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Abstract

The streaming model treats the input as a sequence of items that can be read in one single pass
using only limited storage, preferably poly-logarithmic in the input size. Streaming algorithms
have numerous applications such as Internet monitoring, databases, and trend detection. In the

first part of the thesis, I describe several new contributions to streaming algorithms, including;:

* A space and time optimal algorithm (taking O(1) words, O(1) update and query time) that
tinds ¢»-heavy hitters in insertion streams. ¢;-heavy hitter is the strongest notion of heavy

hitters (or frequent items) achievable in poly-logarithmic space.

* An optimal space lower bound for samplers. Samplers are used as the building blocks for

streaming graph algorithms such as graph connectivity.

Graph connectivity is one of the most fundamental graph problems. In the second part of
the thesis, I present new algorithms for graph connectivity in the dynamic streaming setting and

parallel computing setting:

e A randomized algorithm for dynamic graph connectivity using O(nlog® 1) bits with im-
proved update time: With 1/poly(n) failure probability, the algorithm has worst-case run-
ning time O(log® 1) per edge insertion, O(log* 1) per edge deletion, and O(logn/ loglogn)

per query, where 7 is the number of vertices.

* A randomized graph connectivity algorithm that runs in O(logdiam(G) - loglog,,,, 1)
parallel time under the Massive Parallel Computing (MPC) model for undirected graph G
with n vertices and total memory constraint M, where diam(G) refers to the largest diameter

among all its connected components.
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Chapter 1

Introduction

The streaming model was first formulated and popularized by [AMS96] (journal version [AMS99])
in 1996. The model addresses the challenge that there are much more input data than the capacity
of storage can hold. For example, nowadays, a typical web server of a high traffic website receives
packets at the speed of 0.01 ~ 0.1 GB/s, while it only has up to several dozen GB of memory and
several hundred GB of hard disks. In less data-intensive applications like network monitoring
where we may only get interested in the headers of packets in order to compute some statistics of
the traffic, simply storing all the headers is still infeasible or undesirable.

Most streaming problems can be formulated [Mut05] as data structure problems that maintain
a vector x € Z under a sequence (or stream) of updates in the form of “x; < x; + A”, where
U is referred as the universe, i € U and A € Z. When we are not interested in the underlying
structures of elements in the universe, we usually use [n] := {1,...,n} where n = |U| to refer to
the universe and consider x to be an n-dimensional vector. Let m denote the length of the stream,
i.e., the number of updates in the stream. For each t € [m], we say at time ¢, the t-th update/item
in the stream arrives. Unless otherwise specified, we assume that m = poly(n), in each update
|A| < poly(n), and each machine word contains ®(logn) bits. At the end of the stream (i.e.
at time m), the data structure is required to answer a query related to x of a pre-defined type.
Namely, we know the type of query before reading the stream, and different types of queries

define different streaming problems. The ultimate goal of designing a streaming algorithm is



to use space as small as possible, and meanwhile try to optimize both update time and query
time. Ideally, a streaming algorithm should spend only poly(log#) space, and read the stream in
a single pass.

The small space goal usually comes at a cost. First, we might no longer be able to get an exact
solution. Instead, we might want to get an approximate solution, and we usually use parameter ¢
to characterize the fineness or precision of the approximation, and the exact meaning of ¢ varies
from problem to problem. Second, designing streaming algorithms often needs randomness
so that the algorithm may fail with probability § over its coin tosses. Fortunately, for many
applications, such compromise is satisfying. For example, if a server wants to know how many
distinct incoming IPs, an approximation with a multiplicative error of 1% and failure probability
0.1% is usually good enough.

If A in an update can be either positive or negative, we call the stream a turnstile stream. If
at any time Vi € [n],x; > 0, we call it a strict turnstile stream. As an example of strict turnstile
streams, consider the graph stream of a social network representing some kinds of relations like
friendship. A = 1 corresponds to a relation is established; A = —1 corresponds to a relation is
removed. x; is always non-negative since a relation cannot be removed before being established.
If A is required to be positive, we call it an insertion-only stream (or for short insertion stream).
A notable special case where A = 1 is called cash register model. For example, in some network
traffic monitoring applications, let vector x be a counter on the number of packets from each IP
where the universe consists of all the IPs. A is always 1 because every update corresponds to an

incoming packet from an IP address.

Some history on streaming algorithms. Alon, Matias and Szegedy [AMS96] popularized the
study of streaming algorithms. [AMS96] studied the problem of estimating frequency moments
in an insertion stream, where the k-th moment is defined as F, = Zie[n] fz-k . Even before [AMS96],
there are works in streaming algorithms. Morris [Mor78] designed a probabilistic algorithm
that approximately maintains a counter and consumes space of only O(loglogn) bits, and the

result can be seen as approximating F;. Flajolet and Martin [FM85] studied the problem of



estimating Fy. Munro and Paterson [MP80] studied selection and sorting in the streaming setting.
In particular, they show that finding the median of a stream of n numbers with constant failure
probability requires @ (/1) space. [MP80] also showed that sorting in the streaming model is
intrinsically hard, by proving that in order to verify the ordering of a stream is of the form
“ri,13, ..., T2[n/2] 1,12, 4+ T2 /2] ” (where r; means that the rank of the item is t), a streaming

algorithm scanning P passes of the stream requires ©(n/P) space.

Other streaming models. The sliding window model is a variant of the stream model proposed
by [DGIMO02]. The sliding window model has a parameter N, and at the end of the stream, we
want to answer a query only related to the last N items (or equivalently, updates) in the stream.
Namely, after N time steps, an update will become stale and will be discarded. The formulation
of the sliding window model is motivated by applications such as network traffic monitoring
where we usually only get interested in the most recent time span.

Semi-streaming model was proposed by [FKM™05]. They mainly wanted to process graph (such
as call graph and web graph) streams where each item is an update to an edge, and they observed
that most interesting graph problems cannot be solved in poly-logarithmic space. Therefore, in the
semi-streaming model, the target space complexity is O(n - poly(log n)), where n is the number
of vertices. Moreover, they relaxed the number of passes to be constant or logarithmic. This
characterizes the situation that the vertices of a large graph can be fit into the memory, but not all

the edges.

1.1 A Puzzle on Streaming Algorithms

We start with discussing a well-known puzzle and some of its variants. The puzzle is highly
relevant to samplers (Chapter 3) and dynamic graph connectivity (Chapter 4). Moreover, the

discussion will cover some basic techniques for designing streaming algorithms.

Problem 1.1.1. We are given a sequence (or equivalently, stream) of integers where all but one are

duplicated. Find the integer that is not duplicated.



For example, for input (2,3,6,4,6,4,2), the answer is 3 since only the number 3 appears once and all

the rest appear exactly twice.

The puzzle has a one-sentence solution: maintain the “xor” of the numbers in the sequence
and it only takes space of one machine word. The correctness of the solution follows by the
commutative and associative properties of the xor operation, as well as the fact that a number xor
itself is 0, which is the identity of the xor operation in IN.

One standard follow-up question is: what if there are two numbers (instead of one number) in
the stream that are not duplicated? A canonical solution takes O(1) words of space but requires 2
passes over the input stream. In the first pass, we compute the xor of all numbers in the stream
and denote the result as K. Let 2 and b denote the two numbers that are not duplicated, then
we have K = a @ b. Let K; denote the i-th bit of K. We find i* such that K;- = 1. Such * must
exist because K = a @b # 0. Note that the i*-th bit of 2 must be different from the i* bit of b.
Without loss of generosity, assume the i*-th bit of a equal to 0, and the i*-th bit of b equal to
1. In the second pass, we divide the stream into two sub-streams Sp, S; where S]- contains all
number g with g;+ = j. We maintain the xor for each sub-stream, which will be equal to a and b
respectively. This is because a is the only number that is not duplicated in the first sub-stream,
and b is the only number that is not duplicated in the second sub-stream. By getting prepared for
all possible values of i*, we can get a streaming algorithm with a single pass. As a trade-off, the
space complexity blowing up by a factor of w, where w is the number of bits of a machine word.

More generally, we can ask what if there are k numbers in the stream that are not duplicated.
Let n denote the length of the stream. Then we have (n — k) /2 distinct duplicated numbers. We
assume that k < n, otherwise we can store the entire stream, which takes O(n) words, while
on the other hand, the space lower bound of the problem is Q)(k) because simply recording the
answer needs Q (k) words.

Recall our approaches for k = 2 mentioned above. We managed to isolate each non-duplicated
integer in a separate sub-stream. Here is another way to view this problem. We consider each
item in the stream a (copyable) ball and each sub-stream a bucket. Note that same item in the

universe goes to the same bucket. Basically, the 2-pass algorithm maintains 2 buckets and it



learns how to distribute the balls into buckets in its first pass. In contrast, the 1-pass algorithm
maintains 2w buckets (i.e. w pairs of buckets), and each ball goes to w buckets. For general k,
suppose we have B buckets, and each element in the universe goes to a uniform random bucket.
Then the probability is at least 1+ (1 — §) -+~ - 1-5H >1- %2 that all the non-duplicated
integers are isolated. We can represent the mapping from balls to buckets as a hash function
h: [2] — [B]. Note that as a streaming algorithm we cannot afford storing h because it takes
2“log B bits. Fortunately, we can replace the full-wise independence to be 2-wise independence,
which only takes O(w + log B) bits. Thus by taking B = O(k?) we have obtained a streaming
algorithm with space complexity O(k?) words and constant failure probability.

Using @(k?) buckets is wasteful in the sense that 1 — % fraction of buckets will be “empty”.
Here is another approach. For each bucket, we put each item into the bucket with probability },
then with probability k- 1 - (1 — §)*~! ~ 1, the bucket will contain exactly one (uniform random)
non-duplicated item. By the coupon collecting problem, we need O(klogk) buckets in order to
collect all k non-duplicated items. Before concluding that we obtain a streaming algorithm with
space complexity O(klogk) words and failure probability 1/poly(k), we need to find a way to
efficiently identify whether a bucket contains exact one non-duplicated item or not. The task is
equivalent to identifying whether a bucket is “empty”, where by empty, we mean that it does
not contain any non-duplicated item. We can achieve that by first assigning each item a label
by a random hashing and then maintaining the xor of the labels. We say the bucket is empty if
and only if the xor value is 0. Then the failure probability is exponentially small in the length
bit length of a label. Choosing the bit length of a label to be ®(logk) bits and using a k-wise
independent hash function for assigning elements to buckets give us O(klogk) words algorithm
with O(1) failure probability.

The discussion of the puzzle reveals some useful techniques in designing streaming algorithms.
For example, partitioning the stream into B sub-streams (by partitioning the universe into B parts)
can reduce the complexity of the problem. In the solution to the puzzle, by sub-streaming, the
problem for general k is reduced to the problem for k = 1, which is much more approachable.

In the O(klogk) words solution, by setting B = k, a non-duplicated element is identified with



only constant probability. We can repeat O(logk) times to boost the success probability. Note
that in the O(k?) and O(klogk) words solutions, we use 2-wise and k-wise instead of full-wise

independent hash functions, respectively, to save space.

1.2 Heavy Hitters

Instead of non-duplicated items, now we want to find all frequent items in a data stream, we call
the task heavy hitter problem. More specifically, in an insertion stream ps, ..., pm € [n], frequent
items or heavy hitters refers to those item i such that its frequency f; exceeds a threshold 7. By
letting T = €| f||, where ||f]|, is the £, norm of the frequency vector, we can guarantee that there
are at most 7 heavy hitters. In that case, we call them (g, £,)-heavy hitters, or /,-heavy hitters
when ¢ is fixed. In this introduction, we fix & to be a small constant (say &€ = 1079).

It is known' that finding ¢,-heavy hitters is harder for larger p. It worth pointing out that
p = 2 is a sharp threshold in the space complexity for finding /,-heavy hitters. For p < 2, it takes
poly-logarithmic space [CCF04], while for p > 2, it takes polynomial space [CKS03]. Therefore,
lr-heavy hitter is the strongest notion of heavy hitters achievable in poly-logarithmic space.

The first algorithm for finding ¢, heavy hitters is CountSketch [CCF04], which achieves O(logn)
words of space, O(log ) update time, and O(n) query time. [BCIW16] developed CountSieve that

achieves O(loglogn) words of space, O (215 log”)z) update time, and O(n) query time.

Our contributions. In Chapter 2, we present a new algorithm called BPTree for finding />-heavy
hitters in insertion streams with space complexity O(1) words and success probability 0.99. The
algorithm takes O(1) process time per update and query. As part of our heavy hitter algorithm, we
also develop a new streaming algorithm tracking ¢, norm using ®(1) words with constant success
probability. Our result on derandomizing Bernoulli processes [BCIW16] with 4-wise independent
random signs is also of independent interest.

Similar to the techniques used in the puzzle, by sub-streaming and repeating, BPTree first

ISee Table 2.1 for (almost) tight space bounds for finding ¢,-heavy hitters. Moreover, [JST11] showed a blackbox
reduction for a slight different definition of heavy hitters.



reduces the task of finding all the />-heavy hitters to the single ¢>-heavy hitter case, where the
ratio between the frequency of the heavy hitter and the /> norm of the frequency vector excluding
the heavy hitter exceeds a sufficiently large constant (i.e., heavy hitter H has the property that
fu/\/YXizn fi = C where C is a sufficiently large constant). It is useful to regard other items in
the stream as noise, and fp is at least C times the /, norm of the noise.

Then, BPTree assumes the knowledge of a constant approximation of || f||> (we manage to
remove the assumption by the end). BPTree maintains a Bernoulli process (BP) to learn one-bit
information of the heavy hitter H. The Bernoulli process needs to consume 15 fi occurrences
of H in the stream in order to succeed with a constant probability. The key observation is that
using this one-bit information of H, we can on average remove half of the noise so that in the next
round, we can bring down both the consumption of H and the failure probability by a constant
fraction. Therefore, both the consumption of H and the failure probability decay geometrically,
and by a union bound, BPTree is able to learn ®(log ) bits information of H with constant failure

probability.

Bibliographic remarks: Chapter 2 is based on joint work with Vladimir Braverman, Stephen

Chestnut, Nikita Ivkin, Jelani Nelson, and David Woodruff [BCI™17].

1.3 Samplers

A natural variant of the puzzle in Section 1.1 is to find an arbitrary non-duplicated item (or
equivalently, an item appearing an odd number of times) instead of all of them. If k is known,
similar to our O(klogk) words algorithm for the puzzle (but we just maintain one bucket instead
of O(klogk) buckets), we sub-sample the items in the universe with probability 1/k, and with
constant probability exact one desirable item has been sub-sampled so that we can successfully
recover it. Therefore, it takes O(1) words of space to solve the problem with constant success
probability. By repeating O(log(1/6)) times with independent randomness, we can boost the
success probability to 1 — 4. If we do not know k, we can try (1 + logn) different sub-sampling

rates, namely 27 fori € {0,...,logn}. Thus we have obtained a data structure that takes



O(log(1/9) log2 1) bits of space and with probability 1 — & outputs a (uniform random) item from
the items that appear an odd number of times in the stream.

In a turnstile stream, a vector x € Z" starts as 0" and receives a stream of updates in the
form of x; <— x; + A. By the end of the stream, a sampler is required to output an element in
supp(x) = {i : x; # 0}. We call the task support-finding if any element in the support is a valid
output. An {y-sampler additionally requires the output to be uniformly distributed in supp(x).
More generally, an £,-sampler outputs i with probability proportional to |x;|P. Clearly, £,-sampler
solves the support-finding problem, so lower bound on support-finding implies lower bound on
{p-sampler.

It was shown in [JST11] that the space complexity of {p-sampler with constant failure probabil-
ity is ®(log® 1) bits. [JST11] also implemented an £y-sampler with failure probability at most &
using O(log(1/6) log® n) bits. Prior to our work, no non-trivial lower bounds are known in terms
of 4. On the other hand, graph stream applications often require § = O(1/poly(n)). Therefore, it

is interesting to bridge the gap.

Our contributions. In Chapter 3, we prove an optimal space lower bound of Q)(log(1/4) log® 1)
bits for any sampler (or support-finding algorithm) with failure probability J§ > 27" Our
sampler lower bound matches the best upper bound in [JST11]. Note that [JST11] already gave a
lower bound of Q(log2 n) bits for constant ¢, and our lower bound is for small . For example,
graph streaming applications usually require 6 = Q(1/poly(n)). We also consider a variant of
sampler that outputs k samples and we give an optimal lower bound.

In addition to sampler lower bounds, we decide the one-way randomized communication
complexity of universal relation with failure probability §. Let UR;- denote two party communica-
tion problem called universal relation in which Alice and Bob receive x,y € {0,1}" respectively
with the promise that supp(y) C supp(x) and they want to find min{k, |supp(x —y)|} ele-
ments in {i € [n] : x; # y;}. We prove that its one-way public-coin communication complexity
R;’p”b(URkC) — @(min{n, tlog?(n/t)}) where t = max{log(1/6),k}.

Our results also imply an optimal space lower bound of Q(log(1/6) log? n) bits for finding



duplicates with failure probability 6. In FindDuplicate(n), one is given a length-(n + 1) stream of
integers in [n], and the algorithm must output some element i € [1n] which appeared at least twice
in the stream.

Moreover, we show that if the updates and queries to a randomized data structure with
failure probability § are not independent of the randomness used in the data structure, then the
failure probability can be approximately bounded by ¢ plus a “loss” which equals to their mutual
information divided by log(1/J). This bound is essentially tight and is of independent interest in

dynamic data structure designs.

Bibliographic remarks: Chapter 3 is based on joint work with Michael Kapralov, Jelani Nelson,

Jakub Pachocki, David Woodruff and Mobin Yahyazadeh [KNP*17].

1.4 Dynamic Graph Connectivity

Dynamic graph connectivity is a fundamental problem in data structure and graph algorithm
design. Let graph G = (V, E), where V is the set of vertices, and E is the set of edges. We usually
denote n = |V| and m = |E|. A data structure for fully dynamic graph connectivity maintains
updates consisting of edge insertions and edge deletions, and answers queries in the form of “are
vertex s and t connected in the graph?” There is also a variant of the problem where query simply
asks whether the graph is connected. Since the queries on whether two vertices are connected
appear more frequently in applications, and techniques that solve the two vertices case usually
can be adapted to answer whether the entire graph is connected, most literature focus on the two
vertices case, and we will as well.

In the thesis, we consider G to be an undirected graph. The problem where G is a directed
graph is called graph reachability, which is considered as a harder problem. If updates only consist
of edge insertions, we call the case incremental or insertion-only; similarly if updates only consist of
edge deletions, we call the case decremental or deletion-only. We will focus on the fully dynamic
case, where both edge insertion and deletion are allowed.

Our goal is to minimum update and query time. When measuring time complexity for



dynamic data structures, two most popular measures are worst-case running time and amortized
running time (i.e. average running time per operation). Depending on whether the algorithm uses
randomness, an algorithm is either randomized or deterministic. If a randomized algorithm never
outputs a wrong answer (but has a running time bound that only holds in expectation), we call it
a Las Vegas algorithm, otherwise, we call it a Monte Carlo algorithm.

If we impose some special properties of the graph, for example, assuming the graph is a planar
graph or a forest, we have a chance to design algorithms that achieve better performance over
the general case. Notably, if the graph is a forest, [ST83] design a deterministic dynamic tree data
structure with worst update and query time O(logn). It remains a long-standing open problem
for general graphs, and even deterministic algorithm with a worst-case process time that is better
than O(/1) is not known.

Dynamic graph connectivity is a useful primitive for designing dynamic graph algorithms.
For example, it can be used to maintain a (1 + €) approximation of spanning forest of a weighted
graph. Another notable example is that it can be used to maintain the number of connected
components of a dynamic graph. This immediately solves dynamic graph bipartiteness, since
there is a simple reduction that reduces the bipartiteness of a graph to the parity of the number
of connected components of a new graph whose vertex set and edge set both double in size.
Dynamic graph connectivity is interesting also because its solution can usually shed lights on
other dynamic graph problems.

Most dynamic connectivity algorithms maintain a dynamic spanning forest of the graph.
When an edge e = {u, v} is inserted, the algorithm will first check if # and v are connected in
the spanning forest. If they are not connected, the algorithm will connect the trees containing
u and v together in the spanning forest. This step can be implemented efficiently in O(logn)
worst-case time by using the dynamic tree data structure introduced in [ST83]. When an edge
e = {u, v} is deleted where ¢ is an edge in the maintained spanning forest, the algorithm has to
try to find a replacement edge in G reconnecting u and v in the spanning forest, or decide that
u and v are disconnected in G. In order to find the replacement edge efficiently, samplers are

used in [KKM13] (see also [AGM12a] which make the use of samplers explicit, but the focus of
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[AGM12a] is space complexity and it is not a dynamic data structure).

We formulate the main idea of [KKM13] in terms of streaming algorithms. Let the universe U
where || = () denote all possible edges. We assume that at any time, there is no multi-edge in
the graph. We regard the updates as 1 insertion-only streams of edges {s, }vcv, where stream s,
contains all the edges in the updates (both insertion and deletion) that are incident to v. Namely,
when edge e = {u, v} is inserted into or deleted from the graph, e will be inserted to both s, and
Sy. One nice property of {s, }yev is that for any W C V, the edges appearing odd number of times
in the stream U,cws, (obtained by concatenating all the s, for v € W) are exactly the edges in the
cut {{u,v}:ueW,oe V\W}NE.

[KKM13] maintain a sketch sk, (s,) € Z? for each v € V, where ¢ refers to the random
seed used in computing the sketch. They require the sketch function sk have the following two
properties. First, for any insertion-only stream s, with success probability 1 — 1/poly(n) under
the randomness of 7, given sk, (s) one can query if there exists an item appearing odd number of
times in s, and find one if exist. Second, they require the sktech to be linear in the sense that for any
two streams s; and sy, SKy($1 U S2) = SKy(S1) + SKs(S2), where s1 U s, denotes the stream obtained
by concatenating s; and s;. [KKM13] implement such a sketch function sk for d = O(log2 n) (the
value in each dimension is bounded by poly (1)), and it takes O(log? 1) worst-case time to update
or query any sketch.

They then construct a data structure called cutset maintaining a dynamic forest using Euler
tour representation [HK95] of trees, so that for each tree T = (Vr, E7) in the forest, ¢y, SKy(50)
can be computed efficiently. The sketch Y-y, SK;(sy) is used to find an outgoing edge of Vr, i.e.,
an edge in the cut {{u,v} : u € Vy,v € V\ Vp} N E. We call an edge tree edge if it belongs to
a tree in the forest which the data structure maintains. In summary, the cutset data structure
supports updates including tree edge insertion, tree edge deletion, (graph) edge insertion, (graph)
edge deletion in worst-case time O(log> 1), and finds an outgoing edge of a tree in the forest in
worst-case time O(log? ). In addition, as a dynamic tree data structure, for any v € V cutset can
return an identifier to the tree vertex v belongs to in worst-case time O(logn/ loglogn).

Note that the query of finding outgoing edge fails with probability 1/poly(n) under the
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randomness of ¢, and we require that the updates to cutset independent from ¢. This requirement
prohibits us from directly maintaining the spanning forest of G with a cutset, since after a tree
edge got deleted and we find an outgoing edge with the cutset, we should not insert the outgoing
edge into the cutset because the outgoing edge depends on ¢, and by doing so we will no longer
have success guarantees for future queries of outgoing edges.

Instead, [KKM13] maintain ¢ + 1 levels where ¢ = [logn], and on level i € {0,...,¢ —1},
cutset; is maintained to provide additional tree edges for cutset; ;. The tree edges of cutset is
always @, and cutsety is used to find an outgoing edge for each v € V. These outgoing edges will
then be inserted as tree edges to all cutset; where i > 0. Similarly, for i < ¢, cutset; is used to find
an outgoing edge for each tree in the forest maintained by cutset;, and these outgoing edges will
be inserted as tree edges to all cutset; where i’ > i. As a result, cutset, will maintain the spanning
forest of G, because, on layer 7, the minimum size of a non-maximal tree maintained by cutset; is
21,

Whenever an edge is inserted or deleted from the graph, every cutset; will update the graph
edge accordingly (to update the sketches). This takes O(log* 1) worst-case time. In addition, when
an edge e = {u,v} is inserted into the graph, if u and v are not in the same tree in cutset;, we
know that u and v were not connected before, and will insert e as a tree edge to all the cutset;,
which takes O(log* 1) worst-case time; when an edge e = {u,v} is deleted from the graph, the
algorithm will first find the smallest i* so that e is a tree edge in cutset;-, and then iterate i from
i* to ¢ to do the following: (1) remove e from the tree edges in cutset;, (2) use cutset;_; to find
replacement edges for trees containing u and v respectively, (3) insert the replacement edges as
tree edges in cutset;, ..., cutsety, and note that this step might result in cycles but fortunately
we can maintain a separate efficient data structure to handle this. The worst-case time for edge
deletion is O(log” n). Each connectivity query can be done in O(log 1/ loglog 1) worst-case time

by cutset,.

Our contributions. In Chapter 4, we improve the update time of [KKM13] by a factor of logn.

Namely, we have obtained a randomized data structure for dynamic graph connectivity with
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failure probability 1/poly(n) where each edge insertion takes O(log’ 1) worst-case time, each
edge deletion takes O(log* 1) worst-case time, and each query takes O(log 1/ loglog 1) worst-case
time. Moreover, similar to [AGM12a], our data structure takes O(n log2 n) words of memory.
The improvement is made by observing that we can reduce the dimension of sketch sk, (-) to
O(logn), so that the sketch has a weaker guarantee that if the input stream s does not contain
any element appearing odd number of times, then querying sketch sk, (s) will always tell “s
does not contain any element appearing odd number of times”; otherwise it tells “s contains an
element appearing odd number of times” with probability 9/10, and outputs one such element
correctly with probability 1 — 1/poly(n). We argue with a new invariant, and show that O(logn)

levels are sufficient to prove that the top level is a spanning forest of the graph with probability

1—1/poly(n).

Bibliographic remarks: The result presented in this chapter is based on [Wan15].

1.5 Parallel Graph Connectivity

The increasing popularity of parallel computing systems such as MapReduce [DG04, DGO08],
Hadoop [Whil2], Spark [ZCF"10] necessitates a theoretical formulation of these parallel systems.
The works of [FMS*10, KSV10, GSZ11, BKS13, ANOY14] have lead to the massive parallel computing
(MPC) model, which is a variant of the bulk synchronous parallel (BSP) model [Val90].

The MPC model can be specified by two parameters 7 and J (we call it (v, §)-MPC model),
where v > 0 captures the total space constraint and § > 0 captures the local memory size on each
processor (or machine, we use them interchangeably in the thesis). In particluar, the (v, §)-MPC
model has p processors, and each processor has s = @(N°) space where N denote the input size,
and the total memory constraintis M = p -s = @(N!*7). Note that § is a constant in (0,1), and 7y
is either 0 which corresponds to the most restrictive case or a positive constant where an algorithm
is allowed to use @(N7) times more memory than the input size. The input is distributed on the
local memory of ®(N/s) input machines. The computation proceeds in rounds. In each round,

each machine performs computation on the data in its local memory and sends messages to other
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machines at the end of the round. The total size of messages sent or received by a machine in a
round is bounded by s. In the next round, each machine only holds the received messages in its
local memory. At the end of the computation, the output is distributed on the output machines.
The parallel time of an MPC algorithm is defined as the number of rounds the algorithm takes.

An MPC algorithm can be equivalently seen as a small circuit, with arbitrary, N° fan-in gates,
the depth of the circuit is the parallel time. Any PRAM algorithm can be simulated on MPC in
the same parallel time [KSV10, GSZ11]. In fact, the MPC model is more powerful than the classic
parallel random-access machine (PRAM) [Wyl79]. For example, it is shown in [BH89] that computing
the xor of n bits requires ®(log n/ loglog n) parallel time in CRCW (concurrent read concurrent
write) PRAM, the strongest PRAM model; while it takes ®(6~!) parallel time in the (v, §)-MPC
model.

The main algorithmic question of this area is then: for which problems can we design MPC
algorithms that are faster than the best PRAM algorithms? Graph problems have been particularly
well studied and one fundamental problem is connectivity in a graph. While this problem has
a standard logarithmic time PRAM algorithm [SV82], we do not know whether we can solve it
faster in the MPC model. There are strong indications that such algorithms do not exist: [BKS13]

showed logarithmic lower bounds for restricted algorithms.

Our contribution to parallel graph connectivity. In Chapter 5, we present a graph connectivity
algorithm that runs in O(logdiam(G) - loglog,,,, 1) parallel time under the Massive Parallel
Computing (MPC) model for undirected graph G with n vertices and total memory constraint
©(M). If G is disconnected, diam(G) refers to the largest diameter among all its connected

components.

Bibliographic remarks: The results described in Chapter 5 were developed jointly with Alexandr
Andoni, Clifford Stein, Zhao Song, and Peilin Zhong [ASS™18].
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Chapter 2

¢>» Heavy Hitters in Insertion Streams

In this chapter, we present a new one-pass streaming algorithm called BPTree for finding ¢, heavy
hitters in insertion streams. En route to BPTree we give a new supremum bound for Bernoulli
processes with bounded independence, as well as a more advanced analysis of the AMS sketch
[AMS99] for tracking the ¢, norm of the frequency vector at the cost of using 8-wise independent
random signs rather than 4-wise independent signs.

This chapter is organized as follows. Section 2.1 consists of 4 parts: Section 2.1.1 defines the
heavy hitter problem, Section 2.1.2 reviews some of the streaming literature on heavy hitters,
Section 2.1.3 summarizes our main results, Section 2.1.4 gives an overview of our approach.
Section 2.2 gives preliminaries and defines some notations. Section 2.3 presents our main
subroutine HH1 which assumes a constant approximation of the ¢, norm of the frequency vector.
Section 2.4 proves an upper bound on the expected supremum of the Bernoulli processes with
bounded independence used by the subroutine. Section 2.5 uses the supremum bound to prove
the guarantees of the main subroutine HH1. Section 2.6 shows how to track the ¢, norm of the
frequency vector. Section 2.7 presents subroutine HH2 which makes use of the ¢, tracker. It also

describes and analyzes the complete algorithm BPTree. Section 2.8 concludes this chapter.

Bibliographic remarks: The results described in this chapter were developed jointly with Vladimir
Braverman, Stephen Chestnut, Nikita Ivkin, Jelani Nelson, and David Woodruff [BCI*17].
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Figure 2.1: Illustration of an insertion stream p1, ..., pm and its frequency vector f. In this example the universe
size n = 8 and the length of the stream m = 11.

2.1 Introduction

2.1.1 Problem formulation

In an insertion stream py, ..., py € [1], the notion of heavy hitters or frequent items refers to those i
such that its frequency f; exceeds a threshold 7. By letting T = ¢|| f||, where f is the frequency
vector, we can guarantee that there are at most 7 heavy hitters. In that case, we call them (g, ¢, )-
heavy hitters, and most commonly p = 1 or p = 2. We give a formal definition of (g, /,)-heavy

hitters as follows.

Definition 2.1.1 ((¢, /,)-heavy hitters in an insertion stream). Let p > 0. Let py, ..., pm € [n] be an
insertion stream, and for any i € [n] let f; = |{t € [m] : p; = i}|. Namely, f € IN" is the frequency

vector for the stream. For any i € [n], we say i is an (g, £)-heavy hitter if f; > || || .

The task of finding (¢, £,)-heavy hitters is to output a list containing all (¢, £,)-heavy hitters

but not containing any element that is not (5, /,)-heavy hitter.

