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Abstract

Model selection can be an art. In many scientific fields including genetics, climate sciences and so-

cial sciences, a proper model can simplify the computation in the analysis as well as increase the inter-

pretability of the result. In this dissertation, we articulate two methods, under two different guiding

principles, to facilitate model selection.

The first method concerns the computational challenge in Bayesian model comparison. We show

that the Bayes factor can be approximated using theWang-Landau algorithm, based on amixture for-

mulation between the posterior distribution and a user-defined surrogate distribution. The proposed

Wang-Landaumixturemethod is applicable as long as an effectiveMarkov kernel invariant to the pos-

terior is available. Further refinements are carefully discussed, including accelerating the convergence

using the momentummethod, and facilitating global jumps between the posterior and the surrogate

using the Multiple-try Metropolis.

The second method concerns a desired Frequentist property in feature selection. Specifically, we

form a proper statistic via data splitting to rank the importance of each feature. The statistic enjoys

a useful property, that is, it is symmetric about 0 for null features, and relatively large for relevant

features. We show that by carefully choosing a data-dependent cutoff, we can achieve asymptotic false

discovery rate control under proper conditions. The proposed method is free of calculating p-values,

and is applicable to a wide class of statistical models including the linear model, the generalized linear

model, and the Gaussian graphical model.
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0
Introduction

Model selection has been a well-focused problem in Statistics. Many methodological developments,

from both the Frequentist and the Bayesian perspectives, have been documented to help practitioners

select a suitable model among a pool of candidate models. We articulate two guiding principles for

model selection in the following, along with a brief overview of our contributions.
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0.1 Maximizing theMarginal Likelihood of Data

Given data y, the marginal likelihood of data under modelMk, sometimes called the normalizing

constant, is defined as

p(y | Mk) =

∫
γ(θk | y,Mk)dθk =

∫
p(θk | Mk)p(y | θk,Mk)dθk, (1)

in which θk denotes the associated parameters of modelMk, p(θk | Mk) denotes the prior, p(y |

θk,Mk) denotes the model likelihood, and γ(θk | y,Mk) denotes the unnormalized posterior

distribution.

For a finite set of competing models {Mk}, Bayesian methods typically compare two modelsMi

andMj by computing the Bayes factor Bij defined as below,

Bij =
p(y | Mi)

p(y | Mj)
. (2)

With the uniform prior on model, that is, p(Mk) ∝ 1, Bi,j > 1 indicates that modelMi is more

favorable than modelMj , in terms of the posterior odds, given the current data y.

While model comparison via the Bayes factor is conceptually straightforward, it is also likely to be

computationally challenging. There are two general strategies to exercise this principle. First, we can

estimate all the normalizing constants in parallel. Second, we can include the model indexMk as a

parameter in the joint posterior distribution specified as below,

p(θk,Mk | y) ∝ p (y | θk,Mk) p (θk | Mk) p (Mk) , (3)

and use Markov chain Monte Carlo (MCMC) algorithms to traverse the joint model and parameter

space. The ratio between the time that the Markov chain spends in different models, adjusted by the
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model prior, consistently estimates the Bayes factor.

Neither analytical calculation nor numerical integration of the normalizing constant is feasible ex-

cept for trivial models. Instead, various approximation schemes have been proposed in the literature.

(i) The Bayesian information criterion (BIC). Konishi andKitagawa (2008) derived BIC as an Laplace

approximation of the marginal likelihood of data . (ii) The variational approximation. The normal-

izing constant is equivalent to the free energy in statistical physics up to a sign. Thus, variational free

energies, including the Gibbs free energy and the Bethe free energy, can be exploited from statistical

physics (Mezard and Montanari, 2009) to approximate the normalizing constant. (iii) Monte Carlo

approximation. Based upon effective sampling from the posterior distribution using Markov chain

Monte Carlo (MCMC) algorithms, many efforts have been made to construct accurate Monte Carlo

estimators, including importance-sampling-based methods (Liu, 2008), Chib’s method (Chib, 1995;

Chib and Jeliazkov, 2001), the inverse logistic regression (Geyer, 1991). Monte Carlo methods will

be the focus of Chapter 2, and a review of relevant methods is given in Section 2.5.

When it appears over-demanding to estimate the marginal likelihood of data for each model, sam-

pling from the joint posterior distribution (3) serves as an attractive alternative. Different models po-

tentially sit in different dimensional spaces, thus it requires to construct efficient trans-dimensional

jumping mechanisms Brooks et al. (2003) to enable effective reversible jumpMCMC (Green, 1995).

In order to maintain a reasonably high acceptance probability when jumping across different mod-

els, we propose to employ the Multiple-try Metropolis (Liu et al., 2000) to sample along informative

jumping directions, which can be identified by pre-locating the modes of within-model posteriors.

Two jumping mechanisms, including the fixed-directional jump and the adaptive-directional jump,

are detailed in Section 2.4.

Model selection via the Bayes factor can be misleading if vague (e.g. uniform priors on arbitrarily

wide intervals) or improper priors are involved. Indeed, statisticians are debating on whether priors

should be taken into account in model comparison (Kass and Raftery, 1995; Robert, 2007). Possible
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solutions have been proposed in the literature, by properly modifying the Bayes factor to enhance its

robustness. We refer the readers to O’Hagan (1995); Berger and Pericchi (1996); Berger et al. (1998,

2001).

0.2 Controlling the False Discovery Rate

In view of the explosive feature collection capabilities, model selection in the high-dimensional setting

has been of recent interest. In the following, we focus on regressionmodels, although the general idea

is applicable in a broad class of multiple testing problems. Let n be the sample size. For each sample,

suppose there is a set of p associated features (X1, · · · , Xp) targeting some response variable y, with p

potentially beingmuch larger thann. We assume that only a small fraction of features directly interact

with the response variable, which appears plausible in many real-world applications. Let S⋆ and S0

be the index set corresponding to relevant features and null features, respectively.

One of the guiding principles to achieve controlled model selection is to maximize the selection

power while controlling the false discovery rate (FDR) under a pre-specified threshold q ∈ (0, 1).

The selection power is defined as

Power =
#{j : j ∈ S⋆, j ∈ Ŝ}

#{j : j ∈ S⋆}
, (4)

in which Ŝ denotes the set of selected features. FDR is defined as

FDR = E[FDP], FDP =
#{j : j ∈ S0, j ∈ Ŝ}

#{j ∈ Ŝ} ∨ 1
, (5)

where FDP refers to the false discovery proportion. The expectation is taken with respect to the ran-

domness both in the data and in the selection procedure if it is not deterministic. FDR control is a

desired property in practice, which ensures that the proportion of the false positives is, on average, be-
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low q. More stringent control criteria including the family-wise error rate control and the directional

FDR control have also been considered in the literature.

Perhaps themost prominent FDR control procedure is the Benjamin-Hochberg (BHq) procedure

(Benjamini andHochberg, 1995), which is applicable when individual p-value pj is accessible for each

featureXj . More precisely, for a given FDR control level q ∈ (0, 1), BHq first ranks all the p-values

in an increasing order, and then find the largest k ∈ [p] such that p(k) ≤ kq/p. The selected index set

of features is {j : pj ≤ p(k)}. (Benjamini and Hochberg, 1995) showed that BHq achieves an exact

FDRcontrol if all the p-pvalues are independent. An extension of BHq, the Benjamin-Yekutieli (BYq)

procedure, is considered in Benjamini and Yekutieli (2001) to handle potential positive dependency

on the test statistics associated with null features.

Regularization methods (Bühlmann and Van De Geer, 2011; Wainwright, 2019) are generally re-

quired to fit high-dimensional regressionmodels. Thus, calculating individualp-value for each feature

Xj can be highly non-trivial. Three possible solutions have been considered in the literature. (i) data

splitting (Wasserman and Roeder, 2009). That is, we split the data into two halves, and screen out

redundant features using the first half of data. The validity of the statistical inference carried out on a

smallermodel using the second half of data is guaranteed as long as all the relevant features are selected

in the screening stage. (2) post-selection inference. Recent work (Taylor et al., 2014; Lee et al., 2016)

showed that for the high-dimensional linear model, exact inference conditioning on the model selec-

tion result is possible for several popular selection procedures including Lasso (Tibshirani, 1996) and

the stepwise regression. (3) debiasedmethods. For the linearmodel (Javanmard andMontanari, 2014;

Zhang and Zhang, 2014) and the generalized linear models (Van de Geer et al., 2014), it is possible to

obtain asymptotically valid p-values after we properly debiase the regularized estimators.

The knockoff filter is another class of FDRcontrol procedures that have been developed and popu-

larized recently (Barber andCandès, 2015; Candes et al., 2018). The idea is to pair a knockoff for each

feature, and examine how significance the knockoff is compared to the original feature. The knockoff
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filter is free of calculating p-values, and is applicable in arbitrary models with provable finite-sample

FDRcontrol. On the other hand, in the large-p-small-n settings, it requires the knowledge of the joint

distribution of all features so as to construct knockoffs. When correlations among the features appear

non-negligible, the power of the knockoff filter can be inferior. Intuitively, this is because there is not

enough degree of freedom to construct a knockoff significantly different to the original feature, but

maintaining the correlation structure with the rest of features.

Xin et al. (2019) recently proposed the Gaussian mirror method for FDR control on the linear

regression model. The idea is to substitute each featureXj in the linear model by a pair of perturbed

features

X+
j = Xj + cjZj and X−

j = Xj − cjZj , (6)

in which Zj follows N(0, 1), and cj is a proper-chosen scalar so that the corresponding regression

coefficient estimates β̂+j and β̂−j are independent. The Gaussian mirror method then introduces a

mirror statisticMj for each featureXj in the form of

Mj =
∣∣∣β̂+j + β̂−j

∣∣∣− ∣∣∣β̂+j − β̂−j ∣∣∣ . (7)

The mirror statistic enjoys the symmetric property, that is, for j ∈ S0,Mj is symmetric about 0. On

the other hand, for j ∈ S⋆,Mj is relatively large so that relevant features can be differentiated with

null features using the mirror statistics. It remains to select a data-dependent cutoff τq so that the

selected index set {j,Mj > τq} has a desirable FDR control under level q. The key is to upper bound

the number of false positives, in which we exploit the symmetric property ofMj for j ∈ S0, that is,

for any t > 0,

#{j ∈ S0 :Mj > t} ≈ #{j ∈ S0 :Mj < −t} ≤ #{j :Mj < −t}.
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The Gaussian mirror method achieves the asymptotic FDR control under the assumption that the

mirror statistics for null features are not too correlated.

0.3 Outline of Dissertation

In Chapter 1, we investigate the Wang-Landau algorithm (Wang and Landau, 2001b) from the opti-

mization perspective, which will be the building block of the proposed Bayes factor approximation

method we present in Chapter 2. We show that the Wang-Landau algorithm can be formulated as a

(stochastic) gradient descent algorithmminimizing a convex and smooth objective function, of which

the gradient is estimated usingMCMC simulations. Various acceleration schemes can be exploited to

speed up the convergence of the Wang-Landau algorithm. In particular, we find that the Adaptive

Moment Estimation (Adam) method (Kingma and Ba, 2014) is effective, and illustrate it on canoni-

cal physical model including the two-dimensional Ising model and the two-dimensional Potts model.

In Chapter 2, we present a newMonte Carlo method to estimate the marginal likelihood of data.

The idea is to match the posterior distribution by a surrogate distribution with a known normaliz-

ing constant, and formulate a mixture distribution to combine the posterior and the surrogate. The

mixing parameter is an easy function of the two normalizing constants, and we estimate it using the

Wang-Landau algorithm. The proposed method is applicable as long as an effective Markov kernel

invariant to the posterior distribution is available. Detailed discussion on further refinement of the

method can be found in Section 2.3 and 2.4.

InChapter 3,motivatedby theGaussianmirrormethod,wepresent a newFDRcontrol procedure,

which requires neither calculating p-values nor constructing knockoffs. Instead, for each featureXj ,

we estimate two regression coefficients via data splitting, uponwhichwe construct themirror statistic.

The mirror statistic associated with null features enjoy the symmetric property as long as the regres-

sion coefficient estimates for null features are symmetric about 0. To stabilize the selection result and

7



overcome the potential power loss resulting from data splitting, we propose a multiple data-splitting

framework to aggregate the selection results obtained from repeated data splits. Detailed discussions

on specializations of the proposed method for different statistical models can be found in Section

3.4.1 to 3.4.4.
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1
TheWang-Landau Algorithm as Stochastic

Optimization and Its Acceleration

Contribution This chapter is based on a published article from Physical Review E (Dai and Liu,

2020), jointly with Prof. Jun S. Liu.
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1.1 Abstract

We show that the Wang-Landau algorithm can be formulated as a stochastic gradient descent algo-

rithm minimizing a smooth and convex objective function, of which the gradient is estimated using

Markov chain Monte Carlo iterations. The optimization formulation provides us another way to es-

tablish the convergence rate of the Wang-Landau algorithm, by exploiting the fact that almost surely,

the density estimates (on the logarithmic scale) remain in a compact set, upon which the objective

function is strongly convex. The optimization viewpoint motivates us to improve the efficiency of

theWang-Landau algorithm using popular tools including the momentummethod and the adaptive

learning ratemethod. We demonstrate the acceleratedWang-Landau algorithmon a two-dimensional

Ising model and a two-dimensional ten-state Potts model.

1.2 Introduction

TheWang-Landau (WL) algorithm (Wang andLandau, 2001a,b; Landau et al., 2004) has beenproven

useful in solving a wide range of computational problems in statistical physics, including spin-glass

models (Brown and Schulthess, 2005; Torbrüegge and Schnack, 2007; Alder et al., 2004; Snider and

Clare, 2005; Okabe et al., 2002; Zhou et al., 2006; Wu and Machta, 2005; Malakis and Fytas, 2006;

Hernández and Ceva, 2008; Fytas andMalakis, 2008; Tsai et al., 2007; Yamaguchi and Okabe, 2001),

fluid phase equilibria (Mastny and de Pablo, 2005; Shell et al., 2002), polymers (Taylor et al., 2009;

Strathmann et al., 2008), lattice gauge theory (Langfeld et al., 2012), protein folding (Rathore and

de Pablo, 2002; Rathore et al., 2003, 2004), free energy profile (Calvo, 2002), and numerical integra-

tion (Tröster and Dellago, 2005; Li et al., 2007). Its successful applications in statistics have also been

documented (Liang, 2005; Atchadé and Liu, 2010; Bornn et al., 2013). The WL algorithm directly

targets the density of states (the number of all possible configurations for an energy level of a system),

thus allowing us to calculate thermodynamic quantities over an arbitrary range of temperature within
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a single run of the algorithm.

Much effort has been made to understand the dynamics of the WL algorithm, along with numer-

ous proposed improvements, ofwhichwe highlight three here. (i)Optimizing themodification factor

(flatness criterion) (Belardinelli and Pereyra, 2007; Zhou and Bhatt, 2005; Zhou and Su, 2008; Dayal

et al., 2004). Belardinelli and Pereyra (Belardinelli and Pereyra, 2007) proposed that instead of reduc-

ing themodification factor exponentially, the logmodification factor should be scaled down at the rate

of 1/t in order to avoid the saturation in the error. (ii) Employing a parallelization scheme. Wang and

Landau (Wang and Landau, 2001b) suggested that multiple randomwalkers working simultaneously

on the same density of states can accelerate the convergence of the WL algorithm. The efficiency of

the parallelization scheme can be further enhanced using the replica-exchange framework (Vogel et al.,

2013). (iii) Incorporating efficientMonteCarlo trial moves (Wüst and Landau, 2009; Yamaguchi and

Kawashima, 2002; Wu et al., 2005).

In this chapter, we consider the WL algorithm from an optimization perspective and formulate it

as a first-ordermethod. We derive the corresponding smooth and convex objective function, of which

the gradient involves the unknown density of states. Wang and Landau (Wang and Landau, 2001b)

used a random-walk basedMetropolis algorithmMetropolis et al. (1953) to estimate the gradient. In

general, any suitableMarkov chainMonte Carlo (MCMC) strategies Liu (2008) can be employed for

this purpose. Therefore, the WL algorithm is essentially a stochastic gradient descent algorithm.

The optimization viewpoint enables us to establish the convergence rate of theWL algorithm. Fol-

lowing (Fort et al., 2015) and using the standard stochastic approximation theory (Fort et al., 2011),

we first show that the density estimates (on the logarithmic scale) almost surely stay in a compact set.

Based on this, we exploit the strong convexity of the objective function, restricted on this compact set,

to prove the convergence rate. Wenote that the gradient estimator output from theMCMC iterations

is generally biased, thus a critical step is to show that the bias vanishes properly as t→∞.

The optimization framework also provides us with a new direction for improving the WL algo-
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rithm. We explore one possible improvement, by combining the momentummethod (Polyak, 1964)

and the adaptive learning rate method (Duchi et al., 2011; Zeile, 2012). The general goal is to accel-

erate the transient phase (Darken and Moody, 1992) of the WL algorithm before it enters the fine

local convergence regime. The effectiveness of the acceleration method is demonstrated on a two-

dimensional Ising model and a two-dimensional ten-state Potts model, in which the learning in the

transient phase is considerably demanding.

The rest of the paper is organized as follows. Section 1.3 discusses the optimization formulation

of theWL algorithm, and establishes the convergence rate from an optimization perspective. Section

1.4 introduces possible strategies to accelerate the WL algorithm using optimization tools. Section

2.6 demonstrates the accelerated WL algorithm on two benchmark examples. Finally, Section 3.6

concludes with a few remarks.

1.3 AnOptimization Formulation

Denote the space of all microscopic configurations as X. Suppose there are in totalN energy levels,

E1 < · · · < EN , for the underlying physical model. For a microscopic configuration x ∈ X, we use

E(x) to denote its energy. Let {g(En)}Nn=1 be the normalized density of states, i.e.,

g(En) ∝ #{x ∈ X, E(x) = En},
N∑
n=1

g(En) = 1. (1.1)

After initializing g0(En) as 1/N , theWL algorithm iterates between the following two steps. (i) Pro-

pose a transition configuration and accept it with probabilitymin{1, gt(Ei)/gt(Ej)}, whereEi and

Ej refer to the energy levels before and after this transition, respectively. This is essentially a step of

12



the Metropolis algorithm (Metropolis et al., 1953) with the corresponding stationary distribution:

πt(x) ∝
N∑
n=1

1
gt(En)

1 (E(x) = En) . (1.2)

(ii) Update the density of states. IfE(xt+1) = En, multiply gt(En) by amodification factor ft+1 >

1. That is, gt+1(En)← gt(En)× ft+1.

The modification factor ft should be properly scaled down in order to guarantee the convergence

of the algorithm. There is a rich literature on how to adapt ft online, including the flat/minimumhis-

togram criterion, and the 1/t rule (Belardinelli and Pereyra, 2007) with its various extensions (Jayasri

et al., 2005; Poulain et al., 2006). Under a proper scaling rule, themagnitude of themodification factor

ft is informative of the estimation error (Zhou and Bhatt, 2005). Thus, a commonly used stopping

criteria for the WL algorithm is that ft is small enough (say, below exp(10−8)).

In the following, we will work on the logarithmic scale of the density of states. Denote u(t)n =

log(gt(En)) for n ∈ [N ], and let u = (u1, · · · , uN ). The density update in the WL algorithm can

be rewritten as

u(t+1)
n ← u(t)n + ηt+11(E(xt+1) = En), (1.3)

where ηt+1 = log ft+1, which will be referred to as the learning rate henceforth. The intermediate

target distribution πt(x) defined in Equation (1.2) can also be formulated in terms ofu(t). We define

πu(x) ∝
N∑
n=1

exp(−un)1 (E(x) = En) , (1.4)

and denote Pu as a general transition kernel invariant to πu(x). For notational convenience, we use

πt(x) to refer to πu(t)(x), and use Pt to refer to the transition kernel invariant to πt(x). After each

density update, we normalizeu(t) to sum to 0, i.e., u(t)n ← u
(t)
n −

∑N
i=1 u

(t)
i /N , so thatu(t) stays in

a compact set (see Proposition 1.3.1). TheWL algorithm can be slightly rephrased as in Algorithm 1.
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Algorithm 1: TheWang-Landau algorithm.

1. Initialization. u(0)n = 0 for n ∈ [N ].

2. For t ≥ 1, iterate between the following steps.

(a) Sample xt+1 from Pt(xt, ·).
(b) Updateu(t+1) following Equation (1.3).

(c) Normalizeu(t+1) to sum to 0.

(d) Scale down the learning rate ηt properly.

3. Stop when the learning rate ηt is smaller than a prescribed threshold.

Let us consider the following optimization problem:

min
u∈RN

h(u) = log
(

N∑
n=1

exp(u⋆n − un)
)
,

subject to
N∑
n=1

un = 0,

(1.5)

in whichu⋆n = log(g(En))− 1
N

∑N
i=1 log(g(Ei)). Wewriteu⋆ = (u⋆1 , · · · , u⋆N ). It is not difficult

to see that this is a convex optimization problem because the objective function h(u) is a log-sum-exp

function and the constraint is linear. It has a unique solution at un = u⋆n for n ∈ [N ], in which

exp(u⋆n) equals to the density of states g(En) up to an multiplicative constant.

The projected gradient descent algorithm is a standard approach to solve the constrained optimiza-

tion problem (2.9). The gradient of the objective function h(u) is

∂h(u)

∂un
= − exp (u⋆n − un)∑N

i=1 exp (u⋆i − ui)
, n ∈ [N ], (1.6)
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which is not directly available because it involves the unknown density of states. However, one can

think of approximating the gradient function defined in Equation (1.6) by one-step or multiple-step

Monte Carlo simulations, leading to a stochastic version of the projected gradient descent algorithm.

More precisely, a gradient descent step for minimizing h(u) takes the following form:

u(t+1)
n ← u(t)n +

ηt+1 exp(u⋆n − u
(t)
n )∑N

i=1 exp(u⋆i − u
(t)
i )

. (1.7)

Denote the probability of the set {x ∈ X : E(x) = En} with respect to πt(x) as πt(En). Since

the probability πt(En) is proportional to exp(u⋆n − u
(t)
n ), the density update in Equation (1.7) is

essentially

u(t+1)
n ← u(t)n + ηt+1πt(En). (1.8)

A crude approximation toπt(En) is the indicator function 1 (E(xt+1) = Ei), given that after several

steps of Monte Carlo simulations according to the transition kernel Pt invariant to πt(x), xt+1 is

approximately a sample from πt(x). This corresponds to the density update in Equation (1.3).

We note that the projection step to the set Π = {u ∈ RN ,
∑N

n=1 un = 0} is equivalent to the

normalization step (see Algorithm 1 step 2(c)). Thus, we have shown that the stochastic projected

gradient descent algorithm solving the constrained optimization problem (2.9), which estimates the

probability πt(En) by 1 (E(xt+1) = En) using the output fromMonte Carlo simulations, is equiv-

alent to the WL algorithm.

The above optimization formulation has the following immediate implications. First, the parallel

WL algorithm estimates the negative gradient πt(En) by 1/m
∑m

k=1[1(E(x
(k)
t ) = En)], in which

m denotes the total number of randomwalkers, and x(k)t denotes the kth randomwalker. Therefore,

it reduces the variance of the gradient estimate by a factorm. Second, instead of implementing a sin-

gle transition step, the separation strategymentioned in (Zhou and Bhatt, 2005) implementsmultiple

transition steps within each iteration, so that the law of the randomwalker gets closer to the interme-
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diate target distributionπt(x) defined in Equation (1.4). Therefore, it reduces the bias of the gradient

estimate.

The optimization formulation also points out another approach to establish the convergence rate

of the WL algorithm. We first state a required assumption, which assumes that the transition kernels

are (uniformly) geometrically ergodic over the spaceΠ.

Assumption 1.3.1. There exists a constant ρ ∈ (0, 1) such that for allu ∈ Π, x ∈ X, k ∈ N, we have

sup
u∈Π

sup
x∈X
||P ku(x, ·)− πu||TV ≤ 2(1− ρ)k, (1.9)

in which for a signed measure µ, the total variation norm is defined as

||µ||TV = sup
|q|≤1

∣∣∣∣∫
X
q(x)µ(dx)

∣∣∣∣ . (1.10)

We note that sufficient conditions for Assumption 1.3.1 exist in the literature (e.g., condition A2

in (Fort et al., 2015)), and relaxation of Assumption 1.3.1 is also possible (Fort et al., 2011). We have

the following result.

Proposition 1.3.1. Under Assumption 1.3.1, if we scale down the learning rate ηt in the order of

O(1/t), the following two statements hold.

1. Almost-sure convergence.

(a) There exists a compact setK ⊆ Π such that for any t ≥ 0,u(t) ∈ K almost surely.

(b) P(limt→∞ u(t) = u⋆) = 1.

2. Convergence rate. There exists a constantC > 0 such that

E||u(t) − u⋆||2 ≤ C/t. (1.11)
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The proof of Proposition 1.3.1 is given in the Appendix A.

The first part of Proposition 1.3.1 follows similarly as (Fort et al., 2015). Themain idea is to rewrite

the WL update, including the density update and the normalization step, as

u(t+1) ← u(t) + ηt+1r(u
(t)) + ηt+1(R(xt+1)− r(u(t))),

in whichRn(x) = 1(E(x) = En)− 1/N , and r(u) is the mean-field function defined as

r(u) =

∫
X
R(x)πu(x)dx =

exp(u⋆ − u)∑N
n=1 exp(u⋆n − un)

− 1
N
.

The proof of the almost-sure convergence concludes by applying the standard stochastic approxima-

tion theory (Theorems 2.2 and 2.3 in (Andrieu et al., 2005)) after we establish the following two facts.

(i) The remainder term ηt+1(R(xt+1) − r(u(t))) vanishes properly as t → ∞. (ii) There exists a

Lyapunov function V (u) specified below,

V (u) =
1
N

N∑
n=1

exp(u⋆n − un)− 1, (1.12)

with respect to the mean-field function r(u), such that

⟨∇V (u), r(u)⟩ < 0, ∀u ̸= u⋆ and ⟨∇V (u⋆), r(u⋆)⟩ = 0.

The second part of Proposition 1.3.1 is our main theoretical contribution. There are two essential

ingredients in establishing the convergence rate. (i) Strong convexity. The objective function h(u) is

only convex but not strongly convex onRN . However, because u(t) stays in a compact set K ⊆ Π

almost surely (see Proposition 1.3.1, part 1(a)), we are able to establish the strong convexity of h(u)

restricted on this compact setK.
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Lemma 1.3.1. Under Assumption 1.3.1, there exists a constant ℓ > 0 such that for any t ≥ 0, almost

surely, it holds

⟨∇h(u(t)),u(t) − u⋆⟩ ≥ ℓ||u(t) − u⋆||2. (1.13)

(ii) Vanishing bias. Becausext+1 is only an approximate sample from the intermediate target distri-

bution πt(x), the indicator 1 (E(xt+1) = En) is not an unbiased estimator to the negative gradient

πt(En). The following LemmaC.1.5 shows that the bias of the gradient estimator vanishes properly,

as fast as the learning rate, when t→∞.

Lemma 1.3.2. Under Assumption 1.3.1, there exists a constantC > 0 such that

E||πt − Pt(xt, ·)||TV ≤ Cηt+1. (1.14)

The convergence rate of theWL algorithm has been established in different forms in the literature.

Zhou andBhatt (Zhou andBhatt, 2005) show that the discrete probability distribution{πt(En)}Nn=1

will be attracted, in termsof theKL-divergence, to the vicinity of theuniformdistribution (π∞(En) =

1/N ) as t→∞. In addition, they show that the standard deviation of exp(u⋆n−u
(t)
n ) roughly scales

like
√

log ft when the modification factor ft is close to 1. Although we are looking at theL2 error of

u(t), which is slightly different from the aforementioned standard deviation, their convergence rate

is consistent with our result because
√

log ft =
√
ηt is in the order ofO(1/

√
t) if we scale down the

learning rate ηt in the order ofO(1/t). It is also worthwhile to mention that a corresponding central

limit theorem in the original density space is provided in (Fort et al., 2015).

1.4 AcceleratingWang-Landau Algorithm

The optimization formulationmotivates us to further improve theWL algorithm using optimization

tools (Ruder, 2016). Our goal is to accelerate the convergence in the transient phase. The transient
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phase (Darken andMoody, 1992) generally refers to the initial stage of running a stochastic gradient

descent algorithm. For instance, if we scale down the learning rate according to the flat/minimum

histogram criterion, we can refer to the transient phase as the running period from the beginning up

to the time when the flat/minimum histogram criterion is first satisfied.

When the transient phase appears noticeable, the acceleration tools can be very effective in prac-

tice, and have been widely used in large-scale systems such as deep neural networks (Sutskever et al.,

2013). In this chapter, we restrict ourselves on the first-order acceleration methods, and leave other

possibilities for future explorations. In particular, we find that both the momentummethod and the

adaptive learning rate method are effective in accelerating the WL algorithm. Before we go into de-

tails, we note that improvement in the asymptotic convergence rate of the stochastic gradient descent

algorithm is hard to achieve (or even impossible) (Nemirovski et al., 2009; Jain et al., 2017), except for

some well-structured objective functions such as finite sums.

The momentum method exponentially accumulates a momentum vector, denoted as mt in the

following, to amplify the persistent gradient across iterations. The basic momentum update operates

as follows:
m(t) ← βm(t−1) + ηt+1∇h(u(t)),

u(t+1) ← u(t) −m(t),

(1.15)

where we initialize the momentum vector to be m(0) = 0. We note that the momentum update

essentially adds a fraction β of the previously accumulated gradientsm(t−1) into the current update

vectorm(t). The weighting factor β is a tuning parameter and is commonly set to be 0.9 or higher.

In the setting of the WL algorithm, the momentum update in Equation (1.15) becomes

m(t)
n ← βm(t−1)

n − ηt+11(E(xt+1) = En),

u(t+1)
n ← u(t)n −m(t)

n , ∀n ∈ [N ].

(1.16)
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The intuition behind themomentumacceleration for theWLalgorithmcanbe heuristically described

as follows. The event E(xt+1) = En suggests that πt(En) is likely larger than 1/N , and thus the

Markov kernelPt has a better chance to transit the microscopic configuration xt into the energy level

En. Therefore, in order to push πt(En) toward 1/N , that is, downweight the probability mass in the

energy levelEn, we increase u
(t)
n by ηt+1, which corresponds to the density update in Equation (1.3).

In contrast to theWL algorithm, which only increases u(t)n by ηt+1 at the current iteration t, we keep

increasingu(t)n for a fewmore iterations by an exponentially decaymomentumm
(t)
n to achieve a faster

convergence.

The adaptive learning rate method helps standardize the gradient across different coordinates of

the parameter u, so that they scale in a similar magnitude. Otherwise, it can be challenging to find a

suitable global learning rateηt over different coordinates. Popular algorithms along this research direc-

tion include AdaGrad (Duchi et al., 2011), AdaDelta (Zeile, 2012), and RMSprop (an unpublished

method proposed by Geoffrey Hinton). The RMSprop update operates as follows:

G(t) ← γG(t−1) + (1− γ)∇h(u(t))
2
,

u(t+1) ← u(t) − ηt+1[G
(t)]−1/2∇h(u(t)),

(1.17)

in which both the square and the square root are taken elementwise. G(t) represents the moving

average of the squared gradients, so that the current gradient ∇h(u(t)), standardized by [G(t)]1/2,

is in a similar magnitude across different coordinates. The weighting factor γ is a tuning parameter,

which is commonly set to be 0.9 in order to prevent the updates from diminishing too fast. In the

setting of the WL algorithm, the RMSprop update in Equation (1.17) becomes

G(t)
n ← γG(t−1)

n + (1− γ)1(E(xt+1) = En),

u(t+1)
n ← u(t)n − ηt+1[G

(t)
n ]−1/21(E(xt+1) = En).

(1.18)
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The combination of the momentum method and the adaptive learning rate method leads to the

Adaptive Moment Estimation (Adam) method (Kingma and Ba, 2014). The Adam update operates

as follows:
m(t) ← βm(t−1) + (1− β)∇h(u(t)),

G(t) ← γG(t−1) + (1− γ)∇h(u(t))
2
,

u(t+1) ← u(t) − ηt+1[G
(t)]−1/2m(t).

(1.19)

In the setting of the WL algorithm, we note that, although β and γ can be potentially two tuning

parameters, if we set β = γ and initialize m(0) and G(0) to be 0, we have G(t) = −m(t), since

−∇h(u(t)) is approximated by a one-hot vector, which contains only a single “1” with the remaining

elements being 0. This simplification leads to Algorithm 2, which we refer to as the AWL algorithm

henceforth.

Algorithm 2: AcceleratedWang-Landau algorithm.

1. Initialization. u(0)n = 0,m(0)
n = 0 for n ∈ [N ].

2. For t ≥ 1, iterate between the following steps.

(a) Sample xt+1 from Pt(xt, ·).
(b) Updatem(t) andu(t+1) as follows.

m(t)
n ← βm(t−1)

n + (1− β)1(E(xt+1) = En),

u(t+1)
n ← u(t)n + ηt+1[m

(t)
n ]1/2.

(1.20)

(c) Normalizeu(t+1) to sum to 0.

(d) Scale down the learning rate ηt properly.

3. Stop when the learning rate ηt is smaller than a prescribed threshold.

We remark that for large-scale systems, a naive implementation of Equation (1.20) can be very inef-

ficient, as we have to loop over every coordinate ofm(t) andu(t) in each iteration. A simple solution
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is to introduce a vector s = (s1, · · · , sN ), in which sn records the last time whenmn and un are

updated. With the help of sn, instead of updatingmn and un in each iteration, we shall update them

only when the energy levelEn is involved in the Monte Carlo simulations.

1.5 Illustrations

We compare the AWL algorithm with the original WL algorithm on two benchmark examples: (i) a

nearest-neighbour Ising model; (ii) a nearest-neighbour ten-state Potts model. Both models are de-

fined on a two-dimensionalL× L square lattice equipped with the periodic boundary condition.

For the Ising model, the energyE(x) is given by the Hamiltonian:

E(x) = −
∑
<i,j>

Jijxixj − ψ
∑
j

bjxj , (1.21)

where xi ∈ {±1}. The subscripts i, j denote the lattice sites, and the notation< i, j > implies that

the site i and the site j are nearest neighbors. For the ten-state Potts model, the energyE(x) is given

by:

E(x) = −
∑
<i,j>

Jij1(xi = xj)− ψ
∑
j

bjxj , (1.22)

where xi ∈ {1, · · · , 10}. For both models, we assume that Jij ≡ 1 and bj ≡ 0 (no external mag-

netic field). If bj ≡ 0, the two-dimensional Ising model exhibits a second-order phase transition.

Otherwise, in the presence of an external magnetic field, the two-dimensional Ising model exhibits

a first-order phase transition. When bj ≡ 0, the two-dimensional Potts model exhibits a first-order

phase transition when the number of states is larger than 4.

Let {Ht(En)}Nn=1 be the histogram of all energy levels at iteration t. We initializeH0(En) = 0

for n ∈ [N ]. At each iteration t, the AWL algorithm and the WL algorithm update u(t) accord-

ing to Algorithms 2 and 1, respectively. In addition, we update the energy histogram asHt(En) =
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Ht−1(En) + 1(E(xt+1) = En).

The adaptation of the learning rate ηt follows (Belardinelli and Pereyra, 2007), which is detailed in

the following.

1. After every 1,000 MC sweeps, we check {Ht(En)}. If minnHt(En) > 0, we set ηt+1 =

ηt/2, and resetHt(En) = 0 for each energy level En. Otherwise if minnHt(En) = 0, we

keep ηt+1 = ηt.

2. If ηt+1 ≤ N/t, then ηt = N/t for all the subsequent iterations. Ht(En) is discarded and the

above step is not executed any more.

We note that eachMC sweep containsL2 iterations, in which each iteration refers to a single round of

parameter update. That is, steps 2(a)–2(c) in Algorithms 1 and 2. The energy histogram {Ht(En)}

essentially represents the number of visits to each energy level up to iteration t, since the last update

of the learning rate.

We implement one step of the Metropolis algorithm to estimate the gradient, i.e., step 2(a) in Al-

gorithms 1 and 2. The proposal schemes for the Ising model and the Potts model are described as

follows. Given the current configuration xt, we randomly pick up a site and change its value. For the

Isingmodel, we flip its sign. For the ten-state Pottsmodel, we set it to be a number uniformly sampled

from {1, · · · , 10}.

To illustrate the efficiency of the AWL algorithm, we investigate the following four perspectives.

(i) The scaling of the first equilibration time, in terms of the number of MC sweeps, with respect

to the dimension L. The first equilibration time, which corresponds to the transient phase as we

discussed in Section 1.4, is defined to be min{t : minnHt(En)} > 0. That is, the first time when

the energy histogram becomes nonzero everywhere. According to the adaptation rule of the learning

rate ηt, the equilibration time is also the first time we decrease the learning rate. (ii) The scaling of

the first equilibration time, in terms of the CPU time, with respect to the dimension L. Because the
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AWLalgorithm requires additional computations inupdating themomentumvector, the comparison

between the two algorithms on the actualCPU time is necessary to seewhether the implementation of

the accelerationmethod is indeed worthwhile. (iii) The dynamics of the estimation error ϵ(t) defined

as below following (Belardinelli and Pereyra, 2007) forL = 80,

ϵ(t) =
1

N − 1

N∑
n=1

∣∣∣∣1− log(gt(En))
log(g(En))

∣∣∣∣ . (1.23)

For the Isingmodel, the exact density of statesg(En) is available, and canbe calculatedusing a publicly

available Mathematica program (Beale, 1996). For the Potts model, no exact solution of g(En) is

available, and thuswe pre-run a 1/tWLsimulation for 5×107 MCsweeps, inwhich the final learning

rate is 2× 10−8. We then treat the density estimates as an approximation to the exact density of states.

(iv) The accuracy in the task of estimating the specific heat for the Ising model withL = 80.

We compare the AWL algorithm and the WL algorithm with different initializations of the learn-

ing rate, η0 = 0.05, 0.10 and 1.00. We test out the two algorithms for different sizes of the two-

dimensional square lattice, L = 50, 60, 70, 80, 90, 100. The computations were run on the FASRC

Cannon cluster supported by the FAS Division of Science Research Computing Group at Harvard

University.

Figure 1.1 summarizes the computational overheads of the two algorithms on the Isingmodel. The

reported results are based on 50 independent runs of both algorithms, in which the dot represents the

empirical mean and the error bar represents the empirical standard deviation. We see that the AWL

algorithm takes significantly fewerMC sweeps as well as less CPU time to reach the first equilibration

among all settings with different lattice sizes and different initializations of the learning rate. Figure

1.2 summarizes the computational overheads of the two algorithms on the Pottsmodel. Similar to the

case of the Ising model, the AWL algorithm is more efficient than the WL algorithm in terms of the

first equilibration time measured by the number of MC sweeps and the CPU time.
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Figure 1.1: The computational overheads, in terms of the number ofMC sweeps and theCPU time, that theAWLalgorithm

and the WL algorithm take to reach the first equilibration on the Ising model. Two initializations of the learning rate are

testedout, includingη0 = 0.05andη0 = 1.00. The reported results arebasedon50 independent runsofbothalgorithms.
The dot represents the empirical mean and the error bar represents the empirical standard deviation.
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Figure 1.2: The computational overheads, in terms of the number ofMC sweeps and theCPU time, that theAWLalgorithm

and the WL algorithm take to reach the first equilibration on the Potts model. Two initializations of the learning rate are

testedout, includingη0 = 0.05andη0 = 1.00. The reported results arebasedon50 independent runsofbothalgorithms.
The dot represents the empirical mean and the error bar represents the empirical standard deviation.
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Figure 1.3: Thedynamics of the estimation error ϵ(t) (on the logarithmic scale), averaging over 50 independent runs, of the
AWL algorithm and theWL algorithm. Panel (a) shows the result for the Ising model, and panel (b) shows the result for the

Potts model. η0 denotes the initialization of the learning rate.

Figure 1.3 shows the empirical dynamics of ϵ(t), averaged over 50 independent runs of both al-

gorithms. The first 100 × 103 MC sweeps for the Ising model and the first 1500 × 103 MC sweeps

for the Potts model are representative for the transient phase. We see that in the transient phase, the

convergence speed of theAWL algorithm, in terms of the number ofMC sweeps, is significantly faster

than the convergence speed of the WL algorithm with different initializations of the learning rate.

