
Covariate-Dependent Nonparametric

Mixture Models

Link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:38811446

Terms of use
This article was downloaded from Harvard University’s DASH repository, and is made
available under the terms and conditions applicable to Other Posted Material (LAA), as set
forth at
https://harvardwiki.atlassian.net/wiki/external/NGY5NDE4ZjgzNTc5NDQzMGIzZWZhMGFlOWI2M2EwYTg

Accessibility
https://accessibility.huit.harvard.edu/digital-accessibility-policy

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story

https://dash.harvard.edu/submit-story?publicationId=1171fae7-0623-4040-87ec-770c915036fc


Contents

1 Introduction 1
1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Dependent Dirichlet Processes as Mixture Model Priors 10
2.1 Dirichlet processes . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Dependent Dirichlet processes . . . . . . . . . . . . . . . . . . . . . 13

3 Covariate-Dependent Nonparametric LDA 16
3.1 Explicit construction of the C-LDA model . . . . . . . . . . . . . . 17
3.2 Alternate representation as a dependent hierarchical Dirichlet process 21

4 Inference in the Model 23
4.1 Markov Chain Monte Carlo (MCMC) inference . . . . . . . . . . . 24

4.1.1 Non-conjugate updates via Metropolis-Hastings sampling . . 24
4.1.2 Conjugate updates . . . . . . . . . . . . . . . . . . . . . . . . 26

4.2 Variational inference . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.2.1 The variational framework . . . . . . . . . . . . . . . . . . . 29
4.2.2 Laplace approximations for nonconjugate variables . . . . . . 32
4.2.3 Mean-field variational updates . . . . . . . . . . . . . . . . . 33

5 Experiments and Applications 37
5.1 Inference on synthetic data . . . . . . . . . . . . . . . . . . . . . . 37
5.2 Genomic data: Haplotype phasing . . . . . . . . . . . . . . . . . . 43

5.2.1 Biological background . . . . . . . . . . . . . . . . . . . . . . 43
5.2.2 A Bayesian approach to haplotype phasing . . . . . . . . . . 45
5.2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

iii



5.3 Textual data: New York Times corpus . . . . . . . . . . . . . . . . 52
5.3.1 Corpus Background . . . . . . . . . . . . . . . . . . . . . . . 52
5.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6 Conclusion 59

References 64

Appendix A Quasi-Newton Optimization 66

Appendix B Proof of Validity of Stick-Breaking 68

Appendix C Notation Table 73

iv



Listing of figures

1.1 A comparison of parametric and nonparametric statistical models. . 4
1.2 Single-membership vs. mixed-membership clustering models. . . . . 6
1.3 Topic modeling: A textual application of mixed-membership mix-

ture models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Stick-breaking construction of Dirichlet process weights. . . . . . . 12
2.2 Sample draws from a Dirichlet process. . . . . . . . . . . . . . . . . 14

3.1 C-LDA as a directed graphical model via stick-breaking construction 19
3.2 Alternate C-LDA representation as dependent hierarchical Dirichlet

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

5.1 Reconstruction of mixing proportions in synthetic data via varia-
tional inference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.2 Reconstruction of prevalence covariate coefficients in synthetic data
via variational inference. . . . . . . . . . . . . . . . . . . . . . . . . 40

5.3 Empirically observed scaling behavior of variational inference for C-
LDA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.4 Illustration of the haplotype phasing problem. . . . . . . . . . . . . 45
5.5 A modified version of C-LDA with applications to haplotype phasing. 49
5.6 Comparing the performance of C-LDA and other Bayesian models

for haplotype phasing. . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.7 Posterior distribution of K (activated topics) in the New York Times

opinion corpus. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.8 Topical prevalence dynamics in the New York Times opinion corpus. 58

v



Listing of tables

4.1 Relative advantages of MCMC and variational inference . . . . . . 35

5.1 List of populations in the HapMap data. . . . . . . . . . . . . . . . 51

vi



Acknowledgments

I wish to thank all the people who supported me throughout my education
and research, and without whom this work would not have been possible. First
and foremost, I wish to express my sincere thanks to my advisor, Dustin Tin-
gley: thank you for taking me on as an inexperienced sophomore, for guiding me
through this project, and for helping me develop my scientific confidence. Your
sustained support has been indispensable. I also thank Brandon Stewart for being
an incredibly patient and effective mentor at the earliest stages of my research ex-
perience. A summer spent at the Institute for Quantitative Social Science (IQSS)
at Harvard provided me with a friendly environment to conduct research, and
allowed me to meet many of the people who shaped my research direction.

My gratitude also goes to many members of the community at Harvard’s School
of Engineering and Applied Science (SEAS). To Margo Levine, thank you for sup-
porting me through my academic journey at SEAS ever since first encouraging me
to join it. I am also grateful for the advice of Finale Doshi-Velez, who first intro-
duced me to the field of Bayesian nonparametrics, and who provided invaluable
feedback on this work in its early stages as a project in CS 281. Many other fellow
students and faculty members at SEAS were crucial in influencing my academic
and personal path, and I extend my thanks and appreciation to them all.

I would like to thank Richard Wrangham, Elizabeth Ross, and all the tutors,
staff, and students at Currier House for having provided me with a strong and
supportive community and a place to call home. To all my friends both within and
outside of Harvard, thank you for your friendship and constant encouragement.
Lastly, I am grateful to my parents Alfredo and Lia, to my brother Alessandro,
and to Alex, for loving me and always believing in me.

vii



1
Introduction

Unstructured or minimally structured data appears in many domains—from

large collections of raw text documents that are of interest in the social sciences,

to unannotated genome sequences used in biological and biomedical applications.

An important and challenging statistical problem is that of inferring and under-

standing the hidden underlying structure of such data: this open-ended task is

generally referred to as unsupervised learning. A common way of imposing some

constraints upon unsupervised learning problems is to look for structure in the

form of clusters—that is, latent classes to which each datapoint is assigned. By

finding groupings in the available observations, we hope to gain greater insight

into the data, and in turn improve our predictive power.

In order to address tasks that involve clustering we employ probabilistic mixture

models. These are generative models that assign likelihood to the observed data by
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positing the existence of several underlying subpopulations or classes, each with

different characteristics, from which the data is drawn. This generative description

corresponds to an additive form of the model likelihood, which is represented as the

sum of subpopulation likelihoods. As mixture models can possess a high number

of free parameters, a need for regularization often arises in order to address the

ill-posedness of the inferential problem and prevent overfitting to the training

data. In keeping with the probabilistic nature of the models, regularization is

most commonly achieved by imposing priors over the model parameters. This in

turn means that inference of the posterior distribution of the model parameters

can be naturally achieved through the Bayesian toolkit, which includes sampling

and approximation methods.

As in many other areas of statistics and machine learning, an important distinction

is the one between parametric and nonparametric mixture models. The former

type of model involves a fixed number of free parameters, while the latter allows

the number of parameters to grow with the size of the training data. While

parametric models often have the advantage of faster inference, nonparametric

models can be more general and flexible, requiring fewer modeling assumptions

regarding the structure of the data. In the context of clustering, we are most

often interest in allowing the number of classes to grow with the amount of data

available, so as to retain model flexibility across multiple training size scales.

In this thesis, I study the problem of performing unsupervised learning using non-

parametric mixture models, which allow for great generality. I focus particularly
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on scenarios in which the effect of exogenous covariates is relevant to the mod-

eling problem. Such problems may arise in a variety of settings. For instance,

researchers in the social sciences might be interested in asking how the contents

of documents in a collection vary as a function of author affiliation, date of pub-

lication, or other variables of interest. Similarly, biological scientists might be

interested in understanding and quantifying how latent genetic patterns are im-

pacted by an individual’s population of ancestry, or other characteristics. Since

the models needed to adddress these problems all involve incorporating the ef-

fect of such external variables into the data likelihood itself, I refer to them as

covariate-dependent nonparametric mixture models.

1.1 Contributions

Expanding on recent literature on nonparametric mixture models, I present a gen-

eral modeling framework based on the use of dependent Dirichlet process priors,

which provide a natural way to integrate covariate information into the modeling

process. Accordingly, I discuss the associated inferential issues. I then demon-

strate the practical use of this framework by developing Covariate-Augmented

Nonparametric Latent Dirichlet Allocation (C-LDA), a nonparametric mixture

model that allows covariates to affect the generative process for data in a very

general way. I introduce both Markov Chain Monte Carlo (MCMC) and varia-

tional inference procedures for estimating the model from data. After verifying

the performance of the model on synthetic data, I test it in a range of practi-
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cal applications, which can all be addressed via the use of covariate-dependent

nonparametric mixture models.

Figure 1.1: A comparison of parametric and nonparametric statistical models. This
figure demonstrates clustering of a set of points drawn from a mixture of 5 bi-dimensional
Gaussian distribution with randomly generated means and covariance matrices. (A) Clustering
using a Gaussian mixture model with a nonparametric Dirichlet Proces prior (see chapter 2
for background): with a nonparametric mixture model, there is no need to fix the number of
clusters a priori, since the complexity of the model can adapt to the size and structure of the
data. (B, C, D) Clustering using a finite Gaussian mixture model, in which the number K of
Gaussian components is fixed. While the true value K = 5 yields a good fit, inaccurate choices
such as K = 2 and K = 10 render the model severely misspecified, since its complexity cannot
be adapted dynamically.
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The first application concerns haplotype phasing, which consists of the problem

of identifying distinct genetic lineages in DNA sequence data. Using C-LDA, I

show how the use of covariate information such as an individual’s population of

ancestry can aid in the estimation of latent haplotypes. The second application

consists of modeling a corpus of articles from the opinion section of the New York

Times, and studying the effect of date of publication on the topical structure of

the corpus.