Problem 2.1.2 ((¢, £ )-heavy hitter problem in insertion streams). Let p > 0 and ¢ € (0,1). For an

insertion stream, the task of (e, £,)-heavy hitter problem is to output L C [n] such that
* Foranyi € [n], if i is an (g, £)-heavy hitter, then i € L;
® Foranyi € L,iisa (§,{,)-heavy hitter.
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For example, in the insertion stream illustrated in Figure 2.1, item 3 is a (%, ¢5)-heavy hitter,
because || f|l2 = 5 and f3 =4 > 1| f||.. Also note that item 4 is not a (3, £2)-heavy hitter, but it is
a (1, 0»)-heavy hitter. Thus in this example, (1, £,)-heavy hitter problem requires to output either
{3} or {3,4}.

Most heavy hitter algorithms not only give the list of heavy hitters but also give an estimate
to the frequency of each heavy hitters, as observed by [BCIS09]. The guarantee of an estimate is

measured as follows.

Definition 2.1.3 ((g,k, £, )-tail guarantee). Let f € R", and ¢,k > 0. For any i € [n], we say that f;
satisfies (e, k, £p)-tail guarantee if Ifi—fil <e- | frair(io |l p, where fraiyr) refers to the vector f with the

largest k entries replaced by zeros.

The definition of heavy hitters can be generalized to turnstile streams, where f; can be either

positive or negative, and in that case item i € [n] is an (g, £;,)-heavy hitter if |f;| > e f]| .

2.1.2 Related works

We summarize some related works on heavy hitters in Table 2.1.

The earliest heavy hitter algorithm MJRTY [BMS81] identifies the majority item in an insertion
stream where its frequency is strictly greater than half of || f||;. MJRTY maintains an active item
i and a counter c recording the number of i’s appearances minus appearances of the rest since
i becomes active. In the beginning, there is no active item. If there is no active item, the newly
arrived item becomes the active item, and the counter is assigned to 1; otherwise, if the newly
arrived item equals to the active item, the counter is increased by 1, if the newly arrived item does
not equal to the active item, the counter is decreased by 1; whenever the counter becomes 0, i will
no longer be active. If there is a majority item whose frequency is greater than || f||;, then by a
pairing argument, in the end, the active item will be the majority item.

Algorithm MisraGries [MG82] generalizes MJRTY to arbitrary ¢, and finds all (g, ¢1)-heavy
hitters in insertion stream with O(1/¢) words of space, which is optimal because there can be as
many as |1/¢] (g, ¢1)-heavy hitters. MisraGries maintains a list of up to ©(1/¢) active items each

associate with a counter. When the active item list reaches its capacity and an inactive item arrives,
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Algorithm Reference p Model| Space (words) |D/R Comment
MJRTY ][3]?\/[1\/;8&’ 1 I O(1) D require ¢ > 0.5
MisraGries [MG82] 1 I O(1/¢) D
Frequent %If)l(\)/g;z’ 1 I O(1/e¢) D |[similar to MisraGries *
StickySampling [MMO02] 1 I O(eTloge™’) | R
LossyCounting [MMO02] 1 I [O(etlog(ellfll1))| D
SpaceSaving [MAEO5] 1 I O(1/e¢) D
GK [GKO1] 1 I [O(etlog(ellfll1)| D
QDigest [SBAS04] 1 I O(e tlog |U]) D | quantile algorithms
KLL [KLL16] 1 I [O(etlog log e )| R
Dyadic-CountMin  |[CMO5] 1 ST O(elog® n) R |[fast update & query ”
CountMin [CMO5] 1 ST O(e Tlogn) R update time loo 1
CountSketch [CCF2] 2 T O(e*logn) R qlljery time n logg n
[JST11] (0,2] T O(e Plogn) R
[JST11] (0,2] | ST Qe ? log n) R hold for 6 =1/3
F,HH [KNPW11]| (0,2] | T O(ePlog’n) | R | update time log?n
CountSketch-with-codes|[Pag13] (0,2] T O(e*log"n) R | query time e ? log® 1
[LW13]  [(2,4+o0)| T Qe 2n=2/7) [ R
TP-Estimator ¢ [Gan15] |[(2,+00)| T O(e2n!=2/r) R e <1/1og®W
Pick-and-Drop [BO13] [3,+0)| 1 O(n'=2/p) R
=277 constant ¢
[CKS03] | (2,+o0)| 1 Q(52T) R
BKSV [BKSV14] [(3,400)| I O("fclg;;z ") R | absolute constant C
CountSieve [BCIW16] | 2 I |0(™ loglogn)| R
ExpanderSketch [LNNT16]| (0,2] T O(e Plogn) R |[fast update & query ?
BPTree (this thesis) |[BCI"17] 2 I O(e%loge™ 1) R
BDW [BDW18] 1 I O(L+ bggi,g_l) R | stronger guarantee °

Table 2.1: Some results on 1-pass streaming algorithms (and space lower bounds) for heavy hitters. Space is measured
in words, where each word has ©(logn) bits. Unless explicitly specified, we assume that both |U| (universe size)
and ||f||1 are O(poly(n)). In the “model” column, “I” refers to insertion stream, “T" refers to general turnstile
stream, and “ST” refers to strict turnstile stream. In the “D/R” column, “D” refers to deterministic, and “R” refers
to randomized. (a) [DLMO02, KSP03] essentially rediscovered MisraGries, and the algorithm also becomes known as
Frequent. (b) update time O(log? n), query time O(e~'log? n). (c) abbreviation of “Taylor polynomial estimator”.
(d) update time O(logn), query time e Ppoly(logn). (e) ¢ < e. The algorithm outputs all i such that f; > €|/ f|1,
no i such that f; < (e — €')||f|l1. Moreover, it estimates the frequency of all the returned heavy hitters with error at
most &' £
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every counter is decreased by 1. A similar algorithm was later rediscovered by [DLMO02] and
[KSP03] separately, and becomes known as Frequent. Other counter-based approaches for (g, /1 )-
heavy hitters in insertion streams including LossyCounting [MMO02] and SpaceSaving [MAEQ5]
achieve a similar performance.

Another type of approach for finding /1 heavy hitters in insertion streams is based on quantile
algorithms. In an insertion stream, let rank(j) = Y;.; fi, an e-approximate ¢-th quantile (where
¢ € [0,1]) requires to find j such that rank(j) < (¢ +¢€)|/f|1 and rank(j +1) > ¢||fl1. A
quantile algorithm that answers e-approximate ¢-quantile for all ¢ € {eg: q € {0,...,|e}|}}
can be used to obtain (4¢, ¢1)-heavy hitters. GK [GK01] and QDigest [SBAS04] are two popular
deterministic quantile algorithms with space complexity O(e~!log(e| f||1)) and O(e~!log|U|)
words respectively. [KLL16] propose a quantile algorithm using O(¢~!loglogé~!) words of space
to answer a quantile query with failure probability J. It is sufficient to let § = O(¢) to make it an
/1 heavy hitter algorithm with constant failure probability.

CountSketch [CCF02, CCF04] is a sketch-based algorithm that finds (¢, £»)-heavy hitters in a
turnstile stream using O(¢~2logn) words of space with (e,1/¢?,(;)-tail guarantee. It has two
parameters B and R, which are referred as “bucket size” and “number of repetitions”. In each
repetition r € [R], CountSketch is specified by a pairwise hash function k, : [n] — [B] and a pairwise
random sign function o; : [n] — {—1,1}, and for each b € [B], y, := L, ()=p 07 (i) fi is maintained
(or measured in the context of compressed sensing). We illustrate CountSketch in Figure 2.2. Let
B = O(1/¢?), we can prove that with constant probability |o;(i)y, ) — fil = O(el[Xtair(1/e2)[I2)-
Let R = O(logn) and take f; = median,¢ (g {07 (i)Y, i)} as estimation of f; for each i € [n].
It is guaranteed that with probability 1 — 1/poly(n) every estimate has an error of at most
OCel| iy et ).

Also as a sketch-based algorithm, CountMin [CMO05] finds (¢, ¢1)-heavy hitters in strict turnstile
streams with O (¢! log 1) words of space. Compared to CountSketch, the number of “buckets” used
by CountMin is O(e!) instead of O(¢72), and CountMin drops the random signs by maintaining
Yrb = Lin,(i)—b fi and takes eastimate to be fi = min, ¢ (g {Yn, (i) }- CountMin has (g, 1/¢, £1)-tail

guarantee.
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Figure 2.2: Illustration of CountSketch. A CountSketch data structure has R rows (or repetitions) and each row
r € [R] has B buckets, where bucket b € [B] maintains a “count sketch” y,,. For an insertion stream, when
item i arrives (or equivalently, we receive an update of i), CountSketch will update y,y, iy < Yy (i) + 07 (i)
for every r € [R] (as illustrated in blue). For general turnstile update f; < f; + A, CountSketch will update
Y (i) < Y (i) T B 0r(i) for every r € [R]. Usually we set R = ©(logn) and B = O(e72).

Given a constant estimation of ||f||, (which has been extensively studied since [AMS96]),
CountSketch can be used to find £, heavy hitters for any p > 0 in turnstile streams. For p € (0,2], by
setting bucket size B = O(e™ "), CountSketch solves (¢, £,)-heavy hitter problem with O(e 7 logn)
words of space. This is first observed by [JST11] by showing ﬁ | fraitioyll2 < kll—/p | fIl, and choosing
k = e P. [JST11] also gave a matching space lower bound of Q)(¢7logn) words for turnstile
streams. The lower bound even holds for strict turnstile streams. Intuitively, finding all (g, £,)-
heavy hitters in a strict turnstile stream requires Q)(¢ ¥ log n) words because there can be as many
as ©(e77) (g, £,)-heavy hitters, and if a heavy hitter algorithm can identify all of them, then we
can remove all the heavy hitters and subsequently identify heavy hitters for the remaining stream
(we can set their frequencies to be one quarter of the previously removed heavy hitters), and
this process can be repeated for ®@(logn) times, so that overall the heavy hitter algorithm can be
used to encode (¢ 7 logn) items. For p € (2,00), by Holder’s inequality —=7; || fll2 < e[| |-
By setting bucket size B = ¢ 2n1~2/?, CountSketch takses O(e~2n'~2/?log n) words of space and

gives point estimation for each i € [1] with good enough precision to identify all the (g, £, )-heavy
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hitters (given a good estimation of || f||, as the threshold).

For p > 2, the best space upper bound for finding (¢, £,)-heavy hitters in turnstile streams
is O(e2n'~2/P) words for e < 1/ logo(l) n in [Ganl5], which matches the lower bound of
Q(e"2n1~2/P) words proved in [LW13]. Note that both papers focus on estimating || f||, within a
multiplicative factor of € in turnstile streams for p > 2, but their results imply space bounds for
finding heavy hitters, since en route to estimating || f||, [Gan15] first finds (¢, £,)-heavy hitters,
and the communication problem studied by [LW13] also implies heavy hitter lower bound.

It worth pointing out that p = 2 is a sharp threshold in the space complexity for finding
(¢,€,)-heavy hitters. For p < 2, it takes poly-logarithmic space, while for p > 2, it takes polynomial
space. This is also true for insertion streams. For p > 2, the optimal space lower bound for finding
(3, ¢,)-heavy hitters in insertion stream is Q(n!~2/?) bits by [CKS03], obtained by improving the
communication complexity of multi-party set disjointness first proposed and studied in [AMS96].
A matching upper bound of O(n!~2/P) bits is given by [BKSV14] for p > 3 and constant ¢, which
is obtained by storing the IDs of “samples” of Pick-and-Drop [BO13] in O(1) amortized bits.

For p = 2, CountSieve [BCIW16] uses O(e*loge~!loglogn) words of space to find ¢, heavy
hitters in insertion streams. In the single heavy hitter case, CountSieve uses Bernoulli processes
to extract information of the heavy hitter, and maintains ©(loglogn) Bernoulli processes in
parallel to filter out the noise so that the heavy hitter is Q(poly log n)-heavy (we say i is a-heavy if
fi> zx\/Z]Tisz). Once the heavy hitter is Q(poly log n)-heavy, CountSieve can maintain ©(log )
Bernoulli processes sequentially (so that at any time there is only one active Bernoulli process) and
each Bernoulli process approximately extracts one-bit information of the heavy hitter.

So far we have been focusing on the space complexity of finding heavy hitters, but update and
query time are also important. The main drawback of CountSketch and CountMin is that the query
time is O(nlogn). In the paper [CMO05] that introduces CountMin, the dyadic trick is used to bring
down the query time to O(e™! log2 n), while both its space and update time are worse by a factor
of O(logn). [KNPW11] extended the dyadic trick result to p € (0,2] for turnstile streams with
fast update and query time, but space is a logn factor worse than the optimal. [Pag13] obtained

a similar guarantee using CountSketch with error-correcting codes. [LNNT16] showed that the
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trade-off between space and query time is not necessary by proposing ExpanderSketch with optimal
space and fast update & query for finding (¢, £,)-heavy hitters in turnstile streams where p € (0,2].

In terms of time lower bounds, [LNN15] showed that any “non-adaptive” turnstile algorithm

using O(poly log(n)) space must have Q(+/log n/loglog n) update time, where “non-adaptive”
captures almost all existing turnstile algorithms.

In the formulation of the heavy hitter problem, we can add an additional parameter ¢’ < € and
require to output all (g, £,)-heavy hitters and all the items in the output must be (¢ — €', £, )-heavy
hitters. [BDW18] gave a space optimal algorithm for finding ¢; heavy hitters in insertion streams

for this stronger guarantee.

2.1.3 Summary of our main results

We design BPTree [BCI"17] using O(¢~2loge~!) words of space to find (g, £2)-heavy hitters in an
insertion stream, which is optimal for constant e. Its guarantee is formulated in the following

theorem.

Theorem 2.1.4 (restatement of Theorem 2.7.2). For any € > 0 there is 1-pass streaming algorithm
BPTree that takes an insertion stream as input, and with probability at least (1 — &) returns a set of
(5, £2)-heavy hitters containing every (e, {2)-heavy hitter and an approximate frequency for every item
returned satisfying the (¢,1/€*, 0y )-tail guarantee. The algorithm uses O (% log o) words of space and has

O(log %) update and O(e~2log %) retrieval time.

Bernoulli process is a crucial building block in both CountSieve and BPTree. We prove that
using 4-wise independent random signs will still make the supremum bounded. We illustrate the

supremum of a Bernoulli process in Figure 2.3.

Theorem 2.1.5 (restatement of Theorem 2.3.1). Let py,..., pm € [n] be an insertion stream. For any
te€{0,---,m}and any i € [n], let fl.(t) ={jelt]l:pj =1} If Z € {—1,1}" is drawn from a 4-wise
independent family, Esup, |(f"), Z)| < 23| f"],.

As a component of BPTree, we design an algorithm to track at any time the second moment

of the frequency vector with an error up to ¢F, where F, is the second moment at the end of the
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Figure 2.3: The supremum of a Bernoulli process.

stream. Note that for our BPTree, we only need ¢ to be a small constant.

Theorem 2.1.6 (restatement of Theorem 2.6.1). Let p1,...,pm € [n] be an insertion stream. For
any t € {0,---,m} and any i € [n], let fi(t) =|{jelt]:p =i} foranyt € {0,...,m}, let
Fz(t) = Yie[n] (fl.(t))z. Let F, = Fz(m). Let 0 < €,0 < 1. There is a 1-pass streaming algorithm that outputs
at each time t a value 1?2(” such that ]P(|I/52(t) - Fz(t)| <eR,Vt:0<t<m)>1—30. Thealgorithm use

O(% log }) words of space and has O(% log }) update time.

2.1.4 Our approach

In the remainder of this introduction, we will go through some of the key technical insights of our
BPTree algorithm, and highlight its contributions by comparing it with previous CountSketch and
CountSieve approaches.

Similar to CountSketch and CountSieve, our BPTree first reduces to the problem of identifying
the single heavy hitter H in a stream with the guarantee that H is very heavy — namely
fu > K| fiu) (a3 |2 (in that case, we say H is K-heavy) where K is a sufficiently large constant. Any
solution that takes O(s) words of space and identifies the single heavy hitter H with constant
success probability will lead to a solution of finding all the heavy hitters using O(se 2loge™!)
words of space.

The reduction follows two simple observations. First, we can use CountSketch to decide
whether an item is a heavy hitter. In particular, if we can find a set of heavy hitter candidates H
that contains all the heavy hitters, then it takes CountSketch O(e2log ||#||) words (we maintain

CountSketch in parallel to the subroutine that obtains H) to give a good estimation (with additive
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Figure 2.4: Illustration of the reduction from the heavy hitter problem to identifying a single heavy hitter. We have
R =0O(loge!) and B = ©(¢72). Each box A, , where r € [R] and b € [B] represents an independent instance of
the streaming algorithm that identifies the single heavy hitter. When item i arrives, for every r € [R], A, ), ;) (i.e. the
hy(i)-th sub-stream/bucket) receives the update, where h, : [n] — [B] is a pairwise hash function.

error §||f||2) to each f; for j € H. If we simply choose H to be [1], CountSketch takes O(e2log 1)
words of space to solve the heavy hitter problem. In order to beat CountSketch, BPTree, like
CountSieve, makes |#| = O(e 2 loge™!). Second, given an algorithm A that solves the single
heavy hitter case, we can obtain such heavy hitter candidates # of small size by sub-streaming
and repetition. We illustrate the process in Figure 2.4, which is similar to CountSketch, but instead
of maintaining a (signed) counter for each sub-stream, we maintain an instance of the streaming
algorithm that solves the single heavy hitter case. We first discuss one repetition. Let B = O(f—;)
We partition the original stream pj, ..., p into B disjoint sub-streams by choosing a pairwise
independent hash function & : [n] — [B] and item i belongs to the h(i)-th sub-stream. For each
heavy hitter H, we can prove that with constant probability, H is at least K-heavy in the sub-stream
it resides in. If we have an algorithm that takes O(s) words of space and identifies H with constant
success probability, then we can make sure that H is chosen as a heavy hitter candidate with
constant probability. If we repeat the above sub-streaming procedure R = O(loge™!) times with
different random seeds, we can make sure that with good probability, all the heavy hitters will be

chosen as candidates. The space required by finding H is O(se 2 loge™!) words.
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Now, the task is to identify the heavy hitter H which is K-heavy for sufficiently large constant
K. It is useful to see other items in the stream as noise, and fp is at least K times the ¢, norm of the
noise. CountSieve introduces an important building block that extracts one bit of information about
H. The one-bit subroutine randomly partitions [#] into Sy and S; (via a pairwise hash function),
and maintains Xét) = Yies, Zifz.(t) and X;t) = Yies, Zifz.(t), where Z € {—1,1}" is a Rademacher
random vector, and f*) refers to the frequency vector at time t. Then H is more likely to appear
in the S, with larger |Xl(7m)| Let ¢y so that fI({tO) = %fl({m). Let H € S, where b € {0,1}. Moreover,
we can prove that the probability is at least 0.9 (for large enough constant K) that |X£t)\ > |X§t_)b|
for all ¢ € [tg, m]. Namely, with good probability, after consuming a constant fraction of H in the
stream, arg maxpe{o 1} |Xl(7t) | will always tell whether H is in Sy or in S;.

Note that a Rademacher random vector Z € {—1,1}" requires n bits of space, which is
impractical for streaming algorithms. CountSieve addresses this issue by first applying a Johnson-
Lindenstrauss (JL) transformation of dimension O(logn) to the frequency vector, so that the
required dimension of the Rademacher random vector to inner-product with is O(logn). However,
the JL transformation itself requires O(logn loglog 1) bits of space to store. In contrast, our BPTree
uses 4-wise independent hash functions to generate Z, and a chaining method to show that the
expected supremum of the Bernoulli process is still bounded in a desirable way.

CountSieve uses the one-bit subroutine in a two-part strategy to identify the ¢, heavy hitter
with O(loglog n) memory. The two parts are: (1) Amplify the heavy hitter so that H is poly(logn)-
heavy; (2) Identify H with independent repetitions of the one-bit subroutine. Part (1) winnows

the stream from, potentially, n distinct elements to at most n/poly(logn) elements. The heavy

1
~ poly(logn)

removed. CountSieve accomplishes this by running ®(loglog 1) independent copies of the one-bit

hitter remains and we get fy > (1 )|| f||2 because many of the other elements have been
subroutine in parallel, and discarding elements that do not pass a super-majority of the tests. A
standard Chernoff bound implies that only 7/2°0°81°8") — 31 /poly(log ) items survive. Part (2)
of the strategy identifies ©(logn) “break-points” where || f|| of the winnowed stream increases
by approximately a (1 + 1/ logn) factor from one break-point to the next. Because H already

accounts for nearly all of the value of || f||; it is still a heavy hitter within each of the ©(logn)
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intervals. CountSieve learns one bit of the identity of H on each interval by running the one-bit
subroutine. After all ®(logn) intervals have completed, the identity of H is known.

BPTree merges the two parts of the above strategy. Similar to CountSieve, BPTree runs a series
of O(logn) rounds where the goal of each round is to learn one bit of the identity of H. As
compared to CountSieve, BPTree discards more items after each round, then recurses on learning
the remaining bits. As the algorithm proceeds, it discards more and more items and H becomes
heavier and heavier in the stream. This is reminiscent of a work on adaptive compressed sensing
[[IPW11], but here we are able to run all the rounds in a single pass given the insertion-only

property of the stream.

2.2 Preliminaries

An insertion stream is a list of items p1, ..., pu € [n]. The frequency of j at time f is f].(t) =NHi<
t|p; =j},and f) € N" is called the frequency vector. We denote f := f("), FZ(t) =i (fj(t))z,
Fy =Y/ ff,and Fy == [{j € [n] : f; > 0}|. Anitem H € [n] is a-heavy if f7 > a? Zj?éHf].Z =
a?(F, — f%). In the example illustrated in Figure 2.1, item 3 is %-heavy, because f3 = 4 and
Yigsfi =9

For W C [n], denote by f!)(W) € IN" the frequency vector at time ¢ of the stream restricted to
the items in W, That is, a copy of f(*) with the ith coordinate replaced by 0 for every i ¢ W. We
also define &) (W) == fO(W) — f6)(W) and F(W) = Yiew f]-2.

Our algorithms make use of 2-universal (pairwise independent), 4-wise independent, and
8-wise independent hash functions. We will denote such a function h : [n] — [p] where p is a
prime larger than 7, or we may use & : [n] — {0,1}%, which may be taken to mean a function
of the first type for some prime p € [28~1,2R). We use h(x); to denote the ith bit, with the first
bit most significant. A crucial step in our algorithm involves comparing the bits of two values
a,b € [p]. Notice that, for any 0 < r < [log, p|, we have a; = b;, for all 1 < i < r, if and only if
la—b| < 2log, P17 Therefore, the test a; = b;, for all 1 < i < r, can be performed with a constant
number of operations.

We will use CountSketch [CCF02] as a subroutine, and also compare our algorithm against
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it. CountSketch has two parameters B and R, which determine the number of “buckets” and

“repetitions” (or “rows”) in the table it stores, respectively.

Definition 2.2.1 (CountSketch). A CountSketch data structure with bucket size B and repetitions R
corresponds to a measurement matrix ® € RER*", Matrix & is a concatenation of @), ..., ®R), where
each ) ¢ RE*" (r € [R)) is defined by a pairwise hash function h; : [n] — [B] and a pairwise sign
function o; : [n] — {—1,1}, such that for each j € [B] and i € [n],

() _
q)j,l. =

0 otherwise.

The data structure maintains the value of ®x and for each i € [n], it gives
x} = median (01(1') (@MW) 1y, 0w (D) - (dD(R)x)hR(i))
as estimation to x;.

Let x' € R" denote the approximation given by the count sketch data structure. We have the

following guarantee for count-sketch with bucket size B and repetitions R.

Lemma 2.2.2 ([CCF02]). Let x € R", and let x' € R" be the output of a CountSketch data structure
(Definition 2.2.1) with bucket size B and repetitions R. For each i € [n)], with probability at least 1 —2~(R),

2
lx;i — x| < 7B\|x||2~

NG

In our algorithm we use the notation 1(A) denote the indicator function of the event A.

Namely, 1(A) = 1 if A is true and 0 otherwise. We use x < y to denote x = O(y).

2.3 Overview of the Algorithm

Our heavy hitter algorithm consists of several subroutines. The most important subroutine is HH1
in Algorithm 1, which finds a single O(1)-heavy hitter assuming we have an estimate ¢ of \/F,
such that /F, < 0 < 2y/F,. HH2 (Algorithm 2) in Section 2.7 removes the assumption on ¢ by

repeatedly “guessing” values for ¢ and restarting HH1 as more items arrive. The F, guessing in
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HH2 is where we need F, tracking. Finally, a standard reduction from finding e-heavy hitters to
finding a single O(1)-heavy hitter leads us to the main heavy hitters algorithm BPTree, which is

formally described in Theorem 2.7.2.

Algorithm 1 Identify a heavy hitter.

1: procedure HH1(c, p1, p2,.--,Pm) >vVE <o <2Vh
2 R <+ 3llog,(min{n,c?} +1)]

3. Initialize b = byby - - - bg = 0 € [2K]

4 Sample h: [n] = {0,1}R ~ 2-wise independent family
5: Sample Z € {—1,1}" with 4-wise independence
6: Xp, X1+ 0

7: r<1,H+ —1

8: B<+3/4,c+1/32

9: fort=1,2,...,mand r < R do

10: if h(p);i = b;, for alli € [r — 1] then

11: H + pt

12: Xn(p), < Xn(po), + 2

13: if | X0+ X1| > coB’ then

14: Record one bit b, + 1(|X1| > |Xo|)

15: Refresh (Z;)! ;, Xo, X1 < 0

16: r<—r—+1

17: end if

18: end if

19: end for
20: return H
21: end procedure

HH1 in Algorithm 1 begins with randomizing the item labels by replacing them with pairwise
independent values on R = @(logmin{n, ¢?}) bits via the hash function k. Since n and ¢ > F,
are both upper bounds for the number of distinct items in the stream, R is chosen so that every
item receives a distinct hash value.

Once the labels are randomized, HH1 proceeds in rounds wherein one bit of the randomized
label of the heavy hitter is determined during each round. It completes all of the rounds and
outputs the heavy hitter’s identity within one pass over the stream. As the rounds proceed,
items are discarded from the stream. The remaining items are called active. When the algorithm
discards an item it will never reconsider it (unless the algorithm is restarted). In each round, it

creates two Bernoulli processes X and Xj. In the rth round, Xy will be determined by the active
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items whose randomized labels have their rth bit equal to 0, and X; determined by those with
rth bit 1. Let gét), ggt) € IN" denote the frequency vectors of the active items in each category,
respectively, initialized to O at the beginning of the round. Then we have Bernoulli processes
that X(()t) = (Z, g(()t)> and X%t) =(Z, gY) ), where Z is a vector of 4-wise independent Rademacher
random variables.

The rth round ends when |Xg + Xi| > cop’~}, for constants ¢ = 1/32 and B = 3/4. At this
point, the algorithm compares the values |Xo| and |X;| and records the identity of the larger one
as the rth bit of the candidate heavy hitter. All those items with rth bit corresponding to the
smaller counter are discarded (made inactive), and the next round is started.

After R rounds are completed, if there is a heavy hitter then its randomized label will be
known with good probability. The identity of the item can be determined by selecting an item in
the stream that passes all of the R bit-wise tests, or by inverting the hash function used for the
label. If it is a K-heavy hitter, for a sufficiently large K = O(1), then the algorithm will find it with
probability at least 2/3.

The most important technical component of the analysis is the following Theorem 2.3.1, which
is proved in Section 2.4. It gives us control of the evolution of | Xy| and |X;| so we can be sure that

the larger of the two identifies a bit of H.

Theorem 2.3.1. If Z € {—1,1}" is drawn from a 4-wise independent family, Esup, |(f"),Z)| <
23 | f0]|2.

We will use C, < 23 to denote the optimal constant in this theorem.

The key idea behind the algorithm is that as we learn bits of the heavy hitter and discard other
items, it becomes easier to learn additional bits of the heavy hitter’s identity. With fewer items in
the stream as the algorithm proceeds, the heavy hitter accounts for a larger and larger fraction of
the remaining stream as time goes on. As the heavy hitter gets heavier the discovery of the bits
of its identity can be sped up. When the stream does not contain a heavy hitter this acceleration
of the rounds might not happen, though that is not a problem because when there is no heavy
hitter the algorithm is not required to return any output. Early rounds will each use a constant

fraction of the updates to the heavy hitter, but the algorithm will be able to finish all R = ©(logn)
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rounds because of the speed-up. The parameter B controls the speed-up of the rounds. Any value
of B € (1,1) can be made to work (possibly with an adjustment to c), but the precise value affects

the heaviness requirement and the failure probability.

2.4 Bernoulli Process with 4-wise Independence

Let Z € {—1,1}" be a random vector. We are interested in upper bounding E sup, |(f(*), Z)|.
It was shown in [BCIW16] that if each entry in Z is drawn independently and uniformly from
{~1,1}, then Esup, |(f"), Z)| < ||f"™|]2. In this section, we show that this inequality still holds
if the entries of Z are drawn from a 4-wise independent family. The result is used both in our
analysis of HH1 in Section 2.5 and our F, tracking algorithm in Section 2.6.

The following lemma is implied by [Haa82].

Lemma 2.4.1 (Khintchine’s inequality). Let Z € {—1,1}" be chosen uniformly at random, and x € R"

a fixed vector. Then for any even integer p, E (Z,x)" < \/p" - ||x|[5.

Note that Khintchine’s inequality E (Z, x)? < ,/p” - || x|/} still holds if Z is drawn from a p-wise
independent family, because E (Z, x)? will remain unchanged. Now we are ready to give the

proof for Theorem 2.3.1.

Proof of Theorem 2.3.1. To simplify notation, we first normalize the vectors in { f 0) =, f @, ..., f (’”)}
(i.e., divide by || f™)||»). Denote the set of these normalized vectors by T = {vy, ..., vy}, where
|lom|l2 = 1. Recall that an e-net of a set of points T under a metric d is a set of points " C T
such that for each t € T, there exists t' € T’ such that d(t,t') < e. For every k € IN, we can find a
1/2%-net of T in ¢, with size |Ty| < 2% by a greedy construction as follows.

To construct an e-net for T, we first take vy, then choose the smallest i such that ||v; — vz > ¢,
and so on. To prove the number of elements selected is upper bounded by 1/¢2, let ug, uq, ua, . . ., s
denote the vectors we selected accordingly, and note that the second moments of u; — ug, uy —
ui,...,us — up_q are greater than €2. Because the vectors u; — u;_1 have non-negative coordinates,
||u¢]|3 is lower bounded by the summation of these moments, while on the other hand [|u;||3 < 1.

