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Dealing with Interference on Experimentation Platforms

Abstract

The theory of causal inference, as formalized by the potential outcomes framework, relies
on an assumption that the experimental units are independent. When independence is not
tenable, we say there is interference, and the core results of causal inference can no longer
be guaranteed. Recent research efforts have focused on extending the theory to a setting
where interference is present. The many advantages of experimentation platforms over
more traditional settings of causal inference—no issue of non-compliance, large number of
experimental units, ease of collecting outcomes over the course of an experiment—make
them an ideal setting for studying causality with interference. With this setting in mind, we
explore how multi-level designs, Experiment-of-Experiments, can allow us to detect and
mitigate the effects of interference on experimentation platforms. In particular, we develop
a design-based statistical test for the no-interference assumption. We further design an
empirical procedure for comparing the effectiveness of cluster-based randomized designs.
Finally, we show that randomized saturation designs can be optimized to improve the
bias and variance of standard estimators, and extend these results to a new category of

randomized designs: optimized saturation designs.
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Introduction

Causal inference is the study of the relationship between cause and effect of an intervention
on a system. The potential outcomes approach to causal inference finds its roots in Jerzey
Neyman'’s (Splawa-Neyman et al., 1923, 1990) and Ronald A. Fisher’s work (Fisher, 1919,
1925, 1935), and was later continued by Donald Rubin in (Rubin, 1974, 1978). The framework
postulates that for every possible intervention on a collection of units, there are two possible
outcomes per unit: one “potential outcome” if the intervention occurs and one “potential
outcome” if the intervention does not occur.

For example, consider the cholesterol level of an individual if they take a specific
medication as well as their cholesterol level if they do not. The outcome metric of interest is
the individual’s cholesterol, and the intervention is whether or not they took the medication.
Together, these two possible values of cholesterol make up the potential outcomes. We
can define the causal effect of the medication as the difference between the two potential
cholesterol levels. This framework can be easily extended to multi-level treatments.

The potential outcomes notation frames the question of causality as a counter-factual
problem: we can only ever observe one potential outcome. Fisher’s intuition was that
this could be resolved with randomization. By randomizing over which units receive the
intervention and which units do not receive the intervention, it is possible to estimate the
causal effect unbiasedly under a specific set of assumptions.

There are many possible kinds of randomized assignment mechanisms, and not every
one is appropriate for drawing causal inferences. We will restrict ourselves to assignment

mechanisms that are individualistic, probabilistic, and unconfounded (Imbens and Rubin, 2015),



for which the common difference-in-means estimator is unbiased for the treatment effect of
an intervention. One additional assumption must hold true: the Standard Unit Treatment
Value Assumption (SUTVA) (Rubin, 1980), also known as the Individualistic Treatment
Response (ITR) (Manski, 2013) assumption. The stable unit treatment value assumption

states that

“The potential outcomes for any unit do not vary with the treatments assigned to
other units, and, for each unit, there are no different forms or version of each treatment
level, which lead to different potential outcomes.”

— (Imbens and Rubin, 2015)

In other words, the assumption holds if there is only a single version of each treatment
level (every prescribed cholesterol tablet of identical dose is considered equally efficacious)
and the treatment assignment of one unit does not interfere with another unit’s potential
outcomes. The no-interference component of this assumption—the treatment of one unit
does not affect the outcome of another unit—is not always tenable.

Mitigating interference was a concern from the start of randomized experiments. A
famous historical example was the use of “guard rows” to separate plots of land and prevent
the run-off from fertilized acres from contaminating unfertilized acres (Kempton, 1997).
Immunization campaigns are another classic example of randomized experiments where
measures were taken to mitigate interference. Indeed, the concept of “herd immunity”
alerted researchers to the fact that vaccinating an individual might impact the outcome of
other individuals in his or her social circle (Struchiner ef al., 1990).

As the scope of randomized experiments grew over time, so did our awareness of
interference. Precautions taken to mitigate the effects of interference can be found in recent
causal analyses, from education policy (Hong and Raudenbush, 2012), viral marketing
campaigns (Aral and Walker, 2011; Eckles et al., 2016), and healthcare (Shakya et al., 2017).
Large technology companies, with their reliance on ubiquitous A/B tests, have become
a new source of randomized experiments with interference (Eckles et al., 2016; Gui et al.,

2015). The experiments conducted by technology companies are an ideal testing ground



for quantifying and mitigating interference. In contrast with clinical trials or public policy
experiments (Sobel, 2006), technology companies have millions of units at their disposal
and rarely have to worry about notions of compliance. Furthermore, their mature ex-
perimentation platforms, (e.g. Google (Tang et al., 2010), Microsoft, (Kohavi et al., 2013),
Facebook (Bakshy et al., 2014), LinkedIn (Xu et al., 2015)), simplify the collection of outcome
metrics and covariates.

With the advent of online social networks in so many technological products today,
examples of A/B tests that suffer from interference have multiplied. Consider, for example,
an intervention on a user of a messaging platform designed to modify her behavior, causing
a faster response time and encouraging her to increase the number of messages she initiates.
The resulting behavioral change will invariably affect the friends on the platform she chooses
to communicate with; their own response time might decrease, which might in turn reduce
the response time of their friends. If one were simply to compare the response time of units
assigned to the intervention with the response time of units not assigned to the intervention,
both having decreased due to the intervention and the social mechanisms at play, the true
impact of the change to the messaging platform would be underestimated. In the extreme
case that the response time of every user decreases equally due to interference, the unwary
statistician might even conclude that the intervention has had no effect on the reponse time
of its users!

When interference is present, and the stable unit treatment value assumption is violated,
many fundamental results of the causal inference literature no longer hold. As illustrated in
the previous example, the difference-in-means estimator under a completely randomized
assignment is no longer guaranteed to be an unbiased estimator of the average treatment
effect (Imbens and Rubin, 2015). Similarly, controlling the variance of common estimators
becomes infeasible without a parametric model for outcomes (Basse and Airoldi, 2017).

The research community has made significant efforts to extend the theory of causal
inference to scenarios where the stable unit treatment value assumption does not hold. A

popular approach to minimizing the effects of interference, cluster-based randomized designs,



have been extensively studied, spanning from the early work of (Cornfield, 1978; COMMIT,
1991; Donner and Klar, 2004; Murray et al., 2004) to more recent contributions by (Ugander
et al., 2013; Walker and Muchnik, 2014; Eckles et al., 2017). Cluster-based randomized designs
assign units to treatment or control in groups to limit the amount of interaction between
different treatment buckets.

Designs where treatment is applied with different proportions across the population,
known as randomized saturation designs (Hudgens and Halloran, 2008; Tchetgen and Vander-
Weele, 2012; Baird et al., 2016), are another important tenet of the literature on improving
causal estimates under interference, having been applied to vaccination trials (Datta et al.,
1999) and voter-mobilization campaigns (Sinclair et al., 2012). More recently, a literature has
developed around various assignment strategies and estimators, beyond cluster-based ran-
domized design or randomized saturation designs with specific guarantees under specific
models of interference (Backstrom and Kleinberg, 2011; Katzir et al., 2012; Toulis and Kao,
2013; Manski, 2013; Choi, 2014; Basse and Airoldi, 2015; Gui et al., 2015).

In the following chapters, we will provides answers to the following questions on causal

inference with network interference:

1. Can we design a randomized experiment that tests, with minimal assumptions,

whether interference is present? [Chapter 1]

2. Can we determine which of two cluster-based randomized designs is most appropriate

without explicit knowledge of the interference structure of the experiment? [Chapter 2]

3. When do we stand to gain from running randomization saturation designs in the

presence of interference? [Chapter 3]

In tackling these questions throughout the following chapters, we will often look to a
particular type of randomized experiment, which we name Experiment-of-Experiments designs,
to provide answers. Experiment-of-Experiments designs implement the idea of testing
multiple randomized design strategies within the same experiment. In Chapter 1, we develop

an Experiment-of-Experiments design to test whether the no-interference assumption is
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violated in an experiment. In Chapter 2, we introduce an Experiment-of-Experiments
design to allow an empirical comparison of cluster-based randomized designs and their
effectiveness. In Chapter 3, we show that randomized saturation designs—also a type
Experiment-of-Experiments design—can be optimized to reduce the bias and variance of
common estimators. In fact, we show that these results can be further improved with a new
category of randomized designs: optimized saturation designs. In developing solutions
from this common thread, we hope to show the power and versatility of Experiment-of-

Experiments designs in answering questions of causal inference with interference.



Chapter 1

Testing for interference

In this chapter, we tackle the first research question listed in the introductory chapter, which

we restate here:

Can we design a randomized experiment that tests, with minimal assumptions, whether
interference is present?

Statisticians at large technology companies have millions of experimental units at their
disposal, and rarely deal with issues of compliance!. One remaining primary concern that
experimenters face is the presence of bias in their experiments, primarily due to interference.
Without ground truth knowledge, it is impossible to know whether the estimators of
an experiment are biased or not. Testing whether SUTVA holds serves as a litmus test
for whether the standard estimators are unbiased or whether more sophisticated causal
inference designs or imputation mechanisms need to be deployed.

The null hypothesis that SUTVA holds can be formulated as such:
VZ,7' € {0,1}N, Vi, Z; = Z] = Yi(Z) = Y;(Z)) (1.1)

It is not a sharp null and the standard Fisher randomization test does not apply here.

IThere are exceptions; for example, when analysing the launch of a new feature/interface on a website
or mobile application that is accessible to a user only if that user accepts the change, by e.g. upgrading their
mobile application.



(Rosenbaum, 2007) was the first to formulate two sharp nulls, which are necessary but not
sufficient conditions for SUTVA to hold. More recent work (Aronow, 2012; Athey et al.,
2015; Basse et al., 2017) explicitly tackles testing for the non-sharp null that SUTVA holds
by considering the distribution of an interference effect parameter of the experimenter’s
choosing for a subpopulation of the graph under SUTVA. The clear advantage of these
analysis-centric approaches is that they does not interfere with the design of the experiment,
hence giving the experimenter the freedom to choose the method of analysis. However, the
result is ultimately dependent on the chosen interference parameter.

In this paper, we propose an Experiment-of-Experiments design that allows the experi-
menter to test whether SUTVA holds. Our design-centric approach is in the spirit of the
Durbin-Wu-Hausman test for endogeneity in econometrics (Durbin, 1954; Wu, 1973; Haus-
man, 1978), in which multiple estimators return the same estimate if and only if the null
hypothesis holds. The design that we introduce makes no assumptions on the interference
model between units; it comes with a sharp bound on the variance (under some conditions)
and an implied analytical bound on the Type I error rate. Most importantly, the proposed
design is non-intrusive in that it allows the experimenter to analyse the experiment in a
classical way with a smaller sample size.

In Section 1.1, we introduce and provide intuition for the suggested Experiment-of-
Experiment design and resulting statistical test for interference. We provide guarantees on
the Type I and II error of the suggested test in Section 1.2. In Section 1.3, we discuss possible
modifications to the Experiment-of-Experiments design that can be implemented to meet
practical constraints. Finally, in Section 1.4, we present some of the results obtained for an
experiment launched in August 2016 on LinkedIn’s experimentation platform using our

suggested framework.

Acknowledgements: The results of this chapter are based on two research papers (Saveski
et al., 2017; Pouget-Abadie et al., 2017), which are the results of a collaboration with Edoardo
M. Airoldi, Weitao Duan, Souvik Ghosh, Guillaume Saint-Jacques, Martin Saveski, and Ya

Xu.



1.1 An Experiment-of-Experiments design

Consider N experimental units which we can assign to either treatment or control. Let Z;
indicate the intervention assigned to unit i: Z; = 1 if unit i is assigned to treatment and
Z; = 0 if unit i is assigned to control. Per the potential outcomes framework (Imbens and
Rubin, 2015), each unit has a potential outcome Y;(Z) for each assignment vector Z € {0, 1} .

The causal estimand of interest is the Total Treatment Effect (TTE) defined by:

1
N :

1

™z

N
TTE = Yi(Z:I)—%ZYi(Z:O). (1.2)
i=1

Il
—_

We denote by Y(Z) the potential outcome vector under assignment Z. For any vector
u e RN letw:= YN, u and 0?(u) = 5 LN, (u; — u)% The definition of the Total

Treatment Effect (TTE) can be rewritten using this notation:

TTE = Y(1) — Y(0). (1.3)

Two popular experimental designs, the Completely Randomized (CR) design and the
Cluster-Based Randomized (CBR) design, are unbiased for the Total Treatment Effect when
SUTVA is present. Recall that in a Completely Randomized experiment (CR), we sample the
assignment vector Z uniformly at random from the set {z € {0,1}" : ¥z, = n;}, where
n; is the number of units assigned to treatment and 7, := N — n; is the number of units
assigned to control. In a Cluster-Based Randomized assignment (CBR), we randomize over
clusters of units in the graph, rather than individual units. We suppose that each unit is
assigned to one of M clusters. We sample the cluster assignment vector z uniformly at
random from {v € {0,1}M : ¥ v; = m,;}, assigning units in cluster C; to the corresponding
treatment: Z; = 1 & z; = 1if i € C;, where m; is the number of clusters assigned to
treatment and m, := M — m; is the number of clusters assigned to control. We use the
notation Z ~ CR to denote an assignment vector sampled according to a completely
randomized (CR) design, and Z ~ CBR to denote an assignment vector sampled according
to a cluster-based randomized (CBR) design.

Let Y; := {Y; : Z; = 1} be the outcome vector of all treatment units and Y. := {Y;: Z; =



0} be the outcome vector of all control units. We define the difference-in-means estimator
Ter as

fcr = Yt_YC (1.4)

Recall that the variance 0, of the difference-in-means estimator under a completely random-

ized assignment is given by:

. St 'S¢ S
05 = Varzcr[te] = ],Ti + ;c - ﬁ (1.5)
Cc

where S; = 02(Y(1)), Sc == 02(Y(0)) and Sy := ¢?(Y(1) — Y(0)), where Y(1) — Y(0) is the
element-wise difference between vectors Y(1) and Y(0). See Section A.1 in the Appendix
for more details.

Let Y]-+ = Liec, Yi be the aggregated outcome of cluster j. Let Y, = {Y]+ :zj =1}, and

Y= {Y;r :zj = 0}. We define the Horvitz-Thompson estimator as:

tar = 5 (Y- X7) (16)

Recall that the variance of 1., under a cluster-based randomized assignment is given by:
02y = Varz.cpr[tm] = ]I\\[/I; (ii + “ZZ - ?&) (1.7)
where S/ == ¢2(YT (1)), SF == ¢2(Y"(0)) and S} :== ¢*(Y" (1) — Y™ (0)). See Section A.1 in
the Appendix for more details.
It is a well-known result that the difference-in-means estimator is unbiased for the
Total Treatment Effect under SUTVA for a completely-randomized assignment and that the
Horvitz-Thompson estimator is also unbiased for the Total Treatment Effect under SUTVA

for a cluster-based randomized assignment (Middleton and Aronow, 2011):
Ezcr[ter] = Ez~cpr[Ta] = TTE (1.8)

The unbiasedness of the cluster-based randomized (CBR) design does not require the
clusters to be of equal size. When SUTVA does not hold, the equality result of Equation 1.8

is no longer guaranteed and we expect the estimate of the Total Treatment Effect to be



different under each design when interference is present.
For example, assume a network over the units of experimentation, such that the immedi-
ate neighborhood N; of a unit i are the units likely to interfere with unit 7, and the following

linear model of potential outcomes:
Vi, Y,’(Z) =+ BZ; + ypi + € (1.9)

where p; = l/\lf—‘ Y jen; Zj is the average number of treated neighbors in unit i’s neighborhood
N;and €; ~ N(0,02) L p;. B is often interpreted as a “direct treatment effect” parameter

and v is often interpreted as an “interference effect” parameter.

Lemma 1. Under the model of interference in Eq. 1.9, the expectation of ., under a completely-

randomized (CR) assignment and T, under a cluster-based randomized (CBR) assignment are:

Y

EZ,e[fcr] =p—- N_1 (1.10)
Ezeltwr] =B~ <W> (1.11)

where pc == % ¥; Wﬁf‘(i)' and C(i) is the cluster unit i belongs to.

A proof is included in Section A.2 of the Appendix. p¢ can be interpreted as the
average number of edges not cut by the partitioning, weighted by each node’s degree. If the
clustering is perfect (no edges cut), then po = 1. According to Lemma 1, when interference is
present, neither estimator is unbiased for the Total Treatment Effect (TTE). Critically, the two
estimators do not have the same expectation under the interference model in Equation 1.9.
As a result, if it were possible to apply both the completely randomized and cluster-based
randomized designs, we could test for interference by comparing the two estimates from
each assignment strategy: if the two estimates are significantly different, there is interference;
otherwise, we expect that there is no interference.

Unfortunately, just as we cannot observe each unit’s outcome under both treatment and
control, we cannot observe every unit’s outcome under both designs. We solve this problem
by randomly assigning units to one of two treatment arms and, within each treatment arm,

following either a CR or a CBR design. In order to assign units to treatment arms, we

10



Arm CBR Arm CR

/ CBR\

& &

Control Treatment Control Treatment
(Z=0) (Zz=1) : (Zz=0) (Zz=1)

R
Hebr Her

Figure 1.1: Illustration of the experiment-of-experiments design for testing for interference.

use a cluster-based randomized design. This allows us to maintain some of the network
interference structure intact within each treatment arm without sacrificing covariate balance
or introducing bias. Once units are assigned to treatment arms, we apply within each

treatment arm either a cluster-based randomized design or a completely randomized design.

The procedure is described in pseudo-code in Algorithm 1 and illustrated in Figure 1.1.
We group the units into M clusters C, each cluster having the same number of units. We
then assign units to treatment arms cr and cbr following a cluster-based design using C
as the clustering. Let W € {0,1}" be the corresponding assignmnent vector of units to
these treatment arms. Let m,, (resp. n.,) be the number of clusters (resp. units) assigned to
treatment arm cr (W; = 1) and let m, (resp. ny,) be the number of clusters (resp. units)

assigned to treatment arm cbr (W; = 0). We assign all units such that W; = 1 to treatment

11



Algorithm 1: Testing for interference

Cluster the N units into M clusters C;

Assign m,, clusters to treatment arm cr uniformly at random;

Assign the remaining m,y, clusters to treatment arm cbr;

Assign 1., units in treatment arm cr to treatment uniformly at random;

Assign the remaining 7., units in treatment arm cr to control;

Assign m.y, ; clusters within treatment arm cbr to treatment uniformly at random;
Assign the remaining i, . clusters within treatment arm cbr to control;

and control using a completely randomized assignment, and all units such that W; = 0 to
treatment and control using a cluster-based randomized assignment assignment. We let

Z € {0,1}N be the resulting assignment vector of units to treatment and control.

1.2 Theoretical results

In this section, we show how to conduct a statistical test for SUTVA from the Experiment-
of-Experiments design presented in Section 1.1. We first define a difference-in-differences
estimator. Let Y := {Y; : W; = 1A Z; = 1} be the outcomes of the treated units in
the cr arm and let Y., := {Y; : W; = 1 A Z; = 0} be the outcomes of the control units
in the cr arm. Recall that Yj+ = Yiec; Vi is the aggregated outcome of cluster Cj. Let
ijr,t = {Y]+ :Vie Cj, Wi =0AZ; =1} be the aggregated cluster-outcomes of the clusters

assigned to treatment in the cbr arm, and let Y, = {Y]+ : Vi€ Cj, W; =0A Z; =0} be the

cbr,c

aggregated cluster-outcomes of clusters assigned to control in the cr arm. We define two

estimators for the Total Treatment Effect as well as the difference-in-differences estimator A:

Tor = Ycr,t - Ycr,c (1.12)
A m Evan Evan
Tebr = chr (Y+cbr,t - Y+cbr,c> (1.13)
Mepr
A= T — Topr (1.14)

We examine the first moment of the difference-in-differences estimator under SUTVA in the

following theorem.
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Theorem 1. If SUTVA holds, and each cluster in C has the same size, then the expectation and

variance of the difference-in-differences estimator is given by:

Ewz[A] =0 (1.15)

Ner M
N —1M—1

m M

e — 1 crfebr

The definitions of 0% and ¢?, can be found in Equations 1.5 and 1.7. A proof of

Theorem 1 can be found in Section A.4. We conduct the following hypothesis test.