1.2 Related work

Mixture models have been successfully applied to unsupervised learning problems

in a wide range of domains, including genomics and natural language processing.

In both fields, much of the literature has focused on learning latent structure

in mixed-membership models. While in single-membership models we allow each

datapoint to belong to a single class only, we talk of mixed-membership models

(Gross & Manrique-Vallier, 2014) if we admit assignment of a single observation to

multiple classes (see figure 1.2 for an illustration of this concept). This additional

flexibility is often apt in modeling real-world data.

A particularly popular application of mixed-membership models in the textual

domain has been the class of statistical tools known as topic models (Blei, 2012).

The input for this class of model is a reduced-complexity representation of raw

textual documents, in which all word-ordering information is discarded by mak-

ing the bag-of-words assumption: that is, by representing a document simply by
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Figure 1.2: Single-membership vs. mixed-membership clustering models. (A) Hard
K-means is a special case of a Gaussian mixture model, a single-membership mixture model. In
such models, each datapoint is assigned to a single class. The red triangles show the imputed
cluster means, and the data point coloring indicates the imputed cluster of origin. (B) Soft
K-means has a probabilistic interpretation as a mixed-membership mixture model, in which
data points have shared cluster responsibilities. In the plot, the shade of grey used to color
a particular data point pictorially reflects the relative responsibilities of cluster 1 (black) and
cluster 2 (white). For reference on both algorithms, see Bishop (2006). The data in this figure
is drawn from a mixture of two bi-dimensional Gaussian distributions.

the counts of the words contained in it. Topic models then postulate that the

observed words are sampled from multinomial probability vectors over the vocab-

ulary, which are referred to as topics. In this framework, documents have mixed

membership in the latent topics, with the respective contribution of each topic

encoded in a document-topic distribution. The assignments of words to topics is

made via draws from such document-topic distributions. This likelihood model

allows for inference of the latent topics, which can then be used for semantic sum-
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marization of the corpus. An early and widely adopted model in this class is the

Latent Dirichlet Allocation (LDA) model of Blei et al. (2003). In LDA, Dirichlet

priors are placed over the topic probability vectors. This choice not only leads to

regularization of the model, but is also quite natural in that the Dirichlet distri-

bution is conjugate prior to the multinomial distribution, such that inference in

the model becomes particularly tractable.

The LDA model for collections of discrete data of Blei et al. (2003) has been

extended numerous times. Some themes of notable interest have been models that

introduce correlations among topics, such as Pachinko allocation (Li & McCallum,

2006) and the Correlated Topic Model (Blei & Lafferty, 2006a); nonparametric

models that assume an unbounded number of mixture components, such as the

Hierarchical Dirichlet Process (HDP) of Teh et al. (2006) as applied to document

modeling; and covariate-dependent models such as the Dynamic Topic Model (Blei

& Lafferty, 2006b). The latter line of work has resulted in applications ranging

from studying the dynamics of a corpus over time, to developing matching methods

for causal inference with high-dimensional data (Roberts et al., 2015b).

The notion of parameterizing a model’s mixing weights by exogenous covariates is

introduced by Roberts et al. (2015a) with the Structural Topic Model (STM). The

authors propose a distinction between content covariates, which parameterize the

topic-word probability vectors, and prevalence covariates, which parameterize the

document-topic distributions. Allowing both content and prevalence covariates to

take part in the generative process for documents has several distinct advantages.

7



First, if we believe that document-level meta-information does in fact affect the

generative process, then it would be reasonable to expect that such generalization

would lead to a better fit of the data: Roberts et al. (2015a) show that this is the

case. Second, this extension lays down the theoretical groundwork for performing

certain kinds of analyses. Suppose that a researcher wants to investigate the effect

of age, or treatment assignment, or political affiliation (and so forth, generalizing

to any arbitrary covariate) on how much authors discuss certain topics and also

how they use words in discussing them. This type of analysis requires lifting

the assumption that the documents are exchangeable with respect to external

covariates, which in turn necessitates building the covariates into the model’s

generative process. An example analysis of this kind is the application to open-

ended survey responses by Roberts et al. (2014b).

In a nonparametric setting, the inclusion of covariates in the generative process for

a document collection is introduced by Kim & Sudderth (2011) with the Doubly

Correlated Nonparametric Topic Model (DCTN). As discussed above, nonpara-

metric models are desirable because they assume an infinite number of topics,

allowing the number of realized topics to grow with the size of the data. Kim

& Sudderth only introduce prevalence covariates in their model. Ideas from the

DCTN and the STM will be explored again in chapter 3, where I develop C-

LDA as a model that is nonparametric and includes both content and prevalence

covariates in its likelihood function.
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Figure 1.3: Topic modeling: A textual application of mixed-membership mixture
models. In topic models we posit that each document is drawn from a mixture of latent
topics—that is, distributions over the vocabulary. Models such as Latent Dirichlet Allocation
(LDA) assume that each observed word in a document is first assigned to a specific topic by
performing a multinomial draw from the document-topic distribution, and then sampled from
the corresponding topic-word distribution. Figure inspired by Blei (2012).
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2
Dependent Dirichlet Processes as

Mixture Model Priors

The development of sound theoretical tools and tractable inference procedures

for nonparametric Bayesian models has allowed researchers to study and apply

models that can grow more complex as more data is observed. In models aimed

at clustering data, the nonparametric prior of choice is often the Dirichlet process

(DP), a measure on the space of distribution functions. In this chapter I review

the theory of infinite mixture models via Dirichlet process priors. I then introduce

the dependent Dirichlet process (DDP), an extension of the DP prior that allows

for correlation among the process realizations through the intervention of external

covariates. The DDP provides a solution to modeling problems where we wish to

retain the flexibility of nonparametric Bayesian models, while avoiding restrictive

assumptions of independence among observations, and incorporating covariate

information into the modeling process.

10



2.1 Dirichlet processes

In this section I follow the exposition of the theory of Dirichlet processes by

Murphy (2012). The Dirichlet process is a stochastic process whose realizations

are discrete probability distributions. As we shall see, the Dirichlet process is

useful as a prior for the parameters of a data generating process in nonparamet-

ric clustering problems. Let Θ be a valid probability space, such as the Borel

sets over Rn. Consider an arbitrary valid probability distribution G over this

space. Let T1, T2, ·, Tk be a finite measurable partition of the space Θ, such that(
G(T1), G(T2), . . . , G(Tk)

)
is a random vector. Given a base distribution H over

Θ and a scalar concentration parameter α, G is said to follow a Dirichlet process

in distribution if this random vector is jointly distributed as

(
G(T1), G(T2), . . . , G(Tk)

)
∼ Dir

(
αH(T1), αH(T2), . . . , αH(Tk)

)

One very useful way to construct a probability distribution that follows a Dirichlet

process is by the so-called stick-breaking construction, which explicitly highlights

the properties that make the DP ideally suited to clustering problems. The setup

is the following: suppose we wish to make a draw from a stochastic process that

is a countably infinite weighted sum of atoms (point masses). In order for this

draw to be well-suited to act as a prior in a mixture model we wish for several of

the generated mixture weights to be relatively large. In order to accomplish this,

we let the infinite set of mixture weights {πk}∞k=1 be constructed via the following
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generating process:

πk = βk ·
k−1∏
j=1

(1− βj) where βk
iid∼ Beta(1, α)

Informally, we start with a stick of unit length (the full probability mass), and

draw a Beta-distributed random variable with support in the unit interval to

choose a ‘breaking point’. We break the stick at the breaking point, set aside the

leftmost part of it, and repeat the breaking process on the remaining part of the

stick. In the limit of infinite breaks, this process yields the desired weights.

Figure 2.1: Stick-breaking construction of Dirichlet process weights. This figure shows
sample weights {πk} obtained via stick-breaking constructions for different values of the con-
centration parameter α. Notice that lower values of the concentration parameter induce higher
sparsity in the weight distribution by forcing more of the weights to be zero.
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Given the base measure H, we can draw atoms θk ∼ H. These are realizations of

H that will serve as the components of a draw from the Dirichlet process. Letting

δθk(θ) be a Kronecker delta function centered at θk, we can then construct G by

taking a weighted average of the atoms according to the stick weights:

G(θ) =
∞∑
k=1

πk δθk(θ)

Constructed as such, G can be proved to follow a Dirichlet process. The proof is

included in appendix B. Having given a formal definition of the Dirichlet process,

we can now observe the properties that make it useful in the setting of clustering

problems. While the base distribution can be either continuous or discrete, draws

from the Dirichlet process are almost surely discrete, which allows for assignment

of multiple data points to a single cluster with positive probability. Moreover,

the stick-breaking construction guarantees that a few clusters will dominate the

solution by enforcing sparsity: this is a desirable property as it leads to more

parsimonious and tractable models.

2.2 Dependent Dirichlet processes

Following the exposition by MacEachern (2000) and Müller & Rodriguez (2013), I

now turn to discuss the dependent Dirichlet process. The DPP is a generalization

of the Dirichlet process that allows for correlation among its realization, mediated

by a covariate x. It is particularly elegant in that it builds rather simply on top

of the stick-breaking construction described above. To define the DPP, we let
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Figure 2.2: Sample draws from a Dirichlet process. In this case we have a standard
Gaussian distribution as the base measure. The draws are performed using the stick-breaking
construction. As noted in figure 2.1, lower values of the concentration parameter α induce more
weight sparsity. Also notice that all the draws from the Dirichlet process are discrete probability
distributions over the support of the base measure.

