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Geodesic Currents on Hyperbolic Surfaces: Entropy, Intersection Number, and Equidistribution

Abstract

Let X be a hyperbolic surface of finite volume. In this thesis, we investigate the behavior
of closed geodesics on X and their geometric intersections. Specifically, we address the
following three questions:

1. How does the interaction between the intersection number and length of closed geodesics
change when the surface X varies? Let us denote the length and geometric intersection
number of a pair of closed geodesics on X by ¢x(«) and i(a, 3), respectively, and let

oy i(0,8)
100 = a,/? Ux(a)lx(B)’

where the supremum is taken over all pairs of closed geodesics. We refer to I(X) as
the interaction strength of X, as it controls the best upper bound on i(«, ) in terms of
Ux(a)lx(B). Let M, be the moduli space of compact hyperbolic surfaces with genus ¢g. Our
main result here describes the exact asymptotic behavior of I(X) on M,. To state it, let
sys(X) = igf Ux(«r) denotes the systole of X. We show that

1
™ 2sys(X) log(1/ sys(X))

1(X)

as X — oo in M.
2. How are the intersection points between all pairs of closed geodesics distributed on X7

It is not difficult to see that these points are dense in X. We show that the intersection

iii



points of closed geodesics with length < T" become equidistributed on X, as T'— oo. More
precisely, consider all the intersection points (including self-intersections) between closed
geodesics with length < T'. Let ur be the counting measure on these points (the points
are considered with multiplicity). Our main result here shows that the probability measure
wr/|pr| converges to the normalized area measure on X, as 7' — oco. In the non-compact
case, we carry out a careful analysis to show there is no escape of mass in the limit.

3. Can one control the measure-theoretic entropy h, of a geodesic current p in terms of
its self-intersection number i(u, )7 Geodesic currents generalize closed geodesics, and it is
known that geodesic currents with zero self-intersection number have zero measure-theoretic
entropy. This observation motivates our question. We show that the answer is affirmative
when the geodesic current is ergodic. More precisely, we show that when p is an ergodic
geodesic current with £x(u) = 1, we have

hy =0 (Wlog(;)> .

i 1)

The proof involves topological and combinatorial estimates for the number of closed geodesics

with a small number of self-intersections relative to length.
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1. INTRODUCTION

In this work, we aim to understand the behavior of closed geodesics on finite-volume
hyperbolic surfaces by studying their geometric intersection number. More precisely, we
investigate the interaction between the intersection number and length of closed geodesics
and how this relationship changes when the surface X varies. Additionally, we find the
distribution of the intersection points between closed geodesics on X. We also give a bound
on the entropy of geodesic currents (a generalization of closed geodesics) in terms of their
self-intersection number. These topics illustrate an interplay between geometry, dynamics,
and topology of hyperbolic surfaces.

Overview. Let M, ,, be the moduli space of hyperbolic surfaces of genus g with n cusps.
For X € M,,,, define the (geometric) intersection number i(c, 5) between closed geodesics
a, 5 to be the total number of transverse intersection points between «, 3. The points are
counted with multiplicity; in other words, if the geodesics pass through a point (transversally)
multiple times, the point is counted with a weight, see §2.1. The intersection number can
be defined on the homotopy class of the closed curves as well. Namely, it is the minimum of
the intersection number between the representatives in the homotopy classes. Therefore, the
intersection number is a topological invariant. Note that these definitions are compatible
because geodesic representatives always attain the minimum intersection number.

To delve deeper into this topic, we employ the theory of geodesic currents. A geodesic
current is a measure on the unit tangent bundle 77 (X), which is invariant under the geodesic
flow and the involution map (the map that sends v € T1(X) to —v € T1(X)), see §2.2.
Geodesic currents represent a generalization of closed geodesics. The entropy of a geodesic
current p with length ¢x(x) = 1 (meaning that p is a probability measure) is its measure-
theoretic entropy with respect to the geodesic flow and denoted by h,.

For X € M,,, let the systole of X, written sys(X), be the length of the shortest closed

geodesic(s) of X. Let {x(v) denote the length of closed geodesic v on X.



Questions. In this thesis, we aim to study the following questions:
Question 1. How does I(X) change by the geometry of X, where

Y
1) =0 i )

and the supremum is over all pairs of closed geodesics?

We call I(X) the interaction strength of X because it controls the intersection number
and its interaction with lengths of closed geodesics.

Question 2. How are the intersection points between all pairs of closed geodesics distributed
on X ?

These intersection points are dense on X (see Proposition 4.1). Moreover, closed geodesics
are equidistributed on X [Bow]|[Rob][Mar]. Therefore, it is natural to expect that these
intersection points become uniformly distributed too.

Question 3. Can we control the measure-theoretic entropy h, of a geodesic current p in
terms of the self-intersection number i(f, p)?

This question is inspired by the fact that the geodesic currents with self-intersection num-
ber zero have measure-theoretic entropy zero [Fat, Lem. 3.3][BS1|[You, §5].

Main Results. We answer the questions with the following results.

Theorem 1.1. Let I(X) be the interaction strength of X € M,. We have

1

10~ s (X Tog (1 sys(X))

as X — oo in M,.

Here the notation ~ means that the ratio tends to 1. It is well-known that X — oo in

M, is equivalent to sys(X) — 0.

Theorem 1.2. Let X be a finite volume hyperbolic surface. The intersection points of

closed geodesics with length < T become equidistributed on X, as T — oo. In other words,
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the sequence of the normalized counting measures on the intersection points (the points are

considered with multiplicity) converges weakly to the normalized area measure on X.

Theorem 1.3. Let i be an ergodic geodesic current with {x(pu) = 1. Let h, be the measure-

theoretic entropy of u with respect to the geodesic flow on T1(X), we have:

hy=0 (mlog(\/ﬁ» .

The proofs are given in §3, 4, 5, respectively.

Discussion. Now, let us explain each topic in detail and provide a sketch of the proofs.

1. Interaction strength

The upper bound on the intersection number, in terms of the hyperbolic length and word
length of the curves, has been studied in different settings [CP2|[CP1][Bas][CMP]. In §3,
we study the supremum of the intersection number in terms of hyperbolic length. Given
X € M,, we know that i(a, 5) < ¢(X)lx(a)lx(B) for a constant ¢(X) > 0 [Bas](also see
Proposition 2.3). Recall that the interaction strength of X is

I(X) :=sup e, 5)

a.p EX(O‘)’EX(ﬁ)’ @

where the supremum is over all pairs of closed geodesics. We refer to it as the interaction
strength of X because it controls the upper bound on i(a, 8) in terms of {x(a)lx(5). We

can see that I(X) — oo, as X — 00, in M, (see Corollary 3.2) and that
I(X) < 4/sys(X)?,

by Proposition 2.3. Note that X — oo in M, is equivalent to sys(X) — 0 [Mum]. Our main

result, Theorem 1.1, describes the exact asymptotic behavior of 1(X) on M,:

1
™ 2sys(X) log(1/ sys(X))

3

1(X)



as X — oo in My, or equivalently, as sys(X) — 0. Recall that the notation ~ means that
the ratio tends to 1.

Let o be a closed geodesic with length sys(X). We can find a closed geodesic § with
the length at most about 4log(1/sys(X)) that intersects a in two points. The normalized
intersection number i(«, 5)/lx(a)lx () is a lower bound for I(X) and is at least about

1/(2sys(X)log(1/sys(X))), §3.1. See Figure 1.

FIGURE 1

From Theorem 1.1 and continuity of 7(X), we can obtain an estimate of I(X) up to a
g-dependent multiplicative constant for all surfaces in Mg (see Corollary 3.15).

The notation A < B (A =<, B) means A € [B/c,cB| (A € [B/cy,c,B]) for an implicit
constant ¢ > 0 (¢, > 0). We say that A and B are asymptotically equivalent when A ~ B
and that A and B have the same order of magnitude when A < B.

We can see I(X) attains its minimum at a point in M, since it is proper (by Theorem

1.1). The order of magnitude of the minimum of I is given (see §3.3):

Proposition 1.4. We have

uniformly in g.

A similar result as Theorem 1.1 holds when X varies in M, ,,, provided we restrict attention

to closed geodesics in a fixed compact subset of X, see §3.4. This result also gives a global
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estimate of the interaction strength up to a g-dependent multiplicative constant for all X &€
M, (see Corollary 3.19).

One can also consider the following related quantities:

IA(X) :=sup
Where the supremum is over all closed geodesics, and

| — sup @ B)
Laimpie(X) = o T (@)lx (B)

where the supremum is over all pairs of simple closed geodesics.

We will see that they have the same order of magnitude as I(X). More precisely, we have:

Ia(X) € [I(X)/2,1(X)],

as it is shown in Proposition 3.7, and

]simple Xg [(X)a

as it is shown in Corollary 3.5.
Moreover, Lsmpre(X)/1(X) — 1 as X — oo in M.
Although I(X) — oo when X — oo in M, we can see that the interaction strength of a

random hyperbolic surface in M, is still finite. In other words, we have:

Corollary 1.5. The expected value of the interaction strength on Mg, equipped with Weil —

Petersson measure, is finite.

This Corollary is an immediate consequence of Theorem 1.1 and Mirzakhani’s bound on
the volume of Mg, the e-thin part of M, [Mir3, Thm. 4.1]; see §3.5. Note that the upper
bound in [Bas] and Proposition 2.3 is insufficient to obtain Corollary 1.5.
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Outline of the Proof of Theorem 1.1: The main steps of the proof are as follows.
In order to find the lower bound for I(X), we consider a systole and the shortest closed
geodesic that intersects it at two points as depicted in Figure 1. In order to find the required
upper bound, we consider a proper pants decomposition P of X. Then we split X into thin
and thick parts where the thin parts are annular neighborhoods of the curves in P (they
are a subset of their collars) and the thick parts are the complements (see §2). We have the

following inequality for I;, ¢;, £, > 0:

(2

L+ I
(O + o) (0 + 1) —

It implies that it is enough to obtain the required upper bound in each part separately.

LI
00 00

).

max(

Then we can see that the thin part containing the systole has the main contribution to /(X).
The heart of the proof lies in approximating the lengths and intersection numbers of geodesic
arcs inside the thin parts (see §3.2).

2. Intersection points

It is not hard to see that the intersection points between pairs of closed geodesics are dense
on X (see Proposition 4.1). This is also known that the closed geodesics are equidistributed
on X [Bow] [Rob] [Mar|. Therefore, it is natural to expect the intersection points to be
uniformly distributed on X as well. In other words, we consider all of the intersection points
(including the self-intersections) between the closed geodesics with length < T and show
that these become equidistributed on X, with respect to the area measure, as T'— oo. Note
that X may have cusps, and a challenging part of the proof is to show that there is no escape
of mass to the cusps in the limit.

Let us state this more mathematically. Let G be the set of closed geodesics on X and Gr

the set of closed geodesics with length < T'. Given a, 8 € G, define the intersection measure



I(a, B) as follows:
I(a, B) = Z Cp0p

pEQNS

where the sum is over the transverse intersection points of o and 3, d,, is the delta measure
at a point p, and the weight ¢, is the multiplicity of the intersection at the point p. In other
words, ¢, = 1 unless the geodesics pass through the point p multiple times (see §2.1). The
intersection number of o and 3, i(a, ), is the total volume of I(«, 5) on X. The intersection
measure can extend to geodesic currents (see §2.2).

Denote |u| as the total volume of measure p. Let A be the area measure on X obtained
from the hyperbolic metric. Then A(X) =arae(X) = 27(2g — 2 + n) where g is genus of X

and n the number of cusps. Define the multi-curve 7 as:

Yri= )

YEGT
Our main result, Theorem 1.2, states:
The sequence of probability measures I(yr,yr)/|I(yr, yr)| converges weakly to A/area(X)
in C¥(X), as T — oc.
Convergence in C(X) means weak convergence in the dual space of the continuous com-
pactly supported functions.

The proof also implies the growth rate of the intersection number.