Hence the net is of size at most 1/¢2.
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Figure 2.5: Illustration of the chaining method. In this example, T = [—1,1], and for k € N, Ty is a (1/2)-net ofT
Consider x € T, and let x* denote its closest element in Ty.. We can decompose x = x° + (x* — x0) 4 (x% —x1) +- - -

Let S be a set of vectors. Let Z € {—1,1}" be drawn from a p-wise independent family, where
p is an even integer. Let x € R". By Markov and Khintchine’s inequality,

p
P2} > 21 ) < e < g ()
2

Hence,

Esup|(x, Z)| = /Ooo]l’(sup](x,ZH > u)du

x€eS xX€eS

= IS\”’”-SUPIIXIIz-/O P(sup |(x, Z)| > A-[S|'/7 - sup || x|l2)dA

xes xeS xeS

1/ oo \/ﬁ p )
< |S]*P - sup || x||z2 - \/ﬁ—i—/ e A (union bound)
VP

XES

1
— 1517 supllall i+ (1451 )

xX€S
Now we apply a similar chaining argument as in the proof of Dudley’s inequality (cf. [Dud67]).
For x € T, let x* denote the closest point to x in Ty. We illustrate this in Figure 2.5. We have
|k — k=1 < ||k — |2 + |lx — 2K 1|2 < (1/2F) + (1/2F1) = 3/2F. Note that for any x € T, let
v; = x¥ denote the closest vector to x in Ty (under ¢,), then the closest vector x;_; to x in Tj_;

must either be the frequency vector vy in Ty_; such that ' is the smallest timestamp after ¢ of a
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vector in Ty_1, or the largest timestamp before t in Ty_;. Thus the size of {x* — x*"!|x € T} is

22k+1

upper bounded by 2|S;| < , implying for p =4,

Esup |(x,Z)] < ZIEsuprk—xk*l,ZH

xeT k=1 «x€T
< \/><1+> 22k+1 1/P 3/2k)
k=1
< 23.

2.5 Identifying a Single Heavy Hitter Given Approximation to F,

This section analyzes the subroutine HH1, which is formally presented in Algorithm 1. The goal
of this section is to prove the correctness of HH1 in Lemma 2.5.4. We use H € [n] to denote the
identity of the most frequent item in the stream. It is not assumed to be a heavy hitter unless

explicitly stated.

2,51 Randomizing the labels

The first step of HHL1 is to choose a hash function h : [n] — {0,1}R where R = O(logn), that

relabels the universe of items [n]. For each r > 0, let
H,={ien|\{H}|h(i)y =h(H)gforall1 <k <r},

and let H, := H,_1 \ H, for r > 1, and Hy = @. By definition, Hg C Hr1 C --- C Ho =
[n] \ {H}. In round r € [R], we hope that the active items are H,_1 U {H}.

The purpose of randomizing the labels is a sort of “load balancing” among the item labels.
The idea is that each bit of 1(H) partitions the active items into two roughly equal sized parts, i.e.
|H,| ~ |H,| in every round r. This leads HH1 to discard roughly half of the active items after each
round, allowing us to make progress on learning the (hashed) identity of the heavy hitter H. We

will make use of the randomized labels in the next section, within the proof of Lemma 2.5.1.
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Figure 2.6: In this example of the execution of HH1, the randomized label h(H) of the heavy hitter H begins with 01
and ends with 00. Each node in the tree corresponds to a round of HH1, which must follow the path from Hg to Hr
for the output to be correct.

For h, we recommend choosing a prime p ~ min{n, F,}? and assigning the labels k(i) =
ap + a1i mod p, for ayp and a7 randomly chosen in {0,1,...,p — 1} and a; # 0. We can always
achieve this with R = 3log, (min{#n, F,} + 1), which is convenient for the upcoming analysis. This
distribution on & is known to be a 2-wise independent family [CW79]. Note that computing (i)
for any i takes O(1) time. It is also simple to invert: namely x = a; ' (h(x) —a9) mod p, so x
can be computed quickly from h(x) when p > n. Inverting requires computing the inverse of a;
modulo p, which takes O(logmin{n, F,}) time via repeated squaring, however this computation
can be done once, for example during initialization of the algorithm, and the result stored for all
subsequent queries. Thus, the time to compute a; ' mod p is negligible in comparison to reading

the stream.

2.5.2 Learning the bits of the randomized label

After randomizing the labels, HH1 proceeds with a series of R rounds to identify the (randomized)
label 1(H) of the heavy hitter H. The sequence of rounds is depicted in Figure 2.6. Each node in
the tree corresponds to one round of HH1. The algorithm traverses the tree from left to right as the
rounds progress. HH1 will successfully output H if (1) it traverses the path from Hy to Hr with
the 0/1 labels on the path exactly the bits of h(H); (2) Hr = @. When R = O(logn) is sufficiently
large we get Hr = @ with high probability.

Now let us focus on one round and suppose that H is a K-heavy hitter, for some large constant

K. Suppose the algorithm is in round r > 1, and recall that the goal of the round is to learn the
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rth bit of 1(H). Our hope is that the active items are those in #,_1 (otherwise the algorithm will
fail), which means that the algorithm has correctly discovered the first ¥ — 1 bits of h(H). The
main idea is that HH1 partitions H,_1 U {H} into #, U {H} and #,, creates a Bernoulli process for
each partition, and compares the values of the two Bernoulli processes to discern h(H),. Suppose
that the active items are indeed #,_1 and, for the sake of discussion, that the rth bit of the heavy
hitter’s label is h(H), = 0. Then the Bernoulli processes Xy and Xj, defined in Algorithm 1, have
the following form
Xo() = Zufy + Y Zf, X =L zif™,
i€, icH,

where s < m is the time of the last update to round r — 1 and ¢ is the current time. To simplify
presentations we adopt the notation f(S) for the frequency vector restricted to only items in S. For
example, in the equations above become Xy = ZHfI(;:t) +(Z, fEY(H,)) and Xq = (Z, FED(H,)).

The round is successful if |Xy| > |X;| (because we assumed h(H), = 0) at the first time
when | Xy + X1| > coB’. When that threshold is crossed, we must have either |Xy| > co"/2 or
|X1] > coB"/2, or both. The way we will ensure that the round is a success is by establishing
the following bound on the Bernoulli process Xi: | X1| = |(Z, f&D(H,))| < cop /2, for all times
t > s. Of course, the round does not end until the threshold is crossed, so we will also establish a
bound on the complementary Bernoulli process | Xy — ZHfI({s:t)| = (2, fED(H,))| < cop/2, at all
times t > s. When this holds we must have | Xy + X;| > cop" no later than the first time t where
fl(; > 2cop’, so the round ends after at most 2cof” updates to H. In total over all of the rounds
this uses up no more than }_,~(2cop" < fy updates to H, where we have used ¢ < 2y/F, < 3fy
by our assumption that H is a heavy hitter. In fact, both of those inequalities fail to hold with
some probability, but the failure probability is O(1/8"2'/2) so the probability that the algorithm
succeeds will be 1 — Y_,-, O(1/p2"/2) > 2/3.

The next lemma establishes the control on the Bernoulli processes that we have just described.

Lemma 2.5.1. Forany r € {0,1,...,R} and K > 0, the events

Eprq = {5‘2‘2 | <Z,f(s‘t)(’ﬂy)> | < KFz(Ho)l/z}
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and

Ey == {max ] <Z,f(5:t)(7'lr)> | < KFZ(HO)UZ}
s,t<m

4C,
K272

happen with probabilities at least 1 — respectively, where C, < 23 is the constant from Theorem 2.3.1.

Proof. By the Law of Total Probability and Theorem 2.3.1 with Markov’s Inequality we have

P (I}L%(HZ,f(t)(Hrm > ;KFZ(’HO)UZ)

_E {IP <rtréanz< (2, £ )| 2 S KEa(Ho)

<E {2C*Fz<%>1/2}

- KPQ(H())UZ

_ 2C.Fy(Ho)V?

- K[_'2(7_[0)1/22r/2
2C,

= X7

"))

The same argument holds if H, is replaced by H,.

By triangle inequality, [(Z, f&D (H,))| < (Z, fO (H)| +1(Z, fD(H,))|. Therefore, P(Ey,) >

1 4C,

— 1or7- A similar argument proves P(Ey 1) >1— 4C. O

K2r/2*

We will prove the correctness of HH1 by inductively applying Lemma 2.5.1 to bound the
success probability of each round.

Let U be the event {h(j) # h(H) forallj # H,f; > 0} which has probability P(U) >
1-F2R*>1-

m, recalling that Fy < min{n, F,} is the number of distinct items appearing

before time m. The next lemma is the main proof of correctness for our algorithm.

Lemma 2.5.2. Let K' > 128, ¢ = 1/32, and p = 3/4. If 2K'C.\/F(Hy) < ¢ < ZﬂfH and

fu > 2K'Ci\/F(Ho) then, with probability at least 1 — min{}?zn}z — K/c(\/SEﬁ—l)

the algorithm HH1I

returns H.

Proof. Recall that H is active during round r if h(H); = b; for all 1 <i <r — 1, which means that
updates for H in the stream are not discarded by the algorithm during round r. For each r € [R],
we define events Ep,_1 and Ej, by taking the value K to be K, = K'cC,f" in Lemma 2.5.1. Let

E denote the event that U and ﬂ%ﬁl E, both happen. We will prove by induction on r that if E
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happens then either b, = h(H), for all r € [R], or H is the only item appearing in the stream. In
either case, the algorithm correctly outputs H.

Let r > 1 be such that H is still active in round 7, i.e. b; = h(H); for all 1 < i < r — 1. Note
that all items are active in round 1. Since H is active, the rest of active items in round r are exactly
H,_1 = H, UH,. Let t, denote the time of the last update received during the rth round, and

define tg = 0. At time t,_1 < t < f, we have

cop’ > | Xo + Xq|
= {Z, fUr D (1 UH)) + Zufly )|
= (Z, i) (H,_q)) + Zp flr)

> f}j"“” — K_1F(Ho)Y?,

where the last inequality follows because of event E;(,_;). Rearranging and using the assumed
lower bound on ¢, we get the bound
K,_ 1
K, 1F 12 < 22l 5 = Zegprt, 2.1
r—1 Z(HO) i 2K/C*U— ZCO-IB ( )

rflitr_l)

Therefore, by rearranging we have fg’*l:tr) <1+ fI({t < 1+ (3 +B)cop’ L. That implies

0= T e < (A Bleo Ty B <k WEEYE p Thus, if fiy - 32 fy > R

then round r < R is guaranteed to be completed and a further update to H appears after
the round. Suppose, that is not the case, and rather R > fy — (H%)ﬁﬂc fu > % fu, where the
last inequality follows from our choices f = 3/4 and ¢ = 1/32. Then, by the definition of R,
9(1+log, 8f%)? > R* > % f%. One can check that this inequality implies that fy < 104. However,
K’ > 128 and the heaviness requirement of H implies that F>(#o) = 0. Therefore, H is the only
item in the stream, and, in that case the algorithm will always correctly output H.

Furthermore, at the end of round 7, | Xy + Xi1| > cop’, so we have must have either |Xy| >

coB’/2 or |X1| > coB’ /2. Note that both Ey,_; and Ep, occur. Recall these two events govern the

non-heavy items contributions to Xy and Xj, together with inequality (2.1), we have

|<Z’f(tr—1:tr)(Hr)>| < KrPZ(%O)l/Z < %caﬁr
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and the same holds for H,. Therefore, the Bernoulli process not including H has its value smaller
than coB’/2, and the other larger process identifies the bit h(H),. By induction, the algorithm
completes every round r = 1,2,..., R and there is at least one update to H after round R. This
proves the correctness of the algorithm assuming the event E happens.

It remains to compute the probability of E. Lemma 2.5.1 provides the bound

IP(U and N2R E;) >1—;—i£
a i=1"+1) = min{n, 1:2}2 = Krzr/Z
oLy 8
~ min{n, K}> & Kcp2r/2
1 8

>1

~min{n, B} Kc(v2p-1)
O

Proposition 2.5.3. Let « > 1. IfFZl/2 <oc< 21—“21/2 and fy > av/Fa(Ho), then a\/Fy(Hp) < 0 <
2v/2fH.

Proof. 1t follows from a/F(Ho) < fu < cand f4 = F — B(Ho) > (1 - +1;)h > L2 O

T 1442

QoI

Lemma 2.5.4 (HH1 Correctness). There is a constant K such that if H is a K-heavy hitter and \/F, <
o < 2+/F,, then with probability at least 2 /3 algorithm HHI returns H. HHI uses O(1) words of storage.

Proof. The Lemma follows immediately from Proposition 2.5.3 and Lemma 2.5.2 by setting

K’ = 213, 5o that it is sufficient to set K = 21*C, < 380, 000. dJ

2.6 F, Tracking

This section proves that the AMS algorithm with 8-wise, rather than 4-wise, independent random
signs has an additive ¢F, approximation guarantee at all points in the stream. We will use the
tracking algorithm to “guess” a good value of ¢ for input to HH1. Because the AMS algorithm is a
fundamental streaming primitive, it is of independent interest from the BPTree algorithm. The

following theorem is a direct consequence of Lemma 2.6.3 and [AMS99].
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Theorem 2.6.1. Let 0 < & < 1. There is a streaming algorithm that outputs at each time t a value I?Z(t)
such that ]P(|1?2(t) - Fz(t)| <eR,Vt:0<t<m)>1—4. Thealgorithm use O(Sl2 log }) words of storage

and has O(El2 log }) update time.

Let us remark that it follows from Theorem 2.6.1 and a union bound that one can obtain a
(14 ¢) multiplicative approximation to F, at all points in the stream using O(e 2 loglog m) words.
This can be done by breaking the stream into O(logm) intervals where the breaking points are
those t so that Pz(t) doubles.

In its original form [AMS99], the AMS sketch is a product of the form IIf, where II is a
random k x n matrix chosen with each row independently composed of 4-wise independent iﬁ
random variables. Note that E ||T1f||3 = ||f||3. The sketch uses k = @(1/¢?) rows to achieve a
(1 + ¢)-approximation with constant probability. We show that the AMS sketch with k ~ 1/¢?
rows and 8-wise independent entries provides ¢»-tracking with additive error || f||, at all times.
We use ||A|| to denote the spectral norm of A, which is equal to its largest singular value, and
||A||r for the Frobenius norm, which is the Euclidean length of A when viewed as a vector. Our
proof makes use of the following moment bound for quadratic forms. Recall that given a metric
space (X,d) and £ > 0, an e-net of X is a subset N C X such that d(x, N) = inf,cnd(x,y) < ¢ for

all x € X.

Theorem 2.6.2 (Hanson-Wright [HW71]). For B € R"*" symmetric with (Z;) uniformly random in
{=11}" forall p > 1, ||Z"BZ = EZ'BZ||, < \/P||Bllr + p| Bl

In the following, we prove our F, tracking lemma by a chaining argument. The proof is
similar to the supremum bound proof of Bernoulli process with bounded independence given in

Section 2.4.

Lemma 2.6.3 (F, tracking). Ifk > 1/¢* and Z € {—1,+1}*" are 8-wise independent then
E sup ITLFONE — 1 13] < el £13.

Proof. Letv; = fB /| f™ ||, and T = {vg,v1,...,0m}. Note that ||vg|l2 = 0, ||[vm|l2 = 1, and |||

is monotonically increasing in ¢t. For £ € IN, let T, be the 2l net of T under ¢, by the greedy
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construction in Section 2.4. We have |T;| < 4% and vy € Ty.
l l

Note that the AMS sketch can be written as ITx = A,Z, where A, € RF*¥ 5o that

xT O1xn =+ O1xn

A L O1xn I 01
X - \/E 7

_len O1xn =+ xT i

and Z € {-1,1}* is 2p-wise independent (we will finally let p = 4, but the following
argument holds as long as p is an even integer). Let By = AL A,. We are interested in bounding
Ezsup, r|Z"B:Z — EZ"B,Z|.

Note that for any x,y € R" such that ||x||2, ||yl <1,

lxx —yy"llr = [lx(x —=y)" + (x = y)y" |[£
<x(x =) e+ 1 (x=y)y e
= [[xll2llx = yll2 + llx = yl2llyll2
< 2[[x = yll.

Thus ||Bx — By||r = ﬁ”xxT —yyl||lr < %Hx —yl|2, for all x,y € T. Moreover, sup, .1 || Bx|| <
sup,cr ||Bxlle = ||Bo, lr = 1/Vk. Therefore B, := {B, : x € T} is a 2!~/ V/k-net under both
||l and || - ||r. For x € T, let x* € T, denote the closest element in T, sunder £,. Then we can
write By = B+ Y021 Avs = Y0o1Axy, where A,y = B

Y(A) = |ZTAZT —EZTAZT|. We have

« — By1. For brevity, we also define

(o]

Esup y(By) < Esup Z’)/(Axg Z sup y(A (2.2)

xeT xeT ¢=1 = xeT

For symmetric matrix A € R"*", by Hanson-Wright Inequality

C A CollAIIN?
]P(V(A)>A-S“P)<;.< VPIAllE+Cpll H>

A

for some constant C > 0. Thus if A is a collection of such matrices, |A| = S, choosing
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u* = C(\/ﬁ "SUP sy |Al[F+p- SUPaca | All),
Esupy(A) = / P(sup y(A) > u)du
AeA 0 AeA

v / P(sup 7(A) > A-SVP)dA
0 AcA

=SVP(u +/ (sup y(A) > A-SVYP)dA)
AcA

< SYP(p-sup |Allr + p-sup || A]). (2.3)
AcA AcA
Now by applying (2.3) to (2.2) repeatedly with A = Ay = {B,x — Bs1 : x € T}, noting
sup e 4, IAll < supycy, [[AllF < < 2-0/\/k and | Ay| < 2|T,| < 220+1,

—L

"::\m

Esupy(By) < < P
o g‘ VE T vk
for p > 4. Thus it suffices for the entries of Z to be 8-wise independent. ]

2.7 The Complete Heavy Hitters Algorithm

In this section, we first describe HH2, formally presented in Algorithm 2. The algorithm removes
the assumption on ¢ required by HH1. The complete algorithm BPTree follows.

The step in HH2 that guesses an approximation ¢ for 1/F, works as follows. HH2 constructs
the estimator F, of the previous section to (approximately) track F,. HH2 starts a new instance
of HH1 each time the estimate 1?2 crosses a power of 2. Each new instance is initialized with the
current estimate of \/F, as the value for ¢, but HH2 maintains only the two most recent copies
of HH1. Thus even though it may instantiate overall Q)(logn) copies of HH1, at most two will be
running concurrently and the total storage remains O(1) words. At least one of the thresholds
will be the “right” one, in the sense that HH1 gets initialized with ¢ in the interval [/F, 2v/F], so
we expect the corresponding instance of HH1 to identify the heavy hitter, if one exists.

The scheme could fail if B is wildly inaccurate at some points in the stream, for example if b
ever grows too large then the algorithm could discard every instance of HH1 that was correctly

initialized. But Theorem 2.6.1 guarantees that it fails only with small probability.
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We begin by proving the correctness of HH2 in Lemma 2.7.1 and then complete the description

and correctness of BPTree in Theorem 2.7.2.

Algorithm 2 Identify a heavy hitter by guessing o

1: procedure HH2(p1, p2,...,pm)

2: Run 1/-"\2 from Theorem 2.6.1 withe =1/100 and 6 = 1/20
3 Start HH1 (1, p1,..., pm)

4 Let tp = 1 and f; = min{¢ | 1/_:2(t) > 2K}, for k > 1.

5 for each time f; do

6: Start HH1((E"))2, p,, py i1, - - pm)

7 Let Hj denote its output if it completes

8 Discard Hi_, and the copy of HH1 started at t;_,
9 end for

10: return Hy_4

11: end procedure

Lemma 2.7.1. There exists a constant K > 0 and a 1-pass streaming algorithm HH2 (in Algorithm 2),
such that if the stream contains a K-heavy hitter, then with probability at least 0.6 HH2 returns the identity

of the heavy hitter. The algorithm uses O(1) words of memory and O(1) update time.

Proof. The space and update time bounds are immediate from the description of the algorithm.
The success probability follows by a union bound over the failure probabilities in Lemma 2.5.4 and
Theorem 2.6.1, which are 1/3 and ¢ = 0.05 respectively. It remains to prove that there is a constant
K such that conditionally given the success of the F, estimator, the hypotheses of Lemma 2.5.4 are
satisfied by the penultimate instance of HH1 by HH2.

Let K’ denote the constant from Lemma 2.5.4 and set K = 12K’, so if H is a K-heavy hitter then

for any « > 2/K and in any interval (t, t'| where (Fz(t,))l/2 - (Fz(t))l/2 > wy/F, we will have
fii" + B(Ho) 2 2 1 f o 2 £l = V2 > av/E

If follows with in the stream py, p;41, ..., pr the heaviness of H is at least

(t:t') .
L S LGEVLICORS (24)
FZ(- )(Ho)l/z E(Ho) 2

Of course, if Fz(t:t,) (Ho) = 0 the same heaviness holds.
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Let k be the last iteration of HH2. By the definition of t;, we have (fZ(tk’l))l/ 2> %(fz)l/ 2>
%\/m. Similar calculations show that there exists a time ¢, > t;_; such that (Fz(t*))l/ 2 _
(Ifz(t"’l))l/2 > 1F and |[ftert)|, < (l?z(tk”))l/2 < 2||f-1t)||,. In particular, the second pair of
inequalities implies that 1/52(“‘71) is a good “guess” for ¢ on the interval (t;_1,t*]. We claim H is
a K’ heavy hitter on that interval, too. Indeed, because of (2.4), with « = 1/6, we get that H
is a K’-heavy hitter on the interval (#;_1,t*]. This proves that the hypotheses of Lemma 2.5.4
are satisfied for the stream p;,_,y1,..., ps. It follows that from Lemma 2.5.4 that HH1 correctly
identifies Hy_; = H on that substream and the remaining updates in the interval (¢, t,;] do not

affect the outcome. O

Now a standard reduction from e-heavy hitters to O(1)-heavy hitters gives the following

theorem.

Theorem 2.7.2. For any & > O there is 1-pass streaming algorithm BPTree that, with probability at least
(1 —90), returns a set of 5-heavy hitters containing every e-heavy hitter and an approximate frequency for
every item returned satisfying the (e,1/¢?)-tail quarantee. The algorithm uses O(El2 log %) words of space

and has O(log L) update and O(e~2log L) retrieval time.

Proof. The algorithm BPTree constructs a hash table in the same manner as CountSketch where
the items are hashed into B = O(1/¢?) buckets for R = O(log1/¢5) repetitions. On the stream
fed into each bucket we run an independent copy of HH2. A standard R x B CountSketch is also
constructed. The constants are chosen so that when an e-heavy hitter in the stream is hashed into
a bucket it becomes a K-heavy hitter with probability at least 0.95. Thus, in any bucket with a the
e-heavy hitter, the heavy hitter is identified with probability at least 0.55 by Lemma 2.7.1 and the
aforementioned hashing success probability.

At the end of the stream, all of the items returned by instances of HH2 are collected and their
frequencies checked using the CountSketch. Any items that cannot be e-heavy hitters are discarded.
The correctness of this algorithm, the bound on its success probability, and the (g, 1/ 82)—tail
guarantee follow directly from the correctness of CountSketch and the fact that no more than

O(e 2log(1/d¢)) items are identified as potential heavy hitters. O
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We can amplify the success probability of HH2 to any 1 — 6 by running O(log 5~ !) copies in
parallel and taking a majority vote for the heavy hitter. This allows one to track O(1)-heavy hitters
at all points in the stream with an additional O(loglogm) factor in space and update time. The
reason is because there can be a succession of at most O(log m) 2-heavy hitters in the stream, since
their frequencies must increase geometrically, so setting 6 = ®(1/ log m) is sufficient. The same
scheme works for BPTree tree, as well, and if one replaces each of the counters in the attached
CountSketch with an F,-at-all-times estimator of [BCIW16] then one can track the frequencies of
all e-heavy hitters at all times as well. The total storage becomes O(} (loglogn +loge™!)) words

and the update time is O(loglogn + loge™1).

2.8 Conclusion

We have obtained a new algorithm called BPTree for finding ¢, heavy hitters in insertion streams.
It has space complexity O(e 2loge™!) words. When ¢ is a constant, which is one of the most
common settings in application, our space complexity is optimal. It is still open and interesting to
see if it is possible to achieve O(e?) words, since the current best space lower bound is Q(¢~2)
words, which comes from the fact that there can be as many as @(¢~2) (g, £)-heavy hitters, and
each requires (1) words to store.

Our BPTree has an extra O(loge™!) factor in space complexity mainly because of the following
two reasons: (1) In the the process of identifying heavy hitters, we pay an extra factor of
loge~1, because intuitively we identify heavy hitters in a coupon collecting fashion, and we need
O(e2loge™!) trials to collect all the ®@(¢72) heavy hitters. Namely, for each heavy hitter, we
approximately run ®(loge™!) instances of HH1 to make sure the heavy hitter is identified with
a good enough success probability (so that we can finally afford to apply a union bound over
all heavy hitters). (2) CountSketch takes ® (¢ 2loge~!) words of space to estimate correctly the
frequencies of all poly(¢7!) heavy hitter candidates.

Actually, the main obstacle is part (1) of the above discussion, i.e., the identification part.
Because we can replace CountSketch by maintaining a counter in HH1 recording the number of

times the current heavy hitter candidate appears in the stream. The counter then serves as a
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lower bound on the frequency of the heavy hitter candidate. And by setting parameters properly,
we can make sure that with constant probability, we obtain the heavy hitter as candidate before
consuming half of its occurrences in the stream (given the condition that the heavy hitter is at
least constant heavy).

CountSieve in [BCIW16] has an extra O(loglogn) factor in space complexity mainly because
their derandomization of Bernoulli process (BP) requires O(loglogn) words to store a random
seed, as well as because their subroutine called Amplifier needs to instantiate O(loglogn) copies
of BPs in parallel in order to make the heavy hitter from O(1)-heavy to poly(logn)-heavy. Our
BPTree resolves these two issues by using a 4-wise independent family to derandomize BP, and a
procedure similar to walking from the root of a tree to identify the heavy hitter.

It is worth to point out that CountSieve does not necessarily need to spend O(loglogn) words
in Amplifier. It is possible to use O(logloglogn) BPs in parallel in Amplifier to boost the heavy hitter
to be poly(loglog n)-heavy. Pipe-lined with the output of Amplifier, it takes O(loglogn) sequential
BPs to boost heaviness to poly(logn), and then another O(logn) sequential BPs to identify the
heavy hitter. Applying the sequential BP steps multiple times, one can show that Amplifier and
subsequent subroutines only take O(log(c) n) words (if we ignore the cost of derandomizing BPs),
where c is an arbitrary constant, and log(c) refers to applying log operation ¢ times.

We have shown that a Bernoulli process with 4-wise independent Rademacher random vector
instead of full-wise independence still has its expected supremum bounded by a constant of the
final #; norm of its frequency vector. It is interesting to see if pairwise independent Rademacher

suffices.
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Chapter 3

Sampler Lower Bounds

The sampler is a fundamental primitive in streaming literature, especially useful in dynamic graph
streaming problems. In a turnstile stream, a vector x € Z" starts as 0 and receives a stream of
updates in the form of x; < x; + A. By the end of the stream, a sampler is required to output
an element in supp(x) = {i : x; # 0}. We call the task support-finding if we are satisfied with
outputting an arbitrary element in the support. An {y-sampler additionally requires the output to
be uniformly distributed in supp(x). More generally, an £,-sampler outputs i with probability
proportional to |x;|P. Note that a space lower bound on support-finding implies the same lower
bound on /,-sampler, so it is sufficient to prove lower bound on support-finding.

It is known that the space complexity of /p-sampler with constant failure probability is
@(log2 n) bits [JST11]. [JST11] also implement an {y-sampler with failure probability at most J
using O(log 6~ log? n) bits. Prior to our work, no non-trivial lower bounds are known in terms of
J. On the other hand, graph stream applications often require § = O(1/poly(n)). Therefore, it is
interesting to bridge the gap. In this chapter, we show that Q(min (1, log 6! log? log%)) bits is
required for {yp-sampling and support-finding with failure probability é. For § > 2-m%, namely
when § is not extremely small, the space lower bound becomes Q(log 6! log® 1), matching the
upper bound in [JST11].

We also consider a variant of the sampler which outputs k (instead of 1) elements in the

support with constant failure probability, which we call support-findingy. £p-samplingy requires
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the k outputs to be uniform. We obtain a lower bound of Q(klog? (1/k)) bits for support-finding
(and of course also £p-samplingy).

In this chapter, we prove lower bounds for support-finding with failure probability J and
support-findingy by first proving a lower bound on R;’p ”b(URkC), where R;’p “" refers to ran-
domized one-way communication complexity under public coin with failure probability &
and UR[ refers to two party communication problem called universal relation in which Al-
ice and Bob receive x,y € {0,1}" respectively with the promise that supp(y) C supp(x)
and they want to find k elements in {i € [n] : x; # y;}. In this chapter, our main result is
R;’p”b(URkC) — @(min{n, tlog?*(n/t)}) where t = max{logé~!,k}. Our sampler lower bounds
follow directly from the universal relation bound. In addition, we also prove a new space lower

bound on finding duplicates by reducing to universal relation.

Organization. This chapter is organized as follows. Section 3.1 is the introduction section which
consists of 4 parts: Section 3.1.1 gives a formal definition of samplers and related problems,
Section 3.1.2 reviews some of the related works, Section 3.1.3 summarizes our main results,
Section 3.1.4 presents our intuition of the sampler lower bounds. Section 3.2 presents notations,
reductions and main results. Section 3.3 gives an overview of the techniques. Section 3.4 provides
the proof that R;"” ub(URC) = Q(min{n, logz(log(%) log }}). Section 3.5 extends the result to
UR[ for k > 1, and proves a lower bound of Q(k log?(11/k)) communication for constant failure
probability. Section 3.6 proves a matching upper bound for R;"” ub(URkC). Section 3.7 discusses a

variant of samplers that has applications in graph streams. Section 3.8 concludes this chapter with

some remarks.

Bibliographic remarks: The results described in this chapter were developed jointly with Michael
Kapralov, Jelani Nelson, Jakub Pachocki, David Woodruff and Mobin Yahyazadeh [KNP*17].

46



3.1 Introduction

3.1.1 Problem formulation

In turnstile {p-sampling, a vector z € IR" starts as the zero vector and receives coordinate-wise
updates of the form “z; < z; + A” for A € {—M,—M +1,...,M}. During a query, one must
return a uniformly random element from supp(x) = {i : z; # 0}. In its most general form, the
sampling problem is specified by the following four parameters, and a data structure solving the

problem is called a sampler.

¢ parameter p, where p > 0. We call the problem £,-sampling, and one must return index

i € [n] with probability approximately proportional to |z;|?.

* parameter J, where 6 € (0,1) denotes the failure probability. Namely, the sampler can report

“fail” with probability at most é.

e parameter ¢, where € € [0,1). We require that conditioned on the sampler does not report

|zi|”

2l + O(én~°), where c is a sufficiently large
P

“fail”, it returns index i with probability (1 +¢)

constant (for example, ¢ = 2) and the O(én~°) term in some literature is written as O(n~°)
but in the thesis ¢ can be as small as 27" so it is reasonable to have O(én~°) here. If ¢ = 0,

we say the sampler is perfect. Unless explicitly specified, we assume that ¢ is a small constant.

¢ parameter k, where 1 < k < n. Here k refers to the number of samples we require from the
sampler. In the case that k = 1, we can drop the subscript in /,-sampling; and denote as

{p-sampling.

Problem 3.1.1 ({)-sampling; and support-findingy). In the {,-sampling; problem, we have a vector
z € Z" receiving turnstile updates. We want to maintain a sampler, such that at the end of the stream,

the sampler outputs “fail” with probability at most 6, and otherwise if z is not a zero vector, it returns k

|zi[?
[

independent samples, where for each sample, i is chosen with probability (1 £ &)=t + O(6n~°), where € is
a small constant and c is a sufficiently large constant. The support-finding; problem drops the requirement

on distribition, and only requires to output min{k, ||z||o} elements in supp(z).
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Alice:z=(0,1,1,0,1,1,1,0)"

12@450G®S8

Figure 3.1: An instance of UR“. The universe size n = 8, Alice receives x and Bob receives y with supp(x) D
supp(y). In this figure, the items in circle represent the elements of supp(x — y) = {3,6,7}, and the goal of UR“
is to output any of them.

