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The Discrete Bootstrap for Quantum Thermodynamics

Abstract

A novel bootstrap method is exemplified by lattice theories and quantum mechanics. Positivity of

expectation values combined with sets of non-trivial constraint equations and semidefinite optimization

rigorously and precisely bound correlation functions. Starting with the example of a one-dimensional integral,

the technique is built upon to extract limit cycles in a two-dimensional classical dynamical system and spin

correlation functions in the Statistical Ising Model. Further positivity constraints and simplifications arising

in a large rank limit are implemented to bound the energy expectation value as a function of temperature

in Matrix Quantum Mechanics. Along the way, the S-matrix of Chern-Simons-matter theory is computed

as an example of computational simplification at large gauge group rank.
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1
An Introduction to the Discrete Bootstrap

1.1 Overview

There are two fundamental questions underlying contemporary high-energy theoretical physics research:

“what goes on inside of black holes?” and “how can we perform the hardest calculations in our theory of

particle physics?”.

The first question is prompting us to find a single theory that makes the predictions of quantum mechanics

and Einstein’s theory of gravity, otherwise known as the problem of “quantum gravity”. Resolving the

incompleteness in our understanding would point us towards a theory of the origin of the universe, the

behaviour of particles around the horizon of black holes and possibly teach us how spacetime itself can be

encoded in quantum computers [5].

The second question is concrete in comparison and is posed within the theory of elementary particles
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developed decades ago: given the masses of three quarks, how can we compute the mass of the proton that

they form [6]? Unfortunately, the solution is far from simply adding up the masses since the very energy

that binds the quarks together has “mass” (recall that Einstein’s E =mc2 famously taught us that energy is,

in fact, mass). We refer to this as the question of “confinement” (the quarks are confining to form a proton).

In both problems, we have written down physical theories (or “a set of equations” somewhat imprecisely)

that should at least point us toward a solution. What is stopping us from tracking down the meaning of the

universe or declaring that we have solved particle physics? Unfortunately the calculations are too hard, or

often appear so intractable that we wouldn’t even know how to set up a computation. We say that these

obstructions are due to “strong coupling”, a term that will be made more clear in the following sections.

How do we solve our hardest problems? Well, a beautiful aspect of our theories is their extreme rigidness

in mathematical structure. So while we are restricted from fantasizing arbirarily about what happens inside

of a black hole or at the big bang, with logical reasoning we can exploit that structure to deduce the physics

rather than carrying out hard or impossible calculations. At least for a set of problems which I will elucidate

in this essay, physicists have been developing a novel method over the past few years whose limits are still

being tested. It is referred to as the “bootstrap” and aims to constrain calculations’ possible results rather

than providing a tool for direct calculation [3, 4, 7–14].

In the remainder of this introduction, several increasingly complicated iterations of this method will be

described, starting with its application to a single integral and finishing with its prospects for resolving some

set of problems in quantum gravity and confinement.1

1In fact, the computer code calculating the simple integral can be modified ever so slightly to make predictions
about quantum gravity!
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1.2 Warm-Up: A Simple Integral?

The single most important integral in physics is that of a Gaussian function (a.k.a. a normal distribution or

bell curve, plotted in Figure 1.1):
1√
π
∫
∞

−∞
e−x

2

dx = 1 . (1.2.1)

This integral shows up in probability theory and its more complicated higher-dimensional generalizations

and deformations underly the difficult problems in quantum gravity and confinement [6]. It really is the

bread and butter of physics calculations as well as a testing ground for new methods.

-4 -2 2 4
x

0.2

0.4

0.6

0.8

1.0

e-x
2

x2e-x
2

x4e-x
2

Figure 1.1: Integrands with a Gaussian probability distribution.

In many applications it’s useful to study its moments, i.e. for any integer n we define the expected value

of x2n subject to the probability distribution p(x) = e−x
2

/
√
π as2

⟨x2n⟩ ≡ 1√
π
∫
∞

−∞
x2n e−x

2

dx . (1.2.2)

It turns out that we can determine these expectation values using (1.2.1). Let’s start by recalling the
2Note that an integral of an odd function is zero, ⟨x2n+1⟩ = 0.
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Fundamental Theorem of Calculus which relates derivatives to integrals,

∫
b

a
f ′(x)dx = f(b) − f(a) , (1.2.3)

and apply it to the function f(x) = x2n−1 e−x
2 . In this case we know that

• f(∞) = f(−∞) = 0 since the probability distribution vanishes rapidly at infinity,

• and its derivative is f ′(x) = (2n − 1)x2n−2e−x2

− 2x2ne−x
2 .

Plugging both points into (1.2.3), rearranging, then rewriting using (1.2.2) gives

⟨x2n⟩ = 2n − 1
2
⟨x2(n−1)⟩ , (1.2.4)

which helps us tremendously: the expectation value on the left is given in terms of a lesser-degree expectation

value on the right. Thus we can plug the right hand side back into the equation with the replacement n→ n−1

to further reduce. Iterating this procedure yields

⟨x2n⟩ = 2n − 1
2

2(2n − 2) − 1
2

⋯2 − 1
2
⟨x0⟩ = (2n − 1)!!

2n
, (1.2.5)

where we used ⟨x0⟩ = ⟨1⟩ = 1 and collected the large product into the double factorial. So, we know that all

the expectation values of the Gaussian are simply polynomials in n, as we say that the Gaussian model is

“solvable”.

We are ready to move on to a more complicated expectation value definition in which the probability

distribution is modified by a factor of e−λx4 ,

⟪x2n⟫ ≡ 1

Z
∫
∞

−∞
x2n e−x

2−λx4

dx , (1.2.6)
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Figure 1.2: Deformed (solid) compared to undeformed integrands (ghosted) for λ = 1/10.

where the normalization was included to ensure ⟪1⟫ = 1,

Z = ∫
∞

−∞
e−x

2−λx4

dx . (1.2.7)

As Figure 1.2 illustrates, this is a deformed version of the previous problem. λ is referred to as the “coupling”.

In physics problems, the x2 part in the exponential could represent a theory we can solve, whereas the x4

term is analogous to adding a more complicated interaction. As an example, a ball on a spring has energy

proportional to its displacement Espring ∼ x2 (solvable) but a small additional force might lead to a more

complicated contribution to the energy Eforce ∼ x4.

These deformed expectation values are ubiquitous in theoretical physics and we need to be able to calculate

them.

1.2.1 An Approximation at Weak Coupling

When λ is small then we say the problem is “weakly coupled” and we can use the undeformed expectation

values to approximate the deformed. At the smallest coupling, λ = 0, the integral (1.2.6) coincides with the

5



first case, ⟪x2n⟫∣λ=0 = ⟨x2n⟩. For λ slightly greater than zero, we can systematically account for the slight

modification of the λ = 0 expectation value. Let’s see how this works in practice:

Recall the Taylor expansion of the exponential,

ey =
∞
∑
n=0

yn

n!
≈ 1 + y + 1

2
y2 + 1

6
y3 + . . . . (1.2.8)

If y is very small, then subsequent powers of y will be much smaller and therefore we can safely truncate the

infinite sum. For instance, when applied to our deformation e−λx
4

≈ 1 − λx4, at leading order in λ we can

calculate

Zλ small ≈ ∫
∞

−∞
e−x

2

(1 − λx4)dx =
√
π(⟨1⟩ − λ⟨x4⟩) . (1.2.9)

Notice that the expectation values on the right hand side are the λ = 0 integrals which we calculated in

(1.2.5), so we find

Zλ small ≈
√
π − 3

√
π

4
λ . (1.2.10)

Importantly when λ = 0 we recover the standard normalization of
√
π in (1.2.1). We also expect that the

error of this approximation is roughly order λ2 for very small λ since we ignored powers greater than one.

The full expectation value (1.2.6) can be solved in a similar way by expanding the exponential when λ is

small and then rewriting the result in terms of the undeformed integrals, for example

⟪x2⟫ ≈ 1

2
− 3

2
λ + 12λ2 − 297

2
λ3 + . . . (1.2.11)

In Figure 1.3 we plot this expectation value when truncated to several approximation orders in λ.

To recap, we have a method to approximate the expectation values when the system is weakly coupled

known as “perturbation theory” in the physics literature. Even though we applied it to a simple example,

6
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Figure 1.3: Comparison of perturbative expansions to the numerical result. Note that the expansion to order λ3 is
better than the other expansions at weak coupling but all approximations fail as soon as λ is not tiny.

the method is used in the majority of particle physics predictions being tested experimentally at particle

accelerators [6].

What happens when λ isn’t small, i.e. at “strong coupling”? Unfortunately the calculation is often

intractable and we are commonly restricted to tackle problems of a perturbative nature simply because we

can’t do anything else. This is why the bootstrap method is so exciting: it allows us to begin to answer

questions that we couldn’t access before. And it’s even applicable to our deformed Gaussian integral.

1.2.2 Bootstrapping a Strongly Coupled Integral

We need a new method when λ is larger since the truncated approximation breaks down. There are fast

numerical methods in this case, such as discretizing the integral, however many are not scalable to the

most challenging problems in physics due to their computational intensity. The bootstrap will enable us

to determine the expectation values purely based on the consistency of calculus and we will answer the

question “What is the maximal or minimal possible value of ⟪x2⟫, say, such that a list of constraints remains

7



satisfied?”.3

The first step is to use the Fundamental Theorem of Calculus but this time including the deformation,

f(x) = x2n−3 e−x
2−λx4 for n > 2. Again, we know that

• f(∞) = f(−∞) = 0 since the probability distribution is zero at infinity, and

• the derivative is f ′(x) = ((2n − 3)x2n−4 − 2x2n−2 − 4λx2n)e−x2−λx4 .

Plugging this all into (1.2.3), rearranging, then rewriting using (1.2.6) gives

⟪x2n⟫ = 1

4λ

⎛
⎝
(2n − 3)⟪x2n−4⟫ − 2⟪x2n−2⟫

⎞
⎠
. (1.2.12)

Just as before we have a higher powers related to lesser powers and we can recursively eliminate all expectation

values other than ⟪x0⟫ = 1 and ⟪x2⟫. As an example, the first couple applications of this formula give

⟪x4⟫ = 1

4λ
− 1

2λ
⟪x2⟫ ,

⟪x6⟫ = − 1

8λ2
+ (1 + 3λ)

4λ2
⟪x2⟫ . (1.2.13)

We refer to the complete list of these expressions as “constraint equations”, first ingredient in our bootstrap

setup. They are telling us that the expectation values are not arbitrary numbers, but are rather non-trivially

related to each other via these coupling-dependent relations.

The second ingredient in the bootstrap is simply the fact that a square of a number is positive, or when

applied to any function within the integral,

⟪g(x)2⟫ ≥ 0 . (1.2.14)
3This is a special case of the “matrix integral bootstrap” in the seminal work [7, 10].
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If we restrict ourselves to studying polynomials in x up to some degree m, namely functions of the form

g(x) =
m

∑
i=0
aix

i (1.2.15)

for coefficients ai, then the inequality (1.2.14) being true for arbitrary coefficients is equivalent to the

condition that the matrix with elements

Mmn = ⟪xm+n⟫ (1.2.16)

is “positive semi-definite”, i.e. has only non-negative eigenvalues. We view this matrix as providing a large

set of constraints on the expectation values. For instance, when m = 2 we are considering all polynomials of

the form

g(x) = a0 + a1x + a2x2 , (1.2.17)

and ⟪g(x)2⟫ ≥ 0 is encapsulated in the condition that4

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⟪x0⟫ 0 ⟪x2⟫

0 ⟪x2⟫ 0

⟪x2⟫ 0 ⟪x4⟫

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

≽ 0 . (1.2.18)

Once this matrix is written down, we can replace ⟪x4⟫ with the right hand side of the constraint equation

(1.2.12), and then calculate its eigenvalues, which are three functions of ⟪x2⟫. It is then a numerics problem

to find the minimum and maximum possible values of ⟪x2⟫ such that these eigenvalues stay positive.

One way to think about this numerics problem is to imagine setting ⟪x2⟫ to be a fixed number. Once

fixed, it is east to numerically check if M ≽ 0. If true then we say that that value is allowed, if false then

we can rigorously state that the selected value is ruled out. By scanning over a range of fixed values, we can
4Recalling that the odd-powered moments are zero and noting that “≽” denotes “positive semi-definite”.
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carve out a space of allowed/disallowed expectation values. Additionally, by increasing the truncation m we

can incorporate more constraints to get tighter bounds.

Let’s state the method in a mathematically precise way before testing it. We want to find the maximum

and minimum values of ⟪x2⟫ subject to

1. Positivity: M ≽ 0, appropriately truncated based on computational resources

2. Constraint equations: Expectation values with powers higher than two can be reduced using (1.2.12)

3. Normalization: ⟪x0⟫ = 1.

Example bounds for several truncation lengths are shown in Figure 1.4.

Figure 1.4: The shaded regions correspond to consistent values of ⟪x2⟫ at several truncation orders m. The lightest
blue has truncation m = 2, the medium blue has m = 4 and the darkest line has m = 6. Already for m = 6 the upper
and lower bounds match to three decimal points and agree with the numerical integral to that precision. Therefore
we have pinned down the exact result.

Note that when optimizing for the allowed values using the appropriate software, the object ⟪x2n⟫ is

purely a variable in the computer code, meaning that since we calculate the constraint equations by hand

and input them to the positivity matrix, at no point is the computer aware that ⟪x2n⟫ is anything but a
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number (i.e. the computer does not “know” that this symbol secretly comes from an integral computing an

expectation value). We are inputting only algebraic relations amongst the variables as well as a constraint on

their positivity. This is the magic of the bootstrap, the consistency of the mathematics is stringent enough

to pin-point the possible numerical values that the expectation value could take.

Another important conceptual point is that the bounds from the bootstrap method are rigorous: we

can concretely say that a value is mathematically inconsistent if it lies outside the bounds. Moreover, the

relations used at any truncation order are mathematically sound so while the bounds are perhaps weaker at

lower truncation order, there is no sacrifice in rigour. This should be contrasted with most other numerical

or experimental techniques that provide a number with error bars. Whereas a true value lying outside error

bars is statistically unlikely, a value lying outside our bootstrap bounds would be impossible.

Now that we’ve solved the simplest, albeit most fundamental integral in physics, we can move on to real

physical models.

1.3 Classical Dynamical Systems

The first physical problem that we’ll solve with our new bootstrap method involves classical mechanics and

dates back to the 19th century [15]. 5 Consider dropping a ball onto a two dimensional plane with some

specified forcefield (see Figure 1.5). If the ball is not pushed off to infinity, what are its possible trajectories?

