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Reliable and Flexible Inference for High Dimensional Data

Abstract

High-dimensional data are now widely collected in many areas to make scientific
discoveries or build complicated predictive models. The high dimensionality of such
data requires analyses to have greater flexibility in modeling while ensuring the re-
producibility of discoveries. This thesis contains three self-contained chapters that
adjust different aspects of high dimensional analysis.

Chapter 1. A catalytic prior distribution is designed to stabilize a high-dimensional
“working model” by shrinking it toward a “simplified model.” The shrinkage is
achieved by supplementing the observed data with a small amount of “synthetic
data” generated from a predictive distribution under the simpler model. We apply
this framework to generalized linear models, where we propose various strategies for
the specification of a tuning parameter governing the degree of shrinkage and study re-
sultant theoretical properties. In simulations, the resulting posterior estimation using
such a catalytic prior outperforms maximum likelihood estimation from the working
model and is generally comparable or superior to existing competitive methods in
terms of frequentist prediction accuracy of point estimation and coverage accuracy of
interval estimation. The catalytic priors have simple interpretations and are easy to
formulate.

Chapter 2.

A crucial task in many scientific studies is to select important covariates, of-
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Abstract

ten from a massive collection of candidates, that determine a response of interest.
The recently developed model-X knockoffs framework selects important covariates
and provides provable and finite-sample control on the false discovery rate (FDR).
Though the original framework does not require any assumptions on the conditional
distribution of the response given the covariates, it requires the distribution of the
covariates to be known. In this work, we show that the exact same guarantees can
be made without knowing the covariate distribution fully, but instead knowing it
only up to a parametric model with as many as Q(n*p) parameters, where p is the
dimension and n* is the number of covariate samples (which may exceed the usual
sample size n of labeled samples when unlabeled samples are also available). The key
is to treat the covariates as if they are drawn conditionally on their observed value
for a sufficient statistic of the model. Although this idea is simple, even in Gaussian
models conditioning on a sufficient statistic leads to a distribution supported on a set
of zero Lebesgue measure, requiring techniques from topological measure theory to
establish valid algorithms. We demonstrate how to do this for three models of inter-
est, with simulations showing the new approach remains powerful under the weaker
assumptions.

Chapter 3. In many statistical applications, exploring nonlinear dependence of
a response Y on multivariate predictors X € RP is challenging. Researchers are often
interested in finding a low-rank projection from the predictors that truly influences
the response. The central subspace is the minimal subspace S such that Y I X |Ps X,
where Pgs is the projection into S. Sliced inverse regression (SIR) is a widely applica-

ble method to estimate the central subspace, but knowledge about its optimality is
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Abstract

limited. In this work, we study the rate-optimality of SIR under the multiple index
model Y = f(B] X,8 X, ..., 3] X, ¢), where X ~ N(0,I). We consider a large class
of models depending on the smallest non-zero eigenvalue A of CovE[X|Y]) and the
central dimension d, and show a lower bound on the minimax risk of E[||Pg — P||2].
This lower bound characterizes the essential difficulty of estimating the central space
in terms of n, p, d, and \. We show that the risk for SIR is at the same rate as the
lower bound, and thus SIR is rate-optimal. When p is larger than or comparable to
n, we assume that there are at most s active predictors and show that an aggregate

estimator based on SIR achieves the optimal rate.
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Chapter 1

Catalytic Prior Distributions for

Bayesian Inference

1.1 Introduction

The prior distribution is a unique and important feature of Bayesian analysis, yet
in practice, it can be difficult to quantify existing knowledge into actual prior distri-
butions; thus, automated construction of prior distributions can be desirable. Such
prior distributions should stabilize posterior estimation in situations when maximum
likelihood (ML) behaves problematically, which can occur when sample sizes are small
relative to the dimensionality of the models. Here we propose a class of prior distribu-
tions designed to address such situations. Henceforth we call the complex model that
the investigator wishes to use to analyze the data the “working model.” Throughout
the chapter, we use the ineloquent but compact ‘priors’ in place of the correct ‘prior

distributions’
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Often with a real working model and a dataset, the sample size is relatively small,
and a likelihood-based analysis is unstable, whereas a likelihood-based analysis of the
same dataset using a simpler but less rich model can be stable. Catalytic priors effec-
tively supplement the observed data with a small amount of synthetic data generated
from a suitable predictive distribution, such as the posterior predictive distribution
under the simpler model. In this way, the resulting posterior distribution under the
working model is pulled toward the posterior distribution under the simpler model,
resulting in estimates and predictions with better frequentist properties. The name
for these priors arises because a catalyst is something that stimulates a reaction to
take place that would not take place (or not as effectively) without it, but only an
insubstantial amount of the catalyst is needed. When the information in the observed
data is substantial, the catalytic prior has a minor influence on the resulting inference,
because the information in the synthetic data is small relative to the information in
the observed data.

We are not the first to suggest such priors, but we embed the suggestion within
a general framework designed for a broad range of examples. One early suggestion
for the applied use of such priors was in Clogg et al. (1991), which was based on an
earlier proposal by Rubin in a 1983 report for the U.S. Census Bureau (reprinted as
an appendix in Rubin (2004)). Such a prior was also used in a Bayesian analysis of
data with noncompliance in a randomized trial (Hirano et al., 2000).

As in both of these earlier references, consider logistic regression as an example:

yi | ;, B ~ Bernoulli (1/(1 + exp(—w?ﬂ))) ,i=1,...,n,
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where, for the ith data point (y;, x;), y; € {0,1} is the response, and @; represents
p covariates (1,z;,...,2;,1)", with unknown coefficients B = (8, B1,.--,Bp-1)".
The ML estimate (MLE) of 3 is infinite when there is complete separation (Day
and Kerridge, 1967; Albert and Anderson, 1984) of the observed covariate values
in the two response categories, which can occur easily when p is large relative to
n. Earlier attempts to address this problem, such as using Jeffrey’s prior (Firth,
1993; Heinze and Schemper, 2002; Rubin and Schenker, 1987; Chen et al., 2008),
are not fully satisfactory. This problem arises commonly in practice, for example,
Clogg et al. (1991) studied the mapping of industry and occupation (I/O) codes in
the 1970 U.S. Census to the 1980 Census codes, where both coding systems had
hundreds of categories. The I/O classification system changed drastically from the
1970 Census to the 1980 Census, and a single 1970 code could map into as many
as 60 possible 1980 codes. For each 1970 code, the 1980 code was considered as
missing and multiply-imputed based on covariates. The imputation models were
nested (dichotomous) logistic regression models (Goodman, 1968) estimated from
a special training sample for which both 1970 and 1980 codes were known. The
covariates used in these models were derived from nine different factors (sex, age,
race, etc.) that formed a cross-classification with J = 2,304 categories. The sample
available to estimate the mapping was smaller than ten for some 1970 codes, and
many of these logistic regression models faced complete separation. The successful

approach in Clogg et al. (1991) was to use the prior distribution

s\ 1 P(1=)/J
sl EEnl .
1+e% 14em P 14 e% '8
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where each ] is a possible covariate vector of the cross-classification; p is the dimen-
sion of B; and fi = Y, y;/n is the marginal proportion of ones among the observed
responses. In this example, the simpler model has the responses y;’s independent of
the covariates:

Yi | iy pp~ Bernoulli (u) (i =1,...,n),

where p € (0,1) is a probability estimated by ji. If we supplement the dataset with

pft/J synthetic data points (y?

#=1,2}) and p(1 — 1)/ J synthetic data points (y; =

J

0, az;“) for each @ (j =1,...,J), then the likelihood function of the augmented dataset

has the same form as the posterior distribution with the prior in Equation (1.1):

(B | {(yi, i) }isy) (1.2)
*TB Nj+pi/J 1 Njo+p(l—p)/J
X T T a 9
H 1+e% P (1+ewiTﬂ>

where Nj 1, Njo are, respectively, the numbers of (1,27) and (0,z}) in the observed
data. In this construction, the total amount of synthetic data is taken to be p, the
dimension of 3; see Remark 1.B.1 in Appendix for more discussion. The resulting
MLE with the augmented dataset equals the maximum posterior estimator (the value
of B that maximizes the posterior distribution), and it will always be unique and finite
when i € (0,1).

How to use the synthetic-data perspective for constructing general prior distribu-
tions, which we called catalytic prior distributions, is our focus. We mathematically
formulate the class of catalytic priors and apply them to generalized linear models.

We show that a catalytic prior is proper and yields stable estimates under mild con-
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ditions. Simulation studies indicate the frequentist properties of the model estimator
using catalytic priors are comparable, and sometimes superior, to existing competi-
tive estimators. Such a prior has the advantages that it is often easier to formulate
and it allows for simple implementation from standard software.

We also provide an interpretation of the catalytic prior from an information theory

perspective (detailed in Appendix 1.D).

Related Priors

The practice of using synthetic data or pseudo data to define prior distributions
has a long history in Bayesian statistics (Good, 1983). It is well-known that conjugate
priors for exponential families can be viewed as the likelihood of pseudo-observations
(Raiffa and Schlaifer, 1961). Some authors have suggested formulating priors by ob-
taining additional pseudo data from experts’ knowledge (Kadane et al., 1980; Bedrick
et al., 1996, 1997), which is not easy to use in practice when data have many dimen-
sions or when numerous models or experts are being considered. Greenland and Chris-
tensen (2001) and Greenland (2001) proposed to use a conjugate Beta-distribution
prior with specifically chosen values of covariates to approximate a multivariate Gaus-
sian prior for the regression coefficients in a logistic regression model. A complication
of this approach is that the augmented dataset may contain impossible values for a
covariate. Another approach is the expected-posterior prior (Iwaki, 1997; Neal, 2001;
Pérez and Berger, 2002), where the prior is defined as the average posterior distri-
bution over a set of imaginary data sampled from a simple predictive model. This

approach is designed to address the challenges in Bayesian model selection. Other
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priors have been proposed to incorporate information from previous studies. Partic-
ularly, the power prior (Ibrahim and Chen, 2000; Chen et al., 2000; Ibrahim et al.,
2003) formulates an informative prior generated by a power of the likelihood function
of historical data. One limitation of this power prior is that its properness requires the
covariate matrix of historical or current data to have full column rank (Chen et al.,
2000). Recently, the power-expected-posterior prior was proposed to alleviate the
computational challenge of expected-posterior priors for model selection (Fouskakis
et al., 2015, 2018). It incorporates the ideas of both the expected-posterior prior and
the power prior, but it cannot be applied when the dimension of the working model
is larger than the sample size. Some other priors suggested in the literature have
appearances similar to catalytic priors. Bernardo (1979) proposed the reference prior
that maximizes the mutual information between the data and the parameter, result-
ing in a prior density function that looks similar to that of a catalytic prior but is
essentially different. Brown and Walker (2012) proposed a prior based on the idea of
matching loss functions, which, although operationally similar to the catalytic prior,
is conceptually different because it requires a subjective initial choice for the distri-
bution of the data. In Simpson et al. (2017), the class of penalized complexity priors
for hierarchical model components is based on penalizing the complexity induced by
the deviation from a simpler model. The simpler model there needs to be nested in

the working model, which is not required by the catalytic prior.
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1.2 Generic Formulation of Catalytic Priors

1.2.1 Catalytic Prior in the Absence of Covariates

Consider the data, Y = (Y,...,Y,)", being analyzed under a working model
Y, "&f (y | 0) governed by unknown parameter §. Suppose a model g(y | ¥) with
unknown parameter 1, whose dimension is smaller than that of 6, is stably fitted
from Y and results in a predictive distribution g.(y* | Y) for future data drawn from
g(y | ¥). The synthetic-data generating distribution g.(y* | Y') is used to generate
the synthetic data {Y;*}M,, where M is the synthetic-sample size and the asterisk
superscript is used to indicate synthetic data.

The synthetic-data generating distribution can be specified by fitting a model
simpler than f(y | €), but it does not necessarily have to be. Examples: (1) If a
Bayesian analysis of the simpler model can be carried out easily, g.(y* | Y) can
be taken to be the posterior predictive distribution under the simpler model. (2)
Alternatively, one can obtain a point estimate ¢, and g, (v |Y)=g(y*| 1&) can be the
plug-in predictive distribution. (3) If two simpler estimated models are gil)(y* |Y)
and ¢{¥ (y* | Y), then g.(y* | Y) can be taken to be a mixture wg,(ﬁl)(y* YY)+ (1—
w) P (y* | Y) for some w € (0,1).

The likelihood function of 6 under the working model based on the synthetic data
(VIM s £(0 | Y*) = [, f(Y7 | 6). Because these synthetic data are not really
observed data, we down-weight them by raising this likelihood to a power 7/M, where

7 > 0 is a tuning parameter called the prior weight. This leads to the catalytic prior
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that has an unnormalized density:

M /M
Tear (0 T) o {Hf(Y:W)} : (1.3)

which depends on the randomly drawn synthetic data {Y;*}M,. The population cat-

alytic prior is formally the limit of Equation (1.3) as M goes to infinity:

Teat,oo(0 | T) 0 exp[TEy, {log f(Y™ | 0)}]. (1.4)

Here the expectation E,, {log f(Y* | 6)} in Equation (1.4) is taken with respect to
Y* ~ g.(Y*|Y). The dependence of g.(Y* | Y) on the observed Y emphasizes that
the catalytic prior is data-dependent, like that used in Box and Cox (1964) for power
transformations.

The posterior density using the catalytic prior is mathematically proportional to
the likelihood with both the observed data and the weighted synthetic data. Thus,
we can implement Bayesian inference using standard software. For instance, the
maximum posterior estimate (posterior mode) is the same as the MLE using the
weighted augmented data and can be computed by existing MLE procedures, which

can be a computational advantage, as illustrated in Clogg et al. (1991).

1.2.2 Catalytic Prior with Covariates

Let {(Y;, X))}, be the set of n pairs of a scalar response Y; and a p-dimensional

covariate vector X;; Y; depends on X in the working model with unknown parameter
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3:
}/;.’Xi’ﬁNf(y|Xi?ﬁ)’i:172"'7n' (1'5)

Let Y be the vector (Y1,...,Y,)", and X be the matrix (X1,..., X,)". The likelihood
of these data is f(Y | X, 8) =[], f(Yi | X, 8).

Suppose a simpler model g(y | X, %) with unknown parameter %) is stably fitted
from (Y, X) and results in a synthetic-data generating distribution g¢.(y | =, Y, X).
Note that g.(-) here is analogous to its use earlier except that now, in addition to
the observed data, it is also conditioned on x. The synthetic covariates X* will
be drawn from a distribution Q(x), which we call the synthetic-covariate generating
distribution. We will discuss the choice of Q(x) shortly.

Given the distributions Q(x) and ¢.(y | #, Y, X), the catalytic prior first draws a

set of synthetic data {(Y;*, X})}¥, from

X~ Q(:B), Y; ’ X; Ng*(y‘Xiava)'

*

Hereafter we write Y* for the vector of synthetic responses (Y7,...,Y;) ", and X*
for the matrix of synthetic covariates (X7,..., X};) . The likelihood of the working
model based on the synthetic data ¢(3 | Y*, X*) equals Hi\il f(Y*| X/, B). Because
these synthetic data are not really observed, we down-weight them by raising this
likelihood to a power 7/M, which gives the unnormalized density of the catalytic

prior with covariates:

M

/M
Teat (B | T) o {H Y Xi*,ﬂ)} : (1.6)

=1
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The population catalytic prior (when M — oo) has unnormalized density:

Teat,oo(B | 7) o< exp (7 Eqg, [log f(Y™ [ X*, B)]) (1.7)

where the expectation Eg ,, averages over both X* and Y*. Denote by Z, ) and
Z: ~ the integrals of the right-hand sides of Equation (1.6) and Equation (1.7) w.r.t.
B. When these integrals are finite, the priors are proper, and Z; »; and Z; , are their
normalizing constants.

An advantage of the catalytic prior is that the corresponding posterior has the

same form as the likelihood

T(BIX, Y, 7) < Tear,m (B]7) f(Y[X, B)

M
xexp (M S log(F(¥; X7 8)
=1

+Zlog(f(Yi|Xuﬂ>> :

which makes the posterior inference no more difficult than other standard likelihood-
based methods. For example, the posterior mode can be easily computed as a maxi-
mum weighted likelihood estimate using standard statistical software. Full posterior
inference can also be easily implemented by treating the synthetic data as down-

weighted data.

10



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

1.2.3 Catalytic Prior for GLMs

A generalized linear model (GLM) assumes that, given a covariate vector X, the

response Y has the following density w.r.t. some base probability measure:

fly | X, B8) = exp (t(y)0 — b(9)), (1.8)

where t(y) is a sufficient statistic, and 6 is the canonical parameter that depends on
n = X B through 6 = ¢(n), where B is the unknown regression coefficient vector
and ¢(-) is a monotone differentiable function. The mean of #(Y") is denoted by pu(n)
and is equal to b'(¢p(n)).

When the working model is a GLM, from Equation (1.7) and Equation (1.8), we

have

Eqg. [log f(Y" | X*,B)]

—Eq {6(8TX")E, [1(Y") | X'~ b(6(BTX"))} . (1.9)

so that the expectation of the log-likelihood does not depend on particular realizations
of the synthetic response, but rather on the conditional mean of the sufficient statistic
under the synthetic-data generating distribution. Thus, in the case of a GLM (and an
exponential family model), instead of a specific realization of the synthetic response,
one only needs to use the conditional mean of the sufficient statistic E,, [t(Y™*) | X*|
to form a catalytic prior. This simplification reduces the variability introduced by
synthetic data. (Note that in the previous example of 1970-1980 I/O code mapping,

instead of the raw counts of synthetic responses, their expected values ppi/J and

11
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p(1 — f1)/J were used.)

As a concrete example, consider a linear regression model Y = X3 + €, where
€ ~ N,(0,0%Z,) with known o. Suppose the synthetic-data generating model is a
sub-model with the estimated parameter 3, and X* is the synthetic covariate matrix.

In this case, the catalytic prior with any positive 7 has a normal distribution:

g~ (85, T ;0007

If lim /oo 77 (X*) TX* = S, the population catalytic prior is
o? .
g (85,250 ).

More details about this example can be found in Appendix 1.A.

1.3 Specifications of the Catalytic Prior

1.3.1 Generating Synthetic Covariates

The synthetic covariate vectors are generated such that (X*)"X* has full rank.
Moreover, a synthetic covariate should have the same sample space as a real covariate.
The simple choice of resampling the observed covariate vectors would not guarantee
the full rank of (X*)TX*; for example, if the observed covariates are rank deficient,
resampling would still give rank deficient (X*)TX*.

Instead, we consider one option for generating synthetic covariates: resample each

coordinate of the observed covariates independently. Formally, we define the indepen-

12
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dent resampling distribution by the probability mass function

Qo(x) = [] (%#{1 <i<n:(Xy); = xj}) :

J
for all ® € X, where X is the sample space of X. We use this distribution for
simplicity. Alternatively, if historical data are available, synthetic covariates can be
sampled from the historical covariates. Furthermore, if some variables are naturally

grouped or highly correlated, one may want to resample these grouped parts together.

Other examples are discussed in Appendix 1.B.1.

1.3.2 Generating Synthetic Responses

The synthetic-data generating distribution can be specified by fitting a simple
model Gy = {g(y | ®,%) : ¢ € ¥} to the observed data. The only requirement is
that this simple model can be stably fit by the observed data in the sense that the
standard estimation of 1), using either a Bayesian or frequentist approach, can lead
to a well-defined predictive distribution for future data. Examples include a fixed
distribution and an intercept-only model. Gy can also be a regression model based
on dimension reduction, such as a principal components analysis; see Appendix 1.C.5
for a numerical example, which also suggests to keep Gy as simple as possible when
the observed sample size is small. For a working regression model with interactions, a
natural choice of Gy is the sub-model with only main-effects. If the main-effect model
is overfitted as well, we could use a mixed synthetic-data generating distribution, such
as (v | 2, Y, X) =05 g1(y | 2, Y, X)4+0.5 g o(y | , Y, X), where g.; and g, are

the predictive distributions of the preliminarily fitted main-effect model and intercept-

13
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only model, respectively. Gy can also be chosen using additional knowledge, such as
a sub-model that includes a few important covariates that have been identified in
previous studies, or if domain experts have opinions on the range of possible values of
certain model parameters, then the parameter space ¥ can be constrained accordingly.

Sometimes it is beneficial to draw multiple synthetic responses for each sampled
synthetic covariate vector. We name this sampling the stratified synthetic data gen-

eration. It could help reduce variability introduced by synthetic data.

1.3.3 Sample Size of Synthetic Data

Theorem 1.5.5 below quantifies how fast the randomness in the catalytic prior
diminishes as the synthetic-sample size M increases. One implication is that for
linear regression with binary covariates, if M > 46%3 log(%), then the Kullback-Leibler
divergence between the catalytic prior 7. a and its limit 7. o is at most € with
probability at least 1 — . Such a bound can help choose the magnitude of M. When
the prior needs to be proper, we suggest taking M larger than 4 times the dimension

of 3 (based on Theorem 1.5.1 and Proposition 1.5.2 below).

1.3.4 Weight of Synthetic Data

The prior weight 7 controls how much the posterior inference relies on the synthetic
data because it can be interpreted as the effective prior sample size. Here we provide

two guidelines for systematic specifications of 7.
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Frequentist Predictive Risk Estimation

Choose a value of 7 using the following steps: (1) Compute the posterior mode
B(7) for various values of 7. (2) Choose a discrepancy function D(yo, 7i) that measures
how well a prediction i predicts a future response 9. (3) Find an appropriate criterion
function A(7) that estimates the expected (in-sample) prediction error, for a future
response Yy based on 3(7), and (4) Pick the value of 7 that minimizes A(7). See
Appendix 1.B.3 for a detailed discussion.

The discrepancy D(yo, i) measures the error of a prediction zi for a future response

Yo that takes value yy. We consider here discrepancy functions of the form

D(yo, i) = a(i) = A1)y + c(yo), (1.10)

and define D(Yy, ) = 15" D(Yp ;). This class is general enough to in-

clude squared error, classification error and deviance for GLMs: (a) squared er-
ror: D(yo, i) = (yo — f1)* = % — 2yoft + y2; (b) classification error: D(yo, 1) =
Lyotn = [t — 2yoft + yo for any yo and i in {0,1}; (c) deviance for GLMs: D(yo, 1) =
b(0) = o) + sup(yof — b(6)), where § = (¥)"* (7).

The criterion function A(7) is an estimate of the expectation of the (in-sample)
prediction error. Such an estimate can be obtained by using the parametric boot-
strap. Take a bootstrap sample of the response vector Y from the distribution

fly | X, ﬁo), where 3° = B(TO) is a preliminary estimate, and denote by B\bOOt(T)

the posterior mode based on data (Y*°°, X) with the catalytic prior. The bootstrap
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criterion function is given by
A(r) = Z Cov(A(7), Y, (1.11)

where 7i,; = w(X,B(r)) and bt = u(X;T B (7). See Appendix 1.B.3 for a

detailed derivation. In practice, the term Cov(A(f2%"), Y,?°!) is numerically computed

(2
by sampling Y% repeatedly. Based on our experiments with linear and logistic
models, the default choices of the initial values can be 75 = 1 for linear regression and

7o = p/4 for other cases. See the paragraph The Initial Value 1o in Appendix 1.B.3

for a mathematical argument.

The costly bootstrap repetition step to numerically compute Cov(A(A2%"), Y2

7

can be avoided in two special cases (see Appendix 1.B.3 for more discussion):

1. If Y; follows a normal distribution and A(fi,;) is smooth in y;, then the Stein’s

unbiased risk estimate yields

A(r) = ZVar a‘y‘:i). (1.12)

In particular, when square error is considered and if g, can be written as , =

H. Y + c,, the risk estimate is
2 n
AT =Y — P+ =Y Var(Y;))H.(i,1). 1.13
(1) = 1Y — b []” + ";:1 ar(Y;) H- (i, i) (1.13)

2. When responses are binary, say 0 or 1, let Y2 be a copy of Y but with Y;

replaced by 1-Y;, and let BAi<T> be the posterior mode based on data (X, Y 2%)
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with the catalytic prior. The Steinian estimate (Efron, 2004) is given by
Z )Y = 1) (M) = M) (1.14)

where ﬁ? = M(X;rﬁo)’ and ﬁﬁ; = M(X;FB\AZ(T))

Bayesian Hyperpriors

An alternative way to specify the prior weight 7 is to consider a joint catalytic

prior for (1, 8):

M T/M
7T0¢:’7(T7 /8) X Fa,’Y(T) {H f(Y;* ’ XZ*HB)} ) (1'15>

where I'y (7) is a function defined as follows for positive scalar hyperparameters o

and . Denote

K = sup— log f(Y:" | X/,
Sup 37 Z | X;.0).

For linear regression, the function I', ,(7) can be taken to be
Ton(r) =755 L7t (1.16)

and for other models,

Loq(7) = ppto—1 —T(sty71) (1.17)

The form of I', ,(7) is chosen mainly for practical convenience; by separating the

dependence on p and k, we have meaningful interpretations for a and . For GLMs,
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prior moments of B up to order « exist, and v controls the exponential decay of
the prior density of 7; see Theorem 1.5.4. For linear regression, the marginal prior
for B induced by Equation (1.15) is a multivariate t-distribution centered around the
MLE for the synthetic data with covariance matrix % (37 (X*)TX*)~! and degrees of
freedom «. The analysis in Theorem 1.5.4 reveals how the parameters o and ~ affect
the joint prior. Roughly speaking, a larger value of « (or 7y) tends to pull the working
model more towards the simpler model. Admittedly, it appears impossible to have a
single choice that works the best in all scenarios. We recommend (o, ) = (2,1) as a

simple default choice based on our numerical experiments.

1.4 Illustration of Methods

1.4.1 Logistic Regression

We illustrate the catalytic prior using logistic regression. Another example using
linear regression is presented in Appendix 1.A. Here the mean of Y depends on the
linear predictor n = X '@ through u = €7/(1 + ¢"). Suppose the synthetic-data
generating model includes only the intercept, so it is Bernoulli(yy), where a simple
estimate of y is given by fip = (1/2+3_,,, Yi)/(1+n). The synthetic response vector
Y * can be taken to be /i - 1,7, and each synthetic covariate vector X is drawn from
the independent resampling distribution; this prior is proper when (X*)"X* is positive

definite according to Theorem 1.5.1.

18



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

1.4.2 Numerical Example
We first generate the observed covariates X; by drawing a Gaussian random vector
Z; whose components have mean 0, variance 1 and common correlation p = 0.5; set

2- 1Zi7j>0_ 17 2] <p
Xi,j -

Z;;, 25 = p.

This process yields covariate vectors that have dependent components and have both
continuous and discrete components as one would encounter in practical logistic re-
gression problems. We consider three different sparsity levels and three different
amplitudes of the regression coefficient 3 in the underlying model. More precisely,
B is specified through scaling an initial coefficient B that accommodates differ-
ent levels of sparsity. Each coordinate of 3() is either 1 or 0. ¢ proportion of the
coordinates of B are randomly selected and set to 1, and the remaining 1 — ¢
proportion are set to 0, where ¢ is the level of non-sparsity and is set at 1/4, 1/2,
3/4. This factor controls how many covariates actually affect the response. Then
the amplitude of 3 is specified indirectly: By = c¢1,  Bi(p-1) = 02’35(:)()])—1)7 where pa-
rameters (cp,cy) are chosen such that the oracle classification error r (the expected
classification error of the classifier given by the true 3) is equal to 0.1, 0.2, 0.3. Here
r=Ex (min(Pg(Y =1),Ps(Y =0))) =Ex (1+ exp(|XT,6]))_l is numerically com-
puted by sampling 2000 extra covariate vectors. The value of r represents how far
apart the class Y = 1 is from the class Y = 0, and small values of r correspond to
large amplitudes of 3.

In this example, the number of covariates is 16, so the dimension of 3 is p = 17,
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and the sample size is n = 30. We use the predictive binomial deviance (defined as
Ex, | D(#(X B), (X B))|, where D(a,b) = alog(a/b) + (1 — a)log((1 — a)/(1 -
b)) measures the discrepancy between two Bernoulli distributions with probability
a and b respectively) to evaluate the predictive performance of ,é The expectation
Ex, is computed by sampling 1000 extra independent copies of X, from the same
distribution that generates the observed covariates.

To specify catalytic priors, we use the generating distributions for synthetic data
just described, and fix M at 400. The first estimator of 3 is the posterior mode of 3
with 7 = 7Ty, selected by predictive risk estimation via the bootstrap with deviance
discrepancy (denoted as Cat.Boot.). This estimator can be computed as the MLE
with the weighted augmented data. The second estimator of 3 is the coordinate-
wise posterior median of B with the joint prior m4—s,—1 (denoted as Cat.Joint).
The posterior median is used here because there is no guarantee that the posterior
distribution of 3 is uni-modal in this case. These estimators are compared with two
alternatives: the MLE and the posterior mode with the Cauchy prior (Gelman et al.,
2008) (calculated by the authors’ R package bayesglm).

Table 1.1 presents the average predictive binomial deviance over 1600 simulations
in each cell. The column Comp.Sep. shows how often complete separation occurs in
the datasets; when complete separation occurs, the MLE does not exist but a pseudo-
MLE can be algorithmically computed if the change in the estimate is smaller than
10~® within 25 iterations; the column of MLE averages across only the cases where

either MLE or pseudo-MLE exists. In Table 1.1, the boldface corresponds to the best

performing method under each simulation scenario. Based on this table, the catalytic
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prior with 7., predicts the best and the MLE predicts the worst in all cases consid-
ered. Although the Cauchy prior seems to perform close to the joint catalytic prior,
Table 1.2 shows that the prediction based on the joint catalytic prior is statistically
significantly better than that of the Cauchy prior (Table 1.2 directly calculates the
difference of the prediction errors between the Cauchy prior and the joint catalytic
prior and shows that the difference is significantly positive with Bonferroni-corrected
p-value smaller than 0.02). Tables 1.1 and 1.2 focus on predictive binomial deviance.
Appendix 1.C.4 considers other error measurements, including the classification error
and the AUC (Area Under Curve), where a similar conclusion can be drawn regard-
ing the performance of different methods: predictions based on catalytic priors are
generally much better than those based on the MLE and are often better than those
based on the Cauchy prior.

Table 1.3 presents the average coverage probabilities (in percentage) and widths
of the 95% nominal intervals for 3; averaging over j. Because all the intervals given
by the MLE have widths too large to be useful (thousands of times wider than those
given by the other methods), we do not report them in this table. The intervals from
the other three priors are reasonably short in all cases and have coverage rates not far
from the nominal levels. Specifically, the intervals given by the Cauchy prior and the
joint catalytic prior tend to over-cover when the true 3 has small amplitudes (r = 0.2
or 0.3) and tend to under-cover when 3 has large amplitudes (r = 0.1), whereas the
intervals given by the catalytic prior with 7., perform more consistently. This ex-
ample, together with more results given in Appendix 1.C, illustrates that, for logistic

regression, the catalytic prior is at least as good as the Cauchy prior. Appendix 1.C.3

21



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

also illustrates the performance of the catalytic prior in linear regression, where it is
at least as good as ridge regression. Catalytic priors thus appear to provide a general

framework for prior construction over a broad range of models.

1.5 Theoretical Properties of Catalytic Priors

We show the properness and the convergence of a catalytic prior when the working
model is a GLM. Without loss of generality, we assume the sufficient statistic in the
GLM formula (1.8) is t(y) = y; otherwise, we can let the response be Y’ = ¢(Y') and
proceed. We assume that every covariate has at least two different observed values.
Denote by ) the nonempty interior of the convex hull of the support of the model

density in Equation (1.8). Our results apply to any positive prior weight 7.

1.5.1 Properness

A proper prior is needed for many Bayesian inferences, such as model comparison
using Bayes factors (Kass and Raftery, 1995). We show that catalytic priors, popu-
lation catalytic priors, and joint catalytic priors are generally proper, with proofs in

Appendix 1.E.

Theorem 1.5.1. Suppose (1) ¢(-) satisfies inf,.o|p(n)/n| > 0, (2) the synthetic
covariate matriz X* has full column rank, and (3) each synthetic response Y* lies
in Y or there exists a linearly independent subset { X}, b_, of the synthetic covariate
vectors such that the average of synthetic responses with the same X; lies in Y. Then

the catalytic prior is proper for any T > 0.
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The condition inf, 4 [¢(n)/n]| > 0 is satisfied for the canonical link for any GLM,
and also for the commonly used probit link and the complementary log-log link in
binary regression. The condition that X* has full column rank holds with high prob-

ability according to the following result.

Proposition 1.5.2. If each synthetic covariate vector is drawn from the independent
resampling distribution, then there exists a constant ¢ > 0 that only depends on the
observed X such that for any M > p, with probability at least 1 — 2exp(—cM), the

synthetic covariate matriz X* has full column rank.
Population catalytic priors are also proper.

Theorem 1.5.3. Suppose (1) ¢(-) satisfies inf,.o|p(n)/n| > 0, (2) the synthetic
covariate vector is drawn from the independent resampling distribution, and (3) there
exists a compact subset Y C Y such that P(Y* € Y™) = 1. Then the population

catalytic prior is proper for any T > 0.

The following result shows the properness of the joint prior 7, (7, 8) in Equa-

tion (1.15) and the role of the hyperparameters.

Theorem 1.5.4. Suppose o and 7y are positive. If I, (7) is defined by Equa-
tion (1.16) for linear regression or by Equation (1.17) for other generalized linear mod-
els. Then under the same condition as Theorem 1.5.1, (1) the joint prior is proper; (2)

h

for anym € (0, ), the m™ moment of B exists; (3) lim,_, L l0g hay(7) = —1/7 <0,

where hq (T) denotes the marginal prior on .
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1.5.2 Convergence to the Population Catalytic Prior

When synthetic-sample size, M, is large enough, the randomness in the synthetic
data will not affect the catalytic prior regardless of the observed real sample size
because, as a distribution of the parameters, the catalytic prior converges to the
population catalytic prior.

We can quantify how fast the catalytic prior, as a random distribution, converges
to the population catalytic prior by establishing an explicit upper bound on the
distance between these two distributions in terms of M. This result shows how large
M needs to be so that the randomness in the synthetic data no longer influentially
change the prior. We present here a simplified version of the theoretical result; for

precise and detailed statements, see Appendix 1.E.
Theorem 1.5.5. Under mild reqularity conditions,

1. For any given T and p, there exists a constant C, such that for any small positive
€0, €1, and any M > C4 (1 —|—10g2($)> eiglog(%), with probability at least 1 —

1
€y the total variation distance between the catalytic prior and the population

catalytic prior is bounded by
dTV(ﬂ-cat,om 7Tcat,M) S €1.

2. If the working model is linear regression with Gaussian noise, then there exists
a constant Cy that only depends on the observed covariates, such that for any
eg > 0 and any M > %C’Splog(%), with probability at least 1 — €y, the KL

divergence between the catalytic prior and the population catalytic prior with
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any T > 0 is bounded by

1
KL(ﬂ—cat,om 7Tcat,M) < 202 Mp?’ log(e%)

1.6 Discussion

The class of catalytic prior distributions stabilizes the estimation of a relatively
complicated working model by augmenting the actual data with synthetic data drawn
from the predictive distribution of a simpler model (including but not limited to a
sub-model of the working model). Our theoretical work and simulation-based evi-
dence suggest that the resulting inferences using standard software, which treat the
augmented data just like actual data, have competitive and sometimes clearly supe-
rior frequency operating characteristics, compared to inferences based on alternatives
that have been previously proposed. Moreover, catalytic priors are generally easier to
formulate because they are based on hypothetical smoothed data that resemble the
actual data. Two tuning constants, M and 7, require selection, and wise choices for
them appear to be somewhat model dependent, for example, differing for linear and
logistic regressions, both of which are considered here. We anticipate that catalytic
priors will find broad application, especially as more complex Bayesian models are fit
to more and more complicated datasets. Some open questions for future investigation
include: (1) how to apply the catalytic priors to model selection, (2) how to study the
asymptotic properties when both the sample size and the dimension of the working
model go to infinity — in such a regime, it is also interesting to investigate what the

simple model should be in order to achieve good bias-variance tradeoffs.
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Setting Performance of Methods
Comp. Cat. Cat. Cauchy MLE
¢ T Sep. Boot. Joint (pseudo)
1/4 0.1] 100% | Mean 1.692 1.772 1.793 2.081
SE x10% (6.8) (6.7)  (6.7) (8.7)
02| 98% Mean  0.675 0.769  0.802 1.123
SE x10® (5.2) (5.0)  (5.0) (7.2)
03| 91% Mean  0.297 0.399  0.445 0.751
SE x10® (2.3) (2.0) (1.9) (7.3)
2/4 0.1 ] 100% | Mean 1.661 1.742 1.749 2.048
SE x103 (3.9) (3.8) (3.8 (5.0)
02| 98% Mean  0.648 0.743 0.771 1.107
SE x10%  (2.5) (2.2)  (2.0) (3.4)
03| 92% Mean  0.287 0.392  0.438 0.748
SE x10® (2.1) (1.8)  (1.7) (7.1)
3/4 0.1] 100% | Mean 1.664 1.746 1.749 2.052
SE x10%  (4.0) (3.9  (3.8) (4.9)
02| 99% Mean  0.649 0.745 0.771 1.104
SE x10® (2.5) (2.2) (2.0) (3.4)
03| 91% Mean  0.287 0.391 0.435 0.738
SE x10%  (2.1) (1.9)  (1.7) (7.3)

Table 1.1: Mean and standard error of predictive binomial deviance of different meth-
ods. The first two columns are the settings of the simulation: ( is the non-sparsity,
and r is the oracle prediction error. The column of Comp.Sep. shows how often com-
plete separation occurs in the datasets. The last four columns report the mean and
standard error of the predictive binomial deviance of the different methods, which
are the catalytic posterior mode with 7y,,¢, denoted by Cat. Boot., the posterior me-
dian under joint catalytic prior, denoted by Cat.Joint, the Cauchy posterior mode,
denoted by Cauchy, and the MLE. The boldface corresponds to the best performing

method in each simulation scenario.
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Difference between the error of Cauchy and that of Cat.Joint

¢ r ‘Mean SE x10°
1/4 0.1 0.021 0.98
0.2 | 0.033 0.91
0.3 | 0.047 0.86
1/2 0.1 | 0.007 0.79
0.2 | 0.028 0.85
0.3 | 0.046 0.84
3/4 0.1 | 0.003 0.76
0.2 | 0.026 0.83
0.3 | 0.044 0.82

Table 1.2: Mean and standard error of the difference in predictive binomial deviance
between the Cauchy posterior mode and the joint catalytic posterior median. ¢ is the
non-sparsity; 7 is the oracle prediction error.

Setting Performance of Methods
¢ r Cat.Boot Cat.Joint Cauchy
1/4 0.1 | Cover 90.5% 88.1% 90.1%
Width 3.5 2.9 3.3

0.2 | Cover 93.3% 97.2% 98.0%
Width 2.8 2.7 3.0

0.3 | Cover 95.0% 97.6% 97.6%
Width 2.2 2.4 2.8

2/4 0.1 | Cover 89.8% 85.7% 86.2%
Width 3.5 2.9 3.2

0.2 | Cover 93.4% 97.5% 98.4%
Width 2.7 2.7 3.0

0.3 | Cover 95.7% 97.7% 97.7%
Width 2.1 2.4 2.8

3/4 0.1 | Cover 89.4% 85.6% 86.1%
Width 3.5 2.9 3.2

0.2 | Cover 93.9% 97.6% 98.6%
Width 2.7 2.7 3.0

0.3 | Cover 95.9% 97.8% 97.8%
Width 2.1 2.4 2.7

Table 1.3: Average coverage probability (%) and width of 95% posterior intervals
under the catalytic prior with 7., the joint catalytic prior, and Cauchy prior. ( is
the non-sparsity; r is the oracle prediction error.
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Appendices of Chapter 1

Section 1.A shows the catalytic priors for linear regression, in which case they
have closed-form expressions.

Section 1.B gives details about the prior specification.

Section 1.C provides additional simulation results.

Section 1.D provides an information theory/optimization viewpoint and discusses
an interesting extension.

Section 1.E studies the theoretical properties of catalytic priors and proves the

theorems of the main text.

1.A Analytic Form of Catalytic Prior for Linear

Regression

Consider a linear regression model Y = X3 + €, where € ~ N,(0,0%Z,) with
known o. The first column of X, say X, is a vector of 1’s. The other columns X;
(1 < j <p-—1) are centered at 0. Suppose the synthetic-data generating model is
a sub-model whose design matrix is a sub-matrix of X, say XPJ , where the matrix

Pg € R**? have rows {e, :i € S}. If the simpler model is fitted by the MLE, then
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the synthetic-data generating distribution is Y*[(X* = x) ~ N(z'By,02), where
Bo = PJ (PsXTXPJ) ' PsXTY .

As a special case of GLM, one can use X*3o, the expected value of the synthetic
response vector Y*, in the catalytic prior formula (i.e., replacing Y* by its predictive
mean X*By) as explained in the section Catalytic Prior for GLM (see Equation (1.9))

of the main text. The catalytic prior then has an analytic form

T 1 ~ 1 ~
(81 7) = exp (=5 {tow(2n®) + 28— " (506075 ) 8- B} ) 2o,
(1.18)
where the normalizing constant is
ora?\ "/ 1 1 T
_ -1/2 [~ *\ T v * 0 2
Zonr ( - ) det ( — (X)X ) exp ( - log(2mo )) . (1.19)

This prior is proper when (X*)TX* is positive definite, which is easily satisfied for
M > p even if the observed sample size is small. For any fixed value of 7 > 0, this

catalytic prior is Gaussian:

B~ N (B0 T (2T

In the limit of M — oo, the population catalytic prior is
~ 0'2 1
B ~ N /80a 7(2)() )

where X x = limy; %(X*)TX* The key difference between the population catalytic

prior and the commonly used Gaussian prior is that its mean ,éo is determined by
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fitting the synthetic-data generating model to the observed data. If each synthetic
covariate vector X is drawn from the independent resampling distribution, then ¥ x
becomes a diagonal matrix with the jth entry being 03(7 ;= n_lX;Xj.

According to Bayes rule, the posterior distribution for 3 under the catalytic prior

is:

BI(Y,X) ~N(B,%), (1.20)
where 8 = (X'X + M(X*)TX*) XY + M(X*)Tx*ﬁ) (1.21)
S o=?(X'X + M(x*)TX*) (1.22)

Since X*By = AY, where A := X*PJ (PsX"XPJ)~'PsX", B can be written as

T (x)TA)Y.

.
B = (X'X + M(

M(X*)TX*) LXT +
The predictive mean vector for the response given the observed covariates is g = Xﬁ
and can be written as it = HY for a matrix H. More generally, the form g = HY +c¢
holds for any synthetic-data generating distribution as long as the conditional mean
of Y* depends linearly on Y. This result is used in the section Frequentist Predictive
Risk Estimation of the main text when we specify the weight parameter 7 using
Equation (1.13) of the main text.

As a specific example, if the prior generating model is the intercept-only model,

then XPs =1, E,,[Y* | X*] = Y1y =n"'1/1]Y and

x9Ny

=X X(X'X
8= X( +— n
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1.B Details about Prior Specification

1.B.1 Synthetic-Covariate Generation

In addition to drawing the synthetic covariates from the independent resampling
distribution, we discuss three other variants.

The first variant aims at reducing the skewness in a continuous covariate X; by
the idea of symmetrizing. Suppose the covariate (X°); is drawn from the empirical
distribution of X;, we randomly flip (X°); around the observed sample mean X ;.
Formally, let §; be independently drawn from —1 and 1 with equal probability, then
set (X*); = X ;+&((X°);—X ;). We call this proposal the symmetrizing resampling.

The second variant aims at increasing the diversity of the sampling distribution
for a continuous covariate by smoothing. An example of smoothing is to perturb
each resampled covariate value by adding a small noise centered at zero (with the
noise variance chosen appropriately). This variant allows a synthetic covariate to
take values different from the observed ones and thus avoids potential rank deficiency
in the working model when higher-order terms of the covariate(s) are used.

The third variant aims at balancing a categorical covariate by the idea of flattening.
A categorical covariate X is called imbalanced if some of its observed frequency
counts are smaller than n/(2 - #K;), where K; is the set of all categories of X;.
Such imbalance would cause problem in practice, as a categorical variable is often
coded into dummy variables that take the value 0 or 1 and then are standardized
to have mean 0 and variance 1. In an extreme case when some category only has

frequency count being 1, the corresponding standardized dummy variable will take
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values v/n — 1 and —1 / v/n — 1. Such an extreme case would make the catalytic prior
behaves poorly. In cases like this, a simple remedy is to mix the empirical distribution
with the uniform distribution on K; to generate a synthetic covariate. Suppose (X?);
is drawn from the empirical distribution of X, then with probability 1/2, we either
keep (X°); or draw a new (X*); uniformly from K;. Formally, this sampling can be

expressed as

1

1
2-#K;
We call this proposal the flattening resampling. It guarantees that the standardized
dummy variables for X are uniformly bounded by W regardless of n.