Proposition 1. Let the Null hypothesis be that SUTVA holds and let 6> € R be any computable
quantity from the experimental data which upper-bounds the true variance: 6> > Varw z[A]. We

reject the null if and only if:

b, — 1 1
’T”\/g‘”' > (1.17)

1.2.1 The Type I error rate

The following proposition controls the Type I error of our hypothesis test. It is a straightfor-

ward extension of Chebychev’s inequality.

Proposition 2. If SUTVA holds, and each cluster in C has the same size, then we reject the null

(incorrectly) with probability no greater than a.

A proof of Proposition 2 is included in the supplementary material. This result holds for
any balanced clustering and for any model of interference. This is not surprising because the
theorem states a result on the Type I error of our test, under which we can assume SUTVA.
The tricky part of this hypothesis test is coming up with an appropriate upper-bound for
the variance.

We now define a good candidate to upper-bound the variance inspired from Neyman's
variance estimator. Let SAC,,t =02(Y;: W, =1AZ; = 1), SAN,C =02(Y; : Wy =1AZ; =0),

St -:UZ(Y]TL:wj:OAzjzl),and§+ =Y twj =0Az;=0).

cbrt cbr,c
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Theorem 2. Let 0 be our empirical variance upper-bound defined by:

A A A+ &+

~ Scr t Scr c mz Scbr t Scbr c

0.2 — L £ 2cbr LA / (1.18)
Ner t Ney,c noy. \ Mebr,t Mepr

If SUTVA holds and all the clusters of C are the same size, then the previous quantity upper-bounds

the theoretical variance of the A estimator in expectation:
Ew,z [6?] > Varwz[A]

In the case of a constant treatment effect, 3T € R, Vi,Y;(1) = Y;(0) + T, the above inequality is
figl’lt.’ EW,Z [(ATZ] = Varw,Z[A].

In other words, summing the normalized variances of the observed outcomes in each
treatment bucket of each treatment arm upper-bounds the variance of the difference-
in-means estimator in expectation. The condition of Proposition 1 will be met only in
expectation, however this is often deemed to be a sufficient condition in the literature
(Imbens and Rubin, 2015).

Another possibility for upper-bounding the theoretical variance of the difference-in-
differences estimator is to approximate it assuming Fisher’s Null of no treatment effect:
Vi, Y;(1) = Y;(0). Under Fisher’s null, the theoretical formula for the variance becomes
computable from the observed data. It is sometimes reasonable to assume that the variance
of our estimator under Fisher’s null is a good proxy for the variance under SUTVA, though
this assumption may not always be appropriate. Let S := ¢?(Y) be the variance of all
observed potential outcomes, and S := ¢?(Y™) be the variance of all observed aggregated

outcomes.
Theorem 3. Under Fisher’s null hypothesis of no treatment effect, if all clusters of C have the same
size,

Ney M Ney
Ny —1M—1 Ner tNer,c

Varw z[A] = S+ (1 Y, (’”C’” ) Mebr g+ (1.19)

Ner — 1) My, Mebr,c
A proof is included in Section A.6. Finally, a different way of rejecting the null from

Proposition 1 is to approximate the test statistic T := L\/Uﬁz”“ by a normal distribution N'(0, 1).

14



In this case we obtain the following conservative (1 — ) x 100% confidence intervals:
1- —
CI'=*(T) = (T—z%,T—le,%) (1.20)

where z: and z;_4 are the 7 quantile of the standard normal distribution.

1.2.2 The type II error rate

To paraphrase the result stated in Proposition 2, if we set our rejection region to {T > ﬁ}
and the inequality 6> > ¢? holds, then the probability of falsely rejecting the null is
lower than x. Computing the Type I error is straightforward because we work under the
assumption that SUTVA holds. The same is not true of the type II error rate, where we must
posit a model for the interference between units.

In Section 1.1, we saw that the expectation of the fi., and fi ., estimators for CR and CBR
assignments differed under a linear model of interference described in Equation 1.9. We
complete this analysis by computing the type II error of our test under this same model of
interference. Recall that pc == % P W"Tvicl‘(l)‘ is the average fraction of a unit’s neighbors

contained within its cluster C(i).

Theorem 4. If all clusters of C have the same size, then under the linear model of interference
defined in Eq. 2.7, the expectation of the difference-in-differences A estimator under our suggested

hierarchical design is given by:

under the assumption that ne, >> 1, mep, >> 1, and me, >> 1.

A proof is included in Section A.7 of the appendix. The result of Theorem 4 is intuitive:
the greater the interference parameter |y| and the better the clustering (higher p¢), the larger
the expected difference between the estimators in each of the two arms is.

Knowing the type II error rate can help us determine which clustering of the graph is
most appropriate. The selection of hyper-parameters in clustering algorithms, including

the number of clusters to set, can be informed by minimizing the type II error under
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plausible models of interference. The optimization program varies depending on the choice
of variance estimator 63 for a clustering C:
max ,

M,C AD
oc

where C is composed of M balanced clusters. We discuss a reasonable heuristic in Section 1.4.2

to solving this optimization program, conjectured to be NP-hard.

1.3 Variations of the Experiment-of-Experiments design

1.3.1 Bernoulli randomization as an alternative assignment strategy

The completely randomized (CR) assignment is a well-understood assignment mechanism,
which avoids degenerate cases where all units are assigned to treatment and control.
However, experimentation platforms at major internet companies are rarely set up to run
completely randomized experiments. Instead, these platforms run Bernoulli randomized
(BR) assignments, which for large sample sizes, are intuitively equivalent. We provide a
formal explanation as to why running a Bernoulli randomized assignment does not affect
the validity of our test in practice: the variance of the difference-in-means estimator under
the Bernoulli randomized mechanism and the completely randomized mechanism are

equivalent up to O(1/N?) terms.

Theorem 5. Let BR be the re-randomized Bernoulli assignment, assigning units to treatment with
probability p := n;/ N and to control with probability 1 — p = n./ N, rejecting the edge-assignments
where all units are assigned to treatment or control. For all N > 2 such that pN +(1- p)N <1/N?
we have the following upper-bound:

|Varzpr[t] — Varz.cr[t]| <5 <0'2(:2(1)) X ‘72(:2(0)))

A proof is included in Section A.8 in the Appendix. We did not seek to optimize the

constant coefficient.
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1.3.2 Stratification and subsampling considerations

One practical concern with our suggested hierarchical design is that if the chosen number of
clusters is small, possibly much smaller than the number of units, we run the risk of having
strong covariate imbalances between the two treatment arms. In this case, we recommend
using a stratified treatment arm assignment. Let each graph cluster be assigned to one
of L strata. Within each stratum s, we assign clusters completely at random to treatment
arm cr(s) and treatment arm cbr(s). Within each strata s, units in treatment arm cr(s)
are assigned completely at random to treatment and control, while clusters in treatment
arm cbr(s) are assigned completely at random to treatment and control. Let fls(s), ficp,(s),
and A(s) be the restriction of fls, ficp,, and A respectively to stratum s and M(s) be the
total number of clusters in strata s. The stratified A’ estimator can be expressed as an

appropriately weighted average of the A(s):

A=y MPA(s) (1.22)

For a given empirical upper-bound &2(s) of Varys) 7(s)[A(s)], we define an empirical upper-
bound 6%

o2 .=yl (%)2 62(s) (1.23)

The results of Section 1.2 can easily be adapted to the stratified setting.

Proposition 3. If SUTVA holds, and each cluster in C has the same size, then the stratified empirical
variance upper-bound upper-bounds the theoretical variance of the stratified difference-in-differences
estimator in expectation:

Ew,z [07?] > Varwz [A'] (1.24)

An additional practical constraint is that online experimentation platforms need to run
multiple experiments simultaneously, with multiple values of treatment and control. As
a result, each experiment runs within a segment of the population chosen completely at
random, leaving the other units available for other experiments. This subsampling, done

completely at random at the unit-level, might negatively impact the quality of the clustering
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in the cbr treatment arm. We therefore advise against subsampling in the cluster-based
randomization arm, since not enough graph structure might be preserved post-subsampling.
In other words, we recommend subsampling at the cluster-level, rather than at a unit-level,

when deciding which units to include in the experiment.

1.4 Illustration on the LinkedIn experimentation platform?

Modern IT companies (e.g. Google (Tang et al., 2010), Microsoft, (Kohavi et al., 2013),
Facebook (Bakshy et al., 2014), LinkedIn (Xu et al., 2015)) rely heavily on experimentation to
understand the effect of each product decision, from minor UI changes to major product
launches. Due to their extensive reliance on randomized experiments, these companies
have each built mature experimentation platforms. It is an open question how many of
these experiments violate SUTVA. By collaborating with the team in charge of LinkedIn’s
experimentation platform, we were able to apply the previous theoretical framework to test
for interference in one of LinkedIn’s many randomized experiments.

Users on LinkedIn interact with content posted by their “connections” through a per-
sonalized feed. Rather than presenting the content chronologically, LinkedIn’s feed ranks
content by relevance. In order to improve the user experience, LinkedIn’s feed team seeks
improvements to the ranking algorithm and to determine the impact of each modification
on key user metrics through randomized experiments. Key user metrics include time spent
on the site, engagement with content on feed, and original content creation.

Experimentation on feed ranking algorithms is a typical case where interference between
units is present. If a user is assigned to a feed ranking algorithm that pushes more relevant
content to the top than the default algorithm, they will interact more with their feed by
liking, commenting on, or sharing more content. Each action can potential appear in their
connection’s feed, thus affecting their user metrics. We seek to understand whether these

network effects are significant.

2This section is the result of work done jointly with Martin Saveski.
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1.4.1 Experimental set-up

To run the experiment, we
(i) clustered the LinkedIn graph into balanced clusters (cf. Section 1.4.2),
(ii) stratified the clusters by blocking on cluster covariates,

(iii) assigned a subset of clusters to treatment and to control chosen at random. These

clusters constitute the second treatment arm.

(iv) Any unit not already assigned to treatment or control in step (iii) was given to the main
experimentation pipeline: a sub-population of units is sub-sampled at random (cf.
Section 1.3.2) and then assigned to treatment and control using a Bernoulli randomized

assignment (cf. Section 1.3.1).

The number of units in each treatment arm was in the order of several million. Before
applying treatment to units assigned to treatment, we ran covariate balance checks and
measured outcomes 2 months prior to the experiment. The resulting outcomes can be
found in Figure 1.3. As suggested in Section 1.3.2, we assigned each cluster to one of S
strata in order to ensure balance of cluster-level covariates. We collected four covariates
in each cluster: number of edges within the cluster, number of edges with an endpoint in
another cluster, and two metrics that characterize users’ engagement with the LinkedIn feed,
averaged over all users in the cluster. We then stratified the clusters using balanced k-means

clustering (Malinen and Frénti, 2014) to work best.

1.4.2 Clustering the LinkedIn graph

The main challenge of implementing the proposed test for interference is clustering the graph
into clusters of equal size. In the last several years, there has been good progress in develop-
ing scalable balanced clustering algorithms for graphs with billions of edges (Tsourakakis
et al., 2014b; Aydin et al., 2016). These algorithms have enabled practitioners to conduct large

scale ccluster-based randomized experiments (Ugander and Backstrom, 2013; Saveski et al.,
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2017; Rolnick et al., 2017). We performed an experimental evaluation of several of these

balanced clustering algorithms.

Comparison of clustering algorithms

Due to the scale of the LinkedIn graph—millions of nodes and billions of edges—we consid-

ered only streaming algorithms which were parallelizable while also enforcing balance:

e METIS (Karypis and Kumar, 1998) is a widely-used batch-clustering algorithm, and
thus serves as our baseline to compare the quality of the clustering achieved by the

streaming algorithms.

* Balanced Label Propagation (BLP) (Ugander and Backstrom, 2013) is an iterative al-
gorithm that greedily minimizes edges-cut by solving a Linear Program to find an

optimal relocation of nodes while maintaining balance

* Restreaming Linear Deterministic Greedy (reLDG) (Nishimura and Ugander, 2013) is a
restreaming version of the Linear Deterministic Greedy (LDG) algorithm (Stanton
and Kliot, 2012). LDG assigns each node i to a cluster j according to the following
objective:

Ct
arg max ]C]t AN (i)] (1 — |]> , (1.25)
je{1,...M} H;

]

where C; is the set of nodes assigned to cluster j at step t of the algorithm, H; is the
maximum capacity of cluster C; (usually set to & to achieve perfect balance), and N (i)
is the set of neighbors of node i in the graph. The first term maximizes the number
of edges within clusters, while the second term enforces balance on the cluster sizes.

Nishimura and Ugander then show that restreaming significantly increases the quality

of the clusters compared to a single pass (Nishimura and Ugander, 2013).

¢ Restreaming FUNNEL (reFUNNEL) (Nishimura and Ugander, 2013) is a restreaming

version of the FUNNEL algorithm (Tsourakakis et al., 2014a), which is itself a streaming
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Number of clusters (k) BLP reFENNEL reLDG METIS

100 26.7% 31.7% 35.6%  35.0%
300 22.7% 27.7% 29.9%  29.4%
500 - 26.1% 27.7%  27.0%
1000 - 23.9% 24.7%  23.8%

Table 1.1: Evaluation of the different balanced clustering algorithms. We report the percentage of within-cluster
edges per clustering of the Netherlands LinkedIn graph. The values in bold represent the best performance. For
BLP, we report results only for k = 100 and k = 300, since the running times of one iteration for larger values
of k were too long.

generalization of the modularity maximization. It assigns nodes to clusters as:
arg max IC;iNN (u)| — a|Cyl,
el...

where « is a hyper-parameter. Unlike LDG, FUNNEL ensures only approximate
balance, unless a« > (%1 Nishimura and Ugander (Nishimura and Ugander, 2013)
suggest increasing « in each restreaming pass to achieve best results. We run with

linearly and logarithmically increasing schedules.

We first compared these algorithms on a smaller geographically well-isolated subset
of the LinkedIn graph, the Netherlands, the results of which can be found in Table 1.1.
We found the restreaming version of the Linear Deterministic Greedy algorithm (reLDG)
to work best. To cluster the full LinkedIn graph, we ran the parallel version of reLDG,
setting the number of clusters to k = {1000, 3000, 5000, 7000, 10000} and a leniency of 1%
for the balance constraint, to slightly sacrifice balance for better clustering quality. In the
experiment, we used the clustering obtained by setting k = 3000 as it compromises between
maximizing the fraction of edges within clusters (28.28%) and minimizing pre-intervention
variance. The comparison of the clustering quality for various cluster sizes can be found in

Table 1.2.
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Number of clusters (k) % of edges within clusters

1000 35.6
3000 28.5
5000 26.2
7000 22.8
10000 21.1

Table 1.2: Evaluation of different cluster-sizes for the ReLDG algorithm. We ran the parallel version of reLDG
for 35 iterations.

Simulation study

We ran two small-scale simulation studies to understand the effect of the clustering on the
type I and type II error of our test.

Since we have a theoretical bound on the Type I error of our test under the assumption
that our empirical upper-bound for the variance upper-bounds the theoretical variance for
the realized assignment 0%(Z) > Varz[A] — a property which is only guaranteed to hold
true in expectation (cf. Theorem 2) — we examined this condition in the first simulation
study. We fixed the cluster-size to 100 units but varied the number of clusters from 500 to
3000, effectively growing the graph from 50,000 to 300,000 units. In Figure 1.2, we report the
expectation and the 10" and 90" quantiles of the ratio of the true variance of our estimator
Var[A] over 500,000 simulations for each value of the number of clusters. The upper-bound
holds (tightly) in expectation but is not an upper-bound almost surely. However, despite
the diminishing returns on confidence interval reduction from increasing the number of
clusters, we see that for a number of cluster M > 2000, the upper-bound &2 concentrates
90% of the time in the [.95, 1.05] x Var[A] range.

We examine the Type II error of our test in the second study. We considered a block-
model graph with 40 balanced clusters of 1000 units. The edges of the graph were sampled
such that the probability of an edge existing between two units in clusters C; and C;

respectively is given by a constant cluster-level probability A;; (= Aj;). We chose (.01, 31),
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Figure 1.2: Quality of the empirical variance upper-bound estimator as a function of graph size under SUTVA.
We plot the expectation as well as the 10" and 90" quantiles of the ratio of the empirical upper-bound estimator
02 (cf. Eq 1.18) over the true variance Var[A] as a function of graph size. We kept the cluster-size fixed to 100
units.

(.15, 45), and (.3, .6) as three tuples denoting the outer-diagonal and inner-diagonal
probabilities, corresponding to values of the pc parameter equal to (.05, .2, .4) respectively.
Recall that pc is a measure of graph cut quality — the higher pc is, the fewer edges of
the graph are cut. We varied the value of the interference parameter from 0 to 1.4 and
computed the probability of rejecting the null under 1000 simulations. We assumed a linear
interference model in Equation 1.9, fixing the value of the constant parameter to 0 (x = 0)
and the direct treatment effect parameter to 1 (8 = 1).

We report the results in Fig. 1.3. Even with a low pc coefficient of .05 inter-cluster edges,
we correctly detect levels of interference that are of similar magnitude to the direct effect
(equal to 1 here) ~ 75% of the time. Furthermore, if p¢ > 0.4, corresponding to a clustering
which cuts fewer than 40% of all edges of a regular graph, we correctly detect levels of
interference that are at least 1/5th of the magnitude of the direct treatment effect 99.9% of

the time.
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Figure 1.3: Impact of the interference parameter and clustering quality on the experimental power of the
Experiment-of-Experiments test for interference. We plot the probability of rejecting the null hypothesis of
SUTVA according to our suggested test for interference, for different values of -y and p¢. The interference
model is taken from Eq. 1.9, with « = 0 and B = 1. p¢ is the average number of edges cut, weighted by each
node’s degree, as it appears in Eq. 1.21.

1.4.3 Experimental results

We launched our experimental design on the LinkedIn experimental platform, in August
2016. We considered a subset of the LinkedIn graph, containing several million users in
treatment arm. We measured each user’s engagement with their LinkedIn feed at various
points in time: y;(tyonms), Which we expected to have strong interference effects. The
primary outcome of interest was the change in a user’s engagement over time: Y;(tyonms) =
Yi(tmontns) — Vi(Emonths — 2), where t,0,s — 2 takes place two months before date t. As a
sanity check, we ran an A/A test on Y, = Y;(—2) = yi(—2) —yi(—4), where t = 0 is
the month the intervention was launched and t = —2 takes place two months prior. As
expected, we found that no significant interference in the A/A test, with a p-value of 0.68
using the gaussian assumption from Equation 1.20. We then evaluated the presence of
interference on Y;(2) = y;(2) — y;(0), where t = 2 takes place two months after the launch
of the randomized experiment. We found a p-value less than 0.05 and hence conclude that

interference is present in the graph. The results are reported in Table 1.3.
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1.5 Conclusion

We have proposed an Experiment-of-Experiments test for interference, which we have
validated on a live experiment on the LinkedIn platform. The test compares the outcome
of a completely randomized assignment to a cluster-based randomized assignment. Our
framework can easily be adapted to comparing different estimators or different designs
altogether. Another possible improvement to the suggested design is to re-cluster the graph
after the assignment of units to treatment arms, rather than re-using the initial clustering.
Finally, further power analysis, such as exploring other parametrizations of interference, is

beyond the scope of this chapter.
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Chapter 2

Optimizing cluster-based randomized

experiments

In this chapter, we tackle the second research question listed in the introduction, which we

restate here:

Can we determine which of two cluster-based randomized designs is most appropriate
without explicit knowledge of the interference structure of the experiment?

