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ABSTRACT

Model selection can be an art. In many scientific fields including genetics, climate sciences and so-
cial sciences, a proper model can simplify the computation in the analysis as well as increase the inter-
pretability of the result. In this dissertation, we articulate two methods, under two different guiding
principles, to facilitate model selection.

The first method concerns the computational challenge in Bayesian model comparison. We show
that the Bayes factor can be approximated using the Wang-Landau algorithm, based on a mixture for-
mulation between the posterior distribution and a user-defined surrogate distribution. The proposed
Wang-Landau mixture method is applicable as long as an effective Markov kernel invariant to the pos-
terior is available. Further refinements are carefully discussed, including accelerating the convergence
using the momentum method, and facilitating global jumps between the posterior and the surrogate
using the Multiple-try Metropolis.

The second method concerns a desired Frequentist property in feature selection. Specifically, we
form a proper statistic via data splitting to rank the importance of each feature. The statistic enjoys
a useful property, that is, it is symmetric about 0 for null features, and relatively large for relevant
features. We show that by carefully choosing a data-dependent cutoft, we can achieve asymptotic false
discovery rate control under proper conditions. The proposed method is free of calculating p-values,
and is applicable to a wide class of statistical models including the linear model, the generalized linear

model, and the Gaussian graphical model.
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Introduction

Model selection has been a well-focused problem in Statistics. Many methodological developments,
from both the Frequentist and the Bayesian perspectives, have been documented to help practitioners
select a suitable model among a pool of candidate models. We articulate two guiding principles for

model selection in the following, along with a brief overview of our contributions.



0.1 MAXIMIZING THE MARGINAL LIKELIHOOD OF DATA

Given data y, the marginal likelihood of data under model M, sometimes called the normalizing

constant, is defined as

ply | M) = / (O |y, M) d6y = / p(0 | Mip(y | 00 MOdO,, (1)

in which 0}, denotes the associated parameters of model My, p(6y, | M},) denotes the prior, p(y |
0, M) denotes the model likelihood, and (0, | y, M},) denotes the unnormalized posterior
distribution.

For a finite set of competing models { M}, }, Bayesian methods typically compare two models M,

and M ; by computing the Bayes factor B;; defined as below,

(2)

With the uniform prior on model, thatis, p(My,) o 1, B; ; > 1 indicates that model M; is more
favorable than model M, in terms of the posterior odds, given the current data y.

While model comparison via the Bayes factor is conceptually straightforward, it is also likely to be
computationally challenging. There are two general strategies to exercise this principle. First, we can
estimate all the normalizing constants in parallel. Second, we can include the model index M, as a

parameter in the joint posterior distribution specified as below,

POk, My | y) < p(y | Ok, Mi)p (0r | M) p(My), (3)

and use Markov chain Monte Carlo (MCMC) algorithms to traverse the joint model and parameter

space. The ratio between the time that the Markov chain spends in different models, adjusted by the



model prior, consistently estimates the Bayes factor.

Neither analytical calculation nor numerical integration of the normalizing constant is feasible ex-
cept for trivial models. Instead, various approximation schemes have been proposed in the literature.
(i) The Bayesian information criterion (BIC). Konishi and Kitagawa (2008) derived BIC as an Laplace
approximation of the marginal likelihood of data . (ii) The variational approximation. The normal-
izing constant is equivalent to the free energy in statistical physics up to a sign. Thus, variational free
energies, including the Gibbs free energy and the Bethe free energy, can be exploited from statistical
physics (Mezard and Montanari, 2009) to approximate the normalizing constant. (iii) Monte Carlo
approximation. Based upon effective sampling from the posterior distribution using Markov chain
Monte Carlo (MCMC) algorithms, many efforts have been made to construct accurate Monte Carlo
estimators, including importance-sampling-based methods (Liu, 2008), Chib’s method (Chib, 1995;
Chib and Jeliazkov, 2001), the inverse logistic regression (Geyer, 1991). Monte Carlo methods will
be the focus of Chapter 2, and a review of relevant methods is given in Section 2.5.

When it appears over-demanding to estimate the marginal likelihood of data for each model, sam-
pling from the joint posterior distribution (3) serves as an attractive alternative. Different models po-
tentially sit in different dimensional spaces, thus it requires to construct efficient trans-dimensional
jumping mechanisms Brooks et al. (2003) to enable effective reversible jump MCMC (Green, 1995).
In order to maintain a reasonably high acceptance probability when jumping across different mod-
els, we propose to employ the Multiple-try Metropolis (Liu et al., 2000) to sample along informative
jumping directions, which can be identified by pre-locating the modes of within-model posteriors.
Two jumping mechanisms, including the fixed-directional jump and the adaptive-directional jump,
are detailed in Section 2.4.

Model selection via the Bayes factor can be misleading if vague (e.g. uniform priors on arbitrarily
wide intervals) or improper priors are involved. Indeed, statisticians are debating on whether priors

should be taken into account in model comparison (Kass and Raftery, 1995; Robert, 2007). Possible



solutions have been proposed in the literature, by properly modifying the Bayes factor to enhance its
robustness. We refer the readers to O’Hagan (1995); Berger and Pericchi (1996); Berger et al. (1998,

2001).

0.2 CONTROLLING THE FALSE DISCOVERY RATE

In view of the explosive feature collection capabilities, model selection in the high-dimensional setting
has been of recent interest. In the following, we focus on regression models, although the general idea
is applicable in a broad class of multiple testing problems. Let n be the sample size. For each sample,
suppose there is a set of p associated features (X7, - - - , X)) targeting some response variable y, with p
potentially being much larger than n. We assume that only a small fraction of features directly interact
with the response variable, which appears plausible in many real-world applications. Let S* and S
be the index set corresponding to relevant features and null features, respectively.

One of the guiding principles to achieve controlled model selection is to maximize the selection
power while controlling the false discovery rate (FDR) under a pre-specified threshold ¢ € (0, 1).

The selection power is defined as

#{j:jeS*jeS)}

Power = - ’ 4
#{j:j €S} (4)

in which S denotes the set of selected features. FDR is defined as
FDR = E[FDP], FDP = #{j:j €S, j€S} o

#{jeSvi

where FDP refers to the false discovery proportion. The expectation is taken with respect to the ran-
domness both in the data and in the selection procedure if it is not deterministic. FDR control is a

desired property in practice, which ensures that the proportion of the false positives is, on average, be-



low q. More stringent control criteria including the family-wise error rate control and the directional
FDR control have also been considered in the literature.

Perhaps the most prominent FDR control procedure is the Benjamin-Hochberg (BHq) procedure
(Benjamini and Hochberg, 1995), which is applicable when individual p-value p; is accessible for each
feature X j. More precisely, for a given FDR control level ¢ € (0,1), BHq first ranks all the p-values
in an increasing order, and then find the largest & € [p] such that p,) < kq/p. The selected index set
of features is {j : pj < p(x)}. (Benjamini and Hochberg, 1995) showed that BHq achieves an exact
FDR control if all the p-pvalues are independent. An extension of BHq, the Benjamin-Yekutieli (BYq)
procedure, is considered in Benjamini and Yekutieli (2001) to handle potential positive dependency
on the test statistics associated with null features.

Regularization methods (Bithlmann and Van De Geer, 2011; Wainwright, 2019) are generally re-
quired to fit high-dimensional regression models. Thus, calculating individual p-value for each feature
Xj can be highly non-trivial. Three possible solutions have been considered in the literature. (i) data
splitting (Wasserman and Roeder, 2009). That is, we split the data into two halves, and screen out
redundant features using the first half of data. The validity of the statistical inference carried out on a
smaller model using the second half of data is guaranteed as long as all the relevant features are selected
in the screening stage. (2) post-selection inference. Recent work (Taylor et al., 2014; Lee et al., 2016)
showed that for the high-dimensional linear model, exact inference conditioning on the model selec-
tion result is possible for several popular selection procedures including Lasso (Tibshirani, 1996) and
the stepwise regression. (3) debiased methods. For the linear model (Javanmard and Montanari, 2014;
Zhang and Zhang, 2014) and the generalized linear models (Van de Geer et al., 2014), it is possible to
obtain asymptotically valid p-values after we properly debiase the regularized estimators.

The knockoft filter is another class of FDR control procedures that have been developed and popu-
larized recently (Barber and Candes, 2015; Candes et al., 2018). The idea is to pair a knockoft for each

feature, and examine how significance the knockoft'is compared to the original feature. The knockoft



filter is free of calculating p-values, and is applicable in arbitrary models with provable finite-sample
FDR control. On the other hand, in the large-p-small-n settings, it requires the knowledge of the joint
distribution of all features so as to construct knockofts. When correlations among the features appear
non-negligible, the power of the knockoff filter can be inferior. Intuitively, this is because there is not
enough degree of freedom to construct a knockoft significantly different to the original feature, but
maintaining the correlation structure with the rest of features.

Xin et al. (2019) recently proposed the Gaussian mirror method for FDR control on the linear
regression model. The idea is to substitute each feature X; in the linear model by a pair of perturbed

features

Xf =Xj+¢Z; and X; =X —¢;jZ; (6)

in which Z; follows N (0,1), and ¢; is a proper-chosen scalar so that the corresponding regression
coefficient estimates ﬁj‘ and Bj_ are independent. The Gaussian mirror method then introduces a

mirror statistic M for each feature X; in the form of
M; = |BF +B; | - |By - B (7)

The mirror statistic enjoys the symmetric property, that is, for j € Sy, M; is symmetric about 0. On
the other hand, for j € S*, Mj is relatively large so that relevant features can be differentiated with
null features using the mirror statistics. It remains to select a data-dependent cutoft 7, so that the
selected index set {j, M; > 7, } hasa desirable FDR control under level g. The key is to upper bound
the number of false positives, in which we exploit the symmetric property of M for j € S, that s,

foranyt > 0,

#{jeSo: M >ty =#{jeSo: M <—t} <#{j: M; < —t}.



The Gaussian mirror method achieves the asymptotic FDR control under the assumption that the

mirror statistics for null features are not too correlated.

0.3 OUTLINE OF DISSERTATION

In Chapter 1, we investigate the Wang-Landau algorithm (Wang and Landau, 2001b) from the opti-
mization perspective, which will be the building block of the proposed Bayes factor approximation
method we present in Chapter 2. We show that the Wang-Landau algorithm can be formulated as a
(stochastic) gradient descent algorithm minimizing a convex and smooth objective function, of which
the gradient is estimated using MCMC simulations. Various acceleration schemes can be exploited to
speed up the convergence of the Wang-Landau algorithm. In particular, we find that the Adaptive
Moment Estimation (Adam) method (Kingma and Ba, 2014) is eftective, and illustrate it on canoni-
cal physical model including the two-dimensional Ising model and the two-dimensional Potts model.

In Chapter 2, we present a new Monte Carlo method to estimate the marginal likelihood of data.
The idea is to match the posterior distribution by a surrogate distribution with a known normaliz-
ing constant, and formulate a mixture distribution to combine the posterior and the surrogate. The
mixing parameter is an easy function of the two normalizing constants, and we estimate it using the
Wang-Landau algorithm. The proposed method is applicable as long as an eftective Markov kernel
invariant to the posterior distribution is available. Detailed discussion on further refinement of the
method can be found in Section 2.3 and 2.4.

In Chapter 3, motivated by the Gaussian mirror method, we presenta new FDR control procedure,
which requires neither calculating p-values nor constructing knockofts. Instead, for each feature X,
we estimate two regression coeflicients via data splitting, upon which we construct the mirror statistic.
The mirror statistic associated with null features enjoy the symmetric property as long as the regres-

sion coefficient estimates for null features are symmetric about 0. To stabilize the selection result and



overcome the potential power loss resulting from data splitting, we propose a multiple data-splitting
framework to aggregate the selection results obtained from repeated data splits. Detailed discussions
on specializations of the proposed method for different statistical models can be found in Section

3.4.1t03.4.4.



The Wang-Landau Algorithm as Stochastic

Optimization and Its Acceleration

ConNTRIBUTION This chapter is based on a published article from Physical Review E (Dai and Liu,

2020), jointly with Prof. Jun S. Liu.



1.1 ABSTRACT

We show that the Wang-Landau algorithm can be formulated as a stochastic gradient descent algo-
rithm minimizing a smooth and convex objective function, of which the gradient is estimated using
Markov chain Monte Carlo iterations. The optimization formulation provides us another way to es-
tablish the convergence rate of the Wang-Landau algorithm, by exploiting the fact that almost surely,
the density estimates (on the logarithmic scale) remain in a compact set, upon which the objective
function is strongly convex. The optimization viewpoint motivates us to improve the efficiency of
the Wang-Landau algorithm using popular tools including the momentum method and the adaptive
learning rate method. We demonstrate the accelerated Wang-Landau algorithm on a two-dimensional

Ising model and a two-dimensional ten-state Potts model.

1.2 INTRODUCTION

The Wang-Landau (WL) algorithm (Wang and Landau, 2001a,b; Landau et al., 2004) has been proven
useful in solving a wide range of computational problems in statistical physics, including spin-glass
models (Brown and Schulthess, 2005; Torbriiegge and Schnack, 2007; Alder et al., 2004; Snider and
Clare, 2005; Okabe et al., 2002; Zhou et al., 2006; Wu and Machta, 2005; Malakis and Fytas, 2006;
Herndndez and Ceva, 2008; Fytas and Malakis, 2008; Tsai et al., 2007; Yamaguchi and Okabe, 2001),
fluid phase equilibria (Mastny and de Pablo, 2005; Shell et al., 2002), polymers (Taylor et al., 2009;
Strathmann et al., 2008), lattice gauge theory (Langfeld et al., 2012), protein folding (Rathore and
de Pablo, 2002; Rathore et al., 2003, 2004), free energy profile (Calvo, 2002), and numerical integra-
tion (Troster and Dellago, 2005; Li et al., 2007). Its successful applications in statistics have also been
documented (Liang, 2005; Atchadé and Liu, 2010; Bornn et al., 2013). The WL algorithm directly
targets the density of states (the number of all possible configurations for an energy level of a system),

thus allowing us to calculate thermodynamic quantities over an arbitrary range of temperature within
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a single run of the algorithm.

Much effort has been made to understand the dynamics of the WL algorithm, along with numer-
ous proposed improvements, of which we highlight three here. (i) Optimizing the modification factor
(flatness criterion) (Belardinelli and Pereyra, 2007; Zhou and Bhatt, 2005; Zhou and Su, 2008; Dayal
etal., 2004). Belardinelli and Pereyra (Belardinelli and Pereyra, 2007) proposed that instead of reduc-
ing the modification factor exponentially, the log modification factor should be scaled down at the rate
of 1/t in order to avoid the saturation in the error. (ii) Employing a parallelization scheme. Wang and
Landau (Wang and Landau, 2001b) suggested that multiple random walkers working simultaneously
on the same density of states can accelerate the convergence of the WL algorithm. The efficiency of
the parallelization scheme can be further enhanced using the replica-exchange framework (Vogel et al.,
2013). (iii) Incorporating efficient Monte Carlo trial moves (Wiist and Landau, 2009; Yamaguchi and
Kawashima, 2002; Wu et al., 2005).

In this chapter, we consider the WL algorithm from an optimization perspective and formulate it
as a first-order method. We derive the corresponding smooth and convex objective function, of which
the gradient involves the unknown density of states. Wang and Landau (Wang and Landau, 2001b)
used a random-walk based Metropolis algorithm Metropolis et al. (1953) to estimate the gradient. In
general, any suitable Markov chain Monte Carlo (MCMC) strategies Liu (2008) can be employed for
this purpose. Therefore, the WL algorithm is essentially a stochastic gradient descent algorithm.

The optimization viewpoint enables us to establish the convergence rate of the WL algorithm. Fol-
lowing (Fort et al., 2015) and using the standard stochastic approximation theory (Fort et al., 2011),
we first show that the density estimates (on the logarithmic scale) almost surely stay in a compact set.
Based on this, we exploit the strong convexity of the objective function, restricted on this compact set,
to prove the convergence rate. We note that the gradient estimator output from the MCMC iterations
is generally biased, thus a critical step is to show that the bias vanishes properly as ¢ — oc.

The optimization framework also provides us with a new direction for improving the WL algo-

11



rithm. We explore one possible improvement, by combining the momentum method (Polyak, 1964)
and the adaptive learning rate method (Duchi et al., 2011; Zeile, 2012). The general goal is to accel-
erate the transient phase (Darken and Moody, 1992) of the WL algorithm before it enters the fine
local convergence regime. The effectiveness of the acceleration method is demonstrated on a two-
dimensional Ising model and a two-dimensional ten-state Potts model, in which the learning in the
transient phase is considerably demanding.

The rest of the paper is organized as follows. Section 1.3 discusses the optimization formulation
of the WL algorithm, and establishes the convergence rate from an optimization perspective. Section
1.4 introduces possible strategies to accelerate the WL algorithm using optimization tools. Section
2.6 demonstrates the accelerated WL algorithm on two benchmark examples. Finally, Section 3.6

concludes with a few remarks.

1.3 AN OPTIMIZATION FORMULATION

Denote the space of all microscopic configurations as X. Suppose there are in total IV energy levels,
E, < --- < EN, for the underlying physical model. For a microscopic configuration z € X, we use

E(z) to denote its energy. Let {g(FE,,)}2_, be the normalized density of states, i.e.,

g(En) (8 #{x € XaE(x) = En}a Zg(En) =1 (1~1)

After initializing go(Ey,) as 1/N, the WL algorithm iterates between the following two steps. (i) Pro-
pose a transition configuration and accept it with probability min{1, g:(E;)/g:(E;) }, where E; and

E)j refer to the energy levels before and after this transition, respectively. This is essentially a step of

12



the Metropolis algorithm (Metropolis et al., 1953) with the corresponding stationary distribution:

N 1
m(x) o Y ) 1(E(z) = E,). (1.2)

(ii) Update the density of states. If E(x441) = E,,, multiply g¢(E),) by a modification factor f;41 >
1. Thatis, gt4+1(Ey) < g¢+(En) X fri1.

The modification factor f; should be properly scaled down in order to guarantee the convergence
of the algorithm. There is a rich literature on how to adapt f; online, including the flat/minimum his-
togram criterion, and the 1/¢ rule (Belardinelli and Pereyra, 2007) with its various extensions (Jayasri
etal.,, 2005; Poulain etal., 2006). Under a proper scaling rule, the magnitude of the modification factor
[t is informative of the estimation error (Zhou and Bhatt, 2005). Thus, a commonly used stopping
criteria for the WL algorithm is that f; is small enough (say, below exp(10~%)).

In the following, we will work on the logarithmic scale of the density of states. Denote uld) =
log(g:(Ey)) forn € [N],andletw = (uq, - - ,un). The density update in the WL algorithm can

be rewritten as

ulft e ulP) + 1 () = B, (13)

where 7;+1 = log fi+1, which will be referred to as the learning rate henceforth. The intermediate

target distribution 74 () defined in Equation (1.2) can also be formulated in terms of u®. We define

N
T () Z exp(—up)1 (E(z) = E,), (1.4)

and denote P, as a general transition kernel invariant to 7, (). For notational convenience, we use

m¢(2) to refer to 7, 1) (x), and use P; to refer to the transition kernel invariant to ¢ (). After each
. . : t t N (t .

density update, we normalize u(*) to sum to 0, i.c., uld) ol - D oiea ul( ) /N, so that u®) stays in

a compact set (see Proposition 1.3.1). The WL algorithm can be slightly rephrased as in Algorithm 1.

13



Algorithm 1: The Wang-Landau algorithm.

1. Initialization. u'”) = 0 forn € [N].

2. Fort > 1, iterate between the following steps.
(a) Sample x4 from Py(z, -).
(b

)

) Update u**!) following Equation (1.3).
(c) Normalize (Y to sum to 0.

)

(d) Scale down the learning rate 7; properly.

3. Stop when the learning rate 7); is smaller than a prescribed threshold.

Let us consider the following optimization problem:

N
min h(u) = log (Z exp(uy — Un)) )

ucRN
n=1

N
subject to Z Uy = 0,
n=1

in which u}, = log(g(En)) — Zfil log(g(E;)). Wewritew* = (uj,--- ,u)). Itis not difficult
to see that this is a convex optimization problem because the objective function h(w) is alog-sum-exp
function and the constraint is linear. It has a unique solution at u,, = u}; forn € [N], in which
exp(u}) equals to the density of states g(E),) up to an multiplicative constant.

The projected gradient descent algorithm is a standard approach to solve the constrained optimiza-

tion problem (2.9). The gradient of the objective function h(u) is

Oh(w)  exp(uf - un)
o Zi]\ilexp(uf—ui)’ n € [N], (1.6)

14



which is not directly available because it involves the unknown density of states. However, one can
think of approximating the gradient function defined in Equation (1.6) by one-step or multiple-step
Monte Carlo simulations, leading to a stochastic version of the projected gradient descent algorithm.

More precisely, a gradient descent step for minimizing h(u) takes the following form:

* (t)
) g0 | e exp(uy, — un’)

"N explur — )

(1.7)

Denote the probability of the set {z € X : E(x) = E,} with respect to m:(x) as m(E},). Since
the probability 7¢(E,,) is proportional to exp(u), — ull )), the density update in Equation (1.7) is
essentially

ulTY e ul) 4 e (By). (1.8)

n n

A crude approximation to ¢ ( Ey, ) is the indicator function 1 (E(x¢41) = Ej), given that after several
steps of Monte Carlo simulations according to the transition kernel P; invariant to (), z441 is
approximately a sample from ¢ (). This corresponds to the density update in Equation (1.3).

We note that the projection step to the set II = {u € R, 22[:1 un = 0} is equivalent to the
normalization step (see Algorithm 1 step 2(c)). Thus, we have shown that the stochastic projected
gradient descent algorithm solving the constrained optimization problem (2.9), which estimates the
probability 7 (E;,) by 1 (E(z¢41) = Ey,) using the output from Monte Carlo simulations, is equiv-
alent to the WL algorithm.

The above optimization formulation has the following immediate implications. First, the parallel
WL algorithm estimates the negative gradient m(E,,) by 1/m Y " | [1(E (xgk) ) = E,)], in which
m denotes the total number of random walkers, and fcgk) denotes the kth random walker. Therefore,
it reduces the variance of the gradient estimate by a factor m. Second, instead of implementing a sin-

gle transition step, the separation strategy mentioned in (Zhou and Bhatt, 2005) implements multiple

transition steps within each iteration, so that the law of the random walker gets closer to the interme-
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diate target distribution 7¢ () defined in Equation (1.4). Therefore, it reduces the bias of the gradient
estimate.

The optimization formulation also points out another approach to establish the convergence rate
of the WL algorithm. We first state a required assumption, which assumes that the transition kernels

are (uniformly) geometrically ergodic over the space I1.

Assumption 1.3.1. There exists a constant p € (0, 1) such thatforallu € I,z € X, k € N, we have

sup supHP,lf(a:, ) _7TuHTV < 2(1 _p)kv (19)
u€ell zeX

in which for a signed measure 1, the total variation norm is defined as

. (1.10)

/X a(2)u(dz)

||pl[Tv = sup
lg|<1

We note that sufficient conditions for Assumption 1.3.1 exist in the literature (e.g., condition A2
in (Fort et al., 2015)), and relaxation of Assumption 1.3.1 is also possible (Fort et al., 2011). We have

the following result.

Proposition 1.3.1. Under Assumption 1.3.1, if we scale down the learning rate 7, in the order of

O(1/t), the following two statements hold.
1. Almost-sure convergence.

(a) There exists a compact set K C II such that forany ¢ > 0, u® € K almost surely.

(b) P(lim;—o ul) = u*) =1.
2. Convergence rate. There exists a constant C' > 0 such that
Elu® — u*||* < C/t. (1.11)
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The proof of Proposition 1.3.1 is given in the Appendix A.
The first part of Proposition 1.3.1 follows similarly as (Fort et al., 2015). The main idea is to rewrite

the WL update, including the density update and the normalization step, as
w o u® o e (D) + g (R — m(u®)),

in which R,,(z) = 1(E(x) = E;) — 1/N, and r(u) is the mean-field function defined as

exp(u* —u) 1
Ynoyexp(uy —un) NV

r(u) = /XR(:U)ﬂ'u(a:)dx =

The proof of the almost-sure convergence concludes by applying the standard stochastic approxima-
tion theory (Theorems 2.2 and 2.3 in (Andrieu et al., 2005)) after we establish the following two facts.
(i) The remainder term 741 (R(2441) — r(u®)) vanishes properly as t — oo. (ii) There exists a

Lyapunov function V' (u) specified below,

N
1 *
Viu) =+ ; exp(uy, — tn) — 1, (1.12)
with respect to the mean-field function r(w), such that
(VV(u),r(u)) <0,Vu #u* and (VV(u*),r(u*)) =0.

The second part of Proposition 1.3.1 is our main theoretical contribution. There are two essential
ingredients in establishing the convergence rate. (i) Strong convexity. The objective function h(u) is
only convex but not strongly convex on RY. However, because u® stays in a compact set  C 1I
almost surely (see Proposition 1.3.1, part 1(a)), we are able to establish the strong convexity of h(u)

restricted on this compact set K.
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Lemma 1.3.1. Under Assumption 1.3.1, there exists a constant £ > 0 such that forany ¢ > 0, almost
surely, it holds
(Vh(u®),u® —u*) > fl|u® — u*|. (1.13)

(i) Vanishing bias. Because x4 is only an approximate sample from the intermediate target distri-
bution 7¢ (), the indicator 1 (E(x4+1) = Ey,) is not an unbiased estimator to the negative gradient
7¢(Ey). The following Lemma C.1.5 shows that the bias of the gradient estimator vanishes properly,

as fast as the learning rate, when t — oo.

Lemma 1.3.2. Under Assumption 1.3.1, there exists a constant C' > 0 such that

Ellm — Pe(x¢,-)|lrv < Cnesr. (1.14)

The convergence rate of the WL algorithm has been established in different forms in the literature.
Zhou and Bhatt (Zhou and Bhatt, 2005) show that the discrete probability distribution {m(E,, )},
will be attracted, in terms of the KL-divergence, to the vicinity of the uniform distribution (7o (Ey,) =
1/N)ast — oo. In addition, they show that the standard deviation of exp(u;, — ull )) roughly scales
like v/Tog f; when the modification factor f; is close to 1. Although we are looking at the L? error of
u®, which is slightly different from the aforementioned standard deviation, their convergence rate
is consistent with our result because y/log f; = /7 is in the order of O(1/ V1) if we scale down the

learning rate 7, in the order of O(1/t). Itis also worthwhile to mention that a corresponding central

limit theorem in the original density space is provided in (Fort et al., 2015).

1.4 ACCELERATING WANG-LANDAU ALGORITHM

The optimization formulation motivates us to further improve the WL algorithm using optimization

tools (Ruder, 2016). Our goal is to accelerate the convergence in the transient phase. The transient
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phase (Darken and Moody, 1992) generally refers to the initial stage of running a stochastic gradient
descent algorithm. For instance, if we scale down the learning rate according to the flat/minimum
histogram criterion, we can refer to the transient phase as the running period from the beginning up
to the time when the flat/minimum histogram criterion is first satisfied.

When the transient phase appears noticeable, the acceleration tools can be very effective in prac-
tice, and have been widely used in large-scale systems such as deep neural networks (Sutskever et al.,
2013). In this chapter, we restrict ourselves on the first-order acceleration methods, and leave other
possibilities for future explorations. In particular, we find that both the momentum method and the
adaptive learning rate method are effective in accelerating the WL algorithm. Before we go into de-
tails, we note that improvement in the asymptotic convergence rate of the stochastic gradient descent
algorithm is hard to achieve (or even impossible) (Nemirovski et al., 2009; Jain et al., 2017), except for
some well-structured objective functions such as finite sums.

The momentum method exponentially accumulates a momentum vector, denoted as 1 in the
following, to amplify the persistent gradient across iterations. The basic momentum update operates

as follows:

m® « gmtY 4, Vi(u®),
(1.15)

where we initialize the momentum vector to be 1m.(?)

= 0. We note that the momentum update
essentially adds a fraction 3 of the previously accumulated gradients m =) into the current update
vector m(®), The weighting factor 3 is a tuning parameter and is commonly set to be 0.9 or higher.

In the setting of the WL algorithm, the momentum update in Equation (1.15) becomes

m,(f) — ﬁmg_l) — N1 1(E(ze41) = En), (1.16)

utD e u® —m® vn e [N].

19



The intuition behind the momentum acceleration for the WL algorithm can be heuristically described
as follows. The event E(z41) = E,, suggests that 7;(E},) is likely larger than 1/N, and thus the
Markov kernel P; has a better chance to transit the microscopic configuration x4 into the energy level
E,,. Therefore, in order to push 7 ( E;,) toward 1 /N, that is, downweight the probability mass in the

(t)

energy level I, we increase unt by 1441, which corresponds to the density update in Equation (1.3).

(t)

In contrast to the WL algorithm, which only increases unt by 7);+1 at the current iteration ¢, we keep
increasing ul?) for a few more iterations by an exponentially decay momentum m to achieve a faster
convergence.

The adaptive learning rate method helps standardize the gradient across different coordinates of
the parameter u, so that they scale in a similar magnitude. Otherwise, it can be challenging to find a
suitable global learning rate 77, over different coordinates. Popular algorithms along this research direc-

tion include AdaGrad (Duchi et al., 2011), AdaDelta (Zeile, 2012), and RMSprop (an unpublished

method proposed by Geoffrey Hinton). The RMSprop update operates as follows:

GO G 1 (1 — 4)Vh(ud)’,
(1.17)

ut)  u® — e[GO 2T R (),

in which both the square and the square root are taken elementwise. G*) represents the moving
average of the squared gradients, so that the current gradient Vh(u®), standardized by (G112,
is in a similar magnitude across different coordinates. The weighting factor -y is a tuning parameter,
which is commonly set to be 0.9 in order to prevent the updates from diminishing too fast. In the

setting of the WL algorithm, the RMSprop update in Equation (1.17) becomes

G e AGE + (1 = YUE(er1) = Bn),
(1.18)

W e ul® — iy [GO) V21U E(2441) = En).
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The combination of the momentum method and the adaptive learning rate method leads to the
Adaptive Moment Estimation (Adam) method (Kingma and Ba, 2014). The Adam update operates

as follows:

m® « gmI=Y 1+ (1 - B)Vh(u?),

G« 4G 4 (1 — 1) VA(u®Y, (1.19)

wt —u® — (GO 2O,
In the setting of the WL algorithm, we note that, although 3 and 7y can be potentially two tuning
parameters, if we set 3 = <y and initialize m©® and GO to be 0, we have G® = —m®, since
—Vh(u®) is approximated by a one-hot vector, which contains only a single “1” with the remaining

elements being 0. This simplification leads to Algorithm 2, which we refer to as the AWL algorithm

henceforth.

Algorithm 2: Accelerated Wang-Landau algorithm.
(0)

1. Initialization. u) = 0,m" = 0forn € [N].

2. Fort > 1, iterate between the following steps.

(a) Sample z14q from Pi(z, -).
(b) Update m® and wt+Y as follows.

m®  pm{=Y + (1 = B)U(E(w141) = En),

ult T = ulD) + e [m ]2,

(c) Normalize Y to sum to 0.

(d) Scale down the learning rate 77; properly.

3. Stop when the learning rate 7, is smaller than a prescribed threshold.

We remark that for large-scale systems, a naive implementation of Equation (1.20) can be very inef-

ficient, as we have to loop over every coordinate of m® and u'?) in each iteration. A simple solution
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is to introduce a vector s = (s1,- -+ , SN ), in which s, records the last time when m,, and u,, are
updated. With the help of s,,, instead of updating m,, and u,, in each iteration, we shall update them

only when the energy level £, is involved in the Monte Carlo simulations.

1.5 ILLUSTRATIONS

We compare the AWL algorithm with the original WL algorithm on two benchmark examples: (i) a
nearest-neighbour Ising model; (ii) a nearest-neighbour ten-state Potts model. Both models are de-
fined on a two-dimensional L x L square lattice equipped with the periodic boundary condition.

For the Ising model, the energy F/(x) is given by the Hamiltonian:

E(a:) = — Z Jija:ixj - ZZJijHJj, (1.21)

<i,j> J

where z; € {£1}. The subscripts 7, j denote the lattice sites, and the notation < ¢, j > implies that

the site 7 and the site j are nearest neighbors. For the ten-state Potts model, the energy E(x) is given

by:
E(x) ==Y Jyllwi=2j) =Y bjaj, (1.22)
<i,j> J
where z; € {1,---,10}. For both models, we assume that J;; = 1 and b; = 0 (no external mag-
netic field). If b; = 0, the two-dimensional Ising model exhibits a second-order phase transition.

Otherwise, in the presence of an external magnetic field, the two-dimensional Ising model exhibits
a first-order phase transition. When b; = 0, the two-dimensional Potts model exhibits a first-order
phase transition when the number of states is larger than 4.

Let { H;(E,)}2_, be the histogram of all energy levels at iteration t. We initialize Hy(E,,) = 0
forn € [N]. At each iteration t, the AWL algorithm and the WL algorithm update u(*) accord-

ing to Algorithms 2 and 1, respectively. In addition, we update the energy histogram as H;(E,,) =
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Hy 1(Ey) + 1(E(241) = Ep).
The adaptation of the learning rate 7 follows (Belardinelli and Pereyra, 2007), which is detailed in

the following.

1. After every 1,000 MC sweeps, we check { H;(Ey,)}. If min, Hy(E,) > 0, we set 41 =

n¢/2, and reset Hy(Ey) = 0 for each energy level E,,. Otherwise if min,, H;(E,) = 0, we

keep 141 = 1.

2. If g1 < N/t, thenn, = N/t for all the subsequent iterations. Hy(E;,) is discarded and the

above step is not executed any more.

We note that each MC sweep contains L? iterations, in which each iteration refers to a single round of
parameter update. That is, steps 2(a)-2(c) in Algorithms 1 and 2. The energy histogram { H;(E},) }
essentially represents the number of visits to each energy level up to iteration ¢, since the last update
of the learning rate.

We implement one step of the Metropolis algorithm to estimate the gradient, i.e., step 2(a) in Al-
gorithms 1 and 2. The proposal schemes for the Ising model and the Potts model are described as
follows. Given the current configuration x4, we randomly pick up a site and change its value. For the
Ising model, we flip its sign. For the ten-state Potts model, we set it to be a number uniformly sampled
from {1,---,10}.

To illustrate the efficiency of the AWL algorithm, we investigate the following four perspectives.
(i) The scaling of the first equilibration time, in terms of the number of MC sweeps, with respect
to the dimension L. The first equilibration time, which corresponds to the transient phase as we
discussed in Section 1.4, is defined to be min{¢ : min,, H¢(E,)} > 0. That s, the first time when
the energy histogram becomes nonzero everywhere. According to the adaptation rule of the learning
rate 1), the equilibration time is also the first time we decrease the learning rate. (ii) The scaling of

the first equilibration time, in terms of the CPU time, with respect to the dimension L. Because the
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AWL algorithm requires additional computations in updating the momentum vector, the comparison
between the two algorithms on the actual CPU time is necessary to see whether the implementation of
the acceleration method is indeed worthwhile. (iii) The dynamics of the estimation error €() defined

as below following (Belardinelli and Pereyra, 2007) for L = 80,

(1.23)

uMz

_ log(gt ))‘
log(g(En)) |

For the Ising model, the exact density of states g( £y, ) is available, and can be calculated using a publicly
available Mathematica program (Beale, 1996). For the Potts model, no exact solution of g(E,,) is
available, and thus we pre-run a 1/t WL simulation for 5 x 10" MC sweeps, in which the final learning
rate is 2 X 1075, We then treat the density estimates as an approximation to the exact density of states.
(iv) The accuracy in the task of estimating the specific heat for the Ising model with L = 80.