In general, in the independent sampling, if the observed X; is neither skewed
nor imbalanced and the discreteness of its empirical distribution does not cause rank
deficiency of the working model, the coordinate X7 is drawn from the empirical
distribution of X; otherwise, it is recommended to draw X7 by using one of the above
variants (the symmetrizing, smoothing, and flattening resampling) accordingly.

We want to emphasize that the independent resampling and its variants discussed
here are by no means exhaustive. Other ways can be used to generate synthetic
covariates. For example, if historical data are available, a synthetic covariate vector
can be resampled from the historical covariates. One can also generate synthetic
covariates through block resampling: grouping the covariates into disjoint blocks and
sampling the covariates within the same block jointly (i.e., sampling the covariate
vector in a block). This sampling scheme allows one to accommodate the correlations

among the covariates.
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1.B.2 Synthetic-Responses Generation

The synthetic responses are generated from a stably fitted simple model. The
only requirement for a simple model is that the standard estimation for it using either
Bayesian or frequentist approach can lead to a well-defined predictive distribution for
future data. Let ¢ be the dimension of the simple model and n be the observed sample
size. When ¢/n is small, different fitting procedures often make little difference in
the predictive distribution.

We have suggested several choices of the simple model in Section 1.3.2: a fixed
distribution, an intercept-only model, and also a regression model based on the first
few principal components. We present an experiment that compares these choices in
Section 1.C.5. Among candidate simple models, we did not suggest a single choice so
that users can also incorporate extra information, such as previous study and domain
knowledge.

As discussed in section Catalytic Prior for GLMs of the main text, in GLMs
and exponential families a synthetic response may be replaced by the expectation
of the sufficient statistic. However, sometimes such expectations may not be easy to
compute, and in these cases we suggest to sample multiple synthetic responses for each
sampled synthetic covariate vector. In the main text, this sampling scheme is termed
the stratified synthetic data generation. The stratified synthetic data generation is
especially useful for binary regression because it usually ensures the properness of the

catalytic prior. See Corollary 1.E.13.
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1.B.3 Selection of the Prior Weight via Frequentist Predic-
tive Risk Estimation

In this section, we provide details of the prior weight selection via the frequentist

approach presented in the main text.

A(7) in Equation (1.11)

The discussion here closely follows Efron (2004).

Given a discrepancy D(yo, i), the conditional prediction error of a prediction
rule r(x) is define as the expected discrepancy between a new response Y, and the
predictive value 7(xo) given the covariate xo, i.e., Ey;jz, [D (Yo, r(20))].

The in-sample prediction error of a prediction rule r(-) is defined as the aver-
age conditional prediction error with @y being uniformly sampled from the observed

covariate vectors, i.e.,
1 & R
Err(r) := n Z EYo,z‘|(930=Xi) [D(Yb,w fii)],
i=1

where Yp;|(xzy = X;) 4 Y| X, and f; = r(X;) is the prediction given by ().
In reality, the prediction rule r(-) itself and thus Err depend on the observed re-
sponse Y, we need to estimate the expectation of Err. First, consider the plug-in

estimate D(Y,r(X)) = + > | D(Y;, ;). For the class of discrepancy functions in
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Equation (1.10) of the main text, the bias of this plug-in estimate is

Eyx[D(Y,7(X))] — Eyx[Err(r)] = —Eyx (% Z M) (Y; — EY0|(w0:Xi)(%,i))>

1 ~
- Z COVY\X()\(/%‘); Yi), (1.23)
i=1

where we have used the fact that Ey;z,=x,)(Y0,:)) = Eyx(Y;) and Eyy|z=x,)[c(Y0,:)] =
Eyx[c(Y;)], since Y} is an independent copy of Y. Following Efron (1986), define co-

variance penalty (r) as
Q= liCo (A(Ti), V)
= "2 v(A(i;), Y:).

Once an estimate €2 for Q) is found, Equation (1.23) suggests to use D(Y, (X)) + as
an estimate for E[Err], which leads to the criterion function A(7) in Equation (1.11)

of the main text, where € is estimated by parametric bootstrap.

Posterior Mode

We focus on the prediction given by the posterior mode because of its computa-
tional simplicity: the posterior mode can be computed using the MLE procedure in
many statistical software by weighting each synthetic data point with weight 7 /M.
Other predictions involving the posterior distribution, such as the plug-in estimate

with the posterior mean

P4(-), where 0= /9 m(0]Y)do,
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and the Bayesian posterior prediction

/ Py()m(6]Y)db,

usually rely on intensive Monte Carlo sampling and take a long time to compute due

to the high dimensional integrals.

Computation of A(7)

Once a criterion function A(7) to estimate the (expected) prediction error is de-
termined, we choose the value of 7 that minimizes A(7). The computation of A(T)
is often conducted on a pre-determined fixed grid, either a linear grid or a geometric
grid. For example, in our simulation example with linear regression, we choose a
grid like {cof* : 0 < k < 100} for some @ € (0,1) and integer k; in our experiments
with logistic regression, the grid is taken as {kp/4 : k = 1,...,8} for the ease of

computation.

Parametric Bootstrap

To estimate €2 for general prediction rules, the parametric bootstrap begins with
a preliminary estimator 8° and samples Y from the distribution f(Y|X,3°). The

bootstrap estimate of €2 is
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For each i € {1,...,n}, Cov(X(Y"?),Y?) can be numerically approximated by repeat-

edly sampling Y for B times:
B 1B
R k) bk b b b,k
;)\ (YO (vF —YP),  where Y, _EZY; :

The preliminary estimator BO is important for ﬁboot to approximate €2 well. A simple

choice is the posterior mode under catalytic prior with some small 7.

Steinian Estimate

Efron (2004) introduced the Steinian estimate of € for binary observations. First,
define the conditional covariance penalty covy) = Ey;xx ()\(ﬁl) (Y; — ,ui)‘Y(,Z-), X),
where Y(_;) is the response vector that excludes Y;. Then (2 can be rewritten as the

expected summation of cov;
Q= Z E covg.

Second, we can estimate cov(;) by flipping the observed response as explained next.

~

Given 4, let us write A(fi;) = A\i(Y(—s), Y;). Noting that P(Y; = 1|Y(_;),X) = P(Y; =

1|X) = p, it follows that
covy = pi(1 — pu;) (Xi<YE—i)7 1) — Xz'(Y(_i), O)) )

For any y € {0,1} and any function f, it always holds that f(1) — f(0) = (2y —

)[f(y) — f(1 —y)]. Hence,

covy = pill = )(2Y; = 1) (MY, Y0) = MY, 1= V7).
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Here //\\Z-(Y(_Z-),Y;) is simply A(;), and :\\Z-(Y(_i),l — Y;) can be computed by first
obtaining the posterior mode B\Ai(T> based on data (X,Y %), where Y2 is a copy
of Y but with only Y; replaced by 1 —Y;, and then computing the predictive mean
st = (X[ B%(r)), yielding M (Y iy, 1 — Yi) = A5,

Using a plug-in estimate for yu;(1 — p;), say 19(1 — 119), where 1 = u(XiTBO), we

obtain the Steinian estimate:

utin = Z )(2Yi = 1) (A@ir) = AGE))

arriving at Equation (1.14) of the main text. Note that calculating the Steinian es-
timate requires n extra fitting procedures, each of which uses a different response
vector Y2, The computational advantage of the Steinian estimate over the boot-
strap estimate is significant when n is much smaller than the number of bootstrap

replications.

The Initial Value 7y

Both the parametric bootstrap and the Steinian estimates for ) require a small
To to begin with. On the one hand, we want 7y to be small so that the prior does
not make Q biased. On the other hand, it cannot be too small in order to provide
reasonable initial estimate. Consider logistic regression with complete separation,
where the model fits the data perfectly, as an example. If 7y is too small, the para-
metric bootstrap distribution degenerates and the bootstrap sample Y? will always
be identical to the observed Y. In this case @bmt ~ 0 and is not a good estimate of

Q). Similarly, the Steinian with too small 7y results in c/r\i2 ~ 0 and Qstein ~ 0.
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The choices of 7y = p/4 for logistic regression and 75 = 1 for linear regression
works well empirically. An intuitive explanation is to look at the non-singularity of
H , the Hessian matrix of the negative log likelihood, at the posterior mode with the
augmented data set, which roughly represents the stability of the posterior mode. For
linear regression and any value of 7 > 0, as long as the synthetic covariate matrix
has full column rank, H is strictly positive definite, and its smallest singular value is
no smaller than 7/0? times the smallest singular value of (X*)"X*/M. Therefore we
choose 7y = 1 for a heuristic interpretation of adding effectively one synthetic data

point. This is not the case for logistic regression. For logistic regression,

H =3 u(X/B(r)1 - pn(X]B(r) XX/

+ = > u((X)TBM)( = p((X:) B X (X)),

=1

where p(t) = 1/(1 + e7*). When complete separation occurs and 7 is small, B(T)
can be so large that all u((X;*)TB(7)) and all u(X, B(7)) are close to either 0 or
1. In this case, H can be nearly degenerated regardless of (X*)TX*/M. Choosing
7o = p/4 effectively adds 1/4 synthetic data points for estimating each parameter and

thus prevents such a degenerate situation from occuring in logistic regression.

Other Prediction Error Estimate

There are other estimates for prediction errors discussed in the literature. Here
we briefly mention the cross-validation. A comprehensive introduction can be found

in Efron and Hastie (2016).
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The K-fold Cross-validation randomly divides the data into K disjoint subsets.
For every k < K, the model is fitted from all data except those in the kth fold y*),
and prediction ™ for the omitted data y® is made based on this fitted model.
The kth test error is defined by D(y® u*)). The cross-validation estimate is the
average of all K test errors, and can be used as a criterion function to select tuning
parameters. Note that the cross-validation estimate is based on the idea of making
the validation dataset independent of the training dataset and is thus different from
the criterion function A(7) introduced in the main text. When we tried to use cross-
validation to select 7, we found that it gave poor result. The primary reason is than
in the cases of small sample size, the variance of cross-validation estimate is too large.
The small-sample-size case is in fact the case when priors, such as catalytic priors,
are preferred to be used. Thus, we instead use other model-based methods in the
main text. Our experience echoed the discussion in Efron and Hastie (2016, Chapter

12.3) and Varoquaux (2018).

Connection with other practices in the literature

We conclude our discussion of the prior weight selection via the frequentist ap-

proach by remarking its connection with other practices in the literature.

Remark 1.B.1. In the power prior development (Ibrahim and Chen, 2000), the
weight on the historical data is often taken to be less than 1. Although this is not
required by catalytic priors, the weight we put on each synthetic data point, 7/M,
is often less than 1 because M (in the order of hundreds of thousands) is typically

much larger than 7.

40



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

Remark 1.B.2. In the example of 1970-1980 I/O code mapping (Clogg et al., 1991)
discussed in the main text, the prior weight there was chosen to be the same as the
dimension of 8, and this choice was found to work well in practice. In light of the
catalytic priors, we can now give a justification for this observation. The synthetic

responses used in this example were the sample mean fi, and the synthetic covariate

vectors satisfied M~'S°M X*(X,))T = %, € RP?. Let 35 = log(%). Then
B* = (8;,0,...,0)7 is the parameter of the distribution that generates the synthetic

responses. If we approximate the log-density in Eq (1) in the main text by its second

order expansion, then the prior distribution is approximately a normal distribution

N(B*, H; "), where

1 X 1 1 X
XN H' X = ———— > (X5 X;

M k=1 Tl — ) M o1
M
1 1 1 D
L a(E LY X)) = () = ——
(1 — 1) < M ; : Ta(l—p) = 7 il = f)

This expression gives a justification for choosing 7 = p as in Clogg et al. (1991).
By doing so, the average prior variance of (X*)T 3 is approximately constant across
models that include different covariates, and we, therefore, expect robust performance

of this specific choice.
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1.B.4 Bayesian Joint Priors
Computation

The Gibbs algorithm can be used to sample from the posterior distribution under
the joint prior 7, (7,8). The Gibbs algorithm iteratively samples one component
from the conditional distribution holding the other component fixed.

Given 3, an update of 7 can be sampled from the Gamma distribution

M
T * *
Tan(718, Y, X) o Fa,w(T)eXP(MZIOg(f(K- 18" X))
i=1

11
= 7 lexp (—7‘(/—@ + T > log( f(Yi*|ﬁTXi*)))) ,

i=1

where ¢ = (p + a)/2 for linear regression, and ¢ = p 4+ « for other models.

Given 7, an update of 8 should be drawn from
T(BIr, Y, X) o f(Y*[X, B)MF(Y[X, B).

It can be sampled by various methods such as the Metropolis-Hasting algorithm and
the Hamiltonian Monte Carlo (HMC). We recommend to use HMC with random step
size and with adaptive variances for the momentum variables. Before running HMC
within Gibbs, the adaptive variances are set at the diagonal entries of the inverse
Hessian matrix of the negative log density at the posterior mode. The initial point

of such a MCMC step should be the most recent sample of 3.
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Default Choice of (a,7)

It is generally difficult to find a specification of («a, ) that works optimally in all
cases. Nevertheless, a guideline for a reasonable choice of («, ) is: (i) The posterior
distribution will give meaningful answer about the estimand in most cases; (ii) the
predictive performance is not significantly worse than the alternative methods for
finite sample within the range of population that we are mostly interested in, and
(iii) the coverage rate of the interval estimate should be close to or higher than the
nominal coverage within the range of interesting populations.

We recommend the simple choice of (a,7y) = (2,1) as the default based on our
numerical experiments on linear regression and logistic regression models. We found
this choice yields competitive estimation in most cases. Of course, our experiments

were not exhaustive and did not cover all possible underlying distributions.

1.C Additional Simulations

We provide additional numerical experiments on synthetic data and compare the

performance of catalytic prior to other methods.

1.C.1 Logistic Regression with Interaction Terms

In this simulation, we consider logistic regression with interaction terms. Suppose
there are ¢ covariates. Then there are ¢ main effects and g(¢—1)/2 two-way interaction
terms in total, so the total number of regression coefficients (i.e., the number of

parameters) is p = 1 + ¢+ q(q¢ — 1)/2. In this example, we generate the covariates
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as described in Section 1.4 of the main text. The regression coefficient 3 is specified
similarly to the main text but with a different 8. We first randomly select half of
the main effect terms in B to be 1 with the rest to be 0, and then randomly select
|g(q —1)/2 x (] interaction terms to be 1 with the rest to be 0, where ( is the level of
non-sparsity and is set at 0.1, 0.2, 0.4. The amplitude of B is specified through the
oracle prediction error r in the same way as the main text, whose levels are 0.1, 0.2,
0.3. We set ¢ = 8, which gives p = 37, and the observed sample size n = 60 in this
example. Following the experiment in the main text, we use the predictive binomial

deviance to evaluate the prediction performance of an estimator B
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Setting Performance of Methods
Comp. Cat. Cat. Cauchy MLE
¢ T Sep. Boot. Joint (pseudo)
0.1 0.1]97% Mean  1.759 1.851 1.846 2.058
SE x10® (5.4) (5.3)  (5.3) (21.9)
0.2 | 85% Mean  0.704 0.827 0.842 1.166
SE x10%  (2.9) (2.5) (2.4) (8.1)
0.3 | 70% Mean  0.305 0.440 0.480 0.838
SE x10® (1.7) (1.5)  (1.3) (2.1)
02 0.1 96% Mean  1.756 1.846  1.848 2.119
SE x10® (4.9) (4.8)  (4.8) (22.7)
0.2 | 86% Mean  0.708 0.826  0.849 1.171
SE x10® (2.6) (2.3) (2.2) (5.4)
0.3 | 1% Mean  0.306 0.438  0.483 0.843
SE x10% (1.7) (1.5)  (1.3) (2.0)
0.4 0.1 96% Mean  1.772 1.861 1.868 2.163
SE x10® (4.9) (4.8) (4.8) (22.0)
0.2 | 84% Mean  0.713 0.829  0.858 1.180
SE x10® (2.5) (2.2) (2.2) (5.0)
0.3 | 69% Mean  0.307 0.439  0.487 0.845
SE x10%  (1.7) (1.5)  (1.4) (2.1)

Table 1.4: (Logistic regression with interaction terms) Mean and standard error of
average predictive binomial deviance of the catalytic posterior mode with 7., the
posterior median under the joint catalytic prior, the Cauchy posterior mode, and
the MLE. ( is the non-sparsity. r is the oracle prediction error. The column of
Comp.Sep. shows how often complete separation occurs in the data sets. The boldface
corresponds to the best performing method in each simulation scenario.

Table 1.4 presents the average predictive binomial deviance over 1600 simulations
in each cell. The first column shows how often complete separation occurs in the
datasets; when complete separation occurs, the MLE does not exist but a pseudo-
MLE can be algorithmically computed if the change in the estimate is smaller than
108 within 25 iterations; the column of MLE averages across only the cases where
either MLE or pseudo-MLE exists. Table 1.4 shows that the catalytic posterior mode

with Ty predicts the best in all cases considered, and the posterior median under
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the joint catalytic prior predicts better than the Cauchy prior except the cases when
r = 0.1 (in these cases it still predicts comparably to the Cauchy prior). These three

estimators all predict much better than the MLE.

Setting Performance of Methods
¢ r Cat.Boot Cat.Joint Cauchy
0.1 0.1 | Cover 94.3 92.3 95.4
Width 3.0 2.4 3.3

0.2 | Cover 94.0 97.7 99.3
Width 2.0 2.1 3.0

0.3 | Cover 95.3 97.1 98.2
Width 1.4 1.9 2.8

0.2 0.1 | Cover 91.7 88.7 94.3
Width 2.9 2.3 3.2

0.2 | Cover 93.3 97.4 99.3
Width 2.0 2.1 3.0

0.3 | Cover 95.0 97.1 98.4
Width 1.4 1.9 2.8

0.4 0.1 | Cover 89.4 85.0 94.3
Width 2.9 2.3 3.2

0.2 | Cover 92.7 97.3 99.3
Width 2.0 2.1 3.0

0.3 | Cover 95.0 97.1 98.4
Width 1.4 1.9 2.8

Table 1.5: (Logistic regression with interaction terms) Average coverage probability
(%) and width of 95% posterior intervals for B under the catalytic prior with 7yp0,
the joint catalytic prior, and the Cauchy prior. ( is the non-sparsity. r is the oracle
prediction error.

Table 1.5 presents the average coverage probabilities (in percentage) and widths
of the 95% posterior intervals for 3; averaging over j. It is seen that that the coverage
probabilities of the posterior intervals given by catalytic priors are close to the nominal
probability in most cases except for (¢,r) = (0.2,0.1) and ((,7) = (0.4,0.1). In
contrast, the intervals given by Cauchy prior tend to have higher coverage probability

but are much wider (about 1.5 times as wide). Note that because all the intervals

46



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

associated with the MLE have widths too large to be useful (thousands of times wider

than those given by the other methods), we do not report them in this table.

1.C.2 Model Misspecification

In this simulation, the settings, including the covariates distribution, regression
coefficients and the sample size, are the same as those in the main text (i.e., without

the interaction terms), but the response Y is actually generated from

P(Y =1]|X'B) = F.(X'B),

where F.(-) is the CDF of a standard Cauchy distribution. The working model,
however, is still the logistic regression, so this is a case of model misspecification.
Although the estimated parameters no longer have clear interpretations due to the
model misspecification, we can still evaluate the prediction performance of various

methods using the predictive binomial deviance as before.
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Setting Performance of Methods
Comp. Cat. Cat. Cauchy MLE
¢ T Sep. Boot. Joint (pseudo)
1/4 0.1] 100% Mean  0.988 1.073  1.097 1.401
SE x10® (4.3) (4.3)  (4.1) (5.3)
0.2 | 97% Mean  0.524 0.620 0.655 0.984
SE x10%  (3.0) (2.7)  (2.6) (3.8)
0.3 | 90% Mean  0.272 0.375 0.422 0.715
SE x10® (2.2) (1.9) (1.8) (7.2)
2/4 0.1 | 100% Mean  0.963 1.049 1.062 1.377
SE x10%  (2.3) (2.3) (2.0 (2.2)
0.2 | 97% Mean  0.508 0.607 0.638 0.970
SE x10® (2.3) (2.0) (1.8) (3.7)
0.3 | 91% Mean  0.265 0.370 0.416 0.717
SE x10® (2.1) (1.8)  (1.7) (7.0)
3/4 0.1 ] 100% Mean  0.965 1.051  1.060 1.377
SE x10° (24) (24) (2.1) (2.2)
0.2 | 98% Mean  0.510 0.609 0.639 0.972
SE x10® (2.3) (2.0) (1.8) (3.4)
0.3 | 89% Mean  0.262 0.367 0.412 0.706
SE x10%  (2.1) (1.8)  (1.7) (7.6)

Table 1.6: (Model misspecification) Mean and standard error of predictive binomial
deviance of the catalytic posterior mode with 7., and the posterior median under
the joint catalytic prior, the Cauchy posterior mode, and the MLE. ( is the non-
sparsity. r is the oracle prediction error. The column of Comp.Sep. shows how often
the complete separation occurs in the data sets. The boldface corresponds to the best
performing method in each simulation scenario.

Table 1.6 shows that both catalytic prior specifications (the catalytic posterior
mode with Ty, and the posterior median under the joint catalytic prior) predict
better than Cauchy and MLE in all cases considered. The stable performance of the

catalytic prior estimators under model misspecification illustrates the robustness of

the catalytic priors.
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1.C.3 Linear Regression

In this simulation, we consider the linear regression model. The covariates and the
vector B are generated as in the Section 1.4 of the main text. The only difference
in specifying the regression coefficient 3 is that 8 = r x B, where r is a scaling
factor and is set at 1, 2 or 4. The sample size n = 30.

For the catalytic prior, we generate the synthetic data using the generating dis-
tributions described in Section 1.A and fix M at 400. The first two estimators of
B with the catalytic prior are the posterior modes of 3 with 7 = 7., and 7 = Tpput
selected from the estimated predictive risk via C), and bootstrap respectively (de-
noted as Cat.C, and Cat.Boot). The third estimator of 8 with the catalytic prior is
the coordinate-wise posterior median of 3 under the joint catalytic prior (denoted as
Cat.Joint). These catalytic prior based estimators are compared to two alternative

methods: the MLE and the Ridge estimator. The Ridge estimate is computed by
arg;nin (1Y —XB8[* + AlI8IF*) .

where the penalty parameter A is tuned by 10-fold cross-validation. Note that the
Ridge estimator is identical to the posterior mode under an independent normal
prior: 8; ~ N(0,A"1). We refer to this prior as the Ridge prior throughout this
section. We use the predictive squared error, Ex, (X, 8 — X, 6)2, to evaluate the
performance of an estimator ,é, where the expectation is computed by sampling 1000
extra independent copies of X from the same distribution that generates the observed

covariates.
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Setting Performance of Methods
Cat. Cat. Cat. Ridge MLE
¢ r Cp Boot.  Joint

0.25 1 | Mean 0.228 0.228 0.217 0.236 0.282
SE x10® (2.8) (2.8) (26) (3.00 (3.4)
2 | Mean 0.264 0.264 0.264 0270 0.282
SE x10%  (3.2) (3.2) (3.2) (3.4) (3.4)
4 | Mean 0.277 0.277 0.277 0281 0.281
SE x10® (3.4) (34) (34) (3.5) (3.5)
0.5 1| Mean 0.246 0.246 0.241 0.253 0.279
SE x10® (3.0) (3.0) (29 (3.3) (3.6)
2 | Mean 0.270 0.270 0.270 0.275 0.280
SE x10® (3.1) (3.1) (3.1) (3.2) (3.3)
4 | Mean 0.277 0.277 0.278 0.281 0.280
SE x10%  (3.2) (3.2) (3.2) (3.3) (3.3)
0.75 1| Mean 0.256 0.256 0.254 0.260 0.277
SE x10% (3.3)  (3.3) (3.3) (3.3) (3.5)
2 | Mean 0.272 0.272 0.273 0274 0.276
SE x10 (3.6) (3.6) (3.6) (3.6) (3.6
4 | Mean 0.276 0.276 0.277 0279 0.277
SE x10%  (3.4) (3.4) (34) (34) (3.4)

Table 1.7: (Linear regression) Mean and standard error of the average predictive
squared errors of the catalytic posterior mode estimates with 7, and 7,0, the poste-
rior median estimate under joint catalytic prior, the Ridge estimate, and the MLE.
(¢ is the non-sparsity factor. r is the scaling factor. The boldface corresponds to the
best performing method in each simulation scenario.
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Setting Performance of Methods
¢ r Cat.Cp Cat.Boot Cat.Joint Ridge MLE
0.25 1 | Cover 92.2 92.4 95.4 91.9 95.2
Width 1.0 1.0 1.1 1.0 1.4
2 | Cover 94.0 93.7 94.1 93.2  95.2
Width 1.2 1.2 1.2 1.2 1.4
4 | Cover 94.8 94.5 94.6 94.4 95.2
Width 1.3 1.3 1.3 1.3 1.4
0.5 1| Cover 93.3 93.3 94.1 92.7 954
Width 1.1 1.1 1.1 1.1 1.4
2 | Cover 94.5 94.4 94.3 93.9 954
Width 1.3 1.3 1.3 1.3 1.4
4 | Cover 95.0 95.1 94.9 949 954
Width 1.4 1.4 1.4 1.4 1.4
0.75 1 | Cover 94.0 93.9 94.1 93.3 95.1
Width 1.2 1.2 1.2 1.2 1.4
2 | Cover 94.7 94.8 94.8 94.5  95.2
Width 1.3 1.3 1.3 1.3 1.4
4 | Cover 95.1 94.8 95.1 94.6  95.1
Width 1.4 1.4 1.4 1.4 1.4

Table 1.8: (Linear regression) Average coverage probability (%) and width of 95%
posterior intervals under the catalytic prior with 7¢,, Tpeot, the joint catalytic prior,
Ridge prior, and the confidence intervals associated with MLE. ( is the non-sparsity.
r is the oracle prediction error.

Table 1.7 compares the predictive squared error of different methods. We con-
clude that the estimates given by catalytic prior have generally better prediction
performance to the Ridge estimate, and are generally much better than MLE.

Table 1.8 shows the average coverage probabilities (in percentage) and width of the
95% interval estimates for f; averaging over j. The first 4 columns show the results
for the posterior intervals under the catalytic priors and the Ridge prior, while the
last column shows the confidence interval based on MLE. It is seen that the coverage
probabilities given by all interval estimates considered here are reasonably close to

the nominal in most cases, but when the coefficient vector is sparse (( = 0.25) and
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weak (r = 1), the intervals given by both the Ridge estimator and the catalytic prior
with 7 selected by risk estimation tend to be narrow and do not achieve the nominal
coverage. The intervals given by the joint catalytic prior and MLE have coverage

probabilities close to the nominal level.

1.C.4 Other Error Measurements

In Section 1.4 of the main text, we used the predictive binomial deviance to
evaluate the performance of different estimators. The conclusion drawn there is in
fact robust to the choice of error measurement: below we present the results in
that experiment in terms of two alternative error measurements and draw a similar

conclusion as stated in the main text.

1. Expected classification error is defined as Ex . ;. [1y, #Yo]’ that is, the ex-
pected classification for a future data point (X, Yy) using a probabilistic pre-
diction YO:

. 1 w.p. fi

Yo = (1.24)
0 wp. 1—jyp

where fig = u(X, ) is the estimated probability for the future response being

1.

2. Area Under Curve (AUQ) is often used in practice to evaluate the discrim-
ination accuracy (Swets, 1988). It is defined as the area under the Receiver
Operating Characteristic (ROC) curve, which is created by drawing the true

positive rate against true negative rate for all possible cut-off points from 0 to
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1. For a binary classifier, a higher AUC evaluated on the test data set means a

better prediction.

Setting Performance of Methods
Comp. Cat. Cat.  Cauchy MLE
¢ r Sep. Boot.  Joint (pseudo)

1/4 0.1 ] 100% | Mean  0.217 0.215 0.208 0.266
SE x10® (1.2) (1.2)  (1.1) (1.8)
02| 98% Mean  0.304 0.301 0.306 0.345
SE x10%  (1.1)  (1.1)  (1.1) (2.1)
03| 91% Mean  0.394 0.393  0.401 0.427
SE x10® (1.0)  (1.0)  (1.0) (2.2)
2/4 0.1] 100% | Mean 0216 0.215 0.221 0.266
SE x10® (1.1)  (1.1)  (1.1) (1.7)
02| 98% Mean  0.302 0.300 0.310 0.347
SE x10® (1.1)  (1.0)  (1.0) (2.2)
0.3 92% Mean  0.394 0.393  0.403 0.427
SE x10® (1.0)  (1.0)  (0.9) (2.4)
3/4 0.1] 100% | Mean 0.215 0.215 0.226 0.269
SE x10® (1.1) (1.1)  (1.1) (1.7)
02| 99% Mean  0.302 0.299 0.312 0.344
SE x10® (1.1)  (1.0)  (1.0) (2.0)
0.3 | 91% Mean  0.392 0.392  0.402 0.427
SE x10%  (1.0)  (1.0)  (0.9) (2.4)

Table 1.9: (Logistic regression with main effect) Mean and standard error of average
predictive classification error of the catalytic posterior mode with 7y,.¢, the posterior
median under the joint catalytic prior, the Cauchy posterior mode and the MLE. ¢
is the non-sparsity. r is the oracle prediction error. The column of Comp.Sep. shows
how often complete separation occurs in the data sets. The boldface corresponds to
the best performing method in each simulation scenario.
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Setting Performance of Methods
Comp. Cat. Cat.  Cauchy MLE
¢ r Sep. Boot.  Joint (pseudo)

1/4 0.1 100% | Mean  0.875 0.876 0.882 0.809
SE x10%  (1.2) (1.2)  (1.1) (2.1)
02| 98% Mean  0.775 0.776  0.767 0.710
SE x10%  (1.2) (1.2)  (1.3) (2.8)
03| 91% Mean  0.657 0.654  0.641 0.602
SE x10® (1.3) (1.3)  (1.3) (3.1)
2/4 0.1 ] 100% | Mean 0.877 0.877 0.869 0.811

SE x10® (1.1)  (1.1)  (1.1) (2.0)
02| 98% Mean  0.777 0.778  0.763 0.710
SE x10® (1.2) (1.2) (1.2 (2.9)

0.3 | 92% Mean  0.658 0.654  0.639 0.601
SE x10® (1.3) (1.3)  (1.3) (3.4)
3/4 0.1] 100% | Mean 0.877 0.877 0.864 0.807
SE x10® (1.0)  (1.0)  (1.1) (2.0)
02| 99% Mean  0.777 0.778  0.760 0.713
SE x10® (1.2) (1.2) (1.2 (2.7)
03| 91% Mean  0.660 0.656  0.640 0.601
SE x10%  (1.3)  (1.2)  (1.2) (3.3)

Table 1.10: (Logistic regression with main effect) Mean and standard error of average
predictive AUC. A higher predictive AUC means a better prediction. See the cap-
tion of Table 1.9. The boldface corresponds to the best performing method in each
simulation scenario.

Tables 1.9 and 1.10 present the average predictive classification error and the
average predictive AUC of the same experiment as in Section 1.4 of the main text.
Both measurements are evaluated on an independent test data set of size 1,000 from
the true data population. Based on these tables, both catalytic prior specifications
predict better than MLE in all cases considered. Only in the case when the true (3
are very sparse (¢ = 0.25) and have large amplitude (r = 0.1), the Cauchy prior
works slightly better. In all other cases, the predictions given by catalytic priors are
better than those of the Cauchy prior. Together with Table 1.1 of the main text,

we conclude that catalytic priors provide much better prediction than MLEs and
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generally predicts better than or comparable to the Cauchy prior.

1.C.5 Synthetic-Data Generating Models with Different In-
put Dimensions

In this simulation experiment, we examine how the dimensionality /complexity of
the synthetic-data generating model affects a catalytic prior, under the experimental
setup in the Section 1.4 of the main text with varying dimensions of the synthetic-data
generating model.

To specify a synthetic-data generating model with dimension %k, we use principal
components of the covariate matrix to reduce the dimension of the covariate input.
For k > 1, we can use logistic regression with the first (kK — 1) principal components
plus the intercept, and use maximum likelihood to generate the synthetic response
vector Y*. The case with £ = 1 only includes the intercept and is the same as
the synthetic-data generating model of the main text. For & = 0, we use the fixed
Bernoulli distribution with equal probability. To simplified the analysis, we discard
the simulations where complete separation occurs in the first three principal compo-

nents.
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Setting Dimension of the Simple Model
¢ r 0 1 2 3 4

1/4 0.1 | Mean 1.676 1.684 1.712 1.736 1.767
SE x10® (6.7) (6.7) (6.7) (6.9) (6.9)
0.2 | Mean 0.661 0.668 0.689 0.704 0.725
SE x10® (5.1) (5.1) (5.1) (5.2) (5.4)
0.3 | Mean 0.280 0.289 0.302 0.312 0.327
SE x10® (2.1) (2.1) (2.3) (24) (2.6)
2/4 0.1 | Mean 1.655 1.662 1.689 1.713 1.740
SE x10® (4.0) (4.0) (4.0) (4.2) (4.3)
0.2 | Mean 0.645 0.652 0.672 0.687 0.706
SE x10® (2.5) (2.5) (2.7) (2.9 (3.1)
0.3 | Mean 0.281 0.289 0.302 0.312 0.325
SE x10® (2.1) (2.1) (2.3) (24) (2.5)
3/4 0.1 | Mean 1.664 1.672 1.701 1.720 1.749
SE x10® (4.1) (4.1) (42) (4.3) (4.5)
0.2 | Mean 0.649 0.655 0.678 0.692 0.712
SE x10% (2.5) (2.5) (2.7) (2:8) (3.0
0.3 | Mean 0.282 0.289 0.303 0.312 0.326
SE x10® (2.1) (2.1) (2.3) (24) (2.5)

Table 1.11: Mean and standard error of predictive binomial deviance of the catalytic
posterior mode with 7., using various synthetic-data generating models with different
covariate input dimensions. ( is the non-sparsity. r is the oracle prediction error.

Table 1.11 presents the average predictive binomial deviance, and Table 1.12 shows
the average coverage probabilities (in percentage) and width of the 95% interval
estimates for 3; averaging over j, both using the posterior mode under a catalytic prior
whose 7 is the minimizer of the parametric bootstrap risk estimate. As the dimension
of the synthetic-data generating model increases, the prediction tends to get worse,
and the interval estimates become wider and have lower coverage probabilities. We
notice that such degeneration in performance disappears when the observed sample
is relatively large, say 10 times larger than the dimension of the working model. This
indicates that when the observed sample size is small, one should keep the synthetic-

data generating model simple.
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Setting Dimension of the Simple Model
¢ r 0 1 2 3 4

1/4 0.1 | Cover 90.8% 90.7% 90% 88.8% 84.8%
Width 3.4 3.5 3.8 4.3 5.2
0.2 | Cover 94.3% 93.3% 92.8% 91.3% 88.6%
Width 2.7 2.7 2.9 3.0 3.3
0.3 | Cover 96.1% 95.1% 94.6% 93.7%  92%
Width 2.1 2.1 2.2 2.2 2.3
2/4 0.1 | Cover 89.4% 89.5% 88.7% 87.4% 84.5%
Width 34 3.5 3.8 4.2 5.3
0.2 | Cover 94.2% 93.3% 92.7% 91.1% 88.5%
Width 2.7 2.8 2.9 3.1 3.4
0.3 | Cover 96.2% 95.5% 95.1% 94.1% 92.3%
Width 2.1 2.1 2.1 2.2 2.3
3/4 0.1 | Cover 89.2% 89.4% 88.6% 87.1% 84%
Width 3.4 3.5 3.9 4.3 9.3
0.2 | Cover 944% 94% 92.9% 91.4% 88.4%
Width 2.7 2.8 2.9 3.1 3.3
0.3 | Cover 96.3% 95.6% 95.1% 94%  92.1%
Width 2.1 2.1 2.2 2.2 2.3

Table 1.12: Average coverage probability (%) and width of 95% posterior intervals
under the catalytic prior with 7,,,; using various synthetic-data generating models
with different covariate input dimensions. ( is the non-sparsity. 7 is the oracle
prediction error.

1.D An Information Theory/Optimization Perspec-
tive

1.D.1 Interpretation from Information Theory

The Kullback-Leibler (KL) divergence is a measure of how far apart two distribu-

tions are. Suppose g(y) and f(y) are the densities of P, and Py over ) with respect
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to a base measure v, the KL divergence between P, and Py is defined as

KL (g(-), f(-)) = KL (P,, P;) = /

y

g(y) log (%) dv(y).

It is straightforward that

KL (g(-), f()) = Ev.p, log (%) : (1.25)

The population catalytic prior can be mathematically rewritten as exponentiating
the KL divergence between the working model and the synthetic-data generating

distribution, which is

KL (g.(-| Y), £(-]6)) = Ey- [mg 9.7 | Y)] ,

fY=10)
as (ignoring the terms that do no involve @) one can rewrite Equation (1.4) of the

mailn text as

Teatoo(0 | 7) 0 exp (=7 KL (g.(- [ Y), f(-19))).

This formulation is mathematically similar to that of the PC prior (Simpson et al.,
2017), but the key differences are (i) the catalytic prior is primarily motivated from
the synthetic-data perspective, (ii) the PC prior requires the simpler model to be
nested in the working model, whereas the catalytic prior has no such restrictions,
and (iii) mathematically, the KL divergence is not symmetric, and the PC prior is

penalizing KL (f(- | 0), g«(- | Y)); this leads to a different construction.
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In the presence of covariates, we can also mathematically formulate the population

catalytic prior in terms of the ezpected KL divergence:

(V" | X*Y,X)
f= | X=8) |’

Ex- [KL(g.(-| X*,Y,X), f(-| X*,8))] = Ex-y- |log &

where the expectation is averaging over both the synthetic response and the synthetic-

covariates. Equation (1.7) of the main text can be written as
Teatoo(B | T) 0 exp {—7 Ex- [KL (g.(- | X*, Y, X), f(-| X", 8))}-

This formulation suggests the resultant posterior mode is the solution of the following

optimization
min{ —log f(¥' | X, 8) + 7 Ex- [KL(g.( | X" Y. X), f(-[ X", 8))] }.  (1.26)

We now further show that the posterior mode under a population catalytic prior
can be viewed as the maximum of the likelihood function with the constraint that the
expected KL divergence between the corresponding distribution and the synthetic-
data generating distribution is bounded by a budget.

Consider the following constrained optimization problem

mgn —log f(Y | X, B) (1.27)

st Ex-[KL(g.(-| XY, X), f(-| X".B))] < C.
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The Lagrange associated with this problem is

minmax { —log f(Y | X,8) + 7 Ex« [KL (¢.(- | X", Y, X), f(- | X", 8)]—-7C}.

B 7>0

If both the objective function and the constraint function are convex and the original

optimization problem is strictly feasible, namely, there exists some 3 such that

then the optimization is equivalent to its dual problem: there exists some 7o > 0
depending on C' such that the minimum of the original problem is the minimum of

the following problem
min{ ~log (Y | X, 8) + 70 Ex- [KL(g.(-| X", Y, X), f(-| X",8))] =7 C'},

where we have used the KL divergence formula (1.25). Note that the convexity of the
objective function and the constraint function is guaranteed when the working model
is a GLM with the canonical link.

Ignoring the terms that do no involve 3, the last optimization is equivalent to
Equation (1.26). Therefore, we have shown the equivalence of the posterior mode

under the population catalytic prior and the optimization problem in Equation (1.27).
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1.D.2 Effect of the synthetic covariate Generating Distribu-

tion and the Connection to L; Estimators

The equivalent form of the posterior mode under a catalytic prior in Equa-
tion (1.27) suggests us to study how the synthetic covariate generating distribution
Q(x*) affects the posterior mode, which would provide additional insight on choos-
ing the synthetic-covariate generating distribution. This section considers finding the
optimal design for sampling X* so that the posterior mode has desirable frequentist
properties.

Note that only the constraint on the expected KL divergence in Equation (1.27)
relies on Q(x*). To understand how Q(x*) affects the constraint, we first define the
projected parameter of the synthetic-data generating distribution as the 3 in the

predictive model that minimizes the expected KL divergence
B = argminEx (KL{g.(-| X".Y.%), f(-| X".8)}. (1.29)

For the selection of Q(x*), let us consider the Fisher information, which is a
measure of the amount of information contained in the data about the parameters in
a model, and a choice of Q(x*) is preferable if it maximizes the Fisher information
matrix at the true regression coefficient 31 (or the best projected parameter in the case
of model misspecification). Since Q(x*) should be selected at the stage of specifying
a prior, we instead consider maximizing the “prior” Fisher information matrix that
depends only on the synthetic dataset.

One precise and convenient way to capture this idea is to minimize the trace of
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inverse “prior” Fisher information matrix. This leads to the following optimization
mén tr{ (TEx+ngEy- [-V?log (}”(Y*|X*,,@T)D_1 } : (1.30)

which is known as A-optimality in the optimal design literature. To integrate such an
optimization and the optimization in Equation (1.27), we consider the minimization
that combines the likelihood function, the constraint on the expected KL-divergence
from the simplified model and the trace of the inverse prior Fisher information matrix

simultaneously as follows

%1{ —log f(Y|X,B) + TEx+~q (Ey-(—log f(Y"| X", 8)) + ...

Atr { (fEx+-gEy- — Vlog f(Y*|X*,ﬁT))*1} } . (1.31)

Since B is unknown, such a optimization is unsolvable in general. However, in
the special case of linear regression with known noise level, the Hessian of the log
likelihood does not depend on the parameter and the optimization becomes possible,
as we will discuss soon in Example 1.D.1. In addition, optimizing over all possible
sampling schemes can be too ambitious, so in Example 1.D.1 we restrict ourselves to
only the sampling distributions that affinely transform data from a fixed distribution
Qo(x*). By simplifying the problem, we obtain an interesting connection between

catalytic prior and other estimators in the regression literature.

Example 1.D.1. Let us consider the linear regression in Section 1.A. When the
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simplified model is a sub-model, say, Y* | X* & N(BOTX*, 0?), we have

g*(Y* ’ ‘K*7 Y 7X) 1 * AT v *\2 1 * T v *\2
Eysog. | = Eysr —— (YY" -3, X —(Y*—-3'X
Yrg. Og( f(Y*<] X+, B) Ying. 202( By X7) +202( B X7)

1 2 *
= ﬁ[(ﬁ — Bo) T X7,
which implies that the expected KL divergence is
1 2\ T yv*12 1 = \T ~
Ex- 4 55l(8=B0) X" = 5—5(8 — Bo) Zo(B — Bo), (1.32)

where Yo = Ex«[X*(X*)'] is the covariance matrix under Q(z*). From Equa-
tion (1.32), it is clear that a large variability in X* (mathematically, it means the
eigenvalues Y are large) leads to a restrictive constraint on the KL divergence.

Now consider the following class of sampling distribution
X" =AX;, Xj~Qf() (1.33)

where Qo(x*) is the the independent resampling distribution and A belongs to the
set of all p X p non-singular matrices. Some elementary calculation deduces Equa-

tion (1.31) to

1 > ~ Ao
min {5 Y = XBI*+ 5 - (8- Bo) (ATDxA)(B - Bo) + =~ tr(ATDXAw} ,
(1.34)

where Dy = diag {1,0%1, 0%

e [f we further assume A to be positively diagonal, i.e., A = diag {1, N /sp_l},
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we are equivalently scaling the synthetic covariate components separately. Then

the optimization reduces to
1 T T Pl -
min {5 Y = X8I + 5 (Bo — Bo0)* + 5 ;Sjgg(,j(ﬁj —Bog)+ ...

:Bvslz(pfl)
\o? s 1
— 5. 1.35
—> } (1.35)

5
j=1 5j0Xx ;

Minimizing w.r.t. s;’s is straightforward and the minimizer is

/\& ’f o > ) O
S = Ug(,ﬂl(ﬁj—ﬁo,j)\’ ! (ﬁﬂ 60,]) #
J
o0 if (51' - 50,;‘) =0

Thus the optimization further reduces to
1 T G
min {5 Y = XB|° + 5 (Bo = Boo) +V2Xa? - Y |85 — 50,j|} . (1.36)
j=1

If the simplified model is the intercept-only model, then Bo,j =0 and /3’0’0 =Y,
and the optimization is the same as the formulation for the LASSO estimator

(Tibshirani, 1996).

e More generally, assume A to be a non-singular linear transformation. Suppose
the spectral decomposition of A" Dx A is U 'diag {1, sy,...,s,_1 }U where U

is an orthonormal matrix with its first column U; parallel to 1,. Optimizing
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Equation (1.31) w.r.t. A reduces the problem to

. [1 T -
min {5 1Y~ XBIP+ - (50— Ao+ VEEIBLI | ()
Note that the penalty on B_ is in the /5 norm rather than its square, and is

thus different from the classic Ridge regression. The same penalty is also used

to define an estimator in Efron (2016) (see Eq. (33) therein).