Recall that when SUTVA does not hold, a popular randomized design to mitigate
interference is the cluster-based randomized design. A cluster-based randomized design
assigns units in groups in the attempt to minimize the interaction between groups assigned
to different values of the intervention. For a perfect clustering of units, with no interaction
across groups, otherwise known as clusters, we recover many of the results stated under
SUTVA.

In practice, however, such a grouping of units may not exist and A/B test practitioners
often settle to find the best possible clustering. Finding the “best possible” clustering is often
formulated as finding the balanced mininum cut of a weighted graph, where the nodes of
the graph are the expeirimental units and the edges represent how liable two units are to

interfere with one another. This is a challenging task, both algorithmically and empirically.
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Algorithmically, clustering a graph into M balanced clusters is known to be NP-hard, even
if we tolerate some unevenness in the clusters sizes (Andreev and Racke, 2006). Empirically,
it is not always clear what the correct graph representation of the interference mechanism is:
deciding which edge belongs to the graph and its edge weight is a non-trivial problem.

While the literature on finding balanced clustering of weighted graphs and analysing
cluster-based randomized designs is extensive (Donner and Klar, 2004; Middleton and
Aronow, 2011; Eckles et al., 2017), there are relatively few prior works that tackle the
question of determining which of two balanced clusterings is most appropriate without
assuming that the exact structure of the interference mechanism is known. The objective
of this paper is to show that we can, in fact, identify the better of two clusterings through
experimentation under a specific assumption on the interference mechanism, which we call
monotonicity.

We make the following contributions: we present an experiment-of-experiments design
for comparing cluster-based randomized designs. We define a monotonicity assumption
under which we can determine which clustering produces the least-biased estimates of the
total treatment effect using this comparative design. We prove that pricing experiments in
the context of ad exchanges verify this monotonicity assumption, and thus our framework
applies to this illustrative example. In particular, we state results for the welfare of a
single-item second-price auction and the Vickrey-Clarke-Groves auction in the positional ad
setting. Finally, we report an empirical simulation study of our algorithms for a publicly-
available dataset for online ads. While pricing experiments are done in the context of ad
exchanges (AdE, 2018), we note that this chapter is a theoretical study of the subject and
does not include any real treatments of ad campaigns.

In Section 2.1, we define the monotonocity assumption, describe the suggested experiment-
of-experiments design, and propose a test for interpreting its results. In Section 2.2, we
explain how this framework can be applied to a real-world setting, by showing that reserve-
price experiments on advertising auctions are monotone. Finally, we validate these findings

on a Yahoo! ad auction dataset in Section 2.3.
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2.1 An Experiment-of-Experiments design

In this section, we define the monotonicity assumption, introduce our experiment-of-
experiments design, and suggest an approach to analysing its results. We will re-use much
of the notation from Chapter 1.

Notably, let N be the number of experimental units, Y the outcome vector, and Z the
assignment vector of units to treatment (Z; = 1) or control (Z; = 0). The estimand of interest
is once again the Total Treatment Effect (TTE) (cf. Equation 1.3). We will use the notation
Ez.c[X] to denote the expected value of estimator X under a cluster-based randomized
design, which assigns the clusters of a clustering C uniformly at random to treatment or
control. We will use C-CBR as a shorthand for such an assignment mechanism. Once again,
M; is the number of clusters assigned to treatment and M, the number of clusters assigned
to control. M = M; + M, is the total number of clusters.

Recall that the Horvitz-Thompson estimator (cf. Eq. 1.6) is an unbiased estimator of the
Total Treatment Effect for any non-trivial C-CBR assignment under SUTVA (cf. Equation 1.8).
When SUTVA does not hold, unbiasedness is no longer guaranteed, and the Horvitz-
Thompson estimator ¥ may be biased. Our objective is to minimize bias with respect to the
clustering, without assuming any explicit knowledge of the interference mechanism or the

estimand. This objective is summarized in the following equation:

min |Ez.c[t] - TTE| 2.1)

2.1.1 A monotonicity assumption

Choosing the clustering of our experimental units in a way that minimizes the bias of

our estimators (cf. Eq. 2.1) when running a cluster-based experiment is a difficult task:

29



without the ground truth, we cannot observe the bias directly. However, under a specific
monotonicity property— common to many randomized experiments —the task of choosing

the better of two clusterings becomes straightforward.

Definition 1. For a domain ‘P of clusterings of our N units, we say that the interference model is
P-increasing if and only if
VC € P, BEz-c[t] < TTE, (2.2)

and it is P-decreasing if and only if
VC € P, Ez.c[t] > TTE (2.3)
A model that is either P-increasing or P-decreasing for all clusterings of P is P-monotone.

A P-monotone model is one for which the expectation of the Horvitz-Thompson estima-
tor T is either always a lower bound or always an upper-bound of the estimand under any
C-CBR design for C € P. If a model is P-increasing, P-decreasing, or P-monotone for the
trivial set of all possible clusterings P, then we simply say that the model is “increasing”,
“decreasing”, or “monotone” without specifying P. Before delving into examples of mono-
tone interference mechanisms, we introduce the following proposition, which highlights

why monotonicity is useful for reasoning about bias.

Proposition 4. If the interference model is ‘P-increasing, then for all C1,C, € P, it holds that
Ez-c, [t] < Ezwq,[t] = |Ez-q[t] — TTE| > |Ez-c,[t] — TTE| (2.4)
If the interference model is P-decreasing, then for all C1,Cy € P, it holds that
Ez-c,[t] < Ez-c,[t] = |Bzq[t] — TTE| < |Ez-c,[t] — TTE| (2.5)
Proof. If the model is P-increasing, for k € {1,2}, and Cy € P,
Ez-c [t] — TTE = —|Ez.¢,[t] — TTE| (2.6)
Hence, the inequality sign is flipped when the model is P-increasing. A similar reasoning
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applies for P-decreasing models. O

Proposition 4 is a simple consequence of Definition 1: if we know that two cluster-based
estimates are both lower bounds of the estimand, then the greater of the two must be less
biased. The same reasoning applies if they both upper-bound the estimand. It is sufficient
to compare the expectation of our estimators to determine which is less biased.

The crux of our framework therefore hinges on monotonicity. Many commonly studied
parametric models of interference are in fact monotone. Consider the following linear model
of interference, generalized from Equation 1.9 in Chapter 1. Let («;, B, ) € R, the outcome
of unit i is given by:

Vi, Yi(Z) = aj + BiZi + ypi + €, (2.7)

where p; = ‘/\1/—1‘ Yjen; Zj is the proportion of i’s neighborhood that is treated and €; ~
N(0,1) L p;. Equation 2.7 expresses each unit’s outcome as a linear function of a fixed
effect, a heterogeneous treatment effect, and a network effect proportional to the fraction of
i’s neighborhood that is treated. As shown in the following proposition, this interference

model is monotone.

Proposition 5. For a given clustering C, let pc = & ¥; W&f' Il be the average proportion of unit

i’'s neighborhood N that is included in its assigned cluster C(i). Then,

TTE —Ez.c|t 1- 2.8
z~c[t] = 37— (1~ pc) (2.8)
It follows that if v > 0O, the interference model is increasing, otherwise it is decreasing.

We can also extend the above for heterogeneous network effect parameters ;. A proof

can be found in Section B.1 of the Appendix.

Proposition 6. For a clustering C, let pc; = W\R/C‘( 1. For all possible clusterings C,

TTE — Ez.c[t] = Z% —pc,i) (2.9)

It follows that if Y; vi(1 — pci) > 0, then the interference model is increasing, otherwise it is

decreasing.
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It follows that if o; > 0, Vi, then the interference mechanism is increasing, and if y; < 0, Vi,
then it is decreasing. If the sign of 7; is not consistent, then the monotonicity depends on the
clustering: if all units with a given sign are perfectly clustered (poc; = 1), e.g. all units with
7i > 0, then the mechanism is once again monotone. For complex interference mechanisms,

it can be easier to establish the following sufficient (but not necessary) condition:

Proposition 7. We say an interference mechanism verifies the self-excitation property for a set of

clusterings ‘P, if for all units i and clustering C € P,

Ez.c [Yi(Z) 12 = 0] > Yl‘(()) (2.10)

Ez-c[Yi(Z) : Zi = 1] < (1) (2.11)

A P-self-exciting process is P-increasing. A P-self-deexciting mechanism, with flipped inequali-

ties, is P-decreasing.

The proof is included in Section B.2 of the Appendix. The two inequalities capture the
following phenomenon: conditioned on i’s treatment status, if i’s outcome is greatest when
i’s neighborhood is entirely in treatment, and lowest when i’s neighborhood is entirely in
control, then an experiment always under-estimates the true treatment effect. This only
needs to be true in expectation over the assignments Z. For example, we will show that
the interference mechanism present in certain reserve price experiments in an advertiser
auction setting is self-exciting (cf. Section 2.2).

We say the interference mechanism is self-exciting because these inequalities are verified
when units benefit from being surrounded by units in treatment. A successful messaging
feature launch is a straightforward example of a self-exciting process, as is any pricing

mechanism that penalizes any treated bidders and boosts the utility of their competitors.

2.1.2 Design and analysis

Under monotonicity, Proposition 4 states that we can determine the least-biased of two
P-increasing or P-decreasing cluster-based designs, without knowledge of the estimand,

by comparing the expectation of their estimates. However, only one cluster-based design
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Figure 2.1: A hierarchical experimental design, which assigns the experimental units to one of two cluster-
based randomized designs, C1 and Cy, completely at random (CR). £V and £)V represent the treatment effect
estimates under each design respectively.

can ever be applied to the set of experimental units in its entirety, and the comparison of
Ez-c, [t] with Ez.c,[t] cannot be done directly.

This resembles the problem we faced in Chapter 1 of causal inference: we wish to
compare two randomized designs but can only run the experiment once. Much like in the
Experiment-of-Experiments design introduced in Section 1.1, we suggest to randomly assign
different units to either clustering, resulting in a 2-step hierarchical randomized design. The

procedure, described in pseudo-code in Algorithm 2, is as follows:

* Assign units completely at random to two treatment arms, one for each clustering. Let

W € {1,2}" be the vector representing that assignment.

e Within each treatment arm, cluster the remaining units together according to the
appropriate cluster: if W; = W; = k and Ci(i) = Cx(j), then i and j belong to the same

cluster in treatment arm k € {1,2}. The resulting clusterings are C}¥ and CJV.

¢ Within each treatment arm, assign the resulting clusters to treatment and control
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uniformly at random. Let Z be the resulting assignment vector. This is possible

because no unit belongs to both C}¥ and C}V.

Algorithm 2: Comparing cluster-based randomized assignments

Choose W € {1, Z}N uniformly at random, encoding the assignment of units to
treatment arms 1 and 2;
for k € {1,2} do
Let C}¥ be the clustering on {i € [1, N] : W; = k} such that
CH¥ (i) = CIV(j) iff Culi) = Cul));
Assign units in treatment arm k to treatment and control with a C}¥-cluster-based
design;
end
return the resulting assignment vector Z;

Algorithm 2 provides us with two estimates, f’lw and fzw , of the causal effect, one from
each treatment arm. The resulting clusterings C}¥ and C}¥ may be unbalanced. This is of
minor importance as the Horvitz-Thompson estimator (cf. Eq. 1.6) is unbiased under SUTVA
for unbalanced clusterings, and balancedness is required only to control its variance. In
practice, C; and C; are not required to have the same number of clusters, but we expect the
clusters sizes to be large enough for each cluster to have at least one unit in each treatment
arm after the first stage with high probability.

From the comparison of 1}V and )V, we seek to order Ez., [f1] and Ez.c,[2]. Under
arbitrary interference structures, these proxy estimates are not guaranteed to have the
same ordering, the key condition for Proposition 4. Intuitively, 7}V and £} represent the
treatment effect estimates for two “weakened” versions of each clustering C; and C,. Because
the assignment of units to treatment arms is done completely at random, it affects each
clustering in the same way, and we expect the ordering to stay the same. For the linear

model of interference in Prop. 6, we have:

Property 1. An interference mechanism is said to be P-transitive if VCq,Co € P,
Ew,zcw (%] < Ewzcy [%'] & Bz, [t] < Ez-c,[t] (2.12)

If an interference mechanism is transitive for all possible clusterings P, we simply say
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that it is “transitive” without specifying P. As a sanity check, we can also confirm that
the property holds for SUTVA. The property can also be shown for the linear interference

mechanisms introduced in Prop. 6:

Proposition 8. Under SUTVA, for all C1,Cy and k € {1,2}, it holds that
By z-cw [tV] = Ez.c,[t] = TTE. (2.13)

Hence, the no-interference case is trivially transitive. Furthermore, the linear model of interference in
Prop. 6 is transitive if the same number of units is assigned to each treatment arm in the first stage of

the experiment-of-experiment design: Y.[W; = 1] = &,

A full proof can be found in Section B.3 of the Appendix. For more complex mechanisms
of interference, as is the case for reserve price experiments, we use simulations to confirm
the intuition that transitivity holds (cf. Section 2.3).

As is common with A/B tests, we do not have access to the expectation of our estimators,
and rely on approximations to the variance, such as Neyman’s variance estimator. In
order to meaningfully compare the estimates we obtain, we must apply our method of
choice to determine when their ordering is significant. For example, we can make a normal
approximation to the distribution of the estimates — using Neyman'’s estimator to upper-
bound the variance — to estimate the probability that one estimate is greater than the other

with a certain significance level:

Proposition 9. Let C1,C, be two clusterings in P. For k € {1,2}, recall the definition of the

Neymanian variance estimator for cluster-based randomized designs:

Y P S
AW k k,t k,c
= Tk 2kt ke ) 2.14
VA (Mk,t Mk,c> @19

where My (resp. Ni) is the number of clusters (resp. units) in CV, S = var{Y;;( zj =1} and
Ste = Var{Y;?( :zj = 0}. Recall that Y]+ = Lew(i)=j Vi is the aggregated outcome for cluster j in

arm k. Assume that the interference mechanism is transitive and P-increasing. If « is the level of
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significance chosen, we state that Cy is a significantly better clustering than C, if and only if
AW AW
& 1 — D

SW o oW
Vo1 03

where @ is the cumulative distribution function of the normal distribution.

<a, (2.15)

A similar reasoning applies to P-decreasing mechanisms. If the Gaussian approximation
is not appropriate, the distribution of the estimators can equally be approximated by a
bootstrap analysis, or a more sophisticated model-based imputation method (Imbens and

Rubin, 2015). More details can be found in Section B.4.

2.2 Application to reserve price experiments

Online advertising exchanges provide an interface for bidders to participate in a set of
auctions for advertising online. These ads can appear within the company’s own content,
in a social feed, below a search query, or on the webpage of an affiliated publisher. These
auctions provide the vast majority of revenue to these platforms, and are thus the subject
of experimentation and optimization. Platforms run experiments and monitor different
metrics including of revenue and estimates of bidders” welfare.

One possible parameter subject to optimization is the method of determining reserve
prices. Online marketplaces can choose to implement a reserve price, which sets the
minimum bid required for a bid to be valid and compete with others. It may vary from
bidder to bidder, and from auction to auction. A higher reserve may improve revenue, but
if it is too high, then too many bids are discarded and ad opportunities can go unsold.

Modifications to a reserve price rule are prime examples of experiments where SUTVA
does not hold. A change in reserve price to one bidder affects the bidding problem facing
another bidder, even when her reserve is unchanged (e.g., reducing competition when the
reserve to the first bidder is higher). We establish conditions under which the resulting
interference mechanism within reserve price experiments is monotone, both in the case of a

single-item second price auction setting and in the Vickrey-Clarke-Groves auction setting
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for positional ads (Varian and Harris, 2014).

2.2.1 Single-item second price auctions

We consider a single-item second-price auction with N bidders B = {B; },. without budget
constraints: the highest bidder wins the auction and is charged the maximum of her reserve
price and the second-highest bid. The second price auction is truthful (bidding true values
is a dominant-strategy equilibrium), and we will assume that the bidders are rational.

Consider two reserve price mechanisms (7;),. (control) and (r})._, (treatment). Suppose

i€B
that the reserve price mechanism corresponding to treatment always sets a higher reserve
price than the reserve price mechanism corresponding to control: Vi, r; > r;. By symmetry,
the following argumentation would also work if the treatment and control labels were
switched.

We suppose the bidders have values (v;) for winning the auction. We randomly assign
bidders to either the treatment or control reserve price mechanism, with Z the resulting
assignment. The chosen metric of interest is a bidder’s utility, denoted by Y;(Z). For a
second-price auction, Y; = 0 if bidder i does not win the auction, and Y; = v; — p when

she wins the auction and pays price p. The bidder welfare of an auction is the sum of each

bidder’s utility, }; Y;(Z), and the estimand is given by:

S = ZYZ-(I) — ZYi(O) (2.16)

1

Tthe reserve price experiment for second price auctions verifies the self-excitation
property (cf. Prop. 7). The idea is that assigning a unit to the intervention can only make
them less competitive by discarding their bid from the auction. Thus, the higher the number
of treated units, the lower the competition for the remaining bidders, and the higher their

utility.

Theorem 6. Consider a set of rational agents with no budget-constraints. Let the outcome of interest
be each agent’s welfare. The interference mechanism of a reserve price experiment, assigning treated

units to a higher personalized reserve price, for a single-item second-price auction is self-exciting,
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and thus monotone.

Proof. Consider bidder i’s outcome under Z = 0 and under any assignment Z’ such that

Z; = 0. There are three possible cases:
¢ Bidder i wins the auction in neither assignment. Her utility is therefore constant.

¢ Bidder i wins the auction in only one assignment. It must be that bidder i wins under

Z' but not Z. Her utility is 0 under Z and greater than 0 under Z'.

¢ Bidder i wins the auction under both assignments. If the second highest bid is the
same under both assignments, bidder i’s utility is constant. Otherwise, the second
highest bid under Z’ can only be lower than the second highest bid under Z. Thus
bidder i’s payment is lower and her utility is higher under assignment Z’ than under

assignment Z.

By symmetry, we reach a similar conclusion when comparing assignments Z = 1 and any

assignment Z’ such that Z/ = 1. O

It follows that the reserve price experiment is increasing, and any cluster-based random-

ized design underestimates the bidder welfare estimand.

2.2.2 Positional ad auctions

In practice, ad auctions are multi-item, used for selling more than one ad position on a
user’s view. We now extend the previous results to a multi-item setting, with m items (or
“slots”). We assume the common positional ad setting, where each slot has an inherent
click-through rate pos;, which we can suppose is ordered: pos; > posy > - - - > pos;, (Varian,
2007). Each bidder i is only ever allocated at most one item, with value v; for getting a
click. We assume for simplicity that all bidders have the same ad quality, and thus the same
click-through rate for a given ad slot. As a result, bidder i’s utility for winning slot j is

v; - posj — pi, where p; is the required payment of bidder i.
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Figure 2.2: The average click-through rate (CTR) observed in the Yahoo! Search Auction dataset, described
in Section 2.3, can be observed to be an approximately decreasing and convex function of the slot rank. The
confidence intervals were too small to be meaningfully reported in the figure.

The Vickrey-Clarke-Groves (VCG) auction takes place in two parts. First, a value-
maximising allocation is chosen (based on bids). Here, the highest bids win the highest
slots. Bidders are then charged the externality they impose on all other bidders. In other
words, assuming that bidder k obtains the k™ slot, bidder k pays:

m
pe= 2 (posj-1—pos;)-vj- L>r)
j=k+1
where 7; is the reserve imposed on bidder j with value v;. We can prove that the self-

excitation property holds under a convexity assumption.