We compare the AWL algorithm and the WL algorithm with different initializations of the learn-
ing rate, 179 = 0.05, 0.10 and 1.00. We test out the two algorithms for different sizes of the two-
dimensional square lattice, L = 50, 60, 70, 80, 90, 100. The computations were run on the FASRC
Cannon cluster supported by the FAS Division of Science Research Computing Group at Harvard
University.

Figure 1.1 summarizes the computational overheads of the two algorithms on the Ising model. The
reported results are based on 50 independent runs of both algorithms, in which the dot represents the
empirical mean and the error bar represents the empirical standard deviation. We see that the AWL
algorithm takes significantly fewer MC sweeps as well as less CPU time to reach the first equilibration
among all settings with different lattice sizes and different initializations of the learning rate. Figure
1.2 summarizes the computational overheads of the two algorithms on the Potts model. Similar to the
case of the Ising model, the AWL algorithm is more efficient than the WL algorithm in terms of the

first equilibration time measured by the number of MC sweeps and the CPU time.
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Figure 1.1: The computational overheads, in terms of the number of MC sweeps and the CPU time, that the AWL algorithm

and the WL algorithm take to reach the first equilibration on the Ising model. Two initializations of the learning rate are
tested out, including 7y = 0.05and 7y = 1.00. Thereported results are based on 50 independent runs of both algorithms.
The dot represents the empirical mean and the error bar represents the empirical standard deviation.
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Figure 1.2: The computational overheads, in terms of the number of MC sweeps and the CPU time, that the AWL algorithm
and the WL algorithm take to reach the first equilibration on the Potts model. Two initializations of the learning rate are
tested out, including 7y = 0.05and 7y = 1.00. Thereported results are based on 50 independent runs of both algorithms.

The dot represents the empirical mean and the error bar represents the empirical standard deviation.
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Figure 1.3: The dynamics of the estimation error e(t) (on the logarithmic scale), averaging over 50 independent runs, of the
AWL algorithm and the WL algorithm. Panel (a) shows the result for the Ising model, and panel (b) shows the result for the
Potts model. 7y denotes the initialization of the learning rate.

Figure 1.3 shows the empirical dynamics of €(t), averaged over 50 independent runs of both al-
gorithms. The first 100 x 10° MC sweeps for the Ising model and the first 1500 x 10° MC sweeps
for the Potts model are representative for the transient phase. We see that in the transient phase, the
convergence speed of the AWL algorithm, in terms of the number of MC sweeps, is significantly faster
than the convergence speed of the WL algorithm with different initializations of the learning rate.

For the Ising model with L = 80, Table 1.1 compares the accuracy of the two algorithms in the

calculation of the specific heat defined as

O(T) = <E2>TT_2<E>2T (1.24)

in which 7" denotes the temperature. We test out temperatures ranging from 0.4 to 8 incremented by

0.1. The internal energy (E) 7 is defined as

_ Zn Eng(En) eXp(_En/T) )

B = S (B exp(= B/ T) (125)

27



100 x 10% MC sweeps 150 X 10% MC sweeps 200 X 10% MC sweeps

Quantiles 25% 50% 75% 25% 50% 75% 25% 50% 75%
AWL (n) =0.05) 2.9%  63% 17.7% 0.9%  2.0% 4.6% 05% 12%  2.9%
WL (0 =0.05) 10.5% 18.9% 41.4% 4.6% 91% 17.7% 11%  2.0%  4.4%
WL (0 = 0.10) 12.2%  24.0% 44.0% 2.4%  4.6% 109% 07% 24% 51%
(mo = 1.00) 47.1% 57.6% 74.4% 8.0% 16.0% 271.5% 2.8% < 4.6%  8.4%

Table 1.1: The relative errors of the AWL algorithm and the WL algorithm in the calculation of the specific heat for the Ising
model with L = 80. The relative errors are calculated based on the mean of 50 independent estimates produced by each
algorithm. The quantiles of the relative errors are over the temperature interval T’ € [0.4, 8]. 1) denotes the initialization
of the learning rate.

The fluctuation expression ( E?) 7 is defined similarly. We note that the theoretical value of the specific
heat at a given temperature 7" can be evaluated exactly when the exact density of states is available,
which is the case for the two-dimensional Ising model. We independently run each algorithm 50 times
to obtain 50 independent estimates of the specific heat at each temperature. The relative error at each
temperature is calculated based on the mean of the 50 independent estimates. Table 1.1 summarizes
the quantiles of the relative errors for T’ € [0.4, 8], by running each algorithm for 100 x 10, 150 x 10?,
and 200 x 10° MC sweeps, respectively. Compared to the WL algorithm, the AWL algorithm yields
significantly more accurate estimates of the specific heat especially in the transient phase.

More details of this numerical study can be found in the Appendix A. First, within the first 2 x 10°
MC sweeps and 2 x 10® MC sweeps for the Ising model and the Potts model, respectively, we report the
number of equilibrations that the AWL algorithm and the WL algorithm have reached (equivalently,
the number of changes of the learning rate 77;), for different lattice sizes L and different initializations
of the learning rate 1)9. We also report the corresponding first eight equilibration time in terms of the
number of MC sweeps (see Table A.1 and A.2). Second, for the Ising model with L = 80, we provide
a graphical comparison of the estimated specific heat obtained by the AWL algorithm and the WL

algorithm, over the temperature region 7" € [0.4, 8] (see Figure A.1).
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1.6 CONCLUDING REMARKS

To summarize, in this chapter we present a new interpretation of the WL algorithm from the opti-
mization perspective. We show that the WL algorithm is essentially a stochastic (projected) gradient
descent algorithm minimizing a smooth and convex function, in which MCMC steps are used to esti-
mate the unknown gradient. The optimization formulation intuitively explains that because of using
more accurate gradient estimates, some notable modifications of the algorithm, such as utilizing mul-
tiple random walkers, can improve the WL algorithm. In addition, using the (strong) convexity of the
objective function, we provide a new approach to establish the convergence rate of the WL algorithm,
which is more explicit compared to the existing results (Fort et al., 2015; Zhou and Bhatt, 2005). We
expect that our contributions are useful for further theoretical investigations of the WL algorithm.
The optimization interpretation also opens a new way to improve the efficiency of the WL algo-
rithm. There are rich tools in the optimization literature to accelerate the stochastic gradient descent
algorithm, including but not restricted to the methods we mentioned in Section 1.4. Different meth-
ods can be favorable for different applications. In the presence of noisy gradients, it usually requires
some careful tuning to successfully apply the acceleration tools. We demonstrate one possible accel-
eration approach, using the momentum method and the adaptive learning rate strategy, on a two-

dimensional Ising model and a two-dimensional ten-state Potts model.
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Monte Carlo Approximation of Bayes
Factors via Mixing with Surrogate

Distributions

ConNTRIBUTION This chapter is based on a paper (Dai and Liu, 2019) jointly with Prof. Jun S. Liu.
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2.1 ABSTRACT

By mixing the posterior distribution with a surrogate distribution, of which the normalizing constant
is tractable, we propose a new method for normalizing constant estimation using the Wang-Landau
algorithm. We then show that faster convergence of the proposed method is achievable based on mo-
mentum acceleration. Two implementation suggestions are detailed, including (i) facilitating global
jumps between the posterior and the surrogate via the Multiple-try Metropolis; (ii) constructing the
surrogate via the variational approximation. When a surrogate is difficult to come by, we describe
a new jumping mechanism for general reversible jump Markov chain Monte Carlo algorithms that
combines the Multiple-try Metropolis and the directional sampling algorithm. We illustrate the pro-
posed methods on several statistical models, including the Log-Gaussian Cox process, the Bayesian

Lasso, the logistic regression, and the g-prior Bayesian variable selection.

2.2 INTRODUCTION

Given data y, we consider a finite sequence of competing models { M, } associated with parameters
{6} }. The marginal likelihood of data under model My, also referred to as the normalizing constant,

is defined as

ply | M) = / (O | 3, My)dO, = / (0 | Mi)p(y | O, My)doy,

in which p(0y, | My,) is the prior, p(y | 0, M},) is the likelihood, and v(6y, | y, M},) is the unnor-
malized posterior distribution. To compare different models, Bayesian methods typically compute
the Bayes factor, which is defined as the ratio of the normalizing constants under different models,
thatis, B; ; = p(y | M;)/p(y | M;). With the uniform prior on model M; and M, B; ; > 1

indicates that model M is more favorable than model M ; given the current data y.
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We can approximate the Bayes factor by estimating the normalizing constant of each model. For
simplicity, we will drop the dependency on y and the model index & in (6 | y, Mj) when the
context is clear, and use Z, to denote the normalizing constant of y(8). Let v*(0) = (0)/Z be the
corresponding normalized distribution. Computing Z., is essentially a task of calculating an integral.
However, in many interesting cases, the complex form of the unnormalized density (), sometimes
with high dimensionality, prohibits us from obtaining neither analytic solutions nor easy numerical
approximations. Various Monte Carlo strategies have been developed to tackle this problem, such as
Chib’s method (Chib, 1995), inverse logistic regression (Geyer, 1994), importance sampling (Gelfand
and Smith, 1990), bridge sampling (Meng and Schilling, 1996; Meng and Wong, 1996), path sampling
(Ogata, 1989), sequential importance sampling (Hammersley and Morton, 1954; Rosenbluth and
Rosenbluth, 1955; Kong et al., 1994), and sequential Monte Carlo (SMC) (Liu and Chen, 1998;
Doucet et al., 2000; Del Moral et al., 2006). A nice overview of nineteen methods for normalizing
constant estimation in the context of Bayesian phylogenetics is given in Fourment et al. (2020).

In this chapter, we present a mixture approach for normalizing constant estimation using the Wang-
Landau (WL) algorithm (Wang and Landau, 2001b). Our idea is to construct a matching surrogate
distribution ¢(@) with its normalizing constant Z; known, and combine (@) and ¢(@) to form a
mixture distribution with an adjustable mixing parameter tuned through the WL algorithm. The
ratio r = Z.,/Z is then an easy function of the mixing parameter. Let ¢*(8) be the normalized sur-
rogate distribution. Many of the aforementioned methods also use a surrogate, and the idea of using
the WL algorithm to estimate the ratior = 7, /Z, also appears in Liang (2005) and Atchadé and Liu
(2010) in more restricted settings.

The proposed WL mixture method is different from existing methods in the following perspectives.
First, when we apply the WL algorithm in our setting, there is a natural partition of the parameter
space indicated by the two (or more if needed) mixture components. Second, unlike the method in

Liang (2005), we do not require 7*(€) and ¢*(0) being well-separated. In fact, jumps between the
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posterior and the surrogate becomes more flexible if 7*(@) and ¢* (@) are mixed together. Third, the
WL mixture method does not require 7*(€) and ¢*(0) to have any overlap. With the help of mode
jumping algorithms such as the Multiple-try Metropolis (MTM) (Liu et al., 2000), it appears much
more robust than importance sampling based methods such as bridge sampling, which crucially rely
on the amount of overlaps between v*(8) and ¢* ().

Following Dai and Liu (2020), we can achieve faster convergence of the proposed method using
momentum acceleration. The idea is to formulate the WL algorithm as a (stochastic) gradient descent
algorithm minimizing a convex and smooth function, of which the gradient s estimated using Markov
chain Monte Carlo (MCMC) iterations. Under this optimization framework, we are able to exploit
acceleration tools to speed up the convergence of the WL algorithm. Empirically, we find that the
simple momentum method improves the efficiency of our algorithm. We illustrate the accelerated
WL mixture method on two statistical models, the Log-Gaussian Cox process and the Bayesian Lasso.

Many aforementioned Monte Carlo techniques, including MTM and the WL weight adjustment,
are also potentially useful in other Bayesian model selection approaches. In particular, we describe
an MTM-based reversible jump MCMC framework, which can be useful when it is challenging to
propose an appropriate surrogate. Specifically, we can include the model index M, as a parameter in

the full posterior distribution specified as

P(Or, My | y) < p(y | O, My) p (01 | My) p(My), (2.1)

and use MCMC to traverse the joint model and parameter space. The ratio between the proportions
of time that the Markov chain spends in model M; and model M ;, adjusted by the prior on models,
consistently estimates the Bayes factor B; ;. A reversible jump MCMC (RJMCMC) (Green, 1995)
algorithm is often required to sample across different dimensional spaces. However, it is well-known

that constructing an efficient trans-dimensional proposal is challenging (Brooks et al., 2003).
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To enable efficient RIMCMC, we propose to combine MTM and the directional sampling (Liu
et al., 2000) algorithm, which will be most effective if p (6, | y, M},) is uni-modal for each model
My, and the mode é\k can be located reasonably well beforehand. We note that the proposed method
is different from the MTM version of RIMCMC algorithms proposed in Pandolfi et al. (2014). Their
method mainly focuses on using a computationally favourable weight function in MTM to avoid eval-
uating the target density, which can be expensive in complex statistical models. Our method is perhaps
most similar to the mode jumping algorithm proposed in Tjelmeland and Hegstad (2001). While they
design a mixture of Metropolis-Hastings proposals guided by deterministic local optimization to en-
able large step-size jumps, we utilize the more flexible MTM.

The rest of the article is organized as follows. Section 2.3.1 reviews the general WL algorithm. Sec-
tion 2.3.2 proposes our mixture formulation, and explains how we adapt the WL algorithm in the
mixture setting to estimate the normalizing constant. Section 2.3.3 introduces an accelerated version
of the WL mixture method. Section 2.3.4 describes a principled way of using the variational approx-
imation to construct the surrogate distribution. Section 2.4.1 explains how to use MTM to jump
between the two mixture components if ¢*(0) and 7*(@) are not well aligned and relatively sepa-
rated. Section 2.4.2 describes an efficient MTM-RJMCMC algorithm to sample the model space.
Section 2.5 reviews existing methods in the literature, and makes connections and comparisons to our
proposed methods. Section 2.6 illustrates the utility of the proposed methods on several numerical
examples including a Bayesian evaluation of the Log-Gaussian Cox process fitting, a hyper-parameter
selection problem for Bayesian Lasso regression, marginal likelihood estimation for a logistic regres-
sion model, and Bayesian variable selection for linear models under the spike-and-slab g-prior. Section

3.6 concludes with some final remarks.
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2.3 A SURROGATE MIXTURE APPROACH

2.3.1 THE WANG-LANDAU ALGORITHM

In order to improve the convenience and efficiency of the multicanonical sampling (Berg and Neuhaus,
1992), Wang and Landau (2001a,b) proposed a simple stochastic adaptive updating algorithm, which
quickly becomes a popular Monte Carlo method for sampling complex physical systems. Given a tar-
get distribution p(@) and a user-specified partition of the target space © = UJ_,0;, where s is the
total number of subregions, we can use the WL algorithm to estimate the probability mass of p(0)
within each subregion, i.e., ¥(i) = P(0 € ©;). The main steps of the WL algorithm are outlined in

Algorithm 3.

Algorithm 3: The Wang-Landau algorithm.

1. Sample 6; from K;_; (0:—1, -).
2. Update ¢(2) <= r—1(3) [L + n¢1 (0 € ©;)] fori € [s].

3. Normalize {t/;(7)}7_, to sum 1.

To initialize the algorithm, we can simply set 1)y (i) = 1/s, and sample 6, from some initial distri-

bution. K is a Markov kernel invariant to the adaptive target distribution pi (0) defined as below,

f >~ p(6)
p;(0) x ~1(0 € ©,). 2.2
The parameter 7); is the learning rate, and typically we shall scale it down following the flat/minimum
histogram criterion (Zhou and Bhatt, 2005; Belardinelli and Pereyra, 2007) so as to guarantee the
convergence of the algorithm. The convergence of 1;(7) to 1(7) for i € [s] has been established in
Atchadé and Liu (2010) and Fort et al. (2015) under proper conditions. Thus, 8; will spend equal

amount of time in each subregion ©; ast — co. We note that the magnitude of the learning rate 7,
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is informative of the estimation error (Zhou and Bhatt, 2005). Therefore, a commonly used stopping

criteria for the WL algorithm is that 7, is small enough.

2.3.2 THE WANG-LANDAU MIXTURE METHOD

Suppose we have a (unnormalized) surrogate distribution (@) with its normalizing constant Z, known.
In addition, we assume that we have two effective Markov kernels K, and K in hand so that we can
sample from *(0) and ¢* (@) sufficiently well. Since we control the construction of the surrogate
q*(8), we can typically make it easy to sample from without using MCMC. More details on con-
structing the surrogate ¢* () are deferred to Section 2.3.4.

The proposed method relies on the following mixture formulation:

7(8) = (6) + (). (23)

The key is to recognize that the normalizing constants Z, and Z are proportional to the relative prob-
ability masses of the two components, *(8) and ¢*(8), in the mixture distribution 7(8). Therefore,
we can directly apply the WL algorithm to estimate the ratio Z/Z, ', where the two mixture com-
ponents 7*(0) and ¢*(0) naturally defines a “partition” of the parameter space O. In view of step
1 in Algorithm 3, it requires an efficient kernel K to sample from the adaptive mixture distribution

7'(';[ (0) defined as below,

‘() v(6) | q(0)

™ x ) +¢t(q)’ (2.4)

in which the 7y and ¢ in the brackets serve as indexes (the same as ¢ in Algorithm 3), and should not
be misinterpreted as function arguments. In the case where ¢*(6) and v*(8) are well mixed, we ex-
ploit the data augmentation strategy and perform a Gibbs sampling step (Diebolt and Robert, 1994)

using K, and K. To be specific, we define a binary indicator ; to denote the mixture component

"For numerical stability, we recommend to work on the logarithmic scale.
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from which ; comes. Given {t;—1(7), ¢¥1—1(q)} and {01, ;1 },if I;_1 = 1, we sample O; from
K (0;—1,-), otherwise we sample 8; from K4 (6;_1, -). Given 0y, we then sample I; from a Bernoulli

distribution with probability

P(I; =11160¢) o< v(0)/¢e—1(7), P(Lr=0]1[6:) < q(01)/1—1(q). (2.5)

In the case where ¢*(8) and 7*(0) are not well aligned, we complement Gibbs sampling with the
Multiple-try Metropolis (MTM) if informative jumping directions are identified beforehand. We de-
fer a detailed discussion on MTM to Section 2.4.1.

A detailed algorithm implementing the WL mixture method is summarized in Algorithm 4. The
generic Markov kernel K; invariant to 7T;r (6) can be substituted by the Gibbs sampling kernel dis-
cussed above or the MTM kernel. In addition, instead of terminating the algorithm after a pre-
specified number of iterations S, we can also use the stopping criteria that the learning rate 7, is small
enough (say, below 107?).

Tunable parameter sequences {&;(7), &:(q)} are introduced to help check the flat histogram cri-
terion, that is, whether the Markov chain has spent equal amount of time in each of the two mixture
components y*(8) and ¢*(0). If this is approximately satisfied to the extent controlled by a threshold
¢ € (0,1) (see Equation (2.7)), we decrease the learning rate and refresh £ () = &(q) = 05so thatit
can start monitoring the next stage of the algorithm. Empirically we find that the performance of the
WL mixture method is robust to the choice of ¢ (see Figure B.1 in the Appendix B). For the numerical
examples in the paper, we set ¢ = 0.2.

The WL mixture method naturally adapts to the missing data framework. The marginal likelihood

of the observed-data can be formulated as follows:
Llvie) = [ 0lttse [800(6)38 = [ [ plytiss v | O)p(6) s,
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Algorithm 4: The Wang-Landau mixture method.

1. Algorithmic setup. Choose a decreasing positive sequence {7; } as the sequence of learning
rate. Setag = 1, ¢ € (0,1),&(7) = &o(q) = 0,and 1o(y) = ¥o(q) = 1/2. Set the total

number of iterations to be S. We exclude the first b iterations in estimation.

2. Att = 0: initialize 6, from some initial distribution, and sample a binary indicator I, with

probability IP (1) = 1) o v(6y) and P(Iy = 0) o< ¢(6y).
3. Fort € [S]: given (61, I;—1), iterate between the following steps.

(a) Sample 0; from K;_(6:_, ), which is invariant to the the adaptive mixture
distribution 7r;r_1 (0) defined by {t)+—1(7y), ¥t—1(q) } as in Equation (2.4).

(b) Sample a binary indicator I; with probability specified in Equation (2.5).
(c) Update {&:(7), & (q)} and {1 (7), ¢e(q) } as follows:

§(7) < &—1(7) + 1T = 1), () < Ye—1(7) [1 + N0, 1 (L = 1)],
§(q) «— &—1(q) +1(Ir =0), Pi(q) < Yi-1(q) [1 + 14,1 (I = 0)].

(d) Normalize {¢¢(7),v:(q)} to sum 1.

(e) If the following condition is satisfied:

max{&(7),&(q)}
() + &(q)

update a;+1 = a; + 1 and reset §(7y) = &:(¢) = 0. Otherwise set a1 = ay.

1 c
-—-< -,
27 2

4. Output the estimators log Z, = log 7 + log Z,, where

S

log 7 = ﬁ > [log&i(y) —log&i(q)).

t=b+1

(2.6)

(2.7)
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in which p(Yobs, Ymis | @) is the complete-data distribution, and p(@) is the prior. When the inte-
gral [ p(Yobss Ymis | O)dYmis can be analytically calculated, such as the finite mixture model in which
Ymis are discrete, we can directly apply the WL mixture method to estimate the normalizing constant
L(Yops). More generally, we can treat the missing data Y as parameters, and apply the WL mixture
method to estimate the normalizing constant of the (unnormalized) complete-data posterior distri-
bution (8, Ynmis | Yobs) = P(Yobs: Ymis | 0)p(6).

Another extension of the WL mixture method is to introduce a sequence of auxiliary distributions
{n5(@),- -+ ,m,(0)} between the posterior and the surrogate, i.., 75(6) = ¢*(6) and 1;(0) =
7*(0), and estimate the ratios of the normalizing constants of any two adjacent auxiliary distributions
in parallel. The idea of constructing auxiliary distributions has been widely used in Monte Carlo sim-
ulations, including bridge sampling, annealed importance sampling, sequential importance sampling,
and SMC algorithms. However, these earlier methods typically cannot be easily parallelized.

This generic idea is beneficial if the sequence of auxiliary distributions is properly chosen. Dis-
cussions and references on constructing auxiliary distributions are given in Section 2.5.1. We refer to
this multiple-step WL mixture method as the parallel WL (PWL) method henceforth, and illustrate
it in Section 2.6.1 on the Log-Gaussian Cox process, in which we set the prior as the surrogate, and
employ a geometric sequence of auxiliary distributions. We believe that the parallel WL method can

complement the WL mixture method when a good surrogate ¢* () is not easy to construct.

2.3.3 ACCELERATION OF THE WANG-LANDAU MIXTURE METHOD

The efficiency of the WL mixture method can be further improved using the acceleration idea dis-

cussed in Dai and Liu (2020). The update of the reweighting factor 1 (y) (step 3(c) in Algorithm 4)
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can be approximated as follows:

log ¥y (v) = log i1 () +log [1 + ng, 1 (I = 1)]
(2.8)

~ logPr—1(7) + e, 1 (I = 1)

We note that the above approximation is fairly accurate since the learning rate 7; is small.

Letu¢(7y) = log ¢4 () and us(q) = log ¢(q). We consider the following optimization problem:

min f(ur, us) = log (exp(u*(7) — u1) + exp(u™(q) — u2)),
u,u2€R (2.9)

subject to u; + uy = 0,

in which u*(y) = log Z, — log Z, and u*(q) = log Z,; — log Z,,. It is not difficult to see that this
is a convex optimization problem because the objective function f(uy, uy) is a log-sum-exp function
and the constraint is linear. It has a unique solution at (u*(7y), u*(q)).

To solve the constrained optimization problem (2.9), we use the projected gradient descent algo-

rithm. More precisely, one-step update of u(7y) is

) = v1(3) oy (2 (7). 41(a))
1 (2.10)

=wui—1(7) +ne, P (I = 1),

in which P(I; = 1) equals the weight of 7*(8) in the mixture distribution 7T:[_1 (@) (see Equation
(2.4)). u¢(q) is updated in the same way. We note that anayltical evaluation of P (I; = 1) involves
the unknown normalizing constant Z., thus is not feasible in practice. However, we can implement
one-step or multiple-step Monte Carlo simulations, and approximate P (I; = 1) by 1 (I; = 1). This
recovers the WL update in Equation (2.8). In addition, the projection step to the set {uy,us €

R, u; + us = 0} is equivalent to the normalization step (see step 3(d) in Algorithm 4). There-

40



fore, the WL algorithm is equivalent to the stochastic projected gradient descent algorithm solving
the constrained optimization problem (2.9).

Once we have the optimization perspective, various acceleration tools can be employed to improve
the efficiency of the WL mixture method. One simple tool we find useful is the momentum method,
which exponentially accumulates a momentum vector to amplify the persistent gradient across iter-
ations, thus reducing the oscillation caused by the noise in the gradient estimate. More precisely, we

modify step 3(c) in Algorithm 4 as below.

3 (c') (Momentum accelerated WL updates)

(i) Update the momentum vector:

mt(’Y) «— 5mt—1(7) — N, 1 (It = 1) ) mt(Q) — /Bmt—l(Q) — Na, 1 (It = 0) .

(ii) Update the reweighting vector:

log ¥ht(7y) < logvi—1(y) — me(v),  logee(q) < logvi—1(q) —mu(q).

(iii) Update {&:(7), &:(q) } as in step 3(c) in Algorithm 4.

We initialize the momentum vector as my(y) = mg(q) = 0. [ is commonly set to be 0.9 or
higher, which calibrates the fraction of the accumulated past gradients that we want to incorporate
into the current update. Numerical illustrations of the accelerated WL mixture method is given in

Figure 2.2 on two statistical models, the Log-Gaussian Cox process and the Bayesian Lasso.

2.3.4 CONSTRUCTING THE SURROGATE DISTRIBUTION

In principle, any posterior approximation with a known normalizing constant, such as the Laplace ap-

proximation and the variational approximation, can be used to construct the surrogate distribution.
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We can also use MCMC methods to obtain posterior samples, and fit some parametric distribution
to them. In this section, we describe how to construct a surrogate ¢(8) using the variational approxi-
mation (Jordan et al., 1999; Blei et al., 2017). The variational approach enjoys two main advantages.
First, it is computationally efficient and does not require MCMC sampling to explore 7*(). Second,
it provides a reasonable approximation to y*(8) in a wide class of statistical models (Wainwright and
Jordan, 2008).

The variational approximation aims at finding the closest distribution ¢*(0) to v*(8) in the KL

divergence within a particular class of distributions (), that is,

¢*(6) = argmin KL (p(8) 11" (6)) . (211)
p(0)€Q

KL (p(@)||v*(8)) is not computable as it involves the unknown normalizing constant Z.,. However,

we can equivalently reformulate the optimization problem (2.11) as follows:

q*(0) = arg max ELBO(p) = arg max {Ep [logv(8)] — E, [logp(0)] }, (2.12)
p(9)eQ p(9)eQ

in which Z,, is no longer involved. ELBO refers to the evidence lower bound of log Z., since
log Z, = KL (¢"(8)][1"()) + ELBO(q") > ELBO(q"). (213)

We note that the EM algorithm (Dempster et al., 1977) can also be formulated as a two-step iterative
algorithm maximizing the ELBO with respect to p(€) and the relevant model parameters ( Tzikas etal.,
2008).

Before solving the optimization problem (2.12), we need to specify the variational family Q). A
commonly considered class of distributions () is the mean-field variational family, which assumes

that ¢*(@) is a product of univariate distributions, that is, ¢*(0) = H;'l:1 q;(0;). We assume that
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q; (6;) belongs to some parametric family () ; whose probability density function can be evaluated ex-
actly. To solve the optimization problem (2.12), we can use the coordinate ascent variational inference
(CAVI) algorithm (Bishop, 2006). CAVI, detailed in Algorithm 5, iteratively maximizes the ELBO
in a coordinate-wise fashion. We note that the optimization problem in (2.15) can be further simpli-
fied in conjugate cases. For each j € [d], conditioning on all the other components ¢} (6;), 7 # 7,

ELBO(g;) can be rewritten as
ELBO(g;) = —KL (qj(ﬁj)Hq;-)Pt(Hj)) + constant, (2.14)

in which q;Pt(Hj) ox exp [E_; (logy(8;,0—5))]. Ifq;-)Pt(Hj) € Q; (conjugacy), the optimal ¢;(6;)

. t . . . .
is q;)p (0;) since the KL divergence is non-negative.

Algorithm 5: The coordinate ascent variational inference (CAVI) (Blei et al., 2017).

1. Initialize each ¢} (0;) € Q; for j € [d].

2. Foreach j € [d], fix all the other components g; (6;), i # j, update g5 (6;) with

a5(6) = agmx {1 B (0g1(6,.0-,))] ~ By o8] |- (219

3. Calculate ELBO(g*) where ¢*(6) = H¢:1 q7(0;). If ELBO hasn’t converged, go back to
step 2. Otherwise output ¢*(8).

2.4 GLOBAL JUuMP VIA MULTIPLE-TRY METROPOLIS

2.4.1 'THE MULTIPLE-TRY METROPOLIS

In many problems, the two mixture components ¢*(6) and v*(€) may not be well aligned and some-

times can be completely separated. Thus, naive Metropolis-Hastings proposals may be easily trapped
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in one of the components and cannot efficiently traverse the whole space. We here describe an ap-
proach based on the Multiple-try Metropolis (MTM) method (Liu et al., 2000) for constructing a
proper Markov kernel that enables easy jumps between different modes.

Given a target distribution 7(z) defined on R? and a proposal transition function T'(x, y), a
version of MTM is described in in Algorithm 6. Heuristically, MTM aims at biasing the multiple

proposals with a proper weight function w(z, y):

w(z,y) = m(z)T(z,y) Az, y), (2.16)

in which A(z, y) is a user-chosen nonnegative symmetric function. Briefly, MTM draws m proposals
{yW, ... y(™} from the transition function T'(z¢, -), and then selects y from {y™®), ... y(™)}
with probability proportional to w(y?), xz). A proper acceptance-rejection rule (steps 3 and 4 in

Algorithm 6) is employed to ensure the reversibility of the Markov chain.

Algorithm 6: The Multiple-try Metropolis (Liu et al., 2000).

1. Sample y oy iid from T(xy, -). Compute the weight function w(yY), x).
2. Sample y from yW - y(M) wich probability proportional to w(y), x).
3. Giveny,sample ™ --- 2™~ iid from T(y, -). Set (™ = x,.

4. Accept y with probability:

w(y(1)7m)+...+w(y(m),$)}' (2.17)

— min<1
“ mm{’ w(zW,y) + - +w(@™, y)

Aspecial choiceof Nis A(z, y) = [T'(z, y)+T (y, )] " If T(, y) isalso a symmetric proposal,

the corresponding acceptance probability simplifies to:

(TURSEES TN o

= 1 1
“ mm{, m(xW) + - + 7(z(m)
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This special case is referred to as MTM (II) in Liu et al. (2000). MTM is particularly useful when it
is combined with the directional sampling algorithm. For instance, if we know a desirable jumping
direction, we can use MTM to explore a wide range along it. Let e denote the jumping direction. For
the simple case where e is fixed and independent of the current state &, we outline the main steps in
Algorithm 7. More generally, we can choose the jumping direction e based on the current state ;.

Some detailed discussion on a special form of this adaptive strategy can be found in Section 2.4.2.

Algorithm 7: The Multiple-try Metropolis combined with directional sampling.

1. Sample D .. #(M) from a user-chosen distribution p(r). Let y) = x; + r(9) . e.
Compute the target density 7(y()).

2. Sample y from yW o y(™) wich probability proportional to m(y).
Set z(7) = Yy — r@) . e.

3. Accept 441 = Yy with probability:

(2.19)

W(y(l)) 4. +7r(y(m)) }

= 1 1
« mln{ s 77(:13(1))++7r(w<m))

When we incorporate MTM in the WL mixture method, assuming that we are equipped with an
efficient kernel K, some pre-MCMC runs should help us pin down informative jumping directions,
such as the directions connecting the modes of the posterior and the surrogate. Thus, we can substi-
tute step 3(a) in Algorithm 4 by randomly alternating between MTM and Gibbs sampling.

When the posterior 7*(0) is multimodal, the proposed surrogate mixture framework can poten-
tially help identify the multimodality of 7*(8), upon which a better K, can be designed using MTM.
The idea is similar to parallel tempering (Geyer, 1991), which relies on a sequence of auxiliary distri-
butions so that global jumps are possible by “transporting” samples back and forth from the posterior
to auxiliary distributions. In our setting, the surrogate ¢* (@) plays a similar role as the auxiliary distri-

butions used in parallel tempering, and the WL weight adjustment ensures that transitions between
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— Target
—— Surrogate

01, O,
(a) Demonstration of mode jumping. The color indicates
the mixture component that the sample comes from.
Initially, Ot1 is considered to be more likely a sample
from y* (@) (step 3(b) in Algorithm 4). The WL mixture
method keeps downweighting the mixture component
~*(0) by increasing its reweighting factor ¢y, (y) (step
3(c) in Algorithm 4). In the meantime, we perform Gibbs
sampling steps, which locally moves the chain using the
Markov kernel K,Y, thus the chain still stays around the
same local mode. After y* () has been downweighted
enough, at some point £, 0t2 is considered to be more
likely a sample from ¢*(6). In the next step we directly
sample from ¢* (0), leading to a global jump from 6, to
0,,, which identifies the other mode of y* ().

Figure 2.1

— Target
—— Surrogate

(b) Comparison between the WL mixture method and im-
portance sampling. Importance sampling only estimates
the normalizing constant of the target restricted on the
region B, thus yields an underestimated normalizing con-
stant. In contrast, the WL mixture method has approxi-
mately equal chance to explore the whole high-density
regions of the target and the surrogate distributions, re-
spectively, thus produces more accurate, rather than un-
derestimated, normalizing constant estimates.

the posterior and the auxiliary distribution are sufliciently frequent. As shown in Figure 2.1a, we

consider a setting where v*(8) is bimodal and ¢*(8) covers both modes, but we are unaware of the

multimodality of 7*(8) in the first place and K, only enables local moves. As is explained in the

caption of Figure 2.1a, by leveraging the surrogate ¢* (@) under the help of the WL reweighting, the

algorithm helps the chain cross the two modes of v*(8).
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2.4.2 AN EXTENSION: MTM FOR REVERSIBLE JuMP MCMC

We discuss possible utilizations of some aforementioned ideas in the classical reversible-jump MCMC
(RIMCMC) (Green, 1995) framework for Bayesian model comparison. Thatis, instead of estimating
the normalizing constant of each model, we incorporate the model index into the joint posterior dis-
tribution defined in Equation (2.1), and sample the model indicator and model parameters simultane-
ously. It generally requires RIMCMC since the posterior distribution p (65, M, | y) is potentially
trans-dimensional.

Effective jumping mechanisms are necessary for successful traverse across different model spaces.
We believe both MTM and the WL weight adjustment are potentially useful in constructing efficient
trans-dimensional proposals. (i) The MTM directional sampling may guide the Markov chain to di-
rectly jump towards the mode of the within-model posterior, so that the acceptance probability can be
much higher than other generic jumping mechanisms. (ii) The WL weight adjustment can be used to
balance the probability masses of different models in the joint posterior distribution p (6%, M, | y),
so as to facilitate trans-dimensional jumps. In this chapter, we detail the discussion on the MTM di-
rectional sampling in RIMCMC, and leave the idea of using the WL weight adjustment in RJIMCMC
for future explorations.