For a general model, the Hessian of the log density may change with the parameter,
so optimizing Equation (1.31) may be infeasible. One possible solution is to replace
3" by an estimate BO and iteratively update B and Q(x*). We left this idea for future

investigation.

1.E Theoretical Properties

We begin with some notations. In Section 1.E.1 and Section 1.E.2, we use the
generic u for a value of the response variable, W for a covariate random vector,
W for a covariate random matrix, and m for the number of data points. In Sec-
tion 1.E.3 and Section 1.E.4, we denoted by X* / X* / X* a synthetic covariate
variable/vector /matrix, Y* / y* a synthetic response variable/vector, and M the
synthetic-sample size. Throughout, p is the number of parameters including both the
covariates and the intercept term.

We adapt some notations and terminologies for exponential family from the clas-
sical reference of Diaconis and Ylvisaker (1979). Let v be a fixed o-finite measure

on Borel sets of R, and ) be the interior of the convex hull of the support set of v.
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Assume Y is nonempty and open. For any 6 € R, define b(6) = log [ e*’dv(y), and
© = {6 :0b(0) < co}. Assume O is nonempty and open. It can be shown that © is

convex and V'(0) € ), for any 6 € ©. The exponential family is defined by

dPy(y) = e’ O du(y)). (1.38)

Without loss of generality, we assume the sample mean and the sample variance of
each observed covariate are 0 and 1, i.e., the observed covariates are standardized.
Please note that without loss of generality, we assume the sufficient statistic t(y) =y
in the GLM formula dPy(y) = e~ du(y) throughout this section; otherwise we
can redefine the response as Y’ = ¢(Y’) and proceed.

The structure of this theoretical section is as follows. Section 1.E.1 quantifies the
tail integral for catalytic priors under certain conditions, and Section 1.E.2 shows these
conditions are satisfied if the synthetic covariates are drawn from the the independent
resampling distribution. The results in these two sections will be used in Section 1.E.3
to establish bounds on the integrals of the catalytic priors. These bounds will be
used to show the properness of catalytic priors. Section 1.E.4 quantifies two types of

divergence between the catalytic prior and the population catalytic prior.

1.E.1 Upper Bounds on the Integrals of Tails

We will derive upper bounds on the integrals of the tails (i.e., for |8 > K) of
the unnormalized density function for both the catalytic prior and the population
catalytic prior, provided a condition called norm-recovery holds.

We begin with an elementary lemma that bounds the integral of a multivariate
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tail for exp(—allx|).

Lemma 1.E.1. For K > 0,a > 0,

r . K
/ exp(—al|lx||)dx < Lp)sp-1 min (1,6”_“K(a—)p> :
> K a

p
_ ogp/2 . . .
where the constant s,_1 = o) the surface area of a (p — 1)-dimension sphere.
r —_ 2 p/2 . .
Furthermore, % < Csmlmg( U ({ f) , where Csiiriing 15 @ universal constant. Thus

we also have

(27Tp/6)p/2 epfaK( V2K

- N )P) . (1.39)

| covl=allzl)d < g min
llzl|> K

Proof. Using the p-dimensional spherical coordinates, the integral is equal to

r _
[ ealeldo = [ s, oo = TE2LRGG > o)
llzl|> K

r>K ap

where G ~ Gamma(p). By the Chernoff inequality and the moment generating

function of G, for any ¢t > 0, we have
P(G > aK) < exp(—taK)Ee'® = exp(—taK)/(1 —t).
Minimizing the right-hand side of the last inequality with respect to ¢ > 0, we obtain
P(G > aK) < min(1,exp(p — aK + plog(aK/p))),

which is the first part of the lemma. By Stirling’s formula, I'(z) = 1/ 22(2)*(1+0(2)),

e
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and

[2x (p 1
I'(p) _ > ()1+0(;) _2ePE2pr2 1+ O(1/p) < Cstirti L
= = > irling op/2

L(p/2) \/%(%)p/z(uog)) er’? 14+ 0(1/p)

I

where Cgyiriing is a universal constant. Hence we conclude the second part. The third

part follows by combining the first and second parts. O]

The following two theorems bound the tail integrals for catalytic priors under two
conditions. These results will be used later in Section 1.E.3.

The first condition says that all responses are at least ¢ away from the boundary
of the sample space. The second condition is referred to as norm-recoverability and

will be studied in Section 1.E.2.
Theorem 1.E.2. Let uy, - ,uy, € Y, wy, -+ ,w, € RP. Suppose

(1) there exist u_,uy € Y,0 > 0, such that u_— < u; — 0 < u; +6 < uy, for

i=1,.,m;

(2) there is a positive constant ¢, such that - 3" |o(w B)| > c1||B]| for all B €

RP.

Then there exists a constant C' that only depends on u_, uy and the exponential family

(1.38), such that

(a) sup max (u;g(w; B) — b(¢(w]B))) <logC;

BeRp1<i<m
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(b) there exists a universal constant Csiiriing, Such that for any K > p/(adc)

/||6|>K “r (% >_(ui(w]B) - b(éb(wfﬂ))) g

i=1
V2Tt K
e

S CStirlingCa exp(p - ClaéK)( )p’

S T T a(zﬁp)p/z
/HBGRP exp < ;(uqu(wz /3) - b(gb(wz ﬁ))) dp < CStz’rlingO (Clozé)P .

Sle

Proof. By Condition (1) and Equation (2.4) in Diaconis and Ylvisaker (1979), there

are two compact convex subsets A_ and A of R and u4, ,ua_ € Y such that

ua. <uy—0, ua > U+ 0, (1.40)

and

e PO < (u(A) e Ae {A_ AL} (1.41)

Let C = max(u(A_)~1, u(A;)™1). For a given B, denote 6; = ¢(w; B) and let S; be
the sign of 0;, either + or —. By Equation (1.40), it holds that (u;0; —ua 0;) < —616;]

regardless of S;. Together with Equation (1.41), we have w;0; — b(6;) < log C' — 6|6;],
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which yields the result of part (a). Now the integral can be bounded as

/ exp (% Xm:(uz-e,- - b(@i)> G,
181> K -

< A (log C — 616;]) )
< /ﬁ”>Kep< Z 0g 16:1)

< Ca/ exp (—cad||B|]) dB, (1.42)
181> K

where the second inequality uses Condition (2). By Lemma 1.E.1, the last inequality

can be bounded from above by CgiriingCexp(p — ciad K )(‘/\7’3{ )P, which is part (b).

Note that Equation (1.42) actually also holds for K = 0 and can be bounded from

« 271'p/e)

above by ClsyiriingC (crad)P

using Lemma 1.E.1, which gives part (c). O
Theorem 1.E.3. Suppose (W ,U) are jointly random, and

(1) there exist u_,uy € Y, 8 >0, such thatu_ <EU | W) -0 <E(U |W)+4§ <

Uys
(2) there is a positive constant ¢y such that E|p(W T B3)| > ¢||8||, for all B € RP;

then there exists some constant C' that only depends on u_, u, and the exponential

family, such that
(a) E[US(WB) = b(o(W'B))] <logC

(b) There exists a universal constant Csypiing, such that for any K > p/(adcy), we
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have

/” L e BTG B) oW )} B

VK,

< CStirlingCa exp(p - COQ(;K)(

(¢)

(2mp)P/?
(COOé(S)p '

/” e {BUOWT )~ bo(WT8))} 4B < CrinsC”
B|leRP
Proof. The proof follows the same argument as that of Theorem 1.E.2. O

1.E.2 Synthetic-Covariate Generation with Norm-Recoverability

This section focuses on the synthetic-covariate generating distribution. Both The-
orem 1.E.2 and Theorem 1.E.3 can be used to bound the tail integrals as long as we

have the following two lower bounds

VB eR”, E[p(W'B)| = collBll, %Z [6(W;' B)] > e Bl (1.43)
i=1

Note that the first inequality is deterministic while the second one is stochastic.

Definition 1.E.1. If Equation (1.43) holds with high probability for a synthetic-

covariate generating distribution, then we call this distribution norm-recoverable.

We will focus on the case where the #-link function is the identity, that is ¢(n) = n,
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because, with the condition in the main text that

j}g(f) [9(n)/n| >0,

if Equation (1.43) holds for the identity link, then it holds for ¢(-).

A sufficient condition for norm-recoverability is given below.

Condition 1.E.4. The random vector X = (X, Xo,---,X,) satisfies (1) X; = 1;
(2) Xy, -+, X, are independent; (3) EX; = 0,Var(X;) = 1for j = 2,--- ,p; (4)

| X;| < Bj,a.s. for j=2,---,p
Remark 1.E.2. X; =1 corresponds to the intercept (constant) term in a GLM.

Theorem 1.E.5. If X satisfies Condition 1.E.J, then there exist positive constants

Pos Mo, ¢ and C that only depend on By such that
(a) P(IX 8] >m) = po for any B with ||B] =1
(b) E(|X7B|) = nopo, for any B with ||B]] = 1

(c) if { X}, arei.i.d. copies of X, then with probability at least
M 8C
1—e M — exp < Po + plog(1 + —)) ,

2 NoPo

X has full column rank and

XT 770,00
HBH 1 M Z| ﬂ|
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We will establish several results that serve as the basis for Theorem 1.E.5, and
the proof of Theorem 1.E.5 will be deferred to the end of this section. The first result
shows that the small ball probability, P(]X ' 3| > n), being bounded away from 0 is a

sufficient condition for X to be norm-recoverable.

Lemma 1.E.6. Suppose X1, ..., X,, are i.i.d. copies of X and X = (X1,..., X,,)".

If there are positive constants n and p such that
P(IX '8l >n) >p, YIBI=1, (1.44)

then
(a) E(IXTB|) > np >0 for any B with ||B]| = 1
(6) P(L S IXT B = Snp) = 1= eap (=) for any B with ||8] =1

(c) Let ||X|| denote the operator norm of the matriz X. If P(||X|| > Cy/m) < e~

for some constants ¢ and C, then with probability at least
2 8C
1—e ™ —exp (—% + plog(1 + —)) ,
p

it holds that X has full column rank and

m

. np
inf — X8l >
18l=1 m ;| ! '6| — 4

Proof. (a) is trivial. For (b), let §; = 1 x7g,.,,. By Hoeffding’s inequality, P(3_%, & <

L) < exp (—mTpQ>. Note that the event {7, & > %2} implies that >, | X' 3] >
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%Py, Thus,

Z|XT5|< “np) <]P>Z§Z_ ) < exp (_mTﬁ).

For (c), we fixed a {4-net N to cover the unit sphere SP~'. By a volume argument,

NI < (1+ %)p. Under the event {||X|| < Cy/m} and the event

{g X Bl = = for all B € N},

for any ||B|| = 1, we can pick 8 € N such that |3 — B,|| < {&. Thus,

m

1 m
~ (g X, 8| - 2

ii (8- B0l < = IK(8 - B <

|X:ﬁ1|>

1

o<

S

where the first inequality is due to the triangle inequality, the second is due to
the generalized mean inequality, and the third is from the definition of the oper-
ator norm and || — Bi| < 7%. It follows that under these two events, we have
infy =1 = >0, | X' B] > np/4. This also implies that X3 is a non-zero vector for
any 3, and thus rank(X) = p. Since the union bound on the exception probability of

these two events is (1 + %)pexp <—mTp2> + e, we proved (c). O

In order to use Lemma 1.E.6 to prove Theorem 1.E.5, we need to establish a lower
bound on the small ball probability and an upper bound on the operator norm of the

synthetic covariate matrix.
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Lower Bounds on Small Ball Probability

We first show the condition (1.44) in Lemma 1.E.6 is implied by Condition 1.E.4.
The proof makes use of two classic results: the first lemma is a direct implication
of Hoeffding’s inequality, and the second lemma is standard in the literature of the

Littlewood—Offord problem.

Lemma 1.E.7. If X satisfies Condition 1.E.4, then for any y € RP with |ly|| = 1

and ly1| <1, and t > 0

P P 2

t
P X >1),P X < —1) | < ——
max<(zi2y > P i< >> ‘”‘”’< 2B%<1—y%>)

Lemma 1.E.8 (Lemma 3.1 in Litvak and Rivasplata (2012)). Let 2 < r < 3 and
p > 1. Suppose &,--- &, are independent centered r.v. with E|&|™ < p” for all

i=1,---,q. Lety € R? and ||y|| = 1. Then for every A >0

B¢ ), )7
B el > 0 2 (PR

We are now ready for the main result on the small ball probability.

Proposition 1.E.9. Assume X satisfy Condition 1.E.4 then there exist positive con-

stants ng and py that only depend on By, such that

P(IB"X]| > m0) > po, VBl =1. (1.45)

n++/(1-2B% log(1—p)—n2)(—2B3 log(1—p)) |
1-2B?log(1—p)

Proof. For any p,n € [0,1), define a function f(n, p) =
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f(n, p) is the larger root in [0, 1) of the following equation

. \/(1 pEYer: log(rlp) — . (1.46)

For any 7, p € (0,1), we separately consider |31| > f(n, p) and |B1] < f(n, p).

o If |31] > f(n, p), without loss of generality, assume 8; > 0. Let t* = 2B%(1 —

B2) log(l%p). Lemma 1.E.7 reads

P (i BiXi > —75) > p (1'47)

Since f(n, p) is the larger root of Equation (1.46) and 31 > f(n, p), one can check

Pr—t=p0— \/(1 — B1)2B;¢ log(l%p) >n. Thus, P(81 + 327, 8, Xi > 1) = p.

o If |51 < f(n,p), Lemma 1.E8withr =3,¢ =p—1,and y = (fa,...,5,)/\/1 — B}

implies that for any s > 0,

P L=B=s*\"_ (1= Fn,p) —5*)"
P(‘;BiXi’ZS>2((1_ﬁ1%>SB%) 2( (1—p7)8B7 ) '

For any s > f(n,p) +n, with |81| < f(n, p), we have

- 1_f2(7 )_52 ’
P(‘ﬂl“’;ﬁiXi’zn)Z( (1_%)88% ) : (1.48)

Note that f(n,p) is continuous on [0,1] x [0,1/2] and f(0,0) = 0. The same

holds for (f(n, p) +n)%+ f(n, p)*>. Therefore, there is some constant C' > 0 only
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depends on By, such that for all n, p € (0, C],

(f(n,p) +m)*+ f(n,p)* < 1.

Now take s = f(n, p) + n and substitute it into Equation (1.48). We see that

the right-hand side of Equation (1.48) is positive for any 7, p € (0, C]

=200 U 0O tm)?)3) - G-

Finally, fix any 0 < 79 < C and choose pg = min(C, ( Yz
1

bining the above two cases with n = ny and p = C, we showed

p ) _ 2\ 3
P(|5y + ZﬁiXi| > 1) = min(C, (1 . €) 8;{(770,0) ) ) ) =po > 0.
i—2 i

Upper Bounds for Operator Norm

We now show that the condition in Part (c) of Lemma 1.E.6 is guaranteed by
Condition 1.E.4, by deriving an upper bound on the operator norm of the synthetic

covariate matrix.

Proposition 1.E.10. If i.i.d. covariates X;’s satisfies Condition 1.E.j for i =

1,...,M, and M > p, then
P (HXH > t\/QM) < e oMy >

where the constants Cy,co > 0 depend only on By, the constant in Condition 1.FE.J.

Before the proof, we recall a classic result, Lemma 1.E.11, about the largest singu-
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lar value of a random matrix. This lemma holds for general independent subgaussian
random variables. A r.v. £ is subgaussian if its tail is dominated by that of a normal

random variable: there exists B¢ > 0 such that

t2
P(l¢] > t) < Zexp(—ﬁ), Vi > 0. (1.49)
3

The subgaussian moment of { is the minimal B such that this inequality holds. Note
that by Hoeffding’s inequality, a bounded and centered r.v. £ € [a,b] is subgaussian

with subgaussian moment b% Therefore, if X satisfies Condition 1.E.4 then its

coordinates are independent subgaussian with subgaussian moment Bj.

Lemma 1.E.11 (Proposition 2.3 in Rudelson and Vershynin (2009)). Let W be an
m X p random matriz, m > p, whose elements are independent subgaussian random

variables with uniformly bounded subgaussian moments. Then
P (W] > tv/m) < e "™, vt > C,

where Cy > 0 and ¢y > 0 depend only on the subgaussian moment B.

Proof of Proposition 1.E.10. Let W be the sub-matrix of X without the first column
(recall the first column corresponds to the constant term). By Lemma 1.E.11, we

have

P (||W|| > t\/M> <Myt > (.
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For any ¢ > max(1,Cp), on the event {||W|| < ¢+ M}, we have that for any 3 € R?

IXBII> = BIM + BLW WB_, + 2611, WB_,

< 2(8iM + BLWTWB) < 2(8M + 2 M(1 — 7)) < 26°M.
Thus, for any ¢ > max(1, Cp),

P <||XH > t\/m) <P <||W|| > t\/M) < emoM,

Synthesis

We can now use all the results derived above to show Theorem 1.E.5.

Proof of Theorem 1.E.5. By Proposition 1.E.9, Condition 1.E.4 implies that there are
no and py depending on B; such that Equation (1.44) holds for W = X. This proves
the result of Part (a). In addition, Part (a) of Lemma 1.E.6 implies E(|X " 3|) > nopo
for any B with norm 1. Therefore, we obtain the result of Part (b). By Proposi-
tion 1.E.10, Condition 1.E.4 implies that the condition in Part (c) of Lemma 1.E.6
holds. Then Lemma 1.E.6, together with Equation (1.44), implies the result of Part

(c). O
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1.E.3 Properness of Catalytic Priors
Catalytic Priors with Fixed Prior Weight

We begin with Theorem 1.E.12 and Corollary 1.E.13, which show the properness
of catalytic priors with finite M. These two results are combined into one presented

as Theorem 1.5.1 in the main text.

Theorem 1.E.12. Assume the synthetic covariate matrix X* has full column rank
and each synthetic response Y;* lies in ). Suppose cy = inf, .o |p(n)/n| > 0. Then

the catalytic prior with finite M is proper for any T > 0.

Proof of Theorem 1.E.12. For all 3 € RP, it holds that

o
PTB? > coy | IBI

Mz

M
2:: T5|>C¢>MZ! T5|>C¢>M

=1

where o, is the smallest eigenvalue of (X*)"X* /M (which is positive because X* has
full column rank). This means Condition (2) in Theorem 1.E.2 holds.

Furthermore, since each Y;*, 7 = 1,..., M, lies in ), which is an open set, there
exist u_,uy € Y,0 > 0,such that u_ <Y* -0 <Y *+d<wuy, foralli=1,.--- M.
Thus, Condition (1) in Theorem 1.E.2 holds. Theorem 1.E.2 (with w; = Y;*, w; = X/,
a=T,c = \/m ) implies that the integral of the unnormalized density function

is finite, which means the catalytic prior with finite M is proper. O

Theorem 1.E.12 requires every synthetic response to lie in ), which is guaranteed
when the synthetic response is taken to be the predictive mean of the sufficient statis-

tic as in the case of exponential families, as described in Section 1.2.3 in the main
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text. Corollary 1.E.13 relaxes this condition and allows a synthetic response to be on

the boundary of ). The condition 2 in Corollary 1.E.13 can be easily satisfied when

the stratified synthetic data generation is used.

Corollary 1.E.13. Let {(X/,Y): 1 <i < M} be the synthetic dataset. Suppose

1. ¢y :=1nf, o |0(n)/n] > 0,

2. there exists a set of linearly independent covariate vectors {mgo) :;7:1 such that

foreach1 < j<p

]' *
Xy o, Y

i:Xi*::I:j
3. for each 1 <1 < M, supy (Y;0 — b(0)) < logC for a constant C,
then the catalytic prior based on {(X},Y;*) : 1 <i < M} is proper for any T > 0.

Proof. We define another set of synthetic data points and weights:

_ 1
Xr=2" vr= >y
J Jjo J « 0 i
#{i: X = :13§ )} e
Xy =

Denote by 7 the catalytic prior corresponding to the synthetic dataset {(X 5 17]*) :

1 < j < p} and weights @w;. Using the proof of Theorem 1.E.12, we see that 7 is

81



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

proper. It follows that

/Rp eXP (% Z(YiW((Xz‘*)TB) - b(qzﬁ((Xi*)T,@))) 3

i=1

< O M=Eja®) o

/R exp (% D i X ="} x (Vo((X5)8) = blo((X ;)Tm)) 4B < oo,

where the first inequality comes from rearranging the terms and the third condition of
the corollary, and the second inequality is due to the properness of 7. This completes

the proof. O

Theorem 1.E.12 and Corollary 1.E.13 show that if the synthetic covariate ma-
trix has full column rank, then the catalytic prior with finite M is proper for any
7 > 0. The following theorem relaxes the full column rank assumption and shows
that the properness of catalytic priors can also be guaranteed with high probability
if the synthetic-data generating distribution satisfies some mild conditions. It also
provides upper bounds on the tail integrals of the catalytic priors, which are used in

Section 1.E.4 to study the convergence of catalytic priors.

Theorem 1.E.14. Suppose (i) there exists a compact subset Y™ of Y such that every
synthetic response is in Y™ with probability 1, (ii) the synthetic-covariate generating
distribution satisfies Condition 1.E.4, and (iii) cy := inf, 4o |¢(n)/n| > 0. Then there

exist constants C, and ¢ that only depend on Y™ and the exponential family, and
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constants pg, Mo, ¢ and C' that only depend on By, such that with probability at least

M p? 8C
1—e M _exp <— P + plog(1 + —)) ,
2 TloPo

the following holds
(a) X* has full column rank, the catalytic prior is proper for any T > 0, and
M

/||,6||e]Rp exp {% Z (Yz*cb((XZ*)TB) - b(ﬁb((Xl*)Tﬂ))) } dB < Cstirting

=1

C7(327p)P/?
(Tcenopod)P

(b) supgeps max;<ar (Y;0((X,")'8) — b(o((Xi")"B))) < log C.

(¢) For any K > 4p/(Tdcsnopo), we have

/nﬁ||>x - {M > (W el(X:)T8) = b(o((X:)8))) } s

i=1
Vo2rK
V/pe

< CtirtingCr exp(p — Tcgnopod KK /4)(

)P

Before proving Theorem 1.E.14, we state an analogous theorem for population
catalytic priors. The proof for both theorems relies on the same idea and uses Theo-

rem 1.E.5.

Theorem 1.E.15. Under the same conditions as in Theorem 1.E.1}, the following

holds

(a) the population catalytic prior is proper for any T > 0 and

C7(2mp)P/?

[, e 7B ) 8) = Hol(X) B} 8 < Con o
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(b) BY*¢((X*)'8) = b(¢((X*)'B))] < log C.

(¢) There exists a universal constant Csyiriing, such that for any K > p/(Tdcenopo),

we have

/HB||>K exp {TE[Y*¢((X*)T5) — b(gb((X*)Tﬁ))]} dB

VoK
/pe

< CstirtingCy exp(p — Tcgnopod K ) ( ).
Proof of Theorem 1.E.14 and Theorem 1.E.15. Since Y™ is a compact subset of ),
using an open covering argument, there exist some u_, u, € Y and o > 0 such that
for any u € Y™ it holds that u_ + 0 < u < u, — J. Since the synthetic response
is in Y™, so is the conditional expectation given the synthetic covariates. Thus,
Condition (1) in Theorem 1.E.3 and Condition (1) in Theorem 1.E.2 hold.

For Theorem 1.E.15

Under Condition 1.E.4, Theorem 1.E.5 implies that for any 3 € R?

E[(X*)"B| = nopollBII-

Therefore, for all 3 € RP, it holds that

El¢((X*)'B)] = csEl(X™) "Bl = comopoll Bl

That is, Condition (2) in Theorem 1.E.3 holds with ¢y = c4nopo. By Theorem 1.E.3
(with U =Y*, W = X* and a = 7), we conclude Theorem 1.E.15.

For Theorem 1.E.14
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Under Condition 1.E.4, Theorem 1.E.5 implies that with probability at least 1 —

e~ M — exp (—MQ’% + plog(1 + %)), X* has full column rank and it holds that

C 77000
inf — T > ~¢710F0
I8l=1 M Z [9((X5) B)l 4

Thus, Condition (2) in Theorem 1.E.2 holds with ¢; = ¢4n0po/4. By Theorem 1.E.2

(with u; = Y*, w; = X and a = 7), we conclude Theorem 1.E.14. O

Properness of the Joint Priors for (7, /)

Theorem 1.E.16. If I, ,(7) is taken as Equation (1.16) of the main text for lin-
ear regression or as Equation (1.17) of the main text for other generalized linear
models, where both o and v are positive, then under the same conditions in either

Theorem 1.E.12 or Corollary 1.E.13, the following holds:
(1) The joint prior on (T,3) is proper;
(2) For any o € (0,a), the o'-th moment of B exists;

(3) Denoting by ha~(T) the marginal prior on 7. If the MLE based on the synthetic

data exists, then lim,_, % log ho~(T) = —1/7v < 0.

Remark 1.E.3. The conclusions (2) and (3) indicate how the hyper-parameters «
and ~ affect the joint prior. Specifically, o controls the tail behavior of 3: the larger
a, the lighter the tail 3 has; « controls the tail behavior of 7: the larger v, the heavier

the tail 7 has.
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Proof. Denote by ¢(3) the log likelihood based on the synthetic data:

M

Since Conclusion (2) implies (1), we only need to prove (2) and (3).
Part 1. We first prove Conclusion (2). The proof is adapted from the proof of

Theorem 3.1 in Chen et al. (2000).

1(a). Suppose I'y - (7) is taken as Equation (1.17) of the main text for GLMs. By

Tonelli’s theorem, for any o' € (0, a),

L[ sty (< Dyr o+ o)) dgar
>0 J BERP v

— o F(p+04)
_ /ﬁ B e (1.51)

From the proof of Theorem 1.E.12 and the proof of Corollary 1.E.13, we know that

there exist positive constants ¢; and C; such that

exp(€(8)) < Crexp(—ci[|B])), VB # 0. (1.52)

Split the integral in Equation (1.51) into two: L(B)§n7c1\\ﬁ||/2 and ff(ﬁ)>ﬁ*C1|lBl|/2'

We will separately bound the two integrals (without the constant term I'(p+a) there).
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For the first integral, we have

, 1
o d
/f(ﬂ)<nqﬁ|l/2 15 (k+1/y = £(B))rte P

) | 1811~
< /e@gmﬁn/z 1B G esr=P = [, G+ alal2re

g,

where the last integral is finite by elementary calculus using the fact that o/ € (0, «).

For the second integral, we have

, 1
Bl* ds
/E(B>>n—c1nﬂn/z 151 (k+1/y = £(B))rte
;1
< % ————dB
/E(ﬁ>>n—cl||ﬁ||/2 | (1/)pte

;1
< o L , o\
B /é<m>ncl||ﬁ||/z 151 (Uv)pw@Xp( (B) +allBll/2 — k)dB

: Cl/ e | BIIY exp (=Bl + e8]l /2)dB
U4B)>r—cBll/2

SCl/ Ve |8 exp(—cillB] /2)dB,
BeRP

where the first inequality is because by definition of x it is no less than ¢(3), the
second inequality is due to the fact that £(3) + ¢1]|8]|/2 — k > 0 in the domain of the
integral, and the third inequality is due to Equation (1.52). The last expression is
finite due to its exponential tail. Therefore, we prove the conclusion of (2) for GLMs.

1(b). Suppose I'y ,(7) is taken as Equation (1.16) of the main text for linear
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regression. By Tonelli’s theorem, for any o/ € (0, «), we have

/ / 18| 7Pt 2 exp (—(n + o g Tf(ﬂ)) dBdr
>0 J BERP Y

= [ B e (153

R F 1)y — (@)

Equation (1.18) in Section 1.A implies that there exists a positive constant ¢, only
depending on the noise variance and the smallest singular value of the synthetic covari-
ate matrix such that £(8) < k—c||B—Bo||2. Splitting the integral in Equation (1.53)

into two: [, We can bound Equation (1.53)

B)<r—c2]|B—Pol|?/2 and ff(ﬂ)>f€—02||ﬂ—ﬂ~o||2/2'

similarly as before (ignoring the constant I'((p + «)/2) in the numerator):

/ 1
(it 17— (@)
/ 1

= d
(1/7 4 c2l| B = Bol|?/2)pFe)/2 p

| o

g
/Z(B)SR—C2||,3—[§0||2/2 2

<

811

/@(ﬂ)<n02||ﬂ[§|2/2

p 1
< / 181" i a8 < o,
s (17 + ol B — folB/2) w2

and
, 1
18] g
/ﬁ(ﬁ)>n—czﬁ—éoll2/2 (k+1/y —£(B))Pte)/2
, 1 N
< 8]° exp (£(8) + call B — Boll*/2 — ) dB
/e<5>>n—cm—60n2/2 (1/v + 0)pte)/2 ? 0
< / 1By 2exp (‘Czllﬁ — Boll* + 2| B — Bo||2/2> dg
L(B)>k—c2||B—PBol|%/2

= / 18117 2exp (e 18 = Boll?/2) dB < oc.
BeRP
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Combining the two cases, we conclude (1) and (2).

Part 2. We now prove Conclusion (3). Write the marginal prior for 7 as

h(7) oc TP texp (—T/’Y)/ eT B 43,
BERP

By L’Hopital’s rule,

. log h(T) . fgng (E(ﬁ) - K)GT(Z(B)in) dﬁ
lim ———~ = —1 1 . 1.54
Rt T 7+ rheo fﬁeRp ertB)=rd3 ( )
It remains to show
L(U(B) — K)eT B~ d3
lim Jperr(4B) — 1) =0. (1.55)

T00 f,BERP e !PB)=rd3

We state the following lemma.

Lemma 1.E.17. Suppose f(x) is a continuous function on R, and &y € RP uniquely
minimizes f(x) and f(xg) = 0. Furthermore, if there are some constants C' and w
such that

f(@) = C+ wllaf], (1.56)

then

e f@e
T—00 fweRP e—Tf(®) dp

By Theorem 1.E.12 and Corollary 1.E.13, the condition for Lemma 1.E.17 with

function xk — ¢(3) holds, and we conclude Equation (1.55). O

Proof of Lemma 1.E.17. Without loss of generality, we can assume xy = 0; otherwise,

let & =a — xo, C = (C' — wl|xo]|), then f(:i') = f(@+x) > (C —w|xo||) +w|E| =
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C + w||&||, i.e., the condition holds for f(&).
Part 1. We first show that the numerator is finite for any 7 > 0.

Note that £ (se™™) = (1 — 7s?)e"™ and lim,_oc se7™* =0, we have

fla)e @ = / (2 — 1)e="dt.
f(=)

By Fubini’s theorem, we have

fla)e ) da
xTERP

/ / (712 — 1)e "'dtdx

xcRP

- / (tt* — 1)e "'dt / Lis f(z)dee. (1.57)
0 xERP

By the condition of the lemma, f(x) < ¢ implies ||| < =£. Thus, |

xERP 115>f(f'3)d:B <

Cp(%)p, where the constant C, is the volume of a p-dimensional unit ball, and

Equation (1.57) can be bounded from above by

P(rt? — 1)e” "dt < oo.

fl@)e ™ ®de < C, /

xERP

Part 2. For any ¢ > 0, we split the numerator into two parts:

xERP

f()e ™ @ dg g/ fx)e ™ @ dg +/ f(x)e ™ @ dg
f(@)<e f()

< e/ e T/@ dw~|—/ f(x)e ™ @ de (1.58)
xzeRP f(x)
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Fixed any 79 > 0, say 790 = 1. For any 7 > 7, if f(x) > €, then

f(il?)e_Tf(x) — f(m>€—70f(a:)e—(7—7—o)f(zc) < f(a})e_TOf(m)e—(T—To)e'

Therefore, the second integral on the right-hand side of Equation (1.58) can be

bounded by

e (Tmo)e / f(z)e ™ @ dg. (1.59)
flx)>e

We next bound the denominator from below. By the continuity at &y = 0, there

exists . > 0 such that for any |lz|| <, f(z) < ie. Thus,

/ e @) g > / e @ dx > e75C, 0P (1.60)
TERP ]| <o,

Combining Equation (1.58), Equation (1.59) and Equation (1.60), we conclude

that

fweRP f(@)e™ ) dw €+ e ff(w)>e f(x)e ™/ @ dy

fweRP e~/ @ dx B 6_5601765 ’

whose right-hand side converges to e + 0 as 7 — oo. Since € > 0 is arbitrary, we

conclude that the limit of ([ g, f(z)e"™@dx)/(].

xeRP

e~ @) dx) is 0. O

1.E.4 Convergence from Catalytic Prior with finite M to

Population Catalytic Prior

We will establish the convergence of the catalytic priors in this section. Recall that
the total variation distance between two distributions with density m; and 7, is defined

as dyy(m, m) = [|m(B) — m2(8)]dB. Our strategy to show the convergence in total
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and f

18I> K and then obtain bounds

variation is to first split the integral into f\l Bl|<K
on each in terms of K. By choosing K in an appropriate way (see Section 1.E.4),
we can obtain an upper bound on the total variation distance. Since upper bounds
on the integrals of catalytic priors on ||3|| > K have already been established in
Section 1.E.1, the remaining effort is to quantify the uniform convergence of the log
likelihood function on ||3]| < K for a fixed K. Section 1.E.4 focuses on this uniform
convergence.

Section 1.E.4 directly computes the KL-divergence between the catalytic prior
with finite M and the population catalytic prior in the case of linear regression mod-

els and obtains an upper bound. This bound for the linear regression case is of

independent interest because it holds for all 7 > 0, unlike the ones for other GLMs.

Uniform Convergence On a Compact Set

Throughout this section, we denote

(y,0) = yb — b(0).

The goal of this section is to find a probabilistic bound on

o EFEKLZW*,(XZ-*)TB)—Eem*,(Xﬁ)Tm)- (1.61)

Once a bound on Zk is obtained, the integral of the absolute difference in the two
prior densities on ||B|| < K can also be bounded.

Let Zy = +; SM(0(Y,0) — EL(Yy,0)), which corresponds to taking 3 = 0 in
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the likelihood. We first bound the expectation of Zx — Z,.

Lemma 1.E.18. Assume || X}||? < V2 and the log likelihood function ((y,0) is

Lipschitz-L in 0, then
AKLVy

E(Zx — Zp) < Nl

The proof of this lemma is based on two classical lemmas in the literature of
empirical processes and concentration of measures. They are presented below for
completeness. A random variable € is called Rademacher if P(e = 1) = P(e = —1) =

1/2, i.e., it is a symmetric Bernoulli r.v. on +1.

Lemma 1.E.19 (Symmetrization theorem, Theorem A.2 in Van de Geer (2008)).
Let Uy, ..., U, be independent random variables with values in some space U, and let

€1,...,€6, be a Rademacher sequence independent of Uy, ..., U,. Let I be a class of

) (1.62)

Lemma 1.E.20 (Contraction theorem, Theorem A.3 in Van de Geer (2008)). Let

real-valued functions on U. Then

n

: (i&? 2

=1

Zﬁi’Y(Ui)

RA

(i) - EPY(UZ)}') <2E (sup
Z1,...,%, be nonrandom elements in some space X, and F is a class of real-valued
functions on X. Consider Lipschitz function v; : R — R, that is,

() = %) < |s =3, Vs,5ER (1.63)
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Let €1, ..., €, be a Rademacher sequence. Then for any function fy: X — R, we have

sup
feF

Proof of Lemma 1.E.18. Let €1, ..., €ep be a Rademacher sequence independent with

feF

Ze,{f (x;) fo(:zcz)}D )

(1.64)

ZGZ{% f(x:)) = v(fo(z) }’) < 2E (sup

all the synthetic data. We have

E(Zx — Zy)
= EIIEFEK|LZ(€<Y* (X)) — BUY;, (X.7)TB) = [€(Y;",0) — EL(Y, 0)]) |
< 2k sup K > (07, (X)T8) = ((v7,0) |

(by symmetrization, Lemma 1.E.19)

1 M
<A4LE sup |— > & ((X:")'8-0)]
IBI<K ZZI ( )

(by contraction principle, Lemma 1.E.20)

M
< 4L]EH§h1p II—ZEZXZ*”HBH
i=1

AK LVx

M
1
<ALK— |E| S eX7)? <
<ok I <

with the following reasons:

(1) the second inequality: apply Lemma 1.E.19 with U; = (V;*, X/) and I' =

{1s(U:) = (Y7 (X:7)TB) 1Bl < K}
(2) the third inequality: we first condition on the synthetic data, and then apply
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Lemma 1.E.20 with z; = X}, F = {fs(z) = '8 : ||B]]| < K} and ~;(s) =

(3) the fourth and fifth inequalities are due to the Cauchy-Schwarz inequality, and

the last inequality is due to the independence between ¢; and X .
m

Next we adapt a theorem from Boucheron et al. (2013) to bound the deviation of

Zx — Zg from its expectation.

Lemma 1.E.21. Assume || X}||> < V& and the log likelihood function {(y,0) is

Lipschitz-L in 0 for |0] < KV, then

< efsmin(s,m) (165)

LK
IP’(ZK—ZO—E(ZK—ZO)ZS Vx )

i S

Proof. Let Wig = (Y7 (X7)'8) — BUY;, (X)) B) — [6(Y;",0) — (Y}, 0)]).

1
2LKVx

Then EW; g = 0 and

sup |W;g| <1,
IBII<K

because £(y, ) is Lipschitz-L in 6 for [§] < KVx and supg<x [(X;*) 8] < KVx.
Let 22 := Esupgcx doioy Wig and 0? = supgi<x S EW24. Clearly £2 < M

and o? < M. By Theorem 12.2 in Boucheron et al. (2013), we have

M M
t2
P < sup ZW@@ —[E sup ZWiﬂ > t) < exp (—m) ,

IBI<K ;2 I8lI<K ;=
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which directly implies that

2LKV t ot
P (ZK ~ 2o~ E(Zx — Zo) 2 = Xt) < exp (— min( . 16—M)) .

Setting ¢t = 4sv/ M, we obtain the result. O]

Combining Lemma 1.E.18 and Lemma 1.E.21 together, we have the following

theorem.

Theorem 1.E.22. Assume || X}||> < V2 and the log likelihood function ((y,0) is

Lipschitz-L in 6 for |0] < KVx, then

12LKV .
P <ZK > —Xs) < e smin(s, VM) (1.66)
VM

Proof. Note that ¢(y,0) =y -0 —b(0) = —b(0), so by definition

M

1 * *
Zy = MZ(E(YZ- ,0) — EL(Y;,0)) = 0.

=1

We have

12LKV 12LKV
]P)(ZKZ—XS> — IP’(ZK—ZOZ—Xs)
VM VM

P (ZK — Zy > E(Zx — Zo) +

IA

SLKVx 5)
v M

— s min(s,v/M
<e smin(s )7

where the first inequality is due to Lemma 1.E.18, and the second inequality is due

to Lemma 1.E.21. O

96



Chapter 1: Catalytic Prior Distributions for Bayesian Inference

Convergence in Total Variation
We begin with an elementary lemma, which formalizes the key steps to show the

convergence in total variation.

Lemma 1.E.23. For two measurable functions f,g on RP with integrable exponents,
let Iy := fﬁem eldB € (0,00) and I, = fﬁeRP eddB € (0,00). Suppose €1, €y are

finite positive numbers such that

1. sup [f(B) —g(B)| < €.

IBlI<K

2 o€ B S @ figiedB < e
Then
/ < Liig <2 - 1)
T 7 <2(e — 1)+ —
gere Iy 1y I;

Proof. This proof is elementary.

ef  eY
|15 -
BeRrr Lf g

lef — e / 11

g/ g+ | et —1dB
BERP Iy BERP Iy I

1

1
= — e/ —e9|dB + —|I; — I,]. (1.67)
Iy Jpere Iy

Note that on ||B]| < K, |ef —e9| < (et — 1)e’. It follows that

If—Ig:/ (ef—eg)d,ﬂ—f—/ efdp — eddB < (e — 1)1 + €.
IB<K Il8>K I18>K

Similarly we have I, — Iy < (e® — 1)If 4+ €o. Thus, |I, — If] < (e — 1)If + €.
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Therefore, we can bound the right-hand side of Equation (1.67) by

1 3
— (262 + / ef (e —1)dB + (e — 1)1 + 62> <2(et—1)+ oz
Iy IBl<K Iy

]

We now use this lemma together with Theorems 1.E.15 and 1.E.14 to prove the

convergence in total variation.

Theorem 1.E.24. Suppose there exists a compact subset Y™ of Y such that every
synthetic response is in Y™ with probability 1, and the synthetic covariate sampled
satisfies Condition 1.E.4 and cy := inf, 4 |¢(n)/n] > 0. Suppose also the log likeli-
hood function ((y,0) is Lipschitz-L in 0. Then there exist constants C, and § only
depending on Y™ and the exponential family, and constants py, 1o, ¢ and C that
only depend on the constant By in Condition 1.E.4, such that for any € € (0,1), and

v € (0,1), for any M > My := max (3L\/pB1 K, 1)2log(1/u), where

— T5cenopo Tdcsnopo 2
(1.68)

8 \/1287p/e
K—‘r —=  —nax <log(OStirlingOT) - 1Og(Icat,oo€) +p10g(—p/) 2) )

we have that the total variation distance dpy (Teat nr, Teato) < DE with probability at

lest

Mp? 8C
l—v—eM—emp (—ﬂ+plog(1+—)) . (1.69)
2 TloPo

Remark 1.E.4. Based on this result, we can further study the rate of convergence.

~Y

We will use the asymptotic notation a, < b, (and a, 2 b,) to indicate sup,, < oo

(and inf, = > 0) for any positive sequences a,, b,. We also use a, < b, if a, 2 by,
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and a,, < b, hold simultaneously. If we ignore all constants (such as 7, d, ¢, 1o, po, C)

that do not depend on p or M, then

K = plogp +log(- ) -)

plogp + log(——)
My = p( : featoeC)2100(1/1). (1.70)

We can assume log(1/v) > 1 and log(1/¢) > 1, since only small values of v and e
matter. Together with p > 1, Equation (1.70) implies /M 2 1. Therefore log(2) <

log My. Plugging in Equation (1.70), we have

M, log(1
€ < (plogp + log °) plos( /V) (1.71)
[cat,oo MO

This analysis suggests that the total variation dry (Teat s, Teat0o) decays roughly at

the rate of O(\/P3 IOgQ(P)J\ZPIOgQ(M))‘

Remark 1.E.5. For fixed p and 7, one can take C} sufficiently large such that for

any v € (0,1/6) and € € (0, 1), the following inequalities hold

p% (log(l/V) + plog(1 + 50—2)) <Cy 10g(3iy), (1.72)
Slog(1/v) < Cilog( ), (1.73)
(%L\/ﬁBllﬁ) <01@ (1 +log2(é)) : (1.74)
1 , 1
1<Cizs (1 +log (i)) . (1.75)

For any ¢ € (0,1/2) and ¢; € (0,5), if M > C} (1 + log%i)) % log(%), substituting
1
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v = ¢/3 and € = ¢, /5 in the above inequalities (Equation (1.72) to Equation (1.75)),

we have
2 8C log(1
M > — (log(l/u) + plog(1 + —)> , M > M, (1.76)
Po 100 c
and
24 2
M > max | —L/pB1K;,1) log(1/v). (1.77)
€

Using Equation (1.76), the probability in Equation (1.69) is bounded from below by
1 —3v =1 — €. Therefore, Theorem 1.E.24, together with Equation (1.77), implies
that with probability at least 1 — €y, the total variation distance dry (Teatar, Teat. o)
is bounded from above by 5e = ¢;. This result corresponds to the first statement in

Theorem 1.5.5 of the main text.

Remark 1.E.6. The assumption on Y™ is automatically satisfied if the synthetic-
data generating model is a sub-model, say g¢.(- | X*,Y,X) = f(- | BTX*), and
the synthetic response is replaced by the predictive mean under the synthetic-data
generating model. The reason is the following. Under Condition 1.E.4, || X*| is
bounded and ﬁTX * lies in some compact set © C R. This implies that every synthetic

response will lie in the image b'(©), which is also compact because ¥(+) is continuous.

Proof of Theorem 1.E.24. Denote by ngt, v and ngtyoo respectively the unnormalized

density functions of the finite-M catalytic prior and the population catalytic prior,

U

and denote by I.qar and Ieq o respectively the integrals of ngt’ v and T at 00"

We directly apply Theorem 1.E.14 to get all the constants and all the inequalities.