We define the communication problem UR (universal relations), whose one-way public-coin
communication complexity implies space lower bounds on 1-pass streaming algorithms for both

{p-sampling; and support-findingy.

Problem 3.1.2 (Universal relations). UR (universal relations) is a two-party communication problem
where Alice and Bob receive x,y € {0,1}" respectively with the promise that x # y. The goal of the
communication is to decide an index i € [n] such that x; # y;. We also consider a generalized problem URy,
where the output must be min{k, ||x — y||o} distinct indices on which x,y differ. We also use UR<, UR¢
to denote the variants when promised supp(y) C supp(x), and also Bob knows ||x||o. Clearly UR, UR

can only be harder than URS, UR, respectively.

Figure 3.1 illustrates an instance of UR- where the universe size n = 8, Alice receives
x and Bob receives y with supp(x) D supp(y). The goal of UR" is to output an element
from supp(x —y) = {3,6,7}. For the same input, UR; for k = 2 requires they output any
min{k, ||x —y|lo} = 2 elements from supp(x —y) = {3,6,7}, namely, {3,6}, {3,7} or {6,7}.

Our main result for this chapter is a tight bound on R;’p ”b(URkC), which denotes the ran-
domized one-way communication complexity of UR;- with failure probability at most § under
the public coin model. Our lower bound on R;’p ub(URkC) also implies a space lower bound on

finding duplicates in an insertion stream, which is defined as follows.

Problem 3.1.3 (Finding duplicates). In FindDuplicate(n), one is given a length-(n + 1) stream of
integers in [n], and the algorithm must output some element i € [n] which appeared at least twice in the

stream.
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3.1.2 Related works

The question of whether /y-sampling is possible in low memory in turnstile streams was first
asked in [CMRO5, FIS08]. The work [FIS08] apply ¢p-sampling as a subroutine in approximating
the cost of the Euclidean minimum spanning tree of a subset of a discrete geometric space subject
to insertions and deletions. The algorithm given there used space O(log> 1) bits to achieve failure
probability 1/poly(n) (though it is likely that the space could be improved to O(log? 1 loglog 1)
with a worse failure probability, by replacing a subroutine used there with a more recent /-
estimation algorithm of [KNW10]). The currently best known upper bound solves {y-sampling
using O(tlog?® 1) bits [JST11] where t = max{k,log6~1}.

Sketches for /p-sampling were also used to solve various dynamic graph streaming problems in
[AGM12a] and since then have been crucially used in almost all known dynamic graph streaming
algorithms?, such as for: connectivity, k-connectivity, bipartiteness, and minimum spanning
tree [AGM12a], subgraph counting, minimum cut, and cut-sparsifier and spanner computation
[AGM12b], spectral sparsifiers [AGM13], maximal matching [CCHM15], maximum matching
[AGM12a, BS15, Kon15, AKLY16, CCE*"16, AKL17], vertex cover [CCHM15, CCE"16], hitting set,
b-matching, disjoint paths, k-colorable subgraph, and several other maximum subgraph problems
[CCE"16], densest subgraph [BHNT15, MTVV15, EHW16], vertex and hyperedge connectivity
[GMT15], and graph degeneracy [FT16]. For an introduction to the power of {y-sketches in
designing dynamic graph stream algorithms, see the recent survey of McGregor [McG14, Section
3]. Such sketches have also been used outside streaming, such as in distributed algorithms
[HPP 15, PRS16] and data structures for dynamic connectivity [KKM13, Wan15, GKKT15].

Given the rising importance of /p-sampling in algorithm design, a clear task is to understand
the exact complexity of this problem. The work [JST11] gave an Q(log?n)-bit space lower
bound for data structures solving even the case M = 1 which fail with constant probability,
and otherwise whose query responses are (1/3)-close to uniform in the statistical distance.
They also gave an upper bound for M < poly(n) with failure probability J, which in fact gave
min{||z[|o, ®(log(1/6))} uniform samples from the support of z, using space O(log® nlog(1/4))

2The spectral sparsification algorithm of [KLM*14] is a notable exception.
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(here ||z||p denotes | supp(z)|). Thus we say their data structure actually solves the harder problem
of {y-sampling; for k = @(log(1/5)) with failure probability §, where in {y-sampling the goal
is to recover min{||z||o, k} uniformly random elements, without replacement, from supp(z). The
upper and lower bounds in [JST11] thus match up to a constant factor for k = 1 and ¢ a constant.
We note though in many settings, even if the final application desires constant failure probability,
lp-sampling with either failure probability o(1) or k > 1 (or both) is needed as a subroutine (see
Table 3.1).

For /,-sampling as defined above, the first work to realize its importance came even earlier
than for {p-sampling: [CK04] showed that an ¢;-sampler using small memory would lead to a
nearly space-optimal streaming algorithm for multiplicatively estimating |/x||3 in the turnstile
model, but did not know how to implement such a data structure. The first implementation was
given in [MW10], where they achieved space poly (¢! logn) for failure probability 1/poly(n). For
1 < p < 2 the space was improved to O(e " log® 1) bits for constant failure probability [AKO11].
In [JST11] this bound was improved to O(e~ ™1} log(1/6) log® n) bits for failure probability &
when 0 < p < 2 and p # 1. For p = 1 the space bound achieved by [JST11] was a log(1/¢) factor
worse: O(e~'log(1/¢)log(1/)log” n) bits.

Recently, [JW18] showed how to design perfect samplers where ¢ = 0. For p € (0,2), they
achieve O(log(1/6) log? n(loglog 1)?) bits; for p = 2, they achieve O(log(1/6) log® n) bits. When
8 = 1/poly(n), they achieve O(log’ 1) bits. In addition, in the random oracle model, the space
can be improved to O(log(1/8) log® 1) bits for p € (0,2).

For finding a duplicate item in a stream, the question of whether a space-efficient randomized
algorithm exists was asked in [Mut05, Tar07]. The question was positively resolved in [GR09],
which gave an O(log’ 1)-space algorithm with constant failure probability. An improved algorithm

was given in [JST11], using O(log(1/6) log? ) bits of space with failure probability J.

3[AGM12a] describe these algorithms as only needing & a constant, but for a different definition of support-finding:
when the data structure fails, it should output Fail instead of behaving arbitrarily. They then cite [JST11] as providing
the sampler they use, but unfortunately, [JST11] does not solve this variant of this problem. This issue can be avoided
by using [JST11] with § < 1/poly(n) so that with high probability no failures occur throughout their algorithm, very
slightly worsening their final space bound in the main application by a Ig n factor. Alternatively, one could use another
variant of sampling which we define in Section 3.7 and which can be solved via a minor modification of [JST11], which
allows retaining the bounds of [AGM12a] for connectivity, k-connectivity, and bipartiteness testing.
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reference problem distribution | k > 1? | 6 = 0(1)?

[FIS08] Euclidean minimum spanning tree £y yes
[AGM12a] connectivity® any yes
[AGM12a] k-connectivity® any yes
[AGM12a] bipartiteness® any yes
[AGM12a] minimum spanning tree any yes

[AGM12b] subgraph counting ) yes
[AGM12b] minimum cut any yes
[AGM12b] cut sparsifiers any yes
[AGM12b] spanners any yes yes
[AGM12b] spectral sparsifiers any yes
[CCHM15] maximal matching £y yes yes

[BS15] maximum matching (unweighted) £y yes
maximum matching (weighted) 4y yes yes
[Kon15] maximum matching any yes yes
[AKLY16] maximum matching 4y yes
[AKL17] maximum matching Ly yes
[CCE"16] maximum matching Loy yes

vertex cover
hitting set
b-matching
disjoint paths
k-colorable subgraph

[BHNT15] densest subgraph 4y yes
[MTVV15] densest subgraph 4y yes yes

[EHW16] densest subgraph £y yes
[GMT15] vertex connectivity any yes

hyperedge connectivity
[FT16] graph degeneracy 4y yes

Table 3.1: Guarantees needed by various works using samplers as subroutines. The last two columns indicate
whether the work needs to use a sampler that returns k samples at a time when queried for some k > 1, or for some
subconstant failure probability 6 even to achieve failure probability 1/3 in the main application. The “distribution”
column indicates the output distribution needed from the sampler for the application (“any” means a support-finding
subroutine is sufficient, i.e. it suffices for a query to return any index i for which z; # 0).
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3.1.3 Summary of our main results

Our main result is the following tight bound of R ub(URkC), where R, ub(URkC) refers to the
randomized one-way communication problem of URf with failure probability at most § under

public randomness.

Theorem 3.1.4 (Restatement of Theorem 3.2.4). For any ¢ bounded away from 1 and 1 < k < n,

R,;"7"*(URC) = ©(min{n, tlog?(n/t)}), where t = max{k,log(1/5)}.

By the following claim, our lower bound on R;’p”b(URkC) implies an optimal space lower
bound of Q(tlog? n) bits for any support-finding; algorithm (or any ¢ p-sampling; algorithm) with
failure probability §, where t = max{k,log(1/d)} > 2~ This lower bound matches the upper
bound in [JST11].

Claim 3.1.5 (Restatement of Claim 3.2.2). Any one-pass streaming algorithm for support-finding; with
failure probability at most J in the strict turnstile model must use R;’p ”b(URkC) bits of space, even if

promised that z € {0,1}" at all points in the stream.

By the following claim, our universal relations lower bound also implies an optimal space

lower bound on finding duplicates of Q( log(1/6) 10g2 n) bits for § > 2%

Claim 3.1.6 (Restatement of Claim 3.2.1). Any one-pass streaming algorithm for FindDuplicate(n) with

failure probability at most § must use R?’pub(URC) space.

Moreover, in proving the lower bound of URS, we show that if the updates and queries to a
randomized data structure with failure probability J are not independent of the randomness used
in the data structure, then the failure probability can be approximately bounded by ¢ plus a “loss”
which equals to their mutual information divided by log(1/). This bound is essentially tight and

is of independent interest in dynamic data structure designs.

Lemma 3.1.7 (Restatement of Lemma 3.3.1). Consider f: {0,1}" x {0,1}7 — {0,1} and X € {0,1}?
uniformly random. If Vy € {0,1}9, P(f(X,y) = 1) < 6 where 0 < § < 1, then for any random variable
Y supported on {0,1}9,

I(X;Y) + Ha(9)

P(FX,Y) = 1) < A,
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sub-sample

level probability sub-sampled items sub-sampled stream
0 1 12345678 23567 -2 -5
1 1/2 23 6 8 23 6 -2
2 1/4 3 5 35 )
3 1/8 5 5 -5

Figure 3.2: An example of the sub-sampling procedure used by samplers. The universe size n = 8. We use the
notation of —i to denote the frequency of i is decreased by 1. The original turnstile stream is the same as the
sub-sampled stream in level 0.

where 1(X;Y) is the mutual information between X and Y, and Hy is the binary entropy function.

3.1.4 Our approach

Historically, we first considered and proved space lower bounds for samplers, and then adapted
the proof to R;’p ”b(URkC) lower bound. In the following, we discuss some insight on how we
proved lower bounds on support-finding with failure probability § and support-finding; with

constant failure probability respectively.

Support-finding with failure probability 5. We first recall the upper bound for support-finding
and f{p-sampler. The data structure in [JST11] maintains 1 + logn levels, where level ¢ €
{0,...,logn} sub-samples each element in the universe [1] with probability 2~¢. Figure 3.2
illustrates an example of this sub-sampling procedure. Each level maintains a sparse recovery data
structure for those sub-sampled items, with the guarantee that if the sparsity is O(log(1/6)), then
the data structure outputs an element in the support with probability 1 (actually in that case the
whole support is discovered), otherwise with high probability it outputs “dense”. The data struc-
ture on each level takes O (log(1/4) logn) bits of space, so the overall space is O (log(1/4) log® n)
bits.

Let x € Z" denote the vector at the end of the stream. If the size of supp(x) is as small as
O(log(1/6)), then a sparse recovery data structure of O(log(1/4)logn) bits can be used to get
supp(x) exactly. The purpose of logn levels in the above approach is that if | supp(x)| is large,

down-sampling in each level in expectation shrinks the size of the support by a half, and finally
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Figure 3.3: Decoding procedure for a sampler that encodes a uniform random set S. In this figure, each row represents
the underlying frequency vector of the sampler that we are going to query. The circles in black (@) represent 1 and
otherwise (either O or O) represent 0. In particular, green balls ( O) represent elements in S that are recovered by
the sampler. In this example, § = 271% and |S| = L1log6~! = 5. The decoding procedure proceeds in |S| = 5 steps,
where in step i, s; € S is recovered by the sampler and then s; is removed from the sampler to facilitate recovering the
rest of elements in S.

with probability at least ¢ there is a level with support size between 1 and log(1/9).

In order to see whether it is possible to improve the space complexity of the previous approach,
two natural questions arise. Given the promise that the sparsity (i.e. | supp(x)|) is O(log(1/9)),
is O(log(1/6)logn) bits optimal for a support-finding data structure with failure probability 2
Are logn levels really necessary? We give affirmative answers to both questions. To ease our
discussion in this section we assume that § > 2" so that log(logﬁ) = O(log(1/6)logn).

For the first question, let us assume that there is a data structure DS that takes a turnstile
stream as input and outputs an element in supp(x) with probability 1 — § as long as | supp(x)| <
log(1/6). Then the data structure DS can be used to encode a random subset of [n] of size
1log(1/6) and succeeds with constant probability as follows. Let S be a random subset of [1] and
|S| =1log(1/J). As an encoder we run an instance of DS and feed it with a stream of updates
xj — x; + 1 for i € S, then the memory footprint of DS, denoted by DS(S), is an encoding for
S. The decoder runs in 1log(1/6) rounds, initially let T + @, and in each round the decoder
first makes a copy of DS(S), makes updates x; <— x; — 1 for i € T (from the smallest to largest
elements in T) to the copy, and then makes a query to (hopefully) obtain s € S\T, and finally
updates T <— T U {s}. We illustrate this decoding procedure in Figure 3.3. Now we analyze

the failure probability. Let Epy where T" C S denote the event that the query to DS(S) with
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Figure 3.4: [llustration of an encoding/decoding procedure for a uniform random set S (|S| = n®9%) using a sampler,
which gives a nearly optimal sampler lower bound. In this figure, each row represents the underlying frequency vector
of the sampler that we are going to query. The circles in black (@) represent 1 and otherwise O, 00r ©) represent
0. In particular, green balls ( O) represent elements in S that are recovered by the sampler; blue balls ( O represent
elements in S that the sampler does not need to recover (these elements will be included in the set A, and finally A,
the memory footprint of the sample, together with some negligible information, will be the encoding of S). In the
instance illustrated by the figure, D = 4 (in general D = ©(log(1/6)logn)) and in the first iteration the universe

[n] is evenly divided into D intervals Iy, ..., Ip (see the rectangles on the first row, where the black circles in the

j-th rectangle correspond to S M 1;). In the first iteration, the procedure proceeds in 2 (in general ®(1°1c°; g1 I/)‘S) )) steps:

in step 1 the sampler finds s; € SN I3 and then S N I3 are removed from the sampler, in step 2 the sampler finds
sp € SN I and then S N 1y are removed from the sampler. At the end of the first iteration, the procedure samples
a uniform index i € [D], and in this instance fortunately i = 2 ¢ {1,3} (so the procedure will not report “fail”),
SN ([n]\ I;) will be removed from the sampler. Then the procedure will start the second iteration (which recurses on

SN I;). In total, the procedure will have H = @(llgggg) iterations.

further updates x; < x; — 1 for i € T’ gives an element in S\T'. By a union bound, we have
IP[T # S] < P[Upcs Er] < 622108(1/9) — \/5. By source coding theorem, the space of DS is at
least Q((% logizl/é))) Q(log(1/6) log(log( 7 )) = Q(log(1/6)logn) bits.

For the second question, it is possible to prove that, intuitively, we can extract ®(log(1/5) logn)
bits of extra information out of the sampler from each of ®(log n) levels. But before presenting
the optimal lower bound, it is worth presenting a lower bound that is (loglogn + loglog(1/5))?
worse than the optimal log(1/6)log” n, but introduces three core ideas and is a precursor of
our optimal lower bound. First, instead of trying to encode a random set S only by DS(S),
the encoder will identify A C S containing elements that cannot be decoded by DS(S), and
use both A and DS(S) (and maybe some negligible amount of auxiliary information) as the
encoding of S. Our ultimate goal is to have in expectation |S| — |A| = Q(log(1/5)logn), because

in that case DS(S) must contain Q(log(1/6)logn) words of information. Second, let |S| = n%%
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and let D = ©(log(1/6)logn), we divide the universe [n] into a D-ary tree, and its height

is H = ®(loglogn41rol§);log(l i 5)). Let I,...,Ip correspond to the first layer of the tree (the root

corresponds to [n] and is located on layer 0). Note that I, ..., Ip is a partition of [n]. In the very
beginning A < S. Both encoding and decoding scheme make query to the sampler in order
to (hopefully) get s € S, and let A < A\{s} (the encoding/decoding scheme also needs an
auxiliary bit recording whether s € S, but it is negligible compared to ©(logn) bits saved by
identifying an element in S). After that, we find j so that s € [;, and remove all the elements in

S N I; from the sampler. We call this technique “remove in blocks”, and it enables us to make

o (101%;11/)5)) = ®(loglogl:—%-§(1)é f())g(l 7 (5)) queries with good success probability. Third, after obtaining
( log(1/9)

log log n+loglog

[i757) samples, we can uniformly at random choose i € [D], and recursively try
to recover elements in S N I[;. If the interval I; has been removed because of the answer to

queries, then the encoding/decoding scheme reports fail. The probability that I; gets removed is

log(1/6
®< ODgl(ogD)> <

1oé —, which affords a union bound over O(H) layers. We recurse the process on I;

logn
log log n+loglog(1/)

in the same way until we dive into layer O( ) of the D-ary tree, and overall we

log(1/6)logn
loglog n+loglog(1/9))?

have recovered O( ( ) elements in S from the sampler DS(S). We illustrate the
encoding/decoding procedure in Figure 3.4.

In order to shave these two loglogn + loglog(1/J) factors, each time after we obtain a sample
from the sampler (initially with elements of S inserted), instead of “removing in blocks”, we
remove some random elements in S so that future queries still succeed with good probability.
Intuitively, we are trying to hide the samples returned by the sampler by injecting some noise, in
the hope that the resulting set (to be removed from the sampler) has small mutual information with
the internal randomness of the sampler. In fact, we can prove that by setting |S| = \/nlog(1/9)
and each iteration we shrink the size of S by 2 Togli/5 (remove the sample returned by the sampler
and then remove some uniform random elements), then in each iteration the mutual information
between S and the internal randomness of the sampler is bounded by %log(l /6). The final
piece of the puzzle is a lemma proved in this chapter bounding the failure probability of a data

structure in terms of the mutual information between updates to the data structure and the

internal randomness of the data structure. By the lemma, the query succeeds with constant
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Figure 3.5: Illustration of an encoding/decoding procedure for a uniform random set S (|S| = /nlog(1/6)) using a
sampler, which gives an optimal sampler lower bound. In this figure, each row represents the underlying frequency

vector of the sampler that we are going to query. The circles in black (@) represent 1 and otherwise O,0,000)
represent 0. In particular, green balls ( O) represent elements in S that are recovered by the sampler; blue balls ©)

represent elements in S that the sampler does not need to recover; red balls ©) represent the wrong samples (i.e. not
in S) given by the sampler. In step 3 of this execution instance, the sampler outputs s3 ¢ S. This would not be a
trouble, because we can afford 1 bit of information for each round recording whether the sampler works correctly.

probability. Altogether we have ©(log(1/6) log(m)) iterations and the sample obtained from
n

each iteration contains G)(log(log(1 75) )) bits of information. Therefore the space lower bound

of the sampler/support-finding problem is )(log(1/4) logz(m)) bits. When 6 > 27" the

bound becomes Q (log(1/)log”n).

support-finding; with constant failure probability. The proof is a similar but simpler encoding
argument. Let S be a random subset of [11] and |S| = v/nk. As before, initially all the elements
in S are inserted into the sampler, and that memory footprint is part of the encoding. The
encoder/decoder proceed in @(log %) rounds, and each round they randomly partition the
universe into two even halves where they use the first half intersect with the k samples output by
the sampler as elements identified by the sampler (and then remove S intersect with the first half
from the sampler), and use the second half as the new universe for the next round. The expected
number of elements identified by the sampler is ®@(klog %), and each identified element contains

O(log %) bits of information. Thus the space lower bound is Q(k log? ) bits.
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3.2 Preliminaries and Our Results

The work [JST11] gave an Q(log? n)-bit space lower bound for data structures solving the case
M = 1 which fail with constant probability, and otherwise whose query responses are (1/3)-close
to uniform in statistical distance. They also gave an upper bound for M < poly(n) with failure
probability §, which in fact gave min{||z||o, ®(log(1/J))} uniform samples from the support of
z, using space O(log?nlog(1/6)) bits (here ||z||o denotes |supp(z)|). Thus we say their data
structure actually solves the harder problem of {o-samplinggiog(1/5)) With failure probability ¢,
where in /y-sampling; the goal is to recover min{||z||o, k} uniformly random elements, without
replacement, from supp(z). The upper and lower bounds in [JST11] thus match up to a constant

factor for k = 1 and ¢ a constant.

Universal relation. The work of [JST11] obtains its lower bound for {y-sampling (and some
other problems) via reductions from universal relation (UR). The problem UR was first defined in
[KRW95] and arose in connection with work of Karchmer and Wigderson on circuit depth lower
bounds [KW90]. For f : {0,1}" — {0,1}, D(f) is the minimum depth of a fan-in 2 circuit over
the basis {—, V, A} computing f. Meanwhile, the (deterministic) communication complexity C(f)
is defined as the minimum number of bits that need to be communicated in a correct protocol
for Alice and Bob to solve the following communication problem: Alice receives x € f~1(0)
and Bob receives y € f1(1) (and hence in particular x # y), and they must both agree on
an index i € [n] such that x; # y;. It is shown in [KW90] that D(f) = C(f), where they then
used this correspondence to show a tight Q(log®n) depth lower bound on monotone circuits
solving undirected s-t connectivity. The work of [KRW95] then proposed a strategy to separate
the complexity classes NC! and P: start with a function f on log # bits requiring depth Q(log ),
then “compose” it with itself k = logn/loglogn times (see [KW90] for a precise definition
of composition). If one could prove a strong enough direct sum theorem for communication
complexity after composition, such a k-fold composition would yield a function that is provably
in P (and in fact, even in NC?), but not in NC. Proving such a direct sum theorem is still wide

open, and the statement that it is true is known as the “KRW conjecture”; see for example the
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recent works [GMWW14, DM16] toward resolving this conjecture. As a toy problem en route
to resolving it, [KRW95] suggested proving a direct sum theorem for k-fold composition of a
particular function UR that they defined; that task was positively resolved in [EIRS91] (see also
[HW90]).

The problem UR abstracts away the function f and requires Alice and Bob to agree on the index
i only knowing that x,y € {0,1}" are unequal. The deterministic communication complexity of UR
is nearly completely understood, with upper and lower bounds that match up to an additive 3 bits,
even if one requires an upper bound on the number of rounds [TZ97]. Henceforth we also consider
a generalized problem URy, where the output must be min{k, ||x — y||o} distinct indices on which
x,y differ. We also use URS, UR} to denote the variants when promised supp(y) C supp(x), and
also Bob knows ||x||o. Clearly UR, URy can only be harder than UR-, UR, respectively.

More than twenty years after its initial introduction in connection with circuit depth lower
bounds, Jowhari et al. in [J[ST11] demonstrated the relevance of UR in the randomized one-way
communication model for obtaining space lower bounds for certain streaming problems, such as
various sampling problems and finding duplicates in streams. In particular, if R;’p ub( f) denotes
the randomized one-way communication complexity of f in the public coin model with failure
probability ¢, [J[ST11] showed that the space complexity of FindDuplicate(n) with failure probability
J is at least R%_;’p%ub(UR). In FindDuplicate(n), one is given a length-(n 4 1) stream of integers in [n],
and the algorithm must output some element i € [n| which appeared at least twice in the stream
(note that at least one such element must exist, by the pigeonhole principle). The work [JST11]
then showed a reduction demonstrating that any solution to ¢p-sampling with failure probability
0 in turnstile streams immediately implies a solution to FindDuplicate(rn) with failure probability
at most (1 + ) /2 in the same space (and thus the space must be at least R%:g}’f: g(UR)). The same
result is shown for /,-sampling for any p > 0, in which the output index should equal i with
probability |x;|?/ (Zj \xj]?’), and a similar result is shown even if the distribution on i only has to
be close to this £,-distribution in variational distance (namely, the distance should be bounded
away from 1). It is then shown in [JST11] that R, ”b(UR) = Q(log? n) for any é bounded away

from 1. The approach used though unfortunately does not provide an improved lower bound for
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610.

Seemingly unnoticed in [JST11], we first point out here that the lower bound proof for UR in
that work actually proves the same lower bound for the promise problem UR-. This observation
has several advantages. First, it makes the reductions to the streaming problems trivial (they were
already quite simple when reducing from UR, but now they are even simpler). Second, a simple
reduction from UR® to sampling problems provides space lower bounds even in the strict turnstile
model, and even for the simpler support-finding streaming problem for which when queried is
allowed to return any element of supp(z), without any requirement on the distribution of the index
output. Both of these differences are important for the meaningfulness of the lower bound. This is
because in dynamic graph streaming applications, typically z is indexed by (3) for some graph
on n vertices, and z, is the number of copies of edge e in some underlying multigraph. Edges
then are never deleted unless they had previously been inserted, thus only requiring sampler
subroutines that are correct with the strict turnstile promise. Also, for every single application
mentioned in the first paragraph of Section 3.2 (except for the two applications in [FIS08]), the
known algorithmic solutions which we cited as using {p-sampling as a subroutine actually only
need a subroutine for the easier support-finding problem. Finally, third and most relevant to our
current work’s main focus, the straightforward reductions from UR® to the streaming problems
we are considering here do not suffer any increase in failure probability, allowing us to transfer
lower bounds on R;’p ub(URC) for small J to lower bounds on various streaming problems for
small §. The work [JST11] could not provide lower bounds for the streaming problems considered
there in terms of ¢ for small 6.

We now show simple reductions from UR® to FindDuplicate(n) and from UR} to support-
findingy. In support-finding; we must report min{k, ||z||o} elements in supp(z). In the claims

below, ¢ is the failure probability for the considered streaming problem.
Claim 3.2.1. Any one-pass streaming algorithm for FindDuplicate(n) must use R, " “P(URC) space.

Proof. We reduce from UR. Suppose there were a space-S algorithm A for FindDuplicate(n).
Alice creates a stream consisting of all elements of supp(x) and runs A on those elements, then

sends the memory contents of .4 to Bob. Bob then continues running A on n + 1 — ||x||o arbitrarily
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chosen elements of [1]\ supp(y). Then there must be a duplicate in the resulting concatenated

stream, and all duplicates i satisfy x; # y;. O

Claim 3.2.2. Any one-pass streaming algorithm for support-findingy in the strict turnstile model must use

R;’p”b(URkC) bits of space, even if promised that z € {0,1}" at all points in the stream.

Proof. This is again via reduction from UR[ . Let A be a space-S algorithm for support-findingy
in the strict turnstile model. For each i € supp(x), Alice sends the update z; < z; + 1 to A. Alice
then sends the memory contents of A to Bob. Bob then for each i € supp(y) sends the update

zi < z; — 1 to A. Now note that z is exactly the indicator vector of the set {i : x; # y;}. O

Claim 3.2.3. Any one-pass streaming algorithm for £,-sampling for any p > 0 in the strict turnstile model

must use R;"7 ub(URkC) bits of space, even if promised z € {0,1}" at all points in the stream.

Proof. This is via straightforward reduction from support-findingy, since reporting min{k, ||z||o}
elements of supp(z) satisfying some distributional requirements is only a harder problem than

finding any min{k, ||z||o} elements of supp(z). O

The reductions above thus raise the question: what is the asymptotic behavior of R;’p ub(URkC )?
Our main contribution: We prove for any 6 bounded away from 1 and k € [n], R;"? ”b(URkC) =
@ (min{n, tlog®(n/t)}) where t = max{k,log(1/5)}. Given known upper bounds in [JST11],
our lower bounds are optimal for FindDuplicate(n), support-finding, and /,-sampling for any
0 < p < 2 for nearly the full range of n,J (namely, for § > 2-"). Also given an upper bound of
[JST11], our lower bound is optimal for {p-sampling; for nearly the full range of parameters n, k,d
(namely, for t < n%°). Previously no lower bounds were known in terms of § (or k). Our main

theorem:
Theorem 3.2.4. For any & bounded away from 1and 1 < k < n, R;""**(URC) = ©(min{n, tlog?(n/t)}).

Our upper bound is also new, though follows by minor modifications of the upper bound in
[JST11] and thus we describe it in the appendix. The previous upper bound was O(min{n, t log” n}).

We also mention here that it is known that the upper bound for both UR; and /{p-samplingy in
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two rounds (respectively, two passes) is only O(tlogn) [JST11]. Thus, one cannot hope to extend

our new lower bound to two or more passes, since it simply is not true.

3.3 Overview of techniques

We describe our proof of Theorem 3.2.4. For the upper bound, [JST11] achieved O(¢ log2 n), but in
the appendix we show that slight modifications to their approach yield O(min{#, tlog®(n/t)})
bits. Our main contribution is in proving an improved lower bound. Assume t < cn for some
sufficiently small constant ¢ (since otherwise we already obtain an () lower bound). Our lower
bound proof in this regime is split into two parts: we show R;"” ub(URC) = Q(log L log? log T )

and R;’p ”b(URkC) = Q(klog? 1) separately. We give an overview the former here, which is the

more technically challenging half. Our proof of the latter can be found in Section 3.5.

We prove the lower bound via an encoding argument. Fix m. A randomized encoder is given
aset S C [n] with |S| = m and must output an encoding ENC(S), and a decoder sharing public
randomness with the encoder must be able to recover S given only ENC(S). We consider such
schemes in which the decoder must succeed with probability 1, and the encoding length is a
random variable. Any such encoding must use Q(log(};,)) = Q(mlog ) bits in expectation for
some S.

There is a natural, but sub-optimal approach to using a public-coin one-way protocol P for
URE to devise such an encoding/decoding scheme. The encoder pretends to be Alice with input x
being the indicator set of S, then lets ENC(S) be the message M Alice would have sent to Bob. The
decoder attempts to recover S by iteratively pretending to be Bob m times, initially pretending to
have input y = 0 € {0,1}", then iteratively adding elements found in S to y’s support. Henceforth
let 17 € {0,1}" denote the indicator vector of a set T C [n].

One might hope to say that if the original failure probability were § < 1/m, then by a union
bound, with constant probability every iteration succeeds in finding a new element of S (or one
could even first apply some error-correction to x so that the decoder could recover S even if only

a constant fraction of iterations succeeded). The problem with such thinking though is that this
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Algorithm 3 Simple Decoder.

