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Cluster-based outcome-dependent sampling: inference and

frameworks for efficient sampling designs

ABSTRACT

Efficient sampling designs are valuable in public health research when finite resources necessi-
tate decisions regarding which individuals to sample for detailed data collection. In observational
studies, when the outcome is rare, outcome-dependent sampling (ODS) is a cost-efficient strategy
that leverages information on the subject outcomes at the design stage to inflate the outcome rate in
the sample and thereby increase statistical efficiency. In many settings, the individuals in the target
population are clustered, as are patients in health centers, and therefore exhibit cluster-correlation
in their outcomes. Logistical, ethical, or resource constraints may require sampling clusters rather
than individuals directly. In such settings, the question becomes which c/usters should be sampled
to yield the most ‘informative’ sample for the research question of interest.

This dissertation focuses on the design and analysis of cluster-based ODS designs, in which
cluster-level summaries of the outcome, as well as possibly other pieces of cluster-level, readily-
available information from sources such as a country’s Health Management Information System
(HMIS), is used to guide the decision regarding which clusters to sample. In particular, this disser-
tation proposes methods for i) valid estimation and inference given data collected through a cluster-
based ODS design when the number of sampled clusters is small, and ii) a framework for designing
efficient cluster-based ODS designs, when interest lies in estimating with precision one or multiple

parameters in a marginal mean model.
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Dissertation Advisor: Professor Sebastien Haneuse Sara M. Sauer

In Chapter 1, I propose to carry out inference given data collected through a cluster-based ODS
scheme using inverse-probability-weighted generalized estimating equations (IPW-GEE), where the
cluster-specific weights are the inverse of a cluster’s probability of selection into the sample. I pro-
vide a detailed treatment of the asymptotic properties of this estimator, together with an explicit
expression for the asymptotic variance and a corresponding estimator. Furthermore, motivated by a
study on risk factors for low birthweight in Rwanda, I propose a number of small-sample bias cor-
rections to the point estimates and standard error estimates. In Chapter 2, I develop an approach for
optimal allocation in single-stage stratified cluster-based ODS designs and investigate the potential
for gains in statistical efficiency under such a design given one or multiple parameters of interest. As
the optimal allocation formulae presented in Chapter 2 depend on quantities that are unknown in
practice, Chapter 3 proposes and evaluates an adaptive sampling strategy for operationalizing the
optimal allocation design in practice. Finally, in Chapter 4 I give concluding remarks and present

some directions for future work.
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ability of selection into the outcome-dependent scheme, 7. Black shading indicates
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The absolute bias in the mean of the unweighted point estimates E(j), weighted un-
corrected point estimates /[?:w, and the bias-corrected weighted point estimates @cw in
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degree of correlation was determined by 7 = 0.5. The true parameter values are

givenby @ = (4, ,,8,) = (-1.6, 0.5, 0.3). Under design #1, f?;(j) and @w are equiv-
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Introduction

Conducting research in low-and-middle-income country (LMIC) settings or community-based set-
tings in the US is often challenging for a host of reasons, including that resources for data collection
are limited. When resources are finite, decisions must be made at the study design stage regarding
which individuals to sample for detailed data collection. Efficient sampling designs that aim to select
the most informative individuals to answer the research question(s) of interest are therefore indis-

pensable in such settings.



Sampling designs that leverage information available at the design stage of a study can increase
the statistical efficiency of the final analysis, which is particularly important when the outcome
and/or exposure of interest is rare. Designs that use information on the outcome of the individuals
in the target population belong to a class of designs known as outcome-dependent sampling (ODS)
designs. A classic example of an ODS design is the case-control design, which is known to yield
substantial efficiency gains over simple random sampling when the outcome of interest is rare*>.
Other examples of ODS schemes include the nested case-control, case-cohort, and two-phase de-
signs'>2 7475 A rich literature exists on the analysis and design of outcome-dependent sampling
designs tailored to different contexts. For the most part, the literature on ODS has focused on the
setting where individuals are treated as independent, although methods have been recently proposed

for longitudinal and cluster-correlated data settings >3-44:45-40:57:61:65

. However, the majority of pre-
vious research on ODS designs has focused on settings in which sampling occurs at the level of the
individual.

In this dissertation, we instead focus on ODS designs that involve sampling clusters as opposed
to individuals, even while the analysis remains at the level of the individual. Such cluster-based ODS
schemes may be useful in settings where i) individuals are cluster-correlated, and ii) logistical con-
straints permit researchers to visit only a subset of the clusters in the target population for data col-
lection. Rather than using individual-level information on the outcome to guide sampling decisions,
cluster-level summaries of the outcome and possible other relevant pieces of information may be
used. In the context of public health research, such cluster-level summary measures of health indica-
tors are increasingly available through centralized databases such as a country’s Health Management
Information System (HMIS)?+5.

This dissertation aims to answer several questions related to the design and analysis of cluster-

based ODS designs. In Chapter 1, we propose to carry out inference given data collected through a

cluster-based ODS design using IPW-GEE. Furthermore, we propose a number of small-sample bias



corrections to the point and variance estimates to be used when the number of sampled clusters is
‘small’. Through a comprehensive simulation study, we show that i) analysis via IPW-GEE is valid
when the number of sampled clusters is large enough, and ii) that the proposed small-sample bias

corrections reduce the bias in both the point and variance estimates when the number of sampled
clusters is small.

Chapter 1 provides a way to analyze data that has been collected through a cluster-based ODS
sampling scheme; it does not, however, address the question of how to choose an efficient sampling
strategy among the class of cluster-based ODS designs. In Chapter 2, we propose a framework for
optimal allocation in the class of single-stage stratified cluster-based ODS designs. In such a design,
the readily available cluster-level information on the outcome, as well as possibly other covariates,
is used to stratify the clusters in the population of interest. Then, given resources to sample a fixed
number of clusters, the optimal allocation of the cluster-level sample size across the defined strata
is determined according to a predefined optimality criterion. The primary goal of Chapter 2 is to
develop a comprehensive understanding of the potential value (in terms of efficiency) of pursuing
an optimal allocation strategy. That is, we seek to provide insight into how the potential for efh-
ciency gain is impacted by different factors such as the optimality criterion, the type of the covariate
of interest (cluster-level or individual-level, binary or continuous) and the relationship between the
covariate of interest and the stratification variable(s).

One major obstacle to implementing the optimal allocation design in practice, however, is the
fact that the formulae for the optimal stratum-specific sample sizes depend on quantities that are
unknown, such as the true parameter values, £,. In Chapter 3, we therefore propose a two-wave
adaptive sampling scheme, in which the data collected in the first wave serves as an internal pilot
study that is used to estimate the optimal allocation of the remaining resources. We develop and
evaluate two approaches to estimating the optimal stratum-specific sample sizes given the first wave

data: an inverse-probability weighting (IPW) approach and a multi-level multiple imputation (MI)



approach that employs the imputation approach proposed by Jolani (2015).*”

Chapters 1-3 in this dissertation are each presented as a self-contained paper. Chapter 4 provides
some concluding remarks, extensions, and directions for future work. In particular, we extend the
methods presented in the first three chapters for single-stage cluster-based ODS schemes to settings
where the sampling design is zwo-stage cluster-based ODS, which arises when researchers are inter-
ested not only in sampling clusters, but would also like to sample individuals within the selected
clusters. Towards this, we describe how to carry out estimation and inference for data that has been
collected through a two-stage stratified cluster-based ODS design. Furthermore, we extend the idea
of optimal allocation to this setting, in which decisions must be made not only regarding which
clusters to sample, but also which individuals to sample within the selected clusters. We conclude
with a brief discussion regarding challenges that arise when implementing such a design, and pro-

vide some additional areas for future work.
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Abstract

The neonatal mortality rate in Rwanda remains above the United Nations Sustainable Devel-
opment Goal 3 target of 12 deaths per 1,000 live births. As part of a larger effort to reduce pre-
ventable neonatal deaths in the country, we conducted a study to examine risk factors for low birth-
weight. The data was collected via a cost-efficient cluster-based outcome-dependent sampling
scheme wherein clusters of individuals (health centers) were selected on the basis of, in part, the
outcome rate of the individuals. For a given dataset collected via a cluster-based outcome-dependent
sampling scheme, estimation for a marginal model may proceed via inverse-probability-weighted
generalized estimating equations, where the cluster-specific weights are the inverse probability of the
health center’s inclusion in the sample. In this paper, we provide a detailed treatment of the asymp-
totic properties of this estimator, together with an explicit expression for the asymptotic variance
and a corresponding estimator. Furthermore, motivated by the study we conducted in Rwanda,
we propose a number of small-sample bias corrections to both the point estimates and the standard
error estimates. Through simulation, we show that applying these corrections when the number
of clusters is small generally reduces the bias in the point estimates, and results in closer to nominal
coverage. The proposed methods are applied to data from 18 health centers and 1 district hospital in

Rwanda.



1.1 INTRODUCTION

NEONATAL MORTALITY IS DEFINED As the probability of dying within the first 28 days of life.

While the majority of neonatal deaths are preventable, due to slower progress in neonatal mortality
reduction since 1990 compared to the advances made in child mortality reduction, neonatal deaths
represented 47% of all under-five deaths in 20187°. The United Nations Sustainable Development

26 In Rwanda,

Goal 3 aims to reduce neonatal mortality to 12 deaths per 1,000 live births by 2030
however, the rate of neonatal deaths remains high at 20 deaths per 1,000 live deathss®.

Low birthweight is associated with a higher risk of neonatal death **, strategies that target reduc-
tion of low birthweight births may therefore help to reduce neonatal mortality. This motivated a
study we recently conducted in Rwanda, with the goal to investigate risk factors for low birthweight
in two northern districts of the country. Due to time and resource constraints, it was feasible to visit
only 18 of the 44 health centers for collection of the individual-level data. The 18 health centers
were sampled based on an outcome-dependent sampling (ODS) design, and in the summer of 2017,
the paper’s first author traveled to the sampled health centers and collected data on all live births
recorded in the maternity registers between April-June 2017.

ODS is an indispensable tool for conducting research in resource-limited settings. Examples of
outcome-dependent sampling designs include the case-control, nested case-control, case-cohort,
and two-phase designs '>>"537+75_ For the most part, the literature on ODS has focused on the set-
ting where individuals are treated as independent, although methods have been recently proposed

61,65 However, in both the inde-

for longitudinal and cluster-correlated data settings 34445457
pendent and correlated data settings, the majority of designs proposed involve sampling at the level

of the individual (i.e. the study units within a cluster). In some settings researchers may opt to use

readily-available outcome information (either aggregated or at the level of the individual) to perform



cluster-based sampling; that is, to sample clusters rather than individuals **. Such sampling may be
preferred when, for example, the costs associated with travel to a clinic are high compared to the cost
of collecting information on individuals once at the clinic.

For data collected through a cluster-based ODS design, Cai et. al (2001) '* proposed to carry out
estimation for a marginally-specified regression model via inverse-probability-weighted generalized
estimating equations (IPW-GEE), with the weights taken to be the inverse of the cluster-specific
probabilities of being selected by the scheme. Furthermore, they proposed that inference be based
on a sandwich estimator for the asymptotic variance. They did not, however, formally establish
the asymptotic properties of the estimator for the regression coefficients nor did they provide ex-
plicit expressions for the variance that acknowledge the inherent negative correlation among the
cluster-specific sampling indicators. In this paper we resolve these gaps by using results by Xie and
Yang (2003)®" for GEE in the complete data setting to establish the asymptotic properties of the
IPW-GEE estimator for cluster-based ODS designs. Through this we derive an expression for the
asymptotic variance and propose a corresponding consistent estimator.

In contrast to Cai et. al (2001) '* where the focus was on settings with a large number of small
clusters (specifically pairs of eyes within the Baltimore Eye Study), our study of low birthweight
risk factors in Rwanda consists of a small number of relatively large clusters. That the number of
clusters is small may be of concern, specifically in regard to small-sample bias in point estimates '
and undercoverage of confidence intervals based on the usual sandwich estimator 16:30:38,43,50 T
the best of our knowledge, however, no attempts have been made to investigate the extent to which
these issues manifest in the cluster-based ODS designs that are the focus of this paper. Furthermore,
while small-sample corrections have been proposed in the complete data setting, these have not been
adapted to the ODS setting. Therefore, a final contribution of this paper is that we provide expres-
sions for a bias-correction to the point estimates, as well as several bias-corrections for the variance

estimator.



1.2 Risk FACTORS FOR Low BIRTHWEIGHT IN RWANDA

The motivating study for this paper is one that we recently conducted on risk factors for low birth-
weight (< 2,500g) among facility-based births in two districts in northern Rwanda (Gakenke and
Rulindo) between April and June in 2017. Within these districts, pregnant women may receive care
at one of K=44 health centers. While patient records, that include information on the mother, the
pregnancy and the infant, are maintained locally at the health centers, aggregated information on

a range of health indicators are tallied on a monthly basis by each of the health centers and entered
into the Rwanda Health Management Information System (HMIS), a centralized database main-
tained by the Rwandan Ministry of Health. Individual-level data, however, is not readily-available
through the HMIS and must, therefore, be obtained by traveling to a given health center and ab-

stracting the relevant information.

1.2.1 SAMPLING DESIGN AND DATA COLLECTION

At the design phase of this study, for a number of logistical and financial reasons, an early decision
was made that individual-level patient data would only be collected from 18 health centers. Towards
selecting which health centers to include, health center-specific information on the total number
of births (i.e. N, £ = 1,...,K)as well as the (unadjusted) prevalence of low birthweight (i.c.
Y, = N, 'Y, Y3,) during the three-month study period was made available by HMIS. Figure 1.1
provides a scatterplot; across the 44 health centers N, ranged from 24 to 194 while Y, ranged from o
t0 0.13.

The information available on NN}, and Y}, was then used to form the following selection strategy:
(i) the six health centers with the highest prevalence were sampled with probability z;=1.0; (ii) the
remaining 12 centers were sampled via Poisson sampling on the basis of selection probabilities de-

termined by the model: logit 7, = 6y + 6 * maxRanky, where maxRanky, is the maximum of
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Figure 1.1: Scatterplot of health center-specific number of live births and prevalence of low birthweight births between
April and June 2017, at each of K=44 health centers in two districts in northern Rwanda. Relative sizes of the circles are
proportional to the probability of selection into the outcome-dependent scheme, 7. Black shading indicates which of
the 44 health centers were ultimately selected.

clinic £'s standardized rank with respect to outcome prevalence and its rank with respect to size (in
this case, 44 is the highest prevalence/largest size, 1 is the lowest prevalence/smallest size). The value
of G was set to 15/38 to partially control the number of clusters sampled, and the value of & was set
too.I1.

Note, the relative sizes of the circles in Figure 1.1 are proportional to the value of 7, while the
black shading indicates which of the 44 health centers were ultimately selected. Intuitively, this
strategy was adopted to balance inflating the prevalence of low birthweight in the sample (i.e. to
artificially increase the prevalence of the outcome, a key feature of outcome-dependent sampling

schemes) with maximizing the total sample size in the sub-sample used in the analysis. The particu-
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lar design we used for sampling the health centers was selected based on the results of a simulation
study conducted beforehand to compare the efficiency gains of various designs that seek to achieve
these two objectives.

After visting several health centers, we observed that the high risk deliveries are referred to the dis-
trict hospitals. In order to have representation of these births in the sample, yet with the constraint
of only being able to visit one more location for data collection, we randomly sampled one of the
four district hospitals for data collection. Following data abstraction, patient-level information was
available on 1635 live facility-based births. The data was restricted to singleton births with com-
plete data on the variables of interest, yielding 1572 observations. Table 1.1 describes the maternal
and newborn characteristics of these births. The low birthweight prevalence is higher among moth-
ers younger than 20 years of age, among mothers who weigh less than 56kg, and among women in
their first pregnancy. The low birthweight prevalence is also higher among mothers with a history
of abortion, c-section, or stillbirth. The low birthweight prevalence is slightly higher among female

newborns, and the majority of preterm births are also low birthweight births.

1.3 ANALYSIS BASED oN COMPLETE DATA

1.3.1 MARGINAL MODEL SPECIFICATION

Consider the setting in which the scientific question of interest concerns learning about the rela-
tionship between some outcome Y and p-vector of covariates, X (which may include a 1.0 for the
intercept). Furthermore, suppose the population of interest is naturally clustered, such as is the case
where patients are clustered within health centers. Let K denote the number of clusters and N}, the
number of individuals in the £ cluster. In this paper we assume that the scientific question at hand
corresponds to an analysis where estimation and inference will be performed with respect to the fol-

lowing marginal mean model for the outcome of the /" individual in the £ cluster as a function of
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Table 1.1: Maternal and Newborn Characteristics

LBW NotLBW Total % LBW

Mother’s Age

<20 18 135 153 11.8
20-35 74 1060 1134 6.5

36-49 17 268 285 6.0

Mother’s Weight

<56kg 44 311 355 12.4
56 —59kg 33 344 377 8.8

60 — 64 kg 18 427 445 4.0

> 65 kg 14 381 395 3.5

Birth Order

I 55 382 437 12.6
2-3 39 653 692 5.6

4+ 15 428 443 3.4

HIV status at admission

Positive I 24 25 4.0

Negative 107 1433 1540 6.9

Unknown I 6 7 14.3
Previous abortion

Yes 10 98 108 9.3

No 99 1365 1464 6.8

Previous C-section

Yes 14 20 34 41.2
No 95 1443 1538 6.2

Previous stillbirth

Yes 7 73 8o 8.8

No 102 1390 1492 6.8

District

Gakenke District 73 719 792 9.2

Rulindo District 36 744 780 4.6

Sex of newborn

Female 62 745 8o7 7.7

Male 4715 718 765 6.1

Preterm birth

Preterm 25 3 28 89.3
Not Preterm 84 1460 1544 5.4

Total 109 1463 I572 6.9




their covariates, X

Hri = E[ Y| X :g_l(xlz;@)v (1.1)

where g(-) is a user-chosen link function and  a p-vector of regression parameters.

1.3.2 COMPLETE DATA ANALYSIS

Given complete data on (Y, X) forall N = Zle N}, individuals in the K clusters, Liang and Zeger
(1986)° proposed that estimation of 3 can be carried out by solving the following generalized esti-

mating equations:

K
UB,a) = Y U(p.a) =) DV e =0, (r.2)

where ey = (Y — w), with % = (Yau, - -, Yarg) and = (g, - -, 4y, )» and with Dy = O, /OB
denoting the N X p matrix of partial derivatives. Finally, V;, indexed by the unknown e, is an

N; x N working specification for Cov[Y]. As will become clear below, it will be useful to write
UB, ) = U 1y where U = diag{Y — p}V™!Disan N x p matrix, where Y = (Yy,..., Yx) ', n =
(W - - -5 )7, Visan N x N block-diagonal matrix, with the V; on the diagonal, and D is the N'x p

matrix obtained by stacking the K Dy matrices.

1.4 CLUSTER-BASED OUTCOME-DEPENDENT SAMPLING

In some settings analysts may not have access to complete data on all elements of (¥, X) for all N
individuals in the K clusters. They may, however, have access to resources that permit ascertainment
of this information in a sub-sample of, say, # < Nindividuals. Furthermore, they may have access
to select components of (Y, X), as well as other variables/information that are not of direct relevance

to the scientific question, denoted here by Z, that can, in principle, be used to make decisions re-
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garding the sub-sampling. Moving forward we refer to this information as being available at the de-
sign stage. How researchers choose to make use of the information available at the design stage will
depend, in part, on the precise nature of the information as well as on practical/logistical/financial
considerations regarding how the otherwise unavailable data elements will be ascertained.

Motivated by the study we conducted in Rwanda, suppose the readily-available information
is of the form D} = (N}, Y}, X7, Z};) where Y}, is a cluster-level summary of the outcomes (i.e.
across the N}, individuals in the &7 cluster), X, is a cluster-level feature or a cluster-level summary
of elements of X that are readily-available at the outset, and Zj; is a cluster-level summary of Z. For
example, if Y'is binary, as is low birthweight in the study reported on in Section 1.2, then Y; may
be the proportion of babies born at the health center in the last six months with low birthweight.
Furthermore, X7 may be a feature of the cluster, such as whether the health center is in a rural or
urban setting, and/or it may be an aggregated summary of individual-level data, such as the percent-
age of mothers that are less than 18 years of age. Finally, Z; may be the prevalence of some other
outcome or comorbidity that is routinely collected. Note, this data scenario is common in resource-
limited settings where detailed information that is recorded and stored locally at health centers is
only reported to a centralized agency/ministry after having been aggregated or otherwise summa-
rized *3947

The information represented by D} can, in principle, be used to inform a cluster-based outcome-
dependent sampling design '*. For this type of design, rather than selecting individuals directly,
some sub-sample of K; < K clusters is initially selected. Then, the otherwise unavailable elements
of X are ascertained on all individuals within the sampled clusters. For the contexts we consider,
and presented in Section 1.2, this would correspond to selecting a certain number of health centers,
and then having a member of the research team travel to the health center to extract from the local
records all relevant information on patients satisfying the study inclusion/exclusion criteria.

Let Ry, be a binary indicator of whether the #” cluster is selected and 7z, = Pr(R;, = 1/D*) the

14



corresponding (known) probability of being selected, where D* = {Dy, ..., D¢} is the totality
of the information available at the design stage. Towards operationalizing the sampling scheme,
researchers may opt to use stratified sampling or Poisson sampling. For the first of these, the clusters
are cross-classified on the basis of some variable S that is defined on the basis of one or more of the
variables contained in D* and is assumed to take on one of /levels. From this, suppose K clusters
are classified as belonging to the j* stratum. We assume that the stratification scheme is specified
such that K; > Oforall; = 1,...,/. Then k; < K clusters are randomly selected from those in
the j’b stratum, such that Zle k; = K. Note, for each of the clusters in the j’h stratum, we have that
71, = k;/K;. For those that are selected in this way we set Ry=1. Under the second option of Poisson
sampling, one first pre-specifies each of the 7, as a function of elements of D*. For example, one
could specify a logistic regression model for Ry, as a function of the clusters’ outcome prevalence.
Whether a cluster is selected is then determined by an independent Bernoulli trial with probability
L.

We conclude this section with a number of comments. First, we note that a key difference be-
tween the two approaches to selecting the sub-sample of clusters is that K is pre-determined under
stratified sampling (and, therefore, fixed), but is random under the Poisson sampling. Second, as we
elaborate upon below, when the sub-sampling is based on stratification the Ry, indicators for clus-
ters within a given stratum are negatively correlated (although they are independent across strata).
This, in turn, has implications for the variance of the estimator of 3. Under Poisson sampling, how-
ever, since the trials are taken to be independent, the Ry, are also independent (i.e. both within and
between clusters). Finally, the framework described above is sufficiently general that Y}, need not
necessarily be used to inform the stratification scheme or the pre-specified model for 7;,. Moving

forward we assume, however, that Y will be used at the design stage.
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1.5 ANALYSIS BASED oN DATA FROM A CLUSTER-BASED ODS DEsIGN

When the sampling of the clusters is based, in part, on information on the outcome, the usual gen-
eralized estimating equations given by expression (1.2) are no longer guaranteed to be unbiased >+.
To resolve this, Cai et. al (2001)'* proposed that § be estimated as the solution to the following

weighted generalized estimating equations:

K
Uy(B) = ) R, 'DIV e = 0. (1.3)
k=1

Note, following the development of Section 1.3.2, one can write U, (B) = UTWR, where W is an
Nx N diagonal matrix with diagonal entries equal to the vector (W, W5, ..., W) T with W a
vector of length IV, with each element equal to 7r/€_1. Letting Ry, denote the N}, x 1 vector with all
entries equal to Ry, R is the N X 1 vector obtained by concatenating the R;.

Let @w denote the solution to (1.3). In the remainder of this section, we extend Cai et. al (2001) '*
by: (i) formally establishing the asymptotic properties of @w; (ii) proposing an explicit formula for its
asymptotic variance; and, (iii) proposing a suite of methods to correct for small-sample (i.e. when K

is ‘small’) bias in the point and standard error estimates.

1.5.1 ASYMPTOTIC PROPERTIES

To establish the asymptotic properties of gw we consider the setting where K — 0o while max{N; k =
1,...,K} isbounded above, and assume missingness at random (MAR), in other words that
Pr(Rg|D*, X;na) = Pr(Ri|D*), where X, are the individual-level covariate values for which only a
summary is available at the design stage.

Detailed arguments in Appendix B.2, which build on those by Xie and Yang (2003)*’, show that
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~

B, is consistent for 3, the true value of , and that

Vr(B,) AM(B,) T PH(R,) (B, — By) — MVN(0,L,y,),

where M(2) = EIU(R)U(8)") H(B) = —ElOU() /0B, Fi={¥, X, Z,5}, and
V(B = Vézr[M(B)*l/ZZ/I(B)] + E| Vdr[M(@)*l/ZUw(BHFK]]. Furthermore, from this we have

that the asymptotic variance of Bw is:

Var(p,] = H(B,) "M(By)">V1(@,)M(B,)/*H(B,)~". (1.4)

~

Finally, Var[B, ] can be reexpressed as H(B,) ™' { Var{U,(B)] lo=g, FH(B,) ™, with VarlU,(B)] =
V() + Vi(B), where V/(B) = Var[U1xy1] represents the variance of the complete data esti-
mating equations, and V() = E[UTW Var[R|Fx]WU] the additional variance that arises due to

having only complete data on the individuals in the sampled clusters.

1.5.2 INFERENCE

Inference can be carried out in practice through use of the consistent plug-in estimator for the

asymptotic variance of Bw:

VarlB,) = Au@,) " {Vi@,) + Vul®,) | Fu@,) " (15)
where ﬁw(p) =~ Zf:l ﬁw/«(p) =- Zf:l D/eTVk_lwkdmg(R/e)Dk’ and

Vi(B) = U(@)"diag(R)W5diag(R)U(B),and Vy(8) = U(R)’ Wdiag(R)Adiag(R)WU(B).
In the expression for {71((%), WX is an N x Nblock-diagonal matrix where the entries of the £%
N x N, block are all equal to 77/;1’ the inverse of the pairwise selection probability for any pair of

individuals 7and 7/ in cluster &: P(R; = 1, Ry = 1) = P(Ry; = 1Ry = )P(Ryy = 1) =
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1 % m, = . In the expression for {7[[((3), Aisan N x N matrix with all entries in the £ block

)
Tk

along the diagonal equal to and all entries in the oft-diagonal block corresponding to clusters

(7 — 77y )

o . Given data from a cluster-stratified design, if clusters £ and k' are both

kand ¥’ equal to

. . ki ki—1 g . . .
in stratum , then 7y = E’] ﬁ, while if they belong to different strata j and /, it follows that 7 =

k Ky

e Under a Poisson sampling design, 7, = 737 for individuals from different clusters. In this

case, Aisa block-diagonal matrix, where the k" block is an N}, x N}, matrix with all values equal to

77/«*772
Ty

In addition, we propose a second estimator of the variance motivated (in part) by the form pro-
posed by Cai et. al (2001) '*. Towards this, let’e,, = (Y; — W, 1), Where i, is an Ni-vector with

elements iz, ,, = g (X[B,). We propose that the asymptotic variance of B be estimated by:

Var' B,) = Hu@,) ™ {V:(B,) + Vir®,) | FL@,) (1.6)
where ?’}}(@w) = lele BkkD/eT\;_l?wk?uT,’ /eV/;_le’ with Bkk=7rk_3 (mp— ﬁ/%)Rk. After some algebra,
it can be shown that VH(@,,,) = V?[(/P:w) + A;,(/P;w), with

K
Vi@, = Y DIV, diag, 1) Budiag(z, )V, Dy
=1 bk

T — T )RR
(T iy )RRy Thus,

expression (1.6) differs from
Tpop! T Tyt

where By is an N}, X N} matrix with all entries

expression (1.5) in that the former ignores the impact of negative correlation between the selection

~

indicators. Note that under Poisson sampling, @[@w] = Var @,

1.5.3 ESTIMATION AND INFERENCE IN SMALL SAMPLES

As in the complete data setting, estimation and inference for (3 based on data from an outcome-

dependent cluster-based design may be subject to small-sample bias. Indeed, it may be the norm for
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studies based on such a design to have a small number of clusters in the dataset available for analysis.
Motivated by this we propose bias-corrections to both the point estimates, @w, and to @[@w] For
the former, the bias in the point estimates can be expanded to give £ [Ew —B,) =Bu(B,) + O(K?)
and, building on the work of Paul and Zhang (2014)°" and Lunardon and Scharfstein (2017)3°,

we derive the form of B, (), which can be estimated by B,, (Ew) Since the resulting expressions
are quite involved, we leave the details to Appendix B.3. The bias-corrected point estimate is then
E; - Ew - Bw(@w)

We consider four corrections to Var[@, ] for small-sample settings, adapted from corrections

proposed in the complete data setting (see Appendices B.4-B.6 for details). The first is based on a

simple ‘degrees-of-freedom’ adjustment, to give fﬂ\}"])p[’gw] = K{E 5 @[@w] The second follows

the approach taken by Mancl and DeRouen (2001) 3%, and is given by

Varyole,) = Hu@,) ™ {Vian(®,) + Viao(B,) | Hu(B,)™" (17)

where V0(B,) Yie) D]V, ' Cieuien 1 CIV, ' Dyand Vi (B,) =
St BuDIV; ' Cigu i 1 CiVy "Dy + V4(B,)  where Cp = (I, — Ag,) Land Ay, =
D,H, (Ew)_leTveAWka’iag(Rk). The third is a Kauermann and Carroll (2001) *°-type correction,

@KC[/B\W], which is the same as (1.7), except with C, = (I — K/ek,w)_%- The fourth correction

adapts the approach taken by Fay and Graubard (2001) ¢, and is given by
VarrolB,) = BuB,) ™ {Viro(®,) + Viro(B,) } Hu(®,) (18)

T

where ‘A’J,FG(BW) = Zf:l R*f?/e,kaT \flgw,kgg,/e‘fll)k (/ﬁk,w)T and ‘711,FG((3w) =
Zle B/ek/ls/kaTVk_lgw,/;e\uT% k\i_lD/@ (f/w) Ty ffﬁl(@w)a where ?/e,w is a p x p diagonal matrix with

~ o~

the 7" element equal to (1 — min (b, (Hw,/e(Qw)I/-\I_l(Ew))jj)_l/z, and b = 0.75.

w

Finally, we make two additional comments. First, if the data arise from a cluster-stratified design

I9



then one could operationalize these corrections for the estimator of the variance that ignores the
s~

negative correlation in the sampling indicators (i.e. for Var [, ] given in Section 1.5.2), by drop-

ping the V9, term in the expressions presented. Second, while the bias-corrected variance estimators

VaryplB,), VarkclB,], and Vargg(@, ] are proposed for 8, the same form could be adopted in

~C
practice using the bias-corrected point estimates (3 instead.