We note that the MTM-based reversible jump algorithm (MTM-RJMCMC) is most useful if (i)
p(0r | y, My) is approximately unimodal for each model My; (ii) we can estimate the mode é\k
reasonably well before running the algorithm. For ¢ # j, suppose we want to move from model M;
to model M ;. Since 8; € R% and 0; c R% are potentially in different dimensions, we first match
the dimension of €; and 6; by introducing auxiliary parameters u € R% and v € R% so that the
dimension and domain of (6;, w) matches those of (v, 8;). We note that this is just one principled
way to match the parameter spaces. For specific problems, more efficient designs may exist and should

be considered.
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We define the augmented posterior distributions as

pi (05, u, M; | y) = p(0; | y, M;)qi(u)p(M;),

(2.20)

in which ¢;(u) and ¢;j(v) are user-chosen unimodal distributions with modes denoted as & and .
The above construction implies that @; 1 w and 8; L v. In general, we can consider introducing
dependence structures between 0;, w and 6;, v.

The multiple-try trans-dimensional move from model M; to model M ; is summarized in Algo-
rithm 8 and briefly explained here. Given the current state 8;, we first sample u from ¢;(u), then
construct m proposals (v, 0](-k)) = (0;,u) +r®) . efork € [m]. Two types of directional
jumping mechanisms can be exploited: (i) fixed-directional jumps; (ii) adaptive-directional jump. For
the fixed-directional jump, the jumping direction is defined by the two pre-located modes of the aug-
mented posteriors p; (6;, w, M; | y) andp; (v, 0;, M; | y),and s fixed throughout the algorithm.
For the adaptive-directional jump, the jumping direction is defined by the current state of the chain
(6;,u) and the mode of the augmented posterior p; (v, 85, M; | y).

There are subtle differences in the implementation of the two jumping mechanisms. If we use the
adaptive-directional jump to jump towards a mode, thatis, e = (v — 0, éj —u)/||(v — 6;, é\j -
w)||, the sampling distribution p(r) of the jumping distance 7 is required to be a centered symmetric
distribution in order that the acceptance probability can be simplified as in Equation (2.23). A more
general p(r) is allowed if we use a generalized form of MTM in Liu et al. (2000). In contrast, for the
fixed-directional jump, we can simply set the jumping direction as e = (v — é}, é\] — u) without
standardization, and sample the jumping distance r from an arbitrary distribution, not necessarily

being symmetric and centered at 0. In fact, to push the chain directly jump into the mode (v, é\j), we

recommend to center p(r) at 1. We note that the acceptance probability of the adaptive-directional
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jump involves an additional Jacobian defined as below,

T((0:u), (v.0,)) = |1 - (221)

For the fixed-directional jump, the Jacobian is not required.
Each of the two jumping mechanisms has its own advantages depending on the scenarios. For
instance, if the local variations around two modes (6;, u) and (v, é}) differ significantly, the adaptive-
directional jump is more favorable, as the fixed jumping direction can be misleading when the chain
jumps from the relatively wider mode to the narrower one. On the other hand, since p(r) for the
fixed-directional jump is more flexible, e.g., p(7) can be centered at 1, when the jumping direction
e=(v— é\i, é\J — u) is indeed informative, it appears more efficient than the adaptive-directional
jump in which p(7) centers at 0.
(k)

We then sample (v, 8;) from the multiple proposals { (v(¥), 8}

) Hiv,, with probability propor-

tional to the augmented posterior density p; (v™*), 81", M;; | y). After obtaining (v, 8), we sct
(01@ ,uh)) = (v,0;) —r*) . efork € [m]. Weaccept the trans-dimensional proposal (v, 8;) with
probability « given in Equations (2.22) and (2.23), depending on which jumping mechanism we use.
We note that the proposed trans-dimensional move should be combined with local MCMC moves
within each model M. Since the current setting is slightly different from that of a typical MTM, we

provide here a theoretical justification in the following proposition. The proof of Proposition 1 can

be found in the Appendix B.
Proposition 1: The proposed trans-dimensional move, equipped with either the fixed-directional

jumping mechanism or the adaptive-directional jumping mechanism, leaves the posterior distribu-

tion p (6, My, | y) invariant.
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Algorithm 8: The Multiple-try Metropolis reversible jump MCMC algorithm.

Fori # j, suppose the current posterior draw ; is from model M, the trans-dimensional
move to model M ; is accomplished as follows.

1. Sample the auxiliary variable w from g;(w), of which the dimension and domain match those

of @; in model M.
2. Set the jumping direction and sample the jumping distances.

(a) (Fixed-directional jump) Set the jumping directionase = (v — 0;, éj — u). Sample
the jumping distances ("), - - - | 7("™) from an arbitrary distribution p(r) (recommend
to center p(r) at 1).

(b) (Adaptive-directional jump) Set the jumping direction as
e=(v—-0;,0; —u)/||(v—6;,0; — u)||. Sample the jumping distances
r@ o M) from asymmetric distribution p(r) centered at 0.

3. Propose multiple tries: set (v(*), 9](_14)) = (0;,u) +r®) . efork € [m)].
4. Sample (v, 8;) from {(v*), O;k))}znzl with probability proportional to
pi(v®, 0% M; | y).
5. Given (v, ), set (0, u®)) = (v,0,) — r®) . efor k € [m].
6. Accept (v, 6;) with probability « specified as below.
(a) (Fixed-directional jump)

, S pi (0™, 6 M | y)
a=min< 1, ® .
>y pi(8;7 u®) M | y)

(2.22)

(b) (Adaptive-directional jump)

m k
e fy B

Z?lei(al(k)7u(k)7Mi ) x J((6;,u), (U,Oj))}, (2.23)

50



2.5 REVIEW OF EXI1STING METHODS WITH COMPARISONS

2.5.1 IMPORTANCE SAMPLING AND SEQUENTIAL MONTE CARLO

It is known that the performance of importance sampling is determined by how closely the proposal
distribution tracks the target distribution. In a good importance sampler, high probability regions
of the proposal and target distributions overlap substantially, and the proposal typically has a heavier
tail than the target. Otherwise, the variance of the importance sampling estimator can be unaccept-
ably large so that the resulting estimation is misleading. If the dimension of the problem is high, it is
generally hard to construct an appropriate proposal distribution.

Figure 2.1b provides a cartoon illustration of the setting that the surrogate distribution has a smaller
domain (and thinner tail) compared to the target distribution. In this case, importance sampling is
likely to underestimate the normalizing constant (see the caption in Figure 2.1b). This phenomenon
is illustrated on two realistic examples in Section 2.6, the Log-Gaussian Cox process and the Bayesian
Lasso.

Sequential Monte Carlo (SMC), developed upon importance sampling, employs a sequential scheme
to handle the high-dimensionality of the target distribution (Liu et al., 2001; Liu, 2008). More pre-
cisely, we first decompose @ = (6y,...,0,), and construct a sequence of (unnormalized) auxil-
iary distributions 11 (61), 72(61, 62), . . . , Np(@) sequentially approaching the target distribution, i.e.,

1p(0) = 7(0). We then initialize by drawing n samples, 9@, e 9571)

distribution ¢; (#;) and attach to each with weight wgi) =m (0@) o (9@). The average weight W,

,from a (normalized) proposal

serves as an estimate of the normalizing constant of 171 (6 ). In the next step, we can either resample the
obtained “particles” { (9@ , wfi))};;l with probability proportional to, say (wfi) )* with a € [0, 1],

(%) ()

and modify the new weights to (w;’)' ™%, or proceed directly to sample 65 from a (normalized)
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user-chosen sampling distribution g»(6s | Gfi)). We then update the weights

w® = w® x 772(9?), Q%i))

Similarly, W is an estimate of the normalizing constant of 1, (64, 6 ). This sequential update is carried
out up to step p, and the final average weight ), is an estimate of the normalizing constant Z,. It is
easy to show that Wy, is unbiased, if no resampling is involved, and is always consistent (Del Moral,
2004).

We can generalize the above SMC framework to cases where no dimensional changes are involved,
thatis, 11, . .., 7p are all defined on the full space of 8. In this case SMC looks very similar to bridge
sampling, path sampling and the parallel WL mixture methodL. Recent work has demonstrated its
potential in normalizing constant estimation for applications in Bayesian phylogenetics (Wang et al.,
2020), nonlinear ordinary differential equation (ODE) models, and positron emission tomography
(PET) compartmental models (Zhou et al., 2016). It is generally nontrivial to design an appropriate
sequence of auxiliary and sampling distributions. Various proposals have been documented in the
literature. (i) The geometric path, 1,(8) = 7(0)*q(8)'~* with0 = Xy < A\ < --- < A, = 1.
(ii) The posterior distribution with partial data (Chopin, 2002). In this case, a common choice for
the sampling distributions is some form of prior/posterior predictive distributions. (iii) The path of
level sets defined by the likelihood function (Salomone et al., 2018) or specific functions associated
with tasks of rare event estimation (Cérou et al., 2012). We note that the selection of the auxiliary
distributions in the aforementioned forms can be potentially made automatic using the conditional
effective sample size criterion proposed in Zhou et al. (2016).

Another related method is the stepping stone (SS) method (Xie et al., 2011), which has been suc-
cessfully applied in Bayesian phylogenetics. The stepping stone method takes the prior as the proposal

distribution, and employs a geometric sequence of auxiliary distributions. By expanding the ratio
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Z~/Zq into a series of telescopic product, i.e., Z,/Z, = ?:1 Zj/Z;j_1,in which Z; is the normal-
izing constant of the auxiliary distribution 7); (), it uses importance sampling to estimate each ratio
rj = Zj/Zj-1 by

P Y
7= g 2w ] 65007 (224)

in which p(y | ) is the likelihood function, and @;; is the i» MCMC samples from 7;(6). A
generalized stepping stone method is proposed in Fan et al. (2011), which suggests to use a different
proposal better tracking the posterior distribution if the prior is too diffuse. An illustration of SMC,
the parallel WL mixture method and the stepping stone method on the Log-Gaussian Cox process is

given in Section 2.6.1.

2.5.2 BRIDGE SAMPLING AND PATH SAMPLING

Bridge sampling provides an efficient way of utilizing samples from both the proposal and target dis-
tributions. Given the (unnormalized) target (@) and proposal ¢(), bridge sampling inserts a bridge

distribution 7, /, () between v(6) and ¢(6), and estimates the ratio Z /Z, based on the following

identity:
E 7] 7]
7 By [0(0)/a(0) s
q E, [71/2(9)/7 0 ]
The corresponding bridge sampling estimator is
1 a 0, 0,
Fo (1/n4) Z:Z;O'VI/Q( qi)/2(04i) 7 (2.26)
(1/”7) Zi:o 71/2(9~/i)/W(072')
in which 841, ,04n, and 0.1, - - - , 0y, are ng samples and n, samples from ¢* (@) and v*(8),

respectively.
The bridge distribution helps create more connections between the target and the proposal. In ad-

dition, since bridge sampling also utilizes samples from the target, it helps resolve the issue of underes-
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timating the normalizing constant illustrated in Figure 2.1b and discussed in Section 2.5.1. However,
the efficiency of bridge sampling is still sensitive to the “distance” between ¢*(6) and 7*(8). For
simplicity, let us assume n, = 1, = n, and consider the optimal bridge Yop:(6) = (¢*(0)" +
7*(0)~')~! that minimizes the asymptotic variance of log 7 under the assumption that all the sam-

ples are independent draws. The corresponding optimal asymptotic variance is:

=

% [ (/ 2min{q*(0), 7*(9)}d0> - 1} '

We see that the lower bound increases if we push the proposal ¢*(0) and the target v*(6) further

(2.27)

Y

apart. In contrast, with the help of global jumping algorithms such as MTM, the WL mixture method
is more robust to this separation issue.

We empirically compare the performance of bridge sampling and the WL mixture method (equiped
with MTM) on a 20-dimensional multivariate normal distribution. The target is IV (0, I5), and the
surrogate (proposal) is N (i X 199, I5g) with 1 = 1,2,3,4,5. The target has been normalized so
that the true log normalizing constant is 0. The fixed jumping direction is € = 3=(p X 19), and
we use 8 tries in each multiple-try iteration. For simplicity, we substitute the local MCMC moves
around the two mixture components by directly sampling from either the target or the surrogate.
We set n, = ngy = 5,000, and run 5,000 iterations for the WL mixture method. The results are

summarized in Table 2.1.

Method w=1 w=2 w=3 =4 w=>5
WL 0.00(0.05) | 0.01(0.04) | 0.00(0.04) | —0.00(0.04) | 0.01(0.05)
BS | —0.00(0.11) | 0.21(3.15) | —0.35(5.43) | —1.27(6.93) | 1.60(7.90)

Table 2.1: Comparisons of the WL mixture method and bridge sampling for estimating the logarithm of the integral of the
multivariate normal density, whichis exactly O in all cases. The reported values are empirical means and standard deviations
(in the bracket) based on 10 independent runs.
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We see that the WL mixture method has robust performances for different ’s, whereas bridge
sampling performs worse as the target and the proposal distributions become more and more sepa-
rated. We note that the comparison is not entirely fair because we pre-locate the mode of the target for
MTM. Our point is that the WL mixture method should be classified as an MCMC-based method,
and behaves very differently from bridge sampling and other importance sampling based methods.
The performance of the WL mixture method relies on an efhicient strategy to sample from the adap-
tive mixture distribution 71'2 (6) (see Equation (2.4)), rather than the amount of overlaps between the
target and the surrogate distributions.

It is conceivable that bridge sampling can overcome the separation between the target and the pro-
posal by creating multiple bridge distributions. Gelman and Meng (1998) pointed out that when the
number of bridge distributions goes to infinity, bridge sampling is equivalent to path sampling. Given
a continuons path {n;(0)} from q(@) to (0) parameterized by ¢t € [0, 1] (e.g., the geometric path),

path sampling utilizes the identity of thermodynamic integration. That is,

Z ! d
log=X = | E,|—1 0)| dt
og Zq /0 t [dt Ogﬁt( )] s

in which [E; is taken with respect to 77;(0). The corresponding path sampling estimator can be con-

structed using numerical integration over ¢ with samples from 7;(8).

2.5.3 CHIB’S METHOD

The method proposed by Chib (1995) is effective for estimating normalizing constants for a class of

Bayesian models and has been widely adopted. For any 8* such that p(8* | y) > 0, we have

log Z, = logp(y | 6%) + logp(0*) — logv* (6™ | y), (2.28)
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in which p(y | 8*) and p(6*) are the likelihood function and the prior evaluated at 8%, respectively.
Consequently, if we can estimate well the normalized posterior density at 6%, thatis, v*(6* | y), we
have an estimate of the normalizing constant Z.,.

Chib (1995) showed that this is feasible using Gibbs outputs. For example, suppose € can be de-
composed into two blocks, @ = (61, 6,), and we have an efficient Gibbs sampler in hand, targeting
the posterior distribution (61, 05 | y), which iteratively samples from the two conditional distribu-
tions y*(0; | 6y, y) and v*(0; | 01, y). We further assume that we can evaluate the two conditional
distributions exactly. With the Gibbs outputs {(9@, 051’)) 7|, we can estimate the normalized pos-

terior density at 0 as below,
% (0* — A (OF *(9* | O* - l - *(Q* 9(1) *(9* | O 29
TO" Ly) =707 | y)r (05 | 67.9) = |~ > 267 16,,) | v'(65 | 67,w), (229)
i=1

which utilizes the identity that v*(0; | y) = [7*(0; | 02, y)7* (05 | y)dBs. For a better statisti-
cal efficiency, it is recommended to select 8 close to the posterior mode. The above scheme can be
generalized to cases in which 6 is decomposed into an arbitrary number of blocks, and also cases with
missing data (Chib, 1995).

We see that Chib’s method is particularly useful and easy to implement when we have an efficient
Gibbs sampler with all the conditional distributions being tractable. In Section 2.6.2, we compare
Chib’s method and the WL mixture method on the Bayesian Lasso example, in which we indeed
have a closed form Gibbs sampler. The performances of the two methods are comparable. Chib and
Jeliazkov (2001) extended the method to the setting with intractable conditional densities, but its ap-
plicability can still be limited if we encounter other types of MCMC algorithms such as Hamiltonian
Monte Carlo (HMC), Metropolis-adjusted Langevin algorithm (MALA), etc. In contrast, a major
advantage of the WL mixture method is that it can be built on any type of MCMC samplers, and is

reasonably easy to implement.
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2.6 JLLUSTRATIONS

2.6.1 LoG-GAUSSIAN COX PROCESS

We consider estimating the normalizing constant of a Log-Gaussian Cox process on the pine forest
data set studied in Penttinen et al. (1992) and Stoyan and Stoyan (1994). The data contains the loca-
tions of 126 Scots pine saplings on a 10 X 10 m* square (see Figure 10(a) in Moller et al. (1998)). We
first standardize the locations into unit square and then discretize the unit square into an M x M
regular grid. Lety = (ym) me[nm)? denote the number of pine saplings in each grid cell, and let

= (/\m)me[ w2 denote the latent intensity process. We assume the following model:
[Ym | Am] ~ Poisson (aAp,) ,

in which @ = M ~2 is the area of each grid cell. The dimension of is M 2 and in this example, we test
out M = 10, 20, 30, thus the dimension of the problem is 100, 400, 900, respectively. We transform
0 = log so that all the parameters are defined on R. We specify a Gaussian process prior given as
below with constant mean 4 and exponential covariance function on 8 = (6,,),,, c[M]®>

1
Yo (m,n) = o*exp <_W |m—n\) , m,n € [M]?,

where we follow the same parameters setting in Meller et al. (1998): ¢ = 1.91, 8 = 1/33 and

o = log(126) — o? /2. The Poisson likelihood is as follows:

L@y = [ oxpOmym—aexp(bm)),
me[M]?
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thus the unnormalized posterior distribution is v (6 | y) = N (0; o, o) L (0 | y). An approxi-
mate mode 6 of v (6 | y) is obtained using the Newton-Raphson method.

With this example, we compare the performances of two classes of methods: (i) single-step meth-
ods including the WL mixture method and importance sampling; (ii) multiple-step methods includ-
ing an adaptive SMC algorithm, the parallel WL (PWL) mixture method, and the stepping stone (SS)
method proposed in (Xie et al., 2011). The multiple-step methods insert a sequence of auxiliary dis-
tributions between the surrogate (proposal) and the posterior, whereas the single-step methods not.

For the single-step methods, we use N (g, 07 1) as the surrogate, in which p, = 6, and o4 =
1.0, 1.2, 1.3for M = 10, 20, 30, respectively, in order to approximately match the marginal posterior
standard deviations. For the WL mixture method, we use HMC local moves around the mixture

component . The gradient of the log likelihood is
Vleg L (0 |y) =y — aexp(0),

and the HMC kernel contains 10 leapfrog steps with step size 0.25. We run in total S = 5 x 10*
iterations for M = 10,and S = 1 X 10 iterations for M = 20, 30, with b = S/2. In addition,
we test out different thresholds ¢ (from 0.10 to 0.30 incremented by 0.05) used in the flat histogram
criterion. For importance sampling, we use 1 X 10° samples to match the computation time of the
WL mixture method (see Table 2.2).

The algorithmic settings of the mutliple-step methods are described below. The SMC algorithm
is detailed in Algorithm 14 in the Appendix B. The proposal distribution is the prior distribution
N (0; o, Xp). We use 500 particles, and run 10 HMC rejuvenation steps (step 2(g) in Algorithm 14)
for each auxiliary distribution to diversify the particles. The conditional effective sample size (CESS)
adaptation criterion (Zhou et al., 2016) is set to be £ = 0.9, and a systematic resampling step is carried

out if the normalized effective sample size (ESS) drops below 0.5. On average there are 35, 42 and 45
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intermediate steps for M = 10, 20, 30, respectively. For both the parallel WL mixture method and
the stepping stone method, we employ the same sequence of auxiliary distributions adaptively selected
by the SMC algorithm, and run S = 1.5 x 103 iterations using the aforementioned HMC kernel
invariant to each auxiliary distribution. The computation time for the three methods are comparable
(see Table 2.3).

The results are summarized in Tables 2.2 and 2.3. We find that all the three multiple-step methods,
as well as the WL mixture method, produced similar estimates of the log normalizing constant un-
der all settings, whereas importance sampling underestimated the log normalizing constant for both
M = 20, 30, consistent with our discussion in Section 2.5.1. The SMC algorithm is the most accurate
method on this example, and the (parallel) WL mixture method also performed reasonably well, hav-
ing slightly larger standard deviations compared to the SMC algorithm. Figure B.1 in the Appendix
B shows that the performance of the WL mixture method is robust to the choice of the threshold ¢
used in the flat histogram criterion in the region [0.1, 0.3]. For this and the Bayesian Lasso example
in the next section, we also compare the convergence speeds of the standard and the accelerated WL
algorithms (see Section 2.3.3). Figure 2.2 shows that the accelerated algorithm converges much faster

than the standard one.

Log normalizing constant estimates
Dimension 100 400 900
WL 474.4(0.1) | 490.7(0.3) | 496.6(0.6)
IS 474.1(0.2) | 487.1(1.0) | 476.0(1.3)
Computation time (second)
Dimension 100 400 900
WL 15.5(0.2) | 157.8(13.4) | 985.4(60.3)
IS 17.4(0.4) | 150.5(12.6) | 929.8(55.2)

Table 2.2: Log normalizing constant estimates of the Log-Gaussian-Cox process using single-step methods. WL and IS refer
to the WL mixture method and importance sampling, respectively. The reported values are empirical means and standard
deviations (in the bracket) based on 10 independent runs.
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Log normalizing constant estimates

Dimension 100 400 900
SMC 474.4(0.1) | 490.7(0.1) | 497.6(0.1)
PWL 474.6(0.2) | 490.7(0.3) | 497.3(0.4)

Stepping stone | 474.6(0.1) | 491.9(0.2) | 502.5(0.8)

Computation time (second)

Dimension 100 400 900
SMC 21.6(0.7) | 212.2(17.9) | 1054.2(66.2)
PWL 26.9(0.8) | 189.8(15.4) | 1123.3(89.1)

Stepping stone | 20.5(0.5) | 176.7(14.6) | 1055.2(70.4)

Table 2.3: Log normalizing constant estimates of the Log-Gaussian-Cox process using multiple-step methods. SMC, PWL
and Stepping stone refer to the sequential Monte Carlo method, the parallel WL mixture method, and the stepping stone
method (Xie et al., 2011), respectively. The reported time for PWL and the stepping stone method is the computation time
without parallelization. The reported values are empirical means and standard deviations (in the bracket) based on 10 in-
dependent runs.

2.6.2 HYPER-PARAMETER DETERMINATION FOR BAYESIAN LASsO

We consider the Bayesian Lasso method proposed in Park and Casella (2008), which assumes a hierar-
chical prior on the linear regression coefficients so that the posterior mode corresponds to the Lasso
estimator (Tibshirani, 1996). Given a centered and standardized n X p design matrix X, the response
vector y follows N (X 3, 0%I,,). Following Park and Casella (2008), we specify a prior N (0,, 02D )
on 3, where D isadiagonal matrix diag(7¢, - - - , 7'5 ). Besides, we specify an independent hyper-prior
Exp(\?/2) on 7} for j € [p], and specify an improper prior p(c?) o< 1/0? on o®. This completes

the full model specification and the unnormalized posterior distribution is given by

p
1
1(B..0% | X,y) = S N(y: XB.0°L) [ [ Bxp (7 | 3°/2).

j=1

We transform the parameters 7; = log TJ2 for j € [p]and £ = logo? so that all the parameters are

defined on RR.
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(a) Log—Gaussian Cox Process (b) Bayesian Lasso
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Figure 2.2: Demonstration of the accelerated Wang-Landau algorithm. AWL and WL refer to the accelerated Wang-Landau
algorithm and the standard Wang-Landau algorithm, respectively. (a) The Log-Gaussian Cox process discussed in Sec-
tion 2.6.1 with M = 30. (b) The Bayesian Lasso example discussed in Section 2.6.2 with SNR=0.1and A = 20.

In this example, we simulate the data set as in Yang et al. (2016). We define

lo
B = SNRW;@%@, -3,2,2,-3,3,-2,3,—2,3,0,--- ,0)T € R?

with p = 100, n = 500, SNR € {0.1, 1, 3} (signal-to-noise ratio), and o5 = 1. The dimension
of the posterior distribution is 2 X p + 1 = 201. The design matrix X is generated from a centered
multivariate normal distribution with covariance matrix 3;; = exp(—|i — j|). The response variable
y is generated from N (X 3*, 02 1,,). The task is to estimate the marginal likelihood of data for a set
of regularization parameters A € {5, 10, 15, 20} under different SNRs.

We compare the WL mixture method, Chib’s method and importance sampling in this example.
The surrogate distribution used in the WL mixture method, which is also the proposal distribution
used in importance sampling, is constructed using the variational approximation discussed in Sec-
tion 2.3.4. We consider the Normal mean-field variational family where (3;) is N (m;, 53), q(n;)

is N(¢j,(3), and ¢(€) is N(u,v?). The CAVI updates are summarized in Section B.2.2 in the Ap-
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pendix B. For the WL mixture method, the Gibbs move proposed in Park and Casella (2008) is used to
move around the mixture component 7. For completeness, we detail below the conditional posterior

distributions required by the Gibbs sampler:

(8 | rest] ~ N(C7'XTy,0°CY), Cr = XTX + DY,
[Tj_2 | rest] ~ Inverse-Gaussian(Aa/|B;], A?),

[0 | rest] ~ Inv-x* (n + p, (|ly — XBI[3 + BTD;'B)/(n +p)) .

We run a total of S = 1 x 10" iterations, and set b = 2, 000. For importance sampling, we use 5 x 10°
samples. For Chib’s method, the parameters are cut into three blocks, 3, 2 and 02, and we run the
Gibbs sampler for 5 x 10 iterations and burn-in the first 10% samples. The computation time for the
three methods are comparable (see the caption in Figure 2.3),

The results are summarized in Figure 2.3. We see that under all settings, the WL mixture method
and Chib’s method produced similar and stable estimates of the log normalizing constant, whereas im-
portance sampling underestimated the log normalizing constant. The regularization parameter that
maximizes the marginal likelihood of data are A = 10, 20, 20 for SNR = 3, 1, 0.1, respectively, which
corresponds to our intuition that it requires more regularization for estimating the regression coeffi-

cients when there exists larger noises in the data.

2.6.3 LOGISTIC REGRESSION

We consider a Bayesian logistic regression model for the classic German credit data set (available from
the UCI repository (Frank and Asuncion, 2011)). There are in total n = 1,000 personal records in
the data set. For each records, there are 24 associated attributes including sex, age, and credit amount.
The binary response variable y indicates good or bad credit risks. Let X, «, be the design matrix after

we standardize all the predictors. In particular, we include an intercept and all pairwise interactions.
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Figure 2.3: Results summary of the Bayesian Lasso example. WL, Chib and IS refer to the WL mixture method, Chib’s method

and importance sampling, respectively. The box plots are based on 10 independent runs of the algorithms. The computation
time for the WL mixture method, Chib’s method, and importance sampling are 32.1 (£0.6) seconds, 43.5 (+=2.0) seconds

and 47.1 (£1.2) seconds, respectively.
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The dimension of the problem is p = 24 + 24 x 23/2 4 1 = 301. We consider the following logistic

regression model:
exp (a + BTx;)
1+ exp (a + BTx;)’

in which y; € {0,1}, z; € R*, o € R, B € R*, i € [n]. All the observations are assumed to be

independent. We set up similar priors on the parameters as in Heng and Jacob (2019),
[Oé ’ 82] ~ N (O, 82) s [,6 | 82} ~ N (0300,321300) s 82 ~ EXp()\),
with A € {0.01,1.00}. This leads to the unnormalized posterior distribution:

Yo, B,8% |y, X) = p(e, B | s)p(s*) [ [ pwi | 1)
=1

300 n

=AM N(a;0,8%) [ N(Bj:0,) [ [ p¥ (1 = pi)' ¥,
j=1 i=1

in which p; = P(y; = 1 | @4, o, 3) as defined in Equation (2.30). We transform s? to the logarith-
mic scale log s? so that all the parameters are defined on R. The task is to estimate the log normalizing
constant of 7.

We compare the WL mixture method and bridging sampling (BS). We use the same surrogate (pro-
posal) distribution, constructed by the Laplace approximation method detailed below, for both meth-
ods. We first run an HMC algorithm to obtain posterior samples from v (e, 3, 1log s* | y, X). Then,
we fit a multivariate normal distribution on the posterior samples, and choose it as the surrogate dis-
tribution. Each HMC step contains 10 leapfrog steps with step size adjusted to be 0.03. For bridge
sampling, we use the R package bridgesampling (Gronau et al., 2017), and obtain 7 samples from the
posterior using RStan (Stan Development Team, 2019). Correspondingly, we run 2 X n iterations

for the WL mixture method so that approximately we also use n samples from the posterior.
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For this example, we tested out n = 1000, 1500, 2000, 2500 for A € {0.01, 1.00}. The results are
summarized in Figure 2.4. We see that the WL mixture method has a much better estimation efficiency
compared to bridge sampling. Bridge sampling approaches to the vicinity of the correct estimate only

after 2,500 iterations/samples for both cases A = 0.01 and A = 1.00.
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Figure 2.4: Comparison between the WL mixture method and bridge sampling (BS). For bridge sampling, the x-axis repre-
sents the number of samples we draw from the posterior and the proposal distributions. For the WL mixture method, the
x-axis represents half of the total number of iterations we run (see the second to last paragraph in this section). The error
bars represent the standard deviations of the log normalizing constant estimates based on 10 independent runs.

2.6.4 g—PRIOR VARIABLE SELECTION

We compare the performance of MTM-RJMCMC proposed in Section 2.4.2 and that of a standard
birth-and-death RIMCMC (BD-RJMCMC, detailed below) in the setting of Bayesian variable se-
lection for the pollution data (McDonald and Schwing, 1973). The response variable y is the age-
adjusted mortality rate obtained for the years 1959-1961 in 201 standard metropolitan statistical ar-
eas. There are in total n = 60 observations. The design matrix X contains p = 15 predictors in-
cluding the average annual precipitation, the average temperature in January and July, and the pop-

ulation per household. We consider the standard linear model assuming that [y | X, 3, 0] follows
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N (X3, 02I). We center the response variable y so that there is no intercept in the model, and stan-
dardize each predictor in the design matrix X.
Let v € {0,1}” be the binary indicator such that ; = 1 represents that the predictor X is

selected into the model. We employ the g-prior on parameters 3:
—1
[By 17,07 ~ N (04, 90° (X]X5) ') .
The g-prior enables us to integrate out 3 so that we can obtain the marginal distribution of :

—n/2
_ g _
Py |y, X) o (g+1)""/? [yTy - ﬁyTXv (X1X5)" wa] : (2.31)

in which ¢ denotes the number of selected predictors. We see that g controls the sparsity of the
model, and a larger ¢ induces a sparser model. For o2, we use a noninformative prior p (0?) o< 1/07.
This completes the full model specification. The task is to estimate the marginal probability of each
predictor being selected. The ground truth is obtained by enumerating all 32,768 possible v and
calculating the marginal probability using Equation (2.31). To compare MTM-RJMCMC and BD-
RJMCMC, we pretend that we do not have the privilege to integrate out 3, thus we will sample from
the trans-dimensional joint posterior distribution p (8,7, 0% | y, X).
We use the Gibbs sampler to iterate between the following conditional distributions:

1 [ g+1

7 %0, 4] ~ (omar) (X6 e ([

o | X - 20X ).

n+qy 1

1
O IR+l - X8, ).

[02 |y, X, ﬁ.,,’y] ~ Inv-Gamma (

Given 7y, the jumping rule for ~;4; as described below is the same for both algorithms. We first flip
a coin to decide whether we stay in the current model (y;41 = ~y:) or move to a different model

(Ye+1 7 ). If we choose to leave the current model (a trans-dimensional move), we randomly move
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into a higher dimension (add a predictor) or move into a lower dimension (exclude a predictor) with
equal probability 0.5. When the chain is at the boundary (g is 1 or 15), the proposal going out of the
range is automatically rejected.

Given 71, for the within-dimensional move (v;+1 = 7:), we implement an Metropolis-within-
Gibbs step, with proposal distribution N (0, 0.5%), to sequentially update each coordinate of 35,.
For the trans-dimensional move, MTM-RJMCMC and BD-RJMCMUC use different proposals. For
MTM-RJMCMC, we follow the fixed-directional jumping mechanism detailed in Algorithm 8. Since
we only add or remove one predictor in each trans-dimensional move, the algorithm requires only
one auxiliary variable. We choose the auxiliary distribution to be N (0,1). We sample the jumping
distance r from N (1, 1), and set the number of tries to be m = 5. For BD-RJMCMC, if we choose
to add a predictor, we propose it from N (0, 0.5?). We run 5 x 10" iterations for MTM-RJMCMC
and 1.5 x 10 iterations for BD-RJMCMC so that the computation time for the two algorithms are
comparable (see the caption in Figure 2.5). For both algorithms, we burn-in the first 10% samples.

The estimation results for ¢ = exp(10) and g = exp(15), respectively, are summarized in Figure
2.5. We see that MTM-RJMCMC produced more accurate estimation results than BD-RJMCMC.
In particular, we see that BD-RJMCMC might have been stuck in a local mode thus mistakenly se-
lected two wrong predictors X9 and X3. Intuitively, we see that the directional jumping in MTM-
RJMCMC is much more informative than the blind proposal used in BD-RJMCMC, thus prevent-

ing the algorithm from getting stuck in local modes.

2.7 CONCLUDING REMARKS

We have described a general strategy to construct a mixture of the unnormalized posterior distribution
and a surrogate distribution with a known normalizing constant to estimate the model likelihood.

Such a mixture formulation allows us to use the generalized WL algorithm and the MTM machinery
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Figure 2.5: Estimates of the marginal probability of each predictor being selected. The bar plots are based on 10 indepen-
dent runs of both algorithms. The computation time for MTM-RJMCMC and BD-RJMCMC are 19.0 (£1.0) seconds and

29.8 (£1.2) seconds, respectively.

for fast MCMC mixing and accurate estimation of the unknown normalizing constant. We have also
designed acceleration schemes to further improve its performance.

By efficiently jumping back and forth between the posterior and the surrogate distributions, pos-
sibly with the help of mode jumping algorithms such as MTM, the performance of the WL mixture
method is less sensitive to the potential separation between the posterior and the surrogate distribu-
tions compared to importance sampling based methods. The WL mixture method also has more gen-
eral applicability compared to Chib’s method, when the sampler of the posterior involves more sophis-
ticated MCMC steps beyond the closed-form Gibbs sampler (i.e., all conditional distributions are easy

to sample from) or standard Metropolis-Hasting algorithms. In addition, the WL mixture method re-
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quires less effort in delicate tuning in its implementation compared to other advanced methods such
as path sampling, reversible-jump MCMC, and sequential Monte Carlo methods.