For the Ising model with L = 80, Table 1.1 compares the accuracy of the two algorithms in the

calculation of the specific heat defined as

C(T ) =
⟨E2⟩T − ⟨E⟩2T

T 2 , (1.24)

in which T denotes the temperature. We test out temperatures ranging from 0.4 to 8 incremented by

0.1. The internal energy ⟨E⟩T is defined as

⟨E⟩T =

∑
nEng(En) exp(−En/T )∑
n g(En) exp(−En/T )

. (1.25)
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100 × 103 MC sweeps 150 × 103 MC sweeps 200 × 103 MC sweeps

Quantiles 25% 50% 75% 25% 50% 75% 25% 50% 75%

AWL (η0 = 0.05) 2.9% 6.3% 17.7% 0.9% 2.0% 4.6% 0.5% 1.2% 2.9%

WL (η0 = 0.05) 10.5% 18.9% 41.4% 4.6% 9.1% 17.7% 1.1% 2.0% 4.4%

WL (η0 = 0.10) 12.2% 24.0% 44.0% 2.4% 4.6% 10.9% 0.7% 2.4% 5.1%

WL (η0 = 1.00) 47.1% 57.6% 74.4% 8.0% 16.0% 27.5% 2.8% 4.6% 8.4%

Table 1.1: The relative errors of theAWLalgorithm and theWL algorithm in the calculation of the specific heat for the Ising

model withL = 80. The relative errors are calculated based on themean of 50 independent estimates produced by each
algorithm. Thequantiles of the relative errors are over the temperature intervalT ∈ [0.4, 8]. η0 denotes the initialization

of the learning rate.

Thefluctuation expression ⟨E2⟩T is defined similarly. Wenote that the theoretical value of the specific

heat at a given temperature T can be evaluated exactly when the exact density of states is available,

which is the case for the two-dimensional Isingmodel. We independently run each algorithm50 times

to obtain 50 independent estimates of the specific heat at each temperature. The relative error at each

temperature is calculated based on the mean of the 50 independent estimates. Table 1.1 summarizes

the quantiles of the relative errors forT ∈ [0.4, 8], by running each algorithm for 100×103, 150×103,

and 200 × 103 MC sweeps, respectively. Compared to the WL algorithm, the AWL algorithm yields

significantly more accurate estimates of the specific heat especially in the transient phase.

More details of this numerical study can be found in the Appendix A. First, within the first 2×105

MCsweeps and 2×106 MCsweeps for the Isingmodel and thePottsmodel, respectively, we report the

number of equilibrations that the AWL algorithm and theWL algorithm have reached (equivalently,

the number of changes of the learning rate ηt), for different lattice sizesL and different initializations

of the learning rate η0. We also report the corresponding first eight equilibration time in terms of the

number ofMC sweeps (see Table A.1 andA.2). Second, for the Isingmodel withL = 80, we provide

a graphical comparison of the estimated specific heat obtained by the AWL algorithm and the WL

algorithm, over the temperature region T ∈ [0.4, 8] (see Figure A.1).
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1.6 Concluding Remarks

To summarize, in this chapter we present a new interpretation of the WL algorithm from the opti-

mization perspective. We show that the WL algorithm is essentially a stochastic (projected) gradient

descent algorithmminimizing a smooth and convex function, in whichMCMC steps are used to esti-

mate the unknown gradient. The optimization formulation intuitively explains that because of using

more accurate gradient estimates, some notable modifications of the algorithm, such as utilizing mul-

tiple randomwalkers, can improve theWL algorithm. In addition, using the (strong) convexity of the

objective function, we provide a new approach to establish the convergence rate of theWL algorithm,

which is more explicit compared to the existing results (Fort et al., 2015; Zhou and Bhatt, 2005). We

expect that our contributions are useful for further theoretical investigations of the WL algorithm.

The optimization interpretation also opens a new way to improve the efficiency of the WL algo-

rithm. There are rich tools in the optimization literature to accelerate the stochastic gradient descent

algorithm, including but not restricted to the methods we mentioned in Section 1.4. Different meth-

ods can be favorable for different applications. In the presence of noisy gradients, it usually requires

some careful tuning to successfully apply the acceleration tools. We demonstrate one possible accel-

eration approach, using the momentum method and the adaptive learning rate strategy, on a two-

dimensional Ising model and a two-dimensional ten-state Potts model.
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2
Monte Carlo Approximation of Bayes

Factors via Mixing with Surrogate

Distributions

Contribution This chapter is based on a paper (Dai and Liu, 2019) jointly with Prof. Jun S. Liu.
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2.1 Abstract

Bymixing the posterior distributionwith a surrogate distribution, of which the normalizing constant

is tractable, we propose a new method for normalizing constant estimation using the Wang-Landau

algorithm. We then show that faster convergence of the proposed method is achievable based on mo-

mentum acceleration. Two implementation suggestions are detailed, including (i) facilitating global

jumps between the posterior and the surrogate via the Multiple-try Metropolis; (ii) constructing the

surrogate via the variational approximation. When a surrogate is difficult to come by, we describe

a new jumping mechanism for general reversible jump Markov chain Monte Carlo algorithms that

combines the Multiple-try Metropolis and the directional sampling algorithm. We illustrate the pro-

posed methods on several statistical models, including the Log-Gaussian Cox process, the Bayesian

Lasso, the logistic regression, and the g-prior Bayesian variable selection.

2.2 Introduction

Given data y, we consider a finite sequence of competing models {Mk} associated with parameters

{θk}. Themarginal likelihood of data undermodelMk, also referred to as the normalizing constant,

is defined as

p(y | Mk) =

∫
γ(θk | y,Mk)dθk =

∫
p(θk | Mk)p(y | θk,Mk)dθk,

in which p(θk | Mk) is the prior, p(y | θk,Mk) is the likelihood, and γ(θk | y,Mk) is the unnor-

malized posterior distribution. To compare different models, Bayesian methods typically compute

the Bayes factor, which is defined as the ratio of the normalizing constants under different models,

that is, Bi,j = p(y | Mi)/p(y | Mj). With the uniform prior on modelMi andMj , Bi,j > 1

indicates that modelMi is more favorable than modelMj given the current data y.
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We can approximate the Bayes factor by estimating the normalizing constant of each model. For

simplicity, we will drop the dependency on y and the model index k in γ(θk | y,Mk) when the

context is clear, anduseZγ to denote the normalizing constant ofγ(θ). Letγ⋆(θ) = γ(θ)/Zγ be the

corresponding normalized distribution. ComputingZγ is essentially a task of calculating an integral.

However, in many interesting cases, the complex form of the unnormalized density γ(θ), sometimes

with high dimensionality, prohibits us from obtaining neither analytic solutions nor easy numerical

approximations. Various Monte Carlo strategies have been developed to tackle this problem, such as

Chib’smethod (Chib, 1995), inverse logistic regression (Geyer, 1994), importance sampling (Gelfand

and Smith, 1990), bridge sampling (Meng and Schilling, 1996;Meng andWong, 1996), path sampling

(Ogata, 1989), sequential importance sampling (Hammersley and Morton, 1954; Rosenbluth and

Rosenbluth, 1955; Kong et al., 1994), and sequential Monte Carlo (SMC) (Liu and Chen, 1998;

Doucet et al., 2000; Del Moral et al., 2006). A nice overview of nineteen methods for normalizing

constant estimation in the context of Bayesian phylogenetics is given in Fourment et al. (2020).

In this chapter,wepresent amixture approach fornormalizing constant estimationusing theWang-

Landau (WL) algorithm (Wang and Landau, 2001b). Our idea is to construct a matching surrogate

distribution q(θ) with its normalizing constant Zq known, and combine γ(θ) and q(θ) to form a

mixture distribution with an adjustable mixing parameter tuned through the WL algorithm. The

ratio r = Zγ/Zq is then an easy function of the mixing parameter. Let q⋆(θ) be the normalized sur-

rogate distribution. Many of the aforementioned methods also use a surrogate, and the idea of using

theWL algorithm to estimate the ratio r = Zγ/Zq also appears in Liang (2005) andAtchadé and Liu

(2010) in more restricted settings.

TheproposedWLmixturemethod is different fromexistingmethods in the followingperspectives.

First, when we apply the WL algorithm in our setting, there is a natural partition of the parameter

space indicated by the two (or more if needed) mixture components. Second, unlike the method in

Liang (2005), we do not require γ⋆(θ) and q⋆(θ) being well-separated. In fact, jumps between the
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posterior and the surrogate becomes more flexible if γ⋆(θ) and q⋆(θ) are mixed together. Third, the

WL mixture method does not require γ⋆(θ) and q⋆(θ) to have any overlap. With the help of mode

jumping algorithms such as the Multiple-try Metropolis (MTM) (Liu et al., 2000), it appears much

more robust than importance sampling based methods such as bridge sampling, which crucially rely

on the amount of overlaps between γ⋆(θ) and q⋆(θ).

Following Dai and Liu (2020), we can achieve faster convergence of the proposed method using

momentum acceleration. The idea is to formulate theWL algorithm as a (stochastic) gradient descent

algorithmminimizing a convex and smooth function, ofwhich the gradient is estimatedusingMarkov

chain Monte Carlo (MCMC) iterations. Under this optimization framework, we are able to exploit

acceleration tools to speed up the convergence of the WL algorithm. Empirically, we find that the

simple momentum method improves the efficiency of our algorithm. We illustrate the accelerated

WLmixturemethod on two statistical models, the Log-GaussianCox process and the Bayesian Lasso.

Many aforementionedMonte Carlo techniques, includingMTM and theWLweight adjustment,

are also potentially useful in other Bayesian model selection approaches. In particular, we describe

an MTM-based reversible jump MCMC framework, which can be useful when it is challenging to

propose an appropriate surrogate. Specifically, we can include the model indexMk as a parameter in

the full posterior distribution specified as

p(θk,Mk | y) ∝ p (y | θk,Mk) p (θk | Mk) p (Mk) , (2.1)

and use MCMC to traverse the joint model and parameter space. The ratio between the proportions

of time that theMarkov chain spends in modelMi andmodelMj , adjusted by the prior onmodels,

consistently estimates the Bayes factor Bi,j . A reversible jump MCMC (RJMCMC) (Green, 1995)

algorithm is often required to sample across different dimensional spaces. However, it is well-known

that constructing an efficient trans-dimensional proposal is challenging (Brooks et al., 2003).
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To enable efficient RJMCMC, we propose to combine MTM and the directional sampling (Liu

et al., 2000) algorithm, which will be most effective if p (θk | y,Mk) is uni-modal for each model

Mk, and themode θ̂k can be located reasonably well beforehand. We note that the proposedmethod

is different from theMTMversion of RJMCMCalgorithms proposed in Pandolfi et al. (2014). Their

methodmainly focuses onusing a computationally favourableweight function inMTMto avoid eval-

uating the target density, which can be expensive in complex statisticalmodels. Ourmethod is perhaps

most similar to themode jumping algorithmproposed inTjelmeland andHegstad (2001). While they

design a mixture of Metropolis-Hastings proposals guided by deterministic local optimization to en-

able large step-size jumps, we utilize the more flexible MTM.

The rest of the article is organized as follows. Section 2.3.1 reviews the general WL algorithm. Sec-

tion 2.3.2 proposes our mixture formulation, and explains how we adapt the WL algorithm in the

mixture setting to estimate the normalizing constant. Section 2.3.3 introduces an accelerated version

of the WLmixture method. Section 2.3.4 describes a principled way of using the variational approx-

imation to construct the surrogate distribution. Section 2.4.1 explains how to use MTM to jump

between the two mixture components if q⋆(θ) and γ⋆(θ) are not well aligned and relatively sepa-

rated. Section 2.4.2 describes an efficient MTM-RJMCMC algorithm to sample the model space.

Section 2.5 reviews existingmethods in the literature, andmakes connections and comparisons to our

proposed methods. Section 2.6 illustrates the utility of the proposed methods on several numerical

examples including a Bayesian evaluation of the Log-Gaussian Cox process fitting, a hyper-parameter

selection problem for Bayesian Lasso regression, marginal likelihood estimation for a logistic regres-

sionmodel, andBayesian variable selection for linearmodels under the spike-and-slab g-prior. Section

3.6 concludes with some final remarks.
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2.3 A SurrogateMixture Approach

2.3.1 TheWang-Landau algorithm

Inorder to improve the convenience and efficiencyof themulticanonical sampling (Berg andNeuhaus,

1992),Wang and Landau (2001a,b) proposed a simple stochastic adaptive updating algorithm, which

quickly becomes a popularMonte Carlo method for sampling complex physical systems. Given a tar-

get distribution p(θ) and a user-specified partition of the target space Θ = ∪si=1Θi, where s is the

total number of subregions, we can use the WL algorithm to estimate the probability mass of p(θ)

within each subregion, i.e.,ψ(i) = P(θ ∈ Θi). The main steps of theWL algorithm are outlined in

Algorithm 3.

Algorithm 3: TheWang-Landau algorithm.

1. Sample θt fromKt−1 (θt−1, ·).

2. Update ψt(i)← ψt−1(i) [1 + ηt1 (θt ∈ Θi)] for i ∈ [s].

3. Normalize {ψt(i)}si=1 to sum 1.

To initialize the algorithm, we can simply set ψ0(i) = 1/s, and sample θ0 from some initial distri-

bution. Kt is a Markov kernel invariant to the adaptive target distribution p†t(θ) defined as below,

p†t(θ) ∝
s∑
i=1

p(θ)

ψt(i)
1(θ ∈ Θi). (2.2)

The parameter ηt is the learning rate, and typically we shall scale it down following the flat/minimum

histogram criterion (Zhou and Bhatt, 2005; Belardinelli and Pereyra, 2007) so as to guarantee the

convergence of the algorithm. The convergence of ψt(i) to ψ(i) for i ∈ [s] has been established in

Atchadé and Liu (2010) and Fort et al. (2015) under proper conditions. Thus, θt will spend equal

amount of time in each subregionΘi as t → ∞. We note that the magnitude of the learning rate ηt
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is informative of the estimation error (Zhou and Bhatt, 2005). Therefore, a commonly used stopping

criteria for the WL algorithm is that ηt is small enough.

2.3.2 TheWang-Landau mixture method

Supposewehave a (unnormalized) surrogate distributionq(θ)with its normalizing constantZq known.

In addition, we assume that we have two effective Markov kernelsKγ andKq in hand so that we can

sample from γ⋆(θ) and q⋆(θ) sufficiently well. Since we control the construction of the surrogate

q⋆(θ), we can typically make it easy to sample from without using MCMC. More details on con-

structing the surrogate q⋆(θ) are deferred to Section 2.3.4.

The proposed method relies on the following mixture formulation:

π(θ) = γ(θ) + q(θ). (2.3)

The key is to recognize that the normalizing constantsZγ andZq are proportional to the relative prob-

abilitymasses of the two components, γ⋆(θ) and q⋆(θ), in themixture distributionπ(θ). Therefore,

we can directly apply the WL algorithm to estimate the ratio Zγ/Zq *, where the two mixture com-

ponents γ⋆(θ) and q⋆(θ) naturally defines a “partition” of the parameter space Θ. In view of step

1 in Algorithm 3, it requires an efficient kernelKt to sample from the adaptive mixture distribution

π†t (θ) defined as below,

π†t (θ) ∝
γ(θ)

ψt(γ)
+
q(θ)

ψt(q)
, (2.4)

in which the γ and q in the brackets serve as indexes (the same as i in Algorithm 3), and should not

be misinterpreted as function arguments. In the case where q⋆(θ) and γ⋆(θ) are well mixed, we ex-

ploit the data augmentation strategy and perform a Gibbs sampling step (Diebolt and Robert, 1994)

usingKγ andKq . To be specific, we define a binary indicator It to denote the mixture component

*For numerical stability, we recommend to work on the logarithmic scale.
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from which θt comes. Given {ψt−1(γ), ψt−1(q)} and {θt−1, It−1}, if It−1 = 1, we sample θt from

Kγ(θt−1, ·), otherwise we sampleθt fromKq(θt−1, ·). Givenθt, we then sample It from aBernoulli

distribution with probability

P(It = 1 | |θt) ∝ γ(θt)/ψt−1(γ), P(It = 0 | |θt) ∝ q(θt)/ψt−1(q). (2.5)

In the case where q⋆(θ) and γ⋆(θ) are not well aligned, we complement Gibbs sampling with the

Multiple-tryMetropolis (MTM) if informative jumping directions are identified beforehand. We de-

fer a detailed discussion onMTM to Section 2.4.1.

A detailed algorithm implementing the WL mixture method is summarized in Algorithm 4. The

generic Markov kernel Kt invariant to π†t (θ) can be substituted by the Gibbs sampling kernel dis-

cussed above or the MTM kernel. In addition, instead of terminating the algorithm after a pre-

specified number of iterations S, we can also use the stopping criteria that the learning rate ηt is small

enough (say, below 10−3).

Tunable parameter sequences {ξt(γ), ξt(q)} are introduced to help check the flat histogram cri-

terion, that is, whether the Markov chain has spent equal amount of time in each of the two mixture

components γ⋆(θ) and q⋆(θ). If this is approximately satisfied to the extent controlled by a threshold

c ∈ (0, 1) (see Equation (2.7)), we decrease the learning rate and refresh ξt(γ) = ξt(q) = 0 so that it

can start monitoring the next stage of the algorithm. Empirically we find that the performance of the

WLmixturemethod is robust to the choice of c (see Figure B.1 in the Appendix B). For the numerical

examples in the paper, we set c = 0.2.

TheWLmixturemethod naturally adapts to themissing data framework. Themarginal likelihood

of the observed-data can be formulated as follows:

L(yobs) =

∫
p(yobs | θ)p(θ)dθ =

∫ ∫
p(yobs,ymis | θ)p(θ)dymisdθ,
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Algorithm 4: TheWang-Landau mixture method.

1. Algorithmic setup. Choose a decreasing positive sequence {ηt} as the sequence of learning
rate. Set a0 = 1, c ∈ (0, 1), ξ0(γ) = ξ0(q) = 0, and ψ0(γ) = ψ0(q) = 1/2. Set the total
number of iterations to be S. We exclude the first b iterations in estimation.

2. At t = 0: initialize θ0 from some initial distribution, and sample a binary indicator I0 with
probabilityP(I0 = 1) ∝ γ(θ0) andP(I0 = 0) ∝ q(θ0).

3. For t ∈ [S]: given (θt−1, It−1), iterate between the following steps.

(a) Sample θt fromKt−1(θt−1, ·), which is invariant to the the adaptive mixture
distribution π†t−1(θ) defined by {ψt−1(γ), ψt−1(q)} as in Equation (2.4).

(b) Sample a binary indicator It with probability specified in Equation (2.5).

(c) Update {ξt(γ), ξt(q)} and {ψt(γ), ψt(q)} as follows:

ξt(γ)← ξt−1(γ) + 1 (It = 1) , ψt(γ)← ψt−1(γ) [1 + ηat1 (It = 1)] ,
ξt(q )← ξt−1(q ) + 1 (It = 0) , ψt(q )← ψt−1(q ) [1 + ηat1 (It = 0)] .

(2.6)

(d) Normalize {ψt(γ), ψt(q)} to sum 1.

(e) If the following condition is satisfied:

max{ξt(γ), ξt(q)}
ξt(γ) + ξt(q)

− 1
2
≤ c

2
, (2.7)

update at+1 = at + 1 and reset ξt(γ) = ξt(q) = 0. Otherwise set at+1 = at.

4. Output the estimators log Ẑγ = log r̂ + logZq , where

log r̂ = 1
S − b

S∑
t=b+1

[log ξt(γ)− log ξt(q)].

38



in which p(yobs,ymis | θ) is the complete-data distribution, and p(θ) is the prior. When the inte-

gral
∫
p(yobs,ymis | θ)dymis can be analytically calculated, such as the finite mixture model in which

ymis are discrete, we can directly apply theWLmixture method to estimate the normalizing constant

L(yobs). More generally, we can treat the missing data ymis as parameters, and apply theWLmixture

method to estimate the normalizing constant of the (unnormalized) complete-data posterior distri-

bution γ(θ,ymis | yobs) = p(yobs,ymis | θ)p(θ).

Another extension of theWLmixture method is to introduce a sequence of auxiliary distributions

{η⋆0 (θ), · · · , η⋆p(θ)} between the posterior and the surrogate, i.e., η⋆0 (θ) = q⋆(θ) and η⋆p(θ) =

γ⋆(θ), and estimate the ratios of the normalizing constants of any two adjacent auxiliary distributions

in parallel. The idea of constructing auxiliary distributions has been widely used inMonte Carlo sim-

ulations, including bridge sampling, annealed importance sampling, sequential importance sampling,

and SMC algorithms. However, these earlier methods typically cannot be easily parallelized.

This generic idea is beneficial if the sequence of auxiliary distributions is properly chosen. Dis-

cussions and references on constructing auxiliary distributions are given in Section 2.5.1. We refer to

this multiple-step WL mixture method as the parallel WL (PWL) method henceforth, and illustrate

it in Section 2.6.1 on the Log-Gaussian Cox process, in which we set the prior as the surrogate, and

employ a geometric sequence of auxiliary distributions. We believe that the parallel WL method can

complement the WLmixture method when a good surrogate q⋆(θ) is not easy to construct.

2.3.3 Acceleration of theWang-Landau mixture method

The efficiency of the WL mixture method can be further improved using the acceleration idea dis-

cussed in Dai and Liu (2020). The update of the reweighting factor ψt(γ) (step 3(c) in Algorithm 4)
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can be approximated as follows:

logψt(γ) = logψt−1(γ) + log [1 + ηat1 (It = 1)]

≈ logψt−1(γ) + ηat1 (It = 1) .
(2.8)

We note that the above approximation is fairly accurate since the learning rate ηt is small.

Let ut(γ) = logψt(γ) and ut(q) = logψt(q). We consider the following optimization problem:

min
u1,u2∈R

f(u1, u2) = log (exp(u⋆(γ)− u1) + exp(u⋆(q)− u2)) ,

subject to u1 + u2 = 0,
(2.9)

in which u⋆(γ) = logZγ − logZq and u⋆(q) = logZq − logZγ . It is not difficult to see that this

is a convex optimization problem because the objective function f(u1, u2) is a log-sum-exp function

and the constraint is linear. It has a unique solution at (u⋆(γ), u⋆(q)).

To solve the constrained optimization problem (2.9), we use the projected gradient descent algo-

rithm. More precisely, one-step update of ut(γ) is

ut(γ) = ut−1(γ)− ηat
∂f

∂u1
(ut−1(γ), ut−1(q))

= ut−1(γ) + ηatP (It = 1) ,
(2.10)

in which P(It = 1) equals the weight of γ⋆(θ) in the mixture distribution π†t−1(θ) (see Equation

(2.4)). ut(q) is updated in the same way. We note that anayltical evaluation of P (It = 1) involves

the unknown normalizing constant Zγ , thus is not feasible in practice. However, we can implement

one-step or multiple-stepMonte Carlo simulations, and approximateP (It = 1) by 1 (It = 1). This

recovers the WL update in Equation (2.8). In addition, the projection step to the set {u1, u2 ∈

R, u1 + u2 = 0} is equivalent to the normalization step (see step 3(d) in Algorithm 4). There-
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fore, the WL algorithm is equivalent to the stochastic projected gradient descent algorithm solving

the constrained optimization problem (2.9).

Once we have the optimization perspective, various acceleration tools can be employed to improve

the efficiency of theWLmixture method. One simple tool we find useful is the momentummethod,

which exponentially accumulates a momentum vector to amplify the persistent gradient across iter-

ations, thus reducing the oscillation caused by the noise in the gradient estimate. More precisely, we

modify step 3(c) in Algorithm 4 as below.

3 (c′) (Momentum acceleratedWL updates)

(i) Update the momentum vector:

mt(γ)← βmt−1(γ)− ηat1 (It = 1) , mt(q)← βmt−1(q)− ηat1 (It = 0) .

(ii) Update the reweighting vector:

logψt(γ)← logψt−1(γ)−mt(γ), logψt(q)← logψt−1(q)−mt(q).

(iii) Update {ξt(γ), ξt(q)} as in step 3(c) in Algorithm 4.

We initialize the momentum vector as m0(γ) = m0(q) = 0. β is commonly set to be 0.9 or

higher, which calibrates the fraction of the accumulated past gradients that we want to incorporate

into the current update. Numerical illustrations of the accelerated WL mixture method is given in

Figure 2.2 on two statistical models, the Log-Gaussian Cox process and the Bayesian Lasso.

2.3.4 Constructing the surrogate distribution

In principle, any posterior approximationwith a knownnormalizing constant, such as the Laplace ap-

proximation and the variational approximation, can be used to construct the surrogate distribution.
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We can also use MCMC methods to obtain posterior samples, and fit some parametric distribution

to them. In this section, we describe how to construct a surrogate q(θ) using the variational approxi-

mation (Jordan et al., 1999; Blei et al., 2017). The variational approach enjoys two main advantages.

First, it is computationally efficient and does not requireMCMC sampling to explore γ⋆(θ). Second,

it provides a reasonable approximation to γ⋆(θ) in a wide class of statistical models (Wainwright and

Jordan, 2008).

The variational approximation aims at finding the closest distribution q⋆(θ) to γ⋆(θ) in the KL

divergence within a particular class of distributionsQ, that is,

q⋆(θ) = arg min
p(θ)∈Q

KL (p(θ)||γ⋆(θ)) . (2.11)

KL (p(θ)||γ⋆(θ)) is not computable as it involves the unknown normalizing constantZγ . However,

we can equivalently reformulate the optimization problem (2.11) as follows:

q⋆(θ) = arg max
p(θ)∈Q

ELBO(p) = arg max
p(θ)∈Q

{
Ep [log γ(θ)]−Ep [log p(θ)]

}
, (2.12)

in whichZγ is no longer involved. ELBO refers to the evidence lower bound of logZγ since

logZγ = KL (q⋆(θ)||γ⋆(θ)) + ELBO(q⋆) ≥ ELBO(q⋆). (2.13)

We note that the EM algorithm (Dempster et al., 1977) can also be formulated as a two-step iterative

algorithmmaximizing theELBOwith respect top(θ) and the relevantmodel parameters (Tzikas et al.,

2008).

Before solving the optimization problem (2.12), we need to specify the variational family Q. A

commonly considered class of distributions Q is the mean-field variational family, which assumes

that q⋆(θ) is a product of univariate distributions, that is, q⋆(θ) =
∏d
j=1 q

⋆
j (θj). We assume that
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q⋆j (θj) belongs to some parametric familyQj whose probability density function can be evaluated ex-

actly. To solve the optimization problem (2.12), we can use the coordinate ascent variational inference

(CAVI) algorithm (Bishop, 2006). CAVI, detailed in Algorithm 5, iteratively maximizes the ELBO

in a coordinate-wise fashion. We note that the optimization problem in (2.15) can be further simpli-

fied in conjugate cases. For each j ∈ [d], conditioning on all the other components q⋆i (θi), i ̸= j,

ELBO(qj) can be rewritten as

ELBO(qj) = −KL
(
qj(θj)||q

opt
j (θj)

)
+ constant, (2.14)

in which qoptj (θj) ∝ exp [E−j (log γ(θj ,θ−j))]. If qoptj (θj) ∈ Qj (conjugacy), the optimal qj(θj)

is qoptj (θj) since the KL divergence is non-negative.

Algorithm 5: The coordinate ascent variational inference (CAVI) (Blei et al., 2017).

1. Initialize each q⋆j (θj) ∈ Qj for j ∈ [d].

2. For each j ∈ [d], fix all the other components q⋆i (θi), i ̸= j, update q⋆j (θj)with

q⋆j (θj) = arg max
qj∈Qj

{
Ej

[
E−j (log γ(θj ,θ−j))

]
−Ej [log qj(θj)]

}
. (2.15)

3. Calculate ELBO(q⋆)where q⋆(θ) =
∏d
j=1 q

⋆
j (θj). If ELBO hasn’t converged, go back to

step 2. Otherwise output q⋆(θ).

2.4 Global Jump viaMultiple-tryMetropolis

2.4.1 TheMultiple-tryMetropolis

Inmany problems, the twomixture components q⋆(θ) and γ⋆(θ)may not be well aligned and some-

times can be completely separated. Thus, naive Metropolis-Hastings proposals may be easily trapped
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in one of the components and cannot efficiently traverse the whole space. We here describe an ap-

proach based on the Multiple-try Metropolis (MTM) method (Liu et al., 2000) for constructing a

proper Markov kernel that enables easy jumps between different modes.

Given a target distribution π(x) defined on Rd and a proposal transition function T (x,y), a

version of MTM is described in in Algorithm 6. Heuristically, MTM aims at biasing the multiple

proposals with a proper weight functionw(x,y):

w(x,y) = π(x)T (x,y)λ(x,y), (2.16)

inwhichλ(x,y) is a user-chosen nonnegative symmetric function. Briefly,MTMdrawsmproposals

{y(1), · · · ,y(m)} from the transition function T (xt, ·), and then selects y from {y(1), · · · ,y(m)}

with probability proportional to w(y(j),x). A proper acceptance-rejection rule (steps 3 and 4 in

Algorithm 6) is employed to ensure the reversibility of the Markov chain.

Algorithm 6: TheMultiple-try Metropolis (Liu et al., 2000).

1. Sample y(1), · · · ,y(m) i.i.d from T (xt, ·). Compute the weight functionw(y(j),x).

2. Sample y from y(1), · · · ,y(m) with probability proportional tow(y(j),x).

3. Given y, sample x(1), · · · ,x(m−1) i.i.d from T (y, ·). Set x(m) = xt.

4. Accept y with probability:

α = min
{

1,
w(y(1),x) + · · ·+ w(y(m),x)

w(x(1),y) + · · ·+ w(x(m),y)

}
. (2.17)

A special choice ofλ isλ(x,y) = [T (x,y)+T (y,x)]−1. IfT (x,y) is also a symmetric proposal,

the corresponding acceptance probability simplifies to:

α = min
{

1,
π(y(1)) + · · ·+ π(y(m))

π(x(1)) + · · ·+ π(x(m))

}
. (2.18)
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This special case is referred to as MTM (II) in Liu et al. (2000). MTM is particularly useful when it

is combined with the directional sampling algorithm. For instance, if we know a desirable jumping

direction, we can useMTM to explore a wide range along it. Let e denote the jumping direction. For

the simple case where e is fixed and independent of the current state xt, we outline the main steps in

Algorithm 7. More generally, we can choose the jumping direction e based on the current state xt.

Some detailed discussion on a special form of this adaptive strategy can be found in Section 2.4.2.

Algorithm 7: TheMultiple-try Metropolis combined with directional sampling.

1. Sample r(1), · · · , r(m) from a user-chosen distribution p(r). Let y(j) = xt + r(j) · e.
Compute the target density π(y(j)).

2. Sample y from y(1), · · · ,y(m) with probability proportional to π(y(j)).
Set x(j) = y − r(j) · e.

3. Accept xt+1 = y with probability:

α = min
{

1,
π(y(1)) + · · ·+ π(y(m))

π(x(1)) + · · ·+ π(x(m))

}
. (2.19)

When we incorporate MTM in the WL mixture method, assuming that we are equipped with an

efficient kernelKγ , some pre-MCMC runs should help us pin down informative jumping directions,

such as the directions connecting the modes of the posterior and the surrogate. Thus, we can substi-

tute step 3(a) in Algorithm 4 by randomly alternating betweenMTM and Gibbs sampling.

When the posterior γ⋆(θ) is multimodal, the proposed surrogate mixture framework can poten-

tially help identify themultimodality of γ⋆(θ), uponwhich a betterKγ can be designed usingMTM.

The idea is similar to parallel tempering (Geyer, 1991), which relies on a sequence of auxiliary distri-

butions so that global jumps are possible by “transporting” samples back and forth from the posterior

to auxiliary distributions. In our setting, the surrogate q⋆(θ) plays a similar role as the auxiliary distri-

butions used in parallel tempering, and the WL weight adjustment ensures that transitions between
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(a)Demonstration of mode jumping. The color indicates

the mixture component that the sample comes from.

Initially, θt1 is considered to be more likely a sample

from γ⋆(θ) (step 3(b) in Algorithm 4). TheWL mixture

method keeps downweighting the mixture component

γ⋆(θ) by increasing its reweighting factorψt1(γ) (step
3(c) in Algorithm 4). In the meantime, we performGibbs

sampling steps, which locally moves the chain using the

Markov kernelKγ , thus the chain still stays around the

same local mode. After γ⋆(θ) has been downweighted
enough, at some point t2 , θt2 is considered to be more

likely a sample from q⋆(θ). In the next step we directly
sample from q⋆(θ), leading to a global jump fromθt2 to

θt3 , which identifies the other mode ofγ
⋆(θ).

(b)ComparisonbetweentheWLmixturemethodand im-

portance sampling. Importance sampling only estimates

the normalizing constant of the target restricted on the

regionB, thusyieldsanunderestimatednormalizingcon-

stant. In contrast, the WL mixture method has approxi-

mately equal chance to explore the whole high-density

regions of the target and the surrogate distributions, re-

spectively, thus producesmore accurate, rather than un-

derestimated, normalizing constant estimates.

Figure 2.1

the posterior and the auxiliary distribution are sufficiently frequent. As shown in Figure 2.1a, we

consider a setting where γ⋆(θ) is bimodal and q⋆(θ) covers both modes, but we are unaware of the

multimodality of γ⋆(θ) in the first place and Kγ only enables local moves. As is explained in the

caption of Figure 2.1a, by leveraging the surrogate q⋆(θ) under the help of the WL reweighting, the

algorithm helps the chain cross the two modes of γ⋆(θ).
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2.4.2 An extension: MTM for reversible jumpMCMC

Wediscuss possible utilizations of some aforementioned ideas in the classical reversible-jumpMCMC

(RJMCMC) (Green, 1995) framework for Bayesianmodel comparison. That is, instead of estimating

the normalizing constant of each model, we incorporate the model index into the joint posterior dis-

tribution defined in Equation (2.1), and sample themodel indicator andmodel parameters simultane-

ously. It generally requires RJMCMC since the posterior distribution p (θk,Mk | y) is potentially

trans-dimensional.

Effective jumping mechanisms are necessary for successful traverse across different model spaces.

We believe bothMTM and theWLweight adjustment are potentially useful in constructing efficient

trans-dimensional proposals. (i) The MTM directional sampling may guide the Markov chain to di-

rectly jump towards themode of thewithin-model posterior, so that the acceptance probability can be

much higher than other generic jumpingmechanisms. (ii) TheWLweight adjustment can be used to

balance the probability masses of different models in the joint posterior distribution p (θk,Mk | y),

so as to facilitate trans-dimensional jumps. In this chapter, we detail the discussion on the MTM di-

rectional sampling inRJMCMC, and leave the idea of using theWLweight adjustment inRJMCMC

for future explorations.

We note that the MTM-based reversible jump algorithm (MTM-RJMCMC) is most useful if (i)

p(θk | y,Mk) is approximately unimodal for each modelMk; (ii) we can estimate the mode θ̂k

reasonably well before running the algorithm. For i ̸= j, suppose we want to move frommodelMi

to modelMj . Since θi ∈ Rdi and θj ∈ Rdj are potentially in different dimensions, we first match

the dimension of θi and θj by introducing auxiliary parameters u ∈ Rdj and v ∈ Rdi so that the

dimension and domain of (θi,u)matches those of (v,θj). We note that this is just one principled

way tomatch the parameter spaces. For specific problems, more efficient designsmay exist and should

be considered.
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We define the augmented posterior distributions as

pi (θi,u,Mi | y) = p(θi | y,Mi)qi(u)p(Mi),

pj (v,θj ,Mj | y) = p(θj | y,Mj)qj(v)p(Mj),

(2.20)

in which qi(u) and qj(v) are user-chosen unimodal distributions with modes denoted as û and v̂.

The above construction implies that θi ⊥ u and θj ⊥ v. In general, we can consider introducing

dependence structures between θi,u and θj ,v.

The multiple-try trans-dimensional move from modelMi to modelMj is summarized in Algo-

rithm 8 and briefly explained here. Given the current state θi, we first sample u from qi(u), then

construct m proposals (v(k),θ
(k)
j ) = (θi,u) + r(k) · e for k ∈ [m]. Two types of directional

jumping mechanisms can be exploited: (i) fixed-directional jump; (ii) adaptive-directional jump. For

the fixed-directional jump, the jumping direction is defined by the two pre-located modes of the aug-

mented posteriors pi (θi,u,Mi | y) and pj (v,θj ,Mj | y), and is fixed throughout the algorithm.

For the adaptive-directional jump, the jumping direction is defined by the current state of the chain

(θi,u) and the mode of the augmented posterior pj (v,θj ,Mj | y).

There are subtle differences in the implementation of the two jumping mechanisms. If we use the

adaptive-directional jump to jump towards a mode, that is, e = (v̂ − θi, θ̂j − u)/||(v̂ − θi, θ̂j −

u)||, the sampling distribution p(r) of the jumping distance r is required to be a centered symmetric

distribution in order that the acceptance probability can be simplified as in Equation (2.23). A more

general p(r) is allowed if we use a generalized form of MTM in Liu et al. (2000). In contrast, for the

fixed-directional jump, we can simply set the jumping direction as e = (v̂ − θ̂i, θ̂j − û) without

standardization, and sample the jumping distance r from an arbitrary distribution, not necessarily

being symmetric and centered at 0. In fact, to push the chain directly jump into themode (v̂, θ̂j), we

recommend to center p(r) at 1. We note that the acceptance probability of the adaptive-directional

48



jump involves an additional Jacobian defined as below,

J((θi,u), (v,θj)) =

∣∣∣∣∣1− ||(v − θi,θj − u)||
||(v̂ − θi, θ̂j − u)||

∣∣∣∣∣
di+dj−1

. (2.21)

For the fixed-directional jump, the Jacobian is not required.

Each of the two jumping mechanisms has its own advantages depending on the scenarios. For

instance, if the local variations around twomodes (θ̂i, û) and (v̂, θ̂j) differ significantly, the adaptive-

directional jump is more favorable, as the fixed jumping direction can be misleading when the chain

jumps from the relatively wider mode to the narrower one. On the other hand, since p(r) for the

fixed-directional jump is more flexible, e.g., p(r) can be centered at 1, when the jumping direction

e = (v̂ − θ̂i, θ̂j − û) is indeed informative, it appears more efficient than the adaptive-directional

jump in which p(r) centers at 0.

We then sample (v,θj) from the multiple proposals {(v(k),θ
(k)
j )}mk=1, with probability propor-

tional to the augmented posterior density pj(v(k),θ
(k)
j ,Mj | y). After obtaining (v,θj), we set

(θ
(k)
i ,u(k)) = (v,θj)−r(k) ·e for k ∈ [m]. We accept the trans-dimensional proposal (v,θj)with

probabilityα given in Equations (2.22) and (2.23), depending on which jumpingmechanismwe use.

We note that the proposed trans-dimensional move should be combined with local MCMC moves

within eachmodelMk. Since the current setting is slightly different from that of a typical MTM, we

provide here a theoretical justification in the following proposition. The proof of Proposition 1 can

be found in the Appendix B.

Proposition 1: The proposed trans-dimensional move, equipped with either the fixed-directional

jumping mechanism or the adaptive-directional jumping mechanism, leaves the posterior distribu-

tion p (θk,Mk | y) invariant.
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Algorithm 8: TheMultiple-try Metropolis reversible jumpMCMC algorithm.

For i ̸= j, suppose the current posterior draw θi is frommodelMi, the trans-dimensional
move to modelMj is accomplished as follows.

1. Sample the auxiliary variableu from qi(u), of which the dimension and domain match those
of θj in modelMj .

2. Set the jumping direction and sample the jumping distances.

(a) (Fixed-directional jump) Set the jumping direction as e = (v̂ − θ̂i, θ̂j − û). Sample
the jumping distances r(1), · · · , r(m) from an arbitrary distribution p(r) (recommend
to center p(r) at 1).

(b) (Adaptive-directional jump) Set the jumping direction as
e = (v̂ − θi, θ̂j − u)/||(v̂ − θi, θ̂j − u)||. Sample the jumping distances
r(1), · · · , r(m) from a symmetric distribution p(r) centered at 0.

3. Propose multiple tries: set (v(k),θ
(k)
j ) = (θi,u) + r(k) · e for k ∈ [m].

4. Sample (v,θj) from {(v(k),θ
(k)
j )}mk=1 with probability proportional to

pj(v
(k),θ

(k)
j ,Mj | y).

5. Given (v,θj), set (θ
(k)
i ,u(k)) = (v,θj)− r(k) · e for k ∈ [m].

6. Accept (v,θj)with probability α specified as below.

(a) (Fixed-directional jump)

α = min
{

1,
∑m

k=1 pj(v
(k),θ

(k)
j ,Mj | y)∑m

k=1 pi(θ
(k)
i ,u(k),Mi | y)

}
. (2.22)

(b) (Adaptive-directional jump)

α = min
{

1,
∑m

k=1 pj(v
(k),θ

(k)
j ,Mj | y)∑m

k=1 pi(θ
(k)
i ,u(k),Mi | y)

× J((θi,u), (v,θj))

}
. (2.23)
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2.5 Review of ExistingMethods with Comparisons

2.5.1 Importance sampling and sequentialMonte Carlo

It is known that the performance of importance sampling is determined by how closely the proposal

distribution tracks the target distribution. In a good importance sampler, high probability regions

of the proposal and target distributions overlap substantially, and the proposal typically has a heavier

tail than the target. Otherwise, the variance of the importance sampling estimator can be unaccept-

ably large so that the resulting estimation is misleading. If the dimension of the problem is high, it is

generally hard to construct an appropriate proposal distribution.