Corollary 1.6. As T — oo, we have

1 €2T
l 2~ .
7T2(29—2—|—n)( Z x(7) (29 —2+n)

Lx(v)ST

i(VTﬁT) ~

In Chapter 4, we prove Theorem 1.2 using the theory of geodesic currents.
Geodesic Currents. The theory of geodesic currents is a tool for studying closed
geodesics. It was developed by Bonahon and has essential applications in the study of

Teichmiiller space and hyperbolic surfaces [Bon2][Bon3]. Given a closed geodesic 7, we can
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interpret it as an invariant measure of the geodesic flow on the unit tangent bundle 7 (X).
Namely, consider the length measure on the subset of 77(X) containing the unit tangent
vectors of 7. This measure is a Borel, geodesic flow invariant and involution invariant mea-
sure on 77(X) (the involution sends a vector v € T1(X) to —v). A geodesic current is a
measure on 71 (X) that satisfies these properties. Length of a geodesic current C'is the total
volume of T (X) with respect to C. The closure of the set of weighted closed geodesics is
the space of geodesic currents. The intersection number can also be extended to geodesic
currents (see §2.2 for more details).

Outline of the Proof of Theorem 1.2. The proof has two main parts:

e In the first part, we prove a weaker convergence of measures (compared to the con-
vergence in Theorem 1.2) using the theory of geodesic currents. In fact, we extend
the result of Bonahon about the continuity of i(-,-) on compact surfaces to finite
volume surfaces (see Theorem 4.4). Then we obtain:

](VTa WT) A
Ox(y7)? 7229 —2+n)’

(2)

as T — oo, in C¥(X). This weaker form of convergence does not guarantee that
there is no escape of mass to infinity (into the cusps), in the limit.

e In the second part, we show the measures in the convergence sequence (2) are tight and
there is no escape of mass to infinity. As a result, we obtain the required convergence
of the probability measures in Theorem 1.2. Note that the intersection number
has different behavior when there is a cusp. Namely, when X is compact i(a, §) <
c(X)lx(a)lx(B) for a constant ¢(X) but when X has a cusp, the intersection number
can be exponential in terms of lengths [Bas|. For example, a closed geodesic with
weight ¢ that goes around the cusp n times has length ~ 2clogn and self-intersection

2

number ~ c¢“n. Therefore, having a small length in a neighborhood of the cusp

does not necessarily imply a small self-intersection number in that neighborhood. In

8



order to control the intersection number, we divide geodesic arcs inside the cusp’s
neighborhood into different groups based on their winding number around the cusp.
Fix horoball neighborhood Y of a cusp with horocycle boundary Y of length 1.
Define an n-excursion (or simply n-exc) corresponding to Y as follows. It is an arc
inside Y with endpoints on §Y such that its winding number around the cusp is n.
Let E,(v) be the number of n-excs of v € G. Our main result in the second part is

the following.

Proposition 1.7. For n,T > 0 we have:

> Eu(v) .

En(VT) _ €97 <
KOm) % () S

veGT

for a constant ¢ > 0.

In addition, in Lemma 4.8, we show that the intersection number between an n-exc
and a m-exc is < 2min(n,m) + 2. From this fact and Proposition 1.7, we conclude

that the measures are tight.

3. Entropy and self-intersection number

By the work of Birman and Series, one can conclude that the measure-theoretic entropy of

measured laminations is zero [BS1]. This was also proved by Young and Fathi [You] [Fat]. On

the other hand, measured laminations are exactly the geodesic currents with self-intersection

number zero. This observation inspires us to ask the following question:

If 1 is a geodesic current with length 1, and i(p, i) is small, then does this imply that h,,,

the measure-theoretic entropy of u, is small as well?

When p is ergodic, we prove Theorem 1.3 and conclude that the answer is yes.

Note that the opposite is not true; namely, i, = 0 when 7 is a closed geodesic but i(7, 7)

might not be small.

Outline of the Proof of Theorem 1.3. The proof has two parts.

9



e First, we find an upper bound on A, in terms of the growth rate of the number of
closed geodesics with a small the self-intersection number relative to length. More
precisely, let P.(T") be the number of the closed geodesics v with ¢x(y) < T and

i(7y,7) < €T?. Let

P. = lim logpe(T).
T—o0 T

In §5.1, we show h,, < Ps,,) (Theorem 5.2).

e In the second part, we find an upper bound for the growth rate P, using a hexagonal
decomposition of the surface and symbolic coding of the closed curves based on that
decomposition (see Theorem 5.3). The heart of the proof is that for each closed geo-
desic ~ there exists a special representative that avoids a certain type of intersection
(see Theorem 5.6). It helps us to obtain an upper bound on p.(7"). In fact, we assign
a word to each edge of a hexagon based on the outgoing arcs from that edge. Then we
give a bound on the number of possible words obtained from special representatives.

The details are explained in §5.2.
Open Problems.

(1) When is I(X) achieved by closed geodesics?

In Lemma 3.6, we see that I(X) is equal to the intersection number between two
geodesic currents of length 1. One may ask whether I(X) is achieved by a pair of
closed geodesics, particularly simple closed geodesics. For instance, is it true that
for weil-Petersson-almost every X € M, there are simple closed geodesics «, 8 such
that i(a, B) = I(X)lx(a)lx(B)? If it is true then we would have g (X) = I(X)
for all X € M.

This question is inspired by the work of Thurston in the article [Thu]. Let 7, be
the Teichmiiller space of hyperbolic surfaces of genus g. Given closed curve 7, define

lx () as the hyperbolic length of the geodesic representative of the homotopy class

10



[v] on X. Thurston proved that for generic pairs X,Y € T,, the stretch factor

[
~—

x(v
EY(V)

L(X)Y) = sgplog( )

is attained by a simple closed geodesic. In other words, L(X,Y") = log({x(v)/ly (7))
for a simple closed geodesic v [Thu, §10 |.

(2) Is Lsimpie(X) = I(X) for all X € M,?

(3) Is In = I(X)/2 for all X € M,?

(4) In the equidistribution result, Theorem 1.2, the points are considered with multi-
plicity. When we pick weight one for all the intersection points, does the result still
hold?

(5) Is it true that when i(C,,C,,) — 0 then he, — 0 as well, for geodesic currents C,,?

This is true by Theorem 1.3, for ergodic geodesic currents.
Notes and References.

(1) As we mentioned, intersection number is a topological invariant of the homotopy
classes. For closed curves «, 3, their intersection number i(a, ) is defined as the
minimum number of intersections between representatives in the homotopy classes
[a], [5]. Interestingly, geodesics attain the minimum. The relation between self-
intersection number and word length is also studied for specific topological surfaces;
see [CP2][CP1][CMP].

(2) There is a similar quantity to I(X) for the algebraic intersection number and is
studied in [CKM][MM].

(3) The statistic of the self-intersection number is studied in [Lal2] for hyperbolic surfaces
and in [CL] for topological surfaces. There are also some results in [Bas] about the

infimum of the closed geodesics’ length when the self-intersection number is fixed.
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(4) The first part of the proof of Theorem 1.2 implies the equidistribution result for
compact hyperbolic surfaces. Lalley proved this case of compact surfaces differently
(not using the geodesic currents) [Lall].

(5) A qualitative version of Theorem 1.3 for the Haussdorff dimension of the support of
geodesic currents (instead of the entropy of geodesic currents) can be deduced from
Sapir’s work [Sap].

(6) Closed geodesics on X are crucial in the study of geometry and dynamics of X in

M,; for instant see [Thu][Mir2][Mirl][Wol].
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2. PRELIMINARIES

2.1. Hyperbolic Surfaces. In this section, we briefly explain some basics of hyperbolic
geometry (for a reference, see [Bas]). We also present some properties of function o(x) =
sinh’l(m) which is half of the length of the collar of a simple closed geodesic vy with
(x(v) = 2z. From now on, for simplicity, we may write £(.) instead of {x(.).

Upper half-plane. Let (X,d) be a hyperbolic surface (with metric d) and 7 : H — X
its universal cover map, where H is the upper half-plane. We denote the length of an arc «
by ¢(«).

Collar of a closed geodesic. Assume that « is a simple closed geodesic on X. Let

N, (r) .= {z|d(x,~v) < r} be the r—neighborhood of ~.

Lemma 2.1. Assume that N,(r) is an embedded annulus in X. Then its boundary compo-

nents have length ¢(v) cosh(r) and ~y splits N,(r) into two parts of area £(7y)sinh(r).

Proof. Apply Fermi coordinate with respect to -, which is:
ds®> = dp* + cosh(p)?dt?,

where p is distance from v and t is the distance between the projection on + and a based

point Py € v [Bus, p. 4]. O

Define o(v) := o(€(y)/2). when r = o(v), the neighborhood N, (r) is called the collar of
v and denoted by O(collar,v). It is well-known that the collar neighborhood of a simple
closed geodesic is embedded in X [Bus, Thm. 4.1.1].

Consider a pair of pants S, the boundaries of S are called cuffs of S. Assume that S
has a hyperbolic structure. The shortest arcs between different cuffs are called seams of
S. Any hyperbolic surface X has a decomposition into pairs of pants by cutting X along
a maximal set of disjoint simple closed geodesics. Pair of pants in the decomposition may

have a boundary of length 0 when X has a cusp.
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Thin-thick decomposition. Consider a pants decomposition P = {P,..., Py} of
X by closed geodesics 71,...,734-3. The collars of ;s are pairwise disjoint annuli [Bus,
Thm. 4.1.1.]. Let O(collar, k) be the collar of ;. Let O(thin, k) denote thin part N, (1) C

O(collar, k) of ~, where

1
sinh(0(7:/2))1/1 + cosh®(£(),/2)

ri := sinh ™!

The thick parts of X with respect to P are the 2g — 2 pairs of pants in the complements
of the thin parts. Denote the thick part in P; by O(thick, j).

From Bers’ theorem, we know that there is a pants decomposition such that ¢(v;) < L,
where L, is Bers’ constant [Bus, Thm. 5.1.2.]. We call such a decomposition a proper
decomposition.

The following lemma describes an important property of thin parts and clarifies why 7, is

defined as above.

Lemma 2.2. Assume that o is a geodesic arc in the collar of v with endpoints on one

boundary of the collar. If o does not intersect itself then it is disjoint from the interior of

O(thin, ).

Proof. Consider preimages 7 and a of v and « in H, respectively. The endpoints A, B of
a have distance o(y) from 7. Let A" and B’ be the projection of A, B on 7. Therefore,
((AA") =¢(BB') = o(y) and ((A'B’) < {(v) since a doesn’t intersect itself.

Let mq, m., be the midpoints of AB and A'B’. Then the geodesic arc m,m, is orthogonal
to a and 7 and its length is the distance between & and 7 (see Figure 2).

Let ¢ be the angle between AB and AA’. Define: m := {(m,m,), a := {(AA") = o(7), and
b := ((A'm,). From the hyperbolic formula for trirectangle Am,m.,A’ [Bus, Thm. 2.3.1]

we have:
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FIGURE 2

cosp 1 B 1 B sinh a
sinh b 14+ tan? ¢ sinh b \/1 + (COth b/ sinh a)2 sinh b \/Sjnh2 a Sjnh2 b+ COSh2 b '

Therefore, from b = ¢(A’'B’")/2 < £()/2 we have:

sinhm =

. sinh a 1
sinh m > =

\/sinh2 asinh?£(v)/2 + cosh® £(y)/2  sinh({(7)/2) \/1 + cosh?(¢(v)/2) |

As a result, ~ is disjoint from the interior of O(thin, ).
]

Intersection number. Given closed curves «, 3, the (geometric) intersection number
of them, i(«, ), is the minimal number of (transversal) intersection points between the
representatives in the homotopy classes [a], [3] and the points are counted with multiplicity.
Interestingly, geodesic representatives always attain the minimum. By multiplicity, we mean
that we count a point with a weight if the curves pass through it multiple times. To find
the weight at a point p we can slightly move the curves in a neighborhood of p to have only
simple intersections. Then the minimum number of simple intersections is the weight. We

can bound the intersection number from above in terms of the product of the lengths.