There are several future directions that we would like to follow. First, although we have shown the
power of the WL mixture method, a rigorous theoretical framework is required to better understand
the nature of the method. Second, instead of mixing the posterior with a single surrogate distribution,
a multiple-component mixture formulation can be considered. Third, although the intuitive idea of
first using some deterministic algorithm to find modes and then conducting MCMC to do mode
jumping has been around, an efficient way of achieving the intended goal has not been formulated
precisely. Our proposed MTM-enhanced jumping strategy, together with the WL weight adjustment,
can help achieve the goal. It is particularly useful to identify some specific classes of models where this

general methodology is straightforward and effective to apply.
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False Discovery Rate Control via Data

Splitting

ConNTRIBUTION This chapter is based on a paper (Dai et al., 2020) jointly with Prof. Jun S. Liu, Buyu

Lin and Xin Xing.
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3.1 ABSTRACT

Selecting relevant features associated with a given response variable is an important issue in many sci-
entific fields. Quantifying quality and uncertainty of the selection via the false discovery rate (FDR)
control has been of recent interest. This paper introduces a way of using data-splitting strategies to
asymptotically control FDR for various feature selection techniques while maintaining a high power.
For each feature, the method estimates two independent significance coefficients via data splitting
and constructs a contrast statistic. The FDR control is achieved by taking advantage of the statistic’s
property that, for any null feature, its sampling distribution is (asymptotically) symmetric about 0.
We further propose a strategy to aggregate multiple data splits (MDS) to stabilize the selection result
and boost the power. Interestingly, this multiple data-splitting approach appears capable of overcom-
ing the power loss caused by data splitting with FDR still under control. The proposed framework
is applicable to canonical statistical models including the linear model, the generalized linear model,
the Gaussian graphical model, and the deep neural network. Simulation results, as well as a real data
application, show that the proposed approaches, especially the multiple data-splitting strategy, con-
trol FDR well and are often more powerful than existing methods including the Benjamini-Hochberg

procedure and the knockoff filter.

3.2 INTRODUCTION

3.2.1 MOTIVATION FOR THE FDR CONTROL IN REGRESSION MODELS

Scientific researchers in the current big data era often have the privilege of collecting or accessing a

large number of explanatory features targeting a specific response variable. For instance, population
g p y geung a sp p pop

geneticists often need to profile thousands of single nucleotide polymorphisms (SNPs) in the genome-

wide association study. A ubiquitous belief is that the response variable only depends on a small frac-
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tion of the collected features. Therefore, researchers are of primary interest to identify those relevant
features, so that the computability of the downstream analysis, the reproducibility of the reported
results, and the interpretability of the scientific findings can be largely enhanced. Throughout the ar-
ticle, we denote the explanatory features as (X, - - - , X)), with p being potentially large, and denote
the response variable as y. We remark that this paper is presented in the context of feature selection
(regression models), although all the methodological development can be possibly adapted to solve
general multiple testing problems.

Many methodological contributions to the feature selection problem have been made by statis-
ticians, including but not limited to stepwise regression, Lasso (Tibshirani, 1996), Dantzig selector
(Candes and Tao, 2007), SCAD (Fan and Li, 2001), and some Bayesian methods (O’Hara and Sillan-
pid, 2009). A desired property of the selection procedure is the capability of controlling the number
of false positives, which can be mathematically calibrated by the false discovery rate (FDR) (Benjamini
and Hochberg, 1995) defined as below,

#{j:J €S0, j €5}
#{jeStv1

FDR = E[FDP], FDP = (3.1)

where Sj denotes the set of null features (irrelevant features), S denotes the set of selected features, and
FDP refers to the false discovery proportion. The expectation is taken with respect to the randomness
both in the data and in the selection procedure if it is not deterministic.

The first class of approaches is the Benjamin-Hochberg (BHq) procedure (Benjamini and Hochberg,
1995) and its extension, the Benjamin-Yekutieli (BYq) procedure (Benjamini and Yekutieli, 2001).
BHq and BYq are only applicable when valid p-values are available for each feature. BHq guarantees
an exact FDR control when all the p-values are independent, while BYq extends its applicability to the
settings with dependent p-values. A further generalization of BHq, which is commonly referred to as

the g-value approach, is detailed in Storey et al. (2004).
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The second class of approaches is the knockoft filter, including the fixed-design knockoff filter (Bar-
ber and Candes, 2015) and the model-X knockoff filter (Candes et al., 2018), which manages to con-
trol FDR by creating “knockoft” features in a similar spirit as the spike-ins in biological experiments.
The knockoff filter does not require calculating individual p-values, and can be applied to fairly general
settings without having to know the underlying true relationship between the response variable and
the explanatory features. Further developments of the knockoff filter include the multilayer knockoft
filter (Katsevich and Sabatti, 2019) and DeepPINK (Lu et al., 2018). More detailed discussions and
comparisons of these methods are postponed to Section 3.3.4 after we introduce our method.

The third approach is the recently proposed Gaussian mirror method (Xin et al., 2019). Its essen-
tial idea is to perturb the features one by one and examine the corresponding impact. Specifically,
for each feature X, the method creates a pair of perturbed “mirror variables”, X]'-|r = X, +¢jZ;
and X = X; — ¢;Z;, where ¢; is an adjustable scalar and Z; follows N (0, 1) independently, and
constructs a statistic by contrasting the regression coefficients of the mirror variables obtained by the
ordinary least squares (OLS) or Lasso. Their constructed statistic satisfies the property that its sam-
pling distribution is symmetric about 0 if the underlying feature is a null feature, which is crucial to

guarantee its asymptotic FDR control.

3.2.2 A REVIEW OF DATA-SPLITTING METHODS FOR THE FDR CONTROL

We focus here on related data-splitting methods applicable to multiple testing problems (feature selec-
tion). Other applications of the data-splitting strategy include evaluating statistical predictions (cross
validation) (Stone, 1974) and selecting efficient test statistics (Moran, 1973; Cox, 1975). In high-
dimensional inference, a common practice of data splitting is to reduce the dimension of the problem.
For linear models, two notable contributions are made by Wasserman and Roeder (2009) and Barber
and Candes (2019). Wasserman and Roeder (2009) proposed to split the data into three parts to im-

plement a three-stage regression method. In the first stage, the user fits a suite of candidate models
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to the data, with different tuning parameters, using the first part of the data. In the second stage, the
second part of the data is used for selecting one of those models based on cross validations. In the third
stage, null features are eliminated using hypothesis testing based on the third part of the data. Barber
and Candgs (2019) use the data-splitting strategy to extend the fixed-design knockoft framework to
the high-dimensional setting. Specifically, the data is split into two parts, while the first part of data is
used to screen out enough null features so that the fixed-design knockoft framework can be applied to
the selected features on the second part of the data. We note that both methods rely on the so-called
screening property, i.c., all relevant features are selected in the first step before the hypothesis testing or
the knockoft filtering step. Moving beyond linear models, an assumption-free inference framework
is proposed in Rinaldo et al. (2016) by combining data splitting and bootstrapping (or the normal
approximation).

Another use of data splitting is to boost the power of multiple testing procedures. Two notable
methods are proposed in Rubin et al. (2006) and Ignatiadis et al. (2016). Rubin et al. (2006) derive
the optimal test statistic cutoffs that maximize the expected number of true positives, which depend
on the underlying data generating process. The authors thus proposed to use data splitting, so that one
part of the data is used to estimate the optimal cutofts, while the rest of the data is used for testing.
Ignatiadis et al. (2016) employ a hypothesis-weighting approach to improve the power of multiple
testing. In particular, the authors proposed to use data splitting, in which one part of the data is used
to determine proper weights for each individual hypotheses, and the other part of the data is used for
large-scale multiple testing.

The undesirable randomness in data splitting can be lessened by repeating the procedure multiple
times. Methodological developments along this line include methods proposed in van de Wiel et al.
(2009), Meinshausen et al. (2009), and Romano and DiCiccio (2019), all of which aim at combining
p-values obtained over multiple data splits. van de Wiel et al. (2009) proposed to aggregate p-values

using the median, in testing the prediction error difference between two predictors constructed using
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each part of the data. A more sophisticated approach of combining p-values uses a properly scaled
~y—quantile, as proposed in Meinshausen et al. (2009), which gives asymptotic control of FDR under
the screening property and an additional rank assumption on the design matrix. Romano and Di-
Ciccio (2019) introduced several alternative approaches, based on concentration inequalities, or the
limiting distribution of the averaged p-value. Our proposed approach is very different to the afore-
mentioned methods, as it is built upon the inclusion rates estimated from multiple data splits rather

than p-values.

3.2.3 MAIN CONTRIBUTIONS OF THE PAPER

In contrast to the Gaussian mirror method, which perturbs the data by adding and subtracting a Gaus-
sian noise to each feature, we propose to impose a bootstrap-type perturbation via random data split-
ting, which is both conceptually simpler and computationally cheaper (can be done for all features
simultaneously). Specifically, we split the whole data set into two halves, and apply two potentially
different statistical learning procedures to each part of the data. The idea of using data splitting to
make valid statistical inferences has been around for some time, and a review of related methods is
given in Section 3.2.2. For most existing methods, the main motivation for splitting the data is to
obtain valid p-values for each feature. Our proposed approach is different in the sense that, instead
of aiming at p-values, we focus on perturbing the data to obtain two independent measurements of
the importance of each feature so that a proper contrast between the two measurements of the same
feature can be used to control FDR.

Ways of estimating the number of false positives without requiring p-values have been described in
Barber and Candeés (2015) for knockoff filters and Xin et al. (2019) for the Gaussian mirror method.
The main idea is to construct a contrasting statistic M/}, called the “mirror statistic” in Xin etal. (2019),

for each feature X;, which enjoys the following two key properties as illustrated by Figure 3.1:
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1. A feature with a larger mirror statistic is more likely to be a relevant feature.

2. The sampling distribution of the mirror statistic of a null feature is symmetric about 0.

null feature relevant feature
{j:M;<—1} . {j:J €Sy, M;> 7}
] {j:jes* M>1)
k 1, | Wp—— Y i Al
T T T T T T 1
-2 -1 0 T 1 2 3

Mirror Statistics

Figure 3.1: A cartoon illustration of the mirror statistic. Mj denotes the mirror statistic associated with feature Xj. So
denotes the set of null features, and .S* denotes the set of relevant features. Features associated with a mirror statistic
larger than the cutoff 7 are selected.

Property 1 suggests that we can rank the importance of each feature by its mirror statistic, and
select those features with their mirror statistics greater than a cutoft value (7 in Figure 3.1). Property
2 implies that we can estimate (conservatively) the number of false positives #{j : j € Sy, M; > 7}
by #{j : M; < —7}, if the mirror statistics of the null features are not too correlated. Based upon
this principle, given any FDR control level ¢ € (0, 1), we can choose a data-driven cutoff 7 so that
our proposed approach can achieve an asymptotic FDR control. As we will see, Property 1 is naturally
satisfied due to the construction of the mirror statistic, thus our main concern is Property 2.

Another main contribution of this work is to propose a multiple data-splitting (MDS) approach,
which both reduces the variability of the selection result and boosts the power. For the ease of presen-
tation, we refer to the single data-splitting approach and the multiple data-splitting approach as DS
and MDS, respectively. Instead of ranking the features by the mirror statistics, we rank them by their

inclusion rates estimated through multiple data splits. We show that FDR can be still under control if
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the rank of the inclusion rate is reasonably consistent with the rank of the feature importance. Empir-
ically, we observe that MDS has the capability to almost retrieve the full power without splitting the
data. We back up the empirical result by studying a simple Normal mean model, and we prove that
the inclusion rate is a monotone decreasing function of the p-value calculated using the full data set.
In particular, MDS can be regarded as a Rao-Blackwell improvement of DS in terms of ranking the
features.

We apply the data-splitting approaches to four canonical models including the linear model, the
generalized linear model, the Gaussian graphical model, and the deep neural network. For the linear
model, we focus on the high-dimensional setting, in which two strategies are considered. The simpler
strategy is to first select preliminary features using one part of the data via a high-dimensional feature
selection procedure such as Lasso, and then run OLS on the selected features using the other part of the
data. Property 2 is satisfied if all relevant features are selected in the first step (the so-called screening
property). The more involved strategy aims at directly symmetrizing the Lasso estimator using the
debiasing method discussed in Van de Geer et al. (2014).

For the generalized linear model, we consider two asymptotic regimes. The moderate-dimensional
setting concerns p/n — k € (0, 1/2), in which n is the sample size, and the factor 1/2 accounts for
data splitting. The mirror statistics are built upon the maximal likelihood estimator (MLE). As shown
in Sur and Candes (2019), for the logistic regression model, the Fisher information does not correctly
target the asymptotic variance of the MLE. Therefore, itis at the risk of FDR inflation or power loss to
simply standardize the MLE by the Fisher information and use BHq. Sur and Candes (2019) showed
that adjusted inference is possible for the logistic regression model and the probit regression model.
However, moving beyond these special cases, to the best of our knowledge, it remains an open prob-
lem to quantify the asymptotic uncertainty of the MLE for generalized linear models including the
Possion regression model and the multinomial logistic regression model. On the other hand, the se-

lection result of the data-splitting method is invariant to any constant rescaling of the mirror statistics.
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Therefore, we are free of estimating the asymptotic variance of the MLE. For the high-dimensional
setting, we use the debiasing method similar as the case of the high-dimensional linear model. We show
that the data-splitting method achieves an asymptotic FDR control under proper sparsity conditions
and regularity conditions.

Methods designed for the linear model are applicable to the Gaussian graphical model because of
the linear representation of the conditional dependence structure (Lauritzen, 1996). Given an FDR
control level g, we apply DS or MDS to each nodewise linear regression with designated FDR con-
trol level ¢/2, and then combine the nodewise selection results using the OR rule (Meinshausen and
Biihlmann, 2006). Our simulation study shows that DS and MDS performed significantly better
than existing approaches including BHq based on the partial correlation test and GFC proposed in
Liu (2013).

For the deep neural network, we train two identically structured networks using each part of the
data. Two types of mirror statistics are considered in order to cope with the issue of non-identifiability
of labels of the hidden units in each network. The first one is built on weight multiplications as in Lu
etal. (2018), while the second one utilizes the influence function (Hechtlinger, 2016) to measure each
feature’simportance. The influence function approach appears to be also applicable to more sophisti-
cated networks including convolutional and recurrent neural networks. For the fully-connected feed-
forward neural networks, the performances of the two approaches are similar based on our empirical
studies.

The rest of the paper is structured as follows. Section 3.3.1 introduces DS, a proposed FDR control
approach based on a single data split. Section 3.3.2 and 3.3.3 detail MDS, accompanied by useful
theoretical insights on a simple Normal means model. Section 3.3.4 compares our approaches with
existing methods including BHq, the knockoff filter, and the Gaussian mirror method. Section 3.4
discusses the applications of the proposed data-splitting approaches on four popular models including

the linear model, the generalized linear model, the Gaussian graphical model, and the deep neural
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network. Section 3.5 demonstrates the competitive performances of DS and MDS through simulation
studies on the aforementioned models. Section 3.5.5 applies DS and MDS to the task of identifying
mutations associated with drug resistance in the HIV-1 data. Section 3.6 concludes with a few final

remarks.

3.3 DaTa SPLITTING FOR THE FDR CoONTROL

3.3.1 SINGLE DATA SPLIT

Suppose there is a set of random features { X7, - - - , X}, }, which jointly follow some p-dimensional
probability distribution. Denote X, xp, = (X3, -+, X,) as the n independent observations of
these features, also known as the design matrix. The bold case X; = (X1;,- - , Xp;)7 denotes the
vector containing n independent realizations of feature X j, while thebold case ¢; = (X, -+ , Xip)7
denotes the i-th observation. For each set of observed features (X1, - - - , Xjp), there is an associated
response variable y;, for i € [n]. Lety = (Y1, , yYn)T be the vector of n independent responses.
For each subset S of {1, - ,p}, wedenote Xg = {X; : j € Stand X_g = {X, : j ¢ S}. The

task of variable or feature selection is to find the smallest set S* such that

yJ.LX_S* |XS*.

In the following, we denote S™ as the set of indexes for relevant features (non-null features). Thus,
So = {1,---,p}\S* is the complementary set of indexes, and X, = X_ g+ is the collection of all
null features. In practice, one should first de-mean and standardize the features 2 priori so as to make
the features comparable to each other. Let py = |Sy| and p; = |S*| be the number of null features
and relevant features, respectively.

The selection of relevant features for a statistical learning model such as regression commonly relies
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on aset of coefficients (or other measures of “impact”) { B, B\p}, each corresponding to one fea-
ture, which are estimated based on the observed data. The larger the | 3 | is, the more likely we believe
that feature X; is useful in predicting y. For example, in the linear regression setting, B ; can be the re-
gression coefficient estimated via OLS or Lasso. Contrast to the commonly practiced approaches that
select features based on a single coefficient estimate B\ j for each feature X, we propose to construct
two independent estimates of the coefficient, Bg-l) and B\f), potentially with two different statistical
procedures, in order to set up an FDR control framework.

The independence of the two coefficient estimates can be ensured by employing a data-splitting
strategy. 'To be specific, we split the n observations into two groups, denoted as (y!), X)) and
(y®, X ). Then, we obtain B§1) based on (y(V), X 1), and B§-2) based on (y®), X ?)). We note
that the data-splitting procedure can be arbitrary, not necessary to be completely at random. The
sample sizes for the two groups can also be different. The only requirement is that it should be inde-
pendent of the response variables y, which can be easily satisfied if we split the data without looking
aty.

Motivated by Xin et al. (2019), we construct feature X;’s mirror statistic as

M = B + B - |3 - B (32)
Given a designated FDR control level ¢ € (0,1), the goal is to choose a data-dependent cutoff 74,
so that FDR among the selected features {j : M; > 7,} is under ¢. To achieve this asymptotically,
we need to impose a few essential requirements on the M;’s for both relevant and null features. For
a relevant feature, its M tends to be large if (i) 351) and 552) have the same sign; (ii) | 351)‘ and | 3§2)|
are both relatively large. For a null feature, we require the following assumption on the sampling
distribution of either By) or Ef) to control FDR. Without loss of generality, we state the assumption

in terms ofﬁy).
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Assumption 3.3.1. (Symmetric Assumption) For each null feature index j € Sy, conditioning on the

design matrix X (*), the sampling distribution of §§2) is symmetric about 0.

We note that (i) the symmetric assumption is only imposed on null features, and is not required for
relevant features; (ii) for the purpose of FDR control, it is sufficient that either Bgl) or 352) satisfies the
symmetric assumption. We will show that the symmetric assumption can be satisfied with high proba-
bility for some standard statistical models, such as the linear model and the Gaussian graphical model,
under some proper conditions. In addition, we can relax the assumption from finite-sample exact
symmetric to asymptotic symmetric for specific models (see our discussion on the high-dimensional
(generalized) linear model using the debiasing method in Section 3.4). For more general statistical
learning models, there is no guarantee for the symmetric assumption, although empirically we find
that our proposed approach can be applied eftectively to complex models such as fully connected deep
neural networks. A detailed discussion of the symmetric assumption for different statistical models is

deferred to Section 3.4. We have the following property for the mirror statistics:

Lemma 3.3.1. Under Assumption 3.3.1, regardless of the data-splitting procedure, the sampling dis-

tribution of M is symmetric about 0 for each j € Sj.

The proofis elementary and thus omitted. The simultaneous symmetric property of the mirror
statistics for null features leads us to approximately upper bound the number of false discoveries as

follows:
#{jeSo: My >ty =#{jeSy: M <—t} <#{j: M; <—t}, Vt>0.

Therefore, an over-estimated FDP of our selection S; = {j:M; >t}is

o # M <)
FDP(t) = #{j: ij> t}vi1
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For any designated FDR control level g, we can choose the data-driven cutoff 7, as follows:
T, = min{t > 0: ﬁ)\P(t) <gq}, (3.3)

and our final selection will be S 7y = 1J + Mj > 74}. A summary of our proposed method can be
found in Algorithm 9. To prove that the procedure asymptotically control FDR under a pre-specified
level g as p — 00, we require the following weak dependency assumption for all the mirror statistics

associated with the null features.

Assumption 3.3.2. (Weak dependency) The mirror statistics M s are continuous random variables,

and there exist constants C' > 0 and v € (0, 2) such that

Var< Z 1(M; > t)) < Cpy, VteR.
JESy

To understand this assumption, we note that if the mirror statistics M’s, associated with the null
features, are perfectly correlated, or can be clustered into a fixed number of groups so that their within-
group correlation is 1, then v has to be 2 and the assumption does not hold. However, if the depen-
dence between M; and My decays at a reasonable rate of k, Assumption 3.3.2 holds. Under this

assumption, the proposition below justifies our proposed approach for controlling FDR.

Proposition 3.3.1. For any given FDR control level g, under Assumptions 3.3.1 and 3.3.2, if py — oo
as p — 00, we have
j:j € 80,5 €8
limsup E #J ,] . o ) <
o | # 7€ 8ntv1

The proof of Proposition 3.3.1 can be found in the Appendix C.
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Algorithm 9: False discovery rate control via single data split.

1. Split the data set into two groups (¥, X () and (y®, X #)), independent of the

response variable y.

. . . . A (2
2. Estimate the “impact” coefficients on each part of the data to obtain ﬂ§ ) and ,3§ ),
The two estimation procedures can be potentially different.

3. Calculate the mirror statistics M; = ‘Bg-n + /5\5»2)‘ - ‘B\g‘l) — Bg?)

4. Given a designated FDR level ¢ € (0, 1), calculate the cutoff 7, as below:

My <t}
_#{j:Mj>t}v1§q}'

T, = min {t >0: FT)T)(t)

S. Select the features {j : M; > 7,}.

3.3.2 MULTIPLE DATA SPLITS

There are two major concerns about the single data-splitting procedure (DS). First, splitting the data
into two halves inflates the variances of the estimated coefhicients, thus the procedure can potentially
suffer from a power loss. Second, the selection result is not stable and can vary substantially across
different data splits. A natural way to remedy these issues is to repeat the procedure multiple times and
appropriately aggregate the selection results. In the settings when p-values are available, Meinshausen
et al. (2009) proposed a method to aggregate the dependent p-values obtained from multiple sample
splits. We here propose a different approach, detailed in Algorithm 10, to aggregate multiple selection
results without requiring p-values, which can almost achieve the power of using the full data.
Suppose we repeat the data-splitting procedure m times independently. Each time the set of se-

lected features is denoted as S*), k € [m]. For each feature X, we define its population inclusion

83



rate I and the corresponding empirical inclusion rate I ; as

= - =— Yy L 7 3.4
S| V1 (34

Q_EFQEQ

where the expectation is taken with respect to both the randomness in ¢ and the randomness in data
splitting. The proposed aggregation approach is most useful if the following informal statement is
approximately true: if a feature is selected less frequently in the m independent data splits, it is less
likely to be a relevant feature. In other words, the rank of each feature in terms of the inclusion rate
should roughly reflect the feature’s importance. If this holds, we only need to choose a inclusion rate
cutoff so that the features with their inclusion rates greater than the cutoft are selected.

Our intuition is based on the fact that conditioning on the design matrix X, if we can regenerate m
independent sets of the response variable ¢ and apply the proposed method, on average, the false dis-
covery proportions should be (asymptotically) no larger than g based on Proposition 3.3.1. Although
there is no way for us to regenerate data, we propose a backtracking procedure based on this fact, by
treating the m dependent selection results obtained from repeated data splits as an approximation to
m independent selection results obtained with data regeneration.

Specifically, we first sort the features with respect to their empirical inclusion rates in an increasing
order. Denote the sorted inclusion rates as 0 < f(l) < T(Q) <. < f(p). The cutoff is then chosen
to be the largest £ € [p] such that T o+t I (¢) < q. A heuristic justification for this selection
is as follows. Imagine that the set of features {; : I > I )} are all relevant features, and the set of
features {7 : I < I )} are all null features. Then, if we review the m selection results, we can find
that the average false discovery proportions of the m data-splitting selection procedures is the largest
under q.

In terms of the FDR control, we provide a theoretical justification of the multiple data-splitting

(MDS) approach at the population level. That is, we proceed as if we have access to the population
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Algorithm 10: Aggregating selection results from multiple data splits

1. Sort the features with respect to their empirical inclusion rates in an increasing order.
Denote the sorted empirical inclusion rates as 0 < 1) <L) << Iy,

~ ~

2. Find the largest £ € [p] such that Iy +--- 4+ I(y) < q.

3. Select the features S = {j: Tj > f(@}.

inclusion rate I for j € [p], where in practice, the empirical inclusion rate I serves as an unbiased

estimator to /;. We require the following assumptions.

Assumption 3.3.3.
(a) (Null exchangeability) The distribution of {1(j € S), j € Sp}is exchangeable.
(b) (Rank faithfulness) For any « € (0, 1), we have

1
lim sup — Z 1<Ij < a> < a,

p—oo  P1 jes+ DPo

where py = |So|, p1 = |5™.
(c) (Procedure faithfulness) For each single data split, the procedure has an asymptotic FDR control,

that is,
#{j:j€SjeS}
#{j:jeSvi

= lim sup Z I; <q.

— 5
P70 jes,

limsup E

p—00

Assumption 3.3.3(a) also appears in Meinshausen and Bithlmann (2010) (Theorem 1), and it di-
rectly implies that for any 4,5 € Sy, I; = I;. Assumption 3.3.3(b) guarantees that the rank of a
feature, in terms of the inclusion rate, is more informative of the feature’s importance than random

guessing. Under Assumption 3.3.3, we have the following proposition.

Proposition 3.3.2. For any FDR control level ¢ € (0, 1), let £ be the largest value in [p] such that
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Iy + -+ Iy < gin which 0 < Iy < Iy < -+ < Iy are the order statistics of the

population inclusion rates. Under Assumption 3.3.3, we have

. 1(1; > 1
lim sup Z] €5 Ui ©)

<4q 3.5

in the asymptotic regime py — 0o and lim inf,, ,+ p1/py > 0.

The proof of Proposition 3.3.2 can be found in the Appendix C.

3.3.3 A THEORETICAL STUDY OF MDS FOR THE NORMAL MEANS MODEL

We next consider a simple Normal means model, upon which we show that MDS can achieve almost
the full power without splitting the data. Fori € [n], weassume X;; follow N (115, 0), where j € [p]
and o2 is known. We assume all Xi; are independent. To test whether y; is 0, the standard p-value
is given by p; = ®(—|\/nX,/0|), where X; = Y X;;/n, and ® is the CDF of the standard

Normal distribution. Under this setup, we have the following proposition.

Proposition 3.3.3. For the Normal means model described above, the population inclusion rate de-
fined in Equation (3.4) is monotone with respect to the p-value calculated using the full data. Math-

ematically, this means
1(j € 5)
S|V 1

is a monotone decreasing function of p; forall j € [p).

The proof of Proposition 3.3.3 can be found in the Appendix C. Proposition 3.3.3 implies that
for this simple model, the rank of the features, in terms of the inclusion rates, can be as informative as
the rank in terms of p-values. Therefore, if the empirical inclusion rate T j is a reasonable estimate to
the population inclusion rate I;;, MDS is possibly as powerful as those methods based on the rank of

p-values, which are calculated using the full data set.
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Proposition 3.3.3 also suggests why MDS is superior to DS in terms of ranking the features. For
DS, we can substitute the ranks by the mirror statistics with the ranks by 1(j € S)/(|S] V 1), which
does not decrease the number of correctly ranked pairs. Thatis, for any pair of feature indexes (2, j), if
the rank by the mirror statistics aligns with the rank by the p-values, say p; < pj and M; > Mj;, then
the rank by 1(j € :5'\)/(\:9\\ V 1) also aligns with the rank by the p-values, i.e., 1(i € §)/(]§] Vi) >
1(j € 5)/(|S| V 1). For MDS, all the features are ranked by E[1(j € 9)/(15] v 1)’X]*, where
the expectation is taken with respect to the randomness in data splitting. In this simple model, MDS

yields a rank better aligned with the rank of p-values, because conditioning on the p-values,

Var (M) > Var (E X]) ,
S| V1

where the variance on the left hand side is taken with respect to both the randomness in the data and

1(j € 8)
15|V 1

the randomness in data splitting, while the variance on the right hand side is taken with respect to the
randomness only in the data. Therefore, MDS is essentially a Rao-Blackwell improvement of DS.
We empirically check Assumption 3.3.3(b) and Proposition 3.3.3 on the Normal means model.
Weset o = 1, p = 800, p; = 160, n = 1000, and m = 400. For j € [p1], p; is sampled from
N (0, 6?), whereas the rest /1;’s are set to be 0. The left panel of Figure 3.2 shows that Assumption
3.3.3(b) is satisfied for various signal strengths 6 = 0.1, 0.2, 1, in which the red line represents the
upper bound ap;, and the other three lines represent the number of less-frequently selected relevant
features, } ;e g« 1(1; < a/py). In the right panel of Figure 3.2, we set§ = 0.5,and plot the empirical
inclusion rates (red “x”) and the mirror statistics based on a single split (blue “+”) against the p-values
calculated using the full data set. We see that the empirical inclusion rate is approximately a monotone
decreasing function of the p-value. Besides, the rank of the empirical inclusion rates aligns better with

the rank of the p-values, and is much more informative than the rank of the mirror statistics.

"In more general cases where we conditioning on the design matrix X and the randomness comes from the
response variable ¢, MDS ranks all the features by E[1(j € S)/|(S| V 1)|y].
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Figure 3.2: (Left) Check of Assumption 3.3.3(b). The red line represents the upper bound apy, while the other three lines
represent the number of less-frequently selected relevant features, ZjeS* 1(I; < a/py), under different signal-to-
noise ratios (SNR) {0.1, 0.2, 1}, respectively. (Right) Empirical inclusion rates and mirror statistics against p-values calcu-
lated using the full data set.

3.3.4 COMPARISON WITH EXISTING METHODS

The proposed data-splitting methods are perhaps most useful in the settings when practicing exact or
asymptotic hypothesis testing is not straightforward. That s, a valid p-value from the significance test
for each feature is not available, upon which some popular FDR control procedures rely, including
BHgq, BYq, and the g-value approach.

The high-dimensional linear model serves as a canonical example where constructing valid p-values
is difficult. Much effort has been made in the literature for obtaining valid p-values for the selected
features using the theory of post-selection inference. Popular selection procedures including Lasso
(Lee etal., 2016), forward stepwise regression, and least angle regression (Tibshirani et al., 2016) have
been considered. However, this type of theory is mostly developed case by case, and can not be easily
generalized to other selection procedures such as SCAD (Fan and Li, 2001) and elastic net (Zou and
Hastie, 2005). DS and MDS are more flexible in the sense that as long as the screening property holds,

i.c., all the relevant features are estimated to be nonzero in 3 (see Section 3.4.1), the selection result
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enjoys an asymptotic FDR control.

The knockoft filter is another class of methods that provides an exact FDR control without re-
quiring p-values. The fixed-design knockoff filter (Barber and Candes, 2015) is proposed to exactly
control FDR for the linear model in low-dimensional settings (n > 2p). The model-X knockoft filter
(Candes et al., 2018) largely generalizes its applicability to arbitrary models between y and X in high-
dimensional settings. The knockoff filter is theoretically superior to DS and MDS in the sense that
it guarantees a finite sample FDR control instead of an asymptotic FDR control. However, DS and
MDS can be more favorable from the following perspectives. First, in high-dimensional settings, the
model-X knockoff filter is only applicable if the joint distribution of all the features is known, other-
wise estimating the joint distribution itself can be very challenging. Because DS and MDS require no
knowledge of the feature generating process, they are expected to be more robust in real applications.
Second, DS and MDS are computationally more efficient compared to the model-X knockoft filter
because generating knockoff features in high-dimensional settings can be quite expensive. Third, em-
pirically we find that when the features are highly correlated, the model-X knockoft filter can be too
conservative to detect relevant features (see Section 3.5.1).

The proposed data-splitting approaches are also computationally more favorable compared to the
Gaussian mirror method (Xin et al., 2019). For the linear model, the Gaussian mirror method re-
quires running p times linear fittings, whereas DS and MDS only requires running 2 and 2m linear
fittings, respectively, which can be much smaller than p. For the Gaussian graphical model, DS re-
quires running 2p times nodewise linear fittings (see Section 3.4.3). The Gaussian mirror method is
also potentially applicable to the Gaussian graphical model. However, it requires p* times nodewise
linear fittings, which is unacceptable in high-dimensional settings unless using parallel computing re-

sources.
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3.4 SPECIALIZATIONS FOR DIFFERENT STATISTICAL MODELS

In this section, we discuss how we construct the “impact” coeflicients for several popular statistical
models. Our main concern is that the “impact” coefficient 3 ), calculated based on (y(Q) , X ), shall
satisfy the symmetric assumption (Assumption 3.3.1). We assume that the data-splitting procedure is

done so that the discussion throughout this section is conditioning on the data-splitting result.

3.4.1 LINEAR MODEL

The linear model assumes that the true data generating process is y = X 3* + €, where 3* denotes
the true regression coefficient, and the noise € follows IV (0, 01}, ). In the context of feature selection,
(3* is often assumed to be nonzero restricted on a subset S* C {1, -, p}. In the low-dimensional
setting where X is full rank (n > p), we can simply run the ordinary least regression (OLS), and
take the estimated regression coefficient as the “impact” coefficient B (2), Because the sampling distri-
bution of 3%, with respect to the randomness in y(?), is N (8%, o (XATX @)1 the symmetric
assumption is satisfied. BY can be estimated using either OLS or any other regularization methods
such as Lasso.

In the high-dimensional setting where p > n, we consider two approaches. The first approach
relies on the so-called screening property, which means that after applying some feature selection
method to (X 1 , y(l)), the selected feature set contains all the relevant features, that is, S o 5™
For Lasso, under the restricted eigenvalue condition (Bickel et al., 2009), which rules out the sce-
nario that the design matrix has unacceptably high pairwise correlation, and the “beta-min” condi-
tion (Dezeure et al., 2015), which ensures that the signal strength is large enough, the screening prop-
erty holds with high probability. We remark that the “beta-min” condition calibrates the minimum
requirement for the signal strength as a function of p; = |S*| and p, thus it does not contradict

Assumption 3.3.2.
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The first approach still uses OLS to construct the “impact” coefficient 3(%), but on the subset of
features S(1), selected using the first half of data (y(!), X (). The symmetric assumption holds for
3(2) as long as the screening property holds for B(l). In the following, we refer to the procedure,
which applies Lasso to (X (), y(1)) and OLS to (X ), 4(?)), as the Lasso + OLS procedure.

The second approach symmetrizes the Lasso estimator via the debiasing method. The debiased

Lasso estimator ,@d takes the form of
~ ~ 1 ~
B'=B+ DXT(y- XB), (3.6)

where D is a “decorrelating” matrix. Plugging in y = X 3* + €, we obtain the following decompo-
sition:

VBt - =2Z+A (3.7)

with

Z|X ~ N(0,0°DEDT) and A = /n(DE — I)(8* — B), (3.8)

where & = (XT7X)/n is the sample covariance matrix. Let X be the corresponding population co-
variance matrix of (X7, -+, Xp).

Various proposals of D have been documented in the literature to minimize both the bias term A
and the variance term D.D. In this dissertation, we follow the approach outlined in Javanmard and
Montanari (2013), Zhang and Zhang (2014) and Van de Geer et al. (2014), and set D to be an esti-
mator of the precision matrix ) = 1. The construction of ) is detailed in Algorithm 11, which
enjoys a convergence rate 12 = Qf|oe = 0(1/+/I0og p), under the sparsity condition specified in As-
sumption 3.4.1. For alternative constructions of D, we refer the readers to an optimization approach
outlined in Javanmard and Montanari (2014).

Let A = DEDT = Q507 . When the bias term A vanishes properly as n, p — 00, the asymp-
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Algorithm 11: Construction of the “decorrelating” matrix 2.