Figure 2.1bprovides a cartoon illustrationof the setting that the surrogate distributionhas a smaller

domain (and thinner tail) compared to the target distribution. In this case, importance sampling is

likely to underestimate the normalizing constant (see the caption in Figure 2.1b). This phenomenon

is illustrated on two realistic examples in Section 2.6, the Log-Gaussian Cox process and the Bayesian

Lasso.

SequentialMonteCarlo (SMC), developedupon importance sampling, employs a sequential scheme

to handle the high-dimensionality of the target distribution (Liu et al., 2001; Liu, 2008). More pre-

cisely, we first decompose θ = (θ1, . . . , θp), and construct a sequence of (unnormalized) auxil-

iary distributions η1(θ1), η2(θ1, θ2), . . . , ηp(θ) sequentially approaching the target distribution, i.e.,

ηp(θ) = γ(θ). We then initialize by drawingn samples, θ(1)1 , · · · , θ(n)1 , froma (normalized) proposal

distribution q1(θ1) and attach to each with weightw(i)
1 = η1(θ

(i)
1 )/q1(θ

(i)
1 ). The average weightw1

serves as an estimate of the normalizing constant of η1(θ1). In the next step, we can either resample the

obtained “particles” {(θ(i)1 , w
(i)
1 )}ni=1 with probability proportional to, say (w(i)

1 )α with α ∈ [0, 1],

and modify the new weights to (w
(i)
1 )1−α, or proceed directly to sample θ(i)2 from a (normalized)
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user-chosen sampling distribution q2(θ2 | θ(i)1 ). We then update the weights

w
(i)
2 = w

(i)
1 ×

η2(θ
(i)
1 , θ

(i)
2 )

η1(θ
(i)
1 )q2(θ

(i)
2 | θ

(i)
1 )

.

Similarly,w2 is an estimate of the normalizing constant of η2(θ1, θ2). This sequential update is carried

out up to step p, and the final average weight wp is an estimate of the normalizing constant Zγ . It is

easy to show that wp is unbiased, if no resampling is involved, and is always consistent (Del Moral,

2004).

We can generalize the above SMC framework to cases where no dimensional changes are involved,

that is, η1, . . . , ηp are all defined on the full space of θ. In this case SMC looks very similar to bridge

sampling, path sampling and the parallel WL mixture methodL. Recent work has demonstrated its

potential in normalizing constant estimation for applications in Bayesian phylogenetics (Wang et al.,

2020), nonlinear ordinary differential equation (ODE) models, and positron emission tomography

(PET) compartmental models (Zhou et al., 2016). It is generally nontrivial to design an appropriate

sequence of auxiliary and sampling distributions. Various proposals have been documented in the

literature. (i) The geometric path, ηp(θ) = γ(θ)λpq(θ)1−λp with 0 = λ0 < λ1 < · · · < λp = 1.

(ii) The posterior distribution with partial data (Chopin, 2002). In this case, a common choice for

the sampling distributions is some form of prior/posterior predictive distributions. (iii) The path of

level sets defined by the likelihood function (Salomone et al., 2018) or specific functions associated

with tasks of rare event estimation (Cérou et al., 2012). We note that the selection of the auxiliary

distributions in the aforementioned forms can be potentially made automatic using the conditional

effective sample size criterion proposed in Zhou et al. (2016).

Another related method is the stepping stone (SS) method (Xie et al., 2011), which has been suc-

cessfully applied in Bayesian phylogenetics. The stepping stonemethod takes the prior as the proposal

distribution, and employs a geometric sequence of auxiliary distributions. By expanding the ratio
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Zγ/Zq into a series of telescopic product, i.e.,Zr/Zq =
∏p
j=1 Zj/Zj−1, in whichZj is the normal-

izing constant of the auxiliary distribution ηj(θ), it uses importance sampling to estimate each ratio

rj = Zj/Zj−1 by

r̂j =
1
n

n∑
i=1

p(y | θji)λj−λj−1 , (2.24)

in which p(y | θ) is the likelihood function, and θji is the ith MCMC samples from ηj(θ). A

generalized stepping stone method is proposed in Fan et al. (2011), which suggests to use a different

proposal better tracking the posterior distribution if the prior is too diffuse. An illustration of SMC,

the parallel WLmixture method and the stepping stone method on the Log-Gaussian Cox process is

given in Section 2.6.1.

2.5.2 Bridge sampling and path sampling

Bridge sampling provides an efficient way of utilizing samples from both the proposal and target dis-

tributions. Given the (unnormalized) target γ(θ) and proposal q(θ), bridge sampling inserts a bridge

distribution γ1/2(θ) between γ(θ) and q(θ), and estimates the ratio Zγ/Zq based on the following

identity:

r =
Zγ
Zq

=
Eq

[
γ1/2(θ)/q(θ)

]
Eγ

[
γ1/2(θ)/γ(θ)

] . (2.25)

The corresponding bridge sampling estimator is

r̂ =
(1/nq)

∑nq

i=0 γ1/2(θqi)/q(θqi)

(1/nγ)
∑nγ

i=0 γ1/2(θγi)/γ(θγi)
, (2.26)

in which θq1, · · · ,θqnq and θγ1, · · · ,θγnγ are nq samples and nγ samples from q⋆(θ) and γ⋆(θ),

respectively.

The bridge distribution helps create more connections between the target and the proposal. In ad-

dition, since bridge sampling also utilizes samples from the target, it helps resolve the issue of underes-
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timating the normalizing constant illustrated in Figure 2.1b and discussed in Section 2.5.1. However,

the efficiency of bridge sampling is still sensitive to the “distance” between q⋆(θ) and γ⋆(θ). For

simplicity, let us assume nq = nγ = n, and consider the optimal bridge γopt(θ) = (q⋆(θ)−1 +

γ⋆(θ)−1)−1 that minimizes the asymptotic variance of log r̂ under the assumption that all the sam-

ples are independent draws. The corresponding optimal asymptotic variance is:

Vopt =
2
n

[(∫
2q⋆(θ)γ⋆(θ)
q⋆(θ) + γ⋆(θ)

dθ

)−1
− 1
]

≥ 2
n

[(∫
2 min{q⋆(θ), γ⋆(θ)}dθ

)−1
− 1
]
.

(2.27)

We see that the lower bound increases if we push the proposal q⋆(θ) and the target γ⋆(θ) further

apart. In contrast, with the help of global jumping algorithms such asMTM, theWLmixturemethod

is more robust to this separation issue.

We empirically compare the performance of bridge sampling and theWLmixturemethod (equiped

with MTM) on a 20-dimensional multivariate normal distribution. The target isN(0, I20), and the

surrogate (proposal) is N(µ × 120, I20) with µ = 1, 2, 3, 4, 5. The target has been normalized so

that the true log normalizing constant is 0. The fixed jumping direction is e = ±(µ × 120), and

we use 8 tries in each multiple-try iteration. For simplicity, we substitute the local MCMC moves

around the two mixture components by directly sampling from either the target or the surrogate.

We set nγ = nq = 5, 000, and run 5,000 iterations for the WL mixture method. The results are

summarized in Table 2.1.

Method µ = 1 µ = 2 µ = 3 µ = 4 µ = 5
WL 0.00(0.05) 0.01(0.04) 0.00(0.04) −0.00(0.04) 0.01(0.05)
BS −0.00(0.11) 0.21(3.15) −0.35(5.43) −1.27(6.93) 1.60(7.90)

Table 2.1: Comparisons of theWLmixture method and bridge sampling for estimating the logarithm of the integral of the

multivariatenormaldensity,which is exactly0 inall cases. The reportedvaluesareempiricalmeansandstandarddeviations

(in the bracket) based on 10 independent runs.
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We see that the WL mixture method has robust performances for different µ’s, whereas bridge

sampling performs worse as the target and the proposal distributions become more and more sepa-

rated. We note that the comparison is not entirely fair because we pre-locate themode of the target for

MTM. Our point is that the WL mixture method should be classified as an MCMC-based method,

and behaves very differently from bridge sampling and other importance sampling based methods.

The performance of the WL mixture method relies on an efficient strategy to sample from the adap-

tive mixture distribution π†t (θ) (see Equation (2.4)), rather than the amount of overlaps between the

target and the surrogate distributions.

It is conceivable that bridge sampling can overcome the separation between the target and the pro-

posal by creating multiple bridge distributions. Gelman andMeng (1998) pointed out that when the

number of bridge distributions goes to infinity, bridge sampling is equivalent to path sampling. Given

a continuous path {ηt(θ)} from q(θ) to γ(θ) parameterized by t ∈ [0, 1] (e.g., the geometric path),

path sampling utilizes the identity of thermodynamic integration. That is,

log Zγ
Zq

=

∫ 1

0
Et

[
d

dt
log ηt(θ)

]
dt,

in whichEt is taken with respect to ηt(θ). The corresponding path sampling estimator can be con-

structed using numerical integration over twith samples from ηt(θ).

2.5.3 Chib’s method

The method proposed by Chib (1995) is effective for estimating normalizing constants for a class of

Bayesian models and has been widely adopted. For any θ⋆ such that p(θ∗ | y) > 0, we have

logZγ = log p(y | θ⋆) + log p(θ⋆)− log γ⋆(θ⋆ | y), (2.28)
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in which p(y | θ⋆) and p(θ⋆) are the likelihood function and the prior evaluated at θ⋆, respectively.

Consequently, if we can estimate well the normalized posterior density at θ⋆, that is, γ⋆(θ⋆ | y), we

have an estimate of the normalizing constantZγ .

Chib (1995) showed that this is feasible using Gibbs outputs. For example, suppose θ can be de-

composed into two blocks, θ = (θ1,θ2), and we have an efficient Gibbs sampler in hand, targeting

the posterior distribution γ(θ1,θ2 | y), which iteratively samples from the two conditional distribu-

tions γ⋆(θ1 | θ2,y) and γ⋆(θ2 | θ1,y). We further assume that we can evaluate the two conditional

distributions exactly. With the Gibbs outputs {(θ(i)
1 ,θ

(i)
2 )}ni=1, we can estimate the normalized pos-

terior density at θ⋆ as below,

γ̂⋆(θ⋆ | y) = γ̂⋆(θ⋆1 | y)γ⋆(θ⋆2 | θ⋆1 ,y) =

[
1
n

n∑
i=1

γ⋆(θ⋆1 | θ
(i)
2 ,y)

]
γ⋆(θ⋆2 | θ⋆1 ,y), (2.29)

which utilizes the identity that γ⋆(θ1 | y) =
∫
γ⋆(θ1 | θ2,y)γ

⋆(θ2 | y)dθ2. For a better statisti-

cal efficiency, it is recommended to select θ⋆ close to the posterior mode. The above scheme can be

generalized to cases in which θ is decomposed into an arbitrary number of blocks, and also cases with

missing data (Chib, 1995).

We see that Chib’s method is particularly useful and easy to implement when we have an efficient

Gibbs sampler with all the conditional distributions being tractable. In Section 2.6.2, we compare

Chib’s method and the WL mixture method on the Bayesian Lasso example, in which we indeed

have a closed form Gibbs sampler. The performances of the two methods are comparable. Chib and

Jeliazkov (2001) extended the method to the setting with intractable conditional densities, but its ap-

plicability can still be limited if we encounter other types ofMCMC algorithms such as Hamiltonian

Monte Carlo (HMC), Metropolis-adjusted Langevin algorithm (MALA), etc. In contrast, a major

advantage of the WL mixture method is that it can be built on any type of MCMC samplers, and is

reasonably easy to implement.
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2.6 Illustrations

2.6.1 Log-Gaussian Cox process

We consider estimating the normalizing constant of a Log-Gaussian Cox process on the pine forest

data set studied in Penttinen et al. (1992) and Stoyan and Stoyan (1994). The data contains the loca-

tions of 126 Scots pine saplings on a 10× 10 m2 square (see Figure 10(a) in Møller et al. (1998)). We

first standardize the locations into unit square and then discretize the unit square into anM ×M

regular grid. Let y = (ym)m∈[M ]2 denote the number of pine saplings in each grid cell, and let

= (λm)m∈[M ]2 denote the latent intensity process. We assume the following model:

[ym | λm] ∼ Poisson (aλm) ,

in which a =M−2 is the area of each grid cell. The dimension of isM 2, and in this example, we test

outM = 10, 20, 30, thus the dimension of the problem is 100, 400, 900, respectively. We transform

θ = log so that all the parameters are defined on R. We specify a Gaussian process prior given as

below with constant mean µ0 and exponential covariance function on θ = (θm)m∈[M ]2 ,

Σ0 (m,n) = σ2 exp
(
− 1
Mβ
|m− n|

)
, m, n ∈ [M ]2 ,

where we follow the same parameters setting in Møller et al. (1998): σ2 = 1.91, β = 1/33 and

µ0 = log(126)− σ2/2. The Poisson likelihood is as follows:

L (θ | y) =
∏

m∈[M ]2

exp (θmym − a exp (θm)) ,
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thus the unnormalized posterior distribution is γ (θ | y) = N (θ;µ0,Σ0)L (θ | y). An approxi-

mate mode θ̂ of γ (θ | y) is obtained using the Newton-Raphson method.

With this example, we compare the performances of two classes of methods: (i) single-step meth-

ods including the WLmixture method and importance sampling; (ii) multiple-step methods includ-

ing an adaptive SMC algorithm, the parallelWL (PWL)mixture method, and the stepping stone (SS)

method proposed in (Xie et al., 2011). The multiple-step methods insert a sequence of auxiliary dis-

tributions between the surrogate (proposal) and the posterior, whereas the single-step methods not.

For the single-step methods, we use N(µq, σ
2
qI) as the surrogate, in which µq = θ̂, and σq =

1.0, 1.2, 1.3 forM = 10, 20, 30, respectively, in order to approximatelymatch themarginal posterior

standard deviations. For the WL mixture method, we use HMC local moves around the mixture

component γ. The gradient of the log likelihood is

∇ logL (θ | y) = y − a exp(θ),

and the HMC kernel contains 10 leapfrog steps with step size 0.25. We run in total S = 5 × 104

iterations forM = 10, and S = 1 × 105 iterations forM = 20, 30, with b = S/2. In addition,

we test out different thresholds c (from 0.10 to 0.30 incremented by 0.05) used in the flat histogram

criterion. For importance sampling, we use 1 × 106 samples to match the computation time of the

WLmixture method (see Table 2.2).

The algorithmic settings of the mutliple-step methods are described below. The SMC algorithm

is detailed in Algorithm 14 in the Appendix B. The proposal distribution is the prior distribution

N (θ;µ0,Σ0). We use 500 particles, and run 10HMC rejuvenation steps (step 2(g) in Algorithm 14)

for each auxiliary distribution to diversify the particles. The conditional effective sample size (CESS)

adaptation criterion (Zhou et al., 2016) is set to beκ = 0.9, and a systematic resampling step is carried

out if the normalized effective sample size (ESS) drops below 0.5. On average there are 35, 42 and 45
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intermediate steps forM = 10, 20, 30, respectively. For both the parallel WL mixture method and

the stepping stonemethod, we employ the same sequence of auxiliary distributions adaptively selected

by the SMC algorithm, and run S = 1.5 × 103 iterations using the aforementioned HMC kernel

invariant to each auxiliary distribution. The computation time for the three methods are comparable

(see Table 2.3).

The results are summarized in Tables 2.2 and 2.3. We find that all the threemultiple-stepmethods,

as well as the WL mixture method, produced similar estimates of the log normalizing constant un-

der all settings, whereas importance sampling underestimated the log normalizing constant for both

M = 20, 30, consistentwith our discussion in Section 2.5.1. The SMCalgorithm is themost accurate

method on this example, and the (parallel) WLmixture method also performed reasonably well, hav-

ing slightly larger standard deviations compared to the SMC algorithm. Figure B.1 in the Appendix

B shows that the performance of the WL mixture method is robust to the choice of the threshold c

used in the flat histogram criterion in the region [0.1, 0.3]. For this and the Bayesian Lasso example

in the next section, we also compare the convergence speeds of the standard and the accelerated WL

algorithms (see Section 2.3.3). Figure 2.2 shows that the accelerated algorithm converges much faster

than the standard one.

Log normalizing constant estimates
Dimension 100 400 900

WL 474.4(0.1) 490.7(0.3) 496.6(0.6)
IS 474.1(0.2) 487.1(1.0) 476.0(1.3)

Computation time (second)
Dimension 100 400 900

WL 15.5(0.2) 157.8(13.4) 985.4(60.3)
IS 17.4(0.4) 150.5(12.6) 929.8(55.2)

Table 2.2: Log normalizing constant estimates of the Log-Gaussian-Cox process using single-stepmethods. WL and IS refer

to theWLmixture method and importance sampling, respectively. The reported values are empirical means and standard

deviations (in the bracket) based on 10 independent runs.
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Log normalizing constant estimates
Dimension 100 400 900

SMC 474.4(0.1) 490.7(0.1) 497.6(0.1)
PWL 474.6(0.2) 490.7(0.3) 497.3(0.4)

Stepping stone 474.6(0.1) 491.9(0.2) 502.5(0.8)
Computation time (second)

Dimension 100 400 900
SMC 21.6(0.7) 212.2(17.9) 1054.2(66.2)
PWL 26.9(0.8) 189.8(15.4) 1123.3(89.1)

Stepping stone 20.5(0.5) 176.7(14.6) 1055.2(70.4)

Table 2.3: Log normalizing constant estimates of the Log-Gaussian-Cox process using multiple-step methods. SMC, PWL

and Stepping stone refer to the sequential Monte Carlo method, the parallel WL mixture method, and the stepping stone

method (Xie et al., 2011), respectively. The reported time for PWL and the stepping stonemethod is the computation time

without parallelization. The reported values are empirical means and standard deviations (in the bracket) based on 10 in-

dependent runs.

2.6.2 Hyper-parameter determination for Bayesian Lasso

We consider the Bayesian Lassomethod proposed in Park andCasella (2008), which assumes a hierar-

chical prior on the linear regression coefficients so that the posterior mode corresponds to the Lasso

estimator (Tibshirani, 1996). Given a centered and standardizedn×p designmatrixX , the response

vector y followsN(Xβ, σ2In). Following Park and Casella (2008), we specify a priorN(0p, σ2Dτ )

onβ, whereDτ is a diagonalmatrix diag(τ 2
1 , · · · , τ 2

p). Besides, we specify an independenthyper-prior

Exp(λ2/2) on τ 2
j for j ∈ [p], and specify an improper prior p(σ2) ∝ 1/σ2 on σ2. This completes

the full model specification and the unnormalized posterior distribution is given by

γ(β, , σ2 | X,y) = 1
σ2N(y;Xβ, σ2In)

p∏
j=1

Exp
(
τ 2
j | λ2/2

)
.

We transform the parameters ηj = log τ 2
j for j ∈ [p] and ξ = logσ2 so that all the parameters are

defined onR.
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Figure2.2: Demonstrationof the acceleratedWang-Landaualgorithm. AWLandWLrefer to theacceleratedWang-Landau

algorithm and the standard Wang-Landau algorithm, respectively. (a) The Log-Gaussian Cox process discussed in Sec-

tion 2.6.1 withM = 30. (b) The Bayesian Lasso example discussed in Section 2.6.2 with SNR = 0.1 andλ = 20.

In this example, we simulate the data set as in Yang et al. (2016). We define

β⋆ = SNR
√
σ2

0
log p
n

(2,−3, 2, 2,−3, 3,−2, 3,−2, 3, 0, · · · , 0)⊺ ∈ Rp

with p = 100, n = 500, SNR ∈ {0.1, 1, 3} (signal-to-noise ratio), and σ2
0 = 1. The dimension

of the posterior distribution is 2 × p + 1 = 201. The design matrixX is generated from a centered

multivariate normal distributionwith covariancematrixΣij = exp(−|i−j|). The response variable

y is generated fromN(Xβ⋆, σ2
0In). The task is to estimate the marginal likelihood of data for a set

of regularization parameters λ ∈ {5, 10, 15, 20} under different SNRs.

We compare the WL mixture method, Chib’s method and importance sampling in this example.

The surrogate distribution used in the WL mixture method, which is also the proposal distribution

used in importance sampling, is constructed using the variational approximation discussed in Sec-

tion 2.3.4. We consider the Normal mean-field variational family where q(βj) is N(mj , s
2
j), q(ηj)

isN(ϕj , ζ
2
j ), and q(ξ) isN(u, v2). The CAVI updates are summarized in Section B.2.2 in the Ap-
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pendix B. For theWLmixturemethod, theGibbsmove proposed in Park andCasella (2008) is used to

move around the mixture component γ. For completeness, we detail below the conditional posterior

distributions required by the Gibbs sampler:

[β | rest] ∼ N(C−1
τ X⊺y, σ2C−1

τ ), Cτ = X⊺X +D−1
τ ,

[τ−2
j | rest] ∼ Inverse-Gaussian(λσ/|βj |, λ2),

[σ2 | rest] ∼ Inv-χ2 (n+ p,
(
||y −Xβ||22 + β⊺D−1

τ β
)
/(n+ p)

)
.

We run a total ofS = 1×104 iterations, and set b = 2, 000. For importance sampling, we use 5×105

samples. For Chib’s method, the parameters are cut into three blocks, β, 2 and σ2, and we run the

Gibbs sampler for 5×103 iterations and burn-in the first 10% samples. The computation time for the

three methods are comparable (see the caption in Figure 2.3),

The results are summarized in Figure 2.3. We see that under all settings, the WL mixture method

andChib’smethodproduced similar and stable estimates of the log normalizing constant, whereas im-

portance sampling underestimated the log normalizing constant. The regularization parameter that

maximizes the marginal likelihood of data are λ = 10, 20, 20 for SNR = 3, 1, 0.1, respectively, which

corresponds to our intuition that it requires more regularization for estimating the regression coeffi-

cients when there exists larger noises in the data.

2.6.3 Logistic regression

We consider a Bayesian logistic regression model for the classic German credit data set (available from

the UCI repository (Frank and Asuncion, 2011)). There are in total n = 1, 000 personal records in

the data set. For each records, there are 24 associated attributes including sex, age, and credit amount.

The binary response variabley indicates good or bad credit risks. LetXn×p be the designmatrix after

we standardize all the predictors. In particular, we include an intercept and all pairwise interactions.
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Figure2.3: Results summaryof theBayesianLassoexample. WL,Chiband ISrefer to theWLmixturemethod,Chib’smethod

and importance sampling, respectively. Theboxplots arebasedon10 independent runsof thealgorithms. The computation

time for theWL mixture method, Chib’s method, and importance sampling are 32.1 (±0.6) seconds, 43.5 (±2.0) seconds
and 47.1 (±1.2) seconds, respectively.
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The dimension of the problem is p = 24 + 24× 23/2 + 1 = 301. We consider the following logistic

regression model:

P(yi = 1 | xi, α,β) =
exp (α+ β⊺xi)

1 + exp (α+ β⊺xi)
, (2.30)

in which yi ∈ {0, 1}, xi ∈ R300, α ∈ R, β ∈ R300, i ∈ [n]. All the observations are assumed to be

independent. We set up similar priors on the parameters as in Heng and Jacob (2019),

[α | s2] ∼ N
(
0, s2) , [β | s2] ∼ N

(
0300, s

2I300
)
, s2 ∼ Exp(λ),

with λ ∈ {0.01, 1.00}. This leads to the unnormalized posterior distribution:

γ(α,β, s2 | y, X) = p(α,β | s2)p(s2)
n∏
i=1

p(yi | xi)

= λe−λs
2
N(α; 0, s2)

300∏
j=1

N(βj ; 0, s2)

n∏
i=1

pyii (1− pi)
1−yi ,

in which pi = P(yi = 1 | xi, α,β) as defined in Equation (2.30). We transform s2 to the logarith-

mic scale log s2 so that all the parameters are defined onR. The task is to estimate the log normalizing

constant of γ.

We compare theWLmixturemethod and bridging sampling (BS).We use the same surrogate (pro-

posal) distribution, constructed by the Laplace approximationmethod detailed below, for bothmeth-

ods. We first run anHMCalgorithm to obtain posterior samples from γ(α,β, log s2 | y, X). Then,

we fit a multivariate normal distribution on the posterior samples, and choose it as the surrogate dis-

tribution. Each HMC step contains 10 leapfrog steps with step size adjusted to be 0.03. For bridge

sampling, we use the R package bridgesampling (Gronau et al., 2017), and obtain n samples from the

posterior using RStan (Stan Development Team, 2019). Correspondingly, we run 2 × n iterations

for the WLmixture method so that approximately we also use n samples from the posterior.
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For this example, we tested outn = 1000, 1500, 2000, 2500 for λ ∈ {0.01, 1.00}. The results are

summarized inFigure 2.4. We see that theWLmixturemethodhas amuchbetter estimation efficiency

compared to bridge sampling. Bridge sampling approaches to the vicinity of the correct estimate only

after 2,500 iterations/samples for both cases λ = 0.01 and λ = 1.00.
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Figure 2.4: Comparison between theWLmixture method and bridge sampling (BS). For bridge sampling, thex-axis repre-
sents the number of samples we draw from the posterior and the proposal distributions. For theWLmixture method, the

x-axis represents half of the total number of iterations we run (see the second to last paragraph in this section). The error
bars represent the standard deviations of the log normalizing constant estimates based on 10 independent runs.

2.6.4 g-Prior variable selection

We compare the performance of MTM-RJMCMC proposed in Section 2.4.2 and that of a standard

birth-and-death RJMCMC (BD-RJMCMC, detailed below) in the setting of Bayesian variable se-

lection for the pollution data (McDonald and Schwing, 1973). The response variable y is the age-

adjusted mortality rate obtained for the years 1959-1961 in 201 standard metropolitan statistical ar-

eas. There are in total n = 60 observations. The design matrix X contains p = 15 predictors in-

cluding the average annual precipitation, the average temperature in January and July, and the pop-

ulation per household. We consider the standard linear model assuming that [y | X,β, σ2] follows
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N (Xβ, σ2I). We center the response variable y so that there is no intercept in the model, and stan-

dardize each predictor in the design matrixX .

Let γ ∈ {0, 1}p be the binary indicator such that γj = 1 represents that the predictor Xj is

selected into the model. We employ the g-prior on parameters β:

[
βγ | γ, σ2] ∼ N (0γ , gσ2 (X⊺

γXγ

)−1
)
.

The g-prior enables us to integrate out β so that we can obtain the marginal distribution of γ:

p(γ | y, X) ∝ (g + 1)−qγ/2
[
y⊺y − g

g + 1
y⊺Xγ

(
X⊺

γXγ

)−1
Xγy

]−n/2
, (2.31)

in which qγ denotes the number of selected predictors. We see that g controls the sparsity of the

model, and a larger g induces a sparser model. For σ2, we use a noninformative prior p (σ2) ∝ 1/σ2.

This completes the full model specification. The task is to estimate the marginal probability of each

predictor being selected. The ground truth is obtained by enumerating all 32,768 possible γ and

calculating the marginal probability using Equation (2.31). To compare MTM-RJMCMC and BD-

RJMCMC, we pretend that we do not have the privilege to integrate outβ, thus we will sample from

the trans-dimensional joint posterior distribution p (βγ ,γ, σ
2 | y, X).

We use the Gibbs sampler to iterate between the following conditional distributions:

[
βγ ,γ | σ2,y, X

]
∼
(
2πgσ2)− qγ

2
∣∣X⊺

γXγ

∣∣ 1
2 exp

(
− 1

2σ2

[
g + 1
g
||Xγβγ ||2 − 2β⊺

γX
⊺
γy

])
,

[
σ2 | y, X,βγ ,γ

]
∼ Inv-Gamma

(
n+ qγ

2
,

1
2

[
1
g
||Xγβγ ||2 + ||y −Xγβγ ||2

])
.

Given γt, the jumping rule for γt+1 as described below is the same for both algorithms. We first flip

a coin to decide whether we stay in the current model (γt+1 = γt) or move to a different model

(γt+1 ̸= γt). If we choose to leave the current model (a trans-dimensional move), we randomlymove
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into a higher dimension (add a predictor) or move into a lower dimension (exclude a predictor) with

equal probability 0.5. When the chain is at the boundary (qγ is 1 or 15), the proposal going out of the

range is automatically rejected.

Given γt+1, for the within-dimensional move (γt+1 = γt), we implement an Metropolis-within-

Gibbs step, with proposal distribution N(0, 0.52), to sequentially update each coordinate of βγt .

For the trans-dimensional move, MTM-RJMCMC and BD-RJMCMC use different proposals. For

MTM-RJMCMC,we follow the fixed-directional jumpingmechanismdetailed inAlgorithm8. Since

we only add or remove one predictor in each trans-dimensional move, the algorithm requires only

one auxiliary variable. We choose the auxiliary distribution to be N(0, 1). We sample the jumping

distance r fromN(1, 1), and set the number of tries to bem = 5. For BD-RJMCMC, if we choose

to add a predictor, we propose it fromN (0, 0.52). We run 5 × 104 iterations for MTM-RJMCMC

and 1.5× 105 iterations for BD-RJMCMC so that the computation time for the two algorithms are

comparable (see the caption in Figure 2.5). For both algorithms, we burn-in the first 10% samples.

The estimation results for g = exp(10) and g = exp(15), respectively, are summarized in Figure

2.5. We see that MTM-RJMCMC produced more accurate estimation results than BD-RJMCMC.

In particular, we see that BD-RJMCMC might have been stuck in a local mode thus mistakenly se-

lected two wrong predictorsX12 andX13. Intuitively, we see that the directional jumping in MTM-

RJMCMC is much more informative than the blind proposal used in BD-RJMCMC, thus prevent-

ing the algorithm from getting stuck in local modes.

2.7 Concluding Remarks

Wehave described a general strategy to construct amixture of the unnormalized posterior distribution

and a surrogate distribution with a known normalizing constant to estimate the model likelihood.

Such a mixture formulation allows us to use the generalizedWL algorithm and theMTMmachinery
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Figure 2.5: Estimates of the marginal probability of each predictor being selected. The bar plots are based on 10 indepen-

dent runs of both algorithms. The computation time for MTM-RJMCMC and BD-RJMCMC are 19.0 (±1.0) seconds and
29.8 (±1.2) seconds, respectively.

for fast MCMCmixing and accurate estimation of the unknown normalizing constant. We have also

designed acceleration schemes to further improve its performance.

By efficiently jumping back and forth between the posterior and the surrogate distributions, pos-

sibly with the help of mode jumping algorithms such as MTM, the performance of the WL mixture

method is less sensitive to the potential separation between the posterior and the surrogate distribu-

tions compared to importance sampling basedmethods. TheWLmixture method also has more gen-

eral applicability compared toChib’smethod, when the sampler of the posterior involvesmore sophis-

ticatedMCMCsteps beyond the closed-formGibbs sampler (i.e., all conditional distributions are easy

to sample from) or standardMetropolis-Hasting algorithms. In addition, theWLmixturemethod re-
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quires less effort in delicate tuning in its implementation compared to other advanced methods such

as path sampling, reversible-jumpMCMC, and sequential Monte Carlo methods.

There are several future directions that we would like to follow. First, although we have shown the

power of theWLmixture method, a rigorous theoretical framework is required to better understand

the nature of themethod. Second, instead ofmixing the posteriorwith a single surrogate distribution,

a multiple-component mixture formulation can be considered. Third, although the intuitive idea of

first using some deterministic algorithm to find modes and then conducting MCMC to do mode

jumping has been around, an efficient way of achieving the intended goal has not been formulated

precisely. Our proposedMTM-enhanced jumping strategy, togetherwith theWLweight adjustment,

can help achieve the goal. It is particularly useful to identify some specific classes of models where this

general methodology is straightforward and effective to apply.
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3
False Discovery Rate Control via Data

Splitting

ContributionThis chapter is based on a paper (Dai et al., 2020) jointlywith Prof. Jun S. Liu, Buyu

Lin and Xin Xing.
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3.1 Abstract

Selecting relevant features associated with a given response variable is an important issue in many sci-

entific fields. Quantifying quality and uncertainty of the selection via the false discovery rate (FDR)

control has been of recent interest. This paper introduces a way of using data-splitting strategies to

asymptotically control FDR for various feature selection techniques while maintaining a high power.

For each feature, the method estimates two independent significance coefficients via data splitting

and constructs a contrast statistic. The FDR control is achieved by taking advantage of the statistic’s

property that, for any null feature, its sampling distribution is (asymptotically) symmetric about 0.

We further propose a strategy to aggregate multiple data splits (MDS) to stabilize the selection result

and boost the power. Interestingly, this multiple data-splitting approach appears capable of overcom-

ing the power loss caused by data splitting with FDR still under control. The proposed framework

is applicable to canonical statistical models including the linear model, the generalized linear model,

the Gaussian graphical model, and the deep neural network. Simulation results, as well as a real data

application, show that the proposed approaches, especially the multiple data-splitting strategy, con-

trol FDRwell and are oftenmore powerful than existingmethods including the Benjamini-Hochberg

procedure and the knockoff filter.

3.2 Introduction

3.2.1 Motivation for the FDR control in regression models

Scientific researchers in the current big data era often have the privilege of collecting or accessing a

large number of explanatory features targeting a specific response variable. For instance, population

geneticists often need to profile thousands of single nucleotide polymorphisms (SNPs) in the genome-

wide association study. A ubiquitous belief is that the response variable only depends on a small frac-
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tion of the collected features. Therefore, researchers are of primary interest to identify those relevant

features, so that the computability of the downstream analysis, the reproducibility of the reported

results, and the interpretability of the scientific findings can be largely enhanced. Throughout the ar-

ticle, we denote the explanatory features as (X1, · · · , Xp), with p being potentially large, and denote

the response variable as y. We remark that this paper is presented in the context of feature selection

(regression models), although all the methodological development can be possibly adapted to solve

general multiple testing problems.

Many methodological contributions to the feature selection problem have been made by statis-

ticians, including but not limited to stepwise regression, Lasso (Tibshirani, 1996), Dantzig selector

(Candes and Tao, 2007), SCAD (Fan and Li, 2001), and some Bayesian methods (O’Hara and Sillan-

pää, 2009). A desired property of the selection procedure is the capability of controlling the number

of false positives, which can bemathematically calibrated by the false discovery rate (FDR) (Benjamini

and Hochberg, 1995) defined as below,

FDR = E[FDP], FDP =
#{j : j ∈ S0, j ∈ Ŝ}

#{j ∈ Ŝ} ∨ 1
, (3.1)

whereS0 denotes the set of null features (irrelevant features), Ŝ denotes the set of selected features, and

FDP refers to the false discovery proportion. The expectation is takenwith respect to the randomness

both in the data and in the selection procedure if it is not deterministic.

Thefirst class of approaches is theBenjamin-Hochberg (BHq)procedure (Benjamini andHochberg,

1995) and its extension, the Benjamin-Yekutieli (BYq) procedure (Benjamini and Yekutieli, 2001).

BHq and BYq are only applicable when valid p-values are available for each feature. BHq guarantees

an exact FDR control when all the p-values are independent, while BYq extends its applicability to the

settings with dependent p-values. A further generalization of BHq, which is commonly referred to as

the q-value approach, is detailed in Storey et al. (2004).
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The second class of approaches is the knockofffilter, including the fixed-design knockofffilter (Bar-

ber and Candès, 2015) and the model-X knockoff filter (Candes et al., 2018), which manages to con-

trol FDR by creating “knockoff” features in a similar spirit as the spike-ins in biological experiments.

The knockofffilter does not require calculating individual p-values, and canbe applied to fairly general

settings without having to know the underlying true relationship between the response variable and

the explanatory features. Further developments of the knockoff filter include themultilayer knockoff

filter (Katsevich and Sabatti, 2019) and DeepPINK (Lu et al., 2018). More detailed discussions and

comparisons of these methods are postponed to Section 3.3.4 after we introduce our method.

The third approach is the recently proposed Gaussian mirror method (Xin et al., 2019). Its essen-

tial idea is to perturb the features one by one and examine the corresponding impact. Specifically,

for each feature Xj , the method creates a pair of perturbed “mirror variables”, X+
j = Xj + cjZj

andX−
j = Xj − cjZj , where cj is an adjustable scalar and Zj followsN(0, 1) independently, and

constructs a statistic by contrasting the regression coefficients of the mirror variables obtained by the

ordinary least squares (OLS) or Lasso. Their constructed statistic satisfies the property that its sam-

pling distribution is symmetric about 0 if the underlying feature is a null feature, which is crucial to

guarantee its asymptotic FDR control.

3.2.2 A review of data-splitting methods for the FDR control

We focus here on related data-splittingmethods applicable tomultiple testing problems (feature selec-

tion). Other applications of the data-splitting strategy include evaluating statistical predictions (cross

validation) (Stone, 1974) and selecting efficient test statistics (Moran, 1973; Cox, 1975). In high-

dimensional inference, a commonpractice of data splitting is to reduce the dimension of the problem.

For linear models, two notable contributions are made byWasserman and Roeder (2009) and Barber

and Candès (2019). Wasserman and Roeder (2009) proposed to split the data into three parts to im-

plement a three-stage regression method. In the first stage, the user fits a suite of candidate models
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to the data, with different tuning parameters, using the first part of the data. In the second stage, the

second part of the data is used for selecting one of thosemodels based on cross validations. In the third

stage, null features are eliminated using hypothesis testing based on the third part of the data. Barber

and Candès (2019) use the data-splitting strategy to extend the fixed-design knockoff framework to

the high-dimensional setting. Specifically, the data is split into two parts, while the first part of data is

used to screen out enough null features so that the fixed-design knockoff framework can be applied to

the selected features on the second part of the data. We note that both methods rely on the so-called

screening property, i.e., all relevant features are selected in the first step before the hypothesis testing or

the knockoff filtering step. Moving beyond linear models, an assumption-free inference framework

is proposed in Rinaldo et al. (2016) by combining data splitting and bootstrapping (or the normal

approximation).

Another use of data splitting is to boost the power of multiple testing procedures. Two notable

methods are proposed in Rubin et al. (2006) and Ignatiadis et al. (2016). Rubin et al. (2006) derive

the optimal test statistic cutoffs that maximize the expected number of true positives, which depend

on theunderlying data generatingprocess. The authors thus proposed touse data splitting, so that one

part of the data is used to estimate the optimal cutoffs, while the rest of the data is used for testing.

Ignatiadis et al. (2016) employ a hypothesis-weighting approach to improve the power of multiple

testing. In particular, the authors proposed to use data splitting, in which one part of the data is used

to determine proper weights for each individual hypotheses, and the other part of the data is used for

large-scale multiple testing.

The undesirable randomness in data splitting can be lessened by repeating the procedure multiple

times. Methodological developments along this line include methods proposed in van de Wiel et al.

(2009), Meinshausen et al. (2009), and Romano and DiCiccio (2019), all of which aim at combining

p-values obtained over multiple data splits. van de Wiel et al. (2009) proposed to aggregate p-values

using the median, in testing the prediction error difference between two predictors constructed using
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each part of the data. A more sophisticated approach of combining p-values uses a properly scaled

γ−quantile, as proposed inMeinshausen et al. (2009), which gives asymptotic control of FDRunder

the screening property and an additional rank assumption on the design matrix. Romano and Di-

Ciccio (2019) introduced several alternative approaches, based on concentration inequalities, or the

limiting distribution of the averaged p-value. Our proposed approach is very different to the afore-

mentioned methods, as it is built upon the inclusion rates estimated from multiple data splits rather

than p-values.

3.2.3 Main contributions of the paper

In contrast to theGaussianmirrormethod,whichperturbs the data by adding and subtracting aGaus-

sian noise to each feature, we propose to impose a bootstrap-type perturbation via random data split-

ting, which is both conceptually simpler and computationally cheaper (can be done for all features

simultaneously). Specifically, we split the whole data set into two halves, and apply two potentially

different statistical learning procedures to each part of the data. The idea of using data splitting to

make valid statistical inferences has been around for some time, and a review of related methods is

given in Section 3.2.2. For most existing methods, the main motivation for splitting the data is to

obtain valid p-values for each feature. Our proposed approach is different in the sense that, instead

of aiming at p-values, we focus on perturbing the data to obtain two independent measurements of

the importance of each feature so that a proper contrast between the two measurements of the same

feature can be used to control FDR.

Ways of estimating the number of false positives without requiring p-values have been described in

Barber and Candès (2015) for knockoff filters and Xin et al. (2019) for the Gaussian mirror method.

Themain idea is to construct a contrasting statisticMj , called the “mirror statistic” inXin et al. (2019),

for each featureXj , which enjoys the following two key properties as illustrated by Figure 3.1:
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1. A feature with a larger mirror statistic is more likely to be a relevant feature.

2. The sampling distribution of the mirror statistic of a null feature is symmetric about 0.

Figure 3.1: A cartoon illustration of the mirror statistic. Mj denotes the mirror statistic associated with featureXj . S0
denotes the set of null features, and S⋆ denotes the set of relevant features. Features associated with a mirror statistic

larger than the cutoff τ are selected.