Proposition 2.3. Let X be a compact hyperbolic surface. Then we have:

4

i(a, B) < Wf(@)g(ﬂ),

forall a, 8 €G.
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Proof. Given two geodesic arcs aq,ay of length < sys(X)/2, we can see that they inter-
sect transversally at most once: Let P be an intersection point of aq,as. Then aq, oy are
embedded inside the disk centered at P with radius sys(X)/2.

Now consider the set a x 8 = {(a,b)|a € a,b € B}. It is a torus with the metric df; x dls
where dls are the hyperbolic length along «, 8. It has volume ¢(«) x ¢(/3). Note that each
intersection point can be indicated by a point in a x . The squares with centers at the

intersection points and side length sys(X)/2 are disjoint as explained above. Therefore

sys(X)?

i(a, B) < area(a x ) = L(a)l(B).

O

Define I(X), the interaction strength of X, as the optimal constant ¢(X) such that

i(71,72) < c(X)l(71)l(7y2) for all 41,72 € G. In other words,

i(’)’la’h)
I(X):= sup ——7—.
( ) Y1,72€G(X) 6(71)6(72)

We can see that /(X) is a continuous function on M,.
Lemma 2.4. The function I : M — R is continuous.

Proof. The Teichmiiller space 7, is the universal cover of M,. Therefore, It is equivalent to
show I(X) on 7, is continuous which is an immediate consequence of the fact that function
l,: Ty — R7T is continuous where v is a closed curve and £, (X) is the length of the geodesic

representative of the homotopy class [y] on X € 7. O

Properties of o(t). Now we discuss some properties of the function o(t) = sinhfl(sin}ll(t))
which are repeatedly applied in the proofs. We may not refer to the lemma when we apply

it.

Lemma 2.5. Assume thatt > 0. For the function o(t) we have:
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1) o(t) > log 2
2) o(t) < 2logt fort <1/3,
4) to(t) is < 1 and increasing for t < %,

log(1/t) _
1151_{% o(t/2) =1

5

(1)
(2)
(3) o(t) is decreasing,
(4)
(5)

Proof. Part 1. If t > 1 then o(t) > 0 > log 1. So assume t € (0,1]. The function sinh(X)

is increasing therefore it is enough to prove (; — ¢)(e’ —e™") < 4.
e When ¢ € [log 2, 1] we have

(% — (et —eh) < (% —1)(2te) < 2e(1 — (log 2)?) < 4.

e When t € (0,log2), then we have
1 t —t 1 log 2
(g—t)(e —e )S(z—t)(%e ) < 4.

part 2. It is equivalent to show

1
4< (e —e t)(t—Z — %)
which is true since we have the following
(= e (2 = 12) > 2T (4 —2) > 25 (3— ) >4
12 B 12 B 27

Part 3. It implies from the fact that sinh(¢) is increasing.
Part 4. First we show to(t) < 1. Note that e* — e ® > 2z for # € R*. Therefore,
sinh(¢) sinh(1/¢) > 1 which implies 1/t > o(t). In order to show to(t) is increasing we prove

its derivative is positive for ¢ < % In other words, we aim to prove the following:




We have:

as required.

Part 5. We have sinh™'(N)/log2N — 1 when N — co. As a result, we have

o log(l/t) . log(1/1)
t—0 o(t/2)  t-0log(2/sinh(t/2))

On the other hand, sinh(x) € [z,2z] when = > 0 is small enough. Therefore, we have:

log(1/t) [10g(1/t) log(l/t)]
log(2/sinh(¢/2)) ~ ‘log(4/t) log(2/t)"

We can see that the bounds tend to 1 as ¢t — 0. [l

2.2. Geodesic Currents. In this section, we present some basic concepts and results con-
cerning geodesic currents and their extensions to finite-volume surfaces. For a reference see
[Bon2|[Bon3|.

Let X := H/T be a hyperbolic surface of finite volume. Each geodesic of H is represented
by its two boundary points at co. As a result, the space of all unoriented geodesics is
homeomorphic to G(H) := (S* x S* — A)/(Z/2). Let P(X) be the tangent line bundle. It is
the quotient of 77(X) by the involution action where the involution sends (x,v) to (x, —v).
We have a foliation F on P(X) including the leaves of the geodesic flow.

A geodesic current can be defined and interpreted in different ways:

(1) It is a Borel, locally finite, I'—invariant measure on G(H).

(2) It is a Borel, locally finite, ¢—invariant and involution invariant measure on 7} (X).

(3) It is an invariant transverse measure for the geodesic foliation F. In other words, it
assigns a measure to each codimension 1 submanifold V' C P(X) transverse to the

leaves of F. In addition, it is invariant when V' moves along leaves of F.

We may not mention which interpretation we use when it is clear.
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Note that the third definition shows that geodesic currents are topological invariants.
In other words, we can define geodesic currents independent of the hyperbolic structure
because there is a canonical correspondence between the geodesics of hyperbolic structures
on a topological surface S.

The relation between these definitions is as follows. The correspondence between the
first and third definitions is clear; the measure of a subset of (H) is corresponding to the
transverse measure of this set of geodesics. For the second definition, note that a measure
on T1(X) which satisfies the assumptions in (i7) can be written as C' x d¢/2 where d{ is the
length measure along the geodesics and C' can be interpreted as a transverse measure of F
or a I'—invarient measure on G(H). On the other hand, the product of a transverse measure
of F with d¢/2 is a measure on 7T} (X) which is ¢—invarient. Similarly, we obtain a measure
on Ty (X) from a I'—invarient measure C on G(H). Note that we have factor 3, because the
geodesics in G and F are unoriented despite of the geodesics in 77 (X).

Let C be the space of all geodesic currents. Denote C!(M) as the dual of compactly
supported continuous functions on a topological space M. The set C is equipped with a

weak topology. Namely, a sequence C), of geodesic currents converge to C' if

lim / fdc, — fdc
T1(X) T (X)

n—o0

for every f € C*(T1(X)). As the introduction explains, closed geodesics are an example
of geodesic currents; consider the half of the length measure on the unit tangent vectors
in 77(X). Moreover, weighted closed geodesics are dense in C. The notion of length and
intersection number of closed geodesics can be extended to geodesic currents. When X is
compact, we can define length and intersection number as the continuous extension of these
functions on closed geodesics. But when X has cusps, the intersection number i(.,.) is not

continuous anymore. Therefore, we define it as follows.
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The Length of a geodesic current C'is defined as the total volume of 7' (X)) with respect to
C and denoted by £x(C) (or for simplicity ¢(C)). In this thesis, we restrict C to the geodesic
currents of finite length; whenever we consider a geodesic current, we assume it has a finite
length.

Let P(X) & P(X) be the Whitney sum of the bundle P(X) — X which is the space of
triples (z, A1, \o) where z € X and A\, Ag are two tangent lines at xz. Assume P;, P, are
the projection of P(X) @ P(X) to P(X) by forgetting the second and the third components,
respectively. Let F; be the foliation on P(X) @ P(X) such that its leaves are the preimage
of the leaves of F under the map P;, for i = 1, 2.

The space P(X) & P(X) is a 4 dimensional manifold foliated by F; and JF, which are
transverse outside the diagonal A. Define 7, (X) := P(X) & P(X)\A.

Every two geodesic currents C; and Cy define a natural measure I(C7,Cs) on Z;(X) as
follows. The geodesic current C} is an invariant transverse measure of F on P(X). Therefore,
Py (Ch) define a measure on each plane in Z;(X) transverse to F;. We know F; and F; are
transverse in Z;(X). Therefore, P;(C}) induces a measure on each leaf of F,. Similarly,
P;(C5) induce a measure on each leaf of Fj. Define I(C},Csy) as the product measure
P (Cy) x P5(Cy).

The Intersection number i(Cy, Cy) of C7 and Cy is the total volume of Z; (X)) with respect
to I(C1, Cs).

There is a canonical geodesic current called Liouwville measure, denoted by Lx. We can
define it as a I-invariant measure on G(H) as follows. Consider the intervals [a, ], [c, d] on
S1, the boundary of the upper half-plane. Then Ly-measure of the set of geodesics with

endpoints in the intervals is:

Lx([a,b] x [¢,d]) = |log (
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Consider a geodesic h. We can see that Ly = 1/2sin(6)df A dx on the set of unoriented
geodesics meeting h transversely, where 6 is the angle a geodesic makes with h and z is the
hyperbolic distance along h to a base point on h. See [Bon3].

For any geodesic current C, i(C, Lx) = (x(C); In particular, i(Lx,Lx) = {x(Lx) =
27%(g — 1) [Bon3]. Bonahon proves it for compact surfaces [Bonl, Prop 15]. The same proof

work for the finite volume surfaces.

Proposition 2.6. Let X be a compact hyperbolic surface and Lx be the Liouville measure of

X. Theni(C, Lx) = lx(C) for any geodesic current C' andi(Lx,Lx) = {x(Lx) = 272(g—1).

Proof. Since Ly is [-invariant, we can see that the measure of the set of geodesics intersecting

a geodesic arc « is proportional to the length of . But we can see they are actually equal

//%sin@d@dx:/dx.
a 0 o

Geodesic current C' and Lx define a product measure on Z;(X). Consider a box B in P(X)

because:

which is the geodesic arcs between two small and close arcs on X. So B = D? x [0, 2] and
p % [0,1], for each point p € D? corresponds to a preimage of a geodesic arc in P(X). If
we integrate the measure [(C, Lx) along the third component Ay in Z;(X) then we obtain
a measure p on P(X) and p(B) is obtained by integrating the length of geodesic arcs with
respect to the measure induced on D? by C. Therefore, p is equal to C' x dfx on P(X). So
i(C, Lx) is total volume of P(X) with respect to p and is equal to £x(C).

The length of Liouvill measure can be computed similarly. If we consider coordinate
(x,y,0) on T} (H) (unit tangent bundle of the upper half plane) where z, y present the distance
to two orthogonal geodesics (as the axis) and 6 is the angle to the horizental direction then
we can see that Liouville measure is equal to 1/2dfdxdy which is the half of the canonical
volume measure on T (H). So ¢(Lx, L) is the half of the volume of P(X) which is 27%(g—1).

U
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For any two geodesic currents Cy, Cy, the push forward of the measure I(C},Cy) by the
projection P : Z;(X) — X which sends (z, £, £)2) to z, gives a measure P.I(Cy,Cy) on
X. We may refer to it as 1(Cy, Cy) as well when it is clear we talk about the push forward

measure.

Lemma 2.7. Given closed geodesics 1,72, Pol(71,72) is a measure supported on the inter-

section points of v1 and o and we have:

P*I(71772) = Z mP(SP,

PEYLMNY2
where the sum is over the transverse intersection points of v1 and vy, and mp is the multiplicity

at the intersection P.

Proof. 1t is easy to see that the number of the points in Z;(X) with the third component

equal to p is exactly m,, the multiplicity at p. 0]

Lemma 2.8. The induced measure P,I(Lx, Lx) is 5A.

Proof. Consider the following diagram:

Py

I(X) — P(X)
P
\ l P
X
where P’ sends (z,£\;) to .

The push forward of the measure I(Lx, Lx) to P(X) by P is the volume measure on
P(X) and it is locally 1/2dxzdy x df which is half of the canonical volume measure on 7 (X).
It is proved in Proposition 2.6. Therefore, P,I(Lx, Lx) = 5 A. O

2.3. Dynamics. In this part, we mention a few dynamical systems results that we apply in
the proofs of the main theorems.
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Convergence of measures. Let M be a metric space. The set of measures {p,} are
called tight when for each € there is a compact subset K, C M such that u,(K¢) < € for all
indices a.

Recall that C*(M) is the dual of the set of the compactly-supported continuous functions

on M. The following theorem is a well-known result in measure theory.

Theorem 2.9. Assume that the measures p, on M converge to p in C¥(M) and they are

tight. Then The probability measures i, /|| converge to p/|p| in C3(M).

Measure-theoretic entropy. Let M be a compact metric space with distance function
d and a continuous flow f = {f;};cr. Assume that p is a Borel probability measure on M,
which is f-invariant. Let hfy be the measure theoretic of p. For simplicity, we write h,,.
When p is ergodic with respect to f, Katok obtained the following equivalent definition for
hy.