Take for example, the following “Bogdanov” forcefield on an x-y plane specified by the equations of motion

dx

dt
= −y , dy

dt
= 1 + µy − x2 − xy , (1.3.1)

5The results in this section were developed in collaboration with Minjae Cho and Xi Yin, though we never published
after being “retro-scooped”: we learned that mathematicians had applied the bootstrap idea to classical systems only
a few years before us [16].
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Figure 1.5: A ball is dropped onto the x-y plane with its trajectory determined by (1.3.1).

where µ is some real number, or a “coupling” [17]. Even the µ = 0 case is not easily solved so we can rule

out perturbative methods from the get-go. The equations look somewhat complicated but simply state how

the ball’s position (x(t), y(t)) is evolved over some small about of time ϵ. In equations, we can discretize

the first derivative as

dx

dt
≈ x(ϵ) − x(0)

ϵ
= −y(0) . (1.3.2)

Solving this equation, we find that between t = 0 and t = ϵ the x-coordinate of the particle has moved to

x(ϵ) = x(0) − ϵ y(0) . (1.3.3)

Likewise, upon discretizing dy/dt we see the the y-coordinate has moved to

y(ϵ) = y(0) + ϵ (1 + µy(0) − x(0)2 − x(0)y(0)) . (1.3.4)
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Equipped with the new point along the particle’s trajectory (x(ϵ), y(ϵ)) we can repeat the calculation to

determine the ball’s position after another ϵ amount of time. A computer can quickly evaluate these points

and the plot in Figure 1.6 shows discretized trajectories for several initial positions.

Figure 1.6: Several starting positions for the balls and their trajectories specified by (1.3.3,1.3.4) for µ = −6/7. The
red and blue balls are attracted to a limit cycle, the orange ball gets stuck at a fixed point and the green ball rolls
off to infinity.

The plot gives us a qualitative understanding of a solution to our problem. The ball can either escape to

infinity, get attracted to a “limit cycle” around which it will orbit forever, or in the case of the ball starting

at (x, y) = (−1,0) or (1,0), be stuck forever at a “fixed point”.

While the numerical evolution show is a good starting point, there is some approximation in the choice of

ϵ and the evaluation of many points along a trajectory becomes computationally expensive once ϵ is small.

It can therefore be difficult to generate individual trajectories and tedious to produce trajectories from a

variety of starting points. It can also be difficult to tell for sure if the ball will truly orbit a limit cycle forever

or orbit for a long time before escaping to infinity. Our goal is to precisely determine how many limit cycles
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can exist for a given forcefield and luckily this is something we can bootstrap.6

The objects that characterize the trajectories are functions of the ball’s position and their averages over

the entire trajectory,

⟨f(x, y)⟩ ≡ lim
T→∞

1

T
∫

T

−T
f (x(t), y(t)) dt , (1.3.5)

where “lim” indicates that we are taking the average over all of time, i.e. from T = −∞ to T = ∞. Note

also that x or y are often written with their explicit dependence on t omitted. Considering the case of the

red trajectory in Figure 1.6, the integral is approximated by the average over the N points describing the

trajectory and we can calculate the average x and y values, as well as the variance in y,

⟨x⟩ ≈ 1

N

N

∑
i=1
xi = −0.665 ,

⟨y⟩ ≈ 1

N

N

∑
i=1
xi = −0.001 ,

⟨y2⟩ ≈ 1

N

N

∑
i=1
y2i = 0.865 . (1.3.6)

Since the red trajectory lies so close to the limit cycle, we expect that these numbers will characterize the

limit cycle itself. Let’s see how to recover them from the bootstrap. Again, we have a definition of an

expectation value ⟨⋅⟩, so we just need a positivity condition, a normalization, and a set of relations amongst

the expectation values.

The bootstrap positivity condition is very similar to the Gaussian case but now we consider squares of

polynomials in two variables,

⟨g(x, y)2⟩ ≥ 0 . (1.3.7)
6This is the precise statement of Hilbert’s 16th problem first formulated in 1901: given a vector field

dx

dt
= P (x, y) , dy

dt
= Q(x, y) ,

for degree n polynomials P and Q, is there a universal upper bound H(n) on the number of limit cycles [15]?

14



We can express this in matrix form by considering some basis of polynomials up to a given degree, for

example a basis of degree one is

b⃗ = {1, x, y} . (1.3.8)

The positivity statement for g(x, y) = a + bx + cy, with arbitrary coefficients a, b, and c, becomes a positive

semi-definiteness condition on the matrix of moments formed from the basis list b⃗ and its transpose b⃗⊺,

M ≡ ⟨b⃗⊺b⃗⟩ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⟨1⟩ ⟨x⟩ ⟨y⟩

⟨x⟩ ⟨x2⟩ ⟨xy⟩

⟨y⟩ ⟨xy⟩ ⟨y2⟩

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

≽ 0 . (1.3.9)

To compare to the numbers we calculated from the discretely evolved trajectories we just need to determine

the maximum (or minimum) allowed value of ⟨x⟩ and ⟨y⟩ such thatM ≽ 0, thus carving out a space of allowed

averages of trajectories.

So far M knows nothing about our system of interest; expectation values are simply symbols. If we

consider only trajectories that are bounded (those that are attracted to limit cycles or fixed points rather

than those that escape to infinity) then we are able to derive this system’s constraint equations, in this

case being that the time-derivative of a function averaged over the entire trajectory is zero,

⟨ d
dt
f(x, y)⟩ = lim

T→∞

1

T
∫
−T

T

d

dt
f (x(t), y(t)) dt = lim

T→∞

f(x(T ), y(T )) − f(x(−T ), y(−T ))
T

= 0

The first equality holds by the definition of the average, the second due to the Fundamental Theorem of

Calculus (1.2.3), and the third since the functions appearing in the numerator are bounded, and hence finite,

while the denominator tends to infinity.
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Here are some examples of this relation in action:

0 = ⟨ d
dt
y(t)⟩ = −⟨y⟩

0 = ⟨ d
dt
x(t)2⟩ = ⟨2x dx

dt
⟩ = 2⟨xy⟩ ,

0 = ⟨ d
dt
y(t)⟩ = ⟨dy

dt
⟩ = 1 + µ⟨y⟩ − ⟨x2⟩ − ⟨xy⟩ = 1 − ⟨x2⟩ . (1.3.10)

The key step after expanding the derivative via the chain rule is to replace any time derivatives on x or y

with the equations of motion (1.3.1). The final equation was simplified using the previous two identities.

Notice that the first relation fully constrains ⟨y⟩ = 0 and agrees with our second prediction (1.3.6).

Finally, the normalization of the integral fixes ⟨1⟩ = 1. Combining all these ingredients modifies (1.3.9)

into the non-trivial relation

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 ⟨x⟩ 0

⟨x⟩ 1 0

0 0 ⟨y2⟩

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

≽ 0 . (1.3.11)

Unlike the Gaussian example, multiple different expectation values show up as variables in our positivity

matrix. We use specially designed “semi-definite optimization” software to calculate the maximum or

minimum allowed values of a variable subject to the matrix being positive semi-definite. Moreover, µ

dependence is introduced once we carry out the procedure to higher truncation orders.

We had two remaining predictions (1.3.6) to check. We first run the software to determine the allowed

values of ⟨y2⟩, the “objective” of the semi-definite optimization problem. Once this range is known, we can

fix ⟨y2⟩ within this range and subsequently scan for the allowed ⟨x⟩ values. This produces a region of allowed

values in the ⟨x⟩-⟨y2⟩ space, shown in Figure 1.7 for several values of µ.7 Comparing to the predictions we
7These results used the MOSEK Semi-Definite Program Solver.
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Figure 1.7: The interior of the triangular regions are the allowed expectation values. The points of triangles
correspond to special trajectories: the two fixed points and the limit cycle, for which the average x position and the
variance in the y direction vary with µ.

find that for µ = −6/7,

0 ≤ ⟨y2⟩ ≤ 0.861 (1.3.12)

and upon fixing ⟨y2⟩ = 0.861 the bootstrap yields

− 0.6592 ≤ ⟨x⟩ ≤ −0.6594 , (1.3.13)

corresponding to the tip of the allowed triangular region. These are in reasonable agreement with the

prediction from the discretized evolution, and redoing the simulation with points lying closer to the true

limit cycle provides a more accurate match. The other two vertices correspond to the fixed points with

⟨x⟩ = ±1 and ⟨y2⟩ = 0.
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We can further verify that there is only one limit cycle by excising the fixed points via the conditions

⟨(x − 1)2 + y2⟩ ≥ r and ⟨(x + 1)2 + y2⟩ ≥ r , (1.3.14)

which simply input that we shouldn’t consider trajectories that are stuck within small balls of radius r

around the fixed points. Once included, the single allowed solution to the bootstrap constraints will be the

upper tip of triangular allowed region.

Figure 1.8: An algebraic curve approximating the limit cycle is show in red on top of the vector field (1.3.1). The
two almost vertical lines are artifacts of the approximation and vary with truncation order.

The semi-definite optimization software additionally provides a numerical matrix that extremizes the

positivity constraint and we can use its eigenvectors to construct an approximate curve for the limit cycle

(Figure 1.8). The semidefinite optimization software additionally provides a numerical matrix that extremizes

the constraint (i.e. a numerical matrix that procures the maximal or minimal objective and has almost all

zero eigenvalues – this is the most extreme case of M ≽ 0). We use the eigenvectors of matrix to construct
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an approximate curve for the limit cycle (shown in figure (1.8)) 8. The bootstrap not only identifies the

locations of the limit cycles, but also outputs the entire trajectory.

1.4 Theories on Lattices

We’ve seen how the bootstrap method applies to an example from the 19th century and can now extend it

to the 20th century theories of physics on lattices [3, 7, 10, 11, 11, 14, 18–20]. This section will be expanded

upon in Chapter 3.

The Statistical Ising Model will be our main example [3]. In the same way that the Gaussian integral was

a toy model for integrals appearing in theoretical physics, the Ising Model is a toy model for entire theories

themselves. More relevantly to experiments, the Ising Model on a three dimensional lattice describes the

physics of the water-vapour critical point in water’s phase diagram (i.e. the point at which the gaseous

phase is indistinguishable from the liquid phase) [8].

In essence, the Ising Model is a simulation of a magnetic material [21]. We imagine a square lattice in

two dimensions and put a tiny magnet at each vertex. Interactions between neighbouring magnets cause the

energy to fluctuate, with the most energetically favourable configuration being when a magnet is aligned with

its neighbour. This should match any intuition from playing with bar magnets – if one holds a bar magnet

in line with another then it will rotate so that its north pole points towards the other’s south. Conversely,

magnets unaligned with their neighbours will increase the energy of the system unfavourably. When the

system is heated up to a temperature T , the total energy of the collection of interactions will determine the
8For completeness we describe this step in more detail. Consider an eigenvector v⃗ of the numerical matrix such

that
M̃ ⋅ v⃗ ≈ 0 (1.3.15)

at extremality since its eigenvalue is close to zero. Here M̃ denotes the moment matrix of polynomials in x and
y expectation values without imposing the constraint equations. We can somewhat unjustifiably replace ⟨xnym⟩ →
xnym, in which case (1.3.15) is simply a list of algebraic relations amongst the polynomials. Their solutions give
curves approximating the limit cycles.
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T
Figure 1.9: Magnets on a lattice transition from a low-energy aligned configuration (left) to a disordered
configuration (right) as temperature is increased.

probability of a given alignment configuration occurring,

p(configuration) ∼ e− 1
T ×Energy of the configuration . (1.4.1)

Regardless of the temperature, lower energy configurations are always more likely.

As sketched in Figure 1.9, once the temperature of the system is varied there are two distinct behaviours,

or “phases”, divided by a phase transition at a critical temperature. At very low temperatures the magnets

are quite frozen and thermal fluctuations are not strong enough to release the magnets from the energetically

favourable position of total alignment. Said in terms of (1.4.1), when T is small the probability of finding

a higher energy configuration is exponentially suppressed. This is referred to as the “ordered phase”. As

the system is heated up, the thermal energy is enough for the magnets to overcome the energy cost of

misalignment, i.e. the probabilities of finding unaligned configurations increases. If the temperature is

high enough then the alignment pattern will effectively be random and the system will have reached the

“disordered” phase.

Profound physics has been deduced from our observations of phase transitions, and in fact the theories

of dynamics at the critical temperature have the same structure as those underlying string theory [22].
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Throughout the 20th century the Ising Model became the main tool for testing these theories because

simulating it on a computer is as simple as listing many configurations and keeping track of their energies

[23].

The probes of the system are averages over all configurations subject to the probability distribution

(1.4.1). For instance, we can ask whether or not the system is “magnetized” by averaging over the upwards

or downwards alignment of the magnets,

⟨m⟩ ∼ ∑
configurations

p(configuration) (magnet up or down) . (1.4.2)

If we assign the numerical value +1 to represent an up magnet and −1 for a down magnet then ⟨m⟩ ∼ 1 would

indicate that on average all magnets are aligned upward, ⟨m⟩ ∼ 0 would indicate a disordered phase, and

⟨m⟩ ∼ −1 would indicate all magnets pointing downward. Thus an expectation value ⟨m⟩ can diagnose the

phase of the system.

We can similarly measure the average energy of the system via the sum

⟨E⟩ ∼ − ∑
configurations

p(configuration) (magnet up/down) × (neighbour magnet up/down) . (1.4.3)

As expected, if both a magnet and its neighbour are aligned then the contribution to the sum will be less

than if they are anti-aligned. More generally, the expectation values in this theory are products of the

values of magnets at various points on the lattice, averaged over all configurations subject to the probability

distribution (1.4.1). Conceptually this is equivalent to our use of the Gaussian integral, just with more

variables and a different function specifying the probabilities. The three ingredients in the bootstrap are:

Normalization: ⟨1⟩ = 1 since p defines a probability distribution and all probabilities must add up to

one.
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Figure 1.10: Examples of magnets considered in the expectation value and their corresponding reflection across
two possible vertical lines and the one diagonal.

Positivity: On the lattice this condition is more subtle. Rather than simply squaring a quantity in the

expectation value, we consider a set of magnets multiplied by their associated reflections across a symmetry

axis of the lattice, illustrated in Figure 1.10. On the two-dimensional lattice we can reflect along a vertical

line or a diagonal line (a horizontal reflection is equivalent to a vertical reflection because we can rotate

the lattice without changing the physics). This positivity relation is far from obvious and needs to be

proved using properties of the probability distribution (see Chapter 3 and reference [3]). As anticipated, this

positivity condition leads to a large matrix of expectation values that must be positive semi-definite.

