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Essays in Macroeconomics

Abstract

My dissertation presents essays on topics in macroeconomics. In Chapter 1, I study the
interplay between micro and macro uncertainty. I show that its effect on unemployment risk
is the dominant transmission channel of macro uncertainty. Accounting for this channel, the
overall effect of a macro uncertainty shock on activity is 2-3 times larger. In Chapter 2 which is
joint work with Allen Zhang, we develop an adaptive sparse grid method for solving continuous-
time dynamic programming problems. While standard finite-difference discretization leads to
inconsistent solutions of differential equations on irregular grids, we show that a generalized
sparse finite-difference method restores consistency. Our paper is accompanied by a general-
purpose toolbox for solving partial differential equations on adaptive sparse grids. In Chapter 3,
which is joint work with Christopher Clayton, we develop a theory of dynamic inflation targets.
We study a dynamic mechanism design problem between a government (principal) and a central
bank (agent). A “dynamic inflation target” implements the constrained efficient inflation level:
the central bank reports its target one period in advance, with a linear incentive scheme for

deviations from the target.
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Chapter 1
Micro and Macro Uncertainty

1.1 Introduction

Uncertainty at both the micro and macro level rises sharply during economic downturns. At the
micro level, households face elevated unemployment risk during crises (e.g. Storesletten et al.
(2004), Shimer (2005) and Guvenen et al. (2014)), and firms experience more volatile sales, cash-
flow and productivity growth (e.g. Kehrig (2015) and Bloom et al. (2018)). At the macro level,
recessions are associated with higher stock market volatility and increased variability in GDP
growth (e.g. Bloom (2014)). Much previous work has studied the implications of uncertainty
at either the micro or the macro level. A framework that allows for the joint determination of
micro and macro uncertainty has thus far remained elusive, in part because it poses considerable
methodological challenges. Modeling uncertainty at the micro level requires cross-sectional
heterogeneity, while uncertainty at the macro level presupposes aggregate risk.!

In this paper, I make two main contributions. First, I show that accounting for the in-
teraction between micro and macro uncertainty is crucial to characterize the role uncertainty
plays in business cycle fluctuations. The dominant transmission channel of macro uncertainty is
its interaction with micro uncertainty. Indeed, in general equilibrium (GE) a strong feedback

loop emerges between micro and macro uncertainty. As a result, recessions are associated with

IBloom et al. (2018) develop a model with cross-sectional firm heterogeneity and study exogenous variation in
the micro and macro uncertainty that firms face. My focus, on the other hand, is on the endogenous interaction
between uncertainty at the micro and macro level, which is not modeled in their paper.



large endogenous spikes in uncertainty. My second contribution is methodological. I develop a
new global solution method for heterogeneous-agent macro models. Leveraging its power, I
globally solve a Heterogeneous Agent New Keynesian (“HANK”) model with aggregate risk,
counter-cyclical unemployment risk, and a zero lower bound (ZLB) constraint on monetary
policy. While a rapidly growing body of work has developed first-order perturbation methods to
solve heterogeneous-agent macro models with aggregate risk (see Reiter (2009), Winberry (2020),
Ahn et al. (2017), Boppart et al. (2018), and Auclert et al. (2019)), progress on global solution
methods has been slower.?

I start my discussion in Section 1.2 by studying the transmission mechanism of macro
uncertainty in an illustrative two-period model. Households solve a consumption-savings
problem, facing both aggregate wage risk and idiosyncratic unemployment risk. At the heart of
my analysis is the empirically motivated assumption that a household’s employment transition
probabilities vary with aggregate economic activity. Indeed, the job separation (finding) rate
in the data is strongly counter-cyclical (pro-cyclical): Recessions are times of heightened micro
uncertainty over households’ job prospects (e.g. Storesletten et al. (2004) and Shimer (2012)).
The transmission of macro uncertainty in this setting is governed by a set of direct (partial
equilibrium) and indirect (general equilibrium) channels, borrowing the language from Kaplan
et al. (2018). The direct effects of uncertainty are those that arise from a change in households’
beliefs about future shock realizations holding prices constant. Indirect effects arise in general
equilibrium as prices respond to the change in household behavior induced by direct effects.

When there is no interaction with micro uncertainty, the only direct effect of macro un-
certainty on household behavior to second order is the standard Kimball (1990) precautionary
savings motive. A mean-zero spread in next period’s aggregate wage rate exposes employed
households to symmetric risk in labor income. Since this effect is marginal, its relevance to
households is captured by differentiating marginal utility and, in particular, is proportional
to 1"’ (-). Unlike aggregate wage risk, unemployment risk at the micro level takes the form of

discrete and asymmetric jumps. Its relevance is not captured by a derivative of marginal utility

2Variants of the original Krusell and Smith (1998) algorithm largely remain the method of choice. Notable
exceptions include Ferndndez-Villaverde et al. (2019) and Proéhl (2019).



but, rather, by the jump scaling factor u/(cF) — u/(c'!), where u'(ct) and u/(cY) are marginal
utility conditional on employment and unemployment, respectively. It is in this sense that the
prospect of job loss is akin to an idiosyncratic rare disaster from the perspective of households.

When we account for its interaction with unemployment risk, macro uncertainty operates
through a set of novel channels. Direct interaction effects emerge because a mean-zero spread
in the aggregate shock now also implies increased dispersion in employment outcomes. In
general equilibrium, an indirect interaction effect emerges as well: The direct effects of micro
and macro uncertainty on household behavior lead to an initial fall in consumer spending
and aggregate demand. As a result, the demand for labor falls, which consequently raises
(lowers) the job separation (finding) rate. For an employed household, an increase in the job
separation rate both lowers expected earnings and increases their variance. The former elicits a
consumption-smoothing response and the latter a precautionary savings motive. These novel
interaction effects tend to increase households” desired savings in response to an increase in
macro uncertainty.

I show that these direct and indirect interaction effects are proportional to the jump scaling
factor u'(cF) — u’(c!) that is characteristic of uncertainty at the micro level. Households in this
setting respond to uncertainty at the macro level not so much because it implies a mean-zero
spread in aggregate wages but rather because it translates into disaster risk at the micro level.
These results suggest qualitatively that accounting for an interaction with micro uncertainty can
substantially alter the transmission mechanism of macro uncertainty.

To evaluate these implications quantitatively, I build a business cycle model in which
households face uninsurable unemployment risk in the tradition of Huggett (1993), Aiyagari
(1994), McKay et al. (2016) and Kaplan et al. (2018). I build on the benchmark HANK model of
Kaplan et al. (2018) along three dimensions. First, I model a zero lower bound (ZLB) constraint on
monetary policy, thus explicitly introducing a source of non-linearity at the macro level. Second,

I allow for aggregate risk in the form of discount rate shocks.? Third, and most importantly, I

3Discount rate shocks are a popular proxy for aggregate demand shocks (e.g. Basu and Bundick (2017) and
Auclert et al. (2020)). I have also solved variants of this model with alternative demand and supply (TFP) shocks.
In the presence of nominal rigidities, TFP shocks tend to generate counter-cyclical price inflation (e.g. Gali (2015)).
Since the source of macro non-linearity in this model is the ZLB constraint on monetary policy, it is important that
inflation is pro-cyclical, which is the case in the presence of aggregate discount rate shocks.



account for the cyclicality in the job finding and separation rates so that the unemployment risk
faced by households varies over the business cycle. I estimate the sensitivity of employment
transition rates to changes in economic activity in Current Population Survey (CPS) micro
data. This approach follows a long tradition of constructing gross flow data for employment
transitions from micro data.* By using the resulting estimates directly in the model, I take as
given the link between employment transitions and economic activity.”> The sense in which
my model generates an endogenous link between micro and macro uncertainty is through
economic activity: heightened macro uncertainty depresses aggregate demand which in turn
raises unemployment risk. At the micro level, therefore, households face uncertainty over
future job prospects. At the macro level, households are exposed to uncertainty over asset
prices, interest rates and the aggregate determinants of disposable income, such as the wage
rate, transfers, and unemployment insurance (UI) payments. The crucial feature of my model is
that uncertainty at the micro level is high precisely at the same time as uncertainty at the macro
level.

My first main result is that the transmission mechanism of macro uncertainty in the
quantitative model differs starkly from that in a Representative Agent New Keynesian (“RANK?”)
benchmark.® In the RANK model, the direct precautionary savings response to heightened
aggregate uncertainty contributes the largest share to the overall effect on consumption. Using a
conservative relative risk aversion coefficient of y = 2 in my calibration, this direct precautionary

effect is unsurprisingly small. Therefore, the overall effect of macro uncertainty on economic

4Gee for example Marston ef al. (1976), Abowd and Zellner (1985), Darby et al. (1985), Darby et al. (1986), Poterba
and Summers (1986), Blanchard et al. (1990), Shimer (2005), Fujita and Ramey (2009), Elsby et al. (2009), and Shimer
(2012).

5These empirical estimates based on U.S. micro data are intended as a reduced-form summary of the state depen-
dence in employment transition rates that would result from a search-and-matching micro-foundation. Explicitly
implementing a search-and-matching block is beyond the scope of this paper and left for future work.

The focus of my paper is on macroeconomic uncertainty that arises endogenously. However, isolating and
decomposing the effects of endogenous uncertainty is challenging in a setting with aggregate risk. To be able to
study the transmission mechanism of macro uncertainty, I consider an exogenous shock to fundamental risk (similar
to Bloom (2009), Basu and Bundick (2017), Bloom et al. (2018) and Bayer et al. (2019)). The assumption implicit in
this strategy is that the transmission mechanism of an exogenous increase in the volatility of discount rate shocks is
sufficiently similar to that of an endogenous increase in the volatility of economic activity.



activity in the RANK baseline is quite modest.”

In the quantitative model, this direct effect of macro uncertainty is relatively muted. Instead,
the interaction with micro uncertainty emerges as the dominant driver of transmission. The
quantitative analysis therefore corroborates the importance of the interaction effects identified in
the two-period model. Household behavior is more responsive to uncertainty at the macro level
precisely because it translates into unemployment risk. Similarly, and in the spirit of Kaplan et al.
(2018), other indirect channels working through portfolio returns and the aggregate determinants
of disposable income become important relative to the direct precautionary channel. Therefore,
the overall effect of macro uncertainty on economic activity is large in my model precisely
because it works through micro uncertainty and other indirect channels. I show that the peak
response of output to an increase in macro uncertainty is 5 to 8 times larger than in the associated
RANK benchmark. The interaction between micro and macro uncertainty is the main source of
this amplification.

An overarching theme of my analysis is that the behavior of uncertainty changes drastically
during economic crises. I show that the peak decline in output in response to a given increase in
macro uncertainty is 50% larger when the economy is already at the cusp of the ZLB than during
normal times. Close to the ZLB, the relationship between economic activity and aggregate
risk exhibits a degree of negative skewness. As a result, a mean-zero spread in aggregate risk
leads to a contraction of economic activity in expectation. The implications of such skewness
at the macro level are not unlike the skewness households face at the micro level. Indeed, I
show that non-linearity at the macro level strongly interacts with non-linearity at the micro
level: The relative importance of its interaction with micro uncertainty in the transmission of
macro uncertainty further rises during economic crises. Identifying the importance of the ZLB
crisis region for the behavior of uncertainty in my model is only possible because I use a global

solution method.®

"This is consistent with the results in Basu and Bundick (2017). They show that a fundamental risk shock
induces co-movement in output, consumption, investment and hours, but they impart households with Epstein-Zin
preferences and a relative risk aversion coefficient of 80 to generate quantitatively meaningful responses.

80verall, these results highlight that uncertainty can have large effects on consumption even in a setting where
household behavior is not perfectly forward-looking. It is well known that the effective planning horizon of
households in an incomplete markets setting is shortened in the presence of borrowing constraints (e.g. McKay



My second main result is that the interaction between micro and macro uncertainty has
implications not only for the transmission mechanism of macro uncertainty but also for its
endogenous responsiveness to changes in economic activity. I show that macro uncertainty in
my model rises endogenously during economic downturns. That is, recessions are accompanied
by endogenous spikes in uncertainty even in the absence of exogenous second-moment shocks.
Crucially, the sensitivity of macro uncertainty to economic activity is dampened substantially
when I shut off its interaction with micro uncertainty. Concretely, I show that endogenous macro
uncertainty is 4 times more responsive to a negative, first-moment discount rate shock when
I account for the interaction with micro uncertainty. Indeed, when I hold unemployment risk
constant, macro uncertainty hardly responds at all to discount rate shocks during normal times.

Macroeconomic uncertainty responds endogenously to changes in economic activity
through two main channels in my model. The first channel centers around the zero lower
bound constraint. When the economy is at the ZLB, monetary policy can no longer accommo-
date negative demand shocks, whose effects on economic activity are consequently amplified.
Even when the nominal interest rate is still positive, expansionary monetary policy moves
the economy closer to the ZLB, thus raising the likelihood that policy will be constrained in
the future. A given increase in macro uncertainty resulting from proximity to the ZLB has a
larger effect on aggregate demand when its transmission works through micro uncertainty, thus
pushing the economy even closer to the ZLB. To capture this economic force, it is crucial to
employ a global solution method.

The second channel results from the counter-cyclicality in households” average marginal
propensity to consume (MPC). As economic activity contracts, households become unemployed
and draw down their liquid cash buffers, thus moving closer to their borrowing constraints at
the micro level. The prevalence of “hand-to-mouth” behavior grows, which implies an increase
in the average household’s MPC. Consumer spending, and by implication aggregate activity,

thus become more sensitive to further demand shocks, which represents an increase in macro

et al. (2016) and Kaplan et al. (2018)). Households directly at the borrowing constraint consume their disposable
income “hand-to-mouth”. But even those households that are close to but not at the constraint only try to smooth
consumption until they expect to reach the constraint. Unlike the representative household in the RANK benchmark,
most households in my model are close to or at their borrowing constraint and have relatively short planning
horizons.



uncertainty. By contrast, the counter-cyclicality of the average MPC is considerably dampened
when employment transition rates are held constant over the business cycle. The standard
Krusell and Smith (1998) algorithm struggles to account for these shifts in the household
distribution. The global solution method developed in this paper therefore plays a key role in
my ability to study endogenous uncertainty spikes in this model.

In general equilibrium, therefore, a strong feedback loop emerges between uncertainty
and economic activity: When activity contracts, uncertainty about the future rises, which itself
depresses aggregate demand further. This feedback loop can be instructively characterized as an
“Uncertainty Multiplier”, which measures how much endogenous amplification there is in macro
uncertainty.” I show that this Uncertainty Multiplier is high precisely when we account for
the cyclicality of unemployment risk, and when the economy is already in a recession. Indeed,
this feedback loop between uncertainty and activity allows my model to match the time series
moments of various macro uncertainty proxies in the data without requiring exogenous second-
moment shocks: Macro uncertainty in the model is strongly counter-cyclical, highly persistent
and exhibits large positive skewness and kurtosis. Overall, uncertainty emerges as both a driver
and a byproduct of business cycle fluctuations. Accounting for the interaction between micro
and macro uncertainty is thus crucial to understand the broader role that uncertainty plays in
macroeconomic fluctuations.

The interaction between micro and macro uncertainty has far-reaching implications for
central questions in business cycle analysis, several of which I discuss in Sections 1.7 and 1.8,
and in the appendix. First, ZLB spells become more frequent and more persistent. I also show
that the interaction between the ZLB and a paradox of thrift dynamic, by which households
increase savings in anticipation of reaching the ZLB, is amplified. Second, an interplay between
uncertainty at the micro and macro level provides a new perspective on the welfare cost of
business cycles. I show that the implied share of consumption households are willing to forego

to instead “live” in a representative-agent economy is 3.9%, or about two orders of magnitude

9Similar uncertainty multipliers, operative at either the micro or macro level, have been discussed in other
settings. For example, see Plante et al. (2018) for an application with zero lower bound constraint, Ravn and Sterk
(2017) for an example with counter-cyclical unemployment risk, and Ferndndez-Villaverde et al. (2019) for a setting
with financial constraints.



larger than the original estimates in Lucas (1987) and Lucas (2003). In the appendix, I study a
series of policy experiments and show that stabilization policy in my setting operates through a

novel set of micro and macro uncertainty channels.

Methodological Contribution. The methodological contribution of my paper is a new global
solution method for heterogeneous-agent macro models with aggregate risk. I show that this
new method is key to solve the quantitative model with time-varying unemployment risk
and occasionally-binding ZLB constraint, and in turn study the interaction between micro and
macro uncertainty. The main challenge in numerically solving my model is that the entire cross-
sectional distribution of agents, an infinite-dimensional object, becomes part of the aggregate
state space. Let x; denote the vector of idiosyncratic state variables and g;(x) the cross-sectional
distribution of agents. In this paper, I work with finite-dimensional distribution approximations

of the form
F(ar)(x) =~ gi(x).

For illustration, it is easiest to think of F as a set of basis functions that are parameterized by
the time-varying a; € RN. While representations of the form F(a;)(x) ~ g;(x) are commonly
used in the context of local perturbation methods, they have proven intractable in the context
of global methods due to the curse of dimensionality.! I make three contributions that help

overcome this challenge:

1. Most global methods currently in use, such as the seminal Krusell and Smith (1998)
algorithm, work with a finite set of moments to approximate the distribution of agents.
The costliest step of these algorithms is finding an internally consistent law of motion for
these moments. I show in Section 1.4.3 that, for a large class of models, the coefficients «;
follow a diffusion process with drift y, + and volatility o, , and I derive analytical formulas
for these objects that can be easily computed. In this sense, and in sharp contrast to the

Krusell and Smith (1998) algorithm, finding the consistent law of motion incurs almost no

1My paper builds on the important contribution of Winberry (2020) who uses a distribution representation of
this form in the context of a local perturbation method.



increase in numerical complexity.!!

2. While F(-) can be chosen from a parametric family, I develop a non-parametric algorithm
in Section 1.4.4 that delivers substantial efficiency gains especially when the idiosyncratic

state space of agents is high-dimensional.

3. For most economic applications of interest, accurate approximations of the distribution
will require high-dimensional F(a;)(x). Global methods will therefore quickly encounter
the curse of dimensionality. In Schaab and Zhang (2020), we develop an adaptive sparse
grid library for solving partial differential equations that can overcome the curse of
dimensionality in high dimensions. Using this library and leveraging the results developed
in this paper, I can solve the benchmark Krusell and Smith (1998) model with a F(a;)(x)

representation in over 20 dimensions, that is a; € R%.

Literature Review. This paper is most directly related to a long literature studying the role of
uncertainty in business cycle fluctuations. One prominent strand of this literature, of which
Bernanke (1983) is an early example, follows the seminal contribution of Bloom (2009) and asks
whether uncertainty can drive business cycles. This group of papers considers the implications
of an exogenous increase in micro or macro uncertainty, prompting a precautionary savings
response among households (Leduc and Liu (2016), Basu and Bundick (2017), Bayer et al. (2019)),
a wait-and-see response by firms (Bloom (2009), Bloom et al. (2018)) or a tightening of financial
constraints (Gilchrist et al. (2014), Arellano et al. (2019)).12 An alternative approach to study the
effects of uncertainty on economic activity uses vector autoregression (VAR) estimates (see for
example Bloom (2009), Ludvigson et al. (2015) or Basu and Bundick (2017)). Relative to this
literature, I show that accounting for the interaction between micro and macro uncertainty qual-

itatively changes the transmission mechanism of an uncertainty shock, substantially amplifying

17 build on the closely related contribution of Ahn et al. (2017) and generalize this state space reduction technique
to settings where the cross-sectional distribution of agents itself is stochastic. Asset pricing models with portfolio
choice problems are typically of this kind.

12See Fernandez-Villaverde et al. (2015b) for a quantitative analysis of a policy uncertainty shock.



its effect on activity.!®

A largely distinct strand of literature argues that uncertainty arises endogenously as
a byproduct of economic crises.!* Several channels have been proposed through which a
contraction in economic activity may spur uncertainty: When economic activity falls, economic
agents interact less frequently, stifling the spread of information (Van Nieuwerburgh and
Veldkamp (2006), Fajgelbaum et al. (2017), Straub and Ulbricht (2017)); policymakers may
resort to adopting untested policies, raising uncertainty (Pastor and Veronesi (2013)); firms
may take riskier and more experimental actions during bad times (Bachmann et al. (2011)). The
endogenous responsiveness of uncertainty to economic activity in my model works largely
through two channels: the ZLB, and counter-cyclical MPCs. Plante et al. (2018) similarly make
the argument that, during bad times as the economy approaches the ZLB, policy becomes
further incapacitated, which raises uncertainty.!> My paper is also closely related to Ferndndez-
Villaverde et al. (2019). They study endogenous uncertainty in a heterogeneous-household
setting in the tradition of Huggett (1993) that also features an aggregate financial friction.'®

My focus on time-varying micro uncertainty in the form of counter-cyclical unemployment
risk is shared by a large body of work that documents the cyclicality of earnings risk and
employment transitions in the data (e.g. Storesletten et al. (2004), Shimer (2005) and Guvenen
et al. (2014)), and studies its implications analytically and quantitatively (e.g. Ravn and Sterk
(2016), Schmidt (2016), McKay (2017), Acharya and Dogra (2020)). In this paper, I study the
interaction between unemployment risk and macro uncertainty: Households respond to an
increase in macro uncertainty in large part because it translates into micro uncertainty. Patterson
(2019) documents systematic heterogeneity in household exposure to cyclical earnings risk.

Taking into account heterogeneous incidence is left for future work. My paper is also particularly

13There is also a large literature that tries to measure uncertainty in the data. See Bloom (2014) for an overview.

14 A smaller body of work seeks to determine whether the counter-cyclicality of uncertainty is a result of exogenous
shocks or rather an endogenous response. See for example Ludvigson et al. (2015) and Berger and Vavra (2019).

15While they make this point in a representative-agent New Keynesian model, I show that accounting for
cross-sectional heterogeneity and, in particular, the interaction between micro and macro uncertainty is crucial.

16Relative to their paper, my focus is on nominal rigidities and the ZLB constraint. Households in my setting

can trade two assets. Lastly, an endogenous interaction between micro and macro uncertainty is at the heart of my
mechanism whereas the earnings risk households face in their model is constant.
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closely related to Krusell et al. (2010) and Den Haan et al. (2018). Relative to their work, my main
focus is on the transmission mechanism of fundamental risk or macro uncertainty shocks. The
ZLB also plays a larger role in my paper, generating significant non-linearity at the macro level.
In particular, my paper emphasizes the interplay between micro and macro uncertainty which
both rise endogenously during economic downturns.

My paper also adds to the burgeoning heterogeneous-agent New Keynesian (HANK)
literature.!” This is the first paper of this class that studies macroeconomic uncertainty and
features an occasionally binding macro constraint; both of these features require a higher-
order or indeed global solution method.!® My main contribution to this literature is to show
that the transmission mechanism of uncertainty changes qualitatively when we account for
cross-sectional household heterogeneity: the effect through micro uncertainty becomes the new
dominant transmission channel of a macro uncertainty shock.

Finally, I build on an extensive body of work that has developed global solution methods
for heterogeneous-agent macro models.! My paper also builds on the important contributions
of Winberry (2020) and Ahn ef al. (2017) who propose a similar finite-dimensional distribution

representation as I do in the context of local perturbation methods.

1.2 TIllustrative Two-Period Example

The goal of this section is to develop intuition for the economic mechanism driving my results:
the interaction between micro and macro uncertainty and its implications for household behavior.
I characterize the effect of uncertainty on household consumption in a stylized two-period model

of consumption and savings decisions. Households in this setting face unemployment risk at the

7See Oh and Reis (2012), Lorenzoni (2008), McKay and Reis (2016), McKay et al. (2016), Werning (2015), Challe
et al. (2017), Kaplan et al. (2018), Auclert et al. (2019), Auclert et al. (2018), Auclert et al. (2020), Bayer et al. (2019),
Ottonello and Winberry (2017), Acharya and Dogra (2020), and Bilbiie (2020). This list is non-exhaustive.

8There is a large literature that studies the zero lower bound constraint quantitatively in representative-agent
settings. See for example Christiano et al. (2011), Fernandez-Villaverde et al. (2015a), Nakata (2017) and Plante et al.
(2018).

BFor example, see Den Haan (1996), Den Haan and Others (1997), Krusell and Smith (1998), Reiter (2010), Algan

et al. (2008), Algan et al. (2014), Brunnermeier and Sannikov (2014), Brumm and Scheidegger (2017), Duarte (2018),
Prohl (2019), and Fernandez-Villaverde et al. (2019).
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micro level and uncertainty over wage growth at the macro level. The critical assumption I make
is that households” employment transition probabilities are a function of aggregate economic

activity.

Setting. There are two periods, t = 0,1. Aggregate risk is represented by the normal random
variable ce ~ 0N (0,1), which is realized at the beginning of period 1. While I leave the macro
block of the model largely unspecified, I assume and work with a notion of aggregate economic
activity which I denote by Y;. The only structure I have to impose is that economic activity in

period 1 responds to the realization of aggregate risk, that is Y; = Y;(ce).2

Households. A continuum of households i make consumption and savings decisions, facing

uncertainty at both the micro and macro level. Household i’s budget constraints are given by

Cip+ai1 = aio + YioZio
cin = Raj1 +vi1zia.

In period 0, households consume, c;(, and save, a; 1, out of initial wealth, 4;(, and total labor
income given by y;z;o. In period 1, household consumption is equal to the gross return on
savings and labor income. Labor supply is inelastic.

The key object in this stylized setting is household labor income, which comprises a
component that loads on the aggregate state, y;;, and a purely idiosyncratic term, z;;. The
idiosyncratic component corresponds to the household’s employment status, with z;; € {0,1}.
Conditional on employment, z;; = 1, y;; can be thought of as a wage. In particular, I assume
that a household’s wage is directly proportional to economic activity, y;; = 7;Y}, as in Werning
(2015).

The main assumption I make, which introduces a meaningful interaction between micro

20More formally, the discussion in this section is valid as long as the general equilibrium block satisfies the
following restriction. Let X; denote the vector of all macroeconomic aggregates in period ¢. Then there are sets of
equations, which I dub the macro block, Ho(Xo, Eo(X1)) = 0 and H1(Xp, X1, 0¢) = 0. In particular, the assumption
that only the first moment of future aggregate states of the economy affects the allocation in period 0 guarantees that
macro uncertainty has no effect on household behavior to first order. In this setting, we have Y; = Y1(Xj, 0¢€). In
response to an increase in o, there is a direct (partial equilibrium) effect on Y; through its second argument and an
indirect (general equilibrium) effect through its first argument.

12



and macro uncertainty, is that the unemployment risk faced by households is counter-cyclical.
In particular, I assume that the probability that household i becomes or remains employed in

period 1 directly depends on economic activity, with
P(zi1 =1]zp,€) = pi(V1),

where p; corresponds to the job finding rate when z; j = 0 and one minus the job seperation rate
when z;o = 1.

Household preferences are defined over consumption, given by
1
]EO Z ‘BtU(Ci/t).
t=0

The household’s consumption and savings decision is then characterized by a standard Euler

equation. Namely,

U'(cj0) = BREo |U'(cly) (1= pi(11) ) | + BREo U (c51)pi(11)]

where I have used the law of total probability to split expected marginal utility in period 1 into
an unemployment and an employment term. U’(c},) is the marginal utility of consumption
conditional on unemployment, and it is multiplied by the probability of unemployment given
economic activity Y;. Similarly, U’(c{,) is the marginal utility of consumption conditional on
employment, and it is multiplied by the probability of employment.

To think about the effects of uncertainty on household behavior, I consider a compariative
static in ¢, which is analogous to a macro uncertainty shock in this illustrative model. The
following result characterizes how household consumption depends on ¢ locally around o ~ 0.
That is, I perform a Taylor expansion around an economy that features micro uncertainty in the

form of employment transitions but no aggregate risk.

Proposition 1. To second order,
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where

@ Pure macro (wage) @ Direct (PE) @ Indirect (GE)
uncertainty Micro uncertainty effect effect
7N ——

Peg _ [UMG)E L[] W)~ U [, TenY] T Y
it = el Gy = (el ()] + el )]

U//( ¢ ) Yi Y. 2
i
~—
@ Cov micro x macro risk “Standard” effects

(no interaction with uncertainty)
All objects are evaluated in the limit as o — 0, and MPS;  is household i’s marginal propensity to save

in period 0.

Macro uncertainty affects household consumption in this model through four channels:

1. As in any representative-agent model, aggregate risk elicits the standard precautionary
savings motive that is proportional to U"” > 0 (Kimball (1990)), channel . Only em-
ployed households are exposed to wage risk, so this term is scaled by the probability of
employment, p;. Their exposure is proportional to the sensitivity of wages to the aggregate

shock €, which, to second order, is given by (’inl’)Z.

The remaining three channels characterize the effect of macro uncertainty on household con-
sumption through its interaction with micro uncertainty.

Aggregate wage risk exposes households to marginal changes in consumption, whose
relevance is captured by differentiating marginal utility. Micro uncertainty in the form of
employment transitions, on the other hand, represents an idiosyncratic rare disaster for households:
it leads to discrete jumps in consumption and, therefore, marginal utility. Its relevance is
not captured by a derivative of marginal utility but, rather, by a jump scaling factor. The
effect on marginal utility of a transition from unemployment to employment is thus given by
U'(c§y) — U'(c}y)- 1t is in precisely this sense that the prospect of job loss is akin to a rare disaster,

and consequently much more prominent, from the perspective of households.

2. Both channels ) and B represent the effect of macro uncertainty on micro uncertainty,

and are thus scaled by U'(c{;) — U'(c};) < 0. Channel @ corresponds to the direct or
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partial equilibrium effect.?!

This channel is operative only when p!’ # 0, so that there
is a non-linearity at the micro level in the response of employment transition rates to
economic activity. I present some empirical evidence for such non-linearities in Section
1.5.2. Consider the case of an employed household. Intuitively, if the job separation rate is
strictly convex as a function of economic activity, p/’ < 0, then a mean-zero spread in ag-
gregate risk leads to an increase in the household’s expected probability of unemployment.

Through this interaction with unemployment risk, macro uncertainty has a first-moment

effect on expected earnings and induces desired savings.

3. Macro uncertainty has an effect on micro uncertainty to second order, even if the job
finding and separation rates are only linear, p; # 0. Channel 3 represents this indirect
or general equilibrium effect. An increase in uncertainty will, to second order, elicit
precautionary savings (e.g. channel () and thus lead to a contraction in aggregate
economic activity. If this contraction in activity is persistent and propagates into period
1, then households expect an associated GE effect on employment transition rates.??
Simply put, if a macro uncertainty shock leads to a persistent recession, then households
expect elevated unemployment risk going forward.?*> The indirect GE effect of channel

(3 is the dominant transmission channel of macro uncertainty in the quantitative model:

households respond to an increase in macro uncertainty precisely because it translates into

211 yse “direct” and “indirect” in the sense of Kaplan et al. (2018).

221n the continuous-time quantitative model of Section 1.3, this GE effect will be contemporaneous. Therefore, an
indepth discussion of the sources of persistence and propagation is unnecessary at this point.

23When the economy’s general equilibrium block takes the form discussed in the previous footnote, then this GE
effect can formally be further decomposed into two components. When Y; = Y3 (X, 0€), we have

a2yl Y; 1 d%X, %Y,
EO{W] = EO{@}W * EO{W}

Endogenous GE effect  Macro non-linearity

The first term highlights that, to second order, a macro uncertainty shock adversely affects aggregates in period 0,
d?Xo/do?. This can lead to a persistent recession in period 1, Eg[dY; /9Xj], and raise the expected probability of job
loss. The second term emphasizes that, even holding the other macro aggregates X, fixed, there will be a similar
effect if there is skewness at the aggregate level. When the economy is close to or in a crisis region, then a mean-zero
spread in aggregate risk will have a first-moment impact on activity because, due to negative skewness, a negative
shock is amplified more than a similarly sized positive shock. The large negative skewness exhibited by U.S. business
cycles speaks to the relevance of this economic force.
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micro uncertainty.

4. Finally, there is a covariance between risks at the micro and macro level. Formally, channel
@ represents the effect of ¢, to second order, on the covariance between marginal utility
and employment transition rates. When the probability of transitioning into employment
state j is high for precisely those realizations of € that also imply a high marginal utility of
employment state j, then this channel represents another source of risk for households and
induces precautionary savings. If the covariance structure is reversed, then this represents

a hedging term.

The behavioral response in consumption is also subject to other effects, specifically a set of
interest rate and earnings effects, that I suppress here. These effects are “standard” in the
sense that they would also emerge in a representative-agent setting and do not interact with

uncertainty in meaningful ways.

1.3 A HANK Model with Micro and Macro Uncertainty

The quantitative model takes as its starting point the heterogeneous-household model proposed
by Kaplan et al. (2018). Households face uninsurable earnings risk but can trade liquid and
illiquid assets under incomplete markets. I depart from this benchmark in three important
ways. First, I model aggregate uncertainty in the form of discount rate shocks. Second as in
the illustrative model in Section 1.2, I assume that unemployment risk varies over the business

cycle. Third, I introduce a zero lower bound (ZLB) constraint on monetary policy.

1.3.1 Households

The economy is populated by a continuum of households. Facing both idiosyncratic unem-
ployment risk and aggregate uncertainty, households make consumption, savings and portfolio
allocation decisions across time. The idiosyncratic state of a household consists of its portfolio

position, made up of liquid assets a; and illiquid assets k;, and its employment status z;.
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Household preferences are defined over consumption and labor, given by
max Eg / e o0t sy, ), (1.1)
0

where c; is the rate of consumption and /; denotes the rate at which work hours are supplied.
As in the canonical New Keynesian model, c; is a consumption basket which is itself comprised
of intermediate goods. This final good basket is priced at the consumer price index (CPI) P.
Households die at rate {. At the same time, an equal mass of new households is formed with

zero liquid and illiquid assets.

Discount rate shocks. The household’s effective discount rate is given by p; + . All households
share a time-varying discount rate, p;, which is the source of aggregate demand shocks in my

model.?* Tt follows a continuous-time AR(1) process, given by

25

where B; is a standard Brownian motion.”> Discount rate shocks are a popular proxy for

aggregate demand shocks.

Budget constraint. Households trade in two asset markets, one for bonds (liquid assets) and one
for capital (illiquid assets).I denote the household’s liquid asset position by a; and its illiquid
asset position by k;. Households are endowed with an investment technology that transforms
Q¢tr + Prp(us, k) units of the numeraire into 4 units of capital, where Q; is the price of capital
investment and P is the CPL. I denote the real price of capital by q; = Q;/ P;. i represents an
investment adjustment cost and is the source of capital’s illiquidity. Households are thus the
direct owners of capital in this model, which they rent to firms in an economy-wide, competitive
rental market.

Following Blanchard (1985), I introduce perfect annuity markets, in which households can

24Basu and Bundick (2017), an important reference point for my quantitative results, also build a model with
aggregate discount rate shocks. Using the same underlying shock process makes a direct comparison of results easier.
Auclert et al. (2020) also use a discount rate shock as one of their demand shocks.

2T have solved versions of the model with alternative demand and supply shocks. They are available on request.

17



trade claims on their remaining wealth at time of death. They pledge this wealth to a risk-neutral
insurance company that, in turn, compensates households with a flow annuity payment at a rate
{ times their current asset positions. This is exactly the payment rate that makes the insurance
company break even in expectation. See Appendix A.1.4 for details. Introducing household
death rates is a commonly used technique to ensure stationarity in the wealth distribution.

A household’s liquid asset position evolves according to

dx,

ar = (re 4+ 0)ag + ki dtt +er — qete — P (1, ki) — ¢y (1.2)

This budget constraint is derived from its nominal analog (see Appendix A.1.1 for details). The
real rate of return on the liquid asset consists of the real riskfree rate ; and the rate of annuity
payments (. Capital earns a real rate of return dR;, which I will further specify in Section 1.3.6
after presenting the rest of the model. Wage payments and rebates are collected in the earnings
variable e;, given by

er = (1 — 7%z, + Ttlump + 1(zy),

"P is a set of lump-sum rebates and tV!(z;) denotes

where w; = W;/P; is the real wage, Ttlu
unemployment insurance payments that explicitly depend on the household’s employment
status. Finally, households consume and buy illiquid assets at relative price g;, subject to the

adjustment cost 1.

The household’s illiquid asset position evolves as
iCt = (é — (S)kt + 1, (13)

where § denotes capital depreciation and { the rate of annuity payments. Since households are
the direct owners of capital, they also incur depreciation. For convenience, I will later use the
shorthand notation s; and m; to refer to the drift in the household’s liquid and illiquid asset
positions, respectively.

Finally, households’ portfolio allocation is subject to a borrowing constraint on liquid assets,
a; > a with 0 > g, and a short-sale constraint on capital, k; > 0.

The household’s dynamic problem is therefore to maximize (1.1) subject to budget con-

straints (1.2) and (1.3), as well as the borrowing and short-sale constraints. Households take
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as given the laws of motion for their employment status and macroeconomic aggregates. I
denote the resulting policy functions in terms of the household’s idiosyncratic state variables as
ce(a,k,z), he(a, k,z) and 14(a, k, z).

Appendix A.1 provides additional details on the household problem. I derive a recursive
representation and the associated consumption Euler equation in Appendix A.1.1. In Appendix

A.1.3, I discuss the implications of inflation risk for the household’s portfolio equations.

