985); Manski and Thompson (1986);
Horowitz (1992); Khan (2013); Komarova (2013); Jun ef al. (2015, 2017); Patra et al. (2018); Gao
and Xu (2020)). For this reason, structural analysis under median independence will be called the
maximum score problem.

This paper offers a Bayesian perspective on the maximum score problem. A Bayesian approach
requires specifying a prior for the index coefficients 5 and the conditional distribution of U given
X. The latter is challenging because any prior for the conditional distribution of the error term U
given X must be supported on a set of conditional distributions that obey median independence.
Without modification, standard priors for conditional distributions (e.g., Quintana et al. (2022)
and the references therein) do not impose the location normalization. Consequently, the resulting
Bayes estimators do not have a structural interpretation (i.e., they can only be used for reduced-form
analysis where the goal is to estimate conditional response probabilities). An exception is Newton
et al. (1996), a paper proposing Bayesian inference for a linear index threshold-crossing model
using a median zero-constrained Dirichlet process prior. Their prior, however, assigns probability
one to single index models for the conditional distribution of Y given X (i.e., models in which

the conditional distribution of Y given X depends on the covariates through the linear index X'/

'See Manski (1988) and Horowitz (2009) for use of this terminology.

93



only). This means their model is restrictive relative to the class of distributions accommodated
by (3.2) because it does not allow for arbitrary heteroskedasticity. Unrestricted heteroskedasticity
is important in economic applications due to the possibility of random coefficients in the utility
function.

Rather than constraining a prior for the distribution of U given X to impose median inde-
pendence, I work with a reparametrization of the threshold-crossing model that simultaneously
enables structural analysis and unrestricted priors for the infinite-dimensional nuisance parameters.
Manski (1988) and Khan (2013) show that the threshold-crossing model with median independence
is observationally equivalent to a probit model with nonparametric heteroskedasticity. That is,
conditional distributions for Y given X compatible with (3.1) and (3.2) can be matched to those
implied by the threshold-crossing model

1 ifX'B—0(X)e>0
Y - )

0 it X'f—0(X)e<0
where ¢ follows a standard normal distribution and = — o () is an unknown positive function. This
leads to a simple Bayesian inference procedure because the data augmentation strategy of Albert
and Chib (1993) effectively reduces inference to that of a Gaussian linear regression model with
unknown heteroskedasticity. Using this observation and writing 02(X) = exp(g(X)), I employ
techniques from Chib and Greenberg (2013) to derive a Gibbs sampler in which a Gaussian process
forms a conditionally conjugate prior for g.

There are at least two benefits associated with a Bayesian approach in this setting. The first is
that inference is based on a full probability model for the conditional distribution of Y given X.
Consequently, any inference question can be answered using the posterior. For example, a simulated
sample from the posterior provides finite-sample Bayesian uncertainty quantification for the index
function coefficients 5 and the model-implied choice probabilities ¢ (X' exp(—g(X)/2)), where
®(+) is the standard normal cumulative distribution. Operationally, these questions are addressed

with simple manipulations of an empirical distribution (computing sample means, empirical quan-

94



tiles, etc.). The second benefit is computational. For the class of priors recommended in this paper,
every step of the Gibbs sampler has a closed form. This means the researcher has to sample from
standard parametric distributions during implementation. In contrast, maximum score methods
typically require maximizing a nonconcave objective function with many local extrema, and, with-
out smoothing, these optimization problems may require mixed integer programming (Florios and
Skouras, 2008). Quasi-Bayesian approaches to the maximum score problem (e.g., Jun et al. (2015,
2017)) are easier to compute through the use of Markov Chain Monte Carlo methods, however, they
do not enable choice probability estimation. Beyond computation, asymptotic frequentist inference
is challenging due to nonstandard limiting distributions associated with unsmoothed maximum
score estimators (Kim and Pollard, 1990), while inference based on smoothed maximum score
estimators (e.g., Horowitz (1992)) can be sensitive to choice of bandwidth parameters.

The paper is organized as follows. Section 3.2 introduces the Bayesian inference procedure.
Section 3.3 presents a Gibbs sampling algorithm for the model. Section 3.4 discusses some
extensions. Section 3.5 provides a small-scale simulation to illustrate some of the finite-sample
properties of the method. Section 3.6 concludes. Notation is introduced when appropriate and

proofs are in the Appendix.

3.2 Bayesian Inference

3.2.1 Sampling Model

I start with the specification of a conditional sampling model. Let {z;}?_, be a fixed set of covariates

each taking values in X', a subset of R% with d, < co.? The outcome variables (Y7, ..., Y, ) are

2Readers may view {z;};>1 as a fixed realization of a stochastic process {X; };>1 of covariates.
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generated according to the linear index threshold-crossing model,

1 ifzf—-U; >0

Y, =  UIBAQU) s w e XY Q(ay), i=1,...n,
0 ifzif—-U;<0

where (3 is a parameter vector that belongs to a subset B of R?, and {Q(+|z) : x € X'} is a class of
conditional cumulative distribution functions belonging to some space Qy (i.e., Q(t|z) = Pr(U <
t|X = ) for each (t,z) € R x X). This specifies a conditional sampling model M,, g« o, for

(Y1,... Ya),

aMmeXZ{émeﬂ#%%M%Di@&@(@%xéﬂﬂ)GBxQx},
i=1
where Bin(k,p) denotes a binomial distribution with £ trials and success probability p.
Assumption 20. Elements {Q(-|z) : x € X'} of Qx satisfy
1. t — Q(t|z) is continuous for each x € X,
2. t — Q(t|x) is strictly increasing for each v € X, and
3. inf{t e R: Q(t|xz) > 0.5} = 0 foreachx € X.
Assumption 21. The parameter space B satisifes B = © x {1}, where © is a subset of R%~1,

Assumptions 20 and 21 restrict the joint parameter space B x Q. Assumption 20 formalizes
median independence because Part 3 enforces that the conditional distribution of U given X has
median zero.> Median independence is a minimal location normalization for the error distribution
that ensures nontrivial identification of the index coefficients 3 (Manski, 1975, 1985).* For example,
it accommodates heteroskedasticity of an unknown form. This is important in stochastic choice

models, where x}3 — U, represents utility differences between options (e.g., purchase a good or not),

3Parts 1 and 2 are regularity conditions that are helpful for the proof of Theorem 4 below. Namely, they ensure that
Q(a'Blx) = 0.5 if and only if 2’8 = 0, a property used to establish observational equivalence with the heteroskedastic
probit model.

“In contrast, the mean independence restriction £(U|X) = 0 has no identifying power (Manski, 1988).
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because heteroskedasticity may arise due to unobservable preference heterogeneity (i.e., random
coefficients). Assumption 21 imposes that 3 = (¢, 1)’ for some § € © C R%~!, It is a scale
normalization introduced because median independence places no restrictions on the scale of .
There are other approaches to scale normalization, for instance setting B = {3 € R% : |||, = 1}
a 14 Manski (1985), however, simply setting the last element of 5 equal to one is convenient for my
paper.

Assumption 20 implies that the linear index threshold-crossing model is observationally equiv-
alent to a probit model with nonparametric heteroskedasticity. Let z — ®(z) be the cumulative
distribution function of the standard normal distribution N (0, 1) and let S be the set of functions

mapping from X to R, ;. The heteroskedastic probit model is

Mo sxs = {éBm (1,@ (ox(f)» L (B,0) € B x S} .

=1
The next theorem is based on Theorem 2.1 of Khan (2013), an extension of a lemma on p. 737 of

Manski (1988). It formalizes the observational equivalence of the two binary choice models.
Theorem 4. Assumption 20 implies M,, pxo, = M sxs-

Theorem 4 justifies using the heteroskedastic probit model for inference about the threshold-
crossing model. Indeed, it states that any vector (Y7, ...,Y,,)" drawn from a distribution in M,, s« o,
can also be drawn from a distribution in M, 5. s (and vice versa). Since elements of S can be
written as 0 = exp(g/2) for g = log o2, I base inference on the sampling model

~ 1
s~ { @ (1 (30 (o)) - 0 6],
i=1

This leads to the likelihood function

Lo(B,9) = f[l {cp (;p;ﬁ exp (_%g(xi)>)n (1 — @ <x26 exp (—%9(&))))11@}

for each (3, g) € B x G. Notice that the nuisance parameter g is unrestricted in M,, ¢ (i.e., it is
just a mapping from X" to R). This contrasts with the original parametrization where the nuisance

parameter is restricted to satisfy median independence. It is practically useful because the researcher
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can avoid semiparametric likelihood estimation over a constrained parameter space. Khan (2013)
studies frequentist estimation of M,, g« ¢, approximating the nuisance parameter space G using a

finite-dimensional linear sieve.

3.2.2 Prior and Posterior

I adopt a Bayesian approach and equip the parameter space B x G with a prior II. Specifically,
I assume § ~ Iz, g ~ Ilg, and B L g so that the joint distribution II of (3, g) is the product
I1z x IIg. The marginal distribution IIz can be virtually any (improper) probability distribution over
B, however, I specify I1g as the probability law of a mean-zero Gaussian process {g(z) : x € X'}.
That is, for any finite collection x1, ..., x; of inputs in X with k£ > 1, the vector of function values
(9(x1), ..., g(xx))’ follows a mean-zero Gaussian distribution with covariance matrix (s(z;, 1))%,_,,
where k : X X X — R is a positive semidefinite kernel known as a covariance function. This choice
primarily reflects computation (see Section 3.3), however, it should be noted that Gaussian processes
have become a default choice of nonparametric prior for unrestricted functions (see Rasmussen and
Williams (2005) and the references therein). In Section 3.5, I assume that g is drawn from a Matérn
Gaussian process, a stationary Gaussian process with a covariance function hyperparameter that
can accommodate any order of differentiability (Stein, 1999).

The prior and the sampling model leads to a conditional distribution for (3, g) given {Y;}" |,
known as a posterior, that can be used to answer any inference question involving the pair (f3, g).

Applying Bayes theorem, the posterior distribution I1,((3, g) € -[{Y;}~,) for (53, g) satisfies

dll, (8, g{Yi}i=1) o< Lu(B, g)d1L(B, g).

Point estimates for the elements of S can be chosen as elementwise posterior medians, uncertainty
quantification for functions f(3, g) of (3, g) can be obtained using a credible set, a set estimator

CS,,7(1 — «) that satisfies the coverage requirement

I.(f(8,9) € CS,p(1—a)|{Y}i) = 1 —a
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for some nominal level o € (0, 1), and predictions can made using the posterior predictive distribu-

tion

Pl =11 =) = [0 (exp (- Jalen) ) ) an(a. ol v}

for some covariate value z* € X. In practice, these integrals are replaced with sample averages
based on a simulated posterior sample {(f3, g;)}5_,. The takeaway is powerful: a researcher with a

sample {(8;, gs)}>_, can answer any inference question that arises in the structural analysis of the

binary choice model. I now turn to the important issue of sampling from the posterior.

3.3 Sampling from the Posterior

3.3.1 Overview of the Gibbs Sampler

I propose Gibbs sampler for the parameters of the heteroskedastic probit model. The starting point

is to expand the parameter from (3, g) to (53,9, Z1, ..., Z,) using that Y; = 1{Z; > 0},i =1,...,n,

where Z;|3, g (S N (x5, exp(g(x;))) foreach i = 1, ..., n. This leads to the joint posterior
dHn(ﬁa g, Zlv ceey Zn‘{Yz};ﬂzl)

x [[1142: = 01" 1{Z < 0} V6(Z|aiB. explg(x) L dI(B.g).  (33)

i=1
where 2 — ¢(z|u, 72) is the probability density function of the normal distribution N (1, 72). Gibbs

sampling then proceeds by sequentially updating 3, g, and 71, ..., Z,. That is,
1. Sample {Z;}"_, from the conditional posterior IL,,((Z1, ..., Z,) € -{Yi}'—1, B, 9)-
2. Sample (3 from the conditional posterior I, (5 € -|{Y:}"1, {Z:}1, 9).
3. Sample g from the conditional posterior I1,,(g € -|{Yi}, {Z:}1, B).

This data augmentation strategy, due to Albert and Chib (1993), is useful because, given {Z;}7,,

the problem of learning $ and g as a Gaussian linear model with nonparametric heteroskedasticity.
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Relative to Albert and Chib (1993), the challenge is sampling from the conditional posterior of g
given and {Z;}!"_, as the first two steps are identical to the parametric case except with transformed
covariates z; exp(—g(z;)/2).

Since data augmentation reduces Bayesian estimation of the heteroskedastic probit model to a
Gaussian linear regression model with nonparametric heteroskedasticity, I adopt the approach from

Chib and Greenberg (2013) to sample from the conditional posterior for g. Let

T(Zlax’uﬁ) :log((ZZ—ZL‘/ﬁ)2), L= 177”

)

for ¢ =1, ...,n. The latent Gaussian linear regression model can be transformed as
T(Zi,xi, B) = g(zi) +vi,  vilB,g w 10gX%> 1=1,..,n.

A Gaussian process is not a conjugate prior for a regression model with log chi-squared errors.
Fortunately, the log chi-squared distribution is well-approximated by a known location-scale mixture
of ten Gaussian distributions (Kim et al., 1998; Omori et al., 2007). Consequently, I update the

unknown function g using the approximating model
T(ZZ7$’MB) :g(xz)—f_l/z*, 'L:1,77’L7

where
10
ind 2 .
Vz*|5vg ~ ZWO,jN(MO,j7TOJ), ZZl,...,n
j=1

with (wo 1, ..., wo,10)’ being a vector of probability weights, (1o 1, ..., f0,10)’ being a vector of means,
and (7'02’1, . 7'&10)/ being a vector of variance parameters. The mixture parameters are known
because the log chi-squared distribution does not depend on any unknown parameters.’ Recognizing

that the mixture model admits the hierarchical representation,

% n ind ind . .
v; |/87 g, {Ai}izl ~ (/’LO,AN T(?,AZ')? Al|ﬁ7 g ~ Categomcal({wo,l, ceey w0,10}>7 t= 17 w1,

3See Table 1 of Omori et al. (2007) for the Gaussian mixture parameters.
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where Categorical({p1, ..., p10}) generically denotes a discrete probability distribution on {1, ..., 10}
with probability weights {p1, ..., p10}, Bayesian updating of the heteroskedasticity parameter can be

performed using the data-augmented conditional posterior

dHn(QaAlv“ A |{Y}z 17ﬁ7{Zi}?:1)

O(HH{ e J}Qb (T'(Zs, w5, B) | p10,5 + g(6), 7 ,])I{A_J}}dﬂg(g). (3.4)

i=1 j=1
This adds considerable tractability to the method because the mixture representation implies that the
Gaussian process forms a conjugate prior, and, as a result, Bayesian updating of (g(x1), ..., g(x,))’
requires sampling from a multivariate Gaussian distribution. Of course, this benefit follows from
approximation. An inspection of the right panel of Figure 1 in Omori et al. (2007) shows that it is

an excellent approximation, and, for that reason, I am not concerned about this discrepancy.

3.3.2 Steps of the Gibbs Sampler

This section describes a single iteration of a Gibbs sampler. That is, obtaining a new parameter

vector (Bsi1, Gs+1s { Zis+1 i1, { Ais+1}7-1) given a current parameter (s, gs, { Zi s}y, {Ais }1q)-
Iterating this process until s > S for S > 1 generates a sample {(Ss, g, { Zi.s 171, {Ai s} 1) Vooy
from the posterior.

Step 1: Updating the Latent Variables.

The first stage is updating the latent variables { Z;}!_, while holding 3, g, and { A4;}?_, fixed at their

current value. From (3.3), the conditional posterior

Hn ((Zla"'v )E ‘{Y} 176 g)

for the latent variables {Z;}"_, satisfies

A, (Zy, ..., Zn|{Yitiey, B, g) o ﬁ {Z > 0} 1{Z; < 0} ¢ (Zi|2i8, exp(g(x:))) ,

=1
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which is the density kernel of a product of n independent truncated normal distributions. This
implies that the vector of latent variables (Z1 511, ..., Zn s+1) is sampled according to the rule

n n ind M0,00) (I;BS,GXp(gs(l'l))) ify; =1 )
Zi,s+1|{Y;}i:17 ﬁsa Js, {Ai,s =1 R 1 = 1, ey N,

N (oo (7785, exp(gs(:)) ifY;=0

where N¢(p1, 72) denotes a normal distribution A/ (p, 72) truncated to a set C.

Step 2: Updating the Index Coefficients.

The second stage is updating the index coefficients § while holding g, { Z;}!_,, and {A;}!", fixed.

From (3.3), the conditional posterior

IL,(8 € -[{Yi}tic1, 9, {Zi}iz1)

satisfies

n

L (BI{Yi Yy, 9. AZiY ) o [ [ ¢(Zil«i, explg(x:)))dTTs(5).

i=1

This is Bayesian updating for a linear regression model with an unknown slope and known het-
eroskedasticity, a problem for which there exist priors in which it is simple to sample from the
posterior. For example, an (improper) prior proportional to the product of the Lebesgue measure
on O and the point mass at 1 (due to scale normalization) means that samples from the conditional

posterior of 5 = (#',1)" are drawn according to the rule

95+1|{Y;}?:17 {Zi,s—&-l}?:l) Gs, {Ai,s}?:l ~ N@(én<gs)y Vn(gs))v

where

n -1 n
én(gs) = (Z eXP(—gs(xi))l‘i,—dﬂ;,_dz> ZeXP(—gs(l’i))xi,—dx(Zz',s+1 — Tig,)

i=1 =1
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and

Va(gs) = (ZeXp —9s (i) %i,—a, 75 d) :

=1

with z; _q, being the subvector of x; that excludes the last element x; 4,. This step and that of
Section 3.3.2 are identical to the data-augmentation method for parametric probit models in Albert

and Chib (1993).

Step 3: Updating Mixture Assignments

The third stage is updating the mixture assignments { A4;}?_; while holding 5, g, and {Z;}!_; fixed
at their current values. The conditional posterior for the latent mixture assignments (Aq, ..., A,)
implied by (3.4) is

n

AL (Av, ooy A VY, BAZ Y g ocHH{ ST ST (Ziy i, B o + glai), 72 ) A

i=1 j=1

which implies that

Az‘,s+1 ’ {Y;}?:p Bs+17 {Zz’,s—l—l}?:h gs

10
WO]¢( ( zs+17$z7ﬁs+1)|uoj+g$(xl)77—02,j)
Zk L wo,ed(T'( ZS+1axz:ﬁs+1>’M0k+g$(xi)77—(?k)

d Categorical {

j=1
fori = 1,...,n, where Categorical({p;};2,) denotes a discrete probability distribution on {1, ..., 10}

with probability weights {p1, ..., p10}-

Step 4: Updating the Logarithm of the Conditional Variance

The final stage is updating the logarithm of the conditional variance (g(z1), ..., g(z,))’. From (3.4),

the conditional posterior for (g(x1), ..., g(x,))’ is given by

I ((g(21), s g(n) ){YiYitr, B, {ZiHio, {A L)

OCH{¢(T(Zi’xZ> )‘MOA +g( TOA }dHQ

i=1
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Since I1g is the law of a mean-zero Gaussian process, the conditional posterior for (g(x1), ..., g(xy))’

implied by (3.4) is

(9(x1), s () HYi}ior B Zi Y Ay ~ N(ma (B, { A2, Va({AHL)),

where

M (B, {Ai}iy) = Kn(Ky + 20) " (Tu(B) — po,0)
and
Vn({Ai}zﬂ:l) =K, — Kn(Kn + En)_lKn

with K, = (k(7, 7))} 21, Xn = diag(aaAl, ey a&An), T.08) =(T(Z1,21,8), ..., T(Zn, 0, B)),
and 110, = (to,4ys -5 f0.4,)’. These formulae arise from the conjugacy of Gaussian process
priors regression models with normally distributed error terms (Rasmussen and Williams, 2005).

Consequently,

(gs41(@1)5 oy Gsr1 () HYiHrs Bor1s { Zi s Hots {Aiss Fim

~ N(mn(Bsir, {Ai s b)), Va({Ai s Fii))-

As such, the nuisance parameter updating only requires sampling from a multivariate Gaussian dis-
tribution. A caveat, however, is that the inversion of K,, + 3, typically scales at O(n?). Fortunately,
Gaussian process methods are regularly encountered in machine learning applications in which the
sample n 1s very large, which in turn has led to the development of computational methods for large

datasets (see Chapter 10 of Rasmussen and Williams (2005) for an introduction).
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3.4 Extensions

3.4.1 Discrete Covariates

Some computational simplifications can arise when some of the elements of X are discrete. Suppose
that x = (2, x;)’ with xp € X denoting the discrete variables and let z € X denoting the
continuous variables. Moreover, let Xp = {x; p,....,zg p} With R < oo. In such case, g can be

written as

R

9(x) =Y g(xrp, xc)H{ap =z, p}.

r=1

Consequently, for any ¢ = 1, ..., n, the log variance g(x;) admits the additive representation

R
g9(z:1) =Y gr(ic)aip = 20},
r=1

meaning that the last step of the Gibbs sampler (i.e., that described in Section 3.3.2) may be applied
groupwise. This can be computationally advantageous. To see why, suppose that g, nd IIg ,
r =1,..., R, where Ilg_is the law of a Gaussian process on X and let Z, C {1, ...,n} be such that

x;,p = %y p forall 2 € Z,. From (3.4), the conditional posterior of the log variance g is

dIL,((g(z1), - g(zn) ) {Yidity, B, {Zibiny {Ai L)
OCH{H¢ 27 rD? zC) )lluOA +gr<xlc) TOA)ngr(gT>}'

r=1 i€z,

Consequently, for 3, {A;}, and {Z;}", fixed, the functions ¢, ..., gr are independent under the
posterior. This is amenable to computation because 1. the inversion of the group level covariance
matrices K, + ¥, is O(n?), where K,,, = (k,(i, 1))ijez,» Xn, = diag(og 4, : i € Z,), and
n, = |Z,| (as opposed to O(n?) when dealing with K, + ,,), and 2. Step 4 (i.e., Section 3.3.2) of

the Gibbs sampler can be performed in parallel across r.
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3.4.2 Predicition

Another reason for undertaking a structural analysis is prediction. That is, determine a future
outcome y* given a covariate value z,. Following Section 3.3 of Manski (1988), I cast prediction as a
decision problem in which the utility from action a € [0, 1] in state y* € {0,1} is u(a, y*) = —|y* —
a|. The goal is selecting the action a € [0, 1] that maximizes utility. Since y* is unknown, a Bayesian

reports the action that maximizes expected utility under the posterior predictive distribution,

1
Pl =11 =) = [0 (gexp (~Jale) ) ) an(e. ol v}
For u(a,y*) = —|y* — al, it can be shown that the optimal action a*({Y;}?_,) solves

m[in} {1 =a|Pon(Y =1X =z,) + |a|(l1 = P,n(Y =1|X ==x,))}
ac(0,1

from which it can be seen that

1 i Pap(Y =1X =2,)>1/2
a” ({Yi}iL,) =
0  ifPu(Y =1X =2,)<1/2

In practice, a researcher with a simulated sample {(/3, g,(z.))'}5_, from the posterior computes

1< , 1
150 (s ()
and reports y§ = 1 if this quantity is greater than or equal to 1/2 and reports y§ = 0 if this quantity
is less than 1/2. This differs from the frequentist decision rule from Manski (1988) in which
a =1z 5 >0}
Since the Gibbs sampler in Section 3.3 only samples from the posterior for (g(z1), ..., g(x,))’,
it is inadequate for out-of-sample predictions (i.e., x. ¢ {z;}_,). For extrapolation, I expand the

parameter to
(6/’ {Zi}?:h {Ai}znzlv g(xl)’ e g<xn)v g(x*))/
and update in blocks 3, {Z;}1,, { A}, {g(x;)},, and g(z,). This requires that the step of the
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Gibbs sampler from Section 3.3.2 be modified and that an additional step is introduced.

Modifying Section 3.3.2

Since (g(z1), ..., g(x,)) and g(z,) are correlated under the Gaussian process prior I, Bayesian
updating of (g(z1),...,g(x,)) given B, {Z;},, {A:}",, and g(z.) uses the conditional dis-
tribution (g(z1),...,g(x,))" given g(z.) under Ilg as the prior. Let k., = K(Ts, Ts), Kps =
(k(21,24), oy K(Tn, 24))s and K, = (K(24, 25))7 =, - The conditional distribution of (g(x1), ..., g(n))’

given g(x,) under Il is
N (K abi(Ta, 22) " g(4), K — K(s, x*)’lﬁn,*rﬁ;’*).
Letting
Mpx = Kn o (Tu, ) " g (22

and

/
%)

Ky = K, — 6(Ta, ) K uk
it follows from standard properties of multivariate Gaussian distributions that
(9(x1), s glan)) KY s, BAZi Y, {AFL 9(2e) ~ N (mn s (8, {A L), Vs ({AiL)),
where
M (B AAAY 1) = B (Ko + 50) ™ e+ Koy (Ko + 50) ™ (Ta(B) = fi0.0)
and

Vn:*({AZ}?:l) - Kn,* - Kn,*(Kn,* + Zn)_lKn’*.
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Consequently, the stage of the Gibbs sampler described in Section 3.3.2 is modified to

(gs+1<x1)7 coy Os+1 ($n>)/‘{yvi}?:17 Berla {Zi,s+1}?:17 {Ai,erl}?:la gs<x*)

~ N(mn,*(ﬁerla {Ai,s+1}?=1)a Vn,*<{Ai,s+1}?=l>>'

This is similar to the step outlined in Section 3.3.2, however, the mean m,, ..(5, { A;}}-,) and variance
Vs ({4} ) are modified to account for the fact g(x,) is correlated with (g(z1), ..., g(z,))’ under

.

New Step

The new step is updating g(x,) while holding 53, {Z;},, {A;},, and {g(x;)}, fixed. Since

g(x,) does not enter the likelihood function, it follows that
dll(g(z. ) {Yi iy, B, AZi oy, {AS {g (i) Vi) o dllg(g(z.)|g (), - g(2n))
Consequently, standard properties of multivariate Gaussian distributions imply
g(@ )Yy, BAZYo A L {g(@a) oy ~ N (KB gy (e, @4) — 7, K ),

where ¢, = (g(x1),...,9(x,))’. This implies that sampling the out-of-sample log conditional

variance gs,1(x,) is performed using the following rule

g5+1(x*)|{Y,-}?:1, Bot1; {Zi,s+1}?:17 {Ai,s+1}?:1, {9s+1(37i)}?:1

~ N (K,

-1 / -1
n,*Kn gn,s-l—la'%(x*ax*) - K:n,*Kn /i’nq*).

Intuitively, the sample path properties of the Gaussian process enable information from the collection

{g(z;)}_, to inform g(z,) (i.e., there is an extrapolation via smoothness).

3.5 Simulation

I present a small-scale simulation study to illustrate some finite-sample properties of the posterior.
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Data Generating Process. The simulation data-generating process is based on a design from

Horowitz (1992). Specifically, data is generated according to the rule
Vi=1{X;y +0Xp>U}, i=1,..,n,
where § = 1, X1 “ N(0,1), X < N'(1,1), and
U; = 0.25(1 + 2(Xi1 + Xi2)® + (X + X))V,

. ind L . .
with V;|[{(Xi1, Xi2)}7, V' logistic with median zero and variance equal to one. I generate
one thousand independent datasets of size n according to this data-generating process for n €

{250, 500}.

Prior. The prior for 6 is an improper prior proportional to the Lebesgue measure on R, ¢ is
assumed to be drawn from a centered Matérn Gaussian process, and ¢ 1L g under the prior. The
Matérn Gaussian process has the defining property that, for any realized covariates {x;}" , the

vector of function values (g(x1), ..., g(x,))’ follows a Gaussian distribution

(g(xl)v ceey g(wn))/ ~ N<O, Kn)a

where the covariance matrix K,, = (k(z;, ¥;));;—; has elements

217 [ V2al|z; — 4|2 K V2al|z; — xl2
ING) l “ l ’

k(x;, x;) =

fori,j € {1,...,n}. Here, & > 0 is a smoothness parameter, [ > 0 is a length-scale parameter,
['() is the gamma function, and K, is a modified Bessel function of the second kind of order
a. In the simulation, I set [ = 1 and choose o € {1/2,3/2,5/2,7/2} to evaluate how prior
smoothness affects the procedure. Figure 3.1 illustrates how « governs the smoothness properties
of the process by plotting sample paths of a Matérn process defined over the interval [—3, 3] for
regularity parameter o € {1/2,3/2,5/2,7/2}. More precisely, it can be shown that the sample

paths g are |« |-differentiable in mean-square, the Matérn Gaussian process with « = 1/2 and
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one-dimensional & is the Ornstein-Uhlenbeck (OU) process, and the  — oo limit is the Gaussian

process with the squared exponential covariance function, a process with analytic sample paths.5

Regularity Equal to 1/2 Regularity Equal to 3/2
3 -

a(x)
a(x)

a(x)
a(x)

Figure 3.1: Sample Paths of the Matérn Process for Different Values of c.

Results. Table 3.1 reports the mean square error of the posterior median for 6, the frequentist
coverage of the 95% equitailed probability interval for 6, and the average length of the interval
estimates. The equitailed probability interval is a credible interval with lower and upper bounds
given by the 0.025 and 0.975 empirical quantiles of the simulated posterior sample for 6. The
results have several takeaways. First, the posterior median becomes accurate across all smoothness
levels as the sample size increases. Second, the performance of the posterior median seems to
be relatively unaffected by the prior when it is assumed that g has at least one derivative (i.e.,
a € {3/2,5/2,7/2}), however, the posterior median based on a prior that is only mean-square
continuous (i.e., « = 1/2) is less accurate than its smooth counterparts. The comparison of o = 1/2

with a > 1/2 parallels the relative performance of the smoothed and unsmoothed maximum score

See Section 3.1 of van der Vaart and van Zanten (2011) for a formal treatment.
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estimators (see columns 3, 5, 7, and row ‘H’ of Table I of Horowitz (1992)). Third, the equitailed
probability interval for # undercovers when n = 250 with the extent of the coverage distortion
depending on the smoothness of the prior. Frequentist size/coverage distortions of similar magnitude
are documented for the Horowitz (1992) smoothed maximum score estimator (see Columns 2 and 4
of Table II in Horowitz (1992)). Finally, the equitailed credible intervals have frequentist coverage
close to the nominal level of 95% for this data-generating process when n = 500, however, the
average length of the credible intervals based on smooth priors (i.e. a« € {3/2,5/2,7/2}) result in

credible intervals with shorter length on average.

Sample Size
Regularity n =250 n =500

a=1/2 0.033 0.007
a=3/2 0.023 0.005
Mean Square Error o —=5/2 0.021 0.005
a=717/2 0.020 0.005
a=1/2 85.4%  95.0%
a=3/2 90.7%  95.7%
Coverage (%) a=5/2 90.8%  95.9%
a=17/2 91.7%  95.9%
a=1/2 0.5150  0.3133
Average Length a=3/2 0.4853  0.2933

a=5/2 0.4790  0.2887
a=7/2 04750  0.2873

Table 3.1: Matérn Process Simulation Results

Notes: Results based on 10,000 iterations of the Gibbs sampler with
the first 5,000 discarded as burn-in. Point estimates used in mean
square error calculations are posterior median, equitailed credible
intervals have nominal level equal to 95%, and the true 6 is one.

3.6 Conclusion

This paper presents a Bayesian inference procedure for the maximum score problem. The key

idea is that a semiparametric binary choice model subject to a median independence restriction is
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observationally equivalent to a probit model with nonparametric heteroskedasticity. Consequently,
a computationally attractive Bayesian inference procedure can be derived from Gibbs sampling
techniques developed in Albert and Chib (1993) and Chib and Greenberg (2013). Establishing
formal asymptotic properties of the posterior for the index coefficients 3 (i.e., posterior consistency,

rates of convergence, and frequentist uncertainty quantification guarantees) is work in progress.
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Appendix A

Appendix to Chapter 1

A.1 Measurability and Existence of the Fixed Point

I provide sufficient conditions for Assumption 4. A discussion follows.

Assumption 22. The following holds for almost every realization {z;};>1 of {Z;}i>1 and every

n>1,
1. T is a compact subset of (R% || - ||2)
2. pwiz = Qu(7, 7, pw|z) is Pw)z-measurable for each (y,7) € I' x I’
3. v = Qn(7,7, pw)z) is continuous for every 7y € I' and I1-almost every pw|z € Pw|z

4. ¢ (7, pwiz) = arg min, cp Qn (7,7, pw|z) is unique and satisfies q,(7,pwz) € int(I') for

every v € I and 11-almost every pw |z € Pw)z.

Assumption 23. The following conditions hold for almost every realization {z;};>1 of {Z; }i>1 and

everyn > 1:

1. v = m(z,7), i = 1,...,n, is twice continuously differentiable for 11-almost every pw|z €

Pw)z.

2. v = X(z,7)% = 1,...,n, is continuously differentiable for I1-almost every pyw |z € Pw|z,
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3. infep mini<i<p Apin(X(24, 7)) > 0 for Il-almost every pw|z € Pw|z.

4. The criterion function (x1,T2) — Qn(x1, T2, pw|z) satisfies

o? i 3 -
Ssu n\UYn ) ) [
7GIFD (8x18x’1Q (q (’Y pW|Z) Y PWZ))

< | sup
yel’

for I1-almost every pw |z € Pw|z.

op

-1
op)

Discussion of Assumptions. Assumptions 22 and 23 are similar to Assumption 1 in Hansen and

0? . -
WQn(Qn(%pmz), %pW\Z)
2

Lee (2021) except that they apply to conditional moments and account for the fact that the density
pw)|z 1s a random variable. Assumption 22 ensures that, with II-probability equal to one, there
is a unique interior solution to min,cr @, (7,7, pw|z) and the solution ¢, (¥, pw|z) is a random
variable on (P2, Pw)|z) for each 7 € I'. Compactness is included to ensure that a solution exists,
however, it is not essential (as Example 1 in the main text indicates) and the other assumptions are
analogous to the conditions that ensure the measurability of an extremum estimator (e.g., Newey
and McFadden (1994)) with py |z playing the role of the data in my context. I elaborate on Part 2 of
Assumption 22 after stating Proposition 9. Assumption 23 ensures ¥ — ¢, (7, pw|z) is continuous
with [I-probability equal to one and that the function is a random contraction mapping. That is,
there exists a random variable p(py 7)1 such that 0 < p(pwz) < 1 with II-probability equal to

one and

lgn (71, Pw12) — @ (F2s owi2)||2 < p(owiz)|| 7 — F2lle VA1, 72 €T

with [I-probability equal to one. This conclusion follows from an application of the implicit function

theorem to the first-order conditions

0

a_,y/Qn(Qn<:Y7pW\Z), ¥, pwiz) =0
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and then the fact that Part 4 of the assumption implies that

0

a—gy,qu(’%pmz) <1

op

sup
Fer

for IT almost every py |z € Pw|z. Consequently, probabilistic extensions of the Banach fixed point
theorem ensure that there is a I'-valued random variable v, (py|z) that is the unique fixed point of
n (-, pw|z)." In other words, the fixed point 7, (pw|z) exists, it is unique, and one can coherently
assign probabilities to it using the posterior 11, (py|~z € /W ™). The next proposition formalizes

this.

Proposition 9. If Assumptions 22 and 23 hold, then Assumption 4 holds.

Measurability of the Criterion Function and Example of (Py 2, P 7). The measurability of
the mapping pw|z — Qn (7,7, pw)z) is potentially delicate despite the density py | being likened
to the data in the usual extremum estimation theory. Indeed, the usual extremum estimation theory
(e.g., Newey and McFadden (1994)) assumes the data are Euclidean-valued random variables that
are Borel measurable, and, as a result, a straightforward sufficient condition for measurability of
criterion functions in the data is continuity. In contrast, py|z is an infinite-dimensional random
variable, and, as a result, the continuity of this mapping depends on the topological properties of the
parameter space Pyy|z. The next proposition states a sufficient condition for Part 2 of Assumption

22.

Proposition 10. Suppose that the following conditions hold for almost every realization {z;};>1 of

{Z;}i>1 and every n > 1:
1. maxi<i<p [}y, 95(w, 2, 7)dw < oo for each j = 1, ..., d, and for eachy € T.

2. minj<i<pn Amin(2(2i,7)) > 0 and maxi<j<p Amaz(2(2:,77)) < oo for each vy € T

'See Bharucha-Reid (1976) for an overview of probabilistic fixed point theorems.
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Then Part 2 of Assumption 22 holds for

Pwz = {PWZ : max /p%wz(w‘zi)dw < OO}

1<i<n

and Py |z equal to the Borel o-algebra generated by the open sets in the norm

1
2
HPW|Z||7>W|Z = max (/ |sz(w12i)‘2dw> .

1<i<n

Remark 13. The parameter space Py|z and the associated norm || - is defined conditional

||7DW|Z
on the realization {z;};>1 of {Z; }i>1. A reader seeking to eliminate dependence on {z;};>1 should
note that Proposition 10 can be stated in terms of the supremum over Z (i.e., replace max,<;<,, and

min;<;<y, with sup,¢ z and inf ,c z, respectively).

A.2 Additional Simulation and Empirical Illustration Details

A.2.1 Simulation: Deadweight Loss Calculation for the Constant Elasticity

Model

I derive the expression for S(p°, y,) for the constant elasticity model. Following equation (1.1) in

Hausman and Newey (1995), I need to solve the differential equation

= — exp(a)p)™ (v - S(tv. 1) s(1,y.9) =0,

dS(t,y,7)
ot

where ¢ — p(t), t € [0, 1], is a continuously differentiable price path with p(0) = p° and p(1) = p.

Rearranging and applying the chain rule,

1 0

e S(t,y,7))' 7 = exp(7)

1 0

- - - t1+71
1+’710t ()

Integrating both sides, it follows that

— S(t,y, )2 = exp(70) HHM 4 o
1_72(y (t.y,7)) 1+71p()
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Using the condition S(1,y,~) = 0, it follows that

1

= Yy
IT—m I+m

This implies that

1
(y — S(t,y,7) " = eXp(%)p(t)”” +——y' eXp(%)p(l)”“

1= L+m L= L+m
= SO0 gy — p) ) Ly
and, as a result,
S(ty.7) = - (equﬂﬂm_ %) (e — p(1) ) 4 y> =y
= - (% (p(t)a(p(t),y.7) — p(L)a(p(1),y,7)) + yl‘”) - +y.

Since p(0) = p® and p(1) = p', it follows that

1—v9
(P’ y.7) — P a®',y,7)) + yl‘”) +y.

(1 —2)

S(P()’yﬁ) = - (W

This implies the deadweight loss parameter is

1

1—v2
(P°q(®°,y,7) —p'a®",y,7)) + yl”)

(1 —72)

DWL(",py,7) =y — (W

— (p" = p") exp(70) (p') "y,

The fact that the constant elasticity deadweight loss has a closed form is useful for the simulation
study because it enables a standard application of the delta method to compute standard errors for
the frequentist estimators. This is the primary reason that the constant elasticity model is used for

the simulation study.
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A.2.2 Simulation: Generating Data, Prior, Posterior Median Versus Posterior
Mean, Effect of Prior Hyperparameter on Results, and Description of

Other Procedures
Data Generating Process.

The following section details the simulation data-generating process for the constant elasticity

model with endogenous prices. I simulate the linear instrumental variables model

log@ = v +v1log P+ vy logY + Uy (A.1)

log P =Xy + A logY + Ay log A+ Us, (A.2)

where the error terms U, and U satisfy the conditional mean restrictions E[U; |log A,log Y] = 0
and E[Us|log A,log Y] = 0, respectively. I call equation (A.1) the structural equation and (A.2) is
the first stage equation. The coefficients of the structural equation are set equal to the instrumental
variables estimates ¥ = (90,71, 72)" of the regression of log @ on log P and log Y with log A
as an instrument for log P using the full dataset. Let (A]M = logQ; — Y — 1 log P, — A2 logy;
be the instrumental variables residuals. Similarly, the first stage coefficients are equal to OLS
estimates \ = (5\0, A1, 5\2)’ of the regression of log P on log Y and log A using the full dataset. Let
U;3 =1og P, — Ay — Ay log Y; — Ay log A; be the OLS residuals. Datasets {(47 Y2, Q7 B )

of size n are then generated as follows:

1. Sample a set of indices {iy, ..., i, } by randomly sampling from {1, ..., n} with replacement.

2. Sample (£,1,i,.2,€iy.35Eir 4)s -y (Ein 15 €in25 i 35 iy .4) independently from the Gaussian

distribution A/(0, (), where

~ 1 — 1 — 1 — 1 —
Q) = diag <ﬁVar(log Y), mVar(log A), mVar(log P), mVar(log Q)) :

3. Generate log Y;* = logY;; +¢&;,1 and log A;j =log A;, +¢&;2forj=1,...,n.

4. Sample R?;,, ..., R;, independently from a Rademacher distribution.

in
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5. Generate log P;; = ;\0 + M\ log Yzj + Ao logA;“j + Ry, Ui, p + e, 3forj =1,..,n.

J

6. Generate log Q7 = Y0 +J1log P} + 2 log V7" + R U

VIR

1 +€ij,4 fOI'j = 1, oy N

The random vectors (5%1, €i;,2; €i; 35 Ei 1) ensure that the variables are continuously distributed
while the interaction between the Rademacher variables and the residuals ensure that the conditional
moment restrictions hold at 7,, and allow for heteroskedasticity of an unknown form. Multiplying
Ui%l and Uij72 by a common Rademacher variable R;; preserves the correlation between the first

stage and structural errors.

Prior

Recall that I use the model described in (1.3). That is,

po.p(w|z) o< exp(log fo(w|z) + B(Fp - (w), Fo(2))).