Constraint equations: The constraint equation here is based on the fact that an expectation value of

a flipped magnet can be re-expressed in terms of other expectation values by manipulating the probability

definition (1.4.1), as sketched in Figure 1.11. Generalizations provide a large list of temperature-dependent

relations amongst the expectation values.

Some sample results in Figure 1.12 show the results of the bootstrap method applied to these ingredients

[3]. Although we weren’t able to study expectation values with more than 13 magnets, it was later proved

in [14] that the bounds are guaranteed to converge to the correct result as the truncation order is increased.

Unlike direct numerical simulation, our results apply to the infinite-sized lattices necessary for the rich

phase transition dynamics. For computational reasons, the lattice must be finite or periodic when simulated
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Figure 1.11: A cartoon of a spin-flip constraint equation relating the single magnet expectation value to a sum of
more complicated expectation values.

and the “finite-size” effects along with the statistical nature of the simulation’s sampling can only provide

approximate values [23]. Our advantaged bootstrap bounds, on the other hand, specify rigorous regions

of allowed/disallowed expectation values for the infinite lattice; the positivity relations we considered are

provably false in the finite lattice case.

Our results in [3] are primarily important as a proof of concept for lattice bootstrap. Other lattice theories

that have been partially bootstrapped include a quantum mechanical version of this Ising Model [24] and a

discretized model of the strong force [7, 11]. We would uncover profound facts about quantum theory (and

possibly the nature of quark confinement) if their arbitrary expectation values could be pinned down.

1.5 Quantum Mechanics and Quantum Gravity

We are finally at a point where we can apply our bootstrap methods to the strongly coupled theories of

quantum mechanics [4, 9, 12, 13]. The models we consider are collections of N2 particles with positions xj
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Figure 1.12: −⟨Energy⟩ on the lattice plotted against J = 1/T [3]. The bounds improve as the truncation order
is increased (grey bounds to shaded blue area) and are compared to the numerical result (black). Note the distinct
phases on either side of the critical temperature (vertical, dashed).

for j = 1, . . . ,N2. If we collect these coordinates into an N ×N -dimensional matrix called X,

X ∼

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

x1 xN+1 + ix2N+1 ⋯ xN(N−2)+1 + ixN2

xN+1 − ix2N+1 x2

...
. . .

xN(N−2)+1 − ixN2 xN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (1.5.1)

where i =
√
−1, then we are equivalently studying the quantum mechanics of an entire matrix X. Once the

particles are organized into this particular form, it becomes easier to keep track of various “symmetries” or

“invariances” that arise in the physically relevant variants described below.

As usual in quantum mechanics, each particle also has a momentum pj that relates to its position via

the famous Heisenberg Uncertainty Relation, stating that a particle and its position cannot be measured
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simultaneously without introducing some tiny error of size h̵ (Planck’s constant). When applied to the

matrix X and its suitably constructed momenta P , this becomes a relation between the matrices’ elements,

PabXcd −XcdPab ∼ −ih̵N × (Idad Idbc) , (1.5.2)

where Id is the N × N identity matrix. Expectation values of strings of X’s and P ’s correspond to

measurements of the particles’ positions and momenta. With this in mind we establish the input to the

bootstrap:

Normalization: ⟨Id⟩ = 1 as usual.

Constraint equations:

(a) Manipulating the expectation value’s definition provides a set of constraints analogous to those in the

previous sections and are dependent on the interaction strength (coupling) between the particles [9].

(b) The second set of constraint equations is derived using the relation (1.5.2) within the expectation

value and introduces sensitivity to N . For example, if we shuffle the first matrix to the end of the following

string we pick up additional terms,

⟨P ⋅X⋯P ⟩ = ⟨X⋯P ⋅ P ⟩ − ih̵N × (other expectation values) . (1.5.3)

Positivity: Just as a complex number times its complex conjugate is positive, a matrix times its conjugate

transpose will have a positive expectation value,

⟨A†A⟩ ≥ 0 , (1.5.4)

for any string A of X’s and P ’s. By forming a basis of these strings and applying the inequality as in previous
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examples we develop a large matrix that is required to be positive semi-definite.

While matrix quantum mechanics can be bootstrapped using this data [9], we need a few additional

ingredients to access more compelling physics. We begin by considering the thermodynamics of this model;

a rigorous treatment of these steps is presented in Chapter 4.

1.5.1 Thermal Quantum Mechanics and Confinement

At their most basic level, thermodynamic laws state that entropy (disorder) in a system is positive and

maximized when the system is in thermal equilibrium. This implies an infinite set of temperature-dependent

inequalities satisfied by equilibrium expectation values [25]. Recently the authors of [24] demonstrated how

these inequalities could be rewritten in the form of positive semi-definite matrices and can be added to the

list of the bootstrap’s positivity matrices.

In Figure 1.13, the bootstrap incorporates this new thermal technology to bound the energy of the system

as a function of its temperature [4].

0.1 0.2 0.3 0.4 0.5
T0.75

0.80
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E/(N2-1)
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N=4
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N=10

N=∞

N=2 Hamiltonian Truncation

Figure 1.13: Consistent energies (shaded) as temperature varies in matrix quantum mechanics, at various values
of N . The N = 2 data is compared to an alternate numerical method “truncation” and the lower bounds agree to
several decimal points. Figure from [4].
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We also studied a similar model with a set of two X matrices and their associated momenta. The

interaction between particles was designed such that the model is equivalent to the theory of the strong

force restricted to fewer spacial dimensions. This theory has a confinement/deconfinement transition and

although we were unable to pinpoint features its phases with the current computational resources, it remains

strong candidate for further confinement dynamics investigations [26].

1.5.2 Holographic Quantum Mechanics and Black Holes

The holographic principle stands as a cornerstone of contemporary theoretical physics and describes a relation

between a theory of quantum mechanics and a higher-dimensional theory of quantum gravity, typically string

theory9. One form of this duality, known is the Banks-Fischler-Shenker-Susskind Conjecture [28], states that

the physical predictions of a matrix quantum mechanics theory are equivalently described by the dynamics

of ten-dimensional gravity (Figure 1.14). The matrix theory has not just one matrix of N2 particles, but

rather 25. Nine of these matrices are made up of force particles with the remaining 16 of matter particles.

Holography is an example of “weak/strong duality”, in that once one side is strongly coupled the other

becomes weakly coupled, and vice versa. We can learn about strongly coupled quantum mechanics by doing

perturbative calculations in the weakly coupled gravity theory. Or we can try to learn about strongly coupled

quantum gravity by extracting data from the weakly coupled quantum mechanics. To a certain degree, this

dictionary defines the theory of quantum gravity at strong coupling via the predictions of the matrix theory.10

Before fully trusting the duality we need to verify that results match across several example calculations;

generally these dualities are “argued for” rather than derived.

To access the regime of weakly coupled gravity/strongly coupled quantum physics, the size of the matrices
9The prototypical example is the Anti-de Sitter/Conformal Field Theory (AdS/CFT) duality [27].

10At present, string theory is not defined non-perturbatively [22].
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is taken to infinity,

N →∞ , (1.5.5)

in a suitable way. We noted earlier that the lattice bootstrap works for infinite lattice whereas simulations do

not. Similarly, simulations of these quantum mechanical theories are run at finite N with results extrapolated

to infinite N , and there are many subtleties and numerical instabilities along the way [12, 13, 29]. By

incorporating the appropriate consequences of infinite N in the constraint equations, the bootstrap can

directly access the physics at N =∞. It is therefore a more reliable check of the duality.

Recently several researchers applied the bootstrap method to this theory to bound the simplest expectation

values [12, 13]. While these results were technically impressive, the truly remarkable check of the duality will

be to incorporate thermodynamics and study black hole physics; when heated up, the quantum mechanics

of 25 matrices is dual to a ten-dimensional spacetime with a black hole at its centre. Understanding where

a black hole’s thermodynamic entropy comes from is a famous problem and since the entropy of a system

is a measure of the number of possible configurations, we’d like to pin down the precise configurations and

their dynamics.

Determining the entropy of the black hole is standard calculation and upon relating it to the energy

of the black hole using thermodynamic identities, we obtain a prediction for its energy scaling law at low

temperatures [29],

E ∼ T 14/5 . (1.5.6)

Matching this result in the matrix theory is an opportunity for the thermal bootstrap. We already had the

analogous plot for the single matrix quantum mechanics (Figure 1.13); if we repeat the calculation for the

more complicated model then we could verify the prediction from gravity and thus provide an extremely

robust check of the duality and quantum-mechanical description of the black hole configurations. We showed
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that the thermal inequalities produce excellent results in [4] while references [12, 13] demonstrated how to

deal with the more complicated system computationally, so exciting results are close at hand once these

methods are combined.

e1

dual

e2

e3e10

Figure 1.14: The holographic duality: a black hole in ten dimensions (left) and and infinite number of interacting
force and matter particles (right). Can the black hole’s energy be matched by the quantum mechanics bootstrap?

After confirmation that the data of the two theories matches, one can begin to probe questions in quantum

gravity with these techniques. For example, it is still not understood how black holes evaporate over time

and has lead to such problems as the “information paradox”, the issue being that we don’t understand how

information from inside of the black hole gets out as it evaporates (see [5] for a recent review). But if we

understand the configurations of the quantum mechanics associated with the black hole, then we could study

their behaviour in time to gain insight into the dynamics of the evaporation and directly track the flow of

information out of the black hole.

Black holes’ quantum chaotic effects are also actively researched and analyzing the space of configurations

of highly energetic black holes can provide signatures of such dynamics [5]. If we can characterize those

configurations in the context of the quantum mechanical theory then we would be able to answer questions

including “what happens to an object as it falls through the horizon of a black hole?”.

While there are conceptual and technological hurdles to overcome before we answer these questions with

the bootstrap, they provide an exciting target for continued research in this field.
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1.6 Invitation

In this introduction we described how a novel “bootstrap” method can be used to understand strongly

coupled theories, with applications ranging from classical mechanics to statistical physics and quantum

physics. Moreover, the method is extremely simple in every case. Once a target is set, we only need to

identify constraints between the expectation values, positive quantities due to their definitions, and an

appropriate normalization. We input this data to a computer and specifically designed software will output

mathematically rigorous bounds on the model’s possible predictions.

Our current results lie at the frontier of addressing the question of confinement and puzzles in black

hole physics, the main limitation being that modern semi-definite program solvers cannot handle positivity

matrices of arbitrary size, so the precision of the bootstrap bounds are limited by the truncation order. We

are still in the early stages of this research program, however, and are ambitiously testing its prospects.

In the remainder of this thesis several examples of the computational techniques are discussed. Chapter

2 describes the use of the large-N limit to study scattering amplitudes in Chern-Simons-matter theories.

Chapter 3 details the study of the Statistical Ising Model using the discrete bootstrap method and thermodynamics

of strongly-coupled matrix quantum mechanics are studied in Chapter 4.
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2
Simplifying Physics at Large Rank

We study U(N) Chern-Simons theory coupled to massive fundamental fermions in the lightcone Hamiltonian

formalism. Focusing on the planar limit, we introduce a consistent regularization scheme, identify the counter

terms needed to restore relativistic invariance, and formulate scattering theory in terms of unambiguously

defined asymptotic states. We determine the 2→ 2 planar S-matrix element in the singlet channel by solving

the Lippmann-Schwinger equation to all orders, establishing a result previously conjectured in the literature.

2.1 Introduction

Relativistic non-Abelian anyons described by Chern-Simons-matter (CSM) theories in 2+1 dimensions are

intriguing for a variety of reasons [30–45]. Despite the presence of long range interaction, there appear to

be well-defined asymptotic states, whose S-matrix elements are subject to unusual analyticity and crossing
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relations [43]. To understand the latter would be particularly important for an S-matrix bootstrap approach

to questions concerning strongly coupled anyons [46].

In this paper, we consider U(N) Chern-Simons theory coupled to a massive fermion field in the fundamental

representation, described by the action1

S = ∫ d3x[ − k

4π
tr(A ∧ dA + 2i

3
A ∧A ∧A) − iψγµDµψ − im0ψψ]. (2.1.1)

The conventional Feynman diagram approach to scattering theory [43] has its origin in LSZ reduction,

through which the S-matrix elements are extracted from Green functions. However, the gauge-invariant

operators that create anyons are necessary non-local, e.g. the fermion field ψ attached to a Wilson line of

the Chern-Simons gauge field. One might suspect subtleties in the definition of asymptotic states, or even the

existence of the LSZ limit of the appropriate correlation functions with Wilson lines, due to the long-range

nature of the Chern-Simons gauge interaction.

The first objective of this paper is to formulate the asymptotic states, and their scattering amplitudes, in

an unambiguous manner. This is achieved in the lightcone Hamiltonian formalism, based on quantization of

(2.1.1) in the lightcone gauge (in [45] a similar approach was used to rule out bound states in this theory).

We introduce a regularization scheme that involves a UV cutoff on the fermion momentum transverse to

the lightcone, an IR cutoff on the fermion lightcone momentum, and a principal value prescription that

regularizes the Chern-Simons propagator at zero lightcone momentum. In such a scheme, we will identify

the counter terms that restores the underlying 2+1 dimensional Poincaré symmetry, in the planar limit. The

asymptotic states and scattering theory can then be formulated using Lippmann-Schwinger equations.
1Details of the convention will be given in section 2.2.
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The 2→ 2 S-matrix element of particle-anti-particle scattering is expected to take the general form

Skℓ̄
ij̄ (p⃗3, p⃗4∣p⃗1, p⃗2) =

out⟨k, p⃗3; ℓ̄, p⃗4∣i, p⃗1; j̄, p⃗2⟩in

= δki δℓ̄j̄I(p3, p4∣p1, p2) − i(2π)
3δ3(p1 + p2 − p3 − p4)[(δki δℓ̄j̄ −

1

N
δij̄δ

kℓ̄)TA(s, θ)

+ 1

N
δij̄δ

kℓ̄TS(s, θ)],

(2.1.2)

where i, j and k̄, ℓ̄ are gauge indices for fermions in the fundamental and anti-fundamental representations.

pa = (Ea, p⃗a) is the energy-momentum of the a-th particle. I(p3, p4∣p1, p2) is the identity matrix element

I(p3, p4∣p1, p2) = (2π)4(2E1)(2E2)δ2(p⃗13)δ2(p⃗24)

= (2π)3δ3(p1 + p2 − p3 − p4) ⋅ 8π
√
sδ(θ),

(2.1.3)

where s ≡ −(p1 + p2)2, and θ is the scattering angle related by t ≡ −p213 = −(s − 4m2) 1−cos θ
2

. TA(s, θ) and

TS(s, θ) are the connected amplitudes in the gauge adjoint and singlet channel respectively.