Property 1 suggests that we can rank the importance of each feature by its mirror statistic, and

select those features with their mirror statistics greater than a cutoff value (τ in Figure 3.1). Property

2 implies that we can estimate (conservatively) the number of false positives#{j : j ∈ S0, Mj > τ}

by#{j : Mj < −τ}, if the mirror statistics of the null features are not too correlated. Based upon

this principle, given any FDR control level q ∈ (0, 1), we can choose a data-driven cutoff τq so that

our proposed approach can achieve an asymptotic FDRcontrol. Aswewill see, Property 1 is naturally

satisfied due to the construction of the mirror statistic, thus our main concern is Property 2.

Another main contribution of this work is to propose a multiple data-splitting (MDS) approach,

which both reduces the variability of the selection result and boosts the power. For the ease of presen-

tation, we refer to the single data-splitting approach and the multiple data-splitting approach as DS

andMDS, respectively. Instead of ranking the features by the mirror statistics, we rank them by their

inclusion rates estimated throughmultiple data splits. We show that FDR can be still under control if
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the rank of the inclusion rate is reasonably consistent with the rank of the feature importance. Empir-

ically, we observe that MDS has the capability to almost retrieve the full power without splitting the

data. We back up the empirical result by studying a simple Normal mean model, and we prove that

the inclusion rate is a monotone decreasing function of the p-value calculated using the full data set.

In particular, MDS can be regarded as a Rao-Blackwell improvement of DS in terms of ranking the

features.

We apply the data-splitting approaches to four canonical models including the linear model, the

generalized linear model, the Gaussian graphical model, and the deep neural network. For the linear

model, we focus on the high-dimensional setting, in which two strategies are considered. The simpler

strategy is to first select preliminary features using one part of the data via a high-dimensional feature

selectionprocedure such asLasso, and then runOLSon the selected features using the other part of the

data. Property 2 is satisfied if all relevant features are selected in the first step (the so-called screening

property). The more involved strategy aims at directly symmetrizing the Lasso estimator using the

debiasing method discussed in Van de Geer et al. (2014).

For the generalized linear model, we consider two asymptotic regimes. The moderate-dimensional

setting concerns p/n → κ ∈ (0, 1/2), in which n is the sample size, and the factor 1/2 accounts for

data splitting. Themirror statistics are built upon themaximal likelihood estimator (MLE).As shown

in Sur and Candès (2019), for the logistic regressionmodel, the Fisher information does not correctly

target the asymptotic variance of theMLE.Therefore, it is at the risk of FDR inflation or power loss to

simply standardize theMLE by the Fisher information and use BHq. Sur and Candès (2019) showed

that adjusted inference is possible for the logistic regression model and the probit regression model.

However, moving beyond these special cases, to the best of our knowledge, it remains an open prob-

lem to quantify the asymptotic uncertainty of the MLE for generalized linear models including the

Possion regression model and the multinomial logistic regression model. On the other hand, the se-

lection result of the data-splittingmethod is invariant to any constant rescaling of themirror statistics.
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Therefore, we are free of estimating the asymptotic variance of the MLE. For the high-dimensional

setting, weuse the debiasingmethod similar as the case of the high-dimensional linearmodel. We show

that the data-splitting method achieves an asymptotic FDR control under proper sparsity conditions

and regularity conditions.

Methods designed for the linear model are applicable to the Gaussian graphical model because of

the linear representation of the conditional dependence structure (Lauritzen, 1996). Given an FDR

control level q, we apply DS or MDS to each nodewise linear regression with designated FDR con-

trol level q/2, and then combine the nodewise selection results using the OR rule (Meinshausen and

Bühlmann, 2006). Our simulation study shows that DS and MDS performed significantly better

than existing approaches including BHq based on the partial correlation test and GFC proposed in

Liu (2013).

For the deep neural network, we train two identically structured networks using each part of the

data. Two types ofmirror statistics are considered in order to copewith the issue of non-identifiability

of labels of the hidden units in each network. The first one is built on weight multiplications as in Lu

et al. (2018), while the second one utilizes the influence function (Hechtlinger, 2016) tomeasure each

feature’s importance. The influence function approach appears to be also applicable tomore sophisti-

cated networks including convolutional and recurrent neural networks. For the fully-connected feed-

forward neural networks, the performances of the two approaches are similar based on our empirical

studies.

The rest of the paper is structured as follows. Section 3.3.1 introducesDS, a proposed FDRcontrol

approach based on a single data split. Section 3.3.2 and 3.3.3 detail MDS, accompanied by useful

theoretical insights on a simple Normal means model. Section 3.3.4 compares our approaches with

existing methods including BHq, the knockoff filter, and the Gaussian mirror method. Section 3.4

discusses the applications of the proposed data-splitting approaches on four popularmodels including

the linear model, the generalized linear model, the Gaussian graphical model, and the deep neural
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network. Section3.5demonstrates the competitiveperformances ofDSandMDSthrough simulation

studies on the aforementioned models. Section 3.5.5 applies DS and MDS to the task of identifying

mutations associated with drug resistance in the HIV-1 data. Section 3.6 concludes with a few final

remarks.

3.3 Data Splitting for the FDRControl

3.3.1 Single data split

Suppose there is a set of random features {X1, · · · , Xp}, which jointly follow some p-dimensional

probability distribution. Denote Xn×p = (X1, · · · ,Xp) as the n independent observations of

these features, also known as the design matrix. The bold caseXj = (X1j , · · · ,Xnj)
⊺ denotes the

vector containingn independent realizationsof featureXj , while thebold casexi = (Xi1, · · · ,Xip)
⊺

denotes the i-th observation. For each set of observed features (Xi1, · · · , Xip), there is an associated

response variable yi, for i ∈ [n]. Let y = (y1, · · · , yn)⊺ be the vector of n independent responses.

For each subset S of {1, · · · , p}, we denoteXS = {Xj : j ∈ S} andX−S = {Xj : j /∈ S}. The

task of variable or feature selection is to find the smallest set S⋆ such that

y ⊥⊥ X−S⋆ | XS⋆ .

In the following, we denote S⋆ as the set of indexes for relevant features (non-null features). Thus,

S0 = {1, · · · , p}\S⋆ is the complementary set of indexes, andXS0 = X−S⋆ is the collection of all

null features. In practice, one should first de-mean and standardize the features a priori so as to make

the features comparable to each other. Let p0 = |S0| and p1 = |S⋆| be the number of null features

and relevant features, respectively.

The selection of relevant features for a statistical learningmodel such as regression commonly relies
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on a set of coefficients (or other measures of “impact”) {β̂1, · · · , β̂p}, each corresponding to one fea-

ture, which are estimated based on the observed data. The larger the |β̂j | is, the more likely we believe

that featureXj is useful in predicting y. For example, in the linear regression setting, β̂j can be the re-

gression coefficient estimated via OLS or Lasso. Contrast to the commonly practiced approaches that

select features based on a single coefficient estimate β̂j for each featureXj , we propose to construct

two independent estimates of the coefficient, β̂(1)j and β̂(2)j , potentially with two different statistical

procedures, in order to set up an FDR control framework.

The independence of the two coefficient estimates can be ensured by employing a data-splitting

strategy. To be specific, we split the n observations into two groups, denoted as (y(1),X(1)) and

(y(2),X(2)). Then, we obtain β̂(1)j based on (y(1),X(1)), and β̂(2)j based on (y(2),X(2)). We note

that the data-splitting procedure can be arbitrary, not necessary to be completely at random. The

sample sizes for the two groups can also be different. The only requirement is that it should be inde-

pendent of the response variables y, which can be easily satisfied if we split the data without looking

at y.

Motivated by Xin et al. (2019), we construct featureXj ’smirror statistic as

Mj =
∣∣∣β̂(1)j + β̂

(2)
j

∣∣∣− ∣∣∣β̂(1)j − β̂(2)j ∣∣∣ . (3.2)

Given a designated FDR control level q ∈ (0, 1), the goal is to choose a data-dependent cutoff τq ,

so that FDR among the selected features {j : Mj > τq} is under q. To achieve this asymptotically,

we need to impose a few essential requirements on theMj ’s for both relevant and null features. For

a relevant feature, itsMj tends to be large if (i) β̂
(1)
j and β̂(2)j have the same sign; (ii) |β̂(1)j | and |β̂

(2)
j |

are both relatively large. For a null feature, we require the following assumption on the sampling

distribution of either β̂(1)j or β̂(2)j to control FDR.Without loss of generality, we state the assumption

in terms of β̂(2)j .
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Assumption 3.3.1. (Symmetric Assumption) For each null feature index j ∈ S0, conditioning on the

design matrixX(2), the sampling distribution of β̂(2)j is symmetric about 0.

We note that (i) the symmetric assumption is only imposed on null features, and is not required for

relevant features; (ii) for the purpose of FDR control, it is sufficient that either β̂(1)j or β̂(2)j satisfies the

symmetric assumption. Wewill show that the symmetric assumption can be satisfiedwith high proba-

bility for some standard statistical models, such as the linear model and theGaussian graphical model,

under some proper conditions. In addition, we can relax the assumption from finite-sample exact

symmetric to asymptotic symmetric for specific models (see our discussion on the high-dimensional

(generalized) linear model using the debiasing method in Section 3.4). For more general statistical

learning models, there is no guarantee for the symmetric assumption, although empirically we find

that our proposed approach can be applied effectively to complexmodels such as fully connected deep

neural networks. A detailed discussion of the symmetric assumption for different statistical models is

deferred to Section 3.4. We have the following property for the mirror statistics:

Lemma 3.3.1. Under Assumption 3.3.1, regardless of the data-splitting procedure, the sampling dis-

tribution ofMj is symmetric about 0 for each j ∈ S0.

The proof is elementary and thus omitted. The simultaneous symmetric property of the mirror

statistics for null features leads us to approximately upper bound the number of false discoveries as

follows:

#{j ∈ S0 :Mj > t} ≈ #{j ∈ S0 :Mj < −t} ≤ #{j :Mj < −t}, ∀t > 0.

Therefore, an over-estimated FDP of our selection Ŝt = {j :Mj > t} is

F̂DP(t) =
#{j :Mj < −t}
#{j :Mj > t} ∨ 1

.
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For any designated FDR control level q, we can choose the data-driven cutoff τq as follows:

τq = min{t > 0 : F̂DP(t) ≤ q}, (3.3)

and our final selection will be Ŝτq = {j : Mj > τq}. A summary of our proposed method can be

found inAlgorithm 9. To prove that the procedure asymptotically control FDRunder a pre-specified

level q as p → ∞, we require the following weak dependency assumption for all the mirror statistics

associated with the null features.

Assumption 3.3.2. (Weak dependency) The mirror statisticsM ′
js are continuous random variables,

and there exist constantsC > 0 and α ∈ (0, 2) such that

Var
(∑
j∈S0

1(Mj > t)

)
≤ Cpα0 , ∀ t ∈ R.

To understand this assumption, we note that if the mirror statisticsMj ’s, associated with the null

features, are perfectly correlated, or can be clustered into a fixednumber of groups so that theirwithin-

group correlation is 1, then α has to be 2 and the assumption does not hold. However, if the depen-

dence betweenMj andMj+k decays at a reasonable rate of k, Assumption 3.3.2 holds. Under this

assumption, the proposition below justifies our proposed approach for controlling FDR.

Proposition 3.3.1. For any given FDR control level q, under Assumptions 3.3.1 and 3.3.2, if p0 →∞

as p→∞, we have

lim sup
p→∞

E

[
#{j : j ∈ S0, j ∈ Ŝτq}
#{j : j ∈ Ŝτq} ∨ 1

]
≤ q.

The proof of Proposition 3.3.1 can be found in the Appendix C.
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Algorithm 9: False discovery rate control via single data split.

1. Split the data set into two groups (y(1),X(1)) and (y(2),X(2)), independent of the
response variable y.

2. Estimate the “impact” coefficients on each part of the data to obtain β̂(1)j and β̂(2)j .
The two estimation procedures can be potentially different.

3. Calculate the mirror statisticsMj =
∣∣∣β̂(1)j + β̂

(2)
j

∣∣∣− ∣∣∣β̂(1)j − β̂(2)j ∣∣∣.
4. Given a designated FDR level q ∈ (0, 1), calculate the cutoff τq as below:

τq = min
{
t > 0 : F̂DP(t) =

#{j :Mj < −t}
#{j :Mj > t} ∨ 1

≤ q
}
.

5. Select the features {j :Mj > τq}.

3.3.2 Multiple data splits

There are two major concerns about the single data-splitting procedure (DS). First, splitting the data

into two halves inflates the variances of the estimated coefficients, thus the procedure can potentially

suffer from a power loss. Second, the selection result is not stable and can vary substantially across

different data splits. A natural way to remedy these issues is to repeat the proceduremultiple times and

appropriately aggregate the selection results. In the settings when p-values are available, Meinshausen

et al. (2009) proposed a method to aggregate the dependent p-values obtained from multiple sample

splits. We here propose a different approach, detailed in Algorithm 10, to aggregate multiple selection

results without requiring p-values, which can almost achieve the power of using the full data.

Suppose we repeat the data-splitting procedurem times independently. Each time the set of se-

lected features is denoted as Ŝ(k), k ∈ [m]. For each featureXj , we define its population inclusion
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rate Ij and the corresponding empirical inclusion rate Îj as

Ij = E

[
1(j ∈ Ŝ)
|Ŝ| ∨ 1

]
, Îj =

1
m

m∑
k=1

1(j ∈ Ŝ(k))

|Ŝ(k)| ∨ 1
, (3.4)

where the expectation is taken with respect to both the randomness in y and the randomness in data

splitting. The proposed aggregation approach is most useful if the following informal statement is

approximately true: if a feature is selected less frequently in them independent data splits, it is less

likely to be a relevant feature. In other words, the rank of each feature in terms of the inclusion rate

should roughly reflect the feature’s importance. If this holds, we only need to choose a inclusion rate

cutoff so that the features with their inclusion rates greater than the cutoff are selected.

Our intuition is based on the fact that conditioning on the designmatrixX , if we can regeneratem

independent sets of the response variable y and apply the proposed method, on average, the false dis-

covery proportions should be (asymptotically) no larger than q based on Proposition 3.3.1. Although

there is no way for us to regenerate data, we propose a backtracking procedure based on this fact, by

treating them dependent selection results obtained from repeated data splits as an approximation to

m independent selection results obtained with data regeneration.

Specifically, we first sort the features with respect to their empirical inclusion rates in an increasing

order. Denote the sorted inclusion rates as 0 ≤ Î(1) ≤ Î(2) ≤ · · · ≤ Î(p). The cutoff is then chosen

to be the largest ℓ ∈ [p] such that Î(1) + · · · + Î(ℓ) ≤ q. A heuristic justification for this selection

is as follows. Imagine that the set of features {j : Îj > Î(ℓ)} are all relevant features, and the set of

features {j : Îj ≤ Î(ℓ)} are all null features. Then, if we review them selection results, we can find

that the average false discovery proportions of them data-splitting selection procedures is the largest

under q.

In terms of the FDR control, we provide a theoretical justification of the multiple data-splitting

(MDS) approach at the population level. That is, we proceed as if we have access to the population
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Algorithm 10: Aggregating selection results frommultiple data splits

1. Sort the features with respect to their empirical inclusion rates in an increasing order.
Denote the sorted empirical inclusion rates as 0 ≤ Î(1) ≤ Î(2) ≤ · · · ≤ Î(p).

2. Find the largest ℓ ∈ [p] such that Î(1) + · · ·+ Î(ℓ) ≤ q.

3. Select the features Ŝ = {j : Îj > Î(ℓ)}.

inclusion rate Ij for j ∈ [p], where in practice, the empirical inclusion rate Îj serves as an unbiased

estimator to Ij . We require the following assumptions.

Assumption 3.3.3.

(a) (Null exchangeability) The distribution of {1(j ∈ Ŝ), j ∈ S0} is exchangeable.

(b) (Rank faithfulness) For any α ∈ (0, 1), we have

lim sup
p→∞

1
p1

∑
j∈S⋆

1
(
Ij ≤

α

p0

)
≤ α,

where p0 = |S0|, p1 = |S⋆|.

(c) (Procedure faithfulness) For each single data split, the procedure has an asymptotic FDR control,

that is,

lim sup
p→∞

E

[
#{j : j ∈ S0, j ∈ Ŝ}
#{j : j ∈ Ŝ} ∨ 1

]
= lim sup

p→∞

∑
j∈S0

Ij ≤ q.

Assumption 3.3.3(a) also appears in Meinshausen and Bühlmann (2010) (Theorem 1), and it di-

rectly implies that for any i, j ∈ S0, Ii = Ij . Assumption 3.3.3(b) guarantees that the rank of a

feature, in terms of the inclusion rate, is more informative of the feature’s importance than random

guessing. Under Assumption 3.3.3, we have the following proposition.

Proposition 3.3.2. For any FDR control level q ∈ (0, 1), let ℓ be the largest value in [p] such that
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I(1) + · · · + I(ℓ) ≤ q, in which 0 ≤ I(1) ≤ I(2) ≤ · · · ≤ I(p) are the order statistics of the

population inclusion rates. Under Assumption 3.3.3, we have

lim sup
p→∞

∑
j∈S0

1(Ij > I(ℓ))∑p
j=1 1(Ij > I(ℓ)) ∨ 1

≤ q, (3.5)

in the asymptotic regime p0 →∞ and lim infp→∞ p1/p0 > 0.

The proof of Proposition 3.3.2 can be found in the Appendix C.

3.3.3 A theoretical study ofMDS for the Normal means model

We next consider a simple Normal means model, upon which we show that MDS can achieve almost

the full powerwithout splitting the data. For i ∈ [n], we assumeXij followN(µj , σ
2), where j ∈ [p]

and σ2 is known. We assume allXij are independent. To test whether µj is 0, the standard p-value

is given by pj = Φ(−|
√
nX̄j/σ|), where X̄j =

∑n
i=1 Xij/n, and Φ is the CDF of the standard

Normal distribution. Under this setup, we have the following proposition.

Proposition 3.3.3. For the Normal means model described above, the population inclusion rate de-

fined in Equation (3.4) is monotone with respect to the p-value calculated using the full data. Math-

ematically, this means

E

[
1(j ∈ Ŝ)
|Ŝ| ∨ 1

∣∣∣∣∣ pj
]

is a monotone decreasing function of pj for all j ∈ [p].

The proof of Proposition 3.3.3 can be found in the Appendix C. Proposition 3.3.3 implies that

for this simple model, the rank of the features, in terms of the inclusion rates, can be as informative as

the rank in terms of p-values. Therefore, if the empirical inclusion rate Îj is a reasonable estimate to

the population inclusion rate Ij , MDS is possibly as powerful as those methods based on the rank of

p-values, which are calculated using the full data set.
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Proposition 3.3.3 also suggests why MDS is superior to DS in terms of ranking the features. For

DS, we can substitute the ranks by the mirror statistics with the ranks by 1(j ∈ Ŝ)/(|Ŝ| ∨ 1), which

does not decrease the number of correctly ranked pairs. That is, for any pair of feature indexes (i, j), if

the rank by the mirror statistics aligns with the rank by the p-values, say pi ≤ pj andMi ≥Mj , then

the rank by 1(j ∈ Ŝ)/(|Ŝ| ∨ 1) also aligns with the rank by the p-values, i.e., 1(i ∈ Ŝ)/(|Ŝ| ∨ 1) ≥

1(j ∈ Ŝ)/(|Ŝ| ∨ 1). For MDS, all the features are ranked by E[1(j ∈ Ŝ)/(|Ŝ| ∨ 1)
∣∣X]*, where

the expectation is taken with respect to the randomness in data splitting. In this simple model, MDS

yields a rank better aligned with the rank of p-values, because conditioning on the p-values,

Var

(
1(j ∈ Ŝ)
|Ŝ| ∨ 1

)
≥ Var

(
E

[
1(j ∈ Ŝ)
|Ŝ| ∨ 1

∣∣∣∣∣X
])

,

where the variance on the left hand side is taken with respect to both the randomness in the data and

the randomness in data splitting, while the variance on the right hand side is taken with respect to the

randomness only in the data. Therefore, MDS is essentially a Rao-Blackwell improvement of DS.

We empirically check Assumption 3.3.3(b) and Proposition 3.3.3 on the Normal means model.

We set σ = 1, p = 800, p1 = 160, n = 1000, andm = 400. For j ∈ [p1], µj is sampled from

N(0, δ2), whereas the rest µj ’s are set to be 0. The left panel of Figure 3.2 shows that Assumption

3.3.3(b) is satisfied for various signal strengths δ = 0.1, 0.2, 1, in which the red line represents the

upper bound αp1, and the other three lines represent the number of less-frequently selected relevant

features,
∑

j∈S⋆ 1(Ij ≤ α/p0). In the right panel of Figure 3.2, we set δ = 0.5, andplot the empirical

inclusion rates (red “∗”) and the mirror statistics based on a single split (blue “+”) against the p-values

calculated using the full data set. We see that the empirical inclusion rate is approximately amonotone

decreasing function of the p-value. Besides, the rank of the empirical inclusion rates aligns better with

the rank of the p-values, and is much more informative than the rank of the mirror statistics.

*Inmore general cases where we conditioning on the designmatrixX and the randomness comes from the
response variable y, MDS ranks all the features byE[1(j ∈ Ŝ)/|(Ŝ| ∨ 1)

∣∣y].
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Figure 3.2: (Left) Check of Assumption 3.3.3(b). The red line represents the upper boundαp1 , while the other three lines

represent the number of less-frequently selected relevant features,
∑

j∈S⋆ 1(Ij ≤ α/p0), under different signal-to-
noise ratios (SNR){0.1, 0.2, 1}, respectively. (Right) Empirical inclusion rates andmirror statistics against p-values calcu-
lated using the full data set.

3.3.4 Comparisonwith existing methods

The proposed data-splitting methods are perhaps most useful in the settings when practicing exact or

asymptotic hypothesis testing is not straightforward. That is, a valid p-value from the significance test

for each feature is not available, upon which some popular FDR control procedures rely, including

BHq, BYq, and the q-value approach.

The high-dimensional linearmodel serves as a canonical example where constructing valid p-values

is difficult. Much effort has been made in the literature for obtaining valid p-values for the selected

features using the theory of post-selection inference. Popular selection procedures including Lasso

(Lee et al., 2016), forward stepwise regression, and least angle regression (Tibshirani et al., 2016) have

been considered. However, this type of theory is mostly developed case by case, and can not be easily

generalized to other selection procedures such as SCAD (Fan and Li, 2001) and elastic net (Zou and

Hastie, 2005). DS andMDS aremore flexible in the sense that as long as the screening property holds,

i.e., all the relevant features are estimated to be nonzero in β̂(1) (see Section 3.4.1), the selection result
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enjoys an asymptotic FDR control.

The knockoff filter is another class of methods that provides an exact FDR control without re-

quiring p-values. The fixed-design knockoff filter (Barber and Candès, 2015) is proposed to exactly

control FDR for the linear model in low-dimensional settings (n ≥ 2p). Themodel-X knockoff filter

(Candes et al., 2018) largely generalizes its applicability to arbitrary models between y andX in high-

dimensional settings. The knockoff filter is theoretically superior to DS and MDS in the sense that

it guarantees a finite sample FDR control instead of an asymptotic FDR control. However, DS and

MDS can be more favorable from the following perspectives. First, in high-dimensional settings, the

model-X knockoff filter is only applicable if the joint distribution of all the features is known, other-

wise estimating the joint distribution itself can be very challenging. Because DS andMDS require no

knowledge of the feature generating process, they are expected to be more robust in real applications.

Second, DS and MDS are computationally more efficient compared to the model-X knockoff filter

because generating knockoff features in high-dimensional settings can be quite expensive. Third, em-

pirically we find that when the features are highly correlated, the model-X knockoff filter can be too

conservative to detect relevant features (see Section 3.5.1).

The proposed data-splitting approaches are also computationally more favorable compared to the

Gaussian mirror method (Xin et al., 2019). For the linear model, the Gaussian mirror method re-

quires running p times linear fittings, whereas DS and MDS only requires running 2 and 2m linear

fittings, respectively, which can be much smaller than p. For the Gaussian graphical model, DS re-

quires running 2p times nodewise linear fittings (see Section 3.4.3). The Gaussian mirror method is

also potentially applicable to the Gaussian graphical model. However, it requires p2 times nodewise

linear fittings, which is unacceptable in high-dimensional settings unless using parallel computing re-

sources.
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3.4 Specializations for Different StatisticalModels

In this section, we discuss how we construct the “impact” coefficients for several popular statistical

models. Ourmain concern is that the “impact” coefficient β̂(2), calculatedbasedon (y(2),X(2)), shall

satisfy the symmetric assumption (Assumption 3.3.1). We assume that the data-splitting procedure is

done so that the discussion throughout this section is conditioning on the data-splitting result.

3.4.1 Linear model

The linear model assumes that the true data generating process is y = Xβ⋆ + ϵ, where β⋆ denotes

the true regression coefficient, and the noise ϵ followsN(0, σ2In). In the context of feature selection,

β⋆ is often assumed to be nonzero restricted on a subset S⋆ ⊆ {1, · · · , p}. In the low-dimensional

setting where X is full rank (n ≥ p), we can simply run the ordinary least regression (OLS), and

take the estimated regression coefficient as the “impact” coefficient β̂(2). Because the sampling distri-

bution of β̂(2), with respect to the randomness in y(2), isN(β⋆, σ2(X(2)⊺X(2))−1), the symmetric

assumption is satisfied. β̂(1) can be estimated using either OLS or any other regularization methods

such as Lasso.

In the high-dimensional setting where p > n, we consider two approaches. The first approach

relies on the so-called screening property, which means that after applying some feature selection

method to (X(1),y(1)), the selected feature set contains all the relevant features, that is, Ŝ(1) ⊇ S⋆.

For Lasso, under the restricted eigenvalue condition (Bickel et al., 2009), which rules out the sce-

nario that the design matrix has unacceptably high pairwise correlation, and the “beta-min” condi-

tion (Dezeure et al., 2015), which ensures that the signal strength is large enough, the screening prop-

erty holds with high probability. We remark that the “beta-min” condition calibrates the minimum

requirement for the signal strength as a function of p1 = |S⋆| and p, thus it does not contradict

Assumption 3.3.2.
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The first approach still uses OLS to construct the “impact” coefficient β̂(2), but on the subset of

features Ŝ(1), selected using the first half of data (y(1),X(1)). The symmetric assumption holds for

β̂(2) as long as the screening property holds for β̂(1). In the following, we refer to the procedure,

which applies Lasso to (X(1),y(1)) and OLS to (X(2),y(2)), as the Lasso + OLS procedure.

The second approach symmetrizes the Lasso estimator via the debiasing method. The debiased

Lasso estimator β̂d takes the form of

β̂d = β̂ +
1
n
DX⊺(y −Xβ̂), (3.6)

whereD is a “decorrelating” matrix. Plugging in y = Xβ⋆ + ϵ, we obtain the following decompo-

sition:
√
n(β̂d − β⋆) = Z +∆ (3.7)

with

Z|X ∼ N(0, σ2DΣ̂D⊺) and ∆ =
√
n(DΣ̂− I)(β⋆ − β̂), (3.8)

where Σ̂ = (X⊺X)/n is the sample covariance matrix. LetΣ be the corresponding population co-

variance matrix of (X1, · · · , Xp).

Various proposals ofD have been documented in the literature to minimize both the bias term∆

and the variance termDΣ̂D. In this dissertation, we follow the approach outlined in Javanmard and

Montanari (2013), Zhang and Zhang (2014) and Van de Geer et al. (2014), and setD to be an esti-

mator of the precision matrix Ω = Σ−1. The construction of Ω̂ is detailed in Algorithm 11, which

enjoys a convergence rate ||Ω̂ − Ω||∞ = o(1/
√

log p), under the sparsity condition specified in As-

sumption 3.4.1. For alternative constructions ofD, we refer the readers to an optimization approach

outlined in Javanmard andMontanari (2014).

Let Λ = DΣ̂D⊤ = Ω̂Σ̂Ω̂⊤. When the bias term∆ vanishes properly as n, p → ∞, the asymp-
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Algorithm 11: Construction of the “decorrelating” matrix Ω̂.

1. Nodewise Lasso regression.

(a) Linear model. For j ∈ [p], let

γ̂j = arg min
γj∈Rp−1

{
1

2n
||Xj −X−jγ||22 + λj ||γ||1

}
.

(b) GLM. For j ∈ [p], let

γ̂j = arg min
γj∈Rp−1

{
1

2n
||X

β̂,j
−X

β̂,−jγ||
2
2 + λj ||γ||1

}
.

2. Define a matrix Ĉ , in which Ĉj,k = −γ̂j,k, Ĉi,i = 1. γ̂j,k is the kth entry of γ̂j .

3. Let Ω̂ = Ĝ−2Ĉ , in which Ĝ = diag(τ̂ 2
1 , · · · , τ̂ 2

p)with

(a) τ̂ 2
j = (Xj −X−jγ̂j)

⊺Xj/n for the linear model;

(b) τ̂ 2
j = (X

β̂,j
−X

β̂,−jγ̂j)
⊺Xj/n for the GLM.

totic variance of the debiased Lasso estimator is σ2Λ, which is inhomogeneous across different co-

ordinate j ∈ [p]. Therefore, it requires rescaling β̂(d)j to Tj =
√
nβ̂dj /Λ

1/2
jj so that all the mirror

statistics are in the samemagnitude. Themethod proposed in Javanmard and Javadi (2019) calculates

the asymptotic p-value for each featureXj based on the statistic Tj/σ̂, in which σ̂ is an estimator to

the noise levelσ obtained using the scaled Lassomethod (Sun and Zhang, 2012). Although the scaled

Lasso estimator σ̂ is consistent, its finite-sample efficiency can be unsatisfying especially in the cases

when the features are correlated. We remark that the selection result of the data-splitting methods is

invariant to any constant scaling of themirror statistics, thuswe do not need to estimate the noise level

σ. Empirically, we find that this scaling-free property allows the data-splitting methods being more

robust and powerful compared to the BHqmethod in Javanmard and Javadi (2019).

We show in Proposition 3.4.1 that under Assumption 3.4.1, the data-splitting method detailed in
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Algorithm 12 enjoys an asymptotic FDR control. The proof of Proposition 3.4.1 can be found in the

Appendix C.

Assumption 3.4.1.

1. The sparsity conditions.

(a) Ω is sparse. s = maxi∈[p] |{j ∈ [p], Ωij ̸= 0}| = o(
√
n/ log p).

(b) Signals are sparse. s⋆ = |{j ∈ [p], β⋆j ̸= 0}| = o(
√
n/ log p).

2. The conditions on the design matrixX .

(a) The rows ofXΩ1/2 are sub-Gaussian. That is, there exists a constantC > 0 such that

||x⊺
iΩ

1/2||ψ2 = sup
p≥1

p−1/2[
E|x⊺

iΩ
1/2|p

]1/p
< C

(b) 1/C ′ ≤ σmin(Σ) ≤ σmax(Σ) ≤ C ′ for some constantC ′ > 0.

3. The required sample size.
√
n/ log p→∞.

Proposition 3.4.1. For any given FDR control level q ∈ (0, 1), using the debiased Lasso estimator for

the high-dimensional linear model, under Assumption 3.4.1, we have

lim sup
n,p→∞

E

[
#{j : j ∈ S0, j ∈ Ŝτq}
#{j : j ∈ Ŝτq} ∨ 1

]
≤ q.

3.4.2 Generalized linear models

We consider a generalized linear model (GLM) with a canonical link specified as below,

p(y|X,β⋆) =

n∏
i=1

c(yi) exp (yix
⊺
iβ

⋆ − φ(x⊺
iβ

⋆)) , (3.9)
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Algorithm 12: FDR control using debiased Lasso for high-dimensional GLM.

1. Split the data set into two groups (y(1),X(1)) and (y(2),X(2)), independent of the
response variable y. Let n1 and n2 be the sample size of each part of the data.

2. Construct Ω̂(1) and Ω̂(2) using each part of the data following Algorithm 11.
Calculate the variance estimator σ̂2

j for j ∈ [p] as below.

σ̂2
j
(1) =

(
Ω̂(1)Σ̂(1)Ω̂(1)⊤

)
j,j
, σ̂2

j
(2) =

(
Ω̂(2)Σ̂(2)Ω̂(2)⊤

)
j,j
,

in which Σ̂(1) and Σ̂(2) are the sample covariance matrix ofX(1) andX(2), respectively.

3. On each part of the data, calculate the debiased Lasso estimator β̂(1,d) and β̂(2,d).
For j ∈ [p], calculate

T
(1)
j =

√
n1β̂

(1,d)
j /σ̂

(1)
j , T

(2)
j =

√
n2β̂

(2,d)
j /σ̂

(2)
j .

4. Calculate the mirror statisticsMj =
∣∣∣T (1)
j + T

(2)
j

∣∣∣− ∣∣∣T (1)
j − T

(2)
j

∣∣∣.
5. Select the features using Algorithm 9.

inwhichXn×p is the designmatrix,yn×1 is the response vector, andβ⋆p×1 is the regression coefficient.

The application of the data-splitting methods is discussed in two asymptotic regimes, including the

moderate-dimensional setting and the high-dimensional setting, inwhich themirror statistics are built

upon the MLE and the debiased Lasso estimator, respectively.

For the ease of presentation, we introduce the following notations. Let ℓ(u, v) be the loss function

associated with the GLM, i.e., the negative log-likelihood up to a constant,

ℓ(u, v) = −uv + φ(v), (3.10)

in which u corresponds to yi, and v corresponds to x⊺
iβ

⋆. The (scalar) first and second derivatives

of ℓ(u, v) with respect to v are denoted as ℓ̇ and ℓ̈, respectively. With a bit abuse of notations, the
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gradient and the hessian of ℓ(y,x⊺β) with respect to β are denoted as ℓ̇β and ℓ̈β , respectively. For

a general mapping f(y,x), denote Pnf =
∑n

i=1 f(yi,xi)/n and Pf = E [Pnf ] . LetWβ be the

diagonal matrix withWi.i = [ℓ̈(yi,x
⊺
iβ)]

1/2. Then Pnℓ̈β = X⊺
βXβ/n, in whichXβ = WβX is

the weighted version of the design matrixX .

TheModerate-dimensional Setting

In the moderate-dimensional setting, we assume that p/n → κ ∈ (0, 1/2), in which the factor 1/2

accounts for data splitting. We note that κ → 0 corresponds to the classical setting with fixed p. We

consider the random design setting, in which we assume xi are i.i.d observations followingN(0,Σ).

Besides, we assume the signal strength Var(x⊺
iβ

⋆)→ ω2 as n, p→∞.

Denote φ(Xβ) = (φ(x⊺
1β), · · · , φ(x

⊺
nβ))⊺. The MLE of the regression coefficient β⋆ is cal-

culated as below,

β̂ = arg min
β∈Rp

{
1
n

1⊺φ(Xβ)− 1
n
y⊺Xβ

}
. (3.11)

First of all, theMLEmay not exist. Second, in the cases when theMLE exists, β̂ can be asymptotically

biased, and the Fisher information may not give the correct asymptotic variance of the MLE.

For the logistic regressionmodel, the phase transition curve for the existence ofMLE, parametrized

in terms of κ and ω, has been given in Candès and Sur (2020). In addition, as shown in Zhao et al.

(2020), we have for j ∈ [p], √
n(β̂j − α⋆β⋆j )
σ⋆/τj

p→ N(0, 1). (3.12)

τ 2
j = 1/Ωjj , corresponding to the conditional variance Var(Xj |X−j), in which Ω = Σ−1 is the

precision matrix. We note that τ 2
j can be reasonably well estimated using nodewise regression, i.e.,

regressingXj ontoX−j . An unbiased estimator of τ 2
j is τ̂ 2

j = RSSj/(n − p + 1), in which RSSj

denotes the residual sum of squares. (α⋆, σ⋆) is the unique solution of some deterministic system (see

Equation (18) in Zhao et al. (2020)) depending on the underlying GLM as well as κ and ω. Sur and
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Candès (2019) proposed theProbFrontiermethod to estimate the signal strengthω based on the phase

transition curve. With ω, we can numerically calculate (α⋆, σ⋆) so as to obtain asymptotic p-values

for each feature.

We remark that the asymptotic normality presented in Equation (3.12) holds more generally for

GLMs. However, it requires case-by-case study to derive the phase transition curve, as well as the sys-

tem determining (α⋆, σ⋆). To the best of our knowledge, there is no unified approach to achieve this

goal, and results are not known even for commonly-used GLMs including the multinomial logistic

regression model and the Poisson regression model. Consequently, BHq can not be easily exercised

in practice for the purpose of FDR control.

On the other hand, as discussed in Section 3.4.1, the data-splitting methods do not require esti-

mating (α⋆, σ⋆), thus enjoys more general applicability for GLMs as long as the MLE exists for each

part of the data. We detail themethod in Algorithm 13, and show that it achieves an asymptotic FDR

control in Proposition 3.4.2, under mild conditions specified in Assumption 3.4.2.

Assumption 3.4.2.

1. 1/c1 ≤ σmin(Σ) ≤ σmax(Σ) ≤ c1 for some constant c1 > 0.

2. The required number of null features, lim sup p/p0 < +∞.

Proposition 3.4.2. For any given FDR control level q ∈ (0, 1), using Algorithm 13, we have

lim sup
n,p→∞

E

[
#{j : j ∈ S0, j ∈ Ŝτq}
#{j : j ∈ Ŝτq} ∨ 1

]
≤ q

under Assumption 3.4.2.
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Algorithm 13: FDR control for GLM in the moderate-dimensional setting.

1. Split the data set into two equal-sized groups (y(1),X(1)) and (y(2),X(2)).

2. For j ∈ [p], regressX(1)
j ontoX(1)

−j , andX
(2)
j ontoX(2)

−j . Let

τ̂ 2
j
(1) =

RSS(1)j
n/2− p+ 1

, τ̂ 2
j
(2) =

RSS(2)j
n/2− p+ 1

,

in which RSSj is the residual sum of squares.

3. Find the MLE β̂(1) and β̂(2) on each part of data. For j ∈ [p], let

Tj
(1) = τ̂

(1)
j β̂

(1)
j , Tj

(2) = τ̂
(2)
j β̂

(2)
j .

4. Calculate the mirror statisticsMj =
∣∣∣T (1)
j + T

(2)
j

∣∣∣− ∣∣∣T (1)
j − T

(2)
j

∣∣∣.
5. Select the features using Algorithm 9.

The high-dimensional setting

In the high-dimensional setting, we take a similar approach as in the case of the high-dimensional

linear model, and use the debiasing method to symmetrize the Lasso estimator. The Lasso estimator

for GLMs is defined as below,

β̂(y,X;λ) = arg min
β∈Rp

{
1

2n

n∑
i=1

ℓ(yi,x
⊺
iβ) + λ||β||1

}
, (3.13)

based upon which, the debiased Lasso estimator β̂d is defined similarly as,

β̂d = β̂ − Ω̂Pnℓ̇β̂. (3.14)
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Ω̂ analogizes to the “decorrelating” matrixD. Let Σ = E[X⊺
β⋆Xβ⋆ ]/n be the population Hessian

matrix. We follow the debiasing method in Van de Geer et al. (2014), and set Ω̂ to be an estimator

of Ω = Σ−1, constructed based on Algorithm 11. We note that the population version γj of γ̂j is

defined as below,

γj = arg min
γ∈Rp−1

E
[
||Xβ⋆,j −Xβ⋆,−jγ||22

]
. (3.15)

Let ηj = Xβ⋆,j − Xβ⋆,−jγj for j ∈ [p]. τ 2
j = E[||ηj ||22/n] is the corresponding population

version of τ̂ 2
j , calibrating the conditional variance Var(Xj |X−j).

It requires to properly normalize the debiasedLasso estimator β̂d so that the resultingmirror statis-

tics scale in the same magnitude. Under Assumption 3.4.3, the asymptotic covariance of
√
nβ̂d isΩ

following Van de Geer et al. (2014). Since

σ2
j := (ΩE[Pnℓ̇β⋆ ℓ̇⊤β⋆ ]Ω)j,j = (ΩΣΩ)j,j = Ωj,j ,

we normalize β̂(d)j to Tj =
√
nβ̂dj /σ̂j , where σ̂2

j = (Ω̂Pnℓ̇β̂ ℓ̇
⊤
β̂
Ω̂⊤)j,j serves as an estimator to σ2

j .

Similar to the decomposition in Equation (3.7), we have Tj = Zj +∆j in which

Zj = −
√
nΩj,·Pnℓ̇β⋆

σj
= −
√
n

σj

n∑
i=1

Ωj,·xiℓ̇(yi,x
⊺
iβ

⋆), (3.16)

whereΩj,· denotes the j-th row of Ω. For j ∈ S0, Zj no longer follows a normal distribution (con-

ditioning on the design matrix) as in the case of the linear model. However, we can easily quantify

the discrepancy between the law of Zj and the standard normal distribution using the Berry-Essen

Theorem. For the bias term∆j , we show that it is asymptotically negligible under Assumption 3.4.3.

Assumption 3.4.3.

1. The sparsity conditions in Assumption 3.4.1.
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2. The regularity conditions on the loss function ℓ(u, v).