Investment adjustment cost. I adopt the functional form for the household’s investment

adjustment cost that is used by Kaplan et al. (2018). In particular,

2
(1, ki) = polue| + 9 <|;<tt’> ky.

Unemployment risk. Households face uninsurable earnings risk that is encoded in the state
variable z;, which follows a two-state Markov process. These two states are given by z; €
{ZE, zu} and are thus meant to represent employment and unemployment. In practice, I set
zE = 1and z% = 0 as in the two-period model.

Formally, let N; be a standard Poisson process and let j € {E, U} index the household’s

current earnings state. Then the evolution of the earnings state follows
dzi = (z’j — zj) AN, (A{'),

where /\{ is the Poisson arrival rate. These transition rates are the continuous-time analog of the
transition probabilities p; in the two-period model. For now, I specify AF and AY as arbitrary
functions on the aggregate state space, which the household takes as given. In Section 1.5.2,
I estimate the sensitivity of employment transition rates to changes in economic activity in
Current Population Survey (CPS) micro data. By using the resulting estimates directly in the
model, I take as given the link between employment transitions and economic activity.2® The

sense in which my model generates an endogenous link between micro and macro uncertainty

26These empirical estimates are intended as a reduced-form proxy for the state dependence in employment transi-
tion rates that would result, for example, from a search-and-matching micro-foundation. Explicitly implementing a
search-and-matching block is beyond the scope of this paper and left for future work.
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is through changes in economic activity: heightened macro uncertainty depresses aggregate

demand which in turn raises unemployment risk.

1.3.2 Firms

The structure of the goods producing sector is as in the standard New Keynesian model.
Monopolistic intermediate producers, which I will simply refer to as firms, sell differentiated

varieties to a retailer that aggregates these into a composite final consumption good.

Retailer. The aggregation technology of the retailer is given by

1 Ja Neda
vi= ([ a) "

where Y;(j) is the output produced by intermediate firm j and e/ denotes the elasticity of
substitution across intermediate varieties. The retailer’s cost minimization problem gives rise to
the standard demand function for intermediate inputs, Y;(j) = (P:(j)/P:) ~Y,, where P, (j) is

the price of firm j.

Firms. Intermediate goods producers operate a technology that combines capital and labor.

Firm j’s production function is given by
Yi(j) = K:()'PLe(j)P, (1.4)

where B denotes the labor share.

Firm j demands work hours at rate L;(j), for which it pays the nominal wage rate W;. There
is an economy-wide rental market for capital in which firms rent capital from households at
nominal rental rate i¥. All firms face the same prices and take them as given. Firm j’s nominal
profits are thus given by IT;(j) = P:i(j)Y:(j) — WiLi(j) — i¥K;(j). Standard cost minimization
implies a composite nominal marginal cost of

1-
MC: = 25— gyp jﬁ)l_ﬁ (i’;) ﬁ(wty%/

and I define the real marginal cost as mc; = MC;/P;, so that the real rental rate of capital is
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analagously given by rf = i/ P.

Dynamic price setting. While the choice of factor inputs is a static one, firms are monopolistically
competitive and face a dynamic pricing problem subject to price adjustment costs. I adopt the
quadratic specification of Rotemberg (1982).

Define 74(j) to be the instantaneous rate of inflation chosen by firm j. This rate is chosen to
maximize an appropriately discounted sum of all future expected profits subject to an adjustment
cost which I specify in terms of firm utility. This dynamic problem is given by

ﬁﬁﬁmoomeﬁﬁﬁk1—mqﬂuﬁng)—Aumﬁ)da (1.5)
where the effective discount rate is in terms of the cost of capital i¥. See Appendix A.1 for

additional details on the firm pricing problem.

1.3.3 Capital producer

For expositional clarity, I explicitly specify a capital producing sector.”” The capital producer is
owned by households. It is endowed with a technology that transforms the final consumption
good into capital. Concretely, it requires I; + ®(I;/K;)K; units of the final good to produce I;
units of capital. The capital producer sells all new capital to households at the nominal price
Qt = Pigy.

The real rate of profit earned by the capital producer, and paid out to households, is thus
given by

I

P =gy — I — ‘D<K>Kt/ (1.6)
t

where I; should be interpreted as the rate at which new capital, i.e. the latest vintage, is generated.

The associated optimality condition for static profit maximization is then given by

_ an
%_1+¢<m>' (1.7)

Finally, accounting for the depreciation of capital incurred by households, the evolution of the

?7Capital production could be subsumed in the household problem, as in Brunnermeier and Sannikov (2014) for
example, as long as one is careful to distinguish between the idiosyncratic and aggregate adjustment costs.
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economy’s aggregate capital stock is given by

K = I, — 6K;. (1.8)

1.3.4 Nominal wage stickiness

I follow a long tradition in the wage rigidity literature and model household labor supply #; as
determined by union labor demand (see Erceg et al. (2000), Schmitt-Grohé and Uribe (2005), and
Auclert et al. (2020)). There is a continuum of labor unions indexed by k € [0,1]. Households
supply labor to each of these unions, which in turn bundle labor and pass on a differentiated
labor variety to an aggregate labor packer. This structure is meant to mimic the analogous
structure in the standard price stickiness setup where intermediate producers sell differentiated
varieties to a final retailer. The final labor packer aggregates all labor in the economy into a
composite labor factor, which is then used by firms in the production of intermediate goods.
Since each household supplies labor to each of the k unions, we have iy = [ I ;dk. Union
k’s aggregation technology combines all households’ effective work hours, z;hy , into a union-
specific labor variety L ;. An aggregate, competitive labor packer combines these intermediate

inputs into an aggregate labor supply basket according to

L = ( Jus dk> .

It sells this composite good at the nominal wage rate W; to intermediate goods producers. The
demand function of the labor packer for union k’s input is given by Ly; = (Wy;/W;) =" L;.

I assume that a union faces a quadratic utility cost when adjusting its nominal wage W ;.
This cost is given by x (rt,zj,’t)th, where 77/, = Wy ;/ Wy s is the rate of nominal wage k inflation.
Labor unions act according to an equal-weighted sum of household preferences. Unions are
small and take as given households’ policy functions. Their dynamic wage setting problem is
thus given by
max [ /OO e~ Jops+0) ds [ / u(cr, he)gid(a,k,z) — Xz—w(ni‘ft)th dt. (1.9)

w
Tt 0

Importantly, union k directly controls the evolution of its wage path, so that there are no
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stochastic innovations and nominal wages, Wy ;, are locally deterministic. Furthermore, unions
are small and take as given the consumption policy function of the household, the demand
function of the labor packer, as well as the distribution of households and its evolution. In
the zero-inflation steady state, the real wage and marginal cost will be pinned down by (1 —

ew

) w [ (c)g = 2550/ (H). See Appendix A.1 for additional details on the union problem.

1.3.5 Government policy and ZLB

In the baseline model, the scope of fiscal policy is limited. The government budget constraint is

simply given by
1B + Ttlump + /TUI(z)gt(a, k,z)d(a,k,z) + Gy = T1; + by, 1, (1.10)

Fiscal expenditures include lump-sum rebates and unemployment insurance payments to
households. The government is assumed to be a net debtor, with a constant level of riskfree
debt outstanding given by B¢, on which it pays the real interest rate ;. Finally, the government
purchases the final consumption good at rate G;. The government finances these expenditures
with a labor income tax and with the corporate profits collected from the goods producing sector,
IT;.

Monetary policy in this model follows a simple Taylor rule and is subject to the zero lower

bound (ZLB) constraint on nominal interest rates, so that
i; = max {r* 7+ A+ Ay, 0}, (1.11)

where r* is the steady state riskfree rate, and y; = log(Y;/Y™*) denotes the output gap.

1.3.6 Aggregation and market clearing

I denote by g:(a, k, z) the cross-sectional household distribution at time ¢ over liquid assets,
a, illiquid assets, k, and employment status, z. Aggregation in this economy, for example of

consumer expenditures, then takes the form

C = /ct(u,k,z)gt(u,k,z)d(a,k,z).
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The aggregate stocks of liquid and illiquid assets held by households are defined, respectively,
as A; = fagt(a,k,z)d(a,k,z) and K; = fkgt(a,k,z)d(a,k,z).

Market clearing. Formally, there are five markets in this economy that must clear at all times.
The clearance of two of these markets, however, the rental market for capital and the labor
market, is already implicit in the notation I have adopted: The aggregate stock of capital used
in production must equal the aggregate stock of the illiquid asset held by households, and
aggregate hours must equal the aggregate labor supply bundled by unions and the labor packer.

This leaves the bond market, which clears when the stock of liquid assets held by house-

holds equals the total riskfree debt issued by the government,
A; = BC.

In particular, as long as government debt is constant the stock of liquid assets is also constant.

Second, the market for the final consumption good clears when
Yi=C+ L+ P+ ¥+ G,

where C; is aggregate consumption, I; + ®; denotes gross investment expenditures including
adjustment costs, and ¥; = [ ¢ (1, k)g(a, k,z)d(a, k, z) is the aggregate adjustment cost paid by
households to trade in the illiquid asset.

This leaves, finally, the market for new capital, where households trade with the capital
producing firm. All new capital produced must be purchased by households, and the price of

capital Q; adjusts to clear this market,

I = /tt(a,k,z)gt(a,k,z)d(a,k,z).

In Appendix A.1.5, I provide an illustrative derivation of Walras” law.

Profits and the return on capital. What remains to be specified is the dissemination of profits
and the composition of the rate of return on capital, dR;. In the baseline model, I assume that
pure profits earned by the goods producing sector are paid out uniformly to all households, via

the government’s lump-sum rebate Ttlump. Pure profits earned by the capital producing sector,
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on the other hand, are disseminated in proportion to a household’s illiquid asset holdings. That
is, they constitute part of the return on capital.

Therefore, the real rate of return on capital is given by
1<
dR; = (r’; + Kf> dt (1.12)
t

where rf is the real rental rate paid by firms and H? / K¢ is the profit from capital production per
unit of aggregate capital. The rate of return on the stock of capital features no capital gains term.
If the household’s portfolio equations are rewritten in terms of net worth, as is more common in
the context of asset pricing, a capital gains term emerges that loads on the aggregate risk factor

(see Appendix A.1.1 for details).

1.4 A Global Solution Method

Why are models like the one presented in Section 1.3 difficult to solve numerically? In any ratio-
nal expectations equilibrium, agents must base their actions today on forecasts of future prices
that are consistent with the economy’s true law of motion. And in any heterogeneous-agent
model, future prices will, through market clearing, depend on the future cross-sectional distri-
bution of agents. Therefore, agents must consistently forecast the evolution of this distribution,
which becomes part of the aggregate state space. The state space of the economy presented in
Section 1.3 is therefore infinite-dimensional. Before moving on to my solution method, I will
develop this argument formally and present the definition of a recursive equilibrium for my
economy. The discussion in Section 1.4 is focused exclusively on the paper’s methodological
contribution. Readers who wish to proceed directly to the economic results may skip to Section
1.5 without loss.

The aggregate state space of my model is given by I'y = (p;, §t), where p; is the exoge-
nous discount rate shock and g; is the cross-sectional household distribution. The stationary
value function of a household can be written as V;(a,k,z) = V(a,k, z,T;), with slight abuse of
notation. The household value function thus takes an infinite-dimensional, or measure-valued,

input. While a4, k and I' are continuous state variables, z is discrete. I will therefore denote by
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Vi(a,k,T) = V(a,k, z;,T) the value function of a household with employment status j and by
¢/(a,k,p) = g(a,k, zj,p) the mass of households of employment type j with portfolio (a,k) in
aggregate state I'. Since the household distribution g is an argument of the value function, I will
first characterize its evolution over time. For convenience, I introduce the shorthand notation
s/ (a,k,T) and m (a,k,T) for the drift in liquid and illiquid portfolio positions, respectively.

The household distribution g;(a, k, z) evolves through time according to a Kolmogorov

forward equation given by

W = —0,[9(a k I)gl(a,k,p)] —a[m 0,k T)gl (0, p)] (1.13)

—M(T)g!(a,k,p) + A1 (T)g 7 (a,k,p),

where 0, denotes the partial derivative operator with respect to state variable x, and —j denotes
the employment type that is not j. See Appendix A.2.1. For compacter notation, equation (1.13)
can also be written (A*g/)(a,k,p) = L¢/(a,k,p).28

Formally, Vi solves a system of Hamilton-Jacobi-Bellman (HJB) equations given by

(0 +¢)V/(a k,T) = max {u(cf, W)+ 519,V (a,k,T) + midVi(a, k, r)} (1.14)
oW ,J
+ () [V (a,k,T) = Vi(a, k,T)| +6,(p = )3, V/(a, k,T)

+ %o, Vi(a k1) +Z/5VI(A* ')(a,k,p)d(a, k)
2 PP a/ 7 l 58 g a/ /P a/

Effect of changes in cross-sectional distribution
on household value function

subject to the household budget, borrowing and short-sale constraints. Recall that s/ and m/ are
only used as shorthand notation for the drift in the household’s liquid and illiquid asset positions,
respectively. Equation (1.14) is a characterization of the stationary household value function and
therefore internalizes the effects of changes in the aggregate state of the economy. The last term
in the third row captures the effect changes in the household cross-sectional distribution have on

this value function. In particular, since g is infinite-dimensional, a functional Gateaux derivative

28 A* is a functional operator that I will discuss further below.
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J is used.?? This is precisely the term that cannot directly be implemented in any numerical
scheme to solve this value function and must therefore be approximated.>

We are now ready to define a recursive equilibrium of this economy. The definition of
recursive equilibrium formally expresses the intuitive account with which I started this section:
Since households must consistently forecast future aggregates, the infinite-dimensional cross-

sectional distribution becomes part of their state space.’!

Definition. (Recursive Equilibrium) A recursive competitive equilibrium of this economy is
defined as the sets of functions {Vj,gf, c,W,0}(a,k,T) for j € {E,U} and {r, rk, q, qlump 7
w,Y,K,C,1I,L,m, ©™}(T) such that:

(i) (Household optimization) {V/,c/, h/, i/} solve the HJB (1.14) given all aggregates.

(ii) (Firm and union optimization) Given aggregates, 77(I') solves the firm problem (1.5) and

7t (T') solves the union problem (1.9) in each aggregate state I'.

(iii) (Aggregation) For each aggregate state I', the description of the aggregate household sector,

i.e. C(T),I(T') and H(T), is consistent with aggregation from the micro level, using the

2Formally, the value function V(a,k,z,p, g) is defined on the product space comprised by the finite-dimensional
state space for (a,k,z, p) and the space of measures for g. The partial differential equation (1.14) that characterizes
V on this product space is also known as the “master equation” (see for example Cardaliaguet et al. (2015) and,
originally, Lasry and Lions (2007) and Lions (2011)). The solution method I propose in this paper can therefore be
viewed as a numerical implementation of the master equation. To my knowledge, this paper presents one of the first
global numerical algorithms to solve the master equation of a mean field game with common noise.

30To build intuition, imagine that the cross-sectional distribution was a vector ¢ = (g1,...,¢n) € RN rather than
an infinite-dimensional function. This illustration is similar to one presented in Ahn et al. (2017). The HJB equation
then becomes

(0+)Vi(a,k g,0) = max {u(ef,hf> + 599,V (a,k, 8,0) + mfakvfw,k,g,p)}

ol hi i

+ N (g,0) [V (a,k,g,0) = V(a,k,g,0)| +60(p — )2 VI(a kg, )

2 N
iappw (@ kg p ZZa
=T

The problematic term becomes a sum of partial derivatives, which can in principle be implemented numerically since
everything is now finite-dimensional. One contribution of my solution method is to generalize this approach to any
arbitrary finite-dimensional approximation of g.

Vlakg,),
agZ

i

310ne could also define a sequence equilibrium for this economy. For example, Brunnermeier and Sannikov
(2014) define a sequence equilibrium for an economy that is structurally similar to a variant of mine in which the
distribution is a degenerate two-point delta function.
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cross-sectional distribution ¢/(a, k, T).

(iv) (General equilibrium) All markets clear, and the remaining macroeconomic aggregates

solve the model’s general equilibrium conditions.

(v) (Distribution and rational expectations) The cross-sectional household distribution evolves
according to (1.13) and household behavior is based on forecasts that are consistent with

the true law of motion of the aggregate state of the economy:.

1.4.1 Finite-dimensional distribution representations

Any numerical solution of a heterogeneous-agent model with aggregate risk must approximate
the aggregate state space in a finite-dimensional subspace. In other words, any numerical
solution method will implement an approximate value function that takes as an input a finite-
dimensional approximation of the distribution g;. In this paper, I focus on the class of finite-

dimensional representations given by

Flar)(x) = g1(x), (1.15)

where §;(x) = F(a)(x) is then interpreted as the approximate cross-sectional distribution
parameterized by a;. For compacter notation, I use x; = (at, k;,z;) to denote the vector of
idiosyncratic state variables. While the representation (1.15) is quite general, it is most illustrative
to think of F as a set of basis functions defined over x that are parameterized by «;. Before

proceeding, I present an example for illustration.>?

Example 2. Denote by T"(x) the nth Chebyshev polynomial over x. We can stack these ba-
sis functions in a row-vector denoted T(x). Letting a; € RN denote the column-vector of

coefficients, equation (1.15) becomes

N
F(a)(x) = T(x)ar = ;a?T”(x) ~ gr(x).

32In the context of a local solution, Winberry (2020) uses an approximate distribution representation that also
takes the form (1.15). In this sense, my paper can be viewed as taking an approach similar to Winberry (2020) but in
the context of a global solution method. I present several analytical and numerical tools below that help overcome
the curse of dimensionality that oftentimes becomes a hurdle for global solution methods.
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While the set of selected basis functions F remains constant over time, time variation in the
parameters a; allows to capture approximately the evolution of the true cross-sectional distribu-
tion g; over time. In the context of the above example: The researcher picks the N Chebyshev
polynomials T"(x) ex ante and they don’t change over the course of a simulation. The basis
function coefficients a}', on the other hand, are time-varying. In particular, we will want to

specify the time variation in &} so as to match the time variation in g;(x) as closely as possible.

Approximate economy. How does the approximation (1.15) make the model of Section 1.3
tractable? I will refer to the model solved under the finite-dimensional representation (1.15)
as an approximate economy. That is, an approximate economy uses §;(x) = F(a;)(x) as its
cross-sectional distribution.

Recall the source of intractability in the household’s value function equation (1.14): As part
of the aggregate state space, the infinite-dimensional distribution g; enters V as an argument.
The aggregate state space of the approximate economy no longer features the true cross-sectional
distribution but rather its finite-dimensional approximation, §;(x). That is, the approximate
aggqregate state space becomes [’y = (X}, ;). Under the representation ¢;(x) = F(a;)(x), we can
further simplify the aggregate state space: All information we require to track the evolution of
$+(x) over time is equivalently encoded in «;. Therefore, the approximate aggregate state space
becomes I['; = (X;, a;).33

Reducing the aggregate state space from I’y to 'y makes the household problem (1.14)
tractable. The value function that characterizes household behavior in the approximate economy

is now given by

V(x,0,8) = V(x,p8)

= V(x, 0, ).

33My method also builds on previous work that makes use of distribution selection functions (e.g. Algan et al.
(2008) and Reiter (2010)). Like the original Krusell-Smith algorithm, these papers use moments to characterize the
distribution. In the spirit of my approach, however, they postulate a mapping like (1.15) that is consistent with their
moments. This distribution selection function associates a cross-sectional distribution with each possible realization
of moments. These algorithms share several important features with the method I propose here, and I show in the
Numerical Appendix that several of my results below can also be useful for those algorithms. For example, I show
how to modify the Algan et al. (2008) algorithm so that it can directly make use of Proposition 3.
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In particular, the household value function now only takes finite-dimensional arguments. In
the approximate economy households only have to forecast the approximate distribution g;(x)
or, equivalently, the new state variables «;. I show below that, under quite general conditions,

equilibrium in the approximate economy is characterized by the law of motion
da = (1) dt + o, (T)dB.

That is, a; follows an Ito diffusion process, and p, and o, are equilibrium objects that we must
solve for. In an approximate economy based on (1.15), therefore, household behavior is now
characterized by
(0 +2)Vi(a,k,T) = max {u(af, W) +810,Vi(a,k,T) + mlioVi(a,k, f)} (1.16)
&y
() [V—f (a,k, ) — Vi(a, k,f)} +0,(p — )3,V (a,k, 1)

o . . . 1 . . R
- ?Pappw(a, k1) 4 1o (1)0,V/ (a, k, T) + EU,X(T)TBWV](a, k,T)ou ().

Effect of cross-sectional distribution on household
value function in approximate economy

The new terms in the third row are now readily computable given the functions y, (f) and o, (f ).

Working with a finite-dimensional distribution representation of the form (1.15) offers
numerous advantages.** While this approach is commonly used in the context of local per-
turbation methods, it has proven intractable in the context of global methods due to the curse
of dimensionality. That is, accurate approximations §;(x) = F(a;)(x) oftentimes require high-
dimensional &;. In the remainder of this section, I discuss several analytical and numerical
tools that help overcome this challenge. In the interest of brevity and accessibility, I only sketch

technical arguments in the main text. Details are provided in Appendix A.2 and a separate

34 A key advantage of being able to work with an approximate distribution object ¢(x) on the grid is that it allows
us to evaluate market clearing conditions. If we instead approximates the cross-sectional distribution with moments,
this is generally not possible. For example, to evaluate the goods market clearing condition in Section 1.3 requires
first evaluating aggregate household consumption, C(T) = [ &(x,T)§(x,T')d(x), which is only possible given §. With
a distribution object “on the grid”, we are able to solve for prices and other general equilibrium objects directly on
the grid. By contrast, algorithms like Krusell and Smith (1998) must resort to a costly “simulate-estimate” approach,
which I describe below, to solve for these general equilibrium objects.
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Numerical Appendix.>®

1.4.2 How to overcome the curse of dimensionality?

For most economic applications of interest, accurate approximations of the distribution will
require high-dimensional F(a;)(x). Global methods will therefore quickly encounter the curse
of dimensionality. In Schaab and Zhang (2020), we have developed an adaptive sparse grid
library for solving partial differential equations in continuous time. Sparse grid methods aim
to combat the curse of dimensionality when representing functions on high-dimensional grids.
Regular sparse grids reduce the complexity of a grid in d dimensions from O(n?), where n
denotes the number of grid points per dimension, to O (nlog(n)?~1) (see for example Bungartz
and Griebel (2004)). They have found occasional use in economics (see for example Krueger
and Kubler (2004) and Judd et al. (2014)). Truly adaptive sparse grids were first introduced to
economics by Brumm and Scheidegger (2017) but had previously enjoyed more popularity in
physics and applied math.

Grid adaptation leverages the insight that not all grid points are “equally valuable” when
representing a function on a grid. A rule of thumb is that an accurate function representation
requires more grid points in areas where the function is particularly concave. A linear function
in one dimension, for example, can be represented perfectly using only two grid points and
linear interpolation elsewhere. Adaptive sparse grid algorithms automatically add and drop
grid points to maximize the efficiency of grid point placement for a given application.

The main contribution of Schaab and Zhang (2020) relative to Brumm and Scheidegger
(2017) is to develop a robust adaptive sparse grid infrastructure for solving (partial) differential
equations in continuous time. While a self-contained description of our library is beyond
the scope of this paper, I will illustrate the power of adaptive sparse grids in the context of
the model of Section 1.3. For simplicity, I focus on the model’s deterministic steady state,

formally defined as V/?(-) = limg, 0 VI( - ;0,). Figure 1.1 displays fully converged solutions of

35 An important question is under what conditions the scheme in (1.15) is a consistent approximation to the system
of coupled PDEs, given by the HJB and KF equations, that characterizes the true model. In other words, under what
conditions does a sequence of approximating economies characterized by {F"(a}') },, converge to the true economy
as n — oo. I am currently working on proving such a convergence result for particular classes of basis functions F.
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Figure 1.1: Household value function on increasingly adapted sparse grids

Notes. Each panel displays the value function of an unemployed household in the deterministic steady state, i.e.
VvUO(a,k) = limg, 0 VY(a,k ;0,). Panel (a) solves V on a dense grid consisting of a full set of equidistantly spaced
grid points. Panel (b) solves V on a regular sparse grid which removes grid points from the dense grid according to a

prespecified pattern. Panels (c) and (d) display the converged value function on increasingly adapted sparse grids.

vui (a,k), an unemployed household’s value function in the deterministic steady state, across
four increasingly adapted grids.*® A dense grid consists of a full set of equidistantly spaced grid
points. The key insight of sparse grid methods is that not all of these grid points are equally
valuable in the representation of V. In Panel (b), the value function is solved on a so-called
regular sparse grid, which starts from a dense grid and removes grid points according to a
prespecified pattern. Panels (c) and (d), finally, adapt the grid and place grid points efficiently
to conform to the concavity in V. Panel (d) illustrates clearly that grid points are placed in the
region where a and k are low and household behavior at the micro level exhibits non-linearities.

While Figure 1.1 demonstrates that sparse grid methods are already useful for two-dimensional

36For illustration, Figure 1.1 uses more grid points in the idiosyncratic household dimensions than I use to solve
the quantitative model in higher dimensions when ¢,, > 0.
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grids, they become especially powerful in higher dimensions.

1.4.3 How to find a consistent law of motion for «;?

To solve the household problem in the approximate economy, we must solve for the equilibrium
law of motion of ;. This is highlighted by equation (1.16) which depends directly on y, and 0.

The traditional approach to solving for the law of motion of «; is as follows: (i) Start with a
guess for y, (T) and o, (T). (ii) Given this guess, solve equation (1.16) and the rest of the model
on the aggregate state space. (iii) Simulate the model. (iv) Update the original guess for (")
and o, (") using estimates from the simulated data, and start again at step (i). These steps are
repeated until convergence. This strategy was popularized by Krusell and Smith (1998) and
remains an integral part of most global solution methods currently in use.

While this “simulate-estimate” approach is, of course, valid and oftentimes useful in
algorithms based on (1.15), it is also very costly.*’” In practice, it typically requires hundreds of
(outer) iterations in the fixed point algorithm sketched above to consistently estimate the law
of motion of w;. In each step, the entire model must be solved, including the high-dimensional
household value function, and simulated.

An advantage of an algorithm based on (1.15) is that it offers a more efficient alternative to
find this law of motion. Indeed, Proposition 3 below provides analytical formulas for p,(I") and
0, (') that can be easily computed. In this sense, and in sharp contrast to the Krusell and Smith
(1998) algorithm, finding the consistent law of motion incurs almost no increase in numerical
complexity.

To develop intuition for this result, I present a heuristic but hopefully illustrative derivation
for the special case where 0, (I") = 0. This turns out to be true for the model of Section 1.3.
Proposition 3 below provides more general formulas for y, (T) and ¢, (T'), which are developed
formally in Appendices A.2.1 through A.2.3.

According to equation (1.13), the true law of motion of the distribution can be written as

37In practice, I use a combination of the “simulate-estimate” approach and Proposition 3 to solve the quantitative
model of Section 1.3. In the Numerical Appendix, I show that exclusively using Proposition 3 can lead to significant
performance gains in simpler models such as the Krusell and Smith (1998) model or a one-asset HANK model.
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dgi(x) = —04(sg) — ok (mg) — 0, (uzg) = (A*gt)(x)dt. Under the approximation $;(x) ~ g¢(x),
we have d¢; ~ dg;. The law of motion of the approximate cross-sectional distribution can
therefore also be written as

dgi(x) = (A*g:)(x)dt (1.17)

where, abusing notation slightly, A* is now evaluated in the approximate economy. Conjecturing

that da; = 11, (T')dt and differentiating §;(x) = F(a;)(x) with respect to time, we have

dgi(x) = Fular) (x)pa(D)dt

where F, is the gradient of F with respect to a. Using equation (1.17) and matching coefficients,

we arrive at a functional equation that characterizes i, (I') via

Fu(a) (0)pa(T) = (AF(ar))(x)

To “invert” this equation and solve for y, (I") we must assume a specific (estimation) norm that
we want to minimize. Under the IL?(x) norm, we arrive at i, = (EF,) 'FI (A*F).
Proposition 3 is presented for the choice of norm IL?(x), and under the additional assump-

tion that x; follows a diffusion process.

Proposition 3. Let Iy = {p;, a;} denote the aggregate state of an approximate economy under a

distribution representation (1.15). Then:

1. The law of motion of «; is given by
da =y, (T)dt + 0, (T)dB (1.18)
2. The choice of i, and o, that minimizes forecast errors in the IL>-norm is given by
o = (ETE) | AF = 2ol Fuacy (119

and

o, = (ETF)'FIB*F, (1.20)

where Fy and F, are the Jacobian and Hessian of F, respectively, A* is the adjoint of the infinites-

imal operator defined by the HJB equation, and B* is the diffusion coefficient in the stochastic

34



Kolmogorov forward equation for g;.

Proposition 3 promises a shortcut in the design of algorithms to solve heterogeneous-agent mod-
els with aggregate risk: Equations (1.19) and (1.20) provide formulas to compute the internally
consistent law of motion of «; directly.® The most surprising and useful aspect of Proposition
3 is that each term that features in equations (1.19) and (1.20) is readily computable inside the
household’s value function iteration step. For illustration, consider applying Proposition 3 to

the model of Section 1.3, which yields o, (I') = 0 (as conjectured above) and
po = —(F Fa)'F] [8a (SP) + 0 (mF) +9, (uzF)} : (1.21)

For a given choice of F(-) and with « on the grid as an aggregate state variable, the terms
F(«), Fy and F,, can be computed using standard numerical derivatives even before the value
function iteration step. In many relevant cases, F, and F,, will, in fact, be available as closed
form analytical expressions. All remaining terms in equation (1.21) are comprised either of

household policy functions, § and 7, or the employment transition rates, i, or equivalently A 39

Algorithm structure. In light of these observations, I propose to compute y, (T") and o, ()
directly as part of the household value function iteration (VFI) step. My algorithm therefore
adds an additional step to an otherwise standard VFI procedure. The kth iteration follows these

four steps:

1. Start with this iteration’s guess V.
2. Compute policy functions §* and 7#i* using V* and the household’s FOCs.
3. Use &F and ¥ to compute uX (') and ¥ (I) according to equations (1.19) and (1.20).

4. Use (1.16) to find V¥*1, and repeat from step (1.) until convergence.

38 Ahn et al. (2017) make a similar argument. Relative to their paper, Proposition 3 applies to settings where the
cross-sectional distribution of agents itself is stochastic, in which case B* # 0 and 0 (I') # 0. Formally, I nest models
in which the distribution’s law of motion is given by a stochastic rather than an ordinary partial differential equation.
Asset pricing models with portfolio choice problems are typically of this kind.

3n Appendix A.2.2, I show that A* and B* are, more generally, comprised of household policy functions and
transition rates.
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Notice that, in iteration k of this modified VFI algorithm, uX (') and ¢*(I") are only required
to evaluate (1.16) in step (4.) and update the value function VK41, In other words, equations
(1.19) and (1.20) are computed after the household policy functions and can therefore be readily
evaluated. Taking general equilibrium prices as given, this modified VFI algorithm solves for
both V and an internally consistent law of motion for «; at the same time. %0 By contrast, the
traditional approach that follows Krusell and Smith (1998) constructs an outer fixed point to

solve for y, and o,.

1.4.4 How to Choose Efficient Representations F(-)?

The next natural question is how F should be chosen in practice. One straightforward approach
is to choose F directly from a parametric family.*! When the functional form F(«) is chosen ex
ante in this way, no simulation step is required at any point in the algorithm, which is one of its
most compelling features.*?

The approximation mapping (1.15) can also be implemented non-parametrically. The
non-parametric approach can deliver large performance gains, especially when x; is high-
dimensional, but comes at the cost of an outer simulation step. For illustration, I will discuss
the special case where F(-) is affine in a; € RY, that is F(a;)(x) = C(x) + T(x)a; for some
functions C and T. In practice, I simply set C(x) equal to the distribution associated with the
deterministic steady state, that is C(x) = g°(x) = limy, 0 g(x;0,). As in Example 2, T(-) should

be interpreted as a row-vector of basis functions and «; as the column-vector of coefficients.

“OWhat is particularly nice about applying Proposition 3 in practice is that it prescribes a method for computing
pa(T) and 0y () that is independent from the researcher’s choice of F. In practice, therefore, the researcher can
switch out different candidates for F with ease to determine which representation works best. In other currently
popular global solution methods, the algorithm step to find the law of motion of a; (or other moments) is oftentimes
highly dependent on the particulars of the distribution approximation. It has therefore been difficult in practice to
switch between and compare different solution methods (e.g. candidates for F) seamlessly.

#15ee Appendix A.2.3 for details. Parametric families that are commonly used include hat functions (nodal basis),
Chebyshev polynomials, radial basis functions, generalized beta density functions and splines.

2The complexity of solving a model like the seminal Krusell and Smith (1998) benchmark is therefore reduced to
a single value function iteration step that jointly computes V and the law of motion of a; (see previous subsection).
When the model requires an additional general equilibrium fixed point to solve for prices, the solution complexity is
reduced to a single iteration of this fixed point.

36



Algorithm structure. The non-parametric approach constructs an outer fixed point whose nth

iteration follows three steps:

1. Given this iteration’s distribution representation,

F'(a;)(x) = g%(x) —1—; " (x)af, &y € R"
-1

solve the nth approximate economy that uses ¢/ (x) = F"(a;)(x) as distribution.*3

2. Given a solution of approximate economy 7, simulate the model to obtain simulated data

for the distribution, g/"*™. Compute the forecast error F" (a;)(x) — g/ 5™ (x).

3. Find the basis function T""!(x) that minimizes forecast errors under a prespecified norm,

subject to equation (1.18) for a;. Update F"**! and iterate until a desired accuracy is reached.

Intuitively, step (3.) looks for a kind of functional principal component with explanatory power
for the forecast residual. At the cost of having to simulate the model, this non-parametric
approach delivers substantial efficiency gains especially when the idiosyncratic state space of

agents is high-dimensional #*

To achieve a given level of accuracy, the number of basis functions
n required in this non-parametric approach is often far smaller than in the parametric approach.
In Appendix A.2.4, I provide additional details, including on the choice of forecast error norms

and the resulting estimation optimality conditions.

1.5 Taking the Model to the Data

In this section, I calibrate the model and confront its main predictions with data. The model is

calibrated on a quarterly frequency, based on U.S. data.
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Table 1.1: List of Calibrated Parameters

Parameters Value  Target / Source
Preferences

Iy Discount rate (p.q.) 22 %  Riskfree rate

0% Relative risk aversion 2 Standard

7 Inverse Frisch elasticity 2 Standard

¢ Deathrate 0.556 %  Average life span 45 years
Household portfolio choice

a Borrowing constraint -1 1.244 q average income

6 Capital depreciation (p.q.) 1.25 %

Py Linear adjustment cost 0.044 Top 10% (liquid) wealth share

P Convex adjustment cost 0.956 % households witha < 0and k > 0
Firms

o Capital share 0.38

K Aggregate capital adjustment cost 40 AI/AY after Aoy
Nominal rigidities

efil Elasticity of substitution 1.10 CEE (2005)

)(f Price adjustment cost 350 ACEL (2011)

e.f,il Elasticity of substitution 1.05 CEE (2005)

xv Avg. duration of wage contracts 0 Flexible-wage limit
Government

BC Government debt outstanding 0.06 Average aggregate MPC

G Government spending 0

Ax Taylor rule weight on inflation 1.5 Standard

Ay Taylor rule weight on output 0.5 Standard

7l8b Income tax rate 0.2

Ul Unemployment insurance 0.20 Chodorow-Reich and Karabarbounis (2016)
Aggregate uncertainty

0p Volatility: discount rate shock 0.003 Volatility of GDP growth

0o Persistence: discount rate shock 0.22 Autocorrelation of GDP growth

1.5.1 Calibration strategy
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Table 1.1 provides a summary of all model parameters except for the employment transition
rates that are discussed in Section 1.5.2. Households have CRRA preferences in consumption
and leisure, with a relative risk aversion coefficient of v = 2, and an inverse Frisch labor supply

BThis step requires solving the household problem (1.16), the union problem and the firm problem, as well as
finding the general equilibrium prices that clear all markets. As discussed in the previous subsection, finding an
internally consistent law of motion for a; is subsumed in the modified VFI step.

“1n the context of algorithms that work with a set of moments to approximate the distribution g;(x), the fixed

point I describe is akin to the idea of successively adding moments to improve forecast accuracy. In my setting, this
approach is complicated by the flexibility of being able to choose any F(-).



elasticity of 7 = 2. I calibrate p, households” quarterly discount rate in the risky steady state, to
match a natural rate of interest of roughly 2% (2.14% in the model) in the risky steady state. The
deathrate ( is calibrated to imply an average life span of 45 years, corresponding roughly to the
average working life.

Households’ portfolio choice is primarily affected by the adjustment cost on illiquid invest-
ments and the borrowing constraint on liquid assets. I set the latter to 2 = —1, implying that
households have access to roughly one quarter of average income in unsecured borrowing as
in Kaplan et al. (2018). I calibrate the two parameters of the adjustment cost function to match
the top 10% wealth share in liquid wealth (86% in both data and model), as well as the share
of households with non-positive liquid net worth but a positive illiquid asset position (30% in
the data, 27% in the model’s risky steady state). In calibrating these parameters, I stay as close
as possible to Kaplan et al. (2018) since the wealth distribution is not the primary focus of my
contribution.