Let d be the metric on 77(X) induced by the hyperbolic metric of X. Define

dr(vi,v2) = max D(¢y(v1), ¢(v2)).

0<t<T

Therefore, dr is a finer metric for T" > 0.
Given T'> 0,e > 0,1 > 6 > 0, define N, (T, ¢, d) as the minimum number of balls of radius
€, with respect to metric dr, which is required to cover a set of measure > 1 — 9. When p is

ergodic, h,, is equal to the growth rate of N, (7€, J).

Proposition 2.10. (Katok) Assume that i is an ergodic measure. For every 1 > 6 > 0 we
have
log N, (T€,6)

log N,(T,€,6
h,, = lim lim inf M = lim lim sup —————=.
e=0 T—o0 e—=0 T_yo0 T

Anosov closing lemma. Let M be a negative curvature manifold, and Tj(M) the
unit tangent bundle of M. The geodesic flow and metric on 77 (M) are denoted by ¢, D,

respectively. Anosov closing lemma states:
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Theorem 2.11. For any € > 0 there exists 6 > 0 such that if
D(v, ¢u(v)) <6
then there is a geodesic v = {¢i(w)}'_, of length t' where |t —t'| < € and
D(¢s(v), ps(w)) <€ for 0 <s <t

Note that v is the geodesic representative of the closed curve obtained from {¢,(v)}:_, by
connecting v and ¢;(v).

Symbolic coding of the closed curves

Consider a proper pants decomposition P of X, including 3g — 3 closed geodesics (with
length of the closed geodesics < L,). These closed geodesics and the seams of the pairs of
pants split X into 49 —4 hexagons. We call it a proper hexagonal decomposition of X. Assign
letters ey, €1, ..., €44, €154 to the edges of the hexagons. Each oriented closed geodesic
with a marked point is corresponding to a word w(7y) with letters in {e, €1, .., esy,, €2g-4}.
The word presents the edges of the hexagons that + intersects in order. Define £, () as

the combinatorial length of 4 which is the number of the letters in w(7).

Lemma 2.12. For a closed geodesic v we have

Leom(7) < c(X)lx(7),

where ¢(X) = 21(X)(3g —3)L,+2/sys(X). Here I(X) and L, are interaction strength and

Bers’ constant, respectively.

Proof. We can assume v doesn’t pass through the vertices of the hexagons since; if it does,
we slightly move v to avoid intersection with vertices. The intersection points of v and the
edges of hexagons split v into .., () geodesic arcs. Each geodesic arc either has an endpoint

on one of the cuffs or its endpoints are on seams. On the other hand, the length of an arc
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between two seams is at least sys(X)/2. Therefore £q., () is < 2(number of the intersections

with cuffs)+ 24()/sys(X). Let P be the union of cuffs. The first term is

i(y, P) < I(X)lx(M)x (P) < I(X)lx () (39 — 3) Ly,

where I(X) is interaction strength ( see §3) and L, is Bers’ constant. O
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3. INTERACTION STRENGTH
In this section, we prove Theorem 1.1 and study the first main question of this thesis:
Question 1. How does I(X) change by the geometry of X, where

il B)
100 = a,g Ux(a)lx(B)’

and the supremum is over all pairs of closed geodesics?

Recall that I(X) is the interaction strength of X. In section 2, we showed I(X) is finite
and bounded above by 4/(sys(X))? (Proposition 2.3). In the following, first we find a lower
bound for /(X ) which shows I(X) — oo as X — 0o. Then, we find an upper bound on 7(X).
Combining the lower and upper bound gives the exact asymptotic of (X) on M, as X — oc.
Note that through this section, ¢y, cy(cy, ¢,) refer to positive constants (depending only on
g). They are not necessarily staying the same, or referring to a specific value throughout the

section.

3.1. Systole. In this subsection, we prove a lower bound of 7(X) asymptotic to

1
2sys(X) log(1/sys(X))

From the proof, we conclude Iy, and I are comparable.

Let 41 be a systole of X. It is known that v, is simple.

Lemma 3.1. There exists a simple closed geodesic o such that either i(v1,72) = 2 and

U(y2) < 4log(1/sys(X)) + ¢4 ori(y1,72) =1 and £(72) < 2log(1/sys(X)) + ¢,.

Proof. Geodesic 7, split N,, (r) into two halves N (r), N2 (). They are not homotopic to
an annulus when r > sinh_l(%). Since by Lemma 2.1, the area of N! (r) is > area(X).
Let rj be the smallest 7 such that N} (r) is homotopic to an annulus with two identified

points, call it P, on one of the boundaries. Let e; C N711 (r}) be a simple arc with endpoints
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4dr(g—1)
sys(X)

on v, passes through P, and has length < 2r} < 2sinh™( ). Similarly, we define 72

and ey in NZ (rg). See Figure 3.

FIGURE 3

Connect the endpoints of e; and ey by disjoint subarcs of 7. Then we obtain a closed

47(g—1)

curve with length < 4.sinh™( o)

)+ sys(X). Let v2 be its geodesic representative.
Note that i(71,72) = 2 and

127(g — 1)
sys(X)
We used the fact that sinh™'(z) < log 3z when x > 1.

+c

1
6(72) S 4-10g SYS(X) g:

+ ¢y < 4log

Now we show that 7, is homotopically non-trivial. Consider the 4—punctured sphere
S := N}, (r5) UNZ (r5). Cutting S along 7, splits S into two pairs of pants. Therefore, 7, is

nontrivial (see Figure 4).

FIGURE 4
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The constructed arcs ey, e; are simple. Therefore, if they do not intersect then 75 is simple
too, as required. But if e; and e, intersect at a point like () € X then we consider the following
simple closed geodesic instead. Choose subarcs f; C ey, fo C ey from @ to 1 such that
0(f;) < l(e;)/2, for i = 1,2. We may assume fi, fo are not intersecting. Connect f; and f,
by a subarc of 7; to obtain a closed curve. The intersection number of v, and the constructed
curve 7 is 1, hence 7 is not trivial. Let 43 be the geodesic representative of 5. We have
i(y1,72) = 1 and £(73) < 2sinh™' (47 (g — 1)/ sys(X)) + sys(X) < 2log(1/sys(X)) + ¢,, as

required. 0
Corollary 3.2. For g >2, I(X) — 00 as X — oo in M,.
Proof. Consider 71,7 as explained in Lemma 3.1 U

Proposition 3.3. For g > 2, as X — oo in M, we have

1
) > 1.

2](X)Sys(X)log(Sys(X) >

Proof. Assume that sys(X) is small enough. Now consider v; and 7, as defined in Lemma

3.1, we have:

sys(X)log(1/sys(X)) > log(1/sys(X))

2i(71,72)
21(X) sys(X) log(1/ sys(X) = 2 s ) 4 O

L))

the right hand side tends to 1 when sys(X) — 0, as required. OJ

Since the curves v; and 7, we found in Lemma 3.1 are simple we have:

Corollary 3.4. For g > 2, we have 2sys(X)log(1/sys(X))simpie(X) = 1 as X — oo in

M, or equivalently as sys(X) — 0.

Corollary 3.5. There is a constant ¢, > 0 such that Impe(X) € [c,I(X),[(X)] for X €
M,.
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We can see Ia(X) has the same order of magnitude as I(X) too.

Lemma 3.6. There exist C1,Cy € C with length 1 ({x(Cy) = €x(Cs) = 1) such that
I(X) =i(Cy,Cy).

Proof. The space of geodesic currents with length < 1 is compact [Bon2, Prop. 4.7]. There-

fore, the ratio i(Cy, Cy)/lx(C1)lx(Cy) attains its supremum by two geodesic currents. [
Proposition 3.7. For X € M, we have In(X) € [I(X)/2,1(X)].

Proof. Clearly In(X) < I(X). Now assume I(X) = i(Cy,Cy) where Cy,Cy are geodesic

currents of length 1 (by Lemma 3.6). Then C + Cs is a geodesic current of length 2 and we

have
4 2 2
We used the fact that the intersection number is a bilinear function on C x C. OJ

3.2. Interaction strength in thin/thick part. In this subsection, we prove the following

result:

Proposition 3.8. For g > 2 we have
1(X)2sys(X) log(1/ sys(X)) < 1
as X — oo in M,.

Consider a proper pants decomposition P containing pair of pants P,..., Py;_o and its
thin and thick decomposition. We want to estimate the intersection number and length of
geodesic arcs in thin and thick parts in order to prove Proposition 3.8

Let iy (—, —) and /y(—) be the restriction of the intersection number and the length func-
tions to the subset Y C X, respectively. In other words, ¢y (a) = ¢(aNY’) and iy (a,b) is the
number of the intersection points in Y. Similarly, let i (-, .), Gtnick (-, )5 Cenin ()5 Cenick ()5 Leotiar(-)
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be the intersection number and length in the collars, thin parts, and thick parts, correspond-
ingly.
For n,( € G we have

i(1,€)  Tihick(1,C) | dtnin(, Q) ithick (1, ) ithin (1, C)
£(n)e(Q) B £(n)(Q) " £(n)e(Q) = Cinicr () Cenicr (C) " Ceottar () Leottar () ®)

The following inequality, for a;, b;, I; > 0, tells us that it is enough to find the upper bound

for the interaction strength in the thin and thick parts separately:

I + I L I
< max(——, —). 4
(a1 + az)(by + b2) — (Chbl azby 4)
In other words, we have:
i(n, C) < max LO(thick,5) (n,¢) L max LO(thin, k) (17,¢) '
C(n)e(C) ~ 1<i<29-2 éO(thz‘ck’,j)(n)EO(thick,j)(C) 1<k<39-3 LO(collar, k) (n)EO(collar,k)(C)

Now we prove an upper bound for thick and thin parts.

Thick part. The interaction strength is < ¢, in thick parts.

Lemma 3.9. Consider thick part O(thick,j) and the seams of the pair of pants containing
it. (a) The length of an arc in O(thick,j) with endpoints on the seams is > ¢4, (b) the

distances between the cuffs of O(thick,j) are > c,.

Proof. For part (a), assume that AB is a geodesic arc in O(thick, j) with endpoints A and B
on the seams. Let A’, B’ be the projection of A and B to 7. Note that /(AA"),{(BB’) > ry.
From the hyperbolic geometry formula for quadrilateral ABB’A’ with two right angles (see
[Bus, Equ. 2.3.2.]) we know:

cosh(¢((AB)) = cosh(¢(AA")) cosh(¢(BB")) cosh(¢(A'B')) — sinh(£(AA")) sinh(¢(BB')).
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Therefore, we have
cosh(£(AB)) > cosh(£(AA")) cosh(¢(BB'))(cosh(¢(A'B"))—1) > 2 cosh(ry)? sinh?(¢(A’'B')/2).

We used the fact that coshaz = 2sinh®z/2 4 1. After simplifying the right-hand side, we

obtain:

1
sinh?(¢(yx/2) (1 + cosh®(¢(7k)/2))

sinh” (¢(y)/4)

cosh(¢(AB)) > 2(1+ o S ((()/2) > Cy,

) sink®(£(,)/4) >

as required.
For part (b), it is enough to show that the distance between the boundary of O(thin, k)

and O(collar, k) is > ¢, (the boundaries which are on the same side of 7).

1

distance = o — 7, = sinh ™} (= — ginh™! )
() = 7 (smh(l)) (sinh(l)\/l%—cosh(l)?)
where [ = () /2.
Define
f(z) := sinh(z) ;= sinh ™ ( ! ) ;= sinh ™ ( ! )
L) = SIS, Y= s sinh(l)”’ Y2 = 2sinh(l)”

Then there is y € [y, y1] such that:

f(y1) — f(y2)

Y1 — Y2 = Wv
Therefore,
. 1 1
distance >y, — ys > > : > cg,
2sinh(l)y/1 + 1/sinh(1)2 ~ 24/1 + sinh(L,)?
as required. O

31



Proposition 3.10. For alln,( € G we have:

10 (thick.5) (1, C)
Cothick,j) (M)Lothick,j) (C)

< ¢y.

Proof. Let ey, ey, €3 and dy, do, d3 be the cuffs and seams of thick part O(thick, j), respectively.