1. Nodewise Lasso regression.

(a) Linear model. For j € [p], let

~ . 1
3 = angmin {11 ~ X7l + Al -
v;ERP! n

(b) GLM.For j € [p], let

1
J; =argmin{ —|| X5 — Xz AR+ .
K ijggi?{2n| B.i '3’_]7"24_ ]"7"1}

2. Define a matrix C, in which aij = —Yjk @,i = 1.7k is the kth entry of ;.
3. LetQ = G2C, in which G = diag(73, - - - ,7/:5) with

(a) 77 = (X; — X_;4,)7X/n for the linear model;

J
(b) AJ2 = (ng - X@ 7j'/7\’j)TXj/n for the GLM.

totic variance of the debiased Lasso estimator is oA, which is inhomogeneous across different co-

ordinate j € [p|. Therefore, it requires rescaling B\J(.d) oT; = \/ﬁEJd / A%? so that all the mirror

statistics are in the same magnitude. The method proposed in Javanmard and Javadi (2019) calculates

the asymptotic p-value for each feature X; based on the statistic T} /&, in which & is an estimator to

the noise level o obtained using the scaled Lasso method (Sun and Zhang, 2012). Although the scaled

Lasso estimator 0 is consistent, its finite-sample efficiency can be unsatisfying especially in the cases

when the features are correlated. We remark that the selection result of the data-splitting methods is

invariant to any constant scaling of the mirror statistics, thus we do not need to estimate the noise level

o. Empirically, we find that this scaling-free property allows the data-splitting methods being more

robust and powerful compared to the BHq method in Javanmard and Javadi (2019).

We show in Proposition 3.4.1 that under Assumption 3.4.1, the data-splitting method detailed in
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Algorithm 12 enjoys an asymptotic FDR control. The proof of Proposition 3.4.1 can be found in the
Appendix C.

Assumption 3.4.1.

1. The sparsity conditions.

(a) Qissparse. s = max;epp) [{J € [p], iy # 0} = o(y/n/ logp).

(b) Signals are sparse. s* = |{j € [p], B} # 0}| = o(/n/logp).

2. The conditions on the design matrix X.

(a) The rows of X Q!/2 are sub-Gaussian. That is, there exists a constant C' > 0 such that
2722y, = supp~ 2 [Bla2/27) " <
p=>1

(b) 1/C" < opin(X) < opmax(X) < C” for some constant C’ > 0.

3. The required sample size. /n/logp — 0.

Proposition 3.4.1. For any given FDR control level ¢ € (0, 1), using the debiased Lasso estimator for

the high-dimensional linear model, under Assumption 3.4.1, we have

j:j €8p,j € §T
limsup E #1{J €5 . <
n,p—00 #{j:j€ S, V1

3.4.2 GENERALIZED LINEAR MODELS

We consider a generalized linear model (GLM) with a canonical link specified as below,

n

p(y|X,8%) =[] c(ws) exp (wim] B — o(]B%)), (3.9)

i=1
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Algorithm 12: FDR control using debiased Lasso for high-dimensional GLM.

1.

Split the data set into two groups (y*), X M) and (y®, X ?), independent of the

response variable y. Let ny and ny be the sample size of each part of the data.

Construct () and Q) using each part of the data following Algorithm 11.
Calculate the variance estimator & for j € [p] as below.

52(1) — (§<1>§<1)§(1>T>

; , 20 = <§<2>§(2>§<2>T) 7

JiJ J:J
in which ¥ and 5 are the sample covariance matrix of X M) and X (2), respectively.

On each part of the data, calculate the debiased Lasso estimator B\ (1.d) and B (2.d),
For j € [p], calculate

) = B el 1 = ymB ja?.

Calculate the mirror statistics M; = ‘Tj(l) + Tj(Q)

) @)
- | -1

Select the features using Algorithm 9.

in which X, .}, is the design matrix, 4, x 1 is the response vector, and ,6; «1 is the regression coefhicient.

The application of the data-splitting methods is discussed in two asymptotic regimes, including the

moderate-dimensional setting and the high-dimensional setting, in which the mirror statistics are built

upon the MLE and the debiased Lasso estimator, respectively.

For the ease of presentation, we introduce the following notations. Let £(u, v) be the loss function

associated with the GLM, i.e., the negative log-likelihood up to a constant,

(u,v) = —uv + ¢(v), (3.10)

in which u corresponds to y;, and v corresponds to @] 3*. The (scalar) first and second derivatives

of £(u, v) with respect to v are denoted as £ and /, respectively. With a bit abuse of notations, the
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gradient and the hessian of £(y, 7 3) with respect to 3 are denoted as l 3 and fﬁ, respectively. For
a general mapping f(y, x), denote P, f = > | f(yi,@i)/nand Pf = E [P, f]. Let W3 be the
diagonal matrix with W;; = [£(ys, @] 8)]"/%. Then P,lg = X} X /n, in which X3 = Wz X is

the weighted version of the design matrix X.

THE MODERATE-DIMENSIONAL SETTING

In the moderate-dimensional setting, we assume that p/n — k € (0,1/2), in which the factor 1/2
accounts for data splitting. We note that & — 0 corresponds to the classical setting with fixed p. We
consider the random design setting, in which we assume «; are i.i.d observations following N (0, X).
Besides, we assume the signal strength Var(z] 3*) — w? asn,p — 0.

Denote p(X3) = (o(x]B), -, o(x}3))T. The MLE of the regression coefficient B* is cal-

culated as below,

B = argmin {11T¢(Xﬂ) - 1yTXﬂ} . (3.11)
BERP n n

First of all, the MLE may not exist. Second, in the cases when the MLE exists, 3 can be asymptotically
biased, and the Fisher information may not give the correct asymptotic variance of the MLE.
For the logistic regression model, the phase transition curve for the existence of MLE, parametrized

in terms of k and w, has been given in Candes and Sur (2020). In addition, as shown in Zhao et al.

(2020), we have for j € [p], N
vl ~oufj)

2 N(0,1). (3.12)
04/ Tj

72 = 1/Qj;, corresponding to the conditional variance Var(X;| X _;), in which @ = X7 is the

J
precision matrix. We note that 7']2 can be reasonably well estimated using nodewise regression, i.e.,
. . . . . 2 . /\2 . . _ . . .
regressing X; onto X _;. An unbiased estimator of 77 is 7; = RSS;/(n — p + 1), in which RSS;

denotes the residual sum of squares. (., o) is the unique solution of some deterministic system (see

Equation (18) in Zhao et al. (2020)) depending on the underlying GLM as well as £ and w. Sur and
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Candes (2019) proposed the ProbFrontier method to estimate the signal strength w based on the phase
transition curve. With w, we can numerically calculate (v, 04) so as to obtain asymptotic p-values
for each feature.

We remark that the asymptotic normality presented in Equation (3.12) holds more generally for
GLMs. However, it requires case-by-case study to derive the phase transition curve, as well as the sys-
tem determining (v, 04 ). To the best of our knowledge, there is no unified approach to achieve this
goal, and results are not known even for commonly-used GLMs including the multinomial logistic
regression model and the Poisson regression model. Consequently, BHq can not be easily exercised
in practice for the purpose of FDR control.

On the other hand, as discussed in Section 3.4.1, the data-splitting methods do not require esti-
mating (., 04 ), thus enjoys more general applicability for GLMs as long as the MLE exists for each
part of the data. We detail the method in Algorithm 13, and show that it achieves an asymptotic FDR

control in Proposition 3.4.2, under mild conditions specified in Assumption 3.4.2.

Assumption 3.4.2.
1. 1/¢; < omin(X) < omax(X) < ¢ for some constant ¢ > 0.
2. The required number of null features, lim sup p/py < +o0.

Proposition 3.4.2. For any given FDR control level ¢ € (0, 1), using Algorithm 13, we have

j:j €8y, € S,
limsup E 7 OAJ o) <
npse | #{jij €SIV

under Assumption 3.4.2.
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Algorithm 13: FDR control for GLM in the moderate-dimensional setting.

1. Split the data set into two equal-sized groups (y, X (1) and (y*, X ?).

2. Forj € [p], regress XJ(I) onto X(j]), and XJ(.Q) onto X(fj) Let
(1) 2
oy RS, RsS)
J n/2—p+1 7 n/2—p+1’

in which RSS; is the residual sum of squares.

3. Find the MLE 81 and B® on each part of data. For j € [p], let

4. Calculate the mirror statistics M; = ‘Tj(l) + T]-(Q)

1) (@)
|7 -1

S. Select the features using Algorithm 9.

THE HIGH-DIMENSIONAL SETTING

In the high-dimensional setting, we take a similar approach as in the case of the high-dimensional

linear model, and use the debiasing method to symmetrize the Lasso estimator. The Lasso estimator

for GLM:s is defined as below,

~ ) 1 <&
B(y, X;\) = argmin {2” ;E(yi, z!3) + /\HﬁHl} , (3.13)

BERP

based upon which, the debiased Lasso estimator B is defined similarly as,

Bt =p3—-QP,/ (3.14)

B\.
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Q analogizes to the “decorrelating” matrix D. Let ¥ = ]E[X;a* X 3+]/n be the population Hessian
matrix. We follow the debiasing method in Van de Geer et al. (2014), and set Q) to be an estimator
of @ = X7, constructed based on Algorithm 11. We note that the population version ; of 7; is
defined as below,

v; = argminE [||Xg-; — Xg«_;7|3] - (3.15)
~ERP~!

Letn; = Xg+j — Xpg+jyjforj € [p]. 77 = E[||n;|[5/n] is the corresponding population
version of 77, calibrating the conditional variance Var(X;| X ;).

It requires to properly normalize the debiased Lasso estimator 3% so that the resulting mirror statis-
tics scale in the same magnitude. Under Assumption 3.4.3, the asymptotic covariance of \/ﬁﬁd is

following Van de Geer et al. (2014). Since
(7]2 = (QE[PW[IB*K—BF*]Q)]J = (QEQ)]'J' = 3454,

. AN d ~ ~ ~ ~ . . ~ .
we normalize ﬁj( ) to T; = \/ﬁﬁ;-l/aj, where 77 = (QPnﬁﬁﬂgQT)j’j serves as an estimator to 0.

Similar to the decomposition in Equation (3.7), we have T; = Z; + A; in which

nQPnZ * n ;
7, - _w _ _\UC S0 iy, 218%), (3.16)
=1

where €2 . denotes the j-th row of Q2. For j € Sy, Z; no longer follows a normal distribution (con-
ditioning on the design matrix) as in the case of the linear model. However, we can easily quantify
the discrepancy between the law of Z; and the standard normal distribution using the Berry-Essen

Theorem. For the bias term A j, we show that it is asymptotically negligible under Assumption 3.4.3.

Assumption 3.4.3.

1. The sparsity conditions in Assumption 3.4.1.
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2. The regularity conditions on the loss function £(u, v).

(a) Thereexists 6 € (0, 1) such that

. .
sup sup 14y, v) f(y,*w B <1 (3.17)
(,y) [v—2TB*|<5 v — T3]

(b) There exists a constant C'; > 0 such that

1/Cy < inf |y, ®7B*)| < sup |[{(y,z7B*)| < C, (3.18)
(=y) (,y)
and
sup  sup  |{(y,v)| < Ch. (3.19)

(z,y) [v—2TB*|<6

3. The conditions on the design matrix X and the weighted design matrix X g«.

(a) There exists a constant Cy > 0 such that

1 X [oo <O, || Xprlloo < Coy [ Xgr—j¥jlloe < Co. (320)

(b) 1/C5 < omin(X) < omax(X) < Cs, for some constant C > 0.
4. The required sample size. v/n/logp — oc.

Proposition 3.4.3. Under Assumption 3.4.1, we have ||A||s = 0p(1).

The proof of Proposition 3.4.3 can be found in the Appendix C. Therefore, for j € S, T} is
asymptotically normal, thus asymptotically symmetric. Proposition 3.4.4 shows that the data-splitting

method outlined in Algorithm 12 achieves an asymptotic FDR control.
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Proposition 3.4.4. For any given FDR control level ¢ € (0, 1), using the debiasing method in Algo-

rithm 12 for high-dimensional GLMs, we have

j 1§ € So, =
lim sup E #{J 1 ] 0 J . <
n,p—00 #{j:jesS, V1

under Assumption 3.4.1.

The proof of Proposition 3.4.4 can be found in the Appendix C.

3.4.3 (GAUSSIAN GRAPHICAL MODEL

Suppose X = (Xj,---, X)) follows a p-dimensional multivariate normal distribution N (u, X)
with ¥ = (0y5). Without loss of generality, we assume gt = 0. One can define a corresponding
Gaussian graphical model (V, E), in which the set of vertexesis V' = (Xj, - -+ , X)), and there is an
edge between two different vertexes X; and X if X; and X are conditionally independent, that is,
Xi W X;[{Xk, k # i,7}. The estimation of the graphical structure is equivalent to the selection
of the precision matrix A = X' = (\;;). For each vertex X, we can write X; = XIj,@j + €5,
in which €; (independent of X _;) follows a centered normal distribution, and 37 = —)\;lej,, j-
Therefore, \; j = 0 implies that X; and X are conditionally independent. Let the neighborhood of
each vertex X be ne; = {k € [p] : k # j, ﬁi # 0}, and its complementbe ne; = {k € [p] : k #
j, B =0},

Given i.id samples X, - - - , X, from N (p, ), it is natural to consider first recovering the sup-
port of each 37 using feature selection methods such as Lasso (Meinshausen and Bithlmann, 2006),
then combining all the nodewise selection results properly to estimate the global graph structure. In
view of this, we propose an FDR control approach, with a designated FDR control level g, for the
estimation of Gaussian graphical models. The proposed method mainly contains the following two

steps:
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1. Apply the proposed data-splitting approaches for linear models (see Section 3.4.1) to each

nodewise edge selection, with designated FDR control level /2. Denote the nodewise selec-

tion resultsas ne; = {k € [p| : k # j, Bi; # 0} forj € [p].

2. Combine the nodewise selection results using the OR rule to estimate the graph structure:
Eor = {(i,5) € [p] x [p], i € i€, or j € 7iE;}. (3.21)

A heuristic justification of the proposed approach is given as below:

#10.) € Bow, (i.4) ¢ B} _ S, #{i € nef.i € 72y}

FDP =

‘EOR|\/1 - % ?:1 #{iEﬁEj}\/l
_ 1?:1 #{i € neg, Mj; > T;/Q} N Z§:1 #{i e ne$, Mj; < —T;/Q} 5
3 2y My > 7 V1 3 2 #H{Mji > 7,3V 1 '
#{i € neS, Mj; < -7, }
< 2max A a/2 <gq.

J€lp] #{M]z > 73/2} V1

For j € [p], 7‘3 /o i the cutoft of the mirror statistics in the nodewise edge selection of the vertex X,
and Mj; is the mirror statistic associated with X; for ¢ € [p]\{j}. The first inequality is based on
the fact that each edge can be selected at most twice. The approximation in the middle utilizes the
symmetric property of the mirror statistics. The second to last inequality comes from the elementary
inequality > a,/ >, by, < max, a,/by, fora, >0, b, > 0.

In the following, we assume that the Lasso + OLS procedure is used in each nodewise selection.
We first show that the symmetric property of the mirror statistics, or equivalently the screening prop-
erty of the Lasso selection, is simultaneously satisfied in all p nodewise selections, with probability

approaching 1 as p — 00, under the following assumptions.

Assumption 3.4.4.
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(a) Regularity condition. There exist positive constants ¢y, ¢;, ¢z such that

Amin(X) > ¢g, max oj; < ¢, max \j; < co.
1<j<p 1<j<p

(b) Sparsity condition. There exists some § € [0, 1) such that

| = 0.
lrgggplnegl (ny"7)

(c) The minimum-signal strength condition:

logp
nifﬁ .

min{|Aj| 1 \ij #0,1<i<j<p}>

Here n; is the sample size of the first half of data. Similar assumptions as Assumption 3.4.4(a) and
3.4.4(b) also appear in Liu (2013) and Meinshausen and Bithlmann (2006), respectively. Assump-
tion 3.4.4(c) calibrates the minimum strengthen of the signal required for detection. It is commonly
referred to as the “beta-min” condition in high-dimensional linear regressions (Dezeure et al., 2015).

Under Assumption 3.4.4, we have the following proposition.

Proposition 3.4.5. Under Assumption 3.4.4, if we apply the Lasso + OLS procedure to each nodewise
regression with the regularizaton parameter properly chosen in the order of O(/log p/n;), then in

/2

the regime ny, p — o0 and logp/ n}fﬁ — 0, the symmetric assumption (Assumption 3.3.1) is

simultaneously satisfied in all nodewise edge selection with probability approaching 1.

The proof of Proposition 3.4.5 relies on Theorem 1 in Raskutti et al. (2010) and Theorem 7.2 in
Bickel et al. (2009), and is postponed to the Appendix C.

Under the symmetric assumption, we require some technical assumptions to asymptotically con-
trol the FDR of the estimated graph structure. The essential assumption is that for any p € N,

J € [p], t € R, the set of Bernoulli random variables {1(M}; > t),4 € ne§} are only weakly depen-
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dent. For any subset A C nej, ke ne?\A, and t € R, we define the following random variable to

measure the conditional dependency,

AR =S P (M >t My > 6,74 ) = >0 P (M > t’Mjk <t.Z)|, (323)

. c y (&
ene; ene;
€ J € J

in which .% 4 denotes the sigma algebra generated by {1(M;; > t), i € A}.

Assumption 3.4.5.

(a) There exist constants C' > 0and & € (0,1/2), such that foranyp € Ny, j € [p], subset
kA

A C nef, k € nef\A,andt € R, we have A" < C|nef|* almost surely.

(b) limp—so0 minepy) [nef]' 2%/ log p = oc.

We remark that when all the indicators {1(Mj; > t),i € ne§} areindependent, A’;:f = O forany
subset A C ne§and k € ne§\ A. On the other hand, when all the indicators are perfectly correlated,
ie, Mj = --- = Mj,, we have AI;:? = |ne§| forany k € ne§. We assume AI;:f < Clne§|* for
some @ € (0,1/2) almost surely to allow some weak dependency among {1(M;; > 1), € ne§}.

Under Assumption 3.4.5, we have the following proposition. The proof'is postponed to the Appendix
C.

Proposition 3.4.6. Assume the symmetric assumption is satisfied in each nodewise edge selection. If
we set the designated FDR control level for each nodewise edge selection to be ¢ /2 and apply the Lasso
+ OLS procedure, then under Assumption 3.4.5, we can control the FDR of the estimated edge set

EOR at the level ¢ asymptotically as p — oo.

We note that the nodewise selection procedure and the GFC approach proposed in Liu (2013) are
effective in quite different scenarios. GFC tends to work well only if the underlying true graph is ultra-
sparse, in the order of o(y/n/(log p)*?). The nodewise selection procedure is capable of handling

the case when the graph is not too sparse, but can suffer from the ultra-sparsity. This can be seen by
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considering an extreme scenario where [ne;| = 1 for some vertex X ;. Suppose with probability 6,
max{M;; : i € ne§, Mj; > 0} is strictly larger than —min{Mj; : i € ne§, Mj; < 0}. Then
the FDR of the nodewise selection of the vertex X is at least 0.50;, since the FDP is at least 0.5.
Therefore, if 0; > ¢, it is impossible to control FDR below ¢/2. We note that in the case where all
{Mj; - i€ ne?} are independent and symmetric about 0, #; = 0.5. A similar issue also exists in

general knockoft-based approaches, which is pointed out in Remark 3.2 in Li and Maathuis (2019).

3.4.4 DEEP NEURAL NETWORK

In this section, we integrate the proposed data-splitting approaches into neural networks to achieve
reproducible feature selection. We restrict ourselves here to fully-connected forward neural networks,
although the procedure is easily applicable to more complex networks including convolutional neural
networks and recurrent neural networks.

The recipe of our method is to first split the data into two halves, (X 1), y™)) and (X @), y*)),
and then train two neural networks with the same structure independently for each part of the data.
Denote the number of units in each layer as my, for h € [0 : k]. The input layer is the 0-th layer with
length my = p, and the response layer is the k-th layer with length my, = 1. For h € [k], let H (h)
be the vector of hidden units in layer . In particular, we also write H(®) = (X, --- , X,,). Denote
W) a5 the mp—1 X my, weight matrix between layer h — 1 and layer h. Let ¢y, be the activation
function used between layer h — 1 and layer h. Thus, we have H, éh) = ¢n(H (hfl)TWEh)) for
¢ € [mp). Let the estimated weights be {W )}k and {W @MYk where W (M) and W)
are the my,_; X my, weight matrices between layer A —1 and layer A in the two trained neural networks,
respectively. A cartoon illustration is given in Figure 3.3 .

The main challenge of applying our FDR control approach to neural networks is to define a proper
mirror statistic. A naive way is to calculate the mirror statistic only using the weights between the input

layer and the first hidden layer. However, this proposal is problematic because the h-th layer’s hidden
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Figure 3.3: A demonstration of the fully-connected neural network.

units in the two neural networks, which are trained independently with different data and potentially
different initialization, do not necessarily correspond to each other. Therefore, it is not sensible to
directly contrast VV](E1 D o ‘/V](E2 =

We discuss two alternatives to bypass the aforementioned non-identifiability problem of the hid-
den units. The first one is to use weight multiplication as in Lu et al. (2018). For each feature X;, we
define its “impact” coefficient B;l) to be the j-th coordinate of the matrix product among all weights,
that is, woDw2) o (k) Similarly, we can define 35»2). This construction of the “impact”
coeflicient may only apply to fully-connected networks since in more complex networks such as con-
volutional neural networks, the weight tensor can be 3 or 4 dimensions, thus the multiplication be-
tween weight tensors are not well defined.

The second construction of the “impact” coefficient, which is able to handle more complex net-
work structures, uses the influence function (Hechtlinger, 2016). It essentially calibrates the influ-
ence of feature X; to the response variable y using gradient. Mathematically, the influence function,
T = (L, ,Ip,),isavector of length p, with each coordinate defined tobe Z; = E[0f(X)/0Xj],
where the expectation is taken with respect to the joint distribution of (y, X, - - - , X,). f represents

the neural network model. Specifically, for fully-connected neural networks, the influence function
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can be explicitly written as:
T —E [w®e®wE-1gpk-1) . W(lnbm] . (3.24)

&M isamy, x my, diagonal matrix with /-th element being the gradient of ¢}, evaluated at the point
H (hfl)TW(gh) for ¢ € [my,]. We proceed to approximate the influence function Z using the sample
mean across training data, and its j-th coordinate will serve as the “impact” coefficient for feature X ;.
We note that in most popular deep learning platforms, the gradient can be calculated using built-in
functions, thus the computation is fairly user-friendly.

After obtaining the “impact” coeflicient, the mirror statistic can be calculated following Equation
(3.2). We note that the weight multiplication approach, which simply ignores all the activation func-
tions between hidden layers, can be considered as a special case of the influence function approach.
Although the two approaches seem to perform similarly in fully-connected forward networks based
on our limited experiences, we believe that the influence function approach has more general applica-

bility in real data examples.

3.5 JILLUSTRATIONS

3.5.0 LINEAR MODEL

We consider the high-dimensional linear regression using Lasso. Throughout we fix the sample size
n = 500 and the number of signals (sparsity) s* = 50. We simulate the response variable ¢ from
the linear model Yy, <1 = X, xpBp + €nx1, in which the noise € are sampled from N (0, I,). We set
Bj = 0if j > s*, and sample B3; from N(0,5+/logp/n) for j € [s*]. We consider the following

tWO scenarios:

1. Vary the pairwise correlation among features. We independently sample each row of the design
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matrix X, x, from N(0p, ), where £;; = 1and ¥;; = pforalli # j. We testout p €

{0.0,0.2,0.4,0.6,0.8}. Throughout this scenario, we fix the signal strength and set § = 10.

2. Vary the signal strength. We test out § € {4,8,12,16,20}. Throughout this scenario, we

sample independently each row of X, xp, from N (0, 2), where ¥;; = 1and ¥;; = 0.5 for

alli # j..

For each scenario, we also vary the total number of features p € {500, 1000, 1500, 2000}.

We compare eight methods within three classes: (1) BHq and BYq; (2) the knockoff filter including
the model-X knockoft filter (M-knockoft) (Candes et al., 2018), and the fixed-design knockoff filter
(F-knockoff) based on data splitting, with the data recycling strategy proposed in Barber and Candes
(2019); (3) DS and MDS. For BHq and BYq, we first randomly split the data into two halves. We then
use one half of the data for signal screening using Lasso, and calculate the p-values for the selected
features by running a OLS regression on the other half of the data. The corresponding multiple data-
splitting versions (MBHq and MBYq) following Meinshausen et al. (2009), which combines the p-
values obtained across multiple data splits, are also tested out using the R package hdi. We implement
the model-X knockoff filter using the R package knockoff. For the multiple data-splitting approaches
MBHq, MBYq and MDS, we independently split the data SO times. The designated FDR control
level is set to be ¢ = 0.1 in all simulation settings.

Figure 3.4 summarizes the results for the varying correlation scenario, in which p € {500, 2000}
and p € {0.0,0.8}. More detailed results are given in Table C.3 in the Appendix C. The FDRs
of all eight methods are reasonably under control across different simulation settings. The empirical
performances show that MDS is promising. First, it significantly improves DS, in the sense that it
simultaneously reduces the FDR and boosts the power. Second, from Table C.3, we see that it has
the highest power among all 8 methods when features are correlated (p > 0.2). When features are

independent (p = 0.0), the power of MDS is second to the best, slightly lower than the power of the
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model-X knockoft filter. We note that p = 0.0 is considered to be the easiest setting for generating
knockoff features as all the features are independent.

The following observations are also worthwhile to mention. First, when the correlation p is large,
the model-X knockoff filter tends to be very conservative. From Table C.3, we see that when p > 0.4,
except for the relatively low-dimensional case p = 500, the model-X knockoft filter becomes power-
less. On the other hand, the fixed-design knockoft filter is more robust to the dependency between
features, and performs competitively across different simulation settings. Second, BYq is more conser-
vative compared to BHq, which consistently yields a smaller FDR but also a lower power compared to
BHq. We find that the p-value aggregation strategy proposed in Meinshausen et al. (2009) is effective.
In most cases, MBHq and MBYq enjoy zero FDRs and competitive powers. The results for the vary-
ing signal strength scenario are summarized in Figure 3.5 and Table C.4 in the Appendix C, which

provides similar evidence to demonstrate the effectiveness of the proposed data-splitting approaches.

3.5.2 GENERALIZED LINEAR MODEL
THE MODERATE-DIMENSIONAL SETTING

Logistic regression model. We consider two moderate-dimensional scenarios for the logistic regression
model. The first scenario is the classical small-n-and-p setting, in which the sample size n = 500, the
dimension p = 60, and the corresponding dimension-to-sample ratiois k = p/n = 0.12. The second
scenario concerns with the large-n-and-p setting, in which the sample size n = 3000, the dimension
p = 500, and the corresponding dimension-to-sample ratio is & = p/n = 1/6.

In both scenarios, we consider five competing methods based on the MLE, including the single
data-splitting method (DS) and its multiple version (MDS), the Benjamini-Hochberg procedure along

with its adjusted version, and the Gaussian mirror (GM) method. The standard Benjamini-Hochberg
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(a)p = 500, p = 0.0 (b)p = 500, p = 0.8
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Figure 3.4: Empirical FDRs and powers on the linear model, where the design matrix has pairwise constant correlation p.
The number of true features is 50 across all settings. The signal-to-noise ratiois 10 X 4/ log p/n. The designated FDR con-
trol level is ¢ = 0.1 (the red dashed line). The eight methods are, the single data-splitting method (DS), the multiple data-
splitting method (MDS), the model-X knockoff filter (M-Knockoff), the fixed-design knockoff filter with data recycling (F-
Knockoff), the Benjamini-Hochberg method (BHq) and its multiple data-splitting version (MBHq), the Benjamini-Yekutieli
method (BYq) and its multiple data-splitting version (MBYq). The reported results are the empirical means of 50 indepen-
dent runs. In panel (d), the coordinates (Power, FDR) of the model-X knockoff filter (M-Knockoff) are (0.05, 0.00), which is
out of range of the figure.
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(a)p = 500, SNR = 4 X 1/logp/n (b)p = 500, SNR = 20 X +/logp/n
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Figure 3.5: Empirical FDRs and powers on the linear model, where the design matrix follows a multivariate normal dis-
tribution with constant pairwise correlation 0.5. SNR represents the signal-to-noise ratio. The number of true features
is 50 across all settings. The designated FDR control level is ¢ = 0.1. The eight methods are, the single data-splitting
method (DS), the multiple data-splitting method (MDS), the model-X knockoff filter (M-Knockoff), the fixed-design knockoff
filter with datarecycling (F-Knockoff), the Benjamini-Hochberg method (BHq) and its multiple-splitting version (MBHgq), the
Benjamini-Yekutieli method (BYq) and its multiple-splitting version (MBYq). The reported results are the empirical means
of 50 independent runs. In panel (c) and panel (d), the coordinates (Power, FDR) of the model-X knockoff filter (M-Knockoff)
are (0.04,0.00) and (0.19, 0.00), respectively, which are out of range of the corresponding figures.
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procedure (BHq) utilizes the classical asymptotic p-values calculated via the Fisher information, whereas
the adjusted Benjamini-Hochberg procedure (ABHQq) is based on the adjusted asymptotic p-values
(Sur and Candgs, 2019).

Each row of the design matrix independently follows the multivariate normal distribution with
constant pairwise correlation p. In particular, we test out the cases in which p increases from 0.0 to
0.5 incremented by 0.1. The mean and the variance of each feature are 0 and 1/n, respectively. There
are in total 50 relevant features, and the corresponding true regression coefficients are independently
sampled from £6.5 with equal probability. The designated FDR control level is 0.1 across all settings.

The empirical FDRs and powers of different methods in the small-n-and-p setting are summarized
in Figure 3.6. The FDRs of the five competing methods are under control across all settings. In terms
of power, BHq and MDS are the two leading methods and perform similarly. GM is as powerful as
BHq and MDS when the correlation among the features is small (e.g., p < 0.2), but appears to be
inferior when the correlation becomes larger (e.g., p > 0.3). We see that ABHq is less powerful than
BHq. One possible reason is that the asymptotics for the p-value adjustment is not ready to kick in
when the sample size 7 and the dimension p are relatively small.

The empirical FDRs and powers of different methods in the large-n-and-p setting are summarized
in Figure 3.7. We see that BHq lost FDR control, which implies that the classical asymptotic p-value
of the null feature, calculated based on the Fisher information, is non-uniform and skew to the left.
On the other hand, ABHq still enjoys FDR control and also has the best power, which verifies the
adjusted asymptotic distribution of the MLE derived in Sur and Candes (2019). MDS is the second-
best method, and is more robust compared to GM when the pairwise correlation among the features is
high. In both the small-n-and-p setting and the large-n-and-p setting, we observe that MDS performs
significantly better than DS, which simultaneously reduces the FDR and boots the power.

Negative binomial regression model. We consider a negative binomial regression model, in which

the dispersion parameter is 2, i.e., the target number of successful trials is 2. We set the sample size
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Figure 3.6: Empirical FDRs and powers on the logistic regression model in the small-n-and-p setting. Each row of the design
matrix independently follows the multivariate normal distribution with constant pairwise correlation p. The number of
relevant features is 50, and the true regression coefficients are independently sampled from %6.5 with equal probability.
The designated FDR control level is ¢ = 0.1. The reported results are the empirical means of 50 independent runs.
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Figure 3.7: Empirical FDRs and powers on the logistic regression model in the large-n-and-p setting. Detailed simulation

settings can be found in the caption of Figure 3.6.
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n = 3000, and the dimension p = 500, thus the corresponding dimension-to-sample ratio is K =
p/n = 1/6. We simulate the design matrix the same as the case of the logistic regression model. There
are in total 50 relevant features, and the corresponding true regression coefhicients are independently
sampled from £6 with equal probability. The designated FDR control level is 0.1 across all settings.

We consider four competing methods based on the MLE, including the single data-splitting method
(DS) and its multiple version (MDS), the Benjamini-Hochberg procedure (BHq), and the Gaussian
mirror (GM) method. We note that BHq is based upon the classical asymptotic p-values calculated
based on the Fisher information. Although we expect such p-values to be non-uniform for the null
features, the exact asymptotic distribution of the MLE under this moderate-dimensional setting has
not been derived in the literature, thus no proper adjustment of the p-values exists to the best of our
knowledge.

The empirical FDRs and powers of different methods are summarized in Figure 3.8. We see that
DS, MDS and GM enjoys FDR control, whereas BHq not, because of the non-uniformity (skew to
the left) of the p-values for the null features. Among the methods with FDR control, GM has the

leading performance, with power slightly higher than MDS across all settings.

THE HIGH-DIMENSIONAL SETTING

Logistic regression model. We consider a high-dimensional logistic regression model with the sample
size n = 800, and the dimension p € {800,2000}. Each row of the design matrix independently
follows the multivariate normal distribution N (0,3). We consider a similar setup as in Ma et al.
(2020), in which ¥ = 0.1 x ¥ g, where X g isa p X p blockwise diagonal matrix of 10 identical unit
diagonal Toeplitz matrices whose oft-diagonal entries descend from 0.08 to 0. We test out different
levels of signal sparsity, that is, the number of relevant features takes values from 40 to 80 incremented
by 10, and the corresponding true regression coefficients are independently sampled from +4 with

equal probability.
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Figure 3.8: Empirical FDRs and powers on the negative binomial regression model. Each row of the design matrix indepen-
dently follows the multivariate normal distribution with constant pairwise correlation p. The number of relevant features
is 50, and the true regression coefficients are independently sampled from =6 with equal probability. The designated FDR
control levelis ¢ = 0.1. The reported results are the empirical means of 50 independent runs.

We consider five competing methods, including the single data-splitting method (DS) and its mul-
tiple version (MDS), two Benjamini-Hochberg procedures (BHq-I and BHg-II), and the model-X
knockoft filter. The data-splitting methods are based on the debiasing Lasso estimator constructed us-
ing Algorithm 12. BHg-II also uses the same debiasing approach, whereas BHg-I refers to the method
proposed in Ma et al. (2020), which utilizes a different debiasing approach. For the model-X knock-
off filter, we use the second-order method to create multivariate normal knockofts. Throughout, the
designated FDR control level is 0.1.

The empirical FDRs and powers of different methods are summarized in Figure 3.9. We see that
except for BHq-IL, all the other methods enjoy FDR control. In terms of power, when p = 800,
MDS and the model-X knockoff filter perform similarly, and appear to be more powerful than DS
and BHg-I. We find that MDS is more robust to the potential high dimensionality of the selection
problem than the model-X knockoft filter. In particular, when p = 2000, MDS has the highest

power among the methods with FDR control, whereas the model-X knockoff filter becomes the least
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Figure 3.9: Empirical FDRs and powers on the logistic regression model with the sample size n = 800. Each row of the
design matrix independently follows the multivariate normal distribution N(Op, 0.1 x Z) with X being a block diagonal
matrix. The x-axis refers to the signal sparsity, i.e., the number of relevant features. The true regression coefficients for
the relevant features are set to be 5; = =4 with equal probability. The designated FDR control level is ¢ = 0.1. The
reported results are the empirical means of 50 independent runs.

powerful method. We note that even DS is more powerful than BHq-I, which implies that the p-
values constructed following Ma et al. (2020) can be highly non-informative (skew to the right) in the

finite-sample case.
3.5.3 GAUSSIAN GRAPHICAL MODEL

We consider two types of graphs:

1. Banded graph. The precision matrix A is constructed such that \j; = 1, \j; = sign(a) -
]a“i_jl/c if0 < |i — j| < p,and A\jj = 0if |i — j| > p. Following Li and Maathuis (2019),

we set ¢ = 1.5 throughout this simulation study. Other parameters including the sample size
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n, the dimension p, the signal strength (partial correlation) a, and the nodewise sparsity p will

be specified case by case.