Theorem 7. Consider a set of rational agents with no budget-constraints. Let the outcome of interest
be each agent’s welfare. The interference mechanism of a reserve price experiment, assigning treated
units to a higher personalized reserve price, for a VCG auction in the positional ad setting with no
quality effects is self-exciting, and thus monotone if the click-through rate function pos : i — pos; is

convex:

Vi > j, posiy1 — pos; < posj 1 — pos;,

This convexity assumption is verified empirically in the literature and in the Yahoo!

auction dataset! introduced in Section 2.3 (cf. Figure 2.2). The intuition behind the proof is

1Our own dataset could potentially suffer from endogeneity, where weaker bidders are consistently assigned
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similar to the single-item setting: for a bidder i, the greater the number of i’s competitors
are treated, the fewer are able to compete, and thus the higher i’s utility. We prove this
through a case-by-case analysis. Let rZ be the reserve that bidder k faces under assignment

vector Z: rl-Z = r; if Z; = 0 and 7} otherwise.

Proof. Consider the outcomes of bidder i and j under Z and Z’ such that for all k # j,
Zy=7;,2i=272;=0,and Z; =0 < Z]’- = 1. By transitivity, if we can show Y;(Z) < Y;(Z'),
then it follows that Y;(0) < E¢[Y;(Z) : Z; = 0]. There are three possible cases:

¢ The allocation of bidders to slots does not change and thus prices do not change.

Bidder i’s utility is constant.

e Bidder i is allocated to slot i for both Z and Z’ assignments, but bidder j’s (j < i) bid
is discarded when j is treated (Z'): r; > v; > rj. The difference of bidder i’s outcome
under the two treatment assignments is:

Yi(z) - Yi(Z/) = - E(pOSk,l - posk)(vklvk>r% - Uk+1lvk+1>r%+l)
k>j

This quantity is always negative, hence Y;(Z) < Y;(Z').

¢ Bidder j’s (j < i) bid is discarded when j is treated and thus bidder i is allocated to
slot i — 1. In that case, bidder i’s utility under Z is:
Yi(Z) = posjv; — ) (posk—1 — POSk)Uklvk>rkZ
k>i+1
The same bidder i’s utility under Z’ is:
Y:(Z') = pos;_1v; — Z (posx_o — Posk)vklvpr,%
k>i+1
It follows that the difference of bidder i’s outcomes is equal to:

Yi(Z) — Y;(Z') = (pos; — posi—1)vi — Y (posx_a + posg — 2posi_1)vx
k>it1

to lower slots. The assumption is, however, supported elsewhere in the literature (Brooks, 2004; Richardson
et al., 2007).
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Per keyphrase Per bidder

number of bids min 1 number of bids min 1
median 2 median 9
max 7041 max 2.1-10%
bid value min 3¢ bid value min .5¢
median 66¢ median 60¢
max $320 max $4700
impressions min 1 impressions min 1
median 3 median 31
max 5-10° max 1.4-10°
clicks min 0 clicks min 0
cdf(1) 914 cdf(1) 933
max 7041 max 1.1-10*

Table 2.1: Summary statistics for the Yahoo! dataset, aggregated by keyphrase or by bidder, per day for the
entire 4 month period. Bid values are given in USD unless specified otherwise. cdf(1) is the value of the
cumulative distribution function of impressions for a single impression.

where the 1

o >r7 terms are implicit. Each individual term of the sum is positive by

convexity, such that Y;(Z) < Y;(Z').

2.3 Illustration on the Yahoo! bid dataset

In this section, we validate our design strategy for comparing two given graph clusterings
for the purpose of experimentation under interference to an advertising auction dataset. For
this purpose, we make use of a Yahoo! auction dataset.

The Yahoo! Search Marketing Advertiser Bid-Impression-Click data on competing Keywords
dataset is a publicly-available dataset released by Yahoo!?, containing bid, impression, click,

and revenue data between advertiser-keyphrase pairs over a period of 4 months. The

2 Available for download at https://webscope.sandbox.yahoo.com/
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advertiser and keyphrase are anonymized, represented as a randomly-chosen string. A

sample line of the dataset is reproduced® below:

day id  rank keyphrase bid impress. clicks
1 a3d2 2  f3e4,j6r3,... 100.0 1.0 0.0

The dataset contains 77,850,272 bidding activities of 16,268 different bidders. There are
a total of 75,359 keywords represented, for a total of unique 648,515 keyphrases (or list of
keywords). Table 2.1 contains a series of summary statistics computed over keyphrase-day
pairs and bidder-day pairs, namely the total number of bids, the total bid value, the total
number of impressions, and the total number of clicks per keyword (or per bidder) and per
day.

We can represent the Yahoo! dataset by a set of bipartite graphs between bidders,
identified by their account_id, and the keyphrases. The bid bipartite graph on day t draws
a weighted edge of weight w;; between every bidder-keyphrase pair such that bidder i bids
w;; on keyphrase j on day t. We can aggregate these graphs over the entire time period (4
months) by summing their edge weights together. We can also consider the impression,
rank, and clicks graphs, where the weight of the edge is given by the number of impressions,
the rank, or the number of clicks respectively received by bidder i on keyphrase j.

The dataset only provides data aggregated at the granularity of a single day, reporting
the average bid and total number of impressions and clicks for each bidder, keyphrase day
triplet. Hence, we define a keyphrase-day pair as a single auction, where each bidder’s bid
is set to the reported average bid for that keyphrase-day pair. For the sake of simplicity, we
will only consider a setting with the top four ad positions, which account for the majority of

clicks.
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Figure 2.3: Weighted ratio of edges across clusters for successive runs of the reLDG algorithm on the weighted
bid graph into 50 clusters and 400 clusters respectively.

2.3.1 Simulating a reserve price experiment

While the Yahoo! Search Auction dataset provides us with a set of bidders, keyphrases, and
the bids, impressions, and clicks that link them, it does not provide us with an actual
intervention on the auction ecosystem. We must therefore simulate the impact of a change
in the reserve price given to each bidder.

While many possible units of randomization exist for an auction experiment (keyphrases,
bidders, browsers, users, various pairings of these units, etc.), the reserve price experiment
we consider randomizes on bidders. On large auction platforms, the reserve price might
be set through the application of machine learning methods. In our context, we choose a
random non-zero reserve price for each bidder, calibrating the spread of the distribution
such that some bidders will not be able to match the reserve price for all auctions. All
bidders assigned to the intervention will face their non-zero reserve price, fixed for every
auction for simplicity. All bidders assigned to the control bucket will not face a reserve

price.

3The account ID and keyword ID’s have been shortened for the sake of exposition in this sample line. The
bid value is given in 1/100¢.
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Within the same auction for a given keyphrase, two participating bidders may face
distinct reserves and be assigned to different treatment buckets. A bidder-cluster-based
randomized experiment is thus used to mitigate the possible interference between bidders,
our units of randomization, within a single auction.

To validate our experiment-of-experiments design, we must find candidate balanced
graph clusterings to compare, a problem known to be NP-hard — even when we slightly
relax the balancedness assumption (Andreev and Racke, 2006).

In Chapter 1, we briefly reviewed scalable balanced clustering algorithms. Of the
numerous algorithms for finding such clusterings, the Restreaming Linear Deterministic Greedy
(reLDG) algorithm (Nishimura and Ugander, 2013) is a popular choice, which was effective
for running our LinkedIn experiments. We can apply this clustering algorithm to any of the
bipartite graphs introduced in Section 2.2, aggregated over the entire time period, resulting
in a set of mixed bidder-keyphrase clusters. The bidder-only clusters are obtained from the
previous clustering by simpling removing the keyphrase nodes from consideration.

Recall the algorithm’s objective from Equation 2.17,

c!
arg max ‘C]t ﬂ/\/’(i)‘ < — H]> , (2.17)
je{1,..M} ]
where C]t is the set of nodes assigned to cluster j at step ¢ of the algorithm, H; is the
maximum capacity of cluster C;.

The algorithm’s objective must be slightly modifed to accomodate edge-weighted graphs.
Let w;; be the weight of the edge between node i and node I. We therefore extend the
\C]? NN (i)| term to the edge-weighted setting by redefining it as Zlec]fm N (i) Wir- Furthermore,
we must also modify the balance requirement, since only the bidder side of the bipartite
graph clustering is required to be balanced! We therefore replace (1 - ]Cﬂ/ Hj) with
(1 —ci |/ Hj,c) where C}_ is the set of bidder nodes in cluster C and Hj is the maximum

number of allowed bidder nodes in cluster C]?. The final objective is given by:

Ct
arg max Z Wi (1 — | ]’C|> (2.18)
0 Hie

je{l,..M} leCinN
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Figure 2.3 plots the proportion of edges cut, weighted by the bid amount, over consecu-
tive runs of the reLDG algorithm for 50 and 100 clusters. We adopt three main vectors
of comparison between candidate clusterings to determine the efficacy of our proposed

experiment-of-experiment design:

* Quality: comparing clusterings of the graph that differ in their estimated quality, for
example by looking at the number of edges cut, for a fixed number of clusters: we
compare a random graph clustering to a clustering obtained by running the reLDG

algorithm to convergence.

* Number of clusters: comparing two clusterings of the graph obtained by running the
same clustering algorithm for a different number of clusters: we consider a reLDG

clustering with 10 clusters and a reLDG clustering with 400 clusters.

* Metric: comparing clusterings of the graph that are obtained by applying the same
algorithm on different bipartite graphs: we compare a reLDG clustering of the bid

graph with an reLDG clustering of the impressions graph.

The dataset does not provide the budgets of the bidders or their perceived ad quality,
hence we will adopt the same simplifying assumptions as Section 2.2 of no quality effects
between bidders and no budget constraints. Furthermore, we assume bids are unchanged as

a result of the experiment (which would be valid for rational, non budget-limited bidders).

2.3.2 Experimental results

We first compare a clustering of the graph obtained by running the modified reLDG
algorithm (cf. Section 2.2) against a completely random balanced clustering of the graph. We
fix a subset of auctions with few bidders per auction, in order to showcase the framework
and establish the monotonicity and transitivity properties by allowing a setting for which
there is a clear difference between the two clusterings. The reduction in cut size — measured
by the ratio of the weighted sum of edges inter-clusters over the sum of all edge weights

— over the iterations of the algorithm is shown in Figure 2.3. While the weighted cut of

46



the graph for a random clustering is around 98%, the clustering obtained with the reLDG
algorithm approaches 66% within a few iterations.

We validate the monotonicity assumption, as well as the transitivity assumption, for
reserve price experiments. In Figure 2.4 (a), we plot four distributions as well as the Total
Treatment Effect estimand (cf. Eq. 1.2), obtained by taking the difference between assigning
all units to a higher reserve price and assigning none. Namely, we plot the distribution of
the Horvitz-Thomson estimator’s expectation (cf. Eq 1.6) under each cluster-based design:
Ez-c,[t] where k = 1 for the reLDG clustering and k = 2 for the random clustering. We also
plot the distribution of the expectation of the Experiment-of-Experiments (EoE) estimators:
EW,ZNC,?’ [fkw J-

We find that they all under-estimate the true treatment effect, as expected from the
increasing property. As expected, the Horvitz-Thompson estimator is more biased under
a random clustering than under the reLDG clustering. Furthermore, we find that the
property of transitivity holds (cf. Eq. 1), namely the Experiment-of-Experiments estimate of
the “random estimator” under-estimates the total treatment effect more severely than the
Experiment-of-Experiments estimate of the “reLDG estimator”.

We repeat the experiment to compare a reLDG clustering with 10 clusters with another
reLDG clustering with 400 clusters (cf. Figure 2.4 (b)). We find that the clustering with 10
clusters is less biased but exhibits higher variance, and that the transitivity property holds.
Finally, in Figure 2.4 (c), we compare a clustering of the impressions bipartite graph with a
clustering of the bid bipartite graph. The transitivity property is again verified. Moreover,
we see that clustering the bid bipartite graph may be a better heuristic in this setting, but
the difference in the two clusterings is very slight. The code is available for download at

https://jean.pouget—-abadie.com/kdd2018code.html.

2.4 Conclusion

We have introduced two properties, monotonicity and transitivity, under which the esti-

mation of causal effects in the presence of interference can be improved by selecting the
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least-biased of two clusterings. We proved that certain parametric models of interference
are monotone and transitive. A more exhaustive examination of other parametric models of
interference (e.g. Biswas and Airoldi (2018); Basse and Airoldi (2015)) for these properties
was beyond the scope of this work. Furthermore, while we were able to prove monotonicity
for certain reserve price experiments, transitivity was established only in simulations. A
natural question arising from this work is whether monotonicity and transitivity can be
established through empirical means, using an observational method or through a random-
ized experiment. Finally, while our Experiment-of-Experiment design can improve the bias
of subsequent randomized experiments—by selecting which of two clusterings should be
used for the cluster-based randomized assignment—the reduction in bias comes at a cost
of reduced power in the current experiment: half the units belonging to the more biased
clustering are discarded in the final analysis. Hence, an important direction of future work
is quantifying and bounding this loss of power, as well as exploring alternate means of
choosing a clustering with a smaller power reduction, either through observational data or

a less intrusive experimental design.
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Chapter 3

Randomized and Optimized

Saturation designs

The results of chapters 1 and 2 are primarily centered around two standard experimental
designs: the completely-randomized design and the cluster-based randomized design. Both
are unbiased when the standard unit treatment value assumption holds. When interference
is present however, it is generally believed that a cluster-based randomized design will be
less biased (Eckles et al., 2017), but will have higher variance than a completely-randomized
design that assigns the same proportion of units to treatment. The complexity of finding
balanced partitionings of a large set of experimental units (Andreev and Racke, 2006) is
another aspect to take into consideration when choosing between both of these standard
designs.

A third design category is the randomized saturation design. It first assigns clusters of
units to treatment proportions, and then assigns the units within each group to treatment
and control at random according to the assigned treatment proportion. Randomized
Saturation designs are often used in the context of interference because they allow the
experimenter to infer a unit’s reaction to varying levels of treatment (Banerjee et al., 2012;
Sinclair et al., 2012; Crépon et al., 2013). This is especially true if we are willing to make

an anonymous interference assumption (Manski, 2013) or an assumption of no peer-effect-
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heterogeneity (Athey et al., 2015). For an excellent reference on randomized saturation
designs, we refer the reader to (Baird et al., 2016).

Randomized saturation designs offer an interesting middle ground between completely-
randomized and cluster-based randomized designs. Both can be conceptualized as a
randomized saturation design: the completely randomized designs corresponds to a ran-
domized saturation design with identical treatment proportions across all clusters!; the
cluster-based randomized corresponds to a randomized saturation design with full treatment
or full control proportions. In this chapter, we aim to quantify the bias and variance tradeoffs
we can obtain with a randomized saturation designs over the completely randomized design

and the cluster-based randomized design.

What and when do we stand to gain from running randomization saturation designs
in the presence of interference?

Randomized saturation designs are an example of model-assisted designs (Basse and
Airoldi, 2015). Indeed, the treatment-proportions distribution can be chosen to optimize
a particular objective under a set of model assumptions, without sacrificing the validity
if the model is misspecified. With high confidence in our modelling assumptions, we can
further optimize the assignment of treatment-proportions to each cluster of experimental
units. We call these designs Optimized saturation designs and show that they yield addi-
tional improvements over their randomized saturation design counterparts under certain
assumptions.

In Section 3.1, we define randomized saturation designs, and explore the bias and
variance of the standard difference-in-means estimator under the stable unit treatment
value assumption, as well as under a well-studied linear model of interference. We extend
these results to random-graph model setting and other model-assisted estimators. In
Section 3.2, we introduce and define optimized saturation designs and show that they can

yield additional improvements over randomized saturation designs, but can also lead to

n fact, this would correspond to a stratified completely randomized design
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increased bias under model misspecification. Finally, in Section 3.3, we run a small-scale

simulation study to validate the results of this chapter.

Acknowledgements: The results of this chapter were obtained in collaboration with

Edoardo M. Airoldi, in preparation for a submission at a peer-reviewed journal.

3.1 Randomized saturation designs

A randomized saturation design is any two-stage design that first assigns clusters of the
experimental units at random to treatment proportions, and then assigns the units within
each cluster to treatment and control, respecting the assigned treatment proportion for each
cluster. We re-use most of the notation from Chapters 1 and 2. Let N be the number of
experimental units, let Y be their outcome vector, and let Z € {0,1}" be the assignment
vector stating whether each unit 7 is in treatment (Z; = 1) or control (Z; = 0). Let M
be the number of clusters of the experimental units. There are many possible kinds of
randomization saturation designs. We list two below, and show that they are equivalent

when the number of clusters is large.

Definition 2. The independently-sampled randomized saturation design is a two-stage design
defined by a probability distribution D on [0, 1] and the following procedure: for each cluster C;,
sample 7t; ~ D and assign nj = | 7 - N;| randomly-chosen units of cluster C; to treatment and the

remainder N; — n; units of cluster C; to control.

The independently-sampled randomized saturation design is entirely characterized
by its distribution D. The total number of treated units is a random variable, given by
ng = Zj’\i 1L7tj - Ni|. Assuming the size of each cluster is large (N; >> 1), the expected
number of treated units over the sampling of = ~ DM is the expectation of D times the

total number of experimental units N.

E,pu [nt] = N-E,p|[7] (3.1)
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Definition 3. The permutation-based randomized saturation design is a two-stage randomized
design defined by a fixed vector w € [0,1]M of length M and the following procedure: sample a
random permutation P of [1, M], letting P be the corresponding permutation matrix of P. For each
block C;, assign n; = | (Prr);N;| randomly-chosen units of C; to treatment, and the remainder

N; — n; units of C; to control, where (Prr); is the jt" coordinate of the permuted vector Prt.

The permutation-based design is entirely characterized by its vector 7r. The total number
of treated units is fixed when the clusters are of equal size:
ny = % {n] Z\Z\/ZJ (3.2)
j=1
For this reason, we tend to prefer the second implementation of randomized saturation
designs, and the one we will refer to unless otherwise explicitly stated. For ease of exposition,
we will assume that the number of units in each cluster is large enough to ignore the flooring
function.

The treatment-proportions vector 7t can be chosen explicity by the experimenter or be
the result of an optimization program; it can also be randomly sampled from a probability
distribution. In the latter case, the independently-sampled and permutation-based random-
ized saturation designs are equivalent when the number of clusters is large. Assuming that
the treatment proportions vector is sampled from a probability distribution 7= ~ DM, the
k" moment of the number of units assigned to treatment in each the permutation-based
design is equal asymptotically to its k” moment under the independently-sampled design

by the law of large numbers.
M 7k
Vk € N, Ep [ } 2 M] —— Byl (3.3)

In the equation above, Ep [(Pn’)ﬂ is the k" moment of the j coordinate of (Prr), and is
shown to be equivalent to the k' moment of the j* coordinate of 7t sampled according to
D, ]Enjwp[rr;‘], when the number of clusters is large.

The two standard randomized designs that we have studied thus far are in fact instantia-

tions of randomized saturation designs. The cluster-based randomized design is an example
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of a randomized saturation design where 7t € {0,1}", assigning either all of cluster to

treatment or to control. The randomized saturation design with constant vector 7 = (%)M,

corresponds to a stratified completely randomized assignment, where the same proportion

of units are assigned to treatment in every cluster.