We can split n N O(thick,i) and ¢ N O(thick, j) into subarcs of the following types:

e An arc between different cuffs that does not intersect the seams.
e An arc with endpoints on the cuffs or seams such that its interior intersects exactly

one seam.

Note that the subarcs may overlap but a generic point is on at most two subarcs.
Assume n N O(thick, j), N O(thick, j) are split into 0y, ...,n, and (3, ..., (y,. We can see
i(ns, ¢¢t) < 2 and £(ny), €(¢t) > ¢, by Lemma 3.9. Therefore, we have:

. 43 i(ns, Gt)
ZO(thick,ij(na ¢) < st
Cothick,j) (M) Lonick,)(C) — (X2 f(ns))(; £(¢))

as required. 0

8

bR
Cg

Similarly, when ¢(y;) > ¢o, we can see that the term corresponding to O(collar, k) in the
interaction strength is bounded above by a constant. So from now on we assume ¢(7y;) < ¢o.
Thin part. In this part, we restrict the intersection number into thin part O(thin, k).
But the lengths are restricted to the collar O(collar, k) instead of O(thin, k) to avoid very
short arcs with zero winding number around . In other words, we consider io(thmk)(—, -)

and gO(collar,k) <_) .

Proposition 3.11. Assume that {(y;) < ¢o. We have:

10(thin,k) (1, C) < 1
gO(collar,k) (n)gO(collar,k)<C) - 250(8/2)

+ ¢4.

We have two types of arcs in O(collar, k) with the endpoints on its boundaries:
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e Type 1 subarcs have endpoints on the different boundaries of the collar.

e Type 2 subarcs have endpoints on the same boundary of the collar.

Given geodesic arc o C O(collar, k), we define the winding number of a, w(«), as follows.
Let a and 7, be preimages of o and v, in H, respectively. Assume that A, B are the endpoints
of @ and A’, B’ the projection of A, B to 7. Then w(a) := |[¢(A'B’)/¢(v)]. When « is of
type 2, by Lemma 2.2, we can see that w(a) > 1 and can not be zero.

In the following, we estimate the length and intersection number of arcs based on their

types and winding numbers.

Lemma 3.12. Assume that o« C O(collar, k) is a geodesic arc of type 1. Then we have:

Uar) 2 20(7k), L) = 20(k) + (wla) + 1)(7) — 4.

Proof. The distance between the boundaries of O(collar, k) is 20(7), therefore, ¢(a) >
20(yk). Let 7% and & be preimage of v, and «, respectively, in H. The endpoints of the
geodesic arc @ are A and B, where d(A,7;) = d(B,V) = o(v). Let A" and B’ be the
projection of A and B on 7%, then the geodesic arc A’B’, has length > w(5)¢(vx) (see Figure
5).

FIGURE 5

From the hyperbolic geometry formula for quadrilateral ABB’A’" with two right angles
(see [Bus, Equ. 2.3.2.]) we have:

cosh £(a) = cosh(co(7;))? cosh(¢(A'B’)) 4 sinh(o ()2
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As a result, we have:
20(%) (@)

4 2

@ > cosh (@) >

therefore:

U(ar) = 20 () + (wla) + 1)l(yx) — log8 — 1.

O

Lemma 3.13. Assume that o € O(collar, k) is a geodesic arc of type 2 and aNO(thin, k) # (.

Then we have:

U(a) = (w(a) + 1)l(w), Ua) > 2v/(w(a) + 1)¢(y)o (1)

when £(y) < co.

Proof. Similar to the proof of Lemma 3.12 define 7, o, A, A’, B, B’. Recall that ¢(AA") =
U(BB') = o(v) and L(A’B") > w(p)l(y) (see Figure 6).

FIGURE 6

From the hyperbolic geometry formula for quadrilateral ABB’A’ with two right angles
(see [Bus, Equ. 2.3.2.]) we have:

cosh(£(@)) = cosh(o())? cosh((A’'B)) — sinh(co(3))?

or equivalently:
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sinh(¢(a)/2) = cosh(o(vx)) sinh(¢(A'B’)/2). (5)

We used the fact that cosh? z — sinh® z = 1 and coshz = 2sinh® /2 + 1.

Note that ¢(«) > ¢, therefore:

((a) > 2sinh ™! (cosh(o (7)) sinh(£(v;)/2)) = 2sinh ™ (cosh(£(v;) /2)) > sinh™*(1).

From equation 5 and the fact that we can assume ¢(~;) is small enough, we conclude ¢(a) >

() (wla) +1).

Now we aim to prove the second inequality. We can assume w(a) > Ny unless:

2/ (w(a) +2)¢(y)o () = 0,

but /(«) is greater than a constant.

Consider the following cases:

e When 1/(w(a)+1) > ¢(x)/2: From the inequalities cosh(o (%)) > cosh(log(2/4(vx))) >

1/€(vg), sinh(xz) > = and Equation 5, we have:
{(a) > 2sinh™(w(a)/2) > 2log(w(a)/2).

On the other hand, we know to(t) is increasing when ¢ is small enough. Therefore,

we have

log(w(a)/2) > v/4log(w(a) +1) > v/20(1/(w(a) + 1)) > v/ (w(a) + D)l(y)o ()

So, £(a) > 24/ (w(a) + Dl(ye)o ()
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e When 1/(w(a) + 1) < £(7x)/2: In this case, we have:

o(vk) p(w(a)+1)e(vk)/2
'@/ > ginh ta) > ¢ ¢ .

2 Co

So

Ua) > 20 () + (wla) + 1)(3) — ¢ > o(m) + (w(@) + 2)0(y) = 24/ (w(a) + 1)e(y)o ().

as required.
]
Assume that A, B,, C O(thin, k) represent geodesic arcs with winding number n of type

1 and 2, respectively. Then the intersection number between subarcs based on their type

and winding number is as follows.

Lemma 3.14. The following table (table 7) shows an upper bound on the intersection number

between geodesic arcs based on the type and winding number of the arcs.

type of A B
subarc m m
A, <n+m+2 <m4+1
B, <n-+1 < 2min(n,m)
+2

Ficure 7. Upper bounds on the intersection number

Proof. Recall that geodesic arcs have the minimum intersection number among the curves
in their homotopy class with fixed endpoints. Therefore, it is enough to prove the bounds
for some representatives in their homotopy classes. The universal cover of the collar is an

infinite rectangle R = [—o00, 00| x [0, 1] with deck transformation (z,y) — (x + 1,y). Hence,
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each rectangle between x = k and = = k + 1 is a fundamental domain. In the following, we

describe the representatives. Without loss of generality assume n < m.

e We can apply a Dehn twist around ~y; on the collar without changing the intersection
number between arcs. When we have two arcs of type A, A,,, we can apply some
Dehn twists to obtain arcs of type Ay and A,,in(or A,,—,). Assume that the arcs
are Py P, and Q13 in R, where the coordinates of the points are P, = (0,0), P, =
(1,¢0),Q1 = (0,0),Q2 = (1,m + n + ¢), where co, ¢, € [0,1]. It is easy to see that
they intersect at < n + m + 1 points.

e Similarly, when we have arcs of type A,, B,,, we may instead assume arcs of type
Ay, By, by applying some iteration of Dehn twist around +;. Then P, P, is the arc of
type Ag, where P, = (0,0) and P, = (1,¢,) for ¢g € [0,1). Now it is easy to see the
intersection number between the arcs is < m + 1.

e Assume that we have arcs of type B, B,,. We may assume the arc of type B, is in
the lower half ((—oo,00) x [0,1/2]) of R, and the other arc is constructed by three
subarcs as follows. The middle subarc is in the upper half of R and two ends are
vertical lines from # = 0 to x = 1/2. Then similar to the previous case, we can see
that each of the vertical lines intersects the arc of type B, in < n + 1 points. Then

the total intersection number is < 2n + 2 points.

Proof of Proposition 3.11 Without lose of generality we assume ny = n N O(collar, k),

Co = ¢ NO(collar, k) and w(ny) = n, w((y) = m. We can also assume n < m. Define:

0(thin.k) (105 Co)

In =
‘ EO(collar,k) (n)gO(collar,k) (g)

Now we apply the above lemmas to bound intersection number and length. Consider the

following cases:
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e when 1y, (y are of type one, we have

I < m+n+2
"= Q2o () + (n+ Dl(w) — 4) (20 () + (m+ 1)l(y) — 4)’

we aim to prove the denominator is > 20(vk)o(vk)(m + n + 2) which is implied
from the followings:

(1) If n+1>4(m+1)/o(y)? then

Ao () + (n+ 1) (m + 1)0()* = 160 () + 40(v) + 24/ (n + 1) (m + 1)o () (k)

> 160 (1) + 4(n + 1)€(yx) + 4(m + 1)0(v)
(2) If4(m+ 1) /o(w)?* > n+12> a(w)/l(w), then

50 (k)
2 M

l(no) = 3o (k) —4 >

Am + 1e0n) | (m+ D)  4m+ Dey) (0 + Do(n)*L0w) o 4(m +n+2)0(%)
5 5 - 5 20 - 5

(3) If o() /() > n+1 then

£(Co) >

U(no) = o) + (n+ 1)l(ve) > (m+n+2)0(), () > 20 (k)

e when ny and (o are of type one and two, respectively, we have

m+1
< —
0=19

(10)€(Co) 7
and

€(no) > (m~+1)l(ve), €(Co) > 20(k)

The case that ngy is type two and (y type one is similar.

e when ng and (o are of type two, we have

2min(n, m) + 2
S i@
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and we know

((no), £(Go) = 2/ (min(n, m) + 1)f(v)o ()

o When one of the arcs is vy, and the other arc is of type 1 then we have

1
RREZZCALIen)
OJ
Proof of Proposition 3.8. It is implied from Propositions 3.10 and 3.11.
Proof of Theorem 1.1. The proof is implied from Propositions 3.3 and 3.8. U

From the continuity of 7(X) (Lemma 2.4) and Theorem 1.1 we obtain an estimate of I(X)

up to a multiplicative constant.

Corollary 3.15. For X € M, we have

where s = min(sys(X), 1/2).

3.3. Minimum on moduli space. In this subsection, we prove Proposition 1.4.

First, we prove the existence of a pair of pants with short cuffs.

Lemma 3.16. Given X € M, it has a pair of pants with cuffs of length < clogg.

Proof. Let v; be a systole of X. Enlarge the collar of v; from one side until it runs into
itself for the first time at a point (). It is homeomorphic to a pair of pants. Consider the
geodesic representative of its cuffs to obtain a pair of pants P with geodesic boundaries
1,72, 7v3. We know sys(X) < 2log(4dg — 2) < 6log(g) [Bus, Lem. 5.2.1.]. Now we show
(), 0(y3) < cologg too. Let BC be a shortest arc between v; and the seam between 7,
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and 3 where B € ;. Assume that AFE is the seam between 7,7y, where A € v; and D C

the base of seam between 79, v3. Consider the right-angle pentagon ABC'DE. See Figure 8.

FIGURE 8

From the trigonometry formula, [Bus, Thm. 2.3.4.], we have:
cosh({(v2)/2) = cosh(ED) = sinh ¢(AB) sinh ¢(BC)).

Note that £(AB) < sys(X) and £(BC) < d(Q, 1) < sinh™*(47(g — 1)/ sys(X)) (see proof of
Lemma 3.1).

Therefore, we have

sinh(sys(X))4m(g — 1)'

COSh(g(’YQ)/Z) S SYS(X)

Moreover, we can see sinh(x)/x < ¢g? when x € (0,2log(4g — 2)]. As a result, £(y3) <

2log(cog?) < ¢ log g. Similarly, we can show £(v3) < ¢glogg.

Lemma 3.17. For X € M, there is a figure eight closed geodesic with length < cylogg.