As such, there are four things to specify: 1. a base density fy(w|z), 2. a prior over the base
density parameters 6, 3. a prior for the function B, and 4. a compactification F{, for the external
variables. For 1., I set fo(w|z) = fo1(wi|z) x foa(wsa|z), where fpi1(wi|z) is the density of
N (1) z,0%), where z = (1,logy,loga), p1 € R* and o} > 0, and fy2(ws|z, wy) is the density of
N (1 2 + oot (111, 07), 03), Where pia1 € R?, 19y € R, 11 (1, 07) = (w1 — 2'pn) /o1, and 03 €
R, ;. Standard properties of normal distributions indicate that this is equivalent to assuming that W/
given Z is a bivariate Gaussian linear regression model. In this example, 0 = (1}, by, pi22, 0%, 03)’,
and, towards 2., I assume that the elements of (1}, i, pi22)" are mutually independent N (0, 1000)
random variables, the elements of (0, 03) are mutually independent random variables with an
inverse gamma distribution with shape and scale parameters equal to 0.001, and (1}, pthy, pra2)" L
(02, 03)'. These are standard diffuse (but proper) prior choices for location and scale parameters in

a Gaussian model. For 3., I assume that B is drawn from a centered Matérn Gaussian process. That

is, for any ¢y, ..., ;. € [0, 1]*, the vector of function values (B(t;), ..., B(tz))’ follows a multivariate
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Gaussian distribution with covariance matrix given by ((t;, #;))},_,, where

B 217 [ /20|t — s]|2 K V2allt — s||s
[ @ [

fort,s € [0,1]%, where « > 0,1 > 0 I'(-) is the gamma function, and K, is the modified Bessel
function of the second kind of order a. Throughout, I set the length-scale parameter [ = 1 so that the
hyperparameter « fully specifies the prior. It represents the analyst’s beliefs about the smoothness
of the conditional density because the sample paths are |«]-times differentiable in mean square
(Rasmussen and Williams, 2005). Figures A.1 plot sample paths of the Matérn process for the case
where the input space is [0, 1] for different values of the regularity parameter . Matérn Gaussian
processes are often recommended in applications with a common hyperparameter choice being
a = 5/2 (see Rasmussen and Williams (2005) and the references therein).” I use this value of «
in the simulations in the main text. For 4., I set F(2;) = (Fo1(logy:), Fo2(loga;)) fori =1,....,n
with the component functions being the linear transformations (x; — min;<;<,, ;) /(max;<;<, T; —

minlgign %z)

Posterior Median versus Posterior Mean as Bayesian Point Estimator.

Table A.1 presents the median absolute error (MAE) results using the posterior mean versus the
posterior median as a point estimator for the deadweight loss parameter. I set « = 5/2 and the

results indicate that finite-sample properties of the two estimators are fairly similar in this example.

2An even more striking endorsement of the Matérn process is found on p. 14 of Stein (1999) in which one of the
key practical recommendations for modeling random fields is plainly ‘Use the Matérn model.’.
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Matern Prior with Regularity 1/2

Matern Prior with Regularity 3/2

B(1)

B(t)

B(t)

B(t)

Figure A.1: Sample Paths from Matérn Gaussian Process

Table A.1: MAE Comparison of Posterior Mean Versus Posterior Median

Low Income
Estimator

High Income
n=1000 n =2500 n =1000 n = 2500

Posterior Median 5.56 3.53 6.53 4.12

Posterior Mean 5.47 3.51 6.52 4.25

Notes: The results are based on 20,000 MCMC iterations with the first

10, 000 discarded as burn-in and then thinning by keeping every fifth draw.

Prior Sensitivity.

Since the data-calibrated simulation does not give the researcher control over the smoothness of

the relevant unknown functions (i.e., there is no guarantee that « = 5/2 is the ‘right’ choice), it is

important to assess how this choice of prior affects the results. For this reason, I present the results
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fora € {1/2,3/2,5/2,7/2,9/2} in Table A.2. The MAE results exhibit some robustness to the
regularity parameter « with the choice of & = 5/2 having the best performance across the income
groups. However, it should be noted that, for o € {3/2,5/2,7/2,9/2} and n € {1000, 2500}, the
MAE of the posterior median is smaller than the other point estimators for at least one income group.
The coverage results indicate that the smoother priors result in finite-sample coverage closer to 0.95
for n = 2500 (especially o = 7/2). This suggests hierarchical procedures that attempt to learn the
unknown regularity may be useful, however, extending the semiparametric Bayesian framework to
accommodate priors that adapt to the unknown regularity of the nuisance parameter may introduce

several technical challenges, and, as a result, it is an important avenue for future research.’

3Although hierarchical Bayes approaches are known to deliver rate-adaptive posterior consistency guarantees
(van der Vaart and van Zanten, 2009b; Fang and Bhadra, 2024), they can severely bias estimates of low-dimensional
target parameters (e.g., see Section 4.3 of Castillo and Rousseau (2015) for a counterexample). Consequently, the
problem of determining conditions under which adaptive priors can be accommodated for semiparametric Bayesian
inference is an important direction for future research.
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Table A.2: Varying the Regularity Parameter

Low Income High Income
Criteria Regularity n = 1000 n = 2500 n = 1000 n = 2500
a=1/2 5.91 3.71 7.05 4.42
a=3/2 5.94 3.51 7.22 4.22
MAE a=5/2 5.56 3.53 6.53 4.12
a="7/2 5.91 3.62 6.94 4.27
a=9/2 6.16 3.57 7.41 4.10
a=1/2 89.0 97.0 87.4 97.0
a=3/2 91.8 97.4 91.6 97.2
Coverage (%) « =15/2 914 96.4 91.6 96.6
a="7/2 90.0 95.8 90.2 95.8
a=9/2 88.8 96.2 89.0 95.6
a=1/2 28.72 23.66 33.69 27.37
a=3/2 30.65 21.59 35.81 25.08
Length a=5/2 29.78 21.03 34.98 24.50
a=7/2 29.16 20.47 33.96 23.81
a=9/2 28.51 20.00 33.57 23.33

Notes: The table reports empirical median absolute error (MAE) of the point estimates for the
deadweight loss parameter, empirical coverage of the equitailed probability intervals for the
deadweight loss parameter relative to nominal level 95%, and median length of the equitailed
probability intervals for the deadweight loss parameter. Results are based on 20,000 MCMC
iterations with the first 10, 000 discarded as burn-in and then thinning by keeping every fifth

draw. I use the posterior median for the point estimates in the MAE calculations.
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Description of Other Procedures.

I describe the other procedures:

1. Two-Stage Least Squares. The two-stage least squares estimator is based on the estimating
equation Ep,,,[Zg(W, Z,~)] = 0, where Py is the joint distribution of (W', Z')’. Since the
moment condition is just-identified (i.e., d. = d.,), the estimator coincides with the Wald esti-
mator and has the formulay = (37 | 2, X/)7' Y7 | z;log Q;, where X; = (1,log P;,log Y;)'
and z; = (1,logy;, log a;)’. The estimator for asymptotic variance is

1 o AR 1 o -
V= (ﬁ;ZZXZ) (E;Zﬂ;[]’?> (H;ZZXZ) ,
where Ui = log Q; — 4’ X; are the Wald residuals. The delta method is used to estimate the

asymptotic variance of the deadweight loss parameter.

2. Bayesian Bootstrap. The Bayesian bootstrap produces a posterior for the parameter v that
solves Ep,.,[Zg(W, Z,~)] = 0 via a weighted bootstrap. Specifically, for each bootstrap
repetition, the researcher samples V7, ..., V,, i.i.d from a standard exponential distribution
and solves the estimating equation Y . | V;z;g(W;, z;,v) = 0. It has a fully Bayesian
interpretation because it coincides with a noninformative limit of a Ferguson (1973) Dirichlet
process posterior. Under regularity conditions (e.g., Lo (1987)), the Bayesian bootstrap

posterior has the same limiting distribution as the Wald estimator.

3. Plug-In Efficient Estimator. The plug-in efficient estimator is a two-step method of moments
estimator based on the estimating equation Ep,,., [h(Z,v)g(W, Z,v)] = 0, where h(Z,~) =
w(Z,7)M(Z) with M(Z) = (1, Ep,, ,[log P|Z],log V) and w(Z,v) = 1/ E[g*(W, Z,7)|Z].

It is a two-step procedure that has the following steps:

(a) Estimate y using ¥ = (3.7, :X/)"' > | z;log Q; and estimate the conditional ex-
pectation functions E[log P|logY,log A] and E[U?|logY,log A] using the fitted val-

ues from regression of log P and the square of the instrumental variables residuals
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A

U = log Q) — 7' Z, respectively, on a tensor product polynomial of log Y and log A. Let
M(z) = (1, E[log P|log Y, log A],log V)" and &(z,5) = 1/E[U?|log Y, log A], where

E[log P|logY,log A] and E[U ?|log Y, log A] are the power series estimators.

(b) The plug-in estimator + is obtained using the formula

n

;= (zmmmz»x;) S 7)) log Qs

i=1 i=1
The asymptotic variance is estimated using the associated plug-in estimator of the

Chamberlain (1987) efficiency bound

n

V= (% Z@(Zzﬁ)M(Zz)M(Zz)/) :

I set the degree of the polynomials to be [n'/7]. The logic is that if the true conditional
expectations are a-regular, then optimal rates of convergence typically require that the degree

d.+2a)

of the polynomials be of the order n'/( . I'set @« = 5/2 to coincide with the choice for

the Matérn prior, and, in this example, d, = 2. This leads to the sieve dimension of nt/7.

. Bayesian Exponentially Tilted Empirical Likelihood (BETEL). For the BETEL procedure,

Bayesian inference is performed using the posterior,

7BETEL (7 () o [BETEL () ()1 { € int(Co(7))},

where
- A A exXp X /g VI/hZi?’Y h Zi .
LEPTEE () = HZ%‘(WL (V) = =, ( (,YA) (, ) pi=1,n
o1 > i1 exp(A(Y) g(Wj, 2, 7)h(25))
with

1 n
A(7) = argmin — Z exp(Ng(Wi, i, 7)h(z))
=1

veRdn T i=

138



and
Co(y) = {(ph .y Dn) € RY Zpi =1, Zpig(m7zia7) = 0} :
i=1 i=1
In the simulations, I set h(z) to the natural cubic spline basis of discussed on p. 744 of Chib
et al. (2022) with their recommended choice of |2 - n'/®| knots. For the empirical study, I set
the number of knots equal to |n'/%| due to numerical issues with the spline basis. I use the

Chib et al. (2018, 2022) default Student’s ¢ prior for «y in both cases.

A.2.3 Additional Empirical Results
Constant Elasticity Estimates

Table A.3 compares the estimates of deadweight loss as a fraction of income estimates under the
constant elasticity model to those obtained from the procedures that appear in the simulation study.
The common theme is that the price change has a more pronounced effect on relative household
utility loss as the household income decreases. These results are qualitatively similar to the log-log
estimates in Blundell et al. (2012) (see the last column of Table 4 in their paper), however, it should
be noted that their estimates assume exogenous prices whereas mine allow for price endogeneity.
The semiparametric Bayes point estimates predict a less severe welfare effect than that predicted by
two-stage least squares, the Bayesian bootstrap, and BETEL, however, the point estimates suggest a
more severe impact when compared to the plug-in efficient estimates. Across all of the procedures
and all income groups, the equitailed probability intervals for the semiparametric Bayes procedure
have the shortest length, and, in particular, they are contained in the interval estimates for two-stage
least squares and the Bayesian bootstrap. Note that the same posterior sample for the conditional

density is used to estimate the translog and the constant elasticity models.
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Table A.3: Deadweight Loss Relative to Income for the Constant Elasticity Model

Method
SB TSLS PE BB BETEL
Low Income 7.63 7.78 7.39 7.76 8.06
(6.00,9.21) (5.92,9.63) (5.61,9.18) (5.85,9.60) (6.30,9.59)
Middle Income 6.21 6.29 5.95 6.28 6.49
(4.88,7.48) (4.78,7.80) (4.51,7.39) (4.72,7.79) (5.07,7.76)
High Income 5.30 5.34 5.04 5.34 5.50

(4.17,6.40) (4.06,6.63) (3.82,6.26) (4.02,6.63) (4.30,6.53)

Notes: Point estimates with credible/confidence intervals in parentheses. Semiparametric Bayes
(SB) and Bayesian Exponentially Tilted Empirical Likelihood (BETEL) results are based on 50, 000
MCMC iterations with the first 25, 000 discarded as burn-in and then thinning by keeping every
fifth draw, the Bayesian bootstrap (BB) results are based on 5, 000 bootstrap repetitions, and the
two-stage least squares (TSLS)/plug-in efficient (PE) confidence sets use the delta method. The
posterior median is used for the point estimates for Bayesian methods and credible intervals are
equitailed probability intervals.

Prior Sensitivity

The key input for the Matérn process is a smoothness parameter « > 0 with larger values of
a corresponding to smoother conditional densities. Like the simulation study, I set « = 5/2
in Table 1.3. Tables A.4 and A.5 reports the posterior median and equitailed intervals for a €
{1/2,3/2,5/2,7/2,9/2} for constant elasticity and translog demand models, respectively. The
results indicate the same theme across the levels of a: the price change has a more severe impact
on available household resources as income decreases, however, the magnitudes are higher for the

translog specification.
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Table A.4: Prior Sensitivity under Constant Elasticity Demand

Regularity
a=1/2 a=3/2 a=5/2 a=7/2 a=9/2

Low Income 8.11 8.26 7.63 7.37 8.13
(6.63,9.96) (6.70,9.86) (6.00,9.21) (5.77,9.03) (6.56,9.63)

Middle Income 6.62 6.74 6.21 6.00 6.60
(5.42,7.87) (5.48,8.05) (4.88,7.48) (4.70,7.34) (5.33,7.83)

High Income 5.67 D.77 5.30 5.12 5.64
(4.64,6.73) (4.68,6.89) (4.17,6.40) (4.00,6.27) (4.55,6.67)

Notes: Posterior median with equitailed probability intervals reported in parentheses. The results
are based on 50, 000 MCMC iterations with the first 25, 000 discarded as burn-in and then thinning

by keeping every fifth draw.

Table A.5: Prior Sensitivity under Translog Demand

Regularity
a=1/2 a=3/2 a=>5/2 a=17/2 a=9/2
Low Income 10.81 10.65 9.55 8.98 9.54
(9.38,12.45) (9.01,12.40) (7.86,11.31) (7.22,10.85) (7.87,11.21)
Middle Income 9.04 8.88 7.94 7.47 791
(7.88,10.31) (7.59,10.25) (6.63,9.32)  (6.09,8.92)  (6.61,9.18)
High Income 7.81 7.66 6.85 6.44 6.81

(6.82,8.89)  (6.59,8.81) (5.74,7.98)  (5.28,7.63)  (5.73,7.84)

Notes: Posterior median with equitailed probability intervals reported in parentheses. The results are
based on 50, 000 MCMC iterations with the first 25, 000 discarded as burn-in and then thinning by keeping
every fifth draw.

A.2.4 Posterior Computations

This section outlines posterior computation.
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Kriging Approximation

Background on Kriging. A key computational challenge is that

exp(B(Fp:(w), Fo(2)))
» €xXP(B(u, Fo(2)))du

po,p(w]2) = fe(wIZ)f

[0,1)¢

has a normalizing integral

/ exp(B(u, Fo(2)))du (A3)
[0,1]w

that depends on the entire sample path of the Gaussian process 5. Following Tokdar (2007) and
Tokdar et al. (2010), I use an interpolating Gaussian process to deal with likelihood evaluation
challenges arising from the normalizing integral (this is also suggested in Ghosal and Van der Vaart
(2017)). Let ty, .., t; be a set nodes in [0, 1]d. An interpolating Gaussian process, sometimes referred

to as a kriging, is a random function Bj : [0, 1] — R that satisfies
Bi(t) = En,[B(t)|B(t1), ..., B(ty)].

for any ¢ € [0, 1]%. If B has continuous sample paths, then Bj does too, and, since Bj(t;) = B(t;)
for all j € {1,..., k}, the interpolating Gaussian process B; is thus a good approximation to B
provided the nodes t1, ..., t, grow dense in [0, 1]¢. Kriging is useful because it reduces computation
to a finite-dimensional problem because the joint normality of (B(t), B(t1), ..., B(t)))" implies that

By satisfies B (t) = b;lC,;l/zmk(t) for any ¢ € T, where b, ~ N (0, I};),

H(tl,tl) /i(tl,tg) cee K,(tl,tk)

Ii(tg,tl) Ii(tg,tg) s I{(tg,tk)
’Ck - )

I{(tk,tl) /{(tk,tg) cee Ii(tk,tk)
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and

K(tl, t)
K,k(t) =

H(tk, t)

Using A(t) for IC,;l/ % (t), the function Ay : T — R* is known, and, as a result, the researcher
has to sample a vector (6, by) rather than (6, B). This means that standard Bayesian computation

techniques (i.e., MCMC) can be used for density estimation and the normalizing integral

/ exp (bl Ay (u, Fo(2)))du
[0,1]dw

may be computed using standard numerical methods. It should be noted that this use of the
covariance function x : 7' X T' — R to induce an approximating degenerate Gaussian process
prior is purely a computational device. All of the theoretical guarantees in Section 1.5 are based
on the original (possibly) nondegenerate Gaussian process B (i.e., it assumes that (A.3) can be
computed, eliminating the need for the interpolating Gaussian process). This conforms to the
standard theoretical treatment of Gaussian process density estimation (Tokdar and Ghosh, 2007;

van der Vaart and van Zanten, 2008a; Tokdar et al., 2010).

Selecting Nodes. I describe the choice of nodes used for the simulations and empirical analysis.

The set of nodes is chosen to be equal to ({j/0}5_,)™ x {énj}fﬂ, where 0 € Z, . is a user-

5+1
j=1

specified width parameter and {2, ; are the cluster centers obtained from applying k-means
to partition the observed external variables {z;}! ; into § + 1 clusters. The simulations and
empirics set 0 = 2. The rationale for using k-means to select nodes for the external variables is
as follows. Since the semiparametric Bayesian approach only relies on the Gaussian processes
(B(-,21), ..., B(+, z,)), a practically convenient approach to kriging would be to set the nodes equal
to ({j/0}9_¢)™ x {2}, because it does not require the researcher select a grid for the external

variables. Unfortunately, this adds considerable computational burden when 7 is large/the external

variables have large support. The clustering algorithm serves as a low-dimensional approximation
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to this ideal while being amenable to computation. There is no concern about the data being used
for this approximation because, from the perspective of conditioning on the realization {z;};>1,
the k-means clustering algorithm is simply a deterministic transformation of the observed external
variables {z;}"_,. Moreover, it is a formally an approximation to the practical ideal (i.e., kriging
using (B(t1,21), ..., B(tg, z1), ..., B(t1, 2n), ..., B(tg, 2,))) because setting the number of clusters
equal to n leads to the set of nodes ({j/0}5_,)* x {z}_,. Reversible jump algorithms that treat
the nodes as additional parameters (e.g., Tokdar (2007)) could also be applied, however, I found a
coarse grid with = 2 seemed to well for the simulations in Section 1.3 while being amenable to

computation.

Metropolis-within-Gibbs Sampler

I outline the steps of a Metropolis-within-Gibbs sampler that generates a sample {(6!*], bf]) 5
from the posterior. Let (6,4, by 014) be a current value of the Markov Chain (i.e., a given CAs bE])).
The following two steps lead to a new value (6,4, by new) (i€., a (0151 bEH})). Hence, performing

these steps S times generates a sample { (0, bf]) 5_, from the posterior.

Step 1 — Updating the Kriging Coefficients. I outline how to update the coefficients b, of the
interpolating Gaussian process. The conditional posterior for by given 6 satisfies

exp (b Ak (Fp,= (Wi), Fo(21)))
ﬁo’l}dw eXp<b2;Ak<u7 FO(ZZ>>>dU/

exp(by, Ak (Fp,= (Wi), Fo(2i)))
P f[o,udw exp (b, Ay (u, Fy(z:)))du

dIL,, (b0, W) oc T fo(Wilz:) i (br)
=1

or(br),

where ¢y, is the density of A/(0, I;,) and the second ‘o<’ follows from the fact that fy(W;|z;) does not
depend on 0. Since the prior is not conjugate for the likelihood, I use Random Walk Metropolis-

Hastings (RWMH) to sample from the conditional posterior:

1. Draw b, ~ N(bk,oldv cZIk)
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2. Accept by, with probability

min ¢k bk ﬁ exp bkAk F@Dld ZZ(WZ)7 Fo(Zz))) f[oﬂdw exp(bﬁc,oldAk(l% FO(’Zl)))du
<Z5k (bkotd) 17 XDV o1a Ak (Fopuaes(Wi) Fo(2))) - [ig 1yan €xP (b Ar(u, Fo(z)))du

The proposal scale ¢, > 0 is updated during the burn-in period to target an acceptance rate of 35%.

Specifically, the proposal scale parameter ¢, is selected according to the rule,

iy — 0.35
Chmew = Co.old (0.95 1 0.1 xpla ) )

1+ exp(a, — 0.35)

where @, is the fraction of b;s accepted relative to the number of iterations. This rule is based on
Herbst and Schorfheide (2014) and Chen et al. (2018). The integrals were computed using Monte
Carlo integration based on sampling a large number of independent d,, X 1 random vectors with

mutually independent elements drawn from U ([0, 1]).

Step 2 — Updating the Base Density Parameters. I outline how to update the parameters of the

base parametric model fy. The conditional posterior for € given by, satisfies

exp(b’ Ap(Fy.,(W;), Fo(2:)))
A 01 W) H oy f[o 1]dw exp (b, Ak (u, Fo(Zz)))dUW@(e)

x er(Wilzz') exp (b, Ax(Fy.2,(Wi), Fo(z:)))me (6),

i=1

where the second ‘o<’ recognizes that the normalizing integral f[o 1] exp (b, Ak (u, Fo(z)))du,
i =1,...,n, does not depend on 6. This implies that f[o,l]dw exp (b, A (u, Fy(z;)))du does not need
to be evaluated when generating samples from the conditional posterior for §. Nonetheless, the
factor exp (b, Ax(Fy ., (W;), Fo(z;))) means the prior 7 is generally not conjugate, and, as a result,

I use Random Walk Metropolis-Hastings (RMWH) to sample from the conditional posterior:
1. Draw Hnew ~ N(Golda Cg[dg)

2. Accept 0,,.,, with probability

min<{ 1 7[_@(9”61“) H?Zl fenew (WZ‘ZZ) eXp(b;c TLe’UJAk'(Fenew,Zi (VVZ)7 FO(,%)))
’ W@(Qold) H?:l faOZd(Wilzi) eXp(b;e newA (F901d72i(Wi)a FO(Zl))) ’
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where by, e, = by if the proposal from the previous step is accepted and by newy = g oia if the
proposal from the previous step is not accepted. Like the previous step, I update cy during the

burn-in period according to

ag — 0.35
Co.new = Co,0ld (095 + 0.1 eXp(ag ) > s

1 + exp(ag — 0.35)

where ay is the fraction of fs accepted relative to the number of iterations. In both the simulations
and empirical illustration, I found it helpful to update the location p and scale o parameters in
blocks in which I broke this step into two substeps with the first step updating 1 while holding o at
its current value and then updating o while holding p at its current value. In such case, the proposal

scale parameters are ¢, and ¢, and are computed using the same rule as before.

Obtaining a Draw from the Structural Posterior

I outline the steps of sampling from the structural posterior given a draw (6, by ) from the posterior

for the conditional distribution. Repeating these steps for every value in the sample {(6%!, bg:]) 5

leads to a sample from the structural posterior. Let Uy, ..., Ur be mutually independent d,, x 1
random vectors with U, = (U,.1, ..., U, 4,,) satisfying U, 1, ...., U, 4, 1i.d U([0,1]) forr =1, ..., R.

Note the factorization

fo(w|z) = fo(w1|2) fo(walz,wr) - - - fo(wa, |2, w1, ..., wa,—1)

and recall that

Fy . (w) = (Fpa1(w1), Fyzo(wr, w2), ..., Fp » 4, (W1, ..., Way—1, Way,,))

with
wy
Fg’zd(wl, ceey wj—h wj) = fg(tlZ, Wiy eeny wj_l)dt.

—00

I perform the following steps to obtain a draw from the structural posterior.
1. Compute W;, = F, ) (U,) forr =1,..,Randi=1,...n
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2. Compute the importance weights w,; = exp(bj,Ax(U,, 2;)) forr =1,...,Randi=1,...,n

3. Iterate the relationship until convergence

’Ynew = arg min — Z mR Ziy ’7) ERl(Zia ;)‘/old)mR<Zi7 7)7

~vel
where
r(zi,7 wag Wi, 2,7), (A.4)
Zw sz rg 27‘72177)9(Wi,7“>zi77)/7 (AS)
and
_ wi,r
wi,r = R

2 =1 Wi

In the simulation and empirical illustration, I set R = 1000 and set the tolerance for the fixed point
calculation equal to 107°. This is the same tolerance used in Hansen and Lee (2021) and I did not
encounter any issues with convergence. The justification for these approximations is that, under

regularity conditions,

Jioajaw 9(Fp 2 (1), 20, 7) €xp(b 0y Ar(u, 21))du
f[o 14w eXp(bk newAk(u, z:))du
f[o,l]dw Q(Fe,zi< ),Zi,’y)g(F&Zi (), 2i,7)" exP(b], ew Ak (U, 2i) ) du
Jio.1j €XP (B e Ak (1, 2:) ) du

mR(Ziﬁ)

Yr(zi,7) —

as R — oo, almost everywhere. Consequently, if I apply the change of variables

(Uh ---,wa) = (Fa,z,l(w1)7 o By a,, (wh ---,wdml,wdw))’

it follows that

f[O 1] dw 9 9 \Zi ’LL), Zis f}/) eXp(bﬁg,newAk(u? ZZ))du _ B [ (W A )’Z . Z]
f[O 1]dw exp(bz,newA/Au) Zz))du a Pg’b;“Ak g s -
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and

g 9CF522 (1), 20 1) Fy (), 207) 5B At 2) )
f[O 1)d eXp k newAk(u7 Zl))du

=Ep,, , [9W, Z,7)gW, Z,~)|Z = z].
0L Ak

fori =1, ...,n, where Pe,b; 4,, 1s the conditional distribution associated with Po.b, A,

A.3 Proofs

This section presents proofs of the theorems and propositions (and intermediate technical lemmas).
Since ideas from the proofs of Propositions 9 and 10 are useful for technical lemmas leading to

Theorem 1, I start with these propositions and then prove the results from the main text.

A.3.1 Proofs of Proposition 9 and 10

Proof of Proposition 9. The proof has two steps. Step 1 verifies that ¢, (7, pw|z) exists, is unique,
and is a measurable function of pyy . Step 2 verifies that 7 — ¢,,(¥, pw z) is a random contraction

mapping and has a unique fixed point 7,,.

Step 1. Since I is compact and v — @Q,,(7, 7, pw|z) is continuous for every ¥ € I' and II-almost
every pw|z € Pw|z, the set of minimizers q,(, pwz) = arg min_cr @ (7,7, pw|z) is nonempty
for every v € I' and Il-almost every pyw|z € Pw|z. Moreover, by assumption, an(7, Pw| z)is a
singleton for every 7 € I and II-almost every py|z € Pw/|z. Consequently, I need to show that the
mapping pyw|z — ¢(7, pw|z) is measurable for each 7 € I to complete this step of the proof. This

follows Lemma 2 of Jennrich (1969).

Step 2. Let

Fn(’%’?apVWZ) = _ZM Ziy Y Zza ) 1m(zi77>‘
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for every (7,7, pw|z) € I' x I' X Py z. Since ¢, (7, pw|z) is an interior minimizer for II-almost

every pw|z € Pw/|z, it follows that

Fn(Qn(ﬁ/apVWZ)y i,pW\Z) =0

for II-almost every py/|z € Pw)z. The twice continuous differentiability of v — m(z,), the
continuously differentiability of 4 — (2, 7), and the positive definiteness requirement for ¥(z, )
implies that I can use the implicit function theorem to conclude that (v, ) — F,(v,7,pw)z) is

continuously differentiable for II-almost every py|z € Pw 7 and its derivative equals

o . o? i 3 -2 N 3
a—i,%(%pmz) = - (an(Qn(%pmz)ﬁapwz)) M@n(%(%pmz);%pmz),

for I1-almost every py|z € Pw|z, where it is recalled that z; and w; refer to the first two arguments
of Q, (i.e., Qn(r1,72,pw|z)). As such, I use the submultiplicativity of the operator norm to

conclude that

@qn(v,pW|z) 5,0

82
‘ 0x101,

2

0? -
< H ( Qn(Qn('%pVWZ)a:%pWZ))
op

op

X

Qn(%z(f% pW\Z)? :}/7 pW|Z)

op

( 0 Qn(@n (7, Pw)2), %pwz)) 7

0x107}
o2

81‘1833/2

< sup
vyel

op

X sup
vyerl

Qn(an(¥,pw)2), 7, Pw|2)

op

for II-almost every pyw |z € Pz, and, as a result, the final part of Assumption 23 implies that

<1
op

0 -
A=, qn (77 pW|Z)

sup 55

yer

for IT-almost every py|z € Pw)|z. This implies that the continuous random operator q(-, Pw| 7)
I' — T'is a random contraction operator, and, as a result, I can apply Theorem 7 of Bharucha-Reid

(1976) to conclude that there is a I'-valued random variable 7, (pw‘ z) which is the unique fixed

point of Qn('apW|Z) (ie., H(pW|Z : %(pW|Z) = Qn(%(pmz)apmz)) =1). [
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Proof of Proposition 10. The proof has two steps. Step 1 shows that py|z — Qn (7,7, pwiz) is

continuous for each (v,74) € I' x T'. Step 2 argues the measurability.

Step 1. Letpyw |z, p2w|z € Pw)z be arbitrary. By adding and subtracting m(z, v) and Y51z, 7)

and applying the triangle inequality, I know that

ma(z,7) 51 (2, 3)ma(z,7) — ma(z,7) Sy (2, 3)ma(z,7)]
< |(ma(z,7) = ma(2,7)) S0 (2, 7)ma (2, 7)]
+Ima(z,7) (57(2,9) — 237 (2,9))ma(z,7)|
+[ma(z,7) 557 (2,9) (ma(2,7) — ma(2,7))]

Using the Cauchy-Schwarz inequality and the submultiplicativity of the operator norm, it follows

that

[(ma(2,7) = ma(z,7)) By (2, ) (2,7)] < [lmaz,7) = ma(z,7)]l2
< 1S (2, D op - [Ima (2,72
[ma(z,9) (81 (2,9) = B3 (2, 9)ma (2, 7)) < Nma(z, Mz 1157 (2 9) op
X [1%1(2,7) = 82(2,9)lop
(1257 (2, Dlop - [Ima(z, 7))z
[ma(z,7) 85 (2, 9) (ma(2,7) — ma(z, )] < Nmalz, M2 11557 (2 9) lop

X |lma(z,7) = ma(z, 7)ll2
Under the maintained assumptions, these inequalities imply that the mapping
Pw\z = m<z’i7 7)/2_1(7;@" ’?)m(zlv ’7)

is continuous for each (v,%) € I' x I" and for each i = 1, ..., n with respect to the topology induced

by norm || - ||p,, ,. Since the sum of continuous functions is continuous, it then follows that the
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mapping
1 - /271 ~
pwiz = Z m(zi, ) (zi, 7)m(z, 7)
i=1

is continuous for each (v,5) € I' x I'.

Step 2. Step 1 shows that py |z — @Q.(7,7,pw|z) is a continuous mapping from Py z to R
for each (v,9) € I' x I'. Consequently, for any Borel subset A of R, the preimage {pw 7 :
Qn(pwiz,7,7) € A} belongs to Py for each (v,7) € I' x I'. The definition of measurability

then concludes the result. L]

A.3.2 Proof of Theorem 1

The first result establishes that, in large samples, the matrices ¥ 7'(z, v) are uniformly bounded

over I' X P, w|z. 1 use || - ||, for the operator norm associated with the Euclidean norm || - ||

Lemma 1. Suppose Assumptions 8.1 and 11.3 hold. Then, for almost every fixed realization {z; }i>1

of {Z;}i>1 and any subsequence {ky},>1 of {n},>1,

sup max [|57(z;,9)|lo, = O(1),

(Vw1 2)ET X Py, w2 Lsishkn
where {ﬁkmw‘ 7 }n>1 are the sets introduced in Assumption 11.
Proof. The proof has three steps. Step 1 establishes an asymptotic lower bound on the minimum

eigenvalue of X(z, ). Step 2 uses it to verify the claim of the lemma along the sequence {n},>.

Step 3 generalizes to any subsequence {ky, },,>1 of {n},>1.

Step 1. Let {z;};>; be a fixed realization of {Z;};>1. I first show that

lim inf inf min A\ (X(2:,7)) > A

n—o0 (77pW|Z)€FX,Pn,W|Z 1<i<n
The variational characterization of eigenvalues implies that A, (A + B) > A\pin(A) + A\pin (B) for

symmetric real matrices A and B. Since X(z;, ) — Xo(z;, ) and Xg(z;, ) are real and symmetric,
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I can apply this inequality to conclude that

inf i Anin(2(7))
(77pW|Z)EFX757L,W|Z 1<i<n
= inf _ min (Amin(2(2i,7) — Lo(25,7)) + Amin(Z0(2i,7)))
(v,pw|2)ETX Py, )z 1SS0
> inf min Apin (2(2i,7) — 2o(2, + inf min A\ (Xo( 2,
T (b 2)EPX Py gy 15150 (2(zi,7) = Bolz,7)) + inf min Anin(Xo(2, 7))

for all n > 1. Taking the limit inferior, it follows that

lim inf inf min Apmin(2(2i,7))

N0 (y,py z) EDX Py | 7 LSIST

> lim inf inf min Apin (5(25,7) — 2o0(24,7))

=00 (y,py z)ELX P, w7 1SIS0

+ liminf inf min A (Zo(2:,7)).

n—oo ~el'1<i<n

Assumption 8.1 implies that

lggggf ;Iellf“ 11;111%171 Amin(Zo(2i,7)) > A

Consequently, I want to show that

lim inf inf min Apin (2(2i,7) — Xo(z:,7)) = 0.

N0 (y,pyy| 7)ELX Py, |7 1SISR

I claim I can find a subsequence { (v, pi, w|z) }n>1 With (Y., i.wiz) € T x P, w2 for each

n > 1 such that

lim inf inf min Apin (2(25,7) — Xo(2i,7))

=00 (y,py| z)ELX P, iz 1SS0

= lim min Ay (X0, (2,7,.) — Zo(2i, M),

n—oo 1<i<l,

where 7, is not necessarily the fixed point (despite similar notation) and ¥, (z,~y) indicates that the

conditional expectation is taken using p;, w 7. To see this, note that, for each n > 1 fixed,

min A (2(21,7) — o(21,7)) = =X > —00 Y (v,pwiz) €T X Powyz (A.6)

1<i<n
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and, as a result, there exists a sequence { (7, P 72)e>1in T x 75an| 7 such that

k—ool<izn (v.pw|2)ET X Py | z 1SS

(A7)

The reason for (A.6) is that v/'(X(z,7) — Zo(2,7))v = v'S(2,7)v — v'Sg(2,v)v > —\ for all
veERY, 2 e Z, v €T, and pwz € 75n7w‘ 7 using the variation characterization of eigenvalues,
the positive semidefiniteness of ¥(z,~y) (as the expectation of an outer product), and Assumption
8.1. The reason for (A.7) is that one can always construct a sequence that converges to the infimum
because it is a limit point. Repeating this argument for each n > 1 and systematically moving along

the implied array indexed by (n, k), I can construct a sequence {(Vn, Pn,w|z) }n>1 such that

lim inf inf min Apin (3(2,7) — 2o(2,7))

=00 (y,pyz)ELXP, w7 1SIS0

= liminf min N\pin (X0 (2 %) — Zo(2i, 7))

n—oo 1<i<n

Then using the definition of the limit inferior (i.e., the smallest subsequential limit), I can extract a

subsequence {l,, },>1 of {n},>1 such that

liminf min Ay (S0 (20 7) — Zo(2i, 7)) = Im min Ay (5, (20 v,) — 2oz, 7))

n—oo 1<i<n n—00 1<i<l,

This establishes that the appropriate subsequence exists and that it suffices to show that

lim >\mzn<zln (Zl*na %n) - 2O(Zl*na ’Yln>> = 07

n—0o0

where {z },> satisfies

Amin (B0, (27, 710) — L2, M) = min Apin (X, (205 ) — 20(2i,,))

1<y,
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for each n > 1. Let {)\;(A) ;lgzl be the spectrum of a (d, x dy)-matrix of A (i.e., the set of

eigenvalues). Observe that

T1<i<ly,

dg
| Ain (S, (27, ) = Bo(2r, 1))| < max 1 A5, (20, 7,) — Solzi 1)1
j=1

Using that the Frobenius norm || - || is the Euclidean norm of the vector of eigenvalues for a

symmetric real matrix A, it follows that

dg
max | > A5 (2 %,) = Zo(zi 1)1 = 1%, (%) = S0 100
j=1

1<i<ly,

< sup 1ZC,7) = 2o ) 100
(vspw|z)ET X Py, Wz
Since Assumption 11.3 implies that
lim sup sup 112(,9) = 2ol im0 = 0,
=0 (v, pwz) ELX Py, wiz
it follows that
lim inf inf min Apin (3(2:,7) — 2o(2:,7)) =0
n—00 ('vaW|Z)EF><75ln,W|Z l<izsn
when combined with the above. I then conclude that

lim inf inf min Ay (X(2:,7)) > A

N0 (y,py 2)EDX Py, iz 1SISR

Step 2. Given this result, I use the definition of the operator norm, the positive definiteness of
¥(zi,7), the relationship between the eigenvalues of a matrix and its inverse, and properties of
infimum/supremum to conclude that

lim sup sup max 1127 (25, 7)||op = limsup sup max At (3(z,7))
N0 (ypiy ) EDX P, wiz = N0 (y oy 2)EDX Py, wiz =

-1
< | liminf inf min A (32, v )))

N0 (y,pyy| z) ETX Py, gy 7 115N

<
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This establishes that

sup max || (25, 7)|lop = O(1).

(’Y’pW‘Z)EFXﬁn,W‘Z 1§Z§n
Since I fixed the realization {z;};>1 of {Z;};>; arbitrarily, I can conclude that, for almost every

fixed realization {z; };>1 of {Z;}i>1,

sup max ||2_1(zi77)||0p = 0(1)‘

(v:pw|2)ET X Py w| 2 1sishn
Step 3. Repeating Step 1 and Step 2 except with k,, in place of n, I conclude the result along

subsequences. [

The next result establishes that ¢, (¥, pw|z) converges uniformly to v, along the sequence

{F X 75n,VV|Z}nZl-

Lemma 2. Suppose that Assumptions 5, 6, 7.1, 8.1, 9, 11.1, and 11.3 hold. Then, for almost every

fixed realization {z;};>1 of { Z; }i>1 and any subsequence {k;,},>1 of {n}n>1,

lim sup sup ||an(’7aPW|Z) —%l[2=10

n—=00  (3,pw|z)ELX Py, Wiz

where {75n,W| 7 fn>1 are the sets defined in Assumption 11.

Proof. The proof has three steps and closely resembles the arguments for consistency of an M-
estimator (e.g., Newey and McFadden (1994), Chapter 5 of van der Vaart (1998)). Step 1 obtains a
preliminary uniform convergence result. Step 2 uses Step 1 to establish a convergence result for the

population objective function. Finally, Step 3 uses the result from Step 2 to conclude the lemma.

Step 1. Let {z;};>; be a fixed realization of {Z;},>1. I show that

lim sup sup |Qn (7,7, pw12) — Qpy, (V.7 Powiz)| = 0

0 (v,7,pyw ) 2) ELXT X Py w2
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Then I argue that the conclusion can be strengthened to

lim sup sup ‘an (77 :yapW|Z) - QPO,Z (77 f~)/>p0,W|Z)‘ =0

n—oo ('Yy:vaW\Z)EFXFX,[Sn,W\Z

for any subsequence {k,},>1 of {n},>1. Since the triangle inequality implies that

|Qn(7> ﬁ?pW|Z) - QPO,Z<77 :}/apO,W\Z)’ < |Qn(77 ﬁ/va|Z) - Qn(77 §7p0,W|Z)|

+ ‘Qn(f% ’:)//7p0,W|Z) - QPo,Z (’ya ﬂ?apo,W|Z)‘a

It suffices to show that
lim sup sup _ |Qn(%’~77PW|Z) - Qn(77/5/7p0,W|Z)| - O<1)
N0 (v,7,pw|2) ELXTX Py w2

because Assumption 9.1 implies

limsup sup |Qn(7,7, powiz) — Qr, , (7,7, Pow|z)| = o(1)

n—oo  (v,7)elxT
Adding and subtracting mg(z;,y) and ¥ (2;,7), applying the triangle inequality, the operator norm

inequality, and Holder’s inequality, I obtain the upper bound

|Qn(%77pW|Z) - Qn(’77’77p0,W|Z)|

< {lm( ) = mo(, Y)ln2 max [[57 (24, 9)loplIm(, 1)l

1<i<n

1m0 )l max 115721, 3) = S5 (i apl (e,

+ 1m0, 7)lnz max (1557 (23, ) lopllm(-, 7) = m0(,7) Iz (A.8)

1<i<n

for all n > 1. Assumption 7.1 and Assumption 11.1 implies
sup —[[m(-,7) = mo(-, )2 = o(1)
(v:pw|2)€EPn,w|z

sup |[mo (-, 7)|[n,2 = O(1)
yel’

sup  [|[m(-,Y)ln2 = O(1),
(v.pw|2)ELXPp w2
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where the third statement is an implication of the first two (by the triangle inequality). Lemma 1

shows that

o mas 157l = O1)
(v:pw|2)ELXPr w2 =r=n

while Assumption 8.1 implies that
-1 ' _
igpgggH% (21 Mllop = O(1).