3.1.1 Bias and variance under no interference

Recall that ¥ denotes the difference-in-means estimator, defined in Equation 1.4. By the
law of iterated expectations, the shorthand Ez[t] denotes E [Ez [t|7]], i.e. the expectation
taken with respect to the permutation of the treatment proportions assignment to clusters
7t and with respect to the assignment of units to treatment and control Z, conditioned
on the assignment of 7. When the standard unit treatment value assumption holds, the
difference-in-means estimator t is unbiased under a randomized saturation design for the

total treatment effect TTE, defined by

1
N :

™=z

TTE = — Y Yi(1) - Y(0) (3.4)

Il
—

Proposition 10. Assume the standard unit treatment value assumption holds,
1 1 ¥
Bz [tw] = — 3wy (1) — — Y (1 m)Y; (0) (35)
M i3 Ne i3
where Y]-+ = Yiec; Yj is the cluster-level outcome of cluster Cj. In expectation over the randomized

saturation assignment,

Ez [t] = TTE (3.6)

A proof is included in Section C.2. From Proposition 10, the difference-in-means
estimator is not guaranteed to be unbiased if we condition on a specific assignment of
clusters to treatment proportions, and only by randomizing over the assignment of treatment

proportion can we guarantee unbiasedness.
drr, Bz [t|7r] # TTE (3.7)
We can also give a concise formula of the variance of the difference-in-means estimator
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under the standard unit treatment value assumption and a randomized saturation design.
Consider the outcome vector of cluster C; denoted by YU), Let Stj = a?(YY) (1)), Sej =
a2(Y9)(0)), Stej = (Y9 (1) — YU)(0)). Recall the definition of the cluster-aggregated out-
comes vector YT, with coordinates Yj+ = Licc, Y; for every cluster C;. Let St =02(Yt(1)),

S = *(YH(0)), Si = *(Y*(1) = Y7(0)).

Proposition 11. When the standard treatment value assumption holds, the conditional variance of

the difference-in-means estimator with respect to the assignment of treatment proportions to clusters

TS
N? M N; St S¢j Stej
Vary [£ Tr(1=—m) (2429 _ 29 .

arltl] = LY w1 =) (- 9

The variance of the difference-in-means estimator under a randomized saturation design is

. ntnc St Scj Stej )

Varz [7] N; 3.9
arz [ Z (”t 2 o, (3.9)

St s+ S, M Sy Scj Stej
+ Var[r] [M( + ) ,ZN ( 2 +ntnc>

n? n2 Neny

A proof can be found in Section C.3. The important takeaway from Proposition 11
is that the variance of difference-in-means estimator for a randomized saturation design
under the stable treatment value assumption is linear in the empirical variance of the
treatment-proportions vector 7r. Optimizing the variance of this estimator, or any function
thereof, under this no-interference assumption reduces to choosing the optimal variance of
the treatment proportions vector 7r. The following lemma characterizes the two extrema
of Var|[rt], with the treatment-proportions vector 7t constrained to verify Vi, 7; € [0,1] and

T =

Z\E‘

Lemma 2. The minimum of the variance of the treatment-proportions vector 7t is 0, attained if and
only if the vector 7t is constant and equal to (%),,. Constrained to verify & = %, the variance of
the treatment-proportions vector is maximized only for 7t € {0,1}M, assigning either all of a cluster

to treatment or control, assuming such a solution exists. The variance of 7t is then Varz[r] = S5

A proof can be found in Section C.1. As we seek to optimize the variance in Eq. 3.9,
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it is important to note that the coefficient in front of Varz[7] is not always positive. For
example, suppose that the aggregated outcomes of each cluster are identical, but with some

inter-cluster variance.
3Y, VG, Cj, Vi = Yj+ and S;; > 0and S;; > 0 and Sy; > 0

In this case, Eq. 3.9 becomes:

M .
Varz 1] = (”*”C — Var )ZN (S” 5, St ) (3.10)

N2 p n? n7~ N,

From Lemma 2, it holds that Var[rr] < %7, with equality when 7t € {0, 1}M, corresponding
to a cluster-based randomized assignment. We then have Varz [t] = 0, which is expected
since the cluster-level outcomes are identical. Thus, the assignment which minimises the
variance or the mean squared error of the difference-in-means estimator is not always the
stratified completely randomized assignment, assigning the same treatment-proportions to
each cluster.

Finally, for a constant vector 7t = {44} and for a vector 7r € {0, 1}M, we recover the

standard variance formulas (Imbens and Rubin, 2015) of a stratified completely-randomized

assignment and a cluster-based randomized assignment.

Corollary 1. For a constant vector = = {%}M, Eq. 3.9 becomes:

M N. /S, S . S, .;
A ] tj cj tcj
_ _ o 11
Varz [t] ]E_l N (Tlt + N > (3.11)

For a cluster-based randomized assignment, rt € {0,1}M, Eq. 3.9 becomes

Varz [t] =

M (sj L5 5;) (3.12)

N ne ne N

A proof can be found in Section C.4.

3.1.2 Bias under a linear interference model

In the previous section, we explored the bias and variance of the difference-in-means

estimator under the stable unit treatment value assumption. In this section, we seek to
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extend these results to a setting where interference is present. For the sake of exposition,
we will focus on the linear model of interference, introduced in a simplified form in
Equation 1.9 of Chapter 1, and then in a more generalized form in Equation 2.7 of Chapter 2.
We generalize it again slightly here.

Consider a network over the units of experimentation, such that an edge between two
units indicates they are likely to interfere with one another. Let the neighborhood N; of unit
i be the set of all units linked by a direct edge to unit i and let («;, B;,vi) € R3. The outcome
of unit i is

Yi(Z) = a; + BiZi + vipi + €i (3.13)
where p; = U%TI Yjen; Zj is the proportion of i’s neighborhood that is treated and €; ~ A/(0,1)
is a unit-specific random effect. The B; coefficient can be interpreted as a direct effect
parameter, while the 7; coefficient can be interpreted as an interference parameter: if
Vi,vi = 0, then the standard unit treatment value assumption holds.

Unlike the linear model in Equation 2.7, we consider individualistic direct treatment
and interference parameters, though we will occasionally make the assumption that the
interference effect parameters < are the same within each block of the graph. In that case,

we say that the interference effects are block-fixed:

Vk,Y(i,j) € Cp,vi = vj = v

The linear model of interference in Equation 3.13 is an example of an anonymous
interaction model (Manski, 2013) for which randomized saturation designs are appropriate.
For any two assignment vectors Z and Z' such that the number of treated neighbors of unit
i is identical, unit i’s outcome is held constant.

Y. Zi= ), Zi = Y{(Z)=Y,(Z)

JEN: JEN;
We begin by quantifying the total treatment effect for this linear model of interference. Let
B = % Y. Biand § = % Y_; vi be the average of the direct treatment effect and interference

parameters respectively.
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Proposition 12. Under the linear model of interference in Equation 3.13, the total treatment effect is
TTE =B+ ¥ (3.14)

We explore the bias of the classic difference-in-means estimator, assuming block-fixed
interference effects. We introduce the following weighted average of the individualistic direct
treatment effect vector B, which weighs each component §; by the treatment proportion 7;
of the corresponding cluster C(i) that unit i belongs to:

. 1 M
p=—=) 1) Bi (3.15)
S ieg

We introduce the following linear combination of the different components of 7y, where

each component is downweighted by the proportion of inter-cluster edges to intra-cluster

edges per cluster:

;1 ) IViNG|
T W ! 1

7’ is a measure of clustering quality and is contained in the segment [0, ¥]. For a perfect
clustering, 7' = . For a random clustering, 7' ~ % For a clustering which places no unit

in the same cluster as one of its neighbors, 7/ = 0.

Theorem 8. Assuming block-fixed interference effects, the expectation of the difference-in-means

estimator conditioned on the assignment of clusters to treatment-proportions is

(3.17)

~ M 1-—7 IN; NG
z[t|m] =B jJZ_:l'Y I\ ny e i;;j V]

Taking the expectation with respect to the random assignment of treatment-proportions to clusters:
2 /

Ez 7] B+—£;C<7“—Z{:Q>\@4n] (3.18)

The important takeaway of Theorem 8 is that the expectation, and by extension the
bias, of the difference-in-means estimator under a randomized saturation design is linear
in the empirical variance of the treatment-proportions vector 7r. Similarly to optimizing

Var[t] under the stable treatment value assumption (cf. Prop. 11), optimizing the bias
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of a randomized saturation design under the linear model of interference above reduces
to choosing the optimal variance of the treatment-proportions vector. In the following
corollaries, we examine two extreme cases of Theorem 8: one of a perfect clustering and one

of a random clustering.

Corollary 2. Suppose that the clusters of units are the same size and have no edges between them,
and that the interference effects are block-fixed, then the bias is

2

TTE — By [#]] = <1— N
Nnne

Var[rc]) 5 (3.19)
The bias of the difference-in-means estimator is 0 if and only if the assignment 7t assigns either all
of a cluster to treatment or none: 7t € {0,1}M. If we also assume constant direct treatment and

interference effect parameters, then the conditional bias is also linear in Var|rt|:

2

N
ITTE — By [#|7]| = (1 -

_— Var[rr]) 0% (3.20)

The conditional bias is then equal to 0 if and only if the assignment 7t assigns either all of a cluster to

treatment or none.

A proof can be found in Section C.9. As expected, for a perfectly-clustered graph, the
bias is minimized for a cluster-based randomized design. We now explore the other extreme

case where the units are clustered at random.

Corollary 3. Suppose that the units are randomly placed in clusters of equal size, and that the

interference effects are block-fixed, then the bias is constant asymptotically:
|TTE — Ez [t]| = ¥

If we also make the assumption of constant direct and interference effects, then the conditional bias
is also constant:

|TTE — Ez [t|7]| = v

A proof can be found in Section C.10. In the completely random case, with constant

direct and interference effects, the treatment-proportions vector 7r has no influence on the
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bias. As in the case of the perfectly-clustered assignment, if we relax the assumption of
constant direct and interference effects to block-fixed interference effects, this is no longer
true pointwise for every vector 7r, but holds in expectation. The previous two corollaries

can be generalized by the following theorem.

Theorem 9. Assume that the interference effects are block-fixed and that the linear interference
model from Equation 3.13 holds. We can distinguish two cases. If ' > %, then the bias of the
difference-in-means estimator under a randomized saturation design is minimized for a cluster-based

randomized assignment 7t € {0,1}M, where «' is defined in Eq. 3.16. The bias is then equal to

. M _ ,
|ITTE — Ez[1]| —m(’Y—’Y)

Ify' < %, then the bias of the difference-in-means estimator under a randomized saturation design

ny

is minimized for a constant treatment-proportions vector 7t = (%), and is equal to

I}y

ITTE — Ez[t]| = 7

If o = 3, then both results hold: the bias is constant, such that every randomized saturation design

minimizes the bias.

The significance of §; as the cut-off point is intuitive: when the graph is randomly-
clustered, 7' = §;. Hence, the first regime corresponds to a “better-than-random” clustering
of the experimental units, while the second regime corresponds to a “worse-than-random”
or “adversarially-clustered” clustering. A proof can be found in Section C.11.

In conclusion, to optimize the bias of the difference-in-means estimator for a randomized
saturation design under the linear interference model in Equation 3.13, the optimal random-
ized saturation design is either a stratified completely randomized design or a cluster-based
randomized design—the parameter 9/, an indicator of the quality of the clustering, being

the deciding factor between the two.
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3.1.3 Extension to a random graph model

As shown in Theorems 8 and 9, the bias of the difference-in-means estimator under a
randomized saturation design for the linear model of interference depends on the quality of
the clustering, as indicated by «’. While we can compute 9 if the interaction graph of units
is known exactly, it is sometimes useful to extend the definition of 9’ as well as the results
of Theorems 8 and 9 to a setting where only a random graph model of the interference
mechanism is known,

One of the simplest and well-studied random graph models is the stochastic block
model (Holland et al., 1983; Anderson et al., 1992; Wasserman and Faust, 1994; Goldenberg
et al., 2010). It states that the probability that an edge exists between two units in a graph G
depends only on the clusters they belong to. In other words, two units belonging to clusters
Cr and C;—with I and k possibly equal—are linked by an edge with probability Aj. We
define A == (Ay) € RM’ the block-matrix of the graph G, such that

V(i j, k1), i€C, jeC = P((i,j) € G) = Ak, (3.21)

As shown in (Airoldi, 2016), in the asymptotic regime of many large clusters, the

expectation of 7/ with respect to the stochastic block model is
| - (3.22)

Theorem 8 and 9, as well as Corollary 2 and 3, can be reinterpreted with this probabilistic

model of the interference graph.

Theorem 10. Assuming block-fixed interference effects, the expectation of the difference-in-means
estimator with respect to the random block model is

NZ

Ey 4 [2] = B
z.a[t] ﬁ+mnc

(]EA '] - W) Var| 7] (3.23)

Suppose that the block-model matrix A is balanced and diagonal, then the bias is

ITTE — Bz 2] = (1 _ N Var[n’]) 7 (3.24)

nine
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The bias of the difference-in-means estimator is 0 if and only if the assignment 7t assigns either all of
a cluster to treatment or none: 7t € {0,1}M. Suppose that the block-model matrix is balanced and

with constant entries equal to ﬁ, then the bias is constant:
‘TTE — EZ,A ['ﬂ’ =7

When E4[v'] > 35, the optimal randomized saturation design is a cluster-based randomized design.

When Ea[y'] < 4, the optimal design is a stratified completely-randomized design.

3.1.4 Extension to a stratified estimator

The difference-in-means estimator is agnostic to any model assumptions or validity of
the clustering, and is unbiased if the standard unit treatment value assumption holds. Its
simplicity and robustness make it an important estimator to study in the context of saturation
designs. However, if we believe that the suggested clustering of units is representative in
some way, then we can benefit from using a stratified estimator 7°, defined in the following
equation. Recall that N; is the total number of units in cluster C; and #; is the number of
units assigned to treatment in that cluster. Let A € R be a vector of positive coefficients,

usually chosen to sum to 1.

v o3, X Zi 1- 27
=) A=) A =Yi(Z) - ) N Yi(2) (3.25)
j=1 =1~ \iec; i iec; N T
In general, we recommend choosing A; = %, as evidenced by the following result on

the bias of the stratified estimator under the stable treatment value assumption:

Proposition 13. Assume that the standard unit treatment value assumption holds. The conditional

expectation of the stratified estimator is

N
VT, Ez[t°|mr] = 2 —Y;(0) (3.26)
j=1

Z|=
QM

If A = %, then the stratified estimator is unbiased for the total treatment effect, conditionally

on the assignment of treatment proportions to clusters. The same holds true in expectation over a
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randomized saturation assignment.

A proof can be found in Section C.5. Similarly, the variance has an easily interpretable
closed-form under the standard unit treatment value assumption. Let S;; := a2(Y;(1):i € C;)
be the variance of the outcomes of the units in C; if they were all placed in treatment. Let
S¢j = 0(Y;(0) : i € C;) be the variance of the outcomes of the units in C; if they were all
placed in control. Let S, := ¢(Yj(1) — Y;(0) : i € C;) be the variance of the difference of

potential outcomes of the units in C;.

Proposition 14. Assume that the standard treatment value assumption holds. The conditional
variance of the stratified estimator is
Varz[t|m] =} A2 <” 9 “f> (3.27)

= \n Nj—mnj N;

The variance of the stratified estimator under a randomized saturation design is

M
N Stj Sej Stej
Varz[t*] = Y A2 — [ =2 T 3.28
arz[t'] ]; JN]-<7I+N+(1—7T)+N N (3.28)

-1
where 7Tt = (ﬁ Z]Ai1 ﬂ;l) is the harmonic mean of 7 and (1 — )" is the harmonic mean
of 1 — . Constrained to maintain 71 = %, the stratified completely randomized design with

7T = () y minimizes the variance of the stratified estimator in Eq. 3.28, which is then equal to

M
N St‘ Sc' Stc'
Varz [t°] = } A2~ <] + - ]> 3.29
Z[ ] ]_Zl ]N] nt nc N ( )

A proof can be found in Section C.6. In contrast to the variance of the difference-in-means
estimator Var|[?], which is linear in the variance of the treatment-proportions vector Var|r|
(cf. Prop 11), the variance of the stratified estimator Var[t°] depends on the variance of the
treatment-proportions vector only through the inverse of the harmonic mean of 7, as stated
in Proposition 14. Since any mean-preserving spread decreases the harmonic mean (Mitchell,
2004), when holding n; constant, any increase in the variance of the treatment-proportions
vector increases the variance of the stratified estimator under the stable unit treatment value

assumption.
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As expected, we recover the variance formula of Equation 3.11 when we set Vj, A; = %

We can also express the bias of the stratified estimator under the linear interference model
. iNCi| . . " .
of Equation 3.13. Recall that p¢ = % YN, % is the proportion of a unit’s neighborhood

that also belongs to its cluster, averaged over all units.

Proposition 15. Under the linear model of interference in Eq. 3.13, the expectation of the stratified

estimator conditioned on the assignment of clusters to treatment-proportions is:

1 M Ning;
Ez[t°|m] = Ez[t*] = B + N )3 Xc: %‘|~/\/‘|]’ (3.30)
j:1i€j 1

If the interference effects are constant, then the formula becomes:

Ez[t°] = B+ pcy (3.31)

A proof can be found in Section C.8. In conclusion, the bias of the stratified estimator
does not depend on the treatment-proportions vector 7t under the standard unit treatment
value assumption or under the suggested linear model of interference. Its variance, when

the standard unit treatment value assumption can be assumed, decreases with Var|r|.

3.2 Optimized saturation designs

In the previous section, we analysed the bias and variance of the difference-in-means
estimator and the stratified estimator for a randomized saturation design. From these
results, we determined which randomized saturation design optimized these objectives,
under a regime where the standard unit treatment value assumption holds and a regime
where a linear model of interference holds. Since the bias and variance of these estimators
can be expressed in terms of the variance of the treatment-proportions vector 7, finding the
“optimal randomized saturation designs” reduces to optimizing over Var[r].

This optimization is limited by the random assignment of coordinates of 7t to each
cluster. Optimized saturation designs, which we introduce below, go one step further in

their optimization by removing the permutation step and choosing the optimal treatment
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proportion for each cluster.

Definition 4. Let f be an objective function, taking as input a treatment-proportions vector 7,
a clustering C of the experimental units, and a set of parameters ©. Let S be an allowable set of

treatment-proportions vectors. An optimized saturation design selects t* € S that minimizes f
" € argmin f(7,C, ©) (3.32)
wesS

and assigns n; = |7;N;] randomly-chosen units of cluster C; to treatment and the remaining

N; — nj units of cluster C; to control.

There are many possible optimized saturation designs one could choose from. We list

some examples below:

Example 1. Let f be the bias of the difference-in-means estimator T under the standard unit treatment

value assumption. Let S := {7t € [0,1]M : & = %} be the set of treatment proportion vectors with

fixed average 5+, where ny € (0, N) is some fixed number of treated units.
f:(m,C,{Y(0),Y(1)}) — |TTE — Ez [t| 7] (3.33)

The constant vector 7* := (%), minimizes the objective function f and belongs to S:

M

YC,Y(0),Y(1), (%)M € argmin f(r,C, {Y(0), Y(1)})

In other words, the stratified completely randomized assignment is an optimized saturation design for

f, the bias of the difference-in-means estimator under the standard unit treatment value assumption.

A proof can be found in Section C.12. Optimized saturation designs can seek to optimize
more than simply the bias of an estimators, but the variance as well. A very reasonable
objective is to optimize them jointly in the form of the mean-squared error, as is done in the

following example.