X be the support of the covariate x. The core idea in the theory of the DPP

is that we will replace the atoms θk with sample paths from a valid stochastic

process {θx,k}∞k=1 on X (in a simple example, this could be a Gaussian process),

which specifies a value for the atom as a function of the covariate. This lets the

location of the DP point masses be dependent of x. Similarly, we can replace the

mixture weights πk with stochastic processes {πx,k}∞k=1, which specify weights as

functions of the covariate level (thus letting the covariate affect the prevalence of

the atoms of G). The only restriction on the process {πx,k}∞k=1 is that it should be
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a map of the type X 7→ C∞, where C∞ is the infinite-dimensional simplex. Given

the processes {θx,k}∞k=1 and {πx,k}∞k=1, a draw from the DPP is then constructed

analogously to the simple DP case as

Gx(θ) =
∞∑
k=1

πx,k δθx,k(θ)

An explicit example of the construction of the DDP mixture weights πk dependent

on data ρk is given by Ren et al. (2011), who point out that this can be achieved

by choosing a link function g(·) whose codomain is the unit interval. Then stick-

breaking can be realized by the process

πk(ρk) = g(ρk) ·
k−1∏
j=1

(1− g(ρj))

In the limit of k → ∞ the weights will sum to one, and the concentration is now

controlled by the variance of the data ρk. If we choose g(·) to be sigmoid function,

we refer to this as a logistic stick-breaking process. In the next chapter, we will see

how the logistic stick-breaking construction will be useful as we build practical

models for covariate-dependent, nonparametric clustering.
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3
Covariate-Dependent Nonparametric

LDA

In this chapter I introduce Covariate-Dependent Latent Dirichlet Allocation

(C-LDA), a novel model that demonstrates the modeling concepts discussed in

chapters 1 and 2. The C-LDA model is concisely described by the graphical

model in figure 3.1, or by the generative process detailed in section 3.1. In chap-

ter 4, I introduce inference procedures for the model. In chapter 5, I apply the

model to a variety of settings, including textual and genomic data.

C-LDA draws on ideas from the STM model of Roberts et al. (2015a) and the

DCTM model of Kim & Sudderth (2011), both of which were discussed in chapter

1. The notation and general setup for C-LDA are based on the DCTM. In con-

trast with the DCTM, and like in the STM, C-LDA includes the effects of both

prevalence and content covariates in its likelihood model. This provides a very
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broad and flexible framework with which to study the impact of covariates on the

latent structure of the data. Moreover, in contrast with the STM, which intro-

duces covariates into the model by means of a generalized linear model, C-LDA

chiefly relies on the Dirichlet-Multinomial conjugacy that is at the heart of the

LDA model of Blei et al. (2003).

The following is a detailed description of the model’s construction, along with

helpful alternate representations of the model that point to its fundamental nature

as a derivate of the dependent Dirichlet process.

3.1 Explicit construction of the C-LDA model

We let D be the total number of documents in the corpus and Nd be the number of

words wid in document d. We also let xd ∈ RF be a vector of prevalence covariates

associated with each document d. Given also coefficient vectors ηk ∈ RF and

variance hyperparameter σ2
ρ, we construct document-topic scores according to a

Gaussian distribution:

ρdk|ηk, xd, σ2
ρ ∼ N

(
ηTk xd, σ

2
ρ

)
The scores {ρdk} introduce dependency of the topic proportions on the prevalence

covariates, and can be thought of as un-normalized versions of the document-

topic frequencies. Normalization according to the logistic stick-breaking process

will ensure that the transformed scores result in valid probability vectors. Let σ(·)
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denote the sigmoid function for univariate arguments, and the softmax function

for multivariate arguments, so that

σ(x) =


1

1+e−x if x ∈ R(
ex1∑n
i=1 e

j , . . . ,
exn∑n
i=1 e

j

)
if x ∈ Rn, n > 1

As illustrated in chapter 2, nonparametric document-topic distributions can then

obtained using the logistic stick-breaking process:

πdk = σ(ρdk)
k−1∏
j=1

[1− σ(ρdj)]

The values {πdk} are the normalized document-topic frequencies. Given these

frequencies, the word assigments are then drawn multinomially:

zid|πd ∼ Mult(πd)

Similarly, we have yd ∈ RG be content covariates, with coefficient vectors αv. In

order to parameterize the topic-word distributions using the content covariates,

document-word scores are then constructed by drawing

θdv|αv, yd, σ
2
θ ∼ N

(
αT
v yd, σ

2
θ

)
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Figure 3.1: C-LDA as a directed graphical model. Arrows denote dependencies between
variables, and plates denote repetition. The graph specifies a factorization of the joint distribu-
tion of the model’s variables via a set of conditional independence relations. Prior hyperparam-
eters are not shown.

The base measure for the topic-word distributions is given by ϕk ∼ Dir(β), with β

being a vector of hyperparameters that controls the prior concentration of proba-

bility mass in the topic-word distributions. Let ⊙ indicate the elementwise prod-

uct. The document-specific distributions are then obtained again via a logistic

construction, using the softmax function, and words drawn categorically given

their topic assignments

ψdk = σ (θd ⊙ ϕk) wid|{ϕk}, θd, zid ∼ Mult(ψd,zid)
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Figure 3.2: Alternate C-LDA representation as dependent hierarchical Dirichlet pro-
cess. The C-LDA model can also isomorphically be represented as a mixture model with a
Hierarchical Dirichlet Process prior, where the inner DP is a dependent Dirichlet process.

We assign conjugate priors to the coefficient vectors, letting Λη ∈ RF×F and

Λα ∈ RG×G be diagonal precision matrices with diagonal elements λη,f and λα,g,

respectively:

ηk ∼ N (µη,Λ
−1
η ) αv ∼ N (µα,Λ

−1
α )

The prior parameters are given conjugate hyperpriors. Hence, given hyperparam-

eters aη, bη, aα, bα, γη, γα, we have

µη,f
iid∼ N (0, γη) µα,g

iid∼ N (0, γα)

λη,f
iid∼ Γ(aη, bη) λα,g

iid∼ Γ(aα, bα)
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3.2 Alternate representation as a dependent hierarchical Dirich-

let process

The generative process described here can also be isomorphically represented as

a hierarchical Dirichlet process (Teh et al., 2006) where we allow the inner DP

process to be covariate-dependent. With base measure Φ ∼ Dir(β), we define a

first DP controlled by concentration parameter λ which acts analogously to the

concentration parameters Λη, Λα in the previous representation:

G0 ∼ DP(Φ, λ)

We then sample document-specific distributions Gd from a dependent DP where

a random measure is constructed via covariate-dependent components. Note here

H is the matrix obtained by stacking of vectors ηk, and A is the stacking of vectors

αv. Letting δx be the Kronecker delta function centered at x, we have

Gd(xd, yd;H,A,G0) =
∞∑
k=1

Ck(xd; ηk) δϕ(G0,yd;A)

The function C is parameterized by H and allows the stick weights (topic propor-

tions) to depend on the prevalence covariates. The functional ϕ is parameterized

by A and allows the atoms to depend on the content covariates. Given Gd, we

sample probability vectors θid and make categorical draws for the words.

Overall, the structure of the C-LDA model allows for a large amount flexibility in
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introducing covariate dependencies within the context of a nonparametric mixture

model, while at the same time retaining conjugacies that will make inference

tractable. In chapter 5, I will show how the estimates of the latent covariate

coefficients {ηk} and {αv} can be used to construct summary statistics that offer

a powerful way to quantify and summarize the relationships between the covariates

of interest and the latent structure of the data. This will highlight the effectiveness

of C-LDA as a tool of research.
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4
Inference in the Model

In this chapter I derive two inference schemes for the C-LDA model introduced

in the previous section. A valid inference procedure allows us to estimate the

posterior distribution of the free parameters in the model. The first inference

scheme presented here, a Gibbs sampler, has the advantage of being exact, but as

most sampling-based inference algorithms, it suffers from poor scalability and dif-

ficulties in monitoring convergence to the true posterior distribution. The second

inference scheme relies on a variational approximation to the true posterior distri-

bution. Although approximate, variational inference has the advantages of better

scalability and general performance, especially as it is easily adaptable to online

settings. The variational inference scheme also provides more easily monitorable

convergence statistics.
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4.1 Markov Chain Monte Carlo (MCMC) inference

To start with, for inference in the model we develop a non-collapsed Gibbs sam-

pler based on the explicit stick-breaking representation of the C-LDA generative

process. In order to make the problem finite, we approximate the stick-breaking

prior via truncation, letting K̃ be a (possibly loose) upper bound on the number

of clusters. To achieve maximum generality we can set K̃ = D, since we can never

observe more clusters than data points, but Ishwaran & James (2001) show that

tighter upper bounds of order O(logD) also result in excellent approximations of

the nonparametric prior, which gives significant improvements in computational

performance.