Consequently, I need to show that

sup - max ||S7 (2, ) — B (2, 9)llop = 0(1)
(v:pw2)ELX P w2 ==n
to conclude from (A.8) that
sup Qu(V: ¥ pw)2) — Qn(7, 7, Pow|2)| = o(1)

(W’ava|Z)€FXFX75n,W\Z
as n — oo. To show that
sup max [[X7(z;,7) — 35 (26, 7)|op = 0(1),
(vow|2)ETXPpw)z = =
[ use the matrix identity B~' — A~! = A~!(A — B)B~! and the submultiplicativity of the operator
norm to conclude that
sup max |[S7(z;,7) — 25" (26, 7)]op
(V2w 2)ETXPpwiz = =

< sup max 157 (21, 9) | op
(v.pw|2)ETXPp w2 ==

x sup - max |55 (2, 7)lop
(v:pw2)ETXPr w2 ==

x sup max ||X(zi,7) = o(2i,7)|lop-

5 1<i<n
(Vopw2)ETXPrwiz = =
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Then Lemma 1 implies that
sup - max [|X7 (2, 7)|op = O(1),
(Vw1 2)ETXPpwiz = —

Assumption 8.1 implies

sup max ||Xg" (21, 7)llep = O(1),

ver 1sis
and Assumption 11.3 implies
sup max 1E(2,7) = Zo (2 7)op = 0(1).
(vow|2)ELX Pz ==
Consequently,
sup  ma 1€ (207) 521, oy = o(1).

(Ypw|z)ECXPpwiz = =

This leads to the conclusion that
lim sup sup 1Qn (7, ¥, pwz) — Qn (7,7, Powiz)| = 0.

=00 (y,3,pw)z) EDXTX Py, w2z

Repeating the argument with %, in place of n yields that

lim sup sup 1@k, (7,7, pw)z) — @y, (7, ¥, Pow|z)] =0

n—oo ('Yv:vaW|Z)€F><F><75kn,W|Z
The result holds for almost every fixed realization {z;};>1 of {Z;},>1 because I fixed {z;}i>1

arbitrarily.

Step 2. Let {z;};>; be a fixed realization of {Z;};>1. I show that
Sup ‘QPO,Z(an (¥, pw(2), 7> Powz) — Qpy. (Y0, ’7,p0,W|Z)‘ =o(1)
(72w 2)ET X Py, w2

for any subsequence {k;,},>1 of {n},>1. Since the criterion function satisfies

Qp, (0,7, Pow|z) < Qpy , (G, (7, Pw2), 7> Po,w|z)
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for all k,,, it suffices to show

sup (QPO,Z(qkn (:)GPW\Z)a :yapo,W|Z) - QPo,Z(707 :}/7pO,W\Z)) = 0(1),

(3.pw|2)ET X Py, w2

To that end, I add/subtract Qy, (qx, (7, Pw|z), 7, Pw|z) to obtain

Qpy (@, (7, 0w2), 7, Powiz) — Qry 4 (70,7, Po,w|z)
= Qr, , (., (V,pw|2), 7> Pow|z) — @k, (@, (75 PW|2), V> Pw|2)
+ an(an(’Vapwlz)ﬂaPWlZ) - QPo,z(’Yo, :Y,po,W\Z)
< Qpy, Gk, (7, Pw(2), T, Pow)z) — @, (@, (T, Pw)2), 75 PW|2)

+ Qr, (0,7, pwz) — Qpy (Y0, 7> Po,w|2),

where the inequality uses that

Q. (70,7, pwz) > Q. (ak, (7, PW|2), ¥, Pwz)

because g, (7, pw| z) € I’ minimizes Qy, (7,7, pw|z)- Using the definition of the supremum,
sup (Qry, (@, (7 pw12): 7> Pow|z) — Qry., (V0,7 Po.w)2))
(3w 2)ETX Py w2

<2 sup |an (7,7, pwiz) — QPO,Z(%%PO,MZ)‘

(vAPw | 2)ELX Py w2
Applying Step 1, it then follows that
sup (Qry (@, (7, pw(2), 7, Pow z) — @y, (Yo, Vs Powiz)) = o(1)
(¥:pw|2)EL X Pr,y w2
as n — oo for any subsequence {k, },>1 of {n},>1. Since I fixed {z;};>1 arbitrarily, I can extend

the argument so that it holds for almost every fixed realization {z;};>1 of {Z;}i>1.
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Step 3. Assume by contradiction that there exists a subsequence {k;, },>1 of {n},>1 such that the

result is false. That is, there exists & > 0 such that

limsup  sup  [|ge, (5, Prawiz) — volle = 2€.

N0 (F,pwz)ELX P w2
Then there exists a subsequence {lx, }n>1 of {k,},>1 and a sequence {(, ,pi,, .w|z)fn>1 With

(Y, » D1, wiz) €T % ﬁlkn:W|Z for each n > 1 such that

\qr, Ty, » Pre w1 z) — Yoll2 > €

for n large. Using that

in Qpy, (Vs Vi, s Pow12) < Qpy 4 (Ahn Vi, s Pl W(2) T, » Po,W| 2)
YET: ||y —0ll2>¢

by definition, it follows that

inf Qpy, (7, 3, Pow)z) — Qp, (Y0, Y, » Po,w|z)
yeT:|ly—=0ll2>¢

< Qpy 2 (G, Ty, » P, w1 2)s Vi, Po,w|2) — Q By 5 (Y05 Vi, » Po,w|2)

for n large. Since Step 2 implies that

Qry (@, Vg, > Phonw|2) Vi, » Pow|2) — Qpy (Y0, i, > Pow|z) = 0(1),

and Part 2 of Assumption 9 implies that

inf Qr,,(V, W, Pow|z) — Qr,., (Y0, Yy, » Powiz) > 0,
YEL:|ly—0l|2>¢

there is a contradiction. This completes the proof. [

The next lemma establishes that 5 +— ¢, (7, pw|z) is a uniform contraction mapping over

7)n,I/V|Z-

Lemma 3. Let {k,},>1 be an arbitrary subsequence of {n},>1. If Assumptions 5, 6, 7, 8.1, 9, 10,

and 11 hold, then, for almost every fixed realization {z;};>1 of {Z;}i>1 and n large, the function
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¥ = Qk, (7, Pwz) is a uniform contraction mapping over 75kmw‘ 7. That is, there exists a constant
p € [0,1) and a natural number N > 1 such that ||qy, (Y1, w|z) — Gk, (Y2, Pw12) ]2 < pl|71 — Y2l |2

forall 1,7 €T, pwiz € 75n,W\Z, andn > N.

Proof. The proof has three steps and is based on Theorem 3.2 in Hansen and Lee (2021). Step 1
establishes a sufficient condition for 7 — ¢,,(7, pw|z) to be a uniform contraction mapping. Step 2

and Step 3 verify the sufficient condition. Step 4 extends the argument to an arbitrary subsequence

{Entnz1 of {n}n>1.

Step 1. Since vo = argmin, .r Qp, , (7,7, Po,w|z) for all 7 € I' by Assumption 6, it follows that
the mapping 4 + argmin, . Qp, , (7,7, Po,w|z) is trivially a contraction mapping as a constant
function. Since Step 1 of Lemma 2 established uniform convergence of the objective function and

070/07% = 0, it suffices to show that

0

sup 7%” (¥, Phn,wiz)

(VsPkyy ) 2) €L X Ph, w2

=o(1)

op
as per Lemma 3 of Dominitz and Sherman (2005). Recall from the proof of Proposition 9,

0 . _ -
a~,qn(v pwiz) = —Du(3, pwiz) " Bu(3, b 2),

where

Bn(’?a pW|Z)

0? 3 )
B 8x18 7 Qn(n (Y, Pw2), 7, Pw)2)

0 vee(S(z9))

= _Z ZuQn ’yapW|Z)) ®M(ZiaQn(’%pW|Z))/} [E_l(zza )®E (Zlv )} 8’7/

161



and

. 0? . 3
Dy(%, pwyz) = WQn(Qn(%PW\Z), )
1

I 3 o 3
= EZM(Zi»Qn(%pW|Z))/E(Zi,’7) "M (24, qn (7, pw(2))
=1

1 - ~ N — ~ d ~ /
+ o Z(m(ziv 4 (Y, pwiz))'Z Hz,7) © I)E)_W’VCC(M<Zi’ 4 (Y, pwiz))")
i=1

As such, I use the submultiplicativity of the operator norm to conclude that

sup
(3:pw2)EL X P w2

< sup || Du(3,pwi2) 7|

0 -
W%(%pmz)
v op  (Fpwiz)€EXPr w2z

op

X sup HBn(’??pVWZ)Hop'

(’YyPW\Z)EFXﬁ'n,W\Z
I claim that
sup HBn(ﬁ/apW|Z)Hop = 0(1)7
(F:pw|2)ETX P w2

and

sup || Dn (5, pw12) | ’01, =0(1)
(3w |2)ETXPp w2
because this implies that
0 -
sup 5o (T pwiz)|| = o(l)
(32w 2)ELX P w2 op
Step 2 and Step 3 verify these conditions.
Step 2. I show that
sup HBn(’%pmz)Hop = o(1)

(¥:pw2)EL X Py w2
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Using the submultiplicativity of the operator norm and the fact that ||A ® B||o, = || Allop - || B]op

for matrices A and B, I know that

2
. _ . 0 .
|| B (3, pw12) ], < (max 1% l(zz‘ﬁ)“op) max @VGC(E(Zi,V))

1<i<n 1<i<n
op

xS {1 32wzl - 1M Gt 012 o}

Lemma 1 implies that
sup  mae (197 (20,9l = O(1)
(2w 2)ELX P w2 =

while Assumption 11.5 implies that

0
sup max ?VGC(Z(zi,ﬁ)) = O(1).
(¥:pw2)ETXPp w2 1sizn v op
Consequently, I need to show that
1 . -
sup = > {lm(zi, ¢u(Fs pwiz)lop 1M (26, 60 (5, pwiz)lop } = 0(1)

(Fopw2)ELXPrwiz 7 i=1

Applying Holder’s inequality, I conclude that

S e 05wl M 05w o

1 & N 1 & 5
< EZHm(Zz»qn(%pmz))H%' 5ZIIM(Zi,qn(%pww))H%p
=1 =1
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The triangle inequality and a mean-value expansion reveals that

1 « 5 1 « 3 5
=D Mm@ (opwi2)IB < |~ Dm0, pwiz)) = molzi, 603, pwiz))I 3
i=1 =1

1 « 5
4|5 D lmolz an(3. pwi2) I3
=1

IN

1 < 3 .
- > Iz, ¢u(3, pwi2)) — mao(2i, gn (3, pwi2))|13
=1

. IR -
+ HQn(’yapW|Z) _")/0||2 EZHMO(Zwa;)nga
=1

where 77 is on the line segment joining g, (7, pw|z) and . Such an expansion is valid because,
for large n, Lemma 2 implies that ¢, (7, pw|z) € I'g forall ¥ € I" and all py |z € ﬁn,w\z, and, as a

result, I can apply Assumption 7.2. Lemma 2 and Assumption 7.2 implies that

~ l & .
sup g0 (7 Pwi2) — Yoll2 - Z [ Mo (2, 3)I[2, | = o(1)
(72w 2)ELXPp w2 i=1
while
1 & N N )
sup - Z ||m(2’z’, Qn('YapW|Z)) - mo(zu Qn(%PW|Z))||2 = 0(1)
(:pw2)ELXPr w2 i=1

by Assumption 11.1. Consequently,

1 ¢ .
sup =3 lImlzs (3 w2 = o(1).

(3.pw2)ET X Py w| 2 i=1

Lemma 4 implies that {¢,(7, pwz) : (%, pwz) € T X Puwiz} C T for large n, where Ty is

the neighborhood of v, defined in Assumption 7.2. Consequently, the triangle inequality and this
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observation imply that, for n large,

1< .
- > M (26, (7, pw12) I3
=1

I . .
< EZHM(Z’mqn(PYapW\Z)) _MO(Zzaqn<ﬁ)/7pW\Z))H%’
=1

1 & -
X EZHMO(ZZ-,%(%PW\Z))H%
=1

I 1 <
< sup =3 M (zi7) = Mo(zi, W)I[3 + sup | = Y [[Mo(zi, )13
(vpw2)ELOX Py w2z N velo \| ™5
for all ¥ € I'. Consequently, it follows that
: RS - 2
lim sup sup —ZHM(«Zz’>CIn(%PW|Z))HF

N0 (3,pwz)ENXPp w2 i=1

n—oo ~€lg

1 n
<l — Mo(z;, 2 <
<tlimsup sup | 23 1Mo I < o0
using Assumption 7.2 and Assumption 11.2. Putting these two results together, it follows that

sup %Z {IIm(zi an (s pwiz)lop - (1M (265 40 (5, pw12)lop } = 0(1).

(3w 2)ETXPrwiz ' i=1

This leads to the conclusion that

sup |1 Bn(F: pwiz)llop = o(1).

(¥:pw2)ETXPp w2

Step 3. I start by showing that

Dy(¥,pwz) = Epy ,[Mo(Z,70)' S5 (Z,7) Mo(Z,70)] + o(1) (A.9)

uniformly over I' x 75n,W‘ z. Consider the first term in the expression for D, (¥, pw|z),

% Z M (21, 40 (3, pw12)) S(20,7) " M (23, 40(7, pw ) 2)).-

=1
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The triangle inequality, Holder’s inequality, Lemma 1, and Assumption 11.2-11.3 implies that
1 ¢ N N 3
n Z M (zi, qn(7, pw)2)) 2 (21, 7) M (2, (Y, Pwz))

== ZMO %, Gn(7,pw12)) S0 (20, 7) Mo (24, 6u (7, P 2)) + 0(1)

1=1

uniformly over I x 75n,W‘ 7. Next, I show that
_ZMO ziy @n (Y, Pw)2)) Eg 1(27,7 )Mo (23, 4n (Y, pw2))
= _ZMO 21770 (Zlv )MO(ZszVO) +O(1)

uniformly over I' x 75n,w‘ 7. Applying the triangle inequality and Holder’s inequality, I obtain the
following inequality

n

%Z(MO(Zi’q”(ﬁ’pr)) MO(ZZ’70>) b3y (Zza )MO(Z27Qn(7>pW\Z))

=1

op

< max HZ (ZZ, ) |0p Z HMO ZZaqn(7 pW|Z)) - MO(Z’L'”.YO)Hip

1<i<n
=1

x|+ S MoC a5 )|

i=1

Assumption 8.1 implies that

sup max 1150 (26,3 ||op = O(1).
yer 1<i<

Using Assumption 7.2 and that Lemma 4 implies {¢, (¥, pw|z) : (7,pw|z) € I x 75n’W|Z} CTy

for large n, I can conclude that

1 n
sup ﬁz || Mo(2i, u (5, pwi2))|], < sp Z 1Mo (26, 7)o = O(1)-

- op —
(vspw2)ELXPr w2z i=1
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for large n, and, as a result, I obtain

1 n
sup =S 1Moz a0 Grpwi2))] |2, = O(1).

(v:pw | 2)ETX Py w2 i=1

Assumption 7.2 and Lemma 2 implies that

sSup %Z HMO(Zia C]n(:%pW\Z)) - Mo(Zi,’Yo)Hip = o(1).

(3:pw | 2)ETX Py w2 i=1

by the mean-value theorem. Consequently,

n

= Z (Mo (2, @n(7, pw|2)) — Mo(z, 70))/ o (21, 9) Mo(zi, @n(F, pw|2))

i=1

sup
(:pw2)ELXPr w2

=o(1).

op

A similar argument reveals that

=o(1).

sup
(3:pw2) €L X P w2

1 il - -
o Z Mo(2i,7%0)' S5 (24:9) [MO(Zia Gn (7, pw|2)) — Mo(2i, ’Yo)]
i=1

op

As such, I am able to conclude that
1 3 o B
= Mz, 003, pw12))'S(20,9) T M (21, 4 (3, pw2)
i
I 1 .
= Z Mo(zi,70)' S0 (26, 7) Mo (21, 70) + o(1)
i=1
uniformly over I' x 75n7W‘ z. Applying Assumption 10.1, I can further conclude that
1 < 3 10 -
n Z Mo (2i,70) S0 " (21, 7) Mo(2i,70) = Epy , [Mo(Z,70) S0 (Z, %) Mo(Z,70)] + o(1)
i=1
for all ¥ € I'. As such,

D,(¥,pw|z) = Ep,, [My(Z, 70),251(27 ¥)Mo(Z,70)]

n

+ (m(zi, @a (3, pw12)) 27 (20, 7) © f)iVeC(M(Zia (7, pw)z))") + o(1),

o'

S|

i=1
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uniformly over I' x 75n,W‘ z. Thus, I need to show that

- Z m(zi, gn(3, pwi2)) S (2, 7) @ I)%Vec(M(zi, 4 (3, pw2))") = o(1)

uniformly over I" x 75n,W| z to conclude (A.9). I use the triangle inequality, submultiplicativity of

operator norms, and Holder’s inequality to conclude that

n

1

- Z(m(% 4 (5, pw12)) (20, 7) © I)%VeC(M(% (7, pwiz)))

op

d - )
m(zi, ¢n(7, pW|Z)) T I(Zw ¥) ® ])yVeC(M(Zi,C]n(%pmz)) )

op

< —ZH m(zi, au (5 pw12)) ||, | 1= (2

‘—Vec (zi, 40 (Y, pw2))")
op

o I . .
< max || (Zi,’v)\lopgz;Hm(zz-,qn(%pWZ))\op "—VeC(M(Zz,qn(%pww))') B

3 1 ¢ .
< max |57 (2,3 |opy | = M (2i, qn (7, pw12))| I3
n

1<i<n
i=1
1| o ?
X |- Z o vee(M (21, 4u(7. pwiz)))
ol F
Step 2 shows that
1 ¢ . )
sup =3 m(z a3 pwi )3 = o(L).
(v:pw2)ELXPr w2 n i=1
Lemma 1 implies that
sup max 157 (2, 9)lop = O(1).

1<i<n
(Fpw2)ETX Py wiz = =

Since Lemma 2 implies {¢.(7, pwz) : (%, pwiz) € T X Paw)z} C T for large n, Assumption

11.4 implies that

= 0(1)

sup lz

- n
(7w 2)ET X P w2 i=1

——vec(M (zi, qn (7, pw|2))")
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This leads to the conclusion that

%Z(m(zi, @ (7, pw12)) S (2, 7) @ I)%vec(M(zi, an(7:pwiz))') = o(1)

uniformly over I x 75n7w‘ z, and, as a result, I am able to conclude
Dy (¥, pwz) = Ep, ,[Mo(Z, %) 2o " (Z,7)Mo(Z,0)] + o(1)

uniformly over I'x P, w7 (i.e., (A.9)). Since the Gram matrix Ep, ,[Mo(Z, %) S5 (Z,7) Mo(Z,70)]
is positive definite for all ¥ € I' by Assumptions 8.1 and 10.2, I can apply the continuous mapping

theorem to conclude that

Dn(f%pmz)_l = Ep, ,[Mo(Z, 70)/261(27 )Mo (Z, 70)]_1 +o(1)

uniformly over ' x 75n,W\ 7. This leads to the conclusion that

sup [1Dn(5: pwiz) ™ Hlop = O(1).

(¥:pw2)ETX Py w2
Step 4. Replacing n with k,, and repeating Steps 1-3 leads to the conclusion that the result holds
along any subsequence {k, },>1 of {n},>1. O

The next lemma establishes that the fixed point +,, converges to v, uniformly along {75n7W| 7 tn>1-

Lemma 4. If Assumptions 5, 6, 7, 8.1, 9, 10, and 11.1-11.5 hold, then, for almost every fixed

realization {z; }i>1 of {Z;}i>1 and any subsequence {ky}n,>1 of {n}n>1,

lim sup sup Yk, — 0|2 =0,

=0 pw z€Pk,, Wz

where {ﬁkn,w‘ 7 fn>1 are the sets defined in Assumption 11.

Proof. The proof has two steps. Step 1 uses Lemmas 2 and 3 to establish the result along a fixed

subsequence {k, },,>1. Step 2 argues that the result holds along any subsequence {k,, },,>1 of {n},>1.
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Step 1. Let {k,},>1 be an arbitrary subsequence of {n},>; and let {z;};>; be a fixed realization
of {Z;};>1. I want to show that for every { > 0, there exists K¢ € N such that
sup [k, — Y0ll2 <€
Pw|Z2E€Pky, Wz
for all k, > K. Define the relation v, = qx, (Wkn,l, P z) for a given integer 1, > 1.
Applying Lemma 3, I can find vy, such that
£
sup 1 Vh = Vi, 2 < 5
Pw|z€ Pk, ,W|2z
for all k,, large. Consequently, I need to show that there exists K¢ € N such that
£
sup Yy, — Yoll2 < 5
Pw|z2€Pky,,w|z
for all k,, > Ke¢. Since vy, = qk, (Y., 1, Pw|z), | know that
Y, — Yoll2 = gk, (Vg —1, Pwiz) — Y0ll2 < sup | ar, (7, pwiz) — Y0ll2
(32w 2)ET X Py, w2
Lemma 2 states that for any £ > 0, there exists K¢ € N such that
_ £
sup Han(%pmz) —ll2 < B
(F:pw|2)ET X Py, w2
for all k,, > K. Consequently,
£
sup [y, —0ll2 < B
Pw|zEPn,wiz
for all k,, > K. Since I fixed {z;};>1 arbitrarily, I can obtain the same conclusion for almost every

fixed realization {z;},>1 of {Z; }i>1.

Step 2. Since {k, },>1 was chosen arbitrarily, I can repeat the arguments in Step 1 and Step 2 to

conclude that the result holds along any subsequence {k;, },>1 of {n},>1. O

The next lemma establishes that M (-, ~,) and X(-, 7, ) satisfy an asymptotic Lipschitz property.
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Lemma 5. Suppose that Assumptions 5, 6, 7, 8, 9, 10, and 11 hold. Then, for almost every

realization {z; }i>1 of {Z;}i>1 and any subsequence {k,}n>1 of {n}n>1,

sup || M (- k,) = Mo, %) ||y, 2 S ok + sup e, — 0l

pW\ZEﬁkn,W\Z Pw|z2E€Pryn, Wz
and
sup {120 ) = o0k, 00 S0k A+ sup [k, — 0l
Pw|z2EPry,, Wz Pw|2EPry,, Wz

where {ﬁkmw‘ 7 }n>1 are the sets defined in Assumption 11.

Proof. The proof comprises of two steps with each corresponding to the statements in the lemma.

That is, Step 1 verifies the first claim and Step 2 verifies the second.

Step 1. Let {z;};>1 be a fixed realization of {Z;};>;. Since ,, € Iy for all pyz € 75n7W|Z and
n large by Lemma 4, I can apply the triangle inequality and the definition of the supremum to
conclude that

sup ||M(7’Yn) _MO('770)||n,2

Pw|zE€EPn,w|z

< osup [M(uye) = MoCuva)lle + sup |[Mo(,vm) — Mo(+,70) 00

pW|Z€75n,W\Z pW\Zeﬁn,W\Z
< sup  |[M(,7) = Mo Wl,e+ sup ([ Mo, 7m) — Mo(+70) ]9 -
(v:pw2)EL0XPp w2 Pw|zE€Pn,w|z

for large n. Applying Assumption 11.2, I know that

sup 1M () = Mo(-, )], = o(n™7)

(72w z)ELOXPr w2

Since {vV,.(pwz) : Pwiz € 75n,W|Z} C Iy for large n by Lemma 4, Assumption 7.2 and the

mean-value theorem implies there exists M € [0, 0o) such that

sup || Mo(,7m) = Mo, %)l 2 < Mo sup [l = 0l 2

Pw|zE€Pn,w|z Pw|zE€EPn,w|z
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as n — o0. Together, these results imply that the following holds
sup ([ M(9m) = Mo(-,70) ], So(n™ )+ sup [l — 0ll2
Pw|z€EPn,w|z Pw|z€Pn,w|z
The argument can be extended to subsequences {k,},>1 of {n},>1 by replacing n with k,, and
following the same steps. Moreover, since the argument holds for an arbitrary fixed realization

{zi}i>1, I can conclude that it holds for almost every fixed realization {z;};>1 of {Z;};>1.

Step 2. Let {z;};>1 be a fixed realization of {Z;},>,. Applying the triangle inequality and the
definition of the supremum, I know that
sup  [[X(,7m) = Xo(+,70) .o
Pw|z€EPn,w|z

< sup HZ(,%) - EO(?’YTL)HH,OO + SUP HEU(v ’Yn) - EO(':VO)HTL,OO

Pw|zEPn,wz Pw|zEPn,w|z
< sup ZC7) = Bl e+ sup (120 70) — Zo(+,70) | In,00-
(v:pw|2)ELXPr w2 Pw|z€Pn,w|z

Assumption 11.3 yields

1
sup  [15(,7) = Bo(,V)lnee = 0(n77)
(v:pw2)ELXPr w2
Moreover, Lemma 4 implies that v, € I'y for large n. Consequently, Assumption 8.2 and the
mean-value theorem implies that there exists a constant X, € [0, 0o) such that
SuP HEO<>PY7L) _ZO(W’YO)Hn,oo ﬁio Sup |‘7n_70”2'

Pw|z€Pn,w|z Pw|z€Pn,w|z
as n — oo. Putting these results together,

sup (120, 70) = Zo(570)llnoe S o™+ sup [l — 0l

Pw|zEPn,wiz Pw|zEPn,wiz

The argument can be extended to subsequences {k; },>1 of {n},>1 by replacing n with k,, and

following the same steps. Moreover, since the argument holds for an arbitrary fixed realization

{zi}i>1, I can conclude that it holds for almost every realization {z;};>1 of {Z;}i>1. O
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Lemma 6. Suppose that Assumptions 5, 6, 7, 8.1, 9, 10, and 11.1-11.5 hold. Then there exists a
constant ¢ > 0 such that, for almost every fixed realization {z;};>1 of {Z;};>1 and every positive

sequence {1y, },>1 with r,, — 0 as n — 0o, the following holds:

lim inf inf ) mm( ZM 2, Y zl,’y)M(zi,'y)> >,

=00 (v,pwz)EB(10,7m) X Pp,w |z

where { Py w|z tn>1 are the sets defined in Assumption 11 and {B(~o, ) }n>1 are open balls in

(R, || - ||2) centered at o and with radii {ry, }n>1.

Proof. The proof has three steps. Step 1 derives a sufficient condition for the lemma. Step 2 derives

an intermediate technical result. Step 3 verifies the sufficient condition using Step 2.

Step 1. Let {z;},>1 be a fixed realization of {Z;};>,. For each (v, pwz) € I' x ﬁn,w‘z, I let
H, (v, pw|z) Z M (z:,7)' S (2, 7)M (2, 7).

Adding and subtracting [, (o, po,w|z) and using the inequality Apir, (A+B) > Apin (A) + Amin (B)

for real symmetric matrices A and B, I obtain that

inf _ mzn ( ZM Ziy 7Y Zlafy)M(ZH’Y))

(v:pw|2)EB(Y0,7n) X P w2

> inf Amin (Hn (7, pw12) — Ho(Y0, Dow)2)) + Amin (Hn (Y0, Po,w(2))

(v:pw|2)EB(0,7n) X P w2

for all n > 1. Taking the limit inferior, it follows that

lim inf inf mn( ZM Zi, Y zz,’y)M(zi,’y)>

N0 (y,pwz)E€EB(V0,7n) X Pr, w2

> lim inf inf Amin (Hn (v, pw12) — Hy(Y0, Dow)2))

n—00 (’vaW\Z)EB(’YOaT'n) X,’sn,W‘Z

+ ligirolf Amin (Hn(’yo,po,mz)) :

173



Assumptions 8.1 and 10 implies that there exists a constant ¢ > 0 that does not depend on {z;};>;

such that

lim inf Ay (Ho (70, owiz)) > ¢

n—oo

Consequently, I need to show that

lim inf inf )\mzn (Hn(’%pW|Z) - Hn(fYU’pn,O,VWZ)) = 0.

n—oo (’Ypr\Z)GB(’Yo:Tn)Xﬁn,W\Z

Step 2. As an intermediate technical result, I show that

lim sup sup || H. (v, pwiz) — Hn(Woapo,W\Z)HF =0,
=00 (v,pw2)EB(70,7ky ) X Pr,w |z

for any subsequence {k,, },>1 of {n},>1. Adding and subtracting My(z;,vo) and Xo(2;, Y0) appro-

priately, I obtain

H, (v, pW|Z> — H, (Y0, P0,w|2)

- = ZM (2i,7) (" (20,7) — 30" (20, 70)) M (25, 7)
Zn:M (zi,7y Z@,’Vo)(M(Zz‘a’Y) — Mo(2i,70))
+k‘inzn:(M(zw ) MO(ZM,YU)) Z (ZZ,'YO) 1M0(Zi,’70)

for all (v, pw|z) € B(v0,7k,) X 75n,W| 7. The triangle inequality then reveals that it suffices to show

three results

k;i Zn |[M (20, 7) (7 (20, 7) — o (21, 70)) M (20, 7)] | = 0(1) (A.10)
o Z || M (20, 7) S5 (20, 90) (M (23,7) — Mo (21,70))| | = o(1) (A.11)
k. Z |[(M (zi,7) — Mo(2i,70))" S0 (2i,70) ™ Mo(zi,70) ||, = o(1) (A.12)
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uniformly over B(~y, 7y, ) X 75an| z, for any subsequence {k, },>1. For (A.10), I use the submulti-

plicative property of the Frobenius norm and apply Holder’s inequality to conclude that

sup o Z 1M (20 7) (£ (z7) = S0 (200 70)) M (207 ||
(v:pw | 2)EB (Y0, Tk, ) X Pr,w | 2 Fn i=1
< . oyl
< sup max |27 (z,7) = Zg " (270) |

(%IJW\Z)EB(’YOJIW)><75n,W\Z
2

1 n
x sup =S I )IE
=1

(%PW\Z)EB(’YOJIW)><75n,w|z

for any subsequence {k,, },>1 of {n},>1. Using the matrix identity A~! — B~ = B~1(B — A)A™!

and the submultiplicativity of the Frobenius norm, I know that

sup - max |27 (=) = X (w0l
(vpw2)EB(Y0,7kp ) X Prw| 2 =
< sup max |57 (2;,7)|[r max [[355" (2i,7%) ||
(%PW\Z)GFXﬁ’n,W\Z 1sishn ) 1<i<hn ;
X sup max [[X(z;,7) = Zo(z,70)llF

(V2w 2)EB(Y0, k) X Prwz = =
for any subsequence {k, },>1 of {n},>1. Part 2 of Lemma 5 implies that
sup max ||%(z;,7) — 2o(2i,%)||F = o(1).
(Vpw2)EB(Y0, k)X Pz T

The symmetry of 2, '(2;,7) and Assumption 8.1 implies that

lim sup max 135 (2i,7%)] | = limsup max Z)\z Y(2i,7))

n—oo 1<i<k n—soo 1<i<kn
V dg

~ liminf,, o ming <<k, Amin(Z0(2i,%))

<V
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Lemma 1 and the inequality ||A||r < +/d,||A]|.p for any A € R%>*4s implies that

Sup max ||X7(2;,7)|[r
(’Y:pW‘Z)EFXﬁn’W‘Z ].Slgkn
< Vdg sup max ||§3_1(Zz',7)||0p =0O(1).

(VoPw2)ETXPr o wiz =
Consequently,
sup max [|X7(z;,7) — Xy (2i,7) [ = o(1).
(2w 2)EBMY0rky )X Prowyz = =

Moreover, the triangle inequality and Part 1 of Lemma 5 guarantees that

k k
1 & 9 1 & 2
sup k_ E ||M(z“fy)||F— k‘_ E ||M0(zi770)||F
noi=1 "=l

('YapW\Z)EB('YOaTkn)><75n,W|Z

k
1 n

< sup . g 1M (21,) — Mo(21, )17
"oi=1

('vaW\Z)EB('YOa"'kn)><75n,W|Z

-

S oosup [y = olly +o(kn ?)
YEB(Y0,ky)

= o(1)

for any subsequence {k;, },>1 of {n},>1. Since

k
1 n
sup 2 IM )l
" oi=1

(:pw|2)EB(10,7kp ) X P | 2

k k
1 & 1 &
< sup k_ZHM(Zi,'Y) — Mo(zi,70)|7 + k—ZHMO(%%)H%
" oi=1 " oi=1

(%;DW|Z)GB(’YOJ‘kn)><75n,W\Z

k
1 n
= 0(1) + /{_ E ||M0(21770)||§77
" oi=1

it follows from Assumption 7 that

k
1 n

sup =DM GG = 00)
=1

('YapW|Z)EB(’YOv7”kn)Xﬁn,W\Z
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for any subsequence {k,, },>1 of {n},>1. For (A.11), I use the submultiplicativity of the Frobenius

norm and apply Holder’s inequality to obtain that

1
o kn Z HM<Z%7)/261(%7’70)(]\4(%;’7) - Mo(Ziﬁo))HF

(7:pw)2)EB(10,kp ) X Pz T =1

k
1 n 9 3
< sup k—ZHM(Zi/Y)HFlg% 1125 (2670 #
n =1 -

(v.pw|2)EB 10,7k ) X Prw | 2

k
1 n
X sup k—ZHM(%V) — Mo(zi,70))|[%
" i=1

(v:pw|2)EB(Y0,7kp, ) X Pr | 2

along any subsequence {k,, },>1 of {n},>1. In dealing with (A.10), I showed that

k
1 n

sup = |IM(z, )17 = 0(1)
" oi=1

(%pW\Z)EB(’Yoﬂ”kn)><75n,W\Z

holds for any subsequence {k,, },>1 of {n},>1. Assumption 8.1 implies that

—1/. _
max {155 (z50)lr = O()

for any subsequence {k, },>1 of {n},>1. Part 1 of Lemma 5 shows that

k
1 n

sup 7 § [|M (zi,7) — MO(ZiWO)H?w
noi=1

(v:pw | 2)EPn w2 X B(Y0:Tky, )

1
Sosup ||y —lle Holkn )
YEB(Y0, k)

for any subsequence {k;, },>1 of {n},>1. Since ry, — 0 as k,, — oo, I conclude that

kn
sup k:i Z \{M(zi,v)’Eal(zz-,70)(M(zz-,v) - Mo(Zz‘,Vo))HF =o(1)

(1:pw|2)EB(0mkn ) X Prw iz 7 i1
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for any subsequence {k, },>1 of {n},>1. For (A.12), a similar argument to that applied (A.11) to

yields that

Sup _Z H (21,7) — Mo(2i,70))'Eq 1(%%) lMo(Zi,%)HF

(77PW|Z)€B(7077’kn)Xﬁn,W\Z noi=1

< max |25 (2, %) || F ZHMO zi,70) |1

1<i<kn

1 n
X sup k—ZHM(ZuV) _MO(21770)‘|%
noi=1

(v:pw|2)EB(0,7kp, ) X Pr | 2

1 _1
S max [[35" (21, 70)l|r ZHMomOHF< sup |w-m12+o<kn4>>

1si<kn YEB(Y0, ky, )

=o(1)

for any subsequence {k, },>1 of {n},>1.

Step 3. Let

cn({2itiz1) = inf Amin (Ho (7, pw12) — Ha(Y0, Pow|2))

(v:pw2)EB(0,70) X Py w| 2
forall n > 1. Since H, (7, pw|z) is a Gram matrix (i.e., it is positive semidefinite) and Assumptions
8 and 10 imply that H,, (7o, po,w|z) has bounded spectrum, a similar diagonalization argument as

that applied in Lemma 1 can be used to extract a subsequence {k,, },>1 of {n},>1 and a sequence

{Vions Prnwi2) ¥ With (i, Pr,w12) € B(Y0, Tk, ) X 75ka|Z such that
|/\min (Hkn (%n7pkn,W|Z) — Hy, (70,p0,W|Z)) - Cn({zi}i21)| = 0(1)-

Since

| Amin (Hiw (Viow» P 2) — Hie, (Y0, Pow 7)) |

< sup P\mm (Hkn (v, pw)z) — Hy, (707p0,wl2))}

(v:pw|2)EB(Y0,7kp ) X Pr | 2
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holds for all n > 1, it suffices to show that

lim sup sup P\mm (Hkn (v,pwz) — Hp, (”YmpowlZ))} =0.

N0 (y,py ) EB(Y0, k) X P | 2

Since the Frobenius norm is an upper bound on for the Euclidean norm of the eigenvalues,

sup [N (Hi, (7, pw12) = Hu(0, Proow2)) |
(vpw | 2)EB(10,7kn ) X P w2
dy
< sup Z |A; (Hi, (v, pw12) — Hi(Y0s Prnsow)2)) }2

(v:pw|2)EB(0:m k) X Prwiz \ j=1

< sup HHkn<'77pW\Z) - Hn('YOapkn,O,W|Z)HF

(7,pw|2)EB(Y0,Tkp ) X P w| 2
= o(1)
using the result from Step 2. Since I fixed {z;};>1 arbitrarily, the argument holds for almost every
realization {21}1'21 of {Zz}zzl O

The next result establishes that +,, converges uniformly to -y, at a rate faster than n~'/4.

Lemma 7. Suppose that Assumptions 5, 6, 7, 8, 9, 10, and 11.1-11.5 hold. Then, for almost every
fixed realization {z;}i>1 of {Z;}i>1, the following holds:

. 1
limsup  sup  |[[n*(vn —0)|]2 =0,

=0 pw z€Pw|z

where {75n,W| 7 tn>1 are the sets defined in Assumption 11.

Proof. The proof has three steps. Step 1 verifies the conclusion of the lemma after asserting two

intermediate technical results. Step 2 and Step 3 are dedicated to the verification these two results.

Step 1. Let {z;},>1 be an arbitrary fixed realization of {Z; },>1. First note that ~,, satisfies the first

order conditions
] & B
ﬁ ZM(Z“%”L)/E 1(Zi77n)m<zia'7n) =0

i=1
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for all n > 1. Applying a mean-value expansion of m/(z;,7,) around -y, I know that

m(zi, vn) = m(zi,%0) + M (2i,78) ( — 0,

foralli = 1,...,n, where {7} },,>1 is a sequence such that ] on the line segment joining -y,, and .

Substituting this into the first order conditions, I conclude that

1 & _
EZM(ZZ”YH)/E l(zi77n) Zz770 ZM Zza’Yn l(zi77n)M(zi’7:z)(’Yn - 70) - 0
i=1

for all n > 1. Consequently,

n

—1
1< _ 1 _
Yo — Y% = — <ﬁ Z M(zia 7n)/2 1(21'7 7n)M(sz 7;2)) ﬁ Z M(Zia f)/n)lz 1(zi7 ’yn)m(zia 70)
=1

=1

which implies that

1
1 1
Sup % (v = 0)l[2 < Sup (ﬁ § (25 1) 27 (20, 1) M (2, 'Vl))

Pw|zE€Pn,wz Pw|zEPn,wiz
op

- Z thyn (217’)/71) (Zi770)

1
X sup  ni

Pw|z€Pn,w|z

2

using a well-known inequality for the Euclidean norm of a matrix acting on a vector. This motivates

showing two results. First, I want to show that

-1
1 & _
sup (— D M (24 79) S (20, 90) M (2, vl)) =0(1).
Pw|zE€EPn,w|z N4 op

Second, I want to show that

n

1 _
n Z M (2, ’Vn)lz 1('21'7 ) m(2i, 0)

i=1

1
sup  ni
Pw|zEPn,wz

=o(1).

2

Indeed, these results complete the proof because they imply that

1
sup  |[n% (v — 0)[l2 = o(1)

Pw|z€Pn,wiz

180



and, because {z;};>1 was fixed arbitrarily, it holds for almost every fixed realization {z;};>; of

{Zi}is1
Step 2. 1show

-1
1 ¢ -
sup (— Z M (2, 7)' S (21, ) M (2, ’y);)) = 0(1),
: n 4
pW|Z€pn,W\Z i=1 o

Following Lemma 6, I can deduce that

mm( ZM 2, Y zz,v)M(zi,7)> >

for all (v, pwz) € B(v0,7n) X 75n7w| z and for all n large. Recognizing that Lemma 4 implies that

>0

[\OR R

there exists a sequence {7, },>1 such that ,, 7}1 € B(yo, ) for large n, I use the definition of the
operator norm and the relationship between the eigenvalues of a matrix and its inverse to conclude
that

-1
1 ¢ -
sup (EZM(%%)/Z 1<Z177H)M(Zi’%i)>
i=1

Pw|zEPn,w|z

-1
< sup } ( ZM Ziy Y Zlaﬁ)/)M(zhﬁ)/))

(v:pw|2)EB(Y0,7n) X P w2

op

op
-1

== sup mzn ( Z M Zz, Zza V)M(Zﬂ 7)

('YapW\Z)EB(707rn)X75n,W\Z
2
c

for n large. Taking the limit superior, I then obtain

-1
1 & B
sup (—ZM@,%)’E 1<zi,%>M<zi,vL>) = 0(1).
Pw|zEPn,w|z n i=1 op
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Step 3. Applying the triangle inequality and a well-known inequality related to operator norms, it

follows that

NH

ZM Zza’}/n l(ziavn)m(zi7’70)

sup

PW\ZGPn,W|Z

2

< sup n4—ZHM Zis Y)llop = 1157 (2, ) lop - [12(21,%0) ]2

Pw|z€Pn,w|z
for all n > 1. Next, an application of Holder’s inequality and the submultiplicativity of the

supremum yields that

sup n4—ZIIM 2y ) lop + 1127 (22, ) lop - 112 (22, 70) |2

Pw|zEPn,w|z i=1
< oswp max || el sup =3 M (2 70)llop - 1M (20,70 ]2
~ i<n 7
Pw|z€Pn,w|z w1 z€Pnwiz 7 i=1
1 & )
< s Sl S S IMGEAIE
- = n
Pw|zEPn,w)|z Pw|zEPn,w|z i
1
X sup  ni §|lmz“%

Pw|z€Pn,w|z

forall m > 1. Lemma 1 states that

sup e [ (7)o = O(1).
(vpw|2)ETXPrw iz = =
Next, I note that
1 « )
ZHM 2 )13, < sup = Mz
(vpw2)ELOX Py w2z i=1

for large n using the definition of the supremum, that {~,,(pwz) : pw|z € ﬁn,W\ 7z} C T for large
n by Lemma 4, and the fact that || - ||,, < || - ||r. The triangle inequality and Assumption 11.2

implies that

1< N
sup =S IM I < o(1) + sup | — D (1Mo, 7)1
=1

(%PW\Z)EFXﬁn,WM i=1 v€lo
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From Assumption 7.2, it follows that

~v€lo

1 n
sup | = [[Mo(z )l = O(1),
i=1

and, as a result, I can conclude that

1 n
sup [ = 3 M ()|, = 0(1)
i=1

Pw|zEPn,w|z

Finally, Assumption 6 and Assumption 11.1 yields that

L1l e
wwp  ndy |23 im0l = o)

Pw|zE€EPn,w |z

Putting these results together, I conclude that

=o(1).