2. Blockwise diagonal graph. The precision matrix A is blockwise diagonal with equally sized
squared blocks generated in the same fashion. We fix the block size to be 25 x 25 throughout
this simulation study. In each block, all the diagonal elements are set to be 1, and the off-

diagonal elements are independently sampled from some distribution u specified case by case.

The designated FDR control level is set to be ¢ = 0.2. We note that for both graphs, the resulting
precision matrix A is not necessarily positive definite. If Ayin (A) < 0, were-set A <= A+ (Amin(A)+
0.005) I, following Liu (2013).

Three classes of competing methods are tested out: (1) DS and MDS; (2) BHq and BYq; (3) GFC-
L and GFC-SL (two FDR control methods for Gaussian graphical model using Lasso or scaled Lasso
proposed in Liu (2013)). The p-values used in BHq and BYq are calculated based on the pairwise
partial correlation test using the R package ppcor (Kim, 2015). We use the R package SILGGM (Zhang
etal., 2018) to implement GFC-L and GFC-SL.

For the banded graph, we test out the following four settings:
(a) Fix p = 100, p = 8, @ = —0.6. and vary the sample size n € {500, 1000, 1500, 2000, 2500}
(b) Fix n. = 1000, p = 8, @ = —0.6, and vary the dimension p € {50, 100, 150, 200, 250}.
(c) Fixn = 1000, p = 100, @ = —0.6, and vary the nodewise sparsity p € {4, 6,8, 10, 12}.
(d) Fixn = 1000, p = 100, p = 8, and vary the signal strengtha € {—0.5, —0.6, —0.7, —0.8, —0.9}.
For the blockwise diagonal graph, we fix n = 500, and test out three different scenarios, in which
the sampling distribution u of the off-diagonal elements are set to be Unif(—0.8, —0.4) (negative
partial correlation), Unif(0.4, 0.8) (positive partial correlation ), and Unif((—0.8, —0.4) U (0.4, 0.8))
(balanced partial correlation), respectively. For MDS, we independently split the data 50 times and

aggregate the selection results using Algorithm 10.
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The results for the banded graphs are summarized in Figure 3.10. DS and MDS outperform the
four competing methods across all simulation settings. In particular, MDS consistently yields a lower
FDR and a higher power compared to DS. BYq has the lowest FDR, but appears to be too conservative
as it also has the lowest power. FDRs of GFC-L, GFC-SL, and BHq are similar to each other, and
are higher than FDRs of DS and MDS. In terms of power, GFC-L and GFC-SL perform similar,
having a slightly higher power than BHq. Panel (d) in Figure 3.10 is interesting, since the powers
of BHq and BYq have an opposite trend compared to the other methods. One possible reason is
that when we decrease the signal strength, or equivalently increase a from —0.9 to —0.5, the pairwise
correlations decrease from 0.54 to 0.20 so that the independent p-value assumption becomes better
justified. Therefore, we see a power increase for BHq and BYq.

The results for the blockwise diagonal graphs are summarized in Figure 3.11. In the settings with
balanced signals and negative signals, MDS outperforms all the other competing methods. In par-
ticular, in the setting with negative signals, DS and MDS are the only two effective methods with
reasonable powers. In the setting with positive partial correlation, BHq and BYq are the two leading

methods. In this scenario, DS and MDS perform reasonably well only in the low-dimensional setting.

3.5.4 DEEP NEURAL NETWORK

We consider the single-index model y = f(xT83) + ¢, in which f () is some unknown link function,

and € is the noise. In this simulation study, we test out three different cases detailed below.
1. Power function. We set f1(t) = t3/2.
2. Exponential function. We set f5(¢) = exp(¢/10).

3. Sigmoid function. We set f5(t) = 1/(1 + exp(—t)).
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Figure 3.10: Empirical FDRs and powers on the banded graphs of the six methods, the single data-splitting method (DS),
the multiple data-splitting method (MDS), the GFC methods with Lasso (GFC-L) and scaled Lasso (GFC-SL) proposed in Liu
(2013), the Benjamini-Hochberg method (BHq), and the Benjamini-Yekutieli method (BYq). The designated FDR control
levelis ¢ = 0.2 in all settings. The reported results are the empirical means of 50 independent runs.
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Figure 3.11: Empirical FDRs and powers on the blockwise diagonal graphs with different partial correlation ranges. The
six methods are, the single data-splitting method (DS), the multiple data-splitting method (MDS), the GFC methods with
Lasso (GFC-L) and scaled Lasso (GFC-SL) proposed in Liu (2013), the Benjamini-Hochberg method (BHg), and the Benjamini-
Yekutieli method (BYq). The designated FDR control level is ¢ = 0.2 in all settings. The reported results are the empirical



For the power function and the exponential function, we set the number of signals (sparsity) s* = 30,
and sample the randomly located nonzero 3; from N (0,20 x 1/log p/n). For the sigmoid function,
we set the number of signals (sparsity) s* = 50, and sample the randomly located nonzero 3 from
Unif{(0.5, 1). For the power function, we assume € follows N (0, 1). For the exponential function and
the sigmoid function, we decrease the noise level by assuming € follows N (0,0.1%). Throughout we
fix the sample size n = 1000, and vary p € {500, 1000, 1500, 2000, 3000} for all three cases. The
designated FDR control level is fixed to be ¢ = 0.1. For the design matrix X, in which each row
is independently simulated from N (0, X), we test out two cases: (1) we assume the precision matrix
Ei_jl = pli=il; (2) we assume the covariance matrix Y = pl=3l. pis fixed to be 0.5 across all settings.

We compare the proposed data-splitting methods using the influence function or the weight mul-
tiplication, and the DeepPINK method proposed in Lu et al. (2018). For DS and MDS, we build a
four-layer fully-connected neural network. The input layer is of size p, the output layer is of size 1,
and the two hidden layers in the middle are of size 20 x log(p) and 10 x log(p), respectively. We
choose sigmoid as the activation function between the first three layers, and add a ¢, regularization
term of the order O(+/log p/n) for the two hidden layers. For DeepPINK, we test out two architec-
tures of the neural network. DeepPINK-I has the same architecture as described in Lu et al. (2018)
(see the caption of Figure 1), whereas DeepPINK-II has the same architecture as DS and MDS. We set
the batch size to be 128 and set the initializing learning rate to be 0.001. We use the Adam algorithm
(Kingma and Ba, 2014) to train the neural network with respect to the mean squared error loss for a
total of 500 epochs. For MDS, we randomly split the data 50 times, and aggregate the selection results
based on Algorithm 10. For the DeepPINK method, we thank the authors for kindly providing their
code through personal communication.

The results for p = 2000 are summarized in Figure 3.12, and more detailed results for different
p are given in Table C.1 and Table C.2 in the Appendix C. Compared to the DeepPINK method,

DS and MDS consistently yield smaller FDR and significantly higher power. For DS and MDS, the
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influence function approach and the weight multiplication approach yield similar results. Compared

with DS, MDS always has a lower FDR value, but also slightly lower power in cases f>() and f3(¢).

3.5.5 REAL DATA APPLICATION: HIV DRUG RESISTANCE

We apply the proposed approaches to detect mutations in the Human Immunodeficiency Virus Type
1 (HIV-1) that are associated with drug resistance. The data set, which has also been analyzed in Rhee
et al. (2006), Barber and Candes (2015), and Lu et al. (2018), contains resistance measurements of
7 drugs for protease inhibitors (PIs), 6 drugs for nucleoside reverse-transcriptase inhibitors (NRTTs),
and 3 drugs for nonnucleoside reverse transcriptase inhibitors (NNRTTs). We focus on the first two
classes of inhibitors, P and NRTT, as in Lu et al. (2018).

The response variable y calibrates the log-fold-increase of lab-tested drug resistance. The design
matrix X is binary, in which the jth column indicates the presence or absence of the jth mutation.
The task is to select relevant mutations for each inhibitor against different drugs. The data is prepro-
cessed as follows. First, we remove the patients with missing drug resistance information. Second, we
only focus on those mutations that appear at least three times across all the patients. The sample size
n and the number of mutations p vary from drug to drug, but are all in hundreds with n/p ranging
from 1.5 to 4 (see Figures 3.13 and 3.14). We assume an additive linear model between the response
variable and the features with no interactions.

Five methods are compared, including DeepPINK with model-X knockoffs (Lu et al., 2018), the
fixed-design knockoft filter based on a Gaussian linear model (Barber and Candes, 2015), BHq, DS,
and MDS. For DeepPINK, knockoff, and BHq, we report the selection results obtained in Lu et al.
(2018). The designated FDR control level is ¢ = 0.2 throughout. The results are evaluated based on
the selected mutations with existing treatment-selected mutation (TSM) panels (Rhee et al., 2005), as
discussed in Barber and Candés (2015).

Numbers of discovered mutations for PI within each drug class, including both true and false pos-
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Figure 3.12: Empirical FDRs and powers on the single-index models for p = 2000. The design matrix follows multivariate
normal distribution with pairwise power decay correlation (the left column) or pairwise power decay partial correlation
(the right column). The six methods are, the single data-splitting method using the influence function (DS-1) and its multiple
data-splitting version (MDS-1), the single data-splitting method using the weight multiplication (DS-11) and its multiple data-
splitting version (MDS-Il), and the DeepPINK method with two different network architectures (see the text for details).
The designated FDR control level is ¢ = 0.1 (the red dashed line) in all settings. The reported results are the empirical
means of 20 independent runs.
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itives, are summarized in Figure 3.13. We see that MDS performs the best for 4 out of 7 PI drugs,
including ATV, LPV, NFV, and SQV. For the remaining drugs, APV, IDV and RTV, MDS is com-
parable to DeepPINK, and both are superior to the fixed-design knockoft filter and BHq. Similarly,
Figure 3.14 shows the numbers of the identified mutations for the NRTT drugs. Among the 6 NRTI
drugs, MDS performs the best in 5, including ABC, AZT, D4T, DDI, and X3TC. For TDF, MDS is
comparable to DeepPINK, and both are much better than BHq and the fixed-design knockoft filter.
In particular, the fixed-design knockoft filter has no power and does not select any mutation for DDI,

TDF, and X3TC.

3.6 CONCLUDING REMARKS

We have described a general framework for the FDR control in the task of high-dimensional feature
selection. The proposed data-splitting approaches (DS and MDS) allow us to asymptotically control
FDR in canonical statistical models including the linear model and the Gaussian graphical model.
We have also empirically demonstrated its applications to more complex models such as deep neural
networks. The multiple data-splitting approach (MDS) proposed here is of particular interest, which
helps stabilize the selection result and remedy the potential power loss. Both DS and MDS are con-
ceptually simple and easy to implement based upon existing softwares for high-dimensional feature
selection methods.

We conclude by pointing out several directions for future work. First, for the linear model, an
interesting extension of the Lasso + OLS procedure is to consider features with a group structure.
A natural strategy is to substitute Lasso with group Lasso. However, unlike Lasso, group Lasso can
potentially select more than 7 features (n is the sample size), thus the companion OLS step, which
guarantees the symmetric assumption, may not be easily applied. Second, we would like to apply the

proposed framework, equipped with the influence function, to convolutional neural networks and re-
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current neural networks, in order to handle more complex data such as images and natural languages.
Third, we are interested in investigating the multiple testing problem of sparse high-dimensional co-
variance matrices, which are commonly estimated using some thresholding estimator. Our proposed
framework is applicable as long as the estimator to the zero covariance element is symmetric about
0. Last but not the least, extensions of the DS and MDS frameworks to data containing dependent

observations or having hierarchical structures can be of immediate interest.

126



Supplemental Materials of Chapter 1

A.1 PrOOFS

A.1.1 PROOF OF THE ALMOST-SURE CONVERGENCE

The proof of the almost-sure convergence follows from Theorem 2.2 and Theorem 2.3 in Andrieu

etal. (2005). Lemma A.1.1 and Lemma A.1.5 in the following verify the necessary conditions.
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Lemma A.1.1. We define a Lyapunov function V' (u) as below,

N
Viw) = - D expluf ) — 1, (A1)
n=1

which satisfies the following properties:

1. V (u) is non-negative and continuously differentiable on IT = {u € RN, SN u,, = 0}.

2. Forany M > 0, {u : V(u) < M} isa compact set.

3. Forany u € II, we have (VV (u),r(u)) < 0. r(u) is the mean-field function defined as

below,

exp(u* — u)

r(u) = /XR(x)ﬂ'u(a:)dx = S (A.2)

1
712[:1 exp(uy, — up) N’

in which R,,(z) = 1(E(x) = E,) — 1/N forn € [N]. In addition,

{ue RN (VV(u),r(u)) =0} = {u*}.

Proof of Lemma A.1.1:

1. V(u) is continuously differentiable on II. By Jensen’s inequality, we have

N

V(u) > exp <]1[ (uy — un)> —1=0.

n=1

2. Forany M > 0and V(u) < M, we have

up, > upy —log((1+ M)N) > kir[l]{‘f} uy, — log((1+ M)N).
€
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On the other hand, since 25:1 u, = 0, we have

up < (N —1)log((1+M)N)— (N — 1)k1€r[1]f\'[] uj.

Because V' (u) is a continuous function, the set {w : V(u) < M} is a compact set.

3. The n-th coordinate of the gradientis V,,V (u) = — exp(u}; —uy,)/N. By Cauchy-Schwartz

inequality, we have

1 25:1 exp (2(ul — uy,
N 27]:[:1 exp(u;; - un)

(VV(u), r(u)) =

The equality is satisfied if and only if u,, = u}, forn € [N].

Lemma A.1.2. Foranyt > 0,

i1 — 7l rv < 2N (N — 1)npss.

Proof of Lemma A.1.2: using Lemma 4.6 in Fort et al. (2015), we have

N
e = millry < 20V = 1) D7 |1 = exp(ulf) — uli )|

n=1
N

=2(N—-1) Z |1 —exp (=41 Rn(xt41))]

n=1

2V = ) [V - et — 1)1 - e

S QN(N — 1)77t+1-
The last line follows from the following elementary inequality: VO < <1, N > 1,

(N—l)e%x—l—l—e_Tlm—N:ESO.
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Lemma A.1.3. Foranyt > 0,

Sug ||Pe(x, ) — Pt (z, )|ty < 4(e + 1)npa.
S

Proof of Lemma A.1.3: using Lemma 4.7 in Fort et al. (2015), we have

sup ||Pi(x,-) — Peya(x, )| |rv < 4 sup |1 —exp (u,(fH) - ug))‘
zeX ne([N]

+ 4 sup |1 —exp (ug) - ugfﬂ))‘
ne[N]

< 4(6%77“—1 _ 1) vV (1 _ e*ﬁmﬂ)
(1 — e N )V (enT 1)

< 4(e+ Nt
The last line is based on the following elementary inequalities: V0 < z < 1, N > 1,

N—-1 1 N—-1 1
ex>e N —1>1—¢e NY max{l —e N T en® — 1} <z

Lemma A.1.4. Under Assumption 1, there exists a function R,, () solving the Poisson equation

In particular,

sup supHﬁu(x)H < +00.
u€cll xzeX oo
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Besides, there exists a constant C' > 0, such that for any u, u’ € TI, we have

sup |PuRy () — Py Ry (z)| < Csup ||Pu(x,-) — Py (z,)||lrv
xeEX xeX

+ Csup||mu(z, ) — o (x,)||TV-
zeX

Proofof Lemma A.1.4: Ry (x) is specified as follows:

Ru(0)=Y [P,l’jRu(x) — ra(R(2))] .

k>0

Since sup,, sup,, |Ry(x)| < 1, by Assumption 1, we have

< Z sup sup ‘ ‘PSRu(m) - Wu(R(fL'))H

sup sup Hﬁu(m)H
S k>0 uell zeX

u€ell zeX o)
<Y IPE(=, ) = mullty
k>0
< 22(1 — p)k < +o0.
£>0

The proof of the second part of Lemma A.1.4 follows from Lemma 4.2 in Fort et al. (2011).

Lemma A.1.5. Under Assumption 1, if we scale down 7 in the order of O(1/t), almost surely, we

have
V4

Z Mt+1 (R($t+1) - T(U(t))>‘ =0. (A.8)

lim sup sup
t—oo >k

The proof of Lemma A.1.5 follows from the proof of Proposition 4.10 in Fort et al. (2015).
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A.1.2 PROOF OF THE CONVERGENCE RATE

Lemma A.1.6. Under Assumption 1, there exists a constant £ > 0 such that for any ¢ > 0, almost
surely, it holds
(Vh(u®),ul — ) > ffu® —u|?, (A.9)

where h(u) = log (Zn Lexp (uy — un)>
Proof of Lemma A.1.6: since u® almost surely stays in a compact set, there exist constants C'; > 0

and Cy < 0, such that forany ¢ > 0,n € [IN], we have Cy < uﬁf ) < C. We proceed to show that

the £ specified below satisfies the condition,

f—[N(rrLrel%(]u — Cy)? exp(— (urénﬁ]u - 1)) Zexpu — ()] -

Indeed,

(h(u®), ul®) — gy — Lo = ) exp(us, — wi)

SN explug — ul))

N
>£N(,?é?]ir(]u — Cy)* exp(— (unénﬁ]u -)) nZ:l ut —ulD) exp(u — u®)

N N
> lexp(— (mln uy — Ch)) E ut —uld) SZ ut —ulD) exp(u — ul?)
n=1

uE n—1
N v — u®\1
> Lexp(—(min u;, — C1)) HZ::I uy, —ufl))’ exp | ==

> ) — |

In the first and the second inequality, we use an elementary inequality

t

Mz

(ur —ut) ) exp(u; —u

Mz

U—U

n=1 n=1
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Lemma A.1.7. Under Assumption 1, there exists a constant C' > 0 such that
El|m — Pzt )|lrv < Cniga (A.10)

Proof of Lemma C.1.5: we prove by induction. Suppose the statement is true for t — 1, we consider
the case for t.
Bllm — Py(wg, )| lrv = E|Slllp [me(f) = Pof ()]
fl<t

< El|m — m—i|frv + Esup||P(z, ) — Poa(2,0)[[tv - (A11)
zeX

+ E sup [m—1(f) — Pe—r f(z4)].
[f1<1

The first two terms can be upper bounded using Lemma A.1.2 and Lemma A.1.3. For the third term,

since x4 is a sample from P, (241, -), we have

E sup |m—1(f) = Peo1f(20)] = B sup |m—1(f) — P2 f(ze-1)]
[f1<1 [f1<1

< ]E[|\7th1 — Piy(z¢—1,°)|Irvsup sup |m—1(f) — Pt71f($)|]
zeX |f|<1

= E[Hﬂ'tfl - Ptfl(xtfla ')HTV Sug ||7th1 - Ptﬁ(% )HTV]
e

< 2(1 = p)E||m—1 — Pci(we—1, ") ||1v

< 2(1—=p)Chy.
(A.12)

The last to second line uses Assumption 1, and the last line uses the induction. Without loss of

generality, we assume 2(1 — p) < 1/2, otherwise we can keep decreasing the iteration index until
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2(1 — p)¥ < 1/2 for some k € N.. Applying the above upper bound to Equation (A.11), we have

El[m — Py(xt,)|lrv < 2N(N — 1) +4(e + 1) +2(1 — p)Cne < Cnpa

as long as
o> 2N(N —1) +4(e+1).
- 1/2—=2(1—p)

Proof of the convergence rate: denote G (x) = Ry, (x) + 1/N forn € [N]. Conditioning on F;, we

first notice that

1)2 N —1\2
E 2 =(——) (N-1 <1.
IRGIF|7] = (-5 ) W=+ (P5) <
It follows that

E[|[u™) —w*|?|F] = E[[[u” + R(ze)nen — u*|]?|F]
= ||l —w*[]* + ni B[ R(zen)|| F]
+ 201 (B[ R(z41)| 7] ul) — u¥)
< = | o+ 2 (G ul? — )
+ 241 (PiG (1) — (@), ul) — )

< (1= 2m10)[u® — | + 7,

() _ o*
Up, Up,

+ 2041 N || Pi(x¢, -) — me||rv sup
né€([N]

i

which follows from Lemma A.1.6 in which £ is defined. Since u®) almost surely stays in a compact

set, by Lemma C.1.5, there exists a constant C; > 0 such that
E[[Juf™) — w*|]?] < (1 — 20 OB[Jul — w*[|?] + Cinfy,.
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Let 41 = 1/(¢t) and C = max{||ul’) — u*||?, 0y /¢?}. We prove the statement by induction.

The case t = 1 trivially holds. Suppose the convergence rate holds for . For the case ¢ 4 1, we have

(t+1) _ *(12] < _g g &< _g % g: l_i <L
Bl UH]—<1 t>t+€2t2_ ) v teT i)Y s

A.2 MORE SIMULATION DETAILS

A.2.1 EQUILIBRATION TIME

In this section, we report the total number of equilibrations, as well as the corresponding equilibration
time, that the AWL algorithm and the WL algorithm have reached on the Ising model and the Potts
model. Three initializations of the learning rate 79 = 0.05, 179 = 0.10, 19 = 1.00, and six lattice sizes
L = 50,60, 70,80, 90, 100 are tested out. We run in total 2 X 10° and 2 x 10 MC sweeps for the

Ising model and the Potts model, respectively. The results are summarized in Table A.1 and A.2.
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A.2.2 ESTIMATING SPECIFIC HEAT

2.0
T

(a)

2.0
T

(b)

WL (1o = 0.05)
——  AWL (1, =0.05)
—— Theoretical truth

WL (1o = 0.05)
——  AWL (1o = 0.05)
—— Theoretical truth

15
15

Specific heat
1.0
T
Specific heat
1.0

00
T
|
|
\
[
\
\
00
T

Temperature Temperature

Figure A.1: Comparison of the estimated specific heat (Ising model with . = 80) obtained by the AWL algorithm and the
WL algorithm, over the temperature region T’ € [0.4, 8]. At each temperature ranging from 0.4 to 8 incremented by 0.1,
the reported results are the mean of 50 independent estimates of the specific heat produced by each algorithm. Panel (a)

and (b) show the results of running each algorithm for 150 X 10% and 200 x 10° MC sweeps, respectively. 7)) denotes the
initialization of the learning rate.
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Initialization of the learning rate o = 0.05

Method L # equilibration First eight equilibration time (X 10° MC sweeps)
AWL 50 12.1£0.9 23.4 27.7 32.1 36.6 42.2 49.8 61.4 76.1
WL 50 10.8 £ 0.9 43.4 47.9 52.4 58.1 65.1 72.5 84.8 101.3
AWL 60 10.9 0.6 33.5 38.4 44.0 49.1 56.5 66.0 79.8 94.1
WL 60 9.2+ 0.7 65.3 71.6 77.9 84.6 93.7 105.1 118.3 145.1
AWL 70 9.5+ 0.9 49.2 56.7 63.2 68.7 78.4 90.7 105.6 127.6
WL 70 8.0£0.9 92.7 101.9 110.4 119.3 131.3 145.0 166.2 193.7
AWL 80 8.7+0.6 65.6 73.4 82.6 90.7 103.6 114.8 132.1 155.7
WL 80 6.1+ 0.9 119.5 133.2 143.8 156.9 170.0 187.2 — —
AWL 90 7.7+0.8 79.9 92.1 102.0 113.9 127.1 144.6 165.8 195.3
WL 90 2.8+ 1.1 165.9 180.8 196.2 — — — — —
AWL 100 6.4+ 1.0 100.8 114.9 128.2 142.0 157.8 174.6 — —
WL 100 0.7£0.9 — — — — — — — —
Initialization of the learning rate o = 0.10
Method L # equilibration First eight equilibration time (X 10° MC sweeps)
AWL 50 13.0 £ 0.9 17.8 21.4 24.9 28.4 33.4 37.8 44.9 53.0
WL 50 12.1 £ 0.9 33.7 37.9 42.2 46.4 52.2 58.6 67.5 79.5
AWL 60 11.9+ 0.5 28.9 35.6 41.8 47.6 53.2 58.4 68.7 81.8
WL 60 10.5+ 0.9 54.0 60.8 67.3 72.6 78.9 88.6 100.5 115.5
AWL 70 10.5 £ 0.8 40.4 46.5 53.5 62.1 71.7 81.0 93.1 107.5
WL 70 9.1+0.8 74.5 81.4 89.3 96.9 105.0 116.0 128.9 149.1
AWL 80 9.5 + 0.7 57.4 64.6 74.7 84.1 91.6 101.6 116.7 139.5
WL 80 7.540.7 102.8 114.2 123.9 134.9 145.5 158.3 174.6 196.3
AWL 90 8.4+0.9 73.9 85.5 100.5 112.7 124.9 139.0 156.2 176.5
WL 90 5.3+ 0.9 134.4 148.0 165.0 176.9 188.2 — — —
AWL 100 6.7+ 0.9 95.9 110.8 124.6 143.8 157.4 174.1 189.8 —
WL 100 2.5+ 1.1 165.6 181.9 198.0 — — — — —
Initialization of the learning rate 779 = 1.00
Method L # equilibration First eight equilibration time (X 10° MC sweeps)
AWL 50 15.9 £ 0.8 16.8 20.8 25.1 28.8 32.4 36.2 39.3 43.9
WL 50 14.6 £ 0.6 27.7 32.4 37.7 43.0 47.4 51.9 55.7 61.7
AWL 60 14.8 £ 0.9 25.6 31.7 37.4 41.9 47.7 52.7 57.5 63.9
WL 60 13.5 £ 0.8 44.1 52.0 59.1 66.4 72.6 78.5 84.9 91.1
AWL 70 13.7 4+ 0.9 36.3 43.4 51.1 59.7 69.0 76.8 83.9 91.2
WL 70 122+ 1.0 65.7 75.3 83.4 94.0 101.8 109.8 117.4 125.5
AWL 80 11.9 £ 0.8 48.7 60.9 73.9 85.0 93.5 103.0 112.3 120.5
WL 80 9.94+0.9 86.2 97.9 110.0 123.3 134.7 143.8 153.7 162.3
AWL 90 10.5 £ 0.7 66.1 78.9 89.6 101.3 113.9 124.1 135.4 145.4
WL 90 6.8+ 1.0 107.3 119.2 140.3 156.5 169.0 185.9 197.2 —
AWL 100 74410 90.7 106.2 122.7 133.1 149.5 162.3 174.5 185.8
WL 100 2.7+1.1 156.5 180.0 197.4 — — — — —

Table A.1: The total number of equilibrations, as well as the corresponding first eight equlibration time, that the AWL al-
gorithm and the WL algorithm have reached within 2 X 10° MC sweeps on the Ising model. The reported results are the
empirical means over 50 independent runs.
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Initialization of the learning rate o = 0.05

Method L # equilibration First eight equilibration time (X 10* MC sweeps)
AWL 50 14.6 £ 1.1 26.6 29.3 31.8 34.2 36.6 40.0 44.2 50.2
WL 50 13.0+ 0.9 43.6 46.6 49.8 53.0 56.4 60.7 66.3 74.0
AWL 60 12.8 + 0.7 41.9 45.6 49.3 53.0 56.4 60.4 66.4 73.9
WL 60 11.8 0.6 63.7 68.0 72.4 76.8 80.8 86.5 92.3 102.6
AWL 70 11.7+ 0.7 56.5 61.5 65.9 70.8 81.7 89.5 98.9 112.9
WL 70 9.9+ 0.9 99.9 106.0 112.4 118.9 125.0 131.9 143.0 151.4
AWL 80 10.5+ 0.9 79.6 85.9 91.7 98.3 104.5 112.8 122.3 134.3
WL 80 7.8+ 0.8 127.8 135.2 143.6 151.9 158.8 170.8 181.3  195.6
AWL 90 9.2+ 0.9 100.8 108.8  117.6 124.8 131.7  140.5 153.0 164.4
WL 90 3.24+0.9 176.7 186.1 196.6 — — — — —
AWL 100 6.6 + 1.1 133.2 143.0 152.1 163.7 174.3 186.3 197.3 —
WL 100 0.3£0.7 — — — — — — — —
Initialization of the learning rate o = 0.10
Method L # equilibration First eight equilibration time (X 10* MC sweeps)
AWL 50 15.2 £ 0.8 23.8 26.7 29.2 31.7 34.4 37.4 41.5 46.4
WL 50 14.0 £ 0.9 42.5 45.9 49.3 52.8 56.5 60.0 64.3 70.8
AWL 60 14.4 4+ 0.9 34.0 37.7 41.7 45.2 48.2 52.9 57.9 63.7
WL 60 12.9+ 0.7 58.6 63.5 68.2 72.6 77.2 82.8 88.5 95.0
AWL 70 12.7 £ 0.7 48.6 54.0 59.4 64.0 69.4 75.5 81.5 88.5
WL 70 10.9 + 0.8 93.8 100.5 107.1 113.2 120.0 126.1 132.4 141.2
AWL 80 11.4 £ 0.7 71.5 78.5 85.3 91.4 99.1 105.7 112.4 121.9
WL 80 9.1+ 0.6 117.5 126.2 135.4 143.6 151.4 159.2 166.0 179.2
AWL 90 10.4 + 0.9 92.2 100.8 109.4 118.0 125.8 132.6 141.3 152.2
WL 90 4.9+0.9 153.4  164.5 176.6 186.6 196.5 — — —
AWL 100 6.5+ 0.7 131.1 142.2 151.5 160.8 169.2 180.7 191.5 —
WL 100 1.0+ 0.9 191.4 — — — — — — —
Initialization of the learning rate 779 = 1.00
Method L # equilibration First 8 equilibration time (X 10* MC sweeps)
AWL 50 18.9+ 0.9 25.0 28.8 324 35.9 39.0 41.6 44.4 47.1
WL 50 17.9 £ 0.9 33.8 38.0 42.1 46.1 49.8 53.2 57.0 59.8
AWL 60 17.1 £ 0.8 37.7 42.9 48.9 53.7 57.8 62.5 66.0 70.0
WL 60 15.9+ 0.6 54.3 60.3 66.2 71.8 77.0 82.0 86.7 91.3
AWL 70 15.14+0.8 57.6 66.8 74.5 83.2 89.3 94.4 99.5 104.2
WL 70 13.9+ 1.0 78.4 86.4 94.5 102.3 109.4 115.8 121.8 127.8
AWL 80 13.5 £ 0.7 72.8 81.7 94.3 102.8 110.8 117.6 124.1 130.0
WL 80 9.8 +0.9 115.5 126.8 137.3 148.0 157.1 165.3 173.1 181.0
AWL 90 10.4 + 1.0 100.9 112.4 126.1 137.8 148.1 156.2 161.8 167.5
WL 90 5.0+ 0.7 141.2 150.9 163.1 174.1 186.9 — — —
AWL 100 6.1+ 0.9 126.4 140.8 152.1 164.8 176.9 187.1 — —
WL 100 0.9+ 0.9 194.2 — — — — — — —

Table A.2: The total number of equilibrations, as well as the corresponding first eight equlibration time, that the AWL al-
gorithm and the WL algorithm have reached within 2 X 105 MC sweeps on the Potts model. The reported results are the
empirical means over 50 independent runs.
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Supplemental Materials of Chapter 2

B.r Proors

Proof of Proposition 1: We first consider the fixed-directional jump. In the following, we calculate the

transition probability P ((6;, M) | (6;, M;)). Suppose the transition from (6;, M;) to (6, M)
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is achieved by some jumping distance 7, then we have:

~

6, =u+7r(0;,— @) and v="06;+7(v—8;).
Let

S =3 p(0®, 60 M [y) and Si=3 (el(k)7u(k),/\/{i | y) . (B.1)
k=1 k=1

It follows that

P ((85, M;) | (8:, Mi)) = [ qi(u) x p; (v,0;, M; | y)/S; x min {1, S;/S;}

—

% nﬁ p(r*®Np(r)dr® ... drm=1
k=1
_ / p(8;, M; | ) gs(w)g; (v)p(r) min {1/8;,1/5;}

% H p(rFNdrM ... grm=1)

where
OJ('k) =u+r®@; —a), v =0, +rM(@-8),

~

o) —v—r®@—86), u® =0;—r® (0 — 7).

We note that when we jump back from (v, ;) to (6;, u), we flip the sign of the jumping direction,
that is, changing the jumping direction to (u — é\j, 6; — ), and keep the same jumping distance 7.
This is the reason why we do not require the sampling distribution of the jumping distance p(r) to
be symmetric and centered at 0. Since the Jacobian between (v, 8;) and (6;, w) is simply 1, and the
multiple integral is symmetric in the index % and 7, the transition kernel satisfies the detailed balance
condition, thus leaves p (0, M}, | y) invariant.

For the adaptive-directional jump, we first standardize the jumping direction, that is, setting e =
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(0 — 6,0, —u)/||(® — 6;,8; — u)||, so that the jumping distance is independent to the current
state of the chain (6;, u). Besides, because the jumping direction always points to the modes of the
augmented posterior distributions defined in (2.20), we should flip the sign of the jumping distance
when we jump back from (v, 8;) to (6;, u) as we won’t flip the sign of the jumping direction. Con-
sequently, the sampling distribution of the jumping distance p(r) is required to be symmetric and
centered at 0.

The proof of the reversibility of the transition kernel equipped with the adaptive-directional jump
follows similarly (thus is omitted) as the case of the fixed-directional jump, but requires additional
calculations of the Jacobian, which are detailed as below. Suppose the transition from (8;, M;) to

(6, M;) is achieved by some jumping distance 7, then we have:

6, — 5 — 6
0; =u+r—- J Au and v=0; +r—— Y — .
(¥ - 0;,0; — u)| |(0 - 6;,0; —u)l|

For notational convenience, we define ¢ € R%1% a5 follows. For1 < k < dj, let x, = (ij —

up)/||(B — 6;,8; —w)||*/%. For 1 <1 < dj,letaq, 11 = (B — 0a)/||(® — 6;,8; — w)|[*/*. Then

we have:
dri»djfl
8(0j,’l)) r
=det ((1 —r||z||*) 14, + rzaT) = |1 — — =
'5'(%90 ( ! ) |(v — 6;,0; —u)|

B.2 MORE SIMULATION DETAILS

B.2.1 TuHE LoG-GaussiaN Cox PROCESS

We provide more details of the Log-Gaussian Cox process discussed in Section 2.6.1. We first detail
the adaptive SMC algorithm in Algorithm 14. We then examine the effect of the threshold c used

in the flat histogram criterion (see Algorithm 4, step 3(e)). Figure B.1 shows that the WL mixture
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Algorithm 14: An adaptive sequential Monte Carlo (SMC) sampler (Zhou et al., 2016).

Input: proposal distribution ¢(@), Markov kernels { K }.
1. Initialization.
(a) Sample 8" from q() fori € [n] independently.
(b) Setw'” = 1/nfori € [n]. Set Ay = 0 and ¢ = 0.
2. While Ay < 1, iterate between the following steps.

(a) Sett < t+1.
(b) For some pre-specified k € (0, 1), using binary search to find A\; € (A;—1, 1] such that

i i B 2
(S wl?, (/a6 )
1w (/) (81, )20 =Ae=)

If n 'CESS;(1) > K,set \y = land T = t.

n_lCESSt()\t) = = K. (BZ)

(c) Compute the unnormalized weights wgi) = (y/ %,1)(91@1) fori € [n]. The
geometric sequence of the auxiliary distributions (@) is defined as

%(0) = q(6), vr(0) = (), and :(8) = q(6)*~7(6)' .
(d) Computer; =", wgi_)lwlgi), which is an estimate of Zy/Z; ;. Zy is the
normalizing constant of ;.