1.6 SIMULATION STUDY

To evaluate the operating characteristics of the methods proposed in Section 1.5, we performed
two sets of simulation studies. The first set was designed using characteristics of the birth dataset
from Rwanda. The second was designed to evaluate the operating characteristics of the methods in

a more general setting.

1.6.1 DaTA GENERATION

For the first simulation study, we suppose that interest lies in the following marginal logistic regres-

sion model for a binary response for the " individual in the £ cluster:
logitP(Yy; = 1) = B, + B X1 pi + B, X0,

where Xj 4, is a binary individual-level variable with a cluster-specific prevalence, p, = Unif[0.1, 0.6],
X 4 is a continuous cluster-level variable drawn from a Uniform[-2,2] distribution, and B, =
(8y:81,8,) = (-1.6, 0.5, 0.3). The value of 4 was chosen so that the prevalence of the outcome is
around 21%. Complete datasets with K = 44 clusters were generated with the same size distribution

as the 44 health centers in the Rwanda study.
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For the second set of simulations we suppose that interest lies in the model:

logitP(Yy; = 1) = By + B X1 + B, Xo ki + B Xsp + B Xk,

with Xj 4, a binary individual-level variable with the same distribution as in Simulation 1, X3 a
continuous cluster-specific variable drawn from a N(0.2, 0.05%) distribution, and Xy 4 a binary
cluster-level variable with prevalence o.20. Finally, X; j; is an individual-level variable generated
from a Normal distribution with cluster-specific mean E[X, ;] = 1 + 0.5X4; and a variance of
r.o. Weset By = (85,856,585, 8,) = (-3.1,0.5, 0.5, 0.5, 1), where B, was chosen so that the overall
prevalence was about 13%. Complete datasets were generated with a total of K = 200 clusters with
equal cluster sizes of N}, = 40.

In all simulations, the true correlation structure was exchangeable; we induced correlation among
the observations using the GenBinaryY () function in the MMLB package for R, which implements
a method for marginally-specified logistic-Normal models**. Briefly, the latter permits analysts
to specify a marginal mean for the response while inducing within-cluster correlation via cluster-
specific random intercepts that are taken to arise from a N(0, o%,) distribution. For Simulation 1, we
varied opr € {0.25,0.5,0.75}, and for Simulation 2, we set 7/=0.5. The correlation parameter, «,
was estimated for each of these scenarios by fitting the model of interest to the generated complete
datasets using a working exchangeable correlation structure; this resulted in an estimated correlated

parameter of 2 € {0.01, 0.04, 0.08} for Simulation 1 and z = 0.01 for Simulation 2.

1.6.2 SAMPLING DESIGNS

For each of the simulation scenarios we generated 10,000 ‘complete’ datasets. For each of these we
considered three cluster-based designs for selecting K; < K clusters: (#1) simple random sampling

of the clusters; (#2) an outcome-dependent cluster-stratified design, where clusters were stratified
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on Y;, the q’h quantile of the distribution of the outcome prevalence across the clusters (with g =
0.75 in Simulation 1 and ¢ = 0.80 in Simulation 2); and, (#3) an outcome-dependent cluster-
stratified design where in Simulation 1 clusters were stratified on the basis of Y7 -5 and X3, where
X5 =1(X, > 1), while in Simulation 2 clusters were stratified on the basis of 17§ g, and X4. Both
designs (#2) and (#3) were ‘balanced’ with respect to the stratification; an equal number of clusters
was sampled from each stratum, with the exception of the cases in which K could not be evenly
divided by the number of strata. In these cases, more clusters were sampled from the strata with
higher outcome prevalence (Y’qk=1). In Simulation 1, we considered designs with K, € {12,18, 24},

and in Simulation 2 we considered K, € {15, 20, 30,50,100}.

1.6.3 ANALYSES

For each dataset generated through the processes described in Sections 1.6.1 and 1.6.2, we computed
three estimates of f: @(j), based on (naively) solving the unweighted estimating equations given
in Section 1.3.2 for the K sampled clusters; Ew, based on solving the weighted estimating equa-
tions given at the start of Section 1.5; and, the bias-corrected estimator, Ew, defined in Section 1.5.3.
Note, under simple random sampling of the clusters, /[g(j) and /Q;w will be numerically the same. Fur-
thermore, we note that the working independence correlation structure was adopted in the speci-
fication of V; when computing each of these estimators. The reason for this is that if X, includes
at least one covariate that varies across units within a cluster (as will almost always be the case), the
complete data estimating equations, given by expression (1.2), are not guaranteed to be unbiased
unless working independence is adopted **. We ran one scenario (Simulation 1, 7 = 0.5) with
working exchangeable as well, in order to investigate the degree to which using a working correlation
structure other than working independence affects the results.

To evaluate the proposed approaches to inference we focus attention on /[3\; as a point estimate

for 3, as it generally exhibits little-to-no bias even when K is as small as 12 or 15. We then calculated
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six estimates of Var[/[?:;], and thus the standard errors, using the methods described in Sections 1.5.2
and 1.5.3. The first three were: @[@fw], the unadjusted estimator; the degrees-of-freedom adjusted
estimator, @DF[E;]; and the Mancl and DeRouen-type estimator, Varam [@‘w] Another three
were as these but ignoring the negative correlation in the sampling indicators: Var [@;], @Z F[E;],
and 7‘;’;/@ [@Cw] In Simulation 1, we also computed the the Kauermann and Carroll-type estimator,
Varxe [@Cw] @ZC[@] and the Fay and Graubard-type estimator, Varsg [/B\;] @;G [E;], as well as
all of the above variance estimates using the uncorrected point estimates, Ew, in place of B\‘w The fi-
nal approach towards carrying out inference that we considered was a smoothed bootstrap approach
adapted from the work of Li and Wang (2008)**, with details given in Appendix B.7. Using each of
the standard error estimates, we constructed 95% confidence intervals using both the normal distri-

bution and the 7, distribution, estimating coverage as the proportion of iterations in which the

constructed confidence intervals contained the true parameter values.

1.6.4 REsULTS: POINT ESTIMATION

Figures 1.2 and 1.3 summarize the mean absolute bias in the point estimates (across the 10,000 such
estimates) for each of the three sampling designs, under the scenarios considered in Simulation 1
and Simulation 2. Based on these results, we make the following observations:

First, in general, @(5) exhibits bias except, as is to be expected, under simple random sampling
when K is relatively large. Second, for the two outcome-dependent schemes, the weighted estimator
/ﬁ\w generally exhibits less bias than /B\(J). While there appear to be some exceptions to this (see Figure
1.2(e), and Figures 1.3(f), (h) and (i)), the extent of bias is very small and it is unclear if any meaning
can be attributed to the relative ordering.

Third, the bias in g:} is generally lower than the bias in @w; the additional use of the bias-correction
method proposed in Section 1.5.3 generally reduces bias, albeit to a small degree. An exception to

this arises in Figure 1.2(b), although the difference is very small. Additional exceptions are in Fig-
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ures 1.3(j), (k), (m), and (o), each of which correspond to one of the cluster-level covariates, X3 and
Xj. This may speak to a fundamental difficulty of estimating associations for cluster-level covariates
when K is small, one that may only be resolved through the collection of additional data (rather
than through analytic means). From Figure 1.4 we also see that the extent of bias may depend on the
prevalence of a cluster-level covariate that is used to define S in a cluster-stratified design.

Finally, the bias-corrected weighted point estimates, f?:cw, generally exhibit little-to-no bias across

all parameters, even when K is alow as 12 or 15.

1.6.5 REsuLTs: COVERAGE

Tables 1.2 and 1.3 report select results regarding coverage of Wald-based 95% confidence intervals in
Simulations 1 and 2, respectively. Comprehensive results, specifically for coverage under a broader
range of values for K and oy, as well as coverage using the ¢ distribution, use of the uncorrected
point estimates in standard error estimation, and use of working exchangeable correlation matrix,
are given in Appendix A.9.

From the first column of results in Tables 1.2 and 1.3, use of the plug-in estimator, 7&17[/{3\;], gen-
erally leads to undercoverage when K;=12 or 15, respectively. This is especially the case for design
#3 where the coverage ranges from 0.85-0.87 in Table 1.2, and is even more pronounced in the more
complex setting of Simulation 2 with coverage ranging from o.79-0.84. When K is increased to 24
or 50 the performance of confidence intervals based on @[@:j] is improved, though there is still
undercoverage for all parameters.

Use of any of the proposed small-sample corrections yields improved coverage compared to the
unadjusted approach. Among these, the Mancl and DeRouen-type estimator, @MD [@‘w], gen-
erally exhibits the closest to nominal coverage when the standard normal distribution is used for
confidence interval construction. When the #x, , distribution is used for confidence interval con-

struction (see Appendix A.9), the Mancl and DeRouen-type estimator tends to be conservative, par-
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Figure 1.2: The absolute bias in the mean of the unweighted point estimates B , weighted uncorrected point esti-
N ~
mates @w and the bias-corrected weighted point estimates @w in Simulation 1, as a function of K, € {12, 18, 24},
under designs #1, #2, and #3. The degree of correlation was determined by o = 0.5. The true parameter values are

given by 3 = (ﬂo,ﬁl,ﬂz) =(-1.6, 0.5, 0.3). Under design #1, @(5) and Ew are equivalent.
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Flgure 1.3: The absolute bias in the mean of the unwelghted point estimates B , weighted uncorrected point estimates
B and the bias-corrected weighted point estimates B in Simulation 2, as a function of K, € {15 20,30, 50, 100}

under designs #1, #2, and #3. The degree of correlation wazé etermined by a’V = 0.5. The true parameter values are

given by 3 = (ﬂo,ﬂl,ﬂz,ﬂ3”84) =(-3.1, 0.5, 0.5, 0.5, 1). Under design #1, @ and @w are equivalent.
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Figure 1.4: The absolute bias in the mean of the unweighted point estimate [64 , weighted uncorrected point estimate

o~ ~C
[84 w and the bias-corrected weighted point estimate [84 w in Simulation 2 as a function of the prevalence of

X; € {0.10,0.15,0.20, 0.25,0.30, 0.35, 0.40, 0.45, 0.50}, with the degree of correlation determined by oy =
0.5.

ticularly when working exchangeable is used or 7 = 0.75, while the other bias-corrected variance
estimators see improved coverage, though generally remain anti-conservative. Across all variance es-
timators, regardless of whether the normal or ¢ distribution is used for confidence interval construc-
tion, the coverage resulting from using estimators with @w is generally very similar to the coverage
when using /ﬁ\; . Furthermore, the difference in coverage when using the variance estimators ignor-
ing the negative correlation in the selection indicators generally decreases as K increases, with the
directionality of the difference for smaller K depending on the parameter in question, design used,
and the degree of within-cluster correlation. The findings also hold when working exchangeable

correlation structure is used as opposed to working independence.
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Table 1.2: Estimated coverage of Wald-based 95% confidence intervals in Simulation 1 using methods proposed in

~C
Sections 1.5.2 and 1.5.3, using the bias-corrected weighted estimator, Qw as the point estimate. See Section 1.6 for

details.
Parameter K,/

. — — A~ — A~ — AN —_ N
Design VarlB | VarpelB,| Varyplp,| VargcB,] Varw(,]

£, 12/ #1 0.89 0.93 0.94 0.91 0.90

#2 0.89 0.92 0.95 0.92 0.91

#3 0.85 0.89 0.93 0.89 0.88

24/ #1 0.92 0.94 0.95 0.93 0.93

#2 0.92 0.94 0.95 0.94 0.93

#3 0.91 0.92 0.94 0.92 0.92

/31 12/ #1 0.90 0.94 0.94 0.92 0.92

#2 0.89 0.93 0.94 0.92 0.92

#3 0.87 0.91 0.93 0.90 0.90

24/ #1 0.92 0.94 0.95 0.94 0.94

#2 0.92 0.94 0.94 0.93 0.93

#3 0.92 0.94 0.95 0.93 0.93

8, 12/ #1 0.87 0.91 0.94 0.91 0.90

#2 0.86 0.90 0.93 0.90 0.88

#3 0.85 0.89 0.94 0.90 0.88

24/ #1 0.91 0.93 0.94 0.93 0.92

#2 0.91 0.93 0.95 0.93 0.92

#3 0.91 0.93 0.95 0.93 0.92
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Table 1.3: Estimated coverage of Wald-based 95% confidence intervals{in Simulation 2 using methods proposed in
Sections 1.5.2 and 1.5.3, using the bias-corrected weighted estimator, [3w as the point estimate. Shown are results for
estimators that acknowledge negative correlation in the selection indicators. See Section 1.6 for details.

Is K =50

Parameter K = =
< L L L L

/Design VéZV[/BYw] Varpelp,]  Varywlp,) Varl3 | Varpelp,| Varyplp,)

[80/ #1 0.86 0.92 0.94 0.92 0.93 0.94
#2 0.86 0.92 0.94 0.92 0.94 0.95
#3 o.80 0.87 0.94 0.91 0.93 0.94

B,/ #1 0.91 0.96 0.94 0.94 0.95 0.95
#2 0.91 0.96 0.94 0.94 0.95 0.95
#3 0.84 0.90 0.91 0.93 0.94 0.94

8,/ #1 0.91 0.96 0.94 0.94 0.95 0.95
#2 0.91 0.96 0.94 0.94 0.95 0.95
#3 0.84 0.90 0.91 0.93 0.94 0.94

‘83/ #1 0.85 0.91 0.94 0.92 0.93 0.95
#2 0.85 0.91 0.94 0.92 0.94 0.95
#3 0.79 0.86 0.94 0.91 0.92 0.94

(@4/ #1 0.78 0.85 0.88 0.92 0.93 0.95
#2 0.87 0.93 0.95 0.91 0.92 0.93
#3 0.84 0.90 0.95 0.93 0.94 0.95
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1.7 DATA APPLICATION

1.7.1  ANALYSIS

For the purpose of applying the methods proposed in Section 1.5, we focus attention on a logis-
tic regression model for the binary outcome of low birthweight as a function of seven covariates:

maternal age, in years (categorized as 1: <20; 2: 20-35; 3: 36-49); maternal weight, in kg (catego-

d th

rized as 1: <565 2: §6-59; 3: 60-64; 4: > 65); birth order (categorized as 1: 1%; 2: 2" or 37431 4
or higher); sex of the newborn (1: female; o: male); whether the mother had a previous abortion (1:
yes; o: no), whether the woman had a previous stillbirth (1: yes; o: no); and, the district the health
center/district hospital is located in (1: Rulindo; o: Gakenke). For this model we estimated and re-
port adjusted odds ratios (OR) based on: g(j), the solution to the unweighted estimating equations
given in Section 1.3.2; gw, based on solving the weighted estimating equations given at the start of
Section 1.5; and, the bias-corrected estimator, @;, defined in Section 1.5.3. In addition, we calcu-
lated Wald-based 95% confidence intervals (CI) for the bias-corrected estimator of each OR based on
@[@], the plug-in estimator given by expression (1.5 ); the degrees-of-freedom adjusted estimator,
.

@DF[/[B\;] ; and the Mancl and DeRouen-type estimator, Varam [8,,]. Finally, as in the simulation

studies, working independence was adopted throughout (see Section 1.6.3).

1.7.2 RESULTS

Table 1.4 provides a summary of the results. We generally see a difference in the unweighted, weighted,
and bias-corrected point estimates, though the story (direction) remains the same: among women
weighing less than 56 kg, giving birth to a male as their first child in Gakenke district, with no his-

tory of abortion or previous stillbirth, younger women (<20) and older women (ages 36-49) have a

higher odds of having a low birthweight baby than women ages 25-34. After adjusting for the other
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covariates in the model, the higher the mother’s weight the lower the odds of having a low birth-
weight baby. Similarly, after adjusting for the other covariates in the model, as birth order increases
women have a lower odds of having a low birthweight baby than women having their first child,
female newborns have a higher odds of being low birthweight compared to male newborns, and
women who have had a previous abortion or have had a previous stillbirth have a higher odds of hav-
ing a low birthweight birth compared to women who have no history of previous abortions or no
history of previous stillbirths, respectively.

The confidence intervals using both the degrees-of-freedom adjusted standard errors and the
Mancl and DeRouen-type adjusted standard errors generally result in wider confidence intervals
than those constructed using the unadjusted standard errors; a significant effect of age vanishes
when either correction is applied. In some instances, one correction maintains significance while
the other does not: for the effect of stillbirth, the confidence interval using the degrees-of-freedom
adjusted standard errors contains 1, suggesting that the effect is not statistically significant, whereas
the confidence interval using the Mancl and DeRouen-type adjustment does not contain 1, suggest-
ing a statistically significant effect; conversely, for the effect of maternal age (36-39), the confidence
interval using the degrees-of-freedom adjusted standard errors suggests a statistically significant ef-
fect, while that constructed using the Mancl and DeRouen-type adjustment does not. Given the
conflicting results, we recommend the confidence intervals using the Mancl and DeRouen-type
correction to the variance estimator based on the simulation study results. The simulations, in par-
ticular Simulation 2/K,=15, suggest that sometimes @DF[E;] > @MD [/(?:;] while at other times

?Z’DF[@;] < Varup [E;], but that in general, Varam [@;] yields the closest to nominal coverage.

31



Table 1.4: Results from the analysis of the Rwandan birth dataset. See Section 1.7.1 for details.

Point estimate 95% CI for OR;
OR_OR, OR, VarlB,] Varpilp,] Varup[g,)

Maternal age

<20 years .15 111 1.2 (0.78,1.60) (0.62,2.02) (0.78,1.61)

36-49 years 1.90 2.08 201 (1.40,2.88) (1.11,3.63) (0.97,4.18)
Maternal weight

56 —59kg 070 0.60 0.59 (0.36,0.97) (0.26,1.34) (0.26,1.34)

60 — 64 kg 032 0.26 0.26 (0.14,0.49) (0.09,0.74) (o.10,0.71)

> 65 kg 029 0.23 o0.24 (oar,0.51) (0.07,0.84) (0.08,0.74)
Birth order

2-3 0.42 0.44 049 (0.32,075) (0.25,0.99) (0.33,0.73)

4+ o.rs5 o.11  o0.13 (0.08,0.22) (0.05,0.31) (0.05,0.36)
Female newborn  1.40 1.68 1.72 (1.07,2.75) (0.73,3.74) (0.93,3.19)
Previous abortion 1.95 2.25 2.17 (1.32,3.57) (0.96,4.93) (0.97,4.87)
Previous stillbirth  1.98 2.1 2.31 (1.18,4.52) (0.76,6.98) (1.05,5.09)
Rulindo District  o.s1  0.28 0.26 (0.08,0.92) (0.03,2.08) (0.05,1.38)

1.8 DiscussioN

In this paper, we consider cluster-based ODS in resource-limited settings. Within this context, we
extend the work of Cai et. al (2001) * by formally establishing the asymptotic properties of the
IPW-GEE estimator, and provide an explicit expression for the asymptotic variance. In addition,
motivated by our own study in Rwanda, we propose several small-sample bias corrections to both
the point estimates and estimates of the asymptotic variance. Our simulation results suggest that
there is no clear overarching story in terms of one approach consistently outperforming the others.
With regard to the point estimates, our simulations indicate that the bias-corrected point esti-
mates generally reduce the bias in the point estimates, though the improvement is small in most
cases. The impact of the bias-corrected standard errors, on the other hand, is much more substan-

tial. The unadjusted standard errors result in severe undercoverage when K is small, and all of the

bias-corrected standard errors yield closer to nominal coverage. Among the bias-corrections to the
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variance estimator that we considered, the Mancl and DeRouen-type correction generally yielded
the closest to nominal coverage when the normal distribution was used for confidence interval con-
struction. When the #¢, , distribution was used for confidence interval construction, the Mancl
and DeRouen-type correction could be conservative, particularly when the degree of correlation
was increased. While the use of the #x, —, distribution also improved the coverage of the other bias-
corrections, there was no method that consistently performed better than the others, and these
methods still suffered from some undercoverage and overcoverage, depending on the design and pa-
rameter. Other degrees of freedom have been proposed when using the # distribution for confidence
interval construction, and may yield improved coverage in this setting as well. Furthermore, once X
was at least 5o, the standard errors taking into account the covariance of the selection indicators and
the standard errors ignoring the covariance of the selection indicators, generally resulted in similar
coverage, indicating that asympototically, even the naive method does not perform so poorly. This
result held for both the unadjusted and the adjusted standard errors. When K was small, however,
the narrative was mixed.

For these reasons, while acknowledging that there is not one superior method, and that the deci-
sion regarding which approach to take is in the hands of the researcher, we offer our perspective on
how we would proceed: bias-corrected point estimates, and confidence intervals constructed using
the normal distribution together with the variance taking into account the covariance of the selec-
tion indicators, adjusted with the Mancl and DeRouen-type correction. We stress the importance of
using a bias-correction to the variance estimator, while using uncorrected (but weighted) point esti-
mates will, based on our results, generally not have a substantial impact on the analysis. The obser-
vation that one approach does not consistently outperform all of the others is consistent with results
from papers comparing different small-sample bias corrections to the robust sandwich estimator in
the complete data setting - no single small-sample correction consistently outperforms other small-

sample adjustments. Which correction performs better depends on a variety of factors, including
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the number of clusters, the size of the clusters, the degree of variability in the cluster sizes, the degree
of correlation among the clusters, and the type (cluster-level vs. individual-level) and distribution of
the covariates in the model of interest. The theory that is presented relies on asymptotics, though
in small samples, we are not aware of theory establishing small-sample behavior. Researchers must
make decisions on what to do based on the characteristics of their data, and the objectives of their
analysis. Finally, the simulations in this paper solely consider binary outcomes; more research is
needed to determine the performance of these methods for continuous or count outcomes.

The focus of this paper is how to carry out estimation and inference for a dataset collected through
a cluster-based outcome-dependent sampling design, and on considerations that a researcher must
make when the number of clusters in the sub-sample is small. An open question, however, is how
to identify an optimal sampling design for selecting the clusters at the design stage. As explained
in Section 1.2.1 ,the specific design we adopted in Rwanda arose through efforts to balance finan-
cial/logistic considerations with statistical power/efliciency, with the latter assumed to be driven,
in part at least, by the prevalence of the outcome and the sample size. While this informal strategy
may intuitively be reasonable, how to make optimal (or at the very least wise) choices regarding a
stratification scheme or a choice of model for 7, in this context is a topic of our on-going research.
Another approach to increasing efficiency is to use pieces of information known at the design stage
to calibrate the weights used in the weighted estimating equations (Breidt and Opsomer (2017)°%,

Rivera-Rodriguez et. al (2019)57); this, too, is an area for future research.
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Abstract

In public health research, finite resources often require that decisions be made at the study design
stage regarding which individuals to sample for detailed data collection. At the same time, when
study units are naturally clustered, as patients are in clinics, it may be preferable to sample clusters
rather than the study units, especially when the costs associated with travel between clusters is high.
In this setting, aggregated data on the outcome and select covariates is sometimes routinely-available,
through, for example, a country’s Health Management Information System (HMIS). If used wisely,
this information can be used to guide decisions regarding which clusters to sample, and potentially
obtain gains in efficiency over simple random sampling. In this paper we derive a series of formulae
for optimal allocation of resources when a single-stage stratified cluster-based outcome-dependent
sampling design is to be used and a marginal mean model is specified to answer the question of in-
terest. Specifically, we consider two settings: (i) when a particular parameter in the mean model is of
primary interest; and, (ii) when multiple parameters are of interest. We investigate the finite popula-
tion performance of the optimal allocation framework through a comprehensive simulation study.
Our results show that there are trade-offs that must be considered at the design stage: optimizing
for one parameter yields efficiency gains over balanced and simple random sampling, while resulting
in losses for the other parameters in the model. Optimizing for all parameters simultaneously yields

smaller gains in efficiency, but mitigates the losses for the other parameters in the model.
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2.1 INTRODUCTION

IN PUBLIC HEALTH RESEARCH, finite resources, particularly in low-and-middle-income countries
(LMIC:s), often require decisions to be made regarding which individuals are to be sampled for de-
tailed data collection. For settings where individual study units in the population of interest are
naturally clustered, as patients are in clinics or residents within districts, it may be preferred to sam-
ple clusters (as opposed to the individuals directly) especially if the cost associated with travel be-
tween clusters is high compared to the cost of sampling individuals within a cluster. Towards this,
single-stage cluster-based sampling proceeds by first identifying a sub-sample of clusters and then
performing detailed data collection on all individuals within those clusters. > When designing such
a study, the key decision is that of which c/usters to select. One straightforward approach is to take a
simple random sample of the clusters. Doing so, however, will likely result in inefficient estimation
if the outcome and/or the exposure of interest is rare. Furthermore, if some information is available
at the design stage, either aggregate or individual-level, using simple random sampling forgoes the
potential benefits associated with incorporating that information in the design. For instance, the
Health Management Information System (HMIS), which has been implemented in a growing num-
ber of LMICs, "»* stores routinely-collected group or cluster-level summaries on a range of health
indicators, such as the proportion of low birthweight births in health centers or the proportion of
women who had 4 standard antenatal care (ANC) visits. While this aggregated data has primarily
been used for the monitoring and evaluation of health system performance, as well as public health
decision-making, >**77 it may be cost-efficient to use relevant pieces of this group-level information
to guide the sampling of the clusters at the design stage of a study.

The optimal design of experiments has been widely studied, and has been extended to the set-

ting with correlated responses. #*77? That work, however, has focused on settings that differ from
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the ones we consider, specifically in that they assume complete control over the values of the co-
variate vectors that are included in the design, and how these covariate vectors are grouped into the
K clusters. Such a setting is appropriate in the design of experiments in science and engineering in
which the researcher has control over the experimental units, a level of control that public health
researchers studying clusters of individuals do not have. Optimal design has also been extensively
studied in the survey sampling context, though much of this work was originally limited to the esti-
mation of simple quantities such as the mean or total of the measure of interest. 59 More recently,
the ideas of optimal design have been extended to the regression context. For example, Zaslavsky
et. al (2008)** propose a framework for optimal sampling of individuals when it is of interest to es-
timate the parameters in a linear regression model. Tao et. al (2019)7° develop optimal two-phase
designs for nonparametric maximum likelihood estimators, Han et. al (2020)*' propose optimal
sampling designs for survival models using the mean score estimator, and Zhong and Cook (2020) 3
develop optimal selection models in the context of family studies. McIsaac and Cook (2014)#",
building on the work of Reilly (1996)°5 develop optimal two-phase designs in the independent
data setting with Bernoulli sampling, for analyses using maximum likelihood, mean score, inverse-
probability weighted, and augmented inverse-probability weighted estimating equations. Finally,
McIsaac and Cook (2013)#° evaluate a proposed framework for optimal allocation in the clustered
data setting where: the clusters are small and equally sized; selection is via Bernoulli sampling, so
that the number of selected clusters is random; and, where primary interest lies in a cluster-level co-
variate. As one reviewer pointed out, in many cases, the quantity of interest, for example the param-
eter estimate in a regression model, can be expressed as the total of its influence functions,'* so that
these recent extensions of optimal allocation procedures are in fact related to the classic problems in
survey sampling that were originally developed.

In this paper we consider the class of single-stage stratified cluster-based outcome-dependent sam-

pling (ODS) designs, in which cluster-level information on the outcome (and possibly other covari-
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ates) is taken to be readily-available. Furthermore, we suppose that within each stratum, clusters are
sampled via simple random sampling, and that resources allow only a fixed number of clusters to

be sampled. Depending on the nature of the available data, designs in this class can be operational-
ized in a number of ways. For example, Cai et al (2001) '* proposed the c/uster-based case-control
design, in which clusters are sampled from strata defined by some threshold of the outcome preva-
lence of the clusters. They showed that such a design has the potential to yield substantial efficiency
gains relative to a strategy based on taking a simple random sample of clusters, particularly when the
outcome of interest is rare. Additionally, research on study design in the longitudinal data setting
in which an expensive or difficult to measure exposure can only be ascertained for a subsample of
subjects, showed that sampling from strata defined by the individuals’ outcomes yields efficiency

61:62:63:6467 More generally, efficiency gains under ODS designs depend on various aspects of

gains.
the specific design, such as what pieces of information are used to stratify the clusters, the degree of
variability in the outcomes and covariates across the clusters, and the allocation of the sample size
across the strata.