1: procedure DEC(M)

2 T+ ®

3 forr=1,...,mdo

4 Let i be Bob’s output upon receiving message M from Alice when Bob’s input is 17
5: T+ TU{i}
6

7
8:

end for
return T
end procedure

decoder chooses y’s adaptively! To be specific, P being a correct protocol means
Vx,y € {0,1}", ]E(P is correct on inputs x,y) > 1—4, (3.1)

where s is the public random string that both Alice and Bob have access to. The issue is that
even in the second iteration (when r = 2), Bob’s “input” 17 depends on s, since T depends on the
outcome of the first iteration! Thus the guarantee of (3.1) does not apply.

One way around the above issue is to realize that as long as every iteration succeeds, T is always
a subset of S. Thus it suffices for the following event £ to occur: VT C S, P is correct on inputs 1g, 17.
Then P;(—&) < 2™§ by a union bound, which is at most 1/2 for m = [log,(1/6)| — 1. We have
thus just shown that R;’pub(URC) = Q(min{n,log(},)}) = Q(min{n,log L log log(+/§)})'

Our improvement is as follows. Our new decoder again iteratively tries to recover elements of

S as before. We will give up though on having m iterations and hoping for all (or even most) of

them to succeed. Instead, we will only have R = ®(log 1 log -1 ) iterations, and our aim is for

10; 5
the decoder to succeed in finding a new element in S for at least a constant fraction of these R
iterations. Simplifying things for a moment, let us pretend for now that all R iterations do succeed
in finding a new element. ENC(S) will then be Alice’s message M, together with the set B C S
of size m — R not recovered during the R rounds, explicitly written using [log (|g‘)] bits. If the
decoder can then recover these R remaining elements, this then implies the decoder has recovered
S, and thus we must have [M| = Q(log (;,) —log (j5))) = Q(Rlog ;). The decoder proceeds as
follows. Just as before, initially the decoder starts with T = @ and lets i be the output of Bob

on 11 and adds it to T. Then in iteration r, before proceeding to the next iteration, the decoder
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randomly picks some elements from B and adds them into T, so that the number of elements
left to be uncovered is some fixed number 7,. These extra elements being added to T should be
viewed as “random noise” to mask information about the random string s used by P, an idea
very loosely inspired by ideas in differential privacy. For intuition, as an example suppose the
iteration r = 1 succeeds in finding some i € S. If the decoder were then to add i to T, as well as
~ m/2 random elements from B to T, then the resulting T reveals only ~ 1 bit of information
about i (and hence about s). This is as opposed to the logn bits T would have revealed if the
masking were not performed. Thus the next query in round r = 2, although correlated with s, has
very weak correlation after masking and we thus might hope for it to succeed. This intuition is

captured in the following lemma, which we prove in Section 3.4:

Lemma 3.3.1. Consider f: {0,1}% x {0,1}7 — {0,1} and X € {0,1}" uniformly random. If Vy €
{0,1}9, P(f(X,y) = 1) < § where 0 < 6 < 1, then for any random variable Y supported on {0,1}1,

I(X;Y) + Ha(9)

PUAXY) =1 = =0 a7

(3.2)

where 1(X;Y) is the mutual information between X and Y, and Hy is the binary entropy function.

Fix some x € {0,1}". One should imagine here that f(X,y) is 1 iff P fails when Alice has
input x and Bob has input y in a UR® instance, and the public random string is X = s. Then the
lemma states that if y = Y is not arbitrary, but rather random (and correlated with X), then the
failure probability of the protocol is still bounded as long as the mutual information between X
and Y is bounded. It is also not hard to see that this lemma is sharp up to small additive terms.
Consider the case x,y € [n], and f(x,y) = 1 iff x = y. Then if X is uniform, for all y we have
P(f(X,y) =1) = 1/n. Now consider the case where Y is random and equal to X with probability
t/logn and is uniform in [n] with probability 1 — ¢/ logn. Then in expectation Y reveals ¢ bits of
X, so that I(X;Y) = t. It is also not hard to see that P(f(X,Y) =1) =~ t/logn+1/n.

In light of the strategy stated so far and Lemma 3.3.1, the path forward is clear: at each iteration
r, we should add enough random masking elements to T to keep the mutual information between
T and all previously added elements below, say, 3 log(1/5). Then we expect a constant fraction of

iterations to succeed. The encoder knows which iterations do not succeed since it shares public
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randomness with the decoder (and can thus simulate it), so it can simply tell the decoder which
rounds are the failed ones, then explicitly include in M correct new elements of S for the decoder
to use in the place of Bob’s wrong output in those rounds. A calculation shows that if one adds
a (1 —1/K) =~ 27X fraction of the remaining items in S to T after drawing one more support
element from Bob, the mutual information between the next query to Bob and the randomness
used by P will be O(K) (see Lemma 3.4.4). Thus we do this for K a sufficiently small constant
times log(1/6). We will then have n, ~ (1 —1/K)"m. Note that we cannot continue in this way
once 1, < K (since the number of “random noise” elements we inject should at least be one). Thus

we are forced to stop after R = @(Klog(m/K)) = ©(log(1/6)log( ( ))) iterations. We then

log
set m = \/nlog(1/9), so that R PP (URE) = Q(|R|log ) = Q(min{n,log(1/5) log’ (fog(173) 1/5))})

as desired.

The argument for lower bounding R;’p ”b(URkC) is a bit simpler, and in particular does not
need rely on Lemma 3.3.1. Both the idea and rigorous argument can be found in Section 3.5, but
again the idea is to use a protocol for this problem to encode appropriately sized subsets of [n].

As mentioned above, our lower bounds use protocols for UR- and UR[ to establish protocols
for encoding subsets of [n] of some fixed size m. These encoders always consist of some message
M Alice would have sent in a UR- or UR[ protocol, together with a random subset B C S
(using [log, |B|] + [log (|g‘ﬂ bits, to represent both |B| and the set B itself). Here |B| is a random
variable. These encoders are thus Las Vegas: the length of the encoding is a random variable,
but the encoder/decoder always succeed in compressing and recovering the subset. The final
lower bounds then come from the following simple lemma, which follows from the source coding

theorem.

Lemma 3.3.2. Let s denote the number of bits used by the URS or UR protocol, and let s denote the

expected number of bits to represent B. Then (1 + s+ s') > log(%,). In particular, s > log(?,) —s' — 1.
Section 3.4 provides the full details of the proof that
—,pub cy\ . 2 n
R;"""(UR%) = O(min{n, log (7log(1/5))log(1/5)}).
We extend our results in Section 3.5 to UR{ for k > 1, proving a lower bound of Q(klog?(n/k))
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communication even for constant failure probability.

3.4 Communication Lower Bound for UR“

Consider a protocol P for UR“ with failure probability §, operating in the one-way public
coin model. When Alice’s input is x and Bob’s is y, Alice sends Alice(x) to Bob, and Bob
outputs Bob(Alice(x), y), which with probability at least 1 — ¢ is in supp(x — y). As mentioned
in Section 3.3, we use P as a subroutine in a scheme for encoding/decoding elements of ([:1])
for m = |\/nlog(1/8)]. We assume log(1/6) < n/64, since for larger n we have an Q(n) lower
bound.

3.41 Encoding/decoding scheme

We now describe our encoding/decoding scheme (ENC, DEC) for elements in ([:1]), which uses P
in a black-box way. The parameters shared by ENC and DEC are given in Algorithm 4.

As discussed in Section 3.3, on input S € ([:fl]), ENC computes M < Alice(1s) as part of its
output. Moreover, ENC also outputs a subset B C S computed as follows. Initially B = S and
So = S. ENC proceeds in R rounds. In round r € [R], ENC computes s, <- Bob(M, 1gs, ,). Let
b denote a binary string of length R, where b, records whether Bob succeeds in round r. ENC
also outputs b. If s, € S,_4, i.e. Bob(M,ls\sH) succeeds, ENC sets b, = 1 and removes s, from
B (since the decoder can recover s, from the UR-protocol, ENC does not need to include it in
B); otherwise ENC sets b, = 0. At the end of round r, ENC picks a uniformly random set S, in
(° ffln\y{s"}). In particular, ENC uses its shared randomness with DEC to generate S, in such a way
that ENC, DEC agree on the sets S, (DEC will actually iteratively construct C, = S\S,). We present
ENC in Algorithm 5.

The decoding process is symmetric. Let Co = @ and A = @. DEC proceeds in R rounds. On
round r € [R], DEC obtains s, € S\C,_1 by invoking Bob(M, 1¢, , ). By construction of C,_; (to be
described later), it is guaranteed that S,_; = S\C,_;. Therefore, DEC recovers exactly the same

s, as ENC. DEC initially assigns C, <— C,_1. If b, = 1, DEC adds s, to both A and C,. At the end
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of round r, DEC inserts many random items from B into C, so that C, = S\S,. DEC can achieve
this because of the shared random permutation 7t when constructing S,. In the end, DEC outputs

B U A. We present DEC in Algorithm 6.

Algorithm 4 Variables shared by encoder ENC and decoder DEC.

m < |/nlog(1/6)|
: K+ | log(1/9)]
: R+ |Klog(m/4K) |
: forr=20,...,Rdo
n, < Lm-Z_’/KJ > |Sy| =ny, and Vr n, —npq > 2
end for
7 is a random permutation on [n] > Used to generate S, and C,

NS TN

Algorithm 5 Encoder ENC.

1: procedure ENC(S)

22 M < Alice(1g)

3: A+ > the set DEC recovers just from M
4: So <« S > at end of round r, DEC still needs to recover S,
5: forr=1,...,Rdo

6 sy < Bob(M, 15\5#1) > S, é S,_1 found in round r
7 Sy < 5,1

8 if s, € 5,_1 then > i.e. if s, is a valid sample
9: by + 1 > b € {0,1}R indicating which rounds succeed
10: A+ AU{s}
11: Sy < S \{sr}
12: else
13: b, <0
14: end if
15: Remove |S;| — n, elements from S, with smallest 77,’s among a € S, > now |S,| = n,

16: end for
17: return (M, S\ A, b)
18: end procedure

3.4.2 Analysis

We have two random objects in our encoding/decoding scheme: (1) the random source used by
P, denoted by X, and (2) the random permutation 7r. These are independent.

First, we can prove that DEC(ENC(S)) = S. That is, for any fixing of the randomness in X and
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Algorithm 6 Decoder DEC.

1: procedure DEC(M, B, b)
> M is Alice(1g)
> b € {0,1}® indicates rounds in which Bob succeeds
> B contains all elements of S that DEC doesn’t recover via M

2: A0 > the subset of S DEC recovers just from M
3: Co+ O > subset of S we have built up so far
4: forr=1,...,Rdo > each iteration tries to recover 1 element via M
5: C +C,4

6: if b, = 1 then > this means Bob succeeds in round r
7: sy <= Bob(M,1¢, ;) > Invariant: C, = S\ S, (S, is defined in ENC)
8: A+ AU {Sr}

9: C,+Cu {Sr}
10: end if
11: Insert m — n, — |C,| items into C, with smallest 77,’s among a € B\C,

> Random masking “Differential Privacy” step. Still n, elements left to recover.
12: end for
13: return BU A
14: end procedure

7t, DEC will always decode S successfully. It is because ENC and DEC share X and 7, so that DEC
essentially simulates ENC. We formally prove this by induction in Lemma 3.4.1.
Now our goal is to prove that by using the UR“-protocol, the number of bits that ENC saves

n

in expectation over the naive [log(%)]-bit encoding is Q}(log(1/4) logz(w)) bits. Intuitively,
it is equivalent to prove the number of elements that ENC saves is Q(log(1/6) log(m)). We
formalize this in Lemma 3.4.2. Note that ENC also needs to output b (i.e., whether the Bob
succeeds on R rounds), which takes R bits. By our setting of parameters, we can afford the loss of

R bits. Thus it is sufficient to prove E |B| = |S| — Q(log(1/6)log 75 ).

log(1/9)
We have |S| — |B] = Y®,b,. In Lemma 3.3.1, we prove the probability that Bob fails on
round r is upper bounded by 1(1?((),:(7{/1();1’ where I(X;S,_1) is the mutual information between

X and S,_1. Furthermore, we will show in Lemma 3.4.4 that I(X;S,_1) is upper bounded by
O(K). By our setting of parameters, we have Eb, = Q)(1) and thus E(|S| — |B]) = Q(R) =
O (log(1/6)log 71()%(’;/5)).

Lemma 3.4.1. DEC(ENC(S)) = S.

Proof. We claim that forr =0,..., R, {S;,C,} is a partition of S (S, is defined in Algorithm 5, and
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C, in Algorithm 6). We prove the claim by induction on r. Our base case is = 0, for which the
claim holds since So = S, Cy = @.

Assume the claim holds for r —1 (1 < r < R), and we consider round r. On round r, by
induction S\S,_; = C,_1, the index s, obtained by both ENC and DEC are the same. Initially
Sy = S,_1 and C, = C,_1, and so {S,, C;} is a partition of S. If s, is a valid sample (i.e. s, € S,_1),
then b, = 1, and ENC removes s, from S, and in the meanwhile DEC inserts s, into C,, so that
{S+,C;} remains a partition of S. Next, ENC repeats removing the a from S, with the smallest
7, value until |S,| = n,. Symmetrically, DEC repeats inserting the a into C, with the smallest 7,
value among a € B\C,, until |C,| = |S| — n,. In the end we have |S,| + |C;| = |S|, so ENC and
DEC execute repetition the same number of times. Moreover, we can prove that during the same
iteration of this repeated insertion, the element removed from S, is exactly the same element
inserted to C,. This is because in the beginning of a repetition {S,,C,} is a partition of S. We have
B\C, C S\C, = S,. Let a* denote a € S, that minimizes 77,. Then a* € B\C, C S, (since a* will
be removed from S, it has no chance to be included in S in ENC, so that B contains a*), and 71,
is also the smallest among {7, : 4 € B\C,}. Thus both ENC and DEC will take a* (for ENC, to
remove from S,, and for DEC, to insert into C,). Therefore, {S,, C,} remains a partition of S.

Given the fact that {S,, C, } is a partition of S, the s, are the same in ENC and DEC. Furthermore,
A={s,:b, =1,r=1,...,R} are the same in ENC and DEC. We know A C S. Since ENC outputs
S\ A, and DEC outputs (S\A) U A, we have DEC(ENC(S)) = S. O

Lemma 3.4.2. Let W € N be a random variable with W < m and EW < m — d. Then E(log () —
log () = dlog(3; —1).

Proof.

o (1) 1o (1) = 1 2=

" n-W—i+1
=) log—————
= m—i+1
Z(m—W)-logn_W
Z(m—W)-logn_m
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Taking expectation on both sides, we have E(log (;}) —log (;y)) > dlog(Z —1). O

Lemma 3.3.1 (restated). Consider f: {0,1}" x {0,1}7 — {0,1} and X € {0,1}" uniformly random.
If Vy € {0,1}7, P(f(X,y) =1) < d where 0 < 6 < 1, then for any r.v. Y supported on {0,1}7,

I[(X;Y) + Hy(9)

P(FX,Y) = 1) < S,

where [(X;Y) is the mutual information between X and Y, and H; is the binary entropy function.

Proof. It is equivalent to prove
I(X;Y) > E(f(X,Y)) -log(1/5) — Ha(9).
By definition of mutual entropy I(X;Y) = H(X) — H(X|Y), where H(X) = b and we must show

H(X]Y) < Hy(6) + (1 = E(f(X,Y))) - b + E(f(X,Y)) - (b — log(1/6))

=b+ Hy(8) —E(f(X,Y)) -log(1/6).

The upper bound for H(X|Y) is obtained by considering the following one-way communication
problem: Alice knows both X and Y while Bob only knows Y, and Alice must send a single
message to Bob so that Bob can recover X. The expected message length in an optimal protocol
is exactly H(X|Y). Thus, any protocol gives an upper bound for H(X|Y), and we simply take
the following protocol: Alice prepends a 1 bit to her message iff f(X,Y) = 1 (taking H>(9) bits
in expectation). Then if f(X,Y) = 0, Alice sends X directly (taking b bits). Otherwise, when
f(X,Y) = 1, Alice sends the index of X in {x|f(x,Y) = 1} (taking log(62") = b — log(1/6)
bits). O
Corollary 3.4.3. Let X denote the random source used by the UR<-protocol with failure probability at
most 8. If S is a fixed set and T C S, P(Bob(Alice(1s),17) & S\T) < %.

Lemma 3.44. I(X;S,) <6K, forr=1,...,R.

Proof. Note that I(X;S,) = H(S,) — H(S/|X). Since |S;| = n, and S, C S, H(S,) < log(;).

Here is the main idea to lower bound H(S,|X): By definition of conditional entropy, H(S,|X) =
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Y. Px - H(S;|X = x). We fix an arbitrary x. If we can prove that for any T C S where |T| = n,,
P(S, = T|X = x) < p, then by definition of entropy we have H(S,|X = x) > log %.

First we can prove for any fixed T,

" (ni,l—n,—l)
P(S, = T|X = x) < [ o1t
i=1 (ni—lljnifl)

We have P(S, = T|X = x) = II[_P(TC ST CS;—q1). Onround i (1 < i < r), ENC

(3.3)

removes #;_1 — n; elements (at least n;_; — n; — 1 of which are chosen all at random) from S; 4
to obtain S;. Conditioned on the event that T C S;_;, the probability that T C S; is at most
(Z::ZT j) /( nl_ﬁj;il), where the equation achieves when s; € S;_1\T, and ENC takes a uniformly
random subset of S;_1\{s;} of size n; 1 — n; — 1, so that the subset does not intersect with T.

Next we will prove

1—n—1
r (’:1;71_’:1;_1) 76K

T S Ty (3.4)
For notational simplicity, let n€ denote - (n — 1) ... (n — k + 1). We have
i1 r—1
IL[ (Ziij:lifl) - IL[ (711;1 — Ny — 1)!1’11'!
i=1 (nlil;,lnllfl) i=1 (1’11',1 - 1)'(1’11 —n )'
ny
S o L
i=1 (ni—l - 1)ﬂ
e Y
i=1 n?{l nj1—ny
By telescoping,
r n?*' - nl(ng —ny)! 1 1
[l == =y = 7y (3.5)
=1 4 ny- np: (n,) n,,)
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Moreover,

! ni—q ! 1
n; n = m-2~"/K
i=1 ""i—1 r i—11— - (—1)/K_]
s
1
< m-2-"/K41
i-11— mo— (17K
r 1
= = (3.6)
j=11 —2-j/K 2K
m
By our setting of parameters
2k 2k 1
Tt <
m — m ~ 4K
Therefore, for j € {1,...,r},
1 1
r—j < j
1_27% _ 2K 1 (1+411<)27K
m
. In2)" In2 1 1 1
By Taylor series 21/K = ¥ (HI;K% > 1+ %2 > 14 g5, and thus s LK < a7k for
j=2,...,r. For j =1, we have — 1 <K

1
1—(144)2 K
By Lemma 3.4.5, we have [];2, Hﬁ < 25K Therefore, the right hand side of (3.6) is upper

bounded by 2°K. Together with (3.5), we prove (3.4) holds.
Finally, let p = 26K/(:Z), we have P(S, = T|X = x) < p and thus H(5,/X = x) > log% =
log (,) — 6K. Therefore, H(S,|X) > log (,) — 6K and so I(X;S,) = H(S;) — H(S,|X) <6K. [

Lemma 3.4.5. Let K € N and K > 1. We have [T % < 2°X.

Proof. First, we bound the product of first 2K terms. Note that —L < 3% for 0 < x < 2. Therefore,

T—277% =
2K 2K
- < .
]11 1—2-i/K = (8/3) (2K)!
KZK

< 2k B

< (8/3) (2K oK

= (4e/3)%K

< 24K,
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Then, we bound the product of the rest terms

ad 1 ad 1
j=£<I+1 1—271/K = j=£<I+1 1-2-U/K

)

i=2

K
< ;.
N (1—2;?1221)

= 2K,
Multiplying two parts proves the lemma. O

Theorem 3.4.6. R;""""(UR®) = Q(log(1/5) logz(log(%/é))), given that 64 < log(1/6) < 4.

Proof. By Lemma 3.4.1, the success probability of protocol (ENC, DEC) is 1. By Lemma 3.3.2, we
have s > log(;,) —s’ — 1, where s’ = logn + R+ E(log([};)). The size of Bis |B| = [S| — YR b,
By Corollary 3.4.3, conditioned on S, P(b, = 0) < {500, By Lemma 3.44, 1(X;S, 1) < 6K
(Note that when r = 1, I(X;Sp) = 0 < 6K). Therefore, E(b,) > 1 — ?5;1_1' By the setting of

parameters (see Algorithm 4) we have E(b,) > 2. Therefore, E(|B|) < |S| — 2 R. By Lemma 3.4.2,

; ; 39 n 1 n

Furthermore, %Rlog(log(%/&)) > R. Thus we obtain

n

R n
s> glog <10g(1/5)> _ (]ogn + 1) =0 <10g(1/(5) 10g2 (1()g(1/(5))> .

3.5 Communication Lower Bound for UR

In this section, we prove the lower bound R?/’zp ub(URkC) = Q(min{n, klog? Z}). In fact, our lower

bound holds for any failure probability § bounded away from 1. Let P denote a UR-protocol
where Alice sends Alicex(x) to Bob, and Bob outputs Boby(Alice(x), y). We consider the following

encoding/decoding scheme (ENCy, DECy) for S € ([Z]). ENCy computes M < Alicey(1g) as part of
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its message. In addition, ENCy includes B C S constructed as follows, spending [log (|g‘)] bits.
Initially B = S, and ENC; proceeds in R = O(log(n/k)) rounds. Let So =S O S; D ... D Sy
where S, is generated by sub-sampling each element in S,_; with probability ;. In round r
(r =1,...,R), ENCy tries to obtain k elements from S,_; by invoking Boby (M, 15\5,,1)1 denoted
by Ay, and removes A, N (S,-1\S;) (whose expected size is %) from B. Note that DEC is able to
recover the elements in Ay N (S,_1\S;). For each round the failure probability of Boby is at most
6. Thus we have E(|S| — [B]) > § - (1—6) - R = Q(klog }). Furthermore, each element contains
®(log 1) bits of information, thus yielding a lower bound of Q(klog? %) bits.

In this section we assume k < 1/219 since for larger n we have an Q)(n) lower bound.

3.5.1 Encoding/decoding scheme

We present our encoder in Algorithm 8 and decoder in Algorithm 9. The variables shared by the

encoder and decoder are presented in Algorithm 7.

Algorithm 7 Variables Shared by Encoder ENCy and Decoder DEC.
m < |Vnk]

R+ |$log(n/k) —2| > Note that R > 3 because k < 5f;
Ty + [n]
forr=1,...,Rdo

T, +— @

For each a € T,_4, T; + T, U {a} with probability % >Wehave S, =SNT,
end for

3.5.2 Analysis

Theorem 3.5.1. R;’p”b(URkC) = Q(klog2 %), given that 1 < k < >0 and & <

N|—=

Proof. Let S, = SN T,. Let SUCC denote the event that |S N Tr| = |Sg| > k. Note that [E |Sg| =
ziRm = 4k. By the Chernoff bound, IP(SUCC) > % In the following, we argue conditioned on
SUCC. Namely, in each round r, there are at least k items in S,.

Similar to Lemma 3.4.1, we can prove the protocol (ENCy, DECy) always succeeds. By

Lemma 3.3.2, we have s > log(};) —s' — 2, where s’ = logn + R+ IElog(|”3|). The size of B
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Algorithm 8 Encoder ENCy.

1: procedure ENCy(S)

5 M <« Aliceg (1)

3 A+—Q

4 forr=1,...,Rdo

5. Ay < Bobg(M, 15\ (s, ,))
6

7

8

9

if A, C SN T,_; then > i.e. if A, is valid
by <1 > b is a binary string of length R, indicating if Boby succeeds in round r
A+~ AUAN(T,1\T)))
else
10: b, <0
11 end if
12: end for
13: return (M, S\ A, b)
14: end procedure

is |B] = |S| — XX, (b -|A, N (S,-1\S/)|). The randomness used by P is independent from
S\S,_1 for every r € [R]. Therefore, Eb, > 1 -5 > %, and b, is independent from |A, N
(S,-1\S/)|- We have E|A, N (S,-1\S,)| = &, and thus E(|S| — |B]) > *k. By Lemma 3.4.2,

log(,) —IElog(’fB‘) > kTR-log(% -1) > %Rlog(%). Moreover, ’%log% > R. Thus we have

s = O(kRlog %) :Q(klogzg). O

3.6 A tight upper bound for R,”""’(UR;)

In [JST11, Proposition 1] it is shown that R;’p“b(URk) = O(min{n, tlog® n}) for t = max{k,log(1/4)}.
Here we show that a minor modification of their protocol in fact shows the correct complexity
R, ”b(URk) = O(min{n, tlog?*(n/t)}), which given our new lower bound, is optimal up to a
constant factor for the full range of n,k,  as long as J is bounded away from 1.

Recall Alice and Bob receive x,y € {0,1}", respectively, and share a public random string.
Alice must send a single message M to Bob, from which Bob must recover min{k, ||x — y||o} indices
i € [n] for which x; # ;. Bob is allowed to fail with probability 6. The fact that R;"” “(URy) < n

is obvious: Alice can simply send the message M = x, and Bob can then succeed with failure

—,pub
e—ck

probability 0. We thus now show R (URy) < klog?(n/k) for some constant ¢ > 0, which

completes the proof of the upper bound. We assume k < n/2 (otherwise, Alice sends x explicitly).
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Algorithm 9 Decoder DECy.

1: procedure DECy(M, B, b)
2 A+—O

3 Co+ O

4 forr=1,...,Rdo

5: C, +C,1
6
7
8
9

if b, = 1 then
A, < Boby(M,1¢, ;) > Invariant: C, = S\ (SN T,)
A+~ AUAN(T,.1\T)))
: G+ CGU(AN(T,1\Ty))
10: end if
11: Cr+ G U(BN(T,-1\Ty))
12: end for
13: return BU A
14: end procedure

As mentioned, the protocol we describe is nearly identical to one in [JST11] (see also [CF14]).
We will describe the new protocol here, then point out the two minor modifications that improve

the O(klog? n) bound to O(klog?(n/k)) in Remark 3.6.3. We first need the following lemma.

Lemma 3.6.1. Let IF; be a finite field and n > 1 an integer. Then for any 1 < k < 7, there exists
I € FZ>" for m = O(klog, (qn/k)) s.t. for any w # w' € Fy with [[w|o, |[w'llo < k, Thw # Iw".

Proof. The proof is via the probabilistic method. ITyw = ITyw’ iff ITy(w — w’) = 0. Note v = w — w’
has ||v]|o < 2k. Thus it suffices to show that such a Il exists with no (2k)-sparse vector in its

kernel. The number of vectors v € Fj with [|og| < 2k is at most (y;) - g%, For any fixed v,

P(ITyv = 0) = g~ ™. Thus

n
IP(Jo, ||vlo < 2k : Tl = 0) < <2k> g

by a union bound. The above is strictly less than 1 for m > 2k +log, (5¢), yielding the claim. [

Corollary 3.6.2. Let [F; be a finite field and n > 1 an integer. Then for any 1 < k < 7, there exists
I € Fg" for m = O(klog, (qn/k)) together with an algorithm R such that for any w € Fj with
ol < k, R(TTgw) = w.

Proof. Given Lemma 3.6.1, a simple such R is as follows. Given some y = ITyw* with ||[w*||o <k,

R loops over all w in IF§ with [[w[[o < k and outputs the first one it finds for which I[iw =y. O
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The protocol for URy is now as follows. Alice and Bob use public randomness to pick
commonly known random functions hy, ..., hy : [n] = {0,1} for L = [log,(n/k)], such that for
any i € [n] and for any j, P(h;(i) = 1) = 27/. They also agree on a matrix IT;¢ and R as described
in Corollary 3.6.2 for a sufficiently large constant C > 0 to be determined later, with g = 3. Thus
ITy6x has m = O(klog(n/k)) rows. Alice then computes v; = H16kx\h;1(1) forj=0,...,L where
vj € ]Fgﬁ and her message to Bob is M = (vy, ..., vr). For S C [n] and x an n-dimensional vector,
x|s denotes the n-dimensional vector with (x|s); = x; fori € S, and (x|s); = 0 for i ¢ S. Note
Alice’s message M is O(klog®(1n/k)) bits, as desired. Bob then executes the following algorithm

and outputs the returned values.

Algorithm 10 Bob’s algorithm in the URj protocol.

1: procedure Bos(vy,...,vr)

2 forj=L,L—-1,...,0do

3 0 — vj — H16ky|h]f1(1)

4: Wi < R(Uj)

5: if |wj|lo > k or j = 0 then

6: return an arbitrary min{k, ||w;|[o} elements from supp(w;)
7 end if

8 end for

9: end procedure

The correctness analysis is then as follows, which is nearly the same as the {y-sampler of
[JST11]. If Alice’s input is x and Bob’sis y, leta = x —y € {—1,0,1}", so that a can be viewed as
an element of IF3. Also let a; = a|h;1(1). Then E ||vj]jo = [|alo - 277, and since 0 < |jal|o < #, there
either (1) exists a unique 0 < j* < L such that 2k < E [|aj|lo- 27/ < 4k, or (2) ||allo < 2k (in which
case we define j* = 0). Let £ be the event that ||a;o < 16k simultaneously for all j < j*. Let F
be the event that either we are in case (2), or we are in case (1) and ||a;-||o > k holds. Note that
conditioned on &, F both occurring, Bob succeeds by Corollary 3.6.2.

We now just need to show P(=E A —~F) < e~ k), We use the union bound. First, consider

F.If j* =0, then P(~F) = 0. If j* # 0, then P(~F) < P(||aj-[lo < 3 - E|[a;[lo), which is e~ ¥

by the Chernoff bound since E [|aj[[o = ©(k). Next we bound P(=£). For j > j*, we know
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E ||a;llo < 4k/2/77". Thus, letting 1 denote E ||a;]|o,

NP .
]P(||aj|\0 > 16k) < 7(1@()@ < (]/t ) < (e*Ck)]*J (3.7)
298
[T

for some constant C > 0 by the Chernoff bound and the fact that 16k/pu > 4 > e. Recall that the
Chernoff bound states that for X a sum of independent Bernoullis,

65 EX

Then by a union bound over j > j* and applying (3.7),
P(=€) =P(3 =" : [lajllo > 16k) < i(e_(:k)j_j* =0(e™ ).
=i

Remark 3.6.3. As already mentioned, the protocol given above and the one described in [JST11]
using O(klog? 1) bits differ in minor points. First: the protocol there used |log, 1| different hash
functions 1, but as seen above, only [log,(n/k)] are needed. This already improves one logn
factor to log(n/k). The other improvement comes from replacing the k-sparse recovery structure
with 2k rows used in [JST11] with our Corollary 3.6.2. Note the matrix II; in our corollary
has even more rows, but the key point is that the bit complexity is improved. Whereas using a
k-sparse recovery scheme as described in [JST11] would use 2k linear measurements of a k-sparse
vector w € {—1,0,1}" with logn bits per measurement (for a total of O(klogn) bits), we use
O(klog(n/k)) measurements with only O(1) bits per measurement. The key insight is that we
can work over [F} instead of R” when the entries of w are in {—1,0,1}, which leads to our slight

improvement.

3.7 Another variant of samplers, with applications

In this section we define another variant of the fy-sampling problem and provide a solution for it.

The solution is a minor modification of the {y-sampling algorithm of [JST11].