Denote by A; the event that (a)-(c) in Theorem 1.E.14 hold. On this event, for any
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K > 4p/(Tdcemopo), we have

VorK
V/pe

2
= CStirlingCI(p_Z)p/2ep [erxp(—ZTC'gK)] s

/ Wgzt,Mdﬁ < ClstirtingCrexp(p — Tcenopod K /4)( )P
1Bl>K

where Cy = cynopod/8. Using the elementary fact that for all a, b and = > 0, it
always holds that alogz — bx < —bx/2 4 alog(2a/b) — a, we know that the above
right-hand-side is bounded by (taking x = K, a = p and b = 27C5)

27p

o2 exp (—7CLK) '
e

(Tcg)p

/ 7TcUat‘,Md/B < CSt’irlingC:( (178)
I1811>K

A similar argument using (a)-(c) in Theorem 1.E.15 shows that the right-hand side

of Equation (1.78) is also an upper bound for [ 5 _ . a0 dB-

27p/

For any e € (0,1), let Ky = % (log(CStirlmgCT) +1og(1/(Leat,0€)) + plog(¥ ch e)))

Let

K = max(Ky,4p/(Tdcymopo))-

It is straightforward to check that if K > K, then the right-hand side of Equa-
tion (1.78) is no greater than I.q; ~c€.

Let Vx be \/pBi. Condition 1.E.4 implies || X/||* < pBf = VZ. By Theo-
rem 1.E.22, for any v > 0 and any M > log(1/v), it holds with probability at

least 1 — v that

12LK. V.
sup | log(miy, v) — log(miy, 0)| < X g (1/). (1.79)
IBII<K vM
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Theorem 1.E.14 and Theorem 1.E.22 show that with probability at least

Mp? 8C
l—v—eM _exp (— fo —i—plog(l—l——)) )
2 ToPo

both events A; and Equation (1.79) hold, in which case Lemma 1.E.23 implies that

log(l/y)) —1)+ ]ifwt’ooe.

cat,00

120K, Vy
VM

dTV (Wcat,Ma 71-cat,oo) S Q(GXp (

Furthermore, if M > (%)Zlog(l/y), then using the fact that e* < 1+ 2z for
x € (0,1),

dTV(Wcat,Ma 7Tcat,oo) S 2<€XP (6/2) - 1) + 3€ S He.

Convergence of Catalytic Priors for Linear Regression Models

Theorem 1.E.24 requires the technical Lipschitz condition of the likelihood, which
does not apply to linear regression models. In this section, we study the convergence
of catalytic priors for linear regression with Gaussian noise. It is interesting to note
that the catalytic prior for linear regression has a convergence rate that does not
depend on 7. This also guarantees the use of small value of 7 for linear regression,
which may not be suitable for other GLMs.

In this section, we use the same notation as in Section 1.A, where we have shown
that for a linear regression model, the catalytic prior Te, s is N(Bo, 0% (L (X*)TX*)™h),
and the population catalytic prior e 0 is N(Bo, 02(78x) "), where By is the esti-

mated parameter under the synthetic-data generating distribution (and the predictive
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mean under the synthetic-data generating distribution is E,-(Y*| X* = &) = 2 By).

Theorem 1.E.25. Suppose X7,..., X}, are i.i.d. drawn from the independent re-
sampling distribution, and | X}|ls < Vx. Let 0% be minggjgpa/%;j (which is positive
by assumption). Then for any 6 > 0 and any M > E(};—i)QIOg(%’), it holds with

9

probability at least 1 — 6 that

Vx 1 D
KL(Top oo Tornt) < 2951 = log (). 1.80
(Treat,00> Teat, M) PV Og(d) (1.80)

Remark 1.E.7. Condition 1.E.4 implies || X7||? < pB?, that is, Vx can be taken as

/PBi. 1t follows that the KL-divergence decays at the rate of O(y/ %). This rate

is slightly faster than the rate in Theorem 1.E.24, which is O(\/ plog?(p )]Tf logQ(M)).

See Remark 1.E.4.

Proof of Theorem 1.E.25. Let Dyx be the diagonal matrix diag {1,0/%:2, e ,a/g-;)}.
Under the independent resampling distribution, the limiting covariance matrix X x =

limar—eo %(X*)TX* is the diagonal matrix Dy, i.e., Xx = Dyx. We first prove that

for any ¢t > 0 and any M, with probability at least 1 — p - exp (_+Vx>7
201432 2%)

Vx
\/MO'X

L 1/2 iy Tes y—1/2
|57 D5 (X)X D — 1, < t (1.81)
Define U; = D)_{l/ X 7. Under the conditions of the theorem, we have

|U;|| < &, and RU,U;" = I, (1.82)
Ox

Let 3 = L(UU — I,) and A = LDA(X)TX*D* — I,. Then A = M 3,
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Note that 0% = min; 0% ; < V3. Equation (1.82) implies

1+ VE/o% < 2\/)%/0?(.

| <
=) < A < SR

We use the expression A < B to indicate that B — A is positive semi-definite.

M
1
2 T T
EZE WZ(EUiUi UU - I,)
i=1
M
1 Vo T
<
= MZ (<0X> EUU, I)
2
LA

where the first equality and the third inequality uses EU;U;" = I,,, and the second in-
equality is due to U, U; = ||U;||? < (Zﬁ )2. Applying the Matrix Bernstein inequality

(Theorem 1.4 in Tropp (2012)), we have that for all s > 0,

—5%/2
P(HAH > S) < p-exp (Vx/ox)? | 2s(Vx/ox)? |~
M + 3M

Substitute s = t(Vx/ox)/vM into the last right-hand side, we conclude

tVX/O'X

t2
P(lA[l > )<p-exp|— : (1.83)
A+ 2 B

which is Equation (1.81).

Now we compute the KL-divergence between the catalytic prior

Teat,0o0 ™ N(BO) 02(T<X*)TX*/M)_1)
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and the population catalytic prior e ar ~ N(BO, o’ (tDx)™).
By the definition, the KL-divergence between two multivariate normal distribu-

tions N (1, Q71 and N (o, 251) is

(tr(92; ') + log det (125 1) — p + tr(Qa(p2 — 1) (2 — 1) 1) -

N =

Take €, = 7(X*)TX*/(Mo?) and Q3 = 7Dy /02 Then A = Q;/20,0;"% — I, and

(tr(27'Qs) + log det (2,95 ") — p) .

N | —

KL(ﬂ-cat,ooa 7Tconf,M) =
By the cyclic property of matrix trace, we have
(7)) —p= tr(Q7 (0 — ) = — (B 07V A) = — (I, + A)'A).

Let the eigenvalue decomposition of A be VAV, where A is a diagonal matrix whose
diagonal entries are A,...,\, and V is an orthonormal matrix. By V'V = I,, we

have

tr(2,'Qs) — p + logdet(2,Q5 ') =logdet(I, + A) — tr((I, + A)'A)

p s
:; (log(l + ) = 5 +Ai> :

Note that the inequality log(1 + A) — A/(1 + A) < 2|A| holds for any |A| < 1/2, so on
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the event ||A|l < 1/2, we have
p
(1 02) — p +logdet(€057) 237 1] < 2]AL
i=1

which means that
KL(ﬂ-cat,ooa 71-cat,M) S p“AH .

For any 6 > 0, if

M > —(ZX)2log(t

2(Vx /ox)4/41og(%)

then VT

< 1, and we can take ¢ = |/4log(%) in Equation (1.83) to

conclude that

P (HAH > (Vi /ox) 41?;4(%)) <

and

4log(E
P <KL(7Tcat,ooa 7Tcat,M) > p(VX/JX) ]\4(5)> < J.

This concludes the proof of the theorem.

O

Remark 1.E.8. The last inequality does not depend on the value of 7, which implies

that one can use a small value of 7 in the catalytic prior for linear regression models.

Remark 1.E.9. As a special case, when Vy = 1 and ox = 1, for any ¢ > 0, if

M > % log(%) then with probability at least 16, it holds that KL(cat 00, Teat, i) < €.
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Conditional Knockofts for Variable

Selection

2.1 Introduction

2.1.1 Problem statement

In this work we consider random variables (Y, Xy,..., X,) where Y is a response
or outcome variable, each X, is a potential explanatory variable (also known as a
covariate or feature) and p is the dimensionality, or number of covariates. For instance,
Y could be the binary indicator of whether a patient has a disease or not, and X;
could be the number of minor alleles at a specific location (indexed by j) on the
genome, also known as a single nucleotide polymorphism (SNP). A common question
of interest is which of the X; are important for determining Y, with importance

defined in terms of conditional independence. That is, X is considered unimportant
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(or null) if

Y LX;| X, (2.1)

where X ; = {X,..., X, } \ {X,}; stated another way, X, is unimportant exactly
when Y’s conditional distribution does not depend on X;. Denote by H, the set
of all j such that X, is unimportant. As discussed in Candes et al. (2018), under
very mild conditions the complement of the set of unimportant variables, i.e., the
important (or non-null) variables, constitutes the Markov blanket S of Y, namely,
the unique smallest set S such that Y I Xg | X.g. Note that when Y | X,..., X,
follows a generalized linear model (GLM) with no redundant covariates, the set of
important variables exactly equals the set of variables with nonzero coefficients, as
usual (Candes et al., 2018).

In our search for the Markov blanket we usually cannot possibly hope for per-
fect recovery, so we instead attempt to maximize the number of important variables
discovered while probabilistically controlling the number of false discoveries. In this
work, as with most others in the knockoffs literature,* we consider the false discovery
rate (FDR) (Benjamini and Hochberg, 1995), defined for a (random) selected subset
of variables S as

FDR := E[=——%], (2.2)

i.e., the expected fraction of discoveries that are not in the Markov blanket (false
discoveries), where we use the convention that 0/0 = 0. Controlling the FDR at,

say, 10% is powerful as compared to controlling more classical error rates like the

1Janson and Su (2016) show how the last step of knockoffs can easily be modified to control
other error rates such as the k-familywise error rate.
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familywise error rate, while still being interpretable, allowing a statistician to report
a conclusion such as “here is a set of covariates S , 90% of which I expect to be

important.”

2.1.2 Our contribution

In our discussion of approaches to this problem, we will draw on a fundamental
decomposition of the joint distribution Fy x of (Y, Xi,...,X,) into the product of
the conditional distribution Fyx of Y | Xy,..., X, and the joint distribution Fx of
Xi,...,X,. The canonical approach to inference, which we refer to as the ‘fixed-X’
approach, assumes Fy|x is a member of a parametric family of conditional distribu-
tions (e.g., a GLM), while placing weak or no assumptions on Fx. In fact, the fixed-X
approach usually treats the observed values of X;,...,X;, for i =1,...,n as fixed,;
that is, it performs inference conditionally on the observed values of Xj,..., X, in
the data, which also allows the covariate rows to be drawn from different distri-
butions or even be deterministic (fixed). The approach proposed in Candes et al.
(2018), referred to therein as the ‘model-X’ approach, assumes the observations
(Y, Xi1,. ., Xip) i Fy x and places no restrictions on Fx but assumes it is known
exactly, while assuming nothing about Fy|x. So, to summarize slightly imprecisely,
the canonical, fixed-X approach to inference places all assumptions on Fy|x and none
on Fx, while the model-X approach does the opposite by placing all assumptions on
Fx and none on Fy|x.

Note that both Fy|x and Fx are exponentially complex in p: in the simple

case where each element of (Y, Xy,...,X,) is categorical with k categories, i.e.,
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(Y, Xq,...,X,) € {1,...,k}"! it is easily seen that a fully general model for Fy x
has (k — 1)kP free parameters while Fx has only slightly fewer with &7 — 1. So both
fixed-X and model-X approaches astronomically reduce an exponentially large (in p)
space of distributions in order to make inference feasible, highlighting the importance
of robustness, assumption-checking, and domain knowledge for justifying the result-
ing inference; see Janson (2017, Chapter 1) for a detailed discussion of the role of
fixed-X and model-X! assumptions in high-dimensional inference. With that said,
one apparent advantage of the fixed-X approach is that it does not require ezact
knowledge of Fy |x, while the model-X approach of Candes et al. (2018) does require
Fx be known exactly.

The present work removes this apparent advantage by showing that model-X
knockoffs can still provide powerful and exact, finite-sample inference even when the
covariate distribution is only known up to a parameterized family of distributions
(also known as a model), as opposed to known exactly. In fact, in Section 2.3 we will
show examples in which the number of parameters we allow for F'y’s model is Q(n*p),
where n* is the total number of samples of X (including unlabeled samples), which is
always at least as large as the number of labeled samples n, and can be much larger
in some applications. This is much greater than the number of parameters allowed
in the model for Fy|x in fixed-X inference (see Section 2.1.3). Table 2.1 provides a
summarized comparison of the model flexibility allowed in the fixed-X and model-X

approaches.

ITherein referred to as ‘model-based’ and ‘model-free’, respectively.
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Model for Fy|x Model for Fx
Fixed-X | o(n) parameters'2 arbitrary
Model-X (Candes et al., 2018) arbitrary 0 parameters
Model-X (this work) arbitrary Q(n*p) parameters

Table 2.1: Maximum complexity of models allowed by existing methods (see Sec-
tion 2.1.3) and our proposal (see the list in Section 2.2.2 and also Section 2.2.3 for
the explanation for 2(n*p)) for controlled variable selection. Note that without as-
suming a model, Fy|x and Fy are of similar complexity (exponentially large in p).

Of course the above discussion and table refer only to the mathematical complexity
of models allowed by the fixed-X and model-X approaches. An analyst’s decision
between them should depend on how well domain knowledge and/or auxiliary data
support their (very different) assumptions. But in light of Table 2.1, it seems the
conditional model-X approach is easiest to justify unless substantially more is known

about Fy|y than F.

2.1.3 Related work

By far the most common fixed-X approaches to inference rely on GLMs with p
parameters, reducing model complexity from exponential to linear in p. When p is
smaller than the number of observations n, inference for GLMs other than Gaussian
linear models relies on large-sample approximation by assuming at least p/n — 0
[Huber1973, Portnoy1985]. Note that the commonly studied problem of inference for

a single parameter can generally be translated to FDR control using the Benjamini—

'In the exceptional case of Gaussian linear regression, n parameters are allowed.

2Except for Gaussian linear regression, fixed-X inferential guarantees are only asymptotic.
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Hochberg (Benjamini and Hochberg, 1995) or Benjamini—Yekutieli (Benjamini and
Yekutieli, 2001) procedures (see, e.g., Javanmard and Javadi (2019)), so that it makes
sense to compare such inference with our work that is focused on multiple testing. In
high dimensions, i.e., when p > n, even reducing the complexity of Fy x to p parame-
ters with a GLM is insufficient for fixed-X inference, as GLMs become unidentifiable
in this regime due to the design matrix columns being linearly dependent. Early
solutions for fixed-X inference in high-dimensional GLMs relied on S-min conditions
that lower-bound the magnitude of nonzero coefficients to obtain asymptotically-valid
p-values for individual variables (see, e.g., Chatterjee and Lahiri (2013)). More re-
cent work removes the S-min condition in favor of strong sparsity assumptions on the
coefficient vector, usually o(y/n/log(p)) nonzeros, with notable examples including
the debiased Lasso (see, e.g., Zhang and Zhang (2014); Javanmard and Montanari
(2014); van de Geer et al. (2014)) and the extended score statistic (see, e.g., Belloni
et al. (2014, 2015); Chernozhukov et al. (2015); Ning and Liu (2017)), both of which
provide asymptotically-valid p-values for GLMs with some additional assumptions
on the ‘compatibility’ of the design matrix. In recent work that seems to straddle
the fixed-X and model-X paradigms, Zhu and Bradic (2018a) and Zhu and Bradic
(2018b) compute asymptotically-valid p-values for the Gaussian linear model without
any extra restrictions like sparsity or S-min on Fy|x, but with added assumptions on
Fx about the sparsity of conditional linear dependence among covariates.

Another branch of recent research called post-selection inference can be viewed as
a different approach to high-dimensional inference: it aims to test random hypotheses

selected by a high-dimensional regression and provide valid p-values by conditioning
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on the selection event (see, e.g., Fithian et al. (2014); Lee et al. (2016) for foundational
contributions, and Candes et al. (2018, Appendix A) for more about the difference
between post-selection inference and our approach).

The method of knockoffs was first introduced by Barber and Candes (2015) for
low-dimensional homoscedastic linear regression with fixed design. The model-X
knockoffs framework proposed by Candes et al. (2018) read this idea from a dif-
ferent perspective, providing valid finite-sample inference with no assumptions on
Fy|x but assuming full knowledge of Fx. Exact knockoff generation methods have
been found for F following a multivariate Gaussian (Candes et al., 2018), a Markov
chain or hidden Markov models (Sesia et al., 2018), a graphical model (Bates et al.,
2020), and certain latent variable models (Gimenez et al., 2019). In the case that Fx
is only known approximately, the robustness of model-X knockoffs is studied by Bar-
ber et al. (2018). When Fx is completely unknown some recent works have proposed
methods to generate approximate knockoffs (Jordon et al., 2019; Romano et al., 2019;
Liu and Zheng, 2019) which have shown promising empirical results, particularly in
low-dimensional problems, but come with no theoretical guarantees. In contrast, the
current work proposes to construct valid knockoffs that provide exact finite sample
error control.

This work is based on the idea of performing inference conditional on a suffi-
cient statistic for F'x’s model so as to make that inference parameter-free. In low-
dimensional inference, likely the simplest example of such an idea is a permutation
test for independence, which can be thought of as a randomization test performed con-

ditional on the order statistics of an observed i.i.d. vector of scalar X with unknown
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distribution (the order statistics are sufficient for the family of all one-dimensional
distributions). Although permutation tests can only test marginal independence,
not conditional independence as addressed in the present work, Rosenbaum (1984)
constructs a conditional permutation test that does test conditional independence
assuming a logistic regression model for X; | X ;, and allows the parameters of the
logistic regression model to be unknown by conditioning on that model’s sufficient
statistic. However that sufficient statistic is composed of inner products between the
vector of observed X,’s and each of the vectors of observed values of the other co-

variates X_;

_j» precluding inference except in the case of covariates with a very small

set of discrete values, and almost entirely precluding inference in a high-dimensional
setting.! A different conditional permutation test was recently proposed by Berrett
et al. (2018) to test conditional independence in the model-X framework, but while
their conditioning improves robustness, they still require the same assumptions as the
original conditional randomization test (Candes et al., 2018), namely, that X; | X,
is known exactly. To our knowledge, the present work is the first to use the idea of
conditioning on sufficient statistics for high-dimensional inference, enabling powerful
and exact FDR-controlled variable selection under arguably weaker assumptions than

any existing work.

2.1.4 Outline

The rest of the chapter is structured as follows: Section 2.2 describes the main

result and the proposed method of conditional knockoffs to generalize model-X knock-

1See the paragraph preceding Rosenbaum (1984, Theorem 1) for a description of the test’s
limitations.
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offs to the case when Fx is known only up to a distributional family, as opposed to
exactly. Section 2.3 applies conditional knockoffs to three different models for Fly,
and provides explicit algorithms for constructing valid knockoffs. Simulations are also
presented, showing that conditional knockoffs often loses almost no power in exchange
for its increased generality over model-X knockoffs with exactly-known Fx. Finally,
Section 2.4 provides some synthesis of the ideas in this work and directions for future

work.

2.2 Main Idea and General Principles

Before going into more detail, we introduce some notation. Suppose we are
given i.i.d. row vectors (Y;, X;1,...,X;,) € RP™ for i = 1,...,n. We then stack
these vectors into a design matrix X € R™? whose ith row is denoted by x| =
(Xi1,...,X,p) € RP, and a column vector y € R™ whose ith entry is Y;. We are
about to define model-X knockoffs (X;1,...,X;,), and X € R™? will analogously
denote these row vectors stacked to form a knockoff design matrix. A square bracket
around matrices, such as [X, X], denotes the horizontal concatenation of these ma-
trices. We use [p] for {1,2,...,p}, and i: j for {i,i+1,...,7} for any i < j; for a set
A C [p|, let X 4 denote the matrix with columns given by the columns of X whose
indices are in A, and for singleton sets we streamline notation by writing X; instead
of X¢;. For sets Ay,..., Ay, denote by H;n:l A; their Cartesian product. For two

disjoint sets A and B, we denote their union by AW B. We will denote by N the set

of strictly positive integers.
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2.2.1 Model-X Knockoffs

We begin with a short review of model-X knockoffs (Candes et al., 2018). The
authors define model-X knockoffs for a random vector X € R? of covariates as being

a random vector X € R? such that for any set A C [p]

X LY|X, and (X, X)ap(a) = (X, X), (2.3)

where the swap(A) subscript on a 2p-dimensional vector (or matrix with 2p columns)
denotes that vector (matrix) with the jth and (j + p)th entries (columns) swapped,
for all j € A. To use knockoffs for variable selection, suppose some statistics Z; and
Zj are used to measure the importance of X; and X ;, respectively, in the conditional

distribution Y | X1,..., X,, X1,..., X,, with

(Zyy.. . Zpy 20, Zy) = 2([X, X, y), (2.4)

for some function z such that swapping X; and X ; swaps the components Z; and

Z;, i.e., for any A C [p],

Z([Xax]swap(A)ay) = Z([va]’y)swap(A)' (25)

For example, z([X, X],y) could perform a cross-validated Lasso regression of y on
[X, X|] and return the absolute values of the 2p-dimensional fitted coefficient vector.
More generally the Z; can be almost any measure of variable importance one can think

of, including measures derived from arbitrarily-complex machine learning methods or
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from Bayesian inference, and this flexibility allows model-X knockoffs to be powerful
even when Fy x is quite complex.

The pairs (Z;, Zj) of variable importance measures are then plugged into scalar-
valued antisymmetric functions f; to produce W; = fj(Zj,Zj), which measures
the relative importance of X; to X;. Viewed as a function of all the data, W, =
w; ([ X, X],y) can be shown to satisfy the flip-sign property, which dictates that for

any A C [p],

~ wj X,X , , if 19 A’
(1% Xlsvap(a), y) = ! ] v ) (2.6)
—w;([X, X],y), if j€ A,

Taking Z; and Zj as the absolute values of Lasso coefficients as in the above example,
one might choose W; = Z; — Z;, referred to in Candes et al. (2018) as the Lasso
coefficient-difference (LCD) statistic. Finally, given a target FDR level ¢, the knockoff
filter selects the variables S = {j + W; > T} where T is either the knockoff threshold

Ty or the knockoff+ threshold T, :

Tozmin{t>0:#{jzwj§_t} }7

25w, ¢
L # : W < —t) }
20w S

T+:min{t>():

Candes et al. (2018, Theorem 3.4) proves that S with T, exactly (non-asymptotically)

controls the FDR at level ¢, and that S with Ty exactly controls a modified FDR,

|:|Sﬂ7{0\

T /q], at level q. The key to the proof of exact control is the aforementioned

flip-sign property of the W;, and that property follows from the following crucial

117



Chapter 2: Conditional Knockoffs for Variable Selection

property of model-X knockoffs: for any subset A C H,,

(X, Xlswapa), y) = (X, X, 9), (2.7)
which is proved in Candes et al. (2018, Lemma 3.2) to hold for knockoffs satisfying
Equation (2.3).

The proofs of exact control required just one assumption, that one could construct
knockoffs satisfying Equation (2.3). To satisfy that assumption, Candes et al. (2018)
assumes throughout that F'x is known exactly. We will relax this assumption, but

first slightly generalize the definition of valid knockoffs:

Definition 2.2.1 (Model-X knockoff matrix). The random matrix X € R™P is a

model-X knockoff matriz for the random matrix X € R™*? if for any subset A C [p],

X Ly|X, and [X, X = [X, X], (2.8)

Note that Equation (2.8) is more general than Equation (2.3), and indeed (2.3)
implies (2.8) as long as the rows of [X, X| are independent. However, the proof of
Candes et al. (2018)’s crucial Lemma 3.2 and, ultimately, FDR control in the form of
their Theorem 3.4 used only Equation (2.8). Therefore Definition 2.2.1 is the ‘correct’
definition, since the ability to generate knockoffs satisfying Definition 2.2.1 is all that is
needed for the theoretical guarantees of knockoffs in Candes et al. (2018) to hold, and
it is well-defined for any matrix X, even when the rows are not independent. We will
use this general definition because although we also assume samples are drawn i.i.d.

from a distribution, those samples will no longer be independent when we condition on
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a sufficient statistic for the model for F'x. Hereafter, model-X knockoffs and knockoffs
will always refer to model-X knockoff matrices as defined by Definition 2.2.1 unless
otherwise specified.

For completeness, we restate the FDR control theorem in Candes et al. (2018).

Theorem 2.2.1. Suppose X is a knockoff matriz for X and the statistics W, ’s satisfy
the flip-sign property. For any q € [0, 1], z'fg 15 selected by the knockoff method with

threshold T' being either T or Ty, then

1S N Hol
max <|§|,1>

S N Hyl

E ’
IS|+1/q

<gq, for T} ; <gq, forTy . (2.9)

It is worth mentioning that if Xj is identical to X, then W; = 0 and j cannot
be selected by the knockoff filter. Formally, we call such a column in the knockoff

matrix trivial.

2.2.2 Conditional Knockoffs

The main idea of this work is that if Fx is known only up to a parametric model,
and that parametric model has sufficient statistic (for n i.i.d. observations drawn from
Fx) given by T'(X), then by definition of sufficiency the distribution of X | 7'(X) does
not depend on the model parameters and is thus known exactly a priori. To leverage

this for knockoffs, consider the following definition.

Definition 2.2.2 (Conditional model-X knockoff matrix). The random matrix X €

R"*P is a conditional model-X knockoff matriz for the random matrix X € R™? if
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there is a statistic T'(X) such that for any subset A C [p],

X Ly|X, and [X, X]aap) = [X, X] | T(X), (2.10)

By the law of total probability, (2.10) implies (2.8), thus conditional model-X

knockoffs are also model-X knockoffs:

Proposition 2.2.2. If X is a conditional model-X knockoff matriz for X, then it is

also a model-X knockoff matriz.

Proposition 2.2.2 says that all the guarantees of model-X knockoffs (i.e., Theo-
rem 2.2.1), such as exact FDR control and the flexibility in measuring variable impor-
tance, immediately hold more generally when X is a conditional model-X knockoff
matrix. Definition 2.2.2 is especially useful when the distribution of X is known to
be in a model Gg = {gg : € € O} with parameter space ©, and T'(X) is a sufficient
statistic for G, because then the distribution of X | 7(X) is known exactly even
though the unconditional distribution of X is not. Exact knowledge of the distribu-
tion of X | T(X) in principle allows us to construct knockoffs, similar to how exact
knowledge of the unconditional distribution of X has enabled all previous knockoff
construction algorithms. As a simple example, when Gg is the set of all p-dimensional
distributions with mutually-independent entries, the set of order statistics for each
column of X constitutes a sufficient statistic 7'(X), and a conditional knockoff ma-
trix X can be generated by randomly and independently permuting each column
of X. Unfortunately for more interesting models that allow for dependence among

the covariates, even for canonical Gg like multivariate Gaussian, the distribution of
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X | T(X) is often much more complex than those for which knockoff constructions
already exist. Using novel methodological and theoretical tools, in Section 2.3 we pro-
vide efficient and exact algorithms for constructing nontrivial conditional knockoffs

when Fy comes from each of the following three models:

1. Low-dimensional Gaussian:

Fx € {N(1,Z) : p e R’, T e R % 0},

when n > 2p. In this case, the number of model parameters is p+@ = Q(p?),

and also Q(np) in the most challenging case when p = Q(n).

2. Gaussian graphical model:
Fy € {N(u, S):peR, SERPY, -0, () =0forall (jk) ¢ E}

for some known sparsity pattern E. For example, ¥~! could be banded with

bandwidth as large as n/8 — 1,! allowing a number of parameters as large as

D+ (% - "(f2;8)> = Q(np). Note that p is not explicitly constrained, so this

model allows both low- and high-dimensional data sets.

3. Discrete graphical model:

p
Fy € {distribution on H[Kj] c X LX) | Xnpongy for all (5, k) ¢ E}

J=1

'Here we assume n/8 < p.
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for some known positive integers Ki,..., K, and known sparsity pattern F,

where Ng(j) is the closed neighborhood of j. For example, X could be a K-

state (non-stationary) Markov chain whose K — 14 (p—1) K (K — 1) parameters

are the probability mass function of X; and the transition matrices P (X, | X,_1)
n—2

for each j € {2,...,p}, where K can be as large as ,/"5=, allowing a number

of parameters as large as \/% —1+(p-1) ( %2) (@ — 1) = Q(np).

Again, p is not explicitly constrained, so this model allows both low- and high-

dimensional data sets.

Remark 2.2.3. It is worth mentioning that conditioning may shrink the set of non-
null hypotheses. For instance, if Hy = () and T'(X) is chosen to be X, then all
variables are automatically null conditional on T'(X) and thus conditional knockoffs

cannot select any nonnull variables. For a detailed discussion, see Appendix 2.C.

Remark 2.2.4. Any algorithm that generates conditional knockoffs given one suf-
ficient statistic T'(X) (i.e., satisfying Equation (2.3) for T'(X)) by definition is also
a valid algorithm for generating conditional knockoffs given any sufficient statistic
S(X) that is a function of 7(X). This means that any valid conditional knockoff
algorithm satisfies Equation (2.3) for the minimal sufficient statistic, since by defi-
nition a minimal sufficient statistic is a function of any other sufficient statistic. So
we could say that the minimal sufficient statistic is in some sense the optimal one to
condition on, in that the choice to condition on the minimal sufficient statistic allows
for the most general set of conditional knockoff algorithms of any sufficient statistic

one could choose to condition on for a given model.
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2.2.3 Integrating Unlabeled Data

In addition to the n labeled pairs {(Y;, x;)}"_,, we might also have unlabeled data

i=1
{mgu)};ﬁ), i.e., covariate samples without corresponding responses/labels. This extra
data can be integrated seamlessly into the construction of conditional knockoffs: stack
the labeled covariate matrix X on top of the unlabeled covariate matrix X to get

X* € R"*?, where n* = n + n, then construct conditional knockoffs X* for X*,

and finally take X to be the first n rows of X*.

Proposition 2.2.3. Suppose the rows of X* are i.i.d. covariate vectors and X s
the matriz composed of the first n rows of X*. Let y be the response vector for X.

If for some statistic T(X*) and any set A C [p],
X* Lyl X*, and [X*, X aapia) = [ X, X*]| T(X), (2.11)

then if X is the matriz composed of the first n rows of X*, then X is a model-X

knockoff matrixz for X.

Note that by taking 7'(X™*) to be constant, the same result holds unconditionally:
if X* 1L y|X*and [X* X*]Swap(A)g [X*, X*] for any A C [p], then X is a valid
knockoff matrix for X. Thus constructing knockoffs for X*, conditional or other-
wise, produces valid knockoffs for X automatically. Of course, if F'x is known and
the rows of X* are i.i.d., it is natural to construct each row of X* independently,
in which case the presence of X changes nothing about the construction of the
relevant knockoffs X . But as seen in Section 2.2.2, when Fy is not known exactly the

flexibility with which we can model it depends on the sample size, with the number
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of parameters allowed to be as large as Q(np) in all the models in this work. What
Proposition 2.2.3 shows is that n can be replaced with n*, which can dramatically
increase the modeling flexibility allowed by conditional knockoffs, especially in high
dimensions. For example, our conditional knockoffs construction in Section 2.3.1 for
arbitrary multivariate Gaussian distributions naively requires n > 2p, but we now see
it actually just requires n* > 2p, which is much easier to satisfy when n(*) is large, as
it often is in, for instance, genomics or economics applications. Even when n alone
is large enough to construct nontrivial knockoffs for a desired model, constructing
conditional knockoffs with unlabeled data as described in this section will tend to

increase power.

2.3 Conditional Knockoffs for Three Models of In-

terest

In this section, we provide efficient algorithms to generate exact conditional model-
X knockoffs under three different models for F'yx, as well as numerical simulations
comparing the variable selection power of the knockoffs thus constructed with those
constructed by existing algorithms that require F'x be known exactly.

All proofs are deferred to Appendix 2.A. Any sampling described in the algo-
rithms is conducted independently of all previous sampling in the same algorithm,
unless stated otherwise. All simulations use a Gaussian linear model for the re-
sponse: Y; | x; ~ N(\/Lﬁac:ﬂ, 1) where 3 has 60 non-zero entries with random signs

and equal amplitudes. Note the sparsity and magnitude equalities are simply cho-
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sen for convenience—we present additional simulations varying these choices in Ap-
pendix 2.D.2. We remind the reader that, although we use linear regression as an
illustrative example in the simulations, our methods apply to more general regressions,
and all the same simulations are also rerun with a nonlinear model (logistic regres-
sion) with similar results, presented in Appendix 2.D.1. We use the LCD knockoff
statistic with tuning parameter chosen by 10-fold cross-validation and the knockoff+
threshold with target FDR ¢ = 20%; see Section 2.2.1 for details. Only power curves

(power = E [Is‘gflb are shown because the FDR is always controlled (both theoreti-

cally and empirically). The procedure we compare to, unconditional knockoffs, refers
to model-X knockoffs where Fx is taken to be known exactly (knockoff statistics and

thresholds are chosen identically).

2.3.1 Low-Dimensional Multivariate Gaussian Model

Despite the focus in variable selection on high-dimensional problems, we start
with a low-dimensional example as it represents an interesting and instructive case.
Suppose that

o XN (p, 2 (2.12)

for some unknown g and positive definite 3. Let i := X "1, /n denote the vector
of column means of X, and let 3 := (X — 1,47)T(X — 1,47)/n be the empirical

covariance matrix of X. Then T(X) = (f,X) constitutes a (minimal, complete)

sufficient statistic for the model (2.12) for X.
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Generating Conditional Knockoffs

When n > 2p, we can construct knockoffs for X conditional on £ and 3 via

Algorithm 1.

Algorithm 1 Conditional Knockoffs for Low-Dimensional Gaussian Models
Input: X € R™*P,
Require: n > 2p. R
1: Find s € R? such that 0,,, < diag {s} < 2X.
2: Compute the Cholesky decomposition of n (2diag {s} — diag {s}>'diag {s}> as
LL.
3: Generate W a n x p matrix whose entries are i.i.d. (0, 1) and independent of X

and compute the Gram—Schmidt orthonormalization [ @ , U | of the columns
<~
nx(p+1) "XP
of 1,, X, W].
4: Set . R
X =1,40"+(X -1,4")(I, — X 'diag {s}) + UL. (2.13)

5. return X.

In Algorithm 1, n > 2p is needed because in Line 3 the n x (2p + 1) matrix
[1,, X, W] must have at least as many rows as columns to be a valid input to the
Gram—Schmidt orthonormalization algorithm. The astute reader may notice a strong
similarity between Equation (2.13) and the fixed-X knockoff construction in Barber
and Candes (2015, Equation (1.4)). Indeed nearly the same tools can be used to find
a suitable s; in Appendix 2.B.1 we slightly adapt three methods from Barber and
Candes (2015) and Candes et al. (2018) for computing suitable s. The computational
complexity of Algorithm 1 depends on the method used to find s, with the fastest
option requiring O (np?) time.

The differences between Equation (2.13) and the fixed-X knockoff construction are

the additional accounting for the mean by adding/subtracting fi, the lack of requiring
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that X have normalized columns, the “<” relationships (as opposed to “<”), and
most importantly the requirement that U be random. Indeed, as can be seen in
the proof of Theorem 2.3.1, the precise uniform distribution of U is crucial. And it
bears repeating that unlike fixed-X knockoffs, Algorithm 1 produces valid model-X
knockoffs and hence permits importance statistics without the “sufficiency property”

and applies to any Fy|x, not just homoscedastic linear regression.
Theorem 2.3.1. Algorithm 1 generates valid knockoffs for model (2.12).

The challenge in proving Theorem 2.3.1 is that the conditional distribution of
[X, X] | T(X) is supported on an uncountable subset of zero Lebesgue measure, and
its distribution is only defined through the distribution of X | 7'(X) and the condi-
tional distribution of X | X. Although X | 7(X) and X | X are both conditionally
uniform on their respective supports, and the latter’s normalizing constant does not
depend on X, these facts alone are not sufficient to conclude that [X, X] | T(X)
is uniform on its support (see Appendix 2.A.2 for a simple counterexample), which
is what we need to prove. Although these distributions on zero-Lebesgue-measure
manifolds can be characterized using geometric measure theory (as in, e.g., Diaconis
et al. (2013)), we bypass this approach by directly using the concept of invariant
measures from topological measure theory; see Appendix 2.A.2.

A useful consequence of Theorem 2.3.1 is the double robustness property that if
knockoffs are constructed by Algorithm 1 and knockoff statistics are used which obey
the sufficiency property of Barber and Candes (2015) (that is, the knockoff statistics
only depend on y and [X, X] through [1,, X, X]Ty and [1,, X, X] [1,, X, X]),

then the resulting variable selection controls the FDR exactly as long as at least one
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of the following holds:

oz, X N(p, %) for some p and 3, both unknown (regardless of Fy|x), or

i.4.d.

o yi|x; "X N(z/B,0?) for some B and 02, both unknown (regardless of Fx).

In Appendix 2.B.1 we extend Algorithm 1 to the case when the mean is known
(Algorithm 7) or a subset of columns of X are additionally conditioned on (Algo-
rithm 8). Both extensions may be of independent interest, but will also be used as

subroutines when generating knockoffs for Gaussian graphical models in Section 2.3.2.

Numerical Examples

We present two simulations comparing the power of conditional knockoffs to the
analogous unconditional construction that uses the exactly-known Fx. We remind
the reader that the simulation setting is at the beginning of Section 2.3.

The vector s in Algorithm 1 is computed using the SDP method of Equation (2.68),
and the analogous vector for the unconditional construction is chosen by the analogous
SDP method (Candes et al., 2018). Although in both examples n* > 2p, the number
of unknown parameters in the Gaussian model for Fx is p + p(pTH) > 500, 000, vastly
larger than any of the sample sizes.

Figure 2.1a fixes p = 1000 and plots the difference in power between unconditional
and conditional knockoffs as n > 2p increases for a few different signal amplitudes.
The power of the conditional and unconditional constructions is quite close except
when n = 2.5p is just above its threshold of 2p, and even then the power of the

conditional construction is respectable.
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Figure 2.1: Power curves of conditional and unconditional knockoffs for an AR(1)
model with p = 1000 (a) as n/p varies for various coefficient amplitudes and (b)
as the coefficient amplitude varies for various values of n(, with n = 300 fixed.
Standard errors are all below 0.008.

Figure 2.1b shows how unlabeled samples improve the power of conditional knock-
offs. The model is the same as the first example but the labeled sample size is fixed
at n = 300 and we vary the number of unlabeled samples. Again, the power of the
conditional and unconditional constructions is extremely close except when n* = 2.3p
is just above its threshold, and again even in that setting the power of the conditional
construction is respectable. Note that unlabeled samples here have enabled the low-

dimensional Gaussian construction to apply in a high-dimensional setting with n < p,

since n* > 2p.

2.3.2 Gaussian Graphical Model

Ignoring unlabeled data, the method of the previous subsection is constrained to
low-dimensional (or perhaps more accurately, medium-dimensional, since it allows

p = (n)) settings and cannot be immediately extended to high dimensions. In many
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applications however, particularly in high dimensions, the covariates are modeled
as multivariate Gaussian with sparse precision matrix !, and when the sparsity
pattern is known a priori, we can condition on much less. For instance, time series
models such as autoregressive models assume a banded precision matrix with known
bandwidth, and the model used in this subsection would also allow for nonstationarity.
Spatial models often assume a (known) neighborhood structure such that the only

nonzero precision matrix entries are index pairs corresponding to spatial neighbors.

T

Precisely, suppose X'’s rows x, are i.i.d. draws from a distribution known to be

in the model
(N, D) weRr, (571) =0forall j#kand (k) ¢ B, =0} (2.14)

where E C [p] x[p] is some symmetric set of integer pairs (i.e., (j,k) € E = (k,j) € F)
with no self-loops. Then the undirected graph G := ([p], F) defines a Gaussian
graphical model with vertex set [p] and edge set E. For any j € [p], define I; =
{k : (j,k) € E} for the vertices that are adjacent to j. We will use the terms
‘vertex’ (j € [p]) and ‘variable’ (X;) interchangeably. fi and 35 together constitute
a sufficient statistic, where 35 := {ﬁ)jk cj=kor (j,k) € E} We will show in this
section how to generate conditional knockoffs, and we will characterize the sparsity

patterns E for which we can generate knockoffs with X ; # X for all j € [p].

Remark 2.3.1. More generally, sparsity in the precision matrix, but with unknown
sparsity pattern, is a common assumption in Gaussian graphical models which are
used to model many types of data in high dimensions such as gene expressions. Al-

though the construction in this section no longer holds exactly when the sparsity
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pattern is unknown, approximate knockoffs could still be constructed by first using a
method for estimating the sparsity pattern (Bithlmann and van de Geer, 2011, Chap-
ter 13) and then treating it as known. Note that we only require the edge set F to
contain all non-zero entries of X!, which is no harder than the exact identification

of the non-zero entries.

Generating Conditional Knockoffs by Blocking

First consider the ideal case when the graph G separates into disjoint connected
components whose respective vertex sets are V;,...,V,. Then X can be divided into
independent subvectors, Xy, ..., Xy,, and if each |V}| < n/2, we can construct low-
dimensional conditional knockoffs separately and independently for each Xy, as in
Section 2.3.1. Moving to the general case when G is connected, we can do something
intuitively similar by conditioning on a subset of variables in addition to g and Sp.
If there is a subset of vertices B such that the subgraph Gp induced by deleting
B separates into small disjoint connected components, then we should be able to
construct conditional knockoffs as above for X e by conditioning on Xg. We think
of the variables in B as being blocked to separate the graph into small disjoint parts,
hence we refer to this B as a blocking set.

The following definition formalizes when we can apply the above procedure, and

Algorithm 2 states that procedure precisely.

Definition 2.3.2. A graph G is n-separated by a set B C [p] if the subgraph Gp

induced by deleting all vertices in B has connected components whose respective
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vertex sets we denote by Vi, ...V, such that for all k € [¢],

2|Vi| + |1y, N B| < n, (2.15)

where Iy, := |J I; is the neighborhood of Vj, in G.

JEVE
Note that when the V}, separated X into independent subvectors, we only needed
2|Vi| < n; now that they only represent conditionally independent subvectors, we
must also account for V’s neighbors in B that we condition on, resulting in the

requirement that 2|Vi| + [Iy, N B| < n.

Algorithm 2 Conditional Knockoffs for Gaussian Graphical Models

Input: X e R"? G = ([p|, E), B € [p].
Require: For some n’ < n, G is n/-separated by B into connected component vertex
sets V1,..., V..
1: for k=1,...,/ do
2:  Construct partial low-dimensional knockoffs X v, for Xy, conditional on X Iy, NB
via Algorithm 8 (a slight modification of Algorithm 1).
3: end for
4: Set XB = Xp.
5 return X.

Algorithm 2 constructs knockoffs for the model (2.14) by first conditioning on
Xp and then running a slight modification of Algorithm 1 (Algorithm 8 in Ap-
pendix 2.B.1) on the variables/columns V}, corresponding to the induced subgraphs.
The computational complexity of Algorithm 2 is O (n ey (v N BP V| + \Vk|2)),
which is upper-bounded by O (Enn'2 + npmaxgep [y, N B|2) (both complexities as-

sume the most efficient construction of s is used as a primitive in Algorithm 8).

Theorem 2.3.2. Algorithm 2 generates valid knockoffs for model (2.14).
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Algorithm 2 raises two key issues: how to find a suitable blocking set B, and how
to address the fact that Xz = X5 are trivial knockoffs, so using conditional knockoffs
from Algorithm 2 will have no power to select any of the variables in B.

Algorithm 3 provides a simple greedy way to find a suitable B or, given an initial
blocking set B, can also be used to shrink B (see Proposition 2.B.3). The algorithm
visits every vertex in GG once in the order 7 and decides whether each vertex it visits is
blocked or free (not blocked). Meanwhile, it constructs a graph G from G, which gets
expanded every time a vertex j is determined to be free: all pairs of j’s neighbors in
G get connected (if not already) and a new vertex 7 that has the same neighborhood
as j in G is added to the graph. A vertex is blocked if, when it is visited, its degree

in G is greater than n’ — 3.

Algorithm 3 Greedy Search for a Blocking Set

Input: 7 a permutation of [p|, G = ([p|, E), n'.
1: Initialize a graph G = G, and B = 0.
2: fort=1,...,pdo
3:  Let j = m, and I; be the neighborhood of j in the graph G.
if n’ > 3+ |[;| then
Add edges between all pairs of vertices in I;.
Add a vertex j to G and add edges between ;j and all vertices in I;.
else
B <+ BU{j}.
9:  end if
10: end for
11: return B.