4.1.1 Non-conjugate updates via Metropolis-Hastings sampling

The marginal posterior distributions for {ρd}, {θd}, and {zin} cannot be computed

in closed form because the respective likelihoods and priors are non-conjugate. In

order to derive the Gibbs updates, we follow the algorithm proposed by Neal

(2000), which makes use of a Metropolis-Hastings independence sampler. We

use the marginal priors as the proposal distributions, so that by the Metropolis-

Hastings rule the acceptance probabilities can be computed as a ratio of likeli-

hoods. Hence, in order to sample ρd given all other variables, we first propose

candidates from the prior distribution

q(ρ∗d|ρd) = q(ρ∗d) = p(ρ∗d|xd, {ηk})
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We then accept the proposal with probability

T (ρ∗d|ρd) = min

[
1,
q(ρd)

q(ρ∗d)
· p(ρ

∗
d|{zid}, xd, {ηk})

p(ρd|{zid}, xd, {ηk})

]
= min

[
1,
p(ρd|xd, {ηk})
p(ρ∗d|xd, {ηk})

· p(ρ
∗
d|xd, {ηk})

p(ρd|xd, {ηk})
· p({zid}|π

∗
d)

p({zid}|πd)

]

= min

1, K̃∏
k=1

(
π∗
dk

πdx

)∑Nd
i=1 I(zid=k)


Notice that the priors cancel in the acceptance probability, and we are then left

with a tractable ratio of likelihoods. Similarly we sample θn by proposing candi-

dates from the distribution q(θ∗d|θd) = q(θ∗d) = p(θ∗d|yd, {αv}) and then accepting

with probability

T (θ∗d|θd) = min

[
1,
q(θd)

q(θ∗d)
· p(θ

∗
d|yd, {wid}, {αv}, {zid}, {ϕk})

p(θd|yd, {wid}, {αv}, {zid}, {ϕk})

]
= min

[
1,

Nd∏
i=1

ψ∗
d,zid,wid

ψd,zid,wid

]

Lastly, we sample the topic assignments by similarly proposing candidates from

q(z∗id|zid) = q(z∗id) = p(z∗id|ρd) and accepting with probability

T (z∗id|zid) = min

[
1,
q(zid)

q(z∗id)
· p(z

∗
id|ρd, wid, {ϕk}, θd)

p(zid|ρd, wid, {ϕk}, θd)

]
= min

[
1,
ψd,z∗id,wid

ψd,zid,wid

]
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4.1.2 Conjugate updates

Using conjugacy results, the marginal posterior distributions of the rest of the vari-

ables in the the model can be computed in closed form. Following Kim & Sudderth

(2011), we set σ2
ρ = σ2

θ = 1. This causes no loss of generality because the values

{ρdk} and {θdv} are subsequently normalized to yield respectively the document-

topic distributions {πd} and the document-specific topic-word distributions {ψdk}.

For the precision parameters we have the following Gibbs updates:

p(ληf |{ηk}, µη, {ρd}, {xd}; aη, bη) ∝ p(ληf |aη, bη) ·
K̃∏
k=1

p(ηfk|µηf , λ
−1
ηf )

∝ Γ(ληf |aη, bη) ·
K̃∏
k=1

N (ηfk|µηf , λ
−1
ηf )

∝ Γ

ληf
∣∣∣∣∣∣K̃2 + aη,

1

2

K̃∑
k=1

(ηfk − µηf )
2 + bη


The update for λα,g is analogous. For the coefficient means, which encode the

estimated covariate effects, we have

p(µηf |γµη , {ηk}, λη) ∝ N (µηf |0, γµη) ·
K̃∏
k=1

N (ηfk|µηf , λ
−1
ηf )

∝ N

(
µηf

∣∣∣∣∣γµη ·
∑K̃

k=1 ηfk

K̃γµη + λ−1
ηf

, (γ−1
µη

+ K̃ληf )
−1

)

The analogous result applies for µα,g. From Dirichlet-Multinomial conjugacy, the
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update for ϕk simply relies on word counts for the words assigned to topic k:

p(ϕk|{wid}, {zid}, {θn}, β) = Dir

ϕk

∣∣∣∣∣∣
β +

∑
(i,d) : zid=k

I(wid = 1) , . . .


Lastly, the updates for the coefficient vectors ηk are

p(ηk | µη, λη, {xd}, {ρd}) ∝ N
(
ηk | µη,Λ

−1
η

)
·

D∏
d=1

N (ρdk | ηTk xd, 1)

∝ N
(
ηk | [Λη +XTX][XTρ:k + Ληµη],Λη +XTX

)
And similarly for the coefficient vectors αv we have

p(αv | µα, λα, {yd}, {θd}) ∝ N
(
αv|µα,Λ

−1
α

)
·

D∏
d=1

N (θdv|αT
v yd, 1)

∝ N
(
αv | [Λα + Y TY ][Y T θ:v + Λαµα],Λα + Y TY

)

4.2 Variational inference

While solving the inference problem exactly, the sampling-based inference scheme

presented above suffers from a number of drawbacks. First and most obviously,

there are no easily viable checks to verify convergence of the Gibbs sampler to the

stationary posterior distribution. Second, the uncollapsed sampler is rather ineffi-

cient memory-wise, as we need to store a simulated path for all the latent variable

assignments. Third, and perhaps most importantly, the Metropolis-Hastings up-

dates for the non-conjugate steps require drawing repeated samples from the prior,
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which can be very numerous when the sampler becomes trapped in a low-density

area of the corresponding acceptance distribution. Practical implementation of the

model shows that, unless the model’s hyperparameters are very carefully tuned,

the prior samples required to achieve a single acceptance can in fact number in

the tens of thousands, which slows down the sampling process significantly. A

summary comparison of sampling-based methods and variational inference along

several relevant dimension is provided in table 4.1.

Performing inference via a variational approximation of the joint posterior distri-

bution provides an alternative that eases these problems, at the expense of the

possibility of achieving samples from the exact posterior distribution. In contrast

with the MCMC procedure, variational inference yields an (approximate) closed-

form solution for the posterior distribution rather than samples. It optimizes a

lower bound on the model’s marginal likelihood, which provides an immediate way

to monitor convergence, and it does not require storing an entire sampling path.

In addition, variational inference enjoys the advantage of easily being adapted

to online data by computing stochastic versions of the bound gradients by either

streaming single documents or using minibatches. In either case, this property

implies that the entire inference procedure can be completed in the course of a

single pass over the dataset, which affords much better performance as compared

to a sampling-based scheme.

Given the non-conjugate nature of the C-LDA model, the variational updates

cannot be derived via common conjugate methods. Instead, following the recent
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work on variational inference in non-conjugate models of Wang & Blei (2013),

we use Laplace variational inference, which exploits local Laplace approximations

after assuming a factorization of the joint posterior distribution over all the factor

variables in the model. A Laplace approximation consists of approximating a

target density by a Gaussian dentity, whose shape parameters are obtained by

performing a Taylor expansion of the original density around its mode. Once again

we base the inference procedure on the explicit stick-breaking representation of

the model, which is more amenable to this task.

4.2.1 The variational framework

We let p(θ, α, µ, λ,Φ, Z, π, ρ, η |X, Y,W ) be the exact joint posterior distribution

of the model’s latent variables. We let q(θ, α, µ, λ,Φ, Z, π, ρ, η) be the variational

approximation to p, and start by making the mean-field assumption, meaning that

we assume q factors over all its component variables, so that

q(θ, α, µ, λ,Φ, Z, ρ, η) = q(θ) q(α) q(µ) q(λ) q(Φ) q(Z) q(ρ) q(η)

Notice that for parsimony, we use the notation q to denote several different distri-

butions, each being identified by its argument. From the conditional independence

properties of the model, we know that these factors will further decompose, and

we can write the following factorizations:

q(θ) =
D∏

d=1

q(θd), q(α) =
V∏

v=1

q(αv), q(µ) = q(µη) · q(µα)
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q(λ) = q(λη) · q(λα), q(Φ) =

K̃∏
k=1

q(ϕk), q(Z) =

D∏
d=1

Nd∏
i=1

q(zid)

q(ρ) =

D∏
d=1

q(ρd), q(η) =

K̃∏
k=1

q(ηk)

The mean-field assumption is common in the literature and leads to a tractable,

fully-specified model while still allowing great flexibility in the form of the marginal

distributions of the model’s variables.

The key proposition in variational inference is that we will be turning the inference

problem into an optimization problem by minimizing the Kullback-Leibler (KL)

divergence between q and p, where the KL divergence is defined as

KL[q(θ, . . . , η) || p(θ, . . . , η |X, Y,W )] = Eq

[
log

q(θ, . . . , η)

p(θ, . . . , η |X,Y,W )

]

We cannot directly optimize this quantity given that p(θ, . . . , η |X, Y,W ) is in-

tractable. In order to get around this limitation, we can work instead with the

unnormalized joint distribution of the latent variables and the observed data,

which is proportional to p(θ, . . . , η |X, Y,W ) in terms of the latent variables. Let-

ting p̃(θ, . . . , η , X, Y,W ) be the unnormalized joint distribution, we in fact have

that

p̃(θ, . . . , η,X, Y,W ) = p(X, Y,W ) · p(θ, . . . , η |X, Y,W )

where p(X, Y,W ) is the model evidence, which is independent of the latent vari-

ables. To verify correctness, we now consider minimizing KL(q||p̃), and show that
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it is equivalent to minimizing KL[q(θ, . . . , η) || p(θ, . . . , η |X, Y,W )]:

KL(q||p̃) =
∫
q(θ, . . . , η) · log q(θ, . . . , η)

p̃(θ, . . . , η,X, Y,W )
dθ . . . dη

=

∫
q(θ, . . . , η) · log q(θ, . . . , η)

p(X,Y,W ) · p(θ, . . . , η |X,Y,W )
dθ . . . dη

=

∫
q(θ, . . . , η) · log q(θ, . . . , η)

p(θ, . . . , η |X,Y,W )
dθ . . . dη − log p(X, Y,W )

Note that the last step follows from the fact that q(θ, . . . , η), being a normalized

proability distribution, must integrate to one over its full support. Continuing,

this yields

KL(q||p̃) = KL(q||p)− log p(X, Y,W ) (4.1)

Therefore KL(q||p̃) corresponds to KL(q||p) up to an additive constant, which

is independent of the variational parameters. This same reasoning proves that

−KL(q||p̃) constitutes a lower bound on the marginal likelihood of the model,

since

−KL(q||p̃) = log p(X, Y,W )− KL(q||p) ≤ log p(X, Y,W )

We thus define the quantity L(q) ≡ −KL(q||p̃) = Eq[log p̃(θ, . . . , η,X, Y,W )] −

Eq[log q(θ, . . . , η)] to be the objective function for variational inference. Another

standard result of mean-field variational theory (Murphy, 2012) is that in order

for L(q) to achieve a maximum, each factor qi(ωi) of the optimal solution q∗ must
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satisfy the relation

qi(ωi) ∝ exp {E−qi [log p̃(θ, . . . , η,X, Y,W )]} (4.2)

These optimality conditions allow us to derive an iterative optimization procedure,

whereby each factor is updated via coordinate ascent until convergence.