Definition 3.7.1. In the turnstile streaming problem {y-samplingy(dq,d2), there is a vector z € R"

receiving turnstile streaming updates, and the answer to query() must behave as follows:
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* With probability at most 61, the output can be “Fail”.
* With probability at most &5, the output can be arbitrary.

* Otherwise, the output should be a uniformly random subset of size min{k, ||z||o}, without replace-

ment, from supp(z).

One can define the support-findingy (1, d2) problem analogously, as well as similar variants
for other desired output distributions. The important distinction is that there are two types of
failures, which are allowed to happen with different probabilities.

The description of algorithm given in [AGM12a] for outputting connected components is based
on a support-finding subroutine that always knows when it fails and outputs Fail at those times,
and [AGM12a] cites [JST11] for implementing this subroutine. Unfortunately, the algorithm of
[JST11] does not provide this behavior and can behave arbitrarily when it fails. One can avoid this
issue by simply conditioning on never failing, which would require [AGM12a] to call the [JST11]
subroutine with 6 < 1/poly(n). This would worsen their claimed space for finding connected
components from O(nlog® n) bits to O(nlog* ) bits. As mentioned in Footnote 3 though, it is
apparent from the correctness analysis of the algorithm in [AGM12a] that their algorithm actually
only needs a support-finding; (d1,d2) data structure for é; a small but universal constant, and
0y = 1/poly(n). As we sketch below, {yp-samplingy(d1,d2) can be solved in the general turnstile
model in O((tlogn + log(n/dy))log(n/t)) bits of space for t = max{k,log(1/61)}, based on
modifying the algorithm of [JST11]. This leads to an implementation of the connectivity algorithm
of [AGM12a] using space O( log® n) bits as they claim.

We will need the following standard lemma.

Lemma 3.7.2. There is a turnstile streaming algorithm for testing whether a vector z € R" updated in a
stream is identically zero. If z = O, the algorithm outputs z = 0. If z # 0, the algorithm outputs z = 0
with probability at most 6. The space consumption is O(log(nT/6)) bits, assuming that the entries of z

are always integers bounded by T in magnitude.

Proof. We pick a prime p larger than T + n/5. We then pick a random r € F, at the beginning of

the stream, and throughout the stream we maintain a single number in memory: g(r) = Y/, z;'
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mod p. That is, during an update “z; <— z; + A”, we add A - 1 to our counter, where the addition,
multiplication, and exponentiation are all in IF,. Note if z # 0, g is a non-zero degree-n polynomial

(since p > T) and thus has at most n zeroes in [F;,, implying that P, (g(r) =0) < n/p <. O

We now sketch the modification to the algorithm of [JST11] which solves the above variant of
{p-sampling with the desired space complexity. We assume that the vector z always has integer
entries and ||zl < T = poly(n) throughout the stream. First we describe the algorithm without
regard for the space needed to store hash functions. For fixed k and é,, we give an algorithm which
achieves failure probability §; = exp(—©(k)) so that t = @(k). The algorithm of [JST11] is then
similar to the upper bound for UR in Section 3.6 (see also [CF14]). Here we set L = O(log(n/k)).
We then at each level, as in Section 3.6, use a Ck-sparse recovery scheme for vectors in ]FZ for some
prime p > max{n, T} and constant C > 0 to arise in the analysis later (so that taking each entry
of the recovered vector modulo p still returns the same vector). Such a measurement matrix Iq
only needs 2Ck measurements over IF, and thus the recovery scheme uses O(klog p) = O(klogn)
bits. For example, one can use II being a 2Ck x n Vandermonde matrix, so that no Ck-sparse
vector is in its kernel. Recovery can be done by brute force. Alternatively one can use syndrome
decoding, which uses the same space but allows recovery in time poly(klog p) time (see [DORS08,
Section E]). Now, suppose level j* is the level we return our output from, as per the scheme in
Algorithm 10. If w; denotes the output of the recovery scheme, before returning w; we first would
like to check that w; = a; with a; denoting z| (1) i.e. that d; = w; — a; is equal to zero. For this we
use the zero-tester algorithm of Lemma 3.7.2 as a subroutine, with failure probability parameter
3. Thus overall we obtain the desired guarantee with space O((klogn + log(n/d,))log(n/k)), as
desired. The analysis of correctness is the same as in Section 3.6, based on the same events &, F.
The difference is that £ or F fail to hold, which happens with probability at most J;, then if the
level j we base our output on does not provide us with a k-sparse vector, then we catch this with
the zero-tester and say Fail (except with probability é).

Now we must take into account the space to store the hash functions hy, . .., hy. We implement
these hash functions by a single hash function & : [n] — [n] where we then interpret the event

“h;(i) = 1” as occurring when the least significant bit of /(i) is equal to j. We now just need to
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derandomized the selection of this single hash function. For this, we need to make sure that
h is still chosen in such a way that P, (=€ V ~F) < J,. For the purposes of this algorithm, we
modify the definition of £ to be stronger: here we consider it to be the event that Z]-L:]-* lajllo < Ck
for some constant C > 0, i.e. the fotal number of indices from supp(z) that hash to levels j > j*
is O(k). Then P(—=€) < exp(—Q(k)) is still true by a union bound and Chernoff bound as in
Section 3.6, and F is not modified from that section, so we also have P(—F) < exp(—Q(k)), as
desired. Now, we cannot afford to store a truly random # : [n] — [n], so we instead determine &
using Nisan’s pseudorandom generator (PRG) [Nis92]. More specifically, it suffices to fool the
following two branching programs up to statistical distance é,, one branching program for each
of £, F. For £, we have a branching program that sees the values h(1),...,h(n) in order and
maintains a single word of memory which simply counts the number of items i € [n] that then
hash to a level j > j*. The space of this branching program is then logn bits which is certainly at
most S = log(n /62), and the randomness needed is R = n log n. Thus when using Nisan’s PRG,
the probability of £ occurring changes by at most an additive exp(—Q(S)) < J,, and the required
seed length for Nisan’s PRG is O(Slog(R/S)) = O(log(n/d;)logn) bits. For the next branching

program, recall that F is the event that ||a;-||o > k. We thus set up a similar branching program,
which sees hi(1),...,h(n) in order and counts the number of i € [n] hashing to level j*. The seed
length and error are the same as for the first branching program. We have thus established the

following theorem.

Theorem 3.7.3. Forany k > 1and 0 < 61,6, < 1, there is a solution to the {y-samplingi(d1,62) in turn-

stile streams with space complexity O((tlogn +log(n/é2)) log(n/t)) bits, where t = max{k,log(1/41)}.

3.8 Conclusion

We have decided the asymptotic behavior of R;’p ”b(URkC). For 6 > 2", our sampler/support-
finding and duplicate-finding lower bounds are optimal. For other regimes of J, our sampler
lower bound is not necessarily optimal. For example, when 6 < 27", our result implies a lower

bound of Q(n) bits. However, if J is extremely small (for example § = 0), the lower bound of
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support-finding is ()(n log n) bits, because a data structure needs to record each x;.

One motivation that we studied sampler is because it is used as a building block for graph
connectivity. Almost all existing graph connectivity data structure explicitly maintains a spanning
forest. When an edge is removed, causing two components no longer connected, samplers are
used to find an outgoing edge of a connected component.

[AGM12a] designed a data structure taking O(nlog® 1) bits of space to maintain a spanning
forest in a turnstile graph stream, where 7 is the number of vertices. Intuitively, a data structure
outputting a spanning forest can be viewed as support-findingg,,,), and it is possible to adapt the
proof in Section 3.5 to give a space lower bound of Q(n1og?® 1) bits. [NY19] obtained the optimal
lower bound of Q)(nlog” n) bits by reducing the task of solving % independent copies of UR" to
finding a spanning forest of a bipartite graph. Then they prove a direct product theorem that a
one-way communication protocol for n-fold URS with cost C and failure probability § gives a
new protocol for URS with cost (under a weaker notion) % and failure probability \/g .

The space complexity for graph connectivity in turnstile streams remains open: the current

best lower bound is Q(1log 1) bits while the current best upper bound is O( log® ) bits.
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Chapter 4

Dynamic Graph Connectivity

In this chapter, we present a randomized algorithm for dynamic graph connectivity with failure
probability 1/poly(n), which has worst-case running time O(log® 1) per edge insertion, O(log® 1)
per edge deletion, and O(logn/ loglogn) per query.

For the amortized case, the current best algorithm [HHKP17] achieves expected amortized time
O(logn(loglogn)?) per update, and worst-case time O(logn/ logloglogn) per query. For the

n(loglogn)?

o1 ) worst-case

worst case, the current best deterministic algorithm [KKPT15] achieves O(
update time and constant query time. Using the power of randomness, [KKM13] propose a
randomized algorithm with failure probability 1/poly(n) which has worst case running time

O(log* n) for edge insertion, O(log® 1) for edge deletion, and O(logn/ loglogn) for each query.

In this chapter, we show how to improve its update time by a factor of log n.

Organization. This chapter is organized as follows. Section 4.1 is the introduction section which
consists of 3 parts: Section 4.1.1 formulates the dynamic graph connectivity problem, Section 4.1.2
reviews some of the related works, Section 4.1.3 summarizes our main results. Section 4.2
desribes the cutset data structure, which is a building block for both [KKM13] and our algorithm.
Section 4.2 also compares the invariants maintained by [KKM13] and our algorithm. Section 4.3

presents our new algorithm.

Bibliographic remarks: The result presented in this chapter is based on [Wan15].
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4.1 Introduction

41.1 Problem formulation

Fully dynamic graph connectivity is a fundamental problem in data structure and graph algorithm

design. We formulate the problem as follows.

Problem 4.1.1 (fully dynamic graph connectivity). Let graph G = (V, E), where V is the set of vertices,
and E is the set of edges. We start with E = @, and receive a sequence of operations of the following three

forms.

® INSERT(e): insert edge e into the graph.
* DELETE(e): delete edge e from the graph.

® QUERY(u,v): return whether vertex u and v are connected in G.

In particular, we assume the sequence of operations comes in a online fashion, so that whenever we
receive QUERY we have to answer immediately before receiving any further operations. Both INSERT and

DELETE are called update.

The goal is to design a data structure minimizing the time to process each operation. Time
can be measured in either amortized time or worst-case time. And depending on whether a data

structure uses randomness, we classify the data structure as deterministic or randomized one.

4.1.2 Related works

Sleator and Tarjan’s ST-tree [ST83], also known as link-cut tree, solves the fully dynamic graph
connectivity problem for the special case that at any time the graph is a forest. ST-tree is a
deterministic data structure that achieves O(logn) worst-case time for both update and query. If
the data structure is allowed to spend more update time, let us say O(t(n) logn) where t(n) > 1,
then it can answer the query in O(logn/logt(n)) worst-case time. Actually, ST-tree is much
more powerful: it allows users to associate a weight to each edge, and supports path aggregation

queries such as min or sum of the edge weights on the path between two vertices. The main
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Reference Update time Update type Query time
[Fre85] O(y/m) deterministic worst-case O(1)
[EGIN97] O(y/n) deterministic worst-case O(1)
[HK95] O(log’ n) randomized amortized O(logn/ loglogn)
[HT96] O(log” n) randomized amortized O(logn/ loglogn)
[HDT98] O(log” n) deterministic amortized | O(logn/loglogn)
[Tho00] O(logn(loglogn)®) | randomized amortized | O(logn/logloglogn)
[Wull3] O(log” n/loglogn) | deterministic amortized | O(logn/ loglogn)
[KKM13] O(log’ n) randomized worst-case O(logn/ loglogn)
[Wan15] (this thesis) O(log* n) randomized worst-case O(logn/loglogn)
[GKKT15] O(log" n) randomized worst-case O(logn/ loglogn)
[KKPT15] O(\/ ”(l%;f”)z) deterministic worst-case O(1)
[HHKP17] O(logn(loglogn)?) | randomized amortized | O(logn/logloglogn)

Table 4.1: Related results on fully dynamic graph connectivity. Query time in all rows refers to worst-case time.

algorithmic idea of ST-tree is to decompose tree into paths, maintain them in globally biased search
trees, and perform expose operations (similar to the splay operation in [ST85]) to lift the most

recently updated or queried vertices to the root of the tree.

Worst case. [Fre85] designed a deterministic data structure that solves the fully dynamic graph
connectivity problem with O(y/m) worst-case time per update and O(1) worst-case time per
query. The data structure of [Fre85] is actually designed to maintain minimum spanning forest for
a fully dynamic weighted graph, which is a more general problem than dynamic connectivity.
[Fre85] make a transformation called ternarization to the graph so that the maximum degree of the
vertices is at most 3 (and the number of vertices will become O(m)). Then they partition vertices
into hierarchical clusters based on the topology of the minimum spanning trees, and maintain the
clusters in a data structure called topology trees. The goal of hierarchical clustering is to facilitate
the lookup of a replacement edge when an edge of the minimum spanning forest is deleted (or
the weight of an edge in the minimum spanning forest increases). Their algorithm is involved:
they design topology trees to make the update time O(,/nlogn), and then improve to O(y/n)
by 2-dimensional topology trees. To illustrate the effectiveness of partition into clusters, [Fre85]

start with a simple algorithm that takes O(m?/3) worst-case update time, where the algorithm
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partitions the vertices into O(m/z) clusters and each cluster is of size O(z) so that the operation
to one cluster takes O(z) time and enumerating cluster pairs takes O(m?/z?) time. By choosing
z = m?/3, the simple algorithm takes O(m?/?) worst-case time per update.

[EGIN97] improved the worst-case update time for dynamic connectivity and minimum
spanning forest to O(y/n) by introducing a technique called sparsification. Whenever sparsification
is applicable, the problem is reduced to a sparse graph where the number of edges is O(#n) instead
of O(m). Intuitively, this can be done by partitioning the edges into O(m/n) subgraphs where
each subgraph has O(n) edges. For the dynamic graph connectivity problem, a binary tree of
height O(log(m/n)) is maintained, where every subgraph of O(n) edges corresponds to a leaf
and every parent node merges the spanning forests of its child nodes and obtains a new spanning
forest (so that finally the root of the binary tree has the spanning forest of the original graph).
Note that the aforementioned sparsification technique gives O(y/nlog(m/n)) worst-case update
time for dynamic connectivity and minimum spanning forest, and a more involved sparsification
will improve it by a factor of log(m/n).

The current best deterministic algorithm [KKPT15] for the worst-case running time achieves
O( %) update time and O(1) query time. Their speedup mainly comes from word-level
parallelism. It is a longstanding open question whether there exists a deterministic poly log(n)-
time algorithm per operation in the worst case.

Using the power of randomness, [KKM13] achieved worst-case time polylog(n) per operation.
They propose a randomized algorithm which has worst-case running time O(log* 1) for edge
insertion, O(log® n) for edge deletion, and O(log#/loglogn) for each query. However, the
algorithm is Monte Carlo and has one-sided error. That is, with probability less than 1/n°¢, the
algorithm will declare that # and v are not connected even though they are. The key algorithmic
idea in [KKM13] is to use ET-trees (introduced in [HK95]) to maintain linear sketches of cut-edge
samplers for a dynamic set of vertex-disjoint trees. They call such a data structure cutset, which
is used for finding an outgoing edge of a dynamic tree. They maintain logn + 1 instances of
such data structure, denoted as cutsety, ..., cutsetiog ,, where cutset; is used to find additional tree

edges to insert into cutset;q,..., cutsetiog .
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Amortized case. For the amortized case, [HK95] proposed a randomized algorithm with
O(log® n) amortized expected time per update and O(log 1/ loglog 1) worst-case time per query.
Their algorithm is Las Vegas and always gives correct answer to the queries. The algorithm
partitions the edges into O(log ) levels, and denote by Ej, E, ..., where E; is the lower level, and
they call the subgraph on level i to be G; = (V, Uj<;E;). The algorithm maintains a spanning forest
F of the graph such that for every i, F; := F N U;;E; is a spanning forest of G;. They call edges in
F tree edges and edges not in F non-tree edges. They design a data structure called ET-tree (base
on Euler tour) to maintain a dynamic set of trees and support efficient information aggregation
for subtrees. In contrast, ST-trees [ST83] support efficient information aggregation for paths.
The algorithm in [HK95] maintains each F; in an ET-tree and each vertex in F; attaches a list of
non-tree edges in E; that are incident to the vertex. By using ET-trees to aggregate those non-tree
edges (i.e. candidates for replacement edges), the algorithm can sample from or enumerate them
efficiently. When a level-i edge e € F is deleted, causing the tree containing e in F; partitioned
into T; and T3, the algorithm tries to find a replacement edge reconnecting T; and T,. Without
loss of generosity, assume that T has fewer incident non-tree edges. The algorithm then samples
O(log? ) uniformly random edges from the incident non-tree edges of T;. If a replacement edge
(i.e. also incident to T) is sampled, the algorithm reconnects T; and T; in F; with the replacement
edge; otherwise the algorithm concludes that the cut of T; on level i is sparse (i.e., let A denote
the non-tree edges that are incident to F;, and let B denote the non-tree edges that are incident to
both F; and F,, then |B|/|A| = O(1/ logn)) and by an amortization argument, the algorithm can
afford enumerating A and put all edges in B to level i + 1.

[HT96] improved the expected amortized update time of [HK95] to O(log2 n) per update. The
improvement is made by reducing the sample size of [HK95].

[HDT98] proposed a deterministic algorithm that achieves O(log® ) amortized update time
and O(logn/ loglogn) worst-case query time. The techniques used by [HDT98] rely on some
intuitions used by [HK95], but the algorithm of [HDT98] is simpler. The algorithm partitions
edges into logn + 1 levels, namely Ey, ..., Ejog,, and let the graph on level i be G; = (V, U;>;E;)

(note that the top level is Gy = G, which is the opposite in [HK95]). The algorithm also maintains
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a spanning forest F such that F; := F N U;>,E; is a spanning forest of G;. In addition, the algorithm
maintains the invariant that for any i, the maximum size of connected components in G; is no
greater than n/2'. When a level-i edge ¢ € F is deleted, causing the tree containing e in F;
partitioned into T; and T, where without loss of generosity, assume that the number of vertices
in T is smaller than T,. The algorithm first changes all level-i tree edges in T; into level i 4- 1, and
then tries to find a replacement edge reconnecting T; and T, by enumerating level i non-tree edges
incident to T7. If another endpoint of the edge is incident to T, then the algorithm successfully
finds the replacement edge; otherwise, if another endpoint of the enumerated edge is also incident
to T, then the algorithm change its level to i + 1. Note that in the beginning when an edge is
inserted, it will be in level 0. The level of an edge is non-decreasing, and whenever it increases we
charge O(log 1) running time with it. By an amortization argument, each update takes O(log? 1)
amortized time.

A further result by [ThoO0O] gave a nearly optimal randomized algorithm with expected
amortized time O(log n(loglogn)?) per update, and O(log n/ logloglogn) worst-case time per
query. At a high level, the start point of [Tho00] is the algorithm in [HDT98], and [Tho00]
introduces several innovative algorithmic ideas to speedup the process of finding replacement
edges, so that on average it takes O((loglogn)?) time instead of O(log ) time per failed attempt.
For that purpose, [ThoO0] maintain a single hierarchical structure to represent the graph and build
a short-cut system to efficiently navigate between certain nodes of the structure. In order to find
a replacement edge after deletion of a tree edge, [Tho00] sample in expectation O(1) non-tree
edges, and if no replacement edge has been found it will perform a batch test which can be
done efficiently and paid by an amortization argument. To facilitate fast (approximate) uniform
sampling, [Tho0O] maintain a system of approximate counters.

To date, the best deterministic amortized update time is O(log® 1/ loglogn) achieved by
[Wull3], and its query time is O(logn/ loglogn) in the worst case. The best randomized amor-
tized update is O(log 1 (log log )?) achieved by [HHKP17], and its query time is O(log 1/ log log log 1)

in the worst case.
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Lower bounds. In terms of time lower bound, the current best lower bound for fully dynamic
graph connectivity is max(typdates fquery) = Q(logn) in [PD04], which improve previous lower
bound of Q(logn/loglogn) in [HF98]. Their lower bound works for the cell probe model, and

even holds for amortized running time and the case that the graph is a forest.

4.1.3 Summary of our main results

We improve the update time of [KKM13] by a factor of logn. The improvement mainly comes
from reducing the space complexity of samplers used by [KKM13]. We use samplers with weaker
guarantees, but we are still able to argue the correctness of the algorithm via a new invariant. In
particular, the sampler used by [KKM13] takes O(log® ) words of space, and outputs a sample
with probability at least 1 — 1/poly(n) if the support is not empty. In constrast, we use another
type of sampler (see Section 3.7) that only takes O(logn) words of space, so that if the support is
empty, the sampler will always output “fail”; if the support is not empty, with probability at most

1/2 outputs “fail”, and otherwise it gives a correct sample with probability at least 1 — 1/poly(n).

Theorem 4.1.2. There exists a randomized data structure (Algorithm 11) taking O (n log® n) words of space
for the fully dynamic graph connectivity problem that has worst-case time O(log® n) per edge insertion,
O(log® 1) per edge deletion, and O(log n/ loglogn) per query. For each query, the data structure answers

correctly with probability at least 1 — 1/poly(n).

We note that [GKKT15] also independently improves [KKM13]. As a comparison, the work
[GKKT15] also improves the update time for the deletion operation from O(log 1) to O(log®* 1),

but its insertion time is still O(log® 1).

4.2 Cutset Data Structure and Invaiants

The framework used by most previous works goes as follows. For given G = (V, E), we maintain
a spanning forest for G via a dynamic tree structure supporting the following three kinds of

operations efficiently.
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* Link two disjoint trees to form a new tree. Specifically, link(u, v) receives u, v in two different

trees of the forest F, then adds the edge (1, v) to F;
¢ Cut a tree edge so that the tree is split into two;
* Query whether two vertices are in the same tree.

Actually, there are already many good ways to support all these three operations with
deterministic worst case running time O(logn) per operation, since they are standard operations
supported by dynamic trees such as the ST-tree [ST83] or ET-tree [HK99]. With a dynamic tree

structure, we can deal with the operations in the dynamic connectivity problem as follows:

* When answering a query whether vertices u and v are connected, we just need to check if

they are in the same tree in the dynamic tree structure;

* When inserting a new edge, if the edge is across two different trees, we link these two
trees via this new edge in the dynamic tree structure so that we keep the invariant that the

structure we are maintaining forms a spanning tree for the graph;

* When deleting an edge, if the edge is not a tree edge, then we simply remove the edge

without changing the dynamic tree structure.

However, difficulty arises when we insert an edge which connects two vertices in the same
tree, or when we delete a tree edge in the dynamic tree structure. Indeed, we can disregard
new edges connecting vertices in the same tree, without affecting the invariant that we are
maintaining a spanning forest. However, when we delete a tree edge, cutting the tree into two
parts which we call A and B, we need to check whether these two parts can reconnect, in order
to maintain a spanning forest of G. More specifically, we want to find an edge across A and
B, i.e. an edge in the cut EN (A x B)* (or EN (A x (V\A)) because of the invariant) if one
exists. Figure 4.1 illustrates such a situation where a tree edge {i,c} (the dashed red segment in

Figure 4.1 (c)) is deleted, and the algorithm has to find one of 7 possible replacement edges in

“Here we denote A x B = {{a,b} :a € A,b € B}, which is a slight abuse of notation.
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(a) an undirected graph (b) spanning forest (c) edge {i,c} is deleted

Figure 4.1: Illustration of replacement edges for dynamic graph connectivity. As illustrated in (a), we have an
undirected graph G with n = 11 vertices and m = 24 edges. In (b), we illustrate the spanning forest of G (tree edges
are highlighted in grey; in this example, it’s a tree since the graph is connected) maintained by a specific dynamic
connectivity algorithm. In (c), we illustrate the possible replacement edges (highlighted in red) when tree edge {i,c}
(the dashed red segment) is deleted.

{{a,g},{b,h},{e f} {ek}, {k d}, {jd}, {j c}} (highlighted in red in Figure 4.1 (c)). Thus, if we
follow this natural framework, we need to find a clever method to find an edge in the cut. Also,
we cannot afford doing nothing during insertions of edges whose endpoints are already in the
same tree, since such edges may become important after later deletions of tree edges.

One naive way is to undergo a brute force search of all possible edges. For example, iterate
over all edges adjacent to A, and check whether there is one such edge with the other end in B.
One breakthrough made in [HT96] is by observing that we can organize the edges in a clever way
so that every edge is checked at most O(logn) times. Since every time an edge is checked one
dynamic tree operation is performed, they get an amortized time O(log? 1) per update. A further
improvement was made to amortized time O(logn(loglogn)?) in [Tho00] via a more delicate
data structure and randomized sampling technique. [KKM13] proposed a data structure to find
such an edge in poly log(n) worst case time with the guarantee that if there is at least one edge in

the cut, the data structure will find one with probability at least 1 — 1/poly(n). It is mainly based
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on the following two observations.

1. First, if there is exactly one edge in the cut EN (A x B), then the edge can be found in
O(logn) worst time by a so-called XOR trick. It goes as follows: assign each edge a unique
name (from 1 to (g), for example), and for each vertex v, maintain the xor value of the names
of edges adjacent to v, which we call xor(v). Moreover, let xor(A) = @,c4 xor(v) where
A is a set. One important property of the value is that for a vertex set S C V, @5 xor(v)
equals the XOR of the edges in the cut EN (S x (V\S)). Therefore, if in the dynamic tree
structure we also maintain the XOR value of xor(v) for all vertices v in a tree, then we
can get the name of the only edge in the cut, which is xor(A). The ET (Euler tour) tree
introduced in [HK99] can be used to maintain these XOR values (that is, we maintain a XOR

value for each tree) in O(logn) time per operation in the worst case.

2. Second, if there is more than one edge in the cut then we can use a sampling method as fol-
lows. For our graph G = (V, E), we keep 2logn + 1 subgraphs of G, namely Gy, ..., G21ogn,
where G; = (V, E;) is subsampled from G by selecting each edge in E independently with
probability 1/2/, i.e., Ve € E,IP(e € E;) = 1/2'. Now instead of keeping track of the xor val-
ues only on the graph G = Gy, we also maintain the xor values for G;, fori =1,...,2logn. It
is proven in [KKM13] that if EN (A x B) # @ and A, B are independent from Ey, ..., Ez1og 1,
with probability more than a positive constant, there is exactly one edge in E; N (A X B)
for some i. So with probability greater than a positive constant, we can find an edge in
a non-empty cut. If we duplicate O(logn) copies with independent randomness, we can
boost the success possibility to 1 — 1/n°¢. In order to know whether a level succeeded, it is
sufficient to store all edges E in a hash table, so we can check whether the XOR is actually a

real edge by looking in the hash table in O(1) time.

Note that the above observations can be also formulated as linear sketches of samplers as in

[AGM12a]. Lemma 4.2.1 below generalizes the cutset data structure implemented in [KKM13].

Lemma 4.2.1 (Cutset data structure with failure probability 6). There is a data structure maintaining

a dynamic forest F = {T; = {Vg,Er.},i = 1,...} for a dynamic graph G = (V,E), where {Vr.} is
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a partition of V, and denote Er = U;ET, as tree edges. It supports the following operations, with the
requirement that when invoking function INSERTTREEEDGE or DELETETREEEDGE, the input edge e must

be independent from the (random) outputs obtained by all previous calls to the function OUTGOINGEDGE.

* INSERTTREEEDGE(e = {u,v}): insert edge e into the forest F, combining the tree containing u and

the one containing v together to be a single tree via e;

* DELETETREEEDGE(e = {u,v}): remove edge e from the tree containing it, splitting the tree into two

new trees;
 1STREEEDGE(e): return whether e is a tree edge;
* INSERTEDGE(e): insert edge e into E;
* DELETEEDGE(e): remove edge e from E;
* TREE(0): return the name of the tree containing vertex v (each tree has a unique name);

* oUTGOINGEDGE(T): for input T € F (T is specified by its name), let Cr = EN (Vr x (V\Vr)). (1)
If Cr = @, return @; (2) If Ct # @, return an edge e € Ct with probability at least 1 — 0 or return

Q@ otherwise.

INSERTTREEEDGE, DELETETREEEDGE, INSERTEDGE and DELETEEDGE have worst-case time O (log” nlog 6~ 1)
per invocation; OUTGOINGEDGE has worst-case time O(lognlogd~1) per invocation; TREE has worst-case
time O(log n/ loglog n) per invocation. The data structure support function 1ISTREEEDGE by maintaining
a hash table, which takes O(1) worst-case time.

Moreover, the data structure can be implemented in O(nlognlogé~') words, but the guarantee of
OUTGOINGEDGE becomes worse if Ct # @: oUTGOINGEDGE(T) returns an edge in Ct with probability at

least 1 — 6, returns an edge not in Cy with probability at most 6 /poly(n), returns @ otherwise.

From now on, we will use the cutset data structure as a black box to construct dynamic
connectivity algorithms. The cutset data structure cannot directly be applied to solve the dynamic
connectivity problem for the following reason. Suppose we use it to maintain the spanning

forest of the graph, after deleting a tree edge (cutting the tree into two parts which we call A
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and B). Even though we can find an edge e € EN (A x B) # @ by invoking 0UTGOINGEDGE,
we cannot insert e as a new tree edge into the cutset data structure because of the requirement
in Lemma 4.2.1 that inserted tree edges be independent of all previous calls to OUTGOINGEDGE.
[KKM13] circumvent this issue by implicitly maintaining the structure of a Boruvka tree. A
Boruvka tree records the process of how the vertices merge together to form larger and larger
connected components. Starting from isolated nodes on layer 0, i.e. single vertices of G, a Boruvka
tree is built by coupling connected nodes’ on the i-th layer to form the nodes on the (i + 1)-st
layer, and we stop the process until we cannot merge any two nodes on some layer.

Specifically, [KKM13] maintain ¢ + 1 forests Fy, ..., F;, where £ = [logn|. We refer to F; as the
forest at layer i for i = 0,...,¢. They use a cutset data structure cutset; with failure probability
1/poly(n) for each F;. For each i > 0, F; contains all the edges in F;,_1, and cutset;_1 is used
to provide additional edges to F; (thatis, Ef, € ... C Ef,). For a tree T on any layer i where
0 <i < ¢, we say it is merged (or matched) with a partner iff the tree containing T on layer i 4- 1 is
strictly larger than T. [KKM13] maintains the invariant (with probability 1 — 1/poly(#n)) that any

non-maximal tree on any layer i is merged with a partner. That is to say,

Invariant 4.2.2. Forany layer i =0,...,0 — 1, for any tree T € F,;, if T is not a maximal tree in G, then

there is a tree T' € F; 1 such that Vi C Vi (i.e. non-maximal tree T on layer i is merged with a partner).

Figure 4.2 illustrates an example execution of [KKM13] on the graph depicted in Figure 4.1.
If Invariant 4.2.2 holds, then F, is a spanning forest for G, because every non-maximal tree
on layer i has size at least 2/ so that every tree on layer ¢ is maximal. To answer QUERY(u, v),
it is sufficient to check whether u and v are contained in the same tree in F, by deciding
whether cutset, TREE(1) = cutset,. TREE(v), which takes time O(logn/loglogn). To maintain
Invariant 4.2.2, [KKM13] perform O(log ) operations (other than TREE) of the cutset data structure
for each insertion, and O(log? 1) operations (other than TREE) of the cutset data structure for each

deletion. Because the cutset data structure with failure probability 1/poly(n) has worst-case time

5A node in a Boruvka tree corresponds to a set of vertices connected to each other. We say two nodes in a Boruvka
tree are connected if there is an edge across the vertex sets corresponding these two nodes. If on the i-th layer one node
is not matched with another node, then we just make an identical node on the (i + 1)-st layer, so that on each layer the
nodes give a partition of V.
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(d) level 3 (e) level 4 (f) concise representation

Figure 4.2: An example execution of [KKM13] on the graph illustrated in Figure 4.1. In this example, n = 11 and
¢ = [logn| = 4. The algorithm maintains { + 1 =5 levels (namely level 0, . .., 4) depicted by (a) — (e). For level i,
where i € {0, ...,4}, the algorithm maintains dynamic forest F;, whose edges are highlighted in either grey or orange,
where orange represents the edges found by cutset; 1. In (f), we give a concise representation of (a) — (e), where the
label to each tree edge represents the smallest level in which it becomes a tree edge.