An unusual feature of the anyon S-matrix is its non-standard cluster property. In particular, the connected

amplitude in (2.1.2) contains a distribution supported in the forward direction θ = 0. It is only after

subtracting off the latter that one can speak of the analyticity and crossing properties of the amplitude.

Focusing on the singlet channel in the planar limit, it was conjectured in [43] that TS takes the form

TS(s, θ) = T0(s)δ(θ) + T̃ (s, θ), (2.1.4)
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where2

T0(s) = 8πi
√
s( cos(πλ̃) − 1),

T̃ (s, θ) = −4i
√
s sin (πλ̃)

⎡⎢⎢⎢⎢⎢⎣
cot θ

2
− i

1 + eiπλ̃ (
√
s+2m√
s−2m)

λ̃+1

1 − eiπλ̃ (
√
s+2m√
s−2m)

λ̃+1

⎤⎥⎥⎥⎥⎥⎦
.

(2.1.5)

Here λ̃ = N/kdr is the ’t Hooft coupling, with the Chern-Simons level kdr defined in the dimensional reduction

scheme.3

In the lightcone Hamiltonian formulation of the scattering problem, the 2+1 dimensional Lorentz symmetry

is not manifest. It suffices to work in a sector of fixed s, the total lightcone momentum P +, and zero total

momentum transverse to the lightcone directions. We can label the asymptotic particles by their momenta in

the lightcone and transverse directions, pi ≡ (p+i , p⊥i ), and pass to the kinetic variables to (x, y, p, q), related

to pi by

p1 = ((1 − x)P +,−p), p2 = (xP +, p), p3 = ((1 − y)P +,−q), p4 = (yP +, q), (2.1.6)

where x, y ∈ (0,1) parameterize the fraction of lightcone momenta distributed between the two particles in

the in- and out-state respectively. Note that P + rescales under Lorentz boost in the lightcone direction, and

will drop out of Lorentz invariant observables. p and q, on the other hand, are determined by x, y,P +, and

s up to a pair of signs, namely

p = ±
√
sx(1 − x) −m2, q = ±

√
sy(1 − y) −m2. (2.1.7)

Working at fixed s, we can label the in-state with (x, a), where a ≡ sign(p)(= ±), and likewise label the
2Our convention is related to that of [43] by m = −cf and a different overall sign for T -matrix (2.1.2) which is

natural from the Lippmann-Schwinger relation.
3kdr is related to the Chern-Simons level κ in the Yang-Mills regularization scheme by kdr = κ+N sign(κ) [40, 43].
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out-state with (y, b), b ≡ sign(q). The singlet channel amplitude can be written as a distribution of the form

T ba(y∣x) = δ(x − y)δbaT0(x) + T̃ ba(y∣x). (2.1.8)

Note that x and y take value in the range [x−∗, x+∗], where x±∗ = 1
2
± 1

2

√
s−4m2

s
. The relation between x and

the incoming angle α of the particle of momentum p1 is portrayed in Figure 2.1. The relation between y and

the outgoing angle of the particle of momentum p3 is similar.

x = 0 x = 1

x+∗x−∗

p11

p21

α

Figure 2.1: Path of the angle α as x varies in the physical region [x−∗, x+∗]. The red “unphysical” region on the
interval plays a role in the integral equation (2.1.9) or (2.3.25).

In the planar limit, the Lippman-Schwinger equation in the singlet sector involves only two-particle

intermediate states. We will be able to reduce it to an integral equation over a single variable, of the form

T ba(y∣x) = Vba(y∣x) + −∫
1

0
dz∑

c=±
Kbc(y∣z)T ca(z∣x). (2.1.9)

Importantly, the distribution T ba(y∣x) appearing on both sides of this equation is an extension of the physical

amplitude (2.1.8) to the domain y ∈ (0,1), which includes unphysical kinematic region corresponding to

complex angles of out-particles. Details of the function Vba(y∣x) and the kernel Kbc(y∣z) will be described

in section 2.3. After a careful inspection of the forward scattering singularity, we will see that the solution
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to (2.1.9) is related to (2.1.4) and (2.1.5) by

T ba(y∣x) = (N (β))∗N (α)TS(s, θ = β − α), (2.1.10)

provided a finite coupling renormalization between the ’t Hooft coupling λ appearing in the lightcone

Hamiltonian, and λ̃ appearing in (2.1.5),

λ = 2(1 − cos(πλ̃))
π sin(πλ̃)

. (2.1.11)

α and β are the angles of the incoming particle momentum p1 and the outgoing particle momentum p3 with

respect to the lightcone directions, defined by (2.3.27) or equivalently (A.3.2). The prefactor (N (β))∗N (α)

appearing on the RHS of (2.1.10) is due to a different normalization and phase convention for the asymptotic

states in the Lippmann-Schwinger formalism from those of the covariant amplitude. The result (2.1.10) thus

confirms the conjectured the singlet channel planar S-matrix of [43].

In section 2.2, we derive the lightcone Hamiltonian of the CSM theory in the lightcone gauge. Details

of regularization scheme and counter terms in the quantum Hamiltonian are discussed in section 2.2.2. In

section 2.3, we formulate the scattering theory using Lippmann-Schwinger equation, restricted to the 2-

particle gauge singlet sector in the planar limit. In section 2.4, starting with the 1-loop approximation,

and then analyzing the forward limit singularity, we will be able to identify the solution to L-S equation to

all orders in λ. We conclude with future perspectives in section 2.5. Further technical details including a

numerical verification of the solution to the integral equation are given in the Appendices.
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2.2 The lightcone Hamiltonian in the lightcone gauge

We will formulate the 2+1 dimensional U(N) Chern-Simons theory coupled to a Dirac fermion field in the

fundamental representation through the lightcone Hamiltonian in close parallel to that of the 1+1 dimensional

’t Hooft model [40, 47–50].

2.2.1 The classical lightcone Hamiltonian

Our convention for lightcone coordinates is x± = 1√
2
(±x0+x1), and the transverse coordinate will be denoted

x⊥ = x2. The classical action is given by (2.1.1), where the gauge covariant derivative is defined as Dµ =

∂µ − iAa
µt

a. In the lightcone gauge

A− = 0, (2.2.1)

the Faddeev-Popov ghosts decouple, and the action can be written as4

S = ∫ dx+dx−dx3[ − k

8π
ϵijAa

i ∂−A
a
j + iψ

†
−D+ψ− − iψ

†
+D−ψ+

+ i√
2
(ψ†
+D⊥ψ− + ψ

†
−D⊥ψ+) −

i√
2
m0(ψ†

+ψ− − ψ
†
−ψ+)] , (2.2.3)

where we have used ψ = ψ†γ0, and have redefined ψ = 2−1/4(ψ+, ψ−). ϵij is the constant anti-symmetric

tensor with ϵ⊥+ = 1.

To proceed, we will view x+ as the time coordinate. The absence of kinetic terms for the gauge fields A+

and A⊥ means that the latter are non-dynamical fields, and can be eliminated by solving their equations of
4We adopt the gamma matrix convention

γ+ = (0
√
2

0 0
) , γ− = ( 0 0√

2 0
) , γ⊥ = (1 0

0 −1) , γ0 = ( 0 1
−1 0

) . (2.2.2)
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motion

∂−A
a
⊥ = −

4π

k
ψ†
−t

aψ− ,

∂−A
a
+ =

4π√
2k
(ψ†
−t

aψ+ + ψ†
+t

aψ−) . (2.2.4)

In addition, the fermion field components ψ+, ψ†
+ are also non-dynamical, and be eliminated through their

equations of motion

i
√
2∂−ψ+,j = i∂⊥ψ−,j −

2π

k
( 1

∂−
ψ†
−,ℓ̄ψ−,j)ψ−,ℓ − im0ψ− . (2.2.5)

This leaves ψ−, ψ†
− as the only dynamical fields. Here and henceforth we adopt a notation in which a lower

anti-fundamental gauge index ℓ̄ is equivalent to an upper fundamental index ℓ.

The path integral can then be put in Hamiltonian form, with the classical lightcone Hamiltonian given

by5

H = −P − = ∫ dx−dx⊥ T−+

= −∫ dx−dx⊥
1√
2

⎡⎢⎢⎢⎢⎣
iψ†
−∂⊥ψ+ + im0ψ

†
−ψ+ −

2π

k
( 1

∂−
ψ†
−,j̄ψ−,i)(ψ

†
−,̄iψ+,j)

⎤⎥⎥⎥⎥⎦
,

where in the second line ψ+ is understood to be replaced by the solution to (2.2.5). It is convenient to work

with the Fourier transformed fields

ψ−,i(x) = ∫
d2p

(2π)2
ei(p

+x−+p⊥x⊥)ψ̃−,i(x+, p), ψ†
−,̄i(x) = ∫

d2p

(2π)2
e−i(p

+x−+p⊥x⊥)ψ̃†
−,̄i(x

+, p), (2.2.6)

where p ≡ (p+, p⊥). In writing expressions of the Hamiltonian below, we will always be working at a fixed
5Here we used the U(N) completeness relation (ta)kℓ(ta)ji = 1

2
δikδ

ℓ
j . For SU(N) gauge group, additional O(N−1)

terms would appear.
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time x+, and omit the explicit dependence on x+ in the fields. The lightcone Hamiltonian can be decomposed

as

H =H2 +H4 +H6, (2.2.7)

where

H2 = ∫
d2p

(2π)2
h2(p;m0) [ψ†

−(p)ψ−(p)] ,

H4 = ∫
4

∏
i=1

d2pi
(2π)2

(2π)2δ2(p12 + p34)h4(p1, p4;m0) [ψ†
−(p1)ψ−(p2)] [ψ

†
−(p3)ψ−(p4)] ,

H6 = ∫
6

∏
i=1

d2pi
(2π)2

(2π)2δ2(p12 + p34 + p56)h6(p2, p3, p4, p5, p6)

× [ψ†
−(p1)ψ−(p2)] [ψ

†
−(p3)ψ−(p4)] [ψ

†
−(p5)ψ−(p6)] .

(2.2.8)

Here the color indices are contracted between fermion fields in the bracket, i.e. [ψ†ψ] ≡ ψ†
ī
ψi. The coefficients

h2, h4, h6 are given by [40, 51]

h2(p;m0) =
(p⊥)2 +m2

0

2p+
,

h4(p1, p4;m0) =
π

k

1

(p+14)ε
⎛
⎝
ip⊥1 +m0

p+1
+ ip

⊥
4 −m0

p+4

⎞
⎠
,

h6(p2, p3, p4, p5, p6) = −
2π2

k2
1

(p+23)ε(p+45)ε(p+45 + p+6)ε
.

(2.2.9)

where we have introduce the notation

1

(p+)ε
≡ p+

(p+)2 + ε2
(2.2.10)

for IR-regulated propagators. The latter will lead to a principal value prescription for lightcone momentum

integrals appearing in scattering amplitudes.
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2.2.2 Regularization scheme and counter terms

The time evolution defined by the path integral based on the classical Hamiltonian H given in (2.2.6) or

(2.2.7) is equivalent to that of a quantum lightcone Hamiltonian operator Ĥ. Modulo potential operator

ordering and regularization ambiguities, Ĥ is related to H by promoting ψ−, ψ†
− to field operators subject to

the (equal x+-time) canonical quantization relation

{(ψ−)†ī (x
−, x⊥), (ψ−)j(y−, y⊥)} = δījδ2(x − y) , (2.2.11)

We will separate the Fourier transformed field operators ψ̃−,i(x+, p), ψ̃†
−,̄i(x

+, p), related by (2.2.6), into

positive and negative frequency modes according to

ψ̃−,i(p) = Θ(p+)ai(p) +Θ(−p+)b†
i (−p), ψ̃†

−,̄i(p) = Θ(p
+)a†

ī
(p) +Θ(−p+)bī(−p), (2.2.12)

where ai(p) and bī(p) can be viewed as fermion annihilation operators (defined for p+ > 0 and arbitrary p⊥)

that obey

{a†
ī
(p), aj(q)} = {b†

j(p), bī(q)} = δīj(2π)
2δ2(p − q). (2.2.13)

To write the precise expression of Ĥ in terms of the fermion creation and annihilation operators requires a

choice of regularization scheme. We will adopt a scheme in which the fermion modes are subject to both

IR and UV cutoff on their lightcone momentum p+, and a UV cutoff on their transverse momentum p⊥,

according to

δ < p+ < δ̃−1, ∣p⊥∣ < Λ, (2.2.14)
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and will eventually take the limit δ, δ̃ → 0+, Λ → ∞ in determining physical observables. The naive

replacement of fermion fields in H by their corresponding field operators, with a given choice of ordering,

promotes H to a quantum operator Ĥnaive. The true quantum Hamiltonian Ĥ may in principle differ from

Ĥnaive by counter terms that take the form of operator ordering ambiguities. Due to the renormalizability

of CSM theory, such counter terms are in principle fixed by the requirement Lorentz invariance and locality.

More explicitly, we can expand

Ĥ = Ĥ2 + Ĥ4 + Ĥ6, (2.2.15)

where each Ĥn is a linear combination of normal-ordered products of n fermion creation operators a†, b†

and/or annihilation operators a, b. In particular, the “free-particle” part of the quantum lightcone Hamiltonian,

Ĥ2, takes the form

Ĥ2 = ∫
d2p

(2π)2
Θ(p+)H2(p)[a†

ℓ̄
(p)aℓ(p) + b†

ℓ(p)bℓ̄(p)], (2.2.16)

where

H2(p) = h2(p;m) =
(p⊥)2 +m2

2p+
. (2.2.17)

Here m is the physical “renormalized” mass of the fermion.

Ĥ4 can be decomposed as

Ĥ4 = ĤS
4 + ĤA

4 + ĤP-P
4 + ĤA-A

4 + Ĥ3→1
4 + Ĥ1→3

4 , (2.2.18)

where ĤS
4 and ĤA

4 represent particle/anti-particle interaction in the gauge singlet and adjoint channels

respectively, ĤP-P
4 and ĤA-A

4 represent particle/particle interaction and anti-particle/anti-particle interaction

respectively, Ĥ3→1
4 and Ĥ1→3

4 represent interactions that change particle number by ∓2. Further details are

described in appendix A.1.
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Ĥ6, on the other hand, is free of ordering ambiguities, and is given by H6 of (2.2.8) with all fields promoted

to quantum operators and normal ordered.