2

1
sup  ni

Pw|z€Pn,w|z

1 & B
E ZM(ZM’VTL)/E 1(Zi7’7n)m(zi7’70)
=1

This completes the proof. 0

Lemma 8. If Assumptions 5, 6, 7, 8, 9, 10, and 11.1-11.5 hold, then, for almost every fixed

realization {z; }i>1 of {Z; }i>1,

= o(1),

sup

Pw|zEPn,w|z

V(Y = %) — % Z: Epy , [X0o(W, Z2)|Z = 2]

where {75n7W| 7 tn>1 are the sets defined in Assumption 11.

Proof. The proof has five steps. Step 1 shows that the lemma holds if four conditions are met. Steps

2-5 are dedicated to the verification of the conditions.

Step 1.  First note that +,, satisfies the first order conditions

1 & _
EZM(Zm’Vn)E(Zw’yn) 1m(zi7’7n) =0
=1
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for all py |z € 75n7W| 7. A similar mean-value expansion of m(z;, 7, ) around 7, to Lemma 7 reveals

that
1 & B 1 & B
EZM<ZH’Y7L)E I(Zza’Yn)m(Zza’Yn) = EZM(ZH’YR)/E 1<Zz>7n)m<zz>70>
i=1 i=1
1 & B
- > M (zi, ) S 2 ) M (20, 95) (Y = 0)5

where 7/ is on the line segment joining ,, and 7. This implies that
1 o -
Vi(m =) = (5 D M (2, 70) S (20 9) M (2, %ﬁ))
i=1

1 n
X % Z: M(Zz; Vn)lz_l(zz, ’yn)m(Z“ ’}/n)

The linearity of the expectation reveals that

\/_ZEPW‘Z oW, 2)|Z = 2] = \/—ZMO 2i,70) 0 (21, 70)m(2i,70).

Letting

n

V== 3 M(2i,7) 5 (20, 710) M (2,71,

=1

it follows that

H\/_ 70 ZEPW\Z WZ)‘Z_ZZ]

2

< Vn_l (%Z {M(zi,%)’E_l(zi,%)m(zi,%) Mo(zi,70)"%g H(zi,0)m (%‘ﬁo)})
{0 = V) = D Mot 20 S5 om0
<[V, - %Z {M (21, 7) =7 (21, v )m2i, ) — Mo(2i,70)" S0 (26 70)m(21,70) }

— 1 _ 1
+ IV Hlop 11V = Vollop [V lop - 723

1 _
- > Mo(zi,%)' 5™ (265 70)m(26,70)
=1

2
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for all pw)z € 75n,W| 7, where the last inequality uses the matrix identity A~ — B~! = B~ (B —

A)A~!. This indicates that I need to show

% Z{M(zi,%)@(zi,yn)_lm(zi,yo) — My (2, 70),20(21’,70)_17”(%%)} 2 = o(1)
(A.13)
= ZMO 2,70)'S (26, 0)m (2, 70) || = o(n™3) (A.14)
2
1V = Vall,, = o(n™7) (A.15)
v, = o) (A.16)

uniformly over 75n7W| z. The remaining steps verify these claims.

Step 2. 1 verify (A.13). Adding and subtracting M;(z;,7) and ¥ (z;, 7o) appropriately and

recognizing that m(z;, 7o) = 0 (i.e., Assumption 6), I obtain the following decomposition:

1 n
ﬁ ZM(Zw’yn) (2177n 217'70 ZMO 21770 (ZiafyO)m(Zia’yO)
= — Z (2isYn) — Mo(z;, 70))/2_1(21', Y )M 2, Y0)
/ -1 —1
+ E Z MO(Zi7 70) (E (Zia ’)/n) - 230 (zi7 /YO)) m(Zia 70)
= - Z (2i,7m) = Mo(2i,70)) 27" (21, 7m) (m(21,70) — mo(zi,70))

ZMO Zi, %) (Zza%) t— Eal(zi,%)) (m(zi,v0) — mo(2i,70)) -

An application of the triangle inequality then reveals that it suffices to show that

\/— Z |[(M (25, 7) = Mo(2i,7%0)) 2 (20, 7m) (m(23,7%0) — mo(2i, 7)) ||, = o(1)

pW\ZGPn Wz

(A.17)
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and

\/— Z || Mo(zi,70)" (57 (20,7m) — 257 (23,70)) (m(2i,70) — mo(2i,70))|| = o(1).

pW\ZGPn w|z

(A.18)

For (A.17), I apply two well-known inequalities relating to operator norms induced by Euclidean

norms to obtain that

|| (M (21, 70) — Mo(2i,70)) E(z5 )~ (m(25,70) — mo(zi,7))|],
<M (ziy ) = Mo(2is 70) op + 127 (26 70) (120, 70) — mo(2i,70)) ]2
<M (23 ) = Mo(2i5790) o~ 11271 (26 70)lop - [1m2(2670) = 1m0 (205 %) |2

< ||M (23, 70) — Mo(2i,70)||F - ||E_1(Zi>%)”op‘ [[m(2s,70) — mo(2i, Y0)||2

for7 =1, ...,n and for all n > 1. Consequently, an application of Holder’s inequality reveals that

sup Z || (M (zi,79m) = Mo(2i,70)) S (21, ) (m(25,70) — mo(zi,%))|]

PW\ZGPn,W\Z

< sup max 1S (25 v0) | lop
Pw|z€Pn,w|z

1 IR
Xni  sup — Z [|M (2, ) — Mo(zi, 70) |3
PW\ZGPn,W|Z\ L
1 BN )
X N4 sup \ o Z [m(2i,70) — mo(zi, 70)|[3-
i=1

Pw|zEPn,wiz

Assumption 11.1 implies that

] — 1
sup EZIIW(ZMo)—mo(%%)Hé=0(n i)

Pw|z€Pn,w|z

Furthermore, Lemma 5 and Lemma 7 yields

1 & _1
sup EZHM(%%) — Mo(zi, )|l = o(n™4)

Pw|zE€Pn,w|z
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Consequently, I obtain the desired result if

sup max HE’l(zi,”yn)Hop = O(1).

pW\Zeﬁn,W\Z -
This is implied by the conclusion of Lemma 1. For (A.18), I apply a well-known operator norm

inequality for matrices and the matrix identity B~* — A~! = A~'(A — B)B~! to obtain

|| Mo(2i,70) (57" (21, 7) — S0 (21,7%0)) (m(21,%0) — mo(2i,%))|]
< | Mo(zi,Y0)lop - 1127 Zas Y ) o - 11E (25, 1m) — S0 (26, 70)|op

x 180" (21, 70)lop * [1m2(21,%0) = m0(2i;70)|2-

Assumption 7.2 and 8.1 implies the existence of a constant C' € (0, 00) such that

s {up 1557 (2 20 w50 (20 < €
ze

z2EZ

Consequently,

|| Mo(zi,70)" (7 (2im) — X ' (21,%0)) (m(21,70) — mo(%%))”g

S BT i v0)lop ~ 1226, 90) = So (265 %) 1P l1m(2i, 70) — mo(zi,%0)[]2-

An application of Holder’s inequality then obtains

%Z || Mo(2i,70)" (271 (20, m) = 257 (2,70)) (m(2i,7%0) = m0(2i,70))|]

1<i<n

_ 1 &
< max || (21, 70| |op EZHZ(Z%%L)_ZO(Zia'VO)H%‘
=1

1 n
X o Z [Im(zi,70) — mo(zi,70)113,
=1
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and, as a result,

sup 1 Z || Mo(zi,70) (57 (21, 7m) — Bg ' (21,%)) (m(25,7%0) — mo(21,70))|

Pw|z)€EPn,w|z N4

S osuwp max X7l oswp o max [15(z, ) = Zo(z70)l e

Pw|zEPn,w|z Pw|zE€Pn,wiz

1 n
X sup EZHW(%%) — mo(zi,70)|[3.

Pw|z€Pn,w|z

by taking the supremum over 75n7W| 7. Lemma 5 and Lemma 7 implies

_1
sup  max |[X(z;,7) — Xo(zi,70)|[r = o(n” 1)
~ 1<i<n

Pw|z€Pn,w|z

while Lemma 1 implies
sup  max [[3(zi, 7)o = O(1).

3 1<i<n
Pw|z€Pn,w|z

Consequently,

_1
sup  max [[S(z;, ) || sup  max [[3(zi, %) — Yo(zi,70)|[F = o(n~4).

1<i<n 5 1<i<n

Pw|2E€Pn,w|z Pw|z€EPn,w|z

Assumption 11.1 implies that

1 1
sup | =3 Iz 30) — oz, 70) 13 = ().

Pw|zEPn,wz

Putting everything together, I obtain that

sup 1 Z || Mo(zi,70) (57 (21,7) — S5 (26,70)) (m(z1,70) — mo(zi,7%))] |, = o(n"%).

n
Pwz€Pnwiz T i=1

Consequently,
1 & _ _1
EZM<Z”L777L)/E 1(2i77n> 21770 ZMO Z1770 (227/70) (Zia’yo) + O<n 2)
i=1

uniformly over 75n7W| 7. This verifies (A.13).
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Step 3. I verify (A.14). Since mg(z;,v) = 0 forall i = 1, ..., n by Assumption 6, it follows from

the triangle inequality and Holder’s inequality that

ZMO 217’70 (Zza’yO) (Zia’YO)

< max HZ ZH’YO Z ||MO Zis 70 ||F Z ||m 217’70 mO(ZZ”VO)H%

1<i<n

Assumption 11.1 implies that

] — 1
sup = " [lm(z1,70) — mo(zi,70)|[3 = o(n"7).

Pw|zEPn,wiz

while Assumption 7.2 and 8.1 imply that

maxHZ zl,’yo) ZHMO zi,%0)| % = O(1).

1<i<n

This verifies (A.14).

Step 4. I verify (A.15). To that end, I first show that
_1
sup Vi = Vaollop = o(n™%),
Pw|z€EPn,w|z

where

nO = ZMO Zzﬁo (Zu’Yo)Mo(Zn%)

Adding and subtracting My (z;, 7o) and X (z;, Y0) appropriately,

n

1
Vi = Voo = D (M (2i,9m) — Mo(21,70))' S (20 ) M (23, 71)

i=1

1 « _
3 Ml 30) S et 1) (M (20,90) = Mo(z,7%0)
=1

1 & _ _
+ - Z Mo(zi,70) (7 (21, 0) — o (26, 70) ) Mo (21, 10)-

=1
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The triangle inequality then reveals that it suffices to show three results

Supb %Z |[Mo(2i,70) (B2, 7)™ = Zo(zi,fyo)’l)]\/[o(zi,fyo)‘|Op =o(n" %)

pw|zE€EPnwiz T i=1

1

sup %Z ‘ ’Mo(zi,70)/2*1(%’%)(]\4(21’,%TL) — MO(’Z"’%))HO;, =o(n"1)

Pw|z€Pnwiz ' i=1

<, %Z [ (M (23, ) = Mo(2i,70)) Sz, ) " M (21, 0) ], = o(n%)

Pw|z€Pnwiz ' i=1

These are refinements of (A.10), (A.11), and (A.12) encountered in Lemma 6, and, as a result, I

need to show that

1 & .
sup - E | M (2i, ) — Mo(Zz‘,’Vo)ng =o(n"1) (A.19)
! n 4
Pw|zE€Pn,w|z \ i=1
1 & B
sup | = > |[M (i, 9h) — Mo(2i,%)112, = o(n™ %) (A.20)
! n 4
Pw|2E€EPn,w|z \ i=1
sup  max [[X(zi, ) — 2oz, 70)||op = o(n’i) (A.21)

~ 1<i<n
pw|z€Pnwiz T

because an otherwise identical argument yields the result. Since Lemma 7 yields

_1
sup ||7n_’70|‘2:0(n 4)?

Pw|2E€EPn,w|z

conditions (A.19), (A.20), and (A.21) follow from applications of Lemma 5. Consequently, I deduce

that

_1
sup ||V = Vaoll,, = o(n™%).

Pw|zE€EPn,w |z

As such, it remains to show that

1 n
- Z Mo(2i,70) 25 (26, 70) Mo (21, 70) — Vo
=1

op
Since My(zi,70)' %o (21, Y0) Mo(zi, Y0) is symmetric, Zy, Z,, ... are i.i.d according to Py z, and
Assumptions 7.2 and 8.1 imply that the random matrix My(z;, 7o) 25 (2i, 7o) Mo (23, 7o) is bounded

in operator norm, I can apply the matrix Bernstein inequality to conclude that the following holds
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for large n: for any £ > 0,

n

1 e
- > {Mo(21,70) S (26, %0) Mo (2i,%0) — Vo)

=1

P&% {Zz’}zZl . TLi

>¢ | Sexp (—01\/552)

op

for some constant C; > 0. As such, I can deduce that

oo L 1 n
Z Poz | {zitiz1 i nt ~ Z{MO(Zw’VO)/zal(Zia70>M0(Zz‘7’70) —Vo}|| >¢| <o
n=1 =1

op

and then

3
Al

— 0 ae. [Fyy]

1 n
- Z{MO(% %) Zo " (21, 70) Mo (21, %) — Vo
i=1

op

by the Borel-Cantelli lemma. Applying the triangle inequality, it follows that

sup  ||Vi — Vollop = o(n"1).

Pw|z€Pn,w|z

This verifies (A.15).

Step 5. I verify condition (A.16). Since sup,, 5 V. 4 |op < (inf Amin(Vi)) ™1

n,W|Z Pw|2E€Pn,w|z

and Lemma 6 shows that

lim inf inf Amin(Va) > ¢,

=00 pwz€Pn Wiz

it follows that

limsup  sup ||V, ]op < 00.

=0 pwzE€Phw|z

This verifies (A.16). The proof is complete. [

The next lemma establishes an expansion of the log-likelihood function that reflects the semi-

parametric structure of the conditional moment equality model.

Lemma9. Let S, ;(pw|z) = Xo(Ws, 2i) — EPW‘Z[)ZO(VV, 2)\Z = z] fori =1,...,n be the centered

influence function. If Assumptions 5, 6, 7, 8, 9, 10, and 11 hold, then, for almost every fixed
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realization {z;}i>1 of {Z; }i>1,
pm) p
sup IOg Ln(pW\Z) - 10g Ln(pt,n,W|Z - t = Z Sn K pW|Z + t VE) 1t ‘L

Pw|zEPn,w|z

where {75n7W| 7 tn>1 are the sets defined in Assumption 11.

Proof. The proof has two steps. Step 1 establishes a preliminary uniform convergence result.
Step 2 modifies the argument from Theorem 4.1 of Castillo and Rousseau (2015) to conclude the

expansion.

Step 1. I start by showing that

max ||EPW\Z[>20(V[/7 Z)XO(VV? Z)/IZ = Zl} - EPO,W\Z[)ZO(W Z)S(O(Vvv Z)/|Z = ZZ]HF = 0(1)'

1<i<n

uniformly over 75n,W| 7. Using the definition of (W, Z) and the submultiplicativity of the Frobe-

nius norm, I know that

| Bry s oW, 2)%0(W, 2)|Z = 2] = Epyy,, [Kol(W, 2)%0(W, 2)12 = 21|

_H‘/O MO(ZZ>70)Z (Zw’yO)(E(Zia’yO) 20(22770))2 (Zlvvo)MO(ZH’yO O_lHF

< Vo MIE 1Mo (26 v0) 121150 (26, 70) |21 12 (21, 70) — Zo(21,70) ||

for: =1, ...,n. Since V) is real, symmetric, and positive definite by Assumptions 8.1 and 10.2, I

know that there exists a constant ¢ > 0 such that

d d
‘/ —1 2 <_'Y
| 0 ||F E :)\2 — )\2 (VO) — Q2

man
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Moreover, sup, z || Mo(z,70)||% < oo and sup,z ||25 (2,70)||% < oo by Assumptions 7.2 and

8.1. Consequently,

sup ma}; ||EPW\Z[>~(0(VV7 Z))’Zo(W, Z),|Z = ZZ] - EPO,W\Z[XO(W Z)XO(VV: Z)/|Z = ZZ]HF

Pw|zEPn,w)|z

S osup max [[X(z, %) — Xo(2i,7%)|[F
= 1<i<n
pwizE€EPrwiz —

= sup  |[2(-,7) = 2o(+,70)|n,co-

Pw|zEPn,w|z

Assumption 11.3 then implies

max ||Ep,, [Xo(W, 2)X0(W, 2)'|Z = 2] = Ep, . [Xo(W, Z)%0(W, Z)'|Z = z]l|r = o(1).

1<i<n

for all Pw|z S 75717{/[/‘2.

Step 2. Using the definition of p; ,, w7, a sufficient condition for

Ly (pw)z) 1 « 1, .-
P sup |lo (— %5, — v
O:W'Z( D L) VR & Selow) =51

Pw|zE€Pn,w|z

> 5) =o(1)

forany £ > 0Ois

y If/)z()(W, Z) ;1 - ~ |
et e )P TA T RS W.2)|Z = 2] — St'Vy 't
; 08 Lipy » [exp ( \/ﬁ zZi| + \/ﬁ; Pz [Xo( )’ Z] 5tV

=o(1)

uniformly over 75n7W| z. Using the series representation of the exponential function,
. t"Xo(W, Z)
;longmZ {exp (—T Z =z
- / 1 ~ 1 / 1 ~ ~ /
= > tog (1= ¢ =By [0V, 2017 = =]+ 5 By, (W, 2) %00 2)12 = =1
i=1

+ T’n,i(t7PW|z))
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S (tXo(W, Z))'

Z lln%

=3

Z:Zi

for all n > 1, where

rn,i(t,pwiz) = Epy,,

n. Applying the triangle inequality, I obtain
1 .-
Epy , [exp([txo(W; 2)))|Z = ]

forall: =1,.
Z:Zi

%o (W, Z
Z\ x(. JI§

1
3 Ep Wz
2 1=0
n with the equality using the series representation of the exponential function

}rmi (ta pW|Z) | <
n

for: = 1,...,
Consequently,
1 .-
sup - max ‘Tm (t,pwiz)| < —  sup  max Epy,, lexp([t'Xo(W, 2))|Z = zi] .
= ng = 1< Z<
Pw|zE€EPn,w|z Pw|zE€EPn,w|z
As such, Assumption 11.6 implies that max;<;<, ’rm t, pw|z ’ = O(n~2) uniformly over P, Wz

Combining this result with that from Step 1, it follows that

o, o (D) ]
- Zlog (1B oW, )2 = 24 5t B V. 20009, 2)12 = 5

i=1

o(a) ()
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uniformly over 75n,W| 7z as n — o0o. A Taylor expansion of x + log(1 + x) around = = 0 then

implies that

1.1 - -
Zlog (1 —t \/_EPW\Z [ O(Wv Z)|Z = ZZ] + Et/EEPO,W\Z [X()(W? Z)XO(VV’ Z)/|Z = ZZ] t

o))

1 « § 1,1 N y
= —t,% Z Ery, (W, Z)|Z = 2] + 5t~ Z Epy ., oW, Z2)X0(W. Z)'|Z = z]t + o(1)

= _t - = ZEPW\Z W Z)‘Z - Zz] + t‘/() ( ZMO 21770 (ZZ7’}/O>M0(Z1,770)> ‘/Oilt
+o(1)

— —t—ZEpW‘Z oW, Z2)|Z = z] + tVO Y+ 0(1)

uniformly over 75n,W| z. The second equality uses the definition of x( and the linearity of expectation

while the third equality uses the strong law of law numbers to obtain

_ZMO 2i,7%0) g ' (215 70) Mo(2i,%0) = Vo + o(1)

as n — oo. Putting this all together, I conclude that
. t/>~(n,0 (VVv Z)
;log Epy, [exp <—T 7=z = ZEPW (W, 2)|Z = z]

+ §t’v(;1t +0(1)

uniformly over {75n7w| 7 tn>1 as n — oo. This completes the proof. L]

I now formally prove Theorem 1. The argument is similar to Theorem 4.1 in Castillo and

Rousseau (2015) with appropriate modifications to account for conditioning on {Z; };>;.

Proof of Theorem 1. The proof has two steps. Step 1 establishes the validity of focusing on the
bounded Lipschitz distance between the conditional posterior IL,(v/n(v, — An) € -|[W ™), 75n7w\ z)
and NV'(0,V; ). Step 2 uses Lemma 8 and Lemma 9 to show that the bounded Lipschitz distance

between these probability measures converges to zero.
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Step 1. Let IT,(v/n(Yn — 9n) € [W™, P, 1w2) be the conditional posterior of v/n(y, — )
given 75n,W| z. L argue that

(n)
0,W|z

dry (Ta(Vi(5n = 3a) € (W), T (Vi = ) € AW, Prz))
as n — oo so that I can focus on showing
()

~ PO.WZ
dBL (Hn(\/ﬁ(%z - ’?n) € '|W(n)v/Pn7W|Z)vN(Ov%_l)> ‘L 0

as n — oo to obtain the Bernstein-von Mises theorem. This follows from the triangle inequality
and that the total variation distance is a stronger metric than the bounded Lipschitz distance. The

argument for convergence in total variation is as follows. Since, for any event A, the posterior for

V(e — ) satisfies

with A, = \/iﬁA + Ay, it is enough to show that

~ P(’ﬂ)

as n — oo. For any event A, the law of total probability reveals that

‘Hn(pmz S A|W(n)) — L. (pwiz € AN 75n,W|Z|W(n))’ =11, (PW\Z € AN 755,W\Z|W(n)>
Using that A N 7557W‘ 7z C 755’W| ,, for all events A, it follows that

sgp ‘Hn(pmz € A]W(")) —IL,(pwiz € AN 75n7W|Z|W("))‘ <II (pw|z € 75§7W|Z)W(”)>
using the monotonicity of probability measures. An application of Assumption 11 then yields that

~ P(’”)
e ‘H”(pW‘Z € AW™) — L (pwiz € AN Pn,W|Z‘W(n))‘ 20
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as n — oo. Similarly, I use the definition of conditional probability and the complement rule to

obtain

sup ‘Hn(pw‘z e AN 75n,w\z|W<")) — 11, (pW|Z € A‘W( P, W|Z>‘
= sup ‘H (pW|Z c A‘W( P W\Z) <Hn <pW‘Z c 75n,Ww|W(”)> — 1))

<II, <pW|Z S ﬁi,w\z‘w(n)>

An application of Assumption 11 then implies that

pm
Sljlp ‘Hn(pmz €AN Pn,W|Z|W(n)> — 11, (pW\Z € A’W nW|Z>‘ —LZ

as n — oo. The triangle inequality then leads to the conclusion that

pm
dry (Hn(pW\z € '|W(n)>, (pw|z S |W( nW\Z)) AZ

as n — OoQ.

Step 2. Adding/subtracting t'\/ny, and log L, (pt w7 ), I know that
t,\/ﬁ(/}/n - ﬁ/n) + log Ln<pt,n,W\Z)

=t'vn(v, — ) — t'vVn(3n — v0) + log Ly,(pwz) — 10g Ly (pn,wz) + 108 Ly (Den,w)2)

Using the definition of #,, and Lemma 8, it follows that

V(% = 0) — UV (F —70) = —t'—= Z {Xo(Wi 2) = Bry,, oW, 2)|Z = 2]

+ OP(n) (1)

0,W|zZ
uniformly over 75n,W| 7z as n. — o0o. Moreover, Lemma 9 implies that
log Ln(PW\Z) — log Ln(pt,n,mz)

n

—t—nZ{ (Wer2) — By, oW 2)Z = 20} 4 5% 4 0y (1),

P Wz
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uniformly over 75n7W| z as n — oo. Letting EH[-|W("),75,LW| 7] be the expectation under the

conditional posterior I, (pyz € |[W ™, 75n,W| 7). I can put these results together to conclude that

En [eXp (i — ) ‘Wm), ﬁn’w‘z}
B fﬁn,vwz exp (t/\/ﬁ(% - :)/n) + log Ln(pw|z)) dH(pW|Z)
- I3, 1, P (108 Lo (pw2)) dl(pyw2)

‘[ﬁn,W\Z eXp (log Ln(ptm"wlz)) dH(pW|Z)
fﬁn,W\Z exp (log L, (pw|z)) dI(pw)z) ’

1
= (1+o0pm (1))exp (515/‘/0—115)

as n — oo. Consequently, the condition

fﬁn,w‘z Ly (ptn,w2)d (pw)z) - "
= 0 p5(n)
fﬁn,W\z Ln(pW|Z)dH(pW|Z) Powz

implies that
. - 1, .
‘En [exp (v — ) ‘W( )7’Pn,W|Zi| — exp (§t/% 115)‘ = 0pm (1)

for any t in a neighborhood of zero as n — co. Since exp(t'V,, yt/2) is the Laplace function of the

Gaussian distribution A/(0, V; 1), it follows that

(n)

dpr, (H (\/ﬁ(% —A) € - W<">,75n,w|z) N0, VO‘1)> o

as n — oo using Theorem 1.13.1 in van der Vaart and Wellner (2023b). ]

A.3.3 Proofs of Corollaries

Proof of Corollary 1. Fix £ > 0 arbitrarily. Theorem 1 implies that
P (dpe (T (Vi — ) € W) N (0,V57Y) > €) — 0

as n — oo for Fy%-almost every fixed realization {z;};>; of {Z;};>1. Since the sequence of

functions

[edin o Pl (dsn (1L (VG —50) € W) A (0,.V57)) > 6)}

n>1
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is uniformly bounded, it follows from the bounded convergence theorem that
Epg, [Po(;/%/\z (dr (T, (Vi — 4n) € (W) N (0,V5h) > 5)} 50 (A22)
as n — oo. Using the fact that P;% is a product probability measure, it then follows that
Erg, | Pz (doe (T (Vi = 3) € (W) N (0.57)) 2 )|
= Bry, [P (dsn (L (Vi = 3) € [WO) W (0.V57) 2 6)].
and, combining this with (A.22), it follows that
Pz (dor (I (Vi — ) € [W) N (0,V5)) 2 €) — 0

as n — 00, as probabilities are expectations of indicator functions. Since £ > ( was arbitrary, the

claim holds for any £ > 0 and the proof is complete. [l

Proof of Corollary 4. Corollary 1 and the delta method implies that

A (I, (VA(F(3) — F()) € W) N (0,90,)) % 0

as n — 0o, where

0

0 _ ,
Qoy = 8_'y’f(%)vo 18_'y’f(%) -

By the Portmanteau theorem for conditional weak convergence (i.e., Theorem 1.13.1 in van der

Vaart and Wellner (2023b)), it then follows that

I (VA(f (1) = FGa)) < W) B9 poo (X < a)

forall z € R, where Py (0,0, ;) denotes the probability distribution of N (0,9 ¢). Applying Lemma
21.2 of van der Vaart (1998) and the equivariance of quantiles to monotone transformations, I then

obtain that
Vi(en (@) = [(3n)) = 2¢(q) + opyp,,, (1)
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with z¢(q) being the ¢-quantile of the Gaussian distribution A (0,0 ). Since properties of

Gaussian distributions reveal that

25(q) = 71 (q)/ Qg

for any g € (0, 1), I conclude that

Q
ns(@) = FGn) + 07 @)y 2L + omp,, (L)

for any g € (0,1). ]

Remark 14. Inspecting the proof of Corollary 4, one can deduce that the same conclusion holds if
Pg'w 7 is replaced by 0(’"M),| , by invoking Theorem 1 directly (rather than Corollary 1). Consequently,

the asymptotic expansion of the quantile function holds conditionally too.

A.3.4 Proofs for Section 1.5

Proof of Proposition 1

Although the sequence {(W/, Z!)'};>1 is i.i.d, the asymptotic thought experiment conditions on
realizations {z; };>1 of {Z;};>1. Consequently, the sequence of observations {W (™ : n > 1} should
be viewed as a triangular array with rows consisting of independent but not identically distributed
random vectors. This means that the results from Section 4 of Ghosal and van der Vaart (2007) apply
to the setting studied in this paper. To keep the exposition relatively self-contained, I specialize
several of the main results from their paper to my setting as lemmas and then invoke them to prove

the proposition.

Background Lemmas Specializing Ghosal and van der Vaart (2007). The first lemma is useful
for controlling the asymptotic behavior of the marginal likelihood. It specializes Lemma 10 of

Ghosal and van der Vaart (2007). Let

n

KL,(8,B)= % Z K L(po,wz(+|2:), po,(|2:)),

=1
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where

pO7W\Z(W|Z) .
K L(pow)z(-|7i), pe.5(+|2i)) = ERy ., [log (W Z=z|, i=1..n,

is the Kullback-Leibler divergence between po vz (-|2;) and pg,p(-|2;), and let
1 n
KLV,(0,B) =~ Zl KLV (powiz(12:), po.s(-|24),

where

powiz(W|Z)
KLV(pO,W\Z('lzi)apG,B('|Zi)) = VCLTPO,W‘Z {log <W Z =z

is the conditional variance of the log-likelihood ratio. For each 6 > 0, I define neighborhoods

U (po,w)z,0) as follows
Un(powiz,0) = {(6,B) : KL,(0, B) < 6>, KLV,(6, B) < §*}.

Lemma 10. The following holds for almost every fixed realization {z;};>1 of {Z;}i>1: for every
§ > 0 and every probability measure I1,, supported on U, (pow|z,0), I have, for every constant

C >0,

o ([ Loles) g < oxp (- n) <« 1
P, < / [Pl (0, B) < exp (~(1L+ Oni) ) <

Proof. The proof has two steps. Step 1 derives an upper bound for the probability in the claim. Step

2 shows this upper bound is less than (C?nd?)~".

Step 1. Let C' > 0 be an arbitrary constant and let R, (0, B) = log(Ln(ps,5)/Ln(pow|z))-

Applying Jensen’s inequality, I know that

Ln(pBB) =
o /—’dl‘[n 6, B) >
8 Ly (po,w|z) (6, B)



Since

Epm  [R,(0, B)] ZKL (powiz(:|2:), po.B(-|2:)) > —nd?

0,W|Z
=1

for I1,,-almost every (6, B), it follows that

/ B [Ro(6, B)] L, (6, B) > —nd®.

0,W|Z

As such, I know that

(n) —Ln(pe,B) 1 exp (— nd?
P ( [+ L)1, (0, 5) < exp (~(1+ C)nd ))

< B ( / {Rn(Q,B) — By (0, B)]} dIl, (0, B) < —Cn52)
< B (‘/ {Rn(e, B) =y [Fa(0) B)]} dI1,, (0, B)‘ > C’n52)
Step 2. It remains to show that
_ 1
Pl (| [ {021 = By 1Rt 50 it 0.5)| 2 008 ) <
Applying Chebyshev’s inequality, I know that
vz (’/{ — Epey  [Ba(0) B)]} dIT,, (0, B)’ > Cn62)
B 2
S Faasd O?n 254 Pé"&,lz ‘/{ Pé%z [Rn(Q,B)]}dHn(H,B)

Applying Jensen’s inequality and then Fubini’s theorem,

2

‘/ {R"(97 B) = Epm [Rn (0, B)]} dI1,,(6, B)

where the last inequality uses that

Var,o [Ra(6,B)] =Y KLV (pow)z(-|2:), po.s(-|21)) < nd’

0 W\Z -
=1
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for IT,,-almost every (0, B). As such,

) B 1
P, (’ / {Rn(e,B) — By [Ra(0, B)]} diL, (0, B)’ = 0”52) = Cong

0,W|z

Since this argument holds for C' > 0 fixed arbitrarily, it extends to any C' > 0. This completes the

proof. ]

The next lemma shows that the posterior concentrates around sets {75n,W| 7 tn>1 for which the
prior II assigns exponentially small mass to their complement. It is a specialization of Lemma 1 in

Ghosal and van der Vaart (2007) to the setting of this paper.

Lemma 11. Suppose that for almost-every fixed realization {z;}i>1 of {Z;}i>1, there is a sequence
{60 }nz1 withnd2 — oo and sets { Py w|z }n>1 such that, for some constant C > (2+C) with C' > 0
small, the prior satisfies TP, ;) S exp(—Cndy) and T1 Uy (pow|z, 0n)) 2 exp(—nd;,). Then,
: W
for almost-every fixed realization {2;}i>1 of { Zi }i>1, the posterior satisfies IL, (P, v, LR et

0asn — oo.

Proof. The proof has two steps. Step 1 derives a sufficient condition for the result. Step 2 establishes

that the sufficient condition holds under the assumptions.

Step 1. Let I1,, be the renormalized restriction of II to 4, (po,W\ z,0,) and let A, be the event

Ln(po) . .
/Ln(po,wz)dnn(e’B)Z p (—(1+C)ndy).

for some small constant C' > 0. By Lemma 10, Po(rgq Z(An) — 1 as n — oo, and, as a result, it

suffices to show

Epg”gv‘z [Hn(ﬁﬁ,mﬂw(m)l{fln}] —0

as n — oQ.
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Step 2. Using the definition of the posterior and A,,, it follows that

_ Ln
Epoy  [a(PE oy 2l W) 1{A,}] < exp((2 + C)nd2)E by / ﬂdn(e, B)
0,W|Z owiz | Jp n(pO,W\Z)

c
nW\|Z

Applying Fubini’s theorem, I know that

Ep(n) [/ Mdﬂ(&B) Ln(pe,B)

E_w (
po Fowiz \ Ln(pow|z)

nW|Z

= H( _fL,W\Z)-

dli(e, B
0wz Prwiz Ln(PO,W|Z) ) ( )

Consequently, the assumption TI(P ;) S exp(—Cnd;) implies that
[TL (P w12l W) 1{A,}] < exp(((2+ C) = C)ndyy) = 0
as n — oo because nd2 — oo asn — oo and C > 2+ C. O

The next lemma provides sufficient conditions for posterior contraction in RMSH distance for a
general prior for the pair (6, B) (i.e., not necessarily a Gaussian process). It specializes Theorem 4
of Ghosal and van der Vaart (2007) to the setup of this paper. In the proof, I use the notation ngg to

refer to the probability measure attached to the product density [ [, peo.5(-|2:).

Lemma 12. Suppose that for almost-every fixed realization {z;};>1 of {Z; }i>1, there is a sequence
{0 }n>1 with 6, — 0 and nd? — oo and sets {75n7W|Z}n21 such that, for some constants K > 0,

C >0, and C > (2 + C) with C > 0 small, the following holds

11 (U (po,w 25 0n)) Z exp(—nd?) (A.23)
I (Py wiz) S exp (—Cndy) (A.24)
log N (6,,/72, Puwiz, hn) S Cné?. (A.25)

Then, for almost-every fixed realization {z;};>1 of { Z;}i>1, the posterior satisfies
[Hn(hn<p9,B7pO,W|Z) > D5n|W(n))} — 0

asn — oo for D > 0 large.
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Proof. The proof has two steps. Step 1 uses (A.23) and (A.24) to establish that it suffices to
study the behavior of I, (P,.w|z N {hn(pe,p, Powiz) > D5, } W) on an event A,, that satisfies
P(inm),| 4(Ay) = 1lasn — oo. Step 2 uses this sufficient condition and the entropy restriction (A.25)

to conclude the lemma.

Step 1. Conditions (A.23) and (A.24) imply that it suffices to show that

_ P(n)
I, (Ppwiz N {hn(po.s, Pow|z) > DS W™) 20

as n — oo because Lemma 11 implies that

1L, (hn(Po,B> oW |2) = D4, |W™)) = IL,(Powiz 0 {hn(po,5: Pow|z) > Do, W ™) + opm (1),

0,W|z

Next, let I1,, be the renormalized restriction of II to U, (p07W| z,0,) and let A, be the event

Lnlpon) 5 o ( .
| T (0, B) 2 exp (~(1+ ).

for some small constant C' > 0. By Lemma 10, Po(yg,l Z(An) — 1 as n — oo, and, as a result, it

suffices to show

EPO(nV)V‘Z [Hn({hn(pG,BapO,W\Z) Z Dén} N 75n,W|Z|W(n))1{An}} —0

as n — oQ.

Step 2. I show that

Epénvz/‘z (1L, (Prwiz N {hu(po,5: Powz) = Do HW M 1{A4,}] — 0

as n — oo. Let {¢, },>1 be a sequence of tests with 0 < ¢, (W) < 1 such that, for any § > 0

and any py g With h,,(pg 5, Po,w|z) > 6, the following holds

Epm  [on(W)] < exp (—%n(52> (A.26)
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and
(n) L 52
o sup Eom[1 = ¢n(W™)] <exp —§n6 . (A.27)
(0.B):hn(ps 5.p0,5)<0/18 O

Lemma 2 of Ghosal and van der Vaart (2007) establishes the existence of such tests. If

S _ 3
fuép log N (%, {po.B € Prwiz : hn(po,:Pow|z) < I}, hn) < Cnd?
>0,

for some constant C' > 0, then Lemma 9 of Ghosal and van der Vaart (2007) states that (A.26) and

(A.27) implies
- exp(—zD*nd?)
E o [on(W™)] < exp(Cnd? 2 n A28
P(E,V?/\Z[QS ( )] — eXp( n n)l _ exp(—%DQn(STQL) ( )
and
1
) sup E [l = ¢p(WM)] < exp (—§D2n5§> (A.29)
Po.BEP, w20 (0.B):hn(po,5.po,w|2)>Don}  *F

Since {py.p € 75n7W|Z : hy(po.B,powiz) < Doy} C 75n,W|Z, standard properties of covering

numbers leads to the conclusion that
log N (0,/72, Puwiz, hn) < Cnd?
implies

1) _ N
Sup log N (%, {po.B € Prw|z : hn(po, B, Pow|z) < 0}, hn> < Cné?.
>0n
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Next, recognizing that 1 = 1 — ¢,,(W ™)) + ¢, (W) and that probabilities are bounded by one, I

can conclude that

EP(") [Hn(,ﬁn,W\Z N {hn(pG,Bapo,W\Z) Z Dén}|W(n))1{AnH

0,W|Z

< Epw [$n(W™)]

0,W|Z
+ exp((2 + C)nd?)

L,
oW |2 Ly (po,w|z)

(1= ou(W™)) dII(6, B)

/ﬁn,WZm{(evB):hn(pG,B7pO,W|Z)2D6n}

Applying Fubini’s theorem, it follows that

B [ / (1 — g () LoPer) gy py

OWIZ N J Py, v 20{(0,B):hn(po, B,Po,w|7)>Ddn} L”(vaW|Z>

< sup Epw [1 = ¢n(WM)]

Pw|2E€Pn,w|20{(0,B):hn(po,B.Po,w z)>Don} P

So by setting D > 0 large, it follows from (A.28), (A.29), and nd? — oo that

Epen [W(Pawiz N {ha(po.s, poawiz) 2 DO} W )1{A}] — 0

asn — oo. O]

Proving Proposition 1. Lemma 12 establishes that there are three requirements to prove Proposi-
tion 1: 1. showing that the neighborhoods U, (po,w|z, 0») satisfy II(U,, (po.w |z, 0r)) 2 exp(—ndz),
2. finding sets {P,, w7 }n>1 such that I1( _ngZ) > exp(—Cnd?), and 3. showing that the h,,-metric
entropy N (8, Pz, hy) satisfies log N(8,/72, Powiz, hn) < nd?. van der Vaart and van Zanten
(2008a) shows how to verify these conditions for Gaussian process priors and this connection is

why the concentration function is important for Proposition 1.

Proof of Proposition 1. The proof has three steps. Step 1 shows that the prior places sufficiently
high probability on Kullback-Leibler neighborhoods of pg 7. Step 2 constructs sets {P,, w2z }n>1
and shows condition (A.24). Step 3 shows that the h,,-metric entropy of the balls 75n,w‘ 7 1s bounded

from above by a multiple of nd?2. These three steps imply the conditions of Lemma 12.

207



Step 1. The first step is to show (U, (0,, powz)) 2 exp(—nd2). Applying Lemma 3.1 of
van der Vaart and van Zanten (2008a), it suffices to show that
I1 ( sup | log fo(w|z) + B(Fp,-(w), z) — log pow|z(w]z)| < 25n> > exp(—nd?).
(w,2)EWx[0,1]%=
Applying the law of total probability and that II = IIz x Ilg, I know that

IT ( sup |log fo(w|2) + B(Fy.(w), z) — log powz(w]z)| < 25)
(w,z)EWx[0,1]4=

= / Iz ( sup |log fo(w|2) + B(Fy.(w), z) — log powz(w]z)| < 25) To(0)do
e (w,2)EWx[0,1]d

Since w = FQT;(F97Z(1U)) for 0 and = fixed, I can use the definition of by » and the assumption that
Fy.(W) = [0,1]%™ to conclude that
SU.lI/)V |10g fo(w|z) + B(Fp.(w), 2) — long,W|Z(w|z)‘ = sulg)v |B(Fy.(w), z) — bog(Fp.(w), 2)|
we we

< sup |B(u,z)—bog(u,z)|

N u€0,1]dw

< sup | B(u, z) — bo.g(u, 2)|
(u,2)€[0,1]%w x[0,1]4=

for all 2z € [0, 1]%. Taking the supremum over z € [0, 1]%, it follows that

/@HB ( sup |log fo(w|2) + B(Fy.(w), z) — log po,wiz(w]z)| < 25> To(0)do

(w,z)EWx[0,1]4=

(u,2)€[0,1]%w x[0,1]d=

> / My ( sip |Blu, 2) — bos(u, )| < 25) o (6)d0.