Example 2. Let f be the mean-squared error of the difference-in-means estimator T under the

standard unit treatment value assumption. Let S := {rr € [0,1|M : & = %} be the set of treatment
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proportion vectors with fixed average %, where n; is some fixed number of treated units.
f:(m,C,{Y(1),Y(0)}) — MSEz[t|n] = (TTE — Ez[t|r])* + Varz|#| 7] (3.34)
If we make the assumption that all cluster-level outcomes ijr = Yjec, Yj are equal,
Ve, Ci, Y (1) = Y]*(l) and Y, (0) = Y]* (0) (3.35)

Then, assuming without loss of generality that the coefficients a; := i—if + % — % are sorted in
increasing order , the vector 7t*, defined as
Wk, i, = 0, min {1,127 _ i :
; Tpp = max | 0, min {1, =5 '17'L'j
]:
minimizes the mean-squared error of the difference-in-means estimator under the stable treatment
value assumption and the assumption that all cluster-level outcomes are equal. If « is constant, then

the constant vector rt*, equal to (%) v also minimizes the above objective.

A proof can be found in Section C.13. Beyond operating under the standard unit
treatment value assumption, optimized saturation design can postulate a parametric model
of potential outcomes with interference, like the one in Equation 3.13. They can also leverage
other estimators than the difference-in-means estimator. In the following example, we
postulate a block-model graph over the experimental units, such that the probability that
two units—belonging to clusters C; and C respectively—are linked by an edge, is Aj. We
seek to optimize the variance of different regression estimators for the direct treatment effect

B and the interference effect 7y from the following linear regression:

Vi, yi =« + BZ; + ypi + €; (3.36)

where €; ~ N (0, (7]2), with i € C; is a cluster-level random effect, and p; == | J\lf, P Ljen; Zj is

the proportion of unit i’s neighbors that are treated.

Example 3. Assume that the response function is given by the linear model in Eq. 3.36. The
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asymptotic Fisher information matrix associated with model parameters w, B, and -y is

L C D
I=—|Cc C E (3.37)
D E F
- M N; | (vM
where the entries are L := Z ,Ci=J L% 7 j7t;, D - Z z’ (Zkzl 7T1<ij>, and
M N; Aj N
F:=xYi5 172 (Zk 1 nijk) where Wik == & A is an entry of the row-normalized block-

model matrix. A complete proof can be found in (Azroldz, 2016)?. The variance of the interference
parameter estimator 4 corresponds to the element in position (3,3) of I=1. If we wish to optimize the

estimation of the interference parameter, a reasonable objective function f to minimize is

LC —C?

f:(m,C AW, %)) — det(D)

(3.38)

with S := {m € [0,1]M : T = R}, the allowable set of treatment-proportions vectors and o* € RM,
the cluster-level random effects. The variance of the direct treatment effect estimator B corresponds to
the element in position (2,2) of I-1. If we want to optimize the estimation of the direct treatment

effect, a reasonable objective function f to minimize is

LF — D?

f:(m,C AW, %)) — qet(l)

(3.39)
The determinant of 1, det(I), appearing in the denominator of both objectives, is equal to LCF +
2CDE — CD* — C*F — LE~.

3.3 Simulation study

In order to validate the results of the previous section, we implement a small-scale simulation
study to validate the bias-variance tradeoffs available to randomized saturation designs. We

also illustrate the possible benefits of optimization saturation designs.

2The referenced article is an unpublished manuscript. Contact jeanpougetabadie@g.harvard.edu for more
information.
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3.3.1 The bias-variance tradeoff of randomized saturation designs

The first claim we wish to examine is the tradeoff in bias-variance offered by the randomized
saturation design over the completely randomized design and the cluster-based randomized
design. In Figure 3.2, we examine this trade-off under the standard unit treatment value
assumption and in Figure 3.3, we examine this trade-off under a linear model of interference.

In the case of Figure 3.2, we consider 10,000 units, and group them into 20 clusters
of equal size, each containing 500 units. We then vary the variance of the treatment-
proportions vector by sampling it from a beta-distribution, with parameters («, 8) = («, «)
for « € R;. The mean of this distribution is 1/2 and its variance is approximately equal to
1/(16a), which decreases as a increases. A plot of the probability density functions for this
distribution under sample values of « can be found in Figure 3.1.

Under the standard unit treatment value assumption, we let j3, a2, u € Ry and consider

the following response model:

Vi€ [1, M], uj ~U([0, 1))
Vi € [1, NJ, Y;(0) ~ N(0,1) (3.40)

Vi€ [1, N|, Yi(1) = Yi(0) + B+ pc

This response model is the sum of a direct treatment effect § and a uniformly-distributed
cluster-level random effect yc(;), where C(i) corresponds to unit i’s cluster. The total
treatment effect is equal to B asymptotically, which we set to 10 for this first simulation.
In order to invert the sign in front of Var[rr] in Eq. 3.9 and explore different regimes
of optimality, we first set 4 = 0 in Figure 3.2.a, hence removing all cluster-level effects,
and yu = 0.1 in Figure 3.2.b. Since the difference-in-means estimator % is unbiased under
the standard unit treatment value assumption for any randomized saturation design, we
compare only the standard deviation of 7 for different values of a. We plot the error bars of
the estimated standard deviation 7, obtained by bootstrapping the 10,000 simulations, each
corresponding to a different assignment Z.

The plots of Figure 3.2 have the form x — +1/4/x as expected. Indeed, as shown in
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Figure 3.1: Various forms of the beta distribution

Eq. 3.9, Varz[t] is linear in Var[rr| and the standard deviation of 7t is thus approximately
proportional to a~!. The sign is decided by the relative magnitude of inner-cluster and
cluster-level variances.

When a goes to infinity, we approach a completely-randomized assignment; when & goes
to 0, we approach a cluster-based randomized assignment (cf. Figure. 3.1). By comparing the
two figures, we confirm the result of Proposition 11: the optimal assignment type depends
on the relative magnitude of the inner-cluster and cluster-level variances. As an argument
in favor of randomized saturation designs, setting « = 5, which corresponds to neither a
completely randomized assignment or a cluster-based randomized assignment, ensures that
the randomized saturation design has close-to-optimal variance in both cases.

In Figure 3.3, we examine this same bias-variance tradeoff under a linear model of
interference. We consider 2000 units, grouped into 40 clusters of equal size. We let B,y € R

and we simulate the following response model:

Vi€l M], pj ~U(0, )
Vie [1, N, ¢ ~ N(0,1) (3.41)

Vi€ [l, N|, Y; = BZ; +pi + € + e
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Figure 3.2: Standard deviation of the difference-in-means estimator under the stable unit treatment value
assumption for a randomized saturation design. The treatment proportions are sampled according to a beta-
distribution («,w), where we vary the parameter « from 0.01 to 10. We plot the 90% error bars obtained by
bootstrapping, at a rejection rate of 10%, 10 times the 10,000 simulations. The response model is given in
Equation 3.40. We set B = 10. In (a), we set y = 0, corresponding to no cluster-level random effects. In (b),
we set yu = 0.1.
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We set the direct treatment effect to f = 1. Like in the previous simulations, p¢(; is a
uniformly-distributed cluster-level random effect, where C (i) corresponds to unit i’s cluster.
Recall that p; := \J\lfiz\ ZjI\éC(i) Z; is the average proportion of a unit’s neighbors that also
belong to its cluster C(i), and is a measure of clustering quality. The higher p; is for all
units, the better clustered the graph is. The graph is sampled from a block model, using the

following block matrix, where A € [0,1] is a parameter of our choosing.

1 A A
Al

A
A A 1

When A = 0, the graph is perfectly clustered and o' = ¢ > % When A = 1, the graph
corresponds to a random clustering and we are in the regime where o/ = ;. If we were to
set the diagonal to 0 and A # 0, the graph would correspond to an adversarial clustering,
where ¢/ < 1.

In Figure 3.3, we explore four possible regimes of the mean-squared error of the
difference-in-means estimator ¢ under the linear interference model, specified in Eq. 3.41, for
different randomized saturation designs. The proportion of each block is selected according
to a beta distribution of parameters («, «) for « € R;. We vary a from 0, corresponding to a
cluster-based randomized assignment, to & > 4, corresponding approximately to a stratified

completely randomized assignment.

e In Figure 3.3.a, we consider an approximately well-clustered graph (A = 0.2) with
low cluster-level random effects (1 = 1). As expected, the cluster-based randomized

design outperforms all others in terms of the mean-squared error.

e In Figure 3.3.b, we consider a randomly-clustered graph (A = 1) and low cluster-level
random effects (4 = 1). As expected, the mean-squared error does not vary with the
distribution of the randomized saturation design, and both the completely randomized

design and cluster-based randomized design perform equally well.
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Figure 3.3: Mean-squared error of the difference-in-means estimator T under the linear interference model in
Eq. 3.41. The treatment proportions are sampled according to a beta-distribution, where we vary the parameter
«. When w is close to 0, the randomized saturation design corresponds to a cluster-based randomized design,
when « approaches +oo, the design corresponds to a stratified completely randomized design. We plot the 90%
error bars, obtained by bootstrapping at a rejection rate of 10%, 10 times the 1000 simulations. We set p = 1.
We explore four different regimes. Recall that the closer A is to 0, the better the clustering and that the higher
1 is, the stronger the cluster-level random effects are. In (a), we set A = 02 and y = 1. In (b), we set A =1
and y = 1. In (c), we set A = 0 and y = 12.25. In (d), we set A =1 and y = 10.
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e In Figure 3.3.c, the graph is well-clustered (A = 0) but the cluster-level random effects
are significant (¢ = 12.25). A cluster-based randomized design suffers from high
variance despite being unbiased for the total treatment effect; a completely randomized
design suffers from high bias despite having lower variance than its cluster-based
randomized counterpart. The plot shows that the optimal design is obtained closer to
« =1, corresponding to a uniform sampling of the treatment proportions within each
cluster. We found that y = 12.25 was the value under which the bias and variance had

similar magnitudes, allowing us to obtain this U-shaped plot.

* Finally, in Figure 3.3.d, the graph is randomly clustered (A = 1) with high cluster-level
effects (1 = 10). As expected, the completely randomized design performs better than
the cluster-based randomized design: the higher a is, the lower the mean-squared

error.

3.3.2 The benefits of optimized saturation designs

We now wish to examine how optimized saturation designs improve over randomized
saturation designs when their underlying modeling assumptions hold. In particular, we
examine Example 3, where the objective is to choose the un-permuted vector 7t to minimize

the variance of the interference effect parameter -y in the following linear regression:
Vi, yi =« + BZ; + ypi + €; (3.42)

where €; ~ N (0, (sz) with i € C]- a cluster-level random effect, and p; := &—1' Z]-E N Zj, the
proportion of unit i’s treated neighbors. We consider 5 clusters of 100 units and simulate

the toy block-model graph for these units from the following 5 x 5 block-matrices.
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05 01 ... ... 01 01 0 0 0 0 08 0 1 05 1

01 05 0.1 0 01 0 0 0 0 0 0 05 0

01 05 0.1 0 0 01 0 0 1 0 02 1 1

01 05 0.1 0 0 0 01 0 05 05 1 05 05

01 ... ... 01 05 0 0 0 0 01 1 0 1 05 01
(a) (b) (©

Table 3.1: Block-model matrices used in simulation

These values were selected somewhat at random, but were chosen to be representative
of three cases: a reasonable clustering, a perfect clustering, and an adversarially-chosen
clustering, corresponding respectively to matrices (a), (b), and (¢) in Table 3.1. We compared
the completely-randomized design, the cluster-based randomized design, and the optimized
saturation design for 4 objectives: the standard deviation of the estimator of the interference
effect and of the estimator of the direct treatment effect, as well as the bias and standard
deviation of the difference-in-means estimator. The results are reported in Table 3.2.

The optimized saturation design is chosen to minimize the variance of the interference
effect and we report these values in bold in the table. As expected, and confirming the
effectiveness of our optimization algorithm, the optimized saturation design reports the
lowest variance of the interference effect estimator 4 in all three cases. Moreover, the design
is relatively robust to the other objectives, with a comparable variance of the direct treatment
effect estimator 3 to its variance under the completely randomized design. Furthermore, in
the perfect clustering (b), the variance of both estimators under the cluster-based assignment
explodes, due to the strong covariance of the two covariates. The optimized saturation
design does not suffer from this issue. Finally, while the cluster-based design is the least
biased in cases where the clustering is better-than-random, i.e (a) and (b), the optimized
saturation design, while it does not optimize for bias, is less biased and has lower variance

than the completely randomized design in all three cases.
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Conclusion

Causal inference, as specified by the Neyman-Rubin potential outcomes framework, strongly
relies on the standard unit treatment value assumption. When interference is present and
this assumption is violated, the main results of causal inference no longer hold, short of
assuming an explicit parametric model of interference. Extending these results under a
minimal set of assumptions is key to deploying randomized designs and drawing causal
inferences in practice.

When interference is present, designs must be tailored to the assumed interference
structure in order to mitigate bias. Experiment-of-experiment designs are an intuitive
diagnostic tool for determining the sensitivity of causal estimates to our choice of design. It
is therefore unsurprising that experiment-of-experiments designs have allowed us to prove
two results on causal inference with interference, which rely on very few assumptions. In
Chapter 1, we showed that the presence of interference can be tested by comparing the
outcomes of a completely randomized and cluster-based randomized assignment strategy.
In Chapter 2, we proved that the relative effectiveness of two cluster-based randomized
designs can be evaluated under an assumption of monotonicity and transitivity. Testing the
validity of these two assumptions is a natural next research step that was not pursued here.

Randomized saturation designs are a simple type of experiment-of-experiment design,
which compare completely randomized designs with different treatment proportions. In
Chapter 3, we sought to better understand the properties of these designs, under the
stable treatment value assumption and under interference. An area for future work is the

extension of this analysis to other models of interference and estimators, commonly used by
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practicioners.

Finally, while focusing on the setting of experimentation platforms at major tech compa-
nies has allowed us to alleviate many of causal inference’s primary concerns—number of
experimental units, compliance, collection of outcome data, blindness—there remain cases
where technical constraints limit the possible units of randomization. (Rolnick et al., 2016;
Zigler and Papadogeorgou, 2018) give examples of a bipartite structure of the interference
graph. This causal set-up is relatively under-explored and yet altogether common at tech

companies, raising a number of interesting new research directions.
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Appendix A

Appendix to Chapter 1

A.1 Review of the completely and cluster-based randomized as-

signments

We briefly review the notation and main results for the completely randomized (CR) design
and the cluster-based randomized design (CBR). Recall that for a vector u of length N, we
let @ = & ¥ u; and we let 0 (u) = 5 ¥ (u; — w)2.

In a Completely Randomized (CR) experiment over N units of experimentation, we
assign n; units to treatment and n, = N — n; units to control at random. Let the vector
Z € {0,1}N be the indicator vector for whether a unit is in treatment (Z; = 1) or control
(Zi =0). Let Y; :={Y;: Z; =1} and Y. := {Y; : Z; = 0}. The difference-in-means estimator
is defined as:

Ter = Yt_Yc (Al)

It is an unbiased estimator of the causal estimand TTE under SUTVA:
Ezc[te] = TTE (A.2)

where we use the notation Z ~ cr to denote a completely randomized assignment and TTE
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for the total treatment effect:
1
TTE =+ ¥ Yi(1) = Yi(0) (A.3)
i
We introduce the following variance quantities S; := ¢%(Y(1)), Sc := ¢?(Y(0)) and Sy :=
o?(Y(1) — Y(0)), where Y(1) — Y(0) is the element-wise difference between vectors Y(1)

and Y(0). The true variance is given by:

. Ss S, S
Oop = Varzealta] = nf T Wt (A4)
c

We let S := ¢2(Y) be the variance of the observed outcomes. The variance under Fisher’s

null of no treatment effect is given by:

Varz o [ter] == (A.5)

ncnt
We let §; := o?(Y;) and S. = 02(Y.). They are unbiased estimators of S; and S, respectively,
under the completely randomized assignment distribution:
Elwcr[gt] == St

Elwcr [gc] = Sc

If we consider the following quantity,

S S
AD t c
— A.
o TN, + N. (A.6)
then, if SUTVA holds,

Ezer [62] > Varz [%./] (A7)

The cluster-based randomized assignment differs from the completely randomized
assignment in that it randomizes over clusters of units in the graph, rather than individual
units. We suppose that the experimental units are partitioned into M clusters. We assign
m; clusters to treatment and M — m, to control completely at random. Each unit is given
the intervention assigned to its cluster. Let z € {0,1}™ be the indicator vector of whether a

cluster is assigned to treatment (z = 1) or control (z = 0). Furthermore, let Y* € RM be
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the vector of aggregated outcomes, defined as:
Yj+ = Z Y; (A.8)
ZEC]'
Let Y, = {Y]+ rzj =1} Y = {Y]+ : zj = 0}. An unbiased estimator of the causal

estimand T under SUTVA is given by:

tar = (Y- Y7) (A.9)

In other words, the following equality holds under SUTVA:
Ezcor [fcbr] =TTE (A.10)

where we let Z ~ cbr denote a cluster-based randomized assignment. Note that this
holds true regardless of whether the clustering is balanced. We introduce S;” = ¢2(Y* (1)),
St = 0?(Y"(0)) and S;- = ¢?(Y"(1) — Y™ (0)). The true variance, under SUTVA, is given
by:

. M2 (SF SF St
Uczbr = Varg,.cpr [Tchr] = ﬁ <Wit + micc - ]\Z) (A11)
We let St = ¢?(Y") be the variance of the observed aggregated outcomes. The variance
under Fisher’s Null of no treatment effect is given by:

M> M

= —— + A.l12
N2 MthS ( )

Varz.cp [i—cbr] :

We introduce the following quantities: S = 0%(Y;") and S} = o(Y{). If we consider the

following quantity:

M? (S SF
72— t c
Ocbr * N2 (Mt + Mc> (A13)
then, if SUTVA holds,
EZNCbI’ [6}2};;’] > VarZ [fcbr] (A14)
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A.2 Proof of Lemma 1

For each unit 7, let p; := | N| Y jen; Zj- Recall that the potential outcomes model is taken to be
Vi, Yi(Z) = o+ BZ; + ypi + €

The difference-in-means estimator can be rewritten as

Z(_il)z a+ BZ;i + Y. Zi| +ei
7 (1*Zi) :B |N| ] 1

ieG nt ]nc ]6./\[,

EZNCV [fcr] = Echr

We have Ez.[€;] = 0. Furthermore,

(—1)% N <1 ng 1 nc>
Ez~ Xl =« —————= =0
“N= ntzlngl—zz) ] 1; mN  n.N
N (_1)Z1 1 N 1 o
Bz~ PZi| =B~ =B
¢ ;ntzingl Z) ;”tN
No(—1)% 1 | AR 1nng—1 1n. m
Ez. Z =7 _ _ ¢
or ;ntz'nﬁ W|]§v ;|/\/i|j€MntNN—1 ne NN—1
_ T
 N-1

Hence, we obtain Equation 1.10. We repeat the analysis with the Horvitz-Thompson

estimator:

EZ~cbr [i—cbr] =z

N ,
L7 07 <“+/3Z * W| 22)]

JEN;

7| T e NACH)
“PENL TN NMoDE N
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A.3 Proof of Proposition 2

Under SUTVA, the test statistic T := L\/Ul;h’ is a random variable with mean 0 and variance

smaller than 1 if % > Varwy z[A]. Chebyshev’s inequality implies:

1

Vte R, P(|T| >t) < 2

It follows that, if SUTVA holds, and we reject with {|T| > ﬁ}, then we reject with

probability less than «.

A.4 Proof of Theorem 1

Let m., and n., be the number of clusters and units respectively in treatment arm cr (W; = 1),
and let m, and n., are the number of clusters and units respectively in treatment arm cbr
(W; = 0). Recall that M = m + m, and N = n¢ + 1y, We will assume that the clustering

of the graph is balanced, such that we have

M me mg,

N Ner Nepy

Let S = (72(\{].+ (1) — \{j+ (0)) be the variance of the difference of the aggregated potential

outcomes.