I set depreciation to 1.25% per quarter and the capital income share a to 0.38. I calibrate
the aggregate capital adjustment cost parameter, x, to match the business cycle sensitivity of
investment, relative to output. In particular, the peak decline of aggregate investment following
a fundamental risk shock is currently three times as large as that of output while aggregate
consumption is less responseive.

The parameters governing nominal price rigidity are set equal to literature benchmarks. In

; = L.1as in Christiano et al. (2005), and I

particular, I set the elasticity of substitution so that - fi
set x/ to imply an average price duration of roughly 7 quarters. Altig et al. (2011) estimate an
average price duration of 9.36 quarters. I solve the baseline model in the limit as wages are fully
flexible, x* — 0.9

The baseline model does not feature government spending, and the stock of government
debt outstanding is constant. One weakness of the model with only two earnings types is

that it is difficult to jointly match high MPCs and a high stock of liquid assets. In particular,

matching an aggregate household MPC of roughly 15% requires setting the stock of outstanding

45The cost of assuming flexible wages is, of course, the standard problem that the profits of goods producing
firms are counter-cyclical. In the next iteration of the paper, I plan to allow for both price and wage rigidity.
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government debt close to zero (BC = 0.06). I set the income tax rate to 20%, and the effective
unemployment insurance replacement rate to 20%. This is consistent with recent estimates
accounting for take-up in Chodorow-Reich and Karabarbounis (2016). The central bank follows
a Taylor rule with the standard literature weights on inflation and output of, respectively, 1.5
and 0.5.

Finally, I calibrate the volatility and persistence of the discount rate shock process to match
the business cycle moments of GDP growth, with a quarterly auto-correlation of 0.85 and a

standard deviation of 0.017.

1.5.2 The ins and outs of unemployment

The employment transition rates faced by households play a central role in the quantitative
results of this paper. I use microdata on employment transitions from the Current Population
Survey (CPS) to estimate the sensitivity of the job finding and separation rates over the business
cycle.* T use the resulting reduced-form estimates for A/(-) directly in the model. For additional
details, see Appendix A.3.1.

Exploiting the rotating panel nature of the CPS, I match household observations across
subsequent months to construct monthly gross flows into and out of employment in a sample
from 1996 to 2019. I employ a broad notion of non-employment including unemployed and
marginally attached households, as well as those in involuntary part-time employment for
economic reasons. This definition corresponds to the U6 unemployment rate. I show that these
groups also exhibit sizable transition rates into and out of employment, which, following the
logic of my model, motivates their inclusion.

Having constructed matched gross flow data at a monthly frequency, I use a continuous-
time conversion formula to compute exact data counterparts to the Poisson arrival rates AF and
Al in the model. In the spirit of Shimer (2012), this conversion also addresses a time aggregation

bias in discrete-time flow data. Panels (c) and (d) of Figure 1.2 display the data time series for

46There is a long tradition of constructing gross employment flows from matched CPS micro data. See for example
Marston et al. (1976), Abowd and Zellner (1985), Darby et al. (1985), Darby et al. (1986), Poterba and Summers (1986),
Blanchard ef al. (1990), Shimer (2005), Fujita and Ramey (2009), Elsby et al. (2009), and Shimer (2012). In particular, I
closely follow Shimer (2012) in the construction of monthly gross flow data.
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Figure 1.2: Employment Transition Rates over the Business Cycle

Notes. The raw CPS micro data for job finding and separation rates from 1996 to 2019 are displayed in Panels (c) and
(d). The data are expressed as instantaneous, quarterly transition rates after a conversion from monthly gross flow
data to continuous time. The underlying definition of unemployment used is broader than U3 headline
unemployment and corresponds closely to U6. Panels (a) and (b) scatter the raw data against output gap estimates.

The solid red lines correspond to a quadratic fit.

these job finding and separation rates.

Since these data objects correspond exactly to the instantaneous transition rates (at quarterly
frequency) faced by households in the model, I use an external calibration approach to specify
how /\gS and /\H move over the business cycle. In the baseline calibration, I use the shortcut

specification that the job finding and separation rates are only functions of the output gap, so
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that Ai = M(y;). Timplement this specification in the data using a Taylor expansion

Job finding rate : AL = 1.39 +0.115 y; + 0.0026 y7 + ... (1.22)
(114.96)  (13.66) (1.08)

Job separation rate :  AF = 0.89 — 0.0053 y; + 0.0006 y? + ... (1.23)
(88.67)  (—6.85) (3.62)

and report the associated T-statistics after a Newey-West correction. Panels (a) and (b) of Figure
1.2 display the associated scatter plots. There is strong evidence of systematic time variation
in employment transition rates over the business cycle. The job finding (separation) rate falls
(increases) in bad times. Similarly, equation (1.23) shows that at least the job separation rate
exhibits a non-linearity that is statistically significant.

In my baseline calibration, I use equations (1.22) and (1.23) directly to specify A/ as a

function of the economy’s aggregate state.*”

1.5.3 Business cycle fluctuations

The model matches the asymmetry of business cycles in U.S. postwar history: recessions have
been deeper and more pronounced in the data than economic booms.

My calibration only targets the volatility of GDP growth (0.017 in the data and 0.014 in the
model) and the auto-correlation of GDP growth (0.85 in the data and 0.88 in the model). The
model also matches other untargeted business cycle moments at least qualitatively. In Section
1.6.1, I show that demand shocks generate co-movement in output, consumption, investment
and hours in the model. In particular, aggregate investment is more volatility and responsive
than output, while aggregate consumption is less responsive.

Qualitatively, the model also matches higher moments of key business cycle aggregates.
Figure 1.3 compares the distribution of GDP growth realizations in model simulations (yellow

bars) against U.S. postwar data (blue bars). The distribution of GDP growth in U.S. data

47The empirical transition rate series I have constructed do not exactly aggregate back up to the aggregate
unemployment rate (U6) observed in the data. To ensure that the model matches the average unemployment rate,
I adjust the constant term in equation (1.22). That is, my model matches the average job separation rate and the
average U6 unemployment rate, as well as the cyclicality exhibited by the job finding and separation rates in the
sample from 1996 to 2019.

42



04
[ U.S. data, detrended (1953-2019)

[ JModel simulation

0.35 -

03

=3

[ 8]

[
T

Relative Frequency
(=}
= o
w S}
T T

0.1F

0.05 -

0 1 1 1 1 Il 1 ——h
-8 -6 -4 -2 0 2 4 6 8
Real GDP Growth (YoY)

Figure 1.3: Distribution of GDP growth in U.S. postwar data and model simulations

Notes. Relative frequency histogram of distribution of year-over-year GDP growth in U.S. postwar data since 1953

(blue bars) and model simulations (yellow bars). Data is detrended using a Kalman filter.

since 1953 has fatter tails than in my model simulations. Nonetheless, output, consumption,
investment and hours in model simulations exhibit significant negative skewness and positive
kurtosis. While the skewness and kurtosis generated by the model are larger than their respective
data counterparts, this is not unexpected in a meaningful sense. While the ZLB has only become
a binding constraint for U.S. monetary policy quite recently, most recessions in my model
simulations drive the economy to the ZLB. The model is therefore intended to represent this
more recent episode in U.S. economic history, characterized by a structurally much lower natural
rate of interest. Indeed, if I recompute the U.S. business cycle moments over a sample of the
Great Moderation, starting in 1980, the implied skewness of output is almost as high as that
exhibited by my model. Of course, the high negative skewness in that sample is driven almost
entirely by the Great Recession.

Simulations of the model imply a zero lower bound (ZLB) incidence between 20 and 30%.
Between 1981 and 2018, the U.S. spent 7 out of 48 years, or 14.5% of the time, at the ZLB. ZLB

incidence is likely dependent on the natural rate of interest, since a lower equilibrium rate
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implies a closer proximity to the constraint. Laubach and Williams (2003) and Laubach and
Williams (2016) have estimated the natural real rate to have declined from between 3 and 4% in
the 1980s to below 1% since the Great Recession. If this decline proves persistent, the incidence

of the ZLB will likely be much higher in the future.

1.6 Micro and Macro Uncertainty

This section develops the paper’s main results on micro and macro uncertainty. Macroeconomic
uncertainty is an endogenous equilibrium object in this model. Let Z; denote the vector of all
aggregate variables, such as the wage rate, the capital price, inflation etc., and Z; € Z;. The
notion of uncertainty I adopt in this paper is one of conditional forecast errors, as is typical in

most of the uncertainty literature. Specifically, I define

Us(Zsss) = \/ %lEt [(ZHS - Et(zt+s))z] (1.24)

as uncertainty over future realizations in the aggregate process {Z;}. While the macroeconomic
uncertainty faced by households extends to the broader set of all components of the stochastic
process {Z;}, I will oftentimes use uncertainty over economic activity, in short GDP {Y;}, as a
proxy for macroeconomic uncertainty. And since output follows the process dY; = py (I'y)dt +
oy (T'¢)dB; in equilibrium, I concretely refer to

U(Yisar) = @/(Ft)

~
Macroeconomic uncertamty

as macro uncertainty at time t.

Isolating the effects of macro uncertainty. The first goal of this section is to quantitatively assess
the novel transmission channels identified in Section 1.2. This requires a procedure to isolate and
decompose the effects of variation in macro uncertainty. While this is possible for equilibrium
objects that explicitly appear in the equilibrium conditions of the model, I am not aware of such

a procedure for endogenous uncertainty, which is instead a property of the model’s probability
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distribution.*8

To study the transmission mechanism of macro uncertainty in the quantitative model, I
instead propose to consider an exogenous fundamental risk shock, Ac,. This requires adding o,
explicitly to the model’s aggregate state space. The assumption implicit in this strategy is that
the transmission mechanism of an exogenous increase in the volatility of discount rate shocks,
0p, is sufficiently similar to that of an endogenous increase in the volatility of economic activity,
oy. Indeed, I show formally in Section 1.6.3 that endogenous macroeconomic uncertainty is
proportional to exogenous fundamental risk, which justifies this approach. Overall, the following
analysis of an exogenous fundamental risk shock should be understood primarily as a means
to better understand the transmission mechanism of endogenous variation in macroeconomic

uncertainty.

Comparison benchmarks. To illustrate my main results, I compare three distinct model bench-
marks. The first, which I refer to as the “HANK (full)” benchmark, is the full quantitative model
presented in Section 1.3. The second benchmark, which I refer to as “HANK (constant A7,
holds employment transition rates constant and therefore shuts off the interaction between
micro and macro uncertainty. Importantly, these two model benchmarks are identical in all
other regards. Therefore, a comparison between these two models allows us to approximately
isolate the implications of the interaction between micro and macro uncertainty. Finally, I also
relate my results to a “RANK” baseline, which is the representative-household New Keynesian

model most closely associated with the full HANK model of Section 1.3.

1.6.1 Transmission mechanism of macro uncertainty

As discussed above, I study the transmission mechanism of an exogenous perturbation in

fundamental risk, Ac,, in order to proxy for and better understand the effects of macroeconomic

#8Kaplan ef al. (2018) propose a procedure to decompose the partial effects of equlibrium objects that explicitly
appear in the household problem, such as the interest rate r;. Their method applies to the sequence representation of
a model without aggregate risk. I generalize their approach to state space representations of models with aggregate
risk. However, neither approach allows for a decomposition of the partial effect of endogenous uncertainty. This is
because, unlike the aggregate price r;, uncertainty over its future realizations, o, does not explicitly appear in the
household problem and can therefore not “be held fixed”.
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uncertainty in this model.* Higher uncertainty elicits an increase in households’ desired
precautionary savings. This direct effect of uncertainty, borrowing the language of Kaplan et al.
(2018), leads to an initial contraction in aggregate demand. In the two-period model of Section
1.2, this effect comprises both the direct macro uncertainty channel (D and the direct interaction
channels @) and @). As household consumption falls, firms” demand for labor decreases in
general equilibrium. Consequently, the job finding rate, AY, falls while the separation rate, AF,
rises. Households are now confronted with an endogenous increase in micro uncertainty: The
employed are more likely to be laid off and the unemployed are less likely to find a new job.
This GE effect that follows the contraction in aggregate demand corresponds to channel 3 in
the two-period model.

Figure 1.4 plots both the first- and second-moment response of employment transition rates
after an increase in fundamental risk. In expectation, the fundamental risk shock makes it more
likely for households to be laid off (AEF 1) and less likely to find jobs (AY ]). At the same time,
the conditional variance over future realizations of the job finding and separation rates increases
substantially. In short, a fundamental risk shock at the macro level translates into uncertainty
over job prospects at the micro level.

From the household’s perspective, the prospect of job loss is akin to an idiosyncratic
rare disaster as I discussed in Section 1.2: It looms large when compared to relatively small
and transitory changes in the aggregate wage rate, for example. Endogenous variation in the
transition rates into and out of employment has both a first- and second-moment implication for
households’ future earnings. Consider an employed household. An increase in the job separation
rate lowers the expected value of future income because the probability of unemployment rises.
At the same time, the variance of earnings increases as well.

The overall effect of a fundamental risk shock is summarized in Figure 1.5. It compares

“Y'While my interest in studying the exogenous perturbation Aoy is as a proxy for variation in endogenous macro
uncertainty, this approach of course builds on a long tradition of studying exogenous second-moment shocks.
Following the Great Recession, much work has studied uncertainty as a potential driver of business cycle fluctuations
(e.g. Bloom (2009) and Bloom et al. (2018) in the context of firms, Bayer et al. (2019) focuses on micro uncertainty
shocks). Basu and Bundick (2017) is a natural reference point for my paper. They show that, in a representative-
agent New Keynesian (RANK) model, a fundamental risk shock generates co-movement in output, consumption,
investment and hours worked. In a setting where households have Epstein-Zin preferences with a relative risk
aversion coefficient of 80, they find that a 90% increase in the volatility of discount rate shocks generates a 0.2% fall
in output due to an increase in desired precautionary savings.
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Figure 1.4: Impulse responses of micro uncertainty to Ao,

Notes. Comparison of impulse responses of employment transition rates to fundamental risk shock. The shock has a
half-life of 1 quarter and is initialized at half the size of the Basu and Bundick (2017) shock to facilitate comparison.
AE and AY correspond to the job separation and finding rates, respectively. The bottom row panels plot the response

of conditional forecast errors, Var;(Ay, ;).

the impulse responses of output, consumption, investment and hours across the three model
benchmarks. As in Basu and Bundick (2017), a fundamental risk shock generates co-movement
across the desired aggregates. The main result of this exercise is that the effect of macro
uncertainty on aggregate demand is substantially amplified and indeed driven by its interaction
with micro uncertainty. The on-impact decline in output in the full model is up to 8 times larger
than in the comparison benchmark that holds employment transition rates constant and thereby
shuts off any interaction between micro and macro uncertainty. Similarly, the on-impact decline

in output in the full model is rougly 5 times larger than in the associated RANK benchmark.>

50Basu and Bundick (2017) is an instructive reference point for these quantitative results. They study a fundamental
risk shock that is about twice as large as the one I consider here and show that, when households have Epstein-Zin
preferences with a relative risk aversion coefficient of 80, the on-impact decline in output is about 0.2%. Their model
is, of course, different from and in many aspects richer than the RANK baseline I consider here. Nonetheless, it is
noteworthy that I reproduce quantitatively similar magnitudes in a setting where households have CRRA preferences
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Figure 1.5: Impulse responses of business cycle aggregates to Ao,

Notes. Comparison of impulse responses of business cycle aggregates to fundamental risk shock across three models.
The shock has a half-life of 1 quarter and is initialized at half the size of the Basu and Bundick (2017) shock to
facilitate comparison. The blue, yellow and green lines correspond, respectively, to the baseline model, the model

that shuts off the interaction between micro and macro uncertainty, and the associated RANK model.

Result 1. The effects of an exogenous increase in fundamental risk, Ao, on economic activity are
substantially amplified — by a factor of up to 8 — when accounting for the interaction between micro and

macro uncertainty.

Table 1.2 provides a decomposition of the transmission mechanism of a fundamental risk shock.
I decompose the shock’s effect on aggregate consumption into a direct uncertainty channel
and a set of indirect (GE) channels. This classification extends Kaplan et al. (2018) to a setting

with aggregate uncertainty. When considering the direct effect of uncertainty, I hold fixed

with a relative risk aversion coefficient of 2: For a given level of risk aversion, households in my setting are more
responsive to a change in macro uncertainty precisely because it translates into micro uncertainty.
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Table 1.2: Transmission mechanism of fundamental risk shock A,

HANK RANK
Contribution to % change in Cy Normal times  Crisis region ~ Normal times
Direct effect: uncertainty (micro and macro) —0.19 —0.22 —0.05
Indirect effect: micro uncertainty —0.47 —0.51 0.00
Indirect effect: disposable income 0.58 0.66 0.02
Indirect effect: portfolio returns 0.04 —0.12 —0.03
Other effects —0.16 —0.12 0.01
Total effect (% change in Cp) —-0.2 —-0.31 —0.05

Notes. Numbers correspond to on-impact responses, and partial effects add up to the total effect in the last row. The
first two columns correspond to the full model; the last column corresponds to the associated RANK model.
Columns 1 and 2 compare the partial and total effects when the economy is initialized in the risky steady state
(normal times) and on the cusp of the ZLB (crisis region), respectively. The disposable income channel comprises the
effects through w;, 7; and H;, and the portfolio returns channel those through ¢, rlt‘ and Q.

all aggregate variables that would respond in general equilibrium. Households still realize,
however, that volatility going forward is heightened. When computing the contribution of
indirect channels, I turn back on, one by one, the GE response of the macroeconomic aggregates
households care about.

The two rows of Table 1.2 that are most relevant to this discussion are the first (the direct
uncertainty effect) and the second (the indirect effect through micro uncertainty). These con-
ceptually correspond, respectively, to the sum of channels D, 2) and @ (direct) and channel 3
(indirect) in the two-period model of Section 1.2. Table 1.2 demonstrates that the transmission
mechanism of macro uncertainty changes completely relative to a representative-agent bench-
mark. In the RANK model, the direct macro uncertainty effect (channel @) is the dominant
transmission channel.

The transmission mechanism of macro uncertainty in the full HANK model differs in
three key regards. First, the direct uncertainty effect on household behavior (the first row of
Table 1.2) is larger in absolute terms but muted relative to other transmission channels. This
is consistent with the observation from the two-period model that, while D is the only direct

channel operative in the RANK model, the direct interaction effects @ and @ emerge in the
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HANK model. Second, the indirect interaction effect through micro uncertainty (channel @ in
the two-period model, and the second row of Table 1.2) emerges as a dominant transmission
channel, especially during times of crisis. Finally, and in the spirit of Kaplan et al. (2018), other

indirect channels become relatively more important than in the RANK baseline.”!

Result 2. Accounting for the interaction between uncertainty at the micro and macro level substantially
changes the transmission mechanism of the fundamental risk shock Ac,. Its indirect effect through
micro uncertainty becomes a dominant channel in the transmission of macro uncertainty to aggregate

consumption spending.

Studying a fundamental risk shock offers a first glimpse at another major theme of this paper.
The behavior of uncertainty changes substantially during times of crisis. The effects of macro
uncertainty on economic activity are significantly larger when the economy is close to the
ZLB. The dashed lines in Figure 1.5 trace the impulse responses to the same fundamental risk
shock as above in an economy that is initialized on the cusp of the ZLB. The shock’s on-impact
effect on output is 50% larger than during normal times. Similarly, Table 1.2 highlights that
the transmission mechanism of macro uncertainty works even more strongly through micro
uncertainty when the economy is in a crisis. This finding speaks to substantive interactions
between non-linearities at the micro and macro level.>?

When the economy is in a crisis state, the relationship between macroeconomic aggregates
exhibits a degree of skewness.” In a crisis, a given negative demand shock realization generates

a larger contraction in output than the expansion that would follow a similarly sized positive

shock realization. In other words, a zero-mean spread in the distribution of future discount

51The strong positive response through disposable income is largely driven by profit rebates. In the next iteration
of this paper, I plan to address this well-known issue by solving the model with both price and wage stickiness.

52Much previous work has studied the implications of the ZLB constraint on monetary policy in the context of
representative-agent New Keynesian (RANK) models (e.g. Christiano et al. (2011), Fernandez-Villaverde et al. (2015a)
or Plante et al. (2018)). My focus here is primarily on the interaction between non-linearities at the micro and macro
level. Indeed, I show first in Section 1.6.2 and later in Section 1.7 that the amplification that derives from the ZLB
constraint is itself more pronounced when we account for the interaction between micro and macro uncertainty.

53 As is true in U.S. business cycle data, my model generates significant negative skewness and positive kurtosis
in output, investment, consumption and hours. See Section 1.5.3.
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rate shocks, which is how households perceive the fundamental risk shock, no longer simply
leads to a second-moment but also to a first-moment direct effect. In particular, due to negative
skewness, this mean-zero spread leads to a fall in economic activity in expectation. The effect of
macroeconomic uncertainty on aggregate demand is therefore much larger when the economy
is in a crisis state, as showcased in Figure 1.5.

The implications of such skewness at the macro level are not unlike the implications of
skewness at the micro level, which I discussed earlier. Indeed, when the economy is in a
crisis, this non-linearity at the macro level starts to interact with non-linearity at the micro
level. Uncertainty over job prospects at the micro level increases more strongly when the initial
fundamental risk shock has a direct first-moment effect at the aggregate level. As a result, the
relative importance of the interaction between micro and macro uncertainty becomes even larger

in the transmission of fundamental risk shocks.

Result 3. The behavior of uncertainty changes drastically during economic crises. The effect of a
fundamental risk shock on economic activity is 50% larger when the economy is already on the cusp of the
ZLB. The interaction with micro uncertainty becomes a relatively even more important channel in the

transmission of macro uncertainty.

The model exhibits a non-linearity at the aggregate level during times of crisis that is nearly
impossible to capture in a HANK model without aggregate risk or one that is solved using
(lower-order) perturbation methods. Indeed, even higher-order perturbation methods may fail
because they still take the economy’s normal state as the point of approximation. The macro
non-linearity that gives rise to my third result does not manifest while the economy is far away
from the crisis region, thus requiring a global solution method.

Of the main results in this paper the ones presented in this subsection are most closely
framed with reference to previous work on uncertainty shocks. I will thus conclude by briefly
situating my contribution. In the household context, this paper is the first to jointly consider
variation in micro and macro uncertainty. Relative to Basu and Bundick (2017), for example,
I show that its interaction with unemployment risk emerges as the dominant transmission

channel of a macro uncertainty shock. And since micro uncertainty is much more prominent
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Figure 1.6: Impulse responses of business cycle aggregates to Ao,

Notes. Comparison of impulse responses of business cycle aggregates to fundamental risk shock across regions of the
state space. The shock has a half-life of 1 quarter and is initialized at half the size of the Basu and Bundick (2017)
shock to facilitate comparison. The solid lines plot IRFs when the economy is initialized in the risky steady state; the
dashed lines plot IRFs when the economy is initialized on the cusp of the ZLB.

from the household’s perspective, my paper matches the magnitude of their quantitative results
with a much lower relative risk aversion coefficient. Bayer et al. (2019) study micro uncertainty
shocks but abstract from time variation in fundamental risk at the aggregate level. They also
linearize the macro block of their model and therefore do not capture endogenous variation in
macro uncertainty. In the firm context, Bloom et al. (2018) model exogenous variation in both
the micro and macro uncertainty that firms face. My main insight is that the interaction with
endogenous micro risk becomes an important transmission channel of macro uncertainty, an
interaction that is not modeled in their paper. Lastly, this subsection has demonstrated that the
behavior of uncertainty changes in the crisis region of the model, which motivates my emphasis

on a global solution method.
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1.6.2 Endogenous uncertainty spikes during crises

In this subsection, I show that endogenous variation in uncertainty becomes substantially
more pronounced when we account for the interaction between micro and macro uncertainty.
In particular, the model generates large endogenous uncertainty spikes in the crisis region.
Therefore, a two-way feedback loop emerges between macro uncertainty on the one hand, and
micro uncertainty and aggregate demand on the other: Recessions are times when a contraction
in economic activity spurs endogenous spikes in uncertainty about the future, which in turn
depresses aggregate demand further.

The model features at least two channels through which macroeconomic uncertainty
becomes endogenous to economic activity. The first channel centers around the zero lower
bound constraint. When the economy is at the ZLB, monetary policy can no longer accommodate
negative demand shocks, whose effects on economic activity are consequently amplified. Even
when the nominal interest rate is still positive, expansionary monetary policy moves the economy
closer to the ZLB, thus raising the likelihood that policy will be constrained in the future. This
channel is particularly strong in my baseline model because I do not explicitly take into account
the endogeneity of fiscal policy stepping in as a substitute for monetary policy during deep
recessions.™

The second channel results from the counter-cyclicality in households” average marginal
propensity to consume (MPC). As economic activity contracts, households become unemployed
and draw down their liquid cash buffers, thus moving closer to their borrowing constraints at the
micro level. The prevalence of “hand-to-mouth” behavior grows, which implies an increase in
the average household’s MPC. Consumer spending, and by implication aggregate activity, thus
become more sensitive to further demand shocks. The economy’s sensitivity to fundamental
risk is precisely the definition of macro uncertainty in my framework, which therefore rises.

This second channel interacts strongly with the fact that the length and severity of a
recession are uncertain themselves. Therefore, unlike in settings with no aggregate risk, it

becomes difficult for households to properly time the exhaustion of their liquid insurance funds.

54Plante et al. (2018) show that the ZLB becomes a source of endogenous uncertainty in the context of a
representative-agent New Keynesian model.
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Figure 1.7: Impulse response of endogenous macro uncertainty to Ap

Notes. Comparison of impulse responses of endogenous macro uncertainty, oy 4, to first-moment discount rate shock
across different models and state space regions. The shock has a half-life of 1.4 quarters and is initialized at
0.2(min(p¢) — p). The blue and yellow lines correspond, respectively, to the baseline model and the model that shuts
off the interaction between micro and macro uncertainty. The left and right panels initialize the economy,

respectively, in the risky steady state (normal times) and on the cusp of the ZLB (crisis region).

The closer households get to running out of their cash buffers, the more risk averse they become
in the face of a potentially prolonged crisis.

What factors determine how sensitive macroeconomic uncertainty is to a given contraction
in economic activity? The main novel insight my paper establishes in this context is that first-
moment demand shocks have a much larger effect on endogenous macro uncertainty when
we account for its interaction with micro uncertainty. Figure 1.7 shows the impulse response
of macro uncertainty, oy (T;), to a negative discount rate shock Acy. The left panel shows that
the response of endogenous macro uncertainty to a negative demand shock is substantially
dampened when we shut off the interaction between micro and macro uncertainty. Indeed in
the comparison baseline that holds employment transition rates constant, uncertainty hardly

responds at all to the demand shock during normal times. This stark difference further highlights
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why accounting for the interaction between uncertainty at the micro and macro level is crucial
in order to understand its role in business cycle fluctuations.

Proximity to the crisis region emerges as another key determinant of the sensitivity of
macro uncertainty to economic activity. The right panel traces out the impulse response of macro
uncertainty to the same underlying demand shock when the economy starts on the cusp of the
crisis region rather than in the risky steady state. The spike in macro uncertainty after a contrac-
tion in economic activity during a crisis is over 3 times as large as during normal times. Figure
1.7 also highlights a quantitatively meaningful interaction between non-linearities at the micro
and macro level: proximity to the crisis region makes macro uncertainty especially sensitive to

economic activity precisely when we account for its interaction with micro uncertainty.

Result 4. Uncertainty is not only a driver but also an endogenous byproduct of business cycle fluctuations
in the full model. The endogenous response in macro uncertainty to a first-moment demand shock is
largely driven by the interaction with micro uncertainty. Indeed, uncertainty hardly responds at all

to a demand shock during normal times when we shut off the interaction between micro and macro
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uncertainty.

In conclusion, macro uncertainty is most sensitive to aggregate demand and therefore most
likely to exhibit endogenous spikes when we account for its interaction with micro uncertainty

and when the economy is already in the crisis region.

1.6.3 Uncertainty Multiplier

The discussion thus far highlights that a two-way interaction or feedback loop can emerge in
general equilibrium between uncertainty and economic activity. Consistent with the discussion
thus far, I illustrate the full feedback loop diagrammatically in Figure 1.8. Uncertainty thus
emerges as both a driver and a byproduct of business cycle fluctuations.

I now define an Uncertainty Multiplier, which is a useful tool to characterize the general
equilibrium interaction between micro and macro uncertainty. This multiplier measures how
much endogenous amplification there is in macroeconomic uncertainty. In particular, it asks how
much macroeconomic uncertainty is generated endogenously for a given change in exogenous
fundamental risk. The Uncertainty Multiplier is therefore another lens through which we can

study the features and implications of uncertainty. It is given by

oy(Te) = G(Ty) - o (1.25)
——— —— ~—
Macrp GE Uncertainty Exogenous
uncertainty Multiplier fundamental risk

In particular, this decomposition highlights that macro uncertainty is proportional to exogenous
fundamental risk. This justifies my approach in Section 1.6.1 where I studied the fundamental
risk shock Ao, as a proxy for variation in endogenous macro uncertainty.

In Figure 1.9, I plot the impulse response of endogenous macro uncertainty to an exogenous
fundamental risk shock. Consistent with previous discussion, the Uncertainty Multiplier is large
when (a) we account for the interaction between micro and macro uncertainty (compare the two
models) and (b) when the economy is in the crisis region (for each model, compare the solid to
the dashed line). As before, these two forces, non-linearities at the micro and at the macro level,

interact.
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Figure 1.9: Impulse response of endogenous macro uncertainty to Ao,

Notes. Comparison of impulse responses of endogenous macro uncertainty oy ; to fundamental risk shock across
different models and state space regions. The shock, displayed in the right panel, has a half-life of 2 quarters and is
initialized at half the size of the Basu and Bundick (2017) shock to facilitate comparison. The blue and yellow lines
correspond, respectively, to the baseline model and the model that shuts off the interaction between micro and macro
uncertainty. The dashed and solid lines initialize the economy, respectively, in the risky steady state (normal times)
and on the cusp of the ZLB (crisis region).

Figure 1.10 offers another perspective on the Uncertainty Multiplier. Instead of plotting
IRFs, I offer a state space representation of Gy (I';) (y-axis) against different values of the discount
rate shock p; (x-axis). In both models, macroeconomic uncertainty increases endogenously as
the economy approaches the crisis region (lower p;). However, Figure 1.10 highlights starkly
that the sensitivity of uncertainty to the demand shock is much stronger when we account for
the interaction between micro and macro uncertainty in the full model: as we move left in the
Figure, the two lines growth increasingly farther apart.

The Uncertainty Multiplier thus offers yet another perspective on the main insight of this
paper: there is a two-way feedback loop between macro uncertainty on the one hand, and micro
uncertainty and aggregate demand on the other. The model thus generates a natural covariance

between uncertainty and economic activity.

1.6.4 Macro uncertainty in the data

This paper proposes a framework in which both micro and macro uncertainty are an endogenous

byproduct of recessions but also have strong aggregate demand effects themselves. In general
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vertically aligned dots correspond to different values of « which are added for illustration. The blue and yellow dots
correspond, respectively, to the baseline model and the model that shuts off the interaction between micro and macro

uncertainty.

equilibrium, economic crises are thus associated with large, endogenous uncertainty spikes,
especially when taking into account the interplay between uncertainty at the micro and macro
level. This conclusion then naturally begs the question whether the uncertainty generated
endogenously in my model is consistent with the data. I tackle this question by comparing the
time series moments of macro uncertainty in my model simulations to those of empirical macro
uncertainty proxies.

In Table 1.3, I confront the predictions of my model for the cyclicality, persistence, skewness
and kurtosis of macro uncertainty with data. These moments are untargeted in my calibration.
Furthermore, these simulations only feature first-moment discount rate shocks, and no exoge-
nous second-moment shocks. Empirical work on uncertainty has proposed a range of indices
and proxies to measure macro uncertainty in the data. The first row of Table 1.3 corresponds to

simulated data from my model and subsequent rows correspond to empirical macro uncertainty
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Table 1.3: Time series moments of macro uncertainty

Macro uncertainty proxies | Corr w GDP growth ~ Persistence Skewness Kurtosis

Model simulation | -0.33 0.91 0.71 414
MacroH1 -0.62 0.92 1.84 7.08
MacroH3 -0.6 0.94 1.85 6.97
MacroH12 -0.6 0.96 1.67 6.49
RealH1 -0.46 0.81 1.21 477
FinancialH1 -0.42 0.89 0.88 4.02
VIX -0.45 0.74 1.94 9.51
Policy Uncertainty -0.62 0.8 3.13 21.07
World Uncertainty Index -0.11 0.4 1.58 6.04

Notes. The top row computes time series moments of oy using simulated model data. Subsequent rows report the
same time series moments for different empirical macro uncertainty proxies. The indices MacroH*, RealH* and
FinancialH* are from Jurado et al. (2015). The underlying data can be retrieved from Sydney Ludvigson’s website.
The VIX corresponds to the Chicago Board Options Exchange’s Volatility Index. The Policy Uncertainty index is
taken from Baker et al. (2016) and the World Uncertainty Index is from Ahir et al. (2018).

indices. Along the columns, I compare four moments of uncertainty in my model to the data: its
cyclicality (correlation with GDP growth), persistence, skewness and kurtosis.

The model matches the moments of macro uncertainty in the data surprisingly well:
Uncertainty is strongly counter-cyclical, highly persistent, and has high skewness and kurtosis.
It is especially noteworthy that I match the high skewness and kurtosis in the data, which
bespeaks a degree of non-linearity at the macro level and justifies my emphasis on global

solution methods.

Result 5. Recessions are associated with large, endogenous spikes in uncertainty in the model. Indeed,
the time series moments of macroeconomic uncertainty in simulations of the model closely match those in
the data: macro uncertainty is strongly counter-cyclical, highly persistent, and features large positive

skewness and kurtosis.
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1.7 ZLB Spells and the Paradox of Thrift

Due to the interplay between micro and macro uncertainty, life at the ZLB in my model is even

worse than we thought.

1.7.1 ZLB spells with micro and macro uncertainty

The interplay between micro and macro uncertainty makes falling into the ZLB more likely and
life at the ZLB more persistent.

In a HANK model with micro and macro uncertainty, at least three channels lead to a
higher incidence of ZLB episodes. First, as illustrated in Section 1.6, negative demand shocks are
substantially amplified as the economy approaches the ZLB. Second, uncertainty endogenously
spikes at both the micro and macro level during economic crises, and an increase in uncertainty
has itself a contractionary effect on economic activity. Finally, even during normal times,
households anticipate that crisis episodes featuring significant micro and macro risk are more
likely. As a result, households perceive the world to be riskier overall, inducing an increase in
desired savings and a fall in the natural rate of interest in the risky steady state. The economy is
therefore closer to the ZLB constraint even during normal times and monetary policy has less

room for counter-cyclical stabilization policy.

1.7.2 Paradox of thrift revisited

“[T]he reactions of the amount of [an individual’s] consumption on the incomes of others
makes it impossible for all individuals simultaneously to save any given sums. Every such
attempt to save more by reducing consumption will so affect incomes that the attempt
necessarily defeats itself... [I]t makes [no sense] to neglect [this effect] when we come to
aggregate demand.” Keynes (1936), p. 84-85.

The paradox of thrift has long been a central force in macroeconomic theories of business
cycle fluctuations. It states that a prudent increase in desired savings at the household level
can lead to a contraction of aggregate income in general equilibrium that actually lowers total

savings. While the paradox of thrift is an important subject in its own right, its interaction with
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the ZLB will be the central focus of this subsection.”®

What makes the ZLB so destabilizing in many models is that it induces a strong attraction
of “self-fulfilling nature” as the economy approaches it. The paradox of thrift is at the heart
of this dynamic. Consider the baseline representative-agent New Keynesian model. As the
nominal interest rate falls towards zero, agents anticipate that, in future, monetary policy will
no longer be able to offset negative shocks with interest rate cuts. Since the ZLB is asymmetric,
however, monetary policy will continue to offset large positive shocks with interest rate hikes.
As a result, households’ conditional expectation of future real interest rates rises, inducing an
increase in desired savings. Since it is not possible for all households to save at the same time,
as posited by the paradox of thrift, aggregate income instead falls to offset the rise in aggregate
savings demand. This contraction in activity pushes the economy even closer to the ZLB. In any
RANK model, this dynamic relies on a strong motive for inter-temporal substitution among
households.

The main result of this subsection is to show that, in a HANK economy with micro and
macro uncertainty, the general equilibrium attraction exerted by the ZLB is amplified even
though the partial equilibrium savings motives across households are dampened. In other
words, a different set of channels gives rise to a strong GE interaction between the ZLB and the
paradox of thrift, with the main channel operative in a RANK economy substantially dampened.