For the rest of this paper, we will restrict to the planar limit, defined as N,k → ∞, with the ’t Hooft

coupling λ = N/k fixed. In this limit, particle production is suppressed. Furthermore, in the 2-particle singlet

sector, the only part of the lightcone Hamiltonian that affects the planar S-matrix element is

Ĥ2 + ĤS
4 . (2.2.19)

ĤS
4

p2Ð→

Ð→
p1

p4Ð→

Ð→
p3

ĤA
4

p2Ð→

Ð→
p1

p4Ð→

Ð→
p3

ĤS
4

p2Ð→

Ð→
p1

ĤS
4

p4Ð→

Ð→
p3

Figure 2.2: Tree-level leading and subleading contributions and one-loop leading contribution to scattering in the
Lippmann-Schwinger formulation.

In the scheme defined by the regulators (2.2.10) and (2.2.14), we propose that Ĥ, at least in the planar

limit, is given precisely by Ĥnaive defined with the same “naive” ordering as seen in the expression (2.2.8).

In other words, all counter terms contained in Ĥ2 and Ĥ4 come from the difference between Ĥnaive and its

42



normal-ordered version. This results in the physical mass6

m =m0 + 2πλ ∫
δ<p+<δ̃−1, ∣p⊥∣<Λ

d2p

(2π)2
1

p+
, (2.2.20)

and the quartic singlet interaction term

ĤS
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i ) (2π)2δ2(p14 + p23)

× 1

N
Hreg

4 (p1, p2, p3, p4; δ,Λ)a
†
k̄
(p3)b

†
k(p4)bℓ̄(p2)aℓ(p1),

(2.2.21)

where the coefficient Hreg
4 given by

Hreg
4 (p1, p2, p3, p4; δ,Λ) =H

cl
4 (p1, p2, p3, p4) + C4(p1, p2, p3, p4; δ,Λ). (2.2.22)

In (2.2.22), the “classical” coupling Hcl
4 comes from H4 in (2.2.8),

Hcl
4 (p1, p2, p3, p4) = h4(p3, p1;m) + h4(−p2,−p4;m)

= −πλ [mp+13 + i(p⊥1p+3 + p+1p⊥3)
p+1p

+
3(p+13)ε

+ mp+24 + i(p⊥2p+4 + p+2p⊥4)
p+2p

+
4(p+24)ε

] ,
(2.2.23)

where the “counter term” C4 comes from the re-ordering of H6 in (2.2.8),

C4(p1, p2, p3, p4; δ,Λ) = −2π2λ2 (p+1 + p+2)

× ∫
p+>δ, ∣p⊥∣<Λ

d2p

(2π)2
1

p+
[ 1

(p+ − p+4)ε(p+2 − p+)ε(p+1 + p+2 − p+)ε

− 1

(p+1 + p+)ε(p+3 + p+)ε(p+1 + p+2 + p+)ε
].

(2.2.24)

6Note that the re-ordering contributions from quartic and sextic terms in the field operators combine to give m2.
Furthermore, the dependence on δ̃ is entirely absorbed by a choice of counter term in m0, and will no longer appear
in our formulation of scattering theory at fixed total lightcone momentum P +.
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The two terms in the bracket on the RHS of (2.2.24) can be viewed as due to exchange of gauge bosons

between the fermions, and fermion pair annihilation/creation by gauge bosons, respectively. Note that the

ε-regulator is not actually necessary for the propagators appearing in the second term, as the latter is

non-singular in the integration domain.

While we do not have an a priori derivation of the proposed counter terms, we will see that the resulting

2-particle singlet channel Hamiltonian (2.2.19) produces 2→ 2 scattering amplitudes that are consistent with

Lorentz invariance in a highly nontrivial manner.

2.3 Scattering equation in the 2-particle singlet sector

In this section we formulate the S-matrix in the 2-particle singlet sector using the Lippmann-Schwinger

equation based on the planar lightcone Hamiltonian (2.2.15).

2.3.1 Lippmann-Schwinger equation

We begin by separating the lightcone Hamiltonian into its free part Ĥ2 (2.2.17) and interacting part V̂ =

Ĥ4 + Ĥ6,

Ĥ = Ĥ2 + V̂ , (2.3.1)

and denote by ∣α⟩0 an eigenbasis with respect to Ĥ2 (“free-particle basis”), indexed by α with Ĥ2∣α⟩0 = Eα∣α⟩0.

The corresponding in- and out- scattering states are related by Lippmann-Schwinger equation

∣α⟩in/out = ∣α⟩0 + 1

Eα − Ĥ2 ± iϵ
V̂ ∣α⟩in/out, (2.3.2)

44



The S-matrix elements can be written as

S(β∣α) ≡ out⟨β∣α⟩in = 0⟨β∣α⟩0 − 2πiδ(Eβ −Eα)T̂ (β∣α), (2.3.3)

where T̂ (β∣α) is given by (see Appendix A.2 for a derivation of this standard fact)

T̂ (β∣α) = 0⟨β∣V̂ ∣α⟩in. (2.3.4)

Note that the T -matrix element (2.3.4) is defined without imposing energy conservation, and is an extension

of the physical amplitude appearing in (2.3.3). It follows from (2.3.2) that T̂ (β∣α) obeys the integral equation

T̂ (β∣α) = 0⟨β∣V̂ ∣α⟩0 + ∫ dγ
0⟨β∣V̂ ∣γ⟩0

Eα −Eγ + iϵ
T̂ (γ∣α), (2.3.5)

where the measure dγ is normalized such that ∫ dγ∣γ⟩0 0⟨γ∣ = 1.

Now we will restrict to the 2-particle sector, where V̂ can be replaced with Ĥ4. Let pα ≡ (p+α, p⊥α) be the

lightfront momentum of ∣α⟩0. Due to momentum conservation, matrix elements of Ĥ4 take the form

0⟨β∣Ĥ4∣α⟩0 ≡ (2π)2δ2(pβ − pα)H4(β∣α). (2.3.6)

We will also define the reduced T -matrix elements T (β∣α) by

T̂ (β∣α) ≡ (2π)2δ2(pβ − pα)T (β∣α). (2.3.7)
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The equation (2.3.5) can be reduced to

T (β∣α) =H4(β∣α) + ∫ dγ (2π)2δ2(pγ − pα)
H4(β∣γ)

Eα −Eγ + iϵ
T (γ∣α). (2.3.8)

Note that in this form of the scattering equation, the lightfront momentum conservation pβ = pα is always

imposed, whereas energy conservation is not enforced.

Next, we specialize to the 2-particle gauge singlet sector, spanned by the basis states

1√
N
a†
ī
(p1)b

†
i (p2)∣0⟩. (2.3.9)

Without loss of generality, we can restrict to the sector with fixed total lightcone momentum P +, and

transverse momentum P ⊥ = 0. We will further adopt the convention (2.1.6) and label the basis states by the

transverse momentum p and the fraction x of lightcone momentum shared by one of the particles,

∣x, p⟩0 ≡ 1√
N
a†
ī
((1 − x)P +,−p) b†

i (xP
+, p) ∣0⟩. (2.3.10)

The Ĥ2-eigenvalue of the state (2.3.10), as follows from (2.2.17), is

E(x, p) = p2 +m2

2P +x(1 − x)
. (2.3.11)

The matrix elements of Ĥ4, defined as in (2.3.6), are given by (2.2.22) with the substitution of variables

(2.1.6),

H4(y, q∣x, p) =Hreg
4 (y, q∣x, p; δ,Λ) =H

cl
4 (y, q∣x, p) + C4(y, q∣x, p; δ,Λ), (2.3.12)

where the two terms on the RHS are the same as those appearing in (2.2.22) with the substitution (2.1.6).
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Explicitly, we have

Hcl
4 (y, q∣x, p) = −

πλ

(P +)2
⎧⎪⎪⎨⎪⎪⎩
m[ 1

xy
+ 1

(1 − x)(1 − y)
] + i py(1 − y) + qx(1 − x)

x(1 − x)y(1 − y)(x − y)ε

⎫⎪⎪⎬⎪⎪⎭
,

C4(y, q∣x, p; δ,Λ) =
λ2

2(P +)2 ∫
∞

δ
P+

dz

z
∫

Λ

−Λ
dℓ [ 1

(1 + z)(1 − x + z)(1 − y + z)

− 1

(z − 1)ε(z − x)ε(z − y)ε
].

(2.3.13)

The equation (2.3.8) for the T -matrix elements T (y, q∣x, p) defined with respect to the basis (2.3.10) and its

in-state analog can be written as

T (y, q∣x, p) = lim
Λ→∞

lim
δ→0+

⎡⎢⎢⎢⎢⎣
Hreg

4 (y, q∣x, p; δ,Λ)

+ P +

(2π)2 ∫
1− δ

P+

δ
P+

dz∫
Λ

−Λ
dℓ

Hreg
4 (y, q∣z, ℓ; δ,Λ)

p2+m2

2P+x(1−x) −
ℓ2+m2

2P+z(1−z) + iϵ
T (z, ℓ∣x, p)

⎤⎥⎥⎥⎥⎦
,

(2.3.14)

where the intermediate state has lightfront momentum assignment q1 = ((1− z)P +,−ℓ), q2 = (zP +, ℓ) for the

particle and anti-particle respectively.

2.3.2 Removing the regulators

The equation (2.3.14) is somewhat awkward to work with as the counter terms appearing in the integration

kernel are divergent in the limit δ → 0+, Λ→∞. To get a handle on the solution, let us expand the T -matrix

element as a power series in λ,

T (y, q∣x, p) =
∞
∑
L=0

λL+1T (L)(y, q∣x, p). (2.3.15)
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Note that Hreg
4 (2.3.12) contains an order λ classical term and an order λ2 counter term. The order λ part

of (2.3.14) gives the tree-level amplitude

λT (0)(y, q∣x, p) =Hcl
4 (y, q∣x, p). (2.3.16)

At order λ2, (2.3.14) gives, after substituting Hcl
4 with λT (0), the 1-loop amplitude

λ2 T (1)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

⎡⎢⎢⎢⎢⎣
C4(y, q∣x, p; δ,Λ)

+ λ2 P +

(2π)2 ∫
1− δ

P+

δ
P+

dz∫
Λ

−Λ
dℓ
T (0)(y, q∣z, ℓ)T (0)(z, ℓ∣x, p)

p2+m2

2P+x(1−x) −
ℓ2+m2

2P+z(1−z) + iϵ

⎤⎥⎥⎥⎥⎦
.

(2.3.17)

The divergent terms in the bracket on the RHS take the form7

C4(y, q∣x, p; δ,Λ) − λ2
Λ(P +)2

π2
−∫

1− δ
P+

δ
P+

dz z(1 − z)T (0)∞ (y∣z)T (0)∞ (z∣x) ≡ δC(y, q∣x, p; δ,Λ), (2.3.18)

where we have defined

T (0)∞ (z∣x) ≡ lim
ℓ→∞

T (0)(z, ℓ∣x, p)
ℓ

= − πi

(P +)2
1

(z − 1)z(z − x)
,

T (0)∞ (y∣z) ≡ lim
ℓ→∞

T (0)(y, q∣z, ℓ)
ℓ

= πi

(P +)2
1

(z − 1)z(z − y)
.

(2.3.19)

One can verify that

lim
Λ→∞

lim
δ→0

δC(y, q∣x, p; δ,Λ) = 0, (2.3.20)

and thus (2.3.17) is well-defined.

In appendix A.4, we extend this analysis of cancelation of divergence to all orders in λ. The result is an
7The principal value prescription of the z-integral arises from the ε-regulator in (2.2.23) or (2.3.13).
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equivalent, but manifestly finite, integral equation

T (y, q∣x, p) =Hcl
4 (y, q∣x, p) + −∫

1

0
dz∫

∞

−∞
dℓ

⎡⎢⎢⎢⎢⎣

(P +)2

4π2

Hcl
4 (y, q∣z, ℓ)T (z, ℓ∣x, p)
p2+m2

2x(1−x) −
ℓ2+m2

2z(1−z) + iϵ
+ λ

2πi

T∞(z∣x, p)
z − y

⎤⎥⎥⎥⎥⎦
, (2.3.21)

where T∞ is defined as

T∞(z∣x, p) ≡ lim
ℓ→∞

T (z, ℓ∣x, p)
ℓ

. (2.3.22)

The ℓ integral on the RHS of (2.3.21) is defined in the sense of principal value: we place a symmetric cutoff

−Λ < ℓ < Λ and take the limit Λ →∞. The z-integral is also defined by the principal value prescription that

regularizes poles in z along the interval [0,1].

Recall that the (z, ℓ)-integral originates from the summation over intermediate 2-particle states. The

total lightfront momentum is fixed to be (P +, P ⊥ = 0), but the energy H = −P − of the intermediate 2-particle

state is unconstrained in the Lippmann-Schwinger formalism. On the other hand, as we explain below, the

ℓ-integral can be reduced to residue contributions from poles at which energy conservation is obeyed.

It is evident from (2.3.21) that the solution T (y, q∣x, p) must be linear in q.8 It follows that the ℓ-

integrand falls off like ℓ−1 at infinity, and we can evaluate the principal value ℓ-integral by averaging between

two contours, one enclosing the residue at ℓ = ℓ∗(z) on the upper half complex ℓ-plane in the counterclockwise

direction, the other enclosing the residue at ℓ = −ℓ∗(z) on the lower half plane in the clockwise direction,

with

ℓ∗(z) =
√
sz(1 − z) −m2 + iϵ. (2.3.23)

Here the branch of the square root is chosen such that Im(ℓ∗(z)) > 0. The Mandelstam variable s is related

to x, p by s = 2P +E(x, p) = p2+m2

x(1−x) . Note that in the limit ϵ → 0+, ℓ∗(z) either takes positive real value or

8We caution that the coefficient of q in T (y, q∣x, p) diverges at y = x±∗, which leads to a discontinuity at zero angle
in a sense explained in section 2.4.3.
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becomes purely imaginary with a positive imaginary part.

im

√
s
4 −m2

ℓ

−π

ℓ∗(z)

γ

π

Figure 2.3: Left panel: path of ℓ∗(z) in the complex ℓ-plane as z varies from 0 to 1. Right panel: path of the
intermediate state’s angle γ as z ranges from 1 to z−∗ = (

√
s −
√
s − 4m2)/(2

√
s) and then back.