(a) There exists δ ∈ (0, 1) such that

sup
(x,y)

sup
|v−x⊺β⋆|≤δ

|ℓ̈(y, v)− ℓ̈(y,x⊺β⋆)|
|v − x⊺β⋆|

≤ 1. (3.17)

(b) There exists a constantC1 > 0 such that

1/C1 ≤ inf
(x,y)
|ℓ̈(y,x⊺β⋆)| ≤ sup

(x,y)
|ℓ̇(y,x⊺β⋆)| ≤ C1, (3.18)

and

sup
(x,y)

sup
|v−x⊺β⋆|≤δ

|ℓ̈(y, v)| ≤ C1. (3.19)

3. The conditions on the design matrixX and the weighted design matrixXβ⋆ .

(a) There exists a constantC2 > 0 such that

||X||∞ ≤ C2, ||Xβ⋆ ||∞ ≤ C2, ||Xβ⋆,−jγj ||∞ ≤ C2. (3.20)

(b) 1/C3 ≤ σmin(Σ) ≤ σmax(Σ) ≤ C3, for some constantC3 > 0.

4. The required sample size.
√
n/ log p→∞.

Proposition 3.4.3. Under Assumption 3.4.1, we have ||∆||∞ = op(1).

The proof of Proposition 3.4.3 can be found in the Appendix C. Therefore, for j ∈ S0, Tj is

asymptoticallynormal, thus asymptotically symmetric. Proposition3.4.4 shows that thedata-splitting

method outlined in Algorithm 12 achieves an asymptotic FDR control.
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Proposition 3.4.4. For any given FDR control level q ∈ (0, 1), using the debiasing method in Algo-

rithm 12 for high-dimensional GLMs, we have

lim sup
n,p→∞

E

[
#{j : j ∈ S0, j ∈ Ŝτq}
#{j : j ∈ Ŝτq} ∨ 1

]
≤ q.

under Assumption 3.4.1.

The proof of Proposition 3.4.4 can be found in the Appendix C.

3.4.3 Gaussian graphical model

Suppose X = (X1, · · · , Xp) follows a p-dimensional multivariate normal distribution N(µ,Σ)

with Σ = (σij). Without loss of generality, we assume µ = 0. One can define a corresponding

Gaussian graphical model (V,E), in which the set of vertexes is V = (X1, · · · , Xp), and there is an

edge between two different vertexesXi andXj ifXi andXj are conditionally independent, that is,

Xi ⊥⊥ Xj |{Xk, k ̸= i, j}. The estimation of the graphical structure is equivalent to the selection

of the precision matrix Λ = Σ−1 = (λij). For each vertexXj , we can writeXj = X⊺
−jβ

j + ϵj ,

in which ϵj (independent ofX−j) follows a centered normal distribution, and βj = −λ−1
jj Λj,−j .

Therefore, λi,j = 0 implies thatXi andXj are conditionally independent. Let the neighborhood of

each vertexXj be nej = {k ∈ [p] : k ̸= j, βjk ̸= 0}, and its complement be necj = {k ∈ [p] : k ̸=

j, βjk = 0}.

Given i.i.d samplesX1, · · · ,Xn fromN(µ,Σ), it is natural to consider first recovering the sup-

port of each βj using feature selection methods such as Lasso (Meinshausen and Bühlmann, 2006),

then combining all the nodewise selection results properly to estimate the global graph structure. In

view of this, we propose an FDR control approach, with a designated FDR control level q, for the

estimation of Gaussian graphical models. The proposed method mainly contains the following two

steps:
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1. Apply the proposed data-splitting approaches for linear models (see Section 3.4.1) to each

nodewise edge selection, with designated FDR control level q/2. Denote the nodewise selec-

tion results as n̂ej = {k ∈ [p] : k ̸= j, β̂jk ̸= 0} for j ∈ [p].

2. Combine the nodewise selection results using the OR rule to estimate the graph structure:

ÊOR = {(i, j) ∈ [p]× [p], i ∈ n̂ej or j ∈ n̂ei}. (3.21)

A heuristic justification of the proposed approach is given as below:

FDP =
#{(i, j) ∈ ÊOR, (i, j) /∈ E}

|ÊOR| ∨ 1
≤
∑p

j=1 #{i ∈ necj , i ∈ n̂ej}
1
2
∑p

j=1 #{i ∈ n̂ej} ∨ 1

=

∑p
j=1 #{i ∈ necj ,Mji > τ jq/2}

1
2
∑p

j=1 #{Mji > τ jq/2} ∨ 1
≈
∑p

j=1 #{i ∈ necj ,Mji < −τ jq/2}
1
2
∑p

j=1 #{Mji > τ jq/2} ∨ 1

≤ 2 max
j∈[p]

#{i ∈ necj ,Mji < −τ jq/2}

#{Mji > τ jq/2} ∨ 1
≤ q.

(3.22)

For j ∈ [p], τ jq/2 is the cutoff of the mirror statistics in the nodewise edge selection of the vertexXj ,

andMji is the mirror statistic associated with Xi for i ∈ [p]\{j}. The first inequality is based on

the fact that each edge can be selected at most twice. The approximation in the middle utilizes the

symmetric property of the mirror statistics. The second to last inequality comes from the elementary

inequality
∑

n an/
∑

n bn ≤ maxn an/bn for an ≥ 0, bn > 0.

In the following, we assume that the Lasso + OLS procedure is used in each nodewise selection.

We first show that the symmetric property of the mirror statistics, or equivalently the screening prop-

erty of the Lasso selection, is simultaneously satisfied in all p nodewise selections, with probability

approaching 1 as p→∞, under the following assumptions.

Assumption 3.4.4.
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(a) Regularity condition. There exist positive constants c0, c1, c2 such that

λmin(Σ) ≥ c0, max
1≤j≤p

σjj ≤ c1, max
1≤j≤p

λjj ≤ c2.

(b) Sparsity condition. There exists some ξ ∈ [0, 1) such that

max
1≤j≤p

|nej | = O(n
ξ/2
1 ).

(c) The minimum-signal strength condition:

min{|λij | : λij ̸= 0, 1 ≤ i < j ≤ p} ≳
√

log p
n1−ξ

1
.

Here n1 is the sample size of the first half of data. Similar assumptions as Assumption 3.4.4(a) and

3.4.4(b) also appear in Liu (2013) and Meinshausen and Bühlmann (2006), respectively. Assump-

tion 3.4.4(c) calibrates the minimum strengthen of the signal required for detection. It is commonly

referred to as the “beta-min” condition in high-dimensional linear regressions (Dezeure et al., 2015).

Under Assumption 3.4.4, we have the following proposition.

Proposition 3.4.5. Under Assumption 3.4.4, if we apply the Lasso +OLS procedure to each nodewise

regression with the regularizaton parameter properly chosen in the order ofO(
√

log p/n1), then in

the regime n1, p → ∞ and log p/n1−ξ/2
1 → 0, the symmetric assumption (Assumption 3.3.1) is

simultaneously satisfied in all nodewise edge selection with probability approaching 1.

The proof of Proposition 3.4.5 relies on Theorem 1 in Raskutti et al. (2010) and Theorem 7.2 in

Bickel et al. (2009), and is postponed to the Appendix C.

Under the symmetric assumption, we require some technical assumptions to asymptotically con-

trol the FDR of the estimated graph structure. The essential assumption is that for any p ∈ N+,

j ∈ [p], t ∈ R, the set of Bernoulli random variables {1(Mji > t), i ∈ necj} are only weakly depen-
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dent. For any subsetA ⊆ necj , k ∈ necj\A, and t ∈ R, we define the following random variable to

measure the conditional dependency,

∆k,A
p,j =

∣∣∣∣∣∣
∑
i∈necj

P

(
Mji > t

∣∣∣Mjk > t,FA

)
−
∑
i∈necj

P

(
Mji > t

∣∣∣Mjk ≤ t,FA

)∣∣∣∣∣∣ , (3.23)

in whichFA denotes the sigma algebra generated by {1(Mji > t), i ∈ A}.

Assumption 3.4.5.

(a) There exist constants C > 0 and α ∈ (0, 1/2), such that for any p ∈ N+, j ∈ [p], subset

A ⊆ necj , k ∈ necj\A, and t ∈ R, we have∆k,A
p,j ≤ C|necj |α almost surely.

(b) limp→∞ minj∈[p] |necj |1−2α/ log p =∞.

We remark thatwhen all the indicators {1(Mji > t), i ∈ necj} are independent,∆
k,A
p,j ≡ 0 for any

subsetA ⊆ necj and k ∈ necj\A. On the other hand, when all the indicators are perfectly correlated,

i.e.,Mj1 = · · · = Mjp, we have∆k,∅
p,j = |necj | for any k ∈ necj . We assume∆k,A

p,j ≤ C|necj |α for

some α ∈ (0, 1/2) almost surely to allow some weak dependency among {1(Mji > t), i ∈ necj}.

UnderAssumption3.4.5,wehave the followingproposition. Theproof is postponed to theAppendix

C.

Proposition 3.4.6. Assume the symmetric assumption is satisfied in each nodewise edge selection. If

we set the designated FDRcontrol level for each nodewise edge selection to be q/2 and apply the Lasso

+ OLS procedure, then under Assumption 3.4.5, we can control the FDR of the estimated edge set

ÊOR at the level q asymptotically as p→∞.

We note that the nodewise selection procedure and the GFC approach proposed in Liu (2013) are

effective in quite different scenarios. GFC tends toworkwell only if the underlying true graph is ultra-

sparse, in the order of o(
√
n/(log p)3/2). The nodewise selection procedure is capable of handling

the case when the graph is not too sparse, but can suffer from the ultra-sparsity. This can be seen by
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considering an extreme scenario where |nej | = 1 for some vertexXj . Suppose with probability θj ,

max{Mji : i ∈ necj ,Mji > 0} is strictly larger than −min{Mji : i ∈ necj ,Mji < 0}. Then

the FDR of the nodewise selection of the vertex Xj is at least 0.5θj , since the FDP is at least 0.5.

Therefore, if θj > q, it is impossible to control FDR below q/2. We note that in the case where all

{Mji : i ∈ necj} are independent and symmetric about 0, θj = 0.5. A similar issue also exists in

general knockoff-based approaches, which is pointed out in Remark 3.2 in Li andMaathuis (2019).

3.4.4 Deep neural network

In this section, we integrate the proposed data-splitting approaches into neural networks to achieve

reproducible feature selection. We restrict ourselves here to fully-connected forward neural networks,

although the procedure is easily applicable tomore complex networks including convolutional neural

networks and recurrent neural networks.

The recipe of our method is to first split the data into two halves, (X(1),y(1)) and (X(2),y(2)),

and then train two neural networks with the same structure independently for each part of the data.

Denote the number of units in each layer asmh for h ∈ [0 : k]. The input layer is the 0-th layer with

lengthm0 = p, and the response layer is the k-th layer with lengthmk = 1. For h ∈ [k], letH(h)

be the vector of hidden units in layer h. In particular, we also writeH(0) = (X1, · · · , Xp). Denote

W (h) as themh−1 × mh weight matrix between layer h − 1 and layer h. Let ϕh be the activation

function used between layer h − 1 and layer h. Thus, we have H(h)
ℓ = ϕh(H

(h−1)⊺W (h)
·ℓ ) for

ℓ ∈ [mh]. Let the estimated weights be {W (1,h)}kh=1 and {W (2,h)}kh=1, whereW
(1,h) andW (2,h)

are themh−1×mhweightmatrices between layerh−1 and layerh in the two trained neural networks,

respectively. A cartoon illustration is given in Figure 3.3 .

Themain challenge of applying our FDRcontrol approach to neural networks is to define a proper

mirror statistic. Anaiveway is to calculate themirror statistic onlyusing theweights between the input

layer and the first hidden layer. However, this proposal is problematic because the h-th layer’s hidden
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Figure 3.3: A demonstration of the fully-connected neural network.

units in the two neural networks, which are trained independently with different data and potentially

different initialization, do not necessarily correspond to each other. Therefore, it is not sensible to

directly contrastW (1,1)
jℓ toW (2,1)

jℓ .

We discuss two alternatives to bypass the aforementioned non-identifiability problem of the hid-

den units. The first one is to use weight multiplication as in Lu et al. (2018). For each featureXj , we

define its “impact” coefficient β̂(1)j to be the j-th coordinate of the matrix product among all weights,

that is, W (1,1)W (1,2) · · ·W (1,k). Similarly, we can define β̂(2)j . This construction of the “impact”

coefficient may only apply to fully-connected networks since in more complex networks such as con-

volutional neural networks, the weight tensor can be 3 or 4 dimensions, thus the multiplication be-

tween weight tensors are not well defined.

The second construction of the “impact” coefficient, which is able to handle more complex net-

work structures, uses the influence function (Hechtlinger, 2016). It essentially calibrates the influ-

ence of featureXj to the response variable y using gradient. Mathematically, the influence function,

I = (I1, · · · , Ip), is a vector of length p, with each coordinate defined to be Ij = E[∂f(X)/∂Xj ],

where the expectation is takenwith respect to the joint distribution of (y,X1, · · · , Xp). f represents

the neural network model. Specifically, for fully-connected neural networks, the influence function
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can be explicitly written as:

I = E
[
W (k)Φ(k)W (k−1)Φ(k−1) · · ·W (1)Φ(1)

]
. (3.24)

Φ(h) is amh×mh diagonal matrix with ℓ-th element being the gradient of ϕh evaluated at the point

H(h−1)⊺W (h)
·ℓ for ℓ ∈ [mh]. We proceed to approximate the influence function I using the sample

mean across training data, and its j-th coordinate will serve as the “impact” coefficient for featureXj .

We note that in most popular deep learning platforms, the gradient can be calculated using built-in

functions, thus the computation is fairly user-friendly.

After obtaining the “impact” coefficient, the mirror statistic can be calculated following Equation

(3.2). We note that the weight multiplication approach, which simply ignores all the activation func-

tions between hidden layers, can be considered as a special case of the influence function approach.

Although the two approaches seem to perform similarly in fully-connected forward networks based

on our limited experiences, we believe that the influence function approach has more general applica-

bility in real data examples.

3.5 Illustrations

3.5.1 Linear model

We consider the high-dimensional linear regression using Lasso. Throughout we fix the sample size

n = 500 and the number of signals (sparsity) s⋆ = 50. We simulate the response variable y from

the linear model yn×1 = Xn×pβp + ϵn×1, in which the noise ϵ are sampled fromN(0, In). We set

βj = 0 if j > s⋆, and sample βj fromN(0, δ
√

log p/n) for j ∈ [s⋆]. We consider the following

two scenarios:

1. Vary the pairwise correlation among features. We independently sample each rowof the design
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matrix Xn×p from N(0p,Σ), where Σjj = 1 and Σij = ρ for all i ̸= j. We test out ρ ∈

{0.0, 0.2, 0.4, 0.6, 0.8}. Throughout this scenario, we fix the signal strength and set δ = 10.

2. Vary the signal strength. We test out δ ∈ {4, 8, 12, 16, 20}. Throughout this scenario, we

sample independently each row ofXn×p fromN(0p,Σ), whereΣjj = 1 andΣij = 0.5 for

all i ̸= j..

For each scenario, we also vary the total number of features p ∈ {500, 1000, 1500, 2000}.

We compare eightmethodswithin three classes: (1) BHq andBYq; (2) the knockoff filter including

the model-X knockoff filter (M-knockoff) (Candes et al., 2018), and the fixed-design knockoff filter

(F-knockoff) based on data splitting, with the data recycling strategy proposed in Barber and Candès

(2019); (3) DS andMDS. For BHq and BYq, we first randomly split the data into two halves. We then

use one half of the data for signal screening using Lasso, and calculate the p-values for the selected

features by running a OLS regression on the other half of the data. The corresponding multiple data-

splitting versions (MBHq and MBYq) following Meinshausen et al. (2009), which combines the p-

values obtained across multiple data splits, are also tested out using the R package hdi. We implement

the model-X knockoff filter using the R package knockoff. For the multiple data-splitting approaches

MBHq, MBYq and MDS, we independently split the data 50 times. The designated FDR control

level is set to be q = 0.1 in all simulation settings.

Figure 3.4 summarizes the results for the varying correlation scenario, in which p ∈ {500, 2000}

and ρ ∈ {0.0, 0.8}. More detailed results are given in Table C.3 in the Appendix C. The FDRs

of all eight methods are reasonably under control across different simulation settings. The empirical

performances show that MDS is promising. First, it significantly improves DS, in the sense that it

simultaneously reduces the FDR and boosts the power. Second, from Table C.3, we see that it has

the highest power among all 8 methods when features are correlated (ρ ≥ 0.2). When features are

independent (ρ = 0.0), the power of MDS is second to the best, slightly lower than the power of the
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model-X knockoff filter. We note that ρ = 0.0 is considered to be the easiest setting for generating

knockoff features as all the features are independent.

The following observations are also worthwhile to mention. First, when the correlation ρ is large,

the model-X knockoff filter tends to be very conservative. FromTable C.3, we see that when ρ ≥ 0.4,

except for the relatively low-dimensional case p = 500, the model-X knockoff filter becomes power-

less. On the other hand, the fixed-design knockoff filter is more robust to the dependency between

features, and performs competitively across different simulation settings. Second, BYq ismore conser-

vative compared to BHq, which consistently yields a smaller FDRbut also a lower power compared to

BHq. We find that the p-value aggregation strategy proposed inMeinshausen et al. (2009) is effective.

In most cases, MBHq andMBYq enjoy zero FDRs and competitive powers. The results for the vary-

ing signal strength scenario are summarized in Figure 3.5 and Table C.4 in the Appendix C, which

provides similar evidence to demonstrate the effectiveness of the proposed data-splitting approaches.

3.5.2 Generalized linear model

The moderate-dimensional setting

Logistic regressionmodel. We consider twomoderate-dimensional scenarios for the logistic regression

model. The first scenario is the classical small-n-and-p setting, in which the sample size n = 500, the

dimensionp = 60, and the correspondingdimension-to-sample ratio isκ = p/n = 0.12. The second

scenario concerns with the large-n-and-p setting, in which the sample size n = 3000, the dimension

p = 500, and the corresponding dimension-to-sample ratio is κ = p/n = 1/6.

In both scenarios, we consider five competing methods based on the MLE, including the single

data-splittingmethod (DS) and itsmultiple version (MDS), theBenjamini-Hochbergprocedure along

with its adjusted version, and theGaussianmirror (GM)method. The standard Benjamini-Hochberg
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(b)p = 500, ρ = 0.8
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(c)p = 2000, ρ = 0.0
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(d)p = 2000, ρ = 0.8
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Figure 3.4: Empirical FDRs and powers on the linear model, where the design matrix has pairwise constant correlation ρ.
Thenumberof true features is 50across all settings. The signal-to-noise ratio is10×

√
log p/n. ThedesignatedFDRcon-

trol level is q = 0.1 (the red dashed line). The eight methods are, the single data-splitting method (DS), the multiple data-
splitting method (MDS), the model-X knockoff filter (M-Knockoff), the fixed-design knockoff filter with data recycling (F-

Knockoff), the Benjamini-Hochberg method (BHq) and its multiple data-splitting version (MBHq), the Benjamini-Yekutieli

method (BYq) and its multiple data-splitting version (MBYq). The reported results are the empirical means of 50 indepen-

dent runs. In panel (d), the coordinates (Power, FDR) of the model-X knockoff filter (M-Knockoff) are (0.05, 0.00), which is

out of range of the figure.
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(a)p = 500, SNR = 4×
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(b)p = 500, SNR = 20×
√

log p/n
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(c)p = 2000, SNR = 4×
√

log p/n
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(d)p = 2000, SNR = 20×
√

log p/n
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Figure 3.5: Empirical FDRs and powers on the linear model, where the design matrix follows a multivariate normal dis-

tribution with constant pairwise correlation 0.5. SNR represents the signal-to-noise ratio. The number of true features

is 50 across all settings. The designated FDR control level is q = 0.1. The eight methods are, the single data-splitting
method (DS), themultipledata-splittingmethod (MDS), themodel-Xknockoff filter (M-Knockoff), thefixed-designknockoff

filterwithdata recycling (F-Knockoff), theBenjamini-Hochbergmethod (BHq)and itsmultiple-splittingversion (MBHq), the

Benjamini-Yekutieli method (BYq) and its multiple-splitting version (MBYq). The reported results are the empirical means

of 50 independent runs. In panel (c) andpanel (d), the coordinates (Power, FDR) of themodel-X knockoff filter (M-Knockoff)

are (0.04, 0.00) and (0.19, 0.00), respectively, which are out of range of the corresponding figures.
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procedure (BHq)utilizes the classical asymptotic p-values calculated via theFisher information,whereas

the adjusted Benjamini-Hochberg procedure (ABHq) is based on the adjusted asymptotic p-values

(Sur and Candès, 2019).

Each row of the design matrix independently follows the multivariate normal distribution with

constant pairwise correlation ρ. In particular, we test out the cases in which ρ increases from 0.0 to

0.5 incremented by 0.1. The mean and the variance of each feature are 0 and 1/n, respectively. There

are in total 50 relevant features, and the corresponding true regression coefficients are independently

sampled from±6.5with equal probability. The designated FDR control level is 0.1 across all settings.

The empirical FDRs and powers of differentmethods in the small-n-and-p setting are summarized

in Figure 3.6. The FDRs of the five competingmethods are under control across all settings. In terms

of power, BHq and MDS are the two leading methods and perform similarly. GM is as powerful as

BHq and MDS when the correlation among the features is small (e.g., ρ ≤ 0.2), but appears to be

inferior when the correlation becomes larger (e.g., ρ ≥ 0.3). We see that ABHq is less powerful than

BHq. One possible reason is that the asymptotics for the p-value adjustment is not ready to kick in

when the sample size n and the dimension p are relatively small.

The empirical FDRs and powers of different methods in the large-n-and-p setting are summarized

in Figure 3.7. We see that BHq lost FDR control, which implies that the classical asymptotic p-value

of the null feature, calculated based on the Fisher information, is non-uniform and skew to the left.

On the other hand, ABHq still enjoys FDR control and also has the best power, which verifies the

adjusted asymptotic distribution of the MLE derived in Sur and Candès (2019). MDS is the second-

bestmethod, and ismore robust compared toGMwhen the pairwise correlation among the features is

high. In both the small-n-and-p setting and the large-n-and-p setting, we observe thatMDS performs

significantly better than DS, which simultaneously reduces the FDR and boots the power.

Negative binomial regression model. We consider a negative binomial regression model, in which

the dispersion parameter is 2, i.e., the target number of successful trials is 2. We set the sample size
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Figure3.6: Empirical FDRsandpowerson the logistic regressionmodel in the small-n-and-p setting. Each rowof thedesign

matrix independently follows the multivariate normal distribution with constant pairwise correlation ρ. The number of
relevant features is 50, and the true regression coefficients are independently sampled from±6.5with equal probability.
The designated FDR control level is q = 0.1. The reported results are the empirical means of 50 independent runs.
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Figure 3.7: Empirical FDRs and powers on the logistic regression model in the large-n-and-p setting. Detailed simulation
settings can be found in the caption of Figure 3.6.
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n = 3000, and the dimension p = 500, thus the corresponding dimension-to-sample ratio is κ =

p/n = 1/6. We simulate the designmatrix the same as the case of the logistic regressionmodel. There

are in total 50 relevant features, and the corresponding true regression coefficients are independently

sampled from±6 with equal probability. The designated FDR control level is 0.1 across all settings.

Weconsider four competingmethodsbasedon theMLE, including the single data-splittingmethod

(DS) and its multiple version (MDS), the Benjamini-Hochberg procedure (BHq), and the Gaussian

mirror (GM) method. We note that BHq is based upon the classical asymptotic p-values calculated

based on the Fisher information. Although we expect such p-values to be non-uniform for the null

features, the exact asymptotic distribution of the MLE under this moderate-dimensional setting has

not been derived in the literature, thus no proper adjustment of the p-values exists to the best of our

knowledge.

The empirical FDRs and powers of different methods are summarized in Figure 3.8. We see that

DS, MDS and GM enjoys FDR control, whereas BHq not, because of the non-uniformity (skew to

the left) of the p-values for the null features. Among the methods with FDR control, GM has the

leading performance, with power slightly higher thanMDS across all settings.

The high-dimensional setting

Logistic regression model. We consider a high-dimensional logistic regression model with the sample

size n = 800, and the dimension p ∈ {800, 2000}. Each row of the design matrix independently

follows the multivariate normal distribution N(0,Σ). We consider a similar setup as in Ma et al.

(2020), in whichΣ = 0.1×ΣB , whereΣB is a p× p blockwise diagonal matrix of 10 identical unit

diagonal Toeplitz matrices whose off-diagonal entries descend from 0.08 to 0. We test out different

levels of signal sparsity, that is, the number of relevant features takes values from 40 to 80 incremented

by 10, and the corresponding true regression coefficients are independently sampled from ±4 with

equal probability.
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Figure 3.8: Empirical FDRs and powers on the negative binomial regressionmodel. Each row of the designmatrix indepen-

dently follows the multivariate normal distribution with constant pairwise correlation ρ. The number of relevant features
is 50, and the true regression coefficients are independently sampled from±6with equal probability. The designated FDR
control level is q = 0.1. The reported results are the empirical means of 50 independent runs.

We consider five competing methods, including the single data-splitting method (DS) and its mul-

tiple version (MDS), two Benjamini-Hochberg procedures (BHq-I and BHq-II), and the model-X

knockoff filter. The data-splittingmethods are based on the debiasing Lasso estimator constructed us-

ingAlgorithm12. BHq-II also uses the same debiasing approach, whereas BHq-I refers to themethod

proposed in Ma et al. (2020), which utilizes a different debiasing approach. For the model-X knock-

off filter, we use the second-order method to create multivariate normal knockoffs. Throughout, the

designated FDR control level is 0.1.

The empirical FDRs and powers of different methods are summarized in Figure 3.9. We see that

except for BHq-II, all the other methods enjoy FDR control. In terms of power, when p = 800,

MDS and the model-X knockoff filter perform similarly, and appear to be more powerful than DS

and BHq-I. We find that MDS is more robust to the potential high dimensionality of the selection

problem than the model-X knockoff filter. In particular, when p = 2000, MDS has the highest

power among the methods with FDR control, whereas the model-X knockoff filter becomes the least
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Figure 3.9: Empirical FDRs and powers on the logistic regression model with the sample size n = 800. Each row of the

designmatrix independently follows themultivariate normal distributionN(0p, 0.1× Σ)withΣ being a block diagonal

matrix. The x-axis refers to the signal sparsity, i.e., the number of relevant features. The true regression coefficients for

the relevant features are set to be β⋆
j = ±4 with equal probability. The designated FDR control level is q = 0.1. The

reported results are the empirical means of 50 independent runs.

powerful method. We note that even DS is more powerful than BHq-I, which implies that the p-

values constructed followingMa et al. (2020) can be highly non-informative (skew to the right) in the

finite-sample case.

3.5.3 Gaussian graphical model

We consider two types of graphs:

1. Banded graph. The precision matrix Λ is constructed such that λjj = 1, λij = sign(a) ·

|a||i−j|/c if 0 < |i− j| ≤ ρ, and λij = 0 if |i− j| > ρ. Following Li and Maathuis (2019),

we set c = 1.5 throughout this simulation study. Other parameters including the sample size
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n, the dimension p, the signal strength (partial correlation) a, and the nodewise sparsity ρwill

be specified case by case.

2. Blockwise diagonal graph. The precision matrix Λ is blockwise diagonal with equally sized

squared blocks generated in the same fashion. We fix the block size to be 25× 25 throughout

this simulation study. In each block, all the diagonal elements are set to be 1, and the off-

diagonal elements are independently sampled from some distribution u specified case by case.

The designated FDR control level is set to be q = 0.2. We note that for both graphs, the resulting

precisionmatrixΛ is not necessarily positive definite. Ifλmin(Λ) < 0, we re-setΛ← Λ+(λmin(Λ)+

0.005)Ip following Liu (2013).

Three classes of competing methods are tested out: (1) DS andMDS; (2) BHq and BYq; (3) GFC-

L and GFC-SL (two FDR control methods for Gaussian graphical model using Lasso or scaled Lasso

proposed in Liu (2013)). The p-values used in BHq and BYq are calculated based on the pairwise

partial correlation test using theRpackage ppcor (Kim, 2015). Weuse theRpackageSILGGM (Zhang

et al., 2018) to implement GFC-L and GFC-SL.

For the banded graph, we test out the following four settings:

(a) Fix p = 100, ρ = 8, a = −0.6. and vary the sample size n ∈ {500, 1000, 1500, 2000, 2500}.

(b) Fix n = 1000, ρ = 8, a = −0.6, and vary the dimension p ∈ {50, 100, 150, 200, 250}.

(c) Fix n = 1000, p = 100, a = −0.6, and vary the nodewise sparsity ρ ∈ {4, 6, 8, 10, 12}.

(d) Fixn = 1000, p = 100, ρ = 8, and vary the signal strength a ∈ {−0.5,−0.6,−0.7,−0.8,−0.9}.

For the blockwise diagonal graph, we fix n = 500, and test out three different scenarios, in which

the sampling distribution u of the off-diagonal elements are set to be Unif(−0.8,−0.4) (negative

partial correlation), Unif(0.4, 0.8) (positive partial correlation ), andUnif((−0.8,−0.4)∪ (0.4, 0.8))

(balanced partial correlation), respectively. For MDS, we independently split the data 50 times and

aggregate the selection results using Algorithm 10.
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The results for the banded graphs are summarized in Figure 3.10. DS and MDS outperform the

four competing methods across all simulation settings. In particular, MDS consistently yields a lower

FDRand a higher power compared toDS. BYqhas the lowest FDR, but appears to be too conservative

as it also has the lowest power. FDRs of GFC-L, GFC-SL, and BHq are similar to each other, and

are higher than FDRs of DS and MDS. In terms of power, GFC-L and GFC-SL perform similar,

having a slightly higher power than BHq. Panel (d) in Figure 3.10 is interesting, since the powers

of BHq and BYq have an opposite trend compared to the other methods. One possible reason is

that when we decrease the signal strength, or equivalently increase a from−0.9 to−0.5, the pairwise

correlations decrease from 0.54 to 0.20 so that the independent p-value assumption becomes better

justified. Therefore, we see a power increase for BHq and BYq.

The results for the blockwise diagonal graphs are summarized in Figure 3.11. In the settings with

balanced signals and negative signals, MDS outperforms all the other competing methods. In par-

ticular, in the setting with negative signals, DS and MDS are the only two effective methods with

reasonable powers. In the setting with positive partial correlation, BHq and BYq are the two leading

methods. In this scenario, DS andMDS perform reasonably well only in the low-dimensional setting.

3.5.4 Deep neural network

We consider the single-index model y = f(x⊺β)+ ϵ, in which f(t) is some unknown link function,

and ϵ is the noise. In this simulation study, we test out three different cases detailed below.

1. Power function. We set f1(t) = t3/2.

2. Exponential function. We set f2(t) = exp(t/10).

3. Sigmoid function. We set f3(t) = 1/(1 + exp(−t)).
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Figure 3.10: Empirical FDRs and powers on the banded graphs of the six methods, the single data-splitting method (DS),

themultiple data-splitting method (MDS), the GFCmethods with Lasso (GFC-L) and scaled Lasso (GFC-SL) proposed in Liu

(2013), the Benjamini-Hochberg method (BHq), and the Benjamini-Yekutieli method (BYq). The designated FDR control

level is q = 0.2 in all settings. The reported results are the empirical means of 50 independent runs.
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Figure 3.11: Empirical FDRs and powers on the blockwise diagonal graphs with different partial correlation ranges. The

six methods are, the single data-splitting method (DS), the multiple data-splitting method (MDS), the GFC methods with

Lasso (GFC-L) andscaledLasso (GFC-SL)proposed inLiu (2013), theBenjamini-Hochbergmethod (BHq), and theBenjamini-

Yekutieli method (BYq). The designated FDR control level is q = 0.2 in all settings. The reported results are the empirical
means of 50 independent runs.
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For the power function and the exponential function, we set the number of signals (sparsity) s⋆ = 30,

and sample the randomly located nonzero βj fromN(0, 20×
√

log p/n). For the sigmoid function,

we set the number of signals (sparsity) s⋆ = 50, and sample the randomly located nonzero βj from

Unif(0.5, 1). For the power function, we assume ϵ followsN(0, 1). For the exponential function and

the sigmoid function, we decrease the noise level by assuming ϵ followsN(0, 0.12). Throughout we

fix the sample size n = 1000, and vary p ∈ {500, 1000, 1500, 2000, 3000} for all three cases. The

designated FDR control level is fixed to be q = 0.1. For the design matrix X , in which each row

is independently simulated fromN(0,Σ), we test out two cases: (1) we assume the precision matrix

Σ−1
ij = ρ|i−j|; (2) we assume the covariancematrixΣij = ρ|i−j|. ρ is fixed to be 0.5 across all settings.

We compare the proposed data-splitting methods using the influence function or the weight mul-

tiplication, and the DeepPINK method proposed in Lu et al. (2018). For DS and MDS, we build a

four-layer fully-connected neural network. The input layer is of size p, the output layer is of size 1,

and the two hidden layers in the middle are of size 20 × log(p) and 10 × log(p), respectively. We

choose sigmoid as the activation function between the first three layers, and add a ℓ1 regularization

term of the orderO(
√

log p/n) for the two hidden layers. For DeepPINK, we test out two architec-

tures of the neural network. DeepPINK-I has the same architecture as described in Lu et al. (2018)

(see the caption of Figure 1), whereas DeepPINK-II has the same architecture as DS andMDS.We set

the batch size to be 128 and set the initializing learning rate to be 0.001. We use the Adam algorithm

(Kingma and Ba, 2014) to train the neural network with respect to the mean squared error loss for a

total of 500 epochs. ForMDS, we randomly split the data 50 times, and aggregate the selection results

based on Algorithm 10. For the DeepPINKmethod, we thank the authors for kindly providing their

code through personal communication.

The results for p = 2000 are summarized in Figure 3.12, and more detailed results for different

p are given in Table C.1 and Table C.2 in the Appendix C. Compared to the DeepPINK method,

DS and MDS consistently yield smaller FDR and significantly higher power. For DS and MDS, the
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influence function approach and the weight multiplication approach yield similar results. Compared

with DS, MDS always has a lower FDR value, but also slightly lower power in cases f2(t) and f3(t).

3.5.5 Real data application: HIV drug resistance

We apply the proposed approaches to detect mutations in theHuman Immunodeficiency Virus Type

1 (HIV-1) that are associated with drug resistance. The data set, which has also been analyzed in Rhee

et al. (2006), Barber and Candès (2015), and Lu et al. (2018), contains resistance measurements of

7 drugs for protease inhibitors (PIs), 6 drugs for nucleoside reverse-transcriptase inhibitors (NRTIs),

and 3 drugs for nonnucleoside reverse transcriptase inhibitors (NNRTIs). We focus on the first two

classes of inhibitors, PI and NRTI, as in Lu et al. (2018).

The response variable y calibrates the log-fold-increase of lab-tested drug resistance. The design

matrixX is binary, in which the jth column indicates the presence or absence of the jth mutation.

The task is to select relevant mutations for each inhibitor against different drugs. The data is prepro-

cessed as follows. First, we remove the patients with missing drug resistance information. Second, we

only focus on those mutations that appear at least three times across all the patients. The sample size

n and the number of mutations p vary from drug to drug, but are all in hundreds with n/p ranging

from 1.5 to 4 (see Figures 3.13 and 3.14). We assume an additive linear model between the response

variable and the features with no interactions.

Five methods are compared, including DeepPINK with model-X knockoffs (Lu et al., 2018), the

fixed-design knockoff filter based on a Gaussian linear model (Barber and Candès, 2015), BHq, DS,

and MDS. For DeepPINK, knockoff, and BHq, we report the selection results obtained in Lu et al.

(2018). The designated FDR control level is q = 0.2 throughout. The results are evaluated based on

the selectedmutations with existing treatment-selectedmutation (TSM) panels (Rhee et al., 2005), as

discussed in Barber and Candès (2015).

Numbers of discoveredmutations for PI within each drug class, including both true and false pos-

121



0.2 0.4 0.6 0.8 1.0

0.
00

0.
05

0.
10

0.
15

0.
20

f1: Power Decay Correlation

Power

F
D

R DS−I

DS−II

MDS−I

MDS−II

DeepPINK−I

DeepPINK−II

0.2 0.4 0.6 0.8 1.0

0.
00

0.
05

0.
10

0.
15

0.
20

f1: Power Decay Partial Correlation

Power

F
D

R

DS−I

DS−II

MDS−I

MDS−II

DeepPINK−I

DeepPINK−II

0.58 0.60 0.62 0.64 0.66 0.68 0.70

0.
00

0.
05

0.
10

0.
15

f2: Power Decay Correlation

Power

F
D

R DS−I
DS−II

MDS−I
MDS−II

DeepPINK−I

DeepPINK−II

0.60 0.62 0.64 0.66 0.68 0.70

0.
00

0.
05

0.
10

0.
15

f2: Power Decay Partial Correlation

Power

F
D

R

DS−IDS−II

MDS−I
MDS−II

DeepPINK−I

DeepPINK−II

0.60 0.65 0.70 0.75 0.80 0.85 0.90

0.
00

0.
05

0.
10

0.
15

f3: Power Decay Correlation

Power

F
D

R

DS−I

DS−II

MDS−I
MDS−II

DeepPINK−I DeepPINK−II

0.70 0.75 0.80 0.85 0.90

0.
00

0.
05

0.
10

0.
15

f3: Power Decay Partial Correlation

Power

F
D

R

DS−I

DS−II

MDS−I
MDS−II

DeepPINK−I

DeepPINK−II

Figure 3.12: Empirical FDRs and powers on the single-indexmodels for p = 2000. The designmatrix followsmultivariate
normal distribution with pairwise power decay correlation (the left column) or pairwise power decay partial correlation

(the right column). The sixmethods are, the single data-splittingmethod using the influence function (DS-I) and itsmultiple

data-splitting version (MDS-I), the single data-splittingmethodusing theweightmultiplication (DS-II) and itsmultiple data-

splitting version (MDS-II), and the DeepPINK method with two different network architectures (see the text for details).

The designated FDR control level is q = 0.1 (the red dashed line) in all settings. The reported results are the empirical

means of 20 independent runs.
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itives, are summarized in Figure 3.13. We see that MDS performs the best for 4 out of 7 PI drugs,

including ATV, LPV, NFV, and SQV. For the remaining drugs, APV, IDV and RTV, MDS is com-

parable to DeepPINK, and both are superior to the fixed-design knockoff filter and BHq. Similarly,

Figure 3.14 shows the numbers of the identified mutations for the NRTI drugs. Among the 6 NRTI

drugs, MDS performs the best in 5, including ABC, AZT, D4T, DDI, and X3TC. For TDF,MDS is

comparable to DeepPINK, and both are much better than BHq and the fixed-design knockoff filter.

In particular, the fixed-design knockoff filter has no power and does not select anymutation for DDI,

TDF, and X3TC.

3.6 Concluding Remarks

We have described a general framework for the FDR control in the task of high-dimensional feature

selection. The proposed data-splitting approaches (DS andMDS) allow us to asymptotically control

FDR in canonical statistical models including the linear model and the Gaussian graphical model.

We have also empirically demonstrated its applications to more complex models such as deep neural

networks. The multiple data-splitting approach (MDS) proposed here is of particular interest, which

helps stabilize the selection result and remedy the potential power loss. Both DS and MDS are con-

ceptually simple and easy to implement based upon existing softwares for high-dimensional feature

selection methods.

We conclude by pointing out several directions for future work. First, for the linear model, an

interesting extension of the Lasso + OLS procedure is to consider features with a group structure.

A natural strategy is to substitute Lasso with group Lasso. However, unlike Lasso, group Lasso can

potentially select more than n features (n is the sample size), thus the companion OLS step, which

guarantees the symmetric assumption, may not be easily applied. Second, we would like to apply the

proposed framework, equippedwith the influence function, to convolutional neural networks and re-
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current neural networks, in order to handle more complex data such as images and natural languages.

Third, we are interested in investigating the multiple testing problem of sparse high-dimensional co-

variance matrices, which are commonly estimated using some thresholding estimator. Our proposed

framework is applicable as long as the estimator to the zero covariance element is symmetric about

0. Last but not the least, extensions of the DS and MDS frameworks to data containing dependent

observations or having hierarchical structures can be of immediate interest.
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A
Supplemental Materials of Chapter 1

A.1 Proofs

A.1.1 Proof of the almost-sure convergence

The proof of the almost-sure convergence follows from Theorem 2.2 and Theorem 2.3 in Andrieu

et al. (2005). Lemma A.1.1 and Lemma A.1.5 in the following verify the necessary conditions.
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LemmaA.1.1. We define a Lyapunov function V (u) as below,

V (u) =
1
N

N∑
n=1

exp(u⋆n − un)− 1, (A.1)

which satisfies the following properties:

1. V (u) is non-negative and continuously differentiable onΠ = {u ∈ RN ,
∑N

n=1 un = 0}.