Figure 1.11 illustrates the amplification generated as the economy approaches the ZLB. The
two panels plot output and the nominal interest rate in a state space representation for varying
levels of the discount rate shock. As we move left along the x-axis, lowering the discount rate,
aggregate demand and thus output fall. As does the nominal interest rate. By definition, the
economy reaches the ZLB when the nominal interest rate falls to 0. In the left panel, I indicate
this point, the “cusp of the ZLB”, in the state space with a vertical dashed line. Notice that the
nominal interest rate falls linearly with the discount rate. At a certain point, however, when the
economy has come sufficiently close to the ZLB, the “self-fulfilling” amplification effects due

to the paradox of thrift kick in as discussed above. In particular, these amplification effects are

%Much previous work has studied the interaction between the paradox of thrift and the ZLB in the context of
representative-agent or two-agent models. See for example Eggertsson and Woodford (2003), Werning (2011) and
Eggertsson and Krugman (2012).

61



Yo 3 )
20 x10

! s HANK (full)
l HANK (constant \)
I

18 /

1.75

10

[

|

[

[

|

| L
—I— - — - Cusp of ZLB

! Cusp of ZLB (constant \)
| . . ) 0 . . . .
2

1.7 ! . L.
0.005 0.01 0.015 0.0

0.025 0.03 0.035 0.04 0.005 ?01 0.015 0.02 0.025 0.03 0.035 0.04
Po £0

Figure 1.11: Anticipation effects near cusp of ZLB

Notes. Panels trace out on-impact response in output and the nominal interest rate (y-axis) for simulations that
initialize the economy at different shock realizations p( (x-axis). Blue and yellow lines correspond, respectively, to
the baseline model and the model that shuts off the interaction between micro and macro uncertainty.

much weaker when we shut off the interaction betwen micro and macro uncertainty (yellow).
In the full model (blue), output also falls linearly with the discount rate initially but becomes
increasingly non-linear as the economy first approaches and then falls deeper into the ZLB
region.

In the language of Kaplan et al. (2018), the set of direct and indirect channels that governs the
GE attraction of the ZLB is very different in a HANK model with micro and macro uncertainty.
My model not only features a large share of constrained households in normal times; the share of
hand-to-mouth households is also strongly counter-cyclical, rising as the economy approaches
the ZLB. Liquidity constraints therefore act to dampen the direct effect on desired savings at the
micro level because, in the language of Keynes, not all individuals simultaneously try to save.

On the other hand, those households that are on their Euler equations exhibit a stronger rise
in desired savings when micro and macro uncertainty interact. Not only do these households
anticipate asymmetry in future aggregate states due to the ZLB, as they would in a RANK
model, they also internalize the likely spike in unemployment risk. The interplay between micro
and macro uncertainty therefore elicits a stronger precautionary motive among unconstrained

households.
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Finally, as is well known by now, households’ consumption and savings decisions in a
HANK economy are relatively more influenced by indirect channels in general equilibrium.

Taken together, these factors imply that the interaction between the ZLB and the paradox
of thrift is amplified even though not all households increase their desired savings. The overall
contraction in aggregate demand posited by the paradox of thrift can be thought of as the
product of two effects: a partial equilibrium increase in households’ desired savings at the
micro level, and a general equilibrium multiplier which maps a given increase in households’
precautionary motives into aggregate demand. In a HANK economy with micro and macro
uncertainty, the partial equilibrium effect is significantly dampened as many households do

not engage in forward-looking consumption smoothing, but the general equilibrium effect is

amplified.

1.8 Cost of Business Cycles

The interplay between micro and macro uncertainty has ramifications for the welfare cost of
business cycles. In a seminal contribution, Lucas (1987) made the case that the potential gains
from stabilization policy are miniscule as he found the welfare cost of business cycle fluctuations,
as perceived by a representative household, to be negligible. An active literature has since
spawned in response.

The model developed in this paper offers two novel perspectives on this enduring debate.
This paper is the first to emphasize that uncertainty spikes endogenously during crises at both
the micro and the macro level. Previous work has focused on one or the other.

Second, business cycles are asymmetric. To my knowledge, this is the first paper to compute
the cost of business cycles in a globally solved model with a zero lower bound constraint that
endogenously generates negative skewness and positive kurtosis in aggregate output, consump-
tion and investment. Beaudry and Pages (2001) and Krebs (2007) compute cost of recession
metrics by assuming that, in the context of a model with two aggregate states, stabilization policy
can maintain the economy in the good state indefinitely. This paper generates the asymmetry in

business cycles that motivates such reasoning endogenously.
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To characterize the welfare cost of business cycle fluctuations in my setting, I implement
the following thought hypothetical. Consider households that live in the quantitative model of
Section 1.3. These households would give up 3.9% of their average consumption to live in the

RANK model instead (without ZLB).

1.9 Conclusion

This paper has developed a business cycle model in which micro and macro uncertainty inter-
act. Macro uncertainty shocks are substantially amplified in such a setting, with the indirect
effect through micro uncertainty emerging as the dominant transmission channel. But macro
uncertainty is also endogenous to economic activity, especially during times of crisis. My paper
therefore develops a perspective of uncertainty as both a driver and a byproduct of business
cycles. I show that accounting for the interaction between uncertainty at the micro and macro

level is crucial to understand its broader role in business cycle fluctuations.
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Chapter 2

Using Adaptive Sparse Grids to Solve

Heterogeneous-Agent Models in

Continuous Time!

2.1 Introduction

Heterogeneous-agent (HA) models continue to proliferate in many fields of economics. Solv-
ing dynamic general equilibrium models with rich heterogeneity globally remains a serious
challenge, however, due to the curse of dimensionality. HA models oftentimes feature a high-
dimensional state space because, in general equilibrium, the cross-sectional distribution of
agents becomes part of the aggregate state of the economy. Nevertheless, global solutions
are necessary to study many economic applications such as uncertainty, asset pricing, and
occasionally binding constraints that give rise to crisis regions. More broadly, many economic
phenomena are not well captured by studying linear perturbations around steady states.

The main contribution of this paper is to develop a scalable, robust, and surprisingly
portable numerical toolbox to solve high-dimensional partial differential equations (PDEs). In

continuous time, a large class of HA models can be represented by (systems of) PDEs. We focus

1Co-authored with Allen Zhang
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on differential equations that arise naturally as the recursive representation of value functions
in dynamic programming. Our method leverages adaptive sparse grids to combat the curse of
dimensionality, and we develop a consistent and fast solution method for PDEs on irregular
grids. Leveraging this method, we compute a global solution of the benchmark Krusell and
Smith (1998) model with a 17-dimensional state space in less than 5 minutes on a personal
computer. We also solve a continuous-time variant of the Ericson and Pakes (1995) model of
dynamic oligopoly and show that, for the same number of grid points, the solution accuracy
using our adaptive sparse grid method is an order of magnitude higher than that using standard
uniform grids.

Solving general equilibrium models with rich heterogeneity globally is challenging due
to the curse of dimensionality. Since the seminal contribution of Smolyak (1963), sparse grids
have become popular to combat the exponential growth of grid points in higher dimensions.
Regular sparse grids are known to reduce the complexity of a grid in d dimensions from O (n)
to O(n - log(n)?~1), where n is the number of unique nodes per dimension (see for example
Bungartz and Griebel (2004)). However, further significant efficiency gains can be realized by
constructing and refining sparse grids adaptively, placing grid points efficiently in regions of
the state space where approximation errors remain large.?

This paper builds on the seminal contribution of Brumm and Scheidegger (2017). They
show that adaptive sparse grids are a powerful tool to solve high-dimensional dynamic general
equilibrium models in discrete time. Our focus in this paper is on continuous-time applications.
The use of continuous time in HA models has proliferated rapidly.®> There are several natural
and important computational advantages to the use of continuous time, which are discussed,
for example, in Achdou et al. (2015).

In this paper, we show that the method of Brumm and Scheidegger (2017) is not readily
portable to continuous-time applications. In continuous time, dynamic programming relies

on the solution of partial differential equations. The numerical implementation of PDEs on

2See for example Brumm and Scheidegger (2017).

3In macroeconomics, see for example Achdou et al. (2015), Ahn et al. (2017), Kaplan et al. (2018), Ferndndez-
Villaverde et al. (2019).
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a grid in turn requires the discretization of differential operators. Finite-difference schemes
are arguably the most popular such discretization method.* Previous work in the applied
mathematics literature has emphasized that the standard finite-difference stencils that lead
to consistent discretization schemes on regular grids break down and lead to inconsistent
solutions on irregular grids (see for example Schiekofer (1998), Griebel (1998) and Bungartz
and Griebel (2004)). As a result, the direct application of adaptive sparse grid methods to solve
high-dimensional models in continuous time is not viable.

In this paper, we leverage insights from the applied mathematics literature and make
two original contributions that, together, allow us to develop a scalable, robust, and portable
continuous-time value function iteration algorithm (or PDE solver) on adaptive sparse grids.
The main contribution of this paper is therefore the numerical toolbox accompanying this paper
which automates most steps of this algorithm, hopefully allowing for broad accessibility.

Leveraging results in Schiekofer (1998) and Griebel (1998), we develop a generalized sparse
finite-difference method that leads to consistent solutions of continuous-time heterogeneous-agent
models in economics on irregular grids. Our toolbox fully automates this method, providing a
function that computes all desired sparse finite-difference operators associated with any given,
arbitrarily irregular grid. The efficiency and accessibility of our method are further improved
by the two original contributions we make in this paper. First, we show that the differential
equations that arise in continuous-time dynamic programming share a common mathematical
structure, which we can exploit to streamline the solution of such equations significantly.” In
particular, we develop an automated routine with minimal input requirements from the user.
Second, we develop a new systematic approach to handle the boundary conditions associated
with differential equations. Our toolbox again automates much of this process, thus minimizing
user input requirements.

We showecase the broad applicability and scalability of our method by solving high-

dimensional benchmark applications from different fields in economics. In Section 2.4, we

4Most recent applications in economics employ finite-difference methods. See e.g. Achdou et al. (2015).
5In their seminal contribution, Achdou et al. (2015) also exploit this structure. Building on their work, we develop

a routine that computes discretized finite difference operators once ex ante, which improves efficiency and further
reduces user input requirements.
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solve a continuous-time version of the Krusell and Smith (1998) model using a high-dimensional
distribution representation following Schaab (2020). This model has become an important
benchmark for evaluating global solutions of heterogeneous-agent models in macroeconomics
(see e.g. Den Haan (2010)). Our method computes the global solution of the model and its
simulation on a 17-dimensional state space in less than 5 minutes on a personal computer.

In Section 2.5, we solve a modified Ericson and Pakes (1995) model of quality ladders
under dynamic oligopolistic competition. Numerous applications in the industrial organization
literature have employed variants of this model to study industry dynamics surrounding
entry, exit, and investment in settings with strategic firms. Similar to other recent work (e.g.
Doraszelski and Judd (2012), Arcidiacono et al. (2016), and Blevins (2018)), we cast our model in
continuous time. Directly comparing solutions of this model on a regular uniform grid to our
method using adaptive sparse grids, we show that adaptive sparse grids achieve roughly one

order of magnitude higher accuracy than regular grids for a given number of nodes.

Related literature. Starting with the seminal contributions of Smolyak (1963) and Zenger (1991),
sparse grids have enjoyed much popularity in several scientific fields. Krueger and Kubler
(2004) and Judd et al. (2014) were among the first applications in economics. Our work builds
on and is closely related to the implementation in Brumm and Scheidegger (2017) who were
the first to employ truly adaptive sparse grid techniques in economics. In this paper, we show
that their method is not directly portable to continuous-time applications because the use of
standard discretization methods leads to inconsistent solutions of partial differential equations
on irregular grids.

We develop a solution method and accompanying numerical toolbox that addresses this
shortcoming, allowing for the use of adaptive sparse grid methods to solve continuous-time
heterogeneous-agent models in economics. Our method applies and builds on previous results
in applied mathematics on the solution of PDEs on irregular grids. Key results on the consistency
and stability of finite-difference schemes on irregular sparse grids were developed by Griebel

(1998) and Schiekofer (1998).°

6A partial list of subsequent contributions includes Schiekofer and Zumbusch (1998), Zumbusch (2000), Gerstner
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The papers most closely related to ours are Ruttscheidt (2018) and Garcke and Ruttscheidt
(2019). While they also use adaptive sparse grids to solve heterogeneous-agent models in contin-
uous time, our paper differs from theirs in three regards. First, their most complex application
is a six-dimensional model with two assets and four earnings factors. We demonstrate the
scalability of our method by solving applications with many more dimensions. Second, they use
interpolation techniques and ghost nodes to guarantee the consistency of their PDE discretiza-
tion scheme, whereas we use specific basis transformations (as for example in Schiekofer (1998)).
Third, we develop a flexible method for handling Dirichlet, von Neumann and other boundary
conditions which can be fully automated to minimize user input requirements.”

Lastly, our paper contributes to a long literature on global solutions for heterogeneous-agent
models.® We contribute to this literature by developing a robust and scalable method for high-
dimensional dynamic programming problems in continuous time using adaptive sparse grids.
In our applications, we demonstrate the power of our method by globally solving benchmark

heterogeneous-agent models from different fields in economics in high dimensions.’

2.2 High-Dimensional Partial Differential Equations

In continuous time, a large class of heterogenous-agent (HA) models can be represented by
(systems of) partial differential equations (PDEs). For expositional clarity and illustration,
we frame our discussion in Sections 2.2 and 2.3 in terms of a particular PDE, but stress that

our methods extend to a large class of (systems of) differential equations. We choose as our

and Griebel (2003), Bungartz and Griebel (2004), Ma and Zabaras (2009), Bokanowski et al. (2013), Garcke and Kroner
(2017), Ruttscheidt (2018), and Garcke and Ruttscheidt (2019).

7 Another closely related paper is Ahn (2019). This paper uses a finite volume method to discretize the partial
differential equation that characterizes the evolution of cross-sectional distributions in HA models. He shows that
finite volume discretization leads to a consistent solution, and guarantees both mass conservation and positivity of
the cross-sectional distribution. Our focus, instead, is on finite-difference methods and continuous-time dynamic
programming problems that give rise to Hamilton-Jacobi-Bellman equations.

8For example, see Den Haan (1996), Den Haan and Others (1997), Krusell and Smith (1998), Reiter (2010), Algan
et al. (2008), Algan et al. (2014), Brunnermeier and Sannikov (2014), Brumm and Scheidegger (2017), Duarte (2018),
Prohl (2019), and Ferndndez-Villaverde et al. (2019).

9More recently, grid-free methods have been proposed that leverage deep learning techniques to solve high-

dimensional HA models. The relative performance of adaptive sparse grid and deep learning methods in non-trivial
applications remains an open question.
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leading example a Hamilton-Jacobi-Bellman (HJB) equation which arises as the natural recursive
representation of the value function associated with a stochastic control problem. After we
present this equation as our leading example, the remainder of this section proceeds in three
steps: In Section 2.2.1, we develop the construction of sparse grids, motivated by the curse
of dimensionality afflicting dense grids in high dimensions. We discuss two important bases
which we use to represent functions on sparse grids in Section 2.2.2. Finally, in Section 2.2.3,
we introduce operators that map between these bases and will be crucial in the construction
of a consistent finite-difference scheme on sparse grids in Section 2.3. Our discussion of sparse
grids in Sections 2.2.1 through 2.2.3 follows closely much previous work on the subject.!’ We
again emphasize that our contribution relative to previous work is not in the use of sparse
grid methods per se, but rather the general-purpose numerical toolbox we develop for solving
high-dimensional heterogeneous-agent models.

We consider the dynamic optimization problem of an agent whose state is given by X €
Q C R, with X = (xy,...,x4) comprising both endogenous and exogenous state variables. The

agent’s state is assumed to follow the Ito process
dX = u(c,X)dt + o(c,X)dB,

where p : C x R? 5 R?and ¢ : C x RY — R?"™ and B is m-dimensional Brownian motion. We
denote by c € C the vector of choice variables under the agent’s control which may lie in the
admissible set C.!! The agent’s problem is to choose ¢ to maximize the expected discounted
sum of future payoff flows which we denote by u(c). It is well known that the value function
V : 0 — R associated with the agent’s stochastic control problem is a solution of the HJB

equation
d 1 d
p(X)V(X) = max {u(c) + ) 16, X)35V(X) + 5 ) (e, X) V(X) } (2.1)

i=1 ij=1

where p : RY — R is the agent’s discount rate, y; is the ith element of the vector y, and, abusing

19We follow particularly closely recent work by Schiekofer (1998), Brumm and Scheidegger (2017), Ruttscheidt
(2018), and Garcke and Ruttscheidt (2019).

HWe restrict our attention to stationary Markov controls, so that ¢ = ¢(X).
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notation slightly, 0j; is the ijth element of the matrix col. We use the shorthand notation 9y, to
denote the partial derivative operator a%, and similarly for 9y, x]..u

Equation (2.1) describes a stationary or time-independent HJB equation. We focus on
economic applications that admit a stationary representation after an appropriate choice of X.
We furthermore assume that equation (2.1) admits a solution with bounded mixed derivatives,
and we consider the unit cube as state space, Q) = [0, 1]d.13
Boundary conditions. While equation (2.1) describes the value function V in the interior of
the domain, (0,1)%, boundary conditions must be specified to characterize the behavior of V
on the boundary. These boundary conditions naturally vary across economic applications.!*
Mathematically speaking, most boundary conditions encountered in economic applications fall
into one of three categories: Dirichlet, von-Neumann, and mixed. The method we present in

Section 2.3.3 provides a flexible way to handle these, and we postpone further discussion of

boundary conditions until then.

Curse of dimensionality. In many HA applications d is large and equation (2.1) becomes a
high-dimensional PDE. In the presence of rich heterogeneity, solving for general equilibrium
in dynamic models generally requires tracking the evolution of the cross-sectional distribution
of agents as part of the economy’s aggregate state. Even coarse approximations of this time-
varying distribution can result in a high-dimensional state space when the underlying model
does not admit approximate aggregation (Krusell and Smith (1998)). As a result, the curse of
dimensionality first discussed by Bellman (1961) remains a serious impediment in practice to
solving HA models globally: If n unique nodes are used in each dimension, then the number of

grid points required to construct a regular grid in d dimensions is n?.1>

12For the formal derivation of equation (2.1) see, for example, Oksendal (2013) pages 243-251.

B3This convention is without loss of generality as long as () is a rectangular domain. We will provide the
appropriate formulas to map between the unit cube and any rectangular domain.

4Tn the context of viscosity solutions of HJB equations, we frequently encounter so-called state-constrained
boundadry conditions. See for example Achdou et al. (2015).

15See for example Bungartz and Griebel (2004) for a detailed discussion of the complexity of solutions uniform
grids.
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2.21 Sparse Grid Construction

Since the seminal contribution of Smolyak (1963), sparse grids have become popular to combat
the curse of dimensionality when representing functions on high-dimensional grids. Regular
sparse grids reduce the complexity of a grid in d dimensions from O(n) to O(n - log(n)!)
(see for example Bungartz and Griebel (2004)). Regular sparse grids (or sometimes Smolyak
grids) have found regular use in economics (see for example Krueger and Kubler (2004) and
Judd et al. (2014)). However, further significant efficiency gains can be realized by constructing
sparse grids adaptively (Brumm and Scheidegger (2017)). In this subsection, we briefly discuss
the construction of regular sparse grids, following closely previous work (e.g. Bungartz and

Griebel (2004), Brumm and Scheidegger (2017) and Ruttscheidt (2018)).

Dyadic grids. It will be particularly convenient to work with dyadic grids (e.g. Brumm and
Scheidegger (2017)). A dyadic grid is one whose mesh size in dimension k is defined as 2% for
some integer [, which we call the level of the grid in dimension k. A dense dyadic grid, then, is
one whose grid points in each dimension are distributed equidistantly, each 2~ apart from its
neighbors along dimension k, such that there are a total of 2% — 1 unique points in dimension k.

Let G be a possibly sparse dyadic grid on (). We define the level of grid G to be the vector-
valued index I € N, with I = (I1,...,1;). The level index tells us what the finest mesh size
of grid G is in each of the d dimensions. For reference, we denote the finest mesh size by
hy = (hy,....0) =2, 270 =271

When constructing grids numerically, we find it convenient to work with the following
data structure.!® Let the vector-valued index i be defined as i = (iy, ..., i) for i, € {0,1,...,2%}.
In d dimensions, any grid point is a tuple of d coordinates. The grid G associated with level

index I then comprises the set of grid points
{xlﬂ- = (xll,il,. . .,xld,id) = (ilhllr- . -/idhld) ‘ 0< ik < Zlk, ik € IN for all k}

This definition highlights that i, denotes the position of the associated grid point in dimension k.

16See e.g. Schiekofer and Zumbusch (1998) for a broader discussion of efficient data structures for solving PDEs
on adaptive sparse grids.
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Given the set of grid points, we store our grid using the data structure

0,...,0)
G= (xll,ilz---,xld,id)
(1,...,1)

Letting | denote the number of grid points, our numerical grid object G is a | x d matrix.1”
For a given grid G and its associated level index I, we denote by G the dense dyadic grid
associated with I on the unit cube. A dense grid, given level index [, is a grid that contains the

grid points x; ; associated with all possible combinations of i € IN“ such that 0 < i < 2.

Regular sparse grids. We can call any grid G sparse if the set of its grid points is a proper subset
of the set of grid points in the dense grid G.!® Key to the efficient and systematic construction of
sparse grids is the observation that any dense grid can be represented as a union of elementary
grids. Given indices I, any dense grid can be constructed as
é=JG.
e<lI

where elementary grid G, is defined as
G, = {(ilhe],...,idhed) ‘ 0 < i, <2%withi, € N forall k, and i is odd}.

We illustrate the elementary grids corresponding to levels 1 through 4 in Figure 2.1. Any level

17We will sometimes abuse notation by referring to G interchangeably as a matrix and a set of grid points (vectors).

180ne way to think of sparse grid G is as a subset of all those index locations that are associated with the dense
grid. In particular, let I C I~ denote the set of indices corresponding to grid points in G. That is

Ic = {i | x,; € G}.
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Figure 2.1: Elementary grids

index I is associated with a unique dense grid.!2°

We formally construct regular sparse grids by placing restrictions on the union U,<;G,
which defines the dense grid associated with I. While any restriction would result in a sparse
grid, previous work has identified particularly efficient ones.?! One such condition is a simple
restriction on the sum of elementary grid indices that are used in the union, i.e. } ;; e, = « for
some constant k. We illustrate such a restriction on the union of elementary grids in Figure 2.2,

where Panel (b) displays the resulting regular sparse grid in two dimensions.

9For expositional clarity, we start our discussion by focusing on grids with no points on the boundary of the
domain. We discuss boundary points below.

20For an illustrative example, consider the case d = 2 and the elementary grid for e = (1,1). We must have
G(Ll) = (0.5,0.5). To see this, we start by constructing the location index i. For e = (1,1), wehave 0 < i < 2(L1),
with the additional requirement that i be odd. The only odd integer between 0 and 2 is 1. Therefore, the elementary
grid G(y,1) must be a set of only one point, and this point must be associated with the location index (1,1). The grid

point itself is then given by the formula x,; =i -h, = (1,1) - (271,271) = (%, %)

2lgee Bungartz and Griebel (2004) for a discussion.

74



0.8 0.8 0.8

06 06 06 0.9~

0.4 0.4 04

0.2 0.2 0.2

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0.8

04 . 01l

0.2

(a) (b)

Figure 2.2: Union of elementary grids

Boundary points. We add boundary points in the above construction by considering elementary
grids of level 0. In practice, we will denote boundary points to be level 1 and the mid-point
currently defined as level 1 to be level 0. This convention saves a lot of grid points as our sparse
grids scale to higher dimensions.?? Since the grid points associated with the lowest level (0)
must be contained in every grid that adds points associated with higher levels, it is beneficial to
associated level 0 with the lowest number of grid points. The particular convention we adopt

here is also known as the Clenshaw-Curtis grid (see e.g. Klimke and Wohlmuth (2005)).

Adaptive sparse grids. Any grid G is sparse when it is a proper subset of its dense complement,
given a level index I. We distinguish between regular sparse grids, which comprise all sparse
grids constructed using a systematic cutoff rule, and adaptive sparse grids, which refine a given

grid according to a local approximation error metric. In practice, adaptive sparse grids become

22Gee e.g. Brumm and Scheidegger (2017) for a discussion of this.
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highly irregular. We discuss adaptation criteria based on equation (2.1) in Section 2.3.4.

2.2.2 Function Representations in the Hierarchical Basis

Consider any grid G that discretizes the domain Q) = [0, 1] on which equation (2.1) is defined.
We denote by V = V(G) a discretized grid representation of the value function. In particular,
Visa ] x 1 vector. It is useful to think of the grid representation V as a combination of basis
functions whose value coincides with that of V when evaluated on G C Q). The typical basis
used for such representations is the nodal basis. In this section, we demonstrate that the nodal
basis becomes highly inefficient on adaptive sparse grids, and we introduce the hierarchical
basis as a more appropriate alternative. Our subsequent discussion will highlight that the
hierarchical basis is the crucial foundation for constructing consistent solutions to differential
equation on sparse grids. The advantages of the hierarchical basis have been discussed, for
example, in Zenger (1991), Griebel (1998), Brumm and Scheidegger (2017), and Ruttscheidt

(2018). Our discussion and notational conventions follow these papers closely.

Nodal basis for dense grids. We construct the nodal basis in terms of hat functions. Consider
first d = 1. Any one-dimensional symmetric hat function can be defined via translation and
dilation of the mother hat function ¢ as

x — il 1—1|x| forxe[-1,1]

¢ri(x) = (p( ? >, where ¢(x) = (2.2)

0 otherwise

for any set of points x € [0, 1], where h; denotes the mesh size of the underlying dense grid. The
index pair (/,1) indicates that the hat function is centered around the grid point x; ;.

Ford > 1, we construct higher-dimensional nodal basis functions using the one-dimensional
hat functions defined in (2.2). Consider again the grid G C Q = [0, 1] associated with level
index 1, as well as its dense complement G. For all x = (x1,...,x4) € [0,1]%, we define the

d-dimensional nodal basis function centered around the grid point at position 7 by

d
¢1i(x) = [ T ¢ni, (xx)- (2.3)
k=1
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Figure 2.3: Nodal basis representation of function

Notes. Nodal basis representation of function defined on [0, 1]%. Panel (a) displays the nodal basis functions in 2D.
Panel (b) constructs the interpolation onto the grid [0, 1]2. Panel (c) compares the interpolated approximation to the

true function.

By construction, any grid-valued function can be represented in this nodal basis. For

example,

V=V(G) =Y aip:(G)

iEIG
for some nodal coefficients a;. The set of all basis functions {¢;;(x) | i € I= and x € [0,1]?} forms
the nodal basis in d dimensions.?® We illustrate the approximation of a two-dimensional function
on [0, 1]? using nodal basis functions in Figure 2.3. Panel (a) displays the nodal basis functions,

Panel (b) the function approximation, and Panel (c) the original function.

Nodal basis for sparse grids. On sparse and irregular grids, grid points are no longer equidis-
tantly distributed. As a result, symmetric hat functions can no longer provide a nodal basis for
functions represented on such grids. We now introduce generalized hat functions and construct an
appropriate nodal basis on irregular grids. We again begin with a discussion of the cased =1
and afterwards generalize to higher dimensions.

We define a generalized one-dimensional hat function ¢ ; : [0,1] — R to be centered at x; ;

23 As discussed, for example, in Griebel (1998), Schiekofer (1998) and Ruttscheidt (2018), these piecewise linear
nodal basis functions form a finite-dimensional function space, in which we can approximate functions such as V.
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with support [x;; — hr, x;; + hr] = [ih; — hy, ih; + hg], where the parameter pair (/1 hg) denotes

the support endpoints. The hat function is then given by

1— %< forx € [c,c+hg]

¢ri(x ;e hr,hr) =<1 — G forx €[c—hy,c) (24)

0 otherwise

for all x € [0,1], where ¢ = x;;. It is straightforward to show that this generalized hat function
collapses to the simple symmetric hat function defined in (2.2). On a dense grid, hj, = hg = Iy
and the definition (2.4) coincides with (2.2).

When d > 1, we again define higher-dimensional generalized hat functions using the
tensor product construction in (2.3). As before, the set of generalized hat functions {¢;;(x) |
i € Ig and x € [0,1)?} forms a nodal basis for functions represented on the irregular grid G. In
particular on irregular grid G, we have V.= V(G) = Y ;¢ ai¢1,i(G). The nodal coefficients are

again given by the function evaluations on the grid, that is

a1
a=|']=V=V(G).

ay

Drawbacks to the nodal basis. It is now obvious that the d-dimensional nodal basis generally
depends on the underlying grid in a quite complicated way. The generalized hat functions used
as basis functions are not invariant to the structure of the underlying grid. In practice, therefore,
every adaptation of the sparse grid would require constructing a new set of basis functions.
This process is not only tedious and potentially costly, but it also fails to preserve valuable
information from one iteration of grid adaptation to the next. In Figure 2.4, we illustrate how
one-dimensional generalized nodal basis functions change as the underlying regular grid of
Panel (a) is adapted in Panel (b).

While the ubiquitous nodal basis is attractive and robust for use on regular grids, it

performs poorly on irregular sparse grids. Its inherent drawbacks motivate the search for a
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more appropriate basis for work with adaptive sparse grids. We present such a basis in the next

subsection.

Hierarchical basis. Representing functions in the hierarchical multi-level basis instead of the
common nodal basis is the key step to work efficiently on irregular grids.?*

Our goal is to work in a basis that is suitable to sparse grids. In previous sections, we
have defined the standard nodal basis function as a symmetric hat function, centered around a
grid point at location i and with support everywhere in the interval [ih; — hy, ih; + h]. These
standard basis functions are not compatible with sparse grids because they do not span the
holes that are characteristic of sparse grids. As we discussed, a natural extension of the standard
nodal basis function on a sparse grid is to define the hat function centered around grid point
x; with support everywhere between the neighbor grid points of x;. Under this construction,
the basis functions span all holes. However, the basis functions now depend on the underlying
sparse grid and, in particular, the basis functions have to be redefined every time an adjustment
to the grid is made.

Working with generalized nodal basis functions can thus become very cumbersome. Hier-
archical basis functions, on the other hand, can be defined independently from the underlying
grid. Moreover, they span the same function space as the generalized nodal basis functions do
for given degrees of freedom.

A set of hierarchical basis functions can be defined as a restriction on a corresponding set of
standard nodal basis functions. This relationship is the reason for our detailed discussion of
the nodal basis. In particular, the set of hierarchical basis functions associated with the levels I
and the set of grid point indices I; is defined as the set of nodal basis functions ¢; ;(x), so that
i € Ig and i is odd. It is this latter requirement which presents the desired restriction on the set
of nodal basis functions.

To illustrate, consider the unit interval [0, 1] for d = 1. Let G denote the associated dense

grid for some level index I. The associated sets of nodal and hierarchical basis functions are then

24Gee for example Zenger (1991), Griebel (1998) and Bungartz and Griebel (2004), as well as more recently Brumm
and Scheidegger (2017) and Ruttscheidt (2018).
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Figure 2.4: Generalized nodal basis functions

Notes. Generalized nodal basis functions are no longer invariant with respect to the underlying grid. Panel (a) plots
the symmetric hat functions that form a nodal basis on a regular dyadic grid with [ = 5. Panel (b) demonstrates that,
after the grid is adapted and becomes irregular, the nodal basis functions required for constructing a valid basis
change.

given by?®
Nodal: {4)1,i(x) 10<i< 2'and x € [O,l]}

Hierarchical: U {(])k,i(x) ‘ 0<i<2¥ iodd, and x € [0,1]}.
k<l

The key observation is that any function that is in the span of the nodal basis functions can
also be represented by hierarchical basis functions. To do so, however, we need to use the sets of
hierarchical basis functions associated with each level below and equal to . In Figure 2.5, we
compare one-dimensional nodal (Panel a) and hierarchical (Panel b) basis functions for levels 1
through 3.

To formalize the relationship between the nodal basis and the hierarchical basis, we adopt

25Gee e.g. Schiekofer (1998).
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Figure 2.6: Function representation in nodal and hierarchical basis

Notes. The black solid line is the function f(x) = 1000¢(3(x + 0.2)) sin(7tx), where ¢(x) is the Gaussian density
function, on [0, 1]. Panel (a) approximates f(x) on a regular grid with I = 3 in the nodal basis. Panel (b)
approximates f(x) on the same regular grid in the hierarchical basis.

the notation from and follow the discussion of Bungartz and Griebel (2004). Denote the space of

all functions that can be expressed as linear combinations of standard nodal basis functions as
V= span{gb,,i(x) lo0<i<2'andxe [0,1]d}.

And denote the space of all functions that can be expressed as linear combinations of the

hierarchical basis functions associated with levels I as
W = sPan{gb,,,-(x) ‘ 0<i<2, ij,oddforalll1 <k<d, andx € [O,l]d}.
Then we have

Vi = P Wi

k<i

In particular, denoting hierarchical basis functions by ¢! for distinction, if f € V; then
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there exists a set of hierarchical coefficients {a}l.} such that
H Hioy — H H
f) =3 Y i di(x) = ) T (x) e,
k<I 0<i<2! k<l
where all is the column vector of hierarchical coefficients and T;!(x) is the matrix of hierarchical

basis functions of level k.

Representing functions in the hierarchical basis on adapted sparse grids. We claimed at the
outset of this subsection that the hierarchical basis is particularly suitable when working with
irregular grids. We now work through an illustrative example. Figures 2.6 and 2.7 display
approximations of the function f(x) = 1000¢(3(x + 0.2)) sin(7rx), where ¢(x) is the Gaussian
density function, on [0, 1]. In Figure 2.6, we show this function approximation on a uniform grid
with | = 3 using nodal basis functions, panel (a), and hierarchical basis functions, panel (b).
Figure 2.7 illustrates that the hierarchical basis is especially convenient when working
on irregular grids. Figure 2.7 shows a function approximation of f(x) on an adapted grid.
The figure highlights that the hierarchical coefficients corresponding to those basis functions
associated with the remaining grid points are unchanged after grid adaptation. See Brumm and

Scheidegger (2017) for a similar discussion.

2.2.3 Hierarchization Operators

A representation of the value function V(X) on a grid G is associated with the coefficient
vectors « and &/ in the nodal and hierarchical bases, respectively. We now show that there
are convenient mappings between these representations.?® Our notation and discussion follow
especially closely previous work by Schiekofer (1998), Griebel (1998) and Ruttscheidt (2018).

In one dimension, we denote these operators as
H:a—a and E:all— g,

where H is known as the hierarchization operator and E as the de-hierarchization operator. Our

26These mappings have been previously discussed by Griebel (1998), Schiekofer (1998), Bungartz and Griebel
(2004) and Ruttscheidt (2018) among others.
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Figure 2.7: Function representation on adapted sparse grid in the hierarchical basis

construction of H and E follows Schiekofer (1998).% In particular, define the hierarchization
operator HF,, which maps the nodal coefficient associated with grid point x;, ;, in dimension k
into its associated hierarchical coefficient, by the stencil [-1 1 — 1], applied at point x;,; and

with step size hy. That is,

(X1 — he) + f (x5 + )
Hlk,z'f(xlk,ik) = f(xp) — f (e — . f (i + B '

The d-dimensional construction follows analogously (see Schiekofer (1998) for details). We now

define H* as the operator that applies the one-dimensional hierarchization Hf, in dimension k

27For a reference in English see, for example, Ruttscheidt (2018).
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on all grid points (again, see Schiekofer (1998) or Ruttscheidt (2018)). Then we have

The de-hierarchization operator is simply defined as the inverse mapping, thatis E = H™ .
Importantly, we also introduce the operators
d .
H= ] H
j=Lj#k
and Ex = H ! as performing the hierarchization and de-hierarchization operations in all
dimensions but dimension k. (See again Schiekofer (1998) or Ruttscheidt (2018)). These operators

will be crucial to define consistent finite-difference stencils on irregular grids.

2.3 Value Function Iteration on Adaptive Sparse Grids

We solve equation (2.1) on irregular grid G using a continuous-time value function iteration
(VFI) algorithm.

Formally, we employ a time-marching scheme, a common strategy to solve stationary PDEs
(e.g. LeVeque (2007)).28 A time-marching scheme constructs a sequence of approximate solutions
{V"}, given some initial guess VY, as if the problem were iterated forward through time.
Convergence to a fixed point with V**1 = V" then implies a solution to the stationary problem.

For a grid-based numerical implementation, equation (2.1) must be discretized. While
Section 2.2 proposed an efficient representation of the function V on irregular grid G using
the hierarchical basis, in this section we discuss the discretization of the differential operators
that appear in equation (2.1). Our discussion of PDE solutions on sparse grids, in particular
in Section 2.3.1, again follows closely previous work by e.g. Griebel (1998), Schiekofer (1998),
Bungartz and Griebel (2004) and Ruttscheidt (2018).

The search for appropriate discretization schemes of partial differential equations is guided
by the objectives of stability and consistency (see e.g. LeVeque (2007) for a discussion). Together,

they imply that the discretized approximation V on G C Q) converges to the true solution V(X),

2In this paper, we exclusively focus on grid-based solution methods for differential equations.
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for X € (), as the underlying grid becomes increasingly fine.

Our focus in this paper is on finite-difference (FD) methods, arguably the most prevalent
solution strategy in practice. Using this approach, we discretize the operators dy; and dy,x; in
equation (2.1) using finite-difference stencils.