Expressing p, q in terms of x, y and s via (2.1.7), we can repackage the T -matrix element at energy-

conserving kinematics as

T ba(y∣x) ≡ T (y, q = bℓ∗(y)∣x, p = aℓ∗(x)), a, b = ±. (2.3.24)

The dependence on s is implicit. At a given physical value of s (> 4m2), x is assumed to take value in the

physical region [x−∗, x+∗] as shown in Figure 2.1. We will, however, extend the definition (2.3.24) to y ∈ (0,1),

which includes unphysical values of y outside of the interval [x−∗, x+∗] corresponding to complex scattering

angles, using the linearity of T (y, q∣x, p) in q (before imposing energy-conservation).9

After performing the ℓ-integral on the RHS of (2.3.21), the integral equation can be expressed in terms

of the energy-conserving amplitudes (2.3.24) in the form (2.1.9),

T ba(y∣x) = Vba(y∣x) + (P
+)2

4πi
−∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

Vbc(y∣z)T ca(z∣x) (2.3.25)

9We caution the reader that T +a(y∣x) and T −a(y∣x) do not agree at y = x±∗, in particular, due to the singular
q-dependence of T (y, q∣x, p) at outgoing angle 0 or π.
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with

Vba(y∣x) =Hcl
4 (y, q = bℓ∗(y)∣x, p = aℓ∗(x)). (2.3.26)

The principal value prescription in the z-integral arises after taking the ε → 0 limit on the propagators

appearing in Vba (see (2.3.13)).

We emphasize that the amplitude T ba(y∣x) appearing (2.3.25) is defined beyond the physical kinematic

domain, and agrees with the physical amplitude when restricted to y ∈ [x−∗, x+∗]. This notion of extended

amplitude, as explained below (2.3.24), does not assume analyticity in y. In fact, as already mentioned,

T ba(y∣x) is not a function in y but a distribution that contains singular support at forward angle.

2.3.3 Restoring Lorentz invariance

Passing from lightcone coordinates to the standard Minkowskian coordinates (x0, x1, x2), the lightfront

momenta (2.1.6) of the asymptotic particles correspond to the spatial momenta p⃗i = (p1i , p2i ), with

p⃗1 = (∣p⃗∣ cosα, ∣p⃗∣ sinα) , p⃗2 = (−∣p⃗∣ cosα,−∣p⃗∣ sinα) ,

p⃗3 = (∣p⃗∣ cosβ, ∣p⃗∣ sinβ) , p⃗4 = (−∣p⃗∣ cosβ,−∣p⃗∣ sinβ) ,
(2.3.27)

where ∣p⃗∣ = 1
2

√
s − 4m2. The 2-particle in-state, denoted ∣x, p⟩in in section 2.3.1, can alternatively be

parameterized by the angle α (at given s), related to x and p by (A.3.2). The out-state ∣y, q⟩out can be

parameterized by β analogously.

In the covariant formulation of scattering amplitudes, the 1-particle state ∣p⃗⟩ is defined with the normalization

⟨p⃗∣p⃗′⟩ = 2
√
p⃗2 +m2(2π)2δ2(p⃗ − p⃗′), and such that [52]

∣p⃗⟩ = U(L(p⃗))∣0⃗⟩, (2.3.28)
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where L(p⃗) is a Lorentz boost that takes the particle at rest to one with spatial momentum p⃗, and U(L(p⃗))

is the corresponding unitary operator. For given p⃗, L(p⃗) is specified up to the right-multiplication by an

arbitrary spatial rotation, which amounts to a phase ambiguity in the definition of the 1-particle state. The 2-

particle asymptotic states appearing in the Lorentz invariant S-matrix element (2.1.2) are such that ∣p⃗1, p⃗2⟩in

with the assignment (2.3.27) is related to the 2-particle in-state at zero angle by acting with U(R(α)), where

R(α) is the spatial rotation by α. We expect such basis states to differ from ∣x, p⟩in defined in the lightfront

quantization by

∣x, p⟩in = N (α)∣p⃗1, p⃗2⟩in, (2.3.29)

and similarly for the out-states

∣y, q⟩out = N (β)∣p⃗3, p⃗4⟩out, (2.3.30)

where the factor N (α) depends nontrivially on the angle α, and takes the form

N (α) = ∣N (α)∣ eiφ(α). (2.3.31)

In particular, its norm ∣N (α)∣ is determined by the normalizations of the basis states to be

∣N (α)∣ = 1√
2s(1 − x)x

= 1

2
√
p+1p

+
2

=
√

2

s − (s − 4m2) cos2 α
. (2.3.32)

The phase φ(α) will be determined in section 2.4.4. In particular, we will see that it contains an analytic

dependence in α that can be understood through nontrivial Lorentz rotations relating the different asymptotic

particle basis states, and a discontinuity at α = 0, π due to the choice of lightcone gauge. (2.3.29) and (2.3.30)

then lead to the relation (2.1.10) between T ba(y∣x) appearing in the equation (2.3.25) and the covariant

singlet channel amplitude TS(s, θ) of (2.1.2).
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2.4 Solving the scattering equation

To find the solution to (2.3.25), we shall assume the ansatz (2.1.8) which will be justified a posteriori.

Namely, the amplitude T ba(y∣x) is the sum of a function T̃ ba(y∣x) and a distribution supported in the

forward direction of the form δ(x − y)δbaT0(x). We will refer to them as the “function part” and the

“forward-distribution part” of the amplitude, respectively. Both can be expanded as power series in the ’t

Hooft coupling,

T̃ ba(y∣x) =
∞
∑
L=0

λL+1T̃ ba,(L)(y∣x),

T0(x) =
∞
∑
L=0

λL+1T (L)0 (x),
(2.4.1)

and analyze order by order before identifying the full solution.

We will also assume that the phase in φ(α) appearing (2.3.31) has the expansion

φ(α) ≡
∞
∑
L=0

λLφ(L)(α). (2.4.2)

Note that the leading phase correction φ(0)(α) is independent of λ. The analogous expansion of the covariant

amplitude (2.1.4) takes the form

T̃ (s, θ) =
∞
∑
L=0

λL+1T̃ (L)(s, θ),

T0(s) =
∞
∑
L=0

λL+1T
(L)
0 (s),

(2.4.3)

2.4.1 Tree and one-loop results

The tree-level amplitude given by (2.3.16) has no forward-distribution part, namely T (0)0 (x) = 0 or equivalently

T
(0)
0 (s) = 0. Its function part is

T̃ ba,(0)(y∣x) = λ−1Vba(y∣x), (2.4.4)
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with Vba defined by (2.3.26), (2.3.13). The corresponding tree-level covariant amplitude, related by (2.1.10),

(2.3.31), is

T̃ (0)(s, θ = β − α) = e
iφ(0)(β)−iφ(0)(α)

∣N (β)N (α)∣
T̃ ba,(0)(y∣x)

= 8πm − 4πi
√
s cot β − α

2
,

(2.4.5)

where the leading phase correction φ(0)(α) is determined, up to linear terms in α, by the requirement that

(2.4.5) depends only on the difference between the angles α and β. The result is

φ(0)(α) = − i
2

log 2m + i
√
s tanα

2m − i
√
s tanα

= − i
2

log u
+
a(x)
u−a(x)

, (2.4.6)

where for later convenience we have defined

u±a(x) ≡
m(1 − 2x) ∓ iaℓ∗(x)

x(1 − x)
. (2.4.7)

In (2.4.6), the branch of the logarithm is chosen such that φ(0)(α) varies continuously from −π to π, as α

ranges from −π to π. In particular, φ(0)(α) vanishes at α = 0, corresponding to x = x−∗. The physical origin

of the angular dependence of (2.4.6) will be explained in section 2.4.4.

Next, we consider the one-loop amplitude obtained by inserting the tree-level result T ca,(0)(z∣x) into the

RHS of (2.3.25),

T ba,(1)(y∣x) ≡ δ(x − y)δbaT (1)0 (x) + T̃ ba,(1)(y∣x)

= (P
+)2

4πi
−∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

T bc,(0)(y∣z)T ca,(0)(z∣x).
(2.4.8)

It is convenient to analytically extend T ba,(0)(y∣x) off the real x- and y-axis, and view the z-integral on the

RHS of (2.4.8) as a contour integral. We begin by analyzing the singularity in the limit y → x, where a pair

of poles of T bc,(0)(y∣z) and T ca,(0)(z∣x) pinch the z-integration contour. In the case b = −a, corresponding
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to backward scattering, one can verify that one of these poles is canceled against a vanishing numerator,

leaving a finite result. A singular behavior occurs in the b = a case, corresponding to forward scattering,

where the RHS of (2.4.8) is dominated by the contribution from c = a, z ∼ x ∼ y,

T aa,(1)(y∣x) ∼ − πi

(P +)2
ℓ∗(x)
x(1 − x) ∫

dz

(z − x)ε(z − y)ε

= − π3i

(P +)2
ℓ∗(x)
x(1 − x)

δ(x − y),
(2.4.9)

giving the forward-distribution part of (2.4.8) as anticipated. The corresponding term in the covariant

amplitude is10

T
(1)
0 (s) = −4π

3i
√
s. (2.4.10)

Away from the forward limit, we integrate the second line of (2.4.8) to find the one-loop amplitude

T̃ ba,(1)(y∣x) = Ibaphys(y∣x) + Ibaunphys(y∣x), (2.4.11)

where

Ibaphys(y∣x) =
π

2(P +)2
u+a(x)u−b (y)√

s
πi,

Ibaunphys(y∣x) =
π

2(P +)2
⎧⎪⎪⎨⎪⎪⎩

u+a(x)u−b (y)√
s

log
√
s + 2m√
s − 2m

+
u+a(x) − u−b (y)

x − y
[ iπ
2
(b − a) + log u

−
a(x)u+b (y)
u+a(x)u−b (y)

]
⎫⎪⎪⎬⎪⎪⎭

(2.4.12)

are the contributions from the integration over the physical region z ∈ (x−∗, x+∗) (corresponding to positive

real ℓ∗(z)) and the unphysical region z ∈ (−1, x−∗) ∪ (x+∗,1) (corresponding to positive imaginary ℓ∗(z))

respectively. The functions u±a(x) are defined as in (2.4.7).

The logarithm appearing in the second term in the bracket of (2.4.12) is defined with the same choice
10Note that the phase correction in the relation (2.1.10) cancels in the forward limit β → α.
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of branch as in (2.4.6) for x, y in the physical region [x−∗, x+∗], and analytically continued to (0,1) using the

expression (2.3.23) for ℓ∗ with iϵ prescription. A consequence of this branch structure is that I+,aunphys(y∣x)

and I−,aunphys(y∣x) do not agree in the limit y → x±∗ or ℓ∗(y) → 0, corresponding to outgoing angle β = 0, π,

and likewise Ib,+unphys(y∣x) and Ib,−unphys(y∣x) do not agree in the limit x → x±∗ or ℓ∗(x) → 0, corresponding to

incoming angle α = 0, π.

The one-loop contribution to the analytic part of the covariant amplitude is thus given by

T̃ (1)(s, θ = β − α) = e
iφ(0)(β)−iφ(0)(α)

∣N (β)N (α)∣
T ba,(1)(y∣x) + i [φ(1)(β) − iφ(1)(α)] T̃ (0)(s, β − α)

= 2π s − 4m
2

√
s
(log

√
s + 2m√
s − 2m

+ πi) .

(2.4.13)

In deriving the last equality, the phase correction φ(1)(α) is again fixed, up to linear terms in α, by demanding

that T̃ (1) depends on α,β only through θ = β − α, giving the curious-looking result

φ(1)(α) = φ(0)(α) + πΘ(−α), −π < α < π, (2.4.14)

where Θ is the Heaviside step function. The appearance of the discontinuity in α is a consequence of the

branch structure of (2.4.12) as described below (2.4.7). The physical origin of (2.4.14) will be explained in

section 2.4.4.

2.4.2 Forward singularity to all orders

Up to one-loop order, we have encountered two types of singularities in the forward scattering limit θ → 0,

in both the tree amplitude T̃ (0)(s, θ) which has a pole at θ = 0, and the 1-loop amplitude T (1)(s, θ) which

contains the forward-distribution δ(θ)T (1)0 (s) supported at θ = 0. We will now argue that these are the only
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types of singularities that can arise in the forward limit at any order in λ, namely

T ba(y∣x) = f(λ)T̃ ba,(0)(y∣x) + g(λ) δ(x − y)δabT (1)0 (x) + (non − singular), (2.4.15)

for some functions f(λ) = λ +O(λ3), g(λ) = λ2 +O(λ4).

Indeed, the tree amplitude T̃ ba,(0)(y∣x) given by (2.4.4), and the 1-loop forward-distribution coefficient

T (1)0 (x) = − π3i
(P+)2

ℓ∗(x)
x(1−x) as in (2.4.9), obey the relation

(P +)2

4πi
−∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

Vbc(y∣z)T̃ ca,(0)(z∣x) = λδ(x − y)δabT (1)0 (x) + (non − singular), (2.4.16)

as already seen in section 2.4.1, as well as

(P +)2

4πi
−∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

Vbc(y∣z)δ(z − x)δcaT (1)0 (x) = −π
2λ

4
T̃ ba,(0)(y∣x), (2.4.17)

which gives a 2-loop singularity of the same type as one that occurs at tree-level. This cyclic pattern persists

to all orders. Plugging the ansatz (2.4.15) into (2.3.25), and using (2.4.16), (2.4.17), we deduce that f(λ)

and g(λ) obey the recursive relations

f(λ) = λ − π
2λ

4
g(λ), g(λ) = λf(λ), (2.4.18)

from which we solve

f(λ) = λ

1 + π2

4
λ2
. (2.4.19)

This in particular determines the forward-distribution part of the amplitude in the lightfront basis to all
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orders,

T0(x) = g(λ)T (1)0 (x). (2.4.20)

(2.4.20) agrees with T0(s) of (2.1.5) provided the identification

g(λ) = 2

π2
(1 − cos(πλ̃)) . (2.4.21)

This is equivalent to the coupling redefinition (2.1.11), and f(λ) = 1
π

sin(πλ̃).

2.4.3 A monodromy and a discontinuity

It follows from the structure of (2.3.25) that the amplitude T ba(y∣x) is analytic in y away from y = x and

away from the branch points y = x±∗. We will extend the definition of the function part of the amplitude

T̃ ba(y∣x) by analytic continuation from the physical region y ∈ (x−∗, x+∗), and rewrite (2.3.25) as an integral

equation for T̃ ba(y∣x) in the form

T̃ ba(y∣x) = f(λ)
λ
Vba(y∣x) + (P

+)2

4πi
=∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

Vbc(y∣z)T̃ ca(z∣x), (2.4.22)

where the notation =∫ stands for the average between the integrals over a pair of contours that run above and

below the points z = x and z = y, along the interval (0,1) in the complex z-plane, shown in Figure 2.4.

z
x

x

y

z
y

Figure 2.4: The =∫ notation represents the average between the two contours, shown in orange and blue respectively.
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Recall that the transverse momentum q is related to y and b = ± by q(y) = bℓ∗(y) in (2.3.24). As y circles

around the branch point y = x−∗, ℓ∗(y) turns into ℓ
↺
∗ (y) = −ℓ∗(y). We denote by T̃ ba↺(y∣x) the analytic

continuation of T̃ ba(y∣x) under this monodromy. Naively, analytic continuation of the momenta suggests

that T̃ ba↺(y∣x) should be related to T̃ −b,a(y∣x). Their precise relation can be seen as follows.