Theorem 1. If SUTVA holds, and each cluster in C has the same size, then the expectation and

variance of the difference-in-difference-in-means estimator are given by:

Ew,z[A] =0 (A.15)

Varw,z [A] =

Ner M 2 Mepy 2 M +
1 ebr el A.16
ey — 1M —1°¢ + < N(ne — 1)) Tar ¥ crlchr € (8.16)

See Equations A.4 and A.11 for definitions of ¢ and 03 . If SUTVA holds, Y;(Z) = Yi(Z;),
such that
N 1 N

EZ[AW] = Y Wi(%i(1) ~ %i(0)) — —— Y_(1 — W) (¥i(1) ~ Yi(0).

Rer i = Mebr =
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As a result, under SUTVA,

™M=
=

EW,Z [A] - N

1

LS Y1) - %i0) - £ Y i)~ i(0) = 0
Z N :

Il
—_

We now compute the theoretical variance of the A estimator. By Eve’s law, we have:
Varw,Z [A] = Ew [Varz [fcy|WH + Ew [Varz[f'cbr|W]] + VaI'w [EZ [i—cr — fcbr|w“

We compute each term separately. Recall that n.,; and n... are the number of treated
and control units in treatment arm cr and n., ¢ and 7., are the number of treated and
control units in treatment arm cbr.

Furthermore, we introduce the following variances of potential outcomes, restricted to the
treatment arm cr and cbr. These variances are expressed conditionally on the assignment W
of clusters to each treatment arm. Let S, ; == 02(Y;(1) : W; = 1), Siyc == 0?(Y;(0) : W; = 1)
and S¢; o == 02(Y;(1) — Y;(0) : W; = 1). Let w € {0,1}M be the cluster indicator vector for
whether a cluster has been assigned to treatment arm cr (w; = 1) or assigned to treatment
arm cbr (w]- = 0): w is merely another representation, at the cluster-level, of W. Let St

cbrt =

oY} (1) s wj = 0), S}, = 0?(Y;"(0) : j = 0) and Sepy se := (Y (1) = Y7 (0) : wj = 0).

cbr,c

Conditioned on the assignment of units to treatment arms, it is a classical result of causal

inference that:

. 1 1 1
Varz...r [Tcr’W] = Scr,t + Scr,c — 7Scr,tc
cr Ner e Ney
R Mepy 1 1 1
VarZNCbr[chr’W] = —= < Scbrt + Scbr c Schr tc | -
Nepy Mcprt ’ Mepr,c ’ Mepy ’

By linearity of expectation, we now compute the expectation of each term with respect to W.

We begin with the treatment arm cbr:

Mebr [ijru)]

1 M
Ew[Scori] = Moy — 1 Z;]E[wj](yfr(l))z -
cbr j=

Mebr ST 740 M py T 2
= b yr()2 - =¥ _E YL (1
Mepr — 1 ( ) Mepy — 1 |: cbr( ) :|

Mepr — 1
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We now compute the second term, introducing the variable d; := w; — 5~

TZ 1 M M . N
]EW chr,t =3 2 EE[w]wk]Y] (1)Yk (1)
cbr j=1k=1
1 ¢ 2, My . 1 My |\t +
— cor cbr
=2 ZE dj + M2 (Y7 (1)) +TZZE didy + A2 | Y (1Y, (1)
cbr j=1 cbr j=1k#j
1 mep M—m b m
_ — C r( e c r) + chl;r) M- (Y+(1))2
cbr
1 mcbr(M mcbr) m?w) M
+ - + Y;(1)Yie(1)
m?w( m2(M — 1) M2 ]_Z;;L;] J
L ~rae 1 mep M(mep, — 1) U
= S(YH(1))2 + . Yi(1)Ye(1)
Mepy m?br m2 M-1 ]; l; ]
1 Mepy — 1 S Mgy —1 UM
= —M-”) Y+(1))2 + —<  — YH1 Y (1
<me1’ mcbrM(M—].) ( ( )> merM(M_]')]—Elk_Zl ] ( ) k ( )
Mer YV ZVEWZERG] M(mcb,, — 1) N2
= T (V)4 (YA
mcbr(M_l)( ( )) mcbr(M_l) < ( )>
Putting both terms together, we obtain:
_ Mepy N Mer NI M - )
E([Scbr ] <mcbr_1 (mcbr_l)(M_1)> Y102 - Y@

2

Mcbr My - M
N <mcbrb—1 - (mcbr—1>(M—1)> Y (1)) = Y ()
M —— M
=M1 W)

= 5¢ =AY (1)

Y+ (1)

Similarly, E[S, ] = S and E[Sgyic] = S;-. We therefore have that:

2 + + +

R m S S S
]EW[Var[chr|w” = zdﬂ < : + -k )
Ny, \Mcbrt  Mchre  Mcpr

We now repeat the analysis for the treatment arm cr:

Ew|[Sers] = ncyl— 1 iEW [Wz‘ (Yi(l) _Ycr(l))z}
_ ncrl_ : 'Nl Ew[wi]yiz(l) — n:i 1]Ew [Ycr(l)Z}

1=
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The expectation of the first term is given by

1 Eoery me N o~ Mo o
ne — 1 E*Yf (1) = M ncr—lY (1) = ncr—lY (D).

LS B [WiY2(1) =
”cr_lizl WILVVi|L; -

We now compute the second term. Note that Y., (1) = %’Yi,(l) and Y(1) = 7=Y*(1). By

analogy from the computation for the treatment arm cbr, we have that:

2 m2 Mep o5y M(me—1) 2
Ew Yo (1) | = =& | —=—(YT)2(1) + — 22X
W[ cr( )] n%r <mcr(M_1)( ) ( >+mcr(M_1)Y (1>
2 2
mer Mcpr ZVARVIZEY M(mcr_1> n 2>
_ M (M gy MOmo = 1) e g
?l%r <mcr(M—1)( ) ( ) mcr(M_l) mgr ( )
_ L metep omsay . N e — 15752
— e (R + 2 e )

Putting the two terms together, we obtain:

Ner Ner 1 meymep, N me — 1572
EwlS = Y2(1) — — ¢ )2 A
w{Ser] o —1 (1) ncr—1<n%rM—1<Y)(1)+nch—1Y<1)>
nCr N mcr - 1 2 1 mcrmcbr
- YZ(1) — Y(1) — YH)2(1
ey — 1 (1) Moy —1 M—1 (1) ncr(ncr—l)M—l( (1)
1 1 S — S
- fer (M — 1)Y2(1) — N(mer — 1)Y(1) — MerMebr iy y2(7)
Ny —1M—1 Ner
1 1 — S M.
= — 2(1) — _ Merebr iyry2
Y (ncr(M D) (Y0 = YO)") +rar Y(1) = P2 Y (1)>
_ 1 (M= (@) —Y(l)z) L ((rnepem Y(1)" — ey, (Y 2))
ncr . 1 . 1 cr ncr cor'tcr cr cor

Using again the fact that \{(1)2 = @mﬁﬁ(l)z, we have:

Ner Nepy

ncrncbrmz - mcrmcbr(Y+)2(1) = — M Mepy ((Y+)2(1) - Y+(1)2>

Recalling the notation S; := ¢2(Y(1)) and S;" := 02(Y" (1)), we have:

ng M—1 Mer M cpy +
Ew[Scrt] = - S
W[ Cr,t] ncr - 1 M g ncr(ncr - 1)M t
— Mer M—1 S, — M cpy S+
ng—1 M ' N(ng—1)""
We obtain an identical expression for Ew|[Sc ]
Ny M—1 by I
Ew|Scrc] = Sc— S
WlSendl = L3 3 5 N(ng,—1)°¢
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where S := 02(Y(0)). Furthermore, letting S;. := ¢?(Y(1) — Y(0)):

Ner M—ls B Mepy
ne—1 M 7 N(ng—1)

IEW [Scr,tc] = S:;

Finally, we compute Varw[Ez [t — T |W]].

N n 1 1
Varw[Ez [ — T |W]] = Varw | - 3, Wi(¥i(1) = ¥:(0) - (1= W) (Yi(1) - Yl(0)>]
_ncr icG Nebr jeG
_ 1 = My M M
=V N Wi— Y:(1)=Y;
o _Ni:1 ( : M ) <mcr + mer) < 1( ) 1<O)>
) . )
=V N 4P = —Y; =W, — Zr
™ e o where ¥; Moy My, Y;(1) = Y;(0)) and D; = W; =
M? 1 M
_ ﬁVarw M}; de].’+
- R T % (W(l) —Y;7(0) — (‘”(1) - Y'+(0)))2
N2 MM —1) Z\ ;

2 4 M
M Mer M cpy M

=N 1) g 1 ()Y O (FI -0

M
= St where S0 = (YT (1) — Y'(0))
NerNepr

This concludes our proof of Theorem 1.

A.5 Proof of Theorem 2

Recall the notation introduced in the proof of Theorem 1. We let S..; := ¢?(Y;(1) : W; = 1),
Serc(0) == ?(Y;(0) : W; = 1) and Sgy 1c == 0?(Y:(1) — Y;(0) : W; = 1). Furthermore, we let

Sy = (Y (1)t wj = 0), 8, = 0(Y;(0) : wj = 0) and Sy = o2(Y}(1) = Y}(0) :

cbr,c

w; = 0) Let us rewrite the formula for the theoretical variance using this notation:

1 1
Varw z[A] = Ew|[Scr| + Ew[Ser,c] = —Ew|[Scrc]
cr,t cr,c cr
m? 1 1 1
, o o
+ n?cb: <mcbr,t EW[SCbr't] * Mepr,c EW[S;ZM] a mcbrEw[S:;yr,tc]> + Varw [EZ[TCY - chr|w”
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We begin by noting that Ew [Scrt] > 0. Furthermore, we have the following equalities from

the previous proof:

Varw [Ez[fcr - fcbr|w” =

Ew S| = S

We observe that:

2

m 1 M

——r— 4 Si <0
no, My NerNepr

Thus, it follows that:

1 1 m2 1 1
V. A EwlS Ew[S(0)] + =& ( ——Ew][S, ——Ewl[S’ (0
aI'WZ[ ] Mer,t W[ cr,t] + Mere W[ C”( )] + ngbr <mcbrt [ cbr, c] Mepr.c [ cbr( )])

We introduce the following notation: S, == 02(Y; : Wi = 1A Z; = 1), Ser e = 02(Y; : W, =
IAZ;i=0), Sy =02(Y; : W; = 0AZ; = 1), Sepre = 02(Y; : Wy = OA Z; = 0). Let us
consider the following empirical quantity:

A A 2 6+ +
&2 L Scr,t + Scr,c + mcby (Scbr,t + Scbrc)

Neyp t Nere n2 M py ¢ M cpr,c

cbr
Note that Ez[gcr,t|w] - Scr cr EZ[S\CTC|W] = S (0) EZ[Schrt‘w] Scbr c’ ]EZ[SA(—:EI’,JW] =
St (0). As a result, Ewz [6?] > Varwz[A].

A.6 Proof of Theorem 3

Under Fisher’s null, Vi, Y;(1) = Y;(0). From Theorem 1, we obtain by simple substitution:

Ner M Ney Mepy Mepy
Var Al = 5+ <1 - > 5*
wz[A] Mer — 1M — 1 ey My N(ner —1) ) Mepy, Mepr,c

where S := 02(Y) is the variance of all observed potential outcomes, S := ¢?(Y") is the

variance of all observed aggregated outcomes.
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A.7 Proof of Theorem 4

We now compute the expectation of both 1, and 7, under

their respective completely

randomized and cluster-based randomized assignment assuming the following model of

interference:
Vi, Yi(Z) =+ ﬁZi + ypi + €;

We first decompose A as a sum of three differences:

A= (fcr,a - be}’,lX) + (fcr,ﬁ - fcbr,ﬁ) + (fcr,'y - fcbr,'y)
which are defined as:
z- N l*Zi l
Tern = ZW{(-l) 7, 1-7, (DC +€1)
i=1 ncr,t cr,c
X N L, 11
Torp =B Y Wil=1)" =77
i=1 Nyt Mere
A al 1-Z; 1
Terqy ==Y Wi( 1) ’N| Z Z
i=1 cr t ncr c JEN;
N m _ 1
Tebra "= br (1 - Wi)(_l)l % Z; 1-Z2; (0‘ + ei)
cbr j=1 mcbr,t M b e
N
1 1
fcbr,ﬂ = ﬁmey Z(l - Wi)(_l)lizT 1-Z; Z
ebr i=1 cbr t mcbr c
1
Tebr,y = ’Ymdﬂ (1 - Wi)(_l)l_z Z; Z Z
Mebr (59 mcbr,t mchr c JEN

We now compute the expectation of each term with respect to {W,Z}. For the first difference,

we first compute the expectation w.r.t to €, which cancels out.

N

Merp 1

Ez Tcrvc’W

“ LW

ncr t Ner Ner,c
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The same goes for Ez[1.y, ,|W] and therefore Ew z[Tcr« — Tebra] = 0. We now compute the

second difference.

N N
Ew [Ez[fcrmg‘WH _ ﬁZE[WZ] ( 1 7’lcr,t> ﬁz mcrni _

i=1 ncr t Ner

A m ) 1 M cpy,
EW [EZ[chr,B‘WH ncb7’ ZEW 1 - W)] <m br t ' mcl’;ﬁt) B IB
cor ieG o o

Therefore, Ew z [fcr,ﬁ — fcbrdg] = 0. We compute the expectation of the last difference. In
order to simplify the calculus, we will suppose that 1., >> 1 and m, such that Z; and Z;
can be considered independent if both 7 and j are in the same treatment arm (but not in the

same cluster in the case of treatment arm cbr).

N
1 1
N 1 Z;
Ez[%erq|W] = Z |N\ Z Ez | Z i 1-Z; W]
JEN; Moyt Mere

N
= W0+ (1—W;)-0
YL Wi B ]
=0

We now compute the expectation under the second arm:

R M py ~Zi ! !
]EZ 2 W] — ¥ C ]EZ A — T T 1_7. W
[Tebr,|W] Nepr ieZ(:; \N| ]gf mialr,t mgb_rzcl
ey 1 1-W
cbr icG H jeNinC(i) cbr

Taking the expectation over W,

. 1Y
Ewz[twr] =7 - Y Ew[(1—-W;)?
Nepr ;5 (Nl jeNNC(i)
1 ¥ Nepr
neer 57 Vil jeninc@y N
_ T NViNC()]
N =V

93



IViNC(d)]

If, for any clustering C, we let pc == ¥, A be the average fraction of a node’s

neighbors contained in the cluster , then

IEJW,Z [fcr - fcbr] ~pPc-v,

where the approximation made is that n, >> 1, my, >> 1, and mq >> 1.

A.8 Proof of Theorem 5

We compare the variance of the difference-in-means estimator under the Completely Ran-

domized (CR) assignment to its variance under a Bernoulli Randomized (BR) assignment. In

order to avoid situations where no units are assigned to treatment or control, we condition

on the event that at least one unit is assigned to treatment and control. In other words, BR

denotes the re-randomized Bernoulli assignment strategy, which rejects the edge cases where

all units are assigned to treatment or control.

Let #; (resp. #.) be the realized number of units assigned to treatment (resp. control)

under the BR assignment, and N; be the desired number of units assigned to treatment

under the CR assignment. Naturally, E[r;] = n;. Let p := §}, where N is the total number of

units. Under the BR assignment, using Eve’s law, we have the following:
Varg[t] = Vary, [Ez [£]] + By, [Varz [[]
We now examine the first term of Equation A.17:
R 1 1
Ez[t|n:] = " Y Ez[Zi|n]Yi(1) — " Y Ez[1 - Zi|n:]Y;(0)
i c

Note that:

P(Zi=1,7) (O _Dp"(1—p) D=1

— _ _n
Ez[Ziln:] = P (1) - (Z)pﬂf(l — p)N-m N

Similarly, Ez[1 — Z;|n;] = %. As a result, Ez[%|n;] = & ¥, Yi(1) — Yi(0). And thus,

Var,, [Ez [¢]]] = 0
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We now examine the second term of Eq. A.17:

St S Stc] [1] [1} Ste
B, |24+ 26— 2% =GB, |—| +SE, |—|— 2%
" [ﬂt ne N ] T ] N

We need to compute E [%} . We rely on the following crude-upper bound given by Lemma 3:

Lemma 3. If pN + (1 — p)N < 5 < 1, we have the crude upper-bound:
233
Nt 1 ni

It follows therefore that:

S S
VN >2, Vp e (0,1), ]VarZNBR[ﬂ — VarZNCR[fH <5 (11; + nzc )
t cbr

Proof of Lemma 3

If X is a binomial of parameters B(n, p), let py := P(X = k) and let a := p" + (1 — p)". It is

easy to show that:

+o00
Vk € [1,n—1], P(n; = k) = Y P (i throw = kfirst i — 1 throws = 0 or 1)
i=0

400 i—1
=Y mll("+(1-p)")
i=0 =0

00 )
=pe ) (P + (1 —=p))
i=0
1—pr—(1—=p)
_ Pk
11—«

As expected n; behaves almost like a binomial distribution when n — +oc. There is a known
closed form formula for the first negative moment of a binomial distribution from Chao

and Strawderman (1972). For a binomial X of parameters (1, p),

i [1ix} - p(n1+1) (1-a-p)

95



Let X ~ B(n, p):

1 1 1 1 1 1 1 1
i) =l = o (5] - e (] [+ = el -

We study the second term:
1 1 1
‘1—04E {1+X] Com|
We now study the first term:
1 1 1 1 1 1
‘E [X] BT [1+XH - ’E [X] BT [1+X”
n—1 n
_ Pk Pk
C1—a Z’ k 2 k+1
Z Pn +(1-p)"
1—a kk+1 +1

We find a crude O(%)—upper—bound of the summation term:

« 11 (1—p)”+1< p"
l—anm+p 1—a m+p ~— (1—a)n

nZ_:l i <>P"(1—p)”"‘
kzlk(k & k+1
n—1 n .
; k+1)( +2)(k)pk<1_p) k
3 — (n+2 e
CECES)) ¥<k+2>pk(l_p) ‘

3 n+2 n—
B ;92(;1+1)(n+2)k:z1 <k+2>pk+2(1_p) ‘

_ 3 ' (n+2\ nt2—k
_PZ(H+1)(n+2)k§< k )P(l_P)
3 3

S CES (R IRCTIE

As a result,

17 1 1 3 p" WP
|l < _ L
‘E [X} np| ~ 1—u <(np)2+n+1 A=p)+ n>
If « < # < 1, we can find a crude upper-bound of the RHS term:
1 1 5
E|< <
' {X ] np| = (np)?
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Appendix B

Appendix to Chapter 2

B.1 Proof of Proposition 5 and 6
Assume the following interference model:
1
VZ, Yi(Z) = ai+ Bi- Zi YT Y. Zj+e,
NIl &
where €; ~ N(0,02). Recall the definition of the estimand: TTE = & Y;Y;(1) — Y;(0).
Plugging in the expression for Y;(Z), we obtain: TTE = % Y.iBi+ % Y_; vi- The estimator is
given by:
M (=)

Z; (1-Z;) Yi(2),

T =
Nizl mytme

where m; (resp. m.) is the number of clusters in treatment (resp. control). Plugging in the

expression for Y;(Z), we obtain:

[Nl M—1 [N

Bz~clt] = zlvim N > ('Nf“CUN 1 w\ca)r)

We obtain the desired result by taking the difference between these quantities. Prop. 5

follows by substituting y; = 7
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B.2 Proof of Proposition 7

The proposition can be established by rewritting the definition of P-increasing interference

mechanisms,

T~ Baclt] = 3 1 (Y00 - Booci@)zc = 1) + (Baeel(Dlzciy =0~ ¥(0))

It follows that a sufficient condition of the model to be P-increasing is for the two following

inequalities to hold:

Yi(1) > Ezc[Yi(Z)|zc(;) = 1]

Yi(0) < Ezc[Yi(Z)|zc(;) = 0]
If increasing the number of treated units in that unit’s neighborhood increases that unit’s
outcome — holding that unit’s treatment assignment constant — then the two previous
inequalities hold.