Consider the standard finite-difference stencils for first derivatives associated with dimensions
iand j

Df:[o 1 1] D?:[—llo] D?:[—éoi] 25)

as well as the standard stencils for second-derivative operators
Dj; = [ 1 -2 1 } D = Df Df (2.6)

where DZF, D? and DiC denote the forward, backward and central stencils for the first-derivative,
D;; the second-derivative stencil, and D;; the mixed-derivative stencil in dimensions i and j.
On the dense grid G, a discretization of the differential operators using the standard
FD stencils leads to a consistent scheme to solve equation (2.1). See for example Barles and
Souganidis (1991) or, more recently, Achdou et al. (2015). The value function iteration or time-
marching scheme on dense grid G, using the regular FD operators, can then be represented
as
M +pV' =u" + Xd:y’?D‘.‘pWindV”ﬂ + ! Zd; oDV (2.7)
A = 2,5 Y
where bold-faced notation is here used for objects discretized on grid G, and where : € {0,1}
depending on whether an explicit (1 = 0) or implicit (1 = 1) scheme is employed. We use bold-
faced letters here to represent discretized vectors and matrices on a given grid. Equation (2.7) is
a linear system that can be solved for V" in each iteration 7 of the time-marching scheme.
Two additional observations about equation (2.7) are in order. First, the max operator of
equation (2.1) no longer appears here. Formally, the max operator implies a first-order condition
that can be solved numerically for the optimal controls or policy functions ¢" as a function of the
current guess V". The values of ¢" are then implicitly subsumed in equation (2.7) in the terms
u" = u(c"), p; = pui(c", X), and oij = (T,'j(c”,X ). Second, the first-order differential operators 0y,

d

are discretized using D;*""", an operator we use to denote an implicit upwind scheme (see e.g.
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Achdou et al. (2015)).

It is well known that the discretization scheme (2.7) is consistent on dense grids (Barles
and Souganidis (1991), Achdou et al. (2015)). If this result generalized to irregular grids such as
G, implying that we could represent V on the irregular grid G and construct a VFI algorithm
to solve equation (2.1) using the regular stencils defined in (2.5) and (2.6), we would be done.
However, a discretization scheme based on the standard FD stencils leads to an inconsistent

solution of equation (2.1). For a proof, see for example Schiekofer (1998).

2.3.1 Consistent Finite-Difference Schemes on Adaptive Sparse Grids

The standard FD stencils (2.5) and (2.6) can be generalized to non-uniform (but regular) grids
in order to address the uneven spacing of grid points in a given dimension. Intuitively, the
standard stencils in dimensions i and j only draw information from nodes in dimensions i
and j. That is, these stencils look for direct neighbors in their own dimensions. On highly
irregular grids, however, directly neighboring nodes in a given dimension might be far away
while a much closer neighbor may be available in a different dimension. We now show that for
sufficiently smooth functions, drawing information from closer off-dimension neighbors leads
to more accurate and indeed consistent discretization schemes for equation (2.1) on the irregular
grid G.%

Consistent finite difference operators on sparse grids can be constructed by leveraging the
matrices H and E introduced in Section 2.2.3. Our notation and discussion again follow closely
that in Schiekofer (1998) and Ruttscheidt (2018). We define the first- and second-derivative sparse

finite-difference operators in dimension i as
D> = E; DY H; D>® = E; DP H; D$ = E; D;; H;. (2.8)

Since the regular FD operators are pre-multiplied by the de-hierarchization operator E; and post-
multiplied by the hierarchization operator H;, the sparse FD operators must consequently be

applied to functions in their nodal representation. We furthermore define the mixed-derivative

2For this reason, sparse grid methods are especially powerful in higher dimensions, where sparse finite difference
operators can draw information from many off-dimension neighbors.
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sparse FD operator in dimensions i and j as
D} = E; D; H; E; D; H; = D} D} (2.9)

Consider now the following discretized time-marching scheme on irregular grid G,

Vn-l—l —_y"

d d
- 1
A TeVI = Y DT D Y o DRy (2.10)

i=1 i,j=1
where, asin (2.7), : € {0,1} depending on whether an explicit or implicit scheme is employed.
Similarly, the optimal policies ¢" are again subsumed. Unlike in (2.7), however, scheme (2.10)

now uses the sparse finite-difference operators defined in (2.8) and (2.9). We again use the

S,upwind
i

operator D to denote an implicit upwinding scheme involving both DiS’F and DZ.S’B.
Schiekofer (1998) first showed that the sparse FD operators defined in (2.8) and (2.9) lead
to a consistent discretization scheme of partial differential equations such as (2.1) on regular
sparse grids. In particular, he shows that, under some regularity conditions on V, the sparse FD
operators lead to consistent discretizations of the associated partial derivative operators.>® As a
result, the discretization scheme (2.10) leads to a consistent solution of (2.1) on sparse grid G.
When sparse grids are adaptively refined, the regular finite-difference stencils associated with

non-equidistant grids must be used (see e.g. Griebel (1998)).

2.3.2 Efficient Operator Construction

In practice, many papers that implement VFI schemes such as (2.7) construct the associated
discretized FD operators manually. That approach not only limits portability but also implies

that large matrices are reconstructed with every iteration n of the VFI.

We now propose an alternative approach, exploiting the mathematical structure of Hamilton
Jacobi-Bellman equations such as (2.1). Our method is based on two observations. First, the

terms p'

Dis’upWinOl and 07;D; do not have to be recomputed from scratch in each iteration 7. In
particular, given any grid G, all sparse FD operators can be pre-computed as matrices prior to

the VFI step, with the sole exception of certain boundary conditions which we address below

30In particular, V must have bounded mixed derivatives.
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in Section 2.3.3. Consequently, only x and ‘73 are recomputed in iteration 1, allowing for a
significantly more efficient construction of the terms of the linear system (2.10).
Second, the construction of linear system (2.10) can be further streamlined by rewriting it

as

Vn—l—l —_y"

d d
Supwind , 1 Z S
X +an+l — un + (} 1,”:'1Di upwin + E ) 10,11/]1Dl]> Vi’lJrl
i= ij=

— un_’_AVan-H.

In particular, since the construction of the FD matrices is frontloaded, we can implement a

function that constructs the matrix A" automatically given inputs x' and oj;. Formally,
A" = ¢(p}, 0}, G). (2.11)

Evaluating the function ¢ is not particularly costly. In practice, therefore, the only burden on the
user is to provide a function that computes y;* and o7; given a grid G and a value function guess
V" in iteration n. Given this mapping, which evidently depends on the underlying economic
application, our toolbox provides automated routines to directly solve for V"1 without futher

user input.

2.3.3 Boundary Conditions

To complete the definition of partial differential equation (2.1) and, by extension, the VFI scheme
(2.10) a set of boundary conditions must be specified.3! Although these boundary conditions
vary with the economic application under consideration, we can discuss their mathematical
structure and develop a robust numerical implementation.

We discuss the two most prevalent types of boundary conditions in this setting, Dirichlet
and Von Neumann. Because of differences in information contained in each, the two require
different treatments. For each type of boundary condition, we demonstrate our treatment via

the following one-dimensional working example.

31Since our focus in this paper is on stationary problems, we focus on boundary conditions rather than initial-value
problems.
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Consider a particular problem nested by equation (2.1) and defined on () = [0,1]. We
denote the boundary of the state space by 9Q) = {0,1}. The HJB equation holds on the interior
the domain (0, 1). We discretize a one-dimensional grid associated with indices {1, ..., ]}, where
x1 = 0 and x; = 1. We denote by V; element of the discretized V associated with grid point i.
We discuss them in the context of linear system (2.10) which, assuming an implicit method with

t =1, can be rewritten in the spirit of Section 2.3.2 as
B'v*tl = p", (2.12)

where

B" = l—i—p—A” and b”:u”+lV”

A ’ A

Dirichlet. A set of Dirichlet boundary conditions consists of V [3n= «, which says that the level
of V along the entire boundary is specified. In the one-dimensional problem this specifies that
V(0) =« and V(1) = kg for given scalars x; and xr. Here the linear system (2.12) still holds
for the interior of the domain, i.e. the | — 2 points associated with i € {2,...,] —1}. But now
there are an additional set of constraints that set V" = Vl’”rl =xrand V] = V]”Jrl = KR.

The linear system for the interior of the domain is captured in the equation
+1 _
Bg:]—l,Z:]—lvﬁjfl - bg:]—l'

However, an adjustment is necessary to implement the additional constraints from the boundary
condition. The effects of V;'*! and V]”Jrl on this system are captured by the vectors B}, ]_1V1”+1

and B?z: ]_1V]”+1 respectively. Hence, we instead solve

1
Bg:]—l,Z:]—lvznz?ll + Bilz:]—lKL + B?,Z:]—lKR = bg:]—r

to obtain the desired solution.3?

$2Note this is equivalent to solving (2.12) after replacing the first and last rows of the matrix B" with an identity
matrix (that is, the first row is entirely 0 except for a 1 in the first column, and the last row is entirely 0 except fora 1
in the last column), and the first and last elements of b" with x} and x respectively.
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Von Neumann. Consider the same setting as above, but now with the set of boundary conditions
Ve(0) =x.(V(0)) and  Vi(1) =xr(V(1)),

where we also allow the exogenously given BC to depend on the function itself.

Our implementation here differs from the Dirichlet case. Depending on the desired stencil
at the boundary, the derivative at the boundary may not involve any interior points. Hence a
solution that only applies the PDE (and thus the linear system) in the interior of the discretized
state space may not have any information with which to pin down the boundary values.

To alleviate these concerns, we instead solve the linear system (2.12) on an extended grid
by introducing ghost nodes x¢ and xj and associated function values V and Vj ;. We assume
that equation (2.1) also applies to the actual boundary points of the grid, x; and xj, and use the
ghost nodes to support evaluation of derivatives at these points.

Values at the ghost nodes can be derived from the boundary conditions. Supposing the

condition uses central stencils on the boundary (extension to other stencils is straightforward),

we have
o v) @.13)
]n+12;xV]”1 — kr(V). (2.14)
We can now solve for the ghost nodes as
Vot = V3t — 2K (V]")dx (2.15)
Vit = ViLy + 2cr(V)')dx. (2.16)

With expressions for V' and V}',

1 in hand, we are now ready to modify equation (2.12)
for the solution. As we have shown in equations (2.13) and (2.14), finite difference stencils
on the extended grid can place weight on the ghost nodes. Let A" denote the matrix that is

constructed from collecting these weights, pulling them through the expressions in equations

(2.15) and (2.16), and applying the construction in equation (2.11). Then we can solve the
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following modification of equation (2.12)
BVt — Anyrtl = p (2.17)

Intuitively, whenever one of the equations in the linear system requires a value from a ghost
node, we reexpress this value in terms of nodes on the original grid and add its influence into
the system. This implementation ensures that the boundary conditions are satisfied at every

iteration.

2.3.4 Grid Adaptation

Sections 2.3.1 through 2.3.3 discuss how to solve V &~ V(G) on a given sparse grid G. The power
and efficiency of adaptive sparse grid methods lies in the iterative adaptation of grid G, placing
new grid points efficiently in regions where the approximation V is poor while taking away
grid points that do not add much to overall accuracy.

We introduce grid adaptation as an iterative loop outside the VFI block. Iteration k of this
loop is associated with the grid G* and solves an approximate solution to equation (2.1) which
we denote V. The goal of constructing an adapted grid G**! is to add grid points where the
approximation error ||V — V|| remains relatively large. Formally, the grid G* of iteration k
induces the function space W¥ of piecewise linear functions. The discretized value function
approximation V¥ should be thought of as an element of this function space. This is the sense in
which we can consider a norm ||V — V¥||. Mechanically, the remaining error is large in regions
of the domain () where V features a lot of concavity or, in other words, where the true V is
particularly different from the piecewise linear basis functions operative in that region.

We again leverage the hierarchical basis representation of V¥ to determine an efficient
adaptation G*t1. Due to its multi-level structure, the size of the lowest-level hierarchical
coefficient is a good measure of the function’s concavity in the region. An adaptation criterion
can therefore be chosen simply in terms of the hierarchical coefficients obtained in iteration

k we have % = H*V* where a¥ is

k. Since nodal coefficients are simply given by af = V
the J¥ x 1 vector of hierarchical surpluses and J* denotes the number of grid points in grid GF.

Following Brumm and Scheidegger (2017) (and references therein), we therefore employ the
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adaptation criterion
add the children of node 1 < i < J¥ if: |tle’k | > edd (2.18)

for some appropriate choice of 0 < €24, Similarly, we employ an adaptation criterion for the
removal of nodes as

keepnode 1 <i < ]k if: |leH’k] > ekeep, (2.19)

for an appropriate choice of 0 < ek¢¢P < ¢2dd,

Whenever a particular node i in the grid satisfies the adaptation criterion, we add all the
grid points one level lower than node i. We denote these grid points the children of the parent node
i. During the adaptation process, it is crucial that the grid contains all the parents of all of its
nodes. If this is not the case and the grid has holes, we are no longer able to map nodal into
hierarchical function representations (see e.g. Ruttscheidt (2018) for a discussion). In practice,

we check to add any parent nodes back in if our adaptation algorithm deletes them.

2.3.5 Algorithm Structure

Our proposed algorithm to solve equation (2.1) is summarized in Algorithm 1 below.

Algorithm 1 Value Function Iteration on Adaptive Sparse Grids

1: Choose an index I° and construct associated regular sparse grid G

2: Construct HY and sparse FD operators on G° > Equations (2.8) and (2.9)
3: Initialize guess for the value function V° on G°
4: fork > 0do
5: forn > 0do
6: Compute A¥" using sparse FD operators > Equation (2.11)
7: Solve linear system for Vkn+1 > Equation (2.12)
8: Continue if |[VE+1 — Vkn| > eVH
end
9: Compute hierarchical surplus af = HFV*
10: If adaptation criterion met, adapt grid G¥*! > Equations (2.18) and (2.19)
11: Reconstruct H**! and sparse FD operators on GH1 > Equations (2.8) and (2.9)
end
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2.4 Krusell-Smith

In this section, we leverage our adaptive sparse grid method to solve the first of our applications,
the Krusell and Smith (1998) model. This model has become the benchmark application for
testing global solution methods for heterogeneous-agent models. The continuous-time rendition
of the model, which we present in Section 2.4.1, follows Ahn et al. (2017). In Section 2.4.2,
we discuss a high-dimensional distribution approximation following Schaab (2020). Lastly, in
Section 2.4.3, we evaluate the performance of our algorithm. We show that we can solve the
baseline Krusell-Smith model with a distribution representation that uses 14 dimensions on a

personal computer in less than five minutes.

2.4.1 The Krusell and Smith (1998) Model

The model is populated by a continuum of heterogeneous households of mass 1. Households
solve a standard consumption-savings problem while facing both idiosyncratic risk in the form
of unemployment spells and aggregate risk. While markets are incomplete, households can

trade capital which they rent to firms.

Households. Household preferences are given by

]Eo/ e Ptu(cy)dt,
0

where p is the household discount rate and c¢; denotes consumption flow. Households” budget
constraint is given by

i(t = T’tkt + (1 — T)tht + Ttlurnp — C¢,
where k; is the stock of capital owned and
re = r't‘ -0

is the rate of return on capital net of depreciation J, where ¥ is the rental rate. Household
earnings comprise a salary component, where T is the income tax rate, w; the real wage rate

and z; the household’s idiosyncratic earnings potential, as well as a lump-sum rebate Ttlump
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from the government. We assume that z; follows a Poisson process with discrete earnings states,

discussed below in Section 2.4.3.

Firms. A representative and perfectly competitive firm uses capital and labor to produce the

final consumption good according to the aggregate production function
Y, = e”K{N/ %,

where Z; is aggregate TFD, and K; and N; denote the aggregate capital stock and labor, respec-
tively. a denotes the income share of capital.
Firm profits are given by Y; — rfK; — w;N;. With Cobb-Douglas production and under

perfect competition, factor prices are then simply given by

Y}

r]t‘ = uc—Kt
Y}
=(1-a)t.
wr = ( ) L,

Government. The role of the fiscal authority in this setting is limited. We abstract from outright
government purchases. In fact, the only role of the government in this model is the provision of

unemployment insurance, which is funded by a tax on labor. In other words, we assume that
7" =1V (z),

where the dependence of TUI(zt) on state z; allows for the interpretation as conditional unem-
ployment insurance. The government budget constraint imposes a balanced budget, which
implies that labor tax revenue must be equal to total UI payments. We solve residually for the

income tax rate T so that the government budget is balanced.

Aggregation and market clearing. We denote by g:(k, z) the cross-sectional distribution of

households in this economy over capital k and employment z. Given a realized cross-sectional
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gt, aggregation at time ¢ is then simply defined, for example for consumption, as

C = //ct(k,z)gt(k,z)dkdz
_ /ct(k,zE)gt(k,zE)dk—i—/ct(k,zU)gt(k,zU)dk,

where C; is aggregate consumption. The second equation makes use of our assumption that
z¢ € {zF,zV} follows a two-state Markov chain. The aggregate capital stock is then similarly
givenby K; = [ [ kg:(k,z)dkdz, and aggregate labor by N; = [ [ zg:(k, z)dkdz since we assume
that all households inelastically supply one unit of labor.

There are three markets in this economy, for goods, capital and labor. The markets for
capital and labor clear implicitly by imposing the above aggregation relationships. They imply,
respectively, that capital rented by the representative firm, K;, must be equal to the capital
owned by all households, and likewise for labor. The market for the consumption good then

clears automatically by Walras’ law.

Recursive problem and state space. Aggregate TFP Z; is the only aggregate risk factor of the

model. We assume it follows a mean-reverting process, with
dZt = —9tht + U'dBt,

where B; is standard Brownian motion.

The aggregate state of our economy is then given by (Z;, g;). Since households must forecast
future prices, which in turn depend on future realizations of the cross-sectional distribution,
households must also forecast the entire cross-sectional distribution g;, which consequently
enters the state space. The state space of the household’s dynamic problem is then given by
(kt, Zt, Zt, gt).

In particular, the Hamilton-Jacobi-Bellman equation associated with a recursive formulation
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of the household problem is given by
oV(k,z,Z,¢) = max {u(c) + Vik(k,z,Z,¢) [r(Z,g)k + (1 -1w(Z,g)z+1t(z) - c} } (2.20)

2
FAs [V(k,z’, Z,9)—VikzZ, g)} —02Vy(k, 2, Z,9) + %sz(k, 2,2,9)

oV(k,z,2,8) , s
+/W(A g)(k,Z)dde,

where A, . denotes the continuous-time hazard rate of transitioning from employment state z to
z'. The third line in equation (2.20) captures the effect of expected changes in the cross-sectional
distribution on today’s value function (see for example Schaab (2020) and Ahn et al. (2017)).
A* is the operator associated with the Kolmogorov forward equation that characterizes the

evolution of the cross-sectional distribution. In particular,
dg(k,z) = (A*g)(k,z)dt = — 3 [(r(Z, Qk+(1—-1Dw(Z, )z +1%2) —c(k,z,Z, g))] (2.21)

— A8k, z) + /\z’,zg(k,Z,>-

24.2 High-Dimensional Distribution Approximation

The HJB equation (2.20) does not yet fall into the framework presented in Sections 2.2 and 2.3
because it is defined on the infinite-dimensional state space (k,z,Z, g). To solve the Krusell-
Smith model, an approximation assumption is needed. To showcase our adaptive sparse grid
algorithm in the context of a high-dimensional application, we follow Schaab (2020) and posit a

high- but finite-dimensional approximation of the cross-sectional distribution, given by
gt(klz> %gAt(er) = F(Dét)<k,2), (222)

where F is a set of basis functions that are parametrized by «a; € RN. As in Schaab (2020), we
solve an approximate economy that takes g; as its cross-sectional distribution rather than g;. With
an increasingly accurate representation g;(k, z) ~ F(«;)(k, z), which we achieve by increasing N
for an appropriate class of basis functions F, the approximate economy converges to the true
model.

Under the approximation assumption (2.22), the recursive household problem associated
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with the approximate economy is given by

oV (k,z,Z, &) =max {u(c) + Vi(k,z,Z, &) [?(Z,R)k + (1 -1)@(Z,a)z+7(2) - C] } (2.23)

c

2
+ Ay [V(k, Z,Z,0) — V(k,z, Z,oc)] —0ZVz(k,z,Z, &) + %sz(k, z,7Z,&)

+ Va(k, z2,Z,0)us(Z, ),

where the internally consistent law of motion for ; is given by da = p,dt. For a proof and an
analytical characterization of j, see Schaab (2020).

The HJB equation (2.23) of the approximate economy is now a special case of equation
(2.1), and therefore falls squarely into the framework we have presented. We next discuss our
numerical implementation of this approximate economy for particular choices of F(-) using

adaptive sparse grids.

2.4.3 Numerical Results

Before evaluating the performance and accuracy of our algorithm, we discuss the calibration we
use in Section 2.4.3 and specify what assumptions we make on F(-) in equation (2.22) in Section

24.3.

Calibration

On the household side, we calibrate p = 0.05 and assume CRRA preferences with relative
risk aversion of y = 2. Households face uninsurable earnings risk encoded in the two-state
Markov process z; € {ZE, ZU}. We model z; using a Poisson process with arrival rates A(z). For
simplicity, we set zF = 1.2 and zU = 0.8, as well as A(zF) = A(zV) = 1/3. While this calibration
does not correspond to the interpretation of z; as employment transitions, it has no significant
implications for our focus on comparing solutions of the model for different assumptions on
F(-). Similarly, we set T = tY!(z) = 0.

For aggregate TFP risk, we set § = 0.05 and ¢ = 0.007. On the production, we calibrate

a = 0.33. And we assume a rate of capital depreciation of § = 0.05.
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Basis Functions F(-)

For the main analysis, we use Chebyshev polynomials to approximate the cross-sectional

distribution. That is, we assume
N
gi(k,z) =~ T(k,z)a sztT”kz

where N is again the number of basis functions and T"(k,z) is the nth Chebyshev polyno-
mial associated with time-varying coefficient a}, which we stack together in T(k,z) and a;,
respectively.

Since z; is a discrete two-state process, we split up the distribution representation as follows.
Let gF (k) = gi(k, zF) denote the marginal distribution of capital ownership among households

with earnings state zE and likewise for zU. In practice, we then use

gr(k) =~ T(k)ar = ) ay"T"(k,z)

gr (k) = T(k)ay' = ) o " T" (k, 2),

with N = NE + NU denoting the total number of basis functions used. For the main analysis,
we set NE = NV = 7. Consequently, we solve the household value function (2.23) of the

approximate economy over the 17-dimensional state space (k, z, Z, aF, «Y).33

Performance and Accuracy

To assess the accuracy of our solution method, we compute the Den Haan (2010) metric of
our model solution, which has become the benchmark accuracy metric used in the literature
on global solution methods for heterogeneous-agent models. This error metric compares two
simulations of the model for the same draw of aggregate shocks {Z;}. The first simulation
directly uses the law of motion da; = p,dt to simulate the approximate distribution. We denote

simulated objects, such as capital, under this simulation by K™,

3In practice, we can scale up the number of basis functions and, consequently, dimensions substantially beyond
this baseline. We choose these values for NF and NV so that we can solve the entire model in less than 5 minutes on
a personal computer.
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The second simulation instead updates the cross-sectional household distribution at each
time step by directly simulating the consumption and savings decisions of households at
the micro level. In discrete time, the Young (2010) algorithm is typically used to update the
distribution. In continuous time, we can directly use the Kolmogorov forward equation to
perform this update (see Schaab (2020) for details). We denote simulated objects under this
simulation by K™,

The Den Haan (2010) metric is then defined as
DH __ lom sim
eg =100 x max log {Kt — K3 }

We can interpret P! as the largest percentage error in an unconditional forecast of capital given
the realized draw of shocks {Z;}. When €2 is small, household believes are, by construction,
consistent with the true law of motion of the economy, which is the required condition for
rational expectations equilibrium.

In Figure 2.8 we plot the simulated time series for K{™ (solid blue line) and Kl°™ (dashed
yellow line). The difference between these two lines can therefore be interpreted as (proportional
to) the Den Haan (2010) error metric. The figure illustrates that our method achieves an accurate
fit as the two lines lie nearly on top of each other. Formally, this simulation of the model achieves
an error metric of €2 = 0.152, which implies that the largest unconditional household forecast
error is 0.15%. The entire solution and simulation of the model takes less than 5 minutes on a
personal computer.3

It is important to emphasize at this point that the experiment presented here is not set up
to minimize EEH, but rather to highlight our ability to scale up the distribution representation
F(-) to high dimensions. For example, our distribution approximation reconstructs the cross-
sectional distribution from scratch using Chebyshev polynomials. A particularly straightforward
approach to substantially improve accuracy would be to approximate g; — ¢° using polynomials
instead of ¢;, where g¢° is the distribution associated with the deterministic steady state. We

currently do not leverage the information encoded in g° at all.

34We use a 2019 16-inch MacBook Pro, with a 2.4 GHz 8-Core Intel i9 processor and 32 GB memory.
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Figure 2.8: Den Haan (2010) metric for solution of the Krusell-Smith model

Notes. The solid blue line corresponds to K5'™ and the dashed yellow line to K}"m. The difference between these two

lines is therefore proportional to the error metric eX*.

2.5 Quality Ladders Under Dynamic Oligopoly

For our next application, we study a modified Ericson and Pakes (1995) model of quality ladders
under dynamic oligopolistic competition. Similar models have been used extensively in the
industrial organization literature to study industry dynamics surrounding entry, exit, and
investment in settings with strategic firms. While estimation of such models have been greatly
simplified via conditional choice probability estimators (Hotz and Miller (1993), Hotz et al.
(1994), Bajari et al. (2007), and Pakes et al. (2007)), equilibrium computation for counterfactuals
remains an active area of research.

Recently, Doraszelski and Judd (2012), Arcidiacono et al. (2016), Blevins (2018), and others

have demonstrated that casting such models in continuous time alleviates some of the computa-
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tional burden of previous discrete time formulations of the model.>> We also cast the model in
continuous time, with similarities in setup and notation to Blevins (2018). However, we depart
from Blevins (2018) by assuming a continous state variable and reverting back to the continuous
control found in Ericson and Pakes (1995). We also abstract away from entry and exit decisions
and focus purely on investment.

To demonstrate the effectiveness of our adaptive sparse grid methodology, we first solve
the model on a sufficiently large dense grid to use as a benchmark. We then solve the model on
smaller grids (both sparse and dense) of varying size, and compare the error rates of the resulting
solutions against the benchmark. While our method is designed for maximum computational
gains in high-dimensional cases of the model (i.e., many firms), we focus on the case with only
two firms in this application to facilitate a comparison against a sufficiently dense benchmark

solution.

2.5.1 Model

In the model, N firms each make a single product of quality w; € [0, @]. Firms compete in the
product market, where market shares depend both on the quality of all products available on
the market and their accompanying prices. Quality is naturally decreasing over time (repre-
senting competition from external markets as in Blevins (2018)), but can also be increased via a
continuous investment choice. The aggregate state vector is w = (wy, ..., wN).

A unit mass of consumers derive utility each period from purchasing at most one good. If
a consumer purchases the good from firm i, she derives utility equal to g (w;) — p; + €;, where €;
is a logit error and g (w;) = 6, log (w; + 1). The outside option (i.e., no purchase) is normalized
to wp = 0 and pg = 0. Under this logit specification, firm i’s market share is equal to (McFadden

(1974))
__ exp(glw)—p)
1+ Xjexp (g (w)) = pi)

Firms derive flow profits from static competition in prices for the market shares above.

si (w, p)

There is a unique Bertrand-Nash equilibrium characterized by the FOCs (Caplin and Nalebuff

35For example, see Pakes and McGuire (1994), Pakes and McGuire (2001), and Doraszelski and Satterthwaite
(2010) among others for advances in equilibrium computation for the discrete-time version of the model.
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(1991))
—(p—mc)(1—s)+1=0,

where mc is a constant marginal cost. Solving these FOCs gives prices p as a function of the
states w. Note the resulting profit function 7 (wy, ..., w;, ..., wn;07) is increasing in w; and
decreasing in the other elements.

The firm’s only dynamic control is on investment «; > 0, which is subject to cost ¢ (k;; 0.) =
36cx2. Investment counteracts the natural decay on quality (representing the increasing appeal

of an outside good), so the law of motion for quality is
dw; = pe,dt = (=0 +x;) dt,
where 0 is the decay rate. The resulting HJB is then
pVilw) = 7i (w;0r) + max (o, (1) Viw, (@) — ¢ (Ki; 0c)) + #Zi#iji,wj (w).

The firm’s optimal choice of investment is characterized by the FOC
Vi (@) = ¢ (k60

which implies «7 (w) = Vi, (w) /0.

2.5.2 Numerical Results

As mentioned earlier, we focus on the case with N = 2 to facilitate computation of a dense
benchmark solution. We assume that p = 0.05, and set the other parameters to 6 = 0.25,5, =
10, 0. = 15, mc = 1. We start by solving the model on a large dense grid of 66,049 nodes and use
this solution as a benchmark for evaluating the error rates of dense and adaptive sparse grids
(adapting iteratively on the solution for the value function) of varying sizes. While our toolbox
is designed for much higher N, we purposefully consider the duopoly case because it is simple
enough to obtain a benchmark solution via a dense grid. Since sparsity is most impactful in
higher dimensionality, the performance we show here likely understates computational gains

under general use cases.
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Figure 2.9: Error rates for quality ladder model

Figure 2.9 plots the error rates for the solution for the value function. For each grid, we
compute the implied value function over all 66,049 nodes of our benchmark grid and obtain the
MSE over these 66,049 nodes. Across grids of varying size, adaptive grids outperform dense

grids by roughly one order of magnitude.

2.6 Conclusion

In this paper, we develop a scalable and portable method to solve high-dimensional dynamic
programming problems in continuous time using adaptive sparse grids. Our main use cases
are heterogeneous-agent models from different fields in economics, which can be represented
in continuous time as systems of partial differential equations. We showcase the power of
our method by solving high-dimensional variants of the seminal Krusell and Smith (1998) and
Ericson and Pakes (1995) models in continuous time. Our paper is accompanied by a numerical
toolbox with automated general-purpose routines to solve dynamic programming problems in

continuous time, thus hopefully allowing for broad accessibility.
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Chapter 3
A Theory of Dynamic Inflation Targets!

3.1 Introduction

The policy discussion has increased attention on the question of whether central bank inflation
targets should be perpetually fixed, as in the US, or whether they should be adjusted. For
example, a central bank may wish to adjust its target upward during normal times to bring
itself away from the zero lower bound and allow for a larger monetary policy response during a
recession.? Given that inflation targets are designed to anchor inflation expectations, this raises
the natural concern that allowing a flexible target would undermine its purpose. Moreover, there
are different methods by which adjustment could occur, with possibilities including allowing
adjustment at fixed points in time or for flexible adjustment within a restricted band.

This paper provides a framework to study whether inflation targets should be adjusted
over time, and if so what the process governing target adjustment should be. To do so, we
study a mechanism design problem of a government designing a transferable utility mechanism
to control how a central bank sets monetary policy (inflation). The central bank has private
information over persistent structural economic shocks which determine the optimal rate of
inflation, meaning that optimal inflation can vary systematically over time. However, the central

bank also has a time consistency problem in inflation setting that arises from a Phillips Curve

LCo-authored with Christopher Clayton

2See e.g. Ball et al. (2016).
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relationship. This results in a trade-off between flexibility to allow monetary policy to respond
to structural shocks, and commitment to manage the time consistency problem. Additionally,
information persistence implies that when the central bank reveals its information, it affects the
beliefs of both the government and of the firms that determine the inflation-output relationship.

The main result of this paper is that a dynamic inflation target implements the constrained
efficient level of inflation, and moreover is the optimal mechanism when the social cost of the
transfer (enforcement) mechanism governing central bank behavior is negligible relative to the
inflation-output trade-off. Under this mechanism, the central bank’s inflation setting in each
period is managed by the target, with linear incentives for deviations of inflation from the target.
Moreover, central bank can update the target one period in advance. As a result, in every period
the central bank both sets inflation based on the existing target, and also decides whether to
update the target for the next period. In equilibrium under this mechanism, the target is always
equal to next-period expected inflation, giving rise to the interpretation as a dynamic inflation
target.

The intuition behind the optimality of the dynamic inflation target is as follows. First, the
target itself manages the time consistency problem in inflation setting by penalizing inflation
in excess of the target. Second, requiring the target to be adjusted one period in advance
manages the time consistency problem in target adjustment. If the central bank were allowed
to contemporaneously adjust its inflation target, it would adjust its target to its desired inflation
level, de-anchoring inflation expectations and rendering the target meaningless. By adjusting in
advance, the central bank internalizes its future time consistency problem and sets the target
efficiently. This allows inflation expectations to remain anchored to the target, even though it is
adjusted over time. Moreover, the information effects of changing the target on the beliefs of the
government and firms offset each other at the constrained efficient allocation due to the fact that
both firm behavior and government transfers are based on inflation expectations.

The optimality of a dynamic inflation target suggests that controlled target adjustment may
be preferable to a perpetually fixed target, and moreover provides a means of controlling target
adjustment. It suggests that adopting an approach similar to that of the Bank of Canada, where

the target can be adjusted only at fixed five year intervals, may be an effective way of allowing
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for target adjustment without de-anchoring inflation expectations.

We explore the robustness of our results to costly enforcement (transfers) - that is, the
mechanism used to control central bank behavior has first order welfare costs. Although the
dynamic inflation target still implements the constrained efficient allocation, the government no
longer finds it exactly optimal to do so due to the enforcement costs. Nevertheless, we show
that the properties of the optimal mechanism still bear features resembling a dynamic inflation
target.

Related Literature: We related to the literature on time consistency in monetary policy,
as well as to the broader mechanism design literature on the trade-off between commitment
and flexiblity.> Walsh (1995) shows that an inflation target is an optimal mechanism in a
static context with transferable utility. Halac and Yared (2019) considers the trade-off between
instrument-based rules and target-based rules in a delegation framework. Several papers study
the commitment-flexibility trade-off in a delegation framework (Amador et al. (2006), Athey
et al. (2005)), including with persistent information (Halac and Yared (2014)). Beshears et al.
(2020) considers the trade-off in a population with present bias and inter-agent transfers. Our
contribution is to study the problem of inflation setting in a transferable utility framework with
both persistent information and outside agents who derive information from reports under the
mechanism, and to show its implications for inflation target adjustment. In our model, there are
two commitment-flexibility trade-offs: first in allowing for present inflation to respond to shocks
(“the target”), and second in allowing for adjustment of future targets to shocks (“changing the

target”).

3.2 Model

Our economy has a government, a monetary authority (central bank), and a continuum of
small firms. Time is infinite and discrete, indexed by t = 0,1, ... Allocations in this economy

are summarized by two scalar variables, inflation 77; and output y;. We introduce these labels

3See e.g. Barro and Gordon (1983), Canzoneri (1985), Kydland and Prescott (1977), Persson and Tabellini (1993),
and Rogoff (1985) for the former.
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from the start to allude to the standard New Keynesian model, but everything that follows
extends to the general case where 71; and y; are vectors. Both inflation and output lie in compact
sets, m; € [, 7T] C Rand y; € [y, y] C R. The relationship between inflation and output is
determined by price-setting firms.

The government and central bank interact in a principal-agent framework. The central
bank learns about the state of the economy, and uses this information to determine monetary
policy. However, the central bank is subject to a time-consistency problem. As a result, the
government will design a mechanism to determine how the bank sets monetary policy, subject
to truthful reporting conditions. Firms are not directly under the control of the government, so

their actions will be taken as a constraint on the problem.

Government. The social preferences of the government are given by

E Zﬁtut(m,yt,ﬁt), (31)
t=0

where B is the discount factor, and 6; € © = [0, @] denotes an economic shock with conditional
density f(6;6;—1). The government does not directly observe the shock 6;, which will be ob-

served and reported by the central bank.

Interpretation of 8;. We think of 6; as corresponding to the true economic shock to the economy,
which the central bank learns information about. In this sense, the government welfare function
reflects a notion of social welfare that incorporates the true shock - for example, a true supply
side shock or shock to the loss function for inflation and output deviations. However, both the
firms and the government rely on the central bank to collect and report information about that
true type. As such, both the government and firms form decision rules based on the reported
type, not the true type. The government’s beliefs matter because it designs the mechanism that
maps the reported type (beliefs) into an allocation rule. The firm’s beliefs also matter, because
firms form a decision rule based on those beliefs. In both cases, that decision rule responds to

beliefs, while the “true” welfare function is related to the true type.
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Central Bank. The central bank has preferences over both social welfare, and over transfers T;

from the government, so that its preferences are

E Zﬁt Z/{t(nt/yt/ 91}) + Tt . (32)
t=0

The central bank observes the shock realization 8; in every period, and so is tasked with choosing
inflation and output in each period.

In writing preferences, we have assumed that T; is welfare neutral from the perspective of
the government, and is only used as a control mechanism. This can be seen as a limiting case
where the costs of controlling central bank behavior are negligible relative to the underlying
social welfare problem. In Sections 3.4 and 3.5, we study the case where transfers are not neutral

from the perspective of the government.

Interpretation of Transfers. Rather than monetary transfers, the practical analogs of the control
mechanism T; may be closer to policies such as Congressional scrutiny, reputational risk, or
firing the central banker.* For example, a central bank being awarded high T; may face a low
degree of Congressional scrutiny in its policy determination. So far, T; could be a utility transfer,

or it could be a form of money burning.