Proposition 2.3.3. If B is the blocking set determined by Algorithm 3 with input

(m,n'), then G is n-separated by B for any n > n'.

Algorithm 3 is meant to be intuitive but a more efficient implementation is given

in Appendix 2.B.2. Algorithm 3 can also be made even greedier by choosing the
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next j at each step as the unvisited vertex in [p] with the smallest degree in G
(breaking ties at random), instead of following the ordering m. The algorithm also
takes an input n’, which one may prefer to choose smaller than n for computational or
statistical efficiency, as we investigate in Section 2.3.2 (smaller n’ will mean smaller V,
to generate knockoffs for in Line 2 of Algorithm 2). The flexibility in both 7 and n’ is
mainly motivated by the second aforementioned issue of trivial knockoffs X5 = Xp,
addressed next.

An intuitive solution to prevent the trivial knockoffs X in Algorithm 2 is to split
the rows of X in half and run Algorithm 2 on each half with disjoint blocking sets
B; and By such that G is n/2-separated by both blocking sets. Then the knockoffs
for variables in B; will be trivial for half the rows of X and those for variables in B,
will be trivial for the other half of the rows of X, but since B, and B, are disjoint, no
variables will have entirely trivial knockoffs. Even though some knockoff variables are
trivial for half their rows, we find the power loss for these variables to be surprisingly
small, see the simulations in Section 2.3.2.

This data-splitting idea is generalized in Algorithm 4 to splitting the rows of X

into m folds and running Algorithm 2 on each fold with a different input B.

Algorithm 4 Conditional Knockoffs for Gaussian Graphical Models with Data Split-
ting
Input: X e R"? G = ([p|,E), By,...,Bn C [p|, n1,...,ny €N

Require: |J Bf = [p], G is n;-separated by B; for all i =1,...,m, and > n; = n.
i=1 i—1

Partition the rows of X into submatrices X, ..., X ™ with each X e R™*?.

1:

2: fori=1,...,m do

3 Run Algorithm 2 on X @ with blocking set B; to obtain X @.
4: end for

5:

return X = [X(l); cels X(m)] (the row-concatenation of the X(i)’s).
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In Algorithm 4, since |J Bf = [p], for each j € [p] there is at least one ¢ such that
i=1
j ¢ B; and thus X ; 7 X;. Before characterizing when it is possible to find such B;,

we formalize the requirements of Algorithm 4 into a definition.

Definition 2.3.3. G = ([p], E) is (m,n)-coverable if there exist By,..., B, subsets
of [p] and integers n; ..., n,, such that |J Bf = [p|, G is n;-separated by B; for all
i=1

i=1,...,m,and > n; <n.

=1

The following common graph structures are (m, n)-coverable:

e If the largest connected component of G is not larger than (n — 1)/2, G is

(1, n)-coverable.

e If G is a Markov chain of order r (making the model a time-inhomogenous
AR(r) model), i.e., E = {(i,7) : 1 < |i —j| < r}, and n > 2+ 8r, then G is

(2,n)-coverable.

o If G is a m-colorable (also known as m-partite), i.e., the vertices can be divided
into m disjoint sets such that the vertices in each subset are not adjacent, and

n > m(3 4+ max; |;]), then G is (m,n)-coverable. For example,
— A tree (m = 2) in which the maximal number of children of any vertex is
no more than (n — 8)/2,

— A circle with p even (m = 2) and n > 10, or with p odd (m = 3) and
n > 15,
— A finite subset of the d-dimensional lattice Z¢ where vertices separated by

distance 1 are adjacent (m = 2) and n > 6 + 4d.
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For simple graphs such as those listed above, finding appropriate blocking sets B;
can be done by inspection; see Appendix 2.B.2. More generally, determining (m,n)-

coverability for an arbitrary graph or, given an (m,n)-coverable graph, determining

U B:

<m

blocking sets B;’s that are optimal in some sense (e.g., minimizing ) are

beyond the scope of this work. However, in Algorithm 11 in Appendix 2.B.2, we
provide a randomized greedy search for suitable B;’s that be applied in practice when

the graph structure is too complex to find such B;’s by inspection.

Numerical Examples

We present two simulations comparing the power of Algorithm 4 with its uncon-
ditional counterpart, one a time-varying AR(1) model and the other a time-varying
AR(10). Line 2 of Algorithm 2 uses Algorithm 1 with the vector s computed using
the SDP method of Equation (2.68), and the unconditional construction also uses the
SDP method (Candes et al., 2018). Algorithm 4 was run with m = 2 and B; and By
chosen by fixing n’ (specified in the following paragraphs) and running Algorithm 3
twice with two different 7’s. The first run used the original variable ordering for T,
and the second run used ordered B; followed by the ordered remaining variables.!
We remind the reader that the simulation setting is at the beginning of Section 2.3.

In Figure 2.2a, the x; € R* are i.i.d. AR(1) with autocorrelation coefficient 0.3
(although the autocorrelation coefficient does not vary with time, this is not assumed
by Algorithm 4). We chose n’ = 40, resulting in 210 variables that are each blocked

in half the samples. The number of unknown parameters is 3p — 1 = 5,999 while

! This is a nonrandomized version of Algorithm 11, which works well for AR models because of
their graph structure.
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the sample sizes simulated are much smaller, n < 350, yet the power of conditional
knockoffs is nearly indistinguishable from that of unconditional knockoffs which uses
the exactly-known distribution of X.

In Figure 2.2b, the x; € R? are time-varying AR(10); specifically, x; R
N(0,X) where X is the renormalization of X% to have 1’s on the diagonal, and
(20);; = 1 — 0.05 - 11<|j_kj<10- We chose n’ = 50, resulting in 1,660 variables
that are each blocked in half the samples. The number of unknown parameters
is 2p + 10p — 10 x 11/2 = 23,945 while the sample sizes are again much smaller,

n < 500, and the power difference between conditional and unconditional knockoffs

remains very slight.
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Figure 2.2: Power curves of conditional and unconditional knockoffs for p = 2000 and
a range of n for (a) an AR(1) model and (b) an AR(10) model. Standard errors are
all below 0.008.

Note that the simulation in Figure 2.2a blocked on just roughly 10% of its variables
(i.e., |B1 U Bs|/p =~ 10%), and since the signals are uniformly distributed, one might

worry that in specific applications where the blocked variables and signals happened
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to align, the power loss might be much worse. But Figure 2.2b’s simulation blocked
on over 80% of its variables and still suffered very little power loss compared to
unconditional knockoffs, suggesting that even the blocking of signal variables has
only a small effect on power thanks to the data splitting in Algorithm 4.

Finally, we examine the sensitivity of the power of conditional knockoffs to the
choice of n’ in Algorithm 3 for choosing the B;. In the case of AR(1) with n = 300 and
p = 2000, Figure 2.3a shows the averaged density® of original-knockoff correlations
p; = X]TXJ/(HX]HHXJH) for three different choices of n’, and Figure 2.3b shows
the corresponding power curves. Recall that smaller n’ means blocking on more
variables but generating better knockoffs for the non-blocked variables in each step ¢
of Algorithm 4. Figure 2.3a shows quite different correlation profiles for different n/,
with n’ = 40 seeming to provide the density with mass most concentrated to the left.
Indeed Figure 2.3b shows n’ = 40 is most powerful, but only by a small margin—the
power is quite insensitive to the choice of n’. In applications, the choice of n’ may
rely on an approximate version of Figure 2.3a obtained by simulating X from an
estimated model.

In Appendix 2.D, we provide additional experiments that compare the perfor-
mance of conditional knockoffs that are generated using different sufficient statistics
(Appendix 2.D.3) and examine the scenario where a superset of the edge set E is

unknown and is instead estimated using the data (Appendix 2.D.4).

13200 independent simulations were averaged and the kernel density estimate used a Gaussian
kernel with a bandwidth of 0.01.
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Figure 2.3: Sensitivity of conditional knockoffs to the choice of n’ for an AR(1) model
with n = 300 and p = 2000. (a) Histograms of the original-knockoff correlations and
(b) power curves. Standard errors in (b) are all below 0.004.

2.3.3 Discrete Graphical Model

We now turn to applying conditional knockoffs to discrete models for X. Such
models are used, for example, for survey responses, general binary covariates, and
single nucleotide polymorphisms (mutation counts at loci along the genome) in ge-
nomics. Many discrete models assume some form of local dependence, for instance in
time or space. We will show how to construct conditional knockoffs when that local
dependence is modeled by (undirected) graphical models (see, e.g., Edwards (2000,
Chapter 2)), for example, Ising models, Potts models, and Markov chains.

A random vector X is Markov with respect to a graph G = ([p], E) if for any two
disjoint subsets A, A" C [p] and a cut set B C [p| such that every path from A to A’
passes through B, it holds that X4 1L X4 | Xp. Denote by I; the vertices adjacent
to j in G (excluding j itself). X being Markov implies the local Markov property that

X; L Xyore | Xi,-
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In this section, we assume X is locally Markov with respect to a known graph G
and each variable X; takes K; > 2 discrete values (for simplicity label these values
|K;] ={1,..., K;}). Although the algorithms in this section can be applied when K

is infinite, we assume for simplicity that K is finite. Formally, we assume

P
Fx € {distribution on H[Kj] satisfying the local Markov property w.r.t. G} .
j=1

(2.16)

Generating Conditional Knockoffs by Blocking

Our algorithm for generating conditional knockoffs for discrete graphical models
uses again the ideas of blocking and data splitting in Section 2.3.2. However, unlike
Section 2.3.2 which built upon the low-dimensional construction of Section 2.3.1,
there is no known efficient algorithm for constructing conditional knockoffs for general
discrete models in low dimensions. As such, instead of blocking to isolate small graph
components, we now block to isolate individual vertices, and as such need to be more
careful with data splitting to ensure the resulting knockoffs remain powerful.

Suppose B is a cut set such that every path connecting any two different vertices
in B¢ passes through B; call such a set a global cut set with respect to GG. The local
Markov property implies the elements of Xpgc are conditionally independent given
Xp:

Xp) = [P X5) = [[P(X;| Xy,). (2.17)

jEBe jEBe
where we used the fact that for any j € B¢ [; € B and X; 1L Xp\y, | Xy, For

any A C [p] and kyq,...,k,, denote by k4 the vector of k;’s for j € A and by [K 4]
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the cartesian product [] [K;]. Then the conditional probability P (X; | X;,) can be
jeA
written as

I1 0;(kj, kzj)lxj:’”’x’f:k’f : (2.18)

kj€[K;] .k, €[KT]
with parameters 0;(k;, k) € [0,1] for all k;, k;,, with the convention that 0° := 1.
Let ¢p(Xp) be the probability mass function for Xp, the joint distribution for n i.i.d.

samples from the graphical model is then

n

[[vsXin) [ 11 0;(k;, k)N Fak) | (2.19)
i=1 jeBe \kj€[K ]k, €[Kr)]
where Nj(k;, ki) = >0, X, =y X, =k, - Lt Tp(X) be the statistic that includes
Xp and the counts N;(k;, ky;) for all j € B¢ and all possible (k;, kr;). Then Tp(X)
is a sufficient statistic for model (2.16). Conditional on T5(X), the random vectors
{X;,j € B°} are independent and each X is uniformly distributed on all w € [K;]™
such that Y7 | Lui=k; X1, =k, = Nj(kj, kg,) for any (kj;, kg,). Algorithm 5 generates
knockoffs conditional on T5(X) by, for each j, uniformly permuting subsets of entries
of X to produce X ;- The subsets of entries are defined by blocks of identical rows
of X, sothat )7, 1Xi,j:kj7Xi,Ij:kIj = N;(k;, k), as required.
The computational complexity of Algorithm 5 is O ( Y (n+min( [ Ky, n|]]|))> ,

jEBe Ce;
which is shown in Appendix 2.B.3. If n > max;epe [[ Ky, as needed to guarantee

ZEIj
nontrivial knockoffs for all j € B¢ are generated with positive probability, then the
complexity can be simplified to O (n(p — |B|)). In general, Algorithm 5’s computa-

tional complexity is bounded by the simple expression O(npd), where d is the average

degree in B€.
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Algorithm 5 Conditional Knockoffs for Discrete Graphical Models

Input: X e NV? G = ([p], E), B € [p].

Require: B is a global cut set of G.

: for jin [p]\ B do

Initialize Xj to Xj;.

for k;, € [K;,] do
Uniformly randomly permute the entries of X ; whose corresponding rows of
X, equal kp;.

5:  end for

6: end for

7 Set XB = XB.

8 return X = [X,,..., X,

W o

Theorem 2.3.4. Algorithm 5 generates valid knockoffs for model (2.16).

As with Algorithm 2, in Algorithm 5 variables in B are blocked and their knockoffs
are trivial: Xz = Xp. One way to mitigate this drawback is to, after running
Algorithm 5, expand the graph to include the generated knockoff variables and then
conduct a second knockoff generation with the expanded graph. We elaborate on this
idea and present Algorithm 12, a modified version of Algorithm 5, in Appendix 2.B.4.

Another systematic way to address this issue is to take the same approach as
Algorithm 4 by splitting the data and running Algorithm 5 (or Algorithm 12) on

each split with different B’s; see Algorithm 6.

Algorithm 6 Conditional Knockoffs for Discrete Graphical Models with Data Split-
ting

Input: X e N“**. G = ([p|, E), B1,...,Bn C [p], n1,...,nm € N.

Require: [p] = J*, Bf and each B is a global cut set.

Partition the rows of X into submatrices X, ..., X ™ with each X e Nm*»,

fort=1,...,mdo 3
Run Algorithm 5 or 12 on X with B; to obtain X ®.
end for

return X = [X(l); S X(m)] (row-concatenation of X ()’s).
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If n; > 5%%?21;. Ky for all i < m and all the model parameters 6;(k;, kz,) are
positive, then Algoéithm 6 produces nontrivial knockoffs for all 7 with positive prob-
ability. Note that in the continuous case, similarly mild conditions guarantee that
Algorithm 4 produces nontrivial knockoffs for all j with probability 1. This is un-
achievable in general in the discrete case no matter how the sufficient statistic is
chosen, as there is always a positive probability (for every j) that the sufficient statis-
tic takes a value such that Xj = X, is uniquely determined given that sufficient
statistic (e.g., if X;; =1 for all 7).

One way to ensure By, ..., B, satisfy the requirements of Algorithm 6 is if assign-
ing each B¢ a different color produces a proper coloring of G.! The end of Section 2.3.2
listed some common graph structures with known chromatic numbers,? which sub-
sume many common models including Ising models and Potts models. Although not
specified in Section 2.3.2, a Markov chain of order m — 1 is m-colorable and a planar
graph (map) is 4-colorable. Also, for any graph of maximal degree d, a (d+1)-coloring
can be found in O(dp) time by greedy coloring (Lewis, 2016, Chapter 2). In general,
both finding the chromatic number and finding a corresponding coloring of a graph G
are NP-hard (Garey and Johnson, 1979), but there exist efficient algorithms that in
practice are able to color graphs with a near-optimal number of colors (see Malaguti

and Toth (2010) for a survey).

LA coloring of G is proper if no adjacent vertices have the same color.

2The chromatic number of a graph G is the minimal m such that G is m-colorable.
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Refined Constructions for Markov Chains

For Markov chains, we develop two alternative conditional knockoff constructions
that take advantage of the Markovian structure. Although we generally expect these
constructions to dominate Algorithm 6 when G is a Markov chain, we found the
difference in power to be negligible in every simulation we tried, and so we defer
these algorithms to Appendix 2.B.4 and only provide a brief summary here.

Suppose the components of X follow a K-state discrete Markov chain, and let
W,gl) =P(X; =k) and W](C{;g, =P (X; =k | X;_1 = k) be the model parameters. Then

the joint distribution for n i.i.d. samples is,

2(x) = T[T T
k=1 J=2 k=1k'=1
where N,g,i, => i1 Ix,,_i—kx, =k S0 all the N,g,i,’s together form a sufficient statis-
tic, which we denote by T'(X). As opposed to the statistics N;(k;, kgj_1,j11})’s used
in Section 2.3.3, T(X) is minimal, and thus we expect that generating knockoffs
conditional on it will be more powerful than knockoffs generated conditional on a
non-minimal statistic. Conditional on 7'(X), the columns of X still comprise a
Markov chain whose distribution can be used to generate knockoffs in two possible

ways:

1. The sequential conditional independent pairs (SCIP) algorithm (Candes et al.,
2018; Sesia et al., 2018) has computational complexity exponential in n, but
by splitting the samples into small folds and generating conditional knockoffs

separately for each fold, n is artificially reduced and the computation made
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tractable.

2. Refined blocking modifies Algorithm 5 by first drawing a new contingency table
that is exchangeable with the the three-way contingency table for (X;_1, X;, X,11)

and then sampling X ; given the new contingency table.

Numerical Examples

We present two simulations, comparing the power of Algorithm 6 with its un-
conditional counterpart for discrete Markov chains (Sesia et al., 2018) and for Ising
models (Bates et al., 2020). We remind the reader that the simulation setting is at
the beginning of Section 2.3.

In Figure 2.4a, the x; € {0,1}'%% are i.i.d. from an inhomogeneous binary Markov
chain with p = 1000. The initial distribution is P(X; =0) =P (X; =1) = .5, and

the transition probabilities
P(X;=01X, 1 =1)=Q%, PX;=1X;,=0)=Qf (2.20)

are randomly generated as

o _ v ® _ v"
04+ U9 +UY 0.4+ UY +UY

(2.21)

where U g Unif([0, 1]) but held fixed across all replications. We implemented
Algorithm 6 with B; as the even variables and Bs as the odds, with ny = ny = n/2,
and used Algorithm 12 (with ) = 2) in Line 3. The number of unknown parameters

in the model is 2p—1 = 1,999 and all plotted power curves have n < 350. Despite the
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high-dimensionality, conditional knockoffs are nearly as powerful as the unconditional

SCIP procedure of Sesia et al. (2018) which requires knowing the exact distribution

of X.
2o no2s0 pr—b 2o no200 p— AT A4 A
+ n=300 ﬁ/ —
g*ﬁhsso / ‘ - S +/i"4¢
© | g © | 4
[ o —— Uncond
% / % <<<< Cond
o | o i
8w<8ﬁ8 ....... ST ST S
© A T T T T T © A T T T T
10 15 20 25 30 5 10 15 20
Coefficient Amplitude Coefficient Amplitude
(a) (b)

Figure 2.4: Power curves of conditional and unconditional knockoffs with a range of
n for (a) a Markov chain of length p = 1000 and (b) an Ising model of size 32 x 32.
Standard errors are all below 0.008.

In Figure 2.4b, the x; € R32*32 are i.i.d. draws from an Ising model® given by:

P(X=a)oc exp | Y Oz +» ha|, xe{-1,+1}", (2.22)

(s,t)eEE seV

where the vertex set V' = [32] x [32] and the edge set E is all the pairs (s,t) such that
|s—t]l1 = 1. We take 65, = 0.2 and hy = 0. Model (2.22) has 2 x 32 x 31+32% = 3008
parameters, again far larger than any of the sample sizes simulated, yet conditional

knockoffs are still nearly as powerful as their unconditional counterparts.? The con-

"'We use the coupling from the past algorithm (Propp and Wilson, 1996) to sample exactly from
this distribution.

2We use the default subgraph width w = 5 in Bates et al. (2020) for generating unconditional
knockoffs.
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ditional knockoffs are generated by Algorithm 6 with two-fold data-splitting (m = 2,
vertices are colored by the parity of the sum of their coordinates) and no graph-
expanding. Although it is possible to use graph-expanding, the power improvement
is negligible because the sample size is quite small relative to the size of the neighbor-
hoods in the expanded graph, resulting in the second round of knockoffs being nearly

identical to their original counterparts.

2.4 Discussion

This work introduced a way to use knockoffs to perform variable selection with ex-
act FDR control under much weaker assumptions than made in Candes et al. (2018),
while retaining nearly as high power in simulations. In fact, our method controls
the FDR under arguably weaker assumptions than any existing method (see Sec-
tion 2.1.2). The key idea is simple, to generate knockoffs conditional on a sufficient
statistic, but finding and proving valid algorithms for doing so required surprisingly
sophisticated tools. One particularly appealing property of conditional knockoffs is
how it directly leverages unlabeled data for improved power. We conclude with a

number of open research questions raised by this work:

Algorithmic: Perhaps the most obvious question is how to construct conditional
knockoffs for models not addressed in this work. Even for the models in this work,

what is the best way to choose the tuning parameters (e.g., s in Algorithm 1, or the

blocks B; in Algorithms 4 and 6)7

Robustness: Can techniques like those in Barber et al. (2018) be used to quantify
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the robustness of conditional knockoffs to model misspecification? Empirical evidence
for such robustness is provided in Appendix 2.D.2. Also, it is worth pointing out that
there are models for which no ‘small’ sufficient statistic exists, i.e., every sufficient
statistic 7(X') has the property that X; | X_;,T(X) is a point mass at X;, which
forces the conditional knockoffs X ; to be trivial. In such models where the proposal
of this work can only produce trivial knockoffs, could postulating a distribution and
generating knockoffs conditional on some (not-sufficient) statistic still improve ro-
bustness to the parameter values in the model, relative to generating knockoffs for
the same distribution but unconditionally? See Berrett et al. (2018) for a positive

example for the related conditional randomization test.

Power: In this work we always used unconditional knockoffs as a power benchmark
for conditional knockoffs, as it seems intuitive that conditioning on less should result
in higher power. Can this be formalized, and/or can the cost of conditioning in terms
of power be quantified? Combining this with the previous paragraph, we expect there
to be a power—robustness tradeoff that can be navigated by conditioning on more or

less when generating knockoffs.

Conditioning: There are reasons other than robustness that one might wish to
generate knockoffs conditional on a statistic. For instance, if a model for X needs
to be checked by observing a statistic of X, generating knockoffs conditional on that
statistic would guarantee a form of post-selection inference after model selection.
Or when data contains variables that confound the variables of interest, it may be
desirable to generate knockoffs conditional on those confounders (e.g., by Algorithm 8)

in order to control for them. Also, can the conditioning tools and ideas in this work
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be used to relax the assumptions of the conditional randomization test, generalizing

Rosenbaum (1984)?
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Appendices of Chapter 2

Appendix A proves the theoretical results in the chapter. Appendix B provides the
algorithmic details. Appendix C discusses the hypotheses being tested and Appendix

D provides additional simulations.

2.A Proofs for Main Text

2.A.1 Integration of Unlabled Data

Proof of Proposition 2.2.3. Denote by X® the last n(*) = n* —n rows of X*. Since
the rows of X* are independent, X® I (y, X). Then by the weak union property,
X® ] y|X. In addition, the condition that X* 1 y| (X, X®) and the fact that
X is a function of X* imply X I y|(X,X®). By the contraction property, these
two together show X I y|X.

Let ¢ : R" %% 5 R™? be the mapping that keeps the first n rows of a matrix.
We have [X, X]| = ¢([X*, X*]) and [X, X]Swap(A) = o([ X, X*]Swap(A)) for any

subset A C [p]. The given exchangeability condition implies that

~ D ~

Qb([X*? X*]SWaP(A)) ¢([X*7 X*]) T(X*)v (2'23)
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which is simply [X, X]wap(a) = [ X, X]| T(X*). It then follows that
X, X], (2:24)
and we conclude that X is a model-X knockoff matrix for X. OJ

2.A.2 Low-Dimensional Gaussian Models

Throughout the appendix, bold-faced capital letters such as A are used for any
matrix (random or not) except when we need to distinguish between a random matrix
and the values it may take, in which case we use bold sans serif letters for the values.
For example, we will write P (A = A) to denote the probability that the random
matrix A takes the (nonrandom) value A.

This section is planned as follows. Section 2.A.2 clarifies a difficulty in the joint
uniform distribution on a manifold. Section 2.A.2 contains the proof of Theorem 2.3.1,
leaving the proofs of the lemmas in Section 2.A.2. Section 2.A.2 discusses why a seem-

ingly simpler proof for the theorem fails and thus justifies our technical contribution.

Counterexample for Conditional Uniformity

The following statement is false: ‘If a random variable A is uniform on its support
and another random variable B is such that B | A is conditionally uniform on its
support for every A, with normalizing constant that does not depend on A, then
(A, B) is uniform on its support.” Although this statement seems intuitively true
and holds for many simple examples (especially when A and B are both univariate),

Figure 2.5 shows a counterexample. In it, although X is uniform on (0,1) and (Y, Z) |
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X is uniform for every X on a line whose length does not depend on X, the joint

distribution of (XY, Z) is not uniform on its 2-dimensional support.

X

Figure 2.5: A non-uniform distribution on a surface. X ~ Unif(0,1) and (Y, %) |
X ~ Unif(Ly), where the line segment Ly of length 1 is orthogonal to the X-axis
and has an angle with the Y-axis of (1 — X)¥r/2.

Proof of Theorem 2.3.1

The proof of Theorem 2.3.1 follows three steps: Lemma 2.A.1 states that the
conditional distribution of [ X, X | T(X) is invariant on its support to multiplication
by elements of the topological group of orthonormal matrices that have 1,, as a fixed
point, Lemma 2.A.2 states that the conditional distribution remains invariant (on the
same support) after swapping X, and X ;, and Lemma 2.A.3 states that the invariant
measure on the support of [X, X] | 7(X) is unique. These three steps combined show
that the distributions before and after swapping are the same, and hence X is a valid
conditional knockoff matrix for X.

To streamline notation, we redefine 3 := (X — 1,,47) (X — 1,/2") as n times

the sample covariance matrix (it was defined as just the sample covariance matrix in
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the main text), and redefine s such that 0,,, < diag{s} < 23 accordingly. With
this new notation, L is the Cholesky decomposition such that LTL = 2diag{s} —
diag {s} > 'diag {s}. Let C € R 1D*" he a matrix with orthonormal rows that are
also orthogonal to 1,,. Then C"C = I,, — 1,1, /n is the centering matrix, C'CX =
X -1,4" and (CX)'CX = 33 note C is just a constant, nonrandom matrix. The
statistic being conditioned on this this proof is T(X) = (X '1,/n,(CX)'CX) =
(M, f]) For any positive integers s and ¢ such that s > ¢, denote by O, the group
of s x s orthogonal matrices (also known as the orthogonal group) and denote by
Fi.t the set of s x t real matrices whose columns form an orthonormal set in R® (also
known as the Stiefel manifold).

We will use techniques from topological measure theory to prove Theorem 2.3.1,
specifically on invariant measures (see e.g. Schneider and Weil (2008, Chapter 13)

and (Fremlin, 2003, Chapter 44)). For readers unfamiliar with the field, the following

is a short list of definitions we will use:

e A group G is a topological group if it has a topology such that the functions of

1

multiplication and inversion, i.e., (x,y) — zy and x — x~!, are continuous.

e An operation of a group G on a nonempty set M is a function ¢ : G x M — M
satisfying ¥ (g,% (¢, x)) = ¥(gg¢',x) and (e, ) = x. The operation ¥ (g, ) is
also written as gr when there is no risk of confusion. For any subset B C M

and g € G, denote by ¢gB the image under the operation with g, i.e., gB =

{t(g,x) : x € B}.

LA function between two topological spaces is continuous if the inverse image of any open set is
an open set.
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e An operation 1 is transitive if for any z,y € M there exists g € G such that

Y(g,7) =y.

e Suppose M is a topological space and G is a topological group, the operation

¥ is continuous if 1, as a function of two arguments, is continuous.

e Suppose M is a locally compact metric space. A Borel measure p on M is

called G-invariant if for any g € G and Borel subset B C M, it holds that

p(B) = p(gB).

We can now define the elements of the proof. Suppose § € RP*P is a positive

definite matrix and m € RP. Define a metric space

M = {[x, X] € R™CP) . X1, /n = m, (CX)TCX = S,
X'1,/n=m, (CX)TCX =8, (CX)TCX =S — diag{s}} ,
(2.25)
equipped with the Euclidean metric in the vectorized space, stacked column-wise.
By Equation (2.13), it is straightforward to check that if (f,%) = (m,S) then
(X, X] e M.
Define G = {G € O, : G1,, = 1,,}. Tt is easy to check that G is a group whose
identity element is I,,. G is also a topological group with the induced metric of R™*"

because matrix inversion and multiplication are continuous.

Define a mapping ¢ : G x M — M by ¥(G, [X,X]) = [GX, GX]. Note that

G'C'CG=G'G-G"(1,1)/n)G=1,—- (1,1} /n)=C"C, (2.26)
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thus for any [X, X] € M, we have ¢(G, [X, X]) € M. It is also seen that 1)(G, Gy, [X, X]) =
V(G1, Y(Ge, [X, X])) and (I, [X, )~(]) = [X, )N(], so 1 is an operation of G on M. By
the continuity of matrix multiplication, 1 is a continuous operation.

We can now state the three lemmas which comprise the proof.

Lemma 2.A.1 (Invariance). The probability measure of [ X, X| conditional on fi =

m and ¥ = S is G-invariant on M.

Lemma 2.A.2 (Invariance after swapping). The probability measure of [X, X]Swap(j)

conditional on 1 = m and 3 = S is G-invariant on M.
Lemma 2.A.3 (Uniqueness). The G-invariant probability measure on M is unique.

Combining Lemmas 2.A.1, 2.A.2 and 2.A.3 together, we conclude that given g =
mand ¥ = S , swapping X; and Xj leaves the distribution of [X ,X ] unchanged.
Since if swapping one column does not change the distribution, then by induction
swapping any set of columns will not change the distribution and this completes the

proof.

Remark 2.A.1. Although not shown here, one can define the uniform distribution
on M via the Hausdorff measure and show that it is also G-invariant. Therefore, by
the uniqueness of the invariant measure, [ X, X] is distributed uniformly on M.

Proofs of Lemmas

Before proving the lemmas, we introduce some notation and properties for Gaus-

sian matrices. Let r, s, and ¢t be any positive integers. For any matrix A € R**!,
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denote by vec(A) the vector that concatenates its columns, i.e., (A],..., A])T. De-
note by ® the Kronecker product. A s x t random matrix A is a Gaussian random
matrix A ~ N, ;(M,Y @ X) if vec(A") ~ N(vec(M "), Y @ X) for some M € R**!
and matrices ¥ > Oy, and X = O0pyy.

If A ~ N, (M,Y ®3), then for any matrix I' € R™* vec((TA)") = (I'®

I,) vec(AT) is still multivariate Gaussian and
TA~N,,(TM,(TYT") ® %),

because (TR L) (YRX)(T®I)" = (TYT")®(I;X1,) by the mixed-product property
and transpose of Kronecker product. When the rows of A are i.i.d. samples from
a multivariate Gaussian, ¥ = I, and M = 1,u' for some p € R'. If further,
ITT = I,, then

TA~ N, (Tl,u" I, ). (2.27)

We write the Gram-Schmidt orthonormalization as a function ¥(-). We will make
use of the property that for any T'y € O, and any matrix Uy € R*** (for s > t), it
holds that

U (TyUyp) = ToW(Uy). (2.28)
See, e.g., Eaton (1983, Proposition 7.2).

Proof of Lemma 2.A.1. Define v(B) = P ([X, X] e B‘ p=m,3 = S) for any
Borel subset B C M. For fixed G € G, we need to show the group operation

given G, i.e., go = (G, "), leaves v unchanged. Define X’ = GX and X' = GX.
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We will show

X, X2 (X', X' | T(X). (2.29)

By Equation (2.26) and G1,, = 1,, we have T(GX) = T(X) for any X € R"*?.

Applying the property in Equation (2.27), we have

GX ~ N, ,(L,u", I, ®%), (2.30)

where we have used G1,, =1,, and G € O,,. Thus X’ x. By Equation (2.28) and

the definition of [@, U] in Algorithm 1,

U([1,, X' GW]) =GV (G'[1,, X' ,GW]) = G¥([1,, X, W]) = [GQ, GU].

(2.31)

Let U' = GU. Since W is independent of X and GW has the same distribution
as W, we have (X, W) 2 (X’,GW). This together with Equation (2.31) implies

(X,U)2 (X', U"). Hence

P(X,U|T(X)) =P (XU | T(X") (2.32)

and since T'(X') = T(X), we conclude

(X, U)2(x\U) | T(X). (2.33)

Now recall we are conditioning on 7'(X) = (m, S), and thus also s and L. By
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Equation (2.13) and the definition of X”,

X'=G (1n;f (X — LA, — S \diag {s}) + UL) (2.34)

= 1" + (X' — 1,47 )(I, — X 'diag {s}) + U'L, (2.35)

which would be the knockoff generated by Algorithm 1 if X’ was observed. As a

consequence,

19

(X, X)=(X" X | T(X). (2.36)

This shows that for any Borel subset B C M, v(B) = v(gg-1(B)). We conclude

that for any G € G and any Borel subset B C M

v(9a(B)) = v(B), (2.37)

that is, the conditional probability measure of [X, X] given T(X) = (m, 8) is G-

invariant. OJ

Proof of Lemma 2.A.2. Without loss of generality, we take j = 1. Define a mapping
¢ : R™CP) s R0 by (X, X]) = [[X1, X4, [X1, X4]], ie., replacing X and X
with [)~(1, X] and [Xq, )~(_1], respectively. It is easy to see that ¢ is isometric and
¢! = ¢. Furthermore, we will prove that ¢ is a bijective mapping of M to itself
(Lemma 2.A.4). The conditional distribution of ¢([X, X]) is the measure v4 on M
such that v4(B) = v(¢~(B)), for any Borel subset B C M. We will show that v is

G-invariant on M (Lemma 2.A.5).

Lemma 2.A.4. ¢ is a bijective mapping of M to itself.
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Proof. ¢ is easily seen to be injective, and to show surjectivity, we will first show
#»(M) € M. Combining this with ¢~ = ¢ gives M C ¢~ (M) = ¢(M), and
thus ¢(M) = M so ¢ is surjective from M to M. We now complete the proof
by showing something even stronger than ¢(M) C M, namely the equivalence
(X, X)) e M = [X,X] € M.

Translating this equivalence to an equality of indicator functions, we need to show

that

1XT1n/n:m1(CX)TCX:S1)~(T1n/n:m1(CX)TCX:S1(C)~()TCX:Sfdiag{s}

Ly X110 fn=m L (€%, X 1)) T CIX1, X 1)=5

) 1[x1, X4]T ln/n:ml(C[Xl, X4 TC[Xq, X_l]:Sl(C[Xl, X1]))TC[X1,X.1]=S—diag{s}’

where the righthand side is the same as the lefthand side but with X and X replaced

with [Xq, X4] and [X;, X,], respectively. First note that for the first and third

indicator functions on the lefthand side,

p p
1XTln/n:mlf(Tln/n:,n = (H 1X].Tln/n:mj> (H 1X]T1n/n:mj> (238)
j=1 j=1

and exchanging the first term in each product and compressing the products each
back into single indicator functions gives 1ig, x 171, nemlx, %171, /nem: SO it just

remains to show that

LexyTex=slicx)mex=sl(cx)T cx=s—diag{s}

= 1(C[)~(1,X_1])TC[)~(1,X-l]:Sl(C[XhX_l})TC[Xl,X_l}:Sl(C[Xl,)~(_1])TC[)~(1,X_1]:S—diag{s}'
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Again it is useful to rewrite the three indicator functions as products:

1(CX)TCX:S1(CX)TCX:S1(C)~()TCX:Sfdiag{s}

p p p
= ( H 1(ij)TCXk:Sj,k> < H 1(C)~(]‘)TC)~(]€=SJ"]C> (H 1(C)’~(j)TCXk=Sj’k1{j:k}sj> :

1<j<k<p 1<j<k<p k=1

Now if we exchange the terms in the first product with £ > j = 1 with the same terms
in the third product, and exchange the terms in the second product with £ > j =1
with the terms in the third product with j > k = 1, we can compress the products

each back into single indicator functions again to get

1(C[X1,x_1])TC[)”(1, x_1]=sl(C[x1, X4 TC[Xq, X_l]:Sl(C[Xl, X 1) TC[X1,X.1]=S—diag{s}"

We conclude that [X,X] € M <= ¢([X,X]) € M. O
Lemma 2.A.5. v, is G-invariant on M.

Proof. For any G € G, the group operation g = ¥(G,-) is exchangeable with ¢

because

¢<G7 ¢([X,X])) = [G[xla x—l]a G[Xla )~(_1H
= [[GX1, GX.1],[GXy, GX]]
= (|GX,GX))).

= ¢(4(G. X, X])).
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Thus for any Borel subset B C M |

where the third equality follows from Lemma 2.A.1. Thus we conclude that vy is

vs(9eB) = v(¢(9aB))

G-invariant.

Proof of Lemma 2.A.3. Before the proof, we list a few results that will be used.

Fact 1.

Fact 2.

For an operation 1 of a group G on a space M, if there is some
z € M such that for any y € M there exists g, € G such that
¥ (gy, 2) = y, then ¢ is transitive. This is because for any z,y € M,
Plgzt ) = V(gr ' ¥(ge,2)) = ¥(g5'0:,2) = 2 and Y(gyg; " 7) =

V(gy, (g, 2)) =Ygy, 2) = .

For any compact Hausdorff! topological group G, there exists a finite
Borel measure v, called a Haar measure, such that for any g € G and
Borel subset B C G, v(B) = v(gB) = v(Bg) (Fremlin, 2003, 441E,
4421(c)). As an example, the orthogonal group O, has a Haar measure

(Eaton, 1983, Chapter 6.2).

LA topological space is Hausdorff if every two different points can be separated by two disjoint
open sets.
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The key theorem we use is the following.

Lemma 2.A.6 (Theorem 13.1.5 in Schneider and Weil (2008)). Suppose that the
compact group G operates continuously and transitively on the Hausdorff space M and
that G and M have countable bases. Let v be a Haar measure on G with v(G) = 1.

Then there ezists a unique G-invariant Borel measure p on M with p(M) = 1.

Now we are ready to prove Lemma 2.A.3. Note G and M are compact subspaces
of the vectorized spaces, and Fact 2. ensures the existence of a Haar measure on
G. Since v is continuous, as long as 1 is transitive we can apply Lemma 2.A.6 and
conclude that the G-invariant probability measure on M is unique.

To show 1 is transitive by Fact 1., we first fix a point [Xo, )~(0] and then show for
any [X,X] € M, we can find G € G such that ¥(G, [Xo, Xo]) = [X, X].

Part 1. We begin with representing X using the Stiefel Manifold. Define M, =
(X e R : X"1,,/n =m, (CX)TCX = 8§} = {X ¢ R”? : T(X) = (m, S)}. For

any X € My, define

My = {5( ER™ X '1,/n=m, (CX)TCX =S, (CX)TCX=5 — diag{s}} .
(2.39)
Let Zx be a n x (n — 1 — p) matrix whose columns form an orthonormal basis
for the orthogonal complement of span([1,, X]). Recall that F,,_;_,, is the set of
(n — 1 — p) x p real matrices whose columns form an orthonormal set in R"~!~7,

Define ¢x : Fr—1-pp — R™*P by
ox(V) =1,m" + (X - 1,m")(I, — S~ 'diag {s}) + ZxVL. (2.40)
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The following result tells us that for any [X,X] € M, there exists a V € Fp_1_,,
such that X = ¢x(V), and thus we are implicitly decomposing U from Algorithm 1

into ZxV for some random V', and we think of V as a realization of this V.
Lemma 2.A.7. px is a bijective mapping from Fpn_1_,, to Mx.

The proof of Lemma 2.A.7 involves mainly linear algebra and is deferred to the
end of this section.

Part 2. We now define [Xo,Xq]. Let the eigenvalue decomposition of S be
GoD?G|, where D is a p X p diagonal matrix with positive non-increasing diagonal
entries and Gy € O,. Define a (n — 1) x p matrix X, and a (n — 1) x (n — 1 — p)

matrix Z, as

DG/ 0, (n1—
X, = |z = | T (2.41)

0(n—1-p)xp I 1-p

Then ZZ, =1, 1 ,, XX, = 8 and X] Z, = 0. Next define

XO = ]_an + CTX*,

I

p

Zy=C'"Z,, V, =
0(n—1-2p)xp

Xo=1,m" + (X, — 1,m")(I, — S 'diag {s}) + Z,V, L.

One can check that [Xy, Xo] € M.
Part 3. Now for any [X,X] € M, we will find a G € G such that (G, [Xo, Xo]) =
X, X].

Let Qx = CXGyD™!, which is a (n — 1) x p matrix. Since (CX)"CX = S, we
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have QyQx = I,. Thus Qx € F,_1,. By Lemma 2.A.7, there is some V € F,,_;_,,
such that X = 1,m" + (X — 1,m")(I, — S~'diag {s}) + ZxVL. Let Qg be CZxV.
We will show Qx € F,_1, and Q; Qx = 0:

Because Z;ln =0, it holds C"CZx = Zx. Thus

QyQx = (CZxV)'CZxV
= V' Z; ZyV

= I

»-
In addition, because Zy X = 0, it holds that

QyQx = V' Zy CTQx
= V'Z,C"CXGyD™*
= V' Z,XG,D!

= 0.

Then we can find some G, € O,,_; such that

(G)12p) = [@x, Qg] = [CXGyD ™", C ZxV] (2.42)

Define G = C"G,C + 1,1 /n. One can check that G'G = I,, and G1,, = 1,,, and

conclude that G € G. We next show [GXo, GXo] = [X, X].
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We first check

GX, = (C'G.C +1,1] /n)(1,m" +C"X,)

= 1,m' +C'G.CC"X, (- C1,=0)
= 1,m" + C"'G.X, (-CcC' =1,
= 1,m' +C'QxDG, (. definitions of G, X,)
= 1,m' +C'CX (.- definition of Qx)
= X

Next, note that

GZ\V,= (C'G.C +1,1] /n)CTZ.V,
- C'G,cC"Z.V, (.- C1, =0)
= C'G.Z.\V, (-CcC'=1,.,)
] . _
= C'G, I, (. definitions of Z,, V)
| On—1-2p)p |

= C'CzZxV (. definition of G.,)

— ZyV,
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and hence it holds that

GXo= G (1,m" + (X — 1,m")(I, — S~'diag {s}) + Z;V,L)
= 1,m" +(X-1,m")(I, — S 'diag {s}) + ZxVL

= X

Hence the operation ) is transitive, and the proof is complete. O

Proof of Lemma 2.A.7. The proof takes four steps.
Step 1: L is invertible.

Let

s _ 2diag {s} diag{s} | (2.43)

diag {s} S

By construction of s, 2diag {s} > 0,x, and

28 > diag {s}
1
= S — idiag {s} > 0,xp

= S — diag {s} (2diag {s}) " diag {s} = Opxyp,

where the lefthand side of the last line is exactly the Schur complement of 2diag {s}
in S,, and therefore S, > 0,4,. But since S = 0,,, the fact that S, > 0,, implies

that the Schur complement of S in S, is also positive definite:

2diag {s} — diag {s}S'diag {s} = L' L = 0,,, (2.44)
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and therefore L is invertible.
Step 2: @X(fn—l—p,p) - MX-

Let X = ox(V) for some V € F,,_1_,,. First we show )~(T1n/n =m:

)~(T1n/n = (1,m"+(X-1,m")(I, — S”'diag {s}) + ZXVL)T 1,/n
=m+L'V'Zy1,/n (X=1,m")"1, =0,

- m v Zy 1, =0, ,.
Next we show (CX)TCX = S:

(CX)TCX (245)
— (X = 1,m")(I, — S 'diag {s}) + ZxVL) ' x
(X — 1,m")(I, — S~'diag {s}) + ZxVL)
CTCX— 1T 2] = X~ 1m" 2]
= (I, — S~ 'diag {s}) " S(I, — S 'diag {s}) + L'V  Zy ZxVL
(X=1,m") Zx = 0,xp
= S — 2diag {s} + diag {s} S 'diag {s} + L' L
v ZyZx =TV € Fuipy

=S -+ LTL = 2diag {s} — diag {s} S 'diag {s}.
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And finally we show (CX)TCX = 8 — diag{s}:

(CcX)'ex
= ((X=1,m")(I, — S 'diag {s}) + ZXVL)T (X-1,m")
=(I,— S 'diag{s})'S+ L'V Zgy (X-1,m")

= S — diag {s} (X =1,m")"Zx = 0px (n—1-p)-

We conclude that X € My and therefore ox(Fn-1-pp) € Mx.

Step 3: px is injective.

Since Zy, [1,, X| = 0 and L is invertible, Zy px(V)L™' = V. Thus ¢ is injective.

Step 4: px is surjective.