As we analytically continue both sides of the equation (2.4.22) in y, starting from the physical region and

around the branch point y = x−∗, Vbc(y∣z) in the integration kernel has a pole at z = y that moves in the

complex z-plane, crossing the z-integration contour twice (Figure 2.5). At the first crossing, the z-integral

picks up a residue contribution from the c = b term, proportional to T̃ ba↺(y∣x). As we further continue y onto

the second sheet, the z-integral picks up a second residue contribution from the c = −b term, proportional to

T̃ −b,a(y∣x). Together they give rise to the monodromy

T ba↺(y∣x) = f(λ)
λ
Vba↺(y∣x) + (P

+)2

4πi
=∫

1

0
dz∑

c=±

z(1 − z)
ℓ∗(z)

Vbc↺(y∣z)T̃ ca(z∣x)

− b
2
iπλT ba↺(y∣x) − b

2
iπλ T̃ −b,a(y∣x)

= (1 − b
2
iπλ) T̃ −b,a(y∣x) − b

2
iπλT ba↺(y∣x),

(2.4.23)

where we have used Vbc↺(y∣x) = V−b,c(y∣x). Solving (2.4.23) yields

T ba↺(y∣x) =
1 − b

2
iπλ

1 + b
2
iπλ
T̃ −b,a(y∣x) = e−ibπλ̃ T̃ −b,a(y∣x). (2.4.24)

In the second equality, we used the coupling redefinition (2.1.11). Remarkably, the monodromy relation

(2.4.24) takes the form of an anyonic phase (see section 2.4.4 for its interpretation).

Further taking the limit y → x−∗, and using the continuity of T ba(y∣x) at the branch point, we see that

T +,a(y∣x) and T −,a(y∣x) differ by a phase e−iπλ̃ at y = x−∗. A similar relation between T b,+(y∣x) and T b,−(y∣x)

at x = x±∗ can be derived using the fact that T ba(y∣x) is related to T ab(x∣y) by complex conjugation together
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z
xy

Figure 2.5: Analytic continuation of the T -matrix element as y moves around the branch point.

with flipping the sign of iϵ in the Lippmann-Schwinger equation. Together they will give rise to a discontinuity

in the phase of N (α) appearing in (2.1.10), extending the one-loop observation (2.4.14) to all orders in λ.11

2.4.4 The all-order solution

The expectation (2.1.10) suggests the ansatz

T̃ ba(y∣x) = eiφ(α)−iφ(β)∣N (β)N (α)∣T̃ (s, θ = β − α), (2.4.27)

where N (α) is defined as in (2.3.31), and φ(α) is of the form (2.4.2). While the LO phase φ(0)(α) and the

NLO phase φ(1) are given in (2.4.6) and (2.4.14) respectively, φ(L)(α) for L ≥ 2 are yet to be determined.

The discussion of section 2.3.3 suggests that the phase φ(α) is due to the Lorentz rotation relating the

1-particle states in the lightfront basis to the those of the covariant basis, modulo the discontinuity at α = 0, π

determined by (2.4.24). The appearance of the phase discontinuity is unsurprising from the perspective of
11This discontinuity can alternatively be derived by directly evaluating

T +a(x−∗ ∣x) − T −a(x−∗ ∣x) = lim
y→x−∗

[T (y, ℓ∗(y)∣x, aℓ∗(x)) − T (y,−ℓ∗(y)∣x, aℓ∗(x))]

= 2 lim
y→x−∗

ℓ∗(y)T∞(y∣x, aℓ∗(x)),
(2.4.25)

where we recall that T∞ is defined in (2.3.22) as the linear coefficient of T (y, q∣x, p) in q. While ℓ∗(x−∗) = 0, the limit
in the second line of (2.4.25) does not vanish because T∞(y∣x, p) is singular at y = x−∗. Taking the y → x−∗ limit on the
q-coefficient of (2.3.21), the RHS of (2.3.21) is dominated by integration near z = x−∗, giving

lim
y→x−∗

ℓ∗(y)T∞(y∣x, aℓ∗(x)) =
πiλ

4
∑
c=±
T ca(x−∗ ∣x), (2.4.26)

which combines with (2.4.25) to give T +a(x−∗ ∣x) = e−iπλ̃T −a(x−∗ ∣x).
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LSZ relation, given that the lightcone gauge condition is equivalent to attaching a semi-infinite Wilson line

to each particle that extends in the lightcone direction, and that the causal domain of dependence of the

two Wilson lines overlap when the spatial separation of the two particles is at angle 0 or π.

Explicitly, we expect

φ(α) = 2h(λ)φ(0)(α) + πλ̃Θ(−α), −π < α < π, (2.4.28)

where h(λ) = 1+λ
2
+O(λ2) (see (2.4.14)) is the anyonic spin of the particle. φ(0)(α), as given by (2.4.6), has

the following interpretation. Let Li(v) be the Lorentz boost in the xi direction (i = 1,2) with velocity v.

For v =
√

s−4m2

s
of the particle in the center of mass frame, we have

L1(v cosα)L2(
v sinα√

1 − v2 cos2 α
)R(φ(0)(α)) = R(α)L1(v), (2.4.29)

where R(α) stands for the spatial rotation by the angle α. While U(R(α)L1(v)) takes the 1-particle state

at rest ∣0⃗⟩ to ∣p⃗2⟩ in the covariant basis, U(L1(v cosα)L2( v sinα√
1−v2 cos2 α

)) takes ∣0⟩ to the 1-particle state of

momentum p2 in the lightfront basis. The two basis states are related by the rotation by R(φ(0)(α)) in the

rest frame of the particle, hence the phase difference (2.4.28).

−π
−π

π

π

φ(α)

α

Figure 2.6: The phase φ(α) mod 2π, given by (2.4.28) together with (2.4.6), (2.4.30), plotted as a function of α in
the case λ̃ = 1/2. Note the discontinuities at α = 0 and α = π marked by the red vertical segments.
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We propose the following exact formula for the anyonic spin,

h(λ) = 1 + λ̃
2

, (2.4.30)

where λ̃ is related to λ by (2.1.11). See Figure 2.6 for the shape of the phase φ(α) as a function of α. Our

full analytic ansatz for T̃ ba(y∣x), based on (2.4.27) with T̃ (s, θ) given by the second line of (2.1.5), together

with the phase correction (2.4.28), and the anyonic spin (2.4.30), is

T̃ ba(y∣x) = 2 sin(πλ̃)e iπ
2 λ̃(a−b)

√
sx(1 − x)y(1 − y)

[
u+a(x)u−b (y)
u−a(x)u+b (y)

]
1+λ̃

×
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1√
s
[−2m + x(1 − x)y(1 − y)

(x − y)(s − 4m2)
u−a(x)u+b (y)(u+a(x) − u−b (y))] −

1 + eiπλ̃ (
√
s+2m√
s−2m)

λ̃+1

1 − eiπλ̃ (
√
s+2m√
s−2m)

λ̃+1

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,

(2.4.31)

where u±a is defined in (2.4.7), and the branch is chosen as in (2.4.6). Importantly, (2.4.31) is understood

to be defined beyond the physical region y ∈ (x−∗, x+∗), to the entire interval 0 < y < 1. This is specified

by extending the RHS of (2.4.31) analytically using the expression (2.3.23) for ℓ∗ with iϵ prescription, or

equivalently, by analytic continuation in y above the branch point x−∗ to y ∈ (−1, x−∗), and below the branch

point x+∗ to y ∈ (x+∗,1).

Indeed, we find that (2.4.31) solves (2.4.22). This is verified analytically at 2-loop (i.e. λ3) order,12

and numerically at finite λ, thereby confirming the conjectured result for the singlet sector planar S-matrix

element of [43]. A demonstration of the numerical check is shown in Figure ??, with further details given in

appendix A.5.
12At 2-loop order, the y-dependence of T̃ ab,(1)(y∣x) (2.4.12) which appears in the RHS of (2.4.22) makes analytic

verification tricky. A simple workaround is to consider another version of the L-S equation with the roles of in- and
out- states exchanged, resulting in an equation similar to (2.3.25) with T and V exchanged in the integrand. The
average between the two versions of the integration equation is then easy to verify analytically at 2-loop order.
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λ̃ = 1/3

x−∗ x+∗x0

y

y

Im(T −−(y∣x0))

Im(eiπλ̃T +−(y∣x0))

Re(eiπλ̃T +−(y∣x0))

Re(T −−(y∣x0))

Figure 2.7: Numerical verification of the integral equation (2.4.22) for the ansatz (2.4.31) for T ba(y∣x0) with
coupling λ̃ = 1/3, at center-of-mass energy squared s = 6 (the physical mass m is set to 1) and incoming angle
α = π

2
corresponding to x0 = 1

2
. The curves in color are given by the analytic ansatz, while the dots are obtained by

numerically integrating the RHS of (2.4.22). The deviation between the two sides of the integral equation, for various
components of the amplitude, is shown in the lower panels. As expected, T −−(y∣x0) agrees with eiπλ̃T +−(y∣x0) at
y = x−∗. (Note that T −−(y∣x0) also agrees with e−iπλ̃T +−(y∣x0) at y = x+∗, not shown in the plot.)

2.4.5 Further interpretation of the exact result

The formula (2.4.30) for the spin of the particle, which enters the amplitude in the lightfront basis through

the phase correction (2.4.28), has a nontrivial all-order expansion in λ. However, it has a simple explanation

in terms of the angular dependence of the amplitude, as follows.

Restricted to the 2-particle singlet sector, the planar amplitude (2.1.4), (2.1.5) is related to the partial

wave scattering phases Sℓ(s) (ℓ ∈ Z) by

δ(θ) − i

8π
√
s
TS(s, θ) =

1

2π

∞
∑

ℓ=−∞
eiℓθSℓ(s). (2.4.32)

63



It follows that the partial wave amplitudes with nonzero angular momentum ℓ take a very simple form,

Sℓ(s) = ∫
2π

0
dθ e−iℓθ [cos(πλ̃)δ(θ) − sin(πλ̃)

2π
cot θ

2
]

= eiπλ̃ sign(ℓ).

(2.4.33)

At large impact parameter, which corresponds to large ∣ℓ∣, one expects the nontrivial scattering phase to be

entirely due to the anyon statistics, consistent with the correction to spin by precisely λ̃
2

as in (2.4.30).13

Let us also observe that the zeroth partial wave amplitude can be written as

S0(s) =
eπiλ̃zλ̃+1 − 1
zλ̃+1 − eπiλ̃

, where z ≡
√
s − 2m√
s + 2m

. (2.4.34)

The simple analytic structure on the complex s-plane suggests that (2.4.34) may be derived a priori from

suitable bootstrap axioms for the anyonic S-matrix.

2.5 Discussion

Let us summarize our results so far. Working with an appropriately regularized lightcone Hamiltonian in the

Lippmann-Schwinger formulation of scattering theory, we found the exact planar 2→ 2 S-matrix element in

the gauge singlet sector to be in precise agreement with the conjectured result of [43], provided that we take

into account the coupling redefinition (2.1.11), and the phase difference between the bases of asymptotic

states according to (2.3.29), with (2.3.31), (2.4.28), and (2.4.6). The phase factor is tied to the anyonic spin

through the Lorentz rotation appearing in (2.4.29), and is consistent with the anyonic statistics indicated by

the partial wave amplitudes (2.4.33).

The relation (2.1.11) between the ’t Hooft coupling λ in the lightcone Hamiltonian and λ̃ in the covariant
13The connection between the spin and statistics of anyons was established in [53].
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scheme of [43] should not come as surprise. While λ̃ ranges over the interval (−1,1) due to the 1-loop

renormalization of the Chern-Simons level in the Yang-Mills regularization scheme [40, 43], λ can take any

real value, consistent with (2.1.11).

Let us contrast our analysis with the logic of [43]. The computation of planar amplitudes in [43] was based

on Feynman diagrams, which in a specific frame can be resummed through Dyson-Schwinger equations in the

sector of adjoint, symmetric and antisymmetric representations of the gauge group. The frame choice that

made the all-order solution tractable was unavailable for the singlet sector scattering amplitude. Instead, [43]

attempted to obtain the singlet channel amplitude via analytic continuation from other channels formally

related by crossing. A naive crossing relation leads to a result that violates unitarity, however. Instead, a

modified crossing relation was conjectured, which involves multiplying by a coupling-dependent factor and

adding a non-analytic term (the distribution part proportional to T0(s) in our notation), that led to the

conjecture, which we have verified in this paper.

In the lightcone Hamiltonian formalism, the lack of Lorentz symmetry introduced some technical complications,

both in terms of the regularization of the Hamiltonian and in the choice of basis of asymptotic states, but

they have been overcome in this paper. The payoff is that we have an unambiguous formulation of asymptotic

states and the scattering theory. While the computation in this paper is limited to the planar limit, there is

no conceptual obstacle in extending this work to subleading orders in 1/N , and even non-perturbatively at

finite N and k (e.g. through Hamiltonian truncation [51, 54, 55]).

The next step we hope to undertake is to obtain the analogous result in the adjoint sector, which should

clarify the crossing relation of the 2 → 2 S-matrix elements of the CSM theory, at least in the planar limit,

perhaps eventually at finite N . It is also of interest to understand the analyticity property of the S-matrix

elements in the lightcone formulation away from the physical domain on general grounds.
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3
Bootstrapping the Statistical Ising Model

We study the statistical Ising model of spins on the infinite lattice using a bootstrap method that combines

spin-flip identities with positivity conditions, including reflection positivity and Griffiths inequalities, to

derive rigorous two-sided bounds on spin correlators through semidefinite programming. For the 2D Ising

model on the square lattice, the bootstrap bounds based on correlators supported in a 13-site diamond-

shaped region determine the nearest-spin correlator to within a small window, which for a wide range of

coupling and magnetic field is narrower than the precision attainable with simple Monte Carlo methods. We

also report preliminary results of the bootstrap bounds for the 3D Ising model on the cubic lattice.
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3.1 Introduction

The Ising model, defined as a thermodynamic ensemble of spins that interact amongst nearest neighbors on

a d-dimensional lattice Λ, with the partition function

Z = ∑
sx=±1, x∈Λ

eJ∑⟨xy⟩ sxsy+h∑x sx , (3.1.1)

is a basic model of ferromagnetism. For d = 2,3 and in the absence of external magnetic field h, the Ising

model exhibits a second order phase transition at a critical value of the coupling (or inverse temperature)

J , near which the long range correlations are captured by a unitary quantum field theory [56]. While the

d = 2 Ising model is known to be exactly solvable at h = 0 [21, 57],1 the d = 3 one is not. In recent years,

the conformal bootstrap [63], based on locality, positivity, and the assumption of conformal symmetry, has

emerged as a powerful tool that nearly solves the d = 3 Ising model at criticality as a conformal field theory

[64], in the sense of rigorously determining the low lying operator spectrum and structure constants to high

precision [65].