2. For anyM > 0, {u : V (u) ≤M} is a compact set.

3. For any u ∈ Π, we have ⟨∇V (u), r(u)⟩ ≤ 0. r(u) is the mean-field function defined as

below,

r(u) =

∫
X
R(x)πu(x)dx =

exp(u⋆ − u)∑N
n=1 exp(u⋆n − un)

− 1
N
, (A.2)

in whichRn(x) = 1(E(x) = En)− 1/N for n ∈ [N ]. In addition,

{u ∈ RN , ⟨∇V (u), r(u)⟩ = 0} = {u⋆}.

Proof of LemmaA.1.1:

1. V (u) is continuously differentiable onΠ. By Jensen’s inequality, we have

V (u) ≥ exp
(

1
N

N∑
n=1

(u⋆n − un)

)
− 1 = 0.

2. For anyM > 0 and V (u) ≤M , we have

un ≥ u⋆n − log((1 +M)N) ≥ inf
k∈[N ]

u⋆k − log((1 +M)N).
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On the other hand, since
∑N

n=1 un = 0, we have

un ≤ (N − 1) log((1 +M)N)− (N − 1) inf
k∈[N ]

u⋆k.

Because V (u) is a continuous function, the set {u : V (u) ≤M} is a compact set.

3. Then-th coordinate of the gradient is∇nV (u) = − exp(u⋆n−un)/N . ByCauchy-Schwartz

inequality, we have

⟨∇V (u), r(u)⟩ = − 1
N

∑N
n=1 exp (2(u⋆n − un))∑N
n=1 exp(u⋆n − un)

+
1
N 2

N∑
n=1

exp(u⋆n − un) ≤ 0.

The equality is satisfied if and only if un = u⋆n for n ∈ [N ].

LemmaA.1.2. For any t ≥ 0,

||πt+1 − πt||TV ≤ 2N(N − 1)ηt+1. (A.3)

Proof of LemmaA.1.2: using Lemma 4.6 in Fort et al. (2015), we have

||πt+1 − πt||TV ≤ 2(N − 1)
N∑
n=1

∣∣∣1− exp(u(t)n − u(t+1)
n )

∣∣∣
= 2(N − 1)

N∑
n=1
|1− exp (−ηt+1Rn(xt+1))|

= 2(N − 1)
[
(N − 1)(e

1
N
ηt+1 − 1) + 1− e−

N−1
N

ηt+1
]

≤ 2N(N − 1)ηt+1.

The last line follows from the following elementary inequality: ∀ 0 < x ≤ 1, N ≥ 1,

(N − 1)e
1
N
x + 1− e−

N−1
N

x −Nx ≤ 0.
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LemmaA.1.3. For any t ≥ 0,

sup
x∈X
||Pt(x, ·)− Pt+1(x, ·)||TV ≤ 4(e+ 1)ηt+1. (A.4)

Proof of LemmaA.1.3: using Lemma 4.7 in Fort et al. (2015), we have

sup
x∈X
||Pt(x, ·)− Pt+1(x, ·)||TV ≤ 4 sup

n∈[N ]

∣∣∣1− exp
(
u(t+1)
n − u(t)n

)∣∣∣
+ 4 sup

n∈[N ]

∣∣∣1− exp
(
u(t)n − u(t+1)

n

)∣∣∣
≤ 4
(
e

N−1
N

ηt+1 − 1
)
∨
(
1− e−

1
N
ηt+1
)

+ 4
(
1− e−

N−1
N

ηt+1
)
∨
(
e

1
N
ηt+1 − 1

)
≤ 4(e+ 1)ηt+1.

The last line is based on the following elementary inequalities: ∀ 0 < x ≤ 1, N ≥ 1,

ex ≥ e
N−1
N

x − 1 ≥ 1− e−
1
N
x, max

{
1− e−

N−1
N

x, e
1
N
x − 1

}
≤ x.

LemmaA.1.4. Under Assumption 1, there exists a function R̂u(x) solving the Poisson equation

R̂u(x)− PuR̂u(x) = R(x)− πu(R(x)). (A.5)

In particular,

sup
u∈Π

sup
x∈X

∣∣∣∣∣∣R̂u(x)
∣∣∣∣∣∣
∞
< +∞. (A.6)
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Besides, there exists a constantC > 0, such that for anyu,u′ ∈ Π, we have

sup
x∈X

∣∣∣PuR̂u(x)− Pu′R̂u′(x)
∣∣∣ ≤ C sup

x∈X
||Pu(x, ·)− Pu′(x, ·)||TV

+ C sup
x∈X
||πu(x, ·)− πu′(x, ·)||TV.

(A.7)

Proof of LemmaA.1.4: R̂u(x) is specified as follows:

R̂u(x) =
∑
k≥0

[
P kuRu(x)− πu(R(x))

]
.

Since supn supx |Rn(x)| ≤ 1, by Assumption 1, we have

sup
u∈Π

sup
x∈X

∣∣∣∣∣∣R̂u(x)
∣∣∣∣∣∣
∞
≤
∑
k≥0

sup
u∈Π

sup
x∈X

∣∣∣∣∣∣P kuRu(x)− πu(R(x))
∣∣∣∣∣∣
∞

≤
∑
k≥0

||P ku(x, ·)− πu||TV

≤
∑
k≥0

2(1− ρ)k ≤ +∞.

The proof of the second part of Lemma A.1.4 follows from Lemma 4.2 in Fort et al. (2011).

Lemma A.1.5. Under Assumption 1, if we scale down ηt in the order of O(1/t), almost surely, we

have

lim sup
t→∞

sup
ℓ≥k

∣∣∣∣∣
ℓ∑
t=k

ηt+1

(
R(xt+1)− r(u(t))

)∣∣∣∣∣ = 0. (A.8)

The proof of Lemma A.1.5 follows from the proof of Proposition 4.10 in Fort et al. (2015).
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A.1.2 Proof of the convergence rate

Lemma A.1.6. Under Assumption 1, there exists a constant ℓ > 0 such that for any t ≥ 0, almost

surely, it holds

⟨∇h(u(t)),u(t) − u⋆⟩ ≥ ℓ||u(t) − u⋆||2, (A.9)

where h(u) = log
(∑N

n=1 exp (u⋆n − un)
)
.

Proof of Lemma A.1.6: since u(t) almost surely stays in a compact set, there exist constants C1 > 0

and C2 < 0, such that for any t ≥ 0, n ∈ [N ], we have C2 ≤ u
(t)
n ≤ C1. We proceed to show that

the ℓ specified below satisfies the condition,

ℓ =
[
N(max

n∈[N ]
u⋆n − C2)

3 exp(−( min
u∈[N ]

u⋆n − C1))

N∑
n=1

exp(u⋆n − C2)
]−1

.

Indeed,

⟨∇h(u(t)),u(t) − u⋆⟩ =
∑N

n=1(u
⋆
n − u

(t)
n ) exp(u⋆n − u

(t)
n )∑N

n=1 exp(u⋆n − u
(t)
n )

≥ ℓN(max
n∈[N ]

u⋆n − C2)
3 exp(−( min

u∈[N ]
u⋆n − C1))

N∑
n=1

(u⋆n − u(t)n ) exp(u⋆n − u(t)n )

≥ ℓ exp(−( min
u∈[N ]

u⋆n − C1))

N∑
n=1

(u⋆n − u(t)n )3
N∑
n=1

(u⋆n − u(t)n ) exp(u⋆n − u(t)n )

≥ ℓ exp(−( min
u∈[N ]

u⋆n − C1))

[
N∑
n=1

(u⋆n − u(t)n )2 exp
(
u⋆n − u

(t)
n

2

)]2

≥ ℓ||u(t) − u⋆||2.

In the first and the second inequality, we use an elementary inequality

N∑
n=1

(u⋆n − u(t)n ) exp(u⋆n − u(t)n ) ≥
N∑
n=1

(u⋆n − u(t)n ) = 0.
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LemmaA.1.7. Under Assumption 1, there exists a constantC > 0 such that

E||πt − Pt(xt, ·)||TV ≤ Cηt+1. (A.10)

Proof of Lemma C.1.5: we prove by induction. Suppose the statement is true for t − 1, we consider

the case for t.

E||πt − Pt(xt, ·)||TV = E sup
|f |≤1
|πt(f)− Ptf(xt)|

≤ E||πt − πt−1||TV +E sup
x∈X
||Pt(x, ·)− Pt−1(x, ·)||TV

+ E sup
|f |≤1
|πt−1(f)− Pt−1f(xt)|.

(A.11)

The first two terms can be upper bounded using LemmaA.1.2 and LemmaA.1.3. For the third term,

since xt is a sample from Pt−1(xt−1, ·), we have

E sup
|f |≤1
|πt−1(f)− Pt−1f(xt)| = E sup

|f |≤1
|πt−1(f)− P 2

t−1f(xt−1)|

≤ E
[
||πt−1 − Pt−1(xt−1, ·)||TV sup

x∈X
sup
|f |≤1
|πt−1(f)− Pt−1f(x)|

]
= E

[
||πt−1 − Pt−1(xt−1, ·)||TV sup

x∈X
||πt−1 − Pt−1(x, ·)||TV

]
≤ 2(1− ρ)E||πt−1 − Pt−1(xt−1, ·)||TV

≤ 2(1− ρ)Cηt.
(A.12)

The last to second line uses Assumption 1, and the last line uses the induction. Without loss of

generality, we assume 2(1 − ρ) < 1/2, otherwise we can keep decreasing the iteration index until
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2(1− ρ)k < 1/2 for some k ∈ N+. Applying the above upper bound to Equation (A.11), we have

E||πt − Pt(xt, ·)||TV ≤ 2N(N − 1)ηt + 4(e+ 1)ηt + 2(1− ρ)Cηt ≤ Cηt+1

as long as

C ≥ 2N(N − 1) + 4(e+ 1)
1/2− 2(1− ρ)

.

Proof of the convergence rate: denoteGn(x) = Rn(x) + 1/N for n ∈ [N ]. Conditioning onFt, we

first notice that

E
[
||R(xt+1)||2

∣∣Ft] = (− 1
N

)2
(N − 1) +

(
N − 1
N

)2
≤ 1.

It follows that

E
[
||u(t+1) − u⋆||2

∣∣Ft] = E[||u(t) +R(xt+1)ηt+1 − u⋆||2
∣∣Ft]

= ||u(t) − u⋆||2 + η2
t+1E

[
||R(xt+1)||2

∣∣Ft]
+ 2ηt+1⟨E

[
R(xt+1)

∣∣Ft],u(t) − u⋆⟩

≤ ||u(t) − u⋆||2 + η2
t+1 + 2ηt+1⟨πt(G),u(t) − u⋆⟩

+ 2ηt+1⟨PtG(xt)− πt(G),u(t) − u⋆⟩

≤ (1− 2ηt+1ℓ)||u(t) − u⋆||2 + η2
t+1

+ 2ηt+1N ||Pt(xt, ·)− πt||TV sup
n∈[N ]

∣∣∣u(t)n − u⋆n∣∣∣ ,
which follows from Lemma A.1.6 in which ℓ is defined. Since u(t) almost surely stays in a compact

set, by Lemma C.1.5, there exists a constantC1 > 0 such that

E
[
||u(t+1) − u⋆||2

]
≤ (1− 2ηt+1ℓ)E

[
||u(t) − u⋆||2

]
+ C1η

2
t+1.
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Let ηt+1 = 1/(ℓt) and C = max{||u(1) − u⋆||2, C1/ℓ
2}. We prove the statement by induction.

The case t = 1 trivially holds. Suppose the convergence rate holds for t. For the case t+ 1, we have

E
[
||u(t+1) − u⋆||2

]
≤
(

1− 2
t

)
C

t
+

C1

ℓ2t2
≤
(

1− 2
t

)
C

t
+
C

t2
=

(
1
t
− 1
t2

)
C ≤ C

t+ 1
.

A.2 More Simulation Details

A.2.1 Equilibration time

In this section, we report the total number of equilibrations, aswell as the corresponding equilibration

time, that the AWL algorithm and the WL algorithm have reached on the Ising model and the Potts

model. Three initializations of the learning rate η0 = 0.05, η0 = 0.10, η0 = 1.00, and six lattice sizes

L = 50, 60, 70, 80, 90, 100 are tested out. We run in total 2 × 105 and 2 × 106 MC sweeps for the

Ising model and the Potts model, respectively. The results are summarized in Table A.1 and A.2.
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A.2.2 Estimating Specific Heat

Figure A.1: Comparison of the estimated specific heat (Ising model withL = 80) obtained by the AWL algorithm and the

WL algorithm, over the temperature regionT ∈ [0.4, 8]. At each temperature ranging from 0.4 to 8 incremented by 0.1,

the reported results are the mean of 50 independent estimates of the specific heat produced by each algorithm. Panel (a)

and (b) show the results of running each algorithm for 150× 103 and 200× 103 MCsweeps, respectively. η0 denotes the

initialization of the learning rate.
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Initialization of the learning rate η0 = 0.05
Method L # equilibration First eight equilibration time (×103 MC sweeps)
AWL 50 12.1 ± 0.9 23.4 27.7 32.1 36.6 42.2 49.8 61.4 76.1
WL 50 10.8 ± 0.9 43.4 47.9 52.4 58.1 65.1 72.5 84.8 101.3

AWL 60 10.9 ± 0.6 33.5 38.4 44.0 49.1 56.5 66.0 79.8 94.1
WL 60 9.2 ± 0.7 65.3 71.6 77.9 84.6 93.7 105.1 118.3 145.1

AWL 70 9.5 ± 0.9 49.2 56.7 63.2 68.7 78.4 90.7 105.6 127.6
WL 70 8.0 ± 0.9 92.7 101.9 110.4 119.3 131.3 145.0 166.2 193.7

AWL 80 8.7 ± 0.6 65.6 73.4 82.6 90.7 103.6 114.8 132.1 155.7
WL 80 6.1 ± 0.9 119.5 133.2 143.8 156.9 170.0 187.2 — —

AWL 90 7.7 ± 0.8 79.9 92.1 102.0 113.9 127.1 144.6 165.8 195.3
WL 90 2.8 ± 1.1 165.9 180.8 196.2 — — — — —

AWL 100 6.4 ± 1.0 100.8 114.9 128.2 142.0 157.8 174.6 — —
WL 100 0.7 ± 0.9 — — — — — — — —

Initialization of the learning rate η0 = 0.10
Method L # equilibration First eight equilibration time (×103 MC sweeps)
AWL 50 13.0 ± 0.9 17.8 21.4 24.9 28.4 33.4 37.8 44.9 53.0
WL 50 12.1 ± 0.9 33.7 37.9 42.2 46.4 52.2 58.6 67.5 79.5

AWL 60 11.9 ± 0.5 28.9 35.6 41.8 47.6 53.2 58.4 68.7 81.8
WL 60 10.5 ± 0.9 54.0 60.8 67.3 72.6 78.9 88.6 100.5 115.5

AWL 70 10.5 ± 0.8 40.4 46.5 53.5 62.1 71.7 81.0 93.1 107.5
WL 70 9.1 ± 0.8 74.5 81.4 89.3 96.9 105.0 116.0 128.9 149.1

AWL 80 9.5 ± 0.7 57.4 64.6 74.7 84.1 91.6 101.6 116.7 139.5
WL 80 7.5 ± 0.7 102.8 114.2 123.9 134.9 145.5 158.3 174.6 196.3

AWL 90 8.4 ± 0.9 73.9 85.5 100.5 112.7 124.9 139.0 156.2 176.5
WL 90 5.3 ± 0.9 134.4 148.0 165.0 176.9 188.2 — — —

AWL 100 6.7 ± 0.9 95.9 110.8 124.6 143.8 157.4 174.1 189.8 —
WL 100 2.5 ± 1.1 165.6 181.9 198.0 — — — — —

Initialization of the learning rate η0 = 1.00
Method L # equilibration First eight equilibration time (×103 MC sweeps)
AWL 50 15.9 ± 0.8 16.8 20.8 25.1 28.8 32.4 36.2 39.3 43.9
WL 50 14.6 ± 0.6 27.7 32.4 37.7 43.0 47.4 51.9 55.7 61.7

AWL 60 14.8 ± 0.9 25.6 31.7 37.4 41.9 47.7 52.7 57.5 63.9
WL 60 13.5 ± 0.8 44.1 52.0 59.1 66.4 72.6 78.5 84.9 91.1

AWL 70 13.7 ± 0.9 36.3 43.4 51.1 59.7 69.0 76.8 83.9 91.2
WL 70 12.2 ± 1.0 65.7 75.3 83.4 94.0 101.8 109.8 117.4 125.5

AWL 80 11.9 ± 0.8 48.7 60.9 73.9 85.0 93.5 103.0 112.3 120.5
WL 80 9.9 ± 0.9 86.2 97.9 110.0 123.3 134.7 143.8 153.7 162.3

AWL 90 10.5 ± 0.7 66.1 78.9 89.6 101.3 113.9 124.1 135.4 145.4
WL 90 6.8 ± 1.0 107.3 119.2 140.3 156.5 169.0 185.9 197.2 —

AWL 100 7.4 ± 1.0 90.7 106.2 122.7 133.1 149.5 162.3 174.5 185.8
WL 100 2.7 ± 1.1 156.5 180.0 197.4 — — — — —

Table A.1: The total number of equilibrations, as well as the corresponding first eight equlibration time, that the AWL al-

gorithm and theWL algorithm have reached within 2 × 105 MC sweeps on the Ising model. The reported results are the

empirical means over 50 independent runs.
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Initialization of the learning rate η0 = 0.05
Method L # equilibration First eight equilibration time (×104 MC sweeps)
AWL 50 14.6 ± 1.1 26.6 29.3 31.8 34.2 36.6 40.0 44.2 50.2
WL 50 13.0 ± 0.9 43.6 46.6 49.8 53.0 56.4 60.7 66.3 74.0

AWL 60 12.8 ± 0.7 41.9 45.6 49.3 53.0 56.4 60.4 66.4 73.9
WL 60 11.8 ± 0.6 63.7 68.0 72.4 76.8 80.8 86.5 92.3 102.6

AWL 70 11.7 ± 0.7 56.5 61.5 65.9 70.8 81.7 89.5 98.9 112.9
WL 70 9.9 ± 0.9 99.9 106.0 112.4 118.9 125.0 131.9 143.0 151.4

AWL 80 10.5 ± 0.9 79.6 85.9 91.7 98.3 104.5 112.8 122.3 134.3
WL 80 7.8 ± 0.8 127.8 135.2 143.6 151.9 158.8 170.8 181.3 195.6

AWL 90 9.2 ± 0.9 100.8 108.8 117.6 124.8 131.7 140.5 153.0 164.4
WL 90 3.2 ± 0.9 176.7 186.1 196.6 — — — — —

AWL 100 6.6 ± 1.1 133.2 143.0 152.1 163.7 174.3 186.3 197.3 —
WL 100 0.3 ± 0.7 — — — — — — — —

Initialization of the learning rate η0 = 0.10
Method L # equilibration First eight equilibration time (×104 MC sweeps)
AWL 50 15.2 ± 0.8 23.8 26.7 29.2 31.7 34.4 37.4 41.5 46.4
WL 50 14.0 ± 0.9 42.5 45.9 49.3 52.8 56.5 60.0 64.3 70.8

AWL 60 14.4 ± 0.9 34.0 37.7 41.7 45.2 48.2 52.9 57.9 63.7
WL 60 12.9 ± 0.7 58.6 63.5 68.2 72.6 77.2 82.8 88.5 95.0

AWL 70 12.7 ± 0.7 48.6 54.0 59.4 64.0 69.4 75.5 81.5 88.5
WL 70 10.9 ± 0.8 93.8 100.5 107.1 113.2 120.0 126.1 132.4 141.2

AWL 80 11.4 ± 0.7 71.5 78.5 85.3 91.4 99.1 105.7 112.4 121.9
WL 80 9.1 ± 0.6 117.5 126.2 135.4 143.6 151.4 159.2 166.0 179.2

AWL 90 10.4 ± 0.9 92.2 100.8 109.4 118.0 125.8 132.6 141.3 152.2
WL 90 4.9 ± 0.9 153.4 164.5 176.6 186.6 196.5 — — —

AWL 100 6.5 ± 0.7 131.1 142.2 151.5 160.8 169.2 180.7 191.5 —
WL 100 1.0 ± 0.9 191.4 — — — — — — —

Initialization of the learning rate η0 = 1.00
Method L # equilibration First 8 equilibration time (×104 MC sweeps)
AWL 50 18.9 ± 0.9 25.0 28.8 32.4 35.9 39.0 41.6 44.4 47.1
WL 50 17.9 ± 0.9 33.8 38.0 42.1 46.1 49.8 53.2 57.0 59.8

AWL 60 17.1 ± 0.8 37.7 42.9 48.9 53.7 57.8 62.5 66.0 70.0
WL 60 15.9 ± 0.6 54.3 60.3 66.2 71.8 77.0 82.0 86.7 91.3

AWL 70 15.1 ± 0.8 57.6 66.8 74.5 83.2 89.3 94.4 99.5 104.2
WL 70 13.9 ± 1.0 78.4 86.4 94.5 102.3 109.4 115.8 121.8 127.8

AWL 80 13.5 ± 0.7 72.8 81.7 94.3 102.8 110.8 117.6 124.1 130.0
WL 80 9.8 ± 0.9 115.5 126.8 137.3 148.0 157.1 165.3 173.1 181.0

AWL 90 10.4 ± 1.0 100.9 112.4 126.1 137.8 148.1 156.2 161.8 167.5
WL 90 5.0 ± 0.7 141.2 150.9 163.1 174.1 186.9 — — —

AWL 100 6.1 ± 0.9 126.4 140.8 152.1 164.8 176.9 187.1 — —
WL 100 0.9 ± 0.9 194.2 — — — — — — —

Table A.2: The total number of equilibrations, as well as the corresponding first eight equlibration time, that the AWL al-

gorithm and theWL algorithm have reached within 2 × 106 MC sweeps on the Potts model. The reported results are the

empirical means over 50 independent runs.
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B
Supplemental Materials of Chapter 2

B.1 Proofs

Proof of Proposition 1: We first consider the fixed-directional jump. In the following, we calculate the

transition probabilityP ((θj ,Mj) | (θi,Mi)). Suppose the transition from (θi,Mi) to (θj ,Mj)
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is achieved by some jumping distance r , then we have:

θj = u+ r(θ̂j − û) and v = θi + r(v̂ − θ̂i).

Let

Sj =

m∑
k=1

pj(v
(k),θ

(k)
j ,Mj | y) and Si =

m∑
k=1

pi

(
θ
(k)
i ,u(k),Mi | y

)
. (B.1)

It follows that

P ((θj ,Mj) | (θi,Mi)) =

∫
qi(u)× pj (v,θj ,Mj | y)/Sj ×min

{
1, Sj/Si

}
×
m−1∏
k=1

p(r(k))p(r)dr(1) · · · dr(m−1)

=

∫
p (θj ,Mj | y) qi(u)qj(v)p(r)min

{
1/Sj , 1/Si

}
×
m−1∏
k=1

p(r(k))dr(1) · · · dr(m−1)

where
θ
(k)
j = u+ r(k)(θ̂j − û), v(k) = θi + r(k)(v̂ − θ̂i),

θ
(k)
i = v − r(k)(v̂ − θ̂i), u(k) = θj − r(k)(θ̂j − û).

We note that when we jump back from (v,θj) to (θi,u), we flip the sign of the jumping direction,

that is, changing the jumping direction to (û − θ̂j , θ̂i − v̂), and keep the same jumping distance r.

This is the reason why we do not require the sampling distribution of the jumping distance p(r) to

be symmetric and centered at 0. Since the Jacobian between (v,θj) and (θi,u) is simply 1, and the

multiple integral is symmetric in the index i and j, the transition kernel satisfies the detailed balance

condition, thus leaves p (θk,Mk | y) invariant.

For the adaptive-directional jump, we first standardize the jumping direction, that is, setting e =
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(v̂ − θi, θ̂j − u)/||(v̂ − θi, θ̂j − u)||, so that the jumping distance is independent to the current

state of the chain (θi,u). Besides, because the jumping direction always points to the modes of the

augmented posterior distributions defined in (2.20), we should flip the sign of the jumping distance

when we jump back from (v,θj) to (θi,u) as we won’t flip the sign of the jumping direction. Con-

sequently, the sampling distribution of the jumping distance p(r) is required to be symmetric and

centered at 0.

The proof of the reversibility of the transition kernel equipped with the adaptive-directional jump

follows similarly (thus is omitted) as the case of the fixed-directional jump, but requires additional

calculations of the Jacobian, which are detailed as below. Suppose the transition from (θi,Mi) to

(θj ,Mj) is achieved by some jumping distance r, then we have:

θj = u+ r
θ̂j − u

||(v̂ − θi, θ̂j − u)||
and v = θi + r

v̂ − θi

||(v̂ − θi, θ̂j − u)||
.

For notational convenience, we define x ∈ Rdi+dj as follows. For 1 ≤ k ≤ dj , let xk = (θ̂jk −

uk)/||(v̂ − θi, θ̂j −u)||3/2. For 1 ≤ l ≤ di, let xdj+l = (v̂l − θil)/||(v̂ − θi, θ̂j −u)||3/2. Then

we have:

∣∣∣∣∂(θj ,v)∂(u,θi)

∣∣∣∣ = det
(
(1− r||x||2)Idj + rxx⊺) = [1− r

||(v̂ − θi, θ̂j − u)||

]di+dj−1

.

B.2 More Simulation Details

B.2.1 The Log-Gaussian Cox Process

We provide more details of the Log-Gaussian Cox process discussed in Section 2.6.1. We first detail

the adaptive SMC algorithm in Algorithm 14. We then examine the effect of the threshold c used

in the flat histogram criterion (see Algorithm 4, step 3(e)). Figure B.1 shows that the WL mixture
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Algorithm 14: An adaptive sequential Monte Carlo (SMC) sampler (Zhou et al., 2016).
Input: proposal distribution q(θ), Markov kernels {Kt}.

1. Initialization.

(a) Sample θ(i)
0 from q(θ) for i ∈ [n] independently.

(b) Setw(i)
0 = 1/n for i ∈ [n]. Set λ0 = 0 and t = 0.

2. While λt < 1, iterate between the following steps.

(a) Set t← t+ 1.

(b) For some pre-specified κ ∈ (0, 1), using binary search to find λt ∈ (λt−1, 1] such that

n−1CESSt(λt) =

(∑n
i=1 w

(i)
t−1(γ/q)(θ

(i)
t−1)

λt−λt−1
)2

∑n
i=1 w

(i)
t−1(γ/q)(θ

(i)
t−1)

2(λt−λt−1)
= κ. (B.2)

If n−1CESSt(1) > κ, set λt = 1 and T = t.

(c) Compute the unnormalized weightsw(i)
t = (γt/γt−1)(θ

(i)
t−1) for i ∈ [n]. The

geometric sequence of the auxiliary distributions γt(θ) is defined as

γ0(θ) = q(θ), γT (θ) = γ(θ), and γt(θ) = q(θ)λtγ(θ)1−λt .

(d) Compute rt =
∑n

i=1 w
(i)
t−1w

(i)
t , which is an estimate ofZt/Zt−1. Zt is the

normalizing constant of γt.

(e) Normalize the weights {w(i)
t }i∈[n] to sum 1.

(f) Compute the (normalized) effective sample size

ESSt =
1

n
∑n

i=1
(
w

(i)
t

)2 . (B.3)

If ESSt ≤ 0.5, resample particles using systematic resampling, and setw(i)
t = 1/n for

i ∈ [n].

(g) Move particles θ(i)
t according to the Markov kernelKt for i ∈ [n].

Output: normalizing constant estimate Ẑγ =
∏T
t=1 rt.
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method is robust to the choice of c in the region [0.1, 0.3].
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Figure B.1: Demonstration of the effect of the threshold c used in the flat histogram criterion (see Algorithm 4, step 3(e))

on the Log-Gaussian Cox process. The y-axis is the empirical standard deviations of the log normalizing constant estimates

over 10 independent runs. The unit square is discretized into anM ×M regular grid (see Section 2.6.1).

B.2.2 Variational Approximation for Bayesian Lasso

Algorithm 15 details the coordinate ascent variational inference (CAVI) algorithm used in construct-

ing the surrogate distribution for theBayesianLasso example (see Section2.6.2). Weuse themean-field

variational family, in which we assume

q(βj) ∼ N(mj , s
2
j), q(ηj) ∼ N(ϕj , ζ

2
j ), for j ∈ [p], and q(ξ) ∼ N(u, v2). (B.4)

The definitions of β,η and ξ can be found in Section 2.6.2.
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Algorithm 15: The CAVI updates for the Bayesian Lasso.
.

1. Given q(βi) for i ̸= j, q(η) and q(ξ), update q(βj).

(mj , sj) = arg max
(m, s>0)

{
e−u+v

2/2[A−jm−
1
2
Bj
(
m2 + s2) ]+ 1

2
log s2

}
,

in which

A−j =

n∑
k=1

Xkjyk −
∑
k ̸=j

(X⊺X)kjmk, Bj = (X⊺X)jj + e−ϕj+ζ
2
j/2.

2. Given q(ηi) for i ̸= j, q(β) and q(ξ), update q(ηj).

(ϕj , ζj) = arg max
(ϕ, ζ>0)

{
ϕ− λ2eϕ+ζ

2/2 − (m2
j + s2

j)e
−u+v2/2e−ϕ+ζ

2/2 + log ζ2
}
.

3. Given q(β), q(η), update q(ξ).

(u, v) = arg max
(u, v>0)

{
− (n+ p)u− Ce−u+v2/2 + log v2

}
,

in which

C = y⊺y − 2y⊺Xm+ tr
[
(mm⊺ + diag(s2

k))X
⊺X
]
+

p∑
k=1

(m2
k + s2

k)e
−ϕk+ζ2

k/2.
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Supplemental Materials of Chapter 3

C.1 Proofs

C.1.1 Proof of Proposition 3.3.1

For the ease of presentation, we introduce the following notations. For t ∈ R, denote

Ĝ0
p(t) =

1
p0

∑
j∈S0

1(Mj > t), V̂ 0
p(t) =

1
p0

∑
j∈S0

1(Mj < −t),

Ĝ1
p(t) =

1
p1

∑
j∈S⋆

1(Mj > t), G0
p(t) =

1
p0

∑
j∈S0

P(Mj > t).

(C.1)

Let rp = p1/p0. In addition, denote

FDPp(t) =
Ĝ0
p(t)

Ĝ0
p(t) + rpĜ1

p(t)
, FDP†p(t) =

V̂ 0
p(t)

Ĝ0
p(t) + rpĜ1

p(t)
, FDPp(t) =

G0
p(t)

G0
p(t) + rpĜ1

p(t)
.

(C.2)

LemmaC.1.1. Under Assumption 3.3.2, if p0 →∞ as p→∞, we have in probability,

sup
t∈R

∣∣∣Ĝ0
p(t)−G0

p(t)
∣∣∣ −→ 0, sup

t∈R

∣∣∣V̂ 0
p(t)−G0

p(t)
∣∣∣ −→ 0. (C.3)

Proof of Lemma C.1.1. For any ϵ ∈ (0, 1), denote−∞ = αp0 < αp1 < · · · < αpNϵ
=∞ in which

Nϵ = ⌈2/ϵ⌉, such that G0
p(α

p
k−1) − G0

p(α
p
k) ≤ ϵ/2 for k ∈ [Nϵ]. Such a sequence {αpk} exists

because by Assumption 3.3.2, all the mirror statisticsMj ’s are continuous random variables so that
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G0
p(t) is a continuous function with respect to t ∈ R. We have

P
(

sup
t∈R

Ĝ0
p(t)−G0

p(t) > ϵ
)
≤ P

( Nϵ∪
k=1

sup
t∈[αp

k−1,α
p
k)
Ĝ0
p(t)−G0

p(t) > ϵ
)

≤
Nϵ∑
k=1

P
(

sup
t∈[αp

k−1,α
p
k)
Ĝ0
p(t)−G0

p(t) > ϵ
)
.

(C.4)

We note that both Ĝ0
p(t) andG0

p(t) aremonotonic decreasing function. Therefore, for any k ∈ [Nϵ],

we have

sup
t∈[αp

k−1,α
p
k)
Ĝ0
p(t)−G0

p(t) ≤ Ĝ0
p(α

p
k−1)−G

0
p(α

p
k) ≤ Ĝ

0
p(α

p
k−1)−G

0
p(α

p
k−1) + ϵ/2. (C.5)

Based on Equation (C.4), Assumption 3.3.2, and the Chebyshev’s inequality, it follows that

P
(

sup
t∈R

Ĝ0
p(t)−G0

p(t) > ϵ
)
≤

Nϵ∑
k=1

P
(
Ĝ0
p(α

p
k−1)−G

0
p(α

p
k−1) >

ϵ

2
)
≤ 4CNϵ

p2−α
0 ϵ2 → 0, (C.6)

as p→∞. Similarly, we can show that

P
(

inf
t∈R

Ĝ0
p(t)−G0

p(t) < −ϵ
)
≤

Nϵ∑
k=1

P
(
Ĝ0
p(α

p
k)−G

0
p(α

p
k) < −

ϵ

2
)
≤ 4CNϵ

p2−α
0 ϵ2 → 0, (C.7)

as p → ∞. This concludes the proof that supt∈R
∣∣∣Ĝ0

p(t)−G0
p(t)
∣∣∣ → 0 in probability. The con-

vergence of supt∈R
∣∣∣V̂ 0

p(t)−G0
p(t)
∣∣∣ can be shown similarly using the symmetric assumption of the

mirror statisticsMj for j ∈ S0.
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Proof of Proposition 3.3.1. Notice that

lim sup
p→∞

FDR = lim sup
p→∞

E [FDPp (τq)]

≤ lim sup
p→∞

E
∣∣FDPp (τq)− FDPp (τq)

∣∣+ lim sup
p→∞

E
[
FDP†p (τq)

]
+ lim sup

p→∞
E

∣∣∣FDP†p (τq)− FDPp (τq)
∣∣∣

≤ lim sup
p→∞

E

[
sup
t>0

∣∣FDPp(t)− FDPp(t)
∣∣ ]+ lim sup

p→∞
E
[
FDP†p (τq)

]
+ lim sup

p→∞
E

[
sup
t>0

∣∣∣FDP†p(t)− FDPp(t)
∣∣∣ ].

(C.8)

The first two terms are 0 based onLemmaC.1.1 and the dominated convergence theorem. For the last

term, we have FDP†p (τq) ≤ q almost surely based on the definition of τq . This concludes the proof

of Proposition 3.3.1.

C.1.2 Proof of Proposition 3.3.2

LemmaC.1.2. For anyFDR level q ∈ (0, 1), let ℓbe the largest value in [p] such that I(1)+· · ·+I(ℓ) ≤

q, where 0 ≤ I(1) ≤ I(2) ≤ · · · ≤ I(p) are the order statistics of the population inclusion rates. Let

p0 = |S0|, p1 = |S⋆|, and p = p0 + p1. Under Assumption 3.3.3(a) and 3.3.3(c), when p0 → ∞,

we have

lim inf
p→∞

ℓ

p0
≥ 1. (C.9)

Proof of Lemma C.1.2. Because ℓ is the largest index in [p] such that I(1) + · · · + I(ℓ) ≤ q, we have

I(1)+ · · ·+I(ℓ+1) > q. Therefore, I(ℓ+1) > q/(ℓ+1). ByAssumption 3.3.3(c), for any ϵ > 0, there

exists p̃, such that when p ≥ p̃, we have
∑

j∈S0
Ij ≤ q + ϵ. By Assumption 3.3.3(a), we have Ij ≤

(q + ϵ)/p0 for any j ∈ S0. We next consider the following two cases. (i) If q/(ℓ+ 1) ≥ (q + ϵ)/p0,
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we have Ij < I(ℓ+1) for any j ∈ S0. Therefore ℓ ≥ p0. (ii) If q/(ℓ+ 1) < (q + ϵ)/p0, we have

ℓ

p0
>

q

q + ϵ
− 1
p0
. (C.10)

Because ϵ can be arbitrarily small and p0 →∞, we conclude the proof.

Proof of Proposition 3.3.2. By Assumption 3.3.3(c), for any ϵ > 0, there exists p̃′, such that when

p ≥ p̃′, we have
∑

j∈S0
Ij ≤ q + ϵ. By Assumption 3.3.3(a), we have Ij ≤ (q + ϵ)/p0 for any

j ∈ S0. By Assumption 3.3.3(b), with the same ϵ as before andα = (q+ ϵ)/p0, there exists p̃′′, such

that when p ≥ p̃′′, we have

1
p1
#

{
j : j ∈ S⋆, Ij ≤

q + ϵ

p0

}
≤ q + 2ϵ. (C.11)

By LemmaC.1.2, with the same ϵ as before, there exists p̃′′′, such that when p ≥ p̃′′′, we have ℓ/p0 ≥

1− ϵ. In the following, we assume p ≥ max{p̃′, p̃′′, p̃′′′}. We next consider the following two cases.

(1) If I(ℓ) > (q + ϵ)/p0, then I(ℓ) > Ij for any j ∈ S0. This implies that none of the null features

will be selected, thus the FDR is simply 0. (2) If I(ℓ) ≤ (q + ϵ)/p0, we have

∑
j∈S0

1(Ij > I(ℓ))∑p
j=1 1(Ij > I(ℓ)) ∨ 1

= 1−
∑

j∈S⋆ 1(Ij > I(ℓ))∑p
j=1 1(Ij > I(ℓ)) ∨ 1

≤ 1−
∑

j∈S⋆ 1(Ij > (q + ϵ)/p0)

p− ℓ

≤ 1− p1 − (q + 2ϵ)p1

p− ℓ
≤ 1− p1 − (q + 2ϵ)p1

p− p0(1− ϵ)

= q +
(1− q + p1/p0)ϵ

p1/p0 + ϵ
.

(C.12)

Because ϵ can be arbitrarily small and lim infp→∞ p1/p0 > 0, we conclude the proof.
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C.1.3 Proof of Proposition 3.3.3

Suppose pj ≤ p′j . LetZj = X̄
(1)
j − X̄

(2)
j be the difference of the two sample means, which follows

N(0, 4σ2/n) regardless of the data split. Zj is also independent to X̄j = (X̄
(1)
j + X̄

(2)
j )/2 because

of the normality. The mirror statistic is thusMj = |2X̄j | − |Zj |. It is sufficient for us to prove that

E[1(j ∈ Ŝ)/(|Ŝ| ∨ 1)
∣∣|X̄j |] is amonotone increasing function of |X̄j |. By conditioning onZj , we

have

E

[
1(j ∈ Ŝ)
|Ŝ| ∨ 1

∣∣∣∣∣ X̄j

]
−E

[
1(j ∈ Ŝ′)

|Ŝ′| ∨ 1

∣∣∣∣∣ X̄ ′
j

]

= E

(
E

[
1(j ∈ Ŝ)
|Ŝ| ∨ 1

∣∣∣∣∣ X̄j , Zj

]
−E

[
1(j ∈ Ŝ′)

|Ŝ′| ∨ 1

∣∣∣∣∣ X̄ ′
j , Zj

])
.

(C.13)

By conditioning on X̄j , Zj and X̄ ′
j , Zj , we haveMj ≥ M ′

j . For any realization of the rest of data

Xik for i ∈ [n] andk ̸= j, which is independent toX̄j , Zj andX̄ ′
j , Zj , wehave1(j ∈ Ŝ)/(|Ŝ| ∨ 1) ≥

1(j ∈ Ŝ′)/(|Ŝ′| ∨ 1). This can be argued by considering the three cases including τq ≤ M ′
j ,M ′

j ≤

τq < Mj , and τq ≥ Mj , where τq is the cutoff of mirror statistics defined in Equation (3.3). In the

first case, we have 1(j ∈ Ŝ)/(|Ŝ| ∨ 1) = 1(j ∈ Ŝ′)/(|Ŝ′| ∨ 1) = 1/(|Ŝ| ∨ 1), while in the third

case, we have 1(j ∈ Ŝ)/|Ŝ| = 1(j ∈ Ŝ′)/|Ŝ′| = 0. In the second case, since 1(j ∈ Ŝ′) = 0, we have

1(j ∈ Ŝ)/(|Ŝ| ∨ 1) ≥ 1(j ∈ Ŝ′)/(|Ŝ′| ∨ 1).

For mathematical convenience, we consider the mirror statistics defined to be

Mj =
1
4

∣∣∣T (1)
j + T

(2)
j

∣∣∣2 − 1
4

∣∣∣T (1)
j − T

(2)
j

∣∣∣2 = T
(1)
j T

(2)
j (C.14)

in the proofs of Propositions 3.4.1, 3.4.2, and 3.4.4. The proofs can be adapted to the cases where we

use the mirror statistics

Mj =
∣∣∣T (1)
j + T

(2)
j

∣∣∣− ∣∣∣T (1)
j − T

(2)
j

∣∣∣ . (C.15)

150



Let Q(t) = 1 − Φ(t), where Φ is the CDF of the standard normal distribution. Let ϕ(t) be the

probability density function of the standard normal distribution. DenoteH(t) = P(Z1Z2 > t) for

t ∈ R, whereZ1 andZ2 are independent, following the standard normal distribution.