Let X € Mx. By the definition of Zx, the columns of [1n, (X—1,m"), Zx} form
a basis of R”. Hence we can uniquely define a” € R*?P_ A € RP*P and © € R(»~1-p)xp
such that

X=1,a" +(X—-1,m")A + Zx© (2.46)

First, m = )~(T1n/n = o because [(X —1,m"), Zx}T 1, = 0p_1)x1-
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Next we show A = I, — S~ 'diag {s}:

S — diag{s} = (CX)"CX

= S —diag{s} =A'(X-1,m")" (X-1,m") +©"Zg (X-1,m")
= S —diag{s}=A"(X-1,m")" (X-1,m")
= S — diag{s} =A'S

= I,— S 'diag{s} = A.

And finally, we show ® = VL for some V € F,_;_,,. Using Equation (2.46),

(cX)'ex =8
= AX"CTCXA +0©7Z,Zx® = S

= (I, S 'diag{s})' S(I, — S7'diag {s}) +©@'® = S

= S — 2diag {s} + diag {s}S 'diag{s} +@'®@ =S
= ©'© = 2diag {s}—diag {s} S 'diag {s}
= (r)'e'er' =1,

where again the second equality uses C1,, = 0 and C'C Zx = Zx, the third equality
uses A = I,— S~ 'diag {s} and Zy Zx = I,,_;_,, and the last equality follows from the
invertibility of L. Define V := ©L™', then the last equality implies V € F,,_1_,,.

We conclude that X = px (V). O
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An Intuitive Proof That Does Not Quite Work

The astute reader may think there is a more straightforward way than the previous
subsection to prove Theorem 2.3.1 using the fact that all the randomness in the
conditional knockoffs construction of Algorithm 1 comes from [U, ﬁ] which follows the
Haar measure on F, 3,, and this Haar measure has many known properties including
swap-invariance. We show here why we were not able to follow this route, and resorted
instead to a more technical proof using topological measure theory.

For simplicity, consider the special case where the mean vector is known to be
zero, i.e. ; ~ N(0,I @ X). Let X = UDV'T be the singular value decomposition
of X where U € R"™P. D € RP*P,V € RP*P. It is not hard to see that U is
uniformly distributed on JF,, and is independent of DV '. This claim implicitly
uses the existence of a Haar measure on F, ,, but this is well-known (we denote this

measure by Unif (F,,)). Conditioning on X7 X = V' D?V = 3,

X £ Unif (F,,) DV £ Unif (F,,) £/ (2.47)

Thus in principle, it would be sufficient to construct X such that

1/2
- b 3. — diag {s}
[ X, X | ~ Unif (F, 2p) (2.48)
3 — diag {s} >
which simply requires generating the left singular vectors of Unif (F,, 2,) conditioned

on U being the first p columns. This can be easily achieved by stacking W on the

right of X and calculating the left singular values of [ X, W], which is exactly what
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is done in Algorithm 3.1.

To prove the validity of this construction, we just need to check that the right
hand side of Equation (2.48) is swap-invariant. Indeed, Unif (F, 2,) is easily shown
to be swap-invariant, and the matrix multiplying it appears to be swap-invariant as

well. However, the matrix square root complicates things. Denote

A A 1/2
by 3 —diag{s
o (s}
3 — diag {s} )y

To make the argument more precise, suppose that we want to show that swapping
X, with X does not change the joint distribution of [ X, X]. Let P € R%**? be the
permutation matrix that swaps columns 1 and 1 4 p of a matrix when multiplied on

the right. By Equation (2.48), what we need to show is

Unif (F,0,) GP 2 Unif (F,5,) G (2.49)

The left hand side equals to (Unif (F,, 2,) P) PGP. By known properties of the Haar
measure, we have that Unif (F,, o) P2 Unif (Fn2p), and hence Equation (2.49) is
equivalent to

Unif (Fp2,) PGP 2 Unif (F,,,) G (2.50)

The only way we can see how one might prove this more simply than the proof in the
current work is to show that PGP = G, i.e., that G is swap-invariant.
G visually appears to be swap-invariant, and indeed is the square root of a swap-

invariant matrix, but the fact that a matrix is swap-invariant does not directly imply

171



Chapter 2: Conditional Knockoffs for Variable Selection

that its square root is swap-invariant. The square root of a matrix in general is not
unique, so we may hope that there exists (and we can identify) a swap-invariant
square root in this case, but in the representation of Equation (2.48), we can actually
only use the square root that has DV on its upper left block and has 0 on its
bottom left block, in order to match X = UDV " on the left hand side. Therefore,
we can actually say with certainty that
c DVT D 'V'diag{s} — X 'diag{s}
- 0 L 7

where LTL = 2diag {s} — diag {s}%'diag {s} is a Cholesky decomposition. How-
ever, this matrix cannot be swap-invariant. This is why we were unable to prove
swap-exchangeability of [X, X] directly from swap-invariance of Unif (F,,5,), and
were instead forced to prove it directly using topological measure theory. Note that
our proof uses similar machinery to the first-principles proof of the known result that

Unif (F,,2,) is swap-invariant.

2.A.3 Gaussian Graphical Models

Proof of Theorem 2.3.2. By classical results for the multivariate Gaussian distribu-

tion, we have

XBc ‘ XB NN(/,L* —+ EXB, 2*), (251)
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where B = Ype p(Xpp) ", pu* = ppe — Bup and (X*)1 = (X71)pe ge. By the

condition that G is n-separated by B, (X*)~! is block diagonal with blocks defined

by the Vi’s. Thus Xy,,..., Xy,

, are conditionally independent given Xp.

To show [X, X] is invariant to swapping A for any A C [p], by conditional inde-

pendence of the Xy, ’s, it suffices to show that for any k € [¢] and A, := A NV,

2]

[ Xy, Xv, Jowap(a) = [Xvi Xv,] | X (2.52)

Before proving Equation (2.52), we set up some notation. Let 2 = 7! then by

block matrix inversion (see, e.g., Kollo and von Rosen (2006, Proposition 1.3.3)),
Ypepe — Xpep(Xpp)  Sppe = 951735, (2.53)

and

— (Zpepe — Zpep(Zps) ' Sape) Tpes(Eps)t = Qpep. (2.54)

Thus E can be written as —QE;%’BCQBCVB.
Now fix k € [(]. Let By = Iy, N B. Since V;, and B\ By, are not adjacent, vy, p\5,

and thus Ey, p\p,, equals 0. Equation (2.51) implies
XVk | Xp ~ N(Mt/k + EVkaBkXBk7 Et/k,\/k)' (255>

This also implies that

Xy, L Xp\p, | Xp,- (2.56)
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Since the rows of Xy, up, are i.i.d. Gaussian, the validity of Algorithm 8 (see
Theorem 2.B.2 in Appendix 2.B.1) says that Xvk generated in Line 2 of Algorithm 2
satisfies
=1

[Xvk7XVk]swap(Ak) Xvk7Xvk:| | XBkv (257)

This together with Equation (2.56) shows Equation (2.52). This completes the proof.

[]

Proof of Proposition 2.3.3. This proof will be about Algorithm 10 in Appendix 2.B.2,
which is shown there to be equivalent to Algorithm 3. Without loss of generality, we
assume m = (1,...,p). Denote by N;h) the set N; in the Algorithm 10 after the hth
step. The updating steps of the algorithm ensure j ¢ N ;h) for any 7 and h. Note that
N; does not change after the (j — 1)th step, i.e., N;jfl) = N]@ =...= ](p).

It suffices to show the following inequality for each connected component W, whose

vertex set is denoted by V', of the subgraph induced by deleting B:

14 2|V + Iy N B| <n', where Iy := U I;. (2.58)

jev
Part 1. First note that by definition of V', every element of Iy is either in V' or
B. Now define F' = [p] \ (VW (Iy N B)). We will show that k € F' will never appear
in N; for any j € V.
Initially, for any j € V, N;O) = I; does not intersect F. Suppose h is the smallest

)

integer such that there exists some 5 € V such that NV ;h contains some k € F. By

the construction of the algorithm, h ¢ B, j > h and j € N,Eh_l) (otherwise Nj(h)

would not have been altered in the hth step), k € N ,Eh_l) (otherwise k could not have
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entered Nj(h) at the hth step), and h € N;hfl) (by symmetry of NJ@ and N,Ei) for
i < min(h,j)).

Since h € N;h_l), the definition of h guarantees h ¢ F (otherwise h — 1 would
be smaller and satisfy the condition defining h), and thus A is in either V or Iy N B.
But since h ¢ B, we must have h € V. Now we have shown k € N,sh_l), ie., F
intersects IV, before the hth step, and h € V, but this contradicts the definition
of h. We conclude that for any j € V and any h € [p], F' N N;h) = () and thus
NP C (Iyn B)w (V\ {5}).

(p)

Part 2: We now characterize N;. For any j € V, define

Li={ve(Iyn B)w((V\{j}): Fapath (4,51,...,Jm,v) in G,

where j; < j and j; € V, Vi € [m]}.

We will show L; € N j(p ) by induction. This is true for the smallest j € V' because
L;=1; C N](p). Now assume L; C N](p) for any j < jo (both in V), we will show
Lj, € NP, For any v € Lj,, if v € I, it is trivial that v € N\ If v € Lj, \ I, there
is a path (jo, j1,---,Jm,v) in G where {7;}/", C V are all smaller than jy. Let j;« be
the largest among {j;}7,. With the two paths (jo, j1, - -, jix) and (i, .-, Jm, V), We
have jo,v € Lj,. C N;i) by the inductive hypothesis. Since j, € N(fi) and jo > J;+, in
the j;«th step on Line 5, N;, absorbs N;. \ {jo}, and it follows that v € Nj(gi*) and
thus v € N;f ). We finally conclude that L;y C N j%) ), and by induction, L; C N ;p ) for
all j € V.

Part 3. Let j* be the largest number in V. Since W is connected and j* is the

largest, the definition of L;- implies (Iy N B) W (V' \ {j*}) = L;«~. Part 1 showed
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that N¥ C (Iy N B) & (V \ {j*}) and Part 2 showed that Lj C N¥. Thus
N = (Iy 0 B)w (V\ {j*}).

Since B keeps growing, at the jth step of Algorithm 10, the set {1,...,57 —1}\ B
with the current B is the same as that with the final B. At the j*th step of the
algorithm, N;« N ({1,...,5% — 1} \ B) equals V' \ {j*} (since j* is the largest in V).

Hence

[Nj[+N;=0({1, ..., 5" =1N\B)| = (|(Iy N B) @ V| = D+(|V| = 1) = 2[V[+|IyN B|-2.

(2.59)
Since j* ¢ B, the requirement in Line 4 and the equality above implies
14 2|V + Iy N Bl <0/, (2.60)
and this completes the proof. O]
2.A.4 Discrete Graphical Models
Proof of Theorem 2.3.4. We first show
P(Xpe| Xp) = [[P(X;]| Xp) = [[P(X;] X4,). (2.61)
jeBe jeBe
Suppose j € B¢, then I; C B. By the local Markov property,
X; L (Xgagiy, Xpvg,) | X, (2.62)
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By the weak union property, we have

X; L Xy | (Xp, Xpur,),s (2.63)

which implies P (Xpge

Xp) = P(X;| Xp)P (Xpe;3 | Xp). Following this logic for
XB) = HjeBC]P(Xj| XB)v

which is then equal to HjeBc P (Xj } le) because X; 1L Xp\z, | X,

the remaining elements of B¢\ {j}, we have P (Xpg.

Secondly, as justified in Section 2.3.3, the construction of Xj in Algorithm 5
implies that conditional on T5(X), X; and X are independent and identically dis-
tributed, and thus

~ 'D ~
(X5, X;) = (X, X;) | Te(X). (2.64)
By the law of total probability, it follows that
~ D ~
(X;, X;)=(X;,X;) | X5 (2.65)
Since X ; is generated without looking at X ge\(;1, it holds that

X; L (Xpogy, Xpogy) | (X, X)) (2.66)

Next we show (XBC,XBC)Swap(A) 2 (XBC,XBC) for any A C B¢. For any pair of

column vectors (X;, X;) € [K;]™ x [K;]", define

(X', X;) = ' (2.67)
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By Equations (2.61) and (2.66),

P ((XBC,XBC) — (Xpe, Xe) ‘XB>

= 11 P((X],Xg) = (X, X;) \XB) X HIF’((XJ,X]) = (X;,X;) ‘XB>
jEBC\A JjE

- H P (X]’X]):<X;4’X;4) ‘XB) XH]Ib((XJaX]):(X?aXf) ‘XB)
jEB\A JEA

= P ((Xpe, Xpe) = (X X5) | X5).

= P (X5, XpeJowapta) = (Ko Xe) | X))

where the third equality (which swaps the order of X; and )~(j and adds superscript
A’s in the second product) follows from Equation (2.65).

Together with X B = Xp, we conclude X is a valid knockoff for X. O

2.B Algorithmic Details

2.B.1 Low Dimensional Gaussian

Additional Details on Algorithm 1

We begin with the construction of a suitable s by extending existing algorithms
for computing s to our situation. Without loss of generality we assume ﬁjﬁj =1 for

j =1,...,p here; otherwise denote by D the diagonal matrix with IA?M = 3, ;, set

30 t0 be D723 D12, define s° = D~ !s, and proceed with 3 and s replaced by
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30 and s° respectively. For any €,6 € (0, 1), we can compute s in any of the following

ways:

e Fquicorrelated (Barber and Candes, 2015): Take S?Q = (1—€) min (2)\min(ﬁ]), 1)

forall j=1,...,p.
o Semidefinite program (SDP) (Barber and Candes, 2015): Take s°PF to be the
solution to the following convex optimization:

p 0<s; <1, 5=1,...,p
min Z (1—s;) subject to: ! (2.68)
j=1

diag {s} < (1 — €)23.
e Approzimate SDP (Candes et al., 2018): Choose an approximation ﬁ]appmx of ¥
and compute s*PP** by the SDP method as if = f}appmx. Then set 8 = VSapprox

where v solves

~

max -y subject to:  diag {VSapprox} = (1 —€)2X. (2.69)

Noting that X;Xj/n = ij,j — s;, it will always be preferable to take € as small as
possible (for all methods), so that s is as large as possible and X; and X'j are as
different as possible. For the SDP method, the lower bound § can be set to be S?Q
multiplied by a small number, e.g., 6 = 0.1 - 2)\min(ﬁ3), to guarantee feasibility; this
choice is used in the simulations in Sections 2.3.1 and 2.3.2.

We now prove the computational complexity of Algorithm 1. The Cholesky de-

composition takes O(p*) operations and the Gram—Schmidt orthonormalization takes

O(np?) operations. If s is computed by the Equicorrelated method whose complexity
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is no larger than O(p?), the overall complexity of Algorithm 1 is O(np?).

Gaussian Knockoffs with Known Mean

Algorithm 7 is a slight modification of Algorithm 1 for mulitvariate Gaussian
models with mean parameter g known. The proof of its validity requires only minor

modification of the proof of Theorem 2.3.1, and is thus omitted.

Algorithm 7 Conditional Knockoffs for Low-Dimensional Gaussian Models with
Known Mean
Input: X € R™P u € RP.
Require: n > 2p.
1: Define ¥ = (X — L,pu ") (X — L,u").
2: Find s € R? such that 0,,, < diag {s} < 23.
3: Compute the Cholesky decomposition of 2diag {s}—diag {s}%'diag {s} as LT L.
4: Generate W a n X p matrix whose entries are i.i.d. A(0,1) and independent of

X and compute the Gram—Schmidt orthonormalization [ @ , U | of [ X, W].
~—
nxp NXP
5: Set R A
X =1,u" +(X —1,u")(I, — X diag {s}) + UL. (2.70)

6: return X.

Partial Gaussian Knockoffs with Fixed Columns

Consider the case where some of the variables are known to be relevant and thus
do not need to have knockoffs generated for them. Let B C [p]| be the set of variables
that no knockoffs are needed for, so we only want to construct knockoffs for variables

in V = B¢, ie., to generate Xy such that for any subset A C V,

=1

[XVaXV]swap(A) X\/;XV] | XB- (271)
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Algorithm 8 provides a way to generate such knockoffs. We can find its computational
complexity as follows. Fitting the least squares in Line 1 takes O(n|B|*|V]), com-
puting 3 takes O(n|V]?), both the most efficient construction of s and inverting 3
take O(]V]?), and the Gram-Schmidt orthonormalization takes O(n(1+|B|+2|V|)?).

Hence the overall computational complexity is O (n|B*|V| + n|V|?).

Algorithm 8 Partial Conditional Knockoffs for Low-Dimensional Gaussian Mod-
els
Input: X, € R™!VI, columns to condition on: Xpz € R**I5I.
Require: n > 2|V| + |B].
1: Compute the least squares fitted value X ; and residual R; from regressing X
on [1,, Xp] for each j € V. Let R=1[...,R;,...];cv and compute 3 = R"R.
2: Find s € RV such that Oy, < diag {s} < 23
3: Compute the Cholesky decomposition of 2diag {s} —diag {s} %~ 'diag {s} as LT L.
4: Generate W a n x |V| matrix whose entries are i.i.d. A (0,1) and independent
of X and compute the Gram-Schmidt orthonormalization [ U, , U |of
~~ ~~

nx(1+|Bl+|V]) nx|V]
[1n7XBJ R7 W}

5. Set XV = XV +R <I|V| - (2)_1diag {3}> +UL.

6: return Xv.

The validity of Algorithm 8 relies on its equivalence to a straightforward but slow
algorithm, Algorithm 9. We first show the validity of Algorithm 9 and then show the

equivalence.

Algorithm 9 Alternative Form of Algorithm 8
Input: X € R"*?, B C [p| and V = B°.
Require: n > 2|V| + |B|.
1: Generate a n x (n—1—|B|) orthonormal matrix @ that is orthogonal to [1,,, X 5],
and compute @, an orthonormal basis for the column space of [1,, Xp].
2: Construct low-dimensional knockoffs J for Q" Xy, via Algorithm 7 with pu = 0.
3: Set XV =QJ + QJ_QIXV.
4: return Xv.
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Proposition 2.B.1. Algorithm 9 generates valid knockoff for Xy conditional on Xp.

Proof. By classical results for the multivariate Gaussian distribution, we have
Xy | XB NN(H*+EXB, E*), (272)

where = = EV,B(EB,B)_17 ,LL* = MHy — EH/B and (E*)_l = (E_l)V,V-

We want to show that for any A C V,

21Xy, Xv] | Xp. (2.73)

[Xv, XV]swap(A)
For n i.i.d. samples,

Xv | Xp~Nyy(L.(p")" + X5ET, I, @ T%). (2.74)

By the definition of @ in Algorithm 2, Q'[1,, Xp] = O(n—1-|B))x(1+|B|) and Q'Q =

I,_1_p. This together with the property in Equation (2.27) implies
Q' Xv | Xp~Nu1pv(0, I, |5 ®Z*). (2.75)

Since n — 1 — |B| > 2|V, Algorithm 7 can be used to generate knockoffs J for

Q" Xy, which satisfies that

[QTX\/v J]swap(A) 2 [QTXV7 J] | X, (276)
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and thus

[QQTXVa QJ]swap(A) 2 [QQTXV, QJ] | XB. (277)

Adding [Q, Q] Xv, Q1 Q] Xy], which is trivially invariant to swapping, to both sides
and using I, = QQ" + Q. Q] and the definition of Xy in Line 3 of Algorithm 2, we

have

[Xv, XV]swap(A) 2 [XV7 XV] | XB- (278)

Since this holds for any A C V/, )N(V is a valid knockoff matrix for Xy conditional on

X5 ]
Theorem 2.B.2. Algorithm 8 generates valid knockoffs for Xy conditional on Xp.

Proof. 1t suffices to show that if the same s and L in Algorithm 8 are used to generate
J in Line 2 of Algorithm 9, then the output X in Algorithm 8 and the output in
Algorithm 9, which is denoted by X{/ to avoid confusion, have the same conditional
distribution given Xz and X .

We write the Gram—Schmidt orthonormalization as a function W(-). Let b = 1+|B|
and d = |V|. By assumption, b+ 2d < n.

By the definition of @ and @, in Line 1 of Algorithm 9, we have

Xy =Q.QI Xy, R=QQ"Xy. (2.79)

First, we express X"/ in a similar form as Xy in Line 5 of Algorithm 8. The

conditional knockoff matrix for Q" X\ generated by Algorithm 7 (with g = 0,—p)x1)
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is given by

J=Q"Xy (I, — (¥) 'diag {s}) + U'L, (2.80)

where 3/ = Xy QQ'Xy =R'R = 3 and U’ is the last d columns of the Gram—
Schmidt orthonormalization of [QT Xy, W’] with W/ ~ N,,_44(0, I, , ® I;) inde-

pendent of Xy and X p. Hence we have

X, =Q.Q Xv+QJ

- X, +R (Id ~ £ diag {s}) + QU'L. (2.81)

It suffices to show U in Line 4 of Algorithm 8 is distributed the same as QU’ condi-
tional on X.

Without loss of generality (by choosing @, in Line 1 of Algorithm 9), assume
the Gram—Schmidt orthonormalization of [1,, Xpg, Xv] is [Q 1, M], where M is a
n x d matrix. Hence span(M) = span(QQ " Xy). Let Z be a (n —b) x (n —b—d)
matrix whose columns form an orthonormal basis for the orthogonal complement of
span(Q " Xv).

Characterizing U: Let I' = [Q,,M,QZ]. Since Z'Q" Xy, = 0, we have
Z'Q'QQR"Xy = 0 and thus Z'Q™M = 0. Together with Q[QZ = 0 and

(QZ2)"QZ =1, 4, wehave T € O,,.
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Using Equation (2.28),

V([1,, X, Xy, W]) = U([¥([1,, X5, Xv]), W])
=V([QL, M, W)

=TU(T"[Q., M, W), (2.82)

where the first equality is due to the fact that Gram—Schmidt orthonormalization

treats the columns of its inputs sequentially. An elementary calculation shows

I, Opxd QW

I'Q.,MW|=| o,, I, MW |,

O—b-dyxt Om-b-ayxa Z QW

thus

I, 0pxa Obx (n—b—d)
v (' [QLM W) = Oaxp I, Oux(n—b—-a) | - (2.83)

O—b-dyxb On—b-ayxa U(Z'QTW)

Using the definition of I" and Equations (2.82) and (2.83), we conclude

([, X, Xv, W) = [Q1, M,QZY(Z7 QW) (2.84)

which implies

U=QZY(Z'Q"W). (2.85)
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Noting that Z'Q'QZ = I, , 4 and W ~ N, 4(0, I, ® I,), Equation (2.27)
implies Z'"Q™W ~ N, 4 44(0,I, 4 ® I;). By the classic result in Eaton (1983,
Proposition 7.2), the conditional distribution of ¥(ZTQ'W) given (Xp, Xy) is the
unique O,,_;_g-invariant probability measure on F,_p_4 4.

Characterizing U’: Let Z, € R 9*4 he the Gram Schmidt orthonormaliza-
tion of Q" Xy, and thus Z'Z, = 0. Let ', = [Z,, Z], then T', € O,,_;. Again using

the properties of Gram—Schmidt orthonormalization,

V(Q' Xy, W) = ¥([Z,,W']) =T.¥(][Z,, W) (2.86)

Since

I, ZIw
FZT [ZJ-7 W/] = )
Op—bt-ayxa Z'W'

it holds that

- ) I, Odxd
U (T [z, W) = : (2.87)

Om—b-ayxa W(ZTW')
Hence U’ = ZV(ZTW’) by combining Equations (2.86) and (2.87). As before, we
can conclude that the conditional distribution of W(ZTW”) given (X, Xy/) is the
unique O,,_;_g-invariant probability measure on F,_p_4 4.
Combining the two parts above and using the uniqueness of the invariant measure,

we conclude that

UZQU'| (X3 Xv). (2.88)
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Using the definition of Xy in Line 4 and Equation (2.81), it follows that X\, 2 X |

(XBaXV)' ]

2.B.2 Gaussian Graphical Models

The computational complexity of Algorithm 2 can be shown by summing up the
computational complexity of Algorithm 8 in Line 2 for individual connected compo-
nents, which is O (n|Iy, N B|* |Vi| + [Vi|?), as shown in Appendix 2.B.1. Its upper

bound is due to the facts that Zi:l [Vi| < p and max<p<p |Vi| < n'.

Greedy Search for a Blocking Set

Algorithm 10 is the virtual implementation of Algorithm 3. In Line 5 of Algo-
rithm 10, we only need to keep track of NN, the neighborhood of each unvisited j in
G among the vertices in [p]. This is because if k € N; and k exists in G then it is
guaranteed by Algorithm 3 that % is a neighbor of j in G, and j is a neighbor of both
k and k. This also implies that |N; N {my,...,m_ 1} \ B equals the size of the neigh-
borhood of j in G among the knockoff vertices. Also note that the neighborhood of
a visited vertex is no longer used in Line 4 of Algorithm 3, therefore the update step
in Line 5 of Algorithm 10 can be restricted to the unvisited £’s. In the following, we
use the equivalence between Algorithm 3 and Algorithm 10 to prove the properties
of Algorithm 3.

The following proposition shows that if the tail of the input permutation to Al-
gorithm 3 is already a blocking set of the graph, then the output from the algorithm

is a subset of this blocking set. This property allows one to refine a known but large
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Algorithm 10 Greedy Search for a Blocking Set

/

Input: 7 a permutation of [p|, G = ([p], E), n'.
1: Initialize N; = [; for all j € [p], B = 0.
2: fort=1,...,pdo
3:  Let 5 be 7.

40 if ' >34+ |N;|+ |N;N{m,...,m_1} \ B| then

5: Update Ny <— N U (N; \ {k}) for all k € N; N {mpiq,...,m,}.
6: else

7 B+ BU{j}.

8: end if

9: end for

10: return B.

blocking set (e.g., one could apply Algorithm 3 to the blocking set from Example 2.B.2

in Appendix 2.B.2).

Proposition 2.B.3. Suppose n' and 7 are the inputs of Algorithm 3, which returns
a blocking set B. If G is n'-separated by {mp41,...,m} for some m € [p], then

T, ..., Ty, will not be in B.

Proof. In this proof, we use the equivalence between Algorithm 3 and Algorithm 10.
Let D = {mpt1,...,m,}. Without loss of generality, re-index the variables so that
m; = j for every j € [p|, and thus D = {m +1,...,p}. Denote by N;h) the set IV, in
Algorithm 10 after the hth step, as in the proof of Proposition 2.3.3. Let W be any
of the connected components of the subgraph induced by deleting D, and V' be the
vertex set of W. Then V' C {1,...,m}.

Part 1. We first show that N;h) CVuw (IynD)forany j €V and h € [p]. The
proof is similar to Part 1 in the proof of Proposition 2.3.3. By definition of V', every
element of Iy is either in V or D. Define F' = [p|]\ (VW (Iyy N D)). It suffices to show

that k € I will never appear in NNV; for any j € V.
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Initially, for any j € V., N ;O) = I; does not intersect F'. Suppose h is the smallest
integer such that there exists some j € V' such that N ](h) contains some k € F'. By the

construction of the algorithm, 5 > h and j € N, }(Lh_l) (otherwise N (") would not have

J
been altered in the hth step), k € N, ,(lhfl) (otherwise k could not have entered N j(h) at
the hth step), and h € N](h_l) (by symmetry of NJ@ and N,(f) for i < min(h, j)). The
fact that h < j < m implies h ¢ D. Since h € N. ;h_l), the definition of h guarantees
h ¢ F (otherwise h — 1 would be smaller and satisfy the condition defining h), and
thus A is in either V or Iy N D. But since h ¢ D, we must have h € V. Now we
have shown k € N,(Lh_l), i.e., F' intersects N, before the hth step, and h € V, but
this contradicts the definition of h. We conclude that for any j € V and any h € [p],
Fn N® =0 and thus NV C (I, 0 Dy w (V\ {5}).

Part 2. For any j € V, at the jth step of Algorithm 10, N; N {1,...,7 — 1} C

V' \ {j} by the definition of D. Hence we have

3+ |N;N{L,....j—1}\B|+|N;|< 3+ |V| -1+ |VW (IyND)| -1
< 142|V|+|(Iv N D)|

<,

where the last inequality is because of the condition that G is n’-separated by D. Thus
the requirement in Line 4 of Algorithm 10 is satisfied and j is not in the blocking set.
Finally, since j and W are arbitrary, we conclude that any vertex in {1,...,m} is

not blocked. [l
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Searching for Blocking Sets

Given any m, Algorithm 11 performs a randomized greedy search for the blocking
sets B;. Although there is no guarantee that the B;’s found by Algorithm 11 satisfy
( B; = 0, one can subsequently check whether n; = m for any j € [p], in which case
i=1

the algorithm can be run again. Inspecting the vertices with 7; = m may reveal the

difficulties of blocking for this graph. Changing the inputs m and n’ may also help.

Algorithm 11 Randomized Greedy Search for Blocking Sets

Input: G, m, n' (by default ' = [n/m]).

Require: n’ < n/m.

: Let {n; = 0}}_, be a sequence counting how often a variable is in a blocking set.

2: for i=1,...,m do

3:  Set 7 to be the decreasing order (with ties broken randomly) of 7;’s, so 7. >
ey =0 > .

[t

4:  Run Algorithm 3 with 7 and n’ and let B® be the returned blocking set.
5. Update n; <= n; + 1,cp for each j =1,... p.

6: end for

7. return BY ... B,

Examples of (m,n)-Coverable Graphs

Example 2.B.1 (Time-inhomogeneous Autoregressive Models ). Consider a time-
inhomogeneous Gaussian AR(r) model (assuming! r > 1), so that the sparsity pattern
E ={(,j):1<|i—j] <r}. Suppose n > 2+ 8. A simple choice of blocking
sets is given as follows. Let d = |[(n —2)/8], then d > r. Let By = [p] N {kd + i :
kodd,andi = 1,...,d} and By = [p]N{kd +i : keven,and i = 1,...,d}. Any
connected component W of the subgraph that deletes By is no larger than d and

W's vertices V' satisfy |Iyy N By| < 2r, so G is (2d + 2r + 1)-separated by B; and

"When r = 0, the graph is isolated and is (1, n)-coverable for any n > 3.
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2d + 2r + 1 < n/2. The same holds for By. Note that [p] = Bf U BS, thus the graph

is (2, n)-coverable.

Example 2.B.2 (d-dimensional Square-lattice Models ). Consider a finite subset of
the d-dimensional lattice Z¢ where pairs of vertices with distance 1 are adjacent.
Suppose n > 6 + 4d, one could take By as the grid points whose coordinates sum
up to an odd number, and B, as the complement of By. The subgraph that deletes
By (or B,) is isolated and each vertex has a neighborhood of size 2d, so the graph is

(3 + 2d)-separated by B; (or By). Since 3 4 2d < n/2, the graph is (2, n)-coverable.

Example 2.B.3. Consider a m-colorable graph G. Let each of Vi,... V,, be the
vertex set of the same color. For any i € [m], the subgraph that deletes B; := UV}
is the subgraph that restricts on V;, of which each vertex is isolated. Thus G is

(14 2 + max,ey;

I,|)-separated by B;. If n > >7. . /(3 + maxeev,

I,]), the graph
is (m,n)-coverable. Note this subsumes Example 2.B.2 which has m = 2, but also

applies to many other graphs such as forests, stars, and circles.

2.B.3 Discrete Graphical Models
Details about the Algorithms

We begin by proving the computational complexity of Algorithm 5. For each
J € B¢, enumerating all nonempty configurations of kj, takes no more than [] K,
EEI]'

operations by checking each kj, or n|l;| operations by checking each observed X; ;.

The random permutation takes no more than n steps in total, so the overall complexity

is O ( > (n+min( J] Kg,n|]j|))>.

JjEB® fefj
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As mentioned at the beginning of Section 2.3.3, we can generate knockoffs with-
out assuming the covariate categories being finite. First of all, with infinite K,’s,
Algorithm 5 can still be used since in Line 3 it is only needed to enumerate those kj,
actually appearing in the observed data, which is at most n. Furthermore, the proof

of Theorem 2.3.4 does not require the K,’s to be finite.

Graph Expanding

As mentioned in Section 2.3.3, in Algorithm 5 variables in B are blocked and their
knockoffs are trivial. One way to mitigate this drawback is to run multiple times of
Algorithm 5 with expanded graphs that include the generated knockoff variables.

Specifically, denote by G a graph being augmented from G. For each j € B¢, we
add an edge between every pair of j’s neighbors and add to G the ‘knockoff vertex’
7 which has the same neighborhood as j. One can show that [X X pe] is locally
Markov w.r.t. the new graph. Applying Algorithm 5 to [X, Xze] with graph G
but with a different global cut set B which pre-includes B¢ and also the knockoff
vertices, we can generate knockoffs for some of the variables that have been blocked
in the first run. One can continue to expand the graph to include the new knockoff
variables, although the neighborhoods may become so large that the knockoff variables
generated are constrained (through conditioning on these large neighborhoods) to be
identical to their corresponding original variables. Algorithm 12 formally describes

this process, whose validity is guaranteed by Theorem 2.B.4.
Theorem 2.B.4. Algorithm 12 generates valid knockoff for model (2.16).

Proof of Theorem 2.B.4. We will first define some notation to describe the process of
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Algorithm 12 Conditional Knockoffs for Discrete Graphical Models with Graph-
Expanding

Input: X € N7 G = ([p], £), @ the maximum number of steps to expand the
graph.

1: Initialization: the augmented graph G < G, whose vertex set is denoted by V;
D < () contains the variables that have knockoffs ; ¢ < 1 is the step of the graph
expansion.

2: while ¢ < @ and |D| < p do

3:  Find a global cut set B for G such that B D D.

Construct knockoffs J for [ X, XV\[p]] w.r.t. the graph G and the cut set B by

Algorithm 5.

Set Xppp = -

for j € B°do
Add j to G with the same neighborhood as j.
Add an edge between each pair of j’s neighbors.
Update D < D W {j}.

10:  end for

11: g+ q+ 1.

12: end while

13: Set X[p]\D = X[p}\D.

14: return X.

e

graph-expanding, and then write down the joint probability mass function. Finally,
we show the p.m.f. remains unchanged when swapping one variable, which suffices to
prove the theorem by induction.

Part 1. To streamline the notation, we redefine () as the number of steps that
have actually been taken to expand the graph in Algorithm 5 (rather than the input
value). For each ¢ € [Q], denote by G@ the augmented graph and by B@ the
blocking set used in the gth run of Algorithm 5. Let V(@ = [p] \ B@. Also denote
by D@ the variables for which knockoffs have already been generated before the
gth run of Algorithm 5. Then D) = U;;} V@ for any » > 2 and DM = (). Let
1 ;q) be the neighborhood of j in G9. For ease of notation, we neglect to write the

ranges of k; and k4 when enumerating them in equations (e.g., taking a product
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over all their possible values). For a n x ¢ matrix Z and integers ki, ..., k., let

0(Z.ky,... k) = >0, 12, 1=k, Zs o=ke» 1.€., the number of rows of Z that equal

the vector (ky,...,k.).

Part 2. For any ¢ € [Q] and j € V@, the neighborhood I]@ consists of three

parts:

1. ([pnI ](Q))\D(q) : the neighbors in [p] for which no knockoffs have been generated,
2.1 ](q) N D@ : the neighbors in [p] for which knockoffs have been generated, and

3.{l:te I](q) N D@} : the neighbors that are knockoffs.

The generation of X ; by Algorithm 5 is to sample uniformly from all vectors in [K;]"

(9)

such that the contingency table for variable j and its neighbors in I;* remains the

same if X is replaced by any of these vectors. Define

M, (X x([p} 7 \D(q)’XI](-q>ﬂD(‘1)’xIJ(.q)mD(Q)>
= {W] S [Kj]n 0 <[W]7 X([p]ﬂfj(vq))\D(q)’ XIJ(q)mD(q), XIJ(q)mD(q)], kj7 ké@) =
0 <[Xj’ X([p]ﬁ(ﬁc”)\DW’ x[§q)mD<q>> X1<‘1 ap@ls ki k1<q>>

Vi, ko } ,
and then

Xv(1)7 N 7XV(q_1) - Xv(q—1)>

X €M\ X 7X([p]m](.q))\D(q) ’XIJ(.q) nD(2) ’XI;.‘” np(a) >

‘Mj (Xj’ Xni@now: Xoapa@: XIJ(,q)mD(q)) ‘
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Denote the probability mass function of X by f(x). The joint probability mass of

the distribution of [X, X] is

P ([X,X] - [x,X]) (2.89)
ZHf(Xi)
X P (va — Xy | X = x)
Q

X H]]ED (Xv(q) — XV(q) X — X, Xv(l) — x‘/(l)7 e 7Xv(q71) — Xv(q71)>
q=2
x H 15(]:Xj
‘ Q
J€PN(U V@)
q=1
n
I/
=1
1.. ~
Q X; €M, (Xj’x([p]m(q))\p(q) ’XJ(.‘Z)nD(Q) ’XI(.q>mD(‘I)>
« H J J J
=1 jevi |[M; (Xj,X([p]m]@)\D(q),Xl§q>mD(q>,XI§q>mD(q>) |

X H 159' =X;’

Q
jelp\ (U v@)
q=1

where the product is partitioned into three parts: the distribution of X, the distri-
butions of the knockoff columns generated in each step and the indicator functions
for the variables that have no knockoffs generated within the @) steps.

Part 3. It suffices to show that for any ¢ € [p],

P (1X, X] = [X.X]) = P (1X, X] = X, Xowap(s)). (2.90)
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If both sides of Equation (2.90) equal zero, it holds trivially. Without loss of gen-
erality, we will prove this equation under the assumption that the left hand side is
non-zero. One can redefine [X',)~(/] = [X,X]swap(g) and apply the same proof when
assuming the right hand side is non-zero.

First, suppose ¢ € [p] \ (61 V@), Since the left hand side is non-zero, by Equa-
tion (2.89), X, = X, and theq;).m.f. does not change when swapping X, with X.

Second, suppose ¢ € V(%) for some g, € [Q]. Since the left hand side of Equa-
tion (2.90) is non-zero, then in Equation (2.89), the indicator function in the second

part with ¢ = ¢, and j = ¢ being non-zero indicates

0 ([Xe’ X([p]mlff))\D<qe) g x]é‘”)mD@w ’ XIéqZ)mD(‘M)]’ ke, k]ﬁ”)

— 0 ([xg,x X X K, kféqg)>,v1<:g, k- (291)

([p]m[lqu))\p(qe) ’ ]éqé)mp(qz) ’ [éqé)mD(qg)]

The only difference between the two sides of Equation 2.91 is that X, is replaced by
X, in the first columns of the matrix. Such a difference will keep appearing in the
equations that will be showed below.

In the following, we show that everywhere X, or X, appears in the first or second

part of the product in Equation (2.89) remains unchanged when swapping X, and X,.

1. As shown in Section 2.3.3, there exist some functions ¢, and 6,(k, kz,)’s such

that

Hf(xi) = HW(&,[@\{@}) H Qz(kg,kjé)g([xe’xfe]’k57k1e)

i=1 i=1 ko ker,

Note that the initial neighborhood I, C I éq"'), by summing over Equation (2.91),
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one can conclude that

Q([X€7xfz]7 kbkfg) =0 ([vaxfg]y kkalg) (292)

for all kg, ky,. Thus [];_, f(x;) remains unchanged when swapping X, and X,.

2. For any j such that j € V%) and ¢ € I](qj), the second part of the product
in Equation 2.89 involves X, or X, with the indices g; and j. Since B%) is a

blocking set, we have ¢; # qo.

(a) If ¢; > qu, then ¢ € [](q]') N D). Note that swapping X, with X, only
changes the order of the dimensions of the contingency table formed by

@) X <qj> , and thus does not change whether or not

X; and {X

]I D(Q)

the following system of equations (where only the first column of the first

argument of o differs between the two lines) holds

o (WX i X K B )

= <[Xj’ x([p]ﬁquj>)\D<qj>’X ) pla;)? X (qf)mD(qJ)]’kj’kI;qﬁ)’

Vk;, k:I;qj).
Thus the indicator function

1 (2.93)

X;EM X . X (g X (g
J( J (Ip ]ﬂlj(.q]))\D(qj) I;qJ)QD(qj) I](.qj)ﬂD(qj)>
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and the cardinal number

‘Mj (Xj’ ([p]m(‘” )\D“’j)’x (a;) D<"J)’X (q]) D% )>‘ (2:94)

from Equation (2.89) remain unchanged when swapping X, and X,.

Now we show the same conclusion for the remaining j values, which will
require a few intermediate steps. If ¢; < g, then £ € I ](qj) \ D) and j €
Ié‘”) N D). By the graph expanding algorithm, we have ];Qj) \{¢} C Iéqe),

and D) C D) This shows
([p] N L)\ ({63 U D)) C ([p] N 1%\ D)) w (1) 0 D)), (2.95)
and
1) 0 D) C 1% A plae), (2.96)

Summing over Equation (2.91) and rearranging the columns of the first

argument of p, one can conclude that

) <[x‘j X X X or @y (qgpup)y X i@ plaps X o o) Ko Ko e Ky 3 {e})

(2.97)

=0 ([Xj,xj,Xz,X([p}nlquj))\({e}UD(qj)),X @) s X, @) play) ) ki, k5, ke, ke | ) {€}>

\V/k:]a k]) kb

R oy
where the two lines only differ in the third column of the first argument of

198



Chapter 2: Conditional Knockoffs for Variable Selection

0. Summing over Equation (2.97) w.r.t. k5, one can further conclude that

0 <[X]7 Xg’ x [ ]ﬁI(qJ )\({Z}UD(qj)), X (qJ)mD(q])7X (qJ D(Qj)] kJ7 kf? k (q] \{E})

(2.98)

=0 ([xja Xéa X([p]mquj))\({e}uD(qj))a XI;Qj)mD(qj) ) Xl;qj)mD(q7 ]a k]) kﬁ? k (qj \{Z})

ki ke k o
v]a 2 (J\{é}

where the two lines only differ in the second column of the first argument
of o, and the first column is X;. Similarly, summing over Equation (2.97)

w.r.t. k;, we have

0 <[Xj, Xy, X([p]m;qﬁ)\({é}UD(qj)), XI](qj>mD(qj>7XI]<_qj>n ) K5 ke, ke 1 \{e})
(2.99)
=0 <[X]7X£7X ([p ]ﬁf(qj )\({Z}UD(qj)),x (qJ) D(q])7x (qJ nD(% )]’ kj7 kf?k (q] \{E})
Vs, ko, K o
2 (J \{Z}

where again the two lines only differ in the second column of the first

argument of p, but now the first column is )~(j.

Note that is a product

Mj (Xj7 X([p]ml(q] )\D(qj)7x (QJ)QD(qj)7X (qJ)mD(q ))

of some multinomial coefficients, and each multinomial coefficient depends
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on a unique combination of (k¢ k (qJ \e }) and the values of

¢ ([Xj e, X([p]m](-qj))\({Z}uDW))’ X Ik mD(qﬂ)’X (93 play) NLALAL Ik \{f}) K-
(2.100)
These quantities are the ones on the right hand side of Equation (2.98).

Thus we conclude that

remains unchanged when swapping X, and X, by Checklng the terms in

Equation (2.98) that appear in the multinomial coefficients.

NOte that ] c M ( [ ]ﬁI(qJ )\D(q]),x (q] mD(q]),x (q] ﬂD(q )) ].f and

only if the right hand sides of Equations (2.98) and (2.99) are equal for all

ks, ke, which is equivalent to the left hand sides of the equations

Ry
are equal, which holds if and only if

Xj e M; (Xj ’Xf’X(Lp]ﬂff”)\({ﬂ}w@ﬁ)’X @ pte) X “ﬂmD@ﬂ) '

Therefore the indicator function 1

XEM X()

<J []m(%))\D(qj) I;qﬂm@ﬂ ,qu mD(«m)

remains unchanged when swapping X, and X,.

To sum up, Equation (2.90) holds for any ¢ € [p], and the proof is complete. [

2.B.4 Alternative Knockoff Generations for Discrete Markov

Chains

We provide alternative constructions of conditional knockoffs for Markov chains

that make use of the simple chain structure. Proofs in this section are deferred to
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Appendix 2.B.4.

We introduce a notation that makes the display clear. For any n X ¢ matrix Z
and any integers ki, ..., ke, let 0(Z,k1,... ke) = Y0 11z k.. Zio=ke, i€, the
number of rows of Z that equal the vector (kq,..., k.).