(e) Normalize the weights {wlgi)}ie[n] to sum 1.

(f) Compute the (normalized) effective sample size

ESS, = (B.3)

If ESS; < 0.5, resample particles using systematic resampling, and set wt(i) = 1/n for
i€ [n).
(g) Move particles Ogi) according to the Markov kernel K} for i € [n].

Output: normalizing constant estimate Z-, = Hthl 4.
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method is robust to the choice of ¢ in the region [0.1, 0.3].
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Figure B.1: Demonstration of the effect of the threshold c used in the flat histogram criterion (see Algorithm 4, step 3(e))
on the Log-Gaussian Cox process. The y-axis is the empirical standard deviations of the log normalizing constant estimates
over 10 independent runs. The unit square is discretized into an M x M regular grid (see Section 2.6.1).

B.2.2 VARIATIONAL APPROXIMATION FOR BAYESIAN LASSO

Algorithm 15 details the coordinate ascent variational inference (CAVT) algorithm used in construct-
ing the surrogate distribution for the Bayesian Lasso example (see Section 2.6.2). We use the mean-field

variational family, in which we assume

q(Bj) ~ N(my,s3), q(n;) ~ N(¢;,¢5), forj € p], and (&) ~ N(u,v®).  (B4)

The definitions of 3, 17 and £ can be found in Section 2.6.2.
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Algorithm 15: The CAVI updates for the Bayesian Lasso.

1. Given q(3;) fori # j, q(n) and (&), update ¢(5;).

: 1 1
(mj,sj) = arg max {e“ﬂz/2 [A_jm — =B;j (m*>+ %) ] + = long},
(m, s>0) 2 2

in which

n
— it
Ay =" Xigys — D (XTX)gmy, By = (XTX)j5 + e 9HG72
k=1 k]

2. Given g(n;) fori # j, q(B) and ¢(§), update q(7;).

(67.¢;) = argmax {¢ = N2HCS (2 e 202 log 8}'
(¢, ¢>0)

3. Given q(83), q(n), update g(§).
(u,v) = arg max { — (n+ p)u— Ce "2 4 logUQ},
(u, v>0)

in which

p
C=y'y—2y"Xm+tr [(mmT—i—dlag 53)) XTX +Z (mi + s7) —oetCi/2.
k=1
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Supplemental Materials of Chapter 3

C.1 ProoFrs

C.1.1 PROOF OF PROPOSITION 3.3.1

For the ease of presentation, we introduce the following notations. For t € R, denote

Gt = — S 1My > 1), Vo) = — S 1(M; < 1),

Po JESy Po JESo (C 1)
~ 1 1 '
GLl(t) = — 1(M;>t), GOt)=— Y P(M;>1t).
p( ) D Z* ( J ) p( ) Do Z ( J )
JES J€So
Let 7, = p1/po. In addition, denote
GOt VOt _ GOt
FDP,(t) = — il )A , FDPl(t) = = p )A , FDD,(t) = il )A .
Gg(t) + TpG]l,(t) Gg(t) + rpG]l,(t) Gg(t) + TpG;,(t)
(C2)
Lemma C.1.1. Under Assumption 3.3.2, if py — 0o as p — 00, we have in probability,
sup |GO(t) — GO(t)| — 0, sup [VO(t) — GO(t)| — o. (C.3)

teR teR

Proof of Lemma C.1.1. Forany € € (0,1),denote —oo = ol <ol < -+ < a?ve = o0 in which
Ne = [2/e€], such that G (o}, _,) — Gy () < €/2fork € [N]. Such a sequence {c } exists

because by Assumption 3.3.2, all the mirror statistics M;’s are continuous random variables so that
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G (t) is a continuous function with respect to t € R. We have

Ne
P (sup @g(t) —G,(t) >¢€) <P( U sup ég(t) —G)(t) >€)
reR k=1t€[a}_,.0f)

<> P( sup  GY(t)—Gh(t) > ).

k=1 te[ai—waZ)

We note that both @g (t) and G} (t) are monotonic decreasing function. Therefore, forany k € [Ne],

we have

sup  GU(t) — GO(t) < GO(ah_)) — GO(ak) < GO(ah_ ) — GO(ah ) +¢/2. (CS)

te[ag_],ai)

Based on Equation (C.4), Assumption 3.3.2, and the Chebyshev’s inequality, it follows that

Ne
o~ 0 ~0 0 € 4C'N,
P(fgg GO(t) = Gh(t) > €) < ;P(Gp(ail) — GOk ) > 5) < e —0, (C.6)
as p — o0. Similarly, we can show that
~ e ~ € 4C'N,
P(tigﬂg{ Go(t) — Gy(t) < —€) <Y P(Gh(ad) — Gy(ah) < —5) < (2)_&; -0, (C7)
k=1

as p — o0. This concludes the proof that sup,cr ‘@g(t) - Gf,(t)‘ — 0 in probability. The con-

can be shown similarly using the symmetric assumption of the

vergence of SUP;er ’V%(t) - G)(1)

mirror statistics Mj for j € S.
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Proof of Proposition 3.3.1. Notice that

lim sup FDR = lim sup [E [FDP,, (7,)]

p—0o0 p—o0

< limsup IE |[FDP,, (7,) — FDP,, (7,)| + limsup E[FDP} () ]

p—00 p—00

+limsup E ‘FDP}D (r,) — FDP, (Tq)’ (C.8)

p—o0

< limsup E [sup [FDP, (t) — FDP, (t)| } + lim sup B [FDP}, () |

pP—00 t>0 pP—0o0

+limsup E [sup ‘FDPL(t) - FDPp(t)‘ ] .
p—00 t>0

The first two terms are 0 based on Lemma C.1.1 and the dominated convergence theorem. For the last
term, we have FDP}; (14) < qalmost surely based on the definition of 7. This concludes the proof

of Proposition 3.3.1.

C.1.2 PRrOOF OF PROPOSITION 3.3.2

Lemma C.1.2. Forany FDR level g € (0, 1), let £ be thelargest value in [p] such that Iy +- - -+ <
q, where 0 < T, 1 < I @2 < < I (p) are the order statistics of the population inclusion rates. Let
po = |Sol, p1 = |S*|, and p = py + p1. Under Assumption 3.3.3(a) and 3.3.3(c), when py — o0,
we have

lim inf£ >1. (C.9)

Proof of Lemma C.1.2. Because { is the largest index in [p] such that I() + - -+ + sy < g, we have
Iy +- -+ 141y > q. Therefore, Iy41) > q/(£+1). By Assumption 3.3.3(c), forany € > 0, there
exists P, such that when p > p, we have Zjeso I; < g+ e. By Assumption 3.3.3(a), we have I; <

(g + €)/po forany j € S. We next consider the following two cases. (i) If ¢/(£ + 1) > (q + €) /po,
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we have I; < I(y4) forany j € Sy. Therefore £ > py. (i) If /(£ + 1) < (q + €) /po, we have

¢ 1
¢ (C.10)
P qgt+e Do

Because € can be arbitrarily small and py — 00, we conclude the proof.

Proof of Proposition 3.3.2. By Assumption 3.3.3(c), for any € > 0, there exists p, such that when
p > 7, we have ZjeSU I; < g+ €. By Assumption 3.3.3(a), we have I; < (¢ + €)/py for any
J € So. By Assumption 3.3.3(b), with the same € as before and av = (g + €) /po, there exists p”, such

that when p > p”, we have

qte

bo

1
#{yjestgg }§q+%. (C.11)
P1
By Lemma C.1.2, with the same € as before, there exists P, such that when p > p’, we have £ /py >
1 — €. In the following, we assume p > max{p’, p”, p"”’}. We next consider the following two cases.

(1) If I(g) > (q + €)/pos then I(y) > I forany j € Sy. This implies that none of the null features

will be selected, thus the FDR is simply 0. (2) If /4y < (q + €)/po, we have

2jes 15> 1) . > jes 1T > L) ey > jes LI > (a+€)/po)
E?Zl 1(I; > Ip) V1 ?:1 (I > Ip) V1~ p—F
. bi—lgt2p - pi—(a+2)p
- p—1 - p—po(l—e)
(L—a+pi/po)e

P1/Do+ €
(C.12)

Because € can be arbitrarily small and lim inf}, ,~ p; /py > 0, we conclude the proof.
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C.1.3 PRrROOF OF PROPOSITION 3.3.3

Suppose p; < pl. Let Z; = X — X&)

be the difference of the two sample means, which follows
N (0,40?/n) regardless of the data split. Z; is also independent to X ; = (X §1) + X 5-2)) /2 because

of the normality. The mirror statistic is thus M; = [2X ;| — | Z;|. It is sufficient for us to prove that

have

E[1(j € 8)/(|5| V1) || X ;] is a monotone increasing function of | X j|. By conditioning on Z;, we
- - Qr
X] B [1(3 €8

= X'

15| v1 !

—E(E|UEd) X7 ).
|S] V1

By conditioning on Xj, Zj and X;, Zj, we have M; > MJ/ For any realization of the rest of data

E ll(j e d)

15| V1

(C.13)

.- Qr
Xj,Zj] “E [1(‘7 €S

15|V 1

Xy, fori € [n]andk # j, whichisindependentto X ;, Zjand X/, Z;, wehave 1(j € S)/(|S| v 1) >
1(j € §")/(|8" V 1). This can be argued by considering the three cases including 7, < M}, M} <
Tq < Mj,and 74 > M;, where 7 is the cutoff of mirror statistics defined in Equation (3.3). In the
first case, we have 1(j € S)/(|S| V1) = 1(j € §)/(|5"| v 1) = 1/(|S] V 1), while in the third
case, wehave 1(j € 5)/|5| = 1(j € §")/|5'| = 0. In the second case, since 1(j € S') = 0, we have

1 € 8)/(15]v1) 2 1(j € §)/(|5'| v 1).

For mathematical convenience, we consider the mirror statistics defined to be

2
_ () p(2)
=TT (C.14)

in the proofs of Propositions 3.4.1, 3.4.2, and 3.4.4. The proofs can be adapted to the cases where we
use the mirror statistics

M, = ‘T}” + 1 . (C.15)

(1) (2)
-5 -1
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Let Q(t) = 1 — ®(t), where ® is the CDF of the standard normal distribution. Let ¢(t) be the
probability density function of the standard normal distribution. Denote H (t) = IP(Z,Z5 > t) for

t € R, where Z; and Z, are independent, following the standard normal distribution.

C.1.4 PROOF OF PROPOSITION 3.4.1

We define the following normalized versions of €2 and A,

il

QU — _—.
Y e

LAY = (C.16)

TECHNICAL LEMMAS

Lemma C.1.3. Let Z = (Zy, Z,) T follow a centered and standardized bivariate normal distribution

with correlation p. Forany ¢,%, € R, we have

1+ [p| t t2
P (7, > t, Zy > 1) < ). C.17
A nz MQ( 1+\pr>Q< 1+|p|> )

Proofof Lemma C.1.3. Denote ¥z as the covariance matrix of Z. The eigenvalues of ;" are 1/(1—p)

and 1/(1 + p). Therefore,
P(letl,zgzm:zmiﬁ/tl /t eXp<_sz;g;>dx
1 x? o0 T3
o= o o (51, )d/ e (=1 7) 4o
i)
Vi—p " \V1+]0l V1+]ol

| /\

(C.18)

Lemma C.1.4. Under Assumption 3.4.1, for any € > 0, there exist constants ¢y, ¢y, ¢3, ¢4 > 0 such
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that for large enough n,

1 n
P Ay — Q] < >1—cp’ - —c3p? —cyn) —e. (C.19
<ir,?3[};]’ i~ Pyl < 1ogp> = ar eXp( Czlogp> ep exp(—en) e (C19)

Proof of Lemma C.1.4. The proof follows similarly as the proof of Lemma 7.2 in Javanmard and
Montanari (2013). For any € > 0, by Proposition 5.1 in Javanmard and Montanari (2013) (also see

Van de Geer et al. (2014)), there exists n, such that for n > n., we have

P (HQ — Q|o < (C.20)

1
<—)>1--
\/logp)

In the following, we assume n > 7., and condition on the event Hf\l — Qoo < 1/y/logp. Let

v=0Te,u=0"e;,§ = Q-0)Te;,n = (Q—Q)Tej. We have the following decomposition,

Aij — Q5 = (v — &) S(u—mn)— Q. j

(C.21)
= (W' Su—-Q;;)—v'En-0"Su+d'En.
We proceed to bound each term. Consider first v Su— €2; ;. We note that
Ejv Su] =v' Su = Qj.
Thus, it follows that
(v—208)"S(u—n)— Q= v ' Su— Ev Sul
(C.22)

- ;Zn: el @ (XX - E[X, X)) QTe;.
k=1

Denote &, = eiTQ (XkX,;r - E[XkX,;r]) QTej for k € [n]. &’s are independent, and have
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sub-exponential tails because

1€klls, < 21l(ef 2Xk)%Ily, < 4llef QX[ < 4C% /05 (E) = K, (C.23)

where the first inequality follows from Vershynin (2010) (Remark 5.18), the second inequality fol-
lows from Lemma C.1 in Javanmard and Montanari (2013), and the last inequality follows from As-
sumption 3.4.1. Without loss of generality, we assume K > 1. Using a Bernstein-type inequality

(Proposition 5.26 in Vershynin (2010)), we have

ot
> t) < 2exp (—cn min <K2’ K)) (C.24)

Plugging in t = 1/+/log p and employing the union bound, we obtain

(g

k=1

P (max ‘vau -5
i.7€[p]

X C .2;

for some constant c3.
Next we consider 8 ' £7). Since & = 0, we have |§ TS| < [67 £6]1/2[n T Sn]1/2 using Cauchy-

Schwartz inequality. Therefore, it is sufficient for us to upper bound & T$38 and nTﬁn. We have

z|
628 = ; < 8]0 < 8]0 12l .
S St < Bl < [Blel0 -G < 2= €29
i,5€[p]
The tail probability IP(| S| = 2) can be bounded as follows
P(Sle >2) < Y P(S5>2) < Y P(S; - Byl > 1). (C.27)

3,J€ [P} i,j€ [p]
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Let&, = e;-erX,:ej — Y, we have

1€k < 2l(ef Xi)[ly, < 4lle] X3,
(C.28)

max

< 4lle] Q722X |3, < dok, (E)C2.

Thus £ s are independent sub-exponential random variables. By the Bernstein inequality, we have
P(|Ele > 2) < 2p° exp(—cin) (C29)

for some constant ¢;. We remark that although 6 = (2 — Q)Tei is implicitly associated with the
index %, the upper bound |§]oo 192 — ﬁ\ |2 in Equation (C.26) is irrelevant to the index ¢. Therefore,

we have shown that

P <max 5T§]17 >

< 4p® exp(—cyn) + 2, C.30
i,j€[p] 10gp>_ P exp(—esn) +2¢ (C.30)

where the maximum is taken with respect to the implicit index %, j associated with & and 7.
We now consider ’valn. We have
max |v! S| < max[v! Sv]/2n! Sn)'/?
i,J€[p] i,J€[p]

< ma[X]UUTiv — Qi + Q][0 =m) (C31)
NS

< [max |v' Sv — Q4| + max [Q;(]"/? max nTin 12,
ma |+ e/ masin S

Under Assumption 3.4.1, max;ey |{2] is upper bounded by some constant. Combining the in-

equalities in Equation (C.25) and Equation (C.30), we have

P (max v S| >

n
< 2p* exp (—c ) + 2p* exp(—cyn) + €. (C.32)
i.g€lp] x/logp) “log p (Fem)
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The decomposition in Equation (C.21), along with the inequalities in Equation (C.25), Equation

(C.30) and Equation (C.32) together imply the claim in Lemma C.1.4.

Corollary C.1.1. The high probability bound in Lemma C.1.4 also applies to the normalized versions
A" and Q°. That is, under Assumption 3.4.1, for any € > 0, there exist constants ci, ¢z, ¢3,¢4 > 0

such that for large enough n,

P (max ‘A QU |

> > 1—cp’exp <—c2 n >—03p2 exp (—eyn) —e. (C.33)
i,5€p]

1
— logp logp

Proof of Corollary C.1.1. Under Assumption 3.4.1, there exists some constants K1, Ky such that

0 < K; < min Q“ < maini < K. (C34)
ic[p] i€[p]
We proceed to show that
ma[;f ’A Q?]‘ < c/y/logp (C.35)
7] E
for some constant ¢, conditioning on the high probability event { max; ;¢ i 1A — Qi <1/y/logp }.
We have
Aij Qij
max ‘A Q?j ‘ = max J J
ijelp) iichl | Ay Q%
Ayj Ay Ay ij
< max J J +m J i .
il | Ay /Sy B VUt sy
(C.306)
Consider the first term. For large enough p, we have
| J ‘ < | J J | + J K3 (C37)

< <
VAR T Q0 — (A — Qual][Q5 — (A5 — Q5]
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for some constant K. It follows that

Ay Ny | Ayl <Au‘Ajj ) 2 <K <AiiAjj > 2 1
\/AiiAjj \/Qiinj \/AiiAjj Qiinj =0 Qiinj
1 1/2 1 1/2
= (1 " Vlogp Q“> (1 " Vlogp ij) : (C.38)
< ‘1 L R S 1‘
- Kilogp Kilogp
< K

:

logp

for some constant K. In thelast to second inequality above, we use an elementary inequality /1 + x <
1+ a forxz > 0.
For the second term, we have

A @y | A -y 1
VO /i - Koo T Kiylogp

(C.39)

We note that both the upper bounds in Equation (C.38) and Equation (C.39) do not depend on the

index i, j. Therefore, we have shown that

max |AY; — QY| < (K4 +1/K1)/+/logp. (C.40)
1,J€

This implies the claim in Corollary C.1.1.

Lemma C.1.5. Under Assumption 3.4.1, as n, p — 00, we have

swp [P(Ty > 1) — Q) — 0,
teR, j€S5y (C 41)

sup P(Ty < 1) — Q(—0)] —0.
teR, j€S5y
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Proof of Lemma C.1.5. Recall that
Ty = vnBI/AY and  Zj = Z;/A7|X ~ N(0,1).

By Lemma C.1.4, for large enough n, min e, Aj; > ¢ > 0 for some constant ¢ with high probabil-
ity. Throughout we condition on this high probability event. Recall the decomposition in Equation

(3.7). For j € Sy, ie., B; =0,T; = Ej + Aj/A%Q. Forany? € IR, we have

P(Tj > 1) — Q(t) = P(Z; > t — Aj /A7) — Q1)
<SP(Z; >t =)+ P (||Allo > ev/e) — Q1)
(C.42)
<Q(t—e€)—Q(t) +e

S C1€

for some constant ¢; > 0, in which e = s*logp/y/n — 0. We use Theorem 2.3 in Javanmard and
Montanari (2013) to control the bias term A via P (|| A||s > €4/¢) < €. The last inequality follows

from the simple fact that forany ¢t € R, € > 0,

t 1 x? €
Qlt—e) — Q) = /te Eexp (—2> dxr < Nors (C.43)

Similarly, we have

P (T; > t) = Q(t) = P(Z; > t+ )P(||All < ev/e) = Q(1)
> Q(t+e)(1—¢) = Q(t) (C.44)

> —cje.

for some constant ¢ > 0. Since the bounds in Equation (C.42) and Equation (C.44) are irrelevant to
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t and the index j, the first claim in Lemma C.1.5 follows. The second claim can be shown similarly.

Lemma C.1.6. Under Assumption 3.4.1,as n, p — 00, we have

sup |P(M; >t)—H(t)] — 0,
teR, jE€Sy (C 45)

sup |P(M; < —t)— H(t)] — 0.
teR, j€Sy

Proof of Lemma C.1.6. We prove the first claim. The second claim follows similarly. Recall that
M; = Tj(l)Tj(?), where Tj(l) and Tj(Q) are independent. Fort € R, H(t) = P(Z,Z, > t), where
Zy and Z, are independent following the standard normal distribution. By Lemma C.1.5, for € =

s*logp/\/n — 0,andany t € R, j € Sy, we have

Qt) —e<P(T; >t) <Q(t) +e,
(C.46)

Q(—t) —e< P(Tj <t) < Q(—t) +e

for large enough n and p. Denote pr; (x) as the probability density function of T}. It follows that

et o [ p(r®t P 0 _ 1
(M; >1t)= i P\ T; >; ij(l)(I) T + P\ T; <; pT]@)(x)dx

—0o0

—+00

<[ Qumpg @i+ | @t-tmp o+

- /+OOIP (Tj(” > t) é(z)dx + /0 P (Tj@) > —t> ¢(z)dx + ¢ (C47)
0 x x

—00

—+00

< [Tawmowi+ [ Qs a

0

= H(t) + 2e.

Similarly, we can show that P(M; > t) > H(t) — 2e. This completes the proof of Lemma C.1.6.
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Lemma C.1.7. Under Assumption 3.4.1,as n, p — 00, we have

1
supVar( Z 1(M; > t)) — 0,
teR Do €% (C48)
) .
supVar( Z 1(M; < —t)) — 0.
teR Do €%

Proof of Lemma C.1.7. We prove the first claim. The second claim follows similarly. Denote the
correlated setas I' = {(¢,7) : 4, € Sy, €2 # 0}, and the uncorrelated setas I'“ = {(4,j) : 4,7 €

So, §ij = 0}. We have the following decomposition.

0 <sup Var<
teR

i Z 1(Mj > t)>

DPo re)

1
< —sup Y [P(M; > t, M; > t) — P(M; > t)P(M; > t)]
Po te]R( )

i,j)er
1
+sup Y [P(M; > t,M; > t) — P(M; > t)P(M; > t)] (C.49)
pO teR (Z - c
J)er
<B 1z sup [P(M; > t,M; > t) — H*(t)]
< = 3 P ) s AVlg
pO 0 (i,j)EFC teR

1

+ = Z sup [P(M; > t)P(M; > t) — H*(t)] .
0 (ij)ere '€R

By Assumption 3.4.1 (1), we have |T'|/p2 < pov/n/(plogp) — 0. Further, by Lemma C.1.6, we

have

sup |P(M; > t)P(M; > t) — H*(t)| — o. (C.50)
tE]R,i,jeSo

Therefore, it is sufficient for us to establish a vanishing upper bound (converge to 0 as n, p — 00) of

SUD¢eR, (4,5)ele []P(MZ > 1, Mj > If) — HQ(t)].
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In the following, we condition on the below high probability event

{ j

minAj; > ¢

JEP]

i lalesel @

max ]A?j -
i,5€[p]

ng|g\/1i@}m{

with € = s*logp/y/n — 0 and some constant ¢ > 0. Besides, by Lemma C.1.5, forany ¢ € R,

j € Sy, we have

Q) —e< P(T; >1) <Q(t) +¢
(C.52)

Q(=t) —e < P(T; <t) <Q(—t) +e

for large enough n and p. We have the following decomposition.

/O /0 P <Ti > T > y> pTiu)’T]gn(x,y)dxdy
—I—/ / P <TZ-(2) > ijj(Q) < ) P (1) (z,y)dzdy
0 —oo T Yy vy
LT (et e
+/ / P\ T;7 < =17 > = ) proy poo (2, y)dady (C.53)
—00 J0 €T ) LA
0 0 t t
+ / P (Ti@) < f,Tj(Q) < > Do) () (z,y)dxdy
—00 —00 X y T 7]

L+ L+ I+ 1,

p1;,1; (2, y) is the joint probability density of (73, T);). For the ease of presentation, we introduce the

following notations.

Hl(t) =P (leg >, Zy > 0, Ly > 0),
Hg(t) =P (Z1Z2 >, Z > 0, oy < 0),

(C.54)
H3(t) =P (21Z2 >, 7 < 0, Ly > 0),

H4(t) - IP (Z1Z2 > t, Z1 < O, ZQ < 0) .

Thus, it is sufficient for us to establish a vanishing upper bound (converge to 0 as n, p — 00) for each

Of{supte]R,(i,j)eFC 1,

— H}(t)], k € [4]}, respectively.
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We detail the proof of the first one, while the other three follow similarly. Let p = 1/+/logp — 0.

For (i, j) € I'“and any ¢, %5 € R, we have
P(T; > t,T; > to) <P(Z; >t — €, Z; >ty — €)
sae(n)e(is) e
< () o () o

for some constant ¢; > 0. The second inequality follows from Lemma C.1.3. We note that for

(4,7) € ', once we condition on the event {max; ;e ]Agj - ng\ < 1/+/logp}, we have ]A?J‘ <
1/+/log p. The third inequality follows from Equation (C.43). Plugging the inequality in Equation
(C.55) into I, we have
1 2
< (1tp)

=T

2
P <Z122 > 21 >0, Zy > 0) + cle. (C.56)

t
V1i+p

for some constant ¢ > 0. Consequently, it follows that

1 1+ p)?
sup [ — H{(t)] < (1 - ) + [( pg - 1] +cie—0 (C.57)
teR, (i,5)€re p

asn, p — oo. This completes the proof of Lemma C.1.7.

ProorF oF PROPOSITION 3.4.1

In addition to the notations introduced in Section C.1.1, we denote

1 1
Gh(t) = — D P(M;>t), V(t)=—> P(M;<—t). (C.58)
Po J€So Po JESH
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The definition of FDP,,(t) is slightly modified to be

H{(t)

(C.59)

The proof of Proposition 3.4.1 is essentially the same as the proof of Proposition 3.3.1, with the help

of the following Lemma C.1.8.

Lemma C.1.8. Under Assumption 3.4.1, as n, p — 00, we have in probability,

sup |GY() — H(t)j o,
rel (C.60)

sup [V2(t) — H(t)‘ o
teR

Proof of Lemma C.1.8. We prove the first claim. The second claim follows similarly. Notice that H ()
is symmetric about 0. By Lemma C.1.6, it is sufficient for us to show that
sup |GA(t) — GO(1) ] o,

teR (C.61)

sup \17;(15) - V;(t)( o
teR

The proof follows similarly as the proof of Lemma C.1.1 using an e-net argument, except that we use

Lemma C.1.7 instead of the Chebyshev’s inequality in Equations (C.6) and (C.7).

C.I.s PROOF OF PROPOSITION 3.4.2

For the ease of presentation, we introduce the following notations. Let (u, v)s; = uTXw for any
u,v € RP,and||ul[}, = uTXu. Denote ¥ = LLT as the Cholesky decomposition of the covariance
matrix 2. Let

o — L8, 8 = LT3, §® — LT3,
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By Proposition 2.1 in Zhao et al. (2020), €2 has the same distribution as the MLE (using half data) of
the underlying GLM with true regression coefficient * and features drawn i.i.d from N (0, I,). Let

o) = 11Pg:0%|2, o) =||Pg:0];,

in which Pj; is the projection matrix onto the orthogonal space of 6*. Define § (1), £® 25 below,

1
eV =w _ E(W(l),,@*bﬁ*a

2 (C.62)
€0 =W - (W, g8,

Wn

where W, W areiid N (0, Q) random vectors, independent to everything else.

Define Z ](-1) =T; Wj(l) and Z ](-2) =T; VVJ@ forj € [p]. Thus Z(M) and Z® independently follow
N (0, R) with R;; = 7;7;€;;. Denote w?, = Var(x]3*). We assume wy, — wasn, p — co. Witha
bit abuse of notation, denote k = 2p/n € (0, 1) as the ratio of dimension over sample size after data
splitting. Recall that o, is defined to be the unique optimizer of the optimization problem (??).

For j € [p], let

~(1) A >

W QTJ( )@1) 0y _ [m Tjﬁju) ) _ \/ZEZJ(I)

=T , Z . (C.63)
2 o, 207(11)/\/E 1€W] |5

T](Q), T]-(Q) and Z j(z) are defined similarly. We note that since the selection result, using the data-

. . L . 1 2 . . .
splitting approach, is scaling invariant with respect to Tj( ) and T]( ), thus in practice, we can simply

drop the constants y/n/2 and o, (see Algorithm 13). For j € [p], define

M; =TT, (C.64)
which serves as an approximation to the mirror statistic M; = 7’](1)'_]}(2).
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TECHNICAL LEMMAS

Lemma C.1.9. Let ZW, Z?) € R? independently follow N (0, R), in which R;; = 1for j € [p).
We have

~ ) i
sup B (P - H(1)] < o T CIIRI, (C.65)

where C' > 0 is a universal constant, and

p

1

=-> 1(zWz® > 1), |[R|l = Z\Rm. (C.66)
J=1

7] l

ﬁ

Proof of Lemma C.1.9. Lemma C.1.9 is a generalization of Theorem 1 in Azriel and Schwartzman

(2015), and the proof follows similarly. We have

sup [E F(t sup[H — H(t
sup B | (F(1) - 0] < Z sup ()]
1
+ - ) sup [IP(Z](I)ZJ(-Q) >t,2072% > 4) - H2(t)} (C.67)
p iz t€R
=1L +1

By the Cauchy-Schwartz inequality, I; < 1/(4p).
For I5, we decompose it into four terms conditioning on the signs of Z ](-2) and Zi(Q). We detail one

term in the following, and the rest three terms follow similarly. Let
I =P(2" 2" > 1,227 > 1,2 <0,2" <0) ~P(2:2, > 1,2, <0)*. (C.68)
Recall the Mehler’s identity (Kotz et al., 2000), that is, for any ¢, ¢, € R,
D (tr,t2) = O(t1)D(t2) + nio:l %:Léf?(n*l) (8" (ta), (C.69)
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in which ®, is the bivariate CDF of standard normals with correlation r, and ¢(" is the nuth derivative

of ¢. Using the Mehler’s identity twice, we have

n!

0 0 [ Rn
m-z| | [Z” 0 1) 6 (1) | §(0ur) b (o) s

0 0 o (n—1) ()12

<olmy| / / 5 [sup;er i' (t)] (1) b2tz iy (C.70)
00 /=00 g '

< C|R;;l,

for some universal constant C' > 0, in which we use Lemma 1 in Azriel and Schwartzman (2015),

that is,

o0 71) 2

sup;eg 0"V (1)

> [supre . | < co. (C.71)

n=1
This completes the proof of Lemma C.1.9.
Lemma C.1.10. For j € Sj, we have

M; 2707, (C.72)

Proof of Lemma C.1.10. By the stochastic representation (Lemma 2.1, Proposition A.1) in Zhao etal.

(2020), we have

~(1 a0
) _ N OR _ VL o a VILT P Z g i€ a s (C.73)
W o0 P& Zll. €D 7 '

On n

T

in which Z following N (0, I)) is independent to everything else. The last to second equivalence
follows from the fact that L_TPé‘* z 42 €W and the last equivalence is only true for j € S;. We

have a similar representation for fj(z). The proof thus completes.

Lemma C.1.11. We have 0, 5 /Koy asn, p — oo.
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Proof of Lemma C.1.11.

Lemma C.1.12. There exists a constant ¢ > 0 such that for any € € (0, 1), we have

P (max

[v] W7} — 1‘ o 6) < pexp(—c(n/2 —p+ 1)é?). (C.74)
JE[P

A similar statement also holds for max;ep| )7/:]2(2) / 7']2 —1 ‘

Proof of Lemma C.1.12. We first notice that

min T] - 1/m?‘p)](QJJ 2 1/UIH‘1X(Q) = UInin(E) > 1/61 >0,

Jj€lpl ©75)
maXTj =1/min Qj; < 1/0min(Q) = omax(X) < 1 < o0,
j€lp] j€lp]

by Assumption 3.4.2. Thus, it is sufficient for us to consider max ¢ |7 ’ 72(1) ‘ Since RSS( )

Tj X2 Jo—pt1> by the union bound and a Bernstein-type inequality, for any € € (0, 1), we have

P
e (g -]=-) < or (0o -
i =1 (C.76)
< pexp(—c(n/2 —p+1)e*),
for some constant ¢ > 0.
Lemma C.1.13. For any Lipschitz continuous function f : R — IR, we have
— Z (M;)] = 0. (C.77)

JESO
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Proof of Lemma C.1.13. Denote the Lipschitz coefficient as L. We have

Do ¢ Do ¢ Do
i€5 . & , C.78)
(2) 1) A (1) 2  A(©2)
< 3T - 70+ 3T TP - T
Do ? 3 poj 5

In the following, we detail a high probability upper bound for the first term, and the second term can
be treated similarly.

Forany € € (0, 1), we condition on the following three events:

By = {|VK/on —1/0,] <€},
B, = {7V <} n{BTP8B? < ¢}, (C.79)

E; = {E%E[i«;}(‘?](l)/ﬁ — 1‘ < 6} ﬂ{];%?;]c‘?;m/q — 1‘ < e}.

We note that for large enough n and p, E holds for large enough constant ¢ with high probability by
Theorem 4 in Sur and Candes (2018), and 4, E3 hold with high probability by Lemma C.1.11 and

Lemma C.1.12, respectively.

We have
-~ 2 o Omax (2 2
> (n8Y) <mrt ¥ B0 < EHa @BV < e (ca
jeSo JElP. j€lp] min
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by Assumption 3.4.2 and the event Fs. It follows that

Z[@“ﬁ] <23 [0 - ) U} 2 Y [ }

JESy JESo JE€So
< Qmax‘ 70 )/7'] - 1’ Z [T] Jl)} +2 Z [T]B(l)} (C.81)
J€lp] J€So J€So

<2(e* + 1)cie,

by the event Ej3. The same upper bounds also hold for g, (7 EJ@)] *and > iesy [7’:](2)3](-2)} ?
respectively.

We note that

A(l)

(1) _ 7 ~m3m||vE n K || -
’T —1 ‘<\/7ﬂﬁj 07_5 20, | Tj 1‘ (C.82)
<+/n ‘A(l €+ /n ’7‘] e(e+1/0y).
Therefore, by the Cauchy-Schwartz inequality, we have
1 A nLe(e + 1/0* 2) (1) 5(1)
sz:U}T HT T ‘S 2P0« Z‘ j HTj Bj ‘
nLe A<2 ~ A(l)
2p00'* Z ’ ’ '
L<+1/>[ 50 H 30)’] "
< 3Poss JGZS;[J (T] B; ) Jg;o (TJ B )
nLe ~(2) 502) 2]1/2[ ~(1)3(1) 2]1/2
S PCE DN RPICED
< de,
(C.83)

for some constant ¢ > 0, since p/n — /2 and lim sup p/py < +00 by Assumption 3.4.2. This

completes the proof of Lemma C.1.13.
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Lemma C.1.14. For any Lipschitz continuous function f : R — IR, we have

72 ZVZ) ~ p(2Vz28) s o, (C.84)
JGSO

Proof of Lemma C.1.14. Denote the Lipschitz coefficient as L. We have

L SUEE) - 1202 < Y

Dbo Do
Jesh 7€ (C.85)
Ll vb VP 5|00
1 2 i 7
Ol Te@ s 'l 22
We proceed to show that
Z ’Z VZ01 = 0,01) a g 1V v ) (C.86)
JES p
The first claim follows by noticing that
(1) »(2) (1) »(2) (1)y2 (22112 _
[poZ‘Z ] |22 < [B(2")EB(Z7)") =1, (C.87)
For the second claim, by the definition of § @) in Equation (C.62), we have
)2 1)1)2 *
€01 _ IWOLR 10 8, 59
p p p Wn
For the first term, we have
M2 yAVA
M - lw(l)Tzw(l) - Ly, (C.89)
p p p

in which Z ~ N(0, I,,). Besides, since (W), 3* /w,,)s; follows a standard normal distribution, the
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second term converges to 0 in probability. The proof of Lemma C.1.14 thus completes.