C.1.4 Proof of Proposition 3.4.1

We define the following normalized versions ofΩ andΛ,

Ω0
ij =

Ωij√
ΩiiΩjj

, Λ0
ij =

Λij√
ΛiiΛjj

. (C.16)

Technical lemmas

LemmaC.1.3. LetZ = (Z1, Z2)⊤ follow a centered and standardized bivariate normal distribution

with correlation ρ. For any t1, t2 ∈ R, we have

P (Z1 ≥ t1, Z2 ≥ t2) ≤
1 + |ρ|√

1− ρ2
Q

(
t1√

1 + |ρ|

)
Q

(
t2√

1 + |ρ|

)
. (C.17)

Proof ofLemmaC.1.3. DenoteΣZ as the covariancematrix ofZ . The eigenvalues ofΣ−1
Z are1/(1−ρ)

and 1/(1 + ρ). Therefore,

P (Z1 ≥ t1, Z2 ≥ t2) =
1

2π
√

1− ρ2

∫ ∞

t1

∫ ∞

t2

exp
(
−1

2
x⊤Σ−1

Z x

)
dx

≤ 1
2π
√

1− ρ2

∫ ∞

t1

exp
(
− x2

1
1 + |ρ|

)
dx1

∫ ∞

t2

exp
(
− x2

2
1 + |ρ|

)
dx2

=
1 + |ρ|√

1− ρ2
Q

(
t1√

1 + |ρ|

)
Q

(
t2√

1 + |ρ|

)
.

(C.18)

Lemma C.1.4. Under Assumption 3.4.1, for any ϵ > 0, there exist constants c1, c2, c3, c4 > 0 such
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that for large enough n,

P

(
max
i,j∈[p]

|Λij − Ωij | ≤
1√

log p

)
≥ 1−c1p

2 exp
(
−c2

n

log p

)
−c3p

2 exp (−c4n)−ϵ. (C.19)

Proof of Lemma C.1.4. The proof follows similarly as the proof of Lemma 7.2 in Javanmard and

Montanari (2013). For any ϵ > 0, by Proposition 5.1 in Javanmard and Montanari (2013) (also see

Van de Geer et al. (2014)), there exists nϵ such that for n ≥ nϵ, we have

P

(
||Ω̂− Ω||∞ ≤

1√
log p

)
≥ 1− ϵ. (C.20)

In the following, we assume n ≥ nϵ, and condition on the event ||Ω̂ − Ω||∞ ≤ 1/
√

log p. Let

v = Ω⊤ei,u = Ω⊤ej , δ = (Ω−Ω̂)⊤ei,η = (Ω−Ω̂)⊤ej . We have the following decomposition,

Λij − Ωi,j = (v − δ)⊤Σ̂(u− η)− Ωi,j

=
(
v⊤Σ̂u− Ωi,j

)
− v⊤Σ̂η − δ⊤Σ̂u+ δ⊤Σ̂η.

(C.21)

We proceed to bound each term. Consider first v⊤Σ̂u− Ωi,j . We note that

E[v⊤Σ̂u] = v⊤Σu = Ωij .

Thus, it follows that

(v − δ)⊤Σ̂(u− η)− Ωi,j = v⊤Σ̂u− E[v⊤Σ̂u]

=
1
n

n∑
k=1

e⊤i Ω
(
XkX

⊤
k − E[XkX

⊤
k ]
)
Ω⊤ej .

(C.22)

Denote ξk = e⊤i Ω
(
XkX

⊤
k − E[XkX

⊤
k ]
)
Ω⊤ej for k ∈ [n]. ξk’s are independent, and have
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sub-exponential tails because

||ξk||ψ1 ≤ 2||(e⊤i ΩXk)
2||ψ1 ≤ 4||e⊤i ΩXk||2ψ2 ≤ 4C2/σ2

min(Σ) := K, (C.23)

where the first inequality follows from Vershynin (2010) (Remark 5.18), the second inequality fol-

lows from Lemma C.1 in Javanmard andMontanari (2013), and the last inequality follows from As-

sumption 3.4.1. Without loss of generality, we assume K ≥ 1. Using a Bernstein-type inequality

(Proposition 5.26 in Vershynin (2010)), we have

P

(∣∣∣∣∣ 1
n

n∑
k=1

ξk

∣∣∣∣∣ ≥ t
)
≤ 2 exp

(
−cnmin

(
t2

K2 ,
t

K

))
(C.24)

Plugging in t = 1/
√

log p and employing the union bound, we obtain

P

(
max
i,j∈[p]

∣∣∣v⊤Σ̂u− Ωi,j

∣∣∣ ≥ 1√
log p

)
≤ 2p2 exp

(
−c2

n

log p

)
(C.25)

for some constant c2
1.

Next we consider δ⊤Σ̂η. Since Σ̂ ⪰ 0, we have |δ⊤Σ̂η| ≤ [δ⊤Σ̂δ]1/2[η⊤Σ̂η]1/2 using Cauchy-

Schwartz inequality. Therefore, it is sufficient for us to upper bound δ⊤Σ̂δ and η⊤Σ̂η. We have

δ⊤Σδ =
∑
i,j∈[p]

Σ̂ijδiδj ≤ |Σ̂|∞||δ||21 ≤ |Σ̂|∞||Ω− Ω̂||2∞ ≤
|Σ̂|∞
log p . (C.26)

The tail probabilityP(|Σ̂|∞ ≥ 2) can be bounded as follows

P(|Σ̂|∞ ≥ 2) ≤
∑
i,j∈[p]

P(|Σ̂ij | ≥ 2) ≤
∑
i,j∈[p]

P(|Σ̂ij −EΣ̂ij | ≥ 1). (C.27)
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Let ξk = e⊤i XkX
⊤
k ej − Σij , we have

||ξk||ψ1 ≤ 2||(e⊤i Xk)
2||ψ1 ≤ 4||e⊤i Xk||2ψ2

≤ 4||e⊤i Ω−1/2Ω1/2Xk||2ψ2 ≤ 4σ2
max(Σ)C

2.

(C.28)

Thus ξ′ks are independent sub-exponential random variables. By the Bernstein inequality, we have

P(|Σ̂|∞ ≥ 2) ≤ 2p2 exp(−c4n) (C.29)

for some constant c4. We remark that although δ = (Ω − Ω̂)⊤ei is implicitly associated with the

index i, the upper bound |Σ̂|∞||Ω− Ω̂||2∞ in Equation (C.26) is irrelevant to the index i. Therefore,

we have shown that

P

(
max
i,j∈[p]

δ⊤Σ̂η ≥ 2
log p

)
≤ 4p2 exp(−c4n) + 2ϵ, (C.30)

where the maximum is taken with respect to the implicit index i, j associated with δ and η.

We now consider v⊤Σ̂η. We have

max
i,j∈[p]

|v⊤Σ̂η| ≤ max
i,j∈[p]

[v⊤Σ̂v]1/2[η⊤Σ̂η]1/2

≤ max
i,j∈[p]

[|v⊤Σ̂v − Ωii|+ |Ωii|]1/2[η⊤Σ̂η]1/2

≤ [max
i∈[p]
|v⊤Σ̂v − Ωii|+ max

i∈[p]
|Ωii|]1/2 max

j∈[p]
[η⊤Σ̂η]1/2.

(C.31)

Under Assumption 3.4.1, maxi∈[p] |Ωii| is upper bounded by some constant. Combining the in-

equalities in Equation (C.25) and Equation (C.30), we have

P

(
max
i,j∈[p]

|v⊤Σ̂η| ≥ c√
log p

)
≤ 2p2 exp

(
−c2

n

log p

)
+ 2p2 exp(−c4n) + ϵ. (C.32)
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The decomposition in Equation (C.21), along with the inequalities in Equation (C.25), Equation

(C.30) and Equation (C.32) together imply the claim in Lemma C.1.4.

CorollaryC.1.1. The high probability bound in LemmaC.1.4 also applies to the normalized versions

Λ0 and Ω0. That is, under Assumption 3.4.1, for any ϵ > 0, there exist constants c1, c2, c3, c4 > 0

such that for large enough n,

P

(
max
i,j∈[p]

∣∣Λ0
ij − Ω0

ij

∣∣ ≤ 1√
log p

)
≥ 1−c1p

2 exp
(
−c2

n

log p

)
−c3p

2 exp (−c4n)−ϵ. (C.33)

Proof of CorollaryC.1.1. Under Assumption 3.4.1, there exists some constantsK1,K2 such that

0 < K1 ≤ min
i∈[p]

Ωii ≤ max
i∈[p]

Ωii ≤ K2. (C.34)

We proceed to show that

max
i,j∈[p]

∣∣Λ0
ij − Ω0

ij

∣∣ ≤ c/√log p (C.35)

for someconstant c, conditioningon thehighprobability event
{

maxi,j∈[p] |Λij − Ωij | ≤ 1/
√

log p
}
.

We have

max
i,j∈[p]

∣∣Λ0
ij − Ω0

ij

∣∣ = max
i,j∈[p]

∣∣∣∣∣ Λij√
ΛiiΛjj

− Ωij√
ΩiiΩjj

∣∣∣∣∣
≤ max

i,j∈[p]

∣∣∣∣∣ Λij√
ΛiiΛjj

− Λij√
ΩiiΩjj

∣∣∣∣∣+ max
i,j∈[p]

∣∣∣∣∣ Λij√
ΩiiΩjj

− Ωij√
ΩiiΩjj

∣∣∣∣∣ .
(C.36)

Consider the first term. For large enough p, we have

|Λij |√
ΛiiΛjj

≤ |Λij − Ωij |+Ωij√
[Ωii − |Λii − Ωii|][Ωjj − |Λjj − Ωjj |]

≤ K3 (C.37)
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for some constantK3. It follows that∣∣∣∣∣ Λij√
ΛiiΛjj

− Λij√
ΩiiΩjj

∣∣∣∣∣ = |Λij |√
ΛiiΛjj

∣∣∣∣∣
(
ΛiiΛjj
ΩiiΩjj

)1/2
− 1

∣∣∣∣∣ ≤ K3

∣∣∣∣∣
(
ΛiiΛjj
ΩiiΩjj

)1/2
− 1

∣∣∣∣∣
≤ K3

∣∣∣∣∣
(

1 +
1√

log pΩii

)1/2(
1 +

1√
log pΩjj

)1/2
− 1

∣∣∣∣∣
≤
∣∣∣∣1 + 2

K1
√

log p
+

1
K2

1 log p − 1
∣∣∣∣

≤ K4√
log p

(C.38)

for someconstantK4. In the last to second inequality above,weuse an elementary inequality
√

1 + x ≤

1 + x for x > 0.

For the second term, we have

∣∣∣∣∣ Λij√
ΩiiΩjj

− Ωij√
ΩiiΩjj

∣∣∣∣∣ ≤ |Λij − Ωij |
K1

≤ 1
K1
√

log p
. (C.39)

We note that both the upper bounds in Equation (C.38) and Equation (C.39) do not depend on the

index i, j. Therefore, we have shown that

max
i,j∈[p]

∣∣Λ0
ij − Ω0

ij

∣∣ ≤ (K4 + 1/K1)/
√

log p. (C.40)

This implies the claim in Corollary C.1.1.

LemmaC.1.5. Under Assumption 3.4.1, as n, p→∞, we have

sup
t∈R, j∈S0

|P(Tj > t)−Q(t)| −→ 0,

sup
t∈R, j∈S0

|P(Tj < t)−Q(−t)| −→ 0.
(C.41)
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Proof of LemmaC.1.5. Recall that

Tj =
√
nβ̂dj /Λ

1/2
jj and Z̃j = Zj/Λ

1/2
jj

∣∣∣X ∼ N(0, 1).

By LemmaC.1.4, for large enough n, minj∈[p] Λjj ≥ c > 0 for some constant cwith high probabil-

ity. Throughout we condition on this high probability event. Recall the decomposition in Equation

(3.7). For j ∈ S0, i.e., β⋆j = 0, Tj = Z̃j +∆j/Λ
1/2
jj . For any t ∈ R, we have

P (Tj > t)−Q(t) = P(Z̃j > t−∆j/Λ
1/2
jj )−Q(t)

≤ P(Z̃j > t− ϵ) +P
(
||∆||∞ ≥ ϵ

√
c
)
−Q(t)

≤ Q(t− ϵ)−Q(t) + ϵ

≤ c1ϵ

(C.42)

for some constant c1 > 0, in which ϵ = s⋆ log p/
√
n → 0. We use Theorem 2.3 in Javanmard and

Montanari (2013) to control the bias term∆ viaP (||∆||∞ ≥ ϵ
√
c) ≤ ϵ. The last inequality follows

from the simple fact that for any t ∈ R, ϵ > 0,

Q(t− ϵ)−Q(t) =

∫ t

t−ϵ

1√
2π

exp
(
−x

2

2

)
dx ≤ ϵ√

2π
. (C.43)

Similarly, we have

P (Tj > t)−Q(t) ≥ P(Z̃j > t+ ϵ)P(||∆||∞ < ϵ
√
c)−Q(t)

≥ Q(t+ ϵ)(1− ϵ)−Q(t)

≥ −c2
1ϵ.

(C.44)

for some constant c2
1 > 0. Since the bounds in Equation (C.42) and Equation (C.44) are irrelevant to
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t and the index j, the first claim in Lemma C.1.5 follows. The second claim can be shown similarly.

LemmaC.1.6. Under Assumption 3.4.1, as n, p→∞, we have

sup
t∈R, j∈S0

|P(Mj > t)−H(t)| −→ 0,

sup
t∈R, j∈S0

|P(Mj < −t)−H(t)| −→ 0.
(C.45)

Proof of Lemma C.1.6. We prove the first claim. The second claim follows similarly. Recall that

Mj = T
(1)
j T

(2)
j , where T (1)

j and T (2)
j are independent. For t ∈ R,H(t) = P(Z1Z2 > t), where

Z1 and Z2 are independent following the standard normal distribution. By Lemma C.1.5, for ϵ =

s⋆ log p/
√
n→ 0, and any t ∈ R, j ∈ S0, we have

Q(t)− ϵ ≤ P (Tj > t) ≤ Q(t) + ϵ,

Q(−t)− ϵ ≤ P (Tj < t) ≤ Q(−t) + ϵ

(C.46)

for large enough n and p. Denote pTj (x) as the probability density function of Tj . It follows that

P(Mj > t) =

∫ +∞

0
P

(
T
(2)
j >

t

x

)
p
T

(1)
j

(x)dx+

∫ 0

−∞
P

(
T
(2)
j <

t

x

)
p
T

(1)
j

(x)dx

≤
∫ +∞

0
Q (t/x) p

T
(1)
j

(x)dx+

∫ 0

−∞
Q (−t/x) p

T
(1)
j

(x)dx+ ϵ

=

∫ +∞

0
P

(
T
(1)
j >

t

x

)
ϕ(x)dx+

∫ 0

−∞
P

(
T
(2)
j > − t

x

)
ϕ(x)dx+ ϵ

≤
∫ +∞

0
Q (t/x)ϕ(x)dx+

∫ 0

−∞
Q (−t/x)ϕ(x)dx+ 2ϵ

= H(t) + 2ϵ.

(C.47)

Similarly, we can show thatP(Mj > t) ≥ H(t)− 2ϵ. This completes the proof of Lemma C.1.6.
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LemmaC.1.7. Under Assumption 3.4.1, as n, p→∞, we have

sup
t∈R

Var
(

1
p0

∑
j∈S0

1(Mj > t)

)
−→ 0,

sup
t∈R

Var
(

1
p0

∑
j∈S0

1(Mj < −t)
)
−→ 0.

(C.48)

Proof of Lemma C.1.7. We prove the first claim. The second claim follows similarly. Denote the

correlated set as Γ = {(i, j) : i, j ∈ S0, Ωij ̸= 0}, and the uncorrelated set as Γc = {(i, j) : i, j ∈

S0, Ωij = 0}. We have the following decomposition.

0 ≤ sup
t∈R

Var
(

1
p0

∑
j∈S0

1(Mj > t)

)

≤ 1
p2

0
sup
t∈R

∑
(i,j)∈Γ

[P(Mi > t,Mj > t)−P(Mi > t)P(Mj > t)]

+
1
p2

0
sup
t∈R

∑
(i,j)∈Γc

[P(Mi > t,Mj > t)−P(Mi > t)P(Mj > t)]

≤ |Γ|
p2

0
+

1
p2

0

∑
(i,j)∈Γc

sup
t∈R

[
P(Mi > t,Mj > t)−H2(t)

]
+

1
p2

0

∑
(i,j)∈Γc

sup
t∈R

[
P(Mi > t)P(Mj > t)−H2(t)

]
.

(C.49)

By Assumption 3.4.1 (1), we have |Γ|/p2
0 ≤ p0

√
n/(p2

0 log p) → 0. Further, by Lemma C.1.6, we

have

sup
t∈R,i,j∈S0

∣∣P(Mi > t)P(Mj > t)−H2(t)
∣∣→ 0. (C.50)

Therefore, it is sufficient for us to establish a vanishing upper bound (converge to 0 as n, p→∞) of

supt∈R,(i,j)∈Γc [P(Mi > t,Mj > t)−H2(t)].
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In the following, we condition on the below high probability event

{
min
j∈[p]

Λjj ≥ c
}
∩
{

max
i,j∈[p]

|Λ0
ij − Ω0

ij | ≤
1√

log p

}
∩
{
||∆||∞ ≤ ϵ

√
c
}

(C.51)

with ϵ = s⋆ log p/
√
n → 0 and some constant c > 0. Besides, by Lemma C.1.5, for any t ∈ R,

j ∈ S0, we have

Q(t)− ϵ ≤ P (Tj > t) ≤ Q(t) + ϵ,

Q(−t)− ϵ ≤ P (Tj < t) ≤ Q(−t) + ϵ

(C.52)

for large enough n and p. We have the following decomposition.

P(Mi > t,Mj > t) =

∫ +∞

0

∫ +∞

0
P

(
T
(2)
i >

t

x
, T

(2)
j >

t

y

)
p
T

(1)
i ,T

(1)
j

(x, y)dxdy

+

∫ +∞

0

∫ 0

−∞
P

(
T
(2)
i >

t

x
, T

(2)
j <

t

y

)
p
T

(1)
i ,T

(1)
j

(x, y)dxdy

+

∫ 0

−∞

∫ +∞

0
P

(
T
(2)
i <

t

x
, T

(2)
j >

t

y

)
p
T

(1)
i ,T

(1)
j

(x, y)dxdy

+

∫ 0

−∞

∫ 0

−∞
P

(
T
(2)
i <

t

x
, T

(2)
j <

t

y

)
p
T

(1)
i ,T

(1)
j

(x, y)dxdy

:= I1 + I2 + I3 + I4.

(C.53)

pTi,Tj (x, y) is the joint probability density of (Ti, Tj). For the ease of presentation, we introduce the

following notations.

H1(t) = P (Z1Z2 > t, Z1 > 0, Z2 > 0) ,

H2(t) = P (Z1Z2 > t, Z1 > 0, Z2 < 0) ,

H3(t) = P (Z1Z2 > t, Z1 < 0, Z2 > 0) ,

H4(t) = P (Z1Z2 > t, Z1 < 0, Z2 < 0) .

(C.54)

Thus, it is sufficient for us to establish a vanishing upper bound (converge to 0 asn, p→∞) for each

of {supt∈R,(i,j)∈Γc [Ik −H2
k(t)] , k ∈ [4]}, respectively.
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We detail the proof of the first one, while the other three follow similarly. Let ρ = 1/
√

log p→ 0.

For (i, j) ∈ Γc and any t1, t2 ∈ R, we have

P(Ti > t1, Tj > t2) ≤ P(Z̃i > t1 − ϵ, Z̃j > t2 − ϵ)

≤ 1 + ρ√
1− ρ2

Q

(
t1 − ϵ√

1 + ρ

)
Q

(
t2 − ϵ√

1 + ρ

)
≤ 1 + ρ√

1− ρ2
Q

(
t1√

1 + ρ

)
Q

(
t2√

1 + ρ

)
+ c1ϵ

(C.55)

for some constant c1 > 0. The second inequality follows from Lemma C.1.3. We note that for

(i, j) ∈ Γc, once we condition on the event {maxi,j∈[p] |Λ0
ij−Ω0

ij | ≤ 1/
√

log p}, we have |Λ0
i,j | ≤

1/
√

log p. The third inequality follows from Equation (C.43). Plugging the inequality in Equation

(C.55) into I1, we have

I1 ≤
(1 + ρ)2

1− ρ2 P

(
Z1Z2 >

t√
1 + ρ

, Z1 > 0, Z2 > 0
)2

+ c2
1ϵ. (C.56)

for some constant c2
1 > 0. Consequently, it follows that

sup
t∈R,(i,j)∈Γc

[
I1 −H2

1 (t)
]
≤ c3

(
1− 1

1 + ρ

)
+

[
(1 + ρ)2

1− ρ2 − 1
]
+ c2

1ϵ→ 0 (C.57)

as n, p→∞. This completes the proof of Lemma C.1.7.

Proof of Proposition 3.4.1

In addition to the notations introduced in Section C.1.1, we denote

G0
p(t) =

1
p0

∑
j∈S0

P(Mj > t), V 0
p (t) =

1
p0

∑
j∈S0

P(Mj < −t). (C.58)
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The definition of FDPp(t) is slightly modified to be

FDPp(t) =
H(t)

H(t) + rpĜ1
p(t)

. (C.59)

The proof of Proposition 3.4.1 is essentially the same as the proof of Proposition 3.3.1, with the help

of the following Lemma C.1.8.

LemmaC.1.8. Under Assumption 3.4.1, as n, p→∞, we have in probability,

sup
t∈R

∣∣∣Ĝ0
p(t)−H(t)

∣∣∣ −→ 0,

sup
t∈R

∣∣∣V̂ 0
p (t)−H(t)

∣∣∣ −→ 0.
(C.60)

Proof of LemmaC.1.8. We prove the first claim. The second claim follows similarly. Notice thatH(t)

is symmetric about 0. By Lemma C.1.6, it is sufficient for us to show that

sup
t∈R

∣∣∣Ĝ0
p(t)−G0

p(t)
∣∣∣ −→ 0,

sup
t∈R

∣∣∣V̂ 0
p (t)− V 0

p (t)
∣∣∣ −→ 0.

(C.61)

The proof follows similarly as the proof of Lemma C.1.1 using an ϵ-net argument, except that we use

Lemma C.1.7 instead of the Chebyshev’s inequality in Equations (C.6) and (C.7).

C.1.5 Proof of Proposition 3.4.2

For the ease of presentation, we introduce the following notations. Let ⟨u,v⟩Σ = u⊺Σv for any

u,v ∈ Rp, and ||u||2Σ = u⊺Σu. DenoteΣ = LL⊺ as theCholeskydecompositionof the covariance

matrixΣ. Let

θ⋆ = L⊺β⋆, θ̂(1) = L⊺β̂(1), θ̂(2) = L⊺β̂(2).
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By Proposition 2.1 in Zhao et al. (2020), Ω̂ has the same distribution as theMLE (using half data) of

the underlying GLMwith true regression coefficient θ⋆ and features drawn i.i.d fromN(0, Ip). Let

σ(1)n = ||P⊥
θ⋆ θ̂(1)||2, σ(2)n = ||P⊥

θ⋆ θ̂(2)||2,

in which P⊥
θ⋆ is the projection matrix onto the orthogonal space of θ⋆. Define ξ(1), ξ(2) as below,

ξ(1) = W (1) − 1
ω2
n

⟨W (1),β⋆⟩Σβ⋆,

ξ(2) = W (2) − 1
ω2
n

⟨W (2),β⋆⟩Σβ⋆,
(C.62)

whereW (1),W (2) are i.i.dN(0,Ω) random vectors, independent to everything else.

DefineZ(1)
j = τjW

(1)
j andZ(2)

j = τjW
(2)
j for j ∈ [p]. ThusZ(1) andZ(2) independently follow

N(0, R)withRij = τiτjΩij . Denoteω2
n = Var(x⊺

iβ
⋆). We assumeωn → ω as n, p→∞. With a

bit abuse of notation, denote κ = 2p/n ∈ (0, 1) as the ratio of dimension over sample size after data

splitting. Recall that σ⋆ is defined to be the unique optimizer of the optimization problem (??).

For j ∈ [p], let

T
(1)
j =

√
n

2
τ̂
(1)
j β̂

(1)
j

σ⋆
, T̃

(1)
j =

√
n

2
τj β̂

(1)
j

σ
(1)
n /
√
κ
, Z̃

(1)
j =

√
pZ

(1)
j

||ξ(1)||Σ
. (C.63)

T
(2)
j , T̃ (2)

j and Z̃(2)
j are defined similarly. We note that since the selection result, using the data-

splitting approach, is scaling invariant with respect to T (1)
j and T (2)

j , thus in practice, we can simply

drop the constants
√
n/2 and σ⋆ (see Algorithm 13). For j ∈ [p], define

M̃j = T̃
(1)
j T̃

(2)
j , (C.64)

which serves as an approximation to the mirror statisticMj = T
(1)
j T

(2)
j .
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Technical lemmas

LemmaC.1.9. LetZ(1),Z(2) ∈ Rp independently followN(0, R), in whichRjj = 1 for j ∈ [p].

We have

sup
t∈R

E

[
(F̂ (t)−H(t))2

]
≤ 1

4p
+ C||R||1, (C.65)

whereC > 0 is a universal constant, and

F̂ (t) =
1
p

p∑
j=1

1(Z(1)Z(2) > t), ||R||1 =
1
p2

p∑
i,j=1

|Rij |. (C.66)

Proof of Lemma C.1.9. Lemma C.1.9 is a generalization of Theorem 1 in Azriel and Schwartzman

(2015), and the proof follows similarly. We have

sup
t∈R

E

[
(F̂ (t)−H(t))2

]
≤ 1
p2

p∑
j=1

sup
t∈R

[H(t)(1−H(t)]

+
1
p2

∑
i ̸=j

sup
t∈R

[
P(Z

(1)
j Z

(2)
j > t, Z

(1)
i Z

(2)
i > t)−H2(t)

]
:= I1 + I2.

(C.67)

By the Cauchy-Schwartz inequality, I1 ≤ 1/(4p).

For I2, we decompose it into four terms conditioning on the signs ofZ(2)
j andZ(2)

i . We detail one

term in the following, and the rest three terms follow similarly. Let

I21 = P(Z
(1)
j Z

(2)
j > t, Z

(1)
i Z

(2)
i > t, Z

(2)
j < 0, Z(2)

i < 0)−P(Z1Z2 > t, Z2 < 0)2. (C.68)

Recall the Mehler’s identity (Kotz et al., 2000), that is, for any t1, t2 ∈ R,

Φr(t1, t2) = Φ(t1)Φ(t2) +

∞∑
n=1

rn

n!
ϕ(n−1)(t1)ϕ

(n−1)(t2), (C.69)
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inwhichΦr is the bivariateCDFof standard normalswith correlation r, andϕ(n) is thenth derivative

of ϕ. Using the Mehler’s identity twice, we have

I21 = 2
∫ 0

−∞

∫ 0

−∞

[ ∞∑
n=1

Rnij
n!
ϕ(n−1)(t/u1)ϕ

(n−1)(t/u2)

]
ϕ(u1)ϕ(u2)du1du2

≤ 2|Rij |
∫ 0

−∞

∫ 0

−∞

∞∑
n=1

[
supt∈R ϕ(n−1)(t)

]2
n!

ϕ(u1)ϕ(u2)du1du2

≤ C|Rij |,

(C.70)

for some universal constant C > 0, in which we use Lemma 1 in Azriel and Schwartzman (2015),

that is,
∞∑
n=1

[
supt∈R ϕ(n−1)(t)

]2
n!

<∞. (C.71)

This completes the proof of Lemma C.1.9.

LemmaC.1.10. For j ∈ S0, we have

M̃j
d
= Z̃

(1)
j Z̃

(2)
j . (C.72)

Proof of LemmaC.1.10. By the stochastic representation (Lemma 2.1, Proposition A.1) in Zhao et al.

(2020), we have

T̃
(1)
j =

√
pτj β̂

(1)
j

σ
(1)
n

=

√
pτjL

−⊺Ω̂(1)
j

σ
(1)
n

d
=

√
pτjL

−⊺P⊥
Ω⋆Z

||P⊥
Ω⋆Z||2

d
=

√
pτjξ

(1)

||ξ(1)||Σ
d
= Z̃

(1)
j , (C.73)

in which Z following N(0, Ip) is independent to everything else. The last to second equivalence

follows from the fact that L−⊺P⊥
Ω⋆Z

d
= ξ(1), and the last equivalence is only true for j ∈ S0. We

have a similar representation for T̃ (2)
j . The proof thus completes.

LemmaC.1.11. We have σn
p→
√
κσ⋆ as n, p→∞.
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Proof of Lemma C.1.11.

LemmaC.1.12. There exists a constant c > 0 such that for any ϵ ∈ (0, 1), we have

P

(
max
j∈[p]

∣∣∣τ̂ 2
j
(1)/τ 2

j − 1
∣∣∣ > ϵ

)
≤ p exp(−c(n/2− p+ 1)ϵ2). (C.74)

A similar statement also holds for maxj∈[p]
∣∣∣τ̂ 2
j
(2)/τ 2

j − 1
∣∣∣.

Proof of Lemma C.1.12. We first notice that

min
j∈[p]

τ 2
j = 1/max

j∈[p]
Ωjj ≥ 1/σmax(Ω) = σmin(Σ) ≥ 1/c1 > 0,

max
j∈[p]

τ 2
j = 1/min

j∈[p]
Ωjj ≤ 1/σmin(Ω) = σmax(Σ) ≤ c1 <∞,

(C.75)

by Assumption 3.4.2. Thus, it is sufficient for us to consider maxj∈[p]
∣∣∣τ̂ 2
j
(1) − τ 2

j

∣∣∣. Since RSS(1)j ∼

τ 2
jχ

2
n/2−p+1, by the union bound and a Bernstein-type inequality, for any ϵ ∈ (0, 1), we have

P

(
max
j∈[p]

∣∣∣τ̂ 2
j
(1) − τ 2

j

∣∣∣ > ϵ

)
≤

p∑
j=1

P

(∣∣∣τ̂ 2
j
(1) − τ 2

j

∣∣∣ > ϵ
)

≤ p exp(−c(n/2− p+ 1)ϵ2),

(C.76)

for some constant c > 0.

LemmaC.1.13. For any Lipschitz continuous function f : R→ R, we have

1
p0

∑
j∈S0

[f(Mj)− f(M̃j)]
p−→ 0. (C.77)
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Proof of Lemma C.1.13. Denote the Lipschitz coefficient asL. We have

∣∣∣∣ 1
p0

∑
j∈S0

[f(Mj)− f(M̃j)]

∣∣∣∣ ≤ L

p0

∑
j∈S0

∣∣∣Mj − M̃j

∣∣∣ = L

p0

∑
j∈S0

∣∣∣T (1)
j T

(2)
j − T̃

(1)
j T̃

(2)
j

∣∣∣
≤ L

p0

∑
j∈S0

∣∣∣T (2)
j

∣∣∣ ∣∣∣T (1)
j − T̃

(1)
j

∣∣∣+ L

p0

∑
j∈S0

∣∣∣T̃ (1)
j

∣∣∣ ∣∣∣T (2)
j − T̃

(2)
j

∣∣∣ . (C.78)

In the following, we detail a high probability upper bound for the first term, and the second term can

be treated similarly.

For any ϵ ∈ (0, 1), we condition on the following three events:

E1 = {|
√
κ/σn − 1/σ⋆| < ϵ},

E2 = {β̂⊺(1)Σβ̂(1) ≤ c} ∩ {β̂⊺(2)Σβ̂(2) ≤ c},

E3 =
{

max
j∈[p]

∣∣∣τ̂ (1)j /τj − 1
∣∣∣ < ϵ

}
∩
{

max
j∈[p]

∣∣∣τ̂ (2)j /τj − 1
∣∣∣ < ϵ

}
.

(C.79)

We note that for large enough n and p,E2 holds for large enough constant cwith high probability by

Theorem 4 in Sur and Candès (2018), andE1,E3 hold with high probability by Lemma C.1.11 and

Lemma C.1.12, respectively.

We have

∑
j∈S0

(
τj β̂

(1)
j

)2
≤ max

j∈[p]
τ 2
j

∑
j∈[p]

β̂2
j
(1) ≤ σmax(Σ)

σmin(Σ)
σmin(Σ)||β̂(1)||22 ≤ c2

1c, (C.80)
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by Assumption 3.4.2 and the eventE2. It follows that

∑
j∈S0

[
τ̂
(1)
j β̂

(1)
j

]2
≤ 2

∑
j∈S0

[
(τ̂

(1)
j − τj)β̂

(1)
j

]2
+ 2

∑
j∈S0

[
τj β̂

(1)
j

]2

≤ 2 max
j∈[p]

∣∣∣τ̂ (1)j /τj − 1
∣∣∣2 ∑
j∈S0

[
τj β̂

(1)
j

]2
+ 2

∑
j∈S0

[
τj β̂

(1)
j

]2

≤ 2(ϵ2 + 1)c2
1c,

(C.81)

by the event E3. The same upper bounds also hold for
∑

j∈S0

[
τj β̂

(2)
j

]2 and
∑

j∈S0

[
τ̂
(2)
j β̂

(2)
j

]2,
respectively.

We note that

∣∣∣T (1)
j − T̃

(1)
j

∣∣∣ ≤√n

2

∣∣∣∣τ̂ (1)j β̂
(1)
j

∣∣∣∣ ∣∣∣∣√κσn − 1
σ⋆

∣∣∣∣+√n

2

√
κ

σn

∣∣∣∣τj β̂(1)j ∣∣∣∣∣∣∣∣ τ̂ (1)j

τj
− 1
∣∣∣∣

≤
√
n/2

∣∣∣τ̂ (1)j β̂
(1)
j

∣∣∣ ϵ+√n/2
∣∣∣τj β̂(1)j ∣∣∣ ϵ(ϵ+ 1/σ⋆).

(C.82)

Therefore, by the Cauchy-Schwartz inequality, we have

L

p0

∑
j∈S0

∣∣∣T (2)
j

∣∣∣ ∣∣∣T (1)
j − T̃

(1)
j

∣∣∣ ≤ nLϵ(ϵ+ 1/σ⋆)
2p0σ⋆

∑
j∈S0

∣∣∣τ̂ (2)j β̂
(2)
j

∣∣∣ ∣∣∣τ (1)j β̂
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j
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nLϵ

2p0σ⋆

∑
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∣∣∣τ̂ (2)j β̂
(2)
j

∣∣∣ ∣∣∣τ̂ (1)j β̂
(1)
j

∣∣∣
≤ nLϵ(ϵ+ 1/σ⋆)

2p0σ⋆

[∑
j∈S0

(
τ̂
(2)
j β̂

(2)
j

)2
]1/2[∑

j∈S0

(
τ
(1)
j β̂

(1)
j

)2
]1/2

+
nLϵ

2p0σ⋆

[∑
j∈S0

(
τ̂
(2)
j β̂

(2)
j

)2
]1/2[∑

j∈S0

(
τ̂
(1)
j β̂

(1)
j

)2
]1/2

≤ c′ϵ,
(C.83)

for some constant c′ > 0, since p/n → κ/2 and lim sup p/p0 < +∞ by Assumption 3.4.2. This

completes the proof of Lemma C.1.13.
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LemmaC.1.14. For any Lipschitz continuous function f : R→ R, we have

1
p0

∑
j∈S0

[f(Z̃
(1)
j Z̃

(2)
j )− f(Z(1)

j Z
(2)
j )]

p−→ 0. (C.84)

Proof of Lemma C.1.14. Denote the Lipschitz coefficient asL. We have

∣∣∣∣ 1
p0

∑
j∈S0

[f(Z̃
(1)
j Z̃

(2)
j )− f(Z(1)

j Z
(2)
j )]

∣∣∣∣ ≤ L

p0

∑
j∈S0

∣∣∣∣Z̃(1)
j Z̃

(2)
j − Z

(1)
j Z

(2)
j

∣∣∣∣
≤ L

p0

∣∣∣∣ √p||ξ(1)||Σ

√
p

||ξ(2)||Σ
− 1
∣∣∣∣∑
j∈S0

∣∣∣∣Z(1)
j Z

(2)
j

∣∣∣∣. (C.85)

We proceed to show that

1
p0

∑
j∈S0

∣∣∣Z(1)
j Z

(2)
j

∣∣∣ = Op(1) and
||ξ(1)||Σ

p

p−→ 1. (C.86)

The first claim follows by noticing that

E

[
1
p0

∑
j∈S0

∣∣∣Z(1)
j Z

(2)
j

∣∣∣ ] = E ∣∣∣Z(1)
j Z

(2)
j

∣∣∣ ≤ [E(Z(1)
j

)2
E
(
Z

(2)
j

)2]1/2
= 1. (C.87)

For the second claim, by the definition of ξ(1) in Equation (C.62), we have

||ξ(1)||2Σ
p

=
||W (1)||2Σ

p
− 1
p
⟨W (1),

β⋆

ωn
⟩2Σ. (C.88)

For the first term, we have

||W (1)||2Σ
p

=
1
p
W (1)⊺ΣW (1) =

Z⊺Z

p

p−→ 1, (C.89)

in whichZ ∼ N(0, Ip). Besides, since ⟨W (1),β⋆/ωn⟩Σ follows a standard normal distribution, the

169



second term converges to 0 in probability. The proof of Lemma C.1.14 thus completes.

LemmaC.1.15. For any ϵ ∈ (0, 1), we have as n, p→∞,

sup
t∈R

P

(∣∣∣∣ 1
p0

∑
j∈S0

1(Mj > t)−H(t)

∣∣∣∣ > ϵ

)
−→ 0. (C.90)

Proof of Lemma C.1.15. We prove an one-sided result, whereas the other side follows similarly. Given

t ∈ R and ϵ ∈ (0, 1), we define the follow Lipschitz continuous function,

ft,ϵ(x) =


1, x ∈ [t,+∞),

1 + 4(x− t)/ϵ, x ∈ (t− ϵ/4, t),

0, x ∈ (−∞, t− ϵ/4].

(C.91)

We note that by integrating with respect to the density of the product of two independent normals,

we have

E[ft,ϵ(Z1Z2)]−H(t) = E[ft,ϵ(Z1Z2)− 1(Z1Z2 > t)] ≤ ϵ/4. (C.92)

We thus have the following decomposition:

P

(
1
p0

∑
j∈S0

1(Mj > t)−H(t) > ϵ

)
≤ P

(
1
p0

∑
j∈S0

ft,ϵ(Mj)−E[ft,ϵ(Z1Z2)] > ϵ/2
)

≤ I1 + I2 + I3,

(C.93)

in which
I1 = P

(
1
p0

∑
j∈S0

[
ft,ϵ(Mj)− ft,ϵ(M̃j)

]
> ϵ

)
,

I2 = P

(
1
p0

∑
j∈S0

[
ft,ϵ(Z̃

(1)
j Z̃

(2)
j )− ft,ϵ(Z(1)

j Z
(2)
j )
]
> ϵ/8

)
,

I3 = P

(
1
p0

∑
j∈S0

ft,ϵ(Z
(1)
j Z

(2)
j )−E[ft,ϵ(Z1Z2)] > ϵ/8

)
.

(C.94)
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By Lemma C.1.13, we have supt I1 → 0 because the Lipschitz coefficient of ft,ϵ(x) is 4/ϵ inde-

pendent to t. Similarly, by Lemma C.1.14, we have supt I2 → 0. For supt I3, we follow the proof of

Corollary A.2 in Zhao et al. (2020) to show that it converges to 0. Since ft,ϵ(x) is continuous and in

the range of [0, 1], we partition the unit interval−∞ = u0 < u1 < · · · < um = +∞ so that for

any x ∈ [ui−1, ui), we have

|ft,ϵ(x)− ft,ϵ (ui−1)| ≤ ϵ/32. (C.95)

We define

f̂t,ϵ(x) =

m∑
i=1

ft,ϵ (ui−1) 1(x ∈ [ui−1, ui)). (C.96)

Then we have for any x ∈ R, ∣∣∣ft,ϵ(x)− f̂t,ϵ(x)∣∣∣ ≤ ϵ/32. (C.97)

With the following decomposition,

1
p0

∑
j∈S0

ft,ϵ(Z
(1)
j Z

(2)
j )−E[ft,ϵ(Z1Z2)]

≤ 1
p0

∑
j∈S0

f̂t,ϵ(Z
(1)
j Z

(2)
j )−E

[
f̂t,ϵ(Z1Z2)

]
+ ϵ/16,

(C.98)

we have

sup
t∈R

I3 ≤ sup
t∈R

P

(
1
p0

∑
j∈S0

f̂t,ϵ(Z
(1)
j Z

(2)
j )−E[f̂t,ϵ(Z1Z2)] > ϵ/16

)

≤ sup
t∈R

m−1∑
i=1

P

(
1
p0

∑
j∈S0

1(Z(1)
j Z

(2)
j ∈ [ui, ui+1))−P(Z1Z2 ∈ [ui, ui+1)) > ϵ/16

)

−→ 0
(C.99)

by Lemma C.1.9. This completes the proof of Lemma C.1.15.
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Proof of Proposition 3.4.2

The proof follows similarly as the proof of Proposition 3.4.1 thus is omitted.