O(log® 1) per operation, the worst-case running time of [KKM13] is O(log* ) per insertion and

O(log’ n) per deletion.
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4.21 Our techniques

We observe that it is possible to use the cutset data structure with failure probability 1/2 instead
of 1/poly(n), at the cost of only a constant factor of blowup in ¢. That is, let £ = Clogn where C
is a large constant. We can prove that these ¢ layers are sufficient to ensure that Fy is a spanning

forest with high probability, by “almost” maintaining Invariant 4.2.3 in our new algorithm.

Invariant 4.2.3. For any layer i = 0,...,¢ — 1, conditioned on the randomness of layer 0,...,i — 1 (that
is, the randomness used in cutsety, ..., cutset;_1), for any tree T € F; such that T is not a maximal tree in
G, the probability (over the randomness of cutset;) that there is a tree T' € Fiyq such that Vi C Vi (ie.

non-maximal tree T on layer i is merged with a partner) is at least 1/2.

More precisely, because there is a subtle dependence issue prohibiting us from arguing
correctness directly for our new algorithm, we adapt a coupling method and instead prove that
there is another algorithm (whose output is exactly identical to our new algorithm with probability
1 —1/poly(n)) that maintains Invariant 4.2.3. Furthermore, we show that Invariant 4.2.3 is

sufficient to prove that Fy is a spanning forest with probability 1 — 1/poly(n).

4.3 Owur Dynamic Graph Connectivity Algorithm

In this section, we present our new algorithm with worst-case time O(log> 1) per insertion and
O(log* n) per deletion. Our algorithm maintains £ + 1 layers where ¢ = Clogn. For each layer i
(0 <i < ¢), we maintain a dynamic forest F; of the dynamic graph G = (V, E) by using a cutset
data structure with failure probability 1/2, denoted as cutset;. At all times we have for each i > 0,
F; contains all the edges in F;_1, so Ef, C ... C Ef,. The data structure cutset;_; is used to provide
additional edges to F;, for 1 <i < /. That is, when a tree edge is deleted from layer i splitting
some tree T into 17, T>, we attempt to find new matches for T and T, using cutset; 1. Our goal is
to make F; a spanning forest of G, so that queries can be answered efficiently.

We implement INSERT and DELETE in Algorithm 11 for our dynamic graph G = (V, E), where
initially E = @. UPDATE is an auxiliary function for pELETE. For QUERY(1, v), we simply output

cutsety. TREE(u) = cutset;. TREE(v). In our implementation, we also need to maintain the size of the
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Algorithm 11 Dynamic connectivity with O(log® 1) insertion time and O(log®* 1) deletion time

1: procedure INSERT(e = {u,v})

2: fori=0,...,¢do
cutset; INSERTEDGE(e)

end for

if cutset; . TREE(u) # cutset;. TREE(v) then
fori=20,...,¢do

cutset; INSERTTREEEDGE ¢)

end for

end if

10: end procedure

11: procedure DELETE(e = {1,0})

12: fori=0,...,¢do

13: cutset; DELETEEDGE(e)

14: end for

15: fori=0,...,¢do

16: if e € Er, then > membership can be tested by maintaining a Boolean vector
17: cutset; DELETETREEEDGE (e)
18: end if

19: end for

20: fori=0,...,/—1do

21: UPDATE (i, 1) > Algorithm 12
22: UPDATE (i, )

23: end for

24: end procedure

trees on each layer in order to check whether a tree is merged with a partner. It can be supported
by the ET tree [HK99], for which the running time is O(logn) in the worst case per operation.
Initially any F; has no tree edges.

In Algorithm 11, when inserting an edge e = {u, v}, (1) we first insert e into cutset; for every i,
because now e belongs to G; (2) If u and v were not connected in F; before inserting e, then we
add e as tree edges for every F,. When deleting an edge e = {u, v}, (1) we first remove e from
cutset; for every i (note that at this point it might be possible that e is a tree edge, but at the end of
the delete operation e will not be in any F); (2) For every layer i, if e is an edge in F;, then remove
it from F;; (3) Start with i = 0 and go up to ¢ — 1, we perform Update for both u and v on layer i.
An update operation for u on layer i ensures that if the tree containing u in F; (denoted by T,)

is non-maximal, then with probability at least 1/2, T, is merged with a partner. In UPDATE(i, 1),
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Algorithm 12 Axillary procedure for Algorithm 11

1: procedure UPDATE(], 1)

2: if size(cutset; TREE(u)) < size(cutset; 1. TREE(u)) then
3: return
4: end if
5: {v,w} = ¢’ + cutset;.OUTGOINGEDGE(cutset; TREE(u))
6:  if ¢ = null then
7: return
8: end if
9: fork=i+1,...,¢ do
10: if cutsety. TREE(v) = cutset;. TREE(w) then
11: Find edge ¢ connecting cutsety_1.TREE(v) and cutsety_1.TREE(w) in Ef,
12: forj=k,...,0 do
13: cutset;. DELETETREEEDGE (e
14: end for
15: break
16: forj=i+1,...,¢4do
17: cutset; INSERTTREEEDGE((¢’)
18: end for
19: end if

20: end for
21: end procedure

we first check whether T, is merged with a partner. If it is not, we do as follows: try to find an
outgoing edge ¢’ for T, using cutset;, if we find one, then insert ¢’ into F 1, ..., F;. Note that we
might need to first remove an edge ¢’ from F, ..., F, for some k > i to ensure that no cycle is
formed. As shown in [KKM13, Section 4.3], the cycle edge ¢’ can be found in O(logn) time in the
worst case, by maintaining a dynamic data structure whose update time is bounded by O(log® )
for each edge insertion or deletion to the dynamic graph G.

Because only O(logn) cutset data structure operations are performed in INSERT, and O(log® 1)
cutset data structure operations are performed in DELETE (including ones performed in UPDATE),
the time complexity for insertion is O(log” n); the time complexity for deletion is O(log* ).

In order to prove its correctness, we use a coupling argument. We design Algorithm 11/
identical to Algorithm 11 (using exactly the same random bits) except for the implementation of
DELETE. The only change is that we replace “cutset;.TREE(u) # cutset,. TREE(v)” in Algorithm 11

to be “u and v are not connected in G”. For that purpose, Algorithm 11’ will record the whole
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graph G. We don’t care about the efficiency of Algorithm 11’ since it is only a tool used in the

analysis. We first prove that Algorithm 11’ maintains Invariant 4.2.3 in Lemma 4.3.1, and then

in Theorem 1 we prove that Invariant 4.2.3 ensures that F; in Algorithm 11’ is a spanning forest

of G with overwhelming probability. F; being a spanning forest implies the algorithm answers

correctly. Finally in Lemma 4.3.3, we prove that with overwhelming probability the outputs of

Algorithm 11 and Algorithm 11’ are identical, and thus prove the correctness of Algorithm 11.

Lemma 4.3.1. Algorithm 11’ maintains Invariant 4.2.3.

Proof. We can prove the lemma by induction on the number of updates to the graph. Assume it

holds for the first t updates. For the inductive step, we consider (¢ + 1)-th update:

Case 1:

Case 2:

Case 3:

(we insert an edge {u, v} where 1 and v were already connected in G) In this case, we do not
change any tree. So the probability remains the same that any non-maximal tree in any layer
i is merged with a partner. Moreover, this insertion does not change any maximal tree into

being non-maximal.

(we insert an edge {u, v} where u and v were not previously connected in G) Let T, and T, be
the trees containing u and v respectively on layer i (here we consider every i =0,...,¢ —1). If
both T, and T, are maximal, then the combined tree (denoted by T,,) is also maximal, which
does not affect the invariant. If either T, or T, is not maximal (say T} is not maximal), then T,
is also non-maximal. But now the probability that T;, is merged with a partner is at least the
probability that T, is merged with a partner after the first t updates, making the probability

no less than 1/2 by induction.
For non-maximal trees that do not contain u or v, the probability related to the invariant is

unchanged.

(we delete an edge e = {u,v}) We consider every layer i (i = 0,...,¢ — 1) separately. For
non-maximal trees that do not contain u or v, the probability related to the invariant is

unchanged; for trees containing u or v, we analyze the following two cases separately.

(a) In the first case we consider, e is a tree edge in layer i. That is, T, is split into T;, and

T, after removing e. Then the deletion algorithm will try to find a partner for T,, and
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T, separately. If T, is not maximal, then over the randomness on layer i (that is, the
randomness in cutset;), the probability that it is merged with a partner is at least 1/2 via

invoking UPDATE(i, ) (and similarly for T;).

(b) In the second case, e is not a tree edge in layer i. Then Algorithm 11’ tries to merge
T, (and also T,) with a partner via invoking UPDATE(i, u). This ensures both T, and T,

satisfy the invariant.
Ul

We assume that m (where m is the number of operations to the dynamic graph) is upper
bounded by 1 where c; is a constant. Let ¢ = 10cq + 10, and let C = 50c where C is the constant

appearing in ¢ = Clogn.

Theorem 4.3.2. If Algorithm 11" maintains Invariant 4.2.3, then with probability greater than 1 —1/n¢,

Fy is a spanning forest for G.

Proof. Let X; denote the number of non-maximal trees on layer i, for 0 < i < /. It is sufficient
to prove that P[X, > 0] < n~°. We have Xy < n, and X; is non-increasing. Let Y; (1 < i < /)
denote the indictor random variable for the event that X;_{ = 0 or X;/X;_1 < 7/8. Because of
the invariant, Ecyser, [ Xi| Xo, - - -, Xi—1] < %Xi_l. By Markov inequality, we have P(Y; =1) > 1/7
conditioned on Y3, ..., Y;_1. By coupling with n independently distributed Bernoulli(1/7) and

then applying Chernoff bound, we have

5
P(X, >0) <P(X,>1) <P(YY; < 8logn) < e 2 (1-56/C) < e,
i=1
0

Lemma 4.3.3. For any dynamic graph operations of length m, over the randomness used in the cutset data
structure, the outputs of Algorithm 11 and Algorithm 11" are identical for all the queries with probability at

least 1 — n—</2.
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Proof. As long as F, is a spanning forest, the cutset data structures in Algorithm 11 and Algo-
rithm 11’ are exactly the same. So the probability is upper bounded by n=¢ - m < n=/2 by taking

a union bound and then applying Theorem 4.3.2. O
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Chapter 5

Parallel Graph Connectivity

In this chapter, we present a graph connectivity algorithm that runs in O(log diam(G) -loglog,, ,, 1)
parallel time under the Massive Parallel Computing (MPC) model for undirected graph G with n
vertices and total memory constraint ®(M). If G is disconnected, diam(G) refers to the largest

diameter among all its connected components.

Organization. This chapter is organized as follows. Section 5.1 is the introduction section which
consists of 4 parts: Section 5.1.1 introduces the Massive Parallel Computing (MPC) model and
formulates the graph connectivity problem in the MPC model, Section 5.1.2 reviews some of the
related works on parallel graph connectivity, Section 5.1.3 summarizes our main results covered
in this chapter. Section 5.1.4 gives a high-level description of our approach. Our new algorithm
consists of O(loglog,,,, ) reduction steps, where each reduction step first increases the number
of neighbors for every vertex by a truncated broadcasting scheme (in Section 5.2), and then reduces
the problem size by a random leader contraction step (in Section 5.3). Section 5.4 presents an axillary
procedure that contracts trees. Section 5.5 presents our new graph connectivity algorithm in the

batch fashion, and Section 5.6 discusses its MPC implementation.

Bibliographic remarks: The results described in this chapter were developed jointly with Alexandr
Andoni, Clifford Stein, Zhao Song, and Peilin Zhong [ASS*18].
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5.1 Introduction

5.1.1 Problem formulation

The MPC model [BKS13] gives an elegant theoretical characterization for modern parallel com-
puting architectures such as map-reduce. The model can be specified by two parameters v and &
(we call it (y,6)-MPC model), where ¢ > 0 captures the total space constraint and 6 > 0 captures

the local memory size on each processor (or machine, we use them interchangeably in the thesis).

Definition 5.1.1 ((y,6) — MPC model). Fix parameters v > 0,6 > 0, and suppose N > 1 is the
input size. There are p > 1 processors each with local memory size s = @(N°), such that total memory
M = p-s = O(N'™7). The space size is measured by words, each of ©(log(s - p)) bits. The input is
distributed on the local memory of @(N/s) input machines. The computation proceeds in rounds. In each
round, each machine performs computation on the data in its local memory, and sends messages to other
machines at the end of the round. The total size of messages sent or received by a machine in a round is
bounded by s. In the next round, each machine only holds the received messages in its local memory. At the
end of the computation, the output is distributed on the output machines. Input/output machines and other
machines are identical except that input/output machine can hold a part of the input/output. The parallel

time of an algorithm is the number of rounds needed to finish the computation.

In this model, the space per machine is sublinear in N, and the total space is only an O(N7)
factor more than the input size N. In this chapter, we consider the case when ¢ is an arbitrary
constant in (0,1). Our results are for both the most restrictive case of v = 0 (total space is linear
in the input size), as well as v > 0 (for which our algorithms are a bit faster). The model from
Definition 5.1.1 matches the model MPC(¢) from [BKS13] with ¢ = /(1 4 7 — §) and the number
of machines p = O(N'*7~?%). The most restricted case is when 7 = 0. In this case (0,5) — MPC
model is exactly the same as MPC(0) model. Since in this chapter, the total space used by the
algorithm is more involved, we use (1, d) to characterize the model, while in [BKS13] they use
parameter ¢ to characterize the repetition of the data.

In the graph connectivity problem, the goal is to output the connected components of an input

graph G, i.e. at the end of the computation, Vv € V, there is a unique tuple (x,y) with x = v
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processor processor processor processor

1 N/s N/s+1 p
input l e l
round 1 ’s WOl“dS‘ s ’s WOl"dS‘ ’s WOI‘dS‘ s ’s WOI“dS‘

< s words
< s words
round 2 ’s words‘ ’s words‘ ’s Words‘ ’s WOI"dS‘
round R ’s WOI“dS‘ ’s WOl"dS‘ ’s WOI‘dS‘ ’5 WOI“dS‘

output l T l l

Figure 5.1: Illustration of the MPC model. In the (vy,)-MPC model, there are p processes, each of which has
s = O(N?) words of space. The total memory of this MPC model is M = p -s = N'*7. The input size is N, and in
the beginning of round 1, the first N /s processors will receive a chunk of the input. In each round, each process can
send at most s words of message, and receive at most s words of message. After R rounds, all the processors decide to
finish and some processors provide output. We call R the parallel time of this MPC model.

stored on an output machine, where y is called the color of v. Any two vertices u, v have the same

color if and only if they are in the same connected component.

Problem 5.1.2 (Parallel graph connectivity / connected components). We are given an undirected
graph G = (V,E) where |V| = n and |E| = m. Let N = m denote the input size. The inputs to the
(77, 6)-MPC model is the edge list E, where in the first round, the first processor receives the first N° edges
in E as its input, and the second processor receives the next N° edges in E, ..., and the N'~°-th processor
receives the last N° edges in E. At the end of the computation, the machines altogether are required to output
n tuples in the form of (x,y), where every v € V appears as x exactly once and we write its corresponding

yas c(v), so that c(v) = c(v') iff v and v are connected in G.
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Reference Model Parallel time Total space Comment
[SV82] CRCW PRAM logn m 1M Processors
[KNP92] EREW PRAM logn m M Processors
[ASS™18] (this thesis) MPC log diam(G) - loglog,,,, M
[ASW18] MPC loglogn +1log(1/A) O(n/A?) |A is spectral gap®

Table 5.1: Some related results on parallel graph connectivity. We drop O(-) for simplicity.

5.1.2 Related works

Graph connectivity has been extensively studied in the PRAM model. The strongest model of the
PRAM family is CRCW (concurrent read concurrent write) PRAM, where if multiple processors
concurrently write to the same memory, one of them will succeed. [SV82] design a CRCW PRAM
algorithm for graph connectivity which takes O(log n) parallel time. [KNP92] design a O(logn)
parallel time algorithm for graph connectivity under the EREW (exclusive read exclusive write)
PRAM model, the weakest model in the PRAM family. It is known (implied by [CDR86] and
[DKR94]) that Q(logn) is a time lower bound for graph connectivity in CREW (concurrent read
exclusive write) PRAM.

While we would like fully scalable algorithms—which work for any value of § > 0—there have
been graph algorithms that use space close to the number of vertices n of the graph. In particular,
the result of [LMSV11] showed a faster algorithm for the setting when the space per machine

1+0(1)

is polynomially larger than the number of vertices, i.e., s > n , and hence the number of

edges is necessarily m > n'*+(1)

. In fact, similar space restrictions are pervasive for all known
sub-logarithmic time graph algorithms, which require s = Q(W) [LMSV11, AG18, AK17,
CLM 18] (the only exception is [ANOY14] who consider geometric graphs). We highlight the
work of [CLM 18], who manage to obtain slightly sublinear space of n/ logn(l) nin logO(l) logn
parallel time, for the approximate matching problem and [ABB"17] who obtain slightly sublinear
space of n/ logﬂ(l) n in O(loglog n) parallel time. We note that the space of ~ n also coincides
with the space barrier of the semi-streaming model: essentially no graph problems are solvable in

less than 7 space in the streaming model, unless we have many more passes; see for example the

survey [McGO09].
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In fact, some previous MPC algorithms for connectivity in the applied communities have been
conjectured to obtain O(log diam(G)) time [RMCS13]; alas, we show in [ASS™ 18] the algorithm of
[RMCS13] has a lower bound of Q)(logn) time.

[ASW18] also give a connectivity algorithm in the MPC model but with different guarantees.
In particular, their runtime is parameterized as a function of A, which is a lower bound on the
spectral gap® of the connected components of G. For a graph G with 1 vertices and m = O(n)
edges, their algorithm runs in O(loglogn + log(1/A)) parallel time and uses O(11/A?) total space.

In contrast, our algorithm has a runtime of O(log diam(G) - loglog,,,, 1), and M = Q(m) is the

total space available. To compare the two runtimes, we note that: (1) diam(G) < O(k’%") for any

undirected graph G; and (2) there exist sparse graphs’ G with n vertices and O(n) edges such
that + > diam(G) - n?() and diam(G) < O(logn). Thus, our results subsume [ASW18] in the

1+0(1)

case when total space is N = n , but are incomparable otherwise.

5.1.3 Summary of our main results

Theorem 5.1.3 (Connectivity in MPC). For any v € [0,2] and any constant 6 € (0,1), there is a
randomized (vy,8) — MPC algorithm (see Algorithm 15) which outputs the connected components of the
graph G in O(min(log diam(G) - log log(ll\oﬂ%,log n)) parallel time. The success probability is at least
0.98. In addition, if the algorithm fails, then it returns FAIL.

Notice that in the most restrictive case of 7y = 0 and m = ®(n), we obtain O(min(log diam(G) -
loglogn,logn)) time. When the total space is slightly larger or the graph is slightly denser
(i.e. v > corlog,m > 1+ c, where ¢ > 0 is an arbitrarily small constant) then we obtain
O(log diam(G)) time. Parameterizing as a function of diam(G) is standard, say, in the distributed

computing literature [PRS16, HHW18].

®The spectral gap of a graph G is the second smallest eigenvalue of the normalized Laplacian of G.

7We can construct G as the following: a bridge connects two 3-regular expanders where each expander has /2
vertices.
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5.1.4 Our approach

Our parallel graph connectivity algorithm follows from a general technique called double exponential
speed problem size reduction, where the reduction is implemented as a truncated broadcasting scheme
followed by a random leader contraction step.

The basic idea of reducing a problem size double exponentially is: if we can reduce a problem

of size N to size in one single round, then we can reduce the problem of size N to size

N
(M/N)om
O(1) in O(loglog,,,y N) rounds. For graph connectivity problem, we consider 7, the number of
vertices, to be the size of the problem.

In order to implement such a reduction step, we first find a graph transformation to increase
vertex degrees, while at the same time keep the new graph as sparse as possible and preserve the
connectivity information. Consider the classical neighbor broadcasting scheme, where in each
round, each vertex sends its neighbor set to all its neighbors, and then each vertex merges all sets
received to its neighbor set. It is easy to see the scheme finishes in O(log diam(G)) rounds, and
each neighbor set ends up to be all the vertices in its connected component. However, the total
number of communications can be as much as O(n%). Our key observation is that if in each round
we truncate the size of each neighbor set to be d, then the total number of communications is
bounded by O(nd?). We choose d = v/m/n so that in each round the total communications are
bounded by m. This new scheme will also finish in O(logdiam(G)) rounds (each round can be
implemented in O(1) parallel time), and each neighbor set either contains exact d vertices, or it
contains all the vertices in its connected components. We also include all edges in the original
graph to the new graph so that the new graph has the same connectivity information with the
original one. We present and analyze this truncated neighbor broadcasting scheme Section 5.2.

After the truncated neighbor broadcasting step, we have already obtained those small cliques
whose sizes are at most d. The remaining vertices have degrees at least d. Let p = min{%, 1/2}.
We first choose each vertex to be a leader independently with probability p, and then contract
each non-leader vertex to a neighbor who is a leader if it has at least one. With good probability

the fraction of vertices that are not contracted to any leader is O(p), so the size of the graph is

reduced to O( lOgdn) = m. We discuss random leader selection in more details in Section 5.3.
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Moreover, as shown in Section 5.4, the contraction can be implemented in O(1) parallel time.
Therefore, it takes O(logdiam(G)) parallel time to reduce the problem size from n to

O( Since the reduction follows the double exponential problem size reduction pat-

n
i7nem )
tern, it takes O(loglog,, ,,n) reduction steps to reduce to O(1). Therefore, our parallel time
complexity is O(log diam(G) - loglog,,,, 7). We describe our full graph connectivity algorithm in

Section 5.5, and discuss its MPC implementation in Section 5.6.

5.2 Neighbor Increment Operation

In this section, we describe a procedure which can increase the number of neighbors of every
vertex and preserve the connectivity at the same time. The input of the procedure is an undirected
graph G = (V,E) and a parameter M which is larger than |V|. The output is a graph G’ = (V, E’)
such that for each vertex v, either the connected component which contains v is a clique or v has
at least [(M/|V])"/*] — 1 neighbors. Furthermore, |E'| < |E| + M. We use I's(v) to denote the
neighbors of v in graph G, i.e. I'¢(v) ={u € V| (u,v) € E}.

Lemma 5.2.1. Let G = (V, E) be an undirected graph, M € Z~o which has M > 4|V|. Let n = |V/|.
Let v be the value at the end of the procedure NEIGHBORINCREMENT(M, G) (Algorithm 13). Then

vVie{0,1,---,r},veV, 55}') satisfies the following properties:
1. ve Sz(,i).
2. Yu e Sz(,i), distg(u,v) < oo.
3. 1S9 < [(M/n)2] = S = {u e V| distg(u,v) < 2}

4. 189 < M/n.

Proof. For property 1, we can prove it by induction. When i = 0, due to line 2, we know v € SS”.

Suppose property 1 holds for Sz(f;l) forallo € V. If SV is updated by line 16, there are two cases:
1.if u =v,thenv € sﬁf‘”, and the condition of line 16 does not hold, thus v € Sz(f) ;2. ifu # o,
then after implementing line 16, v will not be removed, thus v € Sz(,i). If Sz(,i) is updated by line 19,

then since v € Sz(f;l), v is also in the set Sz(,i). Thus, property 1 holds for every Sz(,i).
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For property 2, we can prove it by induction. When i = 0, it is easy to see s ¢ I'c(v)U{v},
thus property 2 holds for it. Suppose property 2 holds for Sz(f;l) forallv € V. If Sz(,i) is updated

by line 16, then since u € Sz(;i_l) and Sz(;i) - Sg,i_l)

U {v}, all the vertices from st are in the same
connected component as u and u is in the same connected component as v. Thus, property 2
holds in this case. If Sz(,i) is updated by the line 19, then Vp € Sz(,i), there exists u € Sz(,ifl) such that
pE Si,i_l). We have p is in the same connected component as u, and u is in the same connected
component as v. Thus, property 2 also holds in this case.

For property 3, we can prove it by induction. When i = 0, due to line 6, we have \Sz(,o) | <
[(M/n)V?] — s = Ig(v)U{v} = {u € V| distg(u,v) < 1}. Suppose property 3 holds for
sV for all v € V. Since if |S§i)| < [(M/n)1/?], then st can only be updated by line 19, and
Vu € S§7Y, it has |S{™V| < [(M/n)/2]. Thus, S = Uyesin SSY = Unevaista(un <21 P €
V| distg(p,u) <271} = {u € V | distg(u,v) < 2}. Thus, property 3 holds.

For property 4, we can prove it by induction. When i = 0, due to line 6, Vo € V, we have
159 < [(M/n)1/2] < M/n, where the last inequality follows by M/n > 4. Now suppose
property 4 holds for stV forallv e V. 1f S is updated by line 16, then ]SZ(,i)| = \Sl(,i_l)| < M/n.
1f 4 is updated by line 19, we know Yu € i, ]S£i71)| < [(M/n)'/?]. Notice that by property 1,
v e S8V so 1SSV < [(M/n)V2]. Thus, |S{| = | Uyesin SUTD < (M/n)V2 - (M/n)Y/? <
M/n. O

The following definition defines the number of iterations of Algorithm 13.

Definition 5.2.2. Given an undirected graph G = (V,E) and a parameter M € Z>o, M > 4|V|, the
number of iterations of NEIGHBORINCREMENT (M, G) (Algorithm 13) is the value of r at the end of the

procedure.
In the following lemma, we characterize the properties of Algorithm 13.
Lemma 5.2.3. Let G' = (V, E') be the output of NEIGHBORINCREMENT (M, G). We have:
1. The number of iterations (Definition 5.2.2), r < min([log(diam(G))], [log(M/n)]) + 1.

2. Forall u,v € V,distg(u,v) < oo < distg (1, v) < 0.
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Algorithm 13 Neighbor Increment Operation

1: procedure NEIGHBORINCREMENT(M, G = (V, E)) > Lemma 5.2.1, Lemma 5.2.3

N N = o o ) | e e
oal N T i I AR S LI R S A s

22:

23:
24:
25:
26:
27:
28:

> Output: G’ = (V,E')
Initially, n = |V|,E' = @ and let s = {v} forallv e V.
forv € V do > Initially, let Sz(,o) be the set (or subset) of direct neighbors
foru € T'g(v) do
if S| < [(M/n)'/2] then
SO s U {u}.

end if
end for
end for
r<+ 1L
for true do
forv e Vdo
if Ju € Si(,rfl), |S£r71)| > [(M/n)Y?] then > neighbor u has many neighbors
s =5V U o).
if S| > [SUY] then
S5 s\ {u}.
end if
else
Sz()r) = U, 500 Si[‘”. > neighbors of v’s neighbors are v’s new neighbors.
end if ’
end for

> Sz(f) is large or is a component

if Yo € V, either [S{| > [(M/n)"/2] or |S{"| = [S{ V| then

Let E' = EUUyev{(v,u) |v e S,(f) oru e Sz(f),u # v},

return G’ = (V,E')
else

r<r+1.
end if

end for

29: end procedure

3. Vo € V,if [Ta(v)| < [(M/n)Y/2] —1, then the connected component in G' which contains

v is a clique. It also implies that Yu,v € V, if [Tg/(v)| < [(M/n)Y?] —1 and |Tg (u)| >
[(M/n)Y2] —1, then distc (u,v) = oo.

4. ECE,|E| <|E|+ M.

Proof. For property 1, if r > [log(diam(G))]| + 1, then let i = [log(diam(G))| + 1. Letv € V.
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By property 3 of Lemma 5.2.1, if [S)| < [(M/n)'/2], then S\ = {u € V | distg(u,v) < 2/} =
{u € vV | distg(u,v) < 2-2Mog(dam(@)I} — {4y ¢ V| distg(u,v) < oo}. Furthermore, if |Sz(,i)| <
[(M/n)/2], then |SY™Y| < [(M/n)'/?], which means that SV = {u € V | distg(u,0) <
211} = {u € V | distg(u,0) < 2Mosm@MN = (1, € V | distg(u,0) < oo} = S, Then
due to the condition in line 22, it will end the procedure in this round, which contradicts to
r > [log(diam(G))| +1 = i. Similarly, if r > [log(M/n)] + 1, then let i = [log(M/n)| + 1.
Furthermore, if |Sz(,i)| < [(M/n)Y?], then |Sz(,i71)| < [(M/n)?], which means that si=1 = {u e
V | distg(u,v) <2071} # {u € V| distg(u,v) <2/} = s Thus, there exists u € S such that
|Sz(,i)\ > distg(u,v) > 271 > M/n > [(M/n)'/*] which leads to a contradiction.

For property 2, if u, v are in the same connected component in G, then since E C E',u,v arein
the same connected component in G'. If 1, v are in the same connected component in G/, then
there should be a path u = uy — up = --- = u, = vin G, ie. Vj € [p—1],(uj,ujy1) € E.

r

(uj,uiy1) € E' implies that either (uj,uj;1) € E or u; € S,(,].)H

or uj 1 € Sg). By property 2 of
Lemma 5.2.1, we know that Vj € [p — 1], u; and u;,; are in the same connected component in G.
Thus, u and v are in the same connected component in G.

For property 3, due to line 23, if [T¢/(v)| < [(M/n)'/2] — 1, then we have \Sz(,r)\ < [(M/n)¥/2].
By property 3 of Lemma 5.2.1, and the condition in line 22, we know {u € V| distg(u,v) < 2"} =
s = sV = {u e V| distg(u,v) < 2""1}. Thus, S\ = {u € V | distg(1,v) < oo}. Due to
property 2, we have I'c/(v) U {v} C {u € V | distg(u,v) < co}. Notice that Sz(f) CTg(v)U{v},
thus, we have I'/(v) U {v} = {u € V | distg(1,v) < co}. Let v’ € {u € V | distg(u,v) < oo}, then
due to property 2, I'c/(v') U {0'} C {u € V | distg(u,v") < oo} = {u € V | distg(u,v) < co}, then
we have |Tg (v") U {v'}]| < [(M/n)'/?]. Thus, |57(;)| < [(M/n)Y?]. By property 3 of Lemma 5.2.1,
(r—1

and the condition in line 22, we know {u € V | distg(u,v") < 2"} = SZ(;) =S,

)= {uev|
distg(1,0') < 21}, Thus, S7) = {u € V | distg(u,0') < oo}. Thus, T/(o') U{v'} = {u € V|
distg(u,v") < oo} = {u € V | distg(u,v) < co}. Thus, Vp,q € {u € V | distg(u,v) < oo}, we have
(p,q) € E', which means that {u € V | distg(4,v) < co} is a clique in G'.