Since sup(,, .)e(o.1)dw x[0.1)¢= | B(u, 2)| < B implies that

5 ( sup | B(u, 2) — bog(u, 2)| < 25)
(v,2)

€[0,1)dw x [0,1)4=
g (sup(, yeo,1jaw xpo = | B, 2) = bog(u, 2)| < 20)
L5 (Sup(u,z)e[o,l]dwX[O,l]dz |B(u, 2)| < B)
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for & > 0 small, I apply the small ball probability for Gaussian processes (i.e., Lemma 5.3 of van der

Vaart and van Zanten (2008b)) to conclude that

/ Iz ( sup |B(u, z) — b g(u, 2)| < 25) To(6)do 2 / exp(—@p, ,(0))me(0)d0
€] (v,2)€] ©

0,1]4w x[0,1]4=

for 0 > 0 small. Consequently, the inequality sup,cg @, 4(0n) < nd?2 implies

I1 ( sup | log fo(w|z) + B(Fp,-(w), z) — log pow|z(w]z)| < 25n> > exp(—né?).
(

w,2)EWX[0,1]%=

Step 2. I now construct the sets P, w|z. Let B be the unit ball in (C(T,R), || - ||o), let ) be
the unit ball in the RKHS (H, (-, -)3), let ® be the standard normal cumulative distribution function,

let B, = 6,80 + D, H® for
D, = —2@_1(f15(]|B||oo < B) exp(—C’n(Fi))

for some C' > 1 large, and let ﬁn,w\z = {ppp : (0,B) € O x B,}. Borell’s inequality (i.e.,

Theorem 5.1 of van der Vaart and van Zanten (2008b)) implies that
fis(B € B;) < 1- (@ (Ms(|[Bll < b)) + Du)

Since I15(|| B|oe < 6,) > exp(—nd?2) by Borell’s inequality and the assumption that Pbo.o(0n) <

nd?2 for all § € O, it follows that
-1 (1 2 2 D, 2 Dn
7 (Ma(]|Bllo < 6)) = exp(—nd2) = Ma(|| Bl < B) exp(~Cné?) = ==

Consequently, I can conclude that

and then

z(B € B°) < Tlg (]|Bll < B) exp (—Cndy)
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using the symmetry of the standard normal distribution. Since IIz (||B]lso < B) < 1,1 then

conclude that

Iz (B € B;) < exp (—Cndy) .
Step 3. The final step is to show the metric entropy condition. Using the triangle inequality

h(pehBl('|Zi)7p62732('|zi)) < h(pahBl('|Zi)7p61,B2(’|Zi)) + h<p91732('|zi)7p92,32("Zi))

for? = 1,...,n. Using Lemma 3.1 of van der Vaart and van Zanten (2008a), the Lipschitz continuity

of  — fy(w]|z), and the compactness of ©, there is a constant L > 0 such that

h(po,, B, (+|2i), Pos, By (+]2:)) < sup | log fo, (w|2) — log fg,(w|2)|
(w,2)EWx[0,1]9=

eEWx[0,1]4=

1
X exp (5( ) sup |10g f91(w|z) - IOg f92(w|z)|)

1
< L6, ~ ullwexp (3L 105~ ull
< L ||y — O] exp (%L - diam(@))

S 1101 — 622
forall 7 = 1, ...,n. Moreover, Lemma 3.1 of van der Vaart and van Zanten (2008a) implies that

1
bl 12,120 < 181 = Baloex (5118 - Bl )

for7 =1, ...,n. Consequently,

1
i) S 1B~ Ballwexp (18~ Bal ) + 161~ el
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implies the h,,-entropy of © x B, is bounded by a multiple of the sum of the || - ||-entropy of 5,

and the || - ||o-entropy of the compact set ©. Since

1
108 N8, 1) + 10 N(6,0.1 - 1) S 105 N8, B -1 + 1 5)

S log N (6, By, || - [[oo)

using a standard inequality for covering numbers of a compact set in (R%, || - ||2) (e.g., Proposition
C.2 of Ghosal and Van der Vaart (2017)) and the bound log N (8,,/72, By, || - ||s) < nd?2 follows

from Theorem 2.1 of van der Vaart and van Zanten (2008a), the proof is complete. [

Proof of Proposition 2

Background on Wavelets. A key tool in the proof of Proposition 2 is the existence of a suitably
localized orthonormal wavelet basis for L2([0, 1]%:). Since bases for multivariate domains can be
constructed through tensor products, an example that will meet the specific requirements is the
tensor product of the boundary-adapted wavelet basis for L?([0, 1]) from Cohen ef al. (1993a). I
refer to this as ‘CDV wavelets’ and the basis will be denoted {¢;;, : j > 0,0 < k < 27d-71} ¢
As an orthonormal basis for L2([0, 1]¢), any function f € L?([0,1]%) admits the representation
f(z) =327 ifg_l By.ikjk(z) in which the coefficients satisty 5 = (f,¢;r) 2. Several
properties of CDV wavelets will be useful in the proof: 1. |[1;]|e < 2792/2, 2. the localization
property Zij:dgfl [thik||oo < 279 for each j > 1, 3. the orthogonality with the constant function
equal to one (¢;x, 1)2(017¢-) = O for j large, and 4. the fact they characterize Besov spaces
B oo.co.a([0, 1]%,R) for a < a with a > 0 fixed in the sense that f € B, o0 4([0, 1]%) if and only
if [ fl]sos00.0 < 00, Where || f||oo.o0a = SUP;j50.0<pcaits—1 200/ 2TD|(f 4h;) 2], This last property
is useful for Holder functions because B, .4([0, 1]%,R) = C([0, 1]¢,R) for noninteger a with
equivalent norms, and, for integer a, C*([0,1]%,R) C B 00a([0,1]%,R) and there exists a

universal constant C' > 0 such that || f||cc.00.a < C||f]]a (i-e., it is a continuous embedding). More

“There are other ways to express the CDV wavelet basis, however, this notation is consistent with the Bayesian
nonparametrics literature (e.g., Castillo (2014b), Castillo and Rousseau (2015), Ray and van der Vaart (2020)).
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generally, the notation B, , (7, R) refers to the Besov space of real-valued functions defined on T’
with level of smoothness « and (p, ¢) indicating the norms with which the smoothness is measured.
Intuitively, Besov spaces define a large class of function spaces which nest common classical spaces
(e.g., Sobolev and Holder spaces). See Chapter 4 of Giné and Nickl (2016) and Appendix E of

Ghosal and Van der Vaart (2017) for more details.

Lemmas and Proof of Proposition. The first result is a technical result that establishes that if
a function b : [0,1]% x [0,1]%c — R has a bounded Holder norm, then the Holder norm of the
function b(u,-) : [0,1]% — R, for u € [0,1]% fixed, must satisfy the same bound. It is useful
because the assumptions underlying Proposition 2 involve bounds on the integrated Holder norm.
The argument follows from the definition of the differential operator, and, towards this, it is helpful
to introduce some notation. For a given (d,, + d.) x 1 vector of integers k = (k!,, k.)’, where k,, is

dy, x 1 and k, is d, x 1, I define the differential operators,

|%|
DF = g
o kl,w kdw,w kl,z kdz,z
aul cc audw 821 M aZdz

and

with |k| and |k, | being the sums of the elements k and k., respectively. The symbol [D*b](u, z) is

the differential operator acting on b evaluated at (u, z) and similarly for [D*:b](u, ).

Lemma 13. Let b : [0,1]% x [0,1]% — R be a function that satisfies ||b||o < & for § € (0, 00).

Then ||b(u, -)||a < 6 for each u € [0, 1]%.

Proof. The proof has two steps with each step corresponding to a part of the sum that defines || - || -
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Step 1. Let |k,| < a and @ € [0,1]% be fixed arbitrarily. I obtain the following inequali-

ties/equalities
sup |[D¥0](a, z)| < sup |[D¥0](u, 2)]
2€[0,1]9= (u,2)€[0,1]9w x [0,1)d=
— sup \ [D(O’kz)b] (u, z)]

(u,2)€[0,1]9w x[0,1]4=

< max sup |Dkb(u, z)|,
k:lk[<a (4, 2)€[0,1])dw x[0,1]4=

where the first inequality uses the definition of the supremum, the equality uses the definition of the
differential operator, and the last inequality uses that |k,| < « implies that the sum of the elements
of vector (0, k,) is bounded from above by « and then uses the definition of the maximum. Since

this bound holds for all &, such that |k,| < «, I obtain that

max sup |[D¥b](@,2)| < max sup [D*b](u, 2)|. (A.30)
kzilkz|<a ,e0,1]4= k:lk|<a (y,2)€[0,1]4w x[0,1]4=

Step 2. The decomposition
{(ur, 21), (ug, 22) = (w1, 21) # (u2, 22)} = {(u1, 21), (U, 22) : U1 # ug, 21 # 22}

U {(u1, 21), (U2, 22) 1 ug = ug, 21 # 22}

U {(u1, 21), (u2, 22) : uy # ug, 21 = 22},

implies that

|[DE-b)(i1, 21) — [DE-D](i1, 2|

sup

21,22€[0,1]92 21 %22 Hzl - ZZHgig
D(O,kz)b . D(O,kz)b
. . (Db, 2) — [DO* b )
(ul,zl),(uz,ZQ)E[O,l]dwX[O,l]dz:u1:u2,zl7é22 ||(u17 Zl) - (UQ, ZQ)||2 o
S sup HD(O’kZ)b] (uh Zl) - [D(07k2)f]_(txu2a 22)|
(ur,21),(uz,22)€[0,1)4w x [0,1]4=  (u,21) #(uiz, 22) [[(u1, 21) — (w2, 22)[|y =
Db — [DFb
< max sup |[ ](Ula Zl) [ ](U2:52)|
RRI=Q (4y,21),(uz,22) €0, 1] x 0,112 (ug 20 )£ (ua,z2) | [(U1,21) — (w2, 22)[z =
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for any u € [0, 1)% and any k. such that |k.| = . Consequently, I conclude that

|[DE-b)(i1, 21) — [D2-b](i1, 2|

max sup z
k’z:|kz|zgZ1’22€[0’1]dZ;217522 ||Z1 _ ZQH; o
D*b — [Dkp
< max sup [D"b](u1, 21) — | }(1;2:52)|
k:|k|=a (u1,21),(u2,22)€[0,1]9w x [0,1]92: (u1,21) #(u2,22) ||(u1, Zl) — (Uz, 22)||2 a

for any @ € [0, 1]%*. Summing (A.30) and (A.31), I conclude that
116 )| < [1]]a

for any @ € [0, 1]%.

(A.31)

O

Proof of Proposition 2. The proof has five steps. Step 1 constructs the sets {751,n,W\ 7 tn>1 and

shows that their posterior probability approaches one as the sample size grows. Step 2 establishes

that the empirical supremum L'-distance between the sample least squares projections of py 5 and

Po,w|z onto a finite-dimensional linear sieve formed using the wavelet system is bounded from

above by the RMSH distance and a multiplicative constant that depends on the sieve dimension. Step

3 and Step 4 derive bounds on the approximation errors using the Holder smoothness conditions.

Step 5 finds an expression for 6, and concludes the result.

Step 1. Define a sequence of sets {7517n7w| 7 tn>1 as follows

Prowiz ={(0, B) : hu(pe.s, pow|z) < D6,} N{(0, B) : ||Blla < Dv/néy, ||Blle < B}

for some a € (0, «) and some D > 0 sufficiently large. Given the conclusion of Proposition 1, I

need to show that, for almost every fixed realization {z; };>1 of {Z;};>1, the following holds

I1,,({(8, B) : || Bl|la < D\v/ndy, ||B|lo < B} W) 247 g

as n — oo to conclude that, given almost every fixed realization {z;},>1 of {Z;};>1, the posterior

satisfies

~ P(")
T, (ProwizW®) 2571
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as n — oo. To do this, I note that it suffices to show that, for almost every fixed realization {z; };>1
of {Zi}iZIa
pm
I,({(6, B) : |Blla < Dv/nd, }|w) =4 0

as n — oo because {||B||o > B} is an event that receives probability zero under the prior I1. To
this end, I follow the argument on p. 15 of the supplement to Castillo and Rousseau (2015). Since
B € C%T,R) for any a € (0, «), it follows that B € C*"24(T,R) for a small. The continuous
embedding C*"2%(T,R) < B;-1 1 5+4(T, R) (obtained using Proposition 4.3.6 of Giné and Nickl
(2016)) implies that the Gaussian process B can be viewed as a random element of the separable
Banach space B;-11 5:+4(7,R). Consequently, I apply Borell’s inequality (i.e., Proposition A.2.1
of van der Vaart and Wellner (2023a)) and that I1z(A) < I1z(A) for any event A to conclude that

there exists a constant C' > 0 such that
HB(| |B| |5L*1,1,d+a > D\/ﬁdn) ,S eXp(—C’néﬁ)

The continuous embedding B;-1 1 z+4(T,R) — C*(T,R) (also obtained using Proposition 4.3.6 of
Giné and Nickl (2016)), then implies that

s(||Bl|la > Dyv/nd,) < exp(—Cnd?)

Applying Lemma 11 (except with © x {B : ||B||, > D+/nd,} in place of P, 1|7, I then conclude
that, for almost every fixed realization {z;},>1 of {Z;}:>1, the posterior satisfies

Pz
IL,({(6, B) : || Blla < DV/nd,} W) == 0

asn — oo for D > 0 large.

Step 2. Let
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and

J 27z

pOW\Z w, z) Z Vjr(z 5ogk( w)

7=0 k=0
be the sample least squares projections of pg g(w|-) and pow|z(w|-) onto span{t;, : 0 < j <
J,0 < k < 279 — 1}, Applying the triangle inequality and a localization property of the wavelet

< 2744=/2) 1 know that

~

basis (that is, the inequality ZQ oo Yk 0o

|]5b],B(wa 2;) _ﬁg<wvzi>’

J 27dz 1

= 0<kI22%§z 1 B w(w) Bojk ‘ Z 5l
I . .
22 2 max BJJk(w) - B(ijk(w)‘ (A.32)
e 0<k<2idz—1

for any J > 1. Consequently, I seek a uniform bound (in j, k) for the difference |3 (w) — B()’ (W)l

Using the residual regression result (cf. Chapter 17 of Goldberger (1991)), I know that

% Z?:l Qﬁjk(zi)pe,B(wm)

A B
jk(w) = %E?ﬂ ~J2k(2i>
and
ﬁ ( ) . Zz 1 ¢]k(zz)p0 W|Z(w|ZZ)
0,jk\W % Zi:l Jk(Zl) 7
where

Ui(zi) = bin(zi) — Fo b (20),

with ¢7 , (z;) being the subvector of (1;x(2;) : 0 < j < J,0 < k < 27%:71) that excludes ;x(z;)
and 7, ; being the sample ordinary least squares coefficients from the linear predictor of 1);;, on

7 ;.. Consequently,

I k() (po.s(w]2) — powiz(w]z))
%Zi:l ]k(zl)

3e(w) = By (w) =
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for all 7, k. The triangle inequality, Holder’s inequality, and the definition of the minimum then

implies that

| Aj']k(w) - Bf)],jk(w)|

1< -~ 1<~ -
=1 > (=) - > iz (po.s(wlz:) — pow)z(wlz))
i=1 i=1
-1
1<~ 1 |-~
= ﬁzwjk(zi) HZ Vjr(2i) (po,B(w|2;) —po,W|Z(w\Z¢))‘
i=1 i=1
Lo 3 L&
<200 | |5 D pes(wlz) = powiz(wl=) 2
i=1 i=1
1 =
< | min min Zzﬂ?k 2 > EZ ‘p@,B(w‘Zz') _pO,W|Z(w|Zi>’2.
i=1

0<5<J 0<k<2idz—1 N

Substituting this into the upper bound (A.32),

‘ﬁg,B(w’ Zl) - ﬁg,W|Z(wv ZZ)|

5 y
Jaz
< <0213J0<kr<112132 mz 2 %) > 2% Z\peg wlz) — powiz(w|z)[?

j=0
< | min min E 2i)
~ \ 0<j<T o<h<d—1 wlk :

forall? =1, ...,n. Applying Holder’s inequality, I know that

_1
2

1 n
- Z 1po,B(w]2i) — pow)z(wlz)?
=1

1 n
/ n Z [po,p(wl2i) — powz(wlz)[*dw
w i=1

1 n
5 [ Ionstwl) = poizwlz) e
N Iw

5 )\(W)hn(pe,vaO,W\Z)7

where A(W) < oo is the Lebesgue measure of W, and the last inequality holds by the uniform

boundedness of the densities and the equivalence between the Hellinger and total variation distance
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between densities. Combining this with the above,

sup max/ ’ﬁGJ,B(wazi)_ﬁg,W\Z(w7Zi)|dw
w

3 1<i<n
(97B)€P1,n,W\Z -

1
1 n 2
: : ~ Jds
< | min min  — E V2 (z1) 272 0.
0<j<J 0<k<2idz —1 N 4=

=1

Step 3. Applying the triangle inequality, I know that

[po,wz(wlz:) — ﬁbl,w\z(wa )|

< }pO,W\Z(w|Z2‘) - pb],W\Z(w7 Zl)’l—i_ pE)]W|Z(w7 Zl) - ﬁg,W|Z(w7 Zi) }7

‘ )
N J/

Tl(?l)ryzl) TQ(TLUr,Zl)
where
J 29dz_1
Powiz(w,z) = Yur(2) Boa (w)
j=0 k=0

is the population least squares projection of po |z (w|-) onto span{ty, : 0 < 7 < J,0 < k <

27d= — 1}. I derive bounds on

1<i<n

max / T (w, z;)dw
w

and

max / Tr(w, z;)dw
w

1<i<n

I apply the change of variables w = F}_ '(u), i = 1,...,n, and the inverse function theorem to

»210

conclude that

1
max Tl w, z; dw = max/ _—Tl Fle u), 2; du
1<i<n /)V/V ( ) 1<i<n 0.1]du fG(Fg,Zli (u)yzl) ( 0, /L( ) )
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As such, I will study the behavior of T} (Fe_zl (u), 2;) to deal with the first term. Applying the triangle
inequality and using the localization properties of the CDV wavelet system, I know that

oo 204z

T(Fezz Z Z 50]k %k 2’@)

j=J+1 k=0
oo 2Jdz 1

<

= j;losgggi [Bo,ji (1) Z [E2As

< jdz ~ .

Nj=;12 2 Osg%i—lwo’”(u)"
where

Bojk(u) = Llld powiz(Fy (u)]2)e(2)dz

for each j, k. Next, I divide and multiply by 27(%:/2+20) and use the relationship between || - ||oo.00.a0
and || - ||o, to obtain

cody
max ‘<p0,W\Z(F9_,-1(U)|‘)a%k)p! < 93 (F +ao)

0<k<2idz 1
rdy _
X sup max 9(5 +a0) }<pO,W|Z<F9 .l(u)|')7¢jk>1:2‘
j>1 0<k<27dz—1 '
S 2‘j(7z+‘”°)|Ipo,W|z(F9f.1(U)|~)||ao

Substituting this into the upper bound for T} (F}; (u), z;), I obtain

Th(Fy 2 (u), i) S 272 |po,wiz (Fy. (w)])[a

< 27 |[1og powiz(Fy ' (u)])ag
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forall i = 1, ..., n, where the second inequality holds by the chain rule because p |7 is bounded

away from zero and infinity. Consequently, I obtain

1
max

1<i<n /[071]@, fg(F{;(U)|Zl>

1
[0,1]w mlnlSiSnfe(Fﬁ_,zli(uHZi)H OWIZ3Te, 0

Ty(Fy 2, (w), %)

—apJ
S 27

where the last inequality uses the assumption about the Holder norm of log pg |z and the fact that
Assumption 12 implies the class { fp : § € O} is uniformly bounded away from zero and infinity.

Regarding T5(w, 2;), I apply the Cauchy-Schwarz inequality to obtain that

J 2ddz_1 J 2idz—1
Tolw,2) < 4| D D U3z D D Bojw(w) = Boji(w)]?
j=0 k=0 J=0 k=0

Since ||Yjkllee S 274/2 for all j,k and the localization property of the wavelets states that

2% U sl oo < 29972, T can conclude that

J 27dz—1

and, as a result, T5(w, z;) satisfies
To(w, ) S 1133 (w) — 5 (w)] 22
Let ¥ ; be the matrix with rows given by ¢/ (2;)’, where
v (z) = (Ujp(z) 10 < j < J, 0 <k < 271

and let £(w) be the n x 1 vector with ith element £;(v) = po,w|z(w|2;) —pb’yw‘z(w, zi)yi=1,....,n.

Since

Vo = (Lww) (o)
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with Y (w) being the n x 1 vector with element pg vz (w|2;) for i = 1, ..., n, standard least squares

algebra reveals that
. 1 1
() = 8w+ (L0505)  Lwe(w)
Consequently, using an inequality for quadratic forms, I obtain
aJ J 2 1 / 1 / - 1 / - 1 / ~2 1 /
180 (w) = By (w)l]z = Ee(w) Vo) oYY A A E‘Ifﬁ(w)
< (A 1\1/’\1/ B 1\1/’\1/ _%1\11’ (w)
min | — — glw
B n 7 / n ’ / n ’

_ ()\m (%w)) ew)es(w)

with € ;(w) being the least squares projection of e(w) on ¥ (i.e., £;(w) = U (U, ¥ ;)" W g (w)).

N

2

Using orthogonality properties of least squares projections with respect to the empirical Ly-inner

product and the fact that projections are norm-reducing, it follows that
1 1 1 1
()\mm (E\IJ&\IJJ)) Eé‘(ﬂ])’é](lU) S ()\min (E\IJ&\IJJ)) Eé](ﬂ))/éj(w)
< O (L000,)) Loty
min | —&cl\w) elw).
o n 77 n

Combining this with the above, it follows that
. 1 1
183(0) = B < (A (7095) ) Tetwt),
and, as a result, I obtain

To(w, z;)

PA
VR
>

3
5
VR
—_
S
o>
1S
<
N~
~~_
|
Nl
)
<
Ple
| =
Buy
S
o
S
S~—
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forall 2 = 1, ...,n. By Holder’s inequality, I know that

1 1 ¢
[ fretreiae s |23 [ imanatulz) = sl
=1
5\/max/ T (w, z;)dw
1<i<n ),

Consequently, I can apply the change of variables w = F, '(u|z;) for each i = 1,...,n and the

bound derived in the previous argument to conclude that

/w mdw < gmaod

As such,

N

. _
N < 9J (% —an) N i 14
llél%/ng(w,zz) S 2 (/\mm <n\PJ\I’J)>

for all 7 = 1, ..., n. Putting everything together, I obtain that

1<i<n

1
2 1 2
max / |po,w|z(w|2) — p({mz(w, zi)|dw < 97 (5 —ao) ()\min (E\Iff,\llj>) + 270,
w
Step 4. Like Step 3, I apply the triangle inequality to conclude that

wax [ (ol = ] p(w2)ldw < max [ (posuls) - oo, 2)lde
I<i<n Jyy ’ 1<i<n Jyy ’

+ max / 91w 22) — B (10, 20) |,
w

1<i<n

where pé  1s the population least squares projection. The same argument as in Step 3 can be applied

to conclude that

wax [ b p(w. ) - i sl 2)ldw
w

1<i<n

1
1 2 Jgdg
< (o (Gw,) ) 2 \/m [ pas(wlz) — o (. z) .
<i<n Jyy,
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Consequently, I study the population projection error |pg, 5(w|z;) — py g(w, 2)|. Note that for each

i=1,...,n, there exists u € [0, 1]% such that w = Fy ; (u). Consequently, I have that

Ipo.5(wlz:) — Py p(w, 20)| = |po.5(Fy 2, (w)]25) — Py (Fy 2, (), 21)]

for each i = 1, ..., n. A similar argument to before and the definition of py 5(F,_ (u)|2) yields that

fo(Fy. (u) exp(B(u, -))
C(-,B)

|p0,B(F9_1(U|Zi)|Zz‘) - pGJ,B(FG_1<u|Zi)7 z)| < 27

a

foralli = 1,...,n, where C(-, B) : [0,1]%: — R, , satisfies

C(z,B) = / exp(B(u, z))du
[0,1]w

for each z € [0, 1]%. Since the class (6, B) fg(Fg_,.l(-)) exp(B(+,-))/C(-, B) is bounded away

from zero and infinity by Assumption 12 and the condition that || B||o, < B, the chain rule implies
1po.5(Fy * (ul)])lla < I1og po,5(Fy  (ul)])la
Consequently,
[11og po.5(Fy. (u)])]]a < [|1og fo(Fy.! (w)])lla + |B(u, )lla + [[1og C(-, B)lla,
by the triangle inequality. Lemma 13 implies
1B(w, )la S Vi,
for all u € [0,1]% on P, yz1. Since || B||o < B implies that
0 <exp(—B) < /[ . exp(B(1, 2))du < exp(B) < oo,
0,1]dw

it suffices to study the || - ||,-norm of z — C(z, B). Since ||B||o < B and ||B(u,")||s < v/16n,

the function z — exp(B(u, z)) inherits the Holder regularity of B(u, z), and, by the dominated
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convergence theorem, ||C'(+, 2)||. < v/nd,. Putting everything together, it follows that

fo(Fy,! (u)) exp(B(u, -))

o5 (Fy " (ul2i)|2:) — py p(Fy  (ulz2), 20)| S 27 CCB)

a

< Vndu2™ + 27| log fo(Fy. (u)])]]a

-1

forall i = 1,...,n. Consequently, the change of variables w = F (u) and the observation that

{fo : 0 € ©} is bounded away from zero and infinity by Assumption 12 implies that

max [ ps(olz) s, 2)ldw S Vg2 2 [ oy fo(Fy )l
w

tsisn [0,1]w

and

wax [ (ol — o ple,2)Pde S 05222 12 [ log fu( Byl ) )l
w

tsi=n [0,1)

T 6,2 / [ log fol(Fy ()| lad

[0,1]¢w

Consequently, the assumption that

sup / [ log fo(Fy (u)])] 2du < oo
6€0 J[0,1]dw

implies that

\/InaX / |p9,B<w|zi) - pGJ’B(w7 Zl)lzdw 5 2_(1J\/ﬁ($n + 2_aJ7
w

1<i<n
and, as a result,

1
1 T2 ;

/ |ﬁgB(wvzi) pGJB(w7Zi>|dw S’ <>\mm< qj{J\IfJ)) \/ﬁ " J(dQ )

W ’ ’ n

1<i<n
1 3
+ ()\mzn (;\I/&\I/J>) 2‘](77&)
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Step S. Combining all of these steps, I conclude that

sup max / ’pe,B(’w‘Zi) - pO,W|Z(w‘2i)‘ dw
w

7 1<i<n
(evB)epl,n,W\Z -

n

1
1 ~2
. . 7 Jdz
S| min  min - E V2 (z1) 2720,
1<j<J 0<k<2id=—1 1 “—

=1

2 Z Z ]_ _1
+ (2J<%*“0> + /6,27 (F ) 4 2J<%*a)) (Amm (qu{,\p J)>
+2—O¢0J+ \/ﬁdn2—OcJ+2—aJ
Letting J = J,, [ define

1
1 n )
< . . 7 Indz
d0p = | min  min — zﬁ?k(zz) 27279,
1<j<Jn 0<k<29dz -1 N 4 T
1=

z Z 3 1 B
+ <2Jn(%—a0)+\/ﬁénQJn(%—a)_i_an(%—a)) ()\mzn (E f]n‘I}Jn>)

4 27040Jn + \/ﬁén27ajn + 27(1&]»,1

to conclude that

sup IE?LX / ’p€7B(w|zi) - pU,W|Z(w|Zi)‘ dw < Dgn
(evB)Eﬁl,n,W\Z lsisn

for suitably large D > 0. This completes the proof. [l

Comments on the Bound in Step 5. I discuss the bounding sequence {Sn}nzl. In the main text,

it is stated that

gn = O (2Jn2dz 5n 4 \/ﬁéTLQJn(d?Z*a) + 2J(d727a0)>
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if {J,,}n>1 satisfies J,, — 0o as n — oo at an appropriate rate. From the expression

_1
2

N 2 Jndz
o (o ) 2
d 1 -1
(2750 4 /g 2 ) o) (Am (E‘I’f]ﬂ%))
+2_a0J"+\/E(SnQ_aJ”—I—Q_aJ"7

this is true if there exists ¢;, ¢ > 0 such that for almost every fixed realization {z;};>1 of {Z;};>1,

the following holds
Lo
Amin E‘Ijjn\lljn > (A.33)

and

min min Zw]k zi) > ¢ (A.34)

1<j<Jn 0<k<2idz—1 1,

for large n. The next proposition establishes that (A.33) and (A.34) holds in the case where

277 = (n/logn)Y/(22+4:)_ the sequence chosen in Example 3.

Proposition 11. Suppose that Assumptions 5 and 14 hold and {J,,},>1 is chosen so that 27" =

(n/logn)"/Catd=) with o > d /2, then (A.33) and (A.34) hold.

Proof. The proof has two steps. The first establishes that ||(1/n)¥, ¥; — I||,, = o(1) using
a matrix Bernstein-type inequality due to Tropp (2012). Step 2 uses this result to establish the

inequalities.

Step 1. Applying Theorem 4.1 of Chen and Christensen (2015), a rectangular matrix Bernstein

inequality for i.i.d sequences of random matrices due to Tropp (2012), it follows that, for any £ > 0,

[ &€n  ¢&n
25) /gexp (logZJndz _len{QJndz’ 2Jndz 5
op

1
P —v v, -7
0,2 (Hn Jn > JIn
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where C' > 0 is a universal constant. Using the fact that 274 = (n/log n)%/(2+d) it follows that

Consequently, for almost every fixed realization {z;};>1 of {Z;};>1, I obtain that

— 0 (A.35)

op

1
Hﬁ\lff,n\lfJn -1

as n — oo by the Borel-Cantelli lemma. I now use this result to establish (A.33) and (A.34).

Step 2. Equation (A.35) implies that, for almost every fixed realization {z;};>; of {Z;}i>1, the

minimum eigenvalue satisfies

1 1

for large n by Weyl’s inequality. Hence, (A.33) holds with ¢; = 1/2. As such, it remains to establish
(A.34). Using that 1;,(2;) = wjr(2) — s jkwf;.k(zi) and the orthogonality properties of sample

least squares residuals, I know that

1~ - 1<
52%21@(21) = Ezwjzk(zl - njk Zd}—]k i) ¥ (i)
i=1 i=1

Let e, be a unit vector with the same number of elements as (1;;,(2) : 0 < j < J,0 < k < 27d=~1Y
with the element corresponding to 1), equal to one and all others equal to zero. It follows from

(A.35) that, for almost every fixed realization {z;},>1 of {Z; }i>1,
I &, , 1 1 I
- 2 (2) =€ =V, U e > Anin | =9, U > -Vik
n ;wjk(z ) e]kn n JnCjk = <n Jn Jn) =9 J
for large n. Consequently, I want to argue that

n]k Z¢—]k <i ¢]k(zl) - 0(1)
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as n — oo uniformly in (7, k) in order to conclude that

min min E w]k zi) > ¢
1<5<Tn 0<k<27dz —1 n

for large n (thereby establishing (A.34)). Using the expression for 7, ji, it follows that

njk Zd] jk Zz w]k(zz)

n

( Z¢ (2i)Wjn ZZ)> (%Z¢J3k(ZZ)¢Jzk(Zz)> (%Zan (Zz)¢1k(21)) :

=1

Since
J‘IL
is a principal submatrix of
1
V)
n JIn = JIn

arising from deleting the row and column corresponding to v, the Cauchy Interlacing Theorem

and (A.35) implies that, for almost every fixed realization {z; };>1 of {Z;};>1,

1 3 ,
5 mzn ( Z¢_]k Zz ]k Zz)) ma:v < Z¢_]k zz _]k Zz)) S 5 \V/],k

for large n. Consequently, for large n,

3
njk Zw_]k 24 w]k(zz) S 5 _Zw_]k Zi ’ijk ZZ)

and

DN | —

njk: Z¢ —jk Zz w]k(zz) 2

1 n
" Z T/Ji’}k(zi)%k(zi)
=1

2

for all j, k, using the variational characterization of eigenvalues. Consequently, I want to argue that

= o(1)

2

Z@ZJ jk Zz w]kz Zz)

max max
0<j<J 0<k<29dz —1
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Observe that

n

% Z O (z) e (2) — eji

i=1

< max max
0<7<J 0<k<27dz —1

max max
0<5<J 0<k<2idz —1

LS )

=1

2

= max max
0<j<J 0<k<29dz—1

1
4
n In

1
!
V5 Ve — Teji

2

-1

’
op

JIn

where 7" (z;) = (¥jr(2:) : 0 < j < J,0 < k < 29%71Y and the last inequality holds because of
the property maxo<;<; maxg<x<oid- 1 ||€;k||2 = 1 and a well-known inequality related to operator

norms. Consequently,

max max
0<5<J 0<k<29dz —1

Z@ZJ‘] 2i)V(zi)|| = o(1)

2

by (A.35). O

Proof of Proposition 3

Proof of Proposition 3. The proof has four steps. Step 1 defines the sequence of sets {75n,W|Z}n21
and shows that their posterior probability converges in probability to one asymptotically. Step 2
shows that L, (p:.6,5) can be replaced with L, (p; ,, 4 5), where pj 4 5 is defined the same way as
Pt.n0,5 €xcept that Xo ¢ 18 replaced with an approximating sequence x;, , = Vit Gn.e- Step 3 applies
the Cameron-Martin theorem to show that the ratio of integrated likelihoods is asymptotically
equivalent to a ratio of posterior probabilities. Step 4 shows that this ratio of posterior probabilities

converges in probability to one.

Step 1. Let x;, 4.7 = 1,...,d,, be an element of the d., X 1 vector x;, 5 = I/()*lg,’;ﬂ. Since the ele-
ments of g;, , are contained in H, the elements of X}, , are also contained in H because they are finite
linear combinations of g;, . Let H, , be a d,, x d. positive definite matrix with elements /7 , , =

(X.0.5> Xnox)#- Let Gy, , 4(B) be a random variable that satisfies G}, , o(B) ~ N(0,%' H,; ;¢) under
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fIB for any ¢ in a neighborhood of zero. I define a sequence of sets {75n,27w| 7 n>1 that satisfy

Paswiz = { (6 B) : 1G;,0(B)| < DVnd,y [V H; ot}

for each n > 1. Since TTz(A) = (AN {||B||s < B})/M5(||B||o < B). it follows from the law

of total probability that

n(< ﬂam )| > Dw@)

/HB ( \/_ G o(B)| = D6, t/H;et) Te(6)do
< I HB< - LG o(B)] 2 Dém/it’H;et) 7o (0)d0

B [I5(B : ||Bll« < B)

Since G, , o(B) ~ N(0,1'H;: t) under I1;; for ¢ fixed, it follows that

Iz ( B < T G2 o(B)| = D6, /t’H;’9t> =1—®(D/ndy,).

for all € ©. Consequently,

D*né?
H(( \/_‘an )| >D6m/t’H;’9t> < exp (— ; ”)

by the Gaussian concentration inequality. It then follows that 11 ( 2| Z|W )) — 0in Pé v2/| P

probability as n — oo using Lemma 11. Combining this with Step 1 of Proposition 2, it follows

that

Powiz = Punawiz N Prawz

pm
where P, 1w |z is the sequence defined in Proposition 2, satisfies II,,(P¢ W LW ) —LZ 0 as

n — o0.

Step 2. I show that
pm

sup |log Ly, (ptn0,8) — log L (Pt n,0, Bl *LZ
(0,B)EPn, w2
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as n — oo, where pj,, o 5 X pg,p exp(—t'X}, 4/+/n). Direct calculations reveal that

log Ly, (ptnOB) — log L, (p:nG,B)

—t'— Z oo (Foz (W), 21) — Xoo(Foz (Wi), )]
+ Z log Ep, , lexp(—t'X o(Fo.z(W), Z)/v/n)| Z = =]
=1

— > log Ep, ,lexp(—t'So0(Fo.z (W), Z)/v/n)| Z = z).

i=1
Since EPO,W\Z[)ZQQ(F&Z(W)? Z)|Z = Zz] = EPO,W\Z[XO(VV’ Z)|Z = Zz] =0 for: = 17 N by the

definition of X ¢ and Assumption 6, it follows that
1 o _
== [Xno(Fo. (W), ) — Xos(Fo . (Wi), 21)]

- /Vo_lin > Auil0) +7 7 ZEPOWlZ[XM(FQZ( ), 2)|Z = 2]

—tTZEpowlz[xnawez( ), 2)Z = 2]+ opm (1)

uniformly over © by assumption. Moreover, a Taylor expansion around ¢ = 0, the fact that
Xio = Vo 'G5 and Xog = Vi ' o, and the assumption that supyce |75 g — Jo.ol[cc — 0asn — oo
implies that

S log Br ylexp(—t/, o(Foz (W), 2)/v/n|Z = =]

i=1

_ Z log Ep, ,[exp(—t'So0(Foz(W), Z)/\/n|Z = 2]

i=1

:—tTZEPgB Xng(FHZ( )aZHZ:ZZ]

+ t’% Z Ep, o[X00(Foz(W), 2)|Z = 2] + o(1)
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uniformly over 75n7W| z. Consequently,

sup |10g Ly (Pino,8) — 108 L (D no.B) |

(GVB)eﬁn,W\Z
1 & . 5
< osup = [ (e (Foz(w), 1) — Xoo(Fo.z (), %)) (po.5(w]2:) — pow)z(w]2))dw
(0,B)EP, w |z \/ﬁ i=1
n 1
+opm, (1)

P 1 —
<Vnsup||The = Xoolle  sup = lpos(12) — powiz(-12)l |+ 0pe (1)
0cO n i1 0,W

(evB)Eﬁn,W|Z 1z
e 1 )
< Vnsup X9 — Xoslle  sUp = po.s(-12:) — powiz(-|2) |24 + 0pe (1)
€0 (67B)E75n,W|Z n i=1 owiz

5 \/ﬁCndn + OP(n) (1)a

0,W|Z

where the first inequality is the triangle inequality the results derived earlier, the second is Holder’s
inequality, the third is Holder’s inequality, and the final inequality uses the equivalence between total
variation and Hellinger topology and the assumption that supycg ||3;; o — Go.6/|00 < n (as well as
the fact that Yo = V; go and Xno = Vit gy, 9)- Consequently, the assumption that \/n¢,d, — 0
as n — oo implies
. Py
sup ‘IOg Ln(pt,n,G,B) — log Ln(pt,n,e,B)‘ ‘L 0
(0,B)EPn,w |z

as n — oQ.