Proof. By Lemma 3.16, there is a pair of pants P with cuffs 1,2, 7v3 of lengths < ¢glogg.
Let vy be a figure eight geodesic in P. Then using Trigonometry in hyperbolic geometry [Bus,
Eqn. 4.2.3.] we have

) cosh(

COSh(@) — COSh(g(;?))) + QCOSh(f(gl)
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As a result, /() < clog(g) for a constant ¢ > 0. O

Proof of Proposition 1.4. It is known that there is a hyperbolic surface X, € M,
such that sys(Xy) > clogg for a constant ¢ > 0 independent of g [KSV][BS]. Therefore by
Proposition 2.3 we have I(Xy) < b/(log g)> where b = 4/c*. On the other hand, by Lemma
3.17, we obtain I(X) > 1/(clog g)? for all X € M,,. O

3.4. Finite volume surfaces with cusps. In this subsection, we prove a similar result as
Theorem 1.1 when X varies in M.

When X is a finite volume hyperbolic surface with cusps, we have I(X) = oo. For
example, a closed geodesic 7, that turns around a cusp n times has length ¢(v,) ~ 2logn
and self-intersection number i(7,,v,) ~ 2n for n € N. However, when the closed geodesics
are restricted to a compact subset of X, we obtain a result similar to Theorem 1.1 (see §77).

Given a subsurface Y C X, define

where the supremum is over all pairs of closed geodesics in Y. Let X, be the compact subset
of X obtained from removing, for each cusp, the standard horoball bounded by a horocycle

of length r < 1.

Theorem 3.18. Fiz g > 1,n > 0, and let X be a finite volume hyperbolic surface of genus

g with n cusps. Let s = min(sys(X,),1/2), we have

1 1
[(Xp) o~ max (251og(1/s)’ 2r log2(1/7")> |

as min(s,r) — 0.

Consider a proper pants decomposition of X where it may contain a cusp as a cuff instead
of closed geodesics. Similarly, we can define thin and thick decomposition. For a cusp c,

the neighborhood with the horocycle boundary of length 1 is the thin part of ¢; since the
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limit of the length of the thin part’s boundary is 1 when instead of a cusp we have a closed
geodesic v, as () — 0. Similarly, we can see that the collar of ¢ is a neighborhood with
the horocycle boundary of length 2. We can also see that the geodesic arcs with endpoints
on the horocycle of length 2 with no self-intersection are disjoint from the thin part of the
cusp (similar to Lemma 2.2). In addition, the seams of the thick parts are > ¢, since the
distance between the horocycle of length 1 and 2 is log2. In the end, we can see that the
distances between the seams of a thick part are > c;.

Let v, be a geodesic arc with endpoints on the horocycle of length 2 and with winding

number n around the cusp. We have:

o /(7,) € [2logn,2logn + log 24] using distance formula [Bus, Equ. 1.1.2].
e the intersection number (7, V) between 7, and 7, is in [s,s + 2| where s =
min(n, m) (similar to Lemma 3.14),

e we can see n < 2/r when ~, doesn’t intersect the horocycle of length r.

Proof of Theorem 3.18. We consider a proper thin and thick decomposition. The
interaction strength inside the thick parts is < ¢, (similar to Proposition 3.10). If a thin
part is the neighborhood of a closed geodesic then, similar to Proposition 3.11, we can see
interaction strength is asymptotic to 1/2sys(X)log(1/sys(X)) as sys(X) — 0. If a thin part

is the neighborhood of a cusp then we can see for n <m < 2/r:

iO(thin,cusp) (7?17 Vm) < n—+ 2
gO(collar,cusp) (P)/n)gO(collar,cusp) (P)/m) o 4<10g n)2

which is asymptotic to 1/2r(logr)? and by inequality 4 it gives the required upper bound.
On the other hand, the ratio for n = m = [2/r] is asymptotic to 1/2r(logr)? which gives
the lower bound for the interaction strength in that thin part. U

The subset of hyperbolic surfaces X € M, with sys(X) > € is compact. Therefore, we

have
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Corollary 3.19. Fiz g > 2,n > 0 and let X be a finite volume hyperbolic surface of genus

g with n cusps. Then we have

1 1
0 200ty iy

where s = min(sys(X),1/2).

3.5. Expected value on M,. In this subsection, we prove Corollary 1.5.
There is a volume form volywp on M, associated with the Weil-Petersson symplectic form
on T,. It induces a probability measure PP, defined as the following

P,(A) = %.

Define M := {X € M,|sys(X) < e}. Mirzakhani showed there is Cj such that

]' €
5062 <Py (M) < Coe? (6)

for g € N [MP, §5][Mir3].
Proof of Corollary 1.5. Complement of M is compact. Therefore, it is enough to show

the integral on M, is finite. Define M[ga’b] ={X € My|sys(X) € [a,b]}. From 6 we have

/ L dvolyr < -C
VO —.
sys(X) WE = gn-1
Mz 27
g
Therefore, from Theorem 1.1, if € < 2% then
1 C C
I1(X) dvolyp < ———dvolyp < = —
/ (X) VOWP_/SyS(X) Volwp = Z;le om’
M, M, m=n
which is finite as required. 0J
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Note that from (6) we have

/ L dvolyp > 2
— O —
sys(X)? VOWP = Co

€
g9

ﬁd volwp = oo and the upper bound ¢/ sys(X)?

sys

for € > 0 small enough. Therefore [
M

g

on I(X) is not sufficient to conclude Corollary 3.15.
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4. INTERSECTION POINTS

In this section, we prove Theorem 1.2 and answer the second main question of this thesis:

Question 2. How are the intersection points between all pairs of closed geodesics distributed
on X7

Let X be a finite volume hyperbolic surface and ¢, the geodesic flow. Let ¢y (v) be the
geodesic arc in T7(X) with length ¢ start at v.

We can see that the intersection points are dense on X.

Proposition 4.1. The set of intersection points between closed geodesics is a dense subset

of X.

Proof. The proof is constructive. Consider a small open ball B in X. We show there is an
intersection point in B. We know that the geodesic flow is recurrent. Therefore, almost every
unit tangent vector in B returns very close to itself in B after a long time going along the
geodesic flow. Let v, vy be two such a vector in B, which are on two transverse geodesic arcs
in B. We know there are t1,t5 > 0 such that d(vq, ¢, (v1)) and d(vs, ¢y, (vs)) are very small.
If we connect vy and ¢y, (v1) by a small arc, then we obtain a closed curve and by Anosov
closing lemma (Theorem 2.11) its geodesic representative 7; stays very close to ¢ ,(v1) at
all time ¢ € [0,¢;]. Therefore, 7, is very close to the geodesic passed through v, inside B,
Similarly, we construct geodesic v, from v, and 7, is very close to ¢p,)(v2). Therefore, v

and v, intersect at a point in B. 0

Recall that G is the set of closed geodesics on X and Gr is the set of closed geodesics with
length < T

Given «a, f € G, define intersection measure I(«, 3) as follows:



where the sum is over the points in X that a and § intersect transversally, d,, is delta measure
at point p and weight ¢, is the multiplicity at p. In other words, ¢, = 1 unless the geodesics
pass through the point p multiple times. See §2.1 for more details. The intersection number
of a and 3, i(a, ), is defined as the total volume of X with respect to I(a, 3). Similarly,
we can define intersection measure and intersection number of multi-curves ) . a;y; where
a; >0 and v, € G.

Denote |u| as the total volume of measure p. Let A be the area measure on X obtained
from the hyperbolic metric. Then A(X) = arae(X) = 27(2g — 2 + n) where g is genus of X

and n the number of the cusps. Define multi-curve 7 as:

YT = ZV-

YEYT

In this section, we prove the following theorem.

Theorem 4.2. The sequence of probability measures I(yr,vr)/|I(vr,yr)| converges to
Alarea(X) in CHX), as T — oo.

proof of Theorem 1.2. It is a direct consequence of theorem 4.2.

4.1. Intersection measure. As we explained in §2, every two geodesic currents Cp,Cy
define an intersection measure (C1, C2) on Z;(X). The intersection number i(C1, Cy) is the
total volume of Z; (X)) with respect to I(Cy,C5). In [Bon2, Prop. 4.5], Bonahon proves that
the intersection number is continuous when X is compact (or when we restrict the geodesics
into a compact subset of X). When X has finite volume, the intersection number is not

continuous, but in this subsection, we show that a weaker similar result still holds.
Lemma 4.3. The intersection number i(.,.) is not a continuous function when X has cusps.

Proof. Consider a neighborhood N of a cusp. Let 7, be a closed geodesic that goes around

the cusp for n times inside N and the rest of ~, is outside N. Then the geodesic current
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v, converges to a geodesic ray r with both ends going into the cusp as n — oco. We know
that i(Y,,vn) ~ 2n and i(r,r) ~ ¢ for a constant ¢y (depending on the curve outside N).

Therefore, i(.,.) is not continuous.

Theorem 4.4. Assume that geodesic currents B;s and C;s converge to B, C' € C in C¥(T1(X)),
respectively. Then the intersection measures 1(B;, C;)s converge to I(B,C) in dual of the

bounded continuous functions with support in a subset K NZy(X) such that K is a compact

subset of P(X) ® P(X).

Since (., .) is not continuous when X has cusps, it is mandatory to restrict the convergence
to the dual of the functions with support disjoint from cusp’s neighborhood and being in
K NZ;(X). For instance, the total measures I(B;, C;)(Z1(X)) do not necessarily converge
to total measure I(B,C)(Z;(X)). The following result is the heart of the proof of Theorem
4.4.

An H-box is defined as a subset of P(X') containing the (tangent lines of) geodesics between
two geodesic arcs on X. The geodesic arcs are small enough such that two arcs in the
corresponding H-box intersect at most once. The tangent lines at the points on one edge of
H—box b make a plane transverse to F in P(X). Therefore, any geodesic current C' induces

a measure on this plane. We say, it is the measure of b with respect to C'.

Lemma 4.5. Let K be a compact subset of P(X) @ P(X). There are neighborhoods V., U,

of B,C, respectively, and a neighbourhood O, C Z,(X) of diagonal A\ such that
I(C",B")(O.NK) < ¢,

for all B € V. and C' € U..
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Proof. The projection of K on X is a compact subset of X. Let K’ be the set of tangent
lines to this compact subset of X. Then K’ is a compact subset of P(X). We can cover K’

by compact H—boxes by, ..., b, such that each box is of one of the following types:

(1) C(b;) <9, or

(2) B(b;) <4, or

(3) There is a closed geodesic v with transverse measure > ¢ with respect to both C' and
B (atom of C and B) which passes through b; once. Moreover, C(b;\y) and B(b;\")

are < ¢,

Define O, = (by ® by U---Ub, ® b,) N Z;(X). Now we aim to prove that it has a small
total mass with respect to B, C, and geodesic currents in a small neighborhood of B and C.
We will choose § and ¢’ small enough later.

Choose small neighbourhoods Vs and Us of B and C, respectively, such that:

o B'(b;) < 6+ B(bi),C'(b;) < &+ C(by)
e B'(K') < B(K') +6,C"(K") < C(K") 4§

for every B’ € V., and C’ € U..
We can see that the sum of the contribution of (b; ® b;) N Z;(X)s for H—boxes b; of type
1 and 2 to I(C’, B")(O,) is less than

2520’ +2523 ) < 25(C"(K') + B'(K') + 26).

Choosing ¢ small enough makes the contribution less than e/2.

Now we show that the contribution of b; @ b;s are small for b;s of type 3.

Assume that b; is of type 3 and closed geodesic v C P(X) is the common atom of B and
Cin b;.

Consider X = H/[v], a covering of X homeomorphic to an annulus with v as its core

curve. Each geodesic current on X induces a geodesic current on X. Let gz be the lift of b;
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to X (the lift that intersects 7). Define G, C b; as the set of tangent lines to the geodesics
which pass through b; for k times.

Note that v is not in any of G%’s because y passes through b, infinitely many times. By
Lemma 3.14, inside i);-, each geodesic in G; has at most p + ¢ + 2 intersection points with
each geodesic in sz. As a result, the contribution of the intersection points of G;) and Gfl to
I(B',C") is at most %B/(G;)C”(Gé).

Therefore, the contribution of b; ® b; to I(C’, B') is at most:

/ 1 /(1. / 7 /(1. p'+‘7%'2 / 1 / 7
ngkB (GE)C'(by) + qukc (GL)B'(b) +p§k — B'(G)C'(G)
+ PG oy + > LG ),

>k p q>k q

where k£ € N is a large enough constant.