Firms and Phillips Curve. Firms, whose actions are not directly controlled by the government

or central bank, create a “Phillips Curve” relationship between inflation and output, given by

yt = Fe(7te, Bt [7101 pt]).- (3.3)

The object y; is the belief of firms about the current state 6;, which are formed from the report of
the central bank. Because 0; will feature persistence, beliefs about the current state of 6; translate
into beliefs about the next period state 6,1 and hence the next-period inflation 77;, ;. Because

firms cannot be directly controlled, equation (3.3) is an implementability condition from the

4In the U.S., for example, this process is multifaceted. The central bank Chairwoman is directly held accountable
to Congress in the form of bi-annual, as well as extraordinary, Congressional testimonies. The institutions adopted
by modern central banks to allow for active monitoring by stakeholders and mantain accountability vary across
countries but most are highly complex.
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perspective of the government and central bank.
To simplify exposition, we internalize the Phillips Curve relationship of equation (3.3) into

preferences, and write

ut(Tft/ IEt[7TH-1 |}lt], et) = Ut(ﬂt, TTt4+1, 6t, ,Mt) = Ut(Tft, Pt(ﬂt, Et[ﬂtﬂ ’Vt] ), 9t)

where we use U; and u; for more compact notation.

Lucas Critique. A key concern of this Phillips Curve relationship is a Lucas critique - firm price
setting behavior may change in response to inflation policy changes, such as target changes.’
Our Phillips Curve relationship is robust to a Lucas critique provided that expected future (next
period) inflation is sufficient for determining how changes in future policies affect firm behavior.
For example, higher expected inflation may lead firms to increase the frequency with which

they update prices, altering the slope of the Phillips Curve.

3.2.1 Constrained Efficient Allocation

Before characterizing the mechanism structure, we characterize the constrained efficient allo-
cation that could be achieved if the government and firms observed 6;, and the government
mandated with commitment the inflation decisions of the central bank. This provides an effi-
ciency benchmark which respects the Phillips Curve relationship between inflation and output
determined by firms.

The constrained efficient planning problem of the government is given by the optimization

problem

r{na?ZﬁtlEo ur(71, By (7041 | 0),604) |, (3.4)
s =0

where 71; = 714(6") is adapted to the full history of realized shocks, and where 6_1 is an initial

condition of the model. Taking the first order conditions, we obtain the necessary conditions for

5See e.g. L'Huillier and Schoenle (2019).
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optimality,
ou; 1 oUs_q

— = —= Vt>1 3.5

am ﬁ alEt_l(TCt ‘ Bt—l) - ( )
. auo

0= a0 (3.6)

Because there is no Phillips curve constraint for g (it would occur at date —1), the optimality
condition for 77y simply sets the marginal value of increasing inflation to 0, yielding a standard
tirst-order condition that would also be chosen by the central bank. For t > 1, the first-order
condition reflects the Phillips curve relationship, and internalizes that inflation at date t affects
output at date t — 1 through the constraint set. The LHS of equation (3.5) is date t-adapted,
whereas the RHS is date t — 1-adapted. Therefore, the RHS is constant from the perspective of
time ¢, implying that the marginal (flow) utility from inflation is constant at date ¢ in histories 6’

proceeding from the same history 6/~

Discretionary monetary policy. Suppose that the central bank were left to its own devices to
set inflation (T; = 0) with discretion. At period f for any ¢, the central bank finds it optimal to
set du;/0m; = 0 state by state. In particular at date ¢, the central bank neglects the impact of
inflation on the previous period’s Phillips Curve, which no longer serves as a constraint of the
problem. This results in inflationary bias and reflects a standard Barro and Gordon (1983) time
consistency problem. This motivates studying a mechanism to control central bank inflation

setting.

A Sufficient Statistic. Suppose that we evaluate the constrained efficient allocation, and define

the wedge
1wy
BOE;1(m | 0:-1)

This wedge v;_ is a date t — 1 adapted constant that is a sufficient statistic for the shock history

Vi1 = (3.7)

6t1in determining the allocation rule 71y, 7441, ... for inflation. v;_; is the wedge between the
constrained efficient allocation rule for 71; and the central bank’s allocation rule under discretion.
In other words, this wedge reflects the inflationary bias that arises from the central bank’s time

consistency problem.
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3.2.2 Mechanism Structure

We study direct and full-transparency mechanisms, under which the central bank makes a report
of its type each period.® By full transparency, we mean that there is no pooling of central bank
types in reporting. We denote this report by 8;. Along the equilibrium path, agents’ posterior
will therefore be the degenerate distribution at the reported type, or y; = ;. Note that we abuse
notation here because ji; is a full distribution in general.

Restricting attention to full transparency mechanisms is not without loss of generality.
In principle, the government could want to pool central bank types to shroud the type and
manipulate firm beliefs. In assuming mechanisms under which the central bank truthfully
reveals its type, we assume away such motivations. Given that central bank transparency
has received increasing emphasis since the financial crisis, we impose the restriction to full
transparency.7

A mechanism in our model is a mapping from the history of reported types into a transfer
and allocation rule, given by (7;, T;) : ©f — R2. Although the date t allocations depend on the
entire history of reported types, we will characterize state space reduction results which will

allow us to characterize sufficient statistics for information histories.

3.2.3 Incentive Compatibility, Time Consistency, and Information

At every date t, the central bank makes a report 8; of its true type 6;, subject to incentive
compatibility. We characterize the local incentive compatibility constraints used in solving the
relaxed problem. We will apply a first order approach to solving the problem.® We use incentive
compatibility to identify three driving forces of the model: a time consistency problem from the
Phillips Curve, and two informational problems related to shock persistence.

Suppose that we define the value function of the central bank by W (6), where 6~ is the

®Note that under an indirect mechanism, e.g. a report () for some rule o, the true type can be uncovered by
unwinding the indirect report in the usual manner.

7See e.g. Powell (2019).
8We make use of techniques developed in Pavan et al. (2014) for a first order approach with persistent shocks. We

do not provide or verify a monotonicity condition that can be used to verify that the first order approach yields a
globally incentive compatible mechanism.
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history of reported types whereas 0; is always the current true type. The central bank’s reporting
problem at date ¢ is given by
Wi (et) = méax IE; Zﬁs (us(ns/ 541,05, és) + Ts) ‘ 0
t s=t

where the history-dependence is implicit in the policies (75, T5). The current report 0, affects
not only the current allocations (7t;, T; ), but through history dependence also affects all future
allocations. In addition, it also affects firm beliefs 6;. Formally, we can write the local incentive
compatibility condition as

d dT; 2 [ dU;s a7y oU; 97, ou
]Etz |:‘Bst _ |Gt:| — _]Et|:2ﬁs t< 7T + 7-C+1> + gHt ’ Gt
s=t

ot d0; d7Ts Gét 87T5+1 agt 89} N~~~
N~~~ Persistent Shocks
Firm Beliefs

Local incentive compatibility gives the change in total transfers required to implement an
allocation. The change in transfers depends on changes in the allocation rule, which reflect both
the contemporaneous utility impact and the impact through the Phillips Curve relationship.

There are three key forces that appear in this decision rule: one reflecting time consistency,
and two reflecting information considerations related to persistent shocks.

The first, reflecting time consistency, is the absence of the impact on the previous period’s
Phillips Curve. This reflects the Barro and Gordon (1983) time consistency logic, that the central
bank neglects the previous period Phillips Curve when determining current inflation. This is
the first force that the government must account for when designing the mechanism.

The second force, related to persistent shocks, is that the central bank evaluates expectations
with respect to the true type 8;, whereas the government designs policy and forms expectations
based on the reported types. This creates an informational friction where the central bank has an
incentive to manipulate the beliefs of the government, while its own beliefs are held constant.

The third and related force is that an analogous information manipulation incentive exists
for firm beliefs. Firms form beliefs based on the reported type, meaning that the central bank can
manipulate their actions with the information it reports. This appears through the appearance
of inflation expectations of firms in the Phillips Curve relationship, which are formed based on

their beliefs. In the conventional New Keynesian framework, the central bank will want to bias
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firm inflation expectations downward in order to improve the contemporaneous inflation-output
trade-off.

These three forces affect not only the central bank’s inflation decision, but also its reporting
decision. When designing a mechanism, the government must account for all three of these

effects.

3.2.4 Naive Target Adjustment

It is well known that an inflation target is a method of controlling inflationary bias. This
proposal arises in static mechanism design problems as a way to enforce efficient inflation
policies. Relative to the static setting, however, we feature a dynamic problem of persistent
information, where the optimal inflation rate moves substantially over time, and where there
are additional informational incentives over the beliefs of firms and the government. As a result,
a static target would not be able to achieve the constrained efficient level of inflation, and is
unlikely to constitute an optimal mechanism.

However, motivated by the previous literature, a benchmark proposal would be to simply
grant the central bank flexibility to adjust its target. This would allow the central bank to
accommodate structural shocks that change the inflation-output trade-off in a fundamental way.
It is clear, however, that this type of mechanism would simply reintroduce the Barro and Gordon
(1983) time consistency problem and undermine the target. The central bank would have an
incentive in every period to evaluate its optimal policy % = 0, and then to set its inflation
target to coincide with that inflation level. Rather than only resetting its target in response to
structural shocks, the central bank also resets its target to accommodate its inflationary bias.

However, recognizing that the central bank would set its inflation target each period
to coincide with its discretionary policy, firms in the previous period would form inflation
expectations that coincided with expected inflation under discretion. In other words, firm
inflation expectations are no longer anchored to the current target because they know it will
simply be adjusted in the next period to accommodate the inflationary bias. This results in a
de-anchoring of inflation expectations. Naive adjustment undermines the target by allowing

the central bank to set its target to its desired inflation, rather than the intended goal of forcing
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inflation to match the target.

3.3 Dynamic Inflation Target

We show that a “dynamic inflation target” mechanism can implement the constrained efficient
allocation when the target is set one period in advance.

In particular, equations (3.5) and (3.7), along with their sufficient statistic implications,
suggest the following mechanism: use the transfer rule T; to penalize deviations from a target.

In other words, we look over a class of mechanisms defined by the rule
—bi1 (7 — 1), (3.8)

where T;_; is the target, and b;_; is the slope of the punishment for inflation in excess of the
target. A target of this form seeks to correct the time consistency problem in central bank
inflation setting by incentivizing the central bank to set inflation to its target.

However, in the presence of structural shocks, the target might need to be adjusted over
time to accommodate a changing efficient level of inflation. A persistent structural shock may
drift the optimal inflation rate far from the present target in a persistent manner, resulting in
larger gains from letting the target adjust and suggesting a structural change in the commitment-
flexibility trade-off.

As a result, in addition to choosing inflation, the central bank must decide each period
whether and how to adjust the target. Under our proposed mechanism, the central bank adjusts
its target for the following period. It does so by reporting its type 8; = 6;, which generates a
mapping 6/ — (by, ;) from the history of reported types into the next period target. In practice,
we can also think of the central bank as directly choosing its own target, represented by (b, T),
from among a set of pairs.

In sum, we propose the following mechanism. In each period, the central bank chooses
inflation 71; and reports its type to determine the next period target. We show that this “dynamic
inflation target” implements the constrained efficient level of inflation in a locally incentive

compatible mechanism, which moreover admits a key state space reduction property.
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Proposition 4 (Dynamic Inflation Targeting). A dynamic inflation target implements the constrained
efficient allocation in a locally incentive compatible mechanism. The mechanism is represented by the
Bellman equation

W(v_1, E_(7),6) = sup { —v_q[t —E_1(m)] +U<7I,IE(7I+1 | 1/_1,5),9) (3.9)

7,0

Dynamic inflation target
+ BE [W(v(v_l,67),IE(7T+1|1/_1,9),9+1> ] 9]}

where v and E(7t41) are given by their constrained efficient values. v_q is a sufficient statistic for the

history O~ of reported types.

Proposition 4 shows that in a setting with persistent structural shocks, the optimal mech-
anism collapses to a simple dynamic inflation target where inflation always meets the target
in expectation, that is 71 = E_17t. The slope of the target mechanism is always given by
b1 =v_1.

Our mechanism features a time-varying inflation target, where each period the time consis-
tency in inflation setting is corrected by the target. As in the static model, the marginal welfare
cost of future inflation is always through expectations in the Phillips curve, and so is constant
on the margin across all future states. As a result, a linear inflation penalty for exceeding the
target corrects the time consistency problem. This component of the mechanism is analogous to
standard inflation targeting logic (e.g. Walsh (1995)) from the static setting.

However, the inflation target also needs to be adjusted in response to structural shocks
in order to allow inflation to coincide with its constrained efficient rule. The key insight of
Proposition 4 is that the central bank optimally resets this target one period in advance. In
essence, if the central bank observes a persistent shift in the constrained efficient inflation rate
from 2% to 3%, the correct response of the central bank is to adjust the inflation target for the
next period from 2% to 3%.

Moreover, the current target (v_1,IE_17) is a sufficient statistic for the history ! of
reported types. This sufficient statistic property follows precisely as in the constrained efficient

allocation, as the slope of the target v_; reflects the previous period time consistency problem.
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This implies that all history dependence of the mechanism is captured in the inflation target,
and greatly reduces the knowledge required to adjust the target.

Target adjustment is subject to all three frictions identified above: time consistency, gov-
ernment belief manipulation, and firm belief manipulation. A naive inflation target adjusted
contemporaneously resulted in an un-anchoring of inflation expectations, as the central bank
could simply set its target to its desired inflation. By requiring instead the target to be set one
period in advance, the central bank overcomes this time consistency problem. When setting
the target at date t — 1, the central bank accounts for the current Phillips Curve relationship,
overcoming the time consistency problem.’

If shocks were not persistent, time consistency would be the only force in the model, and
Proposition 4 would still characterize optimal policy. This reflects the logic of the static model,
with the additional insight that by setting the target in advance, the time consistency problem
in target adjustment is overcome. In this sense, the optimality of the dynamic inflation target
directly reflects the logic of the standard time consistency problem. However, if there is no shock
persistence and shocks are small, there may be little value to adjustment the target over time,
that is little commitment versus flexibility trade-off.

By contrast when shocks are large and persistent, there may be a strong incentive to adjust
the target. At the same time, however, two additional incentive problems emerge: government
and firm belief manipulation. It is therefore surprising that this simple target and adjustment
mechanism remains relevant. In the constrained efficient allocation, these two informational
effects exactly offset one another. In particular, when the central bank considers on the margin

changing its report 0;, this generates a welfare impact10

ou  dE[m., | 0]
9E(r,1|0)  db

Firm Beliefs

dE[72,1]0]
n +
"

Government Beliefs

-

Under the constrained efficient allocation, we have —-2% 7 + Bv = 0. In economic terms, on the

OE(744]

9This is similar to the static setting, where the central bank is willing “ex ante” to set up a targeting mechanism
for itself. It is also closely related to the literature on optimal mechanisms to control present bias (e.g. Amador et al.
(2006)), where agents are willing to set up mechanisms to control their own time consistency problems.

10See the proof of Proposition 4 for a detailed derivation.
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one hand the central bank wishes to bias inflation expectations of the government upward, which
increases the target and reduces penalties for exceeding its target. On the other hand, the central
bank also wishes to bias the inflation expectations of firms downward, in order to economize on
the Phillips Curve relationship and improve the contemporaneous inflation-output trade-off. At
the constrained efficient allocation where the slope of the target is exactly equal to the Phillips
Curve impact, the marginal reduction in penalties for exceeding the target is exactly equal to the
Phillips Curve impact, and these two forces exactly offset one another.

It is worth remarking two forces exactly cancel each other because central bank and
government align at date ¢ — 1 over the future inflation-output trade-off. In fact, cancellation
occurs by construction. The central bank at date ¢t — 1 agrees with the government about optimal
inflation from dates t and onward, internalizing the Phillips Curve relationship, but also wishes
to manipulate firm beliefs. As a result, the government designs its transfer rule to offset firm
belief manipulation. This results in these two informational effects exactly canceling one another.
In a more general setup with preference disagreement, the government would also have to
account for differences in preferences in controlling the reported type, leading to additional
forces in the transfer rule. Moreover, when considering the optimal mechanism when transfers
are costly (Section 3.5), counteracting firm belief manipulation will be costly to the government,

leading to distortions in the allocation rule relative to constrained efficiency.

Dynamic Inflation Target as an Optimal Mechanism. Proposition 4 makes a statement about
implementability: a dynamic inflation target can implement the constrained efficient allocation
of inflation. It does not state that it is an optimal mechanism. It is immediate that if we assume
the control mechanism has no direct welfare consequence to the government — that is, T; does
not appear in the government objective function — then the dynamic inflation target is also an
optimal mechanism, because it maximizes the government’s objective function. This implies
that if the government’s primary concern is with the inflation-output trade-off, and not with the

costs of implementing the mechanism, the dynamic inflation target is optimal.
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3.3.1 Evolution of the Target

The characterization of the target in Proposition 4 can be used to understand the evolution of

the target. The first order condition for optimal inflation choice implies that v;_; agt + %;It‘ g—?[.
.. . . e ey 19U, OF .
Combining this with the definition of the updated target, v; = — 55! 57,7, and making the

aFt /E)nt

natural assumption that ;=57 < 0 local to the constrained efficient allocation, !

we obtain a

law of motion,

aut aFt / aﬂ't
Av, = —_ | _ 1
v “om ( 'azf,g/aEtm+1 p > Vit (310
N——
Excess Inflation Time Consistency

reflecting the extent to which the slope of the target updates.

The first effect, “Excess Inflation,” indicates that the slope of the target increases as the
central bank reduces marginal utility from inflation. In conventional models, this corresponds
to higher levels of inflation. In absence of a persistent structural shock, this term reflects a
conventional New Keynesian Phillips Curve (NKPC) logic. When the central bank generates
excess inflation in order to stimulate output, the central bank also has a motivation to reduce
future inflation in order to reduce future inflation in order to capitalize on the current inflation-
output trade-off. This leads the central bank to increase the slope of the target, punishing future
inflation exceeding the target and reducing inflation expectations.

The second force, “Time Consistency,” reflects the relative effects of current and future

OF:/OE; 7141

E)Ft /a?’[t IB ’

and this term drops out. More generally, when the relative effect of current inflation is large
relative to future inflation, that is ‘% [S‘ > 1, the time consistency problem is small
relative to demand stabilization, leading to a reduction in the slope of the target. By contrast
when ’%/B’ < 1, the time consistency problem is relatively severe, and the slope of the
target is increased.

Suppose then that a persistent shock structurally increases the optimal rate of inflation. As

a result, the slope of the target changes following a structural shock only if either the incentive

to generate excess inflation changes, or the slope of the relative slopes of the Phillips Curve

HThijs assumption implies that current and future inflation move current output in opposite directions.
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fundamentally change. This implies that if a persistent structural shock increase the optimal
rate of inflation, the slope of the target increases (decreases) only if it either increases (decreases)
the motivation to generate excess inflation, or if it exacerbates (dampens) the time consistency
problem from the Phillips Curve. Even though a persistent shock may lead to an increase in the
target (expected inflation), it may or may not lead to a change in the slope of the target.
Finally, we can consider how the target intercept changes in response to a structural shock.

Considering a marginal increase in the structural shock, we have

dtq Of (0]61-1)/06; 1] = Ovi_y a7
=E;_ E:i_ 011 . 11
det_]_ Et 1|70 f(etlgt_l> + aet_’l t—1 al/t_]_ t—1 (3 )
Expectations Target Slope Adjustment

There are two effects of the structural shock on the target. The first effect, “Expectations,” reflects
that the probability measure over future states changes in response to the structural shock. If
an increase in the state 6; increases the probability of high-inflation states, then it increases the
target intercept, 7;—1. The expectations effect implies that the target intercept changes even
in absence of a change in the target slope in the presence of a structural shock. Notice that if
the shock were transitory and did not affect the probability measure, it would not lead to an
adjustment of the target intercept. The second effect, “Target Slope Adjustment,” reflects the
extent to which a change in the slope of the target impacts optimal future inflation. In the natural

case where a?/t”fl < 0, the upward adjustment of the target intercept is amplified (dampened) when

the target slope is reduced (increased).

In sum, when the economy experiences a structural shock 6;, both components of the target
may be affected. The intercept of the target is directly affected by changes in expectations, but
is also affected indirectly if the structural shock leads to a change in target slope. The target
slope updates as a result of the structural shock if it leads to a fundamental change in either the
motivation of the central bank to generate excess inflation, or if it alters the nature of the time

consistency problem.
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3.3.2 On the Nature of Inflation Targets

The dynamic inflation target of Proposition 4 sheds light on the important features of the target
in anchoring inflation expectations. In particular, the target’s efficacy does not result from it
being constant and unchanging, but rather from it being committed to sufficiently in advance.
De-anchoring of expectations arises in the naive adjustment process because the central bank is
able to match its target to its desired inflation, rather than forcing inflation to match the target.
By ensuring target setting in advance, the central bank is forced to set its inflation to its target

instead.

3.3.3 Target Adjustment in Practice

Proposition 4 provides a mechanism to implement the constrained efficient allocation, which
takes the form of a dynamic inflation target. The key property of the target adjustment process
is that it occurs one period in advance.

The inflation target adjustment in our model happens at the frequency of the underlying
structural shock, in the sense that large movements in the target will generally coincide with
large and persistent shock realizations. This suggests that, in practice, target adjustment would
either require the new target to either be announced sulfficiently far in advance of it taking effect,
or the target being adjusted contemporaneously but for a long enough interval of time. This
latter method minimizes the time consistency problem by forcing the target to remain in force for
a duration of time, so that the central bank is guided primarily by the long-term consequences

of the target and not by short-term inflationary bias.

What does a period in advance mean in practice? In the model, the key property of a period is
the expectations appearing through the Phillips Curve, which generates the time consistency
problem. This relationship arises traditionally because firms adjust prices only infrequently. One
notion of a period in advance, then, would be a notion of the duration of firm prices resetting.
The target adjustment should happen sufficiently far in the future that a sufficient number of
tirms will have had the chance to reset prices, in order to minimize time inconsistency. In other

words, as the frequency of price adjustment increases, the interval of time constituting a “period”
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falls.

A related force is the lag between central bank policy setting and its impact on output. As
this lag increases, the effective frequency of price resetting also increases from the perspective of
time consistency. A longer lag would reduce the interval of time constituting a period.

On the other hand, it is also important to know the duration of structural shifts in the
underlying shock. When the frequency of structural shocks is low relative to the frequency of
price adjustment, a central bank observing a structural shock does not expect to observe another
one until well after firm prices have adjusted. We would therefore expect lower frequency
structural shocks to increase the notion of period length.

The notion of the “correct” length of a period must consider all three of these forces.
Fundamentally, the trade-off reflects a form of commitment versus flexibility trade-off in target
adjustment. On the one hand, granting greater flexibility (more frequent target adjustments)
allows responses to structural shocks. On the other hand, greater flexibility also exacerbates the

time consistency problem.

Comparing our mechanism to real-world inflation target regimes. A close analogue to our
mechanism in practice is the adjustment process for the Bank of Canada.!? The Bank of Canada
revisits its inflation target every five years at fixed intervals, with the possibility of adjusting its
target for the next five-year interval based on new information. Our results suggest that this
type of adjustment process can implement the efficient level of inflation by providing a means
of responding to structural economic shocks without generating substantial time consistency

problems in target setting.

3.3.4 Relation to Conservative Central Banker

Although inflation targets are one solution to time consistency problems, appointment of a
conservative central banker is another possible solution.!® The linear penalty for inflation around

expectations could be understood as a time-varying central banker, where rather than increasing

12For background, see https:/ /www.bankofcanada.ca/ core-functions /monetary-policy /inflation /.

13See Rogoff (1985).
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(decreasing) the target, control of the central bank is handed over to a more dovish (hawkish)
central banker. Under this interpretation, higher v_; reflects more hawkish central bankers.
This interpretation requires a clearer interpretation of vIEsr. Under this interpretation, vIE7
is constant except when transitioning between central bankers types 6;, when it jumps. This
suggests that implementing the mechanism in this form requires some notion of scrutiny of a

central bank when it decides to transition power.

3.4 Inflation Targeting and Reputation

Section 3.3 showed that a dynamic inflation target implements the constrained efficient allocation,
and therefore is optimal when the cost of the control mechanism is negligible.

In addition to the interpretation as a conservative central banker offered in Section 3.3,
there are two additional interpretations consistent with a negligible social cost.

The most direct interpretation is as a monetary compensation scheme. In this interpretation,
T corresponds to direct “incentive” payments to the central banker for inflation outcomes. Such
payments would be small as a fraction of the economy, suggesting that zero social cost of the
scheme is a plausible approximation. Moreover, we show in Section 3.5 that even when there are
social costs to these payments, the optimal mechanism has properties resembling the dynamic
inflation target of Section 3.3.

A second interpretation of T is that it corresponds to the “reputation” of the central bank or
central banker. Under this interpretation, the central bank announces not only its target but also
its “commitment” to the target, the latter of which is represented by the slope. A central bank
which exceeds its target sees its reputation degrade, possibly facing congressional scrutiny or
the prospect of not being reappointed. Reputation considerations of the central banker may not
have first order welfare consequences for society if they are primarily about personal reputation
of the central banker, or if the government finds it relatively easier to hire a new central banker

once the current term ends.
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3.4.1 Social Costs of Reputation

Although a personal reputational cost to the central banker may have negligible welfare conse-
quences, the reputational cost may accrue not only to the central banker, but to the central bank
itself. For example, a central bank that overshoots its target may suffer from a perception that it
is not committed to its target, degrading confidence in future targets and de-anchoring inflation
expectations. In this case, the reputational cost has first order welfare consequences.

We capture this possibility by assuming that central bank reputation, T, now appears
in the true utility function, U;(7t;, E;ti11,6:, T¢). For illustrative purposes, let us consider a

three-period variant of the model, where preferences are given by
Eo |Uo(Em1) + BUL (711, E7ra, 01, Th) + B*Ua (712, 62, T2)

where we normalize reputation to be T; < 0. Suppose that reputation is separable in utility,
so that we have U; = uj(my, Emp, 61) + Ty and similarly for U,. In this case, we can apply
a standard procedure to characterize incentive compatible mechanisms using the Envelope

Theorem. For example, at date 2 we have

02 auz(ﬂ'z,s)

s ds

T2(61,02) = —ua(12(601,62),02) + uz(72(61,0),0) + T2(01,6) +/9

which allows us to substitute out for T, in terms of the policies 7, and the boundary value
T»(61,6). Performing a similar procedure at date 1 and solving the relaxed social planning

problem (not subject to monotonicity, we obtain the following result.

Proposition 5. At interior values of (01,62), inflation under the relaxed social planning problem is

given by
82u1 aUO
“Information Rent”
oF(6,]6;) d%u 1 0%u
(62161) 0%z _ L £(6,]61) (3.13)

00, 0m0d0, B OEm06

Consider first equation (3.13), which determines inflation at date 1. The right hand side is

the social cost of inflation at date 0 through the Phillips Curve, as in the constrained efficient
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allocation. However, the left hand side now differs from the constrained efficient allocation rule.
In particular, the left hand side is now the marginal effect of a change in 711 on the information
rents achieved by all types 8; > 6. The reason that the information rent, rather than utility, now
appears is that the a decrease in reputation T is required to maintain incentive compatibility
when allowing higher-0; types to adopt higher inflation. However, this decrease in reputation is
now socially costly, which the government internalizes. As a result, it is only the information
rents — that is, the additional utility gained by higher types by virtue of being higher types — that
contribute on net to social welfare once the reputation costs have been accounted for.

This intuition carries through to the optimal choice of inflation at date 2. The optimal
mechanism now trades off the benefit of date 2 inflation — increasing the date 2 information
rent — against the cost of date 2 inflation — reducing the date 1 information rent. The cost of the
Phillips Curve now reflects itself in effects on information rents.

Finally, we can consider the implications for the design of the function T. Under the same

definition of 1, as before, at date 2, local incentive compatibility implies that

892 - 1892 8712 892.

Nonlinear Slope

Although this is in fact the same general condition as before, the optimal allocation is no longer
constrained efficient. As a result, the “inflation target” at date 1 now entails a nonlinear slope
when mapping changes in inflation to changes in T5.

We can conduct a similar exercise at date 1. Suppose that we define v; as before. We can

now write

0Ty o074 Jouq \ 97y 0T, af(92|91) duy \ 971y

=1 =yt S _BE| 22y L2 g = BE| —up 4+ =2 ) 2229

30, ~ %0, " ( 0 87'[1) a0, P {ael 172750, 1} p K it an2> 0, 1]
Nonlinear Slope Firm Expectations (“Date 2 Target”) Deviation from Constrained Efficiency

The first three terms on the right hand side are familiar from before. The first term on the right
hand side is the linear slope associated with implemented the constrained efficient allocation.

The second term reflects nonlinearities in this slope.14 The third term is the direct impact of

41 the three period model, the linear slope is recovered at date 1 because there is no information rent at date 0.
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the change in reported type on firm expectations, due to the change in perceived probability
measure over the date 2 state. It gives rise to the target (intercept) in the baseline model. In other
words, this term tells us that there is a term of the form —v; E7rp in the date 2 transfer rule.
However, there is also a final term that reflects the extent to which the allocation under
the optimal mechanism deviates from constrained efficiency. When the constrained efficient
inflation at date 2 is not implemented, changes in the date 1 report impact central bank welfare

to first order through changes in future inflation.

Relation to Section 3.3. The mechanism of Section 3.3 remains implementable in this frame-
work, meaning that a dynamic inflation target can still be used to implement the constrained
efficient allocation. However, this mechanism is no longer optimal as the reputation cost of the

transfer now enters into social welfare.

Reputation Without Separability. To solve the problem above, we assumed reputation was
separable in utility, which allowed for use of the same incentive compatibility constraints as
before. Suppose that we do not have full separability, but we do have separability in 6; and T;,
that is we can write U; = uy (711, Ertp, 61) + v1 (711, Erta, Th ). Notice that v; depends only on the
reported type and on policy variables. In this case, we can define Vi (#) = vy (711, Ertp, Ty ), with
the constraint V1 (0) < vy (71 (0), Erz (), 0) restricting maximum promisable utility. If under the
optimal mechanism the maximum promisable utility constraint only binds at 8; = 8, then we
can conduct the analysis as before in the interior. Notice that there is an additional effect at the
boundary of inflation expectations on maximum promisable utility, but not in the interior.

However, it is possible that maximum promisable utility may also bind above . In this
case, we have a pooling region at low values of 0; of central banks with maximum reputation.
Over this region, inflation expectations affect the central bank in part through this maximum
promisable utility, generating a second impact, in addition to the forces from before.

However, notice that outside the pooling region, where the promisable utility constraint
does not bind, the optimal allocation rule does not consider the impact of inflation expectations

on welfare through v;. The intuition is that in this region, reputation and inflation expectations
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are substitutes in enforcing incentive compatibility: a central bank can be made worse off either
by having a lower reputation, or by facing higher inflation expectations. As a result, in the

interior region higher expectations reduce the required loss of reputation.

3.5 Second-Best Mechanisms with Costly Transfers

In Section 3.2, we showed that a dynamic inflation target can implement the constrained efficient
level of inflation, while Section 3.4 studies the case where T; reflects a reputational cost that harms
both the central bank and the government. In this section, we study the optimal mechanism
when enforcement is costly in a conventional sense, for example associated with a monetary

incentive scheme.

3.5.1 Model

We capture the social cost of implementing and enforcing a monetary policy mechanism by
assuming that transfers are now costly to the government. Social preferences are now
oo
max E B" (Ui(ty, 741,01, 01) — xTy) |, (3.14)
t=0
where x > 0 captures the importance of this social cost.!®
In previous sections, the costless nature of the mechanism implied participation constraints

were irrelevant. We now introduce a date 0 participation constraint, given by
Wo > 0. (3.15)

Without loss of generality, we have normalized the outside option in the participation constraint
to 0.1 Recall that a mechanism is a mapping (71;, T;) : ©' — R2.
We now characterize local incentive compatibility from the Envelope Theorem, in or-

der to solve the problem using a first-order approach that relaxes the required monotonicity

15This corresponds to a standard (quasilinear) transferable utility model. As usual, T; may also correspond to
non-quasilinear utilities, provided they are transferable in this form.

161f instead the outside option where W), the mechanism we derive still applies, except that the period-0 transfer
would be adjusted by W, for all types.
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constraint.'” The Bellman representation of the central bank’s problem is
Wi (60") = sup {U; (7, 741,66, 0¢) + Tp + BE: [Wiia164] } (3.16)
0

As before, 7, T; are functions of the history of reported types, not true types, while W; is a

function of both past reported types and the current true type.

We adopt the notational convention that aa—gf is the derivative of U; in the true type 6;, while
%%I: is the derivative in the reported type. In equilibrium, the reported type and the true type

coincide, but the derivatives are distinct. Applying the Envelope Theorem and integrating over

types, we obtain an integral incentive compatibility condition

10 AL 0 Ofi(0:11s1)/9st
Wefz/ o0 LSt g, 4 / IE[W 5| ds 3.17
t( ) o aSt t ,B 0 t t+1 ft(9t+1|5t) ‘ t t ( )

Integral incentive compatibility relates the total date- utility to the central bank to two informa-

tion rents. Note that due to shock persistence, the central bank earns information rents not only

due to the effect on current flow utility, but also on the conditional probability distribution.!®
Integral incentive compatibility (3.17) gives a Bellman representation to the value function,

in terms of only the allocation rule. We can re-express this Bellman equation in sequence form by

iterating the Bellman equation forward. Doing so, we obtain the following result characterizing

this sequence representation.

Lemma 6. The value function YWy can be represented as

Wi(6") = E; Z,BSBf(GHS) 9t] vt,
s=0
where Bj is given by
B (67) — sl 1 / OUy1s(0'1, 51, ..., St15) ﬁ aft+k(9t+k+1’5t+k)dst+ ds;
= se--dSt.
t k=0 ft+k<9t+k+1 ’9t+k> 5100510505 OStis k=0 9S4k

Lemma 6 allows us to represent the principal’s optimization problem in a tractable way.

17See Pavan et al. (2014). We do not provide results on when the first order approach yields a globally incentive
compatible mechanism.

1BWithout loss of generality, we have set the constant of integration W;(6'~!,8) = 0 and have used the outside
option normalization W (8) = 0.
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Given an allocation rule for inflation, we use the characterization of the value function in
Lemma 6 as well as the Bellman equation to characterize the transfer rule which implements the
allocation,

Tt - Wt - Ut - ﬁlEt[WtJrlwt]-

We can then substitute the implementing taxes into the government’s utility function, and obtain

the following result characterizing the relaxed social planning problem.

Lemma 7. The relaxed social planning problem can be written as

maxE_;

{ru}

7

- ALY
tzoﬁ[ 1+KB°+ut]

where B is given as in Lemma 6. The implementing transfer rule is given by
Te = Wi — Ur — BE[Wii104],

where W is given as a function of the allocation rule as in Lemma 6.

3.5.2 The Second-Best Allocation Rule

Lemma 7 provides a characterization of the relaxed social planning problem, subject to integral

incentive compatibility. From this, we can characterize the optimal allocation.!?

Proposition 8. The solution to the optimal allocation rule is given by the first-order conditions

Time Consistency

ou. o,
t f—1
—f(0¢0i—1) = ———
'Bamf( t‘ t 1) o,
L e ) Y ey Y e, | v
T+r| 1 96;_107T; 7 900m (0r)) VT =
Persistence + Time Consistency Persistence
Costly Transfers

BWe characterize the optimal allocation assuming that 77; is interior.
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where T'1(0") is given by the recursive sequence

1,1 — F(6:]6:—1) Of (s¢|60¢—1) /061
B i1 >
[H(8") =Tea(67) F(6:]6,-1) Ei 1 F(st0i_1) st 2> 6 (3.18)
s s 1-F(6
with initial condition To(68°) = f(e(o)O) .

There are three effects that cause the allocation rule to deviate from simple optimization of
flow utility, 5~ aut = 0, which would be the decision of the central bank if left uncontrolled by the
government.

The first effect is a pure time consistency effect, reflected by the term — 851#. This effect
arises because period-t inflation appears in period t — 1 flow utility, due to the Phillips curve
relationship. This effect would exist even in the absence of persistent shocks and costly transfers.
If transfers are costless or information is not persistent, then it is the only effect, and we return
to the characterization in Section 3.2.

If transfers were not costly (x = 0), the optimal allocation would be the constrained efficient
allocation, and the dynamic inflation target would be the optimal mechanism. However, there
are two effects arising from the fact that transfers are now costly. These effects reflect both
the persistence of information and the time consistency problem. Because the central bank
earns an information rent, implementing a given allocation rule is now costly. Suppose that on
the margin, the government changes the allocation 71:(6'), holding all else fixed. This affects
the required transfer at two points. First, it affects the required transfer in period ¢, which is

related to the cross partial a?; aufr owing to the Envelope Theorem characterization of transfers.

Supposing that a% au;rt > 0 and thatI'; > 0, then 8%25% > 0 implies that an increase in 71; increases
aut > 0, which in turn increases the required transfer, generating a cost for the government.
This is a standard effect that exists even without a time consistency problem.