While the aforementioned research demonstrates that leveraging information that is available
at the design stage through thoughtful stratification of the clusters has the potential for efficiency
gains, it does not address how one can optimally allocate finite resources across strata. In this paper
we address this gap. In doing so, we also note that the aforementioned has focused on settings where
the cluster sizes are small (as is the norm in family studies or longitudinal studies). In contrast, mo-
tivated by a study of birth outcomes in Zanzibar, Tanzania, this paper considers settings where the
cluster sizes are medium-to-large, a distinction we make for two reasons. First, it is not clear that the
efficiency gains observed from efficient sampling designs in the setting with small cluster sizes would
hold in the setting with larger cluster sizes, in particular due to greater heterogeneity of the subjects

within larger clusters. Second, with larger cluster sizes, using the outcome to define the strata would

require discretizing the cluster-level summaries of the outcome (e.g. the cluster-specific prevalences
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or counts of the outcome), rather than using the individual-level values of the outcome directly in
defining the strata, which we assume to be unknown at the design stage.

Whether a design is optimal depends on: 1) the optimality criterion; 2) what the target param-
eters are; and, 3) the method of analysis. In this paper, we assume that interest is in estimating one
or more particular associations in a marginal mean model and that the data collected through the
cluster-stratified outcome-dependent sampling scheme will be analyzed using inverse-probability
weighted generalized estimating equations. Within this framing, this paper extends previous re-
search in that it: (i) considers the potential for efficiency gains for individual-level as well as cluster-
level covariates; and, (ii) considers settings in which there are multiple covariates of interest. As will
become clear, the optimal allocation formulae we derive depend on quantities that, at the outset,
will be unknown, including the parameters of the target marginal model. Thus, our primary goal
in this paper is to develop a comprehensive understanding of the potential value (in terms of effi-
ciency) of pursuing an optimal allocation strategy. That is, we seek to provide insight into how the
potential for efficiency gain is impacted by difterent factors such as the optimality criterion and the
relationship between the covariate of interest and the stratification variable. In the Discussion we
return to this, and speak to how we believe this will spur creative solutions to how optimal designs
can be operationalized in practice.

The remainder of this paper is organized as follows: In Section 2, we describe a hypothetical
study that illustrates the objective of this work. In Sections 3 and 4 we give an overview of the meth-
ods. In Section 5, we present a comprehensive simulation study that examines the finite population
operating characteristics of the optimal allocation sampling strategy proposed in this paper. Section

6 describes the results and Section 7 provides a discussion and concluding remarks.
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2.2 INCREASING FACILITY-BASED BIRTHS IN ZANZIBAR

2.2.1 SAFER DELIVERIES ZANZIBAR

Safer Deliveries is a program in Zanzibar, Tanzania, implemented in collaboration between the lo-
cal Ministry of Health and D-tree International, with the goal to reduce the maternal mortality rate
in Zanzibar by increasing the number of health facility deliveries.”® As of May 31, 2017, 42,056
women had been enrolled in the program. For these women, demographic and health informa-
tion, obstetric history, the number of antenatal visits, and the location of delivery was collected by
program-supported community health workers (CHWs). In addition, each woman’s shehia of res-
idence was collected; shehias, of which there are K=280 represented in the data set, are the lowest

official administrative units in Zanzibar.

2.2.2 A HYPOTHETICAL STUDY

Given the aim of the program, researchers may be interested in investigating factors that may be
associated with a woman delivering outside of a health facility, the prevalence of which in the avail-
able data is approximately o.25. Here we consider a hypothetical study, one for which the following

marginal mean model is of interest:

logit(P(Yi = 1)) = By + BXioch + By Xancps + ByXapr (2.1)

In model (2.1), ¥}, denotes the binary outcome of delivery outside of a health facility (1/0=Yes/No),
Xoc 1 1s a binary cluster-level variable indicating which island the shehia of residence is located in
(1/0=Pemba/Unguja) and X 4nc ¢, indicates whether or not the woman had 4 standard ANC visits.

Additionally, the model includes X; 4, a collection of individual-level, woman-specific covariates
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such as the previous location of delivery (if the woman has previously delivered) and whether the

woman received a visit from a CHW at 8-9 months of pregnancy.

2.2.3 POTENTIAL FOR EFFICIENCY GAINS

Although complete data is available on the women enrolled in the Safer Deliveries program, for the
purposes of this paper we consider the hypothetical situation in which this is not the case. In this
setting, as motivated in the Introduction, one can imagine resource constraints limiting the number
of shehias that can be visited for data collection. While the remainder of the paper addresses how to
optimally select shehias, a natural first question to ask is whether there is, in fact, any potential for
efficiency gain. Moreover, while it is well-known that wise selection of individuals in standard ODS
designs can result in substantial efficiency gains over simple random sampling, it is less clear whether
selecting clusters in a wise manner can yield efficiency gains over simple random sampling of the
clusters. This is particularly the case when the analysis takes place at the individual level.

To investigate this, and further motivating the remainder of the paper, we conducted a simula-
tion study, the details of which can be found in Appendix B.1. Briefly, we generated rooo complete
datasets with 28,789 women (the number of women in the data set who had given birth, with com-
plete data on all covariates in the model of interest) from K=280 shehias according to (2.1). We then
defined soo ‘designs’, where each design is a set of K;=40 shehia ids that was obtained via simple
random sampling. For each of the 1000 generated complete datasets, we took soo samples corre-
sponding to the soo designs; for each of the resulting soo samples, we computed the point estimates
according to (2.1). Figure 2.1 shows a histogram of the standard errors (i.e. the standard deviation
of the 1000 point estimates) of IE Ne across the soo designs; each value represented in the histogram
of Figure 2.1 corresponds to a particular design/set of cluster ids. From the variation in the standard
errors it is clear that some designs are substantially more efficient than others: the standard deviation

of 8 ,nc under the most efficient design is 0.078, while it is 0.129, under the least efficient design.
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Figure 2.1: Distribution of the standard errors of ﬂANC from the 500 simple random sampling designs across 1000
iterations.

2.2.4 THEINADEQUACIES OF RULES OF THUMB

In thinking about developing guidance for the selection of an efficient design, it might be natural
to posit a rule of thumb that recommends sampling clusters with 1) a higher number of outcome
cases, 2) a higher number of exposure cases, and 3) a higher overall individual-level sample size 7.
To investigate whether such a general rule of thumb is valid, we looked at the characteristics of the
‘best’ design for the estimation of 3 -, which we defined as follows: we restricted attention to
the designs which yielded a mean point estimate of 4, - within 5% of the gold standard, where
the gold standard was taken to be the mean point estimate obtained from running the analysis on
the 1000 generated complete data sets (N=28,789). Among this set of designs, we then defined the
‘best’ design to be that with the lowest standard deviation in the point estimates of £ ne» and the
‘worst’ design to be that with the highest standard deviation in the point estimates of £ ;.

Table B.1/Scenario 1 displays summary information on the best and worst design for the estima-

tion of £ ;. We see that the best design has a substantially larger overall sample size (z = 4606 vs.
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Table 2.1: Characteristics of the ‘best’ (lowest standard deviation of [/B\ANC) and ‘worst’ (highest standard deviation of
[EANC) designs among the set of ‘unbiased’ designs for the estimation of ﬁANC. In Scenario 1, the number of outcome
cases is proportional to the cluster size, while in Scenario 2, the number of outcome cases is inversely proportional to
the cluster size. See Section 2.2.4 for details.

Design n Xunc Y

Scenario 1
Lowestsd(f ) #431 4606 1284 1337
Highestsd(8 ) #284 3160 672 773

Scenario 2
Lowestsd(£,,)  #156 3846 1130 368
Highestsd(8,,) #316 4621 1234 211

n = 3160), a larger number of exposure cases (1284 vs. 672), and a larger mean number of outcome
cases (1337 vs. 773). These results are intuitive, and abide by the rule of thumb, in that the best de-
sign has a higher average number of outcome cases, a higher number of X 4 cases, and a higher
overall individual-level sample size, 7.

However, it may not necessarily be the case that a cluster simultaneously satisfies the three criteria
listed above; it may be the case, for example, that the clusters with a higher number of outcome
cases have a lower number of exposure cases. In the original data set-up we described, the number
of outcome cases and the number of X4 cases is proportional to the shehia size. We therefore also
consider a scenario in which the number of outcome cases in a cluster is 7zversely proportional to
cluster size. This was done by introducing into the data generation model an indicator for cluster
size, where the indicator is equal to 1 if the cluser size is greater than the median cluster size, and o
otherwise, with a coefficient of -3.

Table B.1/Scenario 2 gives the characteristics of the best and worst design for the estimation of
£ 4ne» in the setting where the number of outcome cases in a cluster is inversely proportional to the
cluster size. We see that in this scenario, the best (lowest standard deviation of {/é o) design has a

smaller overall sample size than the design with the highest standard deviation of (E ne (n = 3846
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vs. n = 4621), as well as a lower number of exposure cases, but a higher average number of outcome
cases: the rule of thumb breaks down. This, together with the findings from Section 2.2.3, suggests
that there is practical (and not just theoretical) value in developing a formalized framework for the

selection of shehias in such a way as to maximize efficiency for estimation of the covariate of interest.

2.2.5 OPTIMAL ALLOCATION

Within the framing of this paper, suppose that select shehia-level data is available for all of the
K=280 shehias, specifically the shehia-specific count of the outcome and X}, ;. One could pro-
ceed by stratifying the clusters according to, say, Y3 5, the 80 quantile of the number of women
delivering outside of a health facility across shehias, and X}, ;. Doing so yields the following 2 x 2

stratification of the K=280 shehias:

Xlot,/e =0 Xlac,/e =1

o

=3
vV A

Vi 134 87

Y5 so 21 38

How best to then use this information will depend on the particular research question; here, build-
ing on model (2.1) we illustrate the three settings considered in this paper. In the first, we suppose
particular interest lies in estimating the association between the cluster-specific X, ; and the out-
come, adjusting for other covariates in the model. While complete information is available on Xj, ;
in our hypothetical study, woman-level data on the outcome and the other covariates is not, so that
it would be necessary to perform additional data collection on at least some individuals in a sub-
sample. In the second setting, we suppose that it is of particular interest to estimate the association
between X snc ¢ and the outcome. Note, in the first of these settings information is available at the
design stage on the covariate of interest, while in the second, information is only available on a co-
variate that may be related to the covariate of interest. In the final setting we consider, we assume it

is of interest to estimate all parameters in (2.1) with precision.
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For each of these settings, the key question is how many shehias should be sampled from each
stratum in the above 2 x 2 stratification in order to minimize the asymptotic variance of the esti-
mator of the parameter(s) of interest. In the next sections, we propose a framework for deriving the
optimal stratum-specific sample sizes, when the analysis proceeds via inverse-probability-weighted

generalized estimating equations.

2.3 SETTING

2.3.1 MODEL OF INTEREST

In this paper, generalizing beyond model (2.1), we suppose that the research question of interest
concerns learning about the relationship between an outcome Y and a p-vector of covariates, X
(which may include a 1.0 for the intercept), in a population where the study units are naturally clus-
tered in some way. Let K denote the number of clusters and IV}, the number of individuals in the k"
cluster. Furthermore, we assume that estimation and inference will be performed with respect to the
following marginal mean model for the outcome of the #" individual in the ” cluster as a function

of their covariates, X};:

Hri = E[Ykz‘|X/ez'] = g_l(Xsz-@)» (2.2)

where g(+) is a user-chosen link function and B a p-vector of regression parameters.

2.3.2 STRATIFIED CLUSTER-BASED ODS

Assuming complete information is not available on all elements of (¥, X) for all NVindividuals in the
K clusters, we suppose that a stratified cluster-based ODS design will be employed and that bud-
getary or logistical constraints limit the number of clusters that can be visited to K; < K. Towards

this, we suppose that summary measures of (¥, X) for the K clusters are readily-available, as may

47



be other variables/information that are readily available but not of direct relevance to the scientific
question, denoted by Z. Notationally, we denote the information available for cluster £ at the design
stage by D = (N, Y}, X}, Z;), where Y} is a cluster-level summary of the outcomes (i.e. across
the N}, individuals in the #” cluster), X, is a cluster-level feature or a cluster-level summary of ele-
ments of X, and Zj is a cluster-level summary of Z. For example, if the outcome is ¥}; in Section 2.2
then Y} might be the number of women from the £” shehia who did not deliver in a health facility.
Furthermore, X7 may be a cluster-level feature, such as Xj, ; in Section 2.2 or it may be an aggre-
gated summary of individual-level data, such as the proportion of mothers in the shehia who had 4
standard ANC visits. Finally, Z; may, for example, be the prevalence of some other outcome such as
the birth outcome.

Let Ry, be a binary indicator of whether the & cluster is selected by the design and 7;, = Pr(R;, =
1/D*) the corresponding probability of being selected, where D* = {Df, ..., Dy} is the totality
of the information available at the design stage. In a cluster-stratified ODS design, the clusters are
cross-classified according to some variable S that is defined on the basis of one or more of the vari-
ables contained in D* and is assumed to take on one of /levels. From this, suppose K clusters are
classified as belonging to the jth stratum. We assume that the stratification scheme is specified such
that K; > Oforall; = 1,...,/. The design then proceeds by randomly selecting k4, < K; clusters
from those in the jth stratum, such that Z§:1 k]- = K. Note, because of the random sampling, we
have that 7} = k;/K; for each cluster in the /™ stratum. Finally, the otherwise unavailable elements

of (¥, X) are ascertained on all individuals within the sampled clusters.

2.3.3 ESTIMATION AND INFERENCE

When information is only available on a subset of clusters that have been selected through a cluster-

based ODS scheme, B can be estimated as the solution to the following weighted generalized esti-
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mating equations '*:

K
U,P) = > Rer, DIV (Y — ) = 0. (2.3)
k=1

This can be rewritten as Uy, (B) = U?WR, where U = diag{Y — u}V " 'Disan N x p ma-
trixwhere Y = (Y1,...,Yx)',p = (g, ..., pg) 75 Visan N x Nblock-diagonal matrix, with
the V}, on the diagonal, and D is the N' X p matrix obtained by stacking the KD, = 0w, /0B
matrices. Furthermore, W is an Nx N diagonal matrix with diagonal entries equal to the vector
(W1, Wy, ..., W), with W}, a vector of length N}, with each element equal to 72‘;1. Letting Ry,
denote the IV}, x 1 vector with all entries equal to Ry, R is the N x 1 vector obtained by concate-
nating the Ry, together. Following arguments similar to those presented by Xie and Yang (2003)*"
in the complete data setting, Sauer et. al (2021) ¢ showed that under regularity conditions, @w, the

solution to (2.3), is consistent for 3, the true value of B, and is asymptotically multivariate normal,

with the asymptotic variance given by

~

Varle,] = H(By) ™ { Varltho(®)]l_g, } H(By) ™, (2.4)

where H(B) = —E[0U(P)/0B), and U(B) = U1y .

2.4 OPTIMAL ALLOCATION

In the event that the research team has the opportunity to inform the design of the study (i.e the
data has not already been collected), the simulation in Section 2.2.3 highlighted the potential ef-
ficiency gains associated with a wise choice of which clusters to select. Towards that, suppose pri-
mary scientific interest lies in estimating a treatment or intervention effect. Then the optimal design

will be the one that maximizes the precision of the estimate of that parameter. In other settings,
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there may be multiple covariates of interest, as may be the case in situations in which the research
question concerns identifying risk factors for a health outcome. In this section, we first derive the
optimal allocation formula for the setting in which there is just one parameter of interest. We then
extend this to address the situation in which there are multiple parameters of interest, in particu-
lar the situation in which all parameters are of interest, which involves minimizing the trace of the

variance-covariance matrix.

2.4.1 ONE PARAMETER OF INTEREST

In Section 2.2.5, we described two scenarios in which interest was taken to be in investigating the
association between the outcome of whether a woman delivered outside of health facility and which
island the woman’s shehia of residence is on (a cluster-level covariate) and whether the woman had
4 standard ANC vistis (a woman-specific covariate). More generally, suppose that primary inter-

est lies in estimating ﬂq, one specific element of § in model (2.2). Under a cluster-stratified design,
the optimal allocation for the estimation of ﬁq involves determining the £;,; = 1,...,/such that
the variance of /ﬂ\q is minimized, subject to the constraint that ijl k; = K. In determining the
optimal sample sizes for each stratum, it is useful to rewrite (2.4) as:

~

VarlB,] = H(@,) ™" {Var[U ] + E[UTWAWU]} H(B,) .

where A = Var[R|Fg] isan N X N matrix with the entries on the diagonal equal to Var[R;| Fg]

=m, — mi= L. (1%)2 for all N}, individuals in the £ cluster and Fx = {Y,X,Z,S}. On the off-

7

diagonal, the entries are equal to Cov[Ry,, Ry | Fi| = mppr — 7y, with gy equal to the joint prob-
ability that clusters # and #’ are selected by the outcome-dependent sampling scheme. If clusters &

and #’ are not in the same stratum, then 7 = 77y, and Cov[Ry, Ry | Fi]=0, while if clusters &
b k-1
K K1

. ki ki—1 ki
and £’ are in the same stratum, 7y = £ 7=, and Coo[Ry, Ry | Fi] = — (£)* In deter-
7 J

50



mining the optimal allocation across strata, it suffices to determine the allocation that minimizes the
[4,9]"” entry of EH'UTWAWUH ], the term which depends on the sampling of clusters, and is

given by:

_ _ Ki—Fj B, Ki—Fj
EH'U'WAWUH ]|, = Ele Mgy — 2] = Zle 52 Cyy

N, N, N, Ny
where Ay = Yyeq S S0t EBIBI By = Yies Ywsres Tita Tty BB,
h/[z] is the entry in the (4 + 1) column of UH™! corresponding to the ##” individual in the &%
cluster,and §; = {k :cluster# € stratum}. The optimization problem involves minimizing
ok ko, ky) = Zle %Cqﬂ» subject to the constraint that Zle k;j = K, and can be solved

using the method of Lagrange multipliers, which yields:

k]- =K, m (2_5)
S Ky
From expression (2.5), the optimal sample size for stratum j, /ej, therefore depends on the inter-
play between K;, the number of clusters in stratum 7, and the value of Cy o the contribution of the

elements in stratum ; to the variance of ﬂq, relative to the totality of these two quantities across all of

the strata.

2.4.2 MULTIPLE PARAMETERS OF INTEREST

In certain situations, researchers may be interested in estimating more than one parameter with

precision. Let w, be ap x 1vector of weights, with the ¢ element denoting the weight assigned to

the ¢”” parameter. Of interest is to minimize f{ky, k2, . . . , k7)) = 21;:1 w, Zle (KJ;_kj ) C,,j subject
J

to the constraint that ijl k; = K;. For example, one may be equally interested in estimating every
parameter in the model with precision. Towards this, one approach would be to minimize the trace

of the variance-covariance matrix of the parameter estimates, which corresponds to setting all of
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the w, to 1, and is known as A-optimality#. Again, the optimal stratum-specific sample sizes can be
solved using the method of Lagrange multipliers:
1/2
K ( = quCq])I/2

k= K,— . (2.6)
LS KT w, G

In both expressions (2.5) and (2.6), the C, ; depend on the expectations £ [h[q.] lo[g},] and E£ [b[ZJ 19/[5]1,}
These expectations are not known, and can be replaced by h[q] }J[q] and h[q] b[ /}/ when computing the

stratum-specific sample sizes.

2.4.3 DPRACTICAL ISSUES

In conducting simulation studies to investigate the performance of the allocation schemes given
by expressions (2.5) or (2.6), a number of practical issues/challenges arise that we summarize here.
First, we note that the k;s computed using (2.5) or (2.6) may not be integers. They must there-
fore be rounded if they are to serve as meaningful sample sizes. In doing so, however, the rounded
stratum-specific sample sizes may not add up to the constraint K. To resolve this, we introduce a
small rounding threshold, 7, which can be increased until the sum of the rounded sample sizes is
equal to K. For example, it K;=40,/ = 4, and (ki, k2, k3, k4)=(20.18, 7.01, 6.49, 6.32), using the
standard rounding threshold of 0.5 would yield (", £5*°, k5", &2*°)=(20, 7, 6, 6), the sum of
which is 39. We would therefore set the rounding threshold at 7 = 0.001 and increase the threshold
by a small increment such as 0.0oo1 until Zle k;" = 40.In this example, this approach would
yield a rounding threshold of 7 = 0.3201, which gives (k{", &5, 5, k;7)=(20, 7, 7, 6) and satis-
fies Zle k;” = 40. Other approaches have been suggested that directly yield integer solutions,
such as the algorithm propose by Wright (2017),% and used with good results by Chen and Lum-
ley (2020); > we do not consider those here, as our simulations indicate good performance of the

continuous allocation strategy combined with the rounding procedure described above.
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Second, it is possible for one or more of the resulting (rounded) £; to equal zero or to be larger
than the number of clusters in the stratum, K;. We refer to these as ‘edge cases’. When this occurs,
we fix the stratum-specific sample size at the boundary (i.e. setk; = litk; = 0,setk; = K;if
/ej > K]), and recalculate the other /ej with an updated constraint, a strategy also used by Reilly
(1996)%

K=K->1-) K

J k=0 Jki>K;

Finally, we note that the calculation of C, ; in expressions (2.5) and (2.6) relies on having com-
plete data on the outcome and all of the covariates, which is not the case in practice. As indicated in
the Introduction, however, the primary goal of this paper is to establish and understand the poten-
tial for efficiency gains; doing so will, we believe, motivate creative solutions to implementing these

optimal designs in practice.

2.5 SIMULATION STUDY

2.5.1 MODEL SPECIFICATION

We conducted a simulation study to examine the finite sample performance of the optimal alloca-
tion strategies presented in Sections 2.4.1 and 2.4.2 for a single parameter (expression (2.5)) and for
multiple parameters (expression (2.6)), respectively. In particular, we sought to evaluate the validity
of the approach for estimation and inference as well as the performance of the optimal allocation
designs relative to the simple random sampling and balanced stratified sampling designs in terms of
efficiency. Throughout, we assume that interest lies in the following marginal mean model for the

/" individual in the £ cluster:

logil‘(P(Ykl' = 1)) = ﬂO + {nglle + ﬂzXZ/e + [83X3kl' +[84X4/e +185X5kz' (2.7)
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Table 2.2: Covariate distributions for nine simulation scenarios considered in Section 2.5.

Covariate Baseline Eight scenarios in which Xj; and each of the remaining
Scenario covariates are dependent
Positive dependence Negative dependence
X Ber(0.3) - -
XZ/e N(]., 025) H = 1+ O'SI(Xllezl) ® = 1+ O'SI(XIIe:O)
c=0.25+ 0.75[()(1/6:1) c=0.25+ 0'75[(X1k20)
Kpi N(1,0.25) ¢ =1+0.50x,-y u=1+0.5lx,—0
o= 0.25+ 0.75x,=1) o= 0.25+ 0.75/(x,—0)
Xy Be}"(p/e), P = 0‘6[(X1/e:1))+ P = 0-156[(X1k:1)+
P/e = expz’t(—0.9) 0.156[()(1}6:0) 0'346[()(11«:0)
K Ber(pe), Pe= 061,21+ Pe = 0-Upg=)+
P =025 0.1y, —o) 0.314x,,—o)

where 8, = (—3.1,0.3,0.7,0.7,0.7,0.7). The value of the intercept was chosen so that the preva-
lence of the binary outcome in the baseline scenario (defined in the next paragraph) is about 0.2.3,
close to the prevalence of the outcome of interest in the D-tree dataset.

As summarized in Table 2.2, we consider nine data scenarios. In the baseline scenario, X, is a
binary cluster-level covariate with prevalence of 0.30, Xp; ~ N(1, ¢ = 0.25) is a continuous cluster-
level covariate, X35, ~ N(1,0 = 0.25) is a continuous individual-level covariate, X, ~ Ber(py,)
is a binary cluster-level covariate with p = expit(-0.9) and Xsz; ~ Ber(py) is a binary individual-
level covariate with p, = 0.25. Note, in this scenario the covariates are all independent of each
other. Building on this we consider eight additional scenarios where Xj;, is taken to be positively and

negatively associated with each of the other four covariates (individually).
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2.5.2  DESIGNS

For each data scenario, we generated 10000 complete datasets of K=280 clusters with equal cluster
sizesof N = 40V k = 1,..., K. Correlation between the outcomes under the marginal model
(2.7) was induced using the GenBinaryY () function in the MMLB package for R, which implements

a method for marginally-specified logistic-Normal models*. Given a specification for a marginal
mean model for the response, this method induces within-cluster correlation via cluster-specific
random intercepts that are taken to arise from a N(0, ¢7,) distribution. In our simulations, we set o
equal too.5.

For each generated complete dataset, the 280 clusters were stratified according to Y7 g, which
as in Section 2.2.5 is defined to be the 807 quantile of the number of outcome cases across the K
clusters, and X;. Then, K;=80 clusters were sampled from the four strata according to eight designs.
The first two, which serve as current-practice comparators are: SRS, simple random sampling of
the K clusters; and, BalXj, stratified balanced sampling in which 20 clusters were sampled from
each of the four Y 4, x X stratum. The next five each consider optimal allocation with respect
to one parameter using expression (2.5) proposed in Section 2.4.1: OptXj, for the estimation of
£,; OptXy, for the estimation of 4,; OptX3, for the estimation of ﬂ3 ; OptXy, for the estimation of
£,; and, OptXs, for the estimation of ;. Finally, Opt represents the optimal allocation based on
expression (2.6) proposed in Section 2..4.2 when interest lies in estimating all parameters with preci-
sion.

The nine data scenarios combined with eight designs for each data scenario resulted in seventy-
two simulations. Further simulations, presented in Appendix B.3 , looked at the impact of: (i) vary-
ing cluster sizes; (ii) increasing the degree of correlation; and, (iii) decreasing the number of sampled
clusters K. In the setting of unequal cluster sizes, the distribution of the K clusters was taken to be

the same as the distribution of the 280 cluster sizes in the D-tree dataset, adjusted so that the overall
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population size /N is about the same as the the equal cluster size scenarios described. In the setting
of increased within cluster-correlation, we set or = 1. In the setting of smaller K, 40 clusters were

sampled under each design.

2.5.3 ANALYSES

For each sample taken, we computed the point estimates by solving expression (2.3) and estimated
the standard errors using an estimator of (2.4), the form of which is given in Sauer et. al (2021). %
Due to the potential downward bias of the robust sandwich variance estimator in finite samples,

we computed four estimates of the standard errors: i) unadjusted standard errors, ii) degrees-of-
freedom adjusted standard errors, in which the variance-covariance matrix is multplied by the factor
K,/(K; — p),*” iii) a Mancl and DeRouen-type bias correction ** that is adapted to accomodate the
weights needed to account for the sampling design, ® and iv) a Kauermann and Carroll-type *° bias
correction that is similarly adapted. ¢ For each design, across the roooo iterations, we computed the
mean point estimates and the relative uncertainty of each design for the estimation of each parame-
ter, defined as the ratio:

~1:R
-Yd(ﬁqu )Dm;gn

LR
sd(8,,)srs

g=1,...,p

where R = 10000 is the number of simulation iterations. Furthermore, to check the validity of
the inference, we estimated the 95% Wald coverage probabilities by computing the proportion of

constructed confidence intervals that contain the true parameter value.
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Figure 2.2: Baseline scenario: K

(DF), estimated standard errors with a Mancl and DeRouen-type correction (MD), and estimated standard errors with a

Kauermann and Carroll-type correction (KC), and (iii) the uncertainty relative to simple random sampling (bottom panel)

with the dark blue, red, and light blue bars corresponding to scenarios 1, 2, and 3 described in Section 2.2.5 respectively.
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(middle panel) using unadjusted estimated standard errors (UA), estimated standard errors with a degrees-of-freedom

errors with a Kauermann and Carroll-type correction (KC), and (iii) the uncertainty relative to simple random sampling
(bottom panel) with the dark blue, red, and light blue bars corresponding to scenarios 1, 2, and 3 described in Section

Figure 2.3: Positive association X7 and X5: K

adjustment (DF), estimated standard errors with a Mancl and DeRouen-type correction (MD), and estimated standard
2.2.5 respectively.
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2.2.5 respectively.
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2.6 RESULTS

2.6.1 RELATIVE UNCERTAINTY

Figures 2.2 - 2.4 show the results for the baseline data scenario (Figure 2.2), the setting in which
there is a positive relationship between Xj and X; (Figure 2.3), and the setting in which there is

a negative relationship between X; and X, (Figure 2.4). Note, complete results for all scenarios
considered can be found in Appendix C of the Supporting Information. Each figure shows: 1)
percent bias in the mean point estimates; 2) estimated coverage probabilities; and, 3) relative un-
certainty. Collectively, we find that there is little to no bias (< %) in the mean point estimates and
the estimated coverage probabilities are near the nominal level, in particular when the Mancl and
DeRouen-type standard error correction is used. The conclusions regarding relative uncertainty are

more nuanced, however, with the key results being:

* In general, the optimal design for the parameter of interest estimates that parameter with
the greatest precision. For example, across all scenarios, OptX; yields the highest efficiency
gain for the estimation of 3;, outperforming even the balanced stratified design that stratifies
on X; (BalXj): in the baseline data scenario (Figure 2.2), for instance, the gain in efficiency

compared to simple random sampling is 13.8% under BalXj, while it is 21.1% under OptX;.