Suppose the components of X follow a general discrete Markov chain, then the

joint distribution for n i.i.d. samples is

K K1 K,

: sK2 N L N(y)

I[D(X): ||( =1 kk’ll koK
k=1 j=2 k=1 k’:l

where 7T](€1) =P (X;1 =k) and Wli{ll, =P (X,; =k | X,,;-1 = k) are model parameters
and N,g,z, = o ([X,-1, X;], k, k") is the number of samples such that the (j — 1)th and
jth components are k and k', respectively. So all the [V, ,g,z/’s together form a sufficient
statistic which we denote by T'(X), and although it has some redundant entries (for
example, 5;1 Z?: N, ,gjli, = n), it is nevertheless minimal, and we prefer to keep
the redundant entries for notational convenience.
Conditional on T'(X), X is uniformly distributed on Q := {W € J[/_,[K;]"

T(W) = T(X)}. Hereafter, we distinguish notationally between X’s and W’s (and
W’s), with the former denoting realized values of the data in X and the latter de-

noting hypothetical such values not necessarily observed in the data. The conditional
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distribution of X can be decomposed as

P(X=W[T(X))= G [[ | [T IT %o qw, ., W,k ¥)-ro

’
J=2 \ k=1 k'=1 o

= COﬁ%(Wj—th | T(X)), (2.101)

Jj=2

where Cj only depends on 7'(X). This decomposition implies that given T'(X), the
columns of X still comprise a vector-valued Markov chain (see Appendix 2.B.4). For
ease of notation, in what follows we will write P (-) without ‘| 7'(X)’ since we always

condition on 7'(X) in this section.

SCIP

The sequential conditional independent pairs (SCIP) algorithm from Candes et al.
(2018) was introduced in completely general form for any distribution for X with the
substantial caveat that actually carrying it out for any given distribution can be quite
challenging. Sesia et al. (2018) show how to run SCIP for Markov chains uncondi-
tionally. When applied to vectors instead of scalars, SCIP can also be adapted to
generate conditional knockoffs for Markov chains because the conditional distribution
of X is uniform on Q, making it a Markov chain, and conditional knockoffs are simply
knockoffs for this conditional distribution.

SCIP sequentially samples Xj ~ E(Xj\X_j,Xlz(j,l))l independently of X, for

(XX, X1:(j71)) is the conditional distribution of X; given (X_;, Xlz(j,l)).
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7 =1,...,p. For a Markov chain, this sampling can be reduced to
X ~ L(XG1 X1, X, X ).
The main computational challenge is to keep track of the following conditional prob-

abilities:

fj(wj’wj—lij+1) = IP) <‘X‘7 = W]

fp(Wpa W:n—1> =P (Xp =W,

Algorithm 13 describes how to generate conditional knockoffs for a discrete Markov
Chain with finite states by SCIP, where the functions f;(-) are computed recursively
by the formulas in Proposition 2.B.5. These formulas are different from the ones in
Sesia et al. (2018, Proposition 1), in which the authors assume transition probabilities

can be evaluated directly.

Algorithm 13 Conditional Knockoffs for Discrete Markov Chains by SCIP

Input: X € [[]_[K;]".

. Sample X uniformly from {W; € [Ki]": (W1, Xo,...,X,) € O}

. Compute f1<X1,W2> for all Wy € [Ky]™.

: for j from 2 to p — 1 do
Compute fj(Wj7Xj—17Wj+1) for all Wj S [K]]n and Wj+1 S [Kj+1]n.
Sample X; from f;(-, X;_1, X;j41).

end for

Compute f,(W;, Xp,l) for all W, € [K,]|".

Sample X, from f,(-, X,_1).

return X = [X,..., X,].

—_
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Proposition 2.B.5. Define 3 = 0. We formally write fi(Wh, Xo, Ws) for f1 (W1, W,).
Suppose X is a realization of X generated by Algorithm 2. Then the following equa-

tions hold

Low, Wa Xs,... X,)eQ
Wi, W,) = W Wo> ’
Si(W1, W) #{W/ € [Ky]" : (W}, Wy, X;5,...,X,) € O}

V1<j<p, £ (W, X, 1, W)

Lk X WG Wi Xp)e0 f i1 (K1, Koo, W)

=~ = ;

= !
2w ek Lk Xy W, 1 X e fi-1 (X1, X2, W)

" ! Kyt Xy, W
Fo( Wy, Xy 1) X1 X1 Wy e fp1 Rp-1, X2, W)

- ZWLE[Kp]" 1(X1 ..... Xp,l,wg)egfp—l(xp—lyXp—2;W;>)
Computing f;(Wj, )~(j,1, W, ) in Proposition 2.B.5 requires enumerating all pos-
sible configurations of W, € [K;]" and W, ; € [K;1]", making the total compu-
tational complexity of SCIP O(_,., ;(K;K;41)"). Due to the n in the exponent,
SCIP quickly becomes intractable as the sample size grows, even for binary states and
n 2 10. A simple remedy is to first randomly divide the rows of X into disjoint folds
of small size around ny, say ny = 10, and then run SCIP for each fold separately. This
construction conditions on a statistic which is n/ny times as large as that conditioned
on before dividing into folds, but the former’s computation time scales linearly with
n, instead of exponentially. Conditioning on more should tend to degrade the quality
of the knockoffs, but is necessary to enable computation. Still, compared to Algo-
rithm 6, SCIP does not block any variables and thus has the potential to generate

better knockoffs.
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Refined Blocking

One can apply Algorithm 6 to Markov Chains, as a 2-colorable graph, with two
blocking sets, one with all even numbers and the other with all odd numbers. Instead
of running Algorithm 5 in Line 3, a refined blocking algorithm, Algorithm 14, can be
used for 1 < j < p. It introduces more variability in the knockoff generation because
it first draws a new contingency table H that is conditionally exchangeable with the
observed contingency table H of (X,;_1, X;, X;11), and then samples Xj given H.
This algorithm constructs a reversible Markov Chain by proposing random walks on
the space of contingency tables, moved by AH and corrected by acceptance ratio
«. In the following, we discuss how to sample AH and compute «, and provide a

detailed version of Algorithm 14 at the end of this section.

Algorithm 14 Improved Conditional Knockoffs for X in a Discrete Markov Chain
(Pseudocode)

Input: X, columns to condition on: X;_; and X ;.
1: Initialize a chain of contingency table H = H(X}).
2: for ¢t from 1 to t,,x do
3. Draw AH independent of H, and propose H* = H + AH.

4:  if all elements of H* are nonnegative then

5: Calculate the Metropolis—Hastings acceptance ratio .
6: With probability «, update H + H*.

7. end if

8: end for

9: Sample X'J uniformly on all possible vectors that match H.
10: return X;.

Conditional on T'(X) and Xp, X; is uniformly distributed on all W; € [K;]|"
such that
0 ([X;-1, Wl ki, k) = N2 and o (W, X, by k) = NI (2102)
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for all (kj_1,k;,kj41). In the following, we view T'(X) and Xp as fixed and only X

as being random.

We begin with some notation. To avoid burdensome subscripts, we write (k_, k, k)
for (kj_1,k;,kj41). Let H = H(X;) be the three-dimensional array with elements
Hy, ;. =0 (X(j,l):(jﬂ), k_,k, k+) for all (k_, k, ky). The statistic H is essentially

a three-way contingency table and its three-dimensional marginals satisfy

Z Hy kg, IN;E{;;T)a vk, ke Z Hy gy, = Nk(i),k, VEk_ k;

k_€[K_] kye[K4]
Z .1;I1L71€71CJF :Mk,,k+7 where ]\4}677;€Jr = Q([.Xj_l,Xj+1],k_,k?+), Vk;,k_,_.
ke[K]

Here Mj,_ 1, is a function of Xp and thus fixed. Conditional on H, X is uniform
on all vectors in [K;]" that match the three-way contingency table. The probability

function for H is

M,
P(VEk  kky, Hy pp, =Hi pr, | Xp) o H ( ke | )7

k—€[Kj-1]k+€[Kj1]

where the counts Hy_ ;. satisfy > Hi_ pr, = M, for each pair of (k_,ky) €
ke[K;]
(K] x [Kji].
The construction of the Markov chain on contingency tables begins with defin-

ing the basic moves: suppose there are L different three-way tables {A®}L | C
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ZKi-1xK;x K41 quch that the marginals of each table A®) are 07s:!

Yk, k+,ZAk_7k,€+_o, Yk, k, ZAk oy =0,

Yk ke Y A, =0
k

A simple set of basic moves, indexed by £, can be constructed as follows: for
each £ = (7"1,7”2,01,C2,d1,d2) where T1,Ty € [Kjfl], C1,Co € [Kj+1}’ d1>d2 - [Kj] and
r1 # o, €1 # Co, di # da, define

A B (_1)1k_:r1+1k+:c1+1k:d1’ if k_ e {ri,m}, ke € {c1, e}, 2 € {dy, ds)}
ko kg T

0, otherwise
(2.104)

Algorithm 15 is a detailed sampling procedure, whose validity is guaranteed by Propo-

sition 2.B.6.

Proposition 2.B.6. For j € B, if Xj is drawn from Algorithm 15, then

D

(X;, X,)2(X;,X,) | Xs. (2.105)

A final remark is that one can generalize the refined blocking algorithm to Ising
models. By Equation (2.22), the sufficient statistic is the vector that includes all
the counts of configurations of adjacent pairs, i.e., > 1" 1x, —k x,,—& for all k k" €

{—1,1} and (s,t) € E. Instead of sampling a three-way contingency table in Algo-

IThe set {A(Z)}ZL=1 is similar to the Markov bases used in algebraic statistics (see Diaconis and
Sturmfels (1998)), but it does not need to connect every two possible contingency tables.
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rithm 15, now one has to construct a reversible Markov Chain for the (2d + 1)-way
contingency table for each vertex and its neighborhood. The basic moves can be

constructed similarly as the A® given before.

Proofs

Conditional Markov Chains We first show that conditional on T'(X), the se-
quence of X’s forms a Markov chain, i.e., Equation (2.101) describes a Markov
chain. We still write ‘| (X))’ in the probability here to emphasize the dependence
on T(X).

Summing Equation (2.101) over W,,, we have

P (Xlr(p—l) = Wl:(p—l) | T(X))

= G [T oWy W, | T(X0) D 6, W1 W, | T(X)) 2109

thus

W, W, | T(X
P(Xp:Wp Xli(P*l):le(pfl),T(X))— Pp(Wp—1, W, | T(X)) '

" S oW, W 7(x)) A1

Since the right hand side of the last equation does not involve Wy.(,_sy, we conclude

B(X,| X1, T(X)) = B (X, | X, T(X)). (2.110)
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Algorithm 15 Improved Conditional Knockoffs for X; in a Discrete Markov Chain

Input: X;, columns to condition on: X; 1 and Xj1.
1: Initialize H® with ngil’kj’kjﬂ = > I i—ky o Xa =k X =k, TOT Al Ky,
k‘j and kj-i-l'
2: for ¢t from 1 to t. do
3:  Sample uniformly without replacement the pair (R;, Rs) from {1,..., K, 1},
the pair (Cy,Cs) from {1,..., K;1}, and the pair (Dy, Ds) from {1,..., Kj}.
4. Define H* = H'"! + AB1E2.C1,.C2.D1.D2)
5. if all elements of H* are nonnegative then
Calculate the Metropolis-Hastings acceptance ratio

I1 (5. v
kj—1:kj+1 \Frx

W H

ki g 1,kiy g ks Kk

: J—1 i+l J-1 754

a = min LY 1. (2.106)
kj—1k ( : A

IR R Y & LHT!

kj—1 Lk k1 Kk

>

7 Sample U ~ Unif(0, 1).

8: if U < « then

9: Set H! = H*.
10: else

11: Set H' = H'!.
12: end if

13:  else

14: Set ﬁt = ﬁtil.
15:  end if

16: end for

17: Set H = H'max,

18: Sample Xj uniformly on all possible vectors that match H. In other words,
for each (kj_1,k;11) € [Kj_1] x [Kj41], set the subvector of X; with indices
{i €n]:X;j-1==Fkj_1,Xi;+1(i) = kj11} as a random uniform permutation of

( 1L,...,1 ..., Kj...,K; ). (2.107)
= —_—
H(kj—1,1kj+1) H(kj_1,K; kjt1)

19: return X;.

Remark 2.B.4. We can calculate o using quantities in H'1 as follows

ryt—1 | gt—1 |
Hk/j—l,Dly H

H kjq1" " kj_1,D2,kj41"
H; | H; !
kj—1€{R1,Ra},kj11€{C1,02} ~ " kj—1,D1,kj11 kj—1,D2,kjq1
ryt—1 ryt—1 ryt—1 ryt—1
HR17D1701 HRth,Cé HRz,Dz,Cl HRQthCZ

= i1 Frt—1 rt—1 Frt—1 :
HR17D27CI +1 HR17D1,02 +1 HR21D1701 +1 HR27D27C2 +1
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In addition, let

Cb;—l(Wp—?aWp—l | T(X)> = ¢p—1<wp—2awp—1 | T(X>) Zﬁbp(wp—le; | T(X))

W,
and for j <p —1, let ¢} = ¢;, (2.108) can be rewritten as

p—1
P (Xpp-1) = Wiy | T(X)) = Co [ [ 65(W;-1, W; | T(X)), (2.111)

J=2

which has the same form as Equation (2.101). Continuing the same reasoning for

Xp-1,X,-2,..., X3, we conclude
P (X; | Xi-1,T(X)) =P(X;| X;_1,T(X)), 2< j <p, (2.112)

that is, the sequence of X’s is a Markov chain conditional on 7'(X).

SCIP

Proof of Proposition 2.B.5. The first equation follows from the uniform distribution

and the Markovian property
P(X;=W;| Xo=W,y)=P(X; =W, | Xy =Wy, X3, =Xj,). (2.113)

Next we prove the second equation, except for the case of j = 2. However, the second
equation with j = 2 and also the third equation both follow the same proof, by

allowing kq : ko for ky > ko to denote the empty set.
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Before the proof, we show an implication of Bayes’ rule. For any W; and W,

P(X; =W, ’ X1:-1) = Xigo1) X2 = Xi-2) Xy = Winns X2y = X2y
o< P (X =W | X1y = X1y, Xjw1 = W1, X1y = X(j42)5)
x P (Xlz(j—2) = 5(1;(]'—2) | X =W;, Xq.j—1) = Xi:(j—1)»
X1 = W1, X(jy2yp = X(j42)p) (2.114)

o P (X5 =W | X1y = Xi(j-1), Xjr1 = Wis1, X2y = X(j12)5)

x P (Xlz(j—Q) = Xl:(j—Q) | Xi(j-1) = Xl:(j—l)) (2.115)
o P (X =W | Xy = X1y, Xju1 = Wiir, X1 = X(j42)5) (2.116)
0 L (X5 1) W5 W41, X 2)5)EQ (2.117)

where Equation (2.114) is due to Bayes’ rule, Equation (2.115) is due to the Markovian
property and the fact that SCIP sampling of Xlz(j,z) only depends on Xj.(;_1), and
Equation (2.116) is because the conditional probability of X 1:(j—2) does not depend
on W;. Note that the normalizing constant in Equation (2.117) depends on W,

but not on W;.
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Now the second equation of Proposition 2.B.5 can be shown as follows

P (Xj =W; ’ Xjo1=Xjo1, X1 = X1, Xjp1 = Wj+1)
=P (X = W, | Xy = Xugon Kigo) = Xigoa),
Xj1= X1, X1 = Wii1, X(jy9), = X(j+2):p)
(Since Xj,Xlz(j_Q), X (j+2)p are conditionally independent given X; 1, X1)
o P (XH = Xjo1 | X5 = W5 X1 = Xio1), Xu-2) = Xi-2),
Xjp1 = Wit X(jr2)p = X(j42))
x P (Xj = W; | X1(-1) = X1, X1-2) = X2,
Xjt1=Wji1, X(j12) = X(j12))
(By Bayes’ rule)

o fi—1(XKj—1: X2, W)L X, o Wy W1 X)) €5

(By the Markovian property and Equation (2.116))

where the normalizing constant does not depend on W;. Hence we have

f(W X LW 1)_ fjfl(xjflﬂXj*2>WJ')1(X1:(]’—1)7Wj:Wj+1,X(j+2):p)€Q
i(W, X1, W) =

7

(2.118)

O
Refined Blocking

Proof of Proposition 2.B.6. In the following, we view 7'(X ) and Xp as fixed and only
X, being random, and denote this conditional probability by P;(-).

We first show (H, H'=)Z (H'= H). Denote the probability mass function
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in (2.103) as g(H). Since H® = H ~ g and the transition kernel constructed in

Algorithm 15 is in detailed balance with density g(H), (H*)!= is reversible. Thus
(H, H'™) 2 (H'™™ H°). (2.119)
By the sampling of X ; in the algorithm, we have
X, 1L X;| H™> H. (2.120)

and

P, (X,- — X,

Fltmox — H) =P;(X; =X;| H(X;)=H). (2.121)

:P] Xj:WjuH(Xj):FLXj:Wj,ﬁtt"ax:H>7

where the second equality is due to (2.120) and the third equality is due to Equa-

tions (2.119) and (2.121). Summing over all H, H, we conclude that

(X, X)) 2 (X;, X)) | Xp.

IR
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2.C Conditional Hypothesis

This section concerns the hypotheses actually tested by conditional knockoffs.
Suppose (x;, Y;) ES (X,Y) and T'(X) is a statistic of X. The knockoff procedure
using conditional knockoffs treats the variables in Hor ={j : v L X, | X;, T(X)}

as null. It is of interest to compare Hor with Hy, the original set of null variables

defining the variable selection problem we actually care about.
Proposition 2.C.1. Hy C Ho 7.

Proof. Suppose j € Hy. For iid. data, j € H, implies ¥; 1L X,; | X;_;, which
together with the independence among {(Y;, x;)}/, implies y L X, | X_;. Note that
y L T(X) | X (since T(X) is deterministic given X)), which together with y L
X, | X, implies y 1L (X,;,T(X)) | X_; by the contraction property of conditional
independence. And by the weak union property of conditional independence, y I
(X,;,T(X)) | X, implies y L X; | X,;,T(X). Thus j € Hor. This holds for

arbitrary j € Ho and thus Ho € Ho 7. O

The converse is not true in general, for instance if (X ) = X and Hy = 0, then all
variables are automatically null conditional on 7'(X) and thus Hy C Hor. In general,
when 7'(X') does not allow full reconstruction of X it should be rare for a non-null
variable X; to be null conditional on 7'(X), as this can only happen if there is a perfect
synergy of Fy|x and Fx so that Fyx is only a function of X; through a transformation

computable from the sufficient statistic T'(X) of Fx. For most problems of interest,
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Theorem 2.C.2 provides a sufficient condition for y £ X, | X_;, T(X), i.e., Ho = Ho,r:
the conditional mean of Y; (or some transformation of Y;) given x;, say ¢(x;), should

not be deterministic after conditioning on X_; and T'(X).

Theorem 2.C.2. Suppose for a bounded function g(y) and ¢p(x) == E[g(Y) | X = «],
there exist two disjoint Borel sets By, By C RP such that infgep, ¢(x) > sup,ep, ¢(x).

If for each j € [p], it holds with positive probability that

P(x, € B;| X;,T(X))>0,i=1,2, (2.122)

then 7‘[0 = HO,T-

This theorem is based on Proposition 2.C.1 and the following Proposition 2.C.3.
By Proposition 2.C.3, for each j ¢ H,, it holds that j ¢ Hor; hence Hor C Ho. In

addition, Proposition 2.C.1 shows Hy C Ho r, thus Ho = Ho 7.

Proposition 2.C.3. Suppose Y JL X; | X_;, and g(y) is a bounded function. Define

K :=E[gV1) |zi1], and M := E[K | X ;, T(X)].

(a). If K is different from M, then

(b). If K can be written as ¢(x1) and ¢ is not constant on the support of the condi-

tional distribution of &1 given X_; and T(X), i.e., there exist two disjoint Borel
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sets By, By such that infyep, ¢(x) > supgep, ¢(x), and

0<P(P(z, € B;| X,;,T(X))>0,i=1,2), (2.124)

then K is different from M.
To prove this proposition, we need the following lemma.

Lemma 2.C.4. SupposeY . X and T is a function of X. Furthermore, if there exists
a bounded function g such that K := E[g(Y) | X] is not conditionally deterministic

in the following sense:

0<P(K#E[K |T)), (2.125)
thenY L X | T.

Proof. Let M := E[K |T]. Then M is o(T)-measurable. Since P (K # M) =
P(K > M)+ P (K < M), without loss of generality, we assume 0 < P (K > M).

We compute E[g(Y)1gsn | T] in two different ways. On the one hand,

Elg(Y)lksn [T

a.s

R E [g(Y)1konr | X] | T] (- o(T) € o(X))
“CR[E[g(Y) | X1k | T] (K > M} € o(X))
=E[Klgsn | T] (. definition of K)
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On the other hand, if Y L X | T then

E[g(Y)1gsn | T

EE[g(Y) |TIE [1gsn | T (Y LX|T)
L E[E[g(Y) | X] |TIE [1gsn | T) (. law of total expectation)
E ME [1gsar | T (. definition of M)
“E (Mg |T] (M € o(T)

Combining these two expressions shows that if Y L X | T" then

E[(K — M)1gsp | T) %0,

and thus E [(K — M)1k-uy] = 0. However, this implies P (K > M) = 0 and contra-

dicts the condition; hence Y . X | T

Proof of Proposition 2.C.3.

(a). The condition that Y . X; | X_; implies Y7 L X; | X_; (see Lemma 2.C.5 below).

Because 1 L @3, we have K = E[¢g(Y]) | T1, Z2.n) = E[g(Y1) | X, X;]. The

condition P(K # M) > 0 implies that P (K # M | X_;) > 0 holds with positive

probability.

To apply Lemma 2.C.4, X ; is treated as fixed, and X; (resp. Y7) is treated as

X (resp. Y). Then we have Y7 JL X; | X_;,T(X), which immediately implies

y L X;| X, T(X).
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(b). The existence of By and B, implies that there exists a real number s such that

sup ¢(x) < s < inf ¢(z). (2.126)

€ By €81
We will prove by contradiction that K is different from M. Suppose P (K # M) =

0, then P(K # M| X_;,T(X)) = 0. Thus a.s. we have

P(X; e B| X;,T(X))

=P(X,€B,, K =M| X;,T(X))

< ]P)(Xl S Bl,M > 8| X_J,T(X)) ( s < zlean gb({E))
< larss. (- Meo(X,;T(X))

Similarly P(X; € By | X;,T(X)) aﬁs' lares. Since 1pssg - Lares = 0, it follows

that

a.s.

P(X,€B | X,;,T(X)) P(X, € By| X;,T(X)) <0, (2.127)

which contradicts the condition that 0 < P(P (X, € B; | X ;,T(X)) > 0,i = 1,2).

Hence we conclude P (K # M) > 0.
O]
Lemma 2.C.5. If Y L X | U and (X,Y,U) L (V,W), then Y 4 (X, V) | (U, W).

Proof. Suppose Y L (X, V) | (U, W). Then

Y L X|(UW), (2.128)
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The condition that (X,Y,U) L (V,W) implies (X,Y,U) 1L W, and thus by weak

union property of conditional independence, we have
(X,)Y) LW |U. (2.129)

Equations (2.128) and (2.129) together with the contraction property of condi-
tional independence imply Y I X | U. This contradicts the condition, so we conclude

that Y ) (X, V) | (U, W). 0

2.D Swupplementary Simulations

2.D.1 Nonlinear Response Models

We re-conduct the same the simulations in Section 2.3 on logistic regression, con-
firming that the variable selection by using conditional knockoff allows for general
response dependence. The experiments follow the same designs as in Sections 2.3.1,
2.3.2 and 2.3.3, but with binary responses sampled as Y; | ¢; ~ Bernoulli(s(z, B/y/n)),
where ¢(t) = e'/(1+ €') is the logistic function, and slightly larger sample sizes n for

the re-conducted simulations of Sections 2.3.2 and 2.3.3.
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Figure 2.6: (Logistic regression version of Figure 2.1) Power curves of conditional
and unconditional knockoffs for an AR(1) model with p = 1000 (a) as n/p varies for
various coefficient amplitudes and (b) as the coefficient amplitude varies for various
values of n(®, with n = 800 fixed. Standard errors are all below 0.006.
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Figure 2.7: (Logistic regression version of Figure 2.2) Power curves of conditional and
unconditional knockoffs for p = 2000 and a range of n for (a) an AR(1) model and
(b) an AR(10) model. Standard errors are all below 0.008.
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Figure 2.8: (Logistic regression version of Figure 2.4) Power curves of conditional and
unconditional knockoffs with a range of n for (a) a Markov chain of length p = 1000
and (b) an Ising model of size 32 x 32. Standard errors are all below 0.006.

2.D.2 Varying the Sparsity and Magnitude of the Regression

Coefficients

The following simulations reproduce Figure 2.2a but with varying sparsities and
magnitudes. Specifically, the sparsity level k£ varies between 30, 60, and 90, and
the nonzero entries are randomly sampled from Unif(1,2). The message from these
experiments is the same as those in the main chapter, that is, the power of conditional
knockoffs is almost the same as that of unconditional knockoffs even though it does

not know the exact distribution of X.
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Figure 2.9: Reproducing Figure 2(a) of the chapter with different 3. Power curves of
conditional and unconditional knockoffs for p = 2000 and a range of n for an AR(1)
model.

2.D.3 Power of Different Sufficient Statistics

We provide the following experiment to examine the power performance of con-
ditional knockoffs that are generated using different sufficient statistics. It confirms
our intuition that conditioning on more generally leads to lower power.

Specifically, for a Gaussian graphical model, we have run Algorithm 4 for a se-

quence of nested sufficient statistics to see how this choice affects the power. In the
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following simulation, X is sampled from an AR(1) distribution with autocorrelation
coefficient 0.3, and models of (nonstationary) AR(gq) with various ¢ > 1 are used to
model X, i.e., each model assume a banded precision matrix with bandwidth ¢, and
we increase ¢ beyond 1 to study the effect of more conditioning. Since the models
are nested, all of them lead to valid conditional knockoffs. As q grows, the graphical
model gets denser and the sufficient statistic conditioned on in Algorithm 4 contains
more elements (and always contains all the elements of the sufficient statistic condi-
tioned on for all smaller ¢), which can be done by choosing two increasing sequences
of blocking sets for the two split data folds and making sure that these two sequences
never intersect with each other. Thus, we expect to see some loss of power when ¢
increases. We chose n = 400, p = 2000, and the algorithmic parameter n’ to be set to
160, and produced results for a range of Y | X’s linear model coefficient amplitudes
and for ¢ ranging from 1-30; see Figure 2.10. Although a larger value of ¢ indeed low-
ers the power, the loss is relatively small in this example despite conditional knockoffs

with ¢ = 30 conditioning on far more than with ¢ = 1.

2.D.4 Gaussian Graphical Models with Unknown Edge Su-
persets

The conditional knockoff generation in Section 2.3.2 requires knowing a superset
of the true edge set of the Gaussian graphical model. We present the following
experiment to preliminarily examine the idea mentioned in Remark 2.3.1 for when
such a superset is not known a priori and one has to estimate the edge set (or its

superset) using the data.
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Figure 2.10: Power curves of conditional knockoffs for AR(¢q) models with p = 2000
as coefficient amplitude varies for various q. The nominal FDR level is 0.2. Standard
errors are all below 0.007.

Suppose the true covariance matrix ¥ is a rescaled (to have diagonal entries equal
to 1) version of £, where ()} = 1, — $1,;_g <s. In other words, every node
in the true graph is connected to its 6 nearest neighbors. In the following simulations,
we set p = 400 and n = 200.

We can estimate the edge set E by the nonzero entries E of the estimated precision
matrix using the graphical Lasso (Friedman et al., 2008), which is implemented via
the R package huge. The tuning parameter of the graphical Lasso is selected by
the standard method StARS (Liu et al., 2010). Once E is computed, we can then
construct conditional knockoffs as if F were given. The blocking set used in our
algorithms is obtained by Algorithm 2 with input n’ = 80. We additionally consider
the case where a set of n, = 1,600 unlabeled data points is available and is used
together with the labeled covariates to estimate the edge set.

The FDR and power curves are shown in Figure 2.11. “Label Cond.” refers

to conditional knockoffs generated with E estimated using only labeled data, and
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“Unlabel. Cond.” refers to conditional knockoffs with E estimated additionally with
the unlabeled data. Both methods control the FDR and in fact are conservative. One
might attribute the FDR control to some over-conservative choice of graphical Lasso
tuning parameter, but in fact E estimated with just the labeled data, although it
tended to find a larger graph than the truth (its maximal degree was often above 20),
also missed around 40 true edges on average. Unsurprisingly, the use of unlabeled
data improves the power by improving the estimate of the edge set, with much fewer

false negative and false positive edges.
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Figure 2.11: FDR and Power curves of unconditional knockoffs and (approximate)
conditional knockoffs using an estimated edge set either from purely labeled or from
both labeled and unlabeled data. p = 400 and n = 200. Standard errors are all below
0.007.

2.D.5 Robustness to Model Misspecification

The current work focuses on the cases where the models for the covariates are
known and well-specified. In practice, practitioners may not know what the true

model is. Here we provide an experiment to examine the robustness of Gaussian
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conditional knockoffs (n > 2p). The following robustness experiment constructs a
set of distributions that approximate a multivariate Gaussian by discretizing it at
different resolutions by varying a parameter K.

We first generate X (@ ~ N(0,X) where 3;; = 0.3/ and then discretize each
coordinate as follows

X % K +1/2]
X]’: K 5

j=1,....p. (2.130)
In other words, X ;0) is rounded to the nearest %—grid value. Since |X; — X ;0)] < %,
the larger K, the closer X is to a multivariate Gaussian vector, and indeed as K — oo,
X — X© and becomes multivariate Gaussian. However, for small K, the distribu-
tion is very far from Gaussian. For conditional knockoffs, we pretend that X is drawn
from a multivariate Gaussian distribution and directly apply Algorithm 3.1. To get
a baseline for power (since changing K not only affects the model misspecification,
but also changes the nature of the data-generating distribution and thus the power of
any procedure), we also generate exactly-valid unconditional knockoffs for X by dis-
cretizing an unconditional knockoff of X with the same K (of course this procedure
would be impossible in practice, since X (@ is unobserved).

We fix p = 1, 000, linear model coefficient amplitude at 4, vary n € {2001, 3000, 4000}
and vary K € {1/2,1,2,3,00}. The other details of the experiment are the same as in
Figure 1a of the chapter, where the response is drawn from Y; | X; ~ N(X,'8/v/n,1).
The result is shown in Figure 2.12.

Note that K = 1/2 produces a distribution that is almost entirely concentrated

on just three values {—2,0,2}, making it extremely non-Gaussian, yet the FDR is
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controlled quite well for all values of n at this K value and all others. The power
difference between conditional knockoffs and unconditional knockoffs is also quite
insensitive to K and, as seen in all other simulations, quite small for all n except
when n ~ 2p (in the n & 2p setting the power gap is substantial, although conditional

knockoffs still has quite a bit of power).
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Figure 2.12: FDR and Power curves of unconditional and conditional knockoffs for
a discretized AR(1) model with p = 1000 and linear model coefficient amplitude 4.
The nominal FDR level is 0.2. Standard errors are all below 0.004.
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Chapter 3

Minimax Optimality of Sliced

Inverse Regression

3.1 Introduction

In many statistical applications, exploring nonlinear dependence of the response Y
on multivariate predictors X € RP is challenging. When good parametric models are
not available, nonparametric regression is used but is only suitable for low dimensional
problem with certain smoothness assumptions. Alternatively, (Li, 1991) proposed to
model the univariate response with a low dimensional projection from the predictors,

which is known as the multiple index model:

Y =f(BIX,8;X,...8;Xe). (3.1)
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The central subspace S = span{ B, ..., Ba } then satisfies

Y L X|PsX,

where Ps is the projection into S. Although the 8;’s are not identifiable, the space S
is estimable under mild conditions. Estimating S is often known as ‘Sufficient Dimen-
sion Reduction’ (SDR) (Cook, 1998). The sliced inverse regression (SIR) estimates S
by the eigen-space of an estimate of the conditional covariance matrix Cov[E(X|Y)].
SIR is still the most popular SDR method among practitioners because of its simplic-
ity and computational efficiency.

Most existing asymptotic theories focused on scenarios where p is either fixed or
growing at a slower rate compared with the sample size n (Cook, 2000; Li and Wang,
2007; Li, 2000; Zhu et al., 2006; Cook et al., 2012). When p is comparable to or larger
than n, the problem becomes more challenging. Lin et al. (2018) recently showed
that under mild conditions that the SIR estimate of the central space is consistent if
and only if p = lim 2 = 0. This provides a theoretical justification for the necessity
of additional structural assumptions for SIR when p > n.

One commonly employed, and often practically meaningful, structural assumption
is the sparsity assumption that only a few predictors, among the thousands or millions
of candidate ones, affect the response. To develop efficient high-dimensional SDR
algorithms, we need a detailed understanding of the high-dimensional problem.

In this work, we study the fundamental limits of estimating the central subspace
from a decision theoretic point of view. Such an investigation is not only interesting in

understanding the SIR method, but will also inform the development and evaluation
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of practical methodologies for general SDR algorithms in the future. In particular,
we obtain the optimal convergence rates for estimating the central space for both low
dimensional problems and high dimensional problems under the sparse assumption.
Our result characterizes characterizes the essential difficulty of estimating the central
space in terms of n, p, d, A, and the number of relevant predictors. We also show that
SIR and an aggregate version of SIR achieve the optimal rates for low dimensional

problems and high dimensional problems, respectively.

3.1.1 Sliced Inverse Regression

We consider the following model

Y = f(B"X,¢), BecO(p,d), (3.2)

where f is an unknown link function, and e ~ N(0, 1) is independent with X. Though
B is not identifiable, the column space col(B) can be estimated. The Sliced Inverse
Regression (SIR) procedure proposed in Li (1991) estimate the central space col(B)
without knowing f(-), which can be briefly summarized as follows. For simplicity, we
assume 3, the covariance of X, is I,; otherwise we replace X by >-12X. Given n
i.i.d. samples (Y;, X;), i = 1,--- ,n, SIR first divides them into H equal-sized slices
according to the order statistics ¥;.! We re-express the data as Y}, ; and X, ;, where

(h, j) is the double subscript in which A refers to the slice number and j refers to the

ITo ease notations and arguments, we assume that n = cH.
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order number of a sample in the h-th slice, i.e.,

Yij =Yen-1+i  Xnj = X(eh-1)+5)- (3.3)

Here X4, is the concomitant of Y(;). Let the sample mean in the h-th slice be th.,

and the overall sample mean be X. Then, SIR uses
- 1 &
A= ; X5 X, (3.4)

to estimate A £ Cov(E[X|Y]), and col(By) to estimate the central space col(B),
where B p is the matrix formed by the top d eigenvectors of A - In the following, we
will use Pg to denote the projection into the column space of B, which equals BB
if BB = 1I,.

We assume that the dimension of the central space d is known throughout the

article.

3.1.2 Models

In order for SIR to give a consistent estimate of the central space, we assume that

the central curve satisfies the following sliced stable condition.

Definition 3.1.1 (Sliced Stable Condition). Let Y be a random variable. For 0 <
v < 1 < 79, let Ag(v1,72) denote all partitions {—oco = ag < as < ... < ay = 400}
of R, such that

% <Plap <Y < apyy) < % (3.5)
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A curve m(y) is J-sliced stable with respect to Y, if there exist positive constants
~1,72, s such that for sufficiently large H, for any partition € Ag(v1,72) and any

B € RP | we have
1 & 73
T hgl var (B'm(Y)|ap-1 <Y < ay) < Tavar (B'm(Y)). (3.6)

A curve is sliced stable if it is 1J-sliced stable for some positive constant 1.

The sliced stable condition is almost the necessary condition to ensure that the
SIR works. A main advantage of the sliced stable condition is that we can easily
quantify the deviation properties of the eigenvalues, eigenvectors, and each entries of
Ap. See Lin et al. (2018).

Some other sufficient conditions have been suggested in the literature (Li, 1991;
Hsing and Carroll, 1992; Zhu et al., 2006). In this work, we consider the following

conditions
(A) Linearity Condition: E[X | BT X] = PgX.

Note that the linearity condition holds automatically if X follows a normal distribu-
tion. Let Z = B'X. If the linearity condition holds, then E[X|Y] = PgE[X|Y] =
BE[B"X|Y] = BE[Z|Y]. In this case, the sliced stability for E[Z|Y = y] is equiva-

lent to the sliced stability for E[X|Y = y].
(B) Smoothness and Tail Conditions on the Central Curve E[X|Y = y].

Smoothness condition: For B > 0 and n > 1, let I1,(B) be the collection of all the

n-point partitions —B < yq) < -+ < ypy < B of [-B, B]. The central curve m(y)

232



Chapter 3: Minimax Optimality of Sliced Inverse Regression

satisfies the following conditions:

lim sup n~Y*> " [lm(y;) — m(yi-1)]2 = 0,YB > 0.

Tail condition: For some By > 0, there exists a non-decreasing function m(y) on

(By, ), such that

E[m(Y)"1jy|sp,] < 0o (3.7)

lm(y) —m(y)l2 < Im(lyl) — m(ly')] for y,y" € (=00, —Bo) or (By, ).

These conditions have been used in Lin et al. (2018) to demonstrated the phase
transition phenomenon of SIR in high dimension.

As noted by Hsing and Carroll (1992), Condition (B) is mild. The smoothness
condition holds if the central curve has a bounded derivative on every finite interval
or if the central curve has bounded variation. If E[||X||*] is finite and m behaviors
so well that m(y) = O(||m(y)|| + ||lm(—y)||), then the tail condition is not hard to

meet. This is because
E(lm(Y)[[] = E[JE(X | V)| <EE(| X" | V)] = E[| X||'] < o0,

and thus E[m(Y)?*] < co. An advantage of Condition (B) is that it ensures the sliced

stable condition.

Proposition 3.1.1 (Neykov et al. (2016)). If Condition (B) holds, the central curve

E[X|Y =y] satisfies the sliced stable condition with ¥ = 1.

233



Chapter 3: Minimax Optimality of Sliced Inverse Regression

(C) Coverage Condition:

span{E[X|Y]} = Span{B*J, o B*,d}

where B, ; is the i-th columns of the orthogonal matrix B.
For a matrix A, denote by \;(A) the ith largest eigenvalue.
Note that under the linearity condition, the coverage condition is equivalent to

rank(Cov(E[X|Y])) = d. We further refine it as
A < A(Cov(E[X|Y])) < M (Cov(E[X[Y])) < #A < 1 (3.8)

for some positive constant £ > 1. Without loss of generality, we assume thereafter
A < 1/2. Define A = Cov(E[X|Y]) and Az = Cov(E[Z]|Y]). Since A = BAzB",

we know \;(A) = \;(Az),j =1,....,d. In particular, we have
A < M(Cov(E[Z[YT])) < M (Cov(E[Z]Y])) < kA <1,

where x is assumed to be a fixed constant. This coverage condition is commonly
adopted in the literature when researchers discuss the dimension reduction problems

(Cai et al., 2013; Gao et al., 2015).

Denoted by Fu(A, k) the class of functions that satisfy the sliced stable and cov-

erage conditions.
Definition 3.1.2. Let Z ~ N(0,I;) and ¢ ~ N(0,1). A function f(Z,¢€) belongs to
the class F4(\, k) if the following conditions hold:
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(A) Coverage condition: 0 < A < M\g(A,) < ... < M(A,) < kA < 1, where A, 2

Cov(E[Z|f(Z, €)])-

(B) Sliced stable condition: m,(y) = E[Z|f(Z,€) = y] is sliced stable with respect

to f(Z,¢).

We are interested in estimating the central space over the following class of models

parametrized by (B, f):
M (p,d. A k) 2 { (B, f) | B€Op,d),f € Fal\r) }. (3.9)

Suppose we have n samples generated from a multiple index model M with link
function f and orthonormal matrix B, that is, Y = f(B'X,¢). We are interested

in the following minimax risk

inf  sup En|P— Pg|>,
P MeM(p,d,\k)

where inf 3 is taken over all estimators.

For technical convenience, we assume X ~ N(0,L,) hereafter. It follows that

Z=BTX ~ N(0,L,).

3.1.3 Main Contribution and Organization

In Section 3.2, we present an upper bound on the minimax risk for Model (3.9)
under the assumption that dp/nA\ — 0. Such an upper bound can be proved by

studying the SIR method. We then study the high dimensional model with the
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assumption that at most s predictors are relevant, i.e., at most s rows of B are
non-zero. An upper bound for this model can be proved by studying an aggregate
estimator based on the SIR.

Section 3.3 proves a lower bound on the minimax risk for Model (3.9), whose
rate of convergence matches the one in the upper bound. The technique we used is
a combination of the standard Fano method and a novel construction of nonlinear
dependent distributions. We then extend the result for high dimensional models
under sparsity assumption.

By matching the upper bounds with the corresponding lower bounds, we obtain
the optimal rates of estimating the central space. Loosely speaking, the optimal rate

dp

in low dimension is & and the one in high dimensio is

ds+slog(p/s)
n ’

ni

3.1.4 Connection to other works

Since different SDR algorithms were designed for different scenarios with various
assumptions (e.g., Li (1991); Cook (2000, 1998); Schott (1994); Ferré (1998); Li and
Wang (2007); Hsing and Carroll (1992); Cook et al. (2012)), it is formidable to study
optimality of estimating the central space of Model (3.2) with an arbitrary link func-
tion. Instead, we first specify the class of models where one algorithm is practically
efficient over it, then we check if this algorithm or its variants can estimate the central
space optimally over this class of models. As one of the most well understood SDR
algorithms, Sliced Inverse Regression is of special interests. Studies on its optimality
will not only improve our understanding of its high dimensional behavior, but also

will bring some insights on the behaviors of other SDR algorithms.
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SIR is widely considered as a ‘generalized eigenvector’ problem (e.g., Chen and Li
(1998)). Researches on its high dimensional behavior are motivated by the recent ad-
vances in the literature of sparse PCA (e.g., Amini and Wainwright (2008), Johnstone
and Lu (2004),Cai et al. (2013), Birnbaum et al. (2013),Vu and Lei (2012)). Since the
sample means in each slices are neither independent nor identically distributed, new
concentration inequalities were needed to develop the deviation properties (Lin et al.,
2018). With this technical advance, we expect that the sparse PCA is the prototype

of the sparse SIR.

3.1.5 Notation

We adopt the following notations throughout this chapter. For a matrix V', we
denote its column space by col(V') and its i-th row and j-th column by V;, and V, ;
respectively. For a vector X, we denote by X the k-th entry of X. For two positive
number a,b, we use a V b and a A b to denote max{a, b} and min{a, b}, respectively.
For a matrix A, |A||r = tr(AAT)"/2 and denote by )\;(A) the ith largest eigenvalue.
For a positive integer p, [p] denotes the index set {1,2, ..., p}. For any positive integers
p and d such that p > d, denoted by O(p, d) the set of all p x d orthonormal matrices
(i.e., BTB = I, for all B € O(p,d). We use C, C’, C; and C, to denote generic
absolute constants, though the actual value may vary from case to case. For two
sequences a,, and b,, we denote a,, = b, and a, < b, if there exist positive constants
C and C' such that a,, > Cb,, and a,, < C'b,,, respectively. We denote a,, < b,, if both

a, = b, and a, < b, hold.
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3.2 Upper Bounds

In this section, we present upper bounds on the minimax risk. The results in
this section were established in Lin et al. (in press), and we defer the proof for these

results in the appendix.

3.2.1 Low Dimension

If p is much smaller than n such that dp/n\ is sufficiently small, then we have an

upper bound on the minimax risk.

Theorem 3.2.1 (Upper Bound in Low Dimension). Suppose d*> < p. There is a

universal constant C such that if % < C, then we have

~ d(p —d
inf  sup  Euy||P - Pgl3 < M. (3.10)
P MeM(p.d. k) nA

We will see in Theorem 3.3.1 that this upper bound matches the lower bound.
In order to establish such an upper bound, we consider the SIR estimate ﬁH,
which is a p x d orthonormal matrix forming by the top-d eigenvectors of KH (See

Equation (3.4)). We can show that Pg achieves the rate in Theorem 3.2.1.

3.2.2 High Dimension

When the dimension p is larger than or comparable with the sample size n, the
SIR estimate of the central space is inconsistent (Lin et al., 2018). Therefore, we need
to put structural assumptions such as sparsity to ensure a consistent estimate in high

dimension.
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We impose the sparsity assumption on the loading vectors B, 1, ..., B, 4. Denote

by supp(B) the support of B
supp(B) = {j € [p] : [[Bj, *[| > 0}.
Denote by ||B||o the number of rows of B that are non-zero
[Bllo = [supp(B)].
Let s > 0 and denote by Qs(p, d) the set of s-sparse orthonormal matrices
Os(p,d) = {B € O(p,d) : | Bllo < s }.