However, changes in 71; also affect the required transfers at date t — 1, due to the Phillips

curve relationship. Because 71; affects U;_1, we have the analogous property applying. In

particular if I' 1 > 0 and ae , then the effect is analogous. An increase in 71; causes an
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increase in aag: , which increases the required transfer. In other words, this second effect is an

interaction between the time consistency problem and the information persistence problem.

In either case, note that when the RHS is positive, we have 35177;1 + ﬁg—% f(6¢6;—1) > 0.
This implies that from the social perspective (accounting for time consistency), it would be
desirable to increase 71; further to reach the constrained efficient allocation. However, it is costly
to provide the correct incentive scheme to do so, and as a result the time consistency problem
is not fully corrected. Costly enforcement reduces the ability to combat the time consistency
problem. Notice that this implies that the inflation target is stricter than the constrained efficient
allocation.

—F(6o)

Lastly, the initial condition I'o(6°) = 1fT implies a conventional first-order condition for

period-0 inflation
% . K ( O) azuo _
Jog 14« 0 0009719

This reflects a standard virtual value relationship. The component (1 — F(6y))/f(6p) > 0 of
virtual value is relevant in both period 1 and in period 0, due to the time consistency problem.
Moreover, this value (1 — F(6y))/ f(6o) > 0 is persistent over time through the evolution of T';.
In other words, if it is large initially, then I'; is also larger in magnitude along every history.

It should be noted that the constrained efficient allocation is still implementable, but is no
longer optimal. In particular, at the constrained efficient allocation, the informational effects
still exactly offset one another, and a dynamic inflation target still implements that allocation.
However, at the constrained efficient allocation the marginal benefit of higher inflation is zero,
while the marginal cost of the enforcement mechanism is not. As a result, the government no
longer finds it optimal to implement the constrained efficient allocation that would have arisen
under zero costs. This helps to understand why the optimal mechanism here deviates from a
precise dynamic inflation target: once moved away from the constrained efficient allocation, the
informational effect on firms no longer exactly offsets the informational effect on government
transfers.

Nevertheless, the properties of the optimal mechanism still bear similarities to the dynamic
inflation target. In particular, the time consistency term is still a constant given the Phillips curve

relationship, generating a component of the optimal mechanism that resembles the dynamic
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target.

3.5.3 Sufficient Statistics for the Optimal Mechanism

Although in principle we are now solving a dynamic mechanism design problem with persis-
tence and a time consistency problem, the allocation rule derived in Proposition 8 implies a
sufficient statistics result for characterizing the optimal allocation rule. In particular, at date ¢,
we need to know two sufficient statistics for past information in order to derive the allocation
rule.

The first sufficient statistic is the function I';(6"), which itself has two sufficient statistics
- the constants I';_; and 6;_;. This first pair of sufficient statistic summarizes the information
relevant from the fact that shocks are persistent over time. It is separate from the time consistency
problem, and would exist even if there were no time consistency problem. This sufficient statistic
is irrelevant, however, in the absence of persistent information. In other words, if there is time
consistency problems but idiosyncratic shocks, we do not need to keep track of this information.

The second sufficient statistic is a “wedge” v;_1, which is a date t — 1 adapted constant
given by

1[ ol K 02U;_1

Vi1 = _B a]Et_lﬂ't B 1 —|—Krt71 89t_18]Et_17Tt (319)

v;—1 is a sufficient statistic for the time consistency problem, including the interaction between
the time consistency problem and the information persistence problem. v;_; would equal zero
in absence of the time consistency problem, whether or not there were persistent shocks.
Using this triple (I';_1,6;_1,v;—1), we can solve for the optimal allocation from date ¢
onward. From there, we can use the central bank value function to back out the required transfer
rule. As a result, this triple are sufficient statistics for the shock history 6! under the optimal

mechanism. This fact is summarized in the following corollary to Proposition 8.

Corollary 9. The triple (v;_1,6;—1,T;_1) of date t — 1 adapted constants is a sufficient statistic

for the history of shocks 6! ~! at date ¢. The allocation rule can be written as

ou; K 9%u;

— T, 7t > .
o, 1 +K1“taeta7_[tf(9t\9t,1) vt>1 (3.20)
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Corollary 9 further helps to understand how this mechanism resembles a dynamic inflation
target. Over time, the time consistency term v;_1, which is a constant from a date ¢ perspective,
evolves in response to shocks. Smaller slopes imply lower inflation penalties and higher average
inflation, whereas larger slopes imply larger penalties and lower inflation. In this sense, the

slope v;_1 now tells us information about the nature of the target.

3.5.4 Reversion to Dynamic Inflation Target

Proposition 8 tells us that the optimal mechanism reverts to a dynamic inflation target at both
extremes of the shock distribution. In other words, there is both a no top distortion and a no
bottom distortion result: if at period t we have 6; = Qor6; =6, thenT; =0, and hence s, s =0
Vt > s. This implies that the entire costly transfer term disappears, at which point the optimal

mechanism reverts to the dynamic inflation target.

Corollary 10. If 6; € {6,0}, then T;,s = 0 Vs > 0. 11,5 1 is a sufficient statistic at date t + s
Vs > 0. The optimal allocation at dates t +s (s > 1) is implemented by a dynamic inflation

target (as in Proposition 4).

The no top distortion result closely resembles normal top distortion results in the absence
of time consistency. The normal result states that after 6; = 0, we revert to the optimal allocation
Jlpys

rule = 0 Vs > 0. In our model, the optimal allocation rule instead satisfies aau;r%:l +

ﬁgﬁ—ﬁ f(B¢45]6t+5—1) = 0, due to the Phillips curve. No top distortion reverts the economy to this
efficient relationship. However, this efficient relationship is still distorted by the time consistency
problem, when the central bank is left to set inflation in an uncontrolled manner. As a result, the
wedge v, are still relevant, even after reaching a state 6; = 0. Moreover due to information
persistence, we also have a no distortion at the bottom result.?

As a result, not only does the optimal mechanism has a component that resembles the

dynamic inflation target throughout the shock distribution, but it reverts fully to the dynamic

inflation target at the limits of the distribution.

20See Pavan et al. (2014) for related results.
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3.5.5 Second best with Average Transfers

In the baseline model, we impose the assumption that the outside option takes the form

Wo(6°) > 0. We might alternatively have expressed this in the form

/9 Wo(6°)f(60]6_1)d6o > 0

The core difference between these two assumptions from a modeling perspective is on the timing
of information arrival versus the participation decision. Under the baseline assumption, either
f is already known to the central bank, or the central bank has the opportunity to revert to the
outside option after learning 6y. Under the second assumption, 6 is not known to the central
bank, and the central bank does not have the option to revert to the outside option after learning
it.

Under this alternative structure, the optimality of the dynamic inflation target returns. In
particular, implementable allocations are still defined as in Lemma 6, while the transfer rule is

T:(0') = Wi — U; — BE; [W;41]6:]. The average participation constraint implies that we have
O=E_Wy=E_; Zﬁt(ut +Ty),
t=0

which is markedly different from the baseline model. In particular, substituting this expression

into social welfare, we obtain the social optimization problem

maxE_; ) B (1+x)U;
=0

{re}
implying that the optimal allocation rule is constrained efficient. From here, we obtain the

optimality of the dynamic inflation target.

Proposition 11. Suppose that the participation constraint takes the form

/9 Wo(6°) f(60|6_1)d6o > 0

Then, the optimal mechanism is a dynamic inflation target, and yields the constrained efficient allocation.

The intuition behind Proposition 8 is straight-forward: under the average constraint, the

government can capture the full social surplus and simply reduce the average transfer to the

134



central bank at date 0 to satisfy the participation constraint. This implies that the government
chooses the mechanism and allocation that maximize social surplus, which is the dynamic

inflation target.

3.5.6 Discussion

The results of this suggestion imply that even under costly enforcement (transfers), the optimal
mechanism has properties that resemble a dynamic inflation target, in particular the time-varying
slope v;_1 associated with the time consistency problem. Moreover, the optimal mechanism
reverts to the dynamic inflation target at the extremes of the shock distribution.

Taken together, if policymakers believe that the costs of enforcement are second-order next
to the social welfare inflation-output trade-off, or believe that the target adjustment to (e.g.)
4% is a movement close to the upper limit of the distribution, then adopting a simple dynamic
inflation target may be a good approximation to the true optimal mechanism. Moreover, the
dynamic inflation target can always be used to implement the constrained efficient allocation,

even if these statements are not true.

3.6 Conclusion

We provide a theory of dynamic inflation targets. We show that a dynamic inflation targeting
mechanism can implement the constrained efficient level of inflation, and that when enforce-
ment costs of using the mechanism are negligible the dynamic inflation target is the optimal
mechanism. The key property of the dynamic inflation target is that it is updated one period in
advance, which mitigates the time consistency problem in target setting. This suggests that the
key property of target efficacy is advanced commitment. The results provide guidance on the
mechanism by which to adjust an inflation target without exacerbating the underlying time
consistency problem, suggesting that a mechanism of adjustment at restricted points in time,
for example every five years as with the Bank of Canada, would be the desirable adjustment

method.
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Appendix A
Appendix to Chapter 1

A.1 Appendix for Section 1.3: Quantitative Model

The material in this section takes as given that the model admits a finite-dimensional aggregate
state space representation. This will of course be true for each element in the sequence of
approximating economies specified by my solution method. For additional details, see Section
1.4 in the main text or Appendix A.3.

I will formalize this assumption before I proceed. In particular, as in the main text, I denote
the aggregate state of the economy at time ¢ by I'; € RN for some N. In practice, for the baseline
model we will have I'y = (py, a), where a; parameterizes the finite-dimensional distribution
representation of my solution method. However, for this section it will suffice to postulate an

arbitrary aggregate state vector I'; which follows a (Markov) diffusion so that
I’y = “l/lr(rt)dt + Ur(rt)dB,

where B; is a one-dimensional standard Brownian motion, representing the sole aggregate risk
factor of my model, and

pur:RY - RN, op: RN - RN,

Formally, I'; is a time-homogeneous Ito diffusion and I assume that it satisfies the usual regularity
conditions (see e.g. Oksendal (2013)). In other words, the coefficients yr and or depend on time

t only through I'y, and the process I'; therefore satisfies the Markov property for Ito diffusions.
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Before proceeding, I will introduce the notion of infinitesimal generator which is a composite
functional operator associated with a particular diffusion process. This object and its properties

are at the heart of Proposition 3 as I already anticipated in the main text.

Definition 12. The infinitesimal generator of a time-homogeneous Ito diffusion process X; in

RY is defined as

Axf(x) = lim E: [f(X:)] — f(x)

t—0 t

where Xp = x € R"and f : RN — R

In particular, the generator of the diffusion process I'; is then given by
1
Arf(x) = pr(x)Dxf + 507 (x) Dxx for (x)

where the T superscript denotes a transpose. To arrive at this form, the assumption of some
regularity conditions on f are necessary. The notation of (partial) derivative operators is such

that D, f denotes the Jacobian of f and Dy, f its Hessian matrix.

A.1.1 Household Problem

In the quantitative model, households consume, save, work, and make portfolio allocation
decisions. The problem of a household is to maximize the objective function (1) in the main
text subject to the set of budget, borrowing and short-sale constraints, and taking as given (i)
all aggregate prices, (ii) the economy’s aggregate law of motion, dI';, and (iii) the idiosyncratic
employment transition process.

It is easiest to work with a recursive representation of the household problem, which is
possible under the assumption of a (time-homogeneous) aggregate state space representation
(see above).! The appropriate state space on which we can formulate such a recursive represen-
tation is, of course, (a,k,z,T') where (4, k,z) describes the household’s idiosyncratic state given

by liquid and illiquid asset holdings, as well as employment status. As in the main text, I use

1T will formally discuss the recursive representation of the household problem when T} is infinite-dimensional
in Appendix A.3. The discussion here is understood to refer to an approximate economy under a finite-dimensional
distribution representation.
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superscript / notation to refer to a household with employment status z/, for j € {U, E}. In sum,
the household consumption policy function, which I will characterize below, is then given by
c/(a,k,T) for a household in employment state j, with asset holdings (a, k), and in the aggregate

state .

Derivation of the household budget constraint

In the main text, I work directly with real household asset holdings. In this subsection, I start
from the nominal household budget constraint and derive its real analog, deflated by the
household consumer price index. Recall that, in the state space representation of the problem, all
aggregate prices are functions of the aggregate state of the economy, so that for example the real
interest rate is given by r; = r(I';). I will notationally suppress this dependence on I whenever
there is no ambiguity. Similarly, I will suppress the dependence of functions on the idiosyncratic
state (a,k, z) for ease of exposition.

Nominal consumption outlays of the household (in employment state ) are given by Pc/,
where P denotes the price index of the consumption bundle (CPI). I define a as the stock of
“bond” holdings (liquid asset) and, similarly, k as the stock of “capital” holdings (illiquid asset).
As such, the household budget constraint is given by an equation for the evolution of liquid

wealth, Pa. We have

d(Pa) = [(H—é)Pa + (ik + PII—<IQ>k+Pe — QU — Py (1, k) — Pc|dt.

Several observations are in order. The portfolio returns are expressed in nominal terms here,
where i is the nominal interest rate, Pa is the nominal bond value on which the nominal interest
rate accrues (and on which annuity payments { are made). Similarly, i* is the nominal rental rate
per unit of capital k and PITQ denotes the aggregate nominal profits of the capital producing
sector. Q is the price of capital goods, where : denotes the rate at which households purchase
capital goods from the capital producer. I assume that the adjustment cost is paid in units of
the consumption good, which is why it is valued at P. Finally, Pe denotes nominal household
earnings.

CPI price inflation is defined as dP/P. The key question, then, is whether 4P is stochastic,
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in the sense that it loads directly on the aggregate risk factor dB. As I will discuss in more
detail in Appendix A.1.3, 4P has no diffusion term as long as we assume price stickiness (under

Rotemberg adjustment costs). In this case, I can define CPI inflation as

E%P = 7udt.

Returning to the nominal budget constraint and using the fact that 4P has no diffusion

term, we have d(Pa) = Pda + adP and, dividing by P and rearranging, I arrive at

da . ix  T1I9
i (i—m+Q)a+ (P+K)k+e—qz—lp(t,k) —c,
where ¥ = i — 7 is the real riskfree rate, r* = i¥/P is the real rental rate, and g = Q/Pis the

relative price of capital goods.

Household net worth

The definition of household net worth is conceptually complicated in this setting by the presence
of adjustment costs. Similarly, due to these adjustment costs, it will generically not be possible
to reduce the state space of the household from (g, k) to a single net worth variable. In other
words, household behavior generally depends not only on wealth but rather on the portfolio
split between liquid and illiquid assets.

Nonetheless, it is useful to consider how household net worth may be specified. I will
define net worth n as though there were no adjustment costs, so that n = a + gk. I have solved
a version of the model where there are indeed no adjustment cost at the micro level, so that
the household portfolio choice problem can be expressed in terms of the single state variable
n, as well as a portfolio share 6 of risky (but no longer illiquid) assets. Such setting lends itself
straightforwardly to a study of consumption-based asset pricing with heterogeneous households.
Details are available upon request.

While such a state space reduction is not possible here, it is still useful to characterize the

law of motion of household net worth as defined above. To do so, I specify a diffusion process
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for the relative price of capital given by

dqq = }lei’ + O'QdB,

where 1o and 0 are equilibrium objects. Also recall that the household’s illiquid asset position
evolves non-stochastically as in dk = [({ — §)k + (]dt.> Net worth therefore evolves as dn =
da + kdq + qdk, or

Q

1 IT dB
Edn =(r+Q)a+ (rk+K>k+e—qt—1,b(t,k) —c—l—quQ—l—kanE+q(§—6)k—|—qt.

Simplifying and rearranging, we arrive at

k Q
dn = [(r+§)n+e— (k) —c}dt+ (r + HK> qkdt + [ (yQ —5—r>dt+UQdB]qk
9 4
Dividend yield Excess capital gains rate

This derivation highlights that household net worth indeed loads on the aggregate risk
factor dB via a capital gains term, and thus follows a stochastic differential equation. On the other
hand, the stocks of liquid and illiquid assets held by the household, a and k, are not stochastic in
this sense. In other words, it is the value of these positions that evolves stochastically but not

their stocks, whose evolution is controlled by the household.

Household value function and FOCs

This subsection derives the optimality conditions for household behavior. Recognizing that labor
supply is set by unions, each household is left with two active choice variables, consumption ¢
and investment 4, i.e. the purchase of the illiquid asset.

The formal statement of this problem for a household that starts in state (a, k, Z, I') at time
t=0is

Vi(a,k,z,T) = m}?xlEO [/ e~ OOty (¢, h)dt
c,mn,l O

%In the presence of capital quality shocks as in Brunnermeier and Sannikov (2014), for example, dk would instead
be a stochastic differential equation, and a covariance term (dk)(dg) would emerge.
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subject to

Q .
4= (r(F) +§>a+ <rk(F) + I?q(rr)))kwf(a,k,r) —q(M)—y(Lk) —c
k= (0—0)k+1

h = H(T)

dzl = (z7] — 2/) dN(Aj(a, k,F))
dl' = ur(T')dt + or(T')dB

a>a and k>0,

taking as given all aggregate prices (as functions of the aggregate state I'). The constraint
h = H(T) represents the assumption that all labor supply is set symmetrically by labor unions,

and households take their quota of work hours as given. Household earnings are given by
e (a,k,T) =e(T) = (1—-1)2/w(T)H() + TP(T) + V().

Finally, as discussed in the main text, dN|(-) represents a continuous-time Poisson process that is
uncorrelated across households, and which takes as its argument the associated transition rate.
In our case, this employment transition rate A/(a, k,T') is given as an arbitrary function on the

household state space.

Recursive representation. It is easiest to work with a recursive representation of the household
problem. It is cast in terms of a partial differential equation (PDE) that represents the continuous-
time analog of the discrete-time Bellman equation, called the Hamilton-Jacobi-Bellman (HJB)
equation.

The HJB equation associated with the household problem (under the assumption that I' is
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finite-dimensional) is given by

(p+2)V/ = max {u(cf,H> + VZ{(@—»W]

ol
. ' Ii< , , . .
V|4 ak (F o4 T Yl —ad —y(l )~
o 1 7
+ M [V J— V]] +urVr + 50T Vrror

where I again suppress the dependence of objects on state variables. I only explicitly account
for the dependence on employment status using / superscripts in order to highlight that, really,
this is a system of PDEs, one associated with each j. I use the shorthand notation V] = D,V
to denote the partial derivative of V/ with respect to x. Finally, notice that the terms in the
last row, associated with the laws of motion for the household’s employment status and the
aggregate state of the economy, are outside the max operator because they are taken as given by
the household.

This HJB equation holds everywhere in the interior of the household state space, i.e. for all
a > a and k > 0. To characterize household behavior along the boundary of the state space, the
HJB equation must be paired with a set of state constraint boundary conditions. For details, see e.g.
Achdou et al. (2015). Intuitively, these constraints never bind in the interior of the state space. In
continuous time, therefore, households that are at least an “e” away from the constraints will
never hit them in the next, infinitesimally small time step.

The household’s optimization problem gives rise to the policy functions c/(a,k,T') and
J(a, k,T), which characterize household behavior at every possible point of the state space. I
will characterize these policy functions next. In the following, I will frequently make use of the

shorthand notation
. TI< . . . .
= (r+Qa+ <r" + K>k+ef —q/ = (k) —
m = (0 —8)k+14,

where s/ and m/ respectively correspond to the drift, or expected rate of change, in households’
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liquid and illiquid asset positions.

For later reference, I want to note that the household HJB equation can equivalently be
written in terms of generators (see my discussion in the introduction to Appendix A.1). Denoting
Al = A4k 2i), we have

(0 +0)VI =max u(c,H)+ AV + ArV,
c,J

where
Aifi(a,k,T) = s fl +mi fl + N(FT — 1)
. . 1 .
Arfl(a,k,T) = prfl + EUITf%FOT‘

I will make use of this representation below.?

Optimality conditions. The optimality condition for consumption is simply given by
uc(c, H(T)) = Vi(a,k,T).

Given the value function, we can invert this equation to solve for the policy function ¢/ =
c(a,k,T). Intuitively, households equate the marginal value of consuming with the marginal
value of saving for the future, i.e. the marginal value of liquid wealth V.

The optimality condition for the household’s investment decision is given by

Vi (a,k,T) = (q + (7, k)> Vi(a,k,T).

When the adjustment cost function i is non-differentiable, as is the case with a kinked functional
form for example, this FOC must be modified accordingly. Intuitively, households equate the

marginal values of liquid and illiquid assets, accounting for the marginal rate of transformation.

3Separating the generators as I do here is feasible because there is no interaction between the diffusion coefficients
of the idiosyncratic state variables and the aggregate state variables. Indeed, the idiosyncratic state variables do not
load on the aggregate risk factor at all in the baseline model. If there was an interaction, the appropriate generator
associated with the vector of household state variables, A, ; . 1), could not be decomposed into an idiosyncratic and
an aggregate component as I do here.
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Euler equation for diffusion processes

While the FOCs derived in the previous subsection fully characterize optimal household be-
havior, it is instructive to derive a set of Euler equations. Doing so in continuous time is less
straightforward than in discrete time. For illustration, I will start with the case where household

earnings follow a standard diffusion process without jumps, given by
dz = p.dt 4+ 0,dW,

where W is a standard Brownian motion that is uncorrelated across households. The drift
and diffusion coefficients, y, and o, are arbitrary functions on the household state space.
Finally, when the earnings state variable z is continuous rather than discrete, the HJB equation
that characterizes the household problem is no longer a system of equations. Similarly, I will
drop j superscripts and denote the policy functions as c(a,k,z,T') and ¢(a, k, z,T') since z is now

continuous.

Assumption. Crucially, I assume for now that E[dWdB] = 0 so that idiosyncratic risk and

aggregate risk are uncorrelated. I will relax this assumption in Appendix Section XX.

Plugging the policy functions back into the HJB equation (with max operator), we get a char-
acterization of households’ indirect value function (without max operator since optimization
already took place). This HJB equation for the diffusion-only case is given by

(0 +Q)V =u(c,H) + mVy +sVa + .V + ‘TZZZVZZ +urVr + %arTvrror.
We can now derive what is known as the HJB envelope condition by differentiating with respect to

a (and using the Envelope Theorem). This yields

o? 1
(P - T)Va =mVi, +8Vaa + ,uzvza + ?szza + ,Ml“vl"a + Ealrvl"l"ao'l"-

Next, notice that since the state variables, (a,k, z,T'), follow time-homogeneous Ito diffusion

processes, so does any function that takes (a, k, z,T') as its only arguments. Thus, applying Ito’s
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lemma to V;, = V,(a,k,z,T) yields
o

dVa - SVaadt + mVakdt + ]/leazdt + (72Vazdw + 2

1
Vg dt + }erardt + orVrdB + E(TIIVQITOTdf.
Putting this equation together with the envelope condition yields
dVa == (p — r)Vudt + (Tz‘/azdw + UFVardB.

Using the household optimality condition for consumption, we have du, = dV, and, in

particular,
Vaz = UccCz
Var = ucccr.

Thus, we arrive at the first of several characterizations of a continuous-time Euler equation for

household consumption.

Lemma 13. A continuous-time Euler equation for households’ marginal utility of consumption is given

by
e _ (o~ ¥yt + 0. "Ce.dW + or “ crdB.
Uc Uc Uc

Without taking a stance on the functional form u(c, 1), we cannot make much progress. Assum-

ing CRRA preferences, however, with relative risk aversion coefficient v implies

Hee _

U c

Similarly, notice that c is simply a function of the stochastic process 1, whose law of motion I

_1
derived above. We have ¢ = f(u.) = u. ”, and so

de = _lcl—s-'y (duc> + 1 <11+7c1+27> (duc)z
v 2\r 7

— %cdt + }Y’yczazdw + cropdB + %(1 +)e! ((Cztfz)z + (CF‘TF)2>'

I summarize in the next Lemma.
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Lemma 14. Assuming CRRA preferences, a continuous-time Euler equation for household consumption

is given by
2 2
dc r— 1 C20 1 cro C0: Cro
_ TPy 4 ﬂ(“) dt+ﬂ<”> at+ “Zaw + L ap
c 0% 2 c 2 c
N———
Consumption Smoothing  Precautionary Motive: Precautionary Motive:

Earnings Risk Aggregate Risk

This Lemma characterizes a consumption Euler equation in differential form. From here, it is

possible to derive an exact analog to the discrete-time Euler equation by integrating up over a

given time horizon.

Let Z =log(c) = f(c). Then,

2
dZ = f'(c)dc + %f”(c)(dc)z _de ;(dc>

2
_ r"’dt+g<cfz> dt+g(crff> at+ “Zaw + T ap

Then, writing out the stochastic differential equation in integral form, we have

Fly 2
Zt—Z():/ |:7’ ID_|_,>/<CZO—Z) _|_’)/<CF0T) :|dt—|—/ CzUde / CI’(TTdB
0 107 2 c 2 c
Fly 2
log <Cf> :/ [r P+7<czaz) +’)’<Cr(7r) ]dt+/ €0 w1+ / CrUrdB
o 0 Y 2\ ¢ 2 c
t o 2
o [[524 1 (52 o [ [ 52r)

<

Lemma 15. In the limit of small time steps, we have
2 2
r— 14+ [ c,0. 14 (cror
Bufea] = {720 121 (52 g 27 (1) )

where each of the terms on the RHS is evaluated at time t.

A.1.2 Nexus between the HJB and KF Equations

There is a deep link between the Hamilton-Jacobi-Bellman (HJB) equation that characterizes

household behavior and the Kolmogorov forward (KF) equation that describes the evolution
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of the cross-sectional household distribution. (For previous discussions of this link see, for
example, Lasry and Lions (2007) or Achdou et al. (2015).)

As in the main text, I denote the cross-sectional household distribution by g(a, k,z,T). The
marginal distributions for employed and unemployed households are given by ¢/(a,k,T). It is
well known that the law of motion of the distribution g is characterized by a KF equation, which
is a particular kind of partial differential equation (PDE).

In this subsection, I discuss the nexus between the HJB and KF equations. It is intuitively
quite easy to see why there would be a deep link between these equations. The HJB equation
describes the behavior of households across the state space at time t. And it is through their
behavior at time ¢, of course, that households transition to new positions in the state space at
time t + dt. In other words, the household’s decision to save or dissave at time ¢ will determine
its liquid asset position at time t + dt. In this sense, characterizing how the cross-sectional
distribution evolves is simply a matter of aggregating up households” decisions and, thereby,
the transition flows of households in the state space.

Mathematically, this relationship turns out to be characterized by transposition. The KF

equation is given by

”igj?‘gl‘;"‘) — —2, [sf'(a, k,T1)gl(a, k)} — [mj(a, k, rt)g{(a,k)} — Nig(a, k) + AT gl(a, k).

In the spirit of my earlier discussion of generators, I will define the composite operator that

represents this partial differential equation as
A; f1(a,K) = =0, |5/ (a, K, T0) f1(a, k)| — 3 [m (a, k. T) f1(a, )| = N T (a,K) + A7 f(a, ),
so that

dgi(ak) .

The following Lemma demonstrates the deep link between the KF and HJB equations.

Lemma 16. (HJB-KF Nexus) The operator A}k which defines the KF equation of this economy is the

adjoint of the idiosyncratic generator A; that defines the H]B equation.
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An adjoint is to functional operators what the transpose is to matrices. Indeed, this result is of
immense practical value: After discretizing the state space (4, k, z) on a grid, functional operators
like 0, can be represented numerically by matrices. Then, finding Aj is as simple as transposing

the matrix Aj that must be constructed to solve for the household value function.

A.1.3 Inflation Risk

Consumer prices are locally deterministic in my model due to price stickiness in the form
of Rotemberg adjustment costs. Therefore, the baseline model features no inflation risk: CPI
inflation at time f is t-adapted, in the sense that households have perfect foresight over the
realization P, 4 at time ¢.

This simple model feature has far-reaching implications. In particular, the evolution of
the household’s liquid asset position follows a non-stochastic differential equation. Since the
illiquid asset position evolves similarly non-stochastically and employment status follows a
Poisson rather than a diffusion process, the model’s KF equation becomes a standard partial
differential equation rather than a stochastic PDE. Indeed, in a model with inflation risk, the
process a; follows a stochastic differential equation and the associated KF equation becomes a
stochastic PDE. This would be the case, for example, if we assume wage stickiness but allow for
fully flexible consumer prices.

Recent work in the burgeoning HANK literature has become increasingly fond of assuming
sticky wages instead of sticky prices (see e.g. Auclert et al. (2018)). In the presence of aggregate
risk, such an assumption may considerably complicate the model of household behavior and
the associated law of motion of the cross-sectional household distribution.

Assume that consumer prices follow a diffusion process with

where 0, # 0 represents inflation risk. (In the baseline model of this paper, 0 = 0 of course and

I denote 7 = y5.) Following the steps presented in Appendix A.1.1, the associated evolution
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equation for the household’s liquid asset position becomes
e
da = {(Hé)a + (r" - K)k+e— gt — (1, k) — c|dt — acdB.

where I now define the real interest rate as r = i — y,. The diffusion coefficient ac, captures
the household’s exposure to inflation risk. It enters negatively since higher realized inflation
implies a depreciation of real liquid wealth.

In the presence of inflation risk, the Kolmogorov forward equation for the evolution of the

household cross-sectional distribution becomes a stochastic partial differential equation.

Lemma 17. (KF with inflation risk) In the presence of inflation risk, the cross-sectional household

distribution evolves according to

dg{fﬁz K _ s, [Sf(a, k,T)gl(a, k)] — O [mf(a, K T1)gh(a, k)}

- Ajg{(a, k) + A_jgi(a, k) + 9, {aang{(a, k)} dB.

This equation is a special case of the general KF equation I derive in Appendix A.2. The proof
can also be found there.
Inflation risk also has considerable implications for household behavior, of course. The

HJB equation for household behavior becomes

c

(0 +)V/ = max {u(cj,H) + V] [(r+§)a+ <rk + rII<Q>k—|—ej —ql —p((J,k) — cj]

+ EVéa(aaﬁ)z + Vi (aozor) + V] [(é — )k + L]:| }

' ' 4 1
+ M [V_] — V]} +urVr + EO'IIVH*UF.

Two new terms emerge as a consequence of inflation risk. The first, proportional to V,,, captures
the uncertainty households now face over the evolution of real liquid wealth. The second,
proportional to V,r, emerges because inflation, and therefore the household’s liquid wealth,

covaries with the aggregate state of the economy, I, as both load on the aggregate risk factor dB.
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A.1.4 Death Process and Blanchard (1985) Annuity Markets

How do we aggregate in this economy with death rates? I follow Blanchard (1985). Recall that

the household budget constraints are given by
1€
a= <r—|—§>a—|— (rk—i-K)k-l-e—qL—lp(t,k) —Cc=s
k= —-0k+i1=m,

where, as before, I suppress that the policy functions c,e, s, s and m take (a,k,z,T') as their
arguments.

To aggregate in this economy, we aggregate over all household cohorts that are still alive. A
cohort born at time 0 has remaining size at time ¢ given by {e¢'. This is by definition. Similarly,
the size of the population at time t is given by

it retlt-9) iy [i60] oty il _ gt
_ —(t—s - N )t
Survivin&jo cohort ’ \/i/—di o {’3 ]0 e i "
Surviving subsequent cohorts
It is important to realize here that the remaining size at time t of a cohort born at time 0 with
initial mass y is given by pe 4.

I can now address the important question of aggregation. Denote by c(s,t,a,k,z) the

consumption at time ¢ of a household cohort born at time s. If all households of a given cohort

consumed the exact same amount, then we would have
t
Cr = c(0,t)e ¢ —|—/ c(s, )7 ds
0

just like in the original Blanchard (1985) paper. But now we also have within-cohort heterogene-

ity. Therefore, the correct aggregation is given by
t
C = /C(O, ta, k,z)e’ag(o, t,a,k,z)d(ak,z)+ // c(s,t,a, k,Z)Ceg(sft)dsg(s, t,a,k,z)d(ak, z).
0

Now, of course, I want to rewrite everything exploiting the underlying stationarity. In particular,
we know that conditional on (g, k, z), households of different cohorts behave identically. And

while g(0, t) is very different from g(s, t), we don’t have to worry about this difference because,
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again, households are identical conditional on the state variables. So for consumption, it’s as

simple as always with
C = /ct(a, k,z)gi(a,k,z)d(a,k,z).

Now what about aggregate savings and aggregate capital accumulation? Define S; to be
aggregate liquid savings in this economy. It must be that S; = 0 at all t because of the bond

market clearing condition. Define A; to be total liquid (bond) wealth at time t. We have

A = /a[e_ag(o,t)] d(a,k, z) —I—/a[/Otéeg(s_t)g(s,t)ds]d(a,k,z)
—/ { ~t9(0,1) +/ 75t (s, t)ds]d(akz)

Differentiating with respect to t, we have
Si= A= / [ Ze *'¢(0,t) + e 'dg(0,t) + g(t, 1) —I—/ <eg(5 ”g(s,t))ds]d(u,k,z)
_/ [ Te “tg(0,t) + e 'dg(0,t) + 0g(t, 1)

+/ < 0ecC g (s, t)—f—eé(s”Zg(s,t))ds]d(a,k,z).

Splitting up these terms here, we have

S, g/agtt g/[ 0t+/ge¢sf (st)ds}

d
gt C(s—t)
+/ [ 7 —g(0,1) +/ le dtg(s,t)ds].

A couple of observations are in order. The first term is simply the definition of the liquid wealth
of newly born agents. By assumption, this is 0 since new household cohorts enter with zero
wealth. But in principle it could be anything else (under a different birth assumption). The
second term simplifies exactly to —{ Ay as is immediately obvious. So what do we do with the

third term? Let’s swap the integrals so that

ea[/d (0,t)d (akz)] /@eéSt[/ d(a,k, z)|ds.

The Kolmogorov forward equation still holds for every cohort-specific density function, so that
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we have

e‘gt[/a<¢4;"g(0,t)) a,k,z ] / 7t [/a(A?‘g(s,t))d(a,k,z)] ds.

Notice that the adjoint operator A; is f-adapted here because the prices that show up in this
operator are evaluated at time ¢ (they don’t vary across cohorts). And finally, I use the adjoint

relationship to arrive at

e_gt[/ (Am)g( d(a,k,z ] / @eés 2 [/ <Afu>g(s,t)d(a,k,z)} ds,

where of course

Aa =sd,a+moa+ ... =

where all terms except the first are 0. Therefore, putting it all together, we have

Sy = —CAt—i—ea[/st(a,k,z)g(O,t)d(a,k,z)] —|—/Ot Ceé(s’t) [/st(a,k,z)g(s,t)d(a,k,z) ds.

Finally, I now assume that we are in a stationary equilibrium. The assumption one makes
about the initialization of newly born household cohorts imply that there are differences across
cohort-specific densities. But, crucially, all cohorts face the same prices. Therefore, household

policy functions, conditional on (g, k, z), no longer depend on time. We have
t
S = —§A+/s(a,k,z)e’ag(0, t,a,k,z)d(a,k, z) +/s(a,k,z)/ get=tg(s,t,a,k,z)dsd(a, k, z)
0

t
=—(A+ /s(a, k,z) [eag(o, t,ak,z) —|—/ Ceg(s’t)g(s, t,a,k,z)ds]d(a,k,z)
0

Distribution of all surviving households
And what is the distribution of all surviving households? It is precisely the stationary distribution

because that is the distribution of all households alive when in the stationary equilibrium.
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Therefore, finally, I have proven that
S=—-CA+ /s(a,k,z)g(a,k,z)d(a,k,z)
I1°
=—CA+ / [(r + g)g + (rk + K)k +e—qi— (k) — C:| g(a,k,z)d(a,k,z)

= / [m-l— (rk-l-r;f)k-i—e—qt—lp(t,k)—c}g(a,k,z)d(a,k,z)

where g is the stationary distribution.

A parallel argument proves that the aggregate drift of the illiquid capital stock is given by
M= —g/kg(a,k,z)d(a, k,z) —|—/ [(é — )k + t] g(a,k,z)d(a k,z)
= —(K+ ({-0)K+ / 1g(a, k,z)d(a,k, z)
=1-4K,

where the last line uses the market clearing condition for capital production.
Overall, positive death rates have implications for the aggregation of flows in portfolio

positions but not their outstanding stocks. That is, we still have
A= /ag(a, k,z)d(a,k,z)
K= /kg(a, k,z)d(a,k,z).

A.1.5 Illustration of Walras’ Law

It is instructive and insightful to work through Walras’ law. In particular, I start with households’

budget constraints and will derive the goods market clearing condition.
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Aggregating households’ liquid asset evolution equation, I get
Y. [ 58 (a,k)d(a, k) =(r +¢) (a, k)d(a, k) + o 1 kg/(a, k)d(a, k)
j/sga, a,k) =(r é;/aga, a, r K;/ga, a,
—i—Z/ejgj(a,k)d(a,k) —qZ/zjgj(a,k)d(a,k)
j j

- Z/t/}(ﬂ, k)g! (a,k)d(a, k) — Z/ clgl(a,k)d(a,k).
j j
Notice that for any variable x/ (a,k), it is notationally equivalent to write
Z/xj(u, k)¢ (a,k)d(a,k) = /x(a, k,z)g(a, k,z)d(a,k,z).
j

Accounting for the death process as discussed in the previous subsection, aggregation yields

T1<
0= —rBS + <rk + K>K+ (1 -7 (1 - U)wH + v + Y — g1 — ¥ — C

where U is the unemployment rate. Notice that L = (1 — U)H. Using the government budget

constraint to solve out for T"™P yields
I1°
0= <rk+K>K+wL+H—qIH—‘I’—C—G.