Step 3. Using the result from Step 1 and 2, it follows that

S, iy Ln(Pno.5)d1L(0, B) - ) Jo. 1y En(Pi.5)dTI(O, B)
= O 5 (n
S5, 1, Lnpo5)dTI(6, B) Bz fp o Lu(pop)dNl(0, B)

(A.36)
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Letting ¢(u, z,b) = exp(b(u, 2))/ f[o e exp(b(1, z))da, the ratio on the RHS of (A.36) satisfies

S ptneB)de B)

J7. Wiz n(po,)dl(0, B)
B fpn,w‘z " fo(Wilz) C(Fy i (Wi), i, B — /X 5/+/)dIL(6, B)
T oy Tl JoWilz)C(Fy (W), 20, B)AII(6. B)

Under Assumption 13, I then conclude that
fﬁn,vwz H?=1 fe(m|zi)C(F97Zi(Wi)a 2, B — t’f(;ﬁ/\/ﬁ)dﬂ(e, B)
J5, i [T, fo(Wil2:)C (Fy.-, (W), 2, B)dIL(0, B)

 Jo Iy Jo(Wilzi) [ 00.5(Puwiz) Ty C (o, (Wa), 21, B — X,/ /) dlls (B) e (6)df
Jo Ty fo(Wilz2) [ S0.5(Pawiz) TTi 1C(Fezz(Wi)vZuB)dHB(B)?T@(@)d@

Y

where 0y 5(Powiz) = 1{(0, B) € P,.w|z}. Note that the integrals are taken with respect to 115
because P, |z imposes ||B| < B and 1/TI5(||B||.c < B) is a common positive constant in
the numerator and the denominator. Applying the change of variables v = B — t'x, / \/n, it then
follows that
Jo I fo(Wilzi) [ 00.5(Pawiz) Iy C(Fosi(Wi), 2, B = ', 5/ v/)dlls(B)me (6)d
Jo ITy fo(Wilzi) [ 00.5(Pawiz) TT1- 1C(Fezz(Wi%ZmB)dHB(B)We(@)d@
Jo ITiy fo(Wilz) f59v+t'~;§9/f( Powiz) [1iey C(Fpz (W3), 24, v)dIL 5 0.5(v) e (0)dO
T JoTT foWilzi) [ G0 (Paswiz) TIL, C(Fo (W), 25, B)dlla(B)ma(0)d9

Y

where I, g 5 is the probability law of B — t' Xm0/ /1 under Il for 6 fixed. Since {Xno; 0 €
0,j=1,..,d,} € Hforalln > 1, Tknow that #'y; , € H forall § € © (as a linear space), and,

as a result, the Cameron-Martin theorem yields that I, g 5 < TI3 with Radon-Nikodym derivative

Ay 05 1 L,
— B) = —Gr,(B)— —t'H* t
( o )( )= exp (J=CieaB) - 5ot Hist).

where I recall from Step 1 that H, , is a d, X d,, positive definite matrix with elements I, , o =

(X.0.5> Xnox)# and G}, , o(B) is a random variable that satisfies G}, , ,(B) ~ N(0,'H} ) under

I13. T argue that sup,.e ' H* ot < C||t|[3n¢; for some constant. Applying the triangle inequality
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and the Cauchy-Schwarz inequality I obtain,

"/ ’Y
tH* ot < ZZ |t |- [tk - | Xn,H,ju)Zq*z,H,k>H‘

7=1 k=1

dy dy
< Z Z 5]+ 12l - 11X 0,511 - X002

j=1 k=1

Since X;, 4, = S ag G5 9, With ag_j; being the (j, I)th entry of V™', it follows from the linearity
of inner products and that

dy

d
E E Qo ;100,51 gn9l79n91’>

=1 1U=1

2
< € (sup mo ool

|| n@,jHH: 1<i<d

where C; = Zfll aﬁy j1- Taking the maximum and applying Holder’s inequality, it follows that there

exists C' > 0 such that
2
¢ Hzat < Cl (sup ma gtdbe) S 1lnG:
9co 1=i<dy
with the last inequality holding by assumption. Consequently, on the event 75n,W| 7, I know that

1 . »
TGl B S U S 0

sup
0O

and

1
sup —t'Hy: 4t < (3.
peo 21

This implies that, for any ¢ in a neighborhood of zero,

log M (B)
dllg

for some universal constants C’l, 02 > (. Using that v/nd,(, — 0and (, — 0 as n — oo (by

dil ,
log [ —2E (B)
dllg
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< é’lHtHz\/ﬁfann + CNYQCZWH%

sup
(GvB)epn,W\Z

assumption), I conclude that

sup
(0,B)EPn, w2




as n — 0o, and, as a result, I can conclude that
fﬁn Wiz L (pt n,0 B)dH(Q B)
fp W|Z n(po,5)dI1(6, B)
=(1+opm (1))

fe [T 1f9 Wilz) [ Sowsvs, o1 (Pawiz) ITimy C(Fo e (Wa), 23, 0)dn 0,5(v) e (6)d6
f@ = 1f9 VV|ZZ f(SgB nW|Z) Hz 1C(F9 ZZ(W),ZZ,B)dﬁB(B)ﬂ'@(Q)dQ

= (1 -+ OP(n) lZ(l))

fe 1 Jo(Wil2i) [ o wsvse rym(Prwiz) Ticy C(Fo e (Wa), 21, 0)dlls(v) e (6)d6
f@ [T, fo(Wilz) [ 60.8(Puwiz) [Tizy C(Fo-,(Wi), 2, B)dIls(B)me(0)d0

(1 + (1)) f{(a,B)I(G B+t'x* g/f)epn le} Ln(p@ B)dHB( ) (6)616
0 p(n
P(E V%/IZ fp s pr)dHB(B) ( )
M, (6, B) : (0, B +1',0/ V) € Prwiz| W)
= (140,00 (1)) i |
Powiz II (me‘z‘w(n))

where the last equality holds by dividing and multiplying by

/ Lo(po.s)dTTs(B)mo(6)d6

and the definition of the posterior.

Step 4. It remains to show that

I (6. B) : (6, B + ¥5%;.0/v/) € Powiz| W)
~ =1 + Op(") (1)
Hn ('pmww‘w(n)) 0,W|z

Since I established that

1L, (75”7w|2’W(n)> =1+ Op(n) (1)

0,W|Z

in Step 1, I need to show that

11, ((07 B) : (97 B+ tlféz,a/\/ﬁ) € 75n,W|Z’VV(n)> =1+ 0 p(n) (1)

0,W1|Z
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to conclude the result. Using the definition of 75n,w‘ 7, it follows that

1, ((9, B): (0, B+1X,,/Vn) ¢ ﬁn,W\z]WW)
<L ((0,B): (0, B+ £50/v/) ¢ Prsawia| W)
+ 11, ((9, B):(0,B+1t'x;4/Vn) ¢ 75n,2,W|Z‘W(n)>

< Hn (HB + t/féz,a/\/ﬁHa > D\/ﬁén‘w(n)> + Hn (hn(pG,B—‘,—t’f(;’G/\/ﬁJpO,W\Z) > Dén

1, - . n
+11, <%|Gn,tﬁ(3 + 1'% o/ V)| > Loy JtH ot W >)

I argue that each of these posterior probabilities converges to zero in Pé%| ,-probability:

W(n))

1. For the first probability, Lemma 8.1 of van der Vaart and van Zanten (2008b) implies that
I can view B as a Gaussian random variable in (C*(T,R), || - ||.) without changing the
RKHS (H, (-, -)%) because C(T,R) is the completion of C*(T,R) with respect to the uni-
form norm || - || and || - || < || - ||a- Since the RKHS norm is stronger than the Ba-
nach space norm, it follows |[t'X ylla/v/72 S Supgee |[E'X5 ll2/+/n> and, as a result, T
deduce that supgeg |[t'X;, 4|la/+/7 — 0 as n — oo because of the assumption on the RKHS
norm of gy ,. This means that the event {||B + t'X}, 4/v/n|la > D+/né,} hardly differs
from {||B||, > D+/nd,}, and, as a result, the same argument as encountered in Step 1 of
Proposition 2 can be used to argue that IT,,(||B + t'X}, 3/v/7[la > D\/nd,|W™) — 0 in

F o(jlm)q ,-probability as n — oo.

2. For the second probability, I use the triangle inequality to conclude that

h (pe,B—i-t’)Zjhe/\/ﬁ('Vi)apO,W\Z('lzi)) <h (pH,B—‘rt’)Zjlye/\/ﬁ("Zi)vp&B("Zi))

+ o (po,5(-|2:), powiz (-] 2))

Applying Lemma 3.1 of van der Vaart and van Zanten (2008a) and adding/subtracting 'y ¢
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inside || - ||oo, I know that

h (Pe Bt ,/v/alc%), po B('%’))

ol €3 ([[E%5 60/ 2v/7)

I
\/_
< 1% — ¥ Soalloo exp (11l /2/7) + \/—||t'X00HooeXP(Ht/X ol oo/ 2V/)

A

< T\\t'iiﬂ — Xoolloo exp ([['X7,.5 — ' Xoslloc/2V/n) exp (|[t'Xo6llc/2Vn)
\/—||t Xoolloo exp (|13, — t'Xoslloe/2V/1) exp (|[t X0l /2V/n)

o) (14 oanﬁnt'xo,eum

for i = 1, ..., n, where the last equality holds because it is assumed that max<;<q. ||Gn.0,; —

G0.0.jl|cc = 0 as n — oo. Consequently, there exists a constant C' € (0, co) such that

1L, <hn(p9,B+t'>z;e/\/ﬁ,po,W|z) > D(Sn‘W(")>

<, (hn (po,8,Poww1z) = D3, — C//n|W™)

for any ¢ in a neighborhood of zero. Proposition 1 then implies that

IL, (hn (po,5, Po.w|z) = D6, — C/\/ﬂW(")) 0 p(m (1)

0,W|Z

as n — oQ.

. For the third probability, I apply Lemma 13 of Ray and van der Vaart (2020) to conclude that

t'H* ot
ntG(B +t/X /\/ﬁ) NN (_Tzeat,H;,Gt)

under IIg. Since the mean ¢’ H* » ol//n is negligible relative to the standard deviation, a

similar application of the Gaussian tail bound to that encountered Step 1 reveals that

1 /
n | —=IG Xn > Do,y /t'H, M) =0 m (1)
1, (2G84 550/ = Do e W) =0 (1)
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Putting everything together, I can conclude that

M (6, B) = (6, B+ %50/ V) € Powiz| W)
— =1+ 0 p(n) (1)
1, <7)n’W|Z‘W(n)) 0|z

This completes the proof.
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Appendix B

Appendix to Chapter 2

B.1 Proofs

B.1.1 Proof of Theorem 2

I state two important lemmas relevant for Theorem 1. Their proofs are found in Appendix B.1.3.

Lemma 14. Let {M,, N B, pm(mo, D6,) }22, be the sets defined in Assumption 18 and 19. If
Assumptions 16, 18, and 19 hold, then the following holds:

1. The collection of functions {{,(fo, m) : m € M} satisfies

1~ 1 - POMXEX\W
sup _£n<50; m) - _gn(ﬁoa m(]) — 0
mE By g (mo. D)0 My | VT Vn

for FgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.

2. The collection of functions {I,(m) : m € M} satisfies
sup I,(m) — I,(my)
mEBn’M(mO7D6n)mM7L

for FgSy-almost every fixed realization {w; }i>1 of {W;}iz1 asn — oc.

3. Let ¢y = c¢/o?, and ¢y = ¢/0},, where € and c are the constants Part 2 of Assumption 16. The
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following statements hold:

Péng\W ( inf I,(m) > Qo) —1

meMpNBy, a(mo,Don )

and

MEMnNBy, pm(mo,Dén)

P(S,@X|W ( sup jn(m) < 50) —

for P55y -almost every fixed realization {w; }i>1 of {Wi}i>1 as n — oc.

4. Let R,,(B,m) be given by

Ra(B,m) = £a(8,m) = o, m) = Loy mo) V(5 = fo) + (8 = o) umo)

for each (B,m) € B x M and let Bs(fo, M,,/\/n) = {8 € B : |5 — Bo| < M,//n}. If

M,, — oo arbitrarily slowly as n — oo, then

P(”)

sup |Rn(8,m)] 5" 0
(ﬁ,m)EBg(ﬁo,Mn/\/ﬁ) X (Bn’M(mo,D(Sn)ﬂ/\/ln)

for PgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.

Lemma 15. Let {M,, N B, pm(mo, D6,) }o2, be the sets defined in Assumptions 18 and 19. If
Assumptions 16, 17, 18, and 19 hold, then for every M,, — o0,

P xiw
sup I (5 € BB(BOa Mn/\/ﬁ)cy{(}/jm Xi7 Wi/>/ i m) —

=1
mEMntn,M(mo,Dén)

0

for P55y-almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oc.

Proof of Theorem 2. There are four steps in the proof of Theorem 1. Steps 1-3 use Lemmas 14 and

15 to reduce the problem to one in which [ is the only free parameter. Step 4 shows asymptotic

normality.
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Step 1. Applying the law of total probability,

(8 € A{(Y:, Xi, wy)'}i)

(3 € AR (Y, Xi,wy) Hoy, m)dI(m[{(Y:, Xi, wi) Hey)

//;4n NBp, m(mo,Ddy)

+f 1105 € AL{(Yi X u) Yy, m) T {(, Xeuf) ¥
MnpNBp, (o, Dép )¢

+ [ T8 € AU Xoul) Yy mdILml (55 X )}
Ms,

for any event A. As 0 < II(8 € -|{(Yi, X;,w}) }’_,,m) < 1, it follows that

sup (8 € A{(Y:, Xi, w)) ey, m)dI(m|{ (i, Xi, wi) }iy)

A /MnﬂBn,M(mo,Dén)c
< I(m € By (mo, Do) [{ (Yi, Xi, wi) Hey)

and

sup [ T1(8 € AV X))y m)dHml{ (Y5, X ) V)
M

c
n

< I(m € MEK(Y:, X, wi) Fisy).
Applying Assumptions 18 and 19, it then follows that

sup H(B € AH(}/HXZ?U};), ?:17m>dn(m|{()/iaXi’wg), ?:1) — 0

A /./\/lnﬂBn’M (mo,Ddn)c

and

)

P xiw
sup/ T8 € AI{(Y;, Xo,w! )Y m)dTT (ml{(Y:, Xo, /YY) 24"
A JM

for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 asn — oco. As aresult,

sup [I(8 € AN{(Ys Xivu) Yics) = Fua(A)] 50

for Pyyy-almost every fixed realization {w; };> of {W;}i>1 as n — oo, where A — F},1(A) is a
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set function that satisfies

Foi(4) =/ (5 € A{(Y:, Xy, w) Hey, m)dI(m|{ (Y, X, w)) }ily ).
MnﬂBn’M(mo,Dan)

Step 2. Let M,, — oo arbitrarily slowly. Since A N Bg (5o, M,,/+/n) and A N Bg(Bo, M,,/+/1)°

define a partition of A, it follows that

Sljp |F1(A) — 1 (AN Bg(Bo, M /v/1))|
= Sgp Fn,l(A N BB(BO7 Mn/\/ﬁ>c)

< sup sup H(Aﬂ BB(BOaMn/\/E>C|{(§/i7Xi7w;), ?th)

A mEMnﬂBn,M(mo,D(sn)

X H(Mn M Bn,./\/l(m(]a Dén)‘{<}/;7 Xi7 ’LU;)I ?:1)

< sup H(BB(50=Mn/\/ﬁ)c‘{gfiv‘xﬁw;)/ ?:lvm)

mEMnﬂBn,M(mmD(sn)
with the first inequality is Holder’s inequality, and the second uses that A N Bg(5, M, /\/n)¢ C

Bg(o, M,,/+/n)¢ for all A and that probabilities are bounded from above by one. Applying Lemma

15, I then obtain

sup  TU(Ba(fo, Mo/ V) { (Y Xoywf) Yy m) " 0

meMntn,M (m()yD(sn)
for P75y -almost every fixed realization {w;}i>1 of {W;}i>1 as m — oo, and, as a result,

n)
Fo

SUp | o (4) = Fiua(A N Bo(Bo, Ma/ V)| 5" 0

for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo. Moreover, I know that

/ J 51580, ) L (8, 1)L ()
ntn,M(mO,D(Sn)

o La(Bomydlia(B) 1) dIl(m|{ (Y, Xi, w) }ey)

- / (8 € Ba(Bo, Mo/ /)| (Y Xov ) Yo m)dTL(m| { (Vi Xy ) Y)
MnanﬂM(mO7D6n)

< sup (8 € Bs(Bo, M /v/n) K (Yi, X, wi)' }iy, m)

meMpNBy pm(mo,Don)

with the inequality applying Holder’s inequality and that probabilities are bounded by one. Lemma
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15 then implies that

(n)
0,Y X|W

Sup (6 € BB(ﬁoaM /\/_) H(YZ,X“U)) i= 1’m> 0

mEMnﬁBn,M (mg ,D(Sn)

for F§5-almost every fixed realization {w; };>1 of {W;};>1 as n — oo, and, as a result,

Jagot,ym Ln(B;m)dls(5) Py xyw
‘/ nﬂBanoDén)( Jis L (B, m)dll5(3) Am{ (Y, X w) Yoz =0 0

for P5yy-almost every fixed realization {w;};>; of {Wi}i>1 as n — oo. Consequently, I can

conclude that

(n)
0,Y X|W

U |F1(4) = Fya(A) 0

for Pyyy-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo, where A +— F},5(A) is a

set function given by

E (A) = / ‘[AOBB(,BO,Mn/\/ﬁ) n(ﬂa m)d B(ﬁ)
n,2 = L [1
MnNBp, a(mo,Ddn) f 5(Bo,Mn /v/70) L,(5,m)dllz(B)

for all events A.

) dI(m|{(Y;, Xi, w;) }iy)

Step 3. Exponentiating and adding/subtracting ¢,,( 5y, m), we have that

fAﬁBB(BOan/\/H) L (3, m)dlls(53) fAmBB Bo, My / /) exp(ln (B, m) — €n(Bo, m))dlls(5)
fBB(ﬁmMn/\/ﬁ) Ly (8, m)dlls(5) fBB Bo,Mn /1) exp(ln (B, m) — €n(Bo, m))dlls(5)

for all events A. Recall the definition

I(m 0)“(5—50)2

l\.’)lH

Rnw,m)—enw,m)—en(ﬁo,m)—%inwo,mo)f 7B — fo) +

for (8, m) € B x M. Part 4 of Lemma 14 implies that

(n)

— P
R, = sup exp(R,(8,m)) 5" 1
(8,m)€Bg(Bo,Mn //1)X By pm(mo,Dén)

and
(n)

P
R, = inf exp(Rn(8,m)) 5" 1.
(B;m)€Bp(Bo,Mn /1) X B, r(mo,Ddy)
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for Py5y-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. Consequently, there exists

a positive sequence {c, 1 }>>, such that ¢,,; — 0 and

@ R,
i ([ <) 1

—n

for P55y -almost every fixed realization {w; };>1 of {W}i>1 as n — oco. Next, the assumption that

[T has a density that is continuous and positive in a neighborhood of [, guarantees that there exists

a positive sequence c,, » such that ¢, » — 0 and

SUD ge B (8o, Mo /) T5(5)
nf ge gy (80,0 /) TB(5)

- 1‘ S Cn,2-
As a result, with pn Y X|w -probability approaching one, the following quantities

- 0, Mo 0) = 51 — B0)?) d
(1+0n,1)<1+cn,2)fAmBB fo:Mn/ V) p<‘f (5 )Wn(B — Fo) 3 n(mo)n(B 5)> B
bt ) 5P (il B m0)/A(3 = 80) = §Tumo)n(3 = fo)?) d

and

i, w(Bo,mo) V(B = Bo) — §L(mo)n(B — fo)? ) df
[(1+ cn1) (1 +c2)] ™ A0 e ) { 17 )
Siaontaym &P (Zn(Bo,mo) /il(B = Bo) = LT (mo)n(B — o)? ) df

are upper and lower bounds, respectively, for £, 2(A), conditionally given B, -almost every

realization {w; };>1 of {W,};>1. Since ¢, 1, ¢, 2 — 0 as n — oo, it follows that

Foa(A) St i &5 (o (o mo) V(8 = o) = $1u(ma)n(5 — 5,)?) dB
sup n,2 - — .
’ Fenta i &P (el G o) /(5 = o) = 3 a(amo)n(3 = 6o)?) d

for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 asn — oc.
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Step 4. Recalling that An,O = fn(mo)*lgn( Bo, mo)/+/n, I complete the square to obtain

exp (=L mo) V(5 = ) = 5 (man (5~ ?)
= exp (= utomn) (V3 — ) = Bu) ) exp (332, )

2
= exp —%nfn( 0) (ﬁ Bo — n) exp <%fn(mo)ﬁi7o) :

It then follows that

fAmBB(ﬁo,Mn/\/ﬁ) exXp (\/Lﬁg (B0, mo)v/n(B — 50)—% n(mo)n(8 — Bo)? )dﬂ
o) V(3 = B0 = 3l maln(6 ~ fo)?) d8

a0t vy P (

fAﬂBB(,BO,Mn/\/ﬁ) eXp (‘ L (mp) ( > ) dp
- 1.7 Ano)?

fBB Bo, My //m) P < 31dn(mo) (5 —Bo— 7 > ) dp

fAﬁBB Bo,Mn/v/n) ¢ lfn(mo)q (ﬁ)dﬁ

‘n

(B.1)

 Ssontnm S %fn(mo),l(ﬁ)dﬁ

for all events A, where qﬁﬂ BRI - is the density of V(6o + A,0/v/n, (n1,(m))~"). The
0 Jn nin mo

denominator satisfies

Mn - An,O

¢ = - —F
I (mg) ™! I, (mg)~!

Bo+—= "‘0 1In(m0)*1 (ﬂ)dﬁ =

/33(50 My //1)

where ®(-) is standard normal cumulative distribution function. Following Part 4 of Assumption 16,
I can apply Chebyshev’s inequality the Strong Law of Large Numbers to conclude that

(n)
~ Py YX|W

]n(mo) — I()(TI’L())

for Fygy-almost every fixed realization {w;};>; of the sequence {W;};>1 as n — oo, where

To(mg) = 042 Ep,[(X — mga(W))?]. An application of the Continuous Mapping Theorem (valid
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by Part 2 of Assumption 16) then leads to the conclusion that

for P55, -almost every fixed realization {w;};>1 of {W;};>1 as n — co. Moreover, Chebyshev’s

inequality, Assumption 16, and the Strong Law of Large Numbers implies that

ﬁgn(ﬁmm()) =0pm (1)

0,V X|W

for P§Y,-almost every fixed realization {w;};>1 of {W;};>1 as n — oo, and, as a result, the
Continuous Mapping Theorem implies that

Ano= Opm (1)

0,Y X|W

for P55, -almost every fixed realization {w;};>; of {W;};,>1 as n — oo. Since M,, — oo, it then
follows that

/ 6y vseo sy n ()3 =14 0y
BB(BOan/\/ﬁ)

e ).
0+ NORE [, (mo) Poy xiw

for P55, -almost every fixed realization {w; };>1 of {W;};>1 as n — oo. Consequently,

fAmBg(ﬂo,Mﬁ)¢ﬂo An, AT (m )1(5)d5 é@xw
3| T 0 (B)ap iy ©o B (B)dp) =
Ba(0, ) Vot 20 AT (mo) ANBs(60, 72)

N ~'r71(m0

1
n

0

for F§Y, -almost every fixed realization {w; };>1 of {W;};>1 as n — oo. Hence, it remains to show

that
/A¢60+An70 1

N ‘n ~’r:1(m0)

sup
A

(8)ds —

pn)

OYX\W
¢

An,O
AQBB(,BO, Mn ) Bo+

NG AT (mo)

(8)dp 0 (B2

for P53, -almost every fixed realization {w;};>1 of {W;};>1 as n — oo because, if this is true, then

the above results and an application of the triangle inequality leads to the conclusion that

I1(8 € A (Y, X, W) ¥ie) = N (50 + e, %fn<mo>-1)

(n)
0,YX|W
—

TV
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for Py -almost every fixed realization {w; };>1 of {W;}i>1 as n — oo. Since AN Bg(fo, M, /v/n)
and A N Bg(Bo, M,,//n)¢ define a partition of A, I know that

K

= Sup/ ¢ nO 17-1
A JANBs(Bo, 2 )¢ Pot =l (mo)

< dg,
</ iy P 258 475 PP

where the inequality uses the monotonicity of probability measures. An earlier argument showed

(8)dp

sup

1 (ﬁ)dﬁ_ qb Apo 11

1 F—
s pin AmBB(ﬁO;%) 60+ Vn 'nin (mO)

(8)dp

that

/BB(/BO,Mn/\/ﬁ) (bﬂo"'i\/n;o’%in(mo)* 0.YX|W
for Pg$,-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo, so the complement rule for

probability measures implies that

/BB(ﬁO,Mn/\/ﬁ)C ¢f80+ NG 2, L In(mo) ! 0,Y X|W
for Py -almost every fixed realization {w;};>1 of {W;}i>1 asn — co. As such, I conclude that

(B.2) holds and complete the proof. 0

B.1.2 Proof of Corollaries 3 and 4

Proof of Corollary 1. Theorem 1 implies that for every ¢ > 0, P(@XM(A (€)) — 0 for F5y-
almost every fixed realization {w; };>1 of {W;};>1 as n — oo, where

An(¢) = { > (}.

Since {w; }i>1 — PO( Q xw (An(§)) is bounded, the bounded convergence theorem implies that, for

ok

118 € AN{(¥i X, w)}iey) — ( 220 1 >l>

each ¢ > 0, Eps [P(”)

0y xw (An (€))] — 0 as n — oo. Since i.i.d sampling and the law of iterated

expectations implies Epe [Po(gz xiw(An(Q))] = F(A,(C)), I conclude the claim of Corollary

3. U
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Proof of Corollary 2. Let Fyr(g 7-1(,,) (+) be the cumulative distribution function of (0, I (my))
and let 3, = fBo + An,o /+/n. Theorem 1 implies that

(n)
0,Y X|W
—

sup |T1(vn(8 = Ba) < (Y, Xis ) Fot) = Fivo,7: moy (B)

beR

for Py -almost every fixed realization {w; }i>1 of {W;}i>1 as n — oo. Since the set of continuity
points of the Gaussian distribution A(0, I (mg)) is R, I can apply Lemma 21.2 of Van der Vaart

(1998) and the equivariance of quantiles under monotonic transformations to conclude that

T—1

cnl(q) = Bn + ot (9) w + OP(Y;)X\W (%)

holds for P, -almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. O

B.1.3 Proofs of Lemmas 14 and 15

Proof of Lemma 14. The proof has four steps with each step corresponding to the appropriate part
of the lemma (i.e., Step 1 verifies Part 1 of the lemma and so on).
Step 1. Let (Y, X, W, ,m) = (Y — my (W) — (X — mo(W))B)(X — my(W)) /o2, for each

(ﬂ, m) Since Y; = Mpo1 (’LUZ) + (XZ — mog(wi))ﬁo + Uz and Xl = mog(wi> + &0, I know that

é(YZa Xi7 wy, /807 m)

— o i) — (X = ) ) (X, = o)
= ai%l (m01 (w2> —my (w’L) - (m02(U)z‘) - mg(wi))ﬁo + UZ-) (mOQ(wi) — mz(wi) 4 6z‘2)
= o'igl {(mol(wi) — my(w;))(moz(w;) — ma(w;)) — (Mo (w;) — m2(wi))250

+(moz(ws) — ma(w;)) (Ui — Bogiz) + (mor(wi) — ma(w;))ei + Uigin} -
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Observing that 0 (Y3, Xi, wy, Bo, mo) = Useso/ 081, the previous derivation implies that

2

e (0a(B0,m) = 0a(,m0))
= V/n(my — mo1,my — Mez)n2 — Vnllma — ma||2 580 — G (m) — G (m),
where I recall that the empirical processes {Gg)};’l‘;l and {Gg)};’;l are given by
G (m) = — Zn:(ml (wi) — moy (wi))ei
(i
and

G (m) = —= > {(ma(a) = moa(o0)) (U = e}

for m € M. Applying Assumption 19, I know that

sup GV (m)] = o0,m (1)
meMpNBy, pm(mo,Don) 0,Y X|W
and
sip 16D (m)] = op (1)
MEMpNBy, pm(mo,Déy) 0,Y X|W

for P55y -almost every fixed realization {w;};>1 of {Wi};>1. Moreover, the Cauchy-Schwarz

inequality and the definition of B, v((mqg, DJ,,) reveals that

sup ‘ﬁ(ﬂh — Moy, Mo — m02>n,2} < V/né
mEMntn,M(m07D6n)

and

sup N m02||i,2 S \/55121
mEMntn,M(mﬂde’n)

Using Assumption 18, I know that /162 = o(1). Consequently, when combined with the arguments

above, I am able to conclude that

(
sup —=Cn(Bo, m) — —=€n(Bo, mo) 50
meMntn,M (mO’Dén) n n
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for Pygy-almost every fixed realization {w;};>, of {W;}i>1 asn — oo,

Step 2. Since X; = mga(w;) + €2, it follows that
(Xi = my(w;))? = (ma(w;) — m02(wz‘))2 — 2(ma(wi) — moz(w;))in + €5,

and, as a result, I obtain

- - 1 21
Iy (m) = I(mo) = —-|lma — mo2| |5, — — = (m2(wz‘) — Mmoo (w;))eio-
901 L —

Applying Assumption 19, I know that

n

1 0,YX|W
sup — E ma(w;) — mez(w;))ein SR
meMpNBp, pm(mo,D,0n) n )

for Fg$,-almost every realization {w; };>1 of {W;}i>1 as n — co. Moreover, using the definition of

By, pm(mo, Do,,) and Assumption 18, T know that

sup |lmg — moa|[2.5 S 07 = o(1)
meMntn,M(m07D6 )

as n — 00. Consequently, I conclude that

(n)
0,Y X|W

sup I,(m) — fn(mo)

mEMnﬂBn,M(mOyD(Sn)

0

for Pygy-almost every realization {w; }i>1 of {Wi}i>1 as n — oo.

Step 3. 1 add and subtract fn(mo) and apply the law of total probability to conclude that

P(inY)XIW (meMnﬂBinI}J\f,l(mo,DEn) Io(m) < QO)
= Po(glew (mEMnﬂBinr,l/\fA(mmDén) Ly(m) < ¢o, Ln(mo) > E0)
+ Pég/)X\W (meMntinr,lfA(mo,Dan)]”( ) < ¢, In(mo) < Co>
< Bl (gl o () = Do) <0) 5 P (Eon) < )

Applying Chebyshev’s inequality and the conditional independence, I know that, for £y, -almost
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every fixed realization {w; };>1 of {W,}i>1,

n T 1 -
P (1nmo) = ) =7 By [(X = moa(W)) W = ] = o(1),
=1

where the second equality applies the Strong Law of Large Numbers to the sample average
1 ¢ .
n Z EPO,YX|W[(X — mo2 (W))W = wy],
i=1
which is valid because of Part 4 of Assumption 16 and the assumption that {W;},>; is an i.i.d
sequence. Applying Part 2 of the lemma, I deduce that

Fyxiw ( inf (Io(m) — L.(mq)) < o) 50

mEMnNBp a(mo,Ddn)

for Pg5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — ooc. It then follows that

P(E,n))X|W ( inf I,(m) < go) —0

meMy, ﬂBn’M (mo,D§n)

for Py5y-almost every fixed realization {w;};>1 of {Wi};>1 asn — co. A symmetric argument

establishes

Po(,TQXW ( sup I,(m) > EO> — 0
mEMnﬁBn’M (mo,D(Sn)
for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 asn — oc.
Step 4. Since pg m(Yi, Xi|w;) is the density of N'(m(w;), V(5)), I obtain the following expan-

sion of the log-likelihood function around the true parameter [:

1

n(B,m) — £a(Bo,m) = NG

o, V(B — o) — 5B — Bo)*Ta(m),

251



and, as a result, I apply the triangle inequality to conclude

Cn(Bo,m) — \/15 (B0, mo)v/n (B — Bo) +%n(ﬁ—50)2fn(mo)
g‘ 7, (Goym \} (Bo.mo)| - [ V(B — )| + 28— o)? [Tum) — Fuomo)|
S‘ n(Bo,m ! (50,7”0) - M, +M2 I(m) — jn(mO)‘

/"
Since M,, — oo arbitrarily slowly as n — oo, it follows from Part 1 and Part 2 of the lemma that

1 - 1 Py

- W
sup _gn(ﬁ(% m) - _£n<ﬁ07 mO) . Mn i 0
meMpNBp, pm(mo,Ddrn) n \/ﬁ
and
M2 _ ~ pm)
T" sup L(m) — I,(mo)| =" 0

mGMnﬂBnﬁM (mo,Dén)
conditionally given Fy%;, almost every realization {w;};>1 of {W;};>1 as n — oo. This concludes

the proof because it implies that

P(")
sup |[Ra(B,m)| =" 0
(/va)EBB(507Mn/\/ﬁ)X(Bn,M(m07D5n)mMn)
for Py5;-almost every realization {w; }i>1 of {Wi}i>1 as n — oo. O

Proof of Lemma 15. The proof is comprised of three steps. Step 1 obtains an expression for
the posterior based on a quadratic expansion of the log-likelihood function. Step 2 shows that
the numerator is uniformly bounded from above by exp(—(c,/4)M?) with PO(TQ x|w-Probability
approaching 1, where ¢, > 0 is the constant defined in Part 3 of Lemma 14. Step 3 shows that
the denominator is uniformly bounded from below by exp(—(c,/8) M?) with PO( y x|w-Probability
approaching 1. The arguments for Step 2 and Step 3 are similar to those encountered on pp.
233-234 and the proof of Lemma 6.3, respectively, in Bickel and Kleijn (2012) with appropriate

modifications.
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Step 1. 1 start with the definition of the posterior:

I1 (6 < 33(507 Mn/\/ﬁ)cy{(YHwal) ?:1,?7”&)
. fBB(/:?O,Mn/\/ﬁ)c exp (En(/Bv m) - En(ﬁ(b m)) dHB(ﬁ)
 Jsep (Gu(B,m) — Lu(Bo,m)) dl1s(5)

As psm(Yi, X;|w;) is the density of N (m(w;),V(5)), I obtain the following expansion of the

log-likelihood function around the true parameter 3,

£a(8.m) = B m) = =0 (o) V(B = o) = (6 = o) (m).

Consequently,

(ﬁ S BB(BOJW /\/_) H(Y;>Xl7w) i= 1>m)
st(Bo My /ym)ye &P ( Cn(Bo, m)v/n(B — Bo) — in(B — BQ)an(m)> dIlz(B)
S exp (b (Bo.m) /(8 = Bo) = (8 = Bo)?u(m)) dlla(B)

Step 2. Let A,, 1 be the event that

1 1 -
o /Bswo Mo/ /)¢ o <7 (B, m)v/n(5 = o) - 5B =) In(m)> dlls(B)

meBn,M(mmD(Sn)mMn

( QoMg)
< exp B

The first task is to show that PO’Q xyw (A%1) — 0 for Py, -almost every fixed realization {w; }>1 of
{VVz’}z’zl as n — oo. Using the definition of the supremum and that probabilities are bounded from

above by 1, I obtain the following string of inequalities

/ exp (=l m) V(3 = o) = 35~ ATy (m) ) dta(5)
Bp(Bo,Mn/v/mn)°

NG
< s enp (Tl VS — ) — (8 — L)
BEBB(Bo,Mn//n)¢
< exp ( sup (Lgn(ﬁm m)v/n(B — Bo) — %n(ﬁ - 50)2fn(m)>>
BEBB(Bo.Mn/vn)e \ VT
< exp ( sup (‘Lgn(ﬁmm)‘ V(B = Bo)| — %n(ﬁ - 50)%(”0)) (B.3)
BEBg(Bo,Mn/ /1) n
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for all m € M,, N B, m(mg, D6,,). From Part 1 of Lemma 14, I know that

(n)
0,XY|W

sup 1271(50,771)— Cn(Bo,mo)| =" 0

1
mEMuOBy pi(mo,D8n) | VIV vn
for P5yy-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. Moreover, for any 7 > 0,
independence across 7, Chebyshev’s inequality, Part 1 of Assumption 16, and the Law of Iterated

Expectations implies that

2
>T> < ——ZE [U?e3|W = w;] = 001 ZVCLT’ eo| W = wy),

=1

0YX|W <‘\/— (B0, mo)

which implies

1 -
— —0,m (
JnlBomo) = Opey (1)

for Pyyy-almost every fixed realization {w;}i>1 of {W;}i>1 as n — oo after applying the Strong
Law of Large Numbers to the sample average n=' >_"" | Vaar(es|W = w;), which is valid by Part 2

of Assumption 16 and the fact that {1, },>; is i.i.d. Consequently, I am able to conclude that

1 - Co

(n)
B 0,YX|W sup
meBn,M (mo ,D(Sn)ﬂMn

for Py -almost every fixed realization {w; }i>1 of {W,}i>1 as n — oo. Further, Part 3 of Lemma

14 implies that

(n) . ~
Forxw <m€MnﬁBlnI,1/£t(mo,D6n) Ln(m) = Qo) — 1 (B.5)

for Fygy-almost every fixed realization {w; };>1 of {W;};>1 as n — co. Hence, I can combine (B.3),

(B.4), and (B.5) to conclude that

<1 {Co SUP (iMn Vn(B = Bo)| — %n(ﬁ - 50)2) > —ZMQ} +o(1).
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as n — oo. Defining t = \/n|8 — [y, it follows that

M, 1 M, 1 M?
sup [T\/ﬁ!ﬁ = Bol = (B~ 50)2} = sup [Tt - ?1 =7
EGBB(ﬂmMn/\/ﬁ)C tGBB(O:Mn)C
as a concave quadratic function maximized subject to the constraint that ¢ > M,,. This implies that
1 1 2 €o 42
14 sup ZM" V(B = o)l - 5”(/3 — o)) > _ZMn =0
BEBE(Bo,Mn//n)°

and leads to the conclusion that Po(,@) X|W(A$L,1) — 0 for P§§,-almost every fixed realization {w; }i>1

of {W;};>1 as n — oo, and, as a result, the complement rule implies 0(73 X|W<An71) —lasn — oo
conditionally given P, -almost every realization {w; };>1 of {Wi};>1 as n — oo.
Step 3. Let A, » be the event that
it oo (oA ) = J(5— 50 m) ) ()
mMEBp a(mo,D5n) My |3 NLD 2

> exp (—%Mi) .

I want to show that P\")

0.y X‘W(Aflyg) — 0 for Py -almost every fixed realization {w; }i>1 of {W;}ix1

as n — oo because, combined with the result from Step 2, it is sufficient to conclude the result of
the lemma because it implies

sup I1(8 € Bi(Bo, Mo/ VW) H (Vi X wi) iy m) < exp (—202)

mEMnt7L,M(m07D6n)

with Po(gz X|W—probability approaching one for Fyy;-almost every fixed realization {w; }i>1 of
{W;}i>1,asn — oo asn — oo. Let C' = ¢,/8¢ with 0 < ¢, < ¢ < oo defined as in Part 3 of
Lemma 1. For this step, I elect to work in the local parametrization s = \/n( — ). Consequently,
I let TT,, be the induced prior for s (i.e., the pushforward of I through the map 8 — /n(8 — 5o)),
let S be the support of II,,, and let S¢ = {s : |s| < \/5} Under Assumption 2, for large n, the

induced prior II,, admits a Lebesgue density 7, such that inf.cs, m,(s) > C for some constant
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C>0. Consequently, I apply a change of variables and conclude that for n large,

. L~ 1 27
it oo e (S m) Vi = ) = G0l — G0 Tam) ) )

meMnNBy, a(mo,Don )

e e (s = 3L ) o
soxse) ot e (b (fm)s - S ) ms(o)ds,

meMpNBy, pm(mo,Ddn)

where ) is the Lebesgue measure on R and 7. (s) = 1{s € Sc}/A(S¢) is the density of a uniform
distribution on Sc. Applying Part 3 of Lemma 1, it follows that, for Py -almost every fixed

realization {w; };>1 of {W,};>1, the following holds:

P(E,nxzmw ( sup I,(m) < EOMS> — 1

meMnpNBp, pm(mo,Ddn)
for any M,, — oo as n — oo. Using that C' = ¢, /8¢, it then follows that the following is true:
n 1 T
Py (_5521n<m) > _%Mg YV (s,m) € S¢ x (M, N Bn,M(mo,Dan») —1
for Pg5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo. Consequently,

PO%X\W (Afﬂ) < (gYX|W(A$12> +o(1),

for Py, -almost every fixed realization {w; };>1 of {W;}i>1 as n — oo, where flmg is the event

. 1 L .
mGMnﬂBiilfA(mO,Dé /exp <T (5077”)8) Ts.(s)ds > (/\(SC)C'> exp (_T%Mw%) ‘

Applying Jensen’s inequality,

[ e (S ms ) mc1s = ex (St [ smseos)
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for all m € M,, N B, m(mg, D6,,). As the infimum is the greatest lower bound, I then obtain

1 -
meMntl,ilM(mo,Dgn)/eXp - (Bo m)5> Ts.(s)ds
1 -
_meMmBl,ilM(mo,Dan)eXp n (6o m)/SWSc(5> 3)
1

> i —/
> exp <meMntf,lfA - ﬁfn(ﬁo,m) / SWSC(S)dS)
1 - 1 -
> i — S
o (it ((Gehtom - Gm) [smsos) )
1 -
X €Xp (%&1(507”10) /SWSC(S)CZS) )

where the last inequality adds/subtracts (1/1/n)0, (5, mo) and uses that the sum of the infima is

less than or equal to the infimum of the sum. Since

‘ / smse(s)ds

because 7s,. is supported on {s : |s| < /C'} and s, integrates to 1 (i.e., it is a probability density

< /|s]7rgc(s)ds <VC

function), it follows from Part 1 of Lemma 14 that

, 1 - 1 -
€xp (meMntlilﬁfA(mO’Dén) <(%€n(ﬁ07m) - %fn(ﬁo,mo)) /SWSC(S)dS)) =1+ Ong;;X‘W(l)

conditionally given Py, almost every realization {w; };>1 of {W;}i>1 as n — co. As such, I arrive

at the conclusion

B < inf /B exp(£a(B,m) — £u(fo,m))dTs(8) < exp (—9—0M5>>

mEMnﬂBn,M (mo ,D(Sn)

n 1 - _ c
< PO(,))X\W (ﬁén(ﬁo, mo) /swsc(s)ds < —logC' —log A\(S¢) — %ME) +o(1).

for Pg5;-almost every fixed realization {w; }i>1 of {W;}i>1 as n — oo. Since the inequality

—log €' — log \(S¢) < §—02M§

257



holds for n large, I can further conclude

n c n 1 P =
Pl (45 < P (St [ omsc()ds < ~E2) +o(1).
for Py, -almost every fixed realization {w; }i>1 of {W;}i>1 as n — oco. Next, the event

1 -
—én(ﬁo,mo)/SWSC(s)ds < —Q—OMﬁ

implies
o )/ mse(s)ds| > 22 M2
n(Bo,m s s)ds o

and, as a result, I can apply Chebyshev’s inequality to conclude that
P Lgn(ﬁo,mo) /sws (s)ds < _So 2
0 YX|W \/ﬁ C 32 n

/Sﬂ'gc (s)ds

2 2

_[7 (50, mo)

B 2
£n</607 mO)

with the second inequality using Jensen’s inequality and that sup,.g,. |s|* < C. Since the random

variable £, (o, mq) satisfies F [0, (B0, m0)] = 0, it follows that

0,y X|W

1 - 2
E n _gn 9
P(g}lX\W \/ﬁ <ﬂ0 mo)

=Var pn) (Lgn(ﬁo, mo))

Py xiw \/ﬁ
11
- o2 ZEPOYX\W[52|W_U}Z]
01" i=1
=0(1)

for P§5y-almost every fixed realization {w;};>1 of {W;};>1, where the last equality reflects Part 2

of Assumption 1 and the Strong Law of Large Numbers. Consequently, I obtain
p™ iin(ﬁo mo) / sts.(8)ds < —2 M2 ) = O(MT4)
0 YX‘W \/ﬁ ) C 32 n n I
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as n — 0o, and, as a result, P(fgz xw (A5 2) — 0 for gy -almost every fixed realization {w;};>1
of {W;};>1 as n — oo because M,, — oo as n — oo. Since I chose the sequence { M, }2° ; with

M, — oo arbitrarily, the argument holds for any such choice and I conclude the proof. [

B.1.4 Proof of Proposition 4 and Proposition 5

Proof of Proposition 4. The proof has three steps. First, I show that it suffices to study the uniform
behavior of the conditional posterior II(m € B, a(mo, DO,)°|{(Y:, X;, w!)' }iy, ), where the
uniformity holds over B. Second, I use the first assumption of the proposition to derive a lower
bound for the normalizing constant of the conditional posterior that holds uniformly over 3. Third,
I combine the second assumption of the proposition with a ‘peeling’ argument to establish the
proposition.