* In the baseline scenario (Figure 2.2), in which there is no relationship between X; and any of
the other covariates, we do not see substantial efficiency gain for any of the parameters under

any of the optimal allocation schemes aside from 4, which is to be expected.

* In the setting in which X; and the continuous cluster-level covariate X, are positively asso-
ciated (Figure 2.3), the OptX, design yields an efficiency gain of 23.1% over simple random
sampling in the estimation of 4,. That is, even though the stratification is based on X7, ef-

ficiency gains regarding &, are obtained through the proposed optimal allocation scheme.
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Furthermore, even though OptX; optimizes with respect to j,, using this design when X;
and X are positively associated also yields an efficiency gain of 14.5% for 8,. This design,
however, yields substantial efficiency losses for the other parameters, ranging from 11.8% to
21.5%. Finally, in this setting, the Opt, design results in a smaller efficiency gain for the esti-
mation of £, and 3, (12.7% and 10%, respectively), but also yields slight gains for 2, £,, and

£,> while mitigating the losses in efficiency for £, (0.6% loss) and A, (1.1% loss).

When there is a negative dependence between Xj and X5, the optimal design still yields effi-
ciency gains relative to simple random sampling, though the magnitude of the gain is atten-
uated (10.8% in the estimation of £,). It is important to recognize, however, that while the
efficiency gain is not as high under this setting, if 4, is the sole parameter of interest, it ap-
pears to be even more important to optimize for this parameter, as other designs may lead to
substantial losses in efficiency for the estimation of that parameter: for example, while both
BalX; and OptX; also yield substantial efficiency gains for the estimation of 4, when there is
a positive relationship between Xj and X; (Figure 2.3), these allocations result in efficiency
losses of 15.7% and 10.8%, respectively, when the relationship between X; and X5 is nega-
tive (Figure 2.4). The OptX, design yields substantial losses for all other parameters in this
scenario in the range of 11.2% to 29.8%. Again, the Opty design, while resulting in a smaller

efficiency gain for 8, (3.6%), only yields slight losses for 3, and 5, (0.6 - 1.1%).

Although not presented here, we see similar results for OptXj in the settings where there is a
relationship (positive or negative) between X and the individual-level covariate X3; see Ap-
pendix B.3. The story is also similar for the settings in which there is a relationship between
Xi and the binary cluster-level X or the binary individual-level covariate Xs, though the efhi-
ciency gains and losses in these scenarios are not as large as those considering the continuous

covariates X and X3: 7.9% and 6.4% efficiency gains in the estimation of 4, under OptX} in
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the positive and negative dependence settings, respectively, and 4.5% and 2.1% gains in the es-
timation of 3, for OptX; in the positive and negative dependence settings, respectively. This
may be due to the fact that the difference in the distributions of X /X5 are not as different
across levels of the stratification variable X7 as are the distributions of X,/X3. Note, how-
ever, that even in the situations with small efficiency gain relative to simple random sampling
under the OptX, (OptXs) design for the estimation of £, (5;), the loss in efficiency for the
estimation of 3, (4;) under the BalX; can be substantial (1.7% and 10.9% loss compared to
SRS for estimation of 4, in the positive and negative dependence settings, respectively; 12.6%
and 24.7% loss for the estimation of 4, in the positive and negative dependence settings, re-
spectively), thereby making the optimal allocation preferable, particularly if one is interested

in estimating 4, with precision without the loss of efficiency in the estimation of 8, ().

Finally, while the balanced stratified design yields substantial efficiency gains for the estima-
tion of 4, the gain is generally not as much as that under OptX;. Moreover, BalX; often re-
sults in substantial losses in the estimation of the other parameters relative to simple random
sampling. The inconsistent performance of the balanced stratified design has been noted in
other settings as well. ** This suggests that the balanced stratified design, while commonly
used due to the fact that it is simple to implement in practice, may not be a wise choice of
design when interest lies in estimating parameters other than that corresponding to the strati-

fication variable with precision.

DEsIGN CHARACTERISTICS

Turning attention to the simulation study in which the cluster sizes vary, Table 2.3 shows the aver-

age stratum-specific, cluster-level sample sizes (i.e. the £;s), and the average overall individual-level

sample size, 7, across the 10000 iterations for the eight data scenarios in which there is a dependence
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between X; and one of the other covariates in the model. Based on these summary characteristics,

we make several observations:

* The design that on average yields the largest overall individual-level sample size, n, is not nec-
essarily the most efficient design for the estimation of the parameter of interest. For example,
under the data scenario in which there is a negative dependence between X; and X3, the av-
erage sample size under the BalX; design is 4105, while the average sample size under OptX;
is 3597, and that under OptX; is 4016. Even though the average sample size under BalX; is
larger than that under OptX; (4105 vs. 3597), OptX; is more efficient for the estimation
of &, (Sd@ij](;thl )/sd(ﬁiij; )~ 0.968). Similarly, even though the average sample size
under BalXj is larger than that under OptX,, OptX; is more efficient for the estimation
of &, (sd({glziléthz)/sd@lz:};ﬂ 1)~ 0.762). Finally, even though the average sample size un-
der OptX} is larger than that under OptXj, OptX] is more efficient for the estimation of 5,

~1:R ~1:R
(sd(B, e /54, gpex,) ~ 0.720).

* When the covariate of interest is continuous, more clusters are generally selected from the strata
in which the variability of the covariate of interest is greater. For example, in the setting in
which there is a negative association between Xj and X5, more clusters are sampled from
the strata with X7 = 0 (on average, 72 clusters from the strata with X; = 0 vs. 8 clusters
from the strata with X; = 1), due to the fact that there is more variation in the values of X
among clusters with X; = 0; in contrast, in the setting in which there is a positive association
between X; and X;, more clusters are sampled from the strata with X; = 1(48 clusters on
average vs. 33 clusters from the strata with X; = 0), because in this scenario there is more

variation in the values of X5 among clusters with X; = 1.

o In the setting in which the values of the covariate of interest are homogeneous within strata (as

is the case with the stratification variable X, in all scenarios), the k;s are generally distributed
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across the strata in such a way that results in a decrease in the variability of the weights, K; [k,
compared to balanced stratified sampling. For example, under the setting in which there

is a negative relationship between X; and X3, in comparing the weights under BalX; and
OptXj, we see that the standard deviation in the average sampling weights under OptXj is
smaller than that under BalXj (1.51 vs. 2.82). This may be one of the reasons why OptX is
slightly more efficient than BalX; for the estimation of £, as greater variability in the weights

is known to impact the efficiency of IPW-GEE estimation. *

o The distribution of the stratum-specific sample sizes across levels of the stratification variable X

is more extreme for negative dependence vs. positive dependence of the covariate of interest with

X

2.7 DiscussioN

In this paper, we provide a formalized framework for determining optimal stratum-specific sample
sizes when interest lies in estimating one or multiple associations in a marginal mean model and the
analysis is conducted using inverse-probability-weighted generalized estimating equations. Through
a comprehensive simulation study, we showed that the optimal allocation of sample sizes across
strata generally yields the greatest gain in efficiency among all designs considered, performing better
than the straightforward approach of taking a simple random sample of clusters, and better than
the balanced stratified design. Our results indicate that when one parameter is of particular inter-
est, the optimal allocation for that parameter yields the greatest efficiency gain for that parameter;
turthermore, if the covariate of interest is positively associated with the stratification covariate, the
optimal allocation for the parameter of interest also results in substantial efficiency gains for the
parameter associated with the stratification covariate. However, optimizing for one parameter in

particular can result in losses for other parameters in the model. This demonstrates a trade-oft that is
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Table 2.3: K = 280, varying N}, K;=80, o;y=0.5. Shown are the average stratum-specific cluster-level sample sizes,

and the average overall individual-level sample size 7, under the eight data scenarios in which there is a dependence

between X and one of the other covariates in the model, across 10000 iterations. The average number of clusters
sampled from stratum (Y* > Y3 40, X7 = 1) is kyy, the average number of clusters sampled from stratum (¥* <
Yago,Xl = 1) is ko1, the average number of clusters sampled from stratum (Y* > Yg.soaXl = 0) is k19, and the

average number of clusters sampled from stratum (¥* < Y7 40, X1 = 0) is koo. See Sections 2.5.2 and 2.5.3 for

details.
Covariate Dependence Design &y ko ko koo K n Most efficient
with X}, for 3,
Xoh Positive BalX, 20 20 20 20 80 4173
OptX; 17 23 13 27 80 3704 v
OptX, 22 26 11 22 80 3671
Negative BalX;, 17 21 21 21 80 4105
OptX; 11 24 15 30 80 3597 v
OptX, 3 s 31 41 80 4016
Xap Positive BalX;, 20 20 20 20 80 4208
OptX; 21 19 12 28 80 3758 v
OptX; 24 27 8 22 80 3544
Negative BalX;, 17 21 21 21 8o 4188
OptX; 11 26 17 26 80 3741 v
OptXs 3 6 24 47 8o 3724
X Positive BalX;, 20 20 20 20 80 4184
OptX; 16 21 15 29 80 3760 v
OptX;, 15 18 17 30 80 13873
Negative BalX; 20 20 20 20 80 4166
OptX; 15 23 15 26 80 3736 v
OptXy 10 13 22 35 80 3942
Xy Positive BalX;, 20 20 20 20 80 4174
OptX; 19 19 12 30 80 3717 v
OptXs 15 17 12 36 80 3599
Negative BalX;, 20 20 20 20 80 4160
OptX; 14 634 16 26 8o 3732 v
OptXs 7 12 19 42 80 3670




mitigated by the design that optimizes for all parameters simultaneously: under such a design, there
are generally small to moderate efficiency gains across all parameters. Researchers must therefore
identify the primary objective of the research question at the design stage, in order to select the most
appropriate optimality criterion. While the simulation study described in the paper corresponds to
a specific data setup, we also expanded upon the setting presented here, the results of which can be
found in Appendix B.3. In general, the story remains the same, with differences related to the degree
of efficiency gain observed.

As mentioned in the Introduction, the degree of efficiency gain depends upon a variety of fac-
tors, including which piece(s) of information are used to stratify the clusters, the degree of variabil-
ity of the outcome and the covariates across clusters, the method of analysis, and the sample size
allocations across the strata. In the setting we consider in this paper, only cluster-level summaries of
the outcome would be available at the design stage. A threshold for the outcome summary measures
must therefore be selected for stratification (as must be done for an individual-level covariate that is
to be stratified upon). In the simulation study we conducted, we chose as the threshold, Y7 g, the
80" quantile of the distribution of the number of outcome cases across the K clusters. This may not
have been the optimal stratification, and determining the best threshold for stratification is an area
for future research. In the survey sampling context, when interest lies in estimating a mean or a to-
tal of a measure of interest, efficiency may be gained by creating homogenous strata. Making strata
homogeneous for estimation of regression coeficients may be less straightforward. ** With regard
to the method of analysis, we assumed in this paper that the analysis would proceed via inverse-
probability-weighted generalized estimating equations. While inverse-probability-weighted analysis
methods are known to be inefficient compared to other approaches such as maximum likelihood
or mean-score methods, the advantage of such an approach is robustness to model misspecifica-
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tion”” and the fact that one does not need to model the relationship between the exposure of

interest and the stratification variable(s) at the design stage. *°
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The results of our simulation study demonstrate the value in sampling clusters according to the
optimal allocation - in other words, sampling clusters wisely has the potential for efficiency gains
over designs such as simple random sampling or balanced stratified sampling, even when the analy-
sis takes place at the level of the individual. There are several direct extensions of this work. First, as
has been mentioned, the formulae for the optimal stratum-specific sample sizes depend on quan-
tities that, at the outset, will be unknown, including the true parameters of the target marginal
mean model, (3, as well as the values of the variance components. Now that we have established
that there are indeed potential benefits to be gained, developing and evaluating creative strategies to
operationalize these designs in practice is, therefore, an important avenue for future research. This
research, for example, could build on adaptive strategies that have been proposed for other instances
in which key parameters are unknown at the outset, such as that proposed in the context of sam-
ple size and power calculations,** or that presented for approximating optimal allocation in other

15:21:42:69 Another potential way forward would be to use imputation, following the ap-

settings.
proaches taken in the analysis of longitudinal data. ®>® Furthermore, with regard to optimizing for
multiple parameters, our simulation study only evaluated the approach in which every parameter

is given equal weight (w, = 1forg = 1,...,p). There may be instances in which researchers are
interested in estimating multiple but not all parameters with high precision. For example, one may
be interested in estimating two of the main effects and their interaction term with precision. Even
if interest lies in estimating all parameters with precision (i.e. all w, non-zero), it may be preferable
to assign different weights to different parameters. A topic for future research therefore concerns
expanding the study of optimal allocation in the setting when multiple parameters are of interest.
In other cases, researchers may not know the exact specification of the model in the final analysis,
and may prefer to move forward with a sampling design that optimizes for more than one model,

presenting another area for future research. Finally, in this paper we considered single-stage cluster-

based sampling designs. A perhaps more common design is a two-stage cluster-based sampling de-
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sign. In such a setting, there may be a specific cost associated with travel to clusters, and a certain
cost associated with collecting information on individuals once at a cluster. Given a budgetary con-
straint, researchers must determine which clusters to sample, and subsequently, which individuals
to sample within the sampled clusters, based on information that is available at the design stage.
Extending the framework for optimal allocation to this setting, and investigating the potential for

efficiency gains, is yet another area for future research.
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Abstract

Cluster-based outcome-dependent sampling (ODS) has the potential to yield efficiency gains
when the outcome of interest is relatively rare, and resource constraints allow only a certain num-
ber of clusters to be visited for data collection. Previous research has shown that when the intended
analysis is inverse-probability weighted generalized estimating equations (IPW-GEE), and the num-
ber of clusters that can be sampled is fixed, optimal allocation of the (cluster-level) sample size across
strata defined by auxiliary variables readily available at the design stage has the potential to increase
efficiency in the estimation of the parameter(s) of interest. In such a setting, the optimal alloca-
tion formulae depend on quantities that are unknown, currently making such designs difficult to
implement in practice. In this paper, we consider an adaptive sampling approach, in which a first
wave sample is collected using balanced stratified sampling, and subsequently used to compute the
optimal second wave stratum-specific sample sizes. We consider two strategies for estimating the
necessary components using the first wave data: an inverse-probability weighting (IPW) approach
and a multiple imputation (MI) approach. In a comprehensive simulation study, we show that the
adaptive sampling approach performs well, and that the MI approach yields designs that are near-
optimal, regardless of the covariate type. The IPW approach, on the other hand, has mixed results,
with better performance for parameters associated with individual-level covariates compared to
those corresponding to cluster-level covariates. Finally, we illustrate the proposed adaptive sampling
procedures with data on maternal characteristics and birth outcomes among women enrolled in the

Safer Deliveries program in Zanzibar, Tanzania.
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3.1 INTRODUCTION

OUTCOME-DEPENDENT SAMPLING (ODS) CAN BE A COST-EFFICIENT SAMPLING STRATEGY
when resources for data collection are limited. When the outcome of interest is rare, and sampling
occurs at the level of the individual, sampling designs that use information on the outcomes of the
individuals in the population of interest, such as the case-control design, have demonstrated poten-
tial for efficiency gains over alternative sampling schemes such as simple random sampling. In public
health settings, individuals are often clustered. When resource constraints prevent researchers from
being able to carry out data collection in every cluster, a cluster-based ODS design that leverages
information on a summary measure of the outcomes in a cluster and possibly some other auxiliary
variable(s) known at the design stage, can be implemented instead.

One way to operationalize a cluster-based ODS design is to stratify the clusters based on pieces of
information known at the design stage, and to then sample a certain number of clusters from each
of the strata. Data that has been collected in such a way can be analyzed using inverse-probability

12,60 where the weights are the inverse of the

weighted generalized estimating equations (IPW-GEE),
cluster-specific probabilities of selection. The number of clusters sampled from each of the defined

strata can influence the efficiency gain or loss for a particular parameter in the analysis model, and in
Chapter 2 we derived formulae for the optimal allocation of the (cluster-level) sample size across the
strata, when the intended analysis is IPW-GEE. We showed that such an optimal allocation strategy

yields efficiency gains for the parameter of interest relative to simple random sampling of clusters or
balanced sampling of clusters across strata.

One major obstacle to implementing such a design in practice, however, is the fact that the for-

mulae for the optimal stratum-specific sample sizes depend on quantities that are, at the outset,

unknown. Such quantities include the true parameter values and the variance components, which
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rely on having complete information on the outcome and the covariates in the analysis model for
all individuals in the population. If external pilot data are available, one could in principle obtain
estimates of the various design components needed. Such pilot studies can be prohibitively expen-
sive, however, or the efficiency to be gained under the optimal allocation design may not justify the
additional cost of conducting the external pilot study.** As an alternative, we propose a two-stage
adaptive sampling scheme, in which the data collected at the first stage serves as an internal pilot
study that is used to obtain estimates of the quantities needed to calculate the stratum-specific sam-
ple sizes for the clusters that can be sampled with the remaining resources.

The use of an internal pilot study has been shown to be effective in other settings. '7-*#3447¢ For
example, Haneuse et. al (2011) proposed a two-stage strategy for conducting power and sample size
calculations that account for patterns of confounding in observational studies. This approach in-
volves the use of data collected to-date as an internal pilot study, which is used to estimate necessary
components that would otherwise be unknown, such as the joint distribution of the covariates of
interest. In a setting adjacent to the one we consider, MclIsaac et. al (2015) presented an adaptive
sampling approach to operationalize optimal allocation in two-phase designs, when the intended
analysis is the mean score method. More recently, the use of an internal pilot study through adap-

%9 and

tive, or multi-wave sampling, has also been proposed by Han et. al (2020)*', Tao et. al (2020),
Chen and Lumley (2020),”" and with good results.

In this paper, we consider two-wave adaptive sampling in settings where the target population is
clustered into K clusters, but resources are available to sample only K; < K clusters. Such a strategy
involves sampling K ; clusters in the first wave, using this first wave data to estimate the optimal al-
location of the remaining resources, and sampling the remaining K , = K; — K, ; clusters according
to the (approximated) optimal allocation. We develop and evaluate two approaches to estimating

the variance components given the first wave data: an inverse-probability weighting (IPW) approach

and a multi-level multiple imputation (MI) approach that employs the imputation approach pro-
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posed by Jolani et. al (2015).*? In a comprehensive simulation study, we evaluate the performance
of the adaptive sampling approach. The rest of this paper is organized as follows: in Section 2, we
detail the optimal allocation formulae; in Section 3, we describe our proposed adaptive sampling
strategies; Section 4 describes the simulation study we conducted, and Section s applies the pro-
posed methods to a dataset on women enrolled in the Safer Deliveries program, the goal of which
was to to reduce the rate of maternal mortality in Zanzibar, Tanzania. Finally, Section 6 provides a

discussion and concluding remarks.

3.2 REVIEW OF OPTIMAL ALLOCATION IN STRATIFIED CLUSTER-BASED ODS

In Chapter 2 we proposed a framework for the optimal allocation of finite resources across defined
strata, when the final analysis is expected to proceed via IPW-GEE. Those results are theoretical in
the sense that the proposed allocation formulae assumed knowledge of unknown quantities, includ-
ing the true parameter values. As such, while the results of Chapter 2 are important, they do not
immediately translate into practice. Our goal in this paper is therefore to propose a strategy that en-
ables the operationalization of such a design in practice. The rest of this section reviews the frame-
work laid out in Chapter 2, while the following section describes the proposed adaptive sampling

strategies.

3.2.1 MODEL OF INTEREST

Suppose that interest lies in learning about the relationship between an outcome Y and a p-vector of
covariates, X, in a population where the individuals exhibit cluster-correlation in their outcomes.
Specifically, the population of interest is made up of K clusters, with N}, individuals in the £
cluster, such that the total number of individuals in the target population is N = Y4, N. Fur-

thermore, we assume that estimation and inference will be performed using the following marginal
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mean model for the outcome of the /7 individual in the £ cluster:

= EVulX) = ¢ (X0), (3.1)
where g(+) is a user-chosen link function and B a p-vector of regression parameters.

3.2.2 ESTIMATION AND INFERENCE

Given data that has been collected through a single-stage cluster-stratified outcome-dependent sam-
pling design, estimation and inference can proceed via IPW-GEE. "> In particular, the regression

parameters (3 can be estimated as the solution to the following:

K
Uy(B) = ; i:DkTVk_lak _ (3.2)
where Ry, is equal to 1if cluster £ is sampled and is equal to 0 otherwise; 7y, is the probability of
cluster & being sampled; e = (Y — ), with i = (Yp, ..., Vi) and = (g, - - - ,[uka). The
N}, X p matrix of partial derivatives is denoted by Dy, = 0w, /0B, and V, indexed by the unknown e,
isan N} x N, working specification for Cov[Yy].

Note, expression (3.2) can be rewritten as U, () = UTWR, where U = diag{Y — p}V'Disan
Nxpmatrix, Y= (Y1,...,Ye),w=(p, ..., 1)’ Visan N x Nblock-diagonal matrix, with the
Vi on the diagonal, and D is the /N X p matrix obtained by stacking the K Dy, matrices; W is an Nx N
diagonal matrix with diagonal entries equal to the vector (W1, W5, ..., Wg) T with W, a vector
of length N}, with each element equal to 71“;1. Letting Ry, denote the N}, x 1 vector with all entries
equal to Ry, R is the N X 1 vector obtained by concatenating the Ry, together. Sauer et. al (2021)%°

showed that @w, the solution to (3.2), is consistent for (3, the true value of $, and asymptotically

multivariate Normal, with
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~

Varle,) = H(Bo) ™ { Varltho(@)llpg, } HZ) ™

In the expression above, H(B) = E[—0U/OR],U = Ullnyi, Varld,(B)] = Var[UT1ns] +
E[UTWAWU],A = Var[R|Fgl,and Fx = {Y,X,Z,S}, where Z is a collection of variables
available at the design stage that, while not included in the model, may be used to define the strati-
fication of the clusters, and S is a vector of values of the variable S which defines the stratification of

the clusters into J strata.

3.2.3 OPTIMAL ALLOCATION

The optimal allocation for the estimation of /Zq, the 47 parameter in (3.1), involves determining the
stratum-specific sample sizes k;,7 = 1, ..., /such that the variance of ; is minimized, subject to
the constraint that ZJ.ZI k; = K. This corresponds to determining the allocation that minimizes

the [¢, ¢]”” entry of E[H'UTWAWUH ], the term of Var[,] which depends on the selection

indicators R. This is given by:

— _ K;—k; K; /e
EH"UTWAWUH )y, o = 32 S (4, — Kj 5=

}

N/
where 4, = ZkGSJ‘ Z Z L Elb q]b[q . B Z/eGS} Zk’;ﬁ/eeSJ Zz DI [h[q] b/[eq/]/]
/o[q] is the entry in the (g + 1)* column of UH™! corresponding to the 7% individual in the £
cluster,and S; = {k :clusterk € stratum}. The optimization problem involves minimizing

Solki ko, k) = Zle %@Cq j subject to the constraint that Zle k;j = K;, and can be solved

using the method of Lagrange multipliers, from which it follows that

/2 A/2
/ef = [Q% (3:3)
ZJ’=1KJ 97
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3.3 Two-WAVE ADAPTIVE SAMPLING

The formula for the £; given in expression (3.3) depends on knowledge of the true parameter val-
ues (3, as well as the variance components through the C, ;. To implement the optimal allocation

in practice, we propose a two-wave adaptive sampling approach. In the first wave, K ; clusters are
sampled through a simple to implement but likely sub-optimal strategy, such as balanced stratified
sampling. In the second wave, K » = K; — K clusters are then sampled through the approximately
optimal design, using estimates of 3, and the variance components obtained from analyzing the
data collected from the K ; clusters sampled in the first wave. By approximately optimal, we mean a
design that yields stratum-specific sample sizes that are close to the optimal allocation one would get
with complete knowledge of the quantities needed to compute (3.3). The overall number of clusters
sampled from stratum ;' is k; = k;1+k; 2, where Zj kiy = K1, Zj kip = K;p,and K1 +K p = K.

The probability of selection for cluster £ in stratum ; is given by:

T = P(Rk = 1|D*) = P(R/e,l =1 UR/QZ = I‘D*)

= P(Rk,l =1D%) + P(R/Qz = 1‘Rk,1 =0,D%) * P(R/m = 0|D")

_kn o ke K—ka kn ke &
K K—ky K K KoK

where D* is the totality of the information available at the design stage, Ry, is the selection indica-
tor for cluster # in the first sampling wave, and Ry, ; denotes the selection indicator for cluster £ in
the second sampling wave. The overall probability of selection under adaptive sampling is therefore
the same as that under the non-adaptive setting. We can then determine the second wave sample
sizes, k;,» by minimizing

Kj—kj1—kj2

EH'U'WAWUH],, = Zle T2 Cyy

subject to the constraint that Zle ki1 + Zle kj» = K;. Defining the Lagrangian
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j jl k/Z ] ‘/
Z ki1 qJ + 77(231'%,1 + Z:lkf»z - K’:)’
7=l = =

taking the partial derivatives with respect to the kﬁz and 7, and setting them equal to 0 yields a sys-

tem of / + 1 equations. Solving the system of equations for £;, and 7 yields

1/26‘1/2)
b2 = K ahar

7

- lej,l:

which must be estimated by estimating Cq ;- In the following two sections we describe two different

approaches to estimating the C ;.

3.3.1 INVERSE-PROBABILITY WEIGHTING

Given the first wave data, one can estimate E[H'U?WAWUH ] with
H'U"Wdiag(R,)A diag(R) WUH ™,

. K
where H = ) %DZV,;le and 7, is the probability of cluster £ being sampled in the first wave,
k=1

kj . N
<. The N x 1 vector Ry is made of up of the K first wave Nj-vectors of the selection indicators
J

concatenated together. Finally, Zl isan N x N matrix with entries in the &% diagonal block equal

7rk—7r/§
Tk,1

Tpp! —ThTy!
Thk! 1

to and entries in the oft-diagonal block corresponding to clusters £ and )4 equal to

b

where 7 ; is the joint probability of clusters £ and £ being sampled in the first wave. If clusters &

ki1 k; ki kig .
and # belong to the same stratum, 7y 4 —17 Kl 7> Whereas the joint probability is equal to [J(— /7 if
-/

these two clusters belong to different strata.

3.3.2 MULTIPLE IMPUTATION

One of the drawbacks of the IPW approach is that only information on the individuals in the K ;

clusters sampled in the first wave is used in the estimation of the Cyj- The IPW approach therefore
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©6 For ex-

discards some pieces of information that are available for the individuals in all K clusters.
ample, the values of the cluster-level covariates in the model, and the cluster-level summaries of the
outcome, which we assume to be available for all K clusters from the outset. We therefore also con-
sider a second approach to estimating the C, ;.

Here we assume that after the first wave data has been collected, researchers have the following
information available to them: the values of cluster-level variables for all K clusters, as well as the
proportion of outcome cases and size of each cluster, and the values of individual-level covariates
for all of the individuals sampled in the first wave. One must therefore impute the individual-level
covariates in the model of interest for the individuals zoz sampled in the first wave. In this setting,

the individual-level covariates are systematically missing, 56

which in this context means that they are
missing completely for the clusters not sampled in the first wave. To impute these individual-level
covariates, we use the multilevel imputation approach of Jolani et. al (2015),%*? which takes into
account the hierarchical structure of the data. Briefly, this approach uses a fully conditional specifi-
cation (FCS),”* where a conditional model is specified for every variable that has some missingness.
Using a generalized linear mixed model for the imputation model, this approach first draws the im-
putation model parameters from their posterior predictive distributions using a noninformative
Jeftreys prior; the missing covariate values are then drawn from its posterior predictive distribution

given the imputation model parameters. The multiple imputation approach we propose involves

the following steps:

1. generate M imputed complete datasets

2. for each of these A1 datasets, compute the Cyj

R
3. compute Cpy= 3,5 CF';

4. compute the &; 5 using C, ; as an estimate for C, ;.
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3.3.3 OTHER PRACTICAL ISSUES

It is possible for the computed second wave sample sizes to yield kj"z > K — kjjl ; such a setting is
problematic, as there are not enough clusters remaining in stratum ; after the first wave in order to
sample the k;  clusters in the second wave. On the other hand, it is also possible for the computed
kj» to be negative; such a scenario suggests that fewer clusters should have been sampled from stra-
tum 7, but as the /ej71 clusters have already been sampled in the first wave, it is not possible to sample
fewer clusters at this point. We refer to the cases in which either k5 > K; — kjjork;n < Oas
edge cases, and develop a strategy for handling these scenarios, the details of which are given in Ap-
pendix C.1. Briefly, we define a threshold 7, which denotes the number of edge cases we are willing
to tolerate. If the number of edge cases is greater than or equal to 7, we sample K ;, more clusters
via the first wave sampling strategy and recompute the k; ; using the larger first wave sample. If the
number of edge case is less than 7, on the other hand, we fix the edge cases at the boundary (i.e. set
kip = K; — kj1ifkja > K; — kj1 and setk;» = 0if k;» < 0), and recompute the other £;, with an
updated constraint:
Ki=K— > knp— > K
Jkj2<0 Jiki2>Ki—kj1

We note that if the number of edge cases is greater than 7, the sampling strategy becomes one of
s > 2 waves. This may not be desirable in certain settings, in which getting permission to do data
collection at health centers (clusters) is a long process. This is therefore one of the features we com-
pare between the two proposed estimation procedures in our simulation study, which is described

in the next section.
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3.4 SIMULATION STUDY

We conducted a simulation study to evaluate the performance of the proposed adaptive sampling
approach, using both estimation (IPW and MI) strategies. The model of interest for the ##” individ-

ual in the &% cluster used in the simulation study is given by:

logit(P(Yey = 1)) = By + B Xu + B, Xok + B3 X3t + B, Xar + B Xsps

where 3, = (—3.1,0.3,0.7,0.7,0.7,0.7). In order to investigate how the performance of the
adaptive sampling procedure is affected by the type of the covariate of interest, and the direction of
the association with the stratification variable(s), we consider nine data scenarios, which are based
on the simulation study in Chapter 2; Table 3.1 provides a summary. In the baseline scenario, Xj;
is a binary cluster-level covariate with prevalence of 0.30. X5, ~ N(1,¢ = 0.25) is a continuous
cluster-level covariate, while X3;; ~ N(1,5 = 0.25) is a continuous individual-level covariate.
Xy ~ Ber(py) is a binary cluster-level covariate with py, = expit(—0.9), while X5z, ~ Ber(py) isa
binary individual-level covariate with p; = 0.25. In the baseline scenario, there is no dependence
between the covariate used for stratification, X7, and the other covariates in the model. We build
on this scenario by changing the relationship between X; and each of the other covariates in turn,

considering both positive and negative associations with JXj.