4.2.2 Laplace approximations for nonconjugate variables

While equation (4.2) provides a handy rule for constructing the variational up-

dates, these updates remain hardly tractable for the nonconjugate variables, as

they do not lead to a known closed-form solution for qi. An approach to varia-

tional inference in nonconjugate models such as C-LDA known as Laplace varia-

tional inference is discussed in Wang & Blei (2013). The core idea behind Laplace

variational inference is to make use of a Laplace approximation in the occurrence

on nonconjugacy in the mean-field update equation (4.2).

A Laplace approximation of a twice-differentiable function discards all terms of

order higher than two in the Taylor expansion of the logarithm of the function

around its mode. For probability densities, this means discarding all information

about moments beyond the second one—and thus approximating the unknown

distribution by a Gaussian density. The following paragraphs describe the Laplace

approximation in greater detail, largely following the treatment given in Wang &

Blei (2013).
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Consider an intractable posterior p(θ|x), proportional to a tractable joint distri-

bution p(θ, x), and let θ̂ be the maximum a posteriori (MAP) of p(θ|x), which can

be found by maximizing the joint density. Letting H(θ) be the Hessian matrix of

log p(θ|x), a second-order Taylor expansion of log p(θ|x) around θ̂ results in

log p(θ|x) ≈ log p(θ̂|x) + 1

2
(θ − θ̂)TH(θ̂)(θ − θ̂) (4.3)

No first-order term appers in this expansion because we assumed that θ̂ is a local

optimum of log p(θ|x). Exponentiating equation (4.3) yields the desired Gaussian

approximation to the posterior distribution, as

p(θ|x) ∝∼ exp

{
−1

2
(θ − θ̂)T [−H(θ̂)](θ − θ̂)

}

And therefore

p(θ|x) ≈ N (θ̂,−H(θ̂)−1) (4.4)

In the next subsection, we will use the result in (4.4) to approximate the variational

factors qi in the occurrence of nonconjugacy.

4.2.3 Mean-field variational updates

The conditional independence relation implied by the model’s specification allow

us to express the updates implied by equation (4.2) in simpler forms. We begin
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with q(ρd), the optimality condition for which is

q∗(ρd) ∝ exp{E−qρd
[log p(ρd|η, xd, zd)]}

= exp{E−qρd
[log p(ρd|η, xd) · p(zd|ρd)]}

= exp{E−qρd
[log p(ρd|η, xd) + log p(zd|ρd)]}

= exp

{
E−qρd

[
logN (ρd|ηTxd, I) +

Nd∑
i=1

Mult(zid|πd)
]}

= exp

{
−1

2

(
ρd − Eqη(η)

Txd
)T (

ρd − Eqη(η)
Txd
)
+

Nd∑
i=1

logEqz(πd,zid)

}
+ constant

Because this update is non-conjugate, we must resort to a Laplace approximation.

Letting

f(ρd) ≡ −1

2

(
ρd − Eqη(η)

Txd
)T (

ρd − Eqη(η)
Txd
)
+

Nd∑
i=1

logEqz(πd,zid)

and also letting ρ̂d be a mode of f , following (4.4) we approximate q∗(ρd) by

q∗(ρd) ≈ N (ρ̂d,−H(ρ̂d)
−1)

In practice, we would find ρ̂d and an approximation H(ρ̂d)
−1 by employing a quasi-

Newton optimization method such as the Broyden–Fletcher–Goldfarb–Shanno

(BFGS) algorithm, or limited-memory BFGS (L-BFGS), starting from a ran-

dom initialization. If f is a multimodal function, the optimization problem

is non-convex, and therefore the solution found will depend on the particular

initialization—without guarantees of converging to a global optimum. Back-
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ground on quasi-Newton optimization algorithms is provided in appendix A.

The update for q∗(θd) is very similar. It is also non-conjugate, and thus requires

an approximation. The optimality condition for this factor is

q∗(θd) ∝ exp {E[log p(θd|yd, wd, α, zd,Φ)]}

= exp {E[log p(θd|yd, α) + log p(wd|θd, zd,Φ)]}

= exp

{
−1

2

(
θd − Eqα(α)

Tyd
)T (

θd − Eqα(α)
Tyd
)
+

Nd∑
i=1

logEqz,ϕ(ψd,zid)

}
+ constant

As before, we approximate the optimal q∗(θd) by q∗(θd) ≈ N (θ̂d,−H(θ̂d)
−1), where

H and θ̂d are defined with respect to the objective function within the exponential

operator.

Table 4.1: Relative advantages of MCMC and variational inference.

MCMC Inference Variational Inference
Exactness If convergence is reached, in-

ference is exact
Inference is approximate

Ease of Monitor-
ing Convergence

Poor: No easy ways to mon-
itor convergence

Good: At each iteration we
estimate a lower bound on
the marginal likelihood

Speed Generally slower, especially
if latent variables cannot
be marginalized out of the
model

Generally faster

Information about
the Posterior

We only obtain samples
from the posterior distribu-
tion

We obtain a full analytical
expression for the approxi-
mate posterior distribution
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The rest of the variational updates in the model are conjugate. So, for instance,

for q(zid) we have the following optimality condition, which leads to an update to

a discrete categorical distribution:

q∗(zid) ∝ exp
{
E−qzid

[log p(zid|ρd, wd)]
}

= exp
{
E−qzid

[log p(zid|ρd) + log p(wid|zid)]
}

= exp
{
logEqρ(πd) + logEqθ,ϕ(ψd,wid

)
}

Conversely, the variational update for q(ϕk) exploits the Dirichlet-multinomial

conjugacy, resulting in a Dirichlet density.
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5
Experiments and Applications

5.1 Inference on synthetic data

In order to verify the validity of the inference schemes outlined in chapter 4, as well

as to provide certain baseline measures of performance, I first performed inference

on synthetic data generated precisely according to the C-LDA model. Using a

textual analogy, D = 500 synthetic documents were generated, each consisting

of N = 50 words drawn from a vocabulary of size V = 1000. Each document

was associated with content covariates of dimensionality G = 2 and prevalence

covariates of dimensionality F = 2. The content covariates were each drawn

independently at random from the distribution N (x|µ = 0, σ2 = 5) while the

prevalence covariates were drawn independently at random form the distribution

N (x|µ = 0, σ2 = 2). Hyperparameters in the generative process were set to β = .1

and σ2
ρ = σ2

θ = γη = γα = aη = bη = aα = bα = 1.

The model’s latent variables were then re-initialized at random using the same
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hyperparameters, and variational inference was performed to recover the posterior

distribution of the topic vectors and covariate coefficients. Convergence tolerance

for the log marginal likelihood bound was .1.

Figure 5.1 shows the results of reconstructing the mixing proportions {πd} for the

first 50 documents in this synthetic corpus at a truncation level of K̃ = 10, by

computing the expectation of {πd} under the posterior variational distribution.

Since the topic-label combinations are not uniquely identifiable, for the purposes

of comparison we perform global alignment of the mixing proportion vectors based

on l1 pairwise similarity scores, as described in Roberts et al. (2014a). After align-

ment, we observe qualitatively good reconstruction of the true mixing proportions,

as well as a tendency of the inferred distributions to understate the posterior vari-

ance of the topic assignments. This is a known property of Variational Bayes

inference schema, which is due to the characteristics of the KL divergence used as

the variational objective. This is discussed in detail in Bishop (2006).

Figure 5.2 shows the true coefficient vectors in {ηk} for the same dataset, without

distinguishing between the two dimensions of the prevalence covariate coefficients,

against their inferred mean values from variational inference. There is a notable

positive correlation (r = .53) between the true and inferred values, although a

number of inferred coefficients are directionally incorrect.
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Figure 5.1: Reconstruction of mixing proportions in synthetic data via variational
inference. (A) Mixing proportions {πd} for first fifty data vectors (documents) in the synthet-
ically generated collection at the K̃ = 10 truncation level. (B) Expectation of reconstructed
distribution from variational inference. Note that the topic-label assignment is unidentifiable, so
that the topics are not necessarily aligned with the ones in the leftmost panel. (C) Reconstructed
distribution after l1 global topic alignment (Roberts et al., 2014a): the reconstructed probability
mass reflects the qualitative characters of the original distribution, although it understates the
posterior variance in the mixing proportions, a common issue in variational inference.
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Figure 5.2: Reconstruction of prevalence covariate coefficients in synthetic data via
variational inference. True and reconstructed prevalence covariate coefficients {ηk} in the
synthetic dataset. The diagonal line shows the identity function. The agreement between the
reconstruction and the true coefficients is generally good, as shown by the positive correlation
between the true and inferred datapoints, with a few coefficients that are directionally wrong.