C.1.6 Proof of Proposition 3.4.3 and 3.4.4

Technical lemmas

Lemma C.1.16. Under Assumption 3.4.3, for any ϵ > 0, there exists a constant Cϵ > 0, such that

P(∩4
i=1E

ϵ
i ) ≥ 1− ϵ, in which the eventsEϵ1 , Eϵ2 , Eϵ

3 , E
ϵ
4 are defined as follows:

Eϵ1 =

{
max
j∈[p]
||γ̂j − γj ||1 ≤ Cϵs

√
log p/n

}
,

Eϵ2 =

{
max
j∈[p]
||γ̂j − γj ||2 ≤ Cϵ

√
s log p/n

}
,

Eϵ3 =

{
1
n
||X(β̂ − β⋆)||22 ≤ Cϵs⋆ log p/n

}
,

Eϵ4 =
{
||β̂ − β⋆||1 ≤ Cϵs⋆

√
log p/n

}
.

(C.100)

Proof of Lemma C.1.16. Lemma C.1.16 follows from standard arguments in Bickel et al. (2009),

Raskutti et al. (2010), Bühlmann and Van De Geer (2011), Van de Geer et al. (2014).

LemmaC.1.17. Under Assumption 3.4.3, we have

max
j∈[p]

∣∣τ̂ 2
j − τ 2

j

∣∣ = Op(
√
s log p/n),

max
j∈[p]

∣∣1/τ̂ 2
j − 1/τ 2

j

∣∣ = Op(
√
s log p/n).

(C.101)

Proof of LemmaC.1.17. The proof follows similarly as the proof of Theorem 3.2 in Van de Geer et al.

(2014), combined with some enriched arguments that we detail below. For any ϵ > 0, we condition

on the high probability event {∩4
i=1E

ϵ
i }. By Assumption 3.4.3, we assume that p is large enough so
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that

max
i∈[n]
|x⊺
i (β̂ − β⋆)| ≤ ||xi||∞||β̂ − β⋆||1 ≤ C2Cϵs

⋆
√

log p/n ≤ δ.

Thus,x⊺
i β̂ lies in the δ-neighborhood of thex⊺

iβ
⋆. SinceX

β̂
=W

β̂
W−1

β⋆ Xβ⋆ , we have the follow-

ing decomposition,

τ̂ 2
j − τ 2

j =
1
n
X⊤

β̂,j

(
X

β̂,j
−X

β̂,−jγ̂j

)
− τ 2

j := I1 + I2, (C.102)

in which
I1 =

1
n
X⊤

β⋆,j (Xβ⋆,j −Xβ⋆,−j γ̂j)− τ 2
j ,

I2 =
1
n
X⊤

β⋆,j

(
W 2

β̂
W−2

β⋆ − I
)
(Xβ⋆,j −Xβ⋆,−jγ̂j) .

(C.103)

We proceed to upper bound I1 and I2.

For I1, we have the following further decomposition I1 = I11 + I12 + I13 + I14, using the fact that

Xβ⋆,j = Xβ⋆,−jγj + ηj , in which

I11 =
1
n
η⊤
j ηj − τ 2

j , I12 =
1
n
η⊤
j Xβ⋆,−j(γj − γ̂j),

I13 =
1
n
γ⊤
j X

⊤
β̂,−j

(
X

β̂,j
−X

β̂,−jγ̂j

)
,

I14 =
1
n
γ⊤
j X

⊤
β⋆,−j

(
I −W 2

β̂
W−2

β⋆

)
(Xβ⋆,j −Xβ⋆,−jγ̂j) .

(C.104)

For I11, by Assumption 3.4.3, we have

||ηj ||∞ ≤ ||Xβ⋆,j ||∞ + ||Xβ⋆,−jγj ||∞ ≤ 2C2. (C.105)

SinceE[η⊤
j ηj/n] = τ 2

j , we have

max
j∈[p]

I11 = Op(
√

log p/n),
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using the union bound and the Hoeffding’s inequality.

For I12, sinceE[η⊤
j Xβ⋆,−j ] = 0, we have

max
j∈[p]
||η⊤

j Xβ⋆,−j/n||∞ = Op(
√

log p/n),

by the union bound and the Hoeffding’s inequality. It follows that

max
j∈[p]

I12 ≤ max
j∈[p]
||η⊤

j Xβ̂,−j/n||∞ max
j∈[p]
||γ̂j − γj ||1 = Op(s log p/n). (C.106)

For I13, since γj is s−sparse, by Assumption 3.4.3, we have

max
j∈[p]
||γj ||1 ≤

√
smax
j∈[p]
||γj ||2 =

√
smax
j∈[p]

[Σj,−jΣ
−2
−j,−jΣ−j,j ]

1/2 ≤
√
sC2

2/C3. (C.107)

In addition, by the KKT condition of the jth nodewise Lasso regression, we have

max
j∈[p]
||X⊤

β̂,−j

(
X

β̂,j
−X

β̂,−jγ̂j

)
/n||∞ ≤ λj . (C.108)

It follows that

max
j∈[p]

I13 ≤ max
j∈[p]
||γj ||1 max

j∈[p]
||X⊤

β̂,−j

(
X

β̂,j
−X

β̂,−jγ̂j

)
/n||∞

= Op(
√
s log p/n)

(C.109)

For I14, we first notice that

||Xβ⋆,j −Xβ⋆,−jγ̂j ||∞ ≤ ||ηj ||∞ + ||Xβ⋆,−j(γj − γ̂j)||∞

≤ 2C2 + C2||γj − γ̂j ||1 ≤ 3C2

(C.110)
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by Assumption 3.4.3 and Equation (C.105). By Assumption 3.4.3, it follows that

max
j∈[p]

I14 ≤
3C2

2
n

n∑
i=1

∣∣∣∣∣ ℓ̈(yi,x⊺
i β̂)− ℓ̈(yi,x

⊺
iβ

⋆)

ℓ̈(yi,x
⊺
iβ

⋆)

∣∣∣∣∣
≤ 3C1C

2
2 ||X(β̂ − β⋆)||2/

√
n)

= Op(
√
s⋆ log p/n),

(C.111)

inwhich the second inequality follows fromCauchy-Schwarz inequality. Combining theupperbound

on maxj∈[p] I11, maxj∈[p] I12, maxj∈[p] I13 and maxj∈[p] I14, we have shown that maxj∈[p] I1 =

Op(
√
s log p/n).

Finally, maxj∈[p] I2 can be upper bounded similarly as maxj∈[p] I14. This completes the proof

of the claim in Lemma C.1.17. The second claim follows by noticing that 1/τ 2
j is uniformly upper

bounded because

1/τ 2
j = Ωj,j ≤ σmax(Ω) = 1/σmin(Σ) ≤ C3. (C.112)

This completes the proof of Lemma C.1.17

LemmaC.1.18. Under Assumption 3.4.3, we have

max
j∈[p]
||Ω̂j,· − Ωj,·||1 = Op(s

√
log p/n),

max
j∈[p]
||Ω̂j,· − Ωj,·||2 = Op(

√
s log p/n),

max
j∈[p]
|Ω̂j,·ΣΩ̂⊤

j,· − Ωj,j | = Op(
√
s log p/n).

(C.113)

Proof of Lemma C.1.18. By Lemma C.1.16 and C.1.17, for any ϵ > 0, there exists a constantCϵ > 0,
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such thatP(∩6
i=1E

ϵ
i ) ≥ 1− ϵ, in whichEϵi for i ∈ [4] are specified in Lemma C.1.16, and

Eϵ5 =

{
max
j∈[p]

∣∣τ̂ 2
j − τ 2

j

∣∣ ≤ Cϵ√s log p/n
}
,

Eϵ6 =

{
max
j∈[p]

∣∣1/τ̂ 2
j − 1/τ 2

j

∣∣ ≤ Cϵ√s log p/n
}
.

(C.114)

In the following, we condition on this high probability event ∩6
i=1E

ϵ
i . By Assumption 3.4.3, we as-

sume n is large enough so thatCϵ
√
s log p/n ≤ C3.

We first note that by Equation (C.112),

1/τ̂ 2
j ≤ |1/τ̂ 2

j − 1/τ 2
j |+ 1/τ 2

j ≤ 2C3.

Thus, by Equation (C.107), we have

max
j∈[p]
||Ω̂j,· − Ωj,·||1 = max

j∈[p]
||Ĉj,·/τ̂ 2

j − Cj,·/τ 2
j ||1

≤ max
j∈[p]
||γ̂j − γj ||1 max

j∈[p]
1/τ̂ 2

j + max
j∈[p]
||γj ||1 max

j∈[p]

∣∣1/τ̂ 2
j − 1/τ 2

j
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≤ 2C3Cϵs

√
log p/n+ C2

2/C3Cϵ
√
s
√
s log p/n

= Op(s
√

log p/n).

(C.115)

Similarly, we have

max
j∈[p]
||Ω̂j,· − Ωj,·||2 = max

j∈[p]
||Ĉj,·/τ̂ 2

j − Cj,·/τ 2
j ||2

≤ max
j∈[p]
||γ̂j − γj ||2 max

j∈[p]
1/τ̂ 2

j + max
j∈[p]
||γj ||2 max

j∈[p]

∣∣1/τ̂ 2
j − 1/τ 2

j
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≤ 2C3Cϵ

√
s log p/n+ C2

2/C3Cϵ
√
s log p/n

= Op(
√
s log p/n).

(C.116)
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For the last claim in Lemma C.1.18, we employ the following decomposition.

Ω̂j,·ΣΩ̂
⊤
j,· − Ωj,j = (Ω̂j,· − Ωj,·)Σ(Ω̂j,· − Ωj,·)

⊤ + 2Ωj,·Σ(Ω̂j,· − Ωj,·)
⊤

:= I1 + I2.

(C.117)

For I1, by Assumption 3.4.3, we have

max
j∈[p]

I1 ≤ σmax(Σ)max
j∈[p]
||Ω̂j,· − Ωj,·||22 = Op(s log p/n). (C.118)

For I2, we have

max
j∈[p]

I2 = 2 max
j∈[p]

e⊤j (Ω̂j,· − Ωj,·)
⊤ = 2 max

j∈[p]

∣∣1/τ̂ 2
j − 1/τ 2

j

∣∣ = Op(
√
s log p/n). (C.119)

This completes the proof of Lemma C.1.18.

LemmaC.1.19. Under Assumption 3.4.3, we have

max
j∈[p]
|σ̂j − σj | = Op(s

√
log p/n),

max
j∈[p]
|1/σ̂j − 1/σj | = Op(s

√
log p/n).

(C.120)

Proof of Lemma C.1.19. By Assumption 3.4.3,

σ2 = Ωj,j ≥ σmin(Ω) ≥ 1/C3 > 0.

Therefore, we only need to consider the first claim in the lemma. In addition, since

max
j∈[p]
|σ̂j − σj | ≤ max

j∈[p]
|σ̂2
j − σ2

j |/σj ≤
√
C3 max

j∈[p]
|σ̂2
j − σ2

j |, (C.121)
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it is sufficient to show that

max
j∈[p]
|σ̂2
j − σ2

j | = Op(s
√

log p/n).

We note that

max
j∈[p]
|σ̂2
j − σ2

j | ≤ max
j∈[p]
|Ω̂j,·ΣΩ̂⊤

j,· − Ωj,j |+ max
j∈[p]
|Ω̂j,·Σ̂Ω̂⊤

j,· − Ω̂j,·ΣΩ̂
⊤
j,·|. (C.122)

By Lemma C.1.18, the first term is Op(
√
s log p/n). Using the same arguments as in the proof of

Theorem 3.1 in Van de Geer et al. (2014) (page 1198), we can show that the second term also scales as

Op(s
√

log p/n). This completes the proof of Lemma C.1.19.

Proof of Proposition 3.4.3

We first note that for j ∈ [p], the bias term∆j can be decomposed into the following three terms,

R1,j =

√
n

σj
Ωj,·Pnℓ̇β⋆ −

√
n

σ̂j
Ω̂j,·Pnℓ̇β⋆ ,

R2,j = −
√
n

σ̂j

(
Ω̂j,·Pnℓ̈β̂ − e⊤j

)
(β̂ − β⋆),

R3,j = −
√
n

σ̂j
Ω̂j,·Pn(ℓ̇β̂ − ℓ̇β⋆) +

1√
nσ̂j

Ω̂j,·X
⊤W 2

β̂
X(β̂ − β⋆).

(C.123)

Weproceed toboundeach term. For any ϵ > 0, there exists a constantCϵ > 0 such thatP(∩10
i=1E

ϵ
i ) ≥

1− ϵ, in whichEϵi for i ∈ [4] are defined in LemmaC.1.16,Eϵ5 andEϵ6 are defined in LemmaC.1.18,
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andEϵ
7 , E

ϵ
8 , E

ϵ
9 , E

ϵ
10 are defined as follows,

Eϵ
7 =

{
max
j∈[p]
||Ω̂j,· − Ωj,·||1 ≤ Cϵs

√
log p/n

}
,

Eϵ
8 =

{
max
j∈[p]
||Ω̂j,· − Ωj,·||2 ≤ Cϵ

√
s log p/n

}
,

Eϵ
9 =

{
max
j∈[p]
|σ̂j − σj | ≤ Cϵs

√
log p/n

}
,

Eϵ
10 =

{
max
j∈[p]
|1/σ̂j − 1/σj | ≤ Cϵs

√
log p/n

}
.

(C.124)

In the following, we condition on this high probability event ∩10
i=1E

ϵ
i . By Assumption 3.4.3, we fur-

ther assume that p is large enough so thatCϵs
√

log p/n ∨ Cϵ
√
s log p/n ≤ 1 and

max
i∈[n]
|x⊺
i (β̂ − β⋆)| ≤ ||xi||∞||β̂ − β⋆||1 ≤ C2Cϵs

⋆
√

log p/n ≤ δ.

ForR1,j , we have

max
j∈[p]

R1,j ≤ max
j∈[p]

∣∣∣∣√nσj
(
Ωj,· − Ω̂j,·

)
Pnℓ̇β⋆

∣∣∣∣+ max
j∈[p]

∣∣∣∣√nΩ̂j,·Pnℓ̇β⋆

(
1
σ̂j
− 1
σj

)∣∣∣∣
:= I1 + I2.

(C.125)

For I1, sinceE[Pnℓ̇β⋆ ] = 0 and ||ℓ̇β⋆ ||∞ ≤ C1C2 by Assumption 3.4.3, we have

||Pnℓ̇β⋆ ||∞ = Op(
√

log p/n)

using the union bound and the Hoeffding’s inequality. Since σ2 ≥ 1/C3 (see the proof of Lemma
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C.1.19), it follows that

I1 ≤
√
C3
√
n||Pnℓ̇β⋆ ||∞ max

j∈[p]
||Ω̂j,· − Ωj,·||1

=
√
nOp(

√
log p/n)Op(s

√
log p/n)

= op(1)

(C.126)

by Assumption 3.4.3. For I2, using the same argument, we have

I2 ≤
√
nmax
j∈[p]
||Ω̂j ||∞||Pnℓ̇β⋆ ||∞ max

j∈[p]

∣∣∣∣ 1
σ̂j
− 1
σj

∣∣∣∣
≤
√
n
(
||Ω̂− Ω||∞ + ||Ω||∞

)
Op(

√
log p/n)Op(s

√
log p/n)

= op(1).

(C.127)

ForR2,j , using the KKT condition of the nodewise Lasso regression, we have

∣∣∣∣∣∣Ω̂j,·Pnℓ̈β̂ − e⊤j

∣∣∣∣∣∣
∞
≤ λj/τ̂ 2

j . (C.128)

Since
max
j∈[p]

1/τ̂ 2
j ≤ max

j∈[p]
|1/τ̂ 2

j − 1/τ 2
j |+ max

j∈[p]
1/τ 2

j

≤ Cϵ
√
s log p/n+ max

j∈[p]
1/Ωj,j

≤ 1 + C3

(C.129)

and
max
j∈[p]

1/σ̂j ≤ max
j∈[p]
|1/σ̂j − 1/σj |+ max

j∈[p]
1/σj

≤ Cϵs
√

log p/n+ 1/σmin(Σ)

≤ 1 +
√
C3

(C.130)
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by Assumption 3.4.3, we have

R2,j ≤ (1 + C3)
√
n
∣∣∣∣∣∣Ω̂j,·Pnℓ̈β̂ − e⊤j

∣∣∣∣∣∣
∞
||β̂ − β⋆||1 = op(1) (C.131)

by Assumption 3.4.3.

For R3,j , the first term is op(1) following the proof of Theorem 3.1 in Van de Geer et al. (2014).

For the second term, we note that

||XΩ̂⊤
j,·||∞ ≤ ||XΩ⊤

j,·||∞ + ||X(Ω̂j,· − Ωj,·)
⊤||∞

≤ ||X||∞ + ||X−jγj ||∞ + ||X||∞||(Ω̂j,· − Ωj,·)
⊤||1

≤ ||X||∞ + ||Xβ⋆,−jγj ||∞/ inf
(x,y)
|ℓ̈(y,x⊺β⋆)|+ ||X||∞||(Ω̂j,· − Ωj,·)

⊤||1

≤ C2 + C2/C
2
1 + C2

(C.132)

by Assumption 3.4.3. By the mean value Theorem and Assumption 3.4.3, it follows that

R3,j ≤
1√
nσ̂j
||XΩ̂⊤

j,·||∞||X(β̂ − β⋆)||22 = op(1) (C.133)

by Assumption 3.4.3. This completes the proof of Proposition 3.4.3.

Proof of Proposition 3.4.4

The proof of Proposition 3.4.4 essentially follows the same as the proof of Proposition 3.4.1. The

only change is thatZj = −
√
nΩj,·Pnℓ̇β⋆/σj is not exactly normal, but asymptotically normal. The

discrepancy between the joint law of (Z1, · · · , Zp) and the corresponding multivariate normal dis-

tribution (with the covariance matrixΣ) can be quantified using the Berry-Esseen Theorem, which is

in the order of o(1/
√
n). Therefore, we can establish the GLM version of Lemma C.1.5 similarly.
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C.1.7 Proof of Proposition 3.4.5

Denote s = max1≤j≤p |nej |. We first show that the restricted eigenvalue condition in Bickel et al.

(2009), page 1710, holds with probability approaching 1 in the regime log p/n1−ξ/2
1 → 0. For the

jth nodewise egde selection, for any J0 ⊆ [1 : p]\{j} with |J0| ≤ s, and any v ̸= 0 satisfying

||vJc
0
||1 ≤ ||vJ0 ||1, we have ||v||1 ≤ 2||vJ0 ||1 ≤ 2

√
s||v||2. By Theorem 1 in Raskutti et al. (2010)

and Cauchy interlacing theorem, with high probability, we have:

||X(1)
−jv||2√
n1

≥

(
1
4
λmin(Σ)− 18 max

1≤j≤p
σjj

√
s log p
n1

)
||v||2. (C.134)

Under Assumption 3.4.4, we have

max
1≤j≤p

σjj

√
s log p
n1

→ 0, (C.135)

thus κ(s, 1) ≳ √c0 with probability approaching 1. Now we apply the high probability ℓ1-bound

(Equation (7.4) inBickel et al. (2009)), which is asymptotically no larger than (log p/n1−ξ
1 )1/2. There-

fore by Assumption 3.4.4(c), we conclude that the screening property, thus the symmetric assump-

tion, will hold with probability approaching 1 in the regime log p/n1−ξ/2
1 → 0.

C.1.8 Proof of Proposition 3.4.6

For the ease of presentation, we introduce the following notations. For j ∈ [p] and t ∈ R, denote

Ĝ0
p,j(t) =

1
|necj |

∑
i∈necj

1(Mji > t), V̂ 0
p,j(t) =

1
|necj |

∑
i∈necj

1(Mji < −t),

Ĝ1
p,j(t) =

1
|nej |

∑
i∈nej

1(Mji > t), G0
p,j(t) =

1
|necj |

∑
i∈necj

P(Mji > t).

(C.136)
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Let π0
p,j = |necj |/

∑p
j=1 |necj |, π1

p,j = |nej |/
∑p

j=1 |nej |, and rp,j =
∑p

j=1 |nej |/
∑p

j=1 |necj |.

In addition, denote

FDPp(t1, · · · , tp) =
∑p

j=1 π
0
p,jĜ

0
p,j(tj)∑p

j=1 π
0
p,jĜ

0
p,j(tj) + rp,j

∑p
j=1 π

1
p,jĜ

1
p,j(tj)

,

FDP†p(t1, · · · , tp) =
∑p

j=1 π
0
p,j V̂

0
p,j(tj)∑p

j=1 π
0
p,jĜ

0
p,j(tj) + rp,j

∑p
j=1 π

1
p,jĜ

1
p,j(tj)

,

FDPp(t1, · · · , tp) =
∑p

j=1 π
0
p,jG

0
p,j(tj)∑p

j=1 π
0
p,jG

0
p,j(tj) + rp,j

∑p
j=1 π

1
p,jĜ

1
p,j(tj)

.

(C.137)

LemmaC.1.20. Under Assumption 3.4.5, as p→∞, we have

sup
t1,··· ,tp

∣∣∣∣∣∣
p∑
j=1

π0
p,j

(
Ĝ0
p,j(tj)−G0

p,j(tj)
)∣∣∣∣∣∣ −→ 0 in probability,

sup
t1,··· ,tp

∣∣∣∣∣∣
p∑
j=1

π0
p,j

(
V̂ 0
p,j(tj)−G0

p,j(tj)
) ∣∣∣∣∣∣ −→ 0 in probability.

(C.138)

Proof of Lemma C.1.20. For any j ∈ [p], we first show that in probability, supt |Ĝ0
p,j(t) − G0

p,j(t)|

converges to 0 as p→∞ exponentially fast. For any ϵ ∈ (0, 1), denote−∞ = αp,j0 < αp,j1 < · · · <

αp,jNϵ
=∞ in whichNϵ = ⌈2/ϵ⌉, such thatG0

p,j(α
p,j
k−1)−G

0
p,j(α

p,j
k ) ≤ ϵ/2 for k ∈ [Nϵ]. We have

P
(

sup
t
Ĝ0
p,j(t)−G0

p,j(t) > ϵ
)
≤ P

( Nϵ∪
k=1

sup
t∈[αp,j

k−1,α
p,j
k )

Ĝ0
p,j(t)−G0

p,j(t) > ϵ
)

≤
Nϵ∑
k=1

P
(

sup
t∈[αp,j

k−1,α
p,j
k )

Ĝ0
p,j(t)−G0

p,j(t) > ϵ
)
.

(C.139)

We note that both Ĝ0
p,j(t) andG

0
p,j(t) are monotonic decreasing function. Therefore, for any k ∈
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[Nϵ], we have

sup
t∈[αp,j

k−1,α
p,j
k )

Ĝ0
p,j(t)−G0

p,j(t) ≤ Ĝ0
p,j(α

p,j
k−1)−G

0
p,j(α

p,j
k ) ≤ Ĝ0

p,j(α
p,j
k−1)−G

0
p,j(α

p,j
k−1) + ϵ/2.

(C.140)

Based on Equation (C.139), Assumption 3.4.5(a), and the Azuma-Hoeffding inequality, it follows

that

P
(

sup
t
Ĝ0
p,j(t)−G0

p,j(t) > ϵ
)
≤

Nϵ∑
k=1

P
(
Ĝ0
p,j(α

p,j
k−1)−G

0
p,j(α

p,j
k−1) >

ϵ

2
)

≤ Nϵ exp
(
−C|necj |1−2αϵ2) (C.141)

for some constantC > 0. Similarly, we can show that

P
(

inf
t
Ĝ0
p,j(t)−G0

p,j(t) < −ϵ
)
≤

Nϵ∑
k=1

P
(
Ĝ0
p,j(α

p,j
k )−G0

p,j(α
p,j
k ) < − ϵ

2
)

≤ Nϵ exp
(
−C|necj |1−2αϵ2) .

(C.142)

It follows that as p→∞,

P

(
sup
t1,··· ,tp

∣∣∣∣∣∣
p∑
j=1

π0
p,j

(
Ĝ0
p,j(tj)−G0

p,j(tj)
)∣∣∣∣∣∣ > ϵ

)
≤ P

( p∪
j=1

sup
tj∈R

∣∣∣Ĝ0
p,j(tj)−G0

p,j(tj)
∣∣∣ > ϵ

)

≤
p∑
j=1

P
(

sup
t∈R

∣∣∣Ĝ0
p,j(t)−G0

p,j(t)
∣∣∣ > ϵ

)
≤ 2Nϵ

p∑
j=1

exp
(
−C|necj |1−2αϵ2)

≤ 2Nϵp exp
(
− C min

j∈[p]
|necj |1−2αϵ2)

→ 0,
(C.143)
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under Assumption 3.4.5(b). The second convergence statement involves V̂ 0
p,j(t) can be shown simi-

larly. This concludes the proof of Lemma C.1.20.

Proof of Proposition 3.4.6. Following Equation (3.22), we have

lim sup
p→∞

FDR ≤ lim sup
p→∞

2E
[
FDPp

(
τ 1
q/2, · · · , τ

p
q/2

)]
≤ lim sup

p→∞
2E
∣∣∣FDPp

(
τ 1
q/2, · · · , τ

p
q/2

)
− FDPp

(
τ 1
q/2, · · · , τ

p
q/2

)∣∣∣
+ lim sup

p→∞
2E
∣∣∣FDP†p

(
τ 1
q/2, · · · , τ

p
q/2

)
− FDPp

(
τ 1
q/2, · · · , τ

p
q/2

)∣∣∣
+ lim sup

p→∞
2E
[
FDP†p

(
τ 1
q/2, · · · , τ

p
q/2

)]
≤ lim sup

p→∞
2E
[

sup
t1,··· ,tp>0

∣∣FDPp(t1, · · · , tp)− FDPp(t1, · · · , tp)
∣∣ ]

+ lim sup
p→∞

2E
[

sup
t1,··· ,tp>0

∣∣∣FDP†p(t1, · · · , tp)− FDPp(t1, · · · , tp)
∣∣∣ ]

+ lim sup
p→∞

2E
[
FDP†p

(
τ 1
q/2, · · · , τ

p
q/2

)]
.

(C.144)

The first two terms are 0 based on Lemma C.1.20 and the dominated convergence theorem. For the

last term, we have

lim sup
p→∞

2E
[
FDP†p

(
τ 1
q/2, · · · , τ

p
q/2

)]
≤ lim sup

p→∞
2E

[
max
j∈[p]

#{i ∈ necj ,Mji < −τ jq/2}

#{Mji > τ jq/2} ∨ 1

]
≤ q

(C.145)

based on the definition of τ jq/2. This concludes the proof of Proposition 3.4.6.
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C.2 More Simulation Details

Link function p = 500 p = 1000 p = 1500 p = 2000 p = 3000
f1(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.10 0.81 0.07 0.86 0.10 0.84 0.11 0.86 0.12 0.80
DS-II 0.07 0.80 0.10 0.83 0.11 0.82 0.14 0.86 0.11 0.80
MDS-I 0.05 0.79 0.03 0.83 0.06 0.82 0.07 0.85 0.08 0.79
MDS-II 0.02 0.78 0.07 0.86 0.09 0.84 0.07 0.85 0.09 0.82
DeepPINK-I 0.18 0.43 0.12 0.31 0.16 0.26 0.17 0.30 0.15 0.32
DeepPINK-II 0.14 0.41 0.15 0.24 0.13 0.17 0.12 0.17 0.14 0.13
f2(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.10 0.85 0.10 0.76 0.12 0.68 0.07 0.69 0.09 0.65
DS-II 0.10 0.87 0.09 0.72 0.11 0.66 0.08 0.67 0.08 0.62
MDS-I 0.05 0.83 0.06 0.74 0.08 0.66 0.05 0.67 0.06 0.63
MDS-II 0.05 0.84 0.04 0.71 0.07 0.65 0.04 0.64 0.05 0.61
DeepPINK-I 0.15 0.68 0.16 0.67 0.14 0.62 0.12 0.61 0.15 0.62
DeepPINK-II 0.11 0.59 0.10 0.61 0.18 0.56 0.14 0.59 0.07 0.54
f3(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.08 0.94 0.09 0.87 0.08 0.87 0.10 0.85 0.12 0.83
DS-II 0.10 0.96 0.10 0.89 0.10 0.88 0.11 0.87 0.13 0.83
MDS-I 0.04 0.90 0.06 0.84 0.05 0.84 0.06 0.82 0.06 0.80
MDS-II 0.04 0.92 0.05 0.86 0.07 0.85 0.07 0.84 0.09 0.81
DeepPINK-I 0.10 0.83 0.13 0.74 0.11 0.70 0.12 0.66 0.12 0.65
DeepPINK-II 0.09 0.88 0.09 0.84 0.14 0.83 0.12 0.79 0.10 0.68

Table C.1: Empirical FDRs and powers on the single-indexmodels. The design matrix followsmultivariate normal distribu-

tionwith pairwise powerdecay correlation. Thefivemethods are, the single data-splittingmethodusing the influence func-

tion (DS-I) and its multiple data-splitting version (MDS-I), the single data-splitting method using the weight multiplication

(DS-II) and itsmultipledata-splittingversion (MDS-II), and theDeepPINKmethodwith twodifferentnetworkarchitectures

(see the text for details). The designated FDR control level is q = 0.1 in all settings. The reported results are the empirical
means of 20 independent runs.
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Link function p = 500 p = 1000 p = 1500 p = 2000 p = 3000
f1(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.10 0.82 0.13 0.87 0.11 0.85 0.15 0.87 0.13 0.85
DS-II 0.09 0.83 0.13 0.87 0.09 0.84 0.14 0.87 0.13 0.85
MDS-I 0.06 0.80 0.07 0.84 0.08 0.83 0.08 0.87 0.07 0.84
MDS-II 0.05 0.81 0.06 0.86 0.04 0.82 0.06 0.86 0.07 0.84
DeepPINK-I 0.15 0.37 0.12 0.21 0.16 0.27 0.17 0.33 0.19 0.36
DeepPINK-II 0.13 0.41 0.14 0.23 0.12 0.18 0.11 0.16 0.16 0.13
f2(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.14 0.87 0.11 0.75 0.08 0.66 0.08 0.68 0.09 0.66
DS-II 0.11 0.85 0.07 0.71 0.07 0.66 0.08 0.66 0.09 0.64
MDS-I 0.08 0.85 0.07 0.73 0.05 0.64 0.04 0.65 0.05 0.64
MDS-II 0.04 0.83 0.05 0.68 0.06 0.64 0.05 0.64 0.05 0.62
DeepPINK-I 0.09 0.63 0.12 0.63 0.14 0.66 0.12 0.62 0.14 0.62
DeepPINK-II 0.07 0.61 0.11 0.64 0.17 0.65 0.09 0.64 0.12 0.58
f3(t) FDR Power FDR Power FDR Power FDR Power FDR Power
DS-I 0.11 0.96 0.10 0.90 0.09 0.89 0.10 0.87 0.10 0.84
DS-II 0.10 0.98 0.08 0.89 0.11 0.89 0.09 0.88 0.09 0.84
MDS-I 0.05 0.94 0.05 0.87 0.04 0.85 0.05 0.83 0.06 0.80
MDS-II 0.03 0.95 0.05 0.86 0.07 0.85 0.06 0.85 0.05 0.81
DeepPINK-I 0.11 0.87 0.15 0.78 0.12 0.70 0.11 0.71 0.14 0.74
DeepPINK-II 0.10 0.90 0.13 0.86 0.12 0.85 0.09 0.79 0.13 0.72

TableC.2: Empirical FDRs and powers on the single-indexmodels based on20 independent runs. The designmatrix follows

multivariate normal distribution with pairwise power decay partial correlation. The six methods are as per Figure C.1. The

designated FDR control level is q = 0.1 in all settings.
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Methods ρ = 0.0 ρ = 0.2 ρ = 0.4 ρ = 0.6 ρ = 0.8
(p = 500) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.10 0.83 0.10 0.81 0.07 0.80 0.10 0.73 0.11 0.58
MDS 0.04 0.86 0.04 0.86 0.05 0.83 0.05 0.77 0.06 0.67
M-knockoff 0.10 0.88 0.07 0.84 0.04 0.74 0.02 0.61 0.02 0.51
F -knockoff 0.09 0.84 0.10 0.85 0.09 0.82 0.10 0.76 0.11 0.62
BHq 0.06 0.81 0.06 0.80 0.06 0.77 0.09 0.72 0.08 0.61
BYq 0.01 0.76 0.01 0.72 0.01 0.73 0.01 0.67 0.02 0.55
MBHq 0.00 0.82 0.00 0.80 0.00 0.77 0.00 0.71 0.00 0.57
MBYq 0.00 0.82 0.00 0.79 0.00 0.77 0.00 0.71 0.00 0.58

(p = 1000) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.10 0.82 0.09 0.78 0.10 0.76 0.09 0.72 0.08 0.56
MDS 0.04 0.86 0.06 0.85 0.06 0.83 0.06 0.78 0.07 0.66
M-Knockoff 0.13 0.90 0.07 0.79 0.00 0.28 0.00 0.26 0.00 0.26
F -Knockoff 0.10 0.84 0.10 0.83 0.11 0.81 0.10 0.77 0.09 0.64
BHq 0.06 0.81 0.07 0.79 0.07 0.77 0.09 0.70 0.09 0.60
BYq 0.02 0.76 0.01 0.73 0.01 0.71 0.01 0.66 0.01 0.54
MBHq 0.00 0.82 0.00 0.80 0.00 0.78 0.00 0.73 0.00 0.58
MBYq 0.00 0.81 0.00 0.80 0.00 0.78 0.00 0.73 0.00 0.57

(p = 1500) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.10 0.74 0.10 0.72 0.10 0.67 0.10 0.62 0.11 0.51
MDS 0.07 0.81 0.06 0.81 0.08 0.77 0.09 0.73 0.09 0.60
M-Knockoff 0.11 0.86 0.03 0.68 0.00 0.16 0.00 0.09 0.00 0.08
F -Knockoff 0.11 0.79 0.11 0.78 0.12 0.74 0.13 0.70 0.12 0.58
BHq 0.07 0.74 0.07 0.72 0.11 0.67 0.05 0.64 0.08 0.52
BYq 0.01 0.68 0.01 0.66 0.03 0.61 0.01 0.58 0.01 0.45
MBHq 0.00 0.77 0.00 0.76 0.00 0.72 0.00 0.66 0.00 0.53
MBYq 0.00 0.77 0.00 0.76 0.00 0.72 0.00 0.66 0.00 0.53

(p = 2000) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.08 0.69 0.10 0.69 0.08 0.64 0.11 0.56 0.10 0.45
MDS 0.07 0.78 0.05 0.78 0.07 0.74 0.06 0.69 0.07 0.58
M-Knockoff 0.12 0.86 0.02 0.62 0.00 0.15 0.00 0.08 0.00 0.05
F -Knockoff 0.09 0.74 0.13 0.76 0.09 0.71 0.12 0.67 0.13 0.57
BHq 0.08 0.68 0.05 0.68 0.08 0.64 0.08 0.60 0.07 0.50
BYq 0.02 0.61 0.00 0.63 0.01 0.59 0.01 0.54 0.02 0.44
MBHq 0.00 0.75 0.00 0.74 0.00 0.70 0.00 0.64 0.00 0.53
MBYq 0.00 0.75 0.00 0.73 0.00 0.69 0.00 0.63 0.00 0.52

TableC.3: Empirical FDRsandpowerson the linearmodel,where thedesignmatrixhaspairwiseconstant correlationρ. The
number of true features is 50 across all settings. The signal-to-noise ratio is 10×

√
log p/n. The designated FDR control

level is q = 0.1. The eight methods are, the single data-splitting method (DS), the multiple data-splitting method (MDS),

the model-X knockoff filter (M-Knockoff), the fixed-design knockoff filter with data recycling (F-Knockoff), the Benjamini-

Hochbergmethod (BHq) and its multiple data-splitting version (MBHq), the Benjamini-Yekutieli method (BYq) and its mul-

tiple data-splitting version (MBYq). The reported results are the empirical means of 50 independent runs.
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SNR 4
√

log p/n 8
√

log p/n 12
√

log p/n 16
√

log p/n 20
√

log p/n
(p = 500) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.10 0.48 0.09 0.70 0.10 0.78 0.10 0.82 0.09 0.84
MDS 0.09 0.59 0.06 0.76 0.05 0.83 0.04 0.86 0.04 0.87
M-Knockoff 0.00 0.30 0.01 0.59 0.03 0.73 0.03 0.78 0.05 0.82
F -Knockoff 0.10 0.56 0.10 0.74 0.09 0.82 0.09 0.85 0.09 0.87
BHq 0.07 0.45 0.07 0.69 0.07 0.78 0.05 0.83 0.06 0.86
BYq 0.01 0.36 0.01 0.62 0.01 0.74 0.01 0.80 0.01 0.84
MBHq 0.00 0.45 0.00 0.68 0.00 0.77 0.00 0.82 0.00 0.85
MBYq 0.00 0.44 0.00 0.68 0.00 0.77 0.00 0.82 0.00 0.85
(p = 1000) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.010 0.44 0.10 0.67 0.10 0.76 0.10 0.80 0.10 0.83
MDS 0.09 0.58 0.07 0.76 0.05 0.82 0.05 0.86 0.05 0.87
M-Knockoff 0.00 0.10 0.00 0.26 0.00 0.37 0.00 0.44 0.00 0.47
F -Knockoff 0.12 0.55 0.10 0.72 0.10 0.81 0.09 0.84 0.09 0.86
BHq 0.05 0.42 0.06 0.67 0.07 0.76 0.06 0.82 0.06 0.85
BYq 0.01 0.31 0.01 0.60 0.01 0.71 0.01 0.78 0.01 0.83
MBHq 0.00 0.44 0.00 0.68 0.00 0.77 0.00 0.83 0.00 0.85
MBYq 0.00 0.42 0.00 0.68 0.00 0.77 0.00 0.83 0.00 0.85
(p = 1500) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.10 0.40 0.09 0.62 0.10 0.70 0.10 0.74 0.10 0.77
MDS 0.09 0.54 0.09 0.72 0.07 0.79 0.06 0.82 0.05 0.84
M-Knockoff 0.00 0.05 0.00 0.11 0.00 0.16 0.00 0.19 0.00 0.25
F -Knockoff 0.15 0.53 0.12 0.70 0.10 0.76 0.11 0.79 0.10 0.81
BHq 0.08 0.38 0.07 0.62 0.06 0.72 0.06 0.78 0.05 0.81
BYq 0.01 0.29 0.01 0.56 0.01 0.66 0.01 0.74 0.01 0.78
MBHq 0.00 0.41 0.00 0.65 0.00 0.74 0.00 0.79 0.00 0.83
MBYq 0.00 0.40 0.00 0.65 0.00 0.74 0.00 0.79 0.00 0.83
(p = 2000) FDR Power FDR Power FDR Power FDR Power FDR Power
DS 0.11 0.34 0.10 0.56 0.10 0.66 0.10 0.70 0.10 0.73
MDS 0.09 0.51 0.09 0.68 0.07 0.76 0.07 0.79 0.06 0.81
M-Knockoff 0.00 0.04 0.00 0.09 0.00 0.14 0.00 0.17 0.00 0.19
F -Knockoff 0.16 0.50 0.12 0.65 0.11 0.73 0.11 0.76 0.11 0.78
BHq 0.08 0.34 0.08 0.55 0.08 0.68 0.07 0.72 0.08 0.77
BYq 0.01 0.25 0.01 0.48 0.02 0.62 0.01 0.67 0.01 0.73
MBHq 0.00 0.39 0.00 0.61 0.00 0.71 0.00 0.77 0.00 0.80
MBYq 0.00 0.38 0.00 0.61 0.00 0.71 0.00 0.77 0.00 0.80

Table C.4: Empirical FDRs and powers on the linear model, where the design matrix follows a multivariate normal distri-

bution with constant pairwise correlation 0.5. SNR represents the signal-to-noise ratio. The number of true features is 50
across all settings. The designated FDR control level is q = 0.1. The eight methods are, the single data-splitting method
(DS), the multiple data-splitting method (MDS), the model-X knockoff filter (M-Knockoff), the fixed-design knockoff fil-

ter with data recycling (F-Knockoff), the Benjamini-Hochbergmethod (BHq) and its multiple-splitting version (MBHq), the

Benjamini-Yekutieli method (BYq) and its multiple-splitting version (MBYq). The reported results are the empirical means

of 50 independent runs.
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