Note that U¥_, G C P(X) has measure < 0" with respect to B and C. On the other hand,
there are no atoms in the boundary of G;s; atoms corresponding to a segment of a closed
geodesic. Thererfore, by Lemma [Bon2, Lemma 4.3, mass of d(Ul_,G%) is 0 with respect to
any geodesic currents. Therefore, we can assume the measure of UY_ G}, C P(X) is < 0 + ¢’
with respect to B, C’ too.

Now, from the upper bound (7), we can see that the contribution of b; & b; to I(C’, B) is
less than

d

< (6+)(C'(b;) + B'(bi)) + EB’(bi)C’(bi) (8)

Choose ¢’ small enough and k large enough. Then we can see the contribution is < /2. O

Proof of Theorem 4.4. Consider U, V., O, from Lemma 4.5. Assume that f is bounded
above by b. Then from Lemma 4.5 we have
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I/ de(Bn,On)—/ fdI(B,C)| < 2be.
ONK O.NK

Moreover, the convergence of B,s and C),s implies that

| [ fdI(B,,C,)— fdI(B,C)] <e,

E. E.

when n is large enough, for compact set £, = K/O.. Combining these two inequalities imply

the following
/ FAI(B.,Cy) = | fdI(B.O),
T1(X)

T1(X)

when n — 00, as required. [l

4.2. Excursion. In this subsection, we find an upper bound on the number of the self-
intersection points of yr in a neighborhood of cusps. Recall that v, is the sum of the closed
geodesics up to length T

Let p be a cusp of X. Define N,(r) and the horoball neighborhood of P with horocycle
boundary of length of r, or in other words, £(ON,(r)) = r.

Then the measure P.I(vyr,vr)(Ny(r)) is the number of the self-intersection points of vz
inside N,(r). We have:

Proposition 4.6. There is a constant ¢, such that in the self-intersection number i(yr,yr),

2T

the contribution of the points inside N,(r) is bounded above by c.e* . Moreover, ¢, — 0 as

r — 0. In other words, we have
P.I(yr,vr)(Np(r)) < e,
for a constant c, which tends to 0 as r — 0.

In order to prove Proposition 4.6, we use the following results.

First, we give an upper bound to the number of closed geodesic passing through a point.
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Lemma 4.7. The number of the geodesics with endpoints at a point QQ € X, and length < T

is < Cel where C' is a constant.

Proof. Let (Qy be a preimage of () € X in H. The geodesics with endpoints at ) and length
< T are corresponding to the m; (fundamental group) orbit of @) in the disk of radius 7'
Consider the preimages (in H) of a small disk of radius r around ). They are separated
disks inside a disk of radius T+ 2r around ()g. Therefore, the number of these points is

< Bl(areaof the disk) < Ce™ for constants B, C. O

Define an n-ezcursion (or simply n-exc) as a geodesic arc with endpoints on ON,(r) and

winding number n around the cusp.

Lemma 4.8. The intersection number between an n-exc and m-exc is < 2min(n, m) + 2
Proof. 1t is similar to the proof of Lemma 3.14, for the case of B, and B,,. O
Lemma 4.9. Let E, be an n-exc in N,(r). Then we have

U(E,) >2logn+c
for a constant c € R depending on r and independent of n.

Proof. Consider a preimage of E,, as a semicircle and ON,(r) as a horizontal line in H. It is
presented in Figure 9. Let z;, 2o be the endpoints of E,, on dN,(r) in H. The points 21, 29
have the same height and the difference between their z — coordinate is > nr.

From the formula of hyperbolic length, [Bus, Equ. 1.1.2] we have

vy — U2|2

((E,) = d(vi,vs) = cosh™ (1 + ) > log(1 4 bn?) > 2log(n) + logb

ImuviImus

Where b is a constant depending on r. 0J

51



FIGURE 9
Denote A, (T) as the number of the n-excs in N,(1) among the closed geodesics of length
<T.

Proposition 4.10. There is a constant C > 0 such that A,(T) < ?f:.

Proof. From now on, by excursion we mean excursion with respect to the horocycle of length
1. Let Ar be the set of pairs (v, E,) where v is a closed geodesic with length < T and F,
an n-exc of 7. Let Br(Q) be the set of geodesics with length < T from a point @ to itself.
We define an injective map 1) : Ay — Bp_s10gn+c for a constant c, as follows.

Fix a point ) on ON,(1). Given (v, E,), substitute E,, with an arc going around the cusp
once without changing its endpoints on the horocycle ON,(1). Then move the endpoints
of the arc (the endpoints of E, on the horocycle) to @ homotopicaly. See Figure 10. We
obtain a closed curve 1 ((7, E,)) with @ as the marked point with length < /() —2logn+c.
The bound on the length obtained from Lemma 4.9 and the fact that attaching the arc and
moving its endpoints are changing the length at most by a constant c.

Note that ¢ is injective because if we have a geodesic v with endpoints at @) in the image
of ¢, then ¢~!(v) is determined uniquely. It is homotopic to the closed curve obtained
from joining an n-exc to v at Q. It implies A,(T) = |Ar| is < |Br_2iognte| Which is

< CeT—2lognte < C’Z—Z by Lemma 4.7. -

Proof of Proposition 1.7. It is implied directly from Proposition 4.10. Note that

{(yr) ~ e by Margulis’ result on counting closed geodesics [Mar].
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FIGURE 10

Proof of Proposition 4.6. Consider excursions in N,(1). The intersection points in
N,(r) are obtained from n-excs with n > n, where r < 1, and n, — oo as r — 0.
We know from Lemma 4.8 that the intersection number of an n-exc and an m-exc is <

2min(m,n) + 2 < 4min(m,n). Therefore, we have

PI(yr,yr) (N, Z 4min(i, j)A;(T)A;(T) < Z 4C* min(i, j) < 8C2% QTZ Z 1

2,J >Ny 1,0 >N 1=Ny j= nT

<screrys 8L

=ny,

[e’e] . 0 .
The sum ) 1‘;%’ is finite and the term ) 1‘;‘31 tends to 0 as r — 0, as required.

i=1 =Ny

4.3. Equidistribution. In this subsection, we prove Theorem 4.2.

Recall that geodesic current yr is the sum of the closed geodesics with length < 7" and
Ly is the Liouville current of X.

We know closed geodesics are equidistributed on X [Mar, Thm. 9.1][Bow|[Rob]. In other

words, we have

Theorem 4.11 (Margulis, Bowen, Parry, Roblin). Let X be a finite volume hyperbolic

surface. We have
T Ly
—
lyr)  |Lx]
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as T — oo, in CHT1(X)).

Proof of Theorem 4.2. From Theorem 4.11 and Theorem 4.4 we conclude, as T' — oo

I(yr,yr)  I(Lx, Lx)
£(vr)? - |Lx|* ©)

in B*, where B* is the dual of the set of continuous bounded functions with support in a
K C Z:(X) such that K is a compact subset of P(X) @ P(X).

Note that the pullback of a continuous function with compact support on X to Z;(X) is
in B,.

Therefore, from pushforward of the measures in conrgence (9) by map P : 7;(X) — X,

we conclude:

1 1

WP*([(VT,’YT)) - 7429 — 2 + n)?

as T'— oo, in C(X).

P.(I(Lx, Lx)), (10)

Then, from Lemma 2.8 and Lemma 2.7, we have:

1 1
— dp — A
U(yr)” Xp:mp P om(2g— 2402

in C*(X) as T'— oo. The sum is over the self-intersection points of 7.

These measures are not necessarily probability measures; therefore, to finish the proof, we
only need to show they are tight (see Theorem 2.9). Let K. be the compact subset of X
obtained from removing a small horoball neighborhood N, (r) of the cusps. The measure of
a horoball neighborhood N,(r) with respect to I(yr,yr) is the number of the intersection
points in N,(r). On the other hand, we know from Margulis’ result that ¢(yr) ~ e”.
Therefore, from Proposition 4.6, we conclude that N,(r) has small measure with respect to

all measures I(yr,v7)/l(yr)?. As a result, the complement of K, has a small measure with

respect to these measures. It means that these measures are tight, as required. ([
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5. ENTROPY AND SELF-INTERSECTION NUMBER

In this section, we prove Theorem 1.3 and answer the third main question of this thesis
in the case of ergodic geodesic currents:

Question 3. Can we control the measure-theoretic entropy h, of a geodesic current y in
terms of the self-intersection number i(, i) ?

Let X be a compact hyperbolic surface and 77 (X) the unit tangent bundle of X equipped
with the geodesic flow ¢, : T1(X) — T1(X).

Recall that h, is the measure-theoretic entropy of length 1 geodesic current ;1 with respect
to the geodesic flow of X. Note that to define the entropy of a geodesic current, we interpret
the geodesic current as a measure on 73(X). See §2.2 for different interpretations of a
geodesic current.

It is known that h, = 0 when p is a measured lamination [Fat, Lem. 3.3][BS2]. It is also
implied from the work of Birman and Series [BS1]. On the other hand, measured lamina-
tions are exactly the geodesic currents with zero self-intersection number. This observation
motivates the question.

We show the answer to this question is yes when p is ergodic. More precisely, we establish

an upper bound for A in terms of i(u, u).

Theorem 5.1. Let p be an ergodic geodesic current with {x(C) = 1. We have:
X
hy < 384v/2(g — 1)V/i(u, 1) log %
i, o

where ¢(X) = 2el(X)(3g — 3)L, + V2e/sys(X). The notations 1(X), L, refer to the

interaction strength and Bers’ constant, respectively.

Note that I(X) < 4/(sys(X))? (see 2.3). We also know L, < 26(g — 1) [Bus, Thm. 5.1.2].
Proof of Theorem 1.3. It is a direct consequence of Theorem 5.1.
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Outline of the Proof of Theorem 5.1. The proof has two parts. First, we find an
upper bound on A, in terms of the growth rate of the number of closed geodesics with a
small self-intersection relative to the length. Then we find an upper bound on this growth
rate with topological and combinatorial methods.

Recall that Gr is the set of closed geodesics with £x(v) < T

Define
PAT) := [{7]7 € Gr,i(y,7) < €T?}],
and
P i P

Theorem 5.2. Let p be an ergodic geodesic current with {x(u) = 1. Then we have

b < Paigupy-

Theorem 5.3. For e > 0 we have

Co(X)

P, < 384(g — 1)\/elog ,
Ve

where co(X) = 2el(X)(3g — 3)L, + 2e/ sys(X).

The notations I(X) and L, refer to interaction strength and Bers’ constant, respectively.

Proof of Theorem 1.3. From Theorem 5.2 and Theorem 5.3, we conclude

Co(X)

hu < Paigy < 384(9 — 1)/ 2i(p, p) log ————
’ V20, 1)

O

5.1. Entropy and Closed geodesics. In this subsection, we prove Theorem 5.2. From
now on, we assume g is an ergodic geodesic current with £x(u) = 1. It is a well-known result
of Katok that h, < P, [Kat, Thm. 2.1]. Recall that N,(T¢,¢) is the minimum number
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of the balls of radius €, with respect to metric dr, which is required to cover a set with
p-measure > 1 — 9. See 2.3 for more details.

Katok showed the entropy h, is equal to the exponential growth rate of N,(7,¢,0). He
related N, (T, €, d) to the number of the closed orbits with length < (1+¢€)T. We show that
we can also add a constraint on the self-intersection number of the orbits. More precisely,
we show the self-intersection number of these obtained orbits is about 4(p, #)7?. Then we
conclude Theorem 5.2.

Let ¢po,(v) be the geodesic arc of length ¢ in 7' (X) start at v € T1(X).

Proposition 5.4. For p-almost every v € T1(X) we have:

i(Yn, Tn)

lim 7 - i, 1),

for any sequence t,, such that d(¢y, (v),v) < co and 7y, is the geodesic representative of the

closed curve obtained from connecting v and ¢ ,1(v). Here co > 0 is a fived constant.

Proof. From Birkhof f’s ergodic theorem, for y—almost every v € T1(X) we have:

1 T
lim — t'Ud: d
e RO (1)

for f e LY(X).