Since payoffs on the liquid asset, labor tax revenue and Ul insurance represent direct transfers
between the government and household sectors, they cancel out in this step.
Next, I substitute in for the profits of the capital and goods producing sectors, 19 and 1T,

respectively. This yields

0=r"K+ (ql—l—@(é)K) +wL + (Y—wL—rkK> —qif -¥-C-G

:—I—<I><II<>K+Y—‘1"—C—G

where the second line also uses the market clearing condition for new capital, I = I*!. T abuse
notation slightly and denote the aggregate adjustment cost paid by the capital producer simply
by ®. Rearranging yields

Y=C+I+P+¥Y+G.
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A.2 Appendix for Section 1.4: Solution Method

This appendix provides additional details for as well as the proofs of the analytical results
discussed in Section 1.4 of the main text.
A.21 Derivation of Stochastic KF Equation (Diffusion Processes)

The proof of Proposition 3 makes use of the Kolmogorov forward (KF) equation that characterizes
the evolution of the cross-sectional household distribution. In this subsection, I prove the

following auxiliary result. I adopt the notation introduced in 1.4 of the main text.

Lemma 18. Assume that x; follows a time-homogeneous Ito diffusion process given by
dx = pdt + oV dW + oBdB

where iy, oV’ and ob are functions on the household state space, (x,T). W is a standard Brownian
motion that is uncorrelated across households (idiosyncratic risk), and By is a standard Brownian motion
that is perfectly correlated across households (aggregate risk). I assume that E[dWdB] = 0. The law of
motion of the cross-sectional household distribution g;(x) is given by the stochastic partial differential

(Kolmogorov forward) equation
dg(t,x) = (A*g)dt + (B*g)dB
where A* is the adjoint of the generator A associated with the H|B equation and given by
(Af)(x) = [t 3 ) ferlol) + 3 (08) (D),

and

(8" F)(x) =~ Ld |obf |

Proof. We may equivalently write

dB
dx = pxdt + oy ,

aw
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where

Ox = <(Tf (7}"’)-

Consider any function ¢(f, x). Then by Ito’s lemma,
T 1 T
dp = ¢udt + P dx + E(dx) Pxx(dx),
where ¢, denotes the gradient of ¢ with respect to x, and ¢y, its Hessian. We may rewrite this as
1
A9 = gudt + 9L pxdt + pLordZ + S Trace [crxT quxax},

where I denote

dB
dz =

dwW

I now use the assumption E[dWdB| = 0. This allows me to rewrite the above equation as
1 1
dp = et + Py it + P AW + ¢ dB + 5 (07") e (07 )it + 5 (07) e (0t

To illustrate this step, imagine x was 2-dimensional. Then the term in question is

1 1 [ P11 P12 | [ ox
ETrace [UxT 4>xx0*x} = ET]face <(7x1 ‘TXz) 1 ]
L ¢1 P ] \ox,

1 I 1
= §Trace <(7x1(,b11 + 0,1 Ox P12+ %4’22) ]
L sz

1
= ETrace Ox1P110x, + Oy P210x, + Ox, P120x, + Oxy 220, | -

In integral representation, this becomes,

T
(T, 0) =p(rx) & [ |0t ohat S0 o)+ 5 () o) |t

T T
+ / ¢ToBdB, + / STaWaw,.
T T

Consider the initial condition x; = %. Since I picked ¢(t, x) arbitrarily, it is without loss to
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assume that ¢(7, %) = 0 and ¢(f,x) — 0 uniformly in x as + — T. Then we have
[ 19T, x0) = g, x0)] i (v)dx
r T Lo wyr wy . Lo BT B
=[] o g S o) 4 3l it

+/ /4)x0 Qi(x ddet+/ /(])xa Qt(x)dxdWy,

where, slightly abusing notation, the integral is taken over the state space of x. The key

realization now is that, because dW; is perfectly uncorrelated, we have

/ / oToW g, (x)dxdW; = IEt{gbfaE’dW]:O.

This follows because a law of large numbers holds with respect to idiosyncratic risk (but not
with respect to aggregate risk).

I will now introduce an operator given by

(Af)(x) = fime+ ( ) fax () + (Uf)fox(Uf)-

Therefore,

oz/TT/ [¢t+(At<p) }gt dxdt/ /cpxa gt(x)dxdB;

I will now drop time subscript notation. Going forward, every subscript will denote a
partial derivative. And recall, the second integral is taken over the region of support for x.

Integrating by parts on the first term, I obtain

/TT/4’t8(t,x)dxdt :/ [cpg} de—//TT pgrdtdx,

where now g; = 9;g(t, x). Since I constructed ¢ so that ¢(7) = ¢(T) = 0, the first term here

drops out. Integrating over A by parts, and restricting attention to the class of functions ¢ with
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compact support, I obtain
T
/ /(Attp)(x)gt(x)dxdt
T
! 1 W oW B_ B
= — /t /(P lzaxi (‘uxig) ) Zax,-xj <Crx,~ 80%; + (Txl,g(ij) dxdt

:/tT/cp(A*g)dxdt,

L]
where A* is the adjoint of A.

What remains, therefore, is the aggregate risk term. Here, we have

/TT [/qb;fcffgdx]dla _ /TT [¢§Ufg - /¢Zaxi (afig>dx]d3.

The first term on the RHS is again 0 due to our choice of ¢. Therefore,

/TT Udafgdx]dla: —/TT/gb;ax,. [08g] dxdB

In conclusion, I therefore obtain

0— /TT/¢[gt— (_A*g)]dxdtJr/TT/¢[);8x,-[cr,ig]]dde.

Since this equation holds for arbitrary test functions ¢(t, x), it must be that

Boundary

oz/TTfp[gt—(A*g)]dt+/TT¢[;ax,[a,’ig]]dB (A1)

The analogous differential formulation is

dg(t,x) = (A*g)dt —) oy, [crfig] dB.

This concludes the proof.
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A.2.2 Proof of Proposition 3 (Diffusion Processes)

Proposition 3 applies to finite-dimensional approximations of the cross-sectional distribution
that take the form

81(x) = Flar)(x) = gi(x),

for some F(-) and a; € RN. I conjecture and verify that, as long as x; and X; are time-
homogeneous Ito diffusion processes, a; is similarly an N-dimensional Ito diffusion process,
with

day = padt 4+ 0,dB,

where B; is the standard, one-dimensional Brownian motion that represents the sole aggregate
risk factor of the model.

By Ito’s lemma,
. T L 7
dgi(x) = F, da; + 5(7,,‘ Fon0,dt
1
= FT (yadt n aadB) + 504 FauCadl,

where F, and F,, are the gradient and Hessian of F with respect to «, respectively, evaluated at
«; and x. Using the approximation dg;(x) ~ dg;(x) as well as the Kolmogorov forward equation

which I derived in Appendix A.2.1, we have
Flu,dt + %a{ Fra0udt + Flo,dB ~ dgi(x)
= (A*g)dt+ (B*g)dB.
Matching coefficients, we have
Elow = (B'g)

1 *
FuT.ua + E%TFMU& = (A"g).

168



We can again make use of the approximation F(a;)(x) ~ g:(x) to finally arrive at
Flo, = (B*F)

1 .
FZW + EU’EF,X,XO',X = (A'F)

where I suppress all function inputs for convenience.

To conclude the proof of Proposition 3, it remains to solve for the N x 1 vectors y, and
0. In terms of the underlying economics, this step represents an estimation or forecasting
problem from the perspective of the economy’s optimizing agents. There are many equally valid
approaches to this estimation problem, each corresponding to a different choice of norm. In the
main text, I present Proposition 3 for a least squares norm. Here, I derive and discuss several

alternatives.

Least squares. We seek to minimize

> ( [ [Fae- 8t(x)rdx> ;] |

The derivation is analogous to that of the standard least squares estimator. In particular, the

Eo

estimates that minimize the IL?(x) norm are given by
ox = (EIF,)'EL(B*F)

- 1
e = (FTF)'FI | (A*F) — Eagpmaa .
Collocation. Let S denote a set of collocation nodes denoted s. If we want to pick F(a;) so that
F(a;)(s) = gt(s) with equality at all collocation nodes s, then we need as many «; as there are
collocation nodes. I denote this number by N to remain consistent with the previous discussion,
so that #; € RN.

At these collocation nodes, we thus have

(nga + %O’ZFMU’,X)dt + FgUadB = (A*g)dt + (B*g)dB
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with equality as well. Matching the diffusion coefficients leads to

Fi (a:)(s) ot = (Bfge)(s)
——— —_——
NxN Nx1 N x 1

where I explicitly account for the function arguments to highlight that this is a system of N
equations at the N collocation nodes. And since F(&;)(s) = g:(s) exactly at the collocation
nodes, we can invert and simply rewrite this as
on = (F)" (B'F)

N SN

N x 1 NxN Nx1
and similarly

_ « 1
uy = (EH™1 <(A F)— ZUEFMUN),

~—~— ~——
N x 1 N x N N x1

where the RHS of each equation is evaluated at the N collocation nodes s.

Example. It is easiest to illustrate the previous arguments by assuming F(&;)(x) takes the form
of a linear basis function expansion. That is, consider the approximation
N
T(x)a(t) = Z a"(H)T"(x) =~ g(t,x),
n=1

where N is the number of basis functions, and the a” are the basis function coefficients. Any
linear basis function can be chosen for T", such as Chebyshev polynomials, hat functions, splines,
etc.

For these basis functions, the second-order Ito’s term conveniently drops out. That is,

relating this example back to the general setting, we have

T (x)

and

I start with the collocation approach first because it is particularly straightforward in this
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setting. Denoting the N collocation nodes by sj, . . ., sN, we have the system of equations

N
Y " (HT"(s1) = g(t,s1)

n=1

N
Z HT"(sn) = g(t, sn)

n:

Taking the time differential yields

i HT"(s1) = dg(t,s1) = (A*g)(s1)dt + (B*g)(s1)dB

i DT"(sn) = dg(t,s) = (A"g)(s1)dt + (B7g) (s)dB
Inverting this system, we have
da = T(s) L[ (A*T)(s) a dt + (B*T)(s) a dB|.
Matching coefficients then yields
e =T(s) " (A'T)(s) &
0u =T(s) " (B'T)(s)

The second-order Ito term has dropped out as anticipated. In this form, it is particularly easy

to see that the formulas for p, and 0, only depend on terms that are readily available during

the value function iteration step. In particular, there are three types of objects: First, the basis

function matrix T(x), which must be evaluated at s, is chosen ex ante. Therefore, both T(s) and

T(s)~! can easily be computed before even starting the value function iteration. Second, the

vector w is part of the aggregate state of the approximate economy and, therefore, part of the

grid on which the value function is computed. Finally, we have the functional operators A* and

B*. When the household’s state space is discretized on a grid, these operators become matrices.

And as I have repeatedly demonstrated throughout this paper, both matrices only depend on the
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household’s policy functions.

A.2.3 Choosing F(-) from a parametric family

I will now present several parametric families that work well in practice. For simplicity, I
will present the functional forms when x = x is one-dimensional. In most cases, the higher-

dimensional generalizations are straightforward.

Example. (Nodal basis functions) The most basic class of basis functions that can be employed to

great effect are nodal basis functions.* Let

F" () (x) = éaiwm,

where T;(x) is the (possibly asymmetric) hat function which takes on the value 1 on the grid
point on which it is centered, and 0 on all other nodes. For off-node grid points, interpolation is

used.

Example. (Chebyshev polynomials) The representation with Chebyshev polynomials takes on
the same form as the nodal basis representation, except that T;(x) is now the ith Chebyshev

polynomial.

Example. (Radial basis functions) Let a;; = {7vi, pit, 0i¢}, then

n — i)
F' (o) (x) = ;%’t P <_ W>

i=1

Example. (Generalized beta density functions) Let B(«, B) denote the beta function. Then the
standard beta distribution PDF can be used with a; € R3,

x“Z,t_l (1 o x)l)(3,t—1

A0 = 8 R m0.)

Other functional forms from the five-parameter generalized beta family can be used as well.

The beta family can be particularly efficient when modeling the household income distribution.

4This is precisely the basis used in the class of linear perturbation methods recently popularized by Reiter (2009).
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A.2.4 Non-parametric algorithm

I will present the main argument for the special case where F(a;)(x) is affine. Abusing notation
slightly, the approximation mapping can be rendered as g;(x) ~ C(x) + a;F(x). Assuming we
have simulated functional data for g; at hand, the estimation problem may then be set up as

min
F(x),C(x),a¢

§i(x) = C(x) — aiF(x)|

L2(txx)

Lemma 19. The efficient affine basis function can be implemented using C(x) = Eq(g¢(x)) and
Fe) = (oo ) ) Laifsi(x) - (],
where ap = (F(x)F(x)") 7' F(x)(g(x) — C(x))".
The goal of Lemma 19 is to estimate an efficient basis function representation
Flat)(x) ~ gi(x)

after simulating the model to obtain function data for g;(x). Lemma 3 tackles this problem by

restricting attention, for clearer illustration, to the affine class of basis functions given by
C(x) + T(x)a;.
The idea is to express the simulated data g:(x) as
81(x) = C(x) + T(x)a; + €(x),

where ¢; is the residual error in the approximate distribution representation. It is important to
note that €;(x) is itself a functional residual since we are considering an estimation problem on
functional data.

Consider the problem

min
T(x),C(x),n

§1(x) = Cx) ~ T(x)my

L2(txx)
where a; is again a N x 1 vector. The matrix of basis functions T can be thoughtof asa | x N

matrix in the context of a discretized grid of ] nodes (i.e. | grid points for household state x).
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Similarly, C(x) can be thought of as a | x 1 vector. The L?(t x x) norm under consideration

could correspondingly be recast as

2
min Z <gt] Ci— Zaanj> .

T”‘l C Min t]

In terms of the residual simulation error mentioned in the previous paragraph, this loss criterion
is equivalent to ;€2 = Y, €;(x;)* = €}(x)e(x) for a given ¢.

I will set the constant equal to the unconditional mean of the simulated distribution.

C=Er(g)

Let ¢ = g+ — C. Then we have
mmz S — Toct — Tay).

Factoring out,

min. 3 (66— 8i(Ta) = (T -+ (T (Tw) )

(818~ 2(Tw) -+ (Ta) (o)

t

Differentiating with respect to a; yields

i(TlXt)/(TlXt)

9
0=—2-—(Ta;)'$; + 5

E)txt

= 2T+ (T'T+(T'T))ay
~—~—
Nx1 Nx1

Rearranging, we have

(T'T + (T'T) Yoy = 2T§;

Finally, note that T'T = (T'T)’ so that we have
=(T'T)'T'g:.

This is, of course, precisely consistent with the estimation problem for the law of motion da;,

which is the subject of Proposition 3.
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Next, consider the optimality condition for T(x). Using

ib’X’DXc = D'Xbc’ + DXcb'.

0X
we have
0= ¥ g |81~ 2(Tw0) 6+ (T ()
which becomes
0= Y |~ 29 + 27w,
t
or simply

0= Zt; {(gy - Tat)a;}

Rearranging, we can solve for T(x) as

T(x) = (Zt:“t"‘é) N Ztlgt"‘;

This concludes the proof.
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A.3 Appendix for Section 1.5: Data and Empirics

A.3.1 Employment Transitions in CPS Micro Data

In this subsection, I provide details and additional material for my estimation of employment

transition rates using Current Population Survey (CPS) data.

Raw CPS data

The Current Population Survey (CPS) is a household survey conducted by the Bureau of Labor
Statistics (BLS) at a monthly frequency since 1948. The survey features a rotating panel of
households. A household is typically in the survey for four consecutive months. It is therefore
possible to use a household identifier to match records across months and create a panel of
household employment transitions. There is a long tradition of constructing gross employment
flows from matched CPS micro data. See for example Poterba and Summers (1986), Blanchard
et al. (1990) and Shimer (2012).

I obtain the raw CPS data from the NBER.® I restrict my sample to the period 1996 through
2019 throughout the analysis. A key question I use to construct employment categories was only
introduced to the CPS in 1994. Furthermore, the years 1994 and 1995 saw several changes in, for
example, the definition of household identifiers. This is a well-known issue that has made it
impossible to match data across several months in 1994 and 1995. I therefore start my sample in
1996. Similarly, I end the sample in December 2019, before the onset of the Covid pandemic in
the U.S.

Employment status definitions

The conventional definition of unemployment used by the BLS counts those above age 16 who
are currently unemployed but actively seeking employment, as a percent of the civilian labor
force. This notion is also called headline unemployment or U3 unemployment.

U3 has long been a contentious definition of unemployment and is oftentimes criticized as

being too narrowly defined. Indeed, it is well known that groups such as the marginally attached

53ee https://data.nber.org/data/cps-basic2/.

176



exhibit transition behavior that is significantly distinct from a more narrowly defined not in the
labor force (NILF) group and more similar to the behavior of the unemployed. Specifically, the
marginally attached (and some other groups) are much more likely to transition into employment
or unemployment than discouraged workers, the disabled or the retired, all of whom are lumped
together in the NILF category.

My model calls for a definition of employment and unemployment that captures as large a
share as possible of those households who exhibit positive employment transition rates. Since
the model speaks to questions about aggregate consumer behavior, it is only fitting to include as
large a share of the total (prime-age) population as is reasonable when calibrating its parameters.

On the other hand, there is also a strong argument to exclude households that are not
currently in the labor force and are sufficiently unlikely to transition back. To include such
households, for example the disabled or retired, it would be more consistent to define a distinct
employment state, in which households are not exposed to employment transitions at all. As
I want to restrict the model to two employment states, the most reasonable compromise is
to define a non-employment group that includes all those households that currently face a
sufficiently high probability of transitioning back into employment.

Concretely, I let employment state E correspond to the conventional definition of employ-
ment. On the other hand, I define the model’s unemployment state U as the union of the
conventionally unemployed, the marginally attached, and those employed part-time involuntar-
ily for economic reasons. I furthermore restrict the sample to prime-age workers. Therefore, my
overall definition of unemployment is more similar to the BLS” U6 measure.

I define the marginally attached as those households currently not in the labor force that (i)
want a job, (ii) have looked for employment in the last 12 months, and (iii) would be able to
take a job next week if offered.® Similarly, I categorize households as unemployed part-time for
economic reasons if they are currently working fewer than 35 hours per week but would like to

work more if given the chance.”

6The corresponding CPS variables are PRWNTJOB, PEDWLKO and PEDWAVL.

"The corresponding CPS variable is PEHRRSN1.
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Creating monthly panel data

To match households across their months in the survey and create an associated panel, I follow
the steps in Shimer (2012).% In particular, to match households I use the household identifier
variables provided in the CPS, variables for race, sex and age, as well as the household’s line

item number and months in the survey.’

From gross flows to continuous-time transition rates

After taking the steps discussed thus far, one can compute the monthly gross flows across
employment states. I now discuss how to map discrete-time flow data at a monthly frequency to
continuous-time transition rates at a quarterly frequency. The following derivations are closely
related to those in Shimer (2012) who argues that using continuous-time transition rates can
circumvent a time aggregation bias inherent in discrete-time data.

Let j and k denote employment states, j, k € {U, E}. The time horizon is t € [0,0) at a
quarterly frequency. Denote by NZ k(T) the number of households in employment state j at time

t and state k at time t + 7. Define

ik
ooy~ NE(T)
m (1) = 5 iz
Ny (1) + N; ()
as the share of all those households in employment state j at time ¢t that have transitioned into
state k at time t + 7. Naturally, n{k(O) = N{k(O) = 0 for k # j, and n{j(r) =1- n]t'k(r). Finally, I
denote by A{ the continuous-time transition rate out of state j at time . This is the same transition
rate that appears in the quantitative model. In particular, A} is the job separation rate and AY

the job finding rate.

Lemma 20. The relationship between flow shares and transition rates is given by

i i1- o~ (MHAD)T

y (T> = Ay )\j Ak
t t

My code builds on the replication code files provided by Robert Shimer,
https:/ /sites.google.com/site/robertshimer/research/flows. For additional details, please see Shimer (2012).

9Households are in the CPS for four consecutive months, then leave the survey and subsequently come back for
a second rotation of four consecutive months. I use data from both rounds.
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Lemma 21. Data on discrete-time gross flows at monthly frequency (from the CPS) can be mapped into

continuous-time Poisson transition rates at quarterly frequency using the formulas

/\u——nquBl 1 — nEU _ JUE
= T LUE 1 pEU 0708 n n

AE = ntt 3] 1 EU UE
=~ uE 5 peu 3log (1—n™ —n7F ).

A.3.2 Business Cycle Moments

The quantitative model generates naturally asymmetric business cycles and closely matches
prominent features of the business cycles in U.S. postwar history. In this section, I discuss the

data I use to compute these business cycle moments.

Raw data

The primary series I consider are output, investment, consumption and hours worked. Invest-
ment is defined as non-residential fixed investment and durable goods consumption. Consump-
tion is defined as expenditures on non-durable goods and services. Output, consumption and
investment are from the NIPA accounts. For hours, I use hours of all persons in the nonfarm
business sector from the BLS.

These series are expressed in real terms after deflating by the CPI index. Similarly, all
variables are expressed per capita, dividing by the civilian non-institutionalized population
aged 16 and over, and in logs.

I consider a sample from the first quarter of 1953 until the fourth quarter of 2019. I exclude
the immediate postwar years as they featured a degree of volatility in, for example, GDP growth
that is uncharacteristic for the postwar period as a whole.

Finally, I detrend all series using an HP filter, as is standard. I use a smoothing parameter

of A = 1600, which is appropriate for quarterly data.

A.3.3 Macroeconomic Uncertainty Indices

Since the seminal work by Bloom (2009), there has been a surge in interest in identifying and

measuring macro uncertainty in the data. Numerous proxies and indices have been proposed.
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To confront my model’s predictions about uncertainty with data, [ use a whole range of empirical

macro uncertainty proxies.

¢ Jurado et al. (2015) provide several direct econometric estimates of macro uncertainty. They
interpret uncertainty as conditional volatility in a series” unforecastable component and
macro uncertainty in particular as the common variation in a host of aggregate time series.
Using close to 300 macroeconomic and financial time series, they estimate factor-based
forecasting models and compute a macroeconomic uncertainty index (as well as financial

and real uncertainty indices) at 1, 3 and 12-month horizons.!0

¢ The Chicago Board Options Exchange (CBOE)’s Volatility Index (VIX) is a commonly used
proxy for expected volatility in financial markets. Using S&P 500 index options, the index

computes a one-month forward looking market expectation of volatility.

* The Economic Policy Uncertainty Index I use is from Baker ef al. (2016).!! Based on
newspaper coverage, this index tallies the frequency of articles in leading U.S. newspapers
that “contain the following triple: ‘economic’ or ‘economy’; “uncertain’ or ‘uncertainty’; and one

or more of ‘congress’, ‘deficit’, ‘Federal Reserve’, ‘legislation’, ‘requlation” or “White House’.”

* Finally, the World Uncertainty Index for the United States is from Ahir et al. (2018).1?
The index is based on the frequency with which the word “uncertainty” appears in the

Economist Intelligent Unit’s quarterly country reports.

10The raw time series can be found on Sydney Ludvigson’s website, https:/ /www.sydneyludvigson.com/.
HT access the data using FRED.

121 also access this time series using FRED.
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Appendix B
Appendix to Chapter 3

B.1 Proofs

B.1.1 Proof of Proposition 4

To verify given our conjectured mechanism, we verify the mechanism is locally incentive
compatible at the constrained efficient allocation by studying one shot deviations. Adopting the
sequence form of the problem, we have the (WLOG) date 0 value function

W (v, E_qm,0) = sup Eg Y_ B | — vie1 (7 — Erq [mue|vi—2, 61-1])

7'[0,50 t=0

+ U (71, Er [me41|vi-1, 0], 6r)

The first order condition for 7y is

0
0=—v_ 1—|—ﬂ
87'[0

giving the first order condition for inflation. Next, consider a change in the report 8. By the

Envelope Theorem, we have

BW 0 ~
- Z ,Btﬂ Vt —E [”t+1|thl/9t])
t=0
+ E iﬁt dUt (T[tl Et |:7rt+l|vt7119~t:| /Gt) + ﬁ‘[/ dEt [T[t+]|]/t,1, ét]
’ =0 dE; [ty1|vi-1, 0] : df,
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By Law of Iterated Expectations, we obtain

M _ Z g

ef}
dU; (7, Ep [7ti41|vi—1, 0¢] , 64) L By dE; [7ts1|vi-1, 0]
t =
dE; [7t1|vi-1, 0] dto

|:7Tt+1 — E¢ [7141|vi-1, 64

+E02ﬁ

Now, substituting in at the constrained efficient allocation along a truthful equilibrium, we have

dut(m Et[ﬂtﬂ\vr 1.0 ] )
dEt[ntJrl‘Vt—l 9]

+ Bv; = 0 and E; [ﬂtﬂ Et [7tei1|ven, 0]

Qt] = 0. Therefore, we have
the first order condition in the report 6 also holding.

As a result, this mechanism implements the constrained efficient allocation.

B.1.2 Proof of Lemma 6

Suppose that we take the Bellman equation:

0 oL, (01!
Wt(gt) = / t(a)dst —|—ﬁ/ E; |:Wt+
[} St

Oft(0r41|st)/ 9st s ]
fr(Or11lst) t

And iterate it forward once. Iterating forward once, we obtain:

o o (011, s4) Oft (0r41]st) /st
Wi(6') —/9 [atdst AR

fre1(Or12]5¢41) /05141 s 1] }
ft+1(9t+2|5t+1) -

[/9”1 U (01, 51, 5¢41)

+E W
o F t+1V V42

Iterating forward, suppose that we define the following recursive operator. In particular,

we define:
0
Bi(8,0) = /9 gdsi
t—1
Note that for the function g¥ = au%(stj , we have that BY is the first term in the infinite series
defining W;.

And suppose we define next:

O [ 9fi(Oralse)/0s:
1 _
B (86) _/9 & { filBeals) S

. . Or1 OUpq (001
Consider the function g{ = [;"" W
v t+1

St:| dSt

ds;11. Taking the function B} (g}, 6;) and

multiplying by B, we obtain the second term in the infinite series for W;.
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From here, we define a recursive operator. Consider a function g that is a date t + s

adapted function. We define the operator:

B (thI 0;) = B} (Btlﬂ (8t2/ Or11) /9t>

So that we have:

B (87,6:) =

/ef E, [aft(9t+l|5t)/ast /9”1 E,i [aft+1(9t+2|5t+1)/ast+1gz (5101, 00s2)
0 ft(9t+1|5t) " ft+1(9t+2’5t+1) Lo

St+l:| dsi i1 St] ds;

t—1
;40 OUst2 (9 ,St,St+1,St+2)

Which, when th(St,St+1/9t+2) = fg 05142

dsi+2 and multiplied by B2, gives
us the next term in the infinite series defining W;.

Continuosly defining these recursive operators as such, and defining functions

t—1
s Or+s 8Ut+s (9 7Sty eeey St+s)
0 =
gt (Stl ceey St+s—1/ t+S) 0

7

OStts

we obtain the infinite series that characterizes W;.
In other words, we can construct such recursive operators. From here, we look to simplify

these operators. Let us start from the operator B} (g, ;). In particular, we have:

1 e [aft(6t+1|st)/ast
B; (8/9t) —/9 E; ft(9t+1’5t) g(st,9t+1)

_ [ Oft(0r41]st)
B /0 /9,+1 Tg(st/9t+l)d9t+]d5t

0 9 (0115

[ Q"f %ﬁ;l‘s’*)g(st, 9t+1)dst}

011 ft(9t+l |9t) ft( H‘1| t) t+1

1 O 9f(0;41]s
PGt

St:| dSt

= b [ft(9t+1|9t)

In particular, as applied to the function g} = ; o %ﬁ”st“)dstﬂ, we obtain:
1 O (01 Uy 11 (0", 51, 8¢11) Ofe (Br41st)
Bl , 0,) =E / / t+1 7 otrOt+ +
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Which is of the form in the Lemma.

Now, let us consider the second operator. We have:

B} (3,6) = B! (Bl1 (3,01).61)
Recall that the simplified operator above expresses:

1 0 0 ft(Byy1]st) ]
_— B ,0 d
fi(0r4116:) [/9 9s¢ 85t Ora)dst

In other words, we have along history (6'~1, s;):

|

B (3,6:) = Es [

1 [/9”1 Oft+1(0r12]5641)
0

fre1(0e420:41) 95141

B}H (8/0i+1) = Ety1 [ g(5t15t+1/9t+2)d5t+1] 9t+1}

And applying this into the operator defining B?, we obtain:

B (3,6:) =

E 1 [/Gf /et+1 Ofi(0r11st) fr1(Or12se41)
CLA0100) frr1 (Bri2l0rin) Lo o 0s¢ 05111

|

ds;i2, we get the next expression from the

g(St, St+1, 9t+2)d5t+1d5t:|

-1
e e o B WU (0 ses,5042)
And substituting in g = [, ¥

Lemma. From here, the result follows from repeated iteration.

B.1.3 Proof of Lemma 7

For any allocation rule, T; provides the implementation. Recall that the government’s welfare is
given by:
max E_; [ Z BiU; — KTt] ,

t=0

Recall that bank welfare is given by:

[ee]

Wo =Eo)_ [BU: + Ty
t=0

In other words, we always have:

—E0)_ Ty=Eo)_ B'U— Wy
t=0 t=0
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Substituting in above, by Law of Iterated Expectations we obtain the planning problem:

maxE_1 | —xWo+ ) B (14 x)Uy|,
=0

and where lastly, we use Lemma 4 substitute in for W) to obtain the result.

B.1.4 Proof of Proposition 8

Recall that our objective function for the second-best optimization problem was given by:

max/ [Z 'Bt [_1 K BS (g(t),90) + U; (7‘({, 7Tt+l/9t/9t):|] dFQ(GQ)
J6y | 1=0 +x

Note that given the optimal mechanism implements truthful reporting, we may substitute in
gt = Gt.

Recall further the simplified form of the operators:

BS Et [Sl 1 ) / aut+s(9til/ Styeees St+5) ﬁ aft+k(9t+k+l|St+k)dst+s...dst
S[SQt,A

D=
k=0 frak(Orrk1110r1k wStes<0irs OStis k=0 954k

4

Now, denote the realized value of the operator Bf) by:

t—1 t—1
B(t)(gt) _ H 1 / oU;(so, -, t) afk(9k+1’8k)dst...d50
0 S (Ori110k) Jso<bo,..si<6; 0s; 5 sy

So that B{(6') is a random variable derived from the history 6' of shocks. Given the
definition of this random variable, denote E_; to be the beginning-of-period-0 expectation,
not conditional on the information 6y. From here, we can rewrite the objective function of the

government as:

o0 K B
max E_1 [Z pt [—1 +KB(t)(7Tt, i1, 01007 + (1 + 6) Uy (71, 7Tt+1,9t\)H
=0

From here, consider the optimal choice of inflation 71;(z"), for a realized history 6" = z! of

shocks. Note that the solution can be written in the form (for ¢t > 1):

t
@ E ) ) = B B ﬁs(”)ﬁl(zt)BS(”s, o1, 0,]6°)

s=t—1

So that all that remains is to characterize the derivatives of Bj with respect to 7;(z'). When
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s = t, we have:

g d t—1 1 oU;(so, ..., s ) af (Bx11ls )
A gy — 4 7/ - e dsuds
Azt 0(0°) e (zt) [H Fr(Bk116k) Jso<b0,...5:<6: 0s¢ ,g sk 0

Note that 7;(z") appears in %S;"’S’) only along the path given by sy = zo, 51 = 21, ... , 5t = z4.

Essentially then, this derivative at a single point 71;(z") comes down to extracting the derivative

along that path under the integral. The derivative along that path is then given by:

d ' 1 Uy =L afi(Brialz)
7z tBO(G ) Zo<90 2t <0} H fk 9k+1|9k) aZtaT[t(Zt) lg aZk

Note the subtlety that the ’s are preserved, as the realization of the random history, whereas
the s’s are replaced by z’s, as the path under the integrals that leads to the history z' under the
integrals. It is worth remembering then, when we substitute into the expectation, that 6; is a
random variable, and z' is (fixed) the history being differentiated along, and so is not a random
variable.

Note that by exactly the same logic, we obtain Vt > 2

d 11y _ 1 U1 2 (B lzi)
dZtB (9 ) 1Zo<90,...,2t—1§9f,1 IQ) fk(9k+1‘9k) aZt,‘laT[t(Zt) IQ) aZk

As a result, the right-hand side of the first-order condition becomes Vvt > 2

1+x

d
RHS = E_;
s;d el

BO(T[S/ 7TS+1/ 95 |95)

1 azut,1 =2 afk(9k+1‘zk)
=E_1|1
1 [ 20<6p,...,2¢-1<0;1 g fk(9k+1|9k) aZt,1a7Tt(Zt) g 9z

- 1 PU; 1 fe(Orslze)
+ E— 1 t X0t
P 1[“%'"“9,& fk(ekﬂwk)aztam(zf)g 0z

_ U oy M. Yellenlz)
azt_lant(zf) =1 | t20<00,..,zt-1<0; 1 k:()fk(ek—i-l‘ek) 0z

9”U; 1 - afk<9k+1|zk)]
k=0

+ aZtaTCt( ),BE 1 [ 20<0,.. zt<9tka 9k+1|9k) H azk

Where here, we applied the fact that we have chosen a specific history z/, so that the cross-

partials above are not random variables, but rather are specific realizations of those random
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variables. By contrast, the part inside the expectation corresponds to histories which contain
these specific histories, and so are random variables.

Now, consider these two expectations. Now, we define Q;(z") by:

Sy Canaa
O(z') =E_4 |1 -
t( ) 1 [ Zo§90r~~-rzf§9’gfk(9k+1|0k) ]l;](:) aZk

0 0 012 0 f(Ors1)2)
= T £(6y)d6;...d6
L L TT55 e enden.at

Zk
/9 9fr 9t|Zt 1) / /Gt r O 9k+1|zk)f( 00)d6;_1...d0 | db;
Jzy 20 k=0 Zk
0 Ofk(0t]ze—1) -1
_/ aZt ) t 1(2 )d9t

8
— 0 (th) / afk(gt‘zt—ﬂdet

0z;_1
Which is well-defined for all + > 1. However, it requires an initial condition Q(z°). It is helpful

to define this initial condition in the date 1 FOC. Note that at date 1, we have:
)
By N0 = By(8°) = | =—dso
0

So that we have dn( )Bt Lgt=1) = 120<9087T7L(Izl) In particular then, the expectation is
simply:
0
E_1[1z<q] = /Z f(60)dbo =1 — F(zo)
0

So that we have initial condition Q(z°) = 1 — F(zo).
This gives us a state space reduction property, where we can fully determine (); from ;4
and z;_1 by a recursive sequence, where the initial value is Qo (z°) = 1 — F(zo).

From here, we can substitute back into the FOCs:

2 2
(1+x) 887;[2;)][( 27+ 587£T9L(Lf )f(zt)} =K [Qt_l(ztl)azjllg;;l(zt) +ﬁﬂt(zt)aztgﬂlﬁzt)
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From here, it is helpful to divide through by f(z~1):

oU;_4 ol
(145) | goh o+ B el

. Qt_l(Ztil) azllt_l t( ) azut

- [ f(zt=1)  0zp_197m(2t) +h f(zh) aztam(zt)f(mzt*l)
And from here, we define I';(z') = (}f(( )) Note that we have:

0 Of (0| 0 9f(6¢]zi—
hat = 2E) _ aE [y i I (2 d2 "
f(z") f(z") f(zt]ze-1) - f(zt|ze-1)
Giving us our key result for ¢ > 1.
Note that the relevant initial condition is I'j = l}é (02)0)_ This is the standard term in

evaluating the virtual value in static mechanism design problems, and it is not surprising that
it appears here. What it notable is that this term appears in the date 1 optimality condition, in
addition (as we will see) to the date-0 one. This is because of the time consistency problem.

Lastly, we can evaluate the FOC for 719. In 719, there is no time consistency element, and
we are left with the simple tradeoff between current 7t and transfers. Repeating the steps from
above, we obtain the simple condition

02Uy
aZ()aTCO

allo . K

87'[0 o 1—|—Kr0( )

which is a standard virtual value condition. This gives the full result.

B.1.5 Proof of Corollary 9

The proof follows immediately from Proposition 8, noting that the triple can be used to evaluate
the allocation rule from date t and onward, and that the transfer rule can be defined from the

value function.

B.1.6 Proof of Corollary 10

The proof follows immediately from the definition of T';, which is equal to zero if 6; € {6,0}.
When I'y = 0, the allocation rule is constrained efficient for all I';, k > 1, so the optimal

mechanism reverts to constrained efficiency, which is implemented by the dynamic inflation
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target.

B.1.7 Proof of Proposition 11

The optimization problem

[ee]

maxE_q ) (1 +x)Us
{m} t=0

yields the constrained efficient allocation rule. The result of Proposition 4 gives the mechanism

that implements this allocation rule, giving the result.
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