3.4.1 DESIGNS

For each data scenario, we generated 10000 complete datasets of K' = 280 clusters with varying
cluster sizes. The number of clusters and the variation of the cluster sizes was set equal to these in
the dataset on maternal characteristics and birth outcomes among women enrolled in the Safer De-

liveries program, a dataset which we discuss in more detail in Secton 3.6. Correlation between the
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Table 3.1: Covariate distributions for nine simulation scenarios considered in Section 3.4.

Covariate Baseline Eight scenarios in which Xj; and each of the remaining
Scenario covariates are dependent
Positive dependence Negative dependence
X Ber(0.3) - -
XZ/e N(]., 025) H = 1+ O'SI(Xllezl) ® = 1+ O'SI(XIIe:O)
c=0.25+ 0.75[()(1/6:1) c=0.25+ 0'75[(X1k20)
Kpi N(1,0.25) ¢ =1+0.50x,-y u=1+0.5lx,—0
o= 0.25+ 0.75x,=1) o= 0.25+ 0.75/(x,—0)
Xy Be}"(p/e), P = 0‘6[(X1/e:1))+ P = 0-156[(X1k:1)+
P/e = expz’t(—0.9) 0.156[()(1}6:0) 0'346[()(11«:0)
K Ber(pe), Pe= 061,21+ Pe = 0-Upg=)+
P =025 0.1y, —o) 0.314x,,—o)

outcomes was induced using the MMLB package for R. For each generated complete dataset, the 280
clusters were stratified according to Y; o, the 80? quantile of the number of outcome cases across
the K clusters, and X;. Then, K; = 80 clusters were sampled from the four strata according to the
following five designs: (7) optimal allocation for the estimation of 3, (OptX;), (#z) optimal allocation
for the estimation of £, (OptXy), (7z) optimal allocation for the estimation of 4, (OptX3), (7v) opti-
mal allocation for the estimation of £, (OptXy), and () optimal allocation for the estimation of 4

3.4.2 DESIGN APPROXIMATIONS

For each of the scenarios described in the previous section, we determined the optimal allocation

using the complete data set and true parameter values (gold standard), and approximated the op-
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timal design using i) adaptive sampling with IPW estimation and ii) adaptive sampling with MI
estimation. For both estimation approaches, we investigated the impact of the relative sizes of the
first wave and second wave samples (i.e. K;; and K ») on the performance of the optimal alloca-
tion approximation. In particular, we varied K | / K, € {20/60,40/40,60/20}. Furthermore,
we set the first wave increment size to 20 clusters (see Section 3.3.3) and set the threshold for the
number of tolerated edge cases to 7 = 3. For the MI approach, we took the cluster-level variables
Xi, X2, and Xy, as well as the outcome Y, to be known. We then used the multilevel imputation
approach of Jolani et. al (2015)>® to impute the continuous individual-level covariate X3 and the
binary individual-level covariate X5 for the clusters not sampled in the first wave, using the micemd
and mice packages in R. For the setting in which Xj and X3 are associated, due to the fact that the
variance of X3 depends on X, we imputed X3 and Xs separately for the clusters with X; = 1and
X1 = 0. We set M, the number of imputed data sets within one iteration, to s in all settings. The

first wave sample size was selected using balanced stratified sampling (BalXj).

3.4.3 ANALYSES

For each sample obtained under the various design options, we computed the point estimates by
solving expression (3.2). For each design, across the 10000 iterations, we computed the mean point
estimates, as well as the standard deviation of the point estimates. In order to evaluate the perfor-
mance of the adaptive sampling strategies in approximating the optimal design, we computed the
change relative to the optimal design in the standard deviation of the point estimates, expressed as a

percentage:

~I1:R ~1:R
<fd(ﬁw,q)Adapt _W’(ﬂw,q)Opt

~1:R
Jd(ﬂqu)opt

> x 100 forg ={1,...,p}.

where R is the number of simulation iterations, in this case 10000. Furthermore, we computed the

difference between the stratum-specific sample sizes under the adaptive designs and the optimal
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design, as a fraction of the overall stratum size, a measure presented in McIsaac et. al (2015)**:

Kook
e T for i = {1,...,10000}, j = {L,....J}.

JOpt

The latter can be thought of as a distance measure, by which to evaluate the accuracy and precision

of the adaptive sampling strategies.

3.5 RESULTS

Figure 3.1 shows the percent change in the standard deviation of the point estimates (first measure
described in Section 3.4.3) for the settings in which there is a positive relationship between X; and
the continuous cluster-level covariate X; (top panel) and the setting in which there is a negative re-
lationship between X; and X (bottom panel); similarly, Figure 3.2 shows the results corresponding
to the setting in which there is a dependence (positive and negative) between X; and the continuous

individual-level covariate, X3.

3.5.1 IMPACT OF ESTIMATION STRATEGY

Based on Figures 3.1 and 3.2, we see that the efficiency losses under the adaptive sampling approach
with MI estimation are generally lower than those under the IPW approach, particularly when the
allocation is optimal with respect to a cluster-level covariate. In fact, under the MI approach in the
settings in which there is a positive association between X; and X5 (Figure 3.1) or X; and X; (Fig-
ure 3.2), the percent change in the standard deviation of the cluster-level parameter estimates ﬁl,
:6\2, and 24, under the designs that are optimal with respect to those parameters, is less than 2.7% re-
gardless of the first wave sample size. On the other hand, the percent loss under the IPW approach
is as much as 11.7%. The superior performance of the MI approach for allocation to a cluster-level

parameter is intuitive, as the MI approach leverages the cluster-level information that is available for
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all K clusters in the population of interest, while the IPW approach uses only the cluster-level infor-
mation available for the K| ; clusters sampled at the first wave. When the allocation is optimal with
respect to an individual-level covariate, the performance of the IPW approach improves, though we
see that the losses in efficiency are in general still greater than those under the MI approach, particu-
larly when the first wave sample size is 20 or 40.

Additional results (not shown here) show boxplots of the stratum-specific differences between
the adaptive and optimal sample sizes across the 10000 iterations (the second measure described in
Section 3.4.3). Regardless of the data scenario and the first wave sample size, the variability of the

IPW approach is substantially higher than that of the MI approach.

3.5.2 IMPACT OF IMPUTATION MODEL MISSPECIFICATION

The results described in Section 3.5.1 seem to suggest that the MI approach combined with an ap-
propriate first wave sample size is always the preferable strategy for operationalizing the optimal
allocation in practice. However, we note that care must be taken in carrying out the imputation of
variables with missing values. For instance, in the setting in which there is a relationship (positive

or negative) between X; and X3, imputing the missing values of X3 separately for the clusters with
X1 = 0and X; = 1is necessary in order to capture the fact that the variance of X3 depends on the
value of X; (for example, X3 ~ Normal(x, ¢*) with & = 0.25 4 0.75/(X; = 1) in the positive depen-
dence setting) - failing to do so results in efficiency losses that exceed those under the IPW approach:
the percent loss in efficiency under the MI/OptX3 approach ranges from 13.6% to 18.6% for the
estimation of 3,, compared to losses of 3.4 to 6.8% under the IPW/OptXj3 approach. On the other
hand, the stratified imputation approach yields losses of only 0 to 3.4 % under OptXj3 for the esti-
mation of £, as is shown in the top panel of Figure 3.2 in this paper. The reason for the loss stems
from the fact that in this setting, the variance of X3 is higher in the strata with X; = 1. The opti-

mal allocation therefore samples more clusters from these strata; imputing the values of X3 without
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carrying out the imputation separately according to levels of X; fails to capture the difference in the
variation of the X3 values according to X7, and therefore undersamples from the more informative
strata, i.e. those with X; = 1: under the optimal allocation approach, the average stratum-specific
sample sizes for (Z(y>yx ), X1) = (1,1) and (/(y+>yz ). X1 = (0, 1) under OptX; are (ku1, ko1) =
(22, 28), while under the unstratified MI adaptive approach with a first wave sample size of 20, the

average sample sizes are (k11, k1) = (13,15).

3.5.3 IMPACT OF FIRST WAVE SAMPLING STRATEGY

The performance of BalXj as the first wave sampling strategy differs depending on the nature of

the dependence between the covariate of interest and the stratification covariate, Xj. In our simula-
tion study, balanced stratified sampling was appropriate in the settings with a positive dependence.
On the other hand, in the settings where the covariate of interest is negatively associated with X,
balanced stratified sampling in the first wave resulted in too many clusters being sampled from the
strata with X; = 1. The consequence is a loss in efficiency, as can be seen for the estimation of

£, under OptX; in the bottom panel of Figure 3.1 (1.2 - 18.1% loss under the MI approach, 10.8 -
20.5% loss under the IPW approach) and for the estimation of £, under OptXj in the bottom panel
of Figure 3.2 (0 - 14.9% loss under the MI approach, 6.4 - 14.9% loss under the IPW approach). Ad-
ditional results (not shown here) in which the first wave sampling strategy involves sampling 40%,

as opposed to 50%, of the first wave clusters from the strata with X; = 1when K| ;=20, and sam-
pling 20% of the first wave clusters from these strata when K ;=40 or 60, show that such a strategy
performs better in the negative dependence setting. For example, in the setting of negative depen-
dence between X and X3, the loss in efficiency for the estimation of 4, under OptX; is reduced to
1.2 - 2.4% under the MI approach and 3.6 - 4.8% under the IPW approach. Similarly, in the set-
ting of negative dependence between X; and X3, the loss in efficiency for the estimation of ﬂ3 under

OptXj3 is reduced to 1.2 - 2.4% under the MI approach and 4.3-6.4 % under the IPW approach. The
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strategy of sampling fewer clusters from the strata with X; = 1in the first wave under the nega-
tive dependence setting works well because this results in fewer clusters being sampled from the less

informative strata.

3.5.4 IMPACT OF VARYING FIRST WAVE SAMPLE S1ZE

The impact of varying the first wave sample size depends on the estimation procedure (IPW or MI),
whether the allocation is optimal with respect to a cluster-level or individual-level covariate, and the
direction of the dependence between X and the covariate of interest. Under the MI approach, the
first wave sample sizes of 20 or 40 generally resulted in very close approximations to the optimal
allocation, while the performance using a first wave sample of 60 clusters depended on the gold
standard/optimal distribution of the k;5. When using IPW estimation, a first wave sample size of 20
clusters generally resulted in large efficiency losses. This seems to indicate that a first wave sample of
20 clusters is too small to yield reliable IPW estimates of the design components needed to compute
the optimal allocation of the second wave sample.

The relative performance of a first wave sample of 40 or 60 clusters under the IPW approach de-
pends upon the distribution of the k;s that the adaptive sampling strategy is meant to approximate.
For example, across all settings considered with a positive dependence of one of the covariates with
X;, OptX; /K = 60 was the most efficient of the adaptive designs for the estimation of £, while
OptX, /K1 = 60 was most efficient for estimation of £,. On the other hand, across all settings of
positive dependence with X7, OptX, /K, ; = 40 and OptX3/K;; = 40 were most efficient for the
estimation of 4, and £, respectively. This seems to suggest that when using the IPW approach, a
larger first wave sample size yields better estimates of the stratum-specific sample sizes, as long as the
first wave sample has not already ‘overreached’ (sampled too many clusters) in certain strata. For ex-
ample, under positive dependence of X; and X, the average stratum-specific sample sizes using the

optimal allocation design was (k11, ko1, k10, k00) = (17, 22, 15, 26) for OptXj, and (11, 14, 15, 40) for
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OptX3; under the adaptive approach for OptXj, a first wave sample of 60 clusters permits a larger
sample with which to estimate the second wave allocation, without oversampling too many clusters
from any of the strata, while for OptX3, a first wave sample of 40 clusters is more appropriate. In the

settings of negative dependence with Xj, the story was similar.

3.5.5 IMPACT OF THRESHOLD FOR EDGE CASES

The value of 7 did not matter under the MI approach, as there were generally less than two edge
cases for every iteration under this estimation strategy. We ran additional simulations to investigate
the impact of varying the threshold 7 € {2,3, 4} for the number of tolerated edge cases under
the IPW approach in the scenario with a positive dependence between X; and X;. The most pro-
nounced differences arise when the first wave sample size is K 1=60, with only slight differences
when K1 = 20 or 40. When K ; = 60, a threshold of 7 = 2 results in greater losses in efficiency for
the estimation of 4, as well as ﬂ3 — ﬂs. This is most likely due to the fact that the lower threshold
of 7 = 2 results in more clusters being sampled via the non-optimal first wave sampling strategy

(BalX;), which differs from OptX3 - OptXs more than from OptX; and OptX,.

3.5.6 OTHER COMMENTS

We close this section with a few additional comments pertaining to the simulation results:

1. Though rare, there are a few instances in which the adaptive strategy is more efficient for the
parameter of interest than the optimal allocation design. This is an observation that is also
raised by both Mclsaac et. al (2015)#* and Chen and Lumley (2020),7* and is most likely
due to the fact that the optimal design is only optimal asymptotically (though as we see, still
efficient in finite samples). In other instances, we see that the adaptive sampling strategy is

more efficient for the other parameters in the model that do not correspond to the covariate

87



of interest. This is most likely due to the fact that the adaptive sampling strategy, while losing
some efficiency for the parameter of interest, results in a design that mitigates the losses for

some of the other parameters in the model.

2. Under the IPW approach, there was not much of a difference between using an increment of

4 clusters as opposed to an increment of 20 clusters.

3. The results for the settings in which there is a dependence between a binary covariate and X;

are similar to those described in the previous subsections.

3.6 DATA APPLICATION

3.6.1 SAFER DELIVERIES PROGRAM

The Safer Deliveries program was an effort by the Zanzibar Ministry of Health and D-tree Interna-
tional to reduce the high rate of maternal mortality in Zanzibar, Tanzania, by increasing the rate of
deliveries that occur in health facilities. *®'? Initially piloted in 2011-2012, expanded from 2013 to
2014, and finally implemented at scale in 10 of Zanzibar’s 11 districts between January 2016 and
September 2019, the program involved enlisting and training community health workers (CHW)
to enroll pregnant women into the program and to subsequently provide guidance and support
during the woman’s pregnancy, all with the aid of a mobile app. "

As part of this process, the CHWs collected data on the women enrolled in the program, such as
demographic and health information, obstetric history, the number of antenatal care (ANC) visits,
and the number of visits the woman received by a CHW during pregnancy. Each woman’s shehia
(lowest offical administrative unit) of residence was also recorded, as was the location of delivery,

after the woman had given birth.
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Table 3.2 shows the characteristics of a subset of 28, 789 women enrolled in the program who
gave birth between 2014 and May 2017. This subset includes women from 280 shehias, with the
number of women from each shehia ranging from 1 to 509. We see that a higher percentage of
women in the 36 —49 age category delivered outside of a health facility (27.2%) compared to women
in the < 20 age category (21.0%) and women in the 21 — 35 age category (26.1%). Furthermore,
women from the island of Pemba are seemingly more likely to deliver outside of a health facility
than women from the island of Unguja (34.5% vs. 18.4%). Finally, a larger proportion of women
who did not have 4 ANC visits during pregnancy, did not receive a visit from a CHW at 8-9 months
of pregnancy, and did not complete secondary school delivered outside of a health facility compared
to women who did have 4 ANC visits, were visited by a CHW at 8-9 months of pregnancy, and did

complete secondary school, respectively.

3.6.2 HyYPOTHETICAL STUDY

Given that one of the primary aims of the Safer Deliveries program is to increase the rate of health
facility deliveries, researchers may be interested in investigating the relationship between deliver-
ing outside of a health facility and potentially relevant factors. In the remainder of this section, we

consider a hypothetical study, in which the following marginal mean model is of interest:

logl.t(P(Y/ei = 1)) = [g()"'(gvaZot,/e_}'(ngage,/e+[g3XANC4,kz’+ﬂ4X€duc,kz'+(g5X:dm7/el'+ﬁ6XANC4,/eiXXedm,/ei

(3.4)

where Y}, is the indicator for whether the ¥ woman in the #? shehia delivered outside of a health
facility (1=Yes/o=No), X}; is a binary cluster-level covariate indicating which island the woman

is from (1=Pemba/o=Unguja), X5, is a continuous individual-level covariate representing the
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Table 3.2: Maternal Characteristics

Delivered outside of a facility

No Yes %

Mother’s Age

<20 3336 886 21.0

21-35 15689 5536 26.1

36-49 2433 909 27.2
Region

Unguja 13115 2986 18.6

Pemba 8343 4345 34.2
4 ANC visits

Yes 5968 1274 17.6

No 15490 6057 28.1
Previous abortions

Yes 3101 1175 27.5

No 18357 6156 25.1
HIV status

Positive 371 139 27.3

Negative 21087 7192 25.4
Previous location of delivery

Outside of facility 3046 3519 53.6

Facility 12745 2855 18.3

No previous delivery 5667 957 14.4
CHW visit at < 6 months

Yes 17994 6247 25.8

No 3464 1084 23.8
CHW visit at 6-8 months

Yes 4576 1481 24.5

No 16882 5850 25.7
CHW visit at §-9 months

Yes 14461 4548 23.9

No 6997 2783 28.5
Education level

Low 1784 6591 27.0

High 3611 740 17.0
Recommended facility type

Cottage hospital 7700 1915 19.9

PHCU+ 4550 1728 27.5

Referral hospital 9208 3688 28.6




mother’s (standardized) age, X34, is a binary individual-level variable representing whether the

mother in the £ shehia had 4 ANC visits during pregnancy (1=Yes/o=No), Xy, is a binary individual-
level variable indicating whether the woman completed secondary school (1=Yes/o=No), and X5 is
cluster-level covariate representing the proportion of women from the £ shehia who completed
secondary school education. The final term in the model is an interaction between the indicator for
having had 4 ANC visits, and the indicator for having completed secondary school. In our hypo-
thetical study, estimation of the parameter associated with this interaction term, 8, is of primary

interest.

3.6.3 CLUSTER-Basep ODS

Nearly complete information on the covariates in model (3.4) are available for the 28789 women
considered for the analysis. An exception is the education variable, which we multiply impute and
subsequently take to be the true values for the remainder of this section. For the purpose of illustrat-
ing the optimal allocation and adaptive sampling strategies, we assume that complete information is
available for the shehia-specific count of the number of women delivering outside of a health facility
(outcome), the number of women from each of the shehias, the island of residence, as well as the
highest level of education each woman completed. Each woman’s age, and information on whether
the woman received 4 ANC visits, however, we take to be unknown.

In order to operationalize a cluster-based ODS design, one could proceed by stratifying the she-
hias according to Y0-80% the 807 quantile of the number of women delivering outside of a health

facility, and region, Xj,.. Doing so yields the 2 x 2 stratification of the K=280 shehias:

Xlofzo AXlotz !

%
g

134 87

SO

vV A
oF

80 21 38
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Suppose that resources allow only K; = 80 shehias to be visited for data collection of the missing
covariate values: mother’s age and whether the mother had 4 ANC visits. In the following sections
we illustrate how one could determine the optimal allocation of the sample size across strata using i)
the complete data set (though not feasible in practice, this serves as the gold standard for the design
approximations), ii) the adaptive strategy using MI for estimation of the variance components, and

iii) the adaptive strategy using IPW for estimation of the variance components.

3.6.4 OPTIMAL ALLOCATION

The optimal allocation design would yield the following stratum-specific sample sizes: (koo, 10 k015
ki1) = (27.88683,27.37851,14.52733,10.20732). We note that the optimal allocation formulae
will often yield non-integer solutions, and must rounded after edge cases have been appropriately
handled. Under this scheme there is one edge case, as k19 = 27.37851 >Kj9 = 21. We set kjp=21 and

recalculate the remaining stratum-specific sample sizes using an updated constraint:
K=K, —21=59

This yields (koo, #10, k01, k11)=(31.26713, 21, 16.28827, 11.44460). There are no longer any edge
cases, and the only step that remains is to round the &;, which yields (&5, £, &5y, £7) = (31, 21, 16,12)

using a rounding threshold of 0.28828.

3.6.5 ADAPTIVE + IPW

Under the IPW approach, we again K| | =40, so that the Stage 1 sample sizes are (koo 1, 10,1, %011,
ki1,1) = (10,10,10,10). Computing the Stage 2 sample sizes then yields (koo 2, #10,2, k01,2, #11,2)

= (16.647703, 21.715965, 3.512166, —1.875834). We have two edge cases here: k101 + k102 =
21.715965 > Kjo = 21,and ky1» < 0. We must therefore fix these edge cases at the boundary (set

ki02=11 and set k11 2 = 0), and recalculate koo > and ko » using the updated constraint:
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Figure 3.3: The number of women delivering outside of a health facility, in Unguja and Pemba. Each point represents
one shehia; those shaded blue indicate the [(5,1 = 40 shehias selected in the first wave.

K=K, —10 — 21 = 49

This results in (koo 2, £10,2, k01,2, #11,2) = (22.513489, 11, 6.486511, 0) and yields overall stratum-
specific sample sizes of (oo, 10, ko1, #11) = (32.51349, 21, 16.4865 1, 10). Finally, rounding with a

rounding threshold of o.5 gives us (k{, &1y, k01> #1;) = (33, 21, 16, 10).

3.6.6 ADAPTIVE + MI

Given a Stage 1 sample of size K| | = 40, we know, for the women sampled at Stage 1, the age of the
mother and whether the woman had 4 ANC visits during pregnancy. For the women 7ot sampled
at Stage 1, we must impute these two covariates. First, we take a Stage 1 sample of size K;; = 40
clusters via balanced stratified sampling. Using the Stage 1 data, we impute M=5 complete datasets,
and using these imputed datasets to compute the stratum-specific sample sizes, which gives (ko0 2,
k10,2, ko1, k11,2) = (13.9811422, 20.8349096 , 4.6014676, 0.5824807). There is one edge case, as

ko1 + ko2 = 30.83491 > Kjo = 21. Setting k19 = 11, we recalculate the other Stage 2 sample
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sizes using the updated constraint:

K=K —21=59

S

The recalculation results in (koo,2, £10,2, k01,2, k11,2) = (18.778293, 11, 7.522323, 2.699384). Witha

rounding threshold of 0.522324, the final stratum-specific sample sizes are (kfy, #1, k05 #11) = (29,

21,17, 13).

3.6.7 RESULTs

Table 3.3 shows results from the analysis of the data arising from the different sampling schemes.
Looking at the complete data analysis (first column), we see that after adjusting for the other covari-
ates in the model, women who had 4 ANC visits during pregnancy had a lower odds of delivering
outside of a health facility compared to women who did not have 4 ANC visits, with a greater de-
crease among women who did not complete secondary school (OR=0.63, CI = 0.53, 0.74) than that
among women who did complete secondary school (OR=0.94, CI=0.62, 1.43). Furthermore, the
effect of having 4 ANC visits is statistically significant among women who did not complete sec-
ondary school, but is not statistically significant among women who did complete secondary school.
On the other hand, older women had a higher odds of delivering outside of a health facility, as did
women residing on the island of Pemba.

Figure B.6 shows the shehias plotted as a function of the island to which they belong and the
number of women who delivered outside of a health facility; the blue points represent the shehias
that were sampled at Stage 1. Table 3.4 summarizes the resulting designs under optimal alloca-
tion and the two adaptive sampling designs. In this case, both the IPW and the MI approach yield
stratum-specific sample sizes that are quite close to the sample sizes one would get if complete infor-
mation on all of the women in the dataset were available. In particular, displayed are the adjusted

odds ratios and corresponding 95% confidence intervals using the complete dataset and samples
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Table 3.3: Estimated odds ratios (OR) and 95% confidence intervals (Cl) from IPW-GEE analysis, based on five samples

drawn under five different sampling designs.

Complete SRS Balanced
OR (CI) OR (CI) OR (CI)
Intercept 0.18 (0.10,0.33) 0.19(0.07,0.55) 0.16(0.06,0.42)
Region 2.02(1.56,2.60) 2.11(1.24,3.60) 2.16(1.45,3.23)
Age 1.10(1.06,1.13) 1.12(1.06,1.18) 1.12( 1.06,1.18)
ANCy4 0.63 (0.53,0.74) 0.52(0.39,0.69) 0.54(0.37,0.77)
Ed 0.63 (0.55,0.72) 0.58(0.41,0.81) 0.67(0.52,0.86)
Prop Ed 0.88 (0.76,1.03) 0.90(0.69,1.16) 0.88(0.69, 1.11)
ANC4 x Ed  1.51(1.02,2.23) 2.41(0.85,6.80) 1.56(0.95,2.56)
Optimal 2-stage/IPW 2-stage/MI
OR (CI) OR (CI) OR (CI)
Intercept 0.18 (0.08,0.38) o0.18(0.10,0.32) 0.17(0.09,0.31)
Region 1.99 (1.31,3.03) 1.80(1.23,2.65) 2.10(1.39,3.17)
Age 1.10(1.04,1.16) 1.11(1.06,1.17) 1.14(1.08,1.20)
ANC4 0.69 (0.53,0.89) 0.57(0.45,0.73) 0.61 (0.47,0.80)
Ed 0.54(0.43,0.68) 0.65(0.51,0.84) 0.66(0.51,0.84)
Prop Ed 0.88 (0.73, 1.07) 0.86(0.75,1.00) 0.88(0.76, 1.01)
ANC4 X Ed  1.52(0.99,2.34) 1.50(0.96,2.35) 1.49(0.95,2.35)

drawn via i) simple random sampling, ii) balanced stratified sampling, iii) the optimal allocation, iv)
the adaptive strategy with IPW estimation, and v) the adaptive strategy with MI estimation.

We see that in general, the estimates of the adjusted odds ratios are consistent with the complete
data analysis. Furthermore, the confidence intervals for the interaction term under the optimal and
both adaptive sampling designs are substantially narrower than those under both the simple random
sampling and balanced designs: compare (0.85, 6.80) under simple random sampling and (0.95,
2.56) under balanced sampling to (0.96, 2.3 5) under the adaptive sampling approach with IPW

estimation, for example.
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Table 3.4: Stratum specific sample sizes under optimal allocation, adaptive sampling with IPW estimation, and adaptive
sampling with Ml estimation.

Stratoo Stratro Strator Stratiz

K; 134 21 87 38
k;
Optimal 31 21 16 12
2-stage/IPW 33 21 16 10
2-stage/MI 29 21 17 13

3.7 DiscussioN

In this paper, we presented an adaptive sampling strategy that can be used to operationalize optimal
allocation in single-stage stratified cluster-based ODS designs. In this context, optimal allocation
was shown in Chapter 2 to yield efficiency gains for the parameter of interest. The adaptive sam-
pling strategy presented in this paper allows for an optimal allocation design to be implemented in
practice, by using the data collected at clusters sampled at Stage 1 to estimate the necessary compo-
nents in the formulae used to compute the stratum-specific sample size, i.e. the k;. Hence, the Stage
1 data can be thought of as an internal pilot study, which is more cost-effective than the alternative
approach of using an external pilot study to estimate the £;.

Results from our simulation study indicate that the adaptive sampling strategy works very well
when multi-level multiple imputation is used to fill in the missing covariate values and subsequently
estimate the k;5. When using the MI approach, a Stage 1 sample size of K, =20 clusters, or 25% of
the total number of K;=80 clusters to be sampled, was sufficient to yield a design that is very close
to the optimal allocation that would arise if complete knowledge of the data were available at the
design stage. Necessary for good performance of the MI approach, however, is an imputation model
that can correctly characterize the relationship between the covariate of interest and the stratifica-
tion variables. In particular, if the parameter of interest is associated with a continuous covariate,

and the variance of the covariate depends on the values of the stratification variable(s), we recom-
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mend that the missing values be imputed within levels of the stratification variable separately.

The performance of the adaptive sampling strategy coupled with the IPW estimation approach
was mixed. In contrast to the MI approach, a Stage 1 sample of 20 clusters resulted in substantial
losses in efficiency compared to the optimal allocation design, most likely due to the high variabil-
ity of IPW estimation given the small Stage 1 sample size. The performance improved by increasing
the Stage 1 sample size to K;; = 40 or 6o clusters, and was better under the scenarios in which
allocation was optimal with respect to a parameter associated with an individual-level covariate. Al-
though there are instances in which a Stage 1 sample of 6o clusters yields a closer-to-optimal design
than a Stage 1 sample of 40 clusters, we recommend sampling around 4o clusters at Stage 1, 50 as
to have sufficient information for estimating the design components using IPW estimation, while
avoiding sampling too many clusters via the non-optimal Stage 1 sampling strategy. Moreover, when
the covariate associated with the parameter of interest is negatively associated with the stratification
variable, we recommend sampling a smaller proportion of clusters from the strata corresponding to
levels where the stratification variable is equal to 1.