On the other hand, the geodesic representative 7, is a long ray that stays close to ¢jo,)(v)
for all time. More precisely, from Anosov closing lemma 2.11, we know ~y,, and ¢jg,)() are in
€9 distance of each other and [(x(v,) — T'| < €. Assume that f is bounded above by b > 0.

Therefore, we have

1
£(yn)

() 1 [T
| renend < 7 [ 1) = fouelar+ be
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T-VT
< %/ﬁ |f(¢t(v))—f(%(t))|dt+%/|f(¢t(v))—f(%(t))|dt+beo,

where I is the complement of [v/T,T — +/T] in [0,T]. When we increase T, the geodesic
rays v, and ¢r(v) are getting closer and closer. Moreover, |f(¢:(v)) — f(7.(t))] < er for a

constant ¢y such that ¢ — 0 when 7" — oco. Then the right-hand side of the inequality is

less than:

(T —2VT)er N 2VTh

<
- T T

+ bﬁo.
It tends to zero when T' — oo. Therefore, we have

1 E('Yn)
lim — n dt = du.
i / F(u(8))dt / L fan

T—00 Tn

It means that the weighted closed geodesics 7, /¢(,) converge to p, as n — oo. The

continuity of i(.,.) implies (7, ¥n)/€(7n)? converges to i(u, 1) when n — oo, as required. [

Define subset A1) C T1(X) as the vectors v such that |i(y7,y7)/l(yr)? — i(p, p)] < € for
any closed geodesic vy obtained from connecting ¢r(v) and v when d(v, ¢ (v)) < ¢p.

Let Biro :={v e T1(X)|IT <t < (1 +€e)T;d(v, ¢:(v)) < €}
Lemma 5.5. Fore >0, as T'— oo we have:
p(Ame) =1 (12)

#(Brg) = L. (13)

Proof. We can conclude Equation 12 from Lemma 5.4.
Cover T1(X) by finitely many balls of radius €¢/2. Let K be one of these balls and xx the

characteristic function of K. By ergodicity of u for a.e. v € K C T1(X) we have:

T—oo 1

lim = / i (Ge(v))dt = / X0 = (). (14)
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Therefore for large enough 7', we have:

T T(1+4e€)
/0 i (0(0))dt < / yie(Ge(0)dt.

We conclude for g — a.e. v € K and larg enough T there exists ¢t € [T, T(1 + €)] such that v
and ¢;(v) are in K and d(v, ¢(v)) < e. Apply this to all the balls in the covering of T3 (X),

and it implies Equation 13. ([l

Proof of Theorem 5.2. As we mentioned, the proof is similar to Katok’s proof in [Kat,
Thm 2.1].

Note that N(r.s) is the minimum number of e—balls with respect to dy metric such that
they cover a set of measure > 1 — 9. From Proposition 2.10, we know h, is equal to the
exponential growth rate of Ny 1/5. Let Y := Ao N Birgs) C T1(X). By Lemma 5.5, for
every €,0 > 0 and T large enough C'(Y) > % We will choose § later in terms of e.

We say a set A is (T, €)—separated set if the dp distance between every two points of A is
> €. Let Az, be a maximal (7, 3¢)—separated subset of Y. Then balls of radius 3¢, with
respect to metric dr, with centers at the points of A(73.) cover Y. Therefore we have:

1
‘A(T,e)| > N(T7 367 5) (15>

Given v € A(r,). Using the fact that v € B and applying Anosov’s closing lemma, we
obtain a closed geodesic 7, which is close to ¢ r)(v). Choose § small enough such that -,
is e—close to ¢po71(v) and €(v,) < (14 €)T" . From Anosov closing lemma, we know there
exists a point ¢, on 7, such that d(g,,v) < e.

When vy # vq, we have d(qy,,qv,) > €. Moreover, if geodesics 7,, and 7,, are the same for

vy # vo then we have:

dt(qvuqu) > dt(UhU?) - dt(”lan) - dt(“?a‘]vz) >3e—2=c¢ (16)
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Equation 16 implies that the number of ¢/ s on each obtained closed geodesic 7 is < £(7)/e.
We know £(v) < (14 €)T, therefore the number of obtained closed geodesics is greater than
|A(57T)| € 1

AtoT/e Tt o dh3e3) (17)

Note that |i(7y, Vo) /€(70)? — i(p, )| < € and we may assume i(7,,7,) > 0, therefore, we

have
i(Yos Vo) < 20(p, 1)€(70)*
It implies
€ 1
Pai(uyy (1 +€)T) > mN(Ta 3e, 5)

Let 7" = (14 €)T, we have

10g Pa;(p,mu) (T") - 1 log —T(16+E) + log N (T, 3¢, %)
T = +e T

Tending 7' — oo and then € — 0 implies

P2i(up) = Py

5.2. Counting closed geodesics. In this subsection, we prove Theorem 5.3.
Consider a proper hexagon decomposition of X. Let a, be oriented simple arcs in a
hexagon such that their endpoints are on the edges but not on the vertices. Assume that

«, (3 intersect once. This intersection is of one of the following types based on the endpoints

of a and f:

e Type 1. Neither their initial points nor their terminal points are on the same edge.
e Type 2 (a). Their initial points are on the same edge but their terminal points are
not.
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e Type 2 (b). Their terminal points are on the same edge but their initial points are
not.
e Type 3. Their initial points are on the same edge, and their terminal points are on

the same edge as well.

Assume that ~;, 7, are oriented closed curves on X such that they do not pass through
the vertices of the hexagons. We say 7,72 are linearly homotopic if there is a homotopy h
between 71,7, that moves the points on the edges only along the same edge. In other words,
if o is a subarc of v; between edges b and b’ then h moves the endpoints of a along b and ¥’
and sends « to an arc between b, b'.

We say a closed curve is proper if it does not pass through the vertices of the hexagos
and its subarcs inside hexagons are simple subarcs. The heart of the proof is the following

theorem:

Theorem 5.6. Let v be a proper oriented closed curve. Then there is a proper oriented
closed curve 7o linearly homotop to v, such that it does not have any intersection of type
3. In addition, the number of the intersection points of type 2 for 7, is not larger than the

corresponding number for ;.

Proof. Consider the incoming arcs to an edge e. We set an order on their endpoints on e and
show that these orders are compatible for all edges in the decomposition. Then we prove
that a closed curve with these orderings satisfies the required constraints. Moreover, the
order between the endpoints of an incoming arc and an outgoing arc does not matter.
When we fix an edge e of a hexagon, we can give an order from left to right (clockwise)
to other edges of the hexagon. In addition, we have an orientation on edge e induced by the
(clockwise orientation of) hexagon containing e. If we pick the other hexagon containing e
then we obtain the opposite orientation on e. Now consider two incoming arcs ay,b; to e
with endpoint pi, po on e. Assume that aq, b, stay on the same edge after k steps. In other

words, the subarcs ajas . ..ag and bibs ... by are corresponding to the same words but aj,

61



and b1 start on the same edge eq and end on different edges €', e”. If €’ is on the right of
e (relative to the orientation in the hexagon with respect to edge eg) then we set p; on the
right of py and vice versa. It is not hard to see that it gives a compatible ordering on the
endpoints of the incoming edges to e on e.

Note that this ordering is compatible for all edges because in this process the ordering
between two endpoints py, ps on e is determined only by the word of their forwarding path.

There is no intersection of type 3. If we have intersecting arcs a; = p1q1, b1 = page which
start and end on the same edges and p; is on the left of p, (with respect to the hexagon
containing the forward paths) then we can say that the forwarding path of a; is on the
left of b; until they diverge and go to different edges. Since it is how we set the orderings.
Therefore, there is no intersection between them until they diverge. In particular, there is
no intersection between a; and b, which is a contradiction.

Moreover, we can see that the number of intersections of type 2 does not increase. We
show for each intersection point of type 2 in 75 there is at least one corresponding intersection
point in ;. Consider two intersecting arcs «, 5 in v that either their initial points or their
terminal points share the same edge. It means that there are subarcs ag...a; and by ... b
(forwarding ordered) containing «, 3, respectively, such that a;,b; share the same starting
and ending edges except ag, by and ay, bx. Based on how we set the orders, we can see ag and
by have to be «a, 5. Moreover, a;,b; are separate for ¢ > 0. No matter how we change the
order of endpoints on the edges, we can see subarcs ag...a; and by ...b have to intersect
at least once since the order of their initial points is opposite of the order of their terminal

points. As a result, v; has at least the same number of type 2 intersection points as 7,.

We say v, that satisfies the properties in Theorem 5.6 is a special representative of ;.

We also apply the following combinatorial results to prove Theorem 5.3.
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Given a proper oriented closed curve v, we obtain a word on each edge e of a hexagon H
corresponding to the incoming (outgoing) arcs of 7y to e inside H. In other words, the word

wy ... w,, means that the other end of the ith arc is on edge w;. In total, a curve gives us

48g — 48 words.

Lemma 5.7. The word w(y) corresponding to a special representative 7 is determined
uniquely if we have all the 48g — 48 assigned words to the edges for incoming and outgoing

arcs.

Proof. Based on the words, we have the relative position of the initial points and terminal
points of the arcs on the edges. For instance, word w; ... w, tells us that on edge e there
are n outgoing arcs with terminal points on wy,...,w, from left to right. Now consider
the endpoints of the arcs from an edge e to another edge €’ in a hexagon. Since there is
no intersection of type 3 there is a unique way to connect these points. Therefor, w(7y) is

determined uniquely.

Lemma 5.8. Assume that we have n arcs in a hexagon such that each arc has an end on
edge e; and another end on the midpoint of one of the 5 other edges es, e3,eq4,€5,€6. In
addition, assume that their endpoints are different on ey. Let w be the word of length n with
letters from {es, e3, ey, e5,e5} corresponding to these arcs. The number of possible words w
such that the corresponding arcs intersect in < en? is

< 1662714(%)8#”.

Proof. First, assume that instead of a hexagon we have a triangle and we connect arcs to
midpoints of two edges es, e3. Assume that ey is on the left of eg (with respect to e;). If the
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number of points attached to e; is < y/en then the number of possible words is

o)

The coefficient y/en represents the possible number of the letters e; in w. Then assume that
the number of points attached to ey is > y/en. Choose the /en most right points attached
to ey; there are n choose y/en possible ways. The most left chosen point split n into two
blocks. The points in the right block are completely determined where to attach (y/en of
them were chosen to attach to es and the rest have to be attached to e3). Now consider the
points on the left block. At most /en of them can be attached to e3 unless we would have
> en? intersection points (between these arcs and the y/en chosen points attached to es).
Therefore, we have < y/en points connected to ez in the left block. The number of ways to

determine the word in the left block is

()

In total, the number of possible such words is

The last inequality is implied by Stirling’s approximation.

By iterating the process 4 times, we conclude the result for the hexagon. In other words,
we find the number of such words with two letters a, b that a represents e, and b represents
the other 4 edges. Then, determining where to attach the points with the letter b (to edges
€3, €4, €5) is a similar problem. Therefore, the number of possible words in the hexagon case
is

e

< (2\/571(%)2#")4-
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Proof of Theorem 1.3. From Lemma 2.12 we have

P(T) < [{v € Gl leom(v) < c(X)T,i(v,7) < €T2}|'

Now instead of closed geodesics we consider their special representatives (as described in
Theorem 5.6). These special representatives have length < ¢(X)7 and the number of their

type 2 intersections are < €T'?. Therefore, from Lemma 5.7, we have
{7y € G| leom(7) < c(X)T,i(7y,7) < €I?}| < (number of possible words on one edge)*®9~8,

Now, we apply Lemma 5.8 to each edge for n being ¢(X)T and € being ¢/c(X)?. Therefore,

the right-hand side of the last inequality is

< (2\/ET(€C\(/)E() )QﬁT)4(489—48)‘

It implies

X
P, < (3849 — 384) /e log “LX).

e
O

A qualitative version of Theorem 5.1 can be deduced from Sapir’s work [Sap|. She showed
the Haussdorff dimension of the set of geodesic rays with a small self-intersection number

relative to length is small.
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