B.3 Proof of Proposition 8

Recall that for k € {1,2}, our estimator can be written as:

w MY —1)! %
= ﬁk ZWiYi(Z)%/
ki My

where my; (resp. my ) is the number of treated (resp. control) clusters in design arm k and
N is the number of units in design arm k. We begin by first considering the no-interference
case. We have that:

1 N
Ey.cw[f|W] = sz Y;(0)).

i=1

By the law of iterated expectations, we have Ey 7. cw [tW] = TTE. We now consider
the linear model suggested in Eq. 2.7, where we assume heterogeneous network effects

(7i)iep,n]- From the proof of Proposition 6, we have that

M, 1
1N, Zl: Wi (Pcp’,i - 1)

By on 6V |W] =
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Note that we have:

We conclude that the linear model of interference is transitive.

B.4 Proof of Proposition 9

Without specifiying a parametric model of interference, theoretical bounds on the power of
even the simplest randomized experiment are hard to come by. While the joint assumption of
monotonicity and transitivity allow us to design a sensible test for detecting the better of two
partitions, they are not sufficient to bound its power without stronger assumptions. We thus
rely on simulations, like the ones run in Section 2.3, or theoretical approximations, like the
ones suggested in Prop. 9. It approximates Ew z[t}¥], for k € {1,2} by two independently-
distributed Gaussian variables of mean %}V and variance 6}", given in Eq. 2.14. Their
difference has the distribution N (¥ — #)V, 0}V + 62V). Recall that Neyman'’s variance
estimator is an upper-bound of the true variance, under SUTVA, in expectation over the
assignment Z (cf. Imbens and Rubin (2015)) if SUTVA holds. We prove in the lemma below

that this still holds true for an experiment-of-experiments assignment.

Lemma 4. Under SUTVA, Neyman'’s variance estimator is an upper-bound in expectation of the

true variance of the HT estimator:
Ewz[0}'] > Varwz[#"]
Proof. By Eve’s law,

Varw,z [’f]:'v] = Ew[VaI‘ZNCI\(N [T]!N|W” + Varw [EZNC}‘(N [”l\']:NH
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From Imbens and Rubin (2015), the first term can is equal to:

My <Var[Y+(1)] n Var[Y*(0)]  Var[Y*"(1) — Y*(O)])
Ny My My M '

where Yj+ (Z) = Yicew(j) Y;(Z), the cluster-level outcomes. The second term can be shown

Var[Y(1)—Y(0)
N

to be equal to L. Since we have that:

B glo7] = M (Var[wu)] .\ Var[y+(0)]> /

Ny My My

we must prove:
Var[Y* (1) - Y*(0)] _ Var[Y(1) - Y(0)]
N - N '

This follows from an application of the Cauchy-Schwarz inequality for balanced clusters:
¥ (X Y;)? < i lGil Y?, where C; are the cluster sizes, equal to Nﬂk in the balanced

case. O

In order to determine the greater of two clusterings, we can perform two one-sided t-tests.
The Bayesian approach is to compute the posterior distribution of the difference of the two
estimates, using a conjugate Gaussian prior. In order to assess the impact of assuming that
the two estimates are independent Gaussians, we suggest running a sensitivity analysis,

which varies the value of the correlation coefficient.
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Appendix C
Appendix to Chapter 3

C.1 Proof of Lemma 2

We show that the variance of the treatment proportions vector 7t is maximized, constrained
to verify 77 = %, only for vectors 7t* € {0,1}M assigning either all of a cluster to treatment
or none, assuming that a solution in {0, 1} verifying the equality constraint exists. One
direction is easy. Let r* be any assignment placing all of a cluster to treatment or none,

and verifying the inequality constraint.

Var|rt] =

We prove the other direction. Consider 71; < 71;. Consider increasing 7t; and decreasing
7 by € such that the total number of treated units is constant: 7; = 7; + €, 7r]/- = 7'(]/- — ¢, and

Vk ¢ {i,j}, mm; = my, such that:
Var[rt'] = Var[r] + (m; + €)* + (m; — €)* = 7 + 71]2 +2€* + 2¢(m; — 7))

Since 7; > mj, Var[st'] > Var[rr], which concludes the proof.
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C.2 Proof of Proposition 10

The expectation of the difference-in-means estimator conditioned on the proportion of units

assigned to treatment is given by:

ny'ne
1 1M
= Z )= (1=m) ), Yi(0)
j=1 €C; ¢ j=1 i€C;

EZ,TL’ ZPkT(kZY - — E — TTx ZY ]
]kl ieC; ]kl ieC

1 M 1 ¥ 1-—m

=— =Yy(1) - — Y;(0)
1 ]kZ—:1 M ieZC:] l Me ]kZ—:1 M i;’:] l
1 (M nk> 1 (M 1—nk>

b PR Y1) | - — Yi(0)
L(E5) (z500) -2 (E57) (zE
1 1

This last quantity corresponds to the total treatment effect, hence the proof that the
difference-in-means estimators is unbiased under the stable unit treatment value assumption
for a randomized saturation design.

C.3 Proof of Proposition 11

Using Eve’s law, we have that

Varz, [t] = Vary [Ez [t]] + E, [Varz [t]]
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We first compute the variance of the estimator conditional on an assignment of the treatment

proportions vector 7. Let D; = Z; — < and Y! = (Z:—:Yi(l) + %Yi(O)).

Varz[fn']Varz[ ZZZY ZZ (1-2 n’]

ti= 1ieC; ¢ j=1ieC;
M [ N; N; ]
=3 Varg | - 2¥i(1) = L1 2)%i(0)|m
i=1 N] ieC; Me
M [ N:
:ZVarz fZD < +]Yi(0)> t| +0
j=1 ] ieC; N
N -
= EVarZ — 2 DY!|m
j=1 ] ieC;
Note that:
Ez[D;] =0
ni(Nj — n;)
Bg[Df) = 2
nj (Nj = nj)
EZ[DzD]] _NZ(N]'—l) fori # j
J
We introduce the following quantities
1 2
St Y (Y1) —vi(1)
! N]—liecj(l : )
1 2
Si= 51 & (40 - Y0)
i€C;
2 _
Stc] N —1 Z (Yz(l) - Yi(o)) (Y(l) - Y(O))
i~ tiec
Thus, we have
M N 2
Varz [T| ] Z 72EZ Z Din{
j=1 1Y i=1
M ,
—y N vy
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_ & (N —n)) N; Nj (Nio N 2
_]; N3(N;—1) ieC]< Yi(1) 4 7Yi(0) <ntY(1)+ CY(O)))

M n:(N; — nj) N? B ) n_(N._n)NZ B ,
- I o =Y YR 3 oo o)

#2000 3 e 2 (51) 00 (YD)~ ¥(0)
M M _ M
— Z% n](lz\\]]]]n27’l]) le : Z%(Yl(l) B Yl(l))z n n](zz\\];]n n]) le_ : Z%(YZ(O) _?(0»2
j= t i= c 1
+27 g;tnff) § I (400 = (0) (Y1) = (0)
M n.(N;: —n n n n;(N; —n;
:]; ](N]jnf ]>St] ](Z\; 2 : 7 ]g\]j;’lt c]>st6]

Since Sycj = Stj + Scj — Stejs

N M n](N]—n]) TZ](N]—TZ]) SC]-— %A: l’l](N]—l’l])

nifte = Njnt N]-nc = Njntnc

Varz [t|7t] =
M N 1
— Z o N 7'[] )St] —l— N 7'[]<1 7T])SC] — @Njﬂ](l - nj)stcj
i’

If we take the expectation with respect to 7,

2 M
. AT ny N N 1
IE),T[VarZ [T’TCH = <N — Var[n] — m) <]§ 771% CN]'St]' + Ttng N]Sc] - Tﬂ”lc N]'Stcj

An alternative formulation is given by:

M

. nen N; N; N;

E, Vargz [t|7] = ( 1<]2C —Var[n]) (Z n]St] + ]Sc] +o — Stq)
j=1 1%

This concludes the first part of the Eve equation. We now compute the second part of the Eve
Y (1) n Y;7(0)

ny ne °

equation. Let Y (1) = ;e Yi(1) and Y;7(0) = Yicc. Yi(0). Finally, we let Y; =
q j IGC/ j GC] y

— . Mt
Furthermore, let C; = 71; — §.

Vary [Ez [#]7]] = Vi lﬁﬂ +(1)—l§ 1- ) y+(0)
ary; |Ez [T|]] = Var, t]_:1N]] ”c]-:1 N; j
Mo Y1) Y+(0)
] ]
= , —(1—
Var, l§=1 j " (1—mj) ﬂc



Note that,

E. [C]z] = Var|r]

Er [Cpcq] = B[mpm,) — o

1 1 ) 1

- M(M—l)’;npanrM(M—l) ;”P M(M —1)

B 1 Mny\? 1 n? n?

_M(M—1)< N ) M-1 (Var[”HNZ N2
__ Var[r]
M-1

Finally, we introduce the following quantities:

Var(Y;") =

M
Var(Y) = - ) (Yﬁ(o) -Y; (0))2

Var(v) = -3 (v () =¥ () (Y1 0) =] ).

It follows that:

M 5 1 o
Var, [Ez [t|r]] = Var[r] (Z ]-2 - 712 RS k)
j
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M? Var(YtJr) N Var(Y.) N Var(Y;)
M-—1 n? n2 Nehy

In conclusion,

Varz - [T] =

Var[r]M? (Var(Y;") Var(Y') & Var(Yy)
W (e )

n? n2 neny

nn b S Stej
+(£I2C—Var[n']> (ZNJ ]—I—N C] + N; CJ)

Tnm,
ntnc ZN <St] iczj + Stcj>
c

t ntnc
M?  (Var(Y;") = Var(Y;") Var(Yy) M Stj | S | St
V. t c N, j 429 j
+ Var[7] <M— 1 ( n? * n2 * nehy > Z ( n2 ' n2 * ngne

The coefficient in front of Var|sr] is not always positive. Consider a case where Vj, k, Y]* = Y,j ,
such that Var(Y;") = 0, Var(Y") = 0, Var(Y,;5) = 0. It is still possible however for Y;(1),
Y;(0) to have some variance within each cluster, such that S;; > 0 and S.; > 0:

M? (Var(yj)+Var(Yc+)+Var Y+> %N (St] scj Stq>§ %N (Stj Sej ><0

M—-1 n? n2 NNy n? n2 o, = J n2

C.4 Proof of Corollary 1

The simplified equations are obtained by noticing that Var[7r] = 0 if the vector 77 is constant,

and Var[rr] = ¢ in the case of a cluster-based randomized assignment. We also use the

fact that: S;j = Sj; + S¢j — Sij and idem for Var(Y;!).
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C.5 Proof of Proposition 13

The stratified estimator is given by:

M
a At (j)

I
~.
I
L
Z

(-1

(Z:Yi(1) + (1 = Z)Y(0)) —
an'(Nj — n]‘)l_zf

1
™=
\>

~
Il
—_
I\
—_

The expectation of the stratified difference-in-means estimator conditioned on the pro-

portion of units assigned to treatment is given by:

Ez [t°|7] = Z ZY
j=

] ieC;

If Aj = 7, then the stratified estimator is unbiased for the total treatment effect condi-
tioned on the assignment of treatment proportions to clusters. Same in expectation over that

assignment.

C.6 Proof of Proposition 14

According to Eve’s law, we must compute two terms. The first term is equal to 0.

Var, [Ez[t|7r] = Vary

2 YY) ]0

j= ] ieC;

such that Varz [t°] = E, [Varz [t*|7r]]. We compute this remaining term:

M
Varz[t*| ] = Z/\]Z Varz [(j)| ;]

j=1
= N;—”j N;

ME

e [Varz [ ] = ) A] (S” [”J * Sqtin [N]—”z] ) 1\;]])

Il
—_

j
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M A? 1 1
~ L (3 ]+ s[5 ] - 5o)
j=1 ] ]

-1 .
Let 7t = <ﬁ Zj]\il %) be the harmonic mean of 7. If we use A= %, then the above

formula becomes:

M N;

S Sei Siei
Ni (5 g _ S
Varz [T ]Z N (N;ﬁ NA1—n)f N >

Since any mean-preserving spread (Mitchell, 2004) of 7= will decrease the harmonic mean, the

optimal randomized saturation design is one with the lowest variance for 7, i.e. 7 = (§) .

C.7 Proof of Theorem 8

Recall that C(i) € [1,M] is the cluster that unit i belongs to. We assume block-fixed
interference effects and compute the expectation of the difference-in-means estimator,

conditioned on the assignment of clsuters to treatment-proportions 7.

. i Vi (=14
Egz [t|n] =Ez |)_ ai+ﬁiZi+|M Zx |~z 9=z
i t keN;

ny'ne

:“*+B+%nj<nj—11_Nj—nj1> Z|Nﬂc‘
SN \Nj—1n  Nj—ln i Ml
M ni (n; 1 n; \/\/'OCI|

TR IDNE:
=iz Ni \Nin N icC; SN
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— 1 nj (n 1 n; INmCl|
=B (F (1R )77 B P e 0000

ieC;

< 1-— NinC
:06*+,B—|—27T]'<7T:— 7Tl>,y Z‘ |N|l‘ O(XXX)

i€C;

We want to take the expectation of this with respect to a permutation of 7r, where the last

equality is true if the clusters are of equal size.

A=Y %6 Y B[Py

j=1ieC; k
1 /(1
Slicc, ™ A\M7F
=B

j=lie¢; K n

M 1 Tk 1-— Tk
=) ) M Yol

j=1ieC; PN fe
=0

As for the <y term, if the clusters are of equal size, and for a permutation P, this simplifies

to:

o [ ' 7T 1—7T[ ’chl‘
Ezx[7] = Bz | )7 <nt ne )7 L Vil ]

ieC;

o D il a0

nine 47 i< 4 ne

| NﬂC;| 1 . ]
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Continuing to explore the first term,

N N ; |/\/'iﬂCl] 1 ; IN'ZOC]\ 5 1
z [] nin. ]; ieZC]- ’M| P qM(M—l) % iEZCj ’M‘ P M
p#q
N 1 ; NN (| 1 ; IN; NG|
_ (/) it 2 - (/) it
= 7T, 7T, + T
o = (5 (?” L ) (=) (M?” o

Assuming that the clusters are of equal size such that 77 = %, and noting that

n?M?
) Ty = 3\,72 B ;”129

p#q
1 : INiNnCi| N
- (/) Lt | RO I
Y = 377
M; i;j |V M
NinG|

Z’Y(j) Z TN N(y—9")

j#l ieC;
Z 2 nt
- 7Tp =M <Var[7't] + Z\[z>

It follows

. N r N -~ A ﬂ / = A/

= (Nv 717 7)>Var[ﬂ]+ ch(v +(r=7")
N? / ¥— N 1’1%_

 mn, <7 M- 1> Var[r] + mne N

- NZ / ’7’_7, ny _

= <'y —M_1>Var[7r]—|—c

_ NZ =~ _ A
Ez|[t] =B+ (’)f’ _r= ) Var| 7]
Nnine

C.8 Proof of Proposition 15

Recall that 7° is the stratified estimator. We seek to understand its expectation under the

linear interference model in Equation 3.13.
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» )
Ez [’fs|7T] =[Ez )\] o+ ,BiZi + Zy -
RPY N1 5 ) =

Y AY gL Yy oy <]_ i1 )
j i TN —
'Z 2 Njnj Nl (7 ebmn Ni \Njn; N;  Nj—n

j=1 i€C;
Vi nj 1
+ Y,
[Nl keCon; Nj Ty
% AiBj+ 4 Z%ijcﬂ
j=1 N] 16C “N’Z’

IfA; = %, the previous formula simplifies to:

If the interference effects are constant, then the formula becomes:

Ez [t°]7r] = B+ 7pc

C.9 Proof of Corollary 2

Assume block-fixed interference effects and that the graph is perfectly clustered. It follows
then that 9/ = 4. The expectation of the difference-in-means estimator is

2

Eq[t] = B 7] +0(X)

Furthermore, the total treatment effect is B + 7, thus concluding the first part of our proof.
For constant direct and interference effects, = B = B and 4 = 7. The total treatment
effect is given by B + <. If the graph is perfectly clustered into clusters of equal size, the

conditional expectation of the difference-in-means estimator 7 is

M
Bz [t]7] = B+ (,ZNf”f> Gﬁr}) _7%
_ﬁ ’Y(nnMZ ] nc>
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N2 (1 , n?
=P (M LT N

YN?

nine

=B+ Var| |

Thus, we have showed that when the graph is perfectly clustered into clusters of equal size,

the bias is linear in the variance of the treatment proportions vector. The other direction

follows from Lemma 2.

C.10 Proof for Corollary 3

Assume that the graph is randomly clustered. Asymptotically, V\W(‘?r |~ %, such that ¢/ =~ %

From the expression of Ez [?] in Theorem 8, we have:

N? AN AN
Vi — — ~
nine ar{7] (M M-1 B

Ez[t] ~ B+

The rest follows immediately.

C.11 Proof of Theorem 9

The bias of the difference-in-means estimator for a randomized saturation design under the

linear model of interference in Equation 3.13 is

N? N
— \V/ — 5
ngneg < M — 1> arlm] =7

Since Var[rr] € [0, %], we define A := N2 yar[7r] such that A € 0,1]. Furthermore,
N nine

7" € [0,%], such that we define y = %, with p € [0,1]. The bias becomes

A=l (e TTE YA
TTE—IEZ[TH—'yKy M—l)A 1‘
_ 5| Mp—1

— 7| a1
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Since A(Mp — 1) < M — 1, the bias becomes

R Mpu —1
|TTE — Ez[?]| —7(1 M1 A)

We distinguish two cases. If u > %, then f reaches a minimum at A = 1, equal to

(¥ —+'). If u < 4;, then f reaches a minimum at A = 0, equal to .

C.12 Proof of Example 1

Let Y]_+ = Liec; Yi be the cluster-level outcomes. Recall the definition of f and the difference-

in-means estimator ¥ under the stable unit treatment value assumption:

f(r,C,0) = |TTE — Ez [#| ]|

It is easy to see that for 7* = (%¢), , we have f(7r*,C,©) = 0, such that

M/

4 .
(%), € remin S C.0)

C.13 Proof of Example 2

Let f be the mean-squared error of the difference-in-means estimator ¥ under the stable

unit treatment value assumption:

F1(m,C{Y(1),Y(0)}) = (TTE — Eg [#|7])? + Varz [£|r]

Assuming that the cluster-level outcomes are identical,

VG, Y (1) = Y (1) =y and Y (0) = Y1 (0) = v/
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then, for any 7t € S, the bias squared is equal to

e = (B (2 L) (57 3) )

i () e M (Y
M
ne ¢ ne

( ! 2
(Y (n 2y

vs

Hence, the objective boils down to minimizing the conditional variance. From the proof of

Proposition 11,

N ;

N2 M N; Stj S¢j St
Varz[t| 7] = E (1 - (]+]_1>
z[tl7] SN =m0 TN

Stj SC/' Stcj : e .
T 55 — ) is always positive, the above is a sum of

Since the coefficient y; := (
concave functions of 7tj, which is itself a concave function of 7r. Minimizing a concave
function under the constraint 7= € [0,1]M is easy. Without loss of generality, we will assume
that the coefficients ¢ are sorted in increasing order. We need to maintain the constraint
that T, 77 = Mt While Y, 77 < 22, set 77, = min (1,2 — TF 7). Set the

remaining values of 7t* to 0.
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