In conclusion, optimal allocation in a stratified cluster-based ODS design can be a cost efficient
strategy when there are finite resources for data collection. The obstacle to implementing optimal
allocation in practice, however, is that the optimal allocation formulae depend on quantities that are
unknown in practice. The adaptive sampling procedure we outline in this paper provides a practical
strategy for implementing such a design. The specifics of the adaptive sampling strategy must be
decided upon by researchers, taking into account the various factors described in this paper. While
these methods correspond to a particular class of designs, i.e. single-stage stratified cluster-based
ODS designs, it can be adapted to other settings, for example optimal allocation in two-stage strati-

fied cluster-based ODS designs.

99



ACKNOWLEDGEMENTS

Ms. Sauer was funded by the Harvard T.H. Chan School of Public Health NIEHS-sponsored
Environmental Training Grant T32ESoo7142. Dr. Haneuse was supported by NIH grant Ror
HLo94786. We are grateful to D-tree International and Zanzibar Ministry of Health for access to
the Safer Deliveries (Uzazi Salama) program data. The data was collected as a byproduct of this
global health program made possible through the generous support of the Saving Lives at Birth
partners: the United States Agency for International Development (USAID), the Government of
Norway, the Bill & Melinda Gates Foundation, Grand Challenges Canada, and the UK Govern-
ment. It was prepared by the authors for illustrative purposes and does not reflect the views of the

Saving Lives at Birth partners.

I00



Conclusion

Chapters 1-3 focused on the design and analysis of single-stage cluster-based ODS designs. The
results of Chapter 1 showed that given data that has been collected through a cluster-based ODS
scheme, estimation and inference can be carried out using IPW-GEE. When the number of sampled
clusters is small, researchers should apply small-sample bias corrections, particularly to the variance
estimates. In Chapter 1, several small-sample corrections to the variance estimates were proposed,

e 38,60

and in the settings considered, the Mancl and DeRouen-typ correction most consistently
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yielded the closest to nominal coverage.

Chapter 2 of this dissertation focused on optimal allocation for single-stage stratified cluster-
based ODS designs when the intended analysis method is IPW-GEE. Within this context, the opti-
mal allocation design introduced in Chapter 2 was shown to yield efficiency gains for the parameter
of interest over simple random sampling of clusters and balanced stratified sampling of clusters. In
particular, optimal allocation for one parameter of interest was shown to be the most efficient de-
sign for the estimation of that parameter, but could result in losses for the other parameters in the
model, depending on the relationship of the associated covariate with the covariate of interest. Op-
timal allocation for all parameters simultaneously using the A-optimality criterion generally resulted
in more modest efficiency gains, but also smaller losses compared to the design optimizing for a sin-
gle parameter.

The results of Chapter 2 showed that a wise selection of clusters can yield gains in statistical effi-
ciency, even when the final analysis is at the level of the individual. Due to the fact that the optimal
allocation formulae presented in Chapter 2 depend on quantities that are unknown in practice, the
aim of Chapter 3 was to propose and evaluate an adaptive sampling strategy to to operationalize the
optimal allocation. The adaptive sampling strategy involves sampling the clusters in two waves. The
data collected from the individuals belonging to the clusters sampled in the first wave are treated as
internal pilot data, that is used to estimate the components needed to optimally allocate the remain-
ing resources. The adaptive sampling strategy was shown to yield a near-optimal design when using
multi-level imputation in the estimation of the design components.

A natural next step is to consider optimal allocation in the context of fwo-stage stratified cluster-
based ODS designs, again assuming that the intended analysis method is IPW-GEE. In the next few
sections, we describe this setting in more detail, present some theory and initial work on this topic,

and discuss gaps for future work.
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4.1 Two-STAGE STRATIFIED CLUSTER-BASED ODS DESIGNS

Two-stage stratified cluster-based ODS can proceed as follows: at Stage I, cross-classify K clusters
into ] strata based on information contained in the previously defined D*. Then, ; clusters are
sampled from stratum ; such that ) | ki = K;. At Stage I, the N} individuals in cluster k are cross-
classified into H strata based on information available on the individuals, for example the outcome
Y. Then, 7, individuals are sampled from stratum 4, such that ) kst > beck bk = 7 where 57 is

the set of clusters sampled at Stage I.

4.1.1 ESTIMATION AND INFERENCE

When information is only available on a subset of individuals that have been selected through a
two-stage stratified cluster-based ODS scheme, (3 can be estimated as the solution to the following

weighted generalized estimating equations:
K
U(B) = Z DZVk_IWL/Cdiag(RM)W]Lkdiag(RH)e/e = 0. (4.1)

k=1

In the above, W is the IV}, x N}, diagonal matrix with the Stage I weights for cluster £ along
the diagonal. Similarly, Wy is an N, x N diagonal matrix, with entries along the diagonal equal
to the Stage II weights for the individuals in cluster 4. In both cases, the weights are equal to the

inverse-probability of being sampled at the respective stages. Expression (4.1) can be rewritten as

Uy () = U'W diag(R;) W diag(Ry7) L1, (4.2)

where W;and Wrare N X N diagonal matrices with the W ;s and Wy s, respectively, along the
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diagonal. The variance of E’w is given by the sandwich estimator

~

VarB,) =H (Vo + V,+ V) H ', (43)

where H'V,H™! represents the variance that arises due to the observed population being a realiza-
tion from the super-population, H'V;H! represents the variance that arises due to sampling of
clusters at the first stage, and H'v;H! represents the variance that arises due to sampling of the

individuals within the selected clusters.

4.1.2 INFERENCE IN PRACTICE

To carry out inference in practice, Var [@w] can be replaced with \//’a\r[@w], where
\7;1‘[[/3\10]21/:1_1 ({70 + {7[ + {711)1/'\1_1.
K
In the expression above, H=7 DZV;IWI’kdiag(RLk)WH,kdiag(RILk)Dk. Furthermore,
k=1
\//'\0 = U'diag(R,)W,diag(R,)U

Where W, is an N x N block diagonal matrix with entries in the #” block equal to 1/7*,, the joint
t g q it )
probability of individuals 7 and 7/ in cluster & being sampled. This joint probability, 71{?[,, is equal to
/6]' Nyl s . /Cj npe Mpp—1 .p - ./ . . /LJM nylp
X Ny, ifi = 75 equal to K Ny N1 if 7 # 7 are in the same stratum /;; and, equal to K Ny Ny

if 7 # 7 arein different strata b}, and b),. The variance due to sampling clusters at Stage I can be

estimated with
i}] == UTWIdiag(R[) Z[diag(RI)WIU

where A;is an N x N matrix with entries all entries in the £ N x N block along the diagonal

m—7
Tk

. . —m 7, .
, and entries in the off-diagonal blocks equal to T "% Tf clusters k£ and £ are in

equal to -
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. ki ki—1 . . . .
the same stratum /, then 7y = £ 353 if clusters k£ and k' are in different strata jand 7/, then 7y =
5 K

/
1?/]- Kij’ Finally, V7 can be estimated as

i\]]] == UTW}/Zdiag(RI)WHdiag(RH) ZHdiag(RH)WHdiag(RJ)W}/ZU

re . . . C . T | T i Tt
where Az7is an N x N block diagonal matrix with entries in the £ block equal to ”‘ﬁ’“’iw

4.1.3 OPTIMAL ALLOCATION FOR ONE PARAMETER OF INTEREST

In this section we discuss optimal allocation for one parameter of interest under two different types
of constraints. First, we consider the setting in which time and/or logistical constraints allow data
collection on a total of 7z < N individuals from K < K clusters. In this context, we assume that an
equal number of individuals, 7, = /K, will be sampled from each of the selected clusters. Such a
setting may arise if, for example, time constraints only permit one health center to be visited per day
for data collection, and time constraints also require the determination of a sub-sample of individ-
uals for detailed data collection within the selected health centers. The second constraint setting we
consider arises when there is a cost associated with sampling clusters, and a different cost associated
with collecting data on the individuals in these clusters. Given an overall budgetary constraint 5,
researchers must make a decision regarding how many clusters vs. how many individuals to sample,
and subsequently which clusters and which individuals to sample.

As in Chapter 2, we suppose that primary interest lies in estimating the ”” parameter in a marginal
mean model, ﬂq, with precision. The optimal allocation is therefore determined by minimizing the
[4,9]"” element along the diagonal of the variance-covariance matrix for /B\, Var[gw], given in expres-
sion (4.3). The first term of Var [@w], H'VoH ™! does not depend on the sampling indicators, and
therefore the optimal allocation problem becomes one of minimizing {H™"(V; + Vi)H '},
subject to the relevant constraint, as described in the following two subsections. Before proceeding,

note that the [g, 4]”” diagonal element of {H™!(V; + Vi)H ™'}, ;) can be expressed as:
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{H™ (V,+ V) H

K;—

=27
7=1
/ K; (Npe — i)
LD DD DD D A1
=L "7 kej bk bk
2
where C, ; is as defined in Chapters 2 and 3, and G, . = [D, pp— ]\1;" =], where Dy = > E [/ol[q} ]
i€hy
and Fy e = S E[PYA).
i#i' €l
OrTIMAL ALLOCATION: FIXED K AND 7, EQUAL 7,
J Hk
In this setting, the constraintsare ) &, = K;and ) 7y, = ny = —J for each k£ € 5;. We can define
j=1 bk=1

the Lagrangian

El::]K

J
K; n n
Gyt 35 50 S B G+ Ak — K) (3 e — ).
j=1 =17 kejhek j=1 b€k

Taking partial derivatives with respect to the kj, pks A> and p,, setting these to 0 and solving the

resulting system of equations yields

/2 1/2 K/?
. NEGL od  b— / (CojtMy 112
Mo = & S 7 1/2
b€k bk g,k ZK// [qu/'+qu/']1/2
Jj=1

where M, ; Ny = Gy ni- Note that the formula for £; depends on the 7y, through A4,
j dep g

/eG] hek
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OrTIMAL ALLOCATION: FIXED BUDGETARY CONSTRAINT

With ¢; denoting the cost associated with sampling clusters, and ¢, denoting the cost associated with

sampling individuals, the total cost of sampling can be expressed as:

B= Z <flk toy > ”bk) (4.4)

ke;, b€k

The second term in 4.4 is random, as it depends on the set of sampled of clusters from stratum j, sz..

We therefore consider the expected cost:

z (i + il 35 ) (1)

= K kEs; byck

In this case, we define the Lagrangian as

2 J Kj*k/ Nhk_”h/e 4 *
L ZZZ % +Z Z Z P 4719/64-2 2 Clk +62K Z ank — B*|.

Jj=1 7=1 /e€J1j byEk 7=1 /ee,f]/ by Ek
Taking partial derivatives with respect to the /ej, npk, and 4, setting these equal to 0, and solving the

resulting system of equations, yields

(X 1/251/2) 1/2 K/ UZNI/Z 0
ki = B* P 72 . mgm  and oy = J/i/M
1/2 1 2 2, 1/2 2 1 2 21/2 s

’/ PG 5246 Dses; Chen N G) 5972

where S, i =Cpi— > > Gypme
kEay bk

4.1.4 PracTicAL CONSIDERATIONS

As in Chapter 2, the optimal allocation formulae presented in Sections ?? and 4.1.3, rely on quan-

tities that are unknown in practice. The adaptive sampling strategy proposed in Chapter 3 can be
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extended to this setting as well. If using multi-level imputation for estimation of the design com-
ponents, care must be taken to use an imputation strategy that is valid when there is both system-
atically and sporadically missing data, as will be the case under two-stage stratified cluster-based
ODS designs. Finally, we note that it is possible for k; > Kjand/orny, > Ny forj = 1,...,],
npp = 1,. .. Hy. Due to the potential large number of Stage I and Stage II strata, the approach to
handling edge cases presented in Chapters 2 and 3 may not suffice here. Instead, the optimal Stage
I and IT stratum-specific sample sizes may be found using numerical methods. This is an area for

future research.

4.2 OTHER AREAS FOR FUTURE WORK

In addition to the extension of optimal allocation to two-stage stratified cluster-based ODS designs,
there are a number of areas for future work in the context of single-stage cluster-based ODS, some
of which have already been mentioned. First, it is known that careful stratification is also an im-
portant factor in determining the degree of statistical efficiency gains. Because only cluster-level
summaries of the outcome are known at the design stage, a decision must be made regarding how
to discretize the summary measures. More research is needed to help guide this decision. Second,
we currently assume that the cluster-level summaries of the outcome and possibly other inherently
individual-level covariates are measured without error, an assumption that is unlikely to hold in
most public health research settings. For example, recent work looking at the quality of HMIS data
for indicators related to maternal and newborn health showed that there is variability in the qual-
ity of HMIS data by health indicator**. An area for future research is therefore investigating the
impact of the quality of the routinely collected data available at the design stage on efficiency gains.
Third, we have assumed in this work that data is missing by design only. It will often be the case that

there is data missing by happenstance as well. For example, when collecting detailed information on
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individuals at selected health centers, there will likely be some data entries that are missing. An im-
portant area for future research is therefore how to adapt the optimal allocation formulae/strategy

to accommodate the potential for missingness by happenstance as well.
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Supplementary material to accompany

Chapter 1

A.1 AsymproTic THEORY FOR GEE

Before presenting the asympotic theory for WGEE, we first summarize the asymptotic theory results

for GEE in the complete data setting, which was originally laid out bySI. Given N individuals in



the population of interest, belonging to K clusters, let N}, £ = 1, ..., K denote the number of
individuals belonging to cluster . In presenting the results for GEE and WGEE, we consider the
case when K — oo and m is bounded, where m= max{N;; £ = 1, ..., K} is the maximum cluster

size.

A.1.1 NoTATION

Let Y, denote the outcome for the 77 individual in the £ cluster. We assume that the marginal

density of 1}, belongs to the exponential family, with density

S Okil X B, @) = exp({ypitri — a (i) + b(yir) }/ @),

with 6; = u(y,,), where « is an injective function and ,, = [X},]”B.Bisa (p x 1) vector of un-
known regression coefficients, ¢ is a nuisance scale paramater, g, = E[Y},;|Xp] = 4'(6;) and

01, = Var(Y| X, B, @) = a"(61)p- Let ©® = {6]0 < [ exp(yd + b(y))dy < 00} be the natu-
ral parameter space of the exponential family. The interior of © is denoted by ©°. Letting Y}, be the
N, x 1 vector of outcomes for all individuals in the £ cluster, and denote =, = Coo(Y;|Xy, B, ).

proposed estimating (3 by solving the following generalized estimating equations:

K K

UR) =Y Du®) Vi) (Y — w(B) = D_U(R), (A1)

k=1 k=1
where Dy = Oy, /O is an N}, X p matrix of partial derivatives, V} is an N}, x NN} working covariance

matrix for Yz, and p, = (¢, - - ,;L/eNk)T. We define

K

K
S DB VHR) (Vi — i (B) = D U() (A2)

k=1 k=1

Ukm (B) =

ol

where the sub-index K is introduced to indicate that the estimating equations depend on the total



number of clusters and on the maximum cluster size. The following notation follows from above:

o

1. Dy, = —
2. My = Var(Ugon) = g2 24— De(B) Vi(B) " Ze(B)Vi(B) ' Di(B)
3. Hin = — £E[Dion] = % 24 Di(B)Vi(B) ' 0D4(B)

4 Fr, = Hi, My Hy

5. Let Ry, denote the true correlation matrix, and Ry, the working correlation matrix

6. Under working independence, V;(B) = Ay(B) is the diagonal matrix with the individual

variances in the diagonal. With this, we have that

M (B) = 72 Yy Di(B)Ar(B) /2 RAL(B) /2Dy (B)

7. Vi = (AR (A,)Y/?, where Ay is the diagonal matrix with the individual variances on

the diagonal

8. B, is the true regression parameter.

*Note that®" use slightly different notation, withg = -7 D;(B)"V;(8)*(Y; — w,(B)), with
n=Kand7 =k

A.1.2 REGULARITY ASSUMPTIONS

In the development of their results, Xie and Yang (2003 ) assume the following regularity conditions:

1. Bisinan admissible set B, where B3 is an open set of R?

2. 7, = (Xi) B € g(M) forall p € Band Xy, € X, where M is the image of 2/(©°) and X

is the set of all possible covariate variables.



3. 4'(9) is three times continuously differentiable and 2”(8) > 0in ®°. Also, #() is three

times continuously differentiable and #() > 0 in g(M)°.

4. Mg, and Hg,, are positive definite when K or m are large.

A.1.3 ApprtioNaL CONDITIONS
In the development of their results, 81 also assume that the following conditions hold:
1. Condition /,,: The minimum eigenvalue of Fx,, Ayin (Fim) — 00

2. Condition L,: There exists a constant ¢y > 0, for any » > 0, such that
P(DIEMM;{}”DK,” > ¢oFg, and Dy, is non-singular, for all § € Bg,, (7)) — 1,

where By (r) = {8« ||Mgs "Hin(B — o)l < 7}

The condition 7, guarantees that Fg;, diverges, which in turn implies that Flzfn converges.
Condition L,, guarantees that if Fx,, diverges, then so does DIEMME”DK,%. Note that 7,
and L,, depend on My, a matrix that depends on the true correlation R, which is often
unknown. The next two conditions 7}, and L, provide an alternative set of conditions that

do not rely on Ry, only on Ry.

3. Condition I}, : (75) " Ain(Hion) — 00, where 7i,, = masg—y_g{ Amax((Re) 'Ry }.

This condition is stronger than 7,,. Note that,

vIMg,,v =

V(D) T(Ar) 72 (Ry) TH(AR) T2 (AR) 2R (AR) 2 (Ar) T2 (Ry) 71 (AR) T/ 2Dy )y
= vI (D) T(Ar) V2 (Ry) IR (Ry) TN (A) T2 Dyy
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<tV (D) T (Se) "Y2R; 'S, /P Dy)v
= TKmVTHKmU

*The eigenvalues of M) Hx, and M. vl 2HK,,ZM;(;/ ? are the same. The same applies to

1/ZMKmI‘I 1/2 . Note that MKm S TKmHKm and Flzylﬂ S TKmHI_(,lﬂ- This

Hy MKm and H
implies that lmx(FE,ln — TKmH[;ln) < 0, and that lmﬂx(F;an) < erlmﬂx(HEn). Therefore

Aomin(From) > lmﬂx(HEn) /Tkm = Amin(Hiom)/ 7kom- It follows that condition I, implies Z,,.

. Condition Lj: There exists a constant ¢y > 0, for any » > 0, such that

P(Dgm(B) > coHim and D, (B) is nonsingular, for all B € By, (7)) — 1

where By.,,(r) = {B : [[HLZ (B — Bo)ll < (zx0m) 27}
. Condition CC: For any given » > 0 and 9 > 0,

—1/2

P(sup@eg* o) IHe "Dy (B)H* — L] < s) 1

where By, () = {B : ||H1/2 (B — By)l| < (zkm)"/?r} and the matrix norm is the Euclidean

matrix norm. This condition is used to obtain the asymptotic distribution of the estimator

@, by helping to establish the relationship between the asymptotic distributions of /ﬁ\ and
-1/2

Ugm. This condition guarantees that for every B € By, (7), the matrix H;”/ 2DK,,,H o

converges in probability to the identity matrix L,x ,.

. Condition Nj: Lety; = (yj. - - - ,yZNk)T = Ak_l/z(Yk — Wp)s Ckm = lmx(MalHKm) and
7§(DW2 = maxi<p<kAmax(Hg, _1/2 (Dy) (Vk)_leHl_(yln/z). Then there exists a § > 0, such that

E [(yzji)zﬂz/ ?)]is uniformly bounded above, and
(exnm) ) = 0
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A.1.4 AsymroTtic REsuLTs FOR GEE

Theorem 1 (Theorem 1,%"). Under conditions I,, and L, there exist a sequence of random variables

EKm = @, such that

Uon(B) = 0and B > B,
81 also proved that Theorem 1 holds when conditions 7,, and L, are replaced by I and L

Theorem 2 (Theorem 2,%"). Under conditions Iy and L, there exist a sequence of random variables

EKm = E, such that

~

U (B) = 0and B > @,

Towards proving the asymptotic normality of the estimator E, 81 first show that the asymptotic
distribution of B\ and Uk, are closely related:

Theorem 3 (Theorem 3,%") Suppose that conditions I,,, Ly, and CC hold, or the conditions I, and CC
hold. Then, there exists a sequence of solutions @ to the GEE equation in By, (7) such that M];ln/ *Hg, (@—
ﬁo) and ME}W/ ZUKm are asymptotically identically distributed

When the cluster size varies, this convergence is not guaranteed. However, it would be guaranteed
when the Lindeberg condition holds:

Lemma 6 Lindeberg theorem,”). Let Sy = X, 01 + - - - + Xy o where Xyt - -+ s Xon()x are
independent variables with mean zero. Let 0%, = E(X, ) o) and assume that o3, = Zle o%,, > 0.

Additionally, assume that the following (Lindeberg condition) is satisfied:

. K 1 o
lim >, = f‘Xm(K)kwaan(K)de =0 foralle > 0.

K—o00

Then Sx/ox % N(0,1).

1/2

If we demonstrate that the Lindeberg theorem holds for every linear combination v/ My, ! “Uxi,
where v is a vector such that ||v|| = 1, this will imply, by Cramer-Wold Theorem, that Mlzrln/ U,
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converges to a multivariate normal random variable. However, as noted by Xie and Yang (2003),
direct verification of this condition requires knowledge of the true correlation matrix Ry.
Lemma 7: (Lemma 2,%"). Fort > 0, let Y(t) be a positive non-decreasing function such tbat[grgo ¥(2) =
00 and ty(t) is a convex funcion. Recall thaty; = (yj;, ... ,yZN,e)T = (A)V2(Y, — W), Chm =
lmﬂx(MI_(rlnHKM) and VE(DWB =

MAX) << K Amax (lerlﬂ/ 2(Dp) (V) _leH[;lﬂ/ ®). Under the GEE setting, suppose there exist a con-
stant K (independent of K) and an integer mg such that, forj = 1,... ,Nyandk = 1,..., K, when

K > my,

Ep) ()] < K

—1
£
CKmMm |:¢<C]( m}/(D)>:| — 0
m"MY Ko

M Uy, — N(0,T,5,).

In addition, for any e > 0,

Then when K — 00, we have

The following theorem establishes the asymptotic normality of@:

Theorem 4 (Theorem 4,°") Recall that yi = (yjy, - - - ,yka = (Ap)"V2(Y, — W), Ckm =
Dmax Mk Hiy) and ¥ = mazy<pe xhomax (M2 (D) T (Vi) "\DyH ). Suppose that the
marginal distribution of each individual observation has a density of the form specified in Section 1.1.

If condition (Ny) is satisfied, then, when K — oo, we have,

Further, under the conditions in Theorem 3, there exists a sequence of weakly consistent GEE estimators

@, and
1/2 ~
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A2 AsymrproTiCc THEORY FOR WGEE

Moving away from the complete data setting, we now consider the setting where we do not have
data on all of the N individuals from the K clusters in the population of interest. In some settings
analysts may not have access to complete data on all elements of (¥, X) for all Nindividuals in the
K clusters. They may, however, have access to resources that permit ascertainment of this infor-
mation in a sub-sample of, say, # < N individuals. Furthermore, they may have access to select
components of (¥, X), as well as other variables/information that are not of direct relevance to the
scientific question, denoted here by Z, that can, in principle, be used to make decisions regarding
the sub-sampling. Moving forward we refer to this information as being available at the design stage.

Suppose the readily-available information is of the form D} = (N}, Y, X}, Z}) where Y},
is a cluster-level summary of the outcomes (i.e. across the N} individuals in the k" cluster), X7 is
a cluster-level feature or a cluster-level summary of elements of X that are readily-available at the
outset, and Zj is a cluster-level summary of Z. For example, if Y'is binary, then Y; may be the preva-
lence in the last six months at the health center. Furthermore, X} may be a feature of the cluster,
such as whether the health center is in a rural or urban setting or if it is private or publicly-funded,
and/or it may be an aggregated summary of individual-level data, such as the percentage of moth-
ers that are less than 18 years of age. Finally, Z; may be the prevalence of some other outcome or
comorbidity that is routinely collected.

The information represented by D} can, in principle, be used to inform a cluster-based outcome-
dependent sampling design. For this type of design, rather than selecting individuals directly, some
sub-sample of K; < K clusters is initially selected. Then, the otherwise unavailable elements of X are
ascertained on all individuals within the sampled clusters.

Let Ry, be a binary indicator of whether the £ cluster is selected and 7, = Pr(R;, = 1|D*)

the corresponding probability of being selected, where D* = {Dy, ..., Dy} is the totality of the
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information available at the design stage. Towards operationalizing the sampling scheme, researchers
may opt to use stratification or to use Poisson sampling. For the first of these, the clusters are cross-
classified on the basis of some variable S that is defined on the basis of one or more of the variables
contained in D* and is assumed to take on one of /levels. From this, suppose K clusters are classi-
fied as belonging to the jtb stratum. We assume that the stratification scheme is specified such that
K; > Oforall; = 1,...,/. Thenk; < K clusters are randomly selected from those in the j‘b
stratum, such that Zle kj = K. Note, for each of the clusters in the jﬂ” stratum, we have that 7;,

= k;/ K. For those that are selected in this way we set R;=1. Under the second option of Poisson
sampling, one first pre-specifies each of the 7 as a function of elements of D*. For example, one
could specify a logistic regression model for R, as a function of the clusters” outcome prevalence.
Whether a cluster is selected by the design is then determined by an independent Bernoulli trial with

probability 7.

A.2.1 NoOTATION

We have

Uy = (Dp) (Vi) " Wydiag(Ry) (Ye — ) (A3)

and define

K

K
1 e 1
Z/{w = Z/[w,Km = E ;(D/e) (V/e) lwkdldg(Rk)(Y/e - E"'/e) = E ;Z/[Ie,w (A4)

where Ry, is an N}, X 1 vector with all entries equal to Ry and Wy, is an I}, x N}, diagonal matrix with

the all entries on the diagonal equal to 7}, = ”Lk Note that while stratification and sampling occur

at the level of the cluster, so that R, and 7, = 7%/? are cluster-level quantities, every individual in

cluster & inherits the values of Ry and 177, as well as the stratum membership 7 of cluster £.
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I.

2.

A2z

. Dw,Km = -

Let U]/i, k=1,...,K,7=1,..., N, berandom variables. We use the sub-index £ to indicate

that the subject 7 from cluster £ also belongs to a stratum ;.

Let Fx = {Y,X,Z,S}, where Sisa K x 1 vector with the #” entry equal to the stratum j,
j =1,..., that cluster £ belongs to. We use the subscript K to indicate that the sample can

be cluster-correlated.

814) m
[Fe]

CONDITIONS AND ASSUMPTIONS

. We assume that P(R|X, Y, Z) = P(R|V, Y) (MAR assumption).

Recall that we are considering the case where K — oo and m = max{Ny;k =1,...,K}is

bounded, where NN}, is the number of individuals in cluster .

. We assume that K;/K > ¢ > 0 and that lim » = oco.
N—o0

T, >c>0, Ve=1,..,K

. Under a cluster-stratified design, let n; be the number of individuals sampled in stratum 7, let

N; denote the number of individuals in stratum j, k; the number of clusters sampled from

stratum 7, and K; the number of clusters in stratum ;. We assume that /ej / K;>c>0, and

that lim n; = 00, ]\}1_1}11 nj/]\g = ﬁpo, where 0 < _]9‘700 < 1. Furthermore, we assume that
o0

N—oo

1\}1_{%0 N;/N = Wi o0, where 0 < W o < 1,and that]\}i_{noo K;i/N; — kj oo , where Kj is the

number of clusters in stratum ;. These conditions imply that when K increases, N; increases

but N}, does not.
We assume that each map U, g, is continuous.
D, xom is positive definite and non-singular.
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8. My xm = Var(Uy kn) is continuously differentiable.

9. Under assumptions in Xie and Yang (2003 ), we know that § is consistent for §3,.

We will appeal to the following lemmas in developing the asymptotic theory for WGEE.
Lemma 1. (Lemma A, '*) Ler H be a smooth injection from RP to RP with H(xy) = yo. Define
B.(xp) = {x € R,||x — x0|| < r}andS,(xp) = 0B,(x) = {x € R, ||x — x0|| = r}.

Then, inf g () |[H(x) — yol| > a implies:
L Ba(yo) = {y € R, [ly = ol | < a} € H(B(x0))s
2. HY(B,(%)) C B.(x).

Lemma 2. (Lemma 1,%") Suppose Cisa p X p matrix. For any p x 1vectorv,||v|| = 1, we have
vI'CTCv > (vICv)?

Definition 1. (Definition 13.1,°) Given a sequence of finite populations, { Fx }, and an associated
sequence of sample designs, the estimator 8 is design consistent for the finite population parameter On; if

Sforeverye > 0,

lim P(|6— x| > €| Fx) — 0,

N—oo

where the notation indicates that for the sequence of finite populations, the probability is that deter-
mined by the sample design.