Step 1. Applying the law of total probability and using that probability measures are bounded

from above by one, I obtain.
11 (m € Bn,M(mm Dén)cl{OfiaXi»w;)/ ?:1)
Z/H(m € Bnm(mo, Do, ) {(Ys, Xi,wy) Yoy, B) dI(B{(Y:, Xi, wy) }iy)
B

S SupH (m S BH,M<m07 D(Sn)cl{(Y;,X“’w,/)/ ?:176) .
BeB

Consequently, it suffices to show that

sup IT (m € By, m(mo, Do) {(Yi, X, wi) Yoy, B) = 0pey (1). (B.6)

peB 0,Y X |W

for P§S, almost-every fixed realization {w;};>1 of {W;};>1. This is the purpose of the remaining
steps.

Step 2. 1 start by showing that the normalizing constant of the conditional posterior satisfies

A (éxélfg /M exp(ly (B, m) — £, (B, m0))dILyg(m) zexp(—cmsg)) —1  (B7)

for Py, -almost every fixed realization {w; };>1 of {W;}i>1 as n — oo, where C' > 0 is a constant.
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I first note that the log-(quasi)likelihood ratio process satisfies

n

Cn(B,m) — £n(B,mo) = Z(m(wz) — mo(w;))'V=(8)(Zi — mo(wi))

i=1

_ - Z — mo(w;))'VH(B) (m(w;) — mo(w;))

Since By, pm(mo, d,) € M, I can use the nonnegativity of the integrand and the expression for

Cn(B,m) — £,(B,my) to conclude that

/M exp(£n(B,m) — £a(B,mo))dTLpg ()
> / exp(£u(B,1) — Lo (B, m0) )ALy ()
n, M (Mo 5n)

> exp (—%6’21 sup Amam(vl(ﬁ))>

BeB

X /BnM(mO . )eXP (Z(m(wz) - mo(wi))lv_1(5)5i) dlam(m)

i=1

TL52 -1
= exp (—T 21;2 )\max(V (ﬁ))) HM(Bn,M (m07 5n))

x /B ew (Z(m(wz-)—mo(wi))'v1(5)&) A5, (),

=1
where IIp s, is the renormalized restriction of Il to the event B, r((my,d,). Note that the
compactness of 3, the continuity of § +— V' (3), and the positive-definiteness of V() guarantees

SUP e Amaz (V7 (5)) < 00. I now want to argue that

Péf‘Y)X‘W ( /B s exp <Z(m(wi) _ mo(wi))’V_l(ﬁ)ei) My s, (M) > exp(—n53)> =1

i=1

(B.8)
for Py5y-almost every fixed realization {w;};>1 of {W;}i>1. Indeed, if this holds, then

PO(’QX‘W ( /M exp(£n(,m) — £o(,m0))dlLpy(m) > exp (—Cnd2) Ty (Bp i (mo, 5n))) 1

conditionally given Pg§;-almost every realization {w;};>1 of {W;};>1 as n — oo for the choice

of constant C' = £ supge Amaz(V1(3)) + 1 > 0. This implies (B.7) following an application of
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Condition 1 in the statement of the proposition. To show (B.8), Jensen’s inequality reveals

log /Bn,M(mo,én) exp (Z(m(wz) - MO(wi))lvl(ﬁ)€i> dlIag 5, (M)

i=1

- /Bn,mo,w (Z(m“”” - m0<wi>>’v—1<ﬁ>a> ALy, (m)

=1

Consequently,

i=1

< Py ( /B e <Z<m<wi> - mo<wi>>'v-1<ﬁ>ei) dl 5, (m) < —nai)

i=1
> néi)

2

Py (log /B s P (Z(m(wi) - mg(wi))’V1(5)5i> M py s, (M) < —n5;§>

(n)
< PO,YX|W (

/B s (Z(m(wi) - mo(wi))lvl(ﬁ)&) dIpm 6, (m)

i=1

< ——F_
~ n2dt Rovxw

)

/Bn,M(mo,én) <Z(m(wl) - mo(wz‘))/v_l(ﬂ)si) A py 5, (m)

=1
where the last inequality is Chebyshev’s inequality. Applying Jensen’s inequality and Fubini’s

theorem, I know that

n 2

B / gy Dotml) = o))V (3, )

PO,YX\W

S /B . > (m(ws) = mo(w;) VT B)Enpyy (€8 TW = wi)V7H(B) (m(w;) — mo(w;))

i=1

< nd,,

for F§5y-almost every sequence {w; };>1 of {W;}i>1, where the last inequality uses the maximum

eigenvalue assumption sup,,eyy Amaz (E(e€’|W = w)) < 0o as well as supge 3 Amaz (V(8)) < 00

by the compactness of B, the continuity of 3 — V~1(3), and the positive definiteness of V' (3).

Since nd2 — oo, this implies that

P ( / e (Z(m(w» - mo<wi>>'v-1<@>a> A pg, () < exp(—nfsz)) —o(1)
B, m(mo,0n i=1

for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oc. This verifies (B.8).
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Step 3. 1 study the numerator

/ exp(€a(5,m) — a5, m0) )T (m).
Boa(mo,D6,)°
Since
By m(mg, Déy,) U gy Anj = {D276, < max{||mi — mo1||na; [|ma — moa|[n2}t < D276, },
I can write

/ exp (£ (8, m) — (3, mo))dTau(m)

B ( ()D(Sn)c
=Y [ explta(8.m)  ta(B mo))dlLus(m)
=0 7/ Ans
Using the expression for ¢, (/3,m), I know that
-1 202j <2 - -1
£a(8,m) = £(8,m0) < Z = mo(w))'V"H (B)e: = D*2nd] inf Ain(V 7 (8))

forall (8,m) € B x A, ; and all j > 0. Consequently,

[e.e]

up 3 [ exp (68 m) — £u(5.m0) L)
< supZ/ exp (Z(m(wz) — mo(wy)) V" (B)e; — E22jn5721) dI p(m)
< Zsup/ .exp (ﬁ% Z(m(w,) —mo(w;)) V1B — f)22jn5fl> dllp(m)

< Zexp ( n sup sup

peB meBy, m (mo,D2j+1(5n)

m(w;) — mo(w;))'V =" (B)e;

. [)2%53) |

where D = inf gep Amin (V(5))D? > 0. Therefore, to complete the proof, it suffices to show that

% Z(m(wz) — mo(wi))’V*I(ﬁ)ai S D22j71\/ﬁ(52 VJ> —1

(n)
Po,YX\W sup sup
BEB me B, pm(mo,D2i116,,)

(B.9)

for Py -almost every fixed realization {w;}i>1 of {W;}i>1 as n — oo. Indeed, it implies I can
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condition on the event given in the probability in (B.9) and conclude from the above that

supZ/ exp (0 (B,m) — £,(B,mg)) dlIp(m) < Zexp (—gn@%?i) :

which, when combined with (B.7), implies that

Sup TT( By xa(mo, D, )°{ (i, Xo w))}0) < Zexp (( 12)2%‘) mg)

peB

with Pény) xXw -probability approaching one, and, as a result, the claim of the proposition holds if
D > 0 is sufficiently large (i.e., chosen so that D /2 > C)) because nd> — oco. To verify (B.9), I
apply the union bound, Markov’s inequality, and the assumptions on § — w,,(J) to obtain that, for

D > 0 large, the following holds:

> D22j1\/ﬁ(5§>

PO(KZX‘W (EI J s.t.sup sup
BEB meBy, a(mo,D291+15y,)

% S mwn) = mo(w) V(8=

<SP (s s () = mafw)) V9| > Db
j:() ’ BGB mGBn,M(mo,D2j+l5n)
= 1
< , n su su (w;) — mo(w;))' V™ L(B)e;
N Z 22]_1\/557% Pé Y)X|W L’EII; meB, m( mopD2J+16 ) \/_Z 0( )) (6> ]
- = w(D2114,)
- — D92ji— 1/né?

< DU—QWTL((S”) Z o(v=2)j

Since it is assumed that w,,(8,,) < y/nd% and v € (0, 2), I am then able to conclude that

. | b
Py xw (hrsup sup fz (w5) — mo(w:)) V' (B)ei] > 52%@53)

BEB me By, a(mo,D27115,,)

=o(1)

for Fggy-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo provided that D — oo.
Hence, by setting D > 0 large (i.e., D = D,, with D,, — oo arbitrarily slowly as n — 00), I verify

(B.9). ]
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Proof of Proposition 5. Since TTI(M¢|{(Y;, X;, w))'}~;) — 0in Po(gzxw—probability for Py -
almost every fixed realization {w; };>1 of {W,};>; as n — oo, the law of total probability reveals

that

I (m € Bm/\/l(m(%D(SN)CH(Yiin?wg), zn:l)

=11 (m € M,, N By m(mo, D6,){ (Y, Xi,wi) 3 )) + OPSTQX(l)

for P5y almost-every fixed realization {w;}i>1 of {W;}i>1 as n — co. Consequently, the claim
of the proposition holds by repeating the steps of Proposition 1 with the only modification being
that Step 3 uses M,, N By, pm(mo, D6y,)¢ instead of B, pq(mo, DJ,,)° (i.e., the shells A, ; are now

An ;N M,y). n

B.1.5 Proof of Proposition 6

Proof of Proposition 6. 1t suffices to verify Assumptions 18 and 19. Step 1 and Step 2 verify the
conditions underpinning Proposition 1 so that Assumption 18 is verified. Step 3 verifies Assumption
19.

Step 1. 1 first verify Part 1 of Proposition 1 for the sequence §,, = max{d, 1, 9,2}, Where

OCO‘]
logn '\ 220,;+1
Onj =
n

for each j € {1,2}. To that end, it suffices to show that, for each j € {1,2}, there is a constant

C1; > 0 such that
HMJ,(HTTL]' — m(),jHoo < 5n,j) > exp(—C’Ljnéivj). (B.10)

Indeed, || - |[n2 < || - ||co and IIpq = I1xq, ® IIpy, implies that if (B.10) holds, then, for C; =
Ci1+ o,

IIp(m € By ai(mo, 6,)) > exp (—Cind2)

for Py -almost every fixed realization {w; };>1 of {Wj};>1, which is Part 1 of Proposition 1. To
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verify (B.10), I follow the argument of Proposition 1 in Giné and Nickl (2011) with appropriate mod-
ifications. Let myg . ; be the coefficients in the wavelet series representation of my ;. Since the supre-
mum norm of the difference my ; —m; satisfies ||mo; — mj||oo < Do 22 maxogcp<or_1 [Mokj —

21

1/2 -1 i+1/2
g ([lmy — mo oo < 0nj) = T, 22/ [ nax 270Dy 5 — mo ] < Oy

Next, I write rigy,; = 21*0T/2mg . ; and note that |1rg i, ;| < [|m0 j]|so,00,00, < M to obtain

that
o0
E :2l/2 max |27l(ao,j+1/2)ylk’j o mO,lk,jl
0<k<2l—1
=0
L
—lag,; ~ § —lao,; ~
= max 2 0.9 |Vlk,j — m071k7j| + 2797 max Vik,j — 0,1k,
0<k<2!—1 0<k<2l—1
=0 I=L+1
L 00
max 2 O’j|1/lk,j - ﬁ’ll(],lk,j’ + 2M E 271&0’3'
0<k<2l—1
I=L+1
L
lag,; ~ —Lag,;
Z max 270 g — fioeg| + 2700 e

where c; ; > 018 a constant that depends on M and o ;. Consequently,
L

oo ~ Lo s
< ooy 270 vy = Mok | < Ony =277 ey = [y — o lleo < Oy

Now, if L is chosen such that 2 is of the order (n/logn)'/(?@.+1) then I can use the above to

conclude that, for n large, there exists constants c¢3 j, c3 ; > 0 such that

l ~
HM]- (Hmj - mO]HOO < 5nj > H,/\/l Z[nglfé}l( 12 ao]’l/lkj m07lk7j| < ngjén’j

>HM‘ max max |V — Mokl < C3 T
- J OSZSLOSk‘SQZ—l’ sJ ) ’]‘ IR L2Y] )

Let S(L) = Y1, il:_ol 1 <2- 2% Since vy, ; are i.i.d U(—M, M) random variables and 27 is of
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the order 9, 21/ 0.7 ), it follows that

5 S(L)
I ~ 5 _ [ C3,9n,
M; | max  max (v — Mokj| < €300 ) =

0<I<L 0<k<2l—1 2M
1

Z exp(—c4,j lOg(l/(an)(s;]aTj)

> exp(—C’ijSfL’j)

where ¢, j, C ; > 0 are constants. This verifies Part 1 of Proposition 1. Since ag 1,92 > 1/2,1
also know that 6,, = o(n=/4).

Step 2. 1 verify Part 2 of Proposition 1. Since B is compact and 3 +— V ~!(3) is continuous, an

|

% Z(mjl (wz) — Mo 4, (wi))gi,h

application of the triangle inequality reveals that

(B,m)eBx Bag(mo,0)

E
2 B [ sup

(jl,j2)€{1,2}2 mjy EMjl:Hmjl 7m0,]’1Hn,2§6

E oo [ sup

T Do (m(u) = maw)) V(B

N

|

Since ¢, is subgaussian conditional on W for all j, € {1, 2}, Corollary 2.2.9 of van der Vaart and
Wellner (2023a) yields the following bound

Z Em [ sup

(j17j2)€{1,2}2 mjy eMj1:Hmj1_m0,j1Hn,2§6

% Z(mj1 (wi) — mao,j, (wi))es

] S wn(9),

for Pg5;-almost every fixed realization {w; };>1 of {W;}>1, where

§ §
n(0) = [ \flou N M Tzl + [l N M- i

Since M, and M are balls in the Besov spaces Booao ([0, 1]) and B%([0, 1]), respectively, and
|- |ln2 < |- ||eos I apply Theorem 4.3.36 of Giné and Nickl (2015) to conclude that

5 1
[ Vo N 1 aahar < 6775,
0

for each j € {1,2}. Consequently, any sequence {d,},>1 for which §, > n” oD with ap =
min{ag 1, ap2} satisfies Part 2 of Proposition 1. Thus, 6, = (n/logn)~®/(20+1) satisfies Part 2

of Proposition 1.
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Step 3. The argument of Step 2 establishes

1 ¢ .
Epm sup 7 >~ (my, (wi) = mo g, (w;))ei g, ] < Vnd, ¥ g1, g2 € {1,2}
=1

OYXIW iy e My, [ [mgy —mo,jy |1n,2<6
conditionally given F5;,-almost every realization {w; };>; of {W;};>1. Consequently, Assumption
19 is verified because U = ¢; — (3yes is a linear combination of £, and ¢, and §,, = o(nfl/ 4) implies

VN2 — 0asn — oo. O

B.1.6 Proof of Propositions 7 and 8

I start with a lemma that is used to verify the second condition in Proposition 5. It is the only point

where the normality assumption in Proposition 7 is used (in particular, it is used in Step 2 of the

proof).
Lemma 16. Suppose that the following conditions hold
1. The distribution of the data satisfies (Y, X)|W ~ N (mo(W ),V (5))

2. There exists a constant Cy > 0 such that Ty(m € By am(mo,d,)) > exp(—Cind?) for

FySy-almost every fixed realization {w; }i>1 of {Wi}iz1.
3. There exists sets { M, },>1 such that Ty (M¢) < exp(—Mnd?) for some M > 0 large.
4. The sequence {0, },>1 satisfies nd2 — oo and 6, — 0 as n — oo.

Then, for prior 11 = 11 @ T\ with Iz being the uniform distribution on [— B, B] and 11 v being
the prior described above, the posterior satisfies

(n)
Po.,YX\W
) —

(MG (Y:, X, wi) Hey 0

for P35y -almost every fixed realization {w;}i>1 of {Wi}iz1 asn — oc.

Proof. The proof has two steps. The first step uses Condition 2 to show that the normalizing constant

of the posterior is bounded from below by exp(—Cnd?) with PO(TLY) X‘W—probability approaching one
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as n — 0o. The second step uses the first step and Conditions 1, 3, and 4 to conclude the result.
Note that Step 2 is the only part of the argument in which correct specification (i.e., Condition 1) is
used.

Step 1. 1 start with the normalizing constant in the posterior. Since

Ln(ﬁvm) _ Ln(ﬁvm) . Ln(ﬁ>m0)

Ln(ﬂo, mo) Ln(ﬂ, mo) Ln(ﬂo, mo)’

I know that

. Ln (B, m)
/BB]/ 50,7710 dHM( )dﬁzﬁe[lgg’fﬂ//vt Ly(8, mO)dHM( ™)

1 n(ﬁamO)
— 7 T0) g
. 2B [-B,B] Ly (Bo, mo) P

Step 2 of the proof of Proposition 1 yields that there exists a constant C'; > 0 such that

P0<”Y>X|W< inf /%dnm )zexp(—clnag)) — 1.

186[7B7B]

for F§5,-almost every fixed sequence {w; };>1 of {W;}i>1 as n — oco. Now, I show that there exists

a constant C'y > 0 such that

pm (L / P:0) 18 > exp(—Cynd? 1
0,YX|W (2B L B.5] Ln(ﬁmmo) dﬁ = eXp( C2n5n) —

for Pg5;-almost every fixed sequence {w; }i>1 of {W}i>1 as n — oco. By the nonnegativity of the

integrand and the assumption that §,, = o(1),

[-B,B] Ln(ﬁ(h mo) Bi(B0,0n) Ln(ﬁmmo)
for large n, where Bg(50,d,) = {8 € R : |8 — Bo| < 0,}. Using the expression for £,,(3,mg), I

know

T (50, mg) — 1”(5 - 50)21:n(m0)
62

\/_(5 50)— (5077”0)—7[ (mo)

(B, m0) — £n(Bo, o) = v/n(B — Bo)

%
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Consequently, I can apply Part 3 of Lemma 14 to conclude that

Rt [, s > expl=nd) [ expls = o) )

n(ﬁ(b mo) Bg(Bo,0n)

— 1

for Py -almost every fixed realization {w; };>1 of {W;};>1 as n — oo. Now, letting A(-) denote

the Lebesgue measure on R, I know that

/ e (f (5~ o) 7= ﬁo,mo)
= ABs(0.00) [ e (ﬂﬁ o) ) ) 7, (915

where 75, () is the uniform distribution on Bg(f, d,,). An application of Chebyshev’s inequality

and Jensen’s inequality reveals that

P ( [ (\/ﬁw - )=l mo>) 5. (B)dB < exp (—5n5)) —o(1)

for Pg5;-almost every fixed realization {w; };>1 of {W;}>1. Consequently, the following holds

n L, _
Po(,Y)X|W (/[ 5.5 %dﬂ > exp ( COWSTQL) A Bs(Bo, 5n))) =1+o0(1)

for F§5y-almost every fixed realization {w; };>1 of {W;}i>1 as n — oco. Since A\(Bs (5o, 6n)) = 20,

and nd2 — oo, it follows that

(n) Ly (B8, m0) _
Forxw (/[—B,B} L (Bo, mo)dﬂ z exp (~(@ + Q)H(SZ)) !

conditionally given I -almost every fixed realization {w;}i>1 of {W;}i>1 as n — oo. Define
Cy = ¢y + 2 to obtain the desired inequality.

Step 2. By Step 1, the event

Sy La(B,m) B }
An N {2B /[‘—ByB] /M Ln(ﬁO; mO)dHM(m)dﬂ = p( Cn(sn) )

where C' = C + O, satisfies P(Q xw (An) — 1 for PGy, -almost every fixed realization {w;}i>1
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of {W;};>1. Consequently, I deduce that

E
PO,YX\W

MM (Y:, X wi) Hy)]

< exp(Cndy) /[ . / Epo LalBm) o mydB + o(1)

0,YX|W Ln(ﬁo, mo)

— exp(Cnd2) Iy (M) + o(1),

for Pg§-almost every sequence {w;};>1 of {Wi}:>1, where the first inequality uses the law of
total probability and the conclusion of Step 1 (i.e., Pég) xyw (A5) = o(1)), the second inequality
uses A, and Fubini’s theorem, and the equality uses the assumption of correct specification (i.e.,
Poyxw = N(mo(W),V(6))). Since I satisfies Iy(ME) < exp(—Mndz) for M > 0 large,

I can find a constant C' > 0 such that the following holds
Epoy [T (MG {(Yi, Xiswi) )] S exp(=Cndy) + o).

for Pg%,-almost every sequence {w; };>1 of {W;};>1. Since nd2 — oo as n — oo and convergence

in mean implies convergence in probability, the proof is complete. [

Proof of Proposition 7. The proof has four steps. Step 1 proposes a candidate sequence {0, }n>1
that satisfies Parts 1 and 4 of Proposition 2. Steps 2 and 3 then verify Parts 2 and 3 of Proposition 2,
respectively, to complete the verification of Assumption 18. Step 4 verifies Assumption 19.

Step 1. 1 first propose a sequence 9,, for which Part 1 of Proposition 2 holds. Applying Lemma

5.3 of van der Vaart and van Zanten (2008b), the marginal prior [Ty, for m; satisfies the inequality

I, ([[my — mojllee < 6) = exp(—Pmg,;.i(0/2))

for each j € {1,2} and any 6 > 0, where § — @, ;(6) for § > 0 is the supremum norm

concentration function of the Matérn Gaussian process at m, ;. That is,

1

hy B g o gl 1oe <5 5l1hilli, —log g ([l < 9),

meo,j,j(é)
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for each § > 0, where (Hj, || - [|m,) is the reproducing kernel Hilbert space (RKHS) associated
with the Matern Gaussian process m;. Applying Lemma 3 and 4 of van der Vaart and van Zanten
(2011), the minimal sequence d,, ; for which ¢, i (0,;) < 102, is &, ; = n~ min{as.a0}/ ey +de),
however, since I only require 6,, = o(n~'/%), it is without loss to set §,, ; = max{d,, ;, n =/ (2s+dw)}
because o; > d,,/2 guarantees that n~/ (2% +dw) = o(n=1/4) (in addition to ap; > a;j/2 + d,, /4
guaranteeing 4, ; = o(n~"/*)). Furthermore, since § ©mo;.5(0) is decreasing (Lemma 3 of
Castillo (2008)), it follows that @, . ;(6,) < nd? for 8, = max{d, 1, 0,2}, and, as a result, I obtain

the inequality
I, (1M — mojllee < 8n) > exp(—ndy)

for each j € {1,2}. Hence, 6, = max{4,.1, 5,2} meets the requirement that 6,, = o(n~"/*) and
Part 1 of Proposition 2 because || - |[n2 < || - ||oo and [Ty = TTpq, @ [T, Notice that nd? — oo
as n — 00, so Part 4 of Proposition 2 holds too. It remains to verify Parts 2 and 3 of Proposition 2
in order to check Assumption 18. This is the task of the next two steps.

Step 2. 1 construct sets {M,,},,>1 such that Part 2 of Proposition 2 holds. These sets are
similar to those encountered in Theorem 3 of de Jonge and van Zanten (2013). For each n > 1,
let M,, = M1 X My with M,,; = M;\/né,H;, + v,,;C” ([0, 1]4) for each j € {1,2},
where H;; = {f € H; : [[f]|m, < 1} is the unit ball in (H, || - ||g,), C1”([0,1]™) = {f €
C%([0,1]) : [|f]la, < 1} is the unit ball in (C% ([0, 1]%),]|| - ||4,) for some a; € (dw/2,;),
Vn,; = n~(@i—a)/Gajtdw) and M; > 0 is a sufficiently large constant for each j € {1,2}. I show
that Iy, (M,,) < exp(—Mnd?) for some large constant M > 0 so that I can use Lemma 16 to very
Part 2 of Proposition 2. Since m; takes values in (C% ([0, 1]**), || - ||,,) for any a; < a;, I can view
m; as a Gaussian element in the Holder space (C%([0,1]%), || - |[4,) for a; € (dw/2, ;). Such
an a; exists because «; > d,,/2 by the assumption of the proposition. The RKHS is unchanged
because the space C/([0, 1]%) of real-valued continuous functions on [0, 1]4 is the completion of
the Holder space C ([0, 1]%) with respect to the uniform norm || - || and || - [|oe < || - [|a, (se

Lemma 8.1 in van der Vaart and van Zanten (2008b)). I then apply Theorem 5.1 in van der Vaart
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and van Zanten (2008b) to conclude that the law T, satisfies
Mg, (M) <1 =@ (@7 (T, (my € 7, CY ([0,1]™))) + Mjv/ndy,)

where ®(-) denotes the standard normal cumulative distribution function. Since the unit ball H; ; in
(Hj, || - ||m,) satisfies the metric entropy condition log N (7, Hy j, || - |[q,) S 724w/ (duwt2(e1=25) for
any 7 > 0 (see Section 4.3 of van der Vaart and van Zanten (2011)), I can invoke the relationship
between the metric entropy of the unit ball in RKHS and small ball probabilities established in Li and
Linde (1999) to find a constant L; > 0 such that Ly, (||m;]]a, < Yn;) > exp(—Ljfy;?“’/(aj_aj))
for each j € {1,2}. Since v, ; = n~(@~%)/2a+dw) qatisfies v;jw/(araj) = pdw/Qajtde) <
né? because of the lower bound 6, > n~/eFdw) it follows that Iy, (||m;|le, < Ynj) =

exp(—L;nd;). Consequently, ITy, satisfies
My, (Ms;) <1 =@ (07" (exp(—Ljndy)) + M;v/né,)

for each j € {1,2}. Using the quantile function inequality ®~!(p) > —\/W forany p €
(0,1), Tknow ®~! (exp(—L;nd2)) > —+/2L;né2 = —L;\/nd, for L; = /2L;. Consequently, I
obtain that Tl (M) S 1 — @((M; — L;)\/nd,). By choosing M; > L; arbitrarily large and
using the inequality ®(2) > 1 —exp(—22/2), it follows that Ty, (MS;) < exp(—3(M; — L;)*né?)
foreach j € {1,2}. Since T (M¢) < max{ITr, (M), T, (ME,)}, it follows that there exists
a large constant M > 0 such that IT(M¢) < exp(—Mnd?). Applying Lemma 16, I then conclude
that the posterior satisfies ITy, (M [{(Y:, X, w})' };) — Oin Po(,@ x|w-Probability for F§, -almost
every fixed realization {w; };>; of {W;};>1 as n — oo. This verifies Part 2 of Proposition 2.

Step 3. 1 verify Part 3 of Proposition 2. Since B is compact and 3 — V' ~1(3) is continuous, an

|

application of the triangle inequality reveals that

E pn) [ sup

OYXIW (B,m)eBX (MnNBr(mo.0))

E x
2 Erign [ sup

(j1,j2)€{1,2}2 mj1€M"7j1:Hmj1 _moylen,?Sé

% > mws) = mo(w) V(B

A
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conditionally given g% -almost every realization {w; };>; of the sequence {W;}>1. Since ¢ , is
subgaussian conditional on W for all j, € {1,2}, Corollary 2.2.9 of van der Vaart and Wellner
(2023a) implies

S

(Gr.2)€{1,2)? iz €Myl 0.3 e 250

% Z(mjl (wi) = moj, (wi))es,j, ] S wa(9),

conditionally given F5Y;-almost every realization {w;};>, of the sequence {W;};>1, where

4 1
wn(5):/ \/1ogN(T,Mn,1,||-||n,2)d7+/ VBN (1 Mo || o2)dr
0 0

I show that wy,(d,) < +/nd2 for the choice of §,, proposed in Step 1. Using the definition of M,,;

and || - ||n2 < || - ||co» I deduce that
log N (7, My, || - [ln2) < log N(7/2, Mjv/nd,Hji, || - |lso) + log N (7/2,9,3C1 ([0,1]), 1] - []oc)-

and, as a result, I can use the metric entropy bound of the RKHS unit ball H; ; stated in Step 2 and

Theorem 2.7.1 of van der Vaart and Wellner (2023a) to conclude that

6 26! +dw
log N (7, Mjv/né,Hj1, || - ]oe) S <\/_ )

and
du

aj ’YTZ,. @j
log N (7, 3,4 (10,1]), 1 1120) S (22)

T

This implies that the metric entropy integral satisfies

dw 2a 7dw

On
/ \/logNT./\/an,H Hoo)d7'<n4"‘ﬂ+2dw(5 —|—’ynj(5
0

Direct calculations reveal that

dw 2a 7dw

ne ]+2dw5 +"Ynj]5 i S \/ﬁéi VJ S {LQ}’

so 6, satisfies Part 3 of Proposition 2.

Step 4. 1 now verify Assumption 19 for M,, N B(my, DJ,,), where {M,, },,>1 is the sequence
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introduced in Step 2. Since U = &1 — Byez and 1/nd> = o(1), the maximal inequalities from Step
3 also verify Assumption 19 through an application of the triangle inequality. This completes the

proof. ]

Proof of Proposition 8. 1t suffices to verify the conditions of Theorem 12.9 of Ghosal and Van der
Vaart (2017), an extension of Theorem 2 in Castillo (2012a). This involves four steps. Step 1
proposes a subsets of the parameter space [—B, B] x H for which the posterior concentrates as
n — o0o. Step 2 verifies a LAN condition along the sets from Step 1 to check condition (12.13) of
Ghosal and Van der Vaart (2017). Step 3 uses the subsets from Step 1 to verify condition (12.14)
of Ghosal and Van der Vaart (2017). Step 4 uses the previous steps to establish the claim of the
proposition.

Step 1. In order to verify Theorem 12.9 of Ghosal and Van der Vaart (2017), I first construct
sequences {(, }n>1 and {H,, },>1 such that H,, € H, ¢, — 0 asn — oo, n(> — oo asn — oo,
and

(n)
0,Y X|W

II ((5777) € [_B7B] X Hn : |/8_60| < DC’rH ||77_770||n,2 < DCnl{(}/;leaw;)/ ?:1) 1

(B.11)

conditionally given F;-almost every realization {w;};>1 of {W}i>1 as n — oo, where D > 0
and D > 0 are sufficiently large constants. Rather than showing (B.11) directly, I start by showing

a preliminary result:

1 — P(gny)\xw
IL{ (B,m) € [-B,B] x Hn: EZ(fi(ﬁ,ﬁ) — [i(Bo,m0))?* < DGu{(Yi,ziywi) Vi | = 1
i=1
(B.12)

for PySyy-almost every fixed realization {(z;,w;)}i>1 of {(Xi W) }i>1 as n — oo, where

fl(ﬁ; 7]) = ng + n(wi> for each (67 77) € [_Bv B] X H, P(Y%XW = ®?:1 PO:Y\iUi,wi with PO,Y\xiywi
denoting the probability distribution associated with the true conditional density po y | x,w (-|%;, w;) of
Y given X = z; and W = w;, and FyYy y is the joint law of the i.i.d sequence {(Xj, W})'}i>1. Theo-

rem 4 of Ghosal and van der Vaart (2007) implies ¢, = max{n~™in{@n0on}/Cantdu) p=an/a+du)}
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satisfies the posterior contraction condition

n (n)
0,Y|XW

II (5777) € [_BvB] X ,H : %Z(fl(ﬁﬂﬂ - fi(507770))2 < DCn {(Kvxivw;)/ ?:1 — 1

(B.13)

for Py x-almost every fixed realization {(z;, w;)’}i>1 of {(Xi, W[)'}i>1 as n — oo for a suffi-
ciently large constant D > (. Indeed, Lemmas 3—4 of van der Vaart and van Zanten (2011) and
Lemma 3 of Castillo (2008) imply that the supremum norm concentration function ¢, of the Matérn
Gaussian process at 7 satisfies ¢,,(¢,) < n¢2, and, as a result, Theorem 4 of Ghosal and van der
Vaart (2007) can be verified for d,, equal to the empirical L? norm based on {(xy, w})’, ..., (z,,, w!)'},
en = (u, and O, = [—B, B| x H} with {H} },,>1 being the sieves from Theorem 2.1 of van der
Vaart and van Zanten (2008a) in order to establish (B.13).! To finish verifying (B.12), I propose sets
{#.,, }n>1 such that

(n)
) 0,Y|XW

H(U € HZHO/H SCZ',UJ;)/ ?:1 0 (B-14)

for PySy-almost every fixed realization {(x;, w;) }i>1 of {(X;, W/)'}i>1 as n — oo. For each
n>1letH, =H,N{neH:|G(muzn)| < 2vnC||mn2llm, }, where H,, = My/n¢,H, 1 +
7, C1" ([0, 1]*) with C7"([0, 1]*) being the unit ball in the Holder space (C([0, 1]%), || - ||, ) for
a, € (dw/2, o), H, 1 being the unit ball in the RKHS (H,,, ||« |[m, ), 75, = n~(@n—en)/Gentdu) pf >
0 being a sufficiently large positive constant, and G(m,, 2,7) being a centered Gaussian random
variable with variance ||mn,2||12HIn under I3, with {m,, »},>1 being a sequence in the RKHS (H,, || -
||1,) such that |[m, 2|1, < 2v/np, and |[my,2—mes||ee < py for p, = n=mintenao2}/@antdu) The
sequences {12 }n>1 and {py }n>1 exist because infycr,:(h—mos|lo<pn 3/|7I[E, < 707 by Lemma 3

of van der Vaart and van Zanten (2011). Following a similar argument to Step 2 of Proposition 4, 115

satisfies Iy (7)) < exp(—Mn(?). Moreover, the Gaussian tail bound P(Z > z) < exp(—22/2)

IThat is, 7 = ¢,C1([0,1]) + M,H, 1, where C1([0,1]) = {f € C([0,1]) : ||f|lec < 1} is the unit ball in
space of continuous functions C([0, 1]) equipped with the supremum norm || - ||, Hj, 1 is the unit ball in the RKHS
(H, || - I|m, ) associated with the Gaussian process 7, and M, is a positive constant.

275



for Z ~ N(0,1) implies 1y (|G (mn2,n)| > 2v/nG|lmn2|ln,) < exp(—n¢?). Consequently,
(B.14) holds by an application of Lemma 1 in Ghosal and van der Vaart (2007), a result that is
valid in this setting because Kullback-Leibler balls of the form (3.5) in their paper are contained
in empirical L? balls {(8,1) : (n "> 1 (fi(B,m) — fi(Bo,m0))?)V? < (.} and 1T = 1l ® 11y
satisfies TI((n=" 0, (fi(B.m) — filBo.m0))2)2 < G) = exp(—n¢?) when Ils = U([~B, B).
[Ty is the law of a centered Matérn gaussian process, and ¢, ((,) < n¢?2. The posterior contraction
(B.12) follows from (B.13), (B.14), and the law of total probability. With (B.12) established, I
turn to the verification of (B.11). By the Bounded Convergence Theorem and i.i.d assumption on

K,XZ',W! ! i>1s (B12) implies
{( > p

)

n

I (8m) € (2B, B x Ha s [ = S (s(B.0) = fiBo,m))? < D [{(Y:, X wl) Yy

=1

(B.15)

for Fygy-almost every fixed realization {w; };> of {W;};>1 as n — oo. For each (3,7), define a
function h(-, 8,n) : [0, 1]% — R as follows h(w, 8,7) = me(w)(8 — Bo) + n(w) — ne(w). Since
the centered empirical process {\/iﬁ S eih(wi, B,n) : (8,1) € [=B, B] x H,} is a subgaussian
process with seminorm given by ||A(+, 81, m1) —h(+, B2, 12)||n 2, appropriate modifications of Lemma

A.3in Yang et al. (2015) reveal

\/Lﬁ Z?:l €Z‘2h(wi7 57 77)
sup

= (n) 1 (B.16)
P o\ Vit maxTRC B latogm G [ Cra )

for P§5,-almost every fixed realization {w; };>1 of {W;};>1 as n — co. Combining (B.16) with the
identification condition Ep, [¢3] € (0, 00), a similar argument to that encountered on p. 26 of Yang

et al. (2015) can then be used to show that (B.15) implies
IL((8,m) € [=B, Bl x "y : |B = Bol < DG (Y, Xiyw) Hiy) =1+ OPé@XIW(l) (B.17)

for Pg5y-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo for D > 0 large. Applying
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the triangle inequality, it follows by (B.15), (B.17), Ep,[e*] € (0, 00), and ||mg2||s < oo that
p)

II ((5777) € [=B,B] x Hp |8 = Bol < DGus 11— molln2 < DCnH(Yi,l’i,w;)/ ?:1) R 1,
for Pg5,-almost every fixed realization {w;};>1 of {W;}i>1, where D > 0 can be taken as any
constant that satisfies D > max{2D, 2D||moz||s }-

Step 2. I verity (12.13) of Ghosal and Van der Vaart (2017). In my setting, this requires showing

that

\R.(B,m)]  Fovxw
sup 5
(B EBxHon:|B—Bol <Dl In-m0llm2<Den L+ 1B = Bol

for Pg5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo, where

1

Rn(ﬁa n) = Zn(ﬁa n) — ano,ﬁn(@a n) — \/5(5 - Bo)ﬁgn(ﬁo,mo) + %”(5 - 50)2]~n(m0)

with

n

Z(YQ‘ — X8 = n(w;))”

i=1

_ n n
gn(ﬁ,n) = —§lOg27T — ElOgO'gl — F
01

denoting the log-likelihood under the (3, )-parametrization and
M (8,1) =1+ (8 = Bo)mn,

for each (5,7n) € [—B, B] x H. Letting t =  — f3y, a second-order Taylor expansion of ¢, (5 +

t.n) — £n(Bo,n — tm,2) around ¢t = 0 reveals that

Zn(ﬁ() + ta 77) - ZTL(ﬂO? n + tm”72)

n

= taigl Z(UZ- — (n(w;) — no(w;)))(Xi — mp2(w;))
— %Uigl {Z(X — My (w;))? + 22 — Mp2 wz))mn,2(wi)}

_\/—(5 50)n1——n(ﬁ 50) n,2s
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where

and
Tho=—5— Z(Xz — Mpa(w;))" + — Z(Xz — My 2(Wi)) My 2(w;).
onn = nog T

Consequently, to verify (12.13) of Ghosal and Van der Vaart (2017), it suffices to show that

. { L/ )

_ 2
(B)EBxHn:|8—Bol< Dén|[n—nollna<Dén L1+ 1B = Bol

(n)

> POYXW
Tt — —e (ﬁo,mo)} Y0 (B.18)

Sl

and

2
sup n |5 - 50‘
_ 2
(B.1)EBX Mot B—Bo| < Dl In=nollma<Dén | 1+ 1B = Bol

- P(n)
To— ]n(mo)‘} "N (B.19)

conditionally given Fg5,-almost every realization {w;};>; of {W;}i>1 as n — oo. I first show
condition (B.18). Since X; — m,, 2(w;) = X; — mo2(w;) + moz(w;) — myo(w;) fori =1,...,n, 1

know that

+%IZ — e

+ 001\/— Z — 1o (w;)) (M2 (w;) — mOQ(wi))‘

By Chebyshev’s inequality, the fact that Varp, [U|X, W] = o2, and ||[m,2 — mea||sc — 0 as

n — 09,

— n 1
= Or

% Z Ui(moa(wi) — min2(w;))

for Py -almost every fixed realization {w; };>1 of {W;};>1. Since o, > d,,/2 and o, > /2 +
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d,, /4, a symmetric argument to that encountered in Proposition 4 implies that

D¢n
| e NE L hair >0,
0

and, as a result, it follows by Corollary 2.2.9 of van der Vaart and Wellner (2023a) that

sup
n€EHn:|n—m0l|n,2<DCn

=0

% Z eia(n(w;) — no(w;))

for P5fy-almost every fixed realization {w; };>1 of {W;};>1 as n — oo. Finally, an application of

Cauchy-Schwarz and the fact that || - ||,2 < || - || reveals that

sup
nEHn:|[n—n0l|n,2<Dln

% D (0(w) = mo(uwi)) (i a(w) — moa(w)

for P§5y-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo, where convergence holds
because v, > d,,/2 and g, > a,/2 + d,,/4 implies \/n¢, = o(n*/*) and s > /2 + d,y/4
implies p,, = o(n~'/*). Consequently,

(n)
0,Y X|W

1
Jn

for P55)-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo. This verifies (B.18) because

gn(ﬁ(hm()) 0

sup
NEHn:|In—n0lln,2<DCn

Tn,l -

the ratio |/n(8— B3)|/(14+n|B— Bo|*) < 1/2 for all 3 by the arithmetic-geometric mean inequality.