Running C-LDA on synthetic data also yields the opportunity to observe the

scaling behavior of the inference procedure as a function of the key determinants

of the size of the problem—namely, the number of documents D, the size of the

vocabulary V , and the truncation level K̃. Figure 5.3 demonstrates the empirically

observed scaling behavior of variational inference for C-LDA. Variational inference

was performed many times under the same conditions, varying one parameter at
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a time. We can observe that the time required for inference scales linearly with

D, slightly super-linearly with K̃, and in a more strong super-linear fashion with

V . This indicates that the size of the vocabulary V will be the main bottleneck

in large-scale implementations of C-LDA.
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Figure 5.3: Empirically observed time scaling behavior of variational inference for
C-LDA. Variational inference was performed on the synthetic data described above several
times. The parameters D, V , and K̃ were varied in turn while holding all else constant, and the
time for completion of one VI iteration (including gradient evaluation and coordinate ascent)
was benchmarked. The charts show the observed scaling behavior in terms of relative time:
in each panel, the time value corresponding to the lowest observed setting of the parameter of
interest is normalized to 1. Panel A displays the result of a linear regression, while panels B and
C display the results of a polynomial regression of degree 2. We observe linear scaling behavior
in D, slightly super-linear scaling behavior in K̃, and much more strongly super-linear scaling
behavior in V . This indicates that the size of the vocabulary tends to be the bottleneck in
large-scale implementations of C-LDA.
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5.2 Genomic data: Haplotype phasing

Mixture models have been applied with some success to the problem of haplotype

phasing (Xing et al., 2007), which is of great interest in the fields of computa-

tional biology and bioinformatics. This section introduces the relevant biological

background and presents results from an experiment with data from the interna-

tional HapMap project, using a variant of the C-LDA model to perform haplotype

phasing.

5.2.1 Biological background

Genomic data has become increasingly important in medicine, biology, and the

social sciences, as genetic differences often provide valuable insight into disease

susceptibility, physiological function, and population heterogeneity. Recent ad-

vancements in whole-genome sequencing have enabled the creation of large-scale

genomic datasets, and many scientists and statisticians have been focused on the

analysis of these datasets. One of the major unresolved challenges in this area

is known as the haplotype phasing problem. In short, this problem refers to the

inference of haplotypes from genotypes.

A haplotype is an ordered sequence of genetic polymorphisms on a single chromo-

some, inherited from one parent. A diploid organism, such as a human, has two

copies of each chromosome, corresponding to two distinct haplotypes or haplotype

mixtures. In any given sample population from a single species, only a small frac-
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tion of nucleotides will vary between haplotypes, and these few polymorphisms

are known as single-nuleotide polymorphisms, or SNPs. The vast majority of

polymorphisms assume only two types within a single-species population, and so

they can be represented as a binary indicator. The haplotype is then an ordered

vector of these polymorphism indicators. Other polymorphisms include variation

in the length of a chromosome, such as the number of repetitions of common DNA

sequences, but these are less often implicated in applications.

However, modern methods of genetic sequencing allow for the observation not

of an individual’s haplotypes, but rather her genotype. The genotype is an or-

dered sequence of unordered pairs of alleles at each position. For example, a

diploid individual with the haplotypes (0, 0, 0) and (0, 1, 1) would have the geno-

type ({0, 0}, {0, 1}, {0, 1}). Although one can easily determine the genotype from

the haplotypes, in practice one typically observes the genotype and aims to infer

the haplotype. Given the genotype ({0, 0}, {0, 1}, {0, 1}), it is not possible to de-

termine whether the individual possesses the haplotype pair {(0, 0, 0), (0, 1, 1)} or

the pair {(0, 0, 1), (0, 1, 0)}.
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Figure 5.4: Illustration of the haplotype phasing problem. Meiotic recombination shuffles
single-nucleotide polymorphisms between the parental chromosomes. Genomic sequencing does
not allow us to experimentally identify the maternal/paternal lineage of specific alleles, so we
perform statistical haplotype phasing to infer the ancestral haplotypes.

5.2.2 A Bayesian approach to haplotype phasing

This problem, fundamental to the analysis of genomic data, has been addressed

with varying success using a variety of statistical approaches. These include

combinatorial and maximum likelihood approaches. The model parameters can
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then be estimated using statistical algorithms including Expectation Maximiza-

tion (EM), MCMC, and hidden Markov models (HMM).

Here I present a novel approach to the haplotype phasing problem based on the

paradigm discussed in this paper, which makes use of a modified variant of the C-

LDA model. In a Bayesian fashion, we represent haplotypes as distributions over

SNP realizations. This is in contrast with the assumption that haplotypes are

rather fixed allele sequences—requiring separate modeling of a mutation mech-

anism that will generate the observed genotypic variance. I argue that it is

more natural, from a Bayesian standpoint, to let the haplotypes themselves be

probability distributions. This has the added benefit of allowing for a seamless

incorporation of basic mutation phenomena into the model.

We consider a population of D individuals with genotypic information available

for N chromosomal loci. In order to represent the genotypic data, we construct

tokens of the form ji, indicating the presence of allele i at locus j. The resulting

vocabulary V is therefore of size 2N , and can be enumerated as follows:

V = {10, 11, 20, 21, . . . , N0, N1}

Each individual genotype will be represented by a vector of 2N tokens in V . The

tokens for the genotype of individual d are referred to as {gid}2Ni=1. Homozygous

loci will contribute two identical tokens to the data vector, while heterozygous loci

will contribute two different tokens. We assume that there exist latent ancestral

haplotype patterns {ϕk}∞k=1, where a haplotype is a distribution over V . These
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haplotype patterns can then be best interpreted by considering the ratios of the

probabilities assigned to the two alleles at each locus. We place a dependent

Dirichlet process prior on the ancenstral haplotype patterns. This is desirable,

since we would like our prior to impose some degree of parsimony on the model

(i.e., we wish to limit the use of unnecessary haplotypes, which we can do by

tuning the base concentration parameter β), and we would also expect the number

of latent haplotypes in a population to be monotonically increasing with the size

of the population itself.

Given prevalence covariates xd (such as ethnic lineage and gender) associated

with each individual genotype, the individual-haplotype distributions πd are con-

structed precisely as in the standard C-LDA model presented in chapter 3, via a

logistic stick-breaking process. On the other hand, we would not expect prevalence

covariates to have biological significance, and as such we discard them. Given the

individual-haplotype distributions πd, we have several choices to make in order to

complete the description of the genotypic generative process and assign a likeli-

hood to the data. First, we must choose whether to allow the genotype to be drawn

from a weighted mixture including all the latent haplotype patterns, or to let the

genotype only be drawn from a mixture of two haplotype patterns (maternal and

paternal). The first choice corresponds to an assumption that the maternal and

paternal haplotypes are pure copies of the ancestral patterns, and therefore that

no recombination of the ancestral haplotype patterns occurred through genera-

tions. The second choice conversely reflects the assumption that recombination

of genotypes may have occurred, and that the maternal and paternal copies are
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only impure copies of the ancestral patterns. We choose to proceed with the latter

scenario, with the understanding that the model could have been altered to reflect

the assumption of pure maternal and paternal haplotypes.

We also have to choose whether we wish to explicitly assign each token gid to one

of the latent haplotypes according to the distributions ϕk, or whether to draw

them from a mixture distribution, meaning that each token is drawn as

gid|πd, {ϕk}
iid∼

k∑
i=1

πd,k · ϕk (5.1)

Note that this only amounts to marginalizing out the latent assignments zid of a

token gid to a unique haplotype pattern k, and that the model likelihood is iden-

tical in these two cases. By marginalizing out these variables, we in fact would

expect increased performance of MCMC samplers or variational optimization, at

the expense of not being able to sample from the distribution of the latent assign-

ments. In the context of the haplotype phasing problem, we have no interest in

the assignments of individual genotype tokens to latent haplotypes, as these carry

no information of biological relevance. Correspondingly, we choose to collapse the

model and complete the likelihood description as detailed in equation 5.1.

Figure 5.5 shows a representation of this model for haplotype phasing as a directed

graphical model. Note that this model corresponds to a special case of C-LDA,

where the word-topic assignments zid are marginalized out, and content covariate

information is disregarded. As such, inference can be performed using the same

results as in chapter 3.
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Figure 5.5: A modified version of C-LDA with applications to haplotype phasing.
Directed graphical model representation of a special case of C-LDA for haplotype phasing.
Content covariate information is disregarded and word-topic assignments zid are marginalized
out, since we do not expect either of these model components to have biological significance in
the context of the problem.

5.2.3 Results

To test the variant of C-LDA presented above, I apply it to the phasing of geno-

types from 97 individuals belonging to 11 distinct populations (see table 5.1). All

the genotypic data comes from the international HapMap project (Gibbs et al.,

2003), whose goal was to develop a full haplotype map of the human genome to

study human genetic variation across populations. I focus particularly on geno-

typic variation in 111 polymorphic loci on chromosome 21. The categorical co-

variate of interest is population.

Figure 5.5 shows the results of haplotype phasing of the HapMap data using C-

LDA alongside the PHASE algorithm of Stephens et al. (2001), one of the most
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commonly used Bayesian models for haplotype phasing. I also compare the per-

formance of C-LDA to a later variant of the PHASE algorithm introduced in

Stephens & Donnelly (2003), which explicitly models the process of genetic re-

combination. Since the HapMap data does not contain experimentally verified

haplotypes, it is not possible to evaluate the models on the basis of their recon-

struction error. Instead, I perform inference in the two variants of the PHASE

model using Automatic Differentiation Variational Inference (ADVI) with Stan,

a probabilistic programming system (Kucukelbir et al., 2016). This allows us to

compare the models by the Evidence Lower Bound (ELBO) on the log marginal

likelihood that they achieve on the HapMap data. The results of these exper-

iments are shown in figure 5.6. C-LDA does not attain a marginal likelihood

lower bound as high as that attained by the two variants of PHASE, but its per-

formance is overall comparable—especially considering the fact that it is a more

generic model than PHASE.
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Population code Description
ASW African ancestry in Southwest USA
CEU Utah residents with Northern and Western European ancestry
CHB Han Chinese in Beijing, China
CHD Chinese in Metropolitan Denver, Colorado
GIH Gujarati Indians in Houston, Texas
JPT Japanese in Tokyo, Japan
LWK Luhya in Webuye, Kenya
MXL Mexican ancestry in Los Angeles, California
MKK Maasai in Kinyawa, Kenya
TSI Toscani in Italy
YRI Yoruba in Ibadan, Nigeria

Table 5.1: List of populations in HapMap genotype data. With corresponding population
codes (Gibbs et al., 2003).