Lemma 3. (Lemma 5.10,7%) Let © be a subset of the real line and let Y k be random functions and

Y a fixed function of G such that Y k() 2, Y (8) for every 6. Assume that each map 8 — Yi(0) is
continuous and has exactly one zero 6, or is non-decreasin g with ¥ K(g) = 0,(1). Let Oy be a point such
that ¥ (0y —¢) < 0 < (Y + ¢) forevery e > 0. Then 8 2> 6.

Lemma 4a. (Theorem 1.3.3 (Fuller, 2009)). Let #;, #,, ... be a sequence of real numbers and let

1, T2, ... be a sequence of probabilities, with 0 < 7; < 1. Let a Poisson sample be selected from the
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population Frr = {#1,...,un},andletg, = (1,#;, ac;wrfl, aNﬁflu,»)’, where apy = N lnpand

ng = E(nn|N), where ny is the final sample size, which is a function of N and is random. Assume

that
N
lim n_lz Ty =
N—oo B & 8oo
=1
: -1V /o o . . .
limping 7g Yoy 71 — 7,)8i8; = 8oo = Zg, the submatrices of X associated with

(1, u;, anm; ") and (an7; 'u;) are positive definite. Also assume that

N -1
lim sup (Z (1 — Wz')()//gz‘)2> (y’gz‘)z =0

N—o0 ISkSN P

for every fixed vector y/ such that yX,,» > 0. Let ’y\.g = n;' SN R,g;and oy = ngt SN gm
Then

1 ~ D
27 (B, — bgpy) | v 2 N(0, Z),

. o —1 N 4 .
If, in addition, limy— o0 75" ) ;2 71|g|* = M, for some finite M, then

/V(th‘fN)_l/z (th - tu)’-FN 2) N<071)7

wherez,,, is the Horvitz-Thompson estimator, |g/| = (g/g:)"/? and V(| Fn) = > -
)T 1

Lemma 4b. (Corollary 1.3.4.1,>°). Let Fiy be a sequence of populations, where the Nth population is
composed of ] strata with Fin = {uj, . .. 7uﬂ\5}; h=1,....J. Asumethatu;,,j = 1,... . J;i =

L,..., N; are sequences of real numbers satisfying

. N; _
]\}I_E%O N% Zz‘:fl[”jm (”j/ - %j)zv ”ﬁ] = [Mll',oov ‘S}ZpovM‘tj’ OOL

where Mo oo, Maj oo and Sl% o are finite and positive. Then
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Var(ii — | Fn) V2@ — ) S N(0,1)

~ N; _ N;
wheren = A% Zle i ”];,l]’ U= E 1 D it #jp and
Var(is — 1l F) = 1 S, S (N~ )T,

N _ _ N
where S; =377 (w;; — u;)*/(N; — 1) and w; = 37,7, w;, / Ny

*Below we give the details for showing that
Var(u — u|Fn) = ZJ 1% ( nj).S}Z.

Note that

Vﬂ}”(it\ — 17t|]:N)

J Ny
1 u; R
= — E Var( E ST

since the observations from different strata are independent. Now,

/ N.%]l
2—: z::”lj)

J N
LSy V) | 5 i Ry By )
]:1 =1 ZJ i Ty
Note that 7;; = ;\ll—’j forallz = 1,..., N;. Furthermore, Var(R;;) = m;;(1 — m;) = %(1 - %) and

that for individuals 7 and #/ in stratum 7, Cov(R;,, R;,) = miirj — mymy; = | nj g\’[;ll)) - (ﬁj) |- It then

follows that
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J Ny
1 u;. R
N V Jit i
DCOVerw
]=1 =1 q
N 2
1 ~ w; Var(R;,) uju;, Cov(Rj,, R;,)
L LSy )y B Ry
j=1 i=1 q i< g7y
J N
! N Ni(n; — 1)
- ﬁz[ %]1 n; +ZZ”/1“// N 1) 1)]
j=1 i=1 J i< '
"2 WLy 2L )
j=1 =1 i<
N o
= (N _ )
e D A
1 J 1 N 1 N 5
= _J 2 L 2 4
=3z ]; " (]\5 n])N 1[; u;, N ;”ﬁ 7 ;u]lujl]
1 Ny
= “J(N: 2 2
_NZ;”ZJ (N nJ)M_l[Z-:l i ]\Gu]]
1 4 1 i
= “J(N — 4. _
1 J
_ J 2
j=1

Lemma s (Theorem 1.3.62°). Let { Fn'} be a sequence of finite populations, let On be a function of the

elements of F and let the sequence of samples be selected from { Fn'} by a design such that
(65 = &) 5 N(O, 1)
Additionally, assume that
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(6 — 6x)| Fr S N(O, 173)
Jfor a fixed sequence {9?\,} and an estimator, g, where Vi + V5 > 0. Then,
(Vi + 75)" 26— ) S N(o, 1).

Remark 1a. Let (U, U}), . . ., (Un, Uy) be a sample of N variables. Under a Poisson sampling

design, the design-based covariance of U, - U= %Z]i Rile 4 ZZ L Urand U — U =

=1 7
N RU; N .
X Z - % Z,:l U is

i

U;U;

T z

Cov(awaz\]:;KUhUik)v (UNv )) ](2 Zz 1

Similarly, the design-based variance of Uy — U= % ZAL RU; % Zf\il U, is

i=1 7

Var(Uy| Uy, ..., Uy) = KZZN U= ?[’

Remark 1b. Let (U, Uy), . . ., (Un, Uy,) be a sample of N variables. Under a stratified sampling
demgn, the design-based covariance of U, — U = e Zf . Z]\i RW]U - Zle Zf\il Uj, and

/UZ; KZ]]1Z _KZjlzzle;IS

N R] i

s

N;(N;— nj)
n;

Cov(&wva’;KUhW)v (UN7 )) Z S””*J'

N _ _ N _
WhCI‘CSm,*j = ZZJI(U (]j)((]; (]J*)/< - 1) and Zz’il lj}z/N’ lj]* = Zz 1 ],/N

N N
Similarly, the design-based variance of U,— U= % Z{ 1 Z R’;{? -+ Zle > 21 Upsis

Var(U,| Uy, ..., Uy) = Zjlnj( = )87,

where 2 = 7 (U, — U2/ (N; — 1) and Uy = 337, U, /N
Remark 2a. : Let Uy, . . ., Uy be a sample of N 1ndependent variables with variance 2. If + N ZN U=m) e

T z

Voo, then under a Poisson sampling design and using Chebychev inequality,
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Uj p
Ly R LS Uy, Un 2 0.

=1 7

*Chebychev inequality: P(|X — u| > k) < 22—2
Remark 2b. : Let Uy, . . ., Uy be a sample of N independent variables with variance . If S}Z —

j o> then under a stratified sampling design and using Chebychev inequality,

N;

N; R p
L S B s S g O B

*Chebychev inequality: P(|X — u| > k) < 22—2

Remark 3a. : Let U, . .., Uy be a sample of N cluster-correlated independent variables. Under a

Ny (1-m)
T

(U*)? — s, then using Chebyshev inequality,

Poisson sampling design, if % Sh

R Ut NF . p
KZk 125\&1 fr,e %Z/If:l Sy UF{ U, Vi k) = 0.

Remark 3b. : Let U}, . . ., Uy be a sample of N cluster-correlated independent variables. If .S;Z(J\fj—

1)/K — S; ., then using Chebyshev inequality,

]Oo’

KZ/« 1Zj 12 _ Z/e 12{ 12; =1 {Uk;’w»]'»k}&o-

A.2.3 EXISTENCE

We show the existence of the weighted estimator @w following a similar approach to that taken by*’
(see Theorem 1 of®*).

Theorem s. Under the regularity assumptions, there exist a sequence of random variables B, such

that

P(Uxin(B,) = 0) — 1.

Proof: Let by i (B)=Mig,! * (B)Ui o (B) and b (B) = M, (@)U (B), where Uy o (B) =
Uy (B) and U, (B) = U(B). Let
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Vr=V;+ E[Vz],
where Vo = Varlhy, k| Fi] and Vi = Varlhg,,]. Forany » > 0, define

Buson(r) = {8+ IV7 "M, "Hicn (B — B) | < 7},

and let

Eunon = {K < nf |v;1/2M;;/2HKm<Tme>—Tch@O»H}
w,Km(r)

where Tion(8) = He U son(®), 7iom = [[V7 "Mt *Hi Ticm (B,)||} and OBy om () is the

boundary of the sphere B, k(7). Under the regularity assumptions stated earlier, the mapping
Tk is continuously differentiable. Because D, g, is non-singular for 3 € By, k(> then Tig, is an
injection from By, g, (7) t0 T (Buw km(7)). According to Lemma 1, on the set £y, g N{ D xm(B)

is nonsingular }, there exist /B\w € By km(7) such that Uy, g, (/[?: ») = 0.

A.2.4 CONSISTENCY

Lemma 8. Let Uﬁ,,k =1,...,K,i=1,..., N be bounded variables. Lee: A = {k : k = 1,...,K}

the set of clusters at first phase. Let a* = Zf\ﬁl (I_T:k)

(U%)2. Assume that the first and second moments

of a* exist and are bounded. Assume tlozthlim > wesE [@*]/K = L, oo exists. Additionally, assume
00

that U* = [U/f, ce Uka]T, k =1,...,K areindependent random vector-variables. Then, under a

correlated setting under the conditions in the previous section,

D KT Ly (As)
keAd

We need to prove that Y, , ¥ /K — 3", Ela*] /K ** 0asK — oc. Using Kronecker’s

Lemma, it suffices to prove that img,c >4 4(a* — E[a*])/k < oo . Note that Var{(a* —
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E[a*))/k] < Kom*/k?*, where Kj is a constant (for Uf bounded). Using the fact that the series
S n_, 1/k% converges, we have that 3 ke, Var[(zzj/? —E [djk]) /k] < 00, and by the Khintchine-

Kolmogorov Convergence Theorem, we have that ) -, 4 (ﬂ]kf —E [ﬂ]/? |)/% < oo. Then, it follows that
hm ZleeA % af /K — E/eeA [4]/6]/[(] = 0. Recall that Kh_{glo L 31y Ela¥] exists, then this implies

that implies that equation (A.s) holds.

*

Lemma 8. Let Uﬁ,, k=1,...,Ki=1,..., N be bounded variables, and let A; = { k| cluster k

is in stratum j}. Letaf = Zf\ﬁl((]ﬁ)z ifk € Ajand bf = % Ujkl ifk € A;. Define a]/? and
b]/-e as zero if stratum j does not contain cluster k, in other words if k ¢ Aj. Assume that the first and
second moments of ﬂ]/? and bjk exist and are bounded. Let K; be the number of clusters in stratum j and
assume that hm ZkeA Ela; Y/K; = Ly 00 and hm E/eEA Elb ]/K] = Ly, o0 exist. Define

N.
S}Z = Ziél ( U

Ty — Up)?/(N; — 1) and Uy = Z;’:l U,/ N;. Additionally, assume that U* =

[U’f ey Uka] Tk = 1,...,Kareindependent random vector-variables. Then, under a correlated

setting and under the conditions in the previous section,

SHN) = /Ky 5 Lyoo = kool o

where kj oo = lim K/N]
Leta; kand b/e be defined as above. Note that (N; — 1)52 Zf\il U2 2U; Z U, +N; U2
Zz Y NU2 ZkeAj Z ( ) i(ZkeAj Z; 1Uk) » SO

2
(=15 = Siey st = 4 ( Tiecs )

We therefore need to prove that ZkeAj df/Kj - ZleeA_,» E[a]k]/Kj 2% 0asK — ooand that

Z/eEA ) kK — ZkeA [bjk]/K] % 0as K — o0o. Using Kronecker’s Lemma, it suffices to prove

x
Khintchine-Kolmogorov Convergence Theorem: Suppose Xy, Xa, . . ., are independent with mean o such that 3, Var(X,) < oo. Then Y, X, < o0 a.s. By Kronecker’s
Lemma, to prove IHI)K_> i % 22(71 =0 a.s., it suffices to show that the random series 1 %k / k converges a.s. Proving that a series converges is usually easier than proving

that a sequence converges to a specific limit.
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that limg— o0 ZkeAj (af - E[a]/?])//e < 00. Note that Var[(a]kf - E[zz]k])//e] < Kom*/k?, where
Ky is a constant. Using the fact that the series 3 1, 1/4? converges, we have that 3 ke, Vdr[(ajl? -

E [a]k]) /k] < 00, and by the Khintchine-Kolmogorov Convergence Theorem, we have that ), - 4 (a]/? -
E [d]k]) /k < 00. Then by Kronecker’s Lemma, it follows that Kh_)rgo > e 4 aj’? JKi=> e 4 E [ﬂ]/?] /K =
0. Similarly, note that Var[(bj/-e —E [b]k}) /k] < Kom*/k*. The series, > .- 1/k* converges and by

the Khintchine-Kolmogorov Convergence Theorem, ) Aj( 19]/? —E [b]k]) /k < 00, so by Kronecker’s
Lemma it follows that 1{151010 Z/eeAj bjk/Kj - Z/«eAj E[bjl?] /K; = 0. Recall that we assume that

Kh_{r;o K/N; = kj o and that Kh—>Igo K% ZkeAj E[ﬂf] and Kh_{rgo K% ZkeA_/ E[bjk] exist, then this implies

that

2
as . . K;
SO - 0/K 5 Jim § Sy Hefl - i § (4 Siey 51)

K—o0

ie.

S}Z(ZVJ - 1)/1{1 = Lﬂjaoo B kj,OO(Llaj,OO)2~

Theorem 6a. Let L = D'V~ where Lisa 2 X N matrix and each vector-row / of L is of the form
L= [DUVI_II, ....,Dng V;,}V],Z =1,...,p, where V;l is the 77 — th element of the matrix VL.
Letd = {k : k = 1,...K}. The term Uy g (B); — Ugm(B); can be written as Uy, g (B); —
Z/{Km(p)l = iK ZkeA Zf\ﬁl Rkw/eUﬁl - UKm(B)b where Ui[(@) = Lf(Yf - ﬂf(@)) Let dk =
Zf\[z’“l (U*))?. Assume that first and second moments of 2* and #* exist and are bounded for all B,

. 2 .
and that Kh_)rrgo > weq Ela"]/K exists a.s. Then,

B, = By

We first prove that the WGEE consistently estimates E under a design-based approach (Fuller,

2009). Based on this, we then prove that is consistent for (3. The existence of the limits above
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is relevant because they are sufficient to prove that the design-based variance of the estimating equa-
. . _ 1V N,
tions converges to o. Each entry of Uy ki (B) can be written as Uu xm (B)1 = % 3 Jim1 Dpea 2oim Riews Uﬁ p

where UF, = Lf’[(Yf — ¢¥). Then,

l‘?

Ne o 5
Var(Uyp xm(B)1 — Ukm (B)1| Fx) = % Z Z — (Ufl> ’

ked =1 Tk
Under the assumptions in Lemma 8, Var(Uy, km (B)i—Ukm (B)1| Fr) 2% 0and E| Var{Uw,xm(B)i—

Uson (B)i| Fx]] == 0. By Chebychev’s inequality,

U im (B)1 — Uiem (B) 1| Fx L
and

U xom(B)1 — Uz (B)s L

As stated before, we assume that Uy, g, (B); is continuous and has exactly one zero at B, Wealso

know that Uk, (B); = E[Uy km ()| Fk] and because it is continuous and has one zero at E, then

Z/IKm(@ﬁl) <0< uKm(Eﬂ;) foreverye > O,Where@lg/ = [[/él, ... ,‘/é[ — ... ,{/ép] and

B, = [23\1, e ,{/él +e,... ,ﬂp].Therefore

B, — BlFx >0 (A.6)

Now, note that

18, — Boll = IIB, — B+ B — Byl < 1B, — BIl + 112 — Byl

Then,

P18 goll> <) < 218, -8l + 1B~ &I > ) = £[ (16, ~Bll + 1B~ I > o7 )
£[2(18, -8l > <~ 1B - 8l| 7 ) | = 2| (1B ~ Bl > o )
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where¢; = ¢ — H@ —Boll- Since@w - @\]:K 2 0, it follows thatKlim P<||@w - @H > ¢
=00

7) -

0,Ve > 0. Then,

7o)
7i)| =0

. N _ < . N _/\
(Jm 2(1B,~gll> <) < gim_E|2(16, -8l >«

— | Jim_r(I8, Bl >a

Therefore, @w LN Bo-

Theorem 6b. Let L = D’V~!, where Lisa 2 X N matrix and each vector-row / of L is of the form
L, = [DyVy's. .., Dy VXHIV],Z =1,...,p, where V" is the 7 — th element of the matrix V™. Let
A; = {k : cluster k in stracum 7}. The term Uy, k()7 — Ugn (); can be written as Uy, g (B)7 —
Un(B)r = & St Dies, iy RewpUS ) — Uiy (B) where U () = LE(YE — ¢ (B)). Let
a]/? = Zf\ﬁl(U]kﬂ ,)* and b]k = Zf\i‘l U]/‘e,-, , if cluster & is in stratum 7 and o if stratum cluster £ is not in
stratum j. Assume that first and second moments of éz]/? and bf exist and are bounded for all B, and

that Khﬁnolo ZkeAj E[ajl-e] /K;and Klggo ZkeAj E[bj/?] /K exist a.s., where K is the number of clusters

in stratum 7. Then,

B, = By

We first prove that the WGEE consistently estimates 5 under a design-based approach *°. Based
on this, we then prove that 8 is consistent for ). The existence of the limits above is relevant be-

cause they are sufficient to prove that the design-based variance of the estimating equations con-

verges to 0. Each entry of U,, x;,(B) can be written as Uy, x:, (B); = % Zle ZkeAj Zf\ﬁl RkwkUJ/?[ P

W here le'71 [’/'1»7[( [_]l Iujl_)- Then;
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N, 2 7 N,
whereSﬁ = ZkeAj Zl:kl((]]k[ - Uj,l)z/ (N; = 1),and Uy = ZkeAj > i1 Uj i/ Nj. Under the

assumptions in Lemma 8,
2
2 as qa 1 k i L k
SiN; = 1)/K; = Hm g3 ey, Ela] — kjoo (1(113;0 % ke, 10 ]) :

Therefore Var(Uy, gm (B); — U (B)1| Fi) == 0 and E[Varldy g (B); — Usem (B2 Fx]] 22 0. By

Chebychev’s inequality,
Uny i (B)1 — Ui (B)1| Fic = 0

and

U iem (B)1 — Ui (B)r 2 0

As stated before, we assume that Uy, k7, (B); is continuous and has exactly one zero at B, Wealso
know that Uk, (B); = E[Uy xm(B)i|Fx] and because it is continuous and has one zero at 3, then

Z/{Km(g—iz) <0< MK’”(E—H;) foreverye > O,Wheref?;_gl = w\l, . ’ZZ — ... ,:@;] and

B, = [21, . ,/ﬂ\/ +e ... ,Ep]. Therefore

B, —BlFx B0 (A7)

Now, note that

1B, — ol =118, — B+ B8 —Boll < IIB, — BIl + 12 — 8,
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Then,

P16 pl1><)

7o)]
7]

3
=E'P(r|ﬁw—ﬁu 1B - Boll > ¢

:E:P BBl >~ 1Bl
)|

where ) = ¢ — H/B\ —B,ll- Since@w - @\f]{ 250, it follows that lim P(H@w —/B\H >
K,n—00

—£|7(8, Bl >

F)=o

Ve > 0. Then,

(i 218, gl > <)
< lim E[P(HEW —Bll >4

K,n—00

7]
7i)| =0

— | Jim_2(I8, Bl >a
Therefore, Ew LN Bo-

A.2.5 AsympTOTIC DISTRIBUTION

In this section, we demonstrate the asymptotic distribution of Uy, ki ([30), which implies the asymp-

totic normality of @w, given that the conditions outlined below hold.
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A.2.6 ADDITIONAL NOTATION

Let

huion(B) = Mys, " Usoin(B)
hion (B) = Mg, U (B)

where Ug, (B) = U(B) and Uy gn (B) = Uy (). Let v be a vector of size p such that ||v|| = 1and

let

tion(B) = V'V hicn(B)
tuson(®) = V'V (hoson(B) — hicn(B)),

where

V(@) = Vi(B) + £[V2()]
Va(B) = V‘”’[th(rn([z)‘]:K]
Vi(B) = Varlhin ()]

Furthermore, let o7, (B) = Var{tn(B)] = VBi(B)vand o3, (B) = Var{tw xm(B)|Fk] =

v'B,(B)v, where

Bi(B) = VvV ? = Vi PM M M PV = v

and
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2 = V2 Var(hy | F)VF* = V2V = VL

B, (B) = V3 Var(hy xom—hiu| Fe) V7 :

Note that B; = {V; + E[V,]} ! = {1+ E[V,]} 'and B, = {1+ E[V,]} V2V, {1 + E[V,]} /2.

A.2.7 ADDITIONAL CONDITIONS

The following condition is adapted from condition CC for the complete data scenario in 81

Condition CC,,: Note that E[D,, g (B)] = E[Dxn(R)]. For any given » > 0 and 9 > 0,

P(wpﬂegm,muHK;/ Do (B)HR” — Lypl| < s) —1

—1/2

where B, k() = {P HV;I/ZMKm Hgn (B — B,)|| < 7, and the matrix norm is the Euclidean

matrix norm.

Condition CC),: For any given » > 0and d > 0, there exist matrices By o = Klim V}l and
—00
o —1/2 —1/2
By = Klg%oVT E[V,]V,/7 such that
[1B2(By) — Ba,col| = 0
[IB1(By) — Biool| = 0
where the matrix norm is the Eucildean matrix norm. Note that B; oo + Bz oo = Iyx, since

2 = VIRV 4 BRIV = V(A BV =

Vi VPRV VY
VPV = L,
The following theorem, which mirrors Theorem 3 in®’, shows that the asymptotic distributions of

~

B, and Uy, 1, (B) are closely related.
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Theorem 7 Suppose that conditions Iy, Ly, and CCy, hold. Then, there exists a sequence of solutions
Ew to the WGEE equation in By, g (r) such that V. 12 M_l/2 m(@w —B,) and V;l/zhw,Km are
asymptotically distributed, where hy, g, () = M Kyln/ zuw, xn(B)-

Proof. Let B € By, gom(r) such that § is between B, and Ew Using Taylor’s theorem, we have that:

Unkin (Bo) = Dicn(B) (B — By)

since

o=uw,1<m<@>=uw,1<m<@0>+aﬁ;g¥m@ (B~ Bo) = Unson(By) ~ Duscn (B) @ — By)

It then follows that

—1/2
HKm/ uw,Km

= H " Duicn(B) B, — Bo)

= H, "D o B H, "H (B, — By)

By condition CCy,, and Slutsky’s theorem, H Km/ Uy, km and Hl/ > ([3 — B,) are asymptotically

_I/ZHKm(B — B,) arealso

identically distributed. Therefore, V3" Mg *y, xn and V7/*M
asymptotically identically distributed.

We now prove the asymptotic normality of f?:\w by first showing the asymptotic normality of Uy, k-
Theorem 8aForeachk = 1,...,K;7 = 1,..., Ny, let U*(B) = L¥*(B)(Y; — p,(B)), where

—1/2

L (B) denotes the 7#-th entry of the vector L* () = VTV;I/ZM DIV~ wherevisap x 1

vector with ||v|| = 1. Suppose that all assumptions in Lemma 4 hold for the variable U. Then,

d

T bkl Fie S N(0,1), 05 tion > N(0,1), V3 *hyion 5 N(0,Bj oo + Baoo)) =

N(0,I,x,), and
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VM P Hin (B — By) & N(0, )

—-1/2

If, additionally, we assume that /img_,oo KMy, = Moo, limy—sooHin = Hog, so that KV, 1/2 M, ~1/ ZHKm —

B/2 MoHo, then
m@w—so>$N<o B2 Moo HL ]~ )

Proof. Note that the vector L*(), which can be reexpressed as L* () = v 7DV ™!, where v* =

Mfl/ZV 12 v, is of the form
L*(B) = Z[ 10D, ( ) Lo Z‘? ”*ngl( NKNK) 1} >
where (V#%)~1 denotes the ## — th element of the matrix V=1(B). Then #, x, can be written

Nt NE
3 tuon = Doty Dot ity REWUE (Bo) = iy oy 00y UST (@), where U (B) =
Lﬁ*(@)(ijl — ‘ujkl([B)) It follows that Var(ty im| Fx) = D pey ZM = ”jeUk*2 By assumption ()

1

and Lemma 4, we conclude that

Fr < N(0,1).

1 K N K N
tw,Km/a-ZKm - % ( Z Z Rkw/el]f*(@) - Z Z U?(Bo)

k=1 k=1 k=1 =1

This together with condition CC,, implies that

% N(0,53,0).

k=1 i=1 k=1 =1

~,

So ty.xm = VTV_I/Z(hwme —him) | Fx LN N(0, 0%700), wheress . = v/B; o v. By Theorem 4 in
Xie and Yang (2003), hgy, LN N(0,I,x,). Then, by condition CC,, and because V;l/z = B}/z, we
have VTV;I/thm N N(0, 01,00), where aioo = VTBLOOV. In summary, we have that

VIV "2 (hg,) & N(0,2 )

)
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VIV (hy g — hion) | Fic = N(0, 03 00

7100

Then by Lemma s, we obtain o7 /2h,, x,, % N(0, 02 . + 03 ), for any . Therefore,
VP hy on < N(0, By o + Baoo) = N(0,Ls,)
This result and Theorem 7 imply that
VMg Hion (B — By) = N(0,Tp).
and that
VKB, — By) = N0, [B}2 MocHoo] 2)

Theorem 8b. Foreachk = 1,... . K;j =1,.... ;i =1,... ,M, let Uk*([:%) = Lk*(B)(Y}Z —

“1/20 —1/2

&, (B)), where L]kfl,* () denotes the £-th entry of the vector L*(8) = v/V . D7V~ where

visap x 1vector with ||v|| = 1. Let 4; = {k: cluster & is in stratum ;j}. Assume that

R U (W) - G @) | 2 b aa) (as)

where U’.k(@()) = L ZkeA' Zf\ﬁ‘l U’?*(@O) and M, ;, M>;, My; are constants. Then, under the
assumptions above, ‘72Kmtw km| FK 4, N(0,1), a'leth LN N(0,1),V 1/Zhw,Km 4, N(0,B; o +

Bz,OO)) — N(O, IPXP)’ and

VM PHi, (B - By) & N(0, L)

~1/2

If we additionally assume that /img_soo KMy, ~ = Moo, limk—sooHim = Hoo, so that KV;l/ZM;ﬂ/ZHKm —

B}/2 MocHao, then
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\/J?(ﬁw—ﬂo)i>N<o [BY/Z MocHoo] ™ )

Proof. Note that the vector L*(B), which can be reexpressed as L* () = v*'D? V1, where v* =

Mlzln/ ZV?/ 2V, is of the form

(B) Z[ 11}[ 11[(V1111)71>"'72:1}7 107DJIJ(VK7( _;I(Vji\lj)l]’

where (V#%)~1 denotes the ## — th element of the matrix V=1(B). Then #, x, can be written

stugn = S5 ST S REAUR (B) — T ST Y, U (By), where U (B) =

Lﬁ(@)()’]kz - [u]/i(B)) It follows that Var(ty km|Fx) = Z] 1) ( - n])S* where 5‘*2 _

S S S (U (By) — T (80))2/(N) — 1) and T (By) = S5, o, S, U (BN,

By assumption (5) and Lemma 4, we conclude that

Fr S N(0,1).

K J N kK J N
ttnlrin = (S RG-S S U B,

k=1 j=1 =1 k=1 j=1 i=1

This together with condition CC,, implies that

kK J N K J N
0303 BT ACES 35 ) LAY
k=1 j

=1 /=1 k=1 j=1 /=1

Fi S N(0,5 ).

S0ty xm = vIiv.. 1/z(thm — hgn) | Fx 4, N(O,aioo),whereo—% = vTszov. By Theo-

,O0

rem 4 in®', hg,, 4, N(0,Iyx,). Then, by condition CC,, and because V;l/z = B}/Z, we have

71 2
/ hg,, 4, N(0, 01,00), where aioo = VTBLOOV. In summary, we have that

VIV 2 (h,) S N(0, 22 )
VIVY2(hy ko — hion)| Fic > N(0, 2

o)
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Then by Lemma s, we obtain v/V~"/2h,, ,, 4 N(0,03 . + 3

7 o ), for any v. Therefore,

This result and Theorem 7 imply that
—1/2q c—1/2 > d
VT / MKm/ HKW!(ﬂ _180) — N(Oylpxp)-

and that

VE®, — ) > N0, (B2 MooHoo] 2)
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A.3 Bias CORRECTION FOR POINT ESTIMATES UNDER CLUSTER-BASED OUTCOME-DEPENDENT

SAMPLING DESIGN

Building upon the work of 3°, we derive the bias formula that incorporates the weights needed to
account for the non-random sampling design. Under a cluster-based outcome-dependent sampling

design, the bias formula B,,(4,)), taking into account the weights, can be expressed as

DIy dal ~ 1 Ll Lndede o lads
1212151476{513,14 _ Elil}lzlfjhlluilalclijl% Klujh167 (A9)
where letting 7, = 7,
uh _ R/eDtlll Vi‘ltz Yt 153
w ( — M )7

7T,
=1 "k

Ry

ulllz _ Z{ 8/8[?)12 Dt111 anz}(ytz ) - Dt111 V!1tth212
k=1
and
u%zls _ Z{ 82/8812?’13) Dl‘lll Vt‘ll‘z}( ) _ {(3/8?:12) Dtlll Vm‘z }szls

k=1
{(8/8@13) Dt111 Vntz }thlz _ f;//:Dzh _Vtkﬂz{(a/aplg )DZZZ}'

The moments needed to obtain (10) are

K
Ll _ 1’111_1[2 tz[z
xnh == DA PR DRR,

k=1

which can be estimated by
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R

~hl k ~ah Tt el

Kul,zz—i —Dk“VZ”Dk“,
P T

and /1% is then defined to be the inverse of x/122, k4% is the /;/,”” component of

Var(Uy,) = VarlUT1ny] + E[UTW Var(R|F,)WU],

which, as described in section 5.2 of the main paper, can be estimated by

VI+ VI = Uldiag(R)Whdiag(R)U 4+ UTWdiag(R) Adiag(R)WU.