Now consider two vertices u,v € V. Suppose |T'c/(v)| < [(M/n)'/?] — 1, then we have that

{p € V| distg(p,v) < oo} is a clique in G'. Thus, Vg € {p € V | distg(p,v) < co}, we have
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T (q)| = [Te(v)] < [(M/n)Y?] —1.If [Ter(u)| > [(M/n)Y/?] —1, then distg (u,v) = oo.
For property 4, by line 23, we have E C E' and |E'| < |E| 4+ Lyev |Sz(,r)| < |E|+n-M/n =

|E| + M where the last inequality follows by the property 4 of Lemma 5.2.1. O

5.3 Random Leader Selection

Given an undirected graph G = (V,E), to design a connected component algorithm, a natural
way is constantly contracting the vertices in the same component. One way to do the contraction
is that we randomly choose some vertices as leaders, then contract non-leader vertices to the
neighbor leader vertices.

In this section, we show that if Vo € V, the number of neighbors of v is large enough, then we
can just sample a small number of leaders such that for each non-leader vertex v € V, there is at
least one neighbor of v which is chosen as a leader. A more generalized statement is stated in the

following lemma.

Lemma 5.3.1. Let V be a vertex set with n vertices. Let 0 < v < n,é € (0,1). Foreachv € V, let S,
be a subset of V \ {v} with size at least y — 1. Let | : V. — {0,1} be a random hash function such that

Vv € V,1(v) are i.i.d. Bernoulli random variables, i.e.

1 with probability p;
I(v) =

0 otherwise.

If p > min((101log(2n/6)) /7, 1), then, with probability at least 1 — §,

1 Yoer1(0) < $pn;

2. Yv e V,3u € Sy U{v} such that I(u) = 1.
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Proof. For a fixed vertex v € V, we have

N =

11’( Y, (E(Qw)-Iw)>5 )} E(l(u)))
ueS,U{v} ueS,U{v}

2
3 (3 Cues,ofo) ECW)

<exp | —
ZMESUU{U} Var(l(u)) + % -1 %ZMGSDU{U} ]E(l(u))
2
< } (4 Cues,ufo) BO(W))
< exp| -
Yues,u(oy E(L(w) + 5 -1+ 3 Lyes, ooy E(I(1))
3 3 5
—ep (g L E(0) | —exp(—ppeIS ULl ) < 50
8 o 28 ¢ 2n

where the first inequality follows by Bernstein inequality and |I(u) — E(I(u))| < 1, the second

inequality follows by Var(I(u)) < E(I1*(u)) = E(I(u)). The last inequality follows by |S, U {v}| >
v, and p > min((10log(2n/4))/v,1). Since %Zuesvu{v} E(I(u)) > 1, with probability at least
1-6/(2n), Cyes,u{e} 1(v) > 1. By taking union bound over all S;, with probability at least 1 — /2,
VoeV,3ue S, U{v},I(u) =1

Similarly, we have

P <Z‘:/(Z(u) —E(I(n))) > % ) JE(l(u))>

ueV

2
} (3 uev EG(W)))
<exp|-— T T
Yuev Var(l(u)) + 5 -1+ 53 Xuev E(I(u))
} (3 Cuev B(I(w)))
<exp| - I T
ZuEVIE<l(u)) + 3° 1- 2 ZuEVIE‘(l(u))

= oxp (—2?;- Y E(l(u)))

uevVv
3 )
= exp (—28-;7-|Vl> <5<

Since Y, cv E(I(1)) = p - n, with probability at least 1 —6/2, Y, cy [(u) < 1.5pn.
<

NI >

By taking union bound, with probability at least 1 — 6, )_,cy [(#) < 1.5pn and Vo € V,3u €

Sy U{v}, l(u) =1. O
If the number of neighbors of each vertex is not large, then we can still have a constant fraction
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of vertices which can contract to a leader.

Lemma 5.3.2. Let V be a vertex set with n vertices. Let S, be a subset of V' \ {v} with size at least 1. Let
1:V — {0,1} be a random hash function such that Vv € V,1(v) are i.i.d. Bernoulli random variables, i.e.
1  with probability 3;
I(v) =

0 otherwise.
Let L={veV|l(v)=1}U{v eV |Vu e S,U{v},I(u) =0}. E(L) < 0.75n.

Proof. Forv € V, P(I(v) = 1) = 3. Let u € S,. Then P(Vx € S, U {v},I(x) = 0) < P(I(v) =
0,1(1) = 0) = 0.25. E(|L|) = Yyey P(v € L) < 0.75n. O

5.4 Tree Contraction Operation

In this section, we introduce the contraction operation. Firstly, let us introduce the concept of the

parent pointers which can define a rooted forest.

Definition 5.4.1. Given a set of vertices V, let par : V. — V satisfy that Yo € V,3i > 0 such
that par®) (v) = par*(v), where Yo € V,j > 0,parl)(v) is defined as par(parV—V(v)), and
par(®)(v) = v. Then, we call such par a set of parent pointers on V. For v € V, if par(v) = v, then we
say v is a root of par. par can have more than one root. The depth of v € V, deppar(v) is the smallest
i € Z-q such that par®) (v) = par(+1) (v). The root of v € V, par*® (v) is defined as par'Pr(?) (1),

The depth of par, dep(par) is defined as maxycy dep,, (v).

It is easy to see that a set of parent pointers par on V formed a rooted forest on V. For a vertex
v €V, if par(v) = v, then v is a root in the forest. Otherwise par(v) is the parent of v in the forest.

In the following, we define the union operation of several sets of parent pointers.

Definition 5.4.2. Let par, : Vi — Vi, par, : Vo — Vp,--- ,par, : Vi — Vi be k sets of parent
pointers on vertex sets Vi, Va,- - -, Vi respectively, where Vi # j € [k],V;NV; = @. Then par =
par, Upar, U - - - U par, is a set of parent pointers on the vertex set V1 U Vo U --- UV} such that Vi €

[k],v € V;, par(v) = par;(v).
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Now we focus on the parent pointers which can preserve the connectivity of the graph.

Definition 5.4.3. Given a graph G = (V, E) and a set of parent pointers par on V, if Vo € V, we have

distg (v, par(v)) < oo, then par is compatible with G.
It is easy to show the following fact:

Fact 5.4.4. Given a graph G = (V,E) and a set of parent pointers par which is compatible with G, then

Vu,v € V with par® (1) = par(®)(v), we have distg(u,v) < oo.

Proof. By the definition of compatible, Vo € V, distg (v, par(v)) < oo. By induction, VI € Z~,v €
V, we have distg (v, parl) (v)) < distg (v, par~1(v)) + distg(par’~V (v), par) (v)) < co. Thus,
for any pair of vertices u,v € V, if par(®) (1) = par(®)(v), then dists (u,v) < distg(u, par(® (u)) +

distg (par(® (v),v) < c. O

In this section, we describe a procedure which can be used to reduce the number of vertices.
The input of the procedure is an undirected graph G = (V,E) and a set of parent pointers
par : V — V, where par is compatible with G. The output of the procedure will be the root of
each vertex in V and an undirected graph G’ = (V’, E’) which satisfies V' = {v € V | par(v) =
v}, E' = {(u,0) € V' x V' | u #v,3(p,q) € E,par™®(p) = u,par(®)(q) = v}. Notice that V' only

contains all the roots in the forest induced by par, and |E’| < |E|.

Lemma 5.4.5. Let G = (V,E) be an undirected graph, par : V. — V be a set of parent pointers
(See Definition 5.4.1). Then TREECONTRACTION(G, par) (See Algorithm 14) will output (G',g\")) with

r < [logdep(par)] satisfies the following properties:

1. Vo € V, g (v) = par®) (v).

2. V' ={veV|par(v) =0}

3. E'={(u,0) € V' x V' | u #9v,3(p,q) € E,par™(p) = u,par(®) (q) = v}.
Proof. One crucial observation is the following claim.

Claim 5.4.6. VI € {0,1,--- ,r},v € V, we have g (v) = par(zl)(v).
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Algorithm 14 Tree Contraction Operation

1: procedure TREECONTRACTION(G = (V,E),par: V — V) > Lemma 5.4.5, Corollary 5.4.8
> Output: G' = (V/,E’),par(®(v) forallv € V

2. Initially, for each v € V let g9 (v) < par(v). Let V' = @,E' = @.

3: [+ 0.

4 for Jv € V,par(g"(v)) # ¢V (v) do

5: [+ 1+1.

6: For each v € V, compute ¢! (v) = ¢V (g1 (v)). > ¢(1) is par(®)
7: end for

8: r <1l > r is the number of iterations, and is used in the analysis.
9:  ForveV,ifpar(v) =v,let V' + V' U{v}.

10:  For (u,0) € E, if g")(u) # ¢ (v), let E' <~ E'U{(g") (u),g") (v))}.

> Vv € V, contract v to par(®)(v)
11: return ¢ (v) as par(*) (v) forallv € V, and G’ = (V', E)
12: end procedure

Proof. The proof is by induction. When I = 0, Vo € V, g0 (v) = par(v) = parll)(v), the claim
is true. Suppose for [ — 1, we have Vo € V,g!=V(v) = par(zH)(v), then Vo € V,gW(v) =
¢ (g1 (0)) = par@ ™) (par® ) (v)) = par®)(v). So the claim is true. O

If r > [logdep(par)], then r —1 > [logdep(par)]. Due to claim 5.4.6, we have Vv €
V,gD(v) = par(zrfl)(v) = par(®)(v). Due to the condition in line 4, the loop will stop when
I <r —1 which leads to a contradiction to line 8. Thus, at the end of the algorithm, r should be at
most [log dep(par)].

Since we have Vo € V,par(g") (v)) = ¢! (v) at the end of the Algorithm 14, Vo € V,¢(") (v)
must be par(®)(v). Then due to line 9 and line 10, we have V' = {v € V | par(v) = v}, E =
{(u,0) € V' x V' | u#v,3(p,q) € E,par®(p) = u,par®)(q) = v}. O

Definition 5.4.7. Let G = (V,E) be an undirected graph, par : V. — V be a set of parent pointers (See
Definition 5.4.1). Then the number of iteration of TREECONTRACTION(G, par) is defined as the value of r

at the end of the procedure.

Corollary 5.4.8 (Preserved connectivity and diameter). Let G = (V,E) be an undirected graph,
par : V. — V be a set of parent pointers (See Definition 5.4.1) which is compatible (See Definition 5.4.3)
with G. Then at the end of the Algorithm 14, r < [log dep(par)] and the output (G, g\")) will satisfy

the following properties:
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1. diam(G’) < diam(G).
2. Yu,v € V,distg(u,v) < co = diste (par(®) (1), par(® (v)) < oo.
3. Yu,v € V,distg(u,v) < o <= diste (par(®) (u), par(® (v)) < oo.

Proof. By Lemma 5.4.5, we have r < [logdep(par)|, V' = {v € V | par(v) = v} and E' =
[(,0) € V! x V' | u # 0,3(p,q) € E,par™ (p) = u, par)(g) = o}.

For any two vertices u,v € V which are in the same connected component in G, then there
should be a path u = uy — up; — --- = u, = v in graph G. So Vi € [p — 1], (uj,uiy1) € E
which means that either par(®)(u;) = par(® (u;,;) or (par(®(u;),par™®(u;;1)) € E. Thus,
par® (ug) — par® (up) — - -+ — par(®)(u,) is a valid path in G’, and the length of this path in
G’ is at most p. Thus, the properties 1 and 2 are true.

For any two vertices u,v € V which are not in the same connected component in G, but there
is a path par(® (1) = u} — uh) — - — Uy, = par(®)(v) in G, then it means that there exists

vertices uy,1, U1, U1, Uz, + , Upa, Up2 € V which satisfies
() Vi € [p—1], (uin, uir17) € E,par'™ (u;z) = uj, par'™ (uij11) = .
(b) ur,1 =u,up2 =v.
(c) Vie [P],Par("") (uin) = par(w)(uilz). By Fact 5.4.4, we have distg (u;1,1;5) < co.

Thus, there exists a path from u to v. This contradicts to that u, v are not in the same connected

component. Therefore, property 3 is also true. O

5.5 Connectivity Algorithm

In this section, we described a batch algorithm for graph connectivity problem. The input is an

undirected graph G = (V, E), a space/rounds trade-off parameter M, and the rounds parameter r.

The output is a function col : V — V such that Vu,v € V,distg(u,v) < 00 < col(u) = col(v).
The algorithm is described in Algorithm 15. The following theorem shows the correctness of

Algorithm 15.
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Algorithm 15 Graph Connectivity

1: procedure CoNNECTIVITY(G = (V,E), M, ) > Theorem 5.5.1, Theorem 5.5.8
2 Output: FAILorcol: V — V.

3 n <« |V|

4: Yo € V, hy(v) < null.

5: Gy = (V(), EO) =G,ie. Vy=V,Ej=E.

6.

7

8

9

np = n.
fori=1—rdo
Vv €V, hj(v) < null. > h;(v) is the vertex that v contracts to
: G! = (V/,E!) = NEIGHBORINCREMENT(M, G;_1). > Algorithm 13
10: Compute V' = {v € V/ | [T (0)] > [(M/n;_1)/?] —1}.
11: Compute E! = {(u,v) € E;_1 |u e V/',v e V/'}.
12: G/ = (V!",EV). > G/ is obtained by removing all the small components of G;
13: Let v; = [(M/n;_1)"?], p; = min((301og(n) + 100)/;,1/2).
14: Let [; : V!’ — {0,1} be a random hash function such that Yo € V/,I;(v) are i.i.d. Bernoulli
random variables, and P(l;(v) = 1) = p;.
15: LetLi={ve V' |L(v)=1}U{ve V' |Vue FG]{(U) U{o},li(u) = 0}. > L; are leaders
16: Vo € V! with v € L;, let par;(v) = v.
17: Vo € V" with v &€ L;, let par;(v) = mingep,n(r, (o)ufo}) 4 > Non-leader finds a leader.
18: Let ((V;, E)), gfr")) = TREECONTRACTION(G/, par;). > Algorithm 14
19: Gi = (Vi, Ep).
20: n; = |Vj|.
21: For each v € V! \ V!, let h;(v) mincr_, (o)ufe} 4. > Contract small component to one vertex
22: For each v € V" \ V;, let h;(v) < gfri) (v). > Contract non-leader to leader
23: For each v € V, if h;_1(v) # null, then let h;(v) = h;_1(v).

24: end for

25: If n, # 0, return FAIL.

26: ((V,E),col) = TREECONTRACTION(G, /). > Algorithm 14
27: return col.

28: end procedure

Theorem 5.5.1 (Correctness of Algorithm 15). Let G = (V, E) be an undirected graph, M > 4|V |, and
r < |V| be the rounds parameter. If CONNECTIVITY(G, M, 1) (Algorithm 15) does not output FAIL, then

Vu,v € V, we have distg(u,v) < co < col(u) = col(v).
Firstly, we show that the input of Line 18 is valid.

Claim 5.5.2. Vi € [r], par; is a set of parent pointers on V', (See Definition 5.4.1) and is compatible (See
Definition 5.4.3) with G;'.

Proof. Vv € V!, if v € L;, then par;(v) = v. For v € V" \ L;, due to property 3 of Lemma 5.2.3, we

have par;(v) € V. Since par;(v) € L;, we have par,(par;(v)) = par;(v). Thus, par, : V' — V" is
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a set of parent pointers on V;”. Due to property 2 of Lemma 5.2.3 and dist¢; (par;(v), v) < oo, we
know that distg, , (par;(v),v) < co. Thus, distgy(par;(v),v) < co. It implies that par; is compatible
with G/'. O

The following claim shows that the number of the remaining vertices cannot increase after

each round.
Claim 5.5.3. If CoNNECTIVITY(G, M, 1) does not output FAIL, then Vi € [r], V; C V" C V! = V;_;.

Proof. Let i € [r]. Due to Claim 5.5.2, the input of Line 18 is valid. Then, we can apply
property 2 of Lemma 5.4.5 to get V; C V/. By the construction of V" we have V" C V/. Since the
procedure NEIGHBORINCREMENT(M, G;_1) (Algorithm 13) does not change the vertex set, we have

VI =V, 0

1

Now, we show that Vu,v € V;, distg, (1,v) < oo < distg(u,v) < oo.

Claim 5.5.4. If CoNNEcCTIVITY(G, M, 1) does not output FAIL, then Vi € [r],Yu,v € V;, we have

distg, (1,v) < 00 & distg(u,v) < 0.

Proof. The proof is by induction. Suppose Vu,v € V;_q,distg, ,(1,v) < oo & distg(u,v) <
co. Vw,z € V;, according to Claim 5.5.3, w,z € V!. By property 2,3 of Lemma 5.4.8, and
property 2 of Lemma 5.4.5, distg,(w,z) < o0 < distgr(w,z) < co. Due to property 2,3 of
Lemma 5.2.3, there is no edge in E;_; between V/ and V/\ V. According to Claim 5.5.3,

w,z € Vi_1. Thus, distgr(w,z) < co & distg, ,(w,z) < oo. By induction hypothesis, we have

Vw,z € Vj, distg, (w,z) < oo & distg(w, z). O

The following claim states that once a vertex v € V is contracted to an another vertex, it will

never be operated.

Claim 5.5.5. Suppose CONNECTIVITY(G, M, 1) does not output FAIL. Vi € {0,1,--- ,r}, v € V, we have
hi(v) = null < v € V. Furthermore, Vo € V,3j € [r] such that ho(v) = h1(v) = -+ = hj_1(v) =
null and hj(v) = hj;1(v) = -+ = hy(v) # null, distg (v, h, (v)) < 0.
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Proof. When i =0, Yo € V, ho(v) = null,v € V) = V. Suppose it is true that Vo € V,h;_1(v) =
null & v € Viy. If v ¢ Vj, according to Claim 5.5.3, there are three cases: v € V' \ V;,v €
V/\ V/",v & V;_1. In the first case, due to Line 22, h;(v) # null. In the second case, due to Line 21,
hi(v) # null, In the third case, due to Line 23, h;(v) # null. If h;(v) = null, then h;(v) cannot be
updated by Line 21, Line 22 or Line 23 which implies that v € V;_1,v ¢ V/\ V/",v ¢ V" \ V;. Thus,
veV.

Since the procedure does not FAIL, we have n, = 0 which means that Yo € V, h,(v) # null.
Notice that by Line 23, if h;_1(v) # null, then h;(v) = h;_1(v). Thus, Vo € V,3j € [r] such that
ho(v) = h1(v) = -+ = hj_1(v) = null and h;(v) = hj;1(v) = - - - = hy(v) # null.

For v € V, if hj(v) # null and h;_1(v) = null, then k;(v) can only be updated by 21 or Line 22.

In both cases, distg, , (v, hj(v)) < 0. By Claim 5.5.4, we have that distc (v, hj(v)) < co. O

In the following, we show that &, is a rooted tree such that distg (1, v) < o0 < u,v have the
same root. Due to Claim 5.5.5, if CONNECTIVITY(G, M, r) does not output FAIL, then 1, = 0 which
implies that Vo € V, h,(v) # null. Thus, we can define e (v) for k € Z~ as applying h, on v k
times. Yo € V, by Claim 5.5.5, let j € [r] satisfy that 11j(v) # null and h;_1(v) = null. If k;(v) is
updated by Line 22, then h;(h;(v)) = null. If h;(v) is updated by Line 21, then k;(h;(v)) = h;(v).
In both cases, /; cannot create a cycle. Thus, we can define B (v) = K (v) for some k which

satisfies h,(hﬁk)(v)) = hgk)(v).

Claim 5.5.6. Suppose CONNECTIVITY(G, M, ) does not output FAIL. Then Yu,v € V, we have distg (1, v) <
oo & b (u) = h{™ (v).

Proof. Let u,v € V. By Claim 5.5.5, if h{°(u) = h;*(v) we have distg (1, v) < oo.

If distg(1,0) < oo, then let o' = ™ (u),o' = K™ (v). By Claim 5.5.5, distg(u',v') <
distg (u, u") 4 distg (u, v) + distg (v, v') < 00, and we can find j € [r] such that (") # null, hj_,(u') =
null. Without loss of generality, we can assume k;_1(v’) = null (otherwise we can swap u’ and
v). Due to Claim 5.5.5, u/,v" € V;_;. Since hj(u") = hy(u") = 1/, hj(u) can be only updated by
Line 21, and u’ € V;\ V". Then due to property 3 of Lemma 5.4.5, o' should be in I'c; () U {u}.

Since h;(v') = hy(v') = v/, we can conclude that u’ = v’

120



If CoNNECTIVITY(G, M, ) does not output FAIL, then in Line 26, col is exactly h£°°). By

Claim 5.5.6, we have Yu,v € V,distg(u,v) < 00 < col(u) = col(v).

Now let us consider the number of iterations of Algorithm 15 and the success probability.

Definition 5.5.7 (Total iterations). Let G = (V, E) be an undirected graph, poly(n) > M > 4n, and
r < n be the rounds parameter where n is the number of vertices in G. The total number of iterations
of CONNECTIVITY(G, M, 1) (Algorithm 15) is defined as Y_i_, (ki + r}), where k; denotes the number
of iterations (See Definition 5.2.2) of NEIGHBORINCREMENT(M, G;_1) (see Line 9), and r; denotes the

number of iterations (See Definition 5.4.7) of TREECONTRACTION(G/, par;) (see Line 18).

Theorem 5.5.8 (Success probability and total iterations). Let G = (V, E) be an undirected graph,
poly(n) > M > 4n, and r < n be the rounds parameter where n = |V|. Let ¢ > 0 be a sufficiently
large constant. If r > cloglog,,,,(n), then with probability at least 0.98, CONNECTIVITY(G, M, 1)
(Algorithm 15) will not return FAIL. If CONNECTIVITY(G, M, ) succeeds, let k; denote the number of
iterations (See Definition 5.2.2) of NEIGHBORINCREMENT(M, G;_1) (see Line 9), and let r, denote the

number of iterations of (See Definition 5.4.7) of TREECONTRACTION(G/', par;) (see Line 18), then
1. Vielr],ri=0.
2. Vi € [r], k; is at most [log(diam(G))] + 1.
3. The number of iterations of Line 26 is at most [logr].
4. Y7 ki < O(rlog(diam(G))).

Let ¢y > 0 be a sufficiently large constant. If M > cinlog*n, then with probability at least 0.99,
Yi—1ki < O(log(diam(G))10g108yiam (G (1))- If M < c1n log* n, then with probability at least 0.98,
L7 ki < O(log(diam(G)) 10g 10g g (1) + (log Log(1))2).

Proof. Suppose CONNECTIVITY(G, M, 1) succeeds. Property 1 follows by Vv € V/, par,(par;(v)) =
par;(v) and Lemma 5.4.5. Property 2 follows by diam(G,) < diam(G;’) < diam(G;) < diam(G,—1) <
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diam(G/ ;) < diam(G,_;) < --- < diam(Gp) = diam(G) and Property 1 of Lemma 5.2.3. Prop-
erty 3 follows by the depth of /, is at most r and Lemma 5.4.5. Property 4 follows by property 2.

Now let us prove the success probability. Let i € [r]. If p; < 0.5, then we can apply Lemma 5.3.1
on vertex set V//, parameter 7;, and hash function /;. Notice that the set S, in the statement of
Lemma 5.3.1 is I'/(v) in the algorithm. Notice that [V/’| < n. Then in the i" round, if p; < 0.5,
then with probability at most 1/(100n2), L; will be {v € V" | [;(v) = 1}, and n; = |L;| < 1.5p;n;_;.
By taking union bound over all i € [r], we have that with probability at least 0.99, event £ happens:
foralli € [r], if p; < 0.5, then n; < 1.5p;n;—1 < 0.75n;_1. Suppose £ happens. Fori € [r], p; = 0.5,
if we apply Lemma 5.3.2, then condition on n;_1, we have E(n;) < 0.75n;_1. Thus, we know
Vi€ [r], B(n;) <0.75E(n;_1) < 0.75'n.

Next, we discuss the case for pg = 0.5 and the case for pg < 0.5 separately.

If po = 0.5, then M < n - (600log n)*. By Markov’s inequality, when i* > 4log, ,;(60001log 1),
with probability at least 0.99, n;+ < n/(600log n)4 and thus p;« < 0.5. Condition on this event and

&, we have
15 15
(:55 (451og n+150)>
JYLE (451logn + 150)
ny < (Apply ' = r —i* times)
_ ¥ 2:(1.5" 1)
= i (451log n + 150)

= ”i*/(M/ni*)1~5',*1 - (451ogn + 150)2-(1.5’21)

<n/ (M/ (ni* (451og 7 + 150)2))1‘?,l

n/ (M/ (ni* (45logn + 150)2))15”/2

IN

1572 1
— 2/

IN
3

/ (M/n)

where the second inequality follows by n; < n, the third inequality follows by ' > 5,
the forth inequality follows by n; < n/(600logn)?, and the last inequality follows by ' >
log% loglog,,,(2n). Since 4n < M < n - (600logn)*, loglog,, ,, n = O(loglogn). Let c > 0 be a
sufficiently large constant. Thus, when r > cloglog,,,, n > i* +1' = 41og(60001og )/ log(4/3) +

1%%.5 loglog,, /n(Zn), with probability at least 0.98, CoNNEcTIVITY(G, M, r) will not fail.
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Since property 1 of Lemma 5.2.3, we have k; < O(log(min(M/n;_1,diam(G)))). Thus,

1 +
<O ((loglog n)z) + Y ki + ) ki
i:i>i*4+1,M/n;_1<diam(G) i:i<r,M/n;_1>diam(G)

[logy 5 log, (diam(G))] ; 1081 25 108 giam(c) (M) ]
<O ((loglog n)z) +0 i;o log(2"®) | +0 Z;) log(diam(G))

< 0 ((loglogn)?) + O(log(diam(G))) + O(log(diam(G)) 10§ 108 gm(c; (1))
< O(log(diam(G)) 10§ 108 gy (1) + (l0g l0g(n))?),
where the first inequality follows by i* = O(loglogn) and Vi < [i*], M/n;_; < poly(logn), the

third inequality follows by M /n; 1 > (M/n;)'5 /(45 logn +150) > (M/n)"2.
If M > n-(600logn)?, then Vi € {0} U [r — 1], we have p; < 0.5. Since £ happens, we have:

( 12 (451 150))1'5
n n+

( w05 008 (45log n +150)>
<

MO5

ny < — (Apply r times)

T
nls

- W(‘E logn + 150)2-(1.5r,1)

=n/(M/n)" 1. (45logn + 150)2 (15 1)

1.5"-1
M/ (n(451logn +150)?) )

.5r/2

(m/(
<n/ (M/ (n(45 logn + 150)2))1'57/2
(m/(

/ (M/ (n(200 logn)2))l

where the second inequality follows by r > 5, the third inequality follows by 45logn + 150 <
2001log n, and the last inequality follows by

r > cloglogy,, n > 210g; 5108 5;/,)1/2 211 > 2108, 51081/ (4200105 n)2) 271

for a sufficiently large constant ¢ > 0.
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By property 1 of Lemma 5.2.3, we have k; < O(log(min(M/n;_1,diam(G)))). Thus,

iki < Z ki + Z ki

i=1 M/n;_1<diam(G M/n;_1>diam(G)

)
[logy 55 log, (diam(G))] l, M08} 5 108 giam(G) (M) ]
<0 Y log(2'®) | +0 Y log(diam(G))
i=0

i=0

< O(log(diam(G))) + O(log(diam(G)) 10g 108 giym(c) (1)),

where the first inequality follows by M/n; 1 > (M/n;)?/(45logn + 150) > (M/n;)*%.
Since n, is an integer, 1, must be 0 when n, < 1/2. Let ¢ > 0 be a sufficiently large constant.
For all M > 4n, if r > cloglog,,,, n then ConNEecTIvITY (G, M, r) will succeed with probability at

least 0.98. O

5.6 MPC Implementation

In this section, we discuss how to implement our graph connectivity algorithm in the MPC model.
Readers can refer to [ASS™18] for further implementation details. We will describe the MPC
implementations of neighbor increment operation, random leader selection, and tree contraction
operation respectively. Finally, we discuss how to implement Algorithm 15, our parallel graph
connectivity algorithm.

It is important to know that sorting can be done in O(6~!) = O(1) parallel time in the (7, §)-
MPC model [GSZ11, Goo99]. Using sorting as a primitive, we can also remove duplicates (for a

list of O(M) integers distributed in multiple processors) in O(1) parallel time.

Neighbor increment operation. If M/n > s, then we need to store each Sz(f) in Algorithm 13
in multiple processors. For ease of exposition, in this section, we replace all the occurances of
M/n in Algorithm 13 to be min{M/n,s}. By doing so, we have an easier MPC implementation
because each Sz(,r) will fit into one processor; on the other hand, the new algorithm has the same
asymptotic guarantee because if M/n > s then log(M/n) = O(logs) (i.e. M/n and s are both
poly(n)). Let T = min{\/M/n, \/s} be the new threshold for the size of st (i.e. after |S§r)| > T,

we stop updating S?(f)).
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We are going to use the first -/ = Ti—” processors to store {Sgr)}vev. In particular, the

first processor stores the first 5 sets, the second processor stores the next 5 sets, etc. We

T2 T2
I

say that the first processor takes charge of 5;/,...,5_ ,, the second processor takes charge of

S(") S(’)

ojr2a1r 1 S yar etc. In the beginning, we can obtain {Sz(,o)}vev by first sorting E (the set of

edges) where each edge {a,b} appears twice as ordered pairs: once as (4,b) and once as (b, a).
For each v € V, all the neighbors of v will appear sequencially as (v, x1), ..., (v, x¢) in the sorted
list; we can take the first T neighbors and assign them to Sz(,o), which can be implemented in O(1)
parallel time.

Now we describe how to compute {Sz(,rﬂ)}vev given {Sz(,r)}vev. We fix v and let i denote
the index of the processor which takes charge of v. If |Sz(,r)| < 1, then process i will issue |S§r)|

queries for v, namely, for every u ¢ 51(,7), processor i wants to get 55,” in order to compute

o

Sz(fH) =U mSL(,r). The total number of queries issued by processor i is at most 7- 5 =
ue T

S
Because each response to the query is at most T words, the total input received by process i
is bound by s words. However, when processor i wants to get Sy), it cannot directly ask the
processor who takes charge of u (that processor holds sif) ), because it might be possible that
sﬁﬁ is on high demand so that all the responses of S,(p will exceed the output limit of one single
processor. Fortunately, it is possible to implement a load-balancing scheme to respond to all the
queries in O(1) parallel time.

By a straightforward aggregation, it takes O(6~!) = O(1) parallel time to compute the Boolean
value of Vo € V, (|S{""V| = 1) v (Is{*V| = |s)).

Random leader selection. Sampling each vertex independently can be done in O(1) parallel

time. Moreover, for each non-leader vertex v, we need to find a leader vertex in Sz(,R) (where R

@

refers to the last round of the neighbor increment operation). Similar to computing S; ~, this can

be done in O(1) parallel time.

Tree contraction operation. Similar to the queries of s\ in the neighbor increment operation,

by a load-balancing scheme, we can implement each iteration of ¢(!) (v) = ¢!~V (gD (v)) in O(1)

parallel time. We can compute the edges of the merged graph by computing {g®) (1), §®)(v)} (R
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is the last round of the iteration) for {u, v} in the original graph and removing duplicates.

MPC Implementation of Algorithm 15. We store the tree edges for all the invocations of the
tree contraction operation and then invoke tree contraction operation on the union of these tree
edges. This can be performed efficiently in O(log R) rounds, where R is the number of reduction

steps in the parallel connectivity algorithm.
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