Figure 5.6: Comparing the performance of C-LDA and other Bayesian models for
haplotype phasing. The figure shows the mean Evidence Lower Bound (ELBO) on the log
marginal likelihood of the model achieved in the course of ten runs of variational inference, start-
ing from different random initizations. The models compared are C-LDA, PHASE (Stephens
et al., 2001), and PHASE with recombination (Stephens & Donnelly, 2003). The performance
of C-LDA is not strictly as good as that of the two PHASE variants, but overall comparable,
given its general-purpose rather than ad-hoc nature.
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5.3 Textual data: New York Times corpus

As discussed in the introduction, mixture models have been very successfully

applied to textual data. Applications in the textual domain often go under the

name of topic modeling, as the clustering solutions found via Bayesian inference

can facilitate the tasks of document classification and information retrieval, and

in the best-case scenario provide insight into the thematic structure of the corpus.

Moreover, nonparametric mixture models are particularly well-suited to textual

applications, in which the assumption that the realized number of clusters will

grow with the size of the corpus (given an infinite numbers of underlying clusters)

is especially plausible and desirable. In order to highlight these properties of the

class of models discussed in this thesis, here I present an application of C-LDA to

the modeling of a large corpus of opinion editorials from New York Times (NYT),

a widely circulated American daily newspaper.

5.3.1 Corpus Background

The NYT Annotated Corpus, compiled and distributed by the Linguistic Data

Consortium (Sandhaus, 2008), contains approximately 1.8 million articles pub-

lished by the NYT between the years 1987 and 2008. The articles are accom-

panied by metadata, including date of publication, originating desk, as well as

print page, column, and section. The articles are also manually tagged to high-

light people, organizations, and locations. For the purposes of this application,

I consider a random sample of approximately 10% of the opinion articles in the
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dataset, amounting to 13357 documents.

The corpus is preprocessed by first removing all punctuation and other extrane-

ous elements such as HTML tags, as well as converting all the remaining words

to lowercase. Inflected words are then stemmed in order to reduce them to their

base roots and simplify the vocabulary (Xu & Croft, 1998). Commonly occur-

ring ‘stop words’* in the English language such as articles and prepositions are

removed. Words that are either extremely frequent or extremely infrequent in the

corpus are also removed, since they are less likely to carry useful information for

distinguishing thematic elements that run through the corpus. Letting V be the

size of the resulting vocabulary (this is the number of distinct words in the cor-

pus), each document is finally represented as vector in RV using the bag-of-words

assumption: that is, by simply conserving information about word counts in the

document.

5.3.2 Results

To highlight the applicability of models like C-LDA to social science research, I

focus on the question of how date of publication affects the prevalence of themes

in the NYT opinion corpus. Since our focus will be on exploring the information

conveyed by the estimated prevalence coefficients {ηk}, and we would like to learn

a model that is more flexible than linear, we will need to introduce nonlinear basis
*In the search and natural language processing literature, the term stop word is used to refer

to a common word that carries little information about the semantic content of a particular
document. These are words such as the, which, after, a, and so on.
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transformations of the covariate of interest.

The date td associated with document d is first mapped to a real-valued variable

by means of a linear transformation,† and then a nonlinear basis expansion is

introduced. While generating polynomial transformations of td might be an ob-

vious choice, this option can be problematic because it will tend to induce bias

in our estimates by providing systematically larger scaling for dates with higher

real-valued images. Instead, we transform td by means of Gaussian radial basis

functions (RBFs), which obviate this issue. Given a constant c, a Gaussian radial

basis function is defined as

ϕ(x; c) = e−(x−c)2

Note that this function will be maximum at the center point c and decay symmet-

rically on both sides of it. As such, an RBF expansion will also be particularly apt

at capturing peak coverage behavior. To expand td using RBFs, we first choose Q

equally spaced points {c1, c2, . . . , cQ} that cover the entire date range under con-

sideration, and then we generate the prevalence covariate vector as follows:

xd = [1, ϕ(td; c1), ϕ(td; c2), . . . , ϕ(td; cQ)]

The choice of Q degrees of freedom plus an intercept for the RBF expansion is sub-

ject to a tradeoff between model complexity and expressivity. A higher number of

degrees of freedom will correspond to models with more flexible nonlinearities that
†The particular linear transformation used is irrelevant, since the values are always mapped

back to date space after model estimation. In this particular application, I mapped dates to the
number of seconds following January 1st, 1970, at midnight UCT.
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may however overfit the training data. For this application, we set Q = 10, which

provides good expressivity without introducing unnecessary complexity.

We fit the C-LDA model using {xd} as the prevalence covariate, and a constant

matrix as the content covariate. The choice of hyperparameters was as in sub-

section 5.1. Once the model is estimated, we can construct nonlinear summary

prevalence functions ξk(t) from the coefficients {ηk} that will contain information

about how the prevalence of each topic k in the corpus varies as a function of the

date of publication. Following the C-LDA model specification, the function ξk(t)

is defined as follows:

ξk(t) = ηTk · [1, ϕ(t; c1), ϕ(t; c2), . . . , ϕ(t; cQ)]

= ηk,1 + ηk,2 · ϕ(t; c1) + · · ·+ ηk,Q+1 · ϕ(t; cQ)

The expected value of ξk(t) can be found by simply computing sample averages of

the coefficients {ηk} using either samples obtained via MCMC, or samples from

the variational posterior.

In order to allow for better interpretability, the topics are not labeled by choos-

ing the stemmed vocabulary items that are simply most probable in that topic:

instead, we use the Frequency-Exclusivity (FREX) method described in Roberts

et al. (2014b), which scores each word according to the harmonic mean of its fre-

quency within a topic and a measure of its specificity to the topic. This is done

to reflect the intuition that words should be both prevalent and specific to a topic

in order for them to convery greater semantic information about the topic.
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Figure 5.7 shows the posterior distribution over the number of instantiated topic

obtained from the variational approximation, while figure 5.8 shows six selected

topics obtained from the corpus by their highest-FREX labels, along with the dy-

namics of topical prevalence as a function of the date of publication. To illustrate

the dynamics of a topic k, we show both the raw topical prevalence πdk against td

for each document in the corpus, and the expectation of the prevalence summary

function ξk(t), linearly scaled to be a proportion for easier comparison.

Notice that the prevalence summary functions capture some of the most salient

aspect of the topical prevalence dynamics in the corpus. In figure 5.8, starting

from the left top corner and going counterclockwise, we observe topics that deal

with the USSR and post-Soviet Russia; foreign relations with Iraq; nuclear policy

and proliferation; US voting and elections; the political career of Bill and Hillary

Clinton; and the Israeli-Palestinian conflict. The prevalence summary functions

spike, for instance, at the time of the Lewinsky scandal for the Clinton topic, or at

the time of the 2003 invasion of Iraq for the Iraq-related topic. Furthermore, the

summary function for the topic related to voting and elections spikes cyclically

every four years, in correspondence to American general elections—and shows a

marked peak in 2000, at the time of the Florida ballot controversy during the

Bush-Gore election. These results highlight the applicability of models such as

C-LDA to research in the social sciences, where the quantification of raw textual

data can be an effective tool in the hands of researchers.
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Figure 5.7: Posterior distribution of K (activated topics) in the New York Times
opinion corpus. Sample mean is 86.4; sample median is 87.0. Gaussian density estimate in
red.
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Figure 5.8: Topical prevalence dynamics in the New York Times opinion corpus.
The dynamics of topical prevalence are plotted as a function of date of publication for six
selected topics in the NYT opinion corpus. Model estimation was performed using variational
inference. The topic labels are the words with the highest FREX scores in each topic, and are
accompanied by a manual title summarizing the semantic content of the topic. For a given topic
k and document d, the scatter dots show the prevalence score πdk as a function of the date
td. The red lines show the linearly scaled means of the summary prevalence functions ξk(t).
The annotations show selected headlines corresponding to some of the points in the graphs,
highlighting some of the salient events that correspond to peaks in the summary prevalence
functions.
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6
Conclusion

In this thesis, I discussed a general modeling framework for integrating covariate

information into the generative process for nonparametric mixture models, which

relies on the use of dependent Dirichlet process priors. Covariate-dependent non-

parametric mixture models are useful in a range of applicatons, and are apt at

capturing structural properties of data that are hypothesized to depend on exoge-

nous variables, while retaining the flexibility to grow the complexity of the model

with the amount of training data. I introduced Covariate-Dependent Nonpara-

metric LDA (C-LDA), a model in this class that draws upon the topic modeling

literature and provides a very flexible and general way to study the dependencies

between data structure and covariates of interest.

I developed both sampling-based Markov-Chain Monte Carlo (MCMC) and pos-

terior variational inference procedures for estimating the model from data. While

the MCMC sampler can draw samples from the exact posterior distribution of
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the model parameters, variational inference tends to be quicker and more com-

putationally tractable in practical applications, and provides better convergence

guarantees. After validating the inferential procedures by recovering parameters

from synthetically generated data, I turned to two practical applications intended

to demonstrate the wide applicability of the model.