K
K.Zu1}1213 - _ Z{(a/a?’h)Dzh p/teltz }D2213 + {(8/8@13)D211 pztz }Dzzlz + Dzlz *Vztz{a/a@h)Dzzlz}’
k=1

which can be estimated by

K
_ _ R _
R = =3 T (0 0p" ) DY 7Y D+ (008 DY T DY+ T D 008 D).
k=1

Finally, 12+ is the /;/3 component of
Y Ky 3 p
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E[{0/0" U yu)|1X]
— E[{0/0p"UTWRIRTWU|X]
= E[{8/0p”UT}WRR WU|X]
= E[E[{0/0g"UTyWRRTWULX, ]| X]

= E[{8/0p”UT}WERRT|X, Y]WU|X]

E[RRT]isan N x N matrix with entries equal to the joint probability of selection for pairs of in-
dividuals. For two individuals belonging to cluster £, the joint probability of selection is 7; for two
individuals from clusters &£ and #/, the joint probability of selection is 7, which under a cluster-
stratified design is equal to %% if clusters £ and &’ belong to the same stratum 7, and is equal to
%% if clusters k£ and #’ belong to different strata j and /.

The expression above can be estimated by {0/ OR2UT}WRRTWU.
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A.4 MancL AND DEROUEN-TYPE VARIANCE B1as CORRECTION

For data collected through a cluster-based outcome-dependent sampling design, parameter estimates

@w, are obtained by solving

Un =3 2DV (e —wy) =0

Furthermore,
Varle,) = Bu@,)" {ViB,) + V@, } FL@,)" (A-10)
where Hy(B) = — Y00 Ho(B) = — X4, 2DV, "Dy, and
Vi@, =5 L DIV, 45 1V, Dy
and
Vu(@,)
K K
=D BuDIV %0V ' Det+ Y Y DIV diag(e, 1) Buwdiag(€ur)Vyy Di
k= k=1 k'#k

= Vi(8,) + Vii(8,)

withe,; = (Y, — &, ), where ., is an N-vector with elementszz, ,. = g_l(Xle. o) Bie =

T — RyR
(7 — 77y )Ry, Y The

-3 . . .
7, >(mp — m)Ri, and By an N X Ny matrix with all entries equal to e

residual estimator, ?w,k/a\g’ 4 may be downward biased in small samples, and we adapt the approach

of * to correct \A71(Ew) and \Af}k[(gw) for this bias. First note that
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LR
k ~ N
= E[—“ED}V, %%V, 'DiR]]

K
Ry, e _
= ZE[;kaTVk 'Efey 450 4|R]V; "Dy

k=1
and
EV;(8,)]
= E[E[V;(8,)IR]]
K
= Z E[BED}V, ey i2n 1V 'Dy|R]]
k=1
K
= Z E[BuD{V, Efe, i%n i R]V, "Dy
k=1
Now, carrying out a Taylor series expansion of U, = Uk(ﬂ D, ([8 v, (:é (‘E — W, (Ew))
about j yields:
oU, ~ ~
Up ~ U(f) + 8 |, (r@w —B) = Ue(B) — Hr(B) (B, — B) (A.11)
where Hy(8) = —[ 9 L = D[V, 'Dy. Taking the sum over the clusters, £ = 1, . . ., K, yields:

S U™ S U — S Hu (P (B, — B)
Z/f:l Up — Zk 1Uk Z/e IH/C(‘@ (18 ﬁ
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From which it follows that

8,8 %H(B)ilek (A.12)

where HB) = Zle H,(B). Now, in the same vein as Mancl and DeRouen **, carrying out a
first-order Taylor-series expansion of the fitted residuals, ,, ; about {8 yields
Ogp, ~

:‘-\wk ék—l-aig(p [3)

Squaring this and taking the expectation conditional on R, it follows that

oe o opT

6 _p)@,—B) 0%

E[/E\w,k/e\g,k‘R] = Elege]] +E[5/e(?> - = 90 287

= (B, —B)ei]+ [

where the notation indicating that the expectation is conditional on R is suppressed on the right-
hand side of th above equation. Then, using the approximation (@w —B) ~HE)™! Zle Uy, the

conditional expectation Ee,, k’e}i +|R] can be approximated by,

Cov[Y]— Cov[%]Alge’w — Akk’wCOV[Yk] +Akk7wC0V[Yk]Ag;€’w + Z Akklvaov[Y/e/]AZ;/’w. (A.13)
!

where Ay ,, =
Dy(3,,-, D, V,'D,) "D/ V! = D;H(B) DLV,

Assuming that the last term in (A.13) is negligible, rearranging yields the following approximation:

Ey it i|R] = (In, — Agie) Cov [ (I, — Age) ™ (A.14)
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where Iy, is the IV}, x I\, identity matrix. The approximation in (A.14) and leads to the following

bias-corrected variance estimator:

—_— ~ ~
—~ -~

Varle,) = Hu(@,) " {Vi,) + Vu(B,) } L@, (A15)

where ﬁw(B) = — E/[f:l DV, "W, diag(R;)Dy and

K
R o~ Rk _ -~ IR PPN -~ _ _
Vi@, = D = DIV Iy, — Apw) wstn (I, — Af,) YD,

and

~

Vi@, = St BuDlV,  (Iy, — Aw) Fustn i (In, — Al VD,

+ Zle Zk’;é/e DZV/;Idlng(?w,k)Bkk/dl.ﬂg(/“-\w,/e’)Vk_/le’

(7 —mpmyr )RRy

3 2 . . .
where By, = 7, > (7, — 7j;) Ry, By is an N}, X Ny matrix with all entries equal to T

and ;&kk’,w(p) =

D, (XK _ DIV, W, diag(R,,)D,,) ' DLV, ' Wydiag(Ry) =

D;H,'(B)DLV, ' Wy diag(Ry).

If the data arise from a cluster-stratified design, the correction for the naive estimator of the variance

that ignores the negative correlation in the sampling indicators is:

—* __

Var [B,) = H,@,)" {%@w) T ﬁ(@w)} f,@,) "

where

R K
Vi®,) = D BuDiV, (L — Apw) "euien (e — Afy,,) 'V Dy
p
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Note that this is also the corrected variance estimator for data arising from a Poisson sampling de-

sign.
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A.s KAUERMANN AND CARROLL-TYPE VARIANCE BiaAs CORRECTION

The Kauermann and Carroll *°-type bias correction to the variance estimator is similar to the bias

correction derived in the previous section. We therefore simply state the form of the correction be-

low:
I//Z’KC[ELU] = ﬁw@w)_l {‘AII,KC(@W) + ‘A/'H,KC(EW)} ﬁw@w)_la (A.16)
where ﬁw(B) = — Zle DZ%_IW/edmg(Rk)D/e and
de@>=ffﬁnﬁzwm—ﬁwm%%ﬁ@am—ﬁiwﬁwlm
k=1
and

- ~ _ ~ L N
Vikc@,) = Zle BuDIV (I, — Agiw) st,keg,/e(INk _A/Z;e,w) 2V, 'Dy

+ Dkt D DIV diag(€)Bu diag (€ ) Vs Dy

(7w —mpmyr )RRy

3 2 . . .
where By, = @, > (7, — 73) R, B is an N}, X Njr matrix with all entries equal to T

and Kkk’,w(@) =

D,(>X_ DIV, 'W,,diag(R,,)D,,) 'D} V' Wydiag(Ry) =

D;H, ' (B)DLV, ' Wy diag(Ry).

If the data arise from a cluster-stratified design, the correction for the naive estimator of the variance

that ignores the negative correlation in the sampling indicators is:

—%

VargelB,) = Hu(®,) ™ {Vike®,) + Virgc(®,) | Hu@,) ™,
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where
X 1 1
Vike®,) = D BuDI Y, (I — Apew) 22wyl — Af,) "2V, 'Dy.
k=1

This is also the corrected variance estimator for data arising from a Poisson sampling design.
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A.6 Fay AND GRAUBARD-TYPE VARIANCE Bias CORRECTION

Do a Taylor series expansion of U}, about

- U,
U(B,) + % |, (ﬂ = Ui(8,) — Hi(B,) (8- 8,) (A7)
where Hj, = — [%—%’e] = D}V, 'D}. Now, summing over the clusters, # = 1, .. ., K, yields:

25:1 U~ Zf:l a/<e - Zle Hk@wmg - Ew)
25:1 (A]k - Zf:l Up = 25:1 Hk(ﬁw)(ﬂ - (Ew)
Zf:l U — Z/e 1U/e Zk lHk(/ﬂ\w)({/éw - [3)

From which it follows that

K
6, -8 ~HP,)" > U =HE,)U (A.18)

where H(B) = Zle Hy(B). We follow the approach of Fay and Graubard (2001) and use approxi-

mations (A.17) and (A.18) to obtain an approximation for £ (U, /(\]kT\R]



U.Ur

~ (Up +Hi(8,)(8— B,)(Ul + (£ 8,)THI(8,))

= Ul + U@ — B,)™H(8,) + Hu(B,) (B — B, UL +Hx(8,) (B — B,) (B —B,) Hi(8,)"

= UU{ — U/e(z U (HE,) ) H(B,)" — BB, B (8,)( ZU/e Ut

+H (8 Z Ur) Z U)"H (B, H(8,)"
= QU — [GUF(HT'(B,)Hu(B,)T + U( O u) HB,) H(B,)]
j#k
— [H(8,) E'B,) UL + Hy(B,) HE) ™ vyl
7k

+H(B,)H' @) UUFEE,) H(B,)T

+H (8,1 (8, UM @,) H(B,)

J#k
K
+H(B)HE) O u Y uhEE,) HB,)
k=1 j#k

Now, taking expectations conditional on R (supressing the conditional notation on the right-hand

side of the expression below) yields:



EUU{|R]

where ¥, =

~ E(UUL) - ElG: UL B B,) By(B,) " — Bl (Y~ up)I(H ' (8,) 'Hy(B,) "
J#k

— [H:(,) (H () E[U.UL] — Hu(B,)( *(Ew))TE[(;@)UQ

J
+H(8,)H(@,) HEUUT(HT(B,)) )7
+H(B,)H ' (B,) (Y ElGUDI(H(B,) Tkaw
J#k
+ Hu(B,)H(E,) zzwﬂ (H'(8,) He(8,)
parfper

=¥, - Yu(H'(,) THk@,)T —He(,)(H' ()",

+ Hi(8,)(H'(8,) Y (H(8,)) "H(B,)"

+Hi(8,)(H'(B,) ZY»(H—I@))T&@)

JFk
H/e(ﬁ

+ Hk
JFk

E[U,U!]. Suppose that ¥},

W)Yl —

H'(,)) Z‘I’j

~ cHi(8,)

H(8,)(H ()"
JH(B,))

H, (Ew) g

, with ¢ some constant and let H, = Hy (8, ):



E[UU}R]
~ cH, — cﬁk(ﬁ*I)Tﬁ[ — Hy(H, )Hy + H,(H Y)H, (H ) TH]

+d O H)E)H]
JFk

K
= H, — dH,(H™")H{ — cH,(H)H, + H,H O H)H ) H]

= H;, — H(H ™) H] — H,(H ™ )H; 4+ Hy(H)H]

~ ~

= Cﬁk — Cﬁk(Hil)H/@

~ YL, — (HYH) = (I, - Hiy(H ) ¥,

Therefore, estimate ¥}, with ¥;=F; ,U, UkTFkTw, where Fy, , isap X p diagonal matrix with the ]jtb

element equal to (1 — min(b, (I:\Ikﬁ_l)jj)fé. We estimate Fy, , with is/e’w, ap x p diagonal matrix
with the 7" element equal to (1 — min(b, (H,, Hj") ]j)_%, where
I/-\IW(B) = — Zle ﬁw,k(@) =— Zle D/eTV/'e_IWkdz'ﬂg(Rk)Dk, and & is set to 0.75.

The bias-corrected sandwich estimator is then

VarrlB,) = Hu(B,)™ {‘A’LFG(Bw) + ‘A’H,FG(BW)} H,(@,) ", (A.19)
where
VireB,) = Yior ZFWD]V, Bustn Ve De(Few)”
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)

Virc(B,) = S BuF DIV, e 5 1V Di(Fr)”

+ Yt Y DIV diag @) Biw diag(Bu )V Dy

(7t — 77y )RRy

where By is an [N}, X Ny matrix with all entries equal to o ATy

If the data arise from a cluster-stratified design, the correction for the naive estimator of the variance

that ignores the negative correlation in the sampling indicators is:

* S -~

VarelB,) = BuB,) " {Viro(®,) + Viere(B,) } Ho(®,)

where
K

Vire®,) = D BuFi DIV, Busen iV Dr(Fru)”
k=1
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A.7 SMOOTHED BOOTSTRAP

We adapt the smoothed bootstrap approach proposed by ** for the complete data setting. When
data has been collected through a cluster-based outcome-dependent sampling scheme, the estimates,

@w, are obtained by solving

K
Ry, _
k=1

One can obtain smoothed bootstrap replicates, Ew, by solving the following perturbed inverse-

probability-weighted generalized estimating equations:

K

Uy =Y w,—“DI B, )V, ®,) (V(B) — w,(B)) (A1)

k=1

where the wy, are taken to be independent realizations from a distribution with unit mean and unit
variance. If the clusters have been sampled through Poisson sampling, the known 7, are used in

(A.21). The bootstrap replicates are then obtained by solving U, = 0:

~(0 ~

B, =8,

=(0)

B, =8,

6 =

7(0) ~(0) =(0) ~(0)

WV R, (B, ) — (B,

(T w0 (B,) (D) ZnDT BV B ) (EY) — (B )

+ (i wiHuk(8,) (X 2D (B, )

where H,,4(8) = D] (B)V;" (B) Widiag(R,)Dy ().

If the clusters are sampled through a cluster-stratified design, the selection indicators Ry, Ry are
negatively correlated for clusters £ and /4 belonging to the same stratum. To account for this, we
take the approach of Cai and Zheng (2013) "*: namely, perturbing the selection indicators as though
they were independent, and using estimated selection probabilities rather than the known probabil-

ities to induce a correlation among the selection indicators. In this case, this would involve treating
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the R)s as though the clusters were sampled via Poisson sampling: cluster £ has a probability 7, of
being sampled, where 7}, is determined by the stratum ; to which the cluster belongs. Selection of
cluster £ into the sample is determined by a Bernoulli trial with probability 7. In such a setting, 7,
can be estimated empirically as /ej/Kj, where kj is the number of observed clusters sampled from stra-
tum ;. Furthermore, the joint probability of selection, 7/, for & # k' can be empirically estimated
as follows: 7y = %% if clusters k£ and #’ belong to the same stratum, and 7 = (1%)2 if clus-
ters £ and #’ belong to different strata. Note that the asymptotic variance of @w under Poisson sam-
pling with estimated weights is the equal to the asymptotic variance of @w under cluster-stratified
sampling with kzown weights. Below are the steps for the smoothed bootstrap procedure when the

clusters are selected through a cluster-stratified sampling scheme.

1. Generate K realizations from a distribution with unit mean and variance: w, £ =1, ..., K;

2. Use the wy, to define perturbed weights, R%—Z:k, where 7= /ej/K}

3. Solve the perturbed estimating equations for 3 using the iterative procedure described

above
4. repeat (1-3) B times

If the clusters are instead selected through a poisson sampling scheme, the above steps may be fol-
lowed, replacing 7, with the known probabilities of selection 7.
In the simulation results presented in the next section, we used the Gam(4, 2) - 1 distribution to

generate the wy, and set B = 1000. Confidence intervals were then constructed as

B, — 1.96 % sd(p,,.5). B, +1.96 +5d(B,, 1.5))



A.8 SIMULATION RESULTS: ABSOLUTE B1ias IN POINT ESTIMATES

A.8.1 SIMULATION 1
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Figure A.5: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

op=0.5
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Figure A.6: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢3=0.5
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Figure A.7: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,
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Figure A.9: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

ignoring negative correlation, o/=0.5
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Figure A.10: Estimated coverage probabilities with Qw using ¢ distribution for confidence interval construction, ignoring
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Figure A.11: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

ignoring negative correlation, g/=0.5
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Figure A.12: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ignoring

negative correlation, ¢;/=0.5
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Figure A.13: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

op=0.25
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Figure A.14: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.25
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Figure A.15: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

o=0.25
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Figure A.16: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.25

15

20
Ks

173

15 20

Method
UA
DF
~ MD
— KC
— FG



Estimated coverage probability

Simple Random Sample

Y Design

Y x X2 Design

T =

092+ /—/ /
0.881 &
0.841

R ———
0921 : /
0.881 z

S ———
088+ / g
0841

15 20

15 20
Ks

15 20

Figure A.17: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

o1=0.25, ignoring negative correlation
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Figure A.18: Estimated coverage probabilities with Qw using ¢ distribution for confidence interval construction,

o1=0.25, ignoring negative correlation
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Figure A.19: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

g1=0.25, ignoring negative correlation
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Figure A.20: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction,

g1=0.25, ignoring negative correlation
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Figure A.21: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

op=0.75
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Figure A.22: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.75
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Figure A.23: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

o=0.75
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Figure A.24: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.75
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Figure A.25: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

o1=0.75, ignoring negative correlation
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Figure A.26: Estimated coverage probabilities with Qw using ¢ distribution for confidence interval construction,

o1=0.75, ignoring negative correlation
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Figure A.27: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

g1=0.75, ignoring negative correlation

Method
UA
DF
— MD
— KC
— FG



Estimated coverage probability

Simple Random Sample

Y Design

Y x X2 Design

0.984

0.961

¥

0.944

0.924

0.901

0.984

0.961

0.94 4

0.924

0.901

|

0.984

0.96 4

0.944

0.921

0.901

“g

15 20

~C
Figure A.28: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction,
g1=0.75, ignoring negative correlation
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Figure A.29: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

o1=0.5, working exchangeable
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Figure A.30: Estimated coverage probabilities with Qw using ¢ distribution for confidence interval construction, ¢;=0.5,

working exchangeable
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Figure A.31: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

g1=0.5, working exchangeable
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Figure A.32: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.5,

working exchangeable
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Figure A.33: Estimated coverage probabilities with Qw using normal distribution for confidence interval construction,

o1=0.5, working exchangeable, ignoring negative correlation
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Figure A.34: Estimated coverage probabilities with Qw using ¢ distribution for confidence interval construction, ¢;=0.5,

working exchangeable, ignoring negative correlation
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Figure A.35: Estimated coverage probabilities with Bw using normal distribution for confidence interval construction,

g1=0.5, working exchangeable, ignoring negative correlation
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Figure A.36: Estimated coverage probabilities with Bw using ¢ distribution for confidence interval construction, ¢;=0.5,

working exchangeable, ignoring negative correlation
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Supplementary material to accompany

Chapter 2

B.1  INITIAL SIMULATION TO INVESTIGATE POTENTIAL FOR EFFICIENCY GAINS

As described in Sections 2.3 and 2.4 of Chapter 2, we conducted an initial simulation study using a

data set of women enrolled in the Safer Deliveries Program in Zanzibar, Tanzania. For the women

194



in the data set, demographic and health information, obstetric history, the number of antenatal
visits, and the location of delivery was collected by program-supported community health workers
(CHWis). We consider a hypothetical study in which interest lies in determining what factors are
associated with a woman delivering outside of a health facility. In particular, we assume that we are

interested in the following marginal model for the " woman in the £% shehia:

logit(P(Yii=1)) = By + BiXuock + B yncXanc i + BXo i (B.1)

Where Yy, is the binary outcome denoting whether the woman delivered outside of a health fa-
cility (1/0=Yes/No), Xy, s is a binary cluster-level variable indicating which island the shehia of
residence is located in (1/0 = Pemba/Unguja), and Xy t; = (Xsks> Xaokis Xaswir Xaanir Xaski) L
where X is an individual-level categorical variable giving the woman’s previous location of deliv-
ery (0=NA, 1=At home/in the community, 2=On the way to a health facility, 3=Health facility),
X4 is an individual-level binary variable denoting whether a woman had 4 standard ANC visits
(1/0=Yes/No), X 43 is an individual-level binary variable indicating whether a woman has cardiac
disease (1/0=Yes/No), X 44 is an individual-level categorical variable denoting the facility type that
was recommended to the woman for her delivery (1=Cottage hospital, 2=PHCU, 3=Referral hos-
pital), and X s is an individual-level binary variable indicating whether the woman received a visit
from a community health worker at 8-9 months of pregnancy (1/0=Yes/No).

In model (B.1) above, we suppose that the parameter of primary interestis 8, .. While the origi-
nal data set contains information on 42056 women, we restrict the data to include only women who
had already given birth, with complete data on all covariates in model (B.1), which results in a data
set with 28789 women. We defined soo ‘designs’, where each design is defined as a set of 40 shehia
ids that was obtained via simple random sampling. We generated 1ooo complete datasets, by simu-

lating correlated outcomes based on model (B.1), using the GenBinaryY() function in the the MMLB
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packag for R. For each generated complete dataset, we took soo samples corresponding to the 500
designs, and for each of the so0o samples, we obtained the point estimates using generalized estimat-
ing equations (GEE). Across the 1000 iterations, we then computed the standard deviation of the
1000 point estimates for each for the oo designs. Figure B.1 shows this for 8,/

Figure B.1 shows that there is efficiency to be gained by making a good choice regarding which
clusters to sample, i.e. by choosing a good sampling design. To investigate whether there is a general
rule of thumb that can be followed to determine such a design, we looked at the characteristics of
the ‘best’ designs for the estimation of £ -+ we restricted attention to the designs which yielded
amean point estimate of 8 ;- within 5% of the gold standard, where the gold standard was taken
to be the mean point estimate obtained from running the analysis on the 1000 generated complete
data sets (N=28789). Among this set of designs, we then defined the ‘best’ designs to be the 25 de-
signs with the lowest standard deviation in the point estimates of 4 e and the ‘worst” designs to be
the 25 designs with the highest standard deviation in the point estimates.

Table 1/Scenario 1 displays summary information on the best and worst designs for the estima-
tion of £ ;. We see that the best design has a substantially larger overall sample size (z = 4606 vs.
n = 3160), a larger number of exposure cases (1284 vs. 672), and a larger mean number of outcome
cases (1337 vs. 773).

The top panel in Figure B.2 shows all soo designs plotted as a function of the number of Xsn¢
cases, and the mean number of outcome cases across the 1000 iterations. The dark blue points indi-
cate the best designs among the set of ‘unbiased’ designs, whereas the red points indicate the worst
designs in this set. We see that in comparison to the worst designs, the best designs have a higher
number of X4nc cases and, on average, a higher number of outcome cases. The bottom panel in
Figure B.2 additionally shows that the best designs yield a larger overall sample size than the worst
designs. These results are intuitive, and suggest that a general rule of thumb for determining an ef-

ficient design might involve selecting clusters with 1) a higher number of outcome cases, 2) a higher
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number of Xy cases, and 3) higher overall individual sample size 7.

However, it may not necessarily be the case that a cluster simultaneously satisfies the three cri-
teria listed above; in fact, it may be the case, for example, that the clusters with a higher number
of outcome cases have a lower number of exposure cases. In the original data set-up we described,
the number of outcome cases and the number of X 4 cases is proportional to the shehia size. We
therefore also consider a scenario in which the number of outcome cases in a cluster is Zzversely pro-
portional to cluster size. This was done by introducing into the data generation model an indicator
for cluster size, where the indicator is equal to 1 if the cluser size is greater than the median cluster
size, and o otherwise, with a coefficient of -3.

Table 1/Scenario 2 gives the characteristics of the best and worst ‘unbiased’ designs for the esti-
mation of £ ;- in the setting where the number of outcome cases in a cluster is inversely propor-
tional to the cluster size. We see that in this scenario, the best (lowest standard deviation of 1@ NC)
design has a smaller overall sample size than the design with the highest standard deviation of E NG
(n = 3846 vs. n = 4621), as well as a lower number of exposure cases, but a higher average number
of outcome cases.

Figure B.3 shows the overall results for this second scenario: we see that the best designs, in com-
parison to the worst designs, generally (though not always) yield samples with a higher average num-
ber of outcome cases, while there is no clear difference between the number of X 4p cases or the
overall sample size 7: i.e. some of the designs that have a higher number of X 4 cases or that yield
a larger overall sample size are less efficient in the estimation of £ ;- than designs that have a lower
number of X4 cases or that yield a smaller overall sample size. This suggests that there is no gen-
eral rule of thumb that can be reliably used to determine an efficient design, as an efficient design
depends on the interplay of a number of factors. Therefore, while there is demonstrated potential
for efficiency gain through the wise selection of clusters, these results suggest the need for the devel-

opment of a framework for selecting an efficient design, which is the objective of this paper.
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Figure B.1: Distribution of the standard errors of (@szc under the 500 simple random sampling designs across 1000
iterations.

Table B.1: Characteristics of the best (lowest standard deviation of /gANC) and worst (highest standard deviation of

(EANC) designs among the set of ‘unbiased’ designs for the estimation of ﬂANC' In Scenario 1, the number of outcome
cases is proportional to the cluster size, while in Scenario 2, the number of outcome cases is inversely proportional to
the cluster size.

Design n  Xunc Y

Scenario 1
Lowestsd(8,,)  #431 4606 1284 1337
Highestsd(8,,,-) #284 3160 672 773

Scenario 2
Lowestsd(£,,) #156 3846 1130 368
Highestsd(8 ) #1316 4621 1234 211




B.2 CoMPLETE SIMULATION STUDY RESULTS

This section presents the complete simulation results for the simulation studies described in Section

5 of Chapter 2.
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Figure B.2: The top panel shows the 500 designs plotted as a function of the number of X 4n¢ cases and the mean
number of outcome cases across the samples. The dark blue points represent the best (lowest standard deviation of
IEANC) designs, and the red points represent the worst (highest standard deviation of IEANC) designs. In this setting, the
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Figure B.7: Positive association X; and X3: K
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Figure B.8: Negative association X7 and X3: K
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Figure B.9: Positive association X7 and Xj: K
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Figure B.10: Negative association X; and X,: K
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Figure B.11: Positive association Xj and X5: K
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Figure B.13: Baseline scenario: K
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Figure B.15: Negative association X; and X5: K
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Figure B.16: Positive association X7 and X3: K
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Figure B.17: Negative association X7 and X3: K
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Figure B.18: Positive association X7 and X4: K
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Figure B.19: Negative association X; and X,: K
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Figure B.20: Positive association Xj and X5: K
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Figure B.21: Negative association X7 and X5: K
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Figure B.27: Positive association X7 and X4: K
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Figure B.28: Positive association X7 and X4: K
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Figure B.29: Positive association Xj and X5: K
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Figure B.36: Positive association X7 and X4: K
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Figure B.37: Negative association X; and X,: K
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Figure B.38: Positive association X7 and X5: K
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Supplementary material to accompany

Chapter 3

C.1  ALGORITHM FOR HANDLING EDGE CASES

Notation

* Spax is the maximum number of stages possible
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* my is the number of edge cases: either 1) k;, < O or2)k;, > K; — k;,
* 7is the threshold for the number of edge cases tolerated, 7

* K, is the number of clusters that still need to be sampled after fixing the edge cases:

K,=K— > k- > K
Fp<o "l >Ki—ka

* NECis the set of strata which did not yield edge cases
Algorithm
1. sets = 1and sample K clusters
2. obtain @51 by fitting the analysis model to Stage 1 data
3. compute the k;,
4. determine m;, € {0,...,/}
s. whiles < s, and m,, # 0

(a) if my, > TorK; > i ~ec Kj (not enough clusters to achieve the desired sample
size)or K, < JENEC kj, (k;, would necessarily be negative in order to end up with
K, clusters, which is not possible): sample more clusters at Stage 1
i sets=s4+1
ii. sample K, more clusters
iii. obtain updated /[3\:1 by fitting the model to the data collected thus far
iv. if s=sy4x, set the &j, to o for all strata

v. else, compute the updated £;, and update

(b) else set counter=0; while counter=0:
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i. fix the existing edge cases (i.c. setk;, = 0ifk;, < 0,setk;, = K; — k; if
/6‘]'2 > 1<j - kﬂ)
ii. recalculate the £, for the remaining strata using an updated constraint:

K, =K — > ki- > K
Jiki, <O Jkp>Ki—ki
iii. determine the number of remaining cases: mg,
A. if my > my
* sets=s5+1
* sample K, more clusters
* obtain updated /?’\:1 by fitting the model to the data collected thus far
* if 5 = Sy, set the k;, to o for all strata
* else compute the updated £;, and update 7,
* set counter=1, exiting while loop from (b) and going back to beginning
of while loop in (a)
B. elseif ms, =0
* setmy=my,
* set counter=1, exiting while loop from (b) and going to beginning of
while loop in (a)
C. else

* update the indices

* setmy=my, this then brings you back to beginning of while loop from

(b), (i-e. fix edge cases again and recalculate the remaining £;, )
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