We will assume the that B is {y-sparse, i.e., ||Bllo < s. Note that {y-sparsity has
been well studied in the literature of high dimensional statistics.
In this subsection, we are interested in estimating the central space over the fol-

lowing class of high dimensional models parametrized by (B, f):
M, (p.d, A, %) 2 {(B.f) | BeO.(p.d).f € Fal\x) }. (3.11)

Theorem 3.2.2 (Upper Bound for High Dimension). Assume that r is fived, d* < s.

Define
2> ds + slog

€
" nA
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There is a universal constant C' such that if €2 < C, then we have

inf  sup  Eun||P — Pgl% < €. (3.12)

P MeMs(p,d,\ k)

In order to establish the upper bound in Theorem 3.2.2, we construct an optimal
estimator using sample splitting and aggregation. To ease the notation, we assume
that there are n = 2Hc¢ samples. Let L£(s) be the set of all subsets of [p] with size
s. We divide the samples into two equal-sized sets at random and denote by Kg)
and IAX%) the SIR estimates of A = Cov(E[X |Y]) based on the first and second sets
of samples, respectively. Inspired by the idea in Cai et al. (2013), we introduce the

following aggregation estimator ISE
Aggregation Estimator Py For each L € L(s), let

B, £ argmax tr(BTKg,)B)
B (3.13)
s.t. B € O4(p,d) and supp(B) C L

and

* 4 tr(BTAY B, ).
arg max r(By Ay By)

Our aggregation estimator ﬁE is defined to be B Lﬁ{

Note that for any fixed L € L(s), B 1, is independent of the second set of samples.
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L* is a stochastic set, and it is easy to see that
(MY Py —B,B])>0 (3.14)

for any L € L(s).
We will see that the rate of the upper bound in Theorem 3.2.2 matches the one

in the lower bound in Theorem 3.3.14. Therefore, the rate here is optimal.

Remark 3.2.1. It worths mentioning that another more general structural condition
is the weak ¢,-sparsity (see, e.g., Abramovich et al. (2006) for wavelet estimation and
Cai and Zhou (2012) for sparse co-variance matrix estimation). Theorem 3.2.2 is a
simplified version of the result in Lin et al. (in press), which studied the upper bound

with ¢ -sparsity for ¢ € [0,2).

3.3 Minimax Lower Bounds

3.3.1 Low Dimension

In this section, we present a lower bound on the minimax risk in low dimension

where 2 is small.

dp
ni

Theorem 3.3.1 (Lower Bound). Assume k > 4w, and A € (0,(87)~'). There is a

universal constant C such that if % < C', we have

~ d(p —d
inf  sup EM||P—PB||%>¥. (3.15)

P Mem(p,d ) A
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Note that Lin et al. (in press) proved a similar result but was restricted. Their
result assumes that d is bounded from above and A is bounded from below. Unlike
theirs, Theorem 3.3.1 allows d to grow (at a slow order) and A to decay, and is thus
more general. Theorem 3.3.1 and Theorem 3.2.1 together shows the following the

optimal rate of estimation error.

Theorem 3.3.2 (Optimal Rate). Assume k > 4w, and A € (0, (87)~1). Suppose

d* < p. There is a universal constant C' such that if % < C, Then

- d
inf  sup  Eu|P - Pg|% = L. (3.16)
P MeM(pdr) nA

3.3.2 Proof of Theorem 3.3.1

We will prove Theorem 3.3.1 in this section and prove all lemmas in the next
section.

To obtain the lower bound, we need to first construct a finite family of distributions
that are distant from each other in the parameter space and are close to each other
in terms of the KL-divergence, and then apply the Fano’s inequality (Yu, 1997). The
particular challenge is to construct those distributions.

Let us consider the Grassmannian G(p, d) consisting of all the d dimensional sub-
spaces in R? and the homogeneous space Q(p, d) consisting of all p x d orthonormal
matrices. There is a tautological map from Q(p, d) to G(p, d), i.e., A — AAT. Define

the metric on G(p,d) by p(AA", BB") =||AA" — BB'||F.

Lemma 3.3.3 (Packing Set). For any ¢ € (0,/2(d A (p —d))], any a € (0,1), and
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any A € O(p, d), there exists a subset © C Q(p,d) such that
0] > (@)d(pd), (3.17)
a
and for any B, B € ©,
|IB—Bl|p<2, p(BBT,BB")> ae, (3.18)

where ¢y 15 an absolute constant.

Before we construct a family of distributions indexed by B € O(p, d), we need to

define a function and some constants:

e Let ¢(s) = max(0,min(s,1)). This is a piecewise continuous linear function

that takes value 0 if s < 0 and takes value 1 if s > 1.

e Let ¢t be a small constant to be determined later and let o be a constant smaller

than 1/2.

o For any A < =, let \g = ((47A)~! — 1)~L. Then A\o/(47(N\o + 1)) = A, and

8m?

4 < Ao < 8mA.
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For each B € O(p, d), we construct a distribution Pg for (X,Y) as follows

X ~ N(0,I,), (3.19)
ZO = (y/AB'X +¢), &~ N(0,1,),

Z =(\+1)2Z0),
d

W= 27(Z)1),
=1

Y =W+on, n~Unif(-1,1),

where X, £, n are independent with each other.

Proposition 3.3.4. Suppose B and B are in O(p,d). Let Pg and Pg be defined by
Equation (3.19). Then

by -
KL(Pp,Pg) < 2| B - BIl} (3.20)

Proposition 3.3.5. Suppose t is small enough. For any A € (0, (87)71), let Ao/ (4w ( Ao+
1)) = A\. For any B € O(p,d) and Pg constructed by Equation (3.19), Y can be rep-
resented as f(B" X, €) for e ~ N(0,1). Furthermore, f(BT X, ¢) belongs to the class

Fa(\ k) for any k > 4.

We follow the the standard procedure of applying Fano’s inequality to obtain the
minimax lower bound. The following lemma is one version of the generalized Fano

method (see, e.g., Yu (1997)) adapted from Vu and Lei (2013).

Lemma 3.3.6 (Vu and Lei (2013, Lemma A.1)). Let N > 2 be an integer and

{01,...,0n} C O index a a collection of probability measures Py, on a measurable
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space (X, A). Let p be a pseudometric on ©y and suppose that for all i # j

and

KL(IPy,,IPy;) < B

Then every A-measurable estimator 0 satisfies

N log 2
maxEy, p(0.6) > 2 (1 _ W_g) .

log N

We fixed any a € (0,1) (e.g. a =1/2). Let €2 = ¢; dé’;;j), where ¢; is a constant
such that ¢; /(log(co/a) < 1/2. One can find a constant C' such that as long as dp/(n\)
is smaller than C', we have e < 2d A (p—d). Take © to be the one from Lemma 3.3.3.

For each B € O, define Pg by Equation (3.19). Then using Lemma 3.3.6, we have

inf sup Eg|BBT — BB | (3.21)
B Bec©
max KL(P%, P%) + log(2

Z ~min ) ||PB _ PBH% (1 _ ( B B) g( ))

B,Bc6,B£B log(|©])

2
Sa2e? (1 _ 2n)oe” + log2>
log(|©])
»  dlp—d) _adlp—d)  log2

> C1 -

= W( log(|6]) _log(l@l))’

Since log |©] > d(p — d) log(cp/a) and Ay < 87\, we have

d(p — d)
n

supE||P5 — Pg|% =
ucO
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Therefore the theorem is proved.
Before we move on to prove the Proposition 3.3.4 and Proposition 3.3.5, we state

the condition for ¢. ¢ is small enough such that the following holds.

—t2/2 1 t
(&
T < S gl 3.22
VorEr 22 522
3td 1 td/V2r _
\/2_ E 2d1 <~ 2—]_ andthust/v T <l1.

Proof of Proposition 3.3.4. Let ¢,(x) be the density function for N(0, I,), and fyz(y |

z) be the conditional density for Y given Z. By basic property of KL-divergence,

KL(Pp,P3) < KL(PB,Pz) + Exyp, (KL(P(ZY | X,Y),P5(Z" | X,Y))

:KL<]P)B(X7 Z(O)7Y)7IPB(X7 Z(0)7Y))

_ Epfiog ( 6p(X)6a( 2 — myxmw | z>>]
6p(X)6a(Z0 = VNBTX) fy1z(Y | Z)

_ ¢a(Z©) — \/)\_BTX)

_EB[log( 6a(Z0) \/_BTX)>]

1 1 -
= <_§”Z(O) —VXNB X+ §||Z(O) -V AOBTXHQ)

= &EHBTX —-B"X|?

= %Et (B'X -B"X)(B'X -B'X)"]
= % tr[(B" — BNEXX"(B — B)]
A ~
5B - Bz
This complete the proof. n
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To prove Proposition 3.3.5, we need the following two lemmas.
Lemma 3.3.7. All eigenvalues of Cov(E[Z | Y]) lie in [(47)~ 1, 1].
Lemma 3.3.8. l(y) = E[Z | Y = y] satisfies the sliced stable condition.

Proof of Proposition 3.3.5. Note that any k > 2 independent uniform r.v.s. can be
constructed from a single U ~ Unif(0,1) as follows. Represent U as ), k™/a; for
a; € {0,1,...,k =1}, Let UD = 3% k™Ja;_1)eqq for each i = 1,..., k. Since a;’s
are independent and identically distributed, we have U®’s and U are independent
and identically distributed.

Let U = ®(¢), where ® is the C.D.F. for the standard normal distribution, and let
k=1+d. Since e ~ N(0,1), we have U ~ Unif(0, 1). Using the above construction
of UZs and let Z; = &~ 1(UW) for 1 < j < d and n = U, we can represent Y as
a function of BT X and e.

By elementary results for normal distributions, we have X | Z ~ N(,/2-BZ, I,—

Ao+1

%BBT). Hence

E[X | Y]

=E[E[X [ Z,n]|Y]

Ao
Ao+ 1
Ao

= BE|Z |Y

:E[

BZ|Y]
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and

Cov(E[X | Y])

_ N T
=3 BCov(EZ | Y])B.

Lemma 3.3.7 shows that all eigenvalues of Cov(E[Z | Y]) lie in [(47)~",1]. Thus
the eigenvalues of Cov(E[X | Y]) lies between Ao/ (47 (Ao + 1)) and Ag/(Ag+1). Since
A= Xo/(4m(Xo + 1)) and k > 4, the coverage condition is satisfied. Lemma 3.3.8
shows that l(y) = E[Z | Y = y] satisfies the sliced stable condition. Therefore,

f(BT X ¢) belongs to the class Fy(\, &). O

3.3.3 Proofs of the Lemmas
Results about the Packing Set

Proof of Lemma 3.5.3. We first state two lemmas from the literature.

Lemma 3.3.9 (Cai et al. (2013, Lemma 1)). For any € € (0,/2(d A (p — d))], any

a € (0,1), and any A € O(p,d), there exists a subset © C O(p,d) such that
0] > (@Y(pd), (3.23)
a
and for any B, B € ©,
p(AAT BB")<e,  p(BB',BB")> as, (3.24)

where ¢y 1s an absolute constant.
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Lemma 3.3.10 (Ma and Li (2020, Lemma 6.5)). For any matrices A1, As € O(p,d),

there exists some Q € O(d,d) such that

1A — A2Qllr < AL A] — Ar Ay ||r (3.25)

Pick any A € O(p,d). By Lemma 3.3.9, we have the subset ©¢. For each By €
©p, we can find Qp, such that |A — ByQp,||r < € due to Lemma 3.3.10. Define
© ={ByQp, : By € ©y}. By the triangle inequality, it is easy to see that © satisfies

the requirement of the lemma. n

Results about Fy(\, k).

We will prove Lemma 3.3.7 and Lemma 3.3.8. We begin with some elementary
facts about W and E(Z | W), which can be directly derived using the definition of ¢

in Equation (3.22).
Lemma 3.3.11. A few properties of W :
LPO<W<29-1)=1.

2. PW ¢ N) < td/\2r because {W ¢ N} C Ui<j<al0 < Z; <t} and P(0 <

Z; <t) <t/\2r.
8. P(W =k) > (1/2 —t//2m)? > 2741,

Any integer k € {0,...,2¢ — 1} can be represented as 2% 24" o € {0,1}.
(k)

We will use the notation a; ' in the following lemmas. Denote by 'y the set {z €
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Re: 2 <0,a” =0, or z > t,a) =1}. For any k € {0,...,2¢ — 1},
POV = k) = P(Z € Ty) > (1/2 — t/v/21)" > (3.26)

Denote g(w) = E(Z | W = w) and l(y) = E[Z | Y = y|. By the law of total

expectation, I(y) = E[g(W) | Y = y]. Note that
g(k) =E(Z|W = k) 2 E(Z|Z €T}). (3.27)

It follows that the i-th element of g(k) equals to —y/2/ if agk) =0or ¢ :=E(Z |

Zy > t) if al(.k) — 1. It is not hard to show that ¢; < “—— < 1 and lg(k)|| < enV/d.

\/7/2—t

To prove Lemma 3.3.7, we need the following result.

Lemma 3.3.12. idz_ol gk)g(k)" = QdH —1,.

Proof. 3.3.12 Let ¢ = ¢; + /2/m. Then the ith element of g(k) is —/2/m + éagk).

The (4, j) element of g(k)g(k)" is

2/t + ¢ a( )a( \/2/_7rc( )+ a(k)) (3.28)

Note that 22 alt) =241 and Zk LalPal®) = 9d-2 L 9d=21, . The (i, j) element

l ]

of Zi:_ol g(k)g(k)" can be obtained by summing over Eq (3.28), which equals

202 /7 + E(247 4 272 ,) — /2 /mE - 2. 277 (3.29)

250



Chapter 3: Minimax Optimality of Sliced Inverse Regression

The last display equals 2¢72[(24/2/7 + ¢)? 4+ ¢*1,—;]. Thus

241

> glk)g(k)" =2072((2/2/7 + )11, + &1,

k=0

Since 141) = 0 and ¢ = ¢; + 1/2/7 > 24/2/m, we have

291 T 9d+1
Z g(k)g(k)' = TId-
k=0

(3.30)

(3.31)

]

Proof of Lemma 3.3.7. 1t is easy to show that the largest eigenvalue of Cov(E[Z | Y])

is no greater than 1. We will prove an lower bound on its eigenvalues.

Let B be any unit vector in R%. In view of the basic inequality that a® < 2(a +

b)? + 20%, we have

E(BTZ|Y)" >

DN | —

251
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Upper bound on E[E (1W¢NBTZ | Y)Q]. We have

E{E(lwveB'Z|Y)"}

<E{E(lwen | Y)E[(B"2)* | Y]}

< \JBIE (e | V) {B (872 | YT}

<VE[lwen]E[(8T Z2)Y)
<VBP(W ¢ N)

<\/3td/\V2r
1

<— 3.33
<o (339

where the first and second inequalities are due to Cauchy-Schwarz inequality, the
third inequality is due to Holder’s inequality and the law of total expectation, the
fourth inequality is because 3'Z ~ N(0,1) and its 4th moment equals 3, and the
fiftth and the sixth are due to the property of W and the definition of .

Lower bound on E[E (1yen8'Z | Y)Q].

Let I, = (k—1/2,k +1/2) for any k € N. Then we immediately have

241

E(lwenB'Z 1Y) >3 lyer,E(lwenB Z | Y)". (3.34)
=0
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By Cauchy-Schwarz inequality, we have

2
Ellyer,E (lwenB'Z | Y) | Y € Ii] >Ellyer,E (lwenB'Z | Y) | Y € I,)?
2
=E (lyer,lwenB' Z | Y € I)

—E(lwkB'Z | Y € 1)", (3.35)

where the second equation is due to the law of total expectation and the last equation
is because, by |[W =Y | <o <1/2, {W e N}N{Y € I} = {W =k}.

Using Bayes’ rule, we have

P(W = k)
TPW =k +P(W £kY € I})
_ P(W = k)
CP(W =k +PW ¢ N,Y € 1))
P(W = k)

“P(W =k) +P(W ¢ N)

1
>4 /2
— V3

where the last two inequalities are due to the property of W and the definition of ¢.

In view of Equation (3.34), Equation (3.35), and the last inequality above, we
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have

2d_1
EE (lwexB'Z | V)] > Y Ellye, E(lw—iB'Z | Y € L))
k=0

241

= 3" Elive, (8Tg(R)*BOV = k| Y € L))

2 NS T o
> 2 52 (BTg(k)
k=0
2

where the second inequality is because P(W = k) > 274t and P(W =k | Y € [},)? >
%, and the third inequality is due to Lemma 3.3.12.

Combining Equations (3.32), (3.33), and (3.36) leads to

111
EE(87Z|Y)"] > P e (3.37)

This implies that the smallest eigenvalue of Cov(E[Z | Y]) is at least =. Together

with ||Cov(E[Z | Y])|| < 1, we conclude the proof. O
To prove Lemma 3.3.8, we need the following key result.

Lemma 3.3.13. We have
1. sup,, g(w)[| < c:v/d and sup, ||U(y)|| < erV/d

2. U(y) is piecewise differentiable and has bounded first order derivative. Specif-
ically, for y € Uid::f(k: +o,k+1—0)andy € Ui:ol(k —o,k+0), ly) is

differentiable and ||l'(y)|| < C, where C only depends on t, o, and d.
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Proof of Lemma 3.3.8. Since Y is bounded, the Tail condition is satisfied. We will
prove that the smoothness condition holds and then use Proposition 3.1.1. The
Smoothness condition holds if I(y) is of bounded variation, i.e., there is a constant M
such that for any integer n > 2 and n-point partitions —o < y; < --- <y, < 29—1+o0

of the range of Y,

Z 12(y:) = Uyi-1)ll2 < M. (3.38)

Let {s,}Y_; be the set of points {k+o,k+1—0:k=0,...,2¢=2} | J{k—0,k+0:
k=0,...,22—1} and s, < s, for each v.

For any n-point partitions y;’s of the range of Y, denote {yiv) . the subset that
lies in (Sy, Sy+1). Without loss of generality, we can assume n, > 1 because by triangle
inequality, >\, ||1(y;) —(yi—1)||2 is non-decreasing if we supplement more points into
the partition.

Since P(c < Y < 22— 1+ 0) = 1, we can formally define I(—o) = 0 and

1(2¢ — 1+ o) = 0. By triangle inequality and Lemma 3.3.13, we have

Z 10(y:) — Uyi1) |2

V-1 Ny—1

<> (nl(sv) =)+ D ™) = L)l + 1) — l(svmu)
v=1 i=1
V-1

< ) (4sup [lL(y)]l +sup [I'(y) ]| (sv41 — 50))
v=1 Yy v

<4VeVd + C(2% + 20).

Hence Equation (3.38) is proved with M = 4Ve/d 4 C(22 + 20). O
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Proof of Lemma 3.5.13. Note that P(0 < W < 2?7 — 1) = 1. Define ¥;(z) =
S 27 (2/t). So W =, (Z).

Part 1. In this part, we focus on g(w).

We first represent the distribution for W by decomposing it into a mixture of a
discrete measure ZZ:OI qr0r and a continuous measure with Radon-Nikodym deriva-
tive fy(w), where ¢, := P(W = k) and fw(w) can be obtained by transformation
of probability density as follows.

For any w € (k,k+1) for some k € {0,...,2%—2}. For any integer i € {0, ..., k},
define A; = {1 <j<d: agi) = 1}. The complement is AS = {1,...,d} \ A;, which is

not empty because i < k < 2¢ — 1. Let I be any nonempty subset of A¢. Define

LY ={ z€ R 2 (3.39)
’ 0<z <t jeT, X — oy —
Z; J ]26; y w—1

It is easy to see that L. are disjoint for different I and ¢, and

W=weze |J U i (3.40)
#0<i<k  T:PADCAS
For any w' € (i, w). We can find an injective mapping from Lj’. to L;"lﬁ by keeping
z; unchanged for j € A; |J(A$\T") and scaled z; by factor (w’'—1i)/(w—1) for j € AS\I.

For any z € L, consider the convex combination

jer
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which ranges from w —i to ) ;. 27", Note that > . 2/~! is an integer and it is
greater than k — 7, so it is at least £ + 1 — 4. This suggests that we can also find an
injective mapping from LY. to LYy for any w' € (w, k + 1).

Therefore, the set decomposition in Equation (3.40) remains unchanged for any

€ (k,k +1). For each non-empty I' C AS, denote by fr the smallest element in T',

and I =T\ {6r}. Define

I(w,i,T) = ®(0)4N\ 5 [1— &(#)]14 x ...

t
<29F_1 10<Zj<t,j€f,0<t(’w7i)fzj€1: 23‘_12]'<t291“71 X

[T oG- 0@ (tw —i) = Y 27" 2)d=:

jer jer

This is the integral of the density for Z over the set Li’r. By the formula of change

of variables, we have the density for W

= > Y Iwil), we (kk+1) (3.41)
1:0<i<k :p#TCAS
which is smooth in (k, k + 1).

Upper bound on fy(w). I(w,i,I') can be bounded as

1 i -
I(w 1 F) = 9d- |F| (F\/10<Zj<t’j€f(ﬁ)| |de)
T
S QT (2 T2

IN

L,
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where the last inequality is due to t/v/27 < 1, r > 1, and |I'| < d. It follows that

fw(w) < > 247140 < g,

0<i<k

Lower bound on fy(w). Since k < 2% — 2, A¢ is non-empty. Suppose j € AS.

We have

Hw k(1) 2 (1= (01 x 5 x 621w — k)

2
> L2201 a0,

Hence we have two universal positive constants By and By that only depends on
d and t, such that

for any w € (k,k+ 1) and any k € {0,...,2% — 2}.
Upper bound on sup,, ||g(w)]|.

Using a similar argument for Equation (3.41), we can represent g(w) as

1
fw(w)

g(w) = > Y J(w,i.T), we (kk+1), (3.43)

1:0<i<k  T:0#LCAS
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where

J(w,,T) = ®(0)4N[1 — &)1 x X ..

29[*-1

/10<Zj<t,j€f,0<t(wi)zjef 2j*1zj<t29r*1U(Zf7 w,1, F) X

[T ozs@ o (t(w—i) = 27" 2))dzs,

jer jer

and U (zp,w,i,I") is a vector function whose jth element is

E(€1§>1) =c if j € A,

E 0) = —/2 if j € AS\ T

(€1£<0) /m if j € AF\T, (3.44)
Z if j €T\ {fr},

2170 (t(w — 1) = 3255 27 2)) if j = 0p.

This shows that g(w) is continuous in (k, k + 1). Since ¢ < 1 < 1/2/7 < ¢;, we have
||10<zj<1t,jef,o<zt(w—i)—z].eﬁ 21*12j<t29*1U(zf’w’Z'7F)|| < Vde,.
In view of Equation (3.43) as well as Equation (3.41), we have
lg(w)|| < Vde.. (3.45)

This holds for any w € (k,k + 1) and for any k € {0,...,2¢ —2}. Note that we have
showed after Equation 3.27 that such a bound also holds for w € {0,...,2% — 1}.
Therefore sup,, ||g(w)|| < Vdc,.

Part 2.In this part, we focus on I(y).
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First, suppose k +0 <y < k+ 1 — o for some k € {0,...,2¢ — 2}. In this case,

the density function for Y can be expressed as

y+o
fr(y) = / i fW(w)%dw. (3.46)

Note that k£ < y —o and y+0 < k+ 1. Since fyy(w) is continuous in (k, k+1), fy(y)

is differentiable in (k + o,k +1 — o) and

£ y) = Jw(y + U)Q—Ufw(y — U)_

By Equation (3.42), we have

Bu< frw). ) <2V (3.47)

g

For k4+ 0 <y < k+1— 0, we can express l(y) as follows

ly) = E(g(w) | Y =y) (3.48)
1 yto 1
- =5 /y w5 g (3.49)

It follows that ||I(y)|| < sup, ||g(w)| < Vde¢,. Furthermore, by the differentiability
of fy(y) fory € (k+ o0,k +1—0) and the continuity of g(w) for w € (k,k + 1), we

have that I(y) is differentiable in (k+ o,k + 1 — o) and

fr(y)
fr(y) (3.50)

U'(y) = gy +o)fw(y+o)—gly—o)fwly—o)] —Uy)

1
20 fy (y)
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In view of Equations (3.42), (3.45) and (3.48), we have
2B
[WWl < Ve (3.51)

Second, suppose k — o < y < k + o for some k € {0,...,2¢—1}. In this case, the

density function for Y can be expressed as

y+o
Frlo) =P =)o+ [ fwlw)y

Note that £k — 0 <y < k4 o implies y — 0 < k < y 4+ 0. The integral fyyj; can
be split up as f + fy+a and fy (y) is thus differentiable in (k — o,k + o). fi(y) is
the same as in Equation (3.46) and Equation (3.48) holds.

For k — o <y < k+ o, we can express l(y) as follows

l(y) = E(g(w) | Y =y)

= E(lw=rg(w )|Y—?J)+E( w#kg( )|Y—y)

It follows that ||I(y)|| < sup, ||g(w)| < V/de,. Furthermore, by the differentiability
of fy, the continuity of g(w), and the split of integral, we can see that I(y) is differ-
entiable in (k — 0,k + 0). Furthermore, Equations (3.50) and (3.51) continue to hold
fory e (k—o,k+ o).

So we concluded the proof. m
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3.3.4 Extension to High Dimension

We can extend the previous result to a lower bound on the minimax risk for the

high dimensional sparse model (3.11).

Theorem 3.3.14. Suppose k > 4w and any X\ € (0,(87)71). Let s be any integer

such that d < s < p. Define

d(s—d)—i—(s—d)log%

" n

There is a universal constant C such that if €2 < C, then we have

inf  sup B[P — Pgl? > €. (3.53)
P MeMs(p,d,\ k)

Proof. We should prove

~ d(s—d
inf  sup  Eum||P— Pgl3% - (s )

3.54
P MeMs(p,d,\ k) n ( )

and

s — d) log 42=9)
(s = d)log %= (3.55)

inf sup EMHﬁ—PBHQF -
P MeMy(p.d k) nA

To prove Equation (3.54), consider the following sub-model
M, (p,d, A, 1) 2 { (B, f) | BeO,(p.d). swp(B)=1[s], feFal\r)} (356)

A sufficient statistic for estimating this B in this model is the data of Y and Xi.,.
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Because i, (p,d, A\, k) C M (p,d, \, k) and M, (p,d, A\, k) is essentially the same as
M (s,d, A\, k), we can apply Theorem 3.3.1 to obtain the Equation (3.54).

To prove Equation (3.55), we apply the Fano method (Lemma 3.3.6) and the con-
struction of Pg in Equation (3.19). The main challenge is to construct a rich packing
set © C O4(p,d). We follows the arguments in Vu and Lei (2012, Theorem 2.1) and
Cai et al. (2013, Theorem 3). More precisely, for any € € (0,1], Vu and Lei (2012,

Lemma 3.1.2) have constructed a set ©g C Q;_g411(p — d + 1, 1), such that
1. £/V/2 < ||6y — 0,y < v/2¢ for all distinct pairs 6,6, € O,
3. log|©g| > c(s — d)[log(p — d) — log(s — d)], where ¢ is a constant.

For each 6 € O, define

0 O(p—d+1)x(d—1)

s
||

O(a—1)x1 Iqy

Then By € Q4(p,d). Let © = {By : 0 € Op}. We then use the construction in

Equation (3.19) to obtain a family of distributions with index By € ©. Applying

the argument in Equation (3.21) with & = ¢ s=dlloa( ;fl\)flog(sfd)]

, we obtain Equa-
tion (3.55).

]

Theorem 3.3.14 and Theorem 3.2.2 together shows the following the optimal rate

of estimation error.

Theorem 3.3.15 (Optimal Rate). Assume k > 4r is fized, and X\ € (0, (87)71).
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Suppose d* < s < p. Define
,  ds+slog=’

e
" nA

There is a universal constant C' such that if €2 < C, then

inf  sup Eu||P — Pgl% = €. (3.57)
P MeM,(p,dAr)
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Appendices of Chapter 3

Here we present the proofs for the upper bounds in Section 3.2. These proofs are

adapted from (Lin et al., in press).

3.A Preliminary

Before we start proving the theorems, we need some preparations.

Notations:

Suppose that we have n = Hc samples (Y;, X;) from the distribution defined by
the model M = (B, f) € M(p,d, k,\). Let H = Hyid where H, is a sufficiently large

A~

but fixed integer. Let B= [Bl, o ﬁd}, where El is the ith leading eigen-vector of
Ag.

Let B, be a p x (p — d) orthogonal matrix such that BT B, = 0.

Let Z=B'"X and E = B] X. Since X ~ N(0,1,), we have Z ~ N(0, I,;) and

E ~ N(0,1I,_4). Furthermore, Z 1 E and

X =PsX +Ps.X=BZ+B.E.

Let V.= BZ and W = B, E. Then V'W = 0. Denote by Xy = Cov(W) =

265



Chapter 3: Minimax Optimality of Sliced Inverse Regression

B, B]. Recall the notations that A = Cov(E[X | Y]) and Ay = Cov(E[V | Y]) =
Cov(E[X | Y]).

We introduce the notation V,., Z,., W), ., and E,,_. similar to the definition of

Xh in Equation 3.3. Let V = % [V ng., e VHJ, Z = \/Lﬁ [71,. , 72,., e ZH,-
W = \/Lﬁ (Wi, Wo,.., Wg], €= \/Lﬁ [E\., Es.,..., Eg.| be three matri-

ces formed by the VectorsTV L?;L,., LW;L and TE We can see that
VW =0.
Define jAXZ = ZZ" and _/A\V =V’ = B_/AXZBT.
We have the following decomposition
Ay =V +ww’
(3.58)
— Ay +B,EETB]
where we have used V'W =0 and W = B, €. Since E ~ N(0,1,_4), we know that
the entries & ; of £ are 4.i.d. samples of N (0, ).
For any matrix A of dimension [ x m, denoted by o; the ith largest singular value
of A. If A is an m x m symmetric matrix, denoted by A; the ith largest eigenvalue
of A.

Useful Lemmas:

Lemma 3.A.1. Let K be an axb matriz with each entry being i.i.d. standard normal

random variables. Then, we have E[| KK "||2] = ab(a + b+ 1) and E[||K||%] = ab.

Lemma 3.A.2. Let A, B be |l x m and m X n matrices, respectively, we have

|AB||r < ||All2||B||r, where |All2 denotes the largest singular value of A.

266



Chapter 3: Minimax Optimality of Sliced Inverse Regression

Lemma 3.A.3 (Weyl Inequality). Let A, B be m x n matrices for some 1 < m < n.

Then for all 1 <1 < m,

|0i(A + B) — 0:(A)| < [ Blop-

If A, B are m x m symmetric matrices, then for all 1 <i <m,

[Ai(A + B) = Ai(A)| < || Blfop-

Proof. See, e.g., Tao (2012, Chapter 1.3). d

The following four lemmas are borrowed from Vershynin (2010) and Cai et al.

(2013).

Lemma 3.A.4. Let A be a p x H matriz (p > H), whose entries are independent
standard normal random variables. Then for every t > 0, with probability at least

1 — 2exp(—t?/2), one has that

VP—VH -t < op(A) < 01(A) < Jp+VH+t.

Lemma 3.A.5 (Sin-Theta Theorem). Let A and A + E be symmetric matrices

satisfying

Ay 0 Fy Ay O GJ
A: [Fo,Fl] A+E: [G07G1]

0 A || FT 0 A || GT

where [Fy, F1] and |Gy, G4] are orthogonal matrices. If the eigenvalues of Ay lie in an
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interval (a,b), and the eigenvalues of Ay are excluded from the interval (a — §,b+ 6)

for some & > 0, then

min([|Fy" EGo||, | Fy EG )

IFRF) — GGy < 5 :

(3.59)

and

1 in(|F," E F'E
SSIRE] - G| < PR B IR B g0

Lemma 3.A.6. Let K € RP*? be symmetric such that tr(K) = 0 and || K| r < 1.
Let Z be an H X p matrixz consisting of independent standard normal entries. Then

for any t > 0, one has
P(|(2"2 K)| = 2Vt +2) < 2eap (7). (3.61)

We remind that this lemma is a trivial modification of Lemma 4 in Cai et al.

(2013), where they assumed | K|z = 1.

Lemma 3.A.7. Let X1, ..., Xy be random variables such that each satisfies
P(1X;] > at + bt*) < cexp (—t7) (3.62)
where a,b,c > 0. Then
Emax | X;|*> < (2a* 4 8b%) log(ecN) + 2b* log*(cN). (3.63)

Second, we need the following technical lemma, which can be derived from the
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proof of the “key lemma” in Lin et al. (2018):

Lemma 3.A.8. Assume that f € Fy(\, k) in the model Equation (3.2). Let Ay be
the SIR estimate (defined in Equation (3.4)) of A = Cov(E[X | Y]). There exist
positive absolute constants C, C1,Cy and C3 such that, for any f € Fy(\ k) with
sliced stable constant ¥ and any v > 1, if H > C(v'/? v d), then for any unit vector

B that lies in the column space of A, we have

~ 1 nBTAB
T T
Proof. 1t is a direct corollary of the ‘key lamma’in Lin et al. (2018). O

In the following, we will fix ¥ > k so that we can choose H =< d such that

Equation (3.64) holds with high probability.

3.B Proof of Theorem 3.2.1

First, we have the following lemma.

Lemma 3.B.1. Assume that B is sufficiently small and H < p. We have the

following statements.

(a) There exist constants Cy,Cy and C, such that

P <||WWT|| > Ca(% + t)) < Chexp (—Cont) .
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We will take t = max(p,log(n\/H?))/n in the late argument.

(b) For any vector B € RP and any v > 1, let Eg(v) = { ),BT (Kv —A) ﬁ‘ >
%,@TAB}. Recall that H = dH,. If we choose H; sufficiently large but fixed

such that H® > Cv for some positive constant C, there exist positive constants

C1, Cy, C5 and Cy such that

A
P (U EB(V)> < Cyexp (—(JQ# + Cy log(H) + C4d) .
B

Proof. (a) is a direct corolllary of Lemma 3.A 4.

(b) is a corollary of Lemma 3.A.8. Note that span(Ay) = span(A) = span(B),
we only need to consider the B that lies in the column space of A. Furthermore,
let A = VDVT be the eign-decomposition of A. Let U = DY?V T3 and Q £
D :VT(Ay — A)V D 2. The rest of the proof follows the standard e-net argument
(see, e.g., Tao (2012, Chapter 2.3.1)), by choosing a maximal set of points U;’s in the
d dimensional unit sphere S%~! such that they are separated from each other with

distance of at least 1/4. O

We define some events: E; = { IWWT|| < Caw }, Ey = { Ay — Al <

%/ﬁ)\ } and E = E; N Es.

Corollary 3.B.2. If k is fivred and v > k, then we can find a constant C, Cy and

Cs, such that if HQ;“’ < C, then the followings hold

n

a) P(E°) < QI

b) Conditioning on E, we have 1\ < )\d(jAXv) < )\1(7\‘/) < 2RA.
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¢) Conditioning on E, we have |Ay — Ay| < ngw.

d) Conditioning on E, we have Ags1(Ap) < i

Proof. 1t is directly implied by Lemma 3.B.1 and Weyl inequality. U

Now we start the proof of Theorem 3.2.1. Note that

E|BB' — BB %

—E|BBT — BB"|%1s +E|BBT — BB |%1;.

1 I7

For I: It is easy to see that

I <2(d A (p— d))PE)

— 2P (E)

CdH?
<
— nA
odm?
nA
S C/ d(p - d)’
n

(3.65)

where the last inequality is because H; is fixed and d? < p.

For I1: Let _/AXV = EDHET be the eigen-decomposition of KV, where B is a pXxd
orthogonal matrix and Dy is a d X d diagonal matrix. Note that B and B are sharing
the same column space and BBT = BB,

Conditioning on E, we have A\g(Ay) = Ag(Dy) > 2 since v > k. Furthermore,

[\

since L is sufficiently small, and thus nA is sufficiently large, we have )\d+1(1AX o) < %)\
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by Weyl inequality.
Let Q = jAXH — ./AXV. Applying the Sin-Theta theorem (e.g., Lemma 3.A.5) to the

pair of symmetric matrices (Ay, Ay ), we have
II =E|BB" — BB ||21; =E|BB" — BB"|]%1;
32 T A =T D
< 5 min (E| BIQB|}1:. E|BTQB. [} 1s)
32 . ~ ~
< 55 min (E|QB]}1z. E||QB. }1) .
Since B and B share the same column space, we have BTW = 0 and éIV = 0.
Thus, we have

B'Q=B'YW', B[Q=BWW' +BWY'".

Conditioning on E, we have ||Ay|ls < 2xA. By Lemma 3.A.2 and Lemma 3.A.1, we

have

. ~ ~ ~ 4k
min (E|QB|}1s, E|QBLI[}1:) < 2E|BTVWT 315 < 4XEIW |} < —=d(p - d).

Since k is assumed to be fixed, we have

128k
I <
— n

d(p — d)

//d(p — d)
< _— .
<= (3.66)
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In view of Equation (3.65) and Equation (3.66), we conclude that

PN d(p —d
sup E|BB" - BB'|% < dp—d)
MEM(p,d,k,\) nA

3.C Proofs for Theorem 3.2.2

Recall that we have introduce the aggregate estimator ﬁE Our goal is to show
the upper bound on the worst case risk of this estimator.

We begin with introducing some notations.

Since we have randomly divided the samples into two equal sets of samples, we

have the corresponding decomposition Equation (3.58)
Ay =BA.B' + BVE'B] + B EV' + B, E€'B].

for these two sets of samples. More precisely, for i = 1,2, we can define fxg?, KS’,
VO WO and €9 for the first and second set of samples respectively according to
the decomposition Equation (3.58).

Let A = BDBT be the eigen-decomposition, where B is p x d orthogonal matrix
and D = diag{)\, .., \¢} is a diagonal matrix. For i = 1,2, let Al = BODOBO.T
, where B® is p x d orthogonal matrix and D® = diag {)\gi), . )\g) } is a diagonal
matrix.

From now on, let S = supp(B). Let Jg be a diagonal matrix such that Js(i,7) = 1
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ifie S and Jg(i,i) =0ifi &€ S.
Note that B® has the same column space as B so JSJAXE})JS = Kg)
Below, we use C' to denote an absolute constant, though its exact value may vary

from case to case.

We then introduce an “Oracle estimator” ﬁo. The word oracle means this is not
an estimator unless we know S.
Bo £ arg mgX(Ag), BB') = arg mngr(BTA(hl,)B)

(3.67)
s.t. B'B = I; and supp(B) = S.

Let EgB(Q) = U, AU, be the singular value decomposition of Eg B® such that the
entries of A are non-negative and let M £ U, D®U,.

For i = 1,2, let Egi) be the event { HKE;) — Al < 55X } Lemma 3.B.1 shows

that P ((ng’)C) < o
Let Qs = Js (Ag) - KS)) Js = JsWIOWW-T Jg. Let F be the event {[|Qs|| < C£}.
Lemma 3.A.4 shows that P(F¢) < Cln{—i.

Let E := E}" NEYY NF. Then we have PP (E°) < ¢,

Conditioning on E,

e By Weyl inequality, we have

1— <AV < <AV <1+ )k, fori=1,2 (3.68)

Suppose v > k, then the entries of D € (%/\, 2r\) for i =1,2.
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e We have

s A
[Qsll2 < OE < 036721' (3.69)

Since we have assumed that €2 is sufficiently small, we further have ||Qslls <
C4e2 < 2. Thus, | TsA Ts— AV F < 2, which implies the (d+ 1)-th largest

eigenvalues of JSAS) Jg is less than %.

We will need the following two lemmas.

Lemma 3.C.1. Let A, B be m x 1 orthogonal matrices, i.e., ATA =1, = B"B, and
let M be an | x | positive definite matriz with eigenvalues d; such as 0 < A < d; <
di_1 < ... <dy < k). If ATB is a diagonal matriz with non-negative entries , then
there exists a constant C which only depends on r such that |AMAT—BMB'|p <

CM\|AAT — BB ;..
Proof. Let A=1,— BTA,then 0 < A;; <1for1<i<I If C?>2k?—1, we have
|IAMA"™ — BMB'||% = 2tr(M?*A) — tr(MAMA) < 2:*X\tr(A) — M tr(A?)
< CPN2(2tr(A) — tr(A?) = C?N}|AAT — BB'||%.
O

Lemma 3.C.2. For a positive definite matriz M with eigenvalue Ay > ... > A\g > 0

and orthogonal matrices A,B,E,F, i.e., ATA=B"B=E"E =F'"F =1, we have

A A
7d||ABT —EF"|2< (AMB" AB" —EF") < ?1||ABT — EF"|%. (3.70)
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Proof. 1t is a direct corollary of the Lemma 8 in Gao et al. (2015). O

Now, we can start our proof of Theorem 3.2.2. It is easy to verify that
|Bu-Bf. — BB'|[} <2 (I|B.-B[. - BoB/|} + | BoB} — BB'|})

For the first term || Bp.BJ. — ﬁoﬁgH%, conditioning on E, we know

~ o~ ~ o~ 2 ~ —~— o~ o~ ~ o~
|B.-B}. — BoB}|% §W<BOU1MUfBg,BOBg — B;-BJ.)  (3.7)
d\~'s
C ~ o~ ~
X(BOUlMU "Bl —AY BoB) — B,-BJ.) (3.72)
21+ 11

where

1 =—(BoU MU, B}, - B’D®B®T B,B}, — B,.B].)

II=

>*IQ>/IQ

(A? _ A® BoBJ - B,.BL.).

Inequality Equation (3.71) follows from applying the Lemma 3.C.2 with the positive
definite matrix Uy MU, . The inequality Equation (3.72) follows from the definition
of By- (See Equation (3.14)) and the fact that the entries of D® are in (\/2,2k).

To simplify the notation, we let

6= |BoBj ~ BB'|r.
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For I: By definition of U; and U,, (EOUl)TB(Q)UQ is a diagonal matrix with
non-negative entries. Recall that the entries of D® € (1X,2k)). Therefore M =
U, D?U, also has eigenvalues in (1A, 2xA). Applying Lemma 3.C.1 with A = BoU,

and B = BPAU,, we have that there exists a constant C' such that
||§OU1MU1T§£)|— — B(Q)D(2)B(2),T||F < C/\HEOE—OF . B(Q)B(Q),THF

Thus, conditioning on E, we have

<C||BoB/, - B®B®T ||| BoB], — B,-B].

—

) (3.73)

—=C6|BoB/, — B.-Bj].,

F-

For II: For any L € L(s), define K = Hﬁoég — ELEEHEI (Eoﬁg - ELEZ),
where By, is introduced in Equation (3.13).

In view of Equation (3.58), we have

| < 111BoB3 — Bu-BY. (3.74)

F

<W(2)W(2)7T, KL>’-

where T = maxyer(s)
By summing up Equation (3.74) and Equation (3.73), and by cancelling the term

||1/3\L1§2* — ﬁoﬁg”p on both side, we have that conditioning on E,

PN PPN 1
|B.-B]. — BoB)||r < C (5 + XTl) . (3.75)
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Thus, we have

|B.-Bl. - BBT||21: < 2 (||1§O§g _BB"|%+||BoB], — B;-B]. %) 1e
1
< (52 - ETE) 1g
We have the following two lemmas.
Lemma 3.C.3. There exists a positive constant C' such that
E[6?1g] < Cé. (3.76)
Lemma 3.C.4. There exists a positive constant C' such that
E[T71g]) < C\*e2 (3.77)

These two lemmas imply that

E||By-BJ. - BBT|li1s] < .

CH? _ Cd?H?

Note that P(E°) < == = —

. Since d? < s, we have

CH? ds

n\ n\

E [||1§L*1§; - BBT||§1EC} <2d

Therefore, we conclude that E [HELEZ — BBTvalE] < €.

It remains to prove Lemma 3.C.3 and Lemma 3.C.4.
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Proof of Lemma 3.C.3. Suppose E happens. After applying the Sin-Theta Theorem

(Lemma 3.A.5) to the pair of symmetric matrices (Jsxg)JS, JSAS) Js), we have

85 8
0 < 1B QsBY|lr < {Vd|Qsll: < Ce,

where the last inequality follows from Equation (3.69). O

Proof of Lemma 3.C.4. Recall that W® = B, £® (see the notation near Equa-

tion (3.58)) and for each fixed L € L(s), K 1. W® | hence
WOWRT K )= (£Pe®T BIK,B)) (3.78)

and B/ K;B, 1 W®. Note that |B]K;B,|r <1, % is a (p — d) x H matrix,

and \/ﬁgg) ~ N(0,1). After applying Lemma 3.A.6, we have

@t n it2> < 2exp(—t?). (3.79)

P (x/ﬁ|<5(2)5(2)’T,BIKLBL>| > 2 NN

After applying Lemma 3.A.7 with N = |L(s)| < (%)S, a=2H - 2 gndc=2

we have

SH 8
n

ET? < % (TIOg(QeN) + — (log*(2N) + 4log(2eN)))

H + 4)log(2e N
n
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