For (B.19), X; — myo(w;) = X; — moz(w;) + mez2(w;) — my, o(w;) implies that 7}, 5 — fn(mo)

satisfies
T, o—1 (mo)’ < l 5” iz(Mmp2(w;) — mea(w;)) —I—l 5" (M 2 (w;) — M2 (w;))?
n, n ~ ~ 7 n, 7 7 n - n, ) 7
—I—l nam (w)—l—1 n(m (w;) — moa(w;))mez(w;)
- i i - n i) — i Wi
- ;_1 2Mo2 - ;_1 2 02 02

Since |[1m,,2 — Mo2||oo — 0 asn — 00 and sup,,¢(g 1ja Varp,(e2|W = w) < oo, an application of
Chebyshev’s inequality reveals that

(n)
0,Y X|W
~—" 0 and

(n)
0,Y X|W
—

0

% Z gi2<mn’2(wi) - mOQ(wi))

1 n
ﬁ Z Ei2Mp2 (wz)
=1

279



conditionally given F;§;-almost every realization {w;};>1 of {W;}i>; as n — oo. Moreover, the

convergence ||m, 2 — Mp2|| — 0 as n — oo implies that

n

%Z(mng(wi) ()’ — 0 and | = 3 (maa(ur) — mos(wn))moa(uwr)| —> 0

i
conditionally given FgY-almost every realization {w;};>1 of {Wi};>1 as n — oco. This verifies
(B.19) because 1|3 — Bol?/(1 + n|B8 — Bo|*) < 1 forall .
Step 3. The next step is to verify (12.14) of Ghosal and Van der Vaart (2017). In my setting, this

requires

s | Log (T, 5.5 (n) /L3 (n))

— 0
_ 2 ’
(B)EBXHn:|B—Bol <Dl [1—10lIm2 < D 1+ n|B — Bol

where I1,, 53 is the law of 7,,(5,n) under 113 for 5 fixed. Since {m,, »},>1 is a sequence in the

RKHS (H,), || - ||&, ), I can apply the Cameron-Martin theorem to obtain

dHn,ﬁfH (7])
dIly(n)

where G(my, 2,m) ~ N (0, ||mn,2||12mn) under IIy,. Since {n : |G(mn2,1)| < 2¢/nG||Mn2|m, } €

log = (8~ B0)Glrmnz,n) — 518~ Folllmaal,

My, and ||my, 2| [m, < 24/npp, T know that

log(dlIlL, dll
. [og(dhusn /)] ¢ oo
(B:m)€BX Hus| =0l < Déns |10l 2< DG 1+ n|B = [l
for Pg5-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo because the sequences
satisfy p,, — 0 and v/np,(, — 0asn — oo.
Step 4. The results from Steps 1-3 permit an application of Theorem 12.9 of Ghosal and Van der
Vaart (2017) provided that I can show that the posterior satisfies
~ — c nn PO(:,;ZX‘W
; Sﬁp . I (73 (B, {1 € Ha < 1IN = nollIn2 < DG} H(Ye, Xiywi) Yoy, 8= 6o) — 0
—P0 <D n

for Pg$,-almost every fixed realization {w; };>1 of {W;}i>1 as n — oco. By definition of 7},,(3, ), I

280



know that

ﬁn(ﬁv {77 € Hn . H77 - 770Hn,2 < DCn}) = ﬂn(ﬂ) N {77 : H77 - (5 - 50)7”%,2 - 770Hn,2 < DCn}

N {77 : |G(mn,2777 - (B - BO)mn,Z)l S 2\/ﬁCnHmn,2HHn}7

where H,,(8) = H, + (8 — Bo)mn2. Hence, an application of De Morgan’s law and the union
bound implies that it suffices to show

- P i
sup 1 (Ha(B)|{(Vi, X wi) Vg, 8= o) 70 (B.20)

|8—Bol<D¢n

(n)
Py xiw

sup I (||77 - (B - Bﬂ)mn,Q - 770Hn,2 > DCn‘{(Y;,Xi,wi)/ 1, 0= 50) — 0 (B.21)
|B—Bol<D¢n

Iﬁ—g(}llgDCnH (|G(mn,277] — (B — Bo)mn2)| > 2\/5Cn||mn,2||Hn‘{<Y;a Xiywi) Yy, B = 50)

é&iw 0 (B.22)
for Pg5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oc. For the probability (B.20),
the sets H,(3), |3 — Bo| < D¢y, hardly differ from 7, because SUD|5—go|< ey |1(B— Bo)mn2llm, S
V/nCupn = o(1). Consequently, a similar argument to Step 1 can be used to check (B.20). For the
probability (B.21), the inequality ||(5—5o)mn2||n2 < DCnpn+DCa|lmoz||e forall |[B—5y| < DG,
implies the set inclusion {1+ [ — (8 — Bo)mns — mollus > DGk € {15 110 — mollus >
D¢, — 2DC,||moz|o } for large n, by the triangle inequality and the fact that p,,(, — 0 faster than
(n — 0. By setting D > 0 large, I can guarantee that D — 2D||mgg||s > 0 is also large and follow
the same argument as Step 1 to check (B.21). For (B.22), Lemma 13 of Ray and van der Vaart
(2020) implies G2, — (8 = Bo)mn2) ~ N((8 = Bo)llmnzllf, , [[mn2ll, ) for n ~ Ty and B
fixed, and, as a result, G(my,2,1 — (B — Bo)mn2) = G(mn2,n) + (B = Bo)||manzl|f, for 8 fixed.
B = ol - |[mnella, < DvnGupn < +/n, holds for large n (as

V1lnpn — 0 asn — oo and n¢2 — oo as n — oo), it follows that (B.22) also holds by a similar

Since the inequality sup g_s|<pe,

argument to Step 1. This verifies all the conditions for Theorem 12.9 in Ghosal and Van der Vaart

(2017). ]
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B.1.7 Proof of Theorem 3

Proof of Theorem 3. The proof has two steps. Step I proves Part 1 by relating the objective function
to least squares. Step 2 uses the results from Step 1 to prove the second statement of the theorem.
Step 1. Let Z = (Y, X)'. T use the definition of Kullback Leibler divergence and the expression

for pg ., to conclude that

Ep, [KL (poyxiw (W), pgm(-[W))]
= FEp, [logpo,YX\W(Y7 X|W)] = Ep,[log ps.m (Y, X|W)]
1 1
= Ep,[logpoy xw (Y, X|W)] + 3 log 472 + 5 log det V()
1

t+ 5 ER(Z = m(W)VH(B)Z = m(W))].

Note that the expectation is finite for all (3, m) € Bx M by Assumption 16, M C L*(W)x L*(W),
and the fact that det V(3) = 03,02, > 0. Next, I write Z = my(WW) + ¢ and note that ¢ =

Z — mo(W) satisfies Ep,[¢|W] = 0. Consequently, the law of iterated expectations implies

%Epo [(Z — m(W)YV(8) ™ (Z — m(W))]
- %EPO [(e +mo(W) —m(W))V(8) (e +mo(W) — m(W))]
= SERIm(W) — mo(W)YV () (m(W) — mo(W))] + 5 B[V (5) .

Assumption 16 and V' (3)~! being symmetric and positive-definite guarantees Ep,[e'V (3) " 'e] €
(0, 00). Positive-definiteness of V' (3) follows from Sylvester’s criterion because o3, + 3203, > 0
and det V(B) = 03,03, > 0. Hence, I can combine this with the above to conclude that there is a

constant C'(f) € (—oo, 00) such that

1

Epy [KL (po(-[W), pm(-W))] = C(B) + S Er[(m(W) = mo(W))'V(B)™ (m(W) — mo(W))].
Consequently, it suffices to solve
min Ep, [(m(W) — mo(W))'V(B8)" (m(W) — mo(W))] . (B.23)

meM
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I establish that m( uniquely solves (B.23). First, m minimizes the objective function because

Ep, [(m(W) —mo(W))'V(8)" (m(W) —me(W))] =0

for all m € M with equality at m = my and the nuisance parameter space is chosen so that

mg € M (i.e., my is feasible). For uniqueness, I note that the positive-definiteness of V()™

implies

Ep, [(m(W) —mo(W))'V(8) " (m(W) — mo(W))]

> Anin(V(B) ™) { Ep [(ma (W) — mo1(W)?] + Ep [(ma(W) — moa(W))°] }

and

Ep, [(m(W) - mo(W))/VW)fl(m(W) - m0<W))}

< )\max(v(ﬁ)il) {EPO[(ml(W) - m01(W))2] + Ep,[(ma(W) — m02(W))2]} )
Using the definition of the L?-norm, it follows that
Ep[(ma(W) = mo1(W))?] + Ep,[(ma(W) — mo2(W))?] > 0
if and only if there exists j € {1, 2} such that
Bo(m;(W) # mo;(W)) > 0.

From this, I conclude that my, is the unique solution to (B.23) in an almost-sure sense.

Step 2. Based on the results of Step 1, it is sufficient to solve

min Er, [KL(po(-|W), pgmo (-|W))].

(B.24)

(B.25)

to obtain the second assertion of the theorem. The factorization of a bivariate normal distribution

into its conditional and marginal distributions offers further simplification because it reduces the
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problem to solving

min Ep, {L (Y — mor (W) — (X — mos(W))5)?

BeB 202,

Adding and subtracting (X — mg2(W))S and invoking Part 4 of Assumption 16, I can find a

constant C' € (—00, 00) that does not depend on /3 such that

By | (V — o (W) — (X — mo2<w>>ﬁ>2] Ot (B B ER(X - moa(W)Y,

2
200 200

and, as a result, it suffices to solve the least squares problem

i {%&w — BV Er(X m02(W))2]} . (B.26)

Since the objective function is nonnegative and equal to zero when 5 = [, (feasible because
Bo € B), it follows that 5 is a solution to (B.26). Uniqueness follows Part 2 of Assumption 16
because the restriction Ep,[(X — mg2(W))?] € [c, | implies that the objective function is equal to

0 if and only if 5 = fy. O

B.2 Multivariate Extension

The main text assumes that 081 1s known and treats X as a scalar random variable, however, this
was largely for expositional reasons and can be relaxed with minor modifications to the assumptions.

This section presents an extension of Theorem 1 to allow for unknown o3, and multivariate X.

B.2.1 DGP, Bayesian Model, and Assumptions about Posterior Concentra-
tion
Data-Generating Process

Assumption 24 extends Assumption 16 to allow for multivariate X and unknown o3,. The conditions

are virtually the same except the existence of fourth moments for the projection errors Y — E'p [Y| X]
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(in Part 4) arises due to the estimation of o2,. For notation, the symbol || - ||, refers to the Euclidean

norm.
Assumption 24. The distribution of the data P, satisfies the following restrictions:

1. The conditional distribution of Y given X and W satisfies Ep,[Y | X, W] = X'Bo+no(W) and
Varp,|[Y|X, W] = o2, for some (B, 1m0,05,) € BxH xR, where B C R, H C L*(W).

2. There are constants 0 < ¢ < ¢ < 00 such that ¢ < A\pin(Ep[(X — Ep [X|W])(X —

Ep,[XIW])]) and Amaz(Ep,[(X = Ep [X[W])(X = Ep [X|[W])]) <@

3. The conditional distribution of (Y, X')" given W has a density pyy x|w with respect to the

Lebesgue measure and Ep,| log poy xjw (Y, X|W)| € (0, 00)
4. Projection errors Y — Ep,|[Y|W] and X — Ep,[X|W] are such that Ep,[(Y — Ep,[Y|W])*] €
(0,00) and Ep,[||X — Ep,[X[W]|[3] € (0, 00).
Bayesian Model

I extend the Bayesian model from Section 2 of the main text to accommodate multivariate X and
unknown o3,. I parametrize the sampling model in terms of precision £ = 1/03,, which means

that the extension of the sampling model is

Yil{ X5, Wik, B,m, € ™ N (my(Wa) + (X — ma(W3))' 8,670 (B.27)
X WYy, B,m, € ™ N (ma(W3), Sen) (B.28)

fori = 1,....n, where 3 € B C R¥%, m = (my,my) € M; x Hz’;l Moy C LA(W)%tL
£ € ZwithZ = [0%, 0% forsome 0 < ¢ < 7 < o0, and Yy, is a known positive-definite
matrix. The first display imposes the multivariate version of the Robinson (1988) transformation.
The second display is included solely for identifiability of mgs, and, as a result, it is without

loss of generality to treat o, as known (e.g., Xp2 = I,) as it has no intrinsic meaning (like

0(2)2 in the main text). Let L,(/3,&, m) be the (quasi-)likelihood implied by (B.27)—(B.28) and
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let ¢,(5,&,m) = log L,(B,&,m). For the prior, I assume that (3,&) ~ Ilgx=, m ~ Iy, and

(8,€) L m. Consequently, the joint prior is IT = Iz.= ® I1 .
Assumption 25. The following conditions hold:
1. The prior 11 is chosen so that Pg°( [ Ln(83,&,m)dII(3,&,m) € (0,00)) = L.

2. The prior llpy= has a Lebesgue density mg«= that is continuous and positive over a neighbor-

hood of the true parameter ([3y, ).

Assumption 25 implies that the posterior I1((3,£,m) € -|{(Yi, X[, W/)'}_,) is obtained via

Bayes rule,

[y La(B, €, m)dII(5, €, m)
S Ln(B, &, m)dIL(B,&,m)’

I((8,€,m) € A{(Y;, X, Wi)'HiLy) =

where A is a measurable set.

Assumptions on Nuisance Posterior

The next two assumptions extend Assumptions 18 and 19 to accommodate multivariate X and
unknown o2,. The estimation of 02, explains why Assumption 27 is stated slightly differently to
Assumption 19 because an unknown scale parameter o3, introduces a multiplier empirical process
that involves the interaction between U and m; — mg;. In the case where d, = 1, one can check
that Assumption 27 implies Assumption 19 by an application of the triangle inequality and the

fact that U = ¢; — &} 3y. For notation, B,, r((mg, ) = {m € M : max{||m1 — mo1||n2, ||ma1 —

mo2.1)[n.2, s ||M2.4, — Mo2,a,||n2} < 0} withmay, k € {1, ..., d, }, being components of m., and
|| - ||op is the operator norm of a matrix induced by the Euclidean norm || - ||2 (i.e., the spectral
norm).

Assumption 26. There exists a sequence {0, },>1 such that

6p = o(n~1/*%)

286



and
(n)

P
H<B”7M(m07D(Sn)H(Yi,XZ-,w;)’ ?:1) 0£>\W1

or P55, -almost every fixed realization {w;};>1 of {W;}i>1 as n — oo, where D > 0 is a large
0,W ry > >

constant.

Assumption 27. There are sets { M, },>1 such that

P
M, (Y5 X ) i) 21

1 — Po@x‘w
sup — Z&Tﬂ(ml (wi) = mor(wy))] =" 0
meMntn,M(m07D6n) \/ﬁ =1
1 — Pé,@x\w
sup — Z gi2(ma(w;) — mor (w;)) — 0
mEMnNBp, p(mo,Ddn) Vn i=1 2
1 n P(’”)
sup /n Z ein(ma(w;) — moz(w;)) e
meMpNBp am(mo,Ddn) \/ﬁ i=1 2
1 n ' é,y;/))qw
sup N Z gia(ma(wi) — mea(w;)) —
mEMnNBn, pm(mo,Ddn) Vn i=1 op

for PgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.

B.2.2 Extensions of Lemma 14 and 15 to Multivariate X and Unknown o3,

This section extends Lemmas 14 and 15 to allow for unknown o2, and multivariate X . I start with

some notation. Let

gn(ﬁ’fjm) _ ?n,l(ﬁagvm)
gn,2(ﬁ>£7m)v
where
- 0 n ,
U1 (B,6,m) = a—ﬂ,fn(ﬁ,& m) =&Y (Vi —ma(wi) = (Xi — ma(wi)'B)(X; — ma(w;))
i=1
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and

~ 0 n
gn,?(ﬂagam) = a_fgn(ﬂagam) = % - %Z(Y; - ml(wl) - (XZ - mZ(wi»/B)Q'

Let

Fg.em) = [ Fenem) La(B.6m) )

In,21(6;£7m> jn,22(57£7m)

bea(d, + 1) x (d, + 1) symmetric matrix, where

- o?

In711(5757m) - aﬂaﬁ/ (ﬁ 57 5 Z m2 wl (XZ - m2<wi))/

- 0? RN

In12(B,6,m) = 3506 ba(B,&m) = —— = (Y = ma(wi) = (X; = ma(w;))' B)(X; — ma(w;))
=1

. 0% 1

In,22<6757m) = _a_éﬂﬁgn(ﬁ7£7m> = 2_52

The first result extends Lemma 14 to accommodate multivariate X and unknown o3, .

Lemma 17. Let {M,, N B, pm(mo, D6,)}22, be the sets defined in Assumptions 26 and 27. If
Assumption 24 holds, then the following holds:

1. The collection of functions {{,,(Bo, &, m) : m € M} satisfies

(n)

1 - 1 - 0,Y X |W
sup _gn(60a§0am) - _gn(ﬁ()agOamO) - 0
mEBn’M(mo,Dﬁn)ﬁMn \/ﬁ \/ﬁ 2
for PgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.
2. The collection of functions {]Nn’n(ﬁo, &, m) : m € M} satisfies
~ =~ P&"&XIW
sup ‘ [n,ll(ﬁmfmm) - In,ll(/BOa &o, mo) —
mEBn,M(mO,Dén)ﬂMn op

for PgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.

3. Let ¢y = c/o?, and ¢y = ¢/0},, where ¢ and c are the constants Part 2 of Assumption 24. The
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following statements hold:

PO(TQX\W ( inf )\min(jn,ll(ﬁm&)?m)) > Qo) — 1

meMnNBy, a(mo,Don )

and

PO(;;/)'X|W ( sup )\max(fn,ll(ﬁ()?gﬂvm)) S E0) —

MEMnNBp, pm(mo,Dén)

for P55y -almost every fixed realization {w; }i>1 of {Wi}i>1 as n — oc.

4. Let 0 = (f',€) and let R, (0, m) be given by

b
\/ﬁ
(9 90) (Qo,mo)(e — 00)

Ro(0,m) = €,(6,m) — £n(0p,m) — —="Ly (0, mo)'v/n(6 — 6p)

n
2
If M,, — oo arbitrarily slowly, then

Pé,@x\w
)| —

sup | R, (0, m
(evm)eBBxE(emMn/\/ﬁ) X (Bn,./\/l (m07D5n)mMn)

0

for PgSy-almost every fixed realization {w; }i>1 of {Wi}iz1 asn — oc.

Proof. The proof has four steps with each step corresponding to the appropriate part of the lemma.

Step 1. Applying the triangle inequality, I know that

1 -

[t Lt o) 1

\/ﬁ
1 -

H nl 607507 )

‘\/— n2(Bo, &0, m) — \/ﬁén,2(507£07m0)

Consequently, it suffices to show that the following holds

1 - 1 - Py xiw
sup _gn,l(ﬁ()? &)a m) - _En,l (/807 607 mO) — 0
mEBn’M(mo,D(Sn)I"IMn \/ﬁ \/ﬁ 2

and

(n)
0,Y X |W
L)

%&,2(507 507 m) - %gﬂﬂ(ﬁo’ 50’ m())

sup
mEBn,M (mo,DJn)ﬂMn

289
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2

(B.29)

(B.30)



for Fy5y-almost every fixed realization {w;};>; of {W}i>1 as n — oo. For (B.29), I directly

expand £,, 1 (B0, &0, m) — €n.1(Bo, &0, mo) and apply the triangle inequality to conclude

%gnJ(ﬁOa 507 m) - %g’”vl(/go’ &)’ mo)

sup
meBn,M (mo ,D(;n)ﬂ./\/ln

2

1 n
< sup —= > (ma(w;) — mor(w;))esn
mE Byt (mo, D) My || VT ; )
1 n
+ sup —= > (ma(w;) — moz(w;))(Us — €55050)
me By a(mo,Dén) 1My || VIV ; ? )
1 n
+ sup — > (ma(w;) — mo1(w;))(ma(w;) — moz(w;))
mEBnﬂM(mO,DJn)ﬂMn \/ﬁ Zz:; 9

n

! Z(mz(’wﬁ - m02(wi))(m2(wi> - moz(wi))/ﬂo

+ sup —
mE By pi(mo.DS )My || VT

2

Assumptions 26 and 27 then imply that

(n)
0,Y X|W

%gn,l(ﬁm &0, m) - %g"vl (ﬁo’ o, mo)

for Pygy-almost every fixed realization {w;};>1 of {W;};>;. For (B.30), let

sup
mGBn,M (mo ,Dén)ﬂMn

2

Ui(m) =Y — ml(wi) - (Xi - m2(wi))/50
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and observe that

1 \/ﬁ 1 2
f 2(Bo, oy >—2—g0—m§

-5 = ((ma(wi) — mo1(wi)) + (ma(w;) — mo2(wz‘))'5o)2

+ 2 Z Uil (ma (w;) — moy (w;)) + (ma(w;) — moz(w;))'Bo

NG

— = ((ma(ws) — mor(wi)) + (ma(w;) — moz(w;))' Bo)?
+ — > Uillma(w;) = mor (wy)) + (ma(wi) — moa(wi))' o),

where I have used that U;(mg) = U;. Assumptions 26 and 27 then imply that

(n)
Po,nYX\W
—

1
Jn

for Pygy-almost every fixed realization {w; };>1 of {W;}i>1 as n — oc. This verifies (B.30).

sup 0

mEBn’M (mo,D(sn)mMn

27172(507607 ) \}—n2(ﬁ07£07m0)

Step 2. Adding and subtracting mg,(w;), the block I, 11 (5o, &, ™m) admits the decomposition:

n

BB So:m0) = T o, m0) + 52 3 ma1) = mn () ) =m0

1=1

i=1 =1

Consequently, the triangle inequality and the fact that A, (A) = \jpae(A’) reveals

|

% Z<m2(wz) — Moz (w;)) (Ma(w;) — moz(w;))’

i=1

% Z gia(ma(w;) — moa(w;))’

<
~Y
op

fzn,n(ﬂo, o, m) - fn,ll(ﬁO? o, mo)

op

op
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Since 6,, = o(1),

% Z(m2<wi) — moz(w;)) (Ma(w;) — moz(w;))’

sup —0

meMy ﬁBnyM (mo ,Déy)

op
for Py5y-almost every fixed realization {w;};>1 of {W;}>1 as n — oo. Moreover, Assumption 27
implies

(n)
0,Y X|W
—

0

sup
meMnNBy, m (mo,Ddn)

% Z ein(ma(wi) — moz(w;))’

op
for Pg5;-almost every fixed realization {w; }i>1 of {W;}i>1 as n — oc. This establishes Part 2.

Step 3. 1 first show the result for the minimum eigenvalue. Since

)\mm(jn,n(ﬁoafoam)) = || N;h(ﬁo;foym)”op;

it suffices to show that

(n)
0,YX|W

I 11 (Bo, &0, m) — 1,1, (Bo, &0, mo)

sup 0 (B.31)

mEMnﬁBn,M(mo,D(Sn) ‘ op

for Pygy-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. Indeed, Parts 2 and 4 of

Assumption 24, Chebyshev’s inequality, and the strong law of large numbers implies that

j’r?&l(ﬂOa 507 mO)

(n)
PO,YX|W () op > QQ) — 1

for Py -almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. The convergence (B.31)
holds by Part 2 of the lemma and the continuous mapping theorem. Next, I show the result for the

maximum eigenvalue. Part 2 of Assumption 24 implies

Po(,@)qw <||]~n711<50a€07m0)||0p < 50) — 1

for F§5,-almost every fixed realization {w;};>; of {W;};>1 as n — oo. Consequently, it follows by

Part 2 of this lemma, the triangle inequality, and the fact that || A||,, = Anax(A) that

Pé,@)qw ( sup )\max (jn,ll(BOafoam)> S E()) — 1

meMpNBp pm(mo,Ddn)

292



for Pygy-almost every fixed realization {w;};>, of {W;}i>1 asn — oo,

Step 4. Let 6 = (', €)’. Applying a second-order Taylor expansion, I know that

1 - 1 'T (0
%gn(eo, m) = 510 = 00)' I (0, m) (0 — o),

where 6, is on the line segment joining ¢ and #,. Consequently, I want to show that

0,(0,m) — £, (0p,m) = /n(0 — 0y

sup
(6:m)€Bpx= (00, 72) X (MnNBy, a1 (m0,Dén))

n(0 — 0,) (%En(eo, m) — i (0o, )) ' =o,m (1)

(B.32)
and
sup ]nw — ) (in@n, m) — (6o, m0)> (= 90)‘ — o, (1)
(6,m)€Bpx= (00,2 )X (MnNBy, a1 (mo,Dén)) 0,Y X|W
(B.33)

conditionally given Py, -almost every sequence {w;}i>1 of {W;}i>1. For (B.32), Part 1 of the

lemma and the fact that M,, — oo arbitrarily slowly as n — oo implies that

1

sup ‘\/_ 9 90 — (90, ) \/ﬁ(ﬁ — 9())/7 (90, mo)

(6,m)eBgx=(b0, In)x(MnﬂBnM (mo,Dér)) \/_

1 - 1
< Mn sup _Zn(e()am) - T = (907 mO)
meMpNBy pm(mo,Ddrn) \/ﬁ \/_
n 1
= () ()

for F§5y,-almost every fixed realization {w;};>1 of {W;}i>1 as n — oo. For (B.33), I apply the

Cauchy-Schwarz inequality, || Az||2 < ||A|op||x||2 for a matrix A and Euclidean vector z, and the
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triangle inequality to conclude that

sup (nw —9y) (in@n, m) — (6o, m0)> (0 — 6))

(07m)€BBXE(‘90»MTZ)X (Mntn,M(mOvDén))

< Mﬁ sup ‘ I (én,m) — I,,(6p, mp)
(e’m)GBBXEwaMTZ)X(Mntn,M(mO,Dén)) op
< Mfl sup ‘ I (én,m) — fn(én,mg)
(0,m)€ B =00, M) x (M By, aa(mo, D)) P
+ M"r% sup jn(ény mO) - jn(907 mO)
9€BBxE(907M73) op

Since SUPge gy, 2 (09, M, /v/7) 116,]]2 = O(1) and the elements of I,,(6, m) — I,,(6, my) are linear in 6,

Part 2 of the lemma implies the following convergence

sup ’ L0, m) — L,(0,,mo)|| = opm (1)

(0,m)€ B xz(00, 22 ) x (MM By a1 (mo,Ddn)) op oy XIw

n

for Pg§y,-almost every fixed realization {w;};>1 of {W;}i>; as n — oc. Moreover, since the

mapping 0 — fn(e, myg) is continuous over Bpyx= (6o, M, /+/10),

jn(ena mO) - ]Nn(907 mO)

sup

== OP('n) <1)
9€Bsx5(907Mﬁ)

op 0,YX|W

for P55y -almost every fixed realization {w;};>, of {W;};>1 as n — oo. Consequently, I conclude

that if M,, — oo arbitrarily slowly as n — oo, then
. . Py
sup ‘n(@ —9y)’ (fn(en, m) — I(6o, mg)> 0 90)‘ LE

(6,m)€Bpx= (60,72 ) X (MnNBn,a(mo,Dén))

conditionally given Py, -almost every realization {w; };>1 of {Wi}i>1 as n — oo. O

Lemma 18. Let {M,, N B, pm(mo, D6,) }22, be the sets defined in Assumptions 26 and 27. If
Assumptions 24, 25, 26, and 27 hold, then for every M, — o0,

(n)
0,Y X|W
) —

sup IT((8,€) € Box=((Bo: o), M/ V) H(Vi, Xi, W) Hy,m 0

meMy, ﬁBnyM (mo ,D(Sn)

conditionally given P53, -almost every realization {w;};>1 of {W;}i>1 as n — oo, where the set
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Bpx=((8o, &), M, /+/n) is a Euclidean ball centered at (539, o) with radius M, /+/n.

Proof. The proof has two steps. The first step derives a uniform upper bound for the numerator of
the conditional posterior. The second step derives a uniform lower bound for the denominator of
the conditional posterior that when combined with the first step implies the result. The argument is
conceptually similar to the proof of Lemma 15.

Step 1. 1 start with a unifom upper bound for the numerator of the conditional posterior.

Specifically, I show that there exists a constant C' > 0 such that

MEMnBa i (mo,Dén) L, (Bo, &, m)

P(STXL/)X\W sup / . MdanE(67£> < exp(—CM?)
7 Bpx ((50 o) M")L (
— 1

for Py5,-almost every fixed realization {w;};>1 of {W};>1 as n — oo. Dividing/multiplying by

L, (5o, &, m), it suffices to show that there exists constants C; > 0 and C > 0 such that

P o [ LnlBo8 ). 11, 2(5.6) < exp(~CiM2)
’ MEMa B, at(m0,D61) J By ((80.0). Mn) n(Bo, &, m)
— 1 (B.34)
and
n Ln , G, MM
P o | D08 1 (5,) < exp(~Co2)
MEM By 1 (1m0, D6n) J Bz (B0 60). 42 ) n(Bo, &0, m)
— 1 (B.35)

conditionally given F;,-almost every realization {w;};>; of {W;};>1 as n — oc. For the bound

(B.34), an expansion of the log-likelihood implies

gn(ﬁv 57 m) - én(ﬁl% 5) m)

_ S (- ey
= 50 (\/_(ﬁ 60) \/ﬁ
é%(gn(ﬁ,go,m) — ln(Bo, &0, m))

1 (Boy &0, m) — \/_(5 B0)'In.11(Bo, o, )\/5(5—500
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Consequently, I can apply a symmetric argument to that of Step 2 of Lemma 15 to conclude that

n Ln ) 7m C
PO( QX‘W sup sup M < exp (—ﬂM3> — 1
MEMnNBp, pm(mo,Ddn) 563;%_50”221\% Ln(ﬁOv &0, m) 4

for Py -almost every fixed realization {w;}i>1 of {W;}i>1 as n — oo, where ¢, is the constant
defined in Part 3 of Lemma 17. Since = = [ 2, 02,  able to further conclude that there exists a
constant C'; > 0 such that

Pé,@xw sup Mdﬂgx (B,6) Sexp(-CL1M2) | — 1
(8,6)€B((o.0) M /i) Ln(Bo, &)

for P55 almost every fixed realization {w; }i>1 of {W;}i>1 as n — oo. For (B.35), expanding the

log-likelihood reveals that

ln(Bo, &, m) — €n(Bo, &0, m)

n

= (log€ — log &) — 5 (€~ &) iz Y= ma(ws) — (X, = ma(us) o)’

A second order Taylor expansion of = — log x reveals that

(&) — = (6 - &)

5 (log€ —logéy) = o S

where &, on the line segment joining & and &. Since & >0 2 uniformly over Z, it follows that

- 1

Cn(Bos & m) — n(Bos §o1,m) < @ (l - 1 ZUf(m)> Vn(§ —&) — F(\/ﬁ(f —&))%
where U;(m) = Y; — my(w;) — (X; — ma(w;)) By fori = 1, ..., n. The proof of Part 1 of Lemma

17 shows that

pm)
Py Y X|W
sup

mEMnﬂBn,M (mo,Dﬁn

VOILEE T NA

for Fyyy-almost every fixed realization {w;};>1 of {W;};>1 as n — oo. Moreover, Chebyshev’s
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inequality reveals

I, 1 1
05 =% (75)

=1

for Py, -almost every fixed realization {w; };>1 of {W;}i>1 as n — oo. Consequently,

L (o]

for Fyyy-almost every fixed realization {w;};>1 of {Wi}i>1 as n — oo. Consequently, with

n)
PO,YX|W ( Sup

meM,, NBp, M (m(),D(Sn)

Pég} X‘W—probability approaching one, the following holds

sup exp (gn(ﬁm §, m) - gn(ﬁOu 507 m))

(gvm)zlg_golz%7m€Mntn,M(m07D6n)

< M"t ! t2
eX su —5l— —=
= P teR:t;Mn 452 202 ’

where t = |\/n(§ — &)|. Solving the maximization problem to obtain ¢ = M,,, I conclude that there

is a constant C'y > 0 such that

n Ln(ﬂ[)) 5, m)
Py xiw ( sup e

. dllgx=(B,€) < exp(—CyMy)
meMpnNBp, pm(mo,Ddn) /138x5((ﬁo,€0)71f5%)c L”(BO’ o, m) g

for P55, -almost every fixed realization {w; }i>1 of {W;};>1 as n — oo. Letting C' = C} + Cy, 1

conclude that

Ln(B3,&,m)
(n) n ) S
PO,YX\W ( sup

dlp.=(8,€) < exp(—=CMy)
MEMnN B a(mo,Ddy) /BBXE <(,80,50),M—\/%>C L,,(Bo, &0, m) )

— 1

for Py5;-almost every fixed realization {w; };>1 of {W;}i>1 asn — oc.

Step 2. Given the result of Step 1, it is sufficient to show that

(n) Ln(B,&,m) C
Fovxw (/B Lo (B, o, m) H=(0,€) 2 xp (‘5M3)> —1
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for Pygy-almost every fixed realization {w; };>; of {W;}i>1 as n — oo. The argument is similar to
Step 3 of Lemma 15. Let 6 = (5',£)’, let s = /n(6 — 6,), and let S be the image of B x = under

the mapping 6 — s. Applying the change of variables § +— s, the posterior normalizing constant

satisfies

/B oD (£, €)= (o, 0, ) T2 (5, )
_ /S exp (£3(s,m) — €50, m)) dlLs(s)
> / (55 m) = G0.m) dils ()

> K [ exp(€(s,m) = £5(0,m)) s, (s)ds,

Rdz+1

where (%(s,m) = £,(0p + s/\/n,m), Se = {s € S : ||s]|» < C} for C > 0, Ts.(s) = 1{s €
Sat/MSe), and K = infes. ms(s)/A(Sg). Part 2 of Assumption 25 guarantees that K € (0, c0).

Consequently, the following inequality holds

Po,@)qw (/B _exp (Un(B,€,m) — Ln(Bo, {0, m)) dllpy=(B,§) < exp (—%Mi))
< PO(})X‘W (/ exp (€ (s,m) — £;,(0,m)) ms_(s)ds < KLexp <—€MZ)) .
Rdz+1

for Fy5y-almost every fixed realization {w;};>1 of {W;};>1. Letting s = (s}, s9)" with s; corre-

sponding to [ and s corresponding to £, I know that
E;(Sv m) - 62(07 m) = (E:;(S, m) - E;((O’ 32)7 m)) + (E:L((()? 32)7 m) - 62(07 m))

Taylor expansions of each term reveals that

1 - S 1 - S
EZ(S,W) - 62((07 52),m) = Sllﬁgn,l (50,50 + \/—%,m> - 53,1]71,11 (50,50 + \/—%,m> S1
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(t0 22) s (60)) = s >

:Szg(g_giw) a0 ()

Using the definition of £,,1 (3, &, m) and I,,11(8, £, m), Lemma 17, and that ||s||, < C, I know that

the following holds:
su su s} (5 o+ — ) — s ! ln1(Bo, €0,m0)| = 0 (1)
SESpC meMntp’an D67L) ! \/_ 07 0 \/_ ! \/ﬁ n71 07 07 O Pé@X‘W

for Pg5,-almost every fixed realization {w;};>1 of {W,;};>1 as n — oo, and, as a result, with

Pég) X‘W—probability approaching one,

(507 60 + — ) C M2 n,l(ﬁm 507 mO)v ERS SC’

v +81f

holds conditionally given FyYy-almost every realization {w; }i>1 of {Wi}i>1 as n — oo. Similarly,

mGMnﬂBn M(mo,Déy) \/_

o (1)

By Y X |W

sup sup
$€S5 meEMnNB(mo,Ddr)

82@ (i — l Z Uf(m)) - 52%&%2(/@0,50,7’”0)

for Pg5;-almost every fixed realization {w; };>1 of {W;}i>1 as n — oo, and, as a result,

. 1 C 1
Py ( inf so—=Lnz (Bo,€0,m) > == M + 55—=

n J ) V S~
EMpNBy pm(mo,Ddy) \/_ 16 \/ﬁ ,2(50 o mO) ERS C)

— 1

for Pg5,-almost every fixed realization {w;};>1 of {W;};>1 as n — oo. Moreover, Lemma 17

implies that

n 1 = S C
PO(}zX\W (SUP sup >Sinn <50,§0 + \/—%,m> 51 < 1—6]\/[3) — 1

SESC'« mEMnﬂB(mo ,Déy,) 2

conditionally given Py, -almost every fixed realization {w; }i>1 of {W;}i>1 as n — oo, and, since

~ 2
|s2] < C and &, € (0,00), sup,,y,<é ;ng < S M? for large n. Consequently, I am able to
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conclude that

Py ( inf /R e (G (s,m) = £,(0,m)) s, ()ds < K exp (_gMg»

meMpNBy pm(mo,Ddn)

n , 1o~ _ C
P()(,52X|W <{/Rdw+1 exp (s —\/ﬁﬁn(ﬁo,fo,mo)) s, (s)ds < K~ exp (_ZM'%) }) + o(1)
P L7 (B, &0, mo) 55 (s)ds < — S M2 ) + o(1)

0,YX|W \/ﬁ n\~0, S0, 770 o Sea >~ g s

IN

IN

conditionally given Fg§;-almost every realization {w; };>1 of {W;};>1, where the last inequality
is an application of Jensen’s inequality and the fact that — log K < %Mﬁ for large n. Applying

Chebyshev’s inequality and the Cauchy-Schwarz inequality, I obtain the following inequalities

n 1 ~ ’ C
Po(,igxw <_fn(507€o,mo) / sts,, (s)ds < _gMz)

\/ﬁ Rdz+1
< (n) L5 / > C 9
- PO,YX\W %gn(ﬁmfo,mo) S7Tsc~($)ds > gMn

Rdz+1

2 2

1 1 -
~ M3 /Rdm+1 SWSC(S) N 5 Pé,y)xlw Vn (B, 71, m0) 9
= O(Mr:4)>

for P35, -almost every fixed realization {w; }i>1 of {W;};>1. Since M,, — oo as n — oo, I can then

conclude that

(n) : _ 2) _9 2
By xiw (meMn;g(fmo7D5n)/L;X_ exp (€n(B, &, m) — €n(Bo, §o,m)) dIL(B, 07) < eXp< 5 Mn>>

— 0

for Fpyy-almost every fixed realization {w;};>; of {W;};>1 as n — oo. This completes the

proof. [

B.2.3 Extension of Theorem 2 to Multivariate X and Unknown ¢},

The next result extends Theorem 2 to allow for multivariate X and unknown o3;. The result is
stated in terms of the joint posterior for (', £)’, however, it implies the same result as Theorem 1 for

the marginal posterior for 5 given that fn( Bo, &0, mo) converges in probability to a block diagonal
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matrix.

Theorem 5. Let 0 = (3, ) and let An,O = ~;1(/6’0, o, mo)nfl/zgn(ﬂo, &0, mo). If Assumptions 24,

25, 26, and 27 hold and 0y € int(B x =), then

(n)
0,Y X |W
—

106 € 1O X V) = A (B B 2 o)) 0

vn

for PgSy-almost every fixed realization {w;}i>1 of {Wi}iz1 asn — oc.

TV

Proof. The argument is very similar to Theorem 1 except with appropriate modifications. Following

symmetric arguments as Steps 1-3 of the proof of Theorem 1, Assumptions 24-27 lead me to

deduce that

(0 € A{(Y:, X3, wi) o)

fAmBBX (60,2 exp %Z (00, mo)'/n(0 — 6y) — 5(0 — 00)’];1(90, mo)(0 — 90)) do

Figmton ) 5P (%2 (B, mo) /(0 — Bo) — (8 — 00) L (B, mo) (0 — 90)) df

for all events A, conditionally given F5;-almost every realization {w; }i>1 of {W;};>1. Recalling

that Amo —n2 ~n_ L(8y, mo)@n(eo, my), I complete the square to obtain

Janps =00, My ) €XP (fg (60, mm0)' /(0 — 0) — 2(6 — 6o)' I, (0, mo) (0 — 90)>

Focon, ) XD (a0, mo) /(0 = 60) = (0 — 60) L0, m0) (0 — b)) B
A

fAmBBX =(00, ) P (_%(9 — 00 — 128 0)'nd,y (00, m0) (0 — o — ™ nO)) do

M\»—‘

sz (00,282, XD ( 30— 6 —n72 A, 0)n (60, m0) (6 — b — nﬁ&n,O)) df
fAﬂBBX (6o T) ¢90+7‘L7%An,07n71[~;1(00’m0)<0)d9
IBBX Jﬁ 00+n_%An70,n_1I~{1(90,mO) 0)d6’

where ¢90+n,% B 0im—LE=1 (6o, m0) is the probability density function of N (6, +n3 Ao, n ' I71(60)).

This expression is analogous to that obtained in the final step of the proof of Theorem 1 (cf. equation

(B.1)). Since A,y = O, (1) and I,(6y,mg) = O pm (1) conditionally given F5;-almost

0,Y X |W

every realization {w; };>; of {W,};>1, it can be shown using analogous arguments to the proof of
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Theorem 1 that, if M,, — oo arbitrarily slowly, then

; [(0)db| = o

77 (60,m0)

fAﬁBBX (90 gbeo""f ~n ,05 %I 90 mo (6)
Sup gb@o-ﬁ-f An0,7

w (1)
A fBBx 907 ¢90+\F %~_ (60,m0) e)de P

0,Y X |W

for P55y--almost every fixed realization {w; };>1 of {W;};>1 as n — oo. Consequently, an application

of the triangle inequality allows me to conclude that

pn)
sgp 11 (6 € A{(Y;, X;, w!) /¢90+\r Ao, 171 (60.m0) (0)do Oﬁiw 0

for P55y -almost every fixed realization {w;}i>1 of {Wi}i>1 as n — oo. This completes the

proof. ]
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Appendix C

Appendix to Chapter 3

C.1 Proof of Theorem 4

Proof of Theorem 4. The proof has two steps. In Step 1, I show that M,, g r1 € M,, 5xs. In Step

2, I show that M,, s C M,, 5«0, . By double inclusion, these two steps establish the claim.

Step 1. Let PS& be an arbitrary element M,, 5. o,. Leti € {1,...,n} be fixed arbitrarily. If
218 # 0, then Q(a! ) = ()3 /o(x:)) with o (z;) > 0 given by o(x;) = #/3/® (Q(x5]:))
The positivity claim holds because Assumption 20 implies sign(®~1(Q(x!3|x;))) = sign(x}3).
If 2,8 = 0, then Q(z8|x;) = ®(x}f/0(x;)) with o(x;) = 1. This follows from Assumption
20 and ®(0) = 0.5. Repeating this argument for all i € {1,...,n}, it follows that there exists
Py € M, pxs such that P} = P{"\.. Since I fixed Py € M., 5xo, arbitrarily, it follows that

M, Bxm © My, Bxs.

Step 2. Let 153(/’& € M, sxs be fixed arbitrarily. The random vector (Ul, s Un) with U; =
ind

g;/o(x;) with &|8,0 ~ N(0,1) fori = 1,...,nand 0 : X — R, satisfies Assumption 20.

Consequently, it follows that 15}(,7;( € M, 5xo,. Since I fixed ]5}(,7;( € M,, pxs arbitrarily, it

follows that M,, gxs € M,, 5x 0. - O
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