Using genome sequence data with associated ethnic lineage information from the

international HapMap project, I showed how nonparametric mixture models can

be used to tackle the task of haplotype phasing. This is the problem of recon-

structing haplotypes—ordered sequences of genetic polymorphisms on a single

chromosome, inherited from one parent—from raw genotypic information. Accu-

racy in haplotype phasing is important for a range of downstream applications

in population genetics, which include disease association studies. I showed that

C-LDA achieved comparable performance to other Bayesian models for haplotype

phasing in terms of marginal model likelihood.

Turning to a different domain of application, I then used C-LDA to perform topic

modeling of a corpus of opinion pieces from the New York Times spanning several

decades of publication. I focused particularly on the problem of studying the

temporal dynamics of topical prevalence in the corpus, demonstrating the use of

covariate-dependent nonparametric mixture models in research that makes use of

unstructures textual data. Overall, the statistical approach described in this thesis

is a powerful means of describing and quantifying the relationships between the

latent structure of data collections and exogenous variables of research interests,
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with wide applicability in both the social and the natural sciences.

This thesis lays the framework for future work that will build upon it. A first

future direction of work is the development of software for parallel inference in

models of this class. Online variational inference is a particularly promising tech-

nique for achieving this goal, and some effort in this direction is underway. A

second direction of research involves the development of innovative causal infer-

ence tools that exploit the newfound understanding of the latent structure of data.

An example of such work is that by Roberts et al. (2015b), who show how the STM

model can be successfully applied for matching observations in high-dimensional

contexts. A continued understanding of principled avenues to perform causal in-

ference using unsupervised learning methods holds much promise for expanding

the amount and kinds of data that scientists can explore. Ultimately, the aim of

this larger-scale project is to develop robust, scalable tools for the use of complex

or unstructured data in research.
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Appendices



A
Quasi-Newton Optimization

In chapter 4 I introduced the Laplace approximation for variational inference in

nonconjugate models, which requires finding the mode and inverse Hessian of a

potentially nonlinear function. This appendix discusses the class of quasi-Newton

that are used in practice to solve the optimization problem and estimate the

inverse Hessian of a generic function. I released the lbfgs R package (Coppola

& Stewart, 2014) implementing the methods described in this section, which is

available on the Comprehensive R Archive Network (CRAN).

The notation is as follows. Let f : Rn 7→ R be an objective function to be

minimized. We let the ||·|| operator denote the L2 norm of a vector, and ||·||1

denote the L1 norm. H(xk) is the Hessian matrix of f at xk, and g(xk) if the

gradient of f at the same point. Quasi-Newton optimization methods solve the

minimization problem by computing approximations to the Hessian matrix of the

objective function. At each iteration, quasi-Newton algorithms locally model f at
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the point xk using a quadratic approximation:

Q(x) = f(xk) + (x− xk)
Tg(xk) +

1

2
(x− xk)

TH(xk)(x− xk)

A search direction can then be found by computing the vector x∗ that minimizes

Q(x). Assuming that Hessian is positive-definite, this is

x∗ = xk −H(xk)
−1g(xk)

The next search point is then found along the ray defined by xk−αH(xk)
−1g(xk).

The procedure is iterated until the gradient is zero, with some degree of conver-

gence tolerance.

The limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm (Liu

& Nocedal, 1989) is a quasi-Newton method that is optimized to reduce memory

usage, which is useful in settings where the dimensionality of f is very high, and it

is thus expensive to store the gradient and Hessian of f . The L-BFGS algorithm

avoids storing sequential approximations of the Hessian matrix. Instead, L-BFGS

stores curvature information from the last m iterations of the algorithm, and uses

them to find the new search direction. More specifically, the algorithm stores

information about the spatial displacement and the change in gradient, and uses

them to estimate a search direction without storing or computing the Hessian

explicitly.
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B
Proof of Validity of Stick-Breaking

In this appendix I prove the validity of the stick-breaking construction in yielding

draws from a Dirichlet process, following the proof by Sethuraman (1994) and

Paisley (2010). In order to do this, I first establish some notation. As discussed

in chapter 2, the Dirichlet distribution of dimension K is a distribution over the

simplex in RK , which we denote by ∆K . The simplex is defined as

∆K =

{
(x1, x2, . . . , xK)

∣∣∣∣∣ ∀i : 0 ≤ xi ≤ 1,
K∑
i=1

xi = 1

}

We can parameterize the Dirichlet distribution by a base vector g0 ∈ ∆K and a

scalar concentration parameter α > 0. Then the density function for a vector

π ∼ Dirichlet(α g0) is

p(π|α, g0) =
Γ(α)∏K

k=1 Γ(α g0,k)
·

K∏
k=1

π
αg0,k−1

k
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We use the notation δk to denote a vector whose all entries are zero, except for

the entry at position k, which is instead 1. Similarly, the notation δθk(θ) denotes

a distribution whose value is 1 when θ = θk, and otherwise vanishes. Such vectors

and distributions are called Kronecker deltas, and their dimensionality will be

implied from context.

Now that notation is established, I introduce two lemmas relating to the properties

of the Dirichlet distribution.

Lemma 1 Consider the random variable Z ∼
∑K

k=1 g0,k · Dir(α g0 + δk). The

distribution of it is equivalently Z ∼ Dir(α g0).

Proof Notice that we can sample Z according to this distribution by first drawing

an intermediate variable Y ∼ Mult(g0) and then sampling Z ∼ Dir(α g0+δk). We

let π ∼ Dir(α g0). Then

P (Y = k|α g0) =
∫
π∈∆K

P (Y = k|π) p(π|α g0) dπ = E[πk|α g0] = g0,k

p(π|α g0) =
K∑
k=1

P (Y = k|α g0) p(π|Y = k, α g0) =
K∑
k=1

g0,k · Dir(α g0 + δk)

Lemma 2 Consider the random vectorsW1 ∼ Dir(w1, . . . , wK), W2 ∼ Dir(v1, . . . , vK),

and V ∼ Beta(
∑K

k=1wk,
∑K

k=1 vk). Define the linear combination

Z = VW1 + (1− V )W2
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Then Z ∼ Dir(w1 + v1, . . . , wK + vK).

Proof If γk ∼ Gamma(α g0,k, λ) for k = 1, . . . , K and π = (γ1, . . . , γk)/
∑

k γk,

then π ∼ Dir(α g0). Let γk ∼ Gamma(wk, λ) and γ′k ∼ Gamma(vk, λ), and define

W1 =

(∑
k

γk

)−1

(γ1, . . . , γK)

W2 =

(∑
k

γ
′

k

)−1

(γ′1, . . . , γ
′
K)

V =

(∑
k

γk +
∑
k

γ′k

)−1(∑
k

γk

)

Then it follows that

W1 ∼ Dir(w1, . . . , wk)

W2 ∼ Dir(v1, . . . , vk)

V ∼ Beta(
∑

k wk,
∑

k vk)

Where the distribution of V results from the fact that
∑

k γk ∼ Gamma(
∑

k wk, λ),

and V is independent of W1 and W2. The multiplication Z = VW1 + (1− V )W2

yields the representation of Z ∼ Dir(w1+ v1, ..., wK + vK) as a Gamma-disributed

random variable.

Now I use these lemmas to prove our claim of interest—namely, the validity of

the stick-breaking construction in valid draws from a Dirichlet Process.

Claim The stick-breaking constructive definition of a Dirichlet process states
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that, if G is constructed as follows, then G ∼ Dir(α g0):

G =
∞∑
k=1

πkδθk(θ)

πk = βk

k−1∏
j=1

(1− βj)

βk
iid∼ Beta(1, α)

θ ∼ Mult(g0)

The stick-breaking weights satisfy πk ∈ [0, 1] for all k ≥ 1 and
∑∞

k=1 πk = 1.

Proof Applying lemmas 1 and 2 to π ∼ Dir(α g0 + δθ) allows us to represent the

vector by the process

π = VW + (1− V )π′

W ∼ Dir(δθ)

π′ ∼ Dir(α g0)

V ∼ Beta(
∑K

k=1 δθk ,
∑K

k=1 α g0,k)

θ ∼ Mult(g0)

The resulting random vector π still follows the distribution π ∼ Dir(α g0), and

we have that
∑K

k=1 δθk = 1 and
∑K

k=1 α g0,k = α. Yet now we can observe that

P (W = δθk |g0 = δθk) = 1, since only one of the K variables parameterizing

the Dirichlet distribution of W is nonzero (in this sense, we say that W is a

degenerate random variable). This implies that we can simplify the process by
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which we construct π and still achieve an equivalent distribution:

π = V δθ + (1− V )π′

π′ ∼ Dir(α g0)

V ∼ Beta(1, α)

θ ∼ Mult(g0)

Hence we now have that π d
= π′, since both of these random vectors follow the

distribution Dirichlet(α g0). This implies that π′ can be decomposed in the exact

same way as π. Therefore, for i = 1, 2, we have

π = V1δθ1 + V2(1− V1)δθ2 + (1− V1)(1− V2)π
′′

Vi
iid∼ Beta(1, α)

θ ∼ Mult(g0)

π′′ ∼ Dir(α g0)

Now π
d
= π′ d

= π′′. This decomposition process can then proceed following an

infinite recursion. For any value i, as well as in the limit i→ ∞, the decomposition

produces the vector π ∼ Dir(α g0). In the limit i → ∞, this process approaches

the one described in the original claim, since limi→∞
∏i

j=1(1 − Vj) = 0. This

concludes the proof.
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C
Notation Table

R The set of real numbers

Θ A probability space

{·} A set
d
= Equal in distribution to

∼ Distributed as

∝ Proportional to

∝∼ Approximately proportional to

≈ Approximately equal to

≡ Equivalent to

Dir Dirichlet distribution

Mult Multinomial distribution

N Gaussian distribution

Γ Gamma distribution or Gamma function (depending on context)

Beta Beta distribution

Eq Expectation over the distribution q
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