Lemma C.1.15. Foranye € (0,1), we haveasn,p — oo,

1§)u@>w—mﬂ>a—%& (C.90)

sup 1P<
teR Do )

Proof of Lemma C.1.15. We prove an one-sided result, whereas the other side follows similarly. Given

t € Rand e € (0, 1), we define the follow Lipschitz continuous function,

1, x € [t,+00),
fre(®) =q 144(x—t)/e, x€(t—e€/4,t), (C.91)
0, x € (—oo,t —€/4].

We note that by integrating with respect to the density of the product of two independent normals,

we have

Elfi.e(Z122)] — H(t) = Blft(Z£12,) — (Z1Z, > t)] < €/4. (C.92)

We thus have the following decomposition:

P(L 310650 - 10 > <) < P13 fu06) - BB Z)] > o2)

€5 0 jes,
<L+ L+,
(C.93)
in which
1
<ZM6 ~ fe0T))] > Q
P J€So
=P (3 [ 220 - 52 2] > efs). (©.9%)
Do re)
< > h2 2 m%@pm)
]ES
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By Lemma C.1.13, we have sup; [; — 0 because the Lipschitz coefficient of f; () is 4/€ inde-

pendent to t. Similarly, by Lemma C.1.14, we have sup; I> — 0. For sup; I3, we follow the proof of

Corollary A.2 in Zhao et al. (2020) to show that it converges to 0. Since f; () is continuous and in

the range of [0, 1], we partition the unit interval

any & € [uj_1, u;), we have

‘ft,e(x) -

We define

fts the Uz 1

Then we have forany z € R,

[Frela) -

With the following decomposition,

fote (z\Nz?

]GSU

ZS

we have

sup I SsupIP< S Re2029)
0

teR teR jeSo

< sup (
—0

—00 = Uy < Uy < -

Jte (ui—1)| < €/32.
€ [ui—1,u;)).

ﬁ,e(x)\ < ¢/32.

BE(ft.(Z12,)]

zV 7)) {ﬁ,g(zlzg)] +¢/16,

— E[f1e(Z12,)] > 6/16)

by Lemma C.1.9. This completes the proof of Lemma C.1.15.
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(C.95)

(C.96)

(C.97)

(C.98)

(1)Z(2) [ui,ui_H)) — IP(ZIZQ S [Uiuui—i-l)) > 6/16)

(C.99)



ProoF oF PROPOSITION 3.4.2

The proof follows similarly as the proof of Proposition 3.4.1 thus is omitted.

C.1.6 PROOF OF PROPOSITION 3.4.3 AND 3.4.4
TECHNICAL LEMMAS

Lemma C.1.16. Under Assumption 3.4.3, for any € > 0, there exists a constant C > 0, such that

P(N;_,Ef) > 1 — ¢, in which the events EY, E, E, Ef are defined as follows:

Ef = {mfﬁlm Yilli < CeS\/m}’
E5 = {gn?pXH% Yilla < Ce \/W}
E5 = {nHX(ﬁ—,@*)I% SCeS*logp/”}a

= {118 - 87|11 < Ces*Viogp/n ).

(C.100)

Proof of Lemma C.1.16. Lemma C.1.16 follows from standard arguments in Bickel et al. (2009),

Raskutti et al. (2010), Bithlmann and Van De Geer (2011), Van de Geer et al. (2014).

Lemma C.1.17. Under Assumption 3.4.3, we have

max‘T - 2’ = Op(\/slogp/n),

JEP]

max‘l/T —1/7'2‘ = Op(y/slogp/n).

jelp]

(C.101)

Proof of Lemma C.1.17. The proof follows similarly as the proof of Theorem 3.2 in Van de Geer et al.
(2014), combined with some enriched arguments that we detail below. For any € > 0, we condition

on the high probability event {N}_, Ef}. By Assumption 3.4.3, we assume that p is large enough so
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that

max 2] (B =B < l[zilll|B — B*|l: < C2Ces*\/logp/n < 4.
Thus, ] B lies in the d-neighborhood of the &] 3*. Since X 5= VV@VV/G_*1 X g+, we have the follow-
ing decomposition,

7/:2 — 7'2 = —XT (XEJ - XAvijAj> - 7—32 = Il + 127 (Cloz)

in which

1 T ~
L= ~-Xg; (Xpj = X 7)) = 75, (C.103)

1ot _ _
L= —Xpg (W%Waf - I) (Xgej = X)) -
We proceed to upper bound ; and I.
For I, we have the following further decomposition Iy = I1y + 112 + I13 + 14, using the fact that

Xg+; = Xg~ _j7vj + nj,in which

1

Li=—mjn; =7, To=-njXp (v, = %)),

_ L oTxT o~

IIJ = E'Yj Xﬁ,*j (Xﬁyj — Xﬂ,*j’yj> 5 <C104)
I 1T - =

_[14 == ﬁ ' XB* —j (I WéWﬂf) (Xﬁ* j Xﬁ*,—jvj) .

For I, by Assumption 3.4.3, we have

1Mjlloe < [ X8 jlloc + || Xgr,—7jllo0 < 2C5. (C.105)

Since ]E[n;—nj /n] = 73, we have

max I1; = Op(+/logp/n),

JEP]
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using the union bound and the Hoeffding’s inequality.

For I, since E[anX,@*,,j} = 0, we have
max [} X /nlleo = Op(V/logp/n).
by the union bound and the Hoeftding’s inequality. It follows that
max I, < max||n] X5 /0|l max |[7; — ;|1 = Op(slogp/n).
mx s < max 1] Xy /nllc s 15— 311 = Op(slogp/)

For 1,3, since 7y; is s—sparse, by Assumption 3.4.3, we have

max ||v;||1 < vVsmax ||yl = smaxZ-_E—Q.f.E_--l/2<\/§C2C’.
je[p]HFY]HI_\[je[p]HFYJHQ \[je[p}[ J=J*—j,—j PRI 5/Cs

In addition, by the KK'T condition of the j** nodewise Lasso regression, we have

—l— ~ J— ~ A. .
max[|X7 (X5, = X5_ ) /nlle < A

It follows that

, < - X ( =~ X .“) ~
gré?pﬁfm_gg?pfllw\h%ﬁHX@,j X5, —X5_7)/nll

= Op(V/slogp/n)

For I,4, we first notice that

[[ X g+ — Xgr—7jlloo < Mjlloo + 11X gx— (¥ — ¥5)lloo

<205 + Colv; — Al < 3C,
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by Assumption 3.4.3 and Equation (C.105). By Assumption 3.4.3, it follows that

302 Z (i, 21 B) — (y;, 21 B*)

max [{4 < —= ~
el T n = U(ys, @] B*)
< 3C,C2|X (B — B2/ V/n)

= OP( V S* Ing/n)v

(C.111)

in which the second inequality follows from Cauchy-Schwarz inequality. Combining the upper bound

on max;e|y| Iy, max;e|y| 1o, maxe|p] I35 and max;e|

p]
Op(+/slogp/n).

1,4, we have shown that maxcp| I, =

Finally, max;e[,] I> can be upper bounded similarly as maxc(,) 14. This completes the proof

of the claim in Lemma C.1.17. The second claim follows by noticing that 1/ 7']2 is uniformly upper

bounded because

1/7—]2 = QJ,J S UIrlax(Q) = 1/0-111111(2) S Cg.

This completes the proof of Lemma C.1.17

Lemma C.1.18. Under Assumption 3.4.3, we have

max [|Q;. — Q;.||1 = Op(s1/logp/n),

J€lp]
Hé?p}]( Hﬁj — Q.= Op(\/W)a
J

mex 19,20, — Q| = O,(v/slogp/n).

(C.112)

(C.113)

Proof of Lemma C.1.18. By Lemma C.1.16 and C.1.17, for any € > 0, there exists a constant Cc > 0,
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such that P(NY_, Ef) > 1 — ¢, in which Ef for i € [4] are specified in Lemma C.1.16, and

Ef = {maxﬁ'\;—Tyz} < Cﬁ\/m}’

JEP]

Bt = {maxu/?; —1/7}| < CEJW} :

JEP]

(C.114)

In the following, we condition on this high probability event NY_, E¥. By Assumption 3.4.3, we as-

sume 7 is large enough so that Cey/slogp/n < Cs.
We first note that by Equation (C.112),

177 < |1/75 — /75| + 1/77 < 2C5.
Thus, by Equation (C.107), we have

max ||Q;. — Q. ||, = max||C;./72 — C;. /72
9. = .1 = max G5 /7 — /72l

< max ||5; — ;|| max1/77 + max ||y;||; max [1/77 — 1/72
jel Y T e T e je[z:]| 7=/ (C.115)

< 2030, s+/logp/n + C; /C3Cev/5+/slogp/n
= Op(sy/logp/n).

Similarly, we have

max ||Q:. — Qi ||y = max||C;. /72 — C; /72
e ]H 75 LHQ je[p]H ]7/] J,/gHQ

< max||q; — vjlla max 1/77 + max ||, ||, max [1/77 — 1/77
el el Y Gew je[p]‘ ! ]‘(c.ne)

< 205C./slogp/n + C3/C3C\/slogp/n
= Op(y/slogp/n).
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For the last claim in Lemma C.1.18, we employ the following decomposition.

2
M
)

|

2
|

=)

|

2

v
)

g — )T+ 20, 59 — )7

For I, by Assumption 3.4.3, we have

max [; < O'max(z) maXHQJ,' - Q]}'H% = Op(s logp/n).
J€lpl JEP]

For I,, we have

max [, = Zmaxe;(QL. — ;)" =2max |1//T\]2 - 1/7'5! = Op(+/slogp/n).

JE[p] JEP] J€[p]

This completes the proof of Lemma C.1.18.

Lemma C.1.19. Under Assumption 3.4.3, we have

?é?p)}daj —oj| = Oy(sy/logp/n),

5%?;}(“/8]' —1/oj| = Op(S\/logW)-

Proof of Lemma C.1.19. By Assumption 3.4.3,
0> =Qj; > omin(2) > 1/C5 > 0.
Therefore, we only need to consider the first claim in the lemma. In addition, since

max |6; — 0| < max |52 — 03| /o; < \/Csmax |6 — o2
jG[p]’j J‘ . ]’] j|/] .€}|] gb
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it is sufficient to show that

max |55 — 03| = Op(s+/logp/n).

Jj€lp]
We note that
max ]a —0j = max \Q EQ —Q; ;| + max \ﬁjiﬁj - §]E§;| (C.122)
J€Elp] J€E[p] JE[p] ’ ’

By Lemma C.1.18, the first term is Oy (/s logp/n). Using the same arguments as in the proof of
Theorem 3.1 in Van de Geer et al. (2014) (page 1198), we can show that the second term also scales as

Op(sy/logp/n). This completes the proof of Lemma C.1.19.

Proor oF PROPOSITION 3.4.3

We first note that for j € [p], the bias term A can be decomposed into the following three terms,
n . n -~ .
Ry, = Y0, i — Y0, Paige,
g 0
"B

Ryj = —‘a/f (. Pal5 —e]) (B- 8, (C.123)

na 2 *
Ry; = —iﬂj,.P (e —lge) + QL XTW2 X (8- pB).

9j

We proceed to bound each term. Forany e > 0, thereexistsa constant Ce > Osuch that P(N}2 Ef) >

1 —¢,in which E fori € [4] are defined in Lemma C.1.16, E¥ and Ef are defined in Lemma C.1.18,
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and EY, E§, E§, EY, are defined as follows,

E: = {maxHﬁj’. — Qj,~H1 < CeS\/logW} )

JEP]

B = {mﬁuﬁj, — Qs < wm} 7
VIS
E5 = {max|aj — Uj| < CGS\/W} )

JEP]

Ej, = {m?p)](\l/c/fj —1/0j] < Cesx/logp/n} .
jE

(C.124)

In the following, we condition on this high probability event N}” | E. By Assumption 3.4.3, we fur-

ther assume that p is large enough so that Ccsy/logp/n V Cey/slogp/n < 1and

max [&] (8 — B%)] < ||@i]|o||B — 8|1 < CoCcs*\/logp/n < 4.

i€[n]

For R, ;, we have

~ . ~ . 1 1
max R, ; < max @ (QJ — Qj) P,lg| + max \/ﬁQj,-Pngﬂ* <,\ - > ‘
j€lp) j€l) | o) J€lp] 95 9 (C.125)
= _[1 + IQ.

For I3, since E[Pnég*] = Oand | |éﬁ* |0 < C1C5 by Assumption 3.4.3, we have

||Pné,3*||oo = Op( V logp/n)

using the union bound and the Hoeffding’s inequality. Since o > 1/Cj (see the proof of Lemma

179



C.1.19), it follows that

I < VGl Pae oo ma 19 = .l
JELP.

= VRO (v/logpIm)Oy(5v/ 1oz )

= op(1)

by Assumption 3.4.3. For I, using the same argument, we have

~ . 1 1
I, < v/nmax ||Qj|so|| Pulg||oo max | — — —
J€lp] j€lpl |05 0

< v (12 = Qllos + 1911 ) Op(V/ 08 p/n)O(5y/log p/n)

= op(1).

For R; j, using the KKT condition of the nodewise Lasso regression, we have

~ . T N
Hﬂj’.Pngﬁ — ej Hoo S )\j/TJZ.

Since
I]Iéa[],))](l/?f < I]Iéa[;}(“/?f —1/73| +Ij1é&x1/7'j2
< Ce\/er%?pﬁd/%
<1+ Cs
and

masc1/7; < max[1/5; — 1/a;] + max /o
Jje

Jj€lp]
< Cesy/logp/n +1/opin(X)
<14+/C4
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by Assumption 3.4.3, we have

Roj < (14 Cy)vn ‘ ‘Qj,-Pné@ — 6JTHOO 18 — B*[1 = 0p(1) (C.131)

by Assumption 3.4.3.
For R; j, the first term is 0p (1) following the proof of Theorem 3.1 in Van de Geer et al. (2014).

For the second term, we note that

1XQ (oo < 11X oo + 11X () = 25.) Moo
< 11X oo + [1X=j%illoo + 1X Moo l1(€%, = €2;) Tl
<[ X loo + HXﬁ*,fﬂjHoo/(imn;f) [y, @7 B87)] + 1 X |loo () — ) T In

< Cy+ Cy/C? + Cy
(C.132)

by Assumption 3.4.3. By the mean value Theorem and Assumption 3.4.3, it follows that
1 - ~
Ryj < fTﬁjHXﬂj,HmHX(ﬁ = B9)|l; = op(1) (C.133)
by Assumption 3.4.3. This completes the proof of Proposition 3.4.3.

ProoF oF PROPOSITION 3.4.4

The proof of Proposition 3.4.4 essentially follows the same as the proof of Proposition 3.4.1. The
only change is that Z; = —\/ﬁQj7.Pné 8+ /0 is not exactly normal, but asymptotically normal. The
discrepancy between the joint law of (Z), - - - , Z},) and the corresponding multivariate normal dis-
tribution (with the covariance matrix ¥) can be quantified using the Berry-Esseen Theorem, which is

in the order of 0(1/+/n). Therefore, we can establish the GLM version of Lemma C.1.5 similarly.
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C.1.7 PRrROOF OF PROPOSITION 3.4.5

Denote s = maxi<j<p |ne;j|. We first show that the restricted eigenvalue condition in Bickel et al.

2 5 0. For the

(2009), page 1710, holds with probability approaching 1 in the regime log p/ nifﬁ/
Jjth nodewise egde selection, for any Jy C [1 : p]\{j} with |Jy] < s, and any v # O satisfying
[[vgelli < [|vg, |, we have [[v][1 < 2[|vg |1 < 2¢/5]|v]]o. By Theorem 1 in Raskutti et al. (2010)

and Cauchy interlacing theorem, with high probability, we have:

1Xoll, (1 s1o
WZ Ponin(Z) = 18 max o S8R o). (C.134)

Under Assumption 3.4.4, we have

/s1
max o; S08P — 0, (C.135)
1<5<p nq

thus k(s,1) 2 /¢ with probability approaching 1. Now we apply the high probability ¢;-bound
(Equation (7.4) in Bickel etal. (2009)), which is asymptotically no larger than (log p/ ni_f)l/ 2, There-
fore by Assumption 3.4.4(c), we conclude that the screening property, thus the symmetric assump-

tion, will hold with probability approaching 1 in the regime log p/ ni_g/ =)

C.1.8 PROOF OF PROPOSITION 3.4.6
For the ease of presentation, we introduce the following notations. For j € [p] and ¢t € R, denote

GO (1) = ]nec| > aMy > 1), V5 i(

zEne

> M < -

Inecl
zEne

(C.136)

~

G, ;(t) =

ST A(Mi > 1), Gh(t) =

zEne

7 > P(Mj; > t).

|ne
zEne]

|n€J |
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Letmy ; = [ne§l/ 20, ne§l, m, ; = Inejl/ 375 Inejl, and 5 = 375 Inejl/ 325, Inefl.

In addition, denote

70 GO
FDPp(tl,---,tp): = Go (]t)l_i_p,’fapzj:( ) - Gl ( )
leJpJJ P 24j=1"TpjYp,j
0
FDP(t1, - , 1) = & (]t)lipivz( )W Gy (C.137)
] 17,9 p,i\i o pgo (])1 D.J T pJ
DRt l) = é)lﬁ b G
leJpJJ PJ £4j=1"p,j " p,j

Lemma C.1.20. Under Assumption 3.4.5, as p — 00, we have

tl:"'vtp

sup ZWO » <@0 (t5) — GO | — 0 in probability,
(C.138)

p
sup Zﬂ‘o : (V?) (t) — GO tj — 0 in probability.

by st
Proof of Lemma C.1.20. For any j € [p|, we first show that in probability, sup GO (1) — GO .(t
y p Y t Pp.J p.J
converges to 0 as p — 00 exponentially fast. Forany e € (0,1), denote —oo = ol <P <<
a{,a\}] = oo in which N = [2/e], such that G} (ak 1) G, ( 7Y < €/2for k € [N.]. We have
N, R
P ((sup G, =Gty >e) <P(|J sup  Ghi(t) =G (t) > e)
k= 1t€[0¢k 17O‘z]) (C 139)
< Z]P( sup @g’j(t) - G%j(t) > €).

tG[azjl,aij)

We note that both @g ;(t) and G ;(t) are monotonic decreasing function. Therefore, for any k& €
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[Ne], we have

sup G (t) — G, ;(t) < Go (o’ 1) G, (o ’]) < GO (o 1) G) (o’ 1)—|—6/2
tefaf? 0f?)

(C.140)

Based on Equation (C.139), Assumption 3.4.5(a), and the Azuma-Hoeffding inequality, it follows

that

~ €
P(supG) ;(t) — ZIP ak ) =G (e 1) > 5)
¢ (C.141)
< Ncexp (—C’|ne§]1*2a62)
for some constant C' > 0. Similarly, we can show that
NE . . 6
P(inf G (1) = Gpi(t) < =€) < ) P(Gy (a)) = Gy i(ay) < =3)
s (C.142)

IN

Neexp (—C|ne§|'7*€?) .

It follows that as p — oo,

]P<tsup ijwgJ (Gs(t) — G (t) >e> §]P<Lszup GO i(ty) — GO (¢ )‘>e>

1 tp = j:ltje]R
p
<> P (sup |Gy (1) — G ()] > )
‘o teR
p
< 2N62exp( Clne§|'—2*€)
j=1

< 2N.pexp ( — C;Ieuﬁ |ne§-|1_2a62)

(C.143)
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under Assumption 3.4.5(b). The second convergence statement involves V?; ;(t) can be shown simi-

larly. This concludes the proof of Lemma C.1.20.

Proof of Proposition 3.4.6. Following Equation (3.22), we have

limsup FDR < lim sup 2[E [FDPp (rl/w e ,Tp/2>:|

p—o0 p—o0

< limsup 2[E ‘FDPP (7‘3/2, e ,7‘5/2

p—o0

+ lim sup 2 |[FDP}, (T;/Q,--- ,T”/Q) — TDP, (rql/g,--- ,75/2)

p—00 a
+ lim sup 2 [FDP}, (T; P 75/2)} (C.144)
p—00

< limsupZE[ sup ‘FDPp(tl, <o+, tp) — FDPp(ty,- - ,tp)‘]
t

p—00 1, ,tp>0

+limsup2E[ sup ‘FDP},(tl,u- ,t,) — EDD,(t,, - ,tp)H

p—00 t1,,tp>0

+ limsup 2B [FDP) (72, -+, 77,)

p—00

The first two terms are 0 based on Lemma C.1.20 and the dominated convergence theorem. For the

last term, we have

#{i € neg,Mji < - 3/2}
max -
el #{Mji > 7}V 1

lim sup 2E |FDP! (7!,,--- 7P < limsup 2E <gq
p\'q/2 q/2

p—0o0 p—0o0

(C.145)

based on the definition of Tg /o This concludes the proof of Proposition 3.4.6.
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C.2 MORE SIMULATION DETAILS

Link function P = 500 » = 1000 = 1500 = 2000 ' = 3000
fi(t) FDR  Power FDR Power FDR  Power FDR  Power FDR  Power
DS-1 0.10 0.81 0.07 0.86 0.10 0.84 0.11 0.86 0.12 0.80
DS-I1 0.07 0.80 0.10 0.83 0.11 0.82 0.14 0.86 0.11 0.80
MDS-1 0.05 0.79 0.03 0.83 0.06 0.82 0.07 0.85 0.08 0.79
MDS-II 0.02 0.78 0.07 0.86 0.09 0.84 0.07 0.85 0.09 0.82
DCCPPINK—I 0.18 0.43 0.12 0.31 0.16 0.26 0.17 0.30 0.15 0.32
DCCpPINK-H 0.14 0.41 0.15 0.24 0.13 0.17 0.12 0.17 0.14 0.13
fo(t) FDR  Power FDR  Power FDR  Power FDR  Power FDR  Power
DS-1 0.10 0.85 0.10 0.76 0.12 0.68 0.07 0.69 0.09 0.65
DS-II 0.10 0.87 0.09 0.72 0.11 0.66 0.08 0.67 0.08 0.62
MDS-1 0.05 0.83 0.06 0.74 0.08 0.66 0.05 0.67 0.06 0.63
MDS-II 0.05 0.84 0.04 0.71 0.07 0.65 0.04 0.64 0.05 0.61
DeepPINK-I 0.15 0.68 0.16 0.67 0.14 0.62 0.12 0.61 0.15 0.62
DeepPINK-IT 0.11 0.59 0.10 0.61 0.18 0.56 0.14 0.59 0.07 0.54
f3(t) FDR  Power FDR Power FDR  Power FDR  Power FDR  Power
DS-I 0.08 0.94 0.09 0.87 0.08 0.87 0.10 0.85 0.12 0.83
DS-IT 0.10 0.96 0.10 0.89 0.10 0.88 0.11 0.87 0.13 0.83
MDS-1 0.04 0.90 0.06 0.84 0.05 0.84 0.06 0.82 0.06 0.80
MDS-1I 0.04 0.92 0.05 0.86 0.07 0.85 0.07 0.84 0.09 0.81
DeepPINK-I 0.10 0.83 0.13 0.74 0.11 0.70 0.12 0.66 0.12 0.65
DCCPPINK-H 0.09 0.88 0.09 0.84 0.14 0.83 0.12 0.79 0.10 0.68

Table C.1: Empirical FDRs and powers on the single-index models. The design matrix follows multivariate normal distribu-
tion with pairwise power decay correlation. The five methods are, the single data-splitting method using the influence func-
tion (DS-1) and its multiple data-splitting version (MDS-1), the single data-splitting method using the weight multiplication
(DS-I1) and its multiple data-splitting version (MDS-II), and the DeepPINK method with two different network architectures
(see the text for details). The designated FDR control level is ¢ = 0.1 in all settings. The reported results are the empirical

means of 20 independent runs.
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Link function p = 500 p = 1000 p = 1500 p = 2000 p = 3000

fi(t) FDR  Power FDR Power FDR Power FDR  Power FDR  Power
DS-I 0.10 0.82 0.13 0.87 0.11 0.85 0.15 0.87 0.13 0.85
DS-II 0.09 0.83 0.13 0.87 0.09 0.84 0.14 0.87 0.13 0.85
MDS-I 0.06 0.80 0.07 0.84 0.08 0.83 0.08 0.87 0.07 0.84
MDS-1I 0.05 0.81 0.06 0.86 0.04 0.82 0.06 0.86 0.07 0.84

DeepPINK-I 0.15 0.37 0.12 0.21 0.16 0.27 0.17 0.33 0.19 0.36
DeepPINK-II 0.13 0.41 0.14 0.23 0.12 0.18 0.11 0.16 0.16 0.13

F2(0) FDR  Power FDR  Power FDR  Power FDR  Power FDR  Power
DS-1 0.14 0.87 0.11 0.75 0.08 0.66 0.08 0.68 0.09 0.66
DS-IT 0.11 0.85 0.07 0.71 0.07 0.66 0.08 0.66 0.09 0.64
MDS-1 0.08 0.85 0.07 0.73 0.05 0.64 0.04 0.65 0.05 0.64
MDS-II 0.04 0.83 0.05 0.68 0.06 0.64 0.05 0.64 0.05 0.62

DeepPINK-I 0.09 0.63 0.12 0.63 0.14 0.66 0.12 0.62 0.14 0.62
DeepPINK-IT 0.07 0.61 0.11 0.64 0.17 0.65 0.09 0.64 0.12 0.58

f3(t) FDR  Power FDR  Power FDR  Power FDR  Power FDR  Power
DS-I 0.11 0.96 0.10 0.90 0.09 0.89 0.10 0.87 0.10 0.84
DS-1I 0.10 0.98 0.08 0.89 0.11 0.89 0.09 0.88 0.09 0.84
MDS-I 0.05 0.94 0.05 0.87 0.04 0.85 0.05 0.83 0.06 0.80
MDS-1II 0.03 0.95 0.05 0.86 0.07 0.85 0.06 0.85 0.05 0.81

DeepPINK-I 0.11 0.87 0.15 0.78 0.12 0.70 0.11 0.71 0.14 0.74
DeepPINK-II 0.10 0.90 0.13 0.86 0.12 0.85 0.09 0.79 0.13 0.72

Table C.2: Empirical FDRs and powers on the single-index models based on 20 independent runs. The design matrix follows
multivariate normal distribution with pairwise power decay partial correlation. The six methods are as per Figure C.1. The
designated FDR control level is ¢ = 0.1 in all settings.
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Methods p=10.0 p=0.2 p=10.4 p=10.6 p=0.8

(p = 500) FDR  Power FDR Power FDR Power FDR  Power FDR  Power
DS 0.10 0.83 0.10 0.81 0.07 0.80 0.10 0.73 0.11 0.58

MDS 0.04 0.86 0.04 0.86 0.05 0.83 0.05 0.77 0.06 0.67

M-knockoff 0.10 0.88 0.07 0.84 0.04 0.74 0.02 0.61 0.02 0.51

F -knockoff 0.09 0.84 0.10 0.85 0.09 0.82 0.10 0.76 0.11 0.62

BHq 0.06 0.81 0.06 0.80 0.06 0.77 0.09 0.72 0.08 0.61

BYq 0.01 0.76 0.01 0.72 0.01 0.73 0.01 0.67 0.02 0.55

MBHq 0.00 0.82 0.00 0.80 0.00 0.77 0.00 0.71 0.00 0.57

MBYq 0.00 0.82 0.00 0.79 0.00 0.77 0.00 0.71 0.00 0.58

(p=1000) FDR DPower FDR Power FDR Power FDR Power FDR  Power
DS 0.10 0.82 0.09 0.78 0.10 0.76 0.09 0.72 0.08 0.56

MDS 0.04 0.86 0.06 0.85 0.06 0.83 0.06 0.78 0.07 0.66

M-Knockoff 0.13 0.90 0.07 0.79 0.00 0.28 0.00 0.26 0.00 0.26

F -Knockoff 0.10 0.84 0.10 0.83 0.11 0.81 0.10 0.77 0.09 0.64

BHq 0.06 0.81 0.07 0.79 0.07 0.77 0.09 0.70 0.09 0.60

BYq 0.02 0.76 0.01 0.73 0.01 0.71 0.01 0.66 0.01 0.54

MBHq 0.00 0.82 0.00 0.80 0.00 0.78 0.00 0.73 0.00 0.58

MBYq 0.00 0.81 0.00 0.80 0.00 0.78 0.00 0.73 0.00 0.57

(p=1500) FDR Power FDR Power FDR DPower FDR Power FDR  Power
DS 0.10 0.74 0.10 0.72 0.10 0.67 0.10 0.62 0.11 0.51

MDS 0.07 0.81 0.06 0.81 0.08 0.77 0.09 0.73 0.09 0.60

M-Knockoff ~ 0.11 0.86 0.03 0.68 0.00 0.16 0.00 0.09 0.00 0.08

F -Knockoff 0.11 0.79 0.11 0.78 0.12 0.74 0.13 0.70 0.12 0.58

BHq 0.07 0.74 0.07 0.72 0.11 0.67 0.05 0.64 0.08 0.52

BYq 0.01 0.68 0.01 0.66 0.03 0.61 0.01 0.58 0.01 0.45

MBHq 0.00 0.77 0.00 0.76 0.00 0.72 0.00 0.66 0.00 0.53

MBYq 0.00 0.77 0.00 0.76 0.00 0.72 0.00 0.66 0.00 0.53

(p=2000) FDR DPower FDR Power FDR Power FDR Power FDR  Power
DS 0.08 0.69 0.10 0.69 0.08 0.64 0.11 0.56 0.10 0.45

MDS 0.07 0.78 0.05 0.78 0.07 0.74 0.06 0.69 0.07 0.58

M-Knockoff  0.12 0.86 0.02 0.62 0.00 0.15 0.00 0.08 0.00 0.05

F -Knockoff 0.09 0.74 0.13 0.76 0.09 0.71 0.12 0.67 0.13 0.57

BHq 0.08 0.68 0.05 0.68 0.08 0.64 0.08 0.60 0.07 0.50

BYq 0.02 0.61 0.00 0.63 0.01 0.59 0.01 0.54 0.02 0.44

MBHq 0.00 0.75 0.00 0.74 0.00 0.70 0.00 0.64 0.00 0.53

MBYq 0.00 0.75 0.00 0.73 0.00 0.69 0.00 0.63 0.00 0.52

Table C.3: Empirical FDRs and powers on the linear model, where the design matrix has pairwise constant correlation p. The
number of true features is 50 across all settings. The signal-to-noise ratiois 10 X +/ log p/n. The designated FDR control
level is ¢ = 0.1. The eight methods are, the single data-splitting method (DS), the multiple data-splitting method (MDS),
the model-X knockoff filter (M-Knockoff), the fixed-design knockoff filter with data recycling (F-Knockoff), the Benjamini-
Hochberg method (BHq) and its multiple data-splitting version (MBHq), the Benjamini-Yekutieli method (BYq) and its mul-

tiple data-splitting version (MBYq). The reported results are the empirical means of 50 independent runs.
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SNR 44/logp/n 8+/logp/n 124/logp/n 164/logp/n 20+/log p/n
(p = 500) FDR  Power FDR Power FDR Power FDR  Power FDR  Power
DS 0.10 0.48 0.09 0.70 0.10 0.78 0.10 0.82 0.09 0.84
MDS 0.09 0.59 0.06 0.76 0.05 0.83 0.04 0.86 0.04 0.87
M-Knockoff 0.00 0.30 0.01 0.59 0.03 0.73 0.03 0.78 0.05 0.82
F -Knockoff 0.10 0.56 0.10 0.74 0.09 0.82 0.09 0.85 0.09 0.87

BHq 0.07 0.45 0.07 0.69 0.07 0.78 0.05 0.83 0.06 0.86
BYq 0.01 0.36 0.01 0.62 0.01 0.74 0.01 0.80 0.01 0.84
MBHq 0.00 0.45 0.00 0.68 0.00 0.77 0.00 0.82 0.00 0.85
MBYq 0.00 0.44 0.00 0.68 0.00 0.77 0.00 0.82 0.00 0.85
(p=1000) FDR Power FDR Power FDR Power FDR Power FDR  Power
DS 0.010 0.44 0.10 0.67 0.10 0.76 0.10 0.80 0.10 0.83
MDS 0.09 0.58 0.07 0.76 0.05 0.82 0.05 0.86 0.05 0.87

M-Knockoff  0.00 0.10 0.00 0.26 0.00 0.37 0.00 0.44 0.00 0.47
F -Knockoff 0.12 0.55 0.10 0.72 0.10 0.81 0.09 0.84 0.09 0.86

BHq 0.05 0.42 0.06 0.67 0.07 0.76 0.06 0.82 0.06 0.85
BYq 0.01 0.31 0.01 0.60 0.01 0.71 0.01 0.78 0.01 0.83
MBHq 0.00 0.44 0.00 0.68 0.00 0.77 0.00 0.83 0.00 0.85
MBYq 0.00 0.42 0.00 0.68 0.00 0.77 0.00 0.83 0.00 0.85
(p=1500) FDR Power FDR Power FDR DPower FDR Power FDR  Power
DS 0.10 0.40 0.09 0.62 0.10 0.70 0.10 0.74 0.10 0.77
MDS 0.09 0.54 0.09 0.72 0.07 0.79 0.06 0.82 0.05 0.84

M-Knockoff  0.00 0.05 0.00 0.11 0.00 0.16 0.00 0.19 0.00 0.25
F -Knockoff 0.15 0.53 0.12 0.70 0.10 0.76 0.11 0.79 0.10 0.81

BHq 0.08 0.38 0.07 0.62 0.06 0.72 0.06 0.78 0.05 0.81
BYq 0.01 0.29 0.01 0.56 0.01 0.66 0.01 0.74 0.01 0.78
MBHq 0.00 0.41 0.00 0.65 0.00 0.74 0.00 0.79 0.00 0.83
MBYq 0.00 0.40 0.00 0.65 0.00 0.74 0.00 0.79 0.00 0.83
(p=2000) FDR DPower FDR Power FDR Power FDR Power FDR  Power
DS 0.11 0.34 0.10 0.56 0.10 0.66 0.10 0.70 0.10 0.73
MDS 0.09 0.51 0.09 0.68 0.07 0.76 0.07 0.79 0.06 0.81

M-Knockoff  0.00 0.04 0.00 0.09 0.00 0.14 0.00 0.17 0.00 0.19
F -Knockoff 0.16 0.50 0.12 0.65 0.11 0.73 0.11 0.76 0.11 0.78

BHq 0.08 0.34 0.08 0.55 0.08 0.68 0.07 0.72 0.08 0.77
BYq 0.01 0.25 0.01 0.48 0.02 0.62 0.01 0.67 0.01 0.73
MBHq 0.00 0.39 0.00 0.61 0.00 0.71 0.00 0.77 0.00 0.80
MBYq 0.00 0.38 0.00 0.61 0.00 0.71 0.00 0.77 0.00 0.80

Table C.4: Empirical FDRs and powers on the linear model, where the design matrix follows a multivariate normal distri-
bution with constant pairwise correlation 0.5. SNR represents the signal-to-noise ratio. The number of true features is 50
across all settings. The designated FDR control level is ¢ = 0.1. The eight methods are, the single data-splitting method
(DS), the multiple data-splitting method (MDS), the model-X knockoff filter (M-Knockoff), the fixed-design knockoff fil-
ter with data recycling (F-Knockoff), the Benjamini-Hochberg method (BHq) and its multiple-splitting version (MBHq), the
Benjamini-Yekutieli method (BYq) and its multiple-splitting version (MBYq). The reported results are the empirical means
of 50 independent runs.
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