An alternative bootstrap approach, based on positivity together with certain identities that constrain

expectation values and are known as loop equations [66], has recently been applied to matrix models

and lattice gauge theories at large N [7, 9–11, 19], giving rigorous albeit numerical two-sided bounds on

observables such as Wilson loop expectation values.2 Furthermore, there is evidence that as one enlarges

the space of constraints, the two-sided bounds may converge and eventually pin down the exact results.

In this paper, we adopt the same strategy as that of [7, 11] to study the Ising model on the square3 and
1See [58–62] for field theoretic investigations of the d = 2 Ising model near criticality with nonzero external magnetic

field.
2See [16, 67, 68] for analogous bootstrap approach to classical dynamical systems, and [69] for that of quantum

many-body systems.
3The spin-flip equations and some of the positivity conditions on the square lattice considered in this paper have

been independently derived and studied in unpublished work of Jiaxin Qiao and Zechuan Zheng.
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cubic lattices, focusing on spin correlation functions defined by

⟨sA⟩ =
1

Z
∑

sx=±1, x∈Λ
sA e

J∑⟨xy⟩ sxsy+h∑x sx , sA ≡ ∏
x∈A

sx, (3.1.2)

where A ⊂ Λ is a finite set of lattice sites. We first derive the analog of loop equations, which we refer to as

spin-flip equations, of the form [70–73]

(1 − 2χA(z)) ⟨sA⟩ = ⟨sA exp
⎡⎢⎢⎢⎣
−2Jsz

d

∑
µ=1
(sz+eµ + sz−eµ) − 2hsz

⎤⎥⎥⎥⎦
⟩ , (3.1.3)

where eµ are unit basis vectors of the lattice, and χA is the characteristic function

χA(z) ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1, z ∈ A,

0, z /∈ A.
(3.1.4)

By lattice translation invariance of expectation values, we can restrict to the case z = 0, the origin of the

lattice Λ, without loss of generality. For each subset A, (3.1.3) can be reduced to a linear relation among a

finite set of spin correlators, of the form

∑
B⊂Λ

LA∣B ⟨sB⟩ = 0, (3.1.5)

where LA∣B are real coefficients. Furthermore, given a domain D ⊂ Λ, we can find a sub-domain D′ such that

for every A ⊂ D′, LA∣B /= 0 only if B ⊂ D. For example, if D consists of the orange and red sites depicted on

the left panel of figure 3.1, then D′ consists of the yellow sites.

Next, we consider positivity constraints obeyed by spin correlators, of three types. The first type of
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e2

e1

e3

e2e1

Figure 3.1: Domains on the lattice. The left panel illustrates the 2D “131” diamond in orange within the “13531”
diamond in red and orange. The right panel shows the 3D “151” diamond (orange), the “1551” diamond (orange and
red) and the “15551” diamond (orange, red and pink).

constraints is reflection positivity [74], of the form

⟨OOR⟩ ≥ 0, (3.1.6)

where

O = ∑
A⊂H

tAsA, OR = ∑
A⊂H

tAsR(A). (3.1.7)

Here H is half of the lattice defined by H = {x ∈ Λ ∶ v ⋅ x ≥ c}, for a fixed primitive lattice vector v and a

constant c, and R is the mirror reflection in the direction of v, defined by

Rv,c(x) = x −
2(v ⋅ x − c)

v2
v. (3.1.8)

The sum in (3.1.7) is taken over a finite set of subsets A, with real coefficients tA. Importantly, v and c must

be chosen such that R is an automorphism of the lattice Λ, which restricts v2 ∈ {1,2} and c ∈ v2

2
Z.4 Up to

4Given a primitive v, Rv,c(x) is a lattice vector if and only if 2(v⋅x−c)
v2 ∈ Z. As v ⋅x can take every integer value, v2

must be either 1 or 2.
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lattice rotations and shifts, there are three inequivalent choices:

v = e1, c = 0 (Re1,0)

v = e1, c = 1

2
(Re1,

1
2
)

v = e1 + e2, c = 0 (Re1+e2,0)

(3.1.9)

(3.1.6) is derived by rewriting the correlator in question as a sum of squares. Note that in the case of half-

integer c, such as Re1,
1
2

of (3.1.9), the derivation of (3.1.6) requires the assumption of ferromagnetic coupling

J ≥ 0 (see section 3.3.1).

e2

e1

A

Re1,0 Re1,
1
2

Re1+e2,0

Re1,0(A)

Figure 3.2: Three different types of reflection positivity conditions on the square lattice.

The second type of constraints is square positivity, of the form

⟨O2⟩ ≥ 0, (3.1.10)

where

O = ∑
A⊂Λ

tAsA, tA ∈ R. (3.1.11)

The third type of constaints are Griffiths inequalities, known to hold in the ferromagnetic Ising model
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(J ≥ 0) with non-negative external magnetic field (h ≥ 0) [75].5 They are of the form

⟨sA⟩ ≥ 0, (G1) (3.1.12)

and

⟨sAsB⟩ − ⟨sA⟩ ⟨sB⟩ ≥ 0, (G2) (3.1.13)

for arbitrary finite subsets A,B ⊂ Λ. See section 3.3.3 for their derivations.

The above positivity constraints, with the exception of the second Griffiths inequality,6 can be formulated

as the positive-semidefiniteness of a matrix

(MIJ) ⪰ 0, (3.1.14)

whose entries are linear in the spin correlators ⟨sA⟩, of the form

MIJ = ∑
A⊂Λ

MIJ ∣A ⟨sA⟩ . (3.1.15)

Given a domain D ⊂ Λ, we can restrict the indices I, J to be such that MIJ ∣A is nonzero only for A ⊂ D; the

resulting restricted matrix (MIJ) will be denoted M(D), and the corresponding coefficients M (D)
IJ ∣A.

We can now obtain a lower bound on a given spin correlator ⟨O⟩ = ∑A t
A ⟨sA⟩ by solving the semidefinite

5A variety of other Ising inequalities that constrain the spin correlators are known [75, 76] but their roles will not
be explored in this paper.

6To recast the second Griffiths inequality (3.1.13) as the positive-semidefiniteness of a matrix whose entries are
linear in the spin correlators is only straightforward in the case where A,B are related by symmetries of the lattice.
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programming (SDP) problem of finding

min
xA∈R, A⊂D

∑
A

tAxA

subject to x∅ = 1, ∑
B⊂D

LA∣BxB = 0, (A ⊂ D′)

and (∑
A⊂D

M
(D)
IJ ∣AxA) ⪰ 0.

(3.1.16)

Similarly, an upper bound on ⟨O⟩ is obtained by replacing tA with −tA in (3.1.16), and flipping the sign of

the minimization result. Section 3.4 describes a key technical improvement on the computational efficiency

that utilizes the representation theory of the lattice automorphism group and the technology of invariant

SDP [77].

We have implemented reflection positivity (1.11) and the first Griffiths inequality (1.13) through SDP

to obtain two-sided bounds. Square positivity, on the other hand, appears to be redundant.7 The role of

the second Griffiths inequality, which cannot be straightforwardly implemented through SDP, is discussed

in section 3.5.3. For the 2D Ising model on the square lattice, with the region D taken to be the 13531

diamond (Figure 3.1), the bootstrap bound is seen to pin down the correlator of nearest spins ⟨s0se1⟩ (or

energy density) to within a window whose width is highly sensitive to the value of the coupling. See Figure

3.4 for a comparison of the bootstrap bounds versus the exact answer in the h = 0 case, and Figure 3.7 for

the analogous bounds at nonzero h.

Compared to the estimated error bars of the Monte Carlo simulation, the bootstrap bounds we have

obtained thus far are wider in the vicinity of the critical coupling, but quickly narrow away from criticality

and can be smaller than the precision attainable with simple Monte Carlo methods (see Figure 3.5 and 3.8).

We emphasize that unlike Monte Carlo methods which are subject to errors due to statistical uncertainty
7Assuming that the domain D is chosen appropriately so that all of its sites appear in the spin-flip equations on

the domain.
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and finite size effects, our bootstrap bounds on the spin correlators are rigorous results for the Ising model

on the infinite lattice, where the numerical precision of the SDP solver only affects the extent to which the

upper and lower bounds are optimized.

For the 3D Ising model on the cubic lattice, we have worked with D up to the 1551 domain (Figure

3.1), as well as the 15551 domain with a truncated (nonetheless rigorous) version of the reflection positivity

conditions.8 The resulting bootstrap bound, as shown in Figure 3.11, is seen to be consistent with the results

from Monte Carlo simulations.

In section 3.2, we will express the spin-flip identities as linear constraints among correlators, and describe

the algorithm for solving these constraints. The positivity conditions are derived in section 3.3. In section

3.4, we formulate the positivity conditions as an SDP problem. Details of the bootstrap bounds on spin

correlators are presented in section 3.5.

A key question concerns the convergence of the bootstrap bounds on the spin correlators, and in particular

whether the rate of convergence near the critical coupling is sufficiently fast to be useful for extracting

quantum field theoretic observables in a way that is complimentary to the conformal bootstrap. This

is closely tied to the efficiency of the algorithms in solving the spin-flip identities and implementing the

positivity constraints, as well as in identifying the most relevant sets of spin configurations on domain.

These issues will be discussed in the concluding section 3.6.

3.2 Spin-flip equations

We start with the identity (3.1.3), which follows from redefining the variable sz → −sz at a single site z in

evaluating the sum on the RHS of (3.1.2). As already stated, it suffices to restrict to the case of z = 0. To
8The truncation is adopted due to a computational bottleneck of the SDP solver used in this work, which we hope

to overcome in the near future.
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reduce (3.1.3) to an equation that involves a finite set of correlators, let us consider the variable

w ≡
d

∑
µ=1
(seµ + s−eµ) ∈ {0,±2,⋯,±2d}, (3.2.1)

which obeys the degree 2d + 1 polynomial equation

P (w) ≡
d

∏
k=−d
(w − 2k) = 0. (3.2.2)

It follows that we can replace all wn for n ≥ 2d + 1 with lower degree polynomials in w, of the form

wn =
2d

∑
ℓ=0

Cn,ℓw
ℓ, (3.2.3)

where Cn,ℓ = δnℓ for n ≤ 2d. We can rewrite (3.1.3) as

⟨sA [2χA(0) − 1 + e−2hs0]⟩

+
∞
∑
k=1

(2J)2k

(2k)!
⟨sAw

2ke−2hs0⟩ −
∞
∑
k=0

(2J)2k+1

(2k + 1)!
⟨sAs0w

2k+1e−2hs0⟩ = 0,
(3.2.4)

or equivalently using (3.2.3),

[2χA(0) − 1 + cosh(2h)] ⟨sA⟩ +
2d

∑
ℓ=0
[Aℓ cosh(2h) +Bℓ sinh(2h)] ⟨sAwℓ⟩

− sinh(2h) ⟨sAs0⟩ −
2d

∑
ℓ=0
[Aℓ sinh(2h) +Bℓ cosh(2h)] ⟨sAs0wℓ⟩ = 0,

(3.2.5)

where Aℓ and Bℓ are a set of constants that depend on the lattice dimension d and the coupling J , given by

Aℓ ≡
∞
∑
k=1

(2J)2k

(2k)!
C2k,ℓ, Bℓ ≡

∞
∑
k=0

(2J)2k+1

(2k + 1)!
C2k+1,ℓ. (3.2.6)
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Explicit formulae for these coefficients are given in Appendix B.1. In particular, the non-vanishing Aℓ and

Bℓ coefficients appearing in the spin-flip equation (3.2.5) are A2,A4,⋯,A2d and B1,B3,⋯,B2d−1.

3.2.1 A 2D example

Consider the d = 2 Ising model with h = 0. The spin-flip equation (3.2.5) for A = ∅ is explicitly

0 =
4

∑
ℓ=0

Aℓ ⟨wℓ⟩ −
4

∑
ℓ=0

Bℓ ⟨s0wℓ⟩

= A2 (4 + 4 ⟨se1s−e1⟩ + 8 ⟨se1se2⟩)

+A4 (40 + 64 ⟨se1s−e1⟩ + 128 ⟨se1se2⟩ + 24 ⟨se1s−e1se2s−e2⟩)

− 4B1 ⟨s0se1⟩ −B3 (40 ⟨s0se1⟩ + 24 ⟨s0se1s−e1se2⟩) ,

(3.2.7)

where the coefficients A2,A4,B1,B3 are functions of J given in (B.1.2). In writing the second equality, we

have used the symmetries of the lattice as well as ⟨1⟩ = 1. The spin correlators involved in (3.2.7) are

x1 = ⟨s0se1⟩ , x2 = ⟨se1s−e1⟩ , x3 = ⟨se1se2⟩ ,

x4 = ⟨se1s−e1se2s−e2⟩ , x5 = ⟨s0se1s−e1se2⟩ .
(3.2.8)

There are 5 more spin-flip equations that involve the same set of correlators x1,⋯, x5, corresponding to

A = {0, e1}, {±e1}, {e1, e2}, {±e1,±e2}, {0,±e1, e2}. Without taking into account the specific values of

A2,A4,B1,B3, one finds that two of these 6 spin-flip equations are not independent and can be discarded.

Remarkably, the nonlinear relations satisfied by Aℓ,Bℓ in (B.1.2) are such that only 2 out of the remaining

4 spin-flip equations are independent. From these equations we can determined two of the correlators in
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(3.2.8) in terms of the other three,

x4 =
−8(cosh(2J) + cosh(6J))x1 + sinh(2J)(−1 + 2x2 + 4x3) + sinh(6J)(3 + 2x2 + 4x3)

4 sinh3(2J)
,

x5 =
−(1 + 3 cosh(4J))x1 + sinh(4J)(1 + x2 + 2x3)

2 sinh2(2J)
.

(3.2.9)

3.2.2 A 3D example

Consider the d = 3 Ising model with h = 0 on the 151 diamond D = {0,±e1,±e2,±e3} (the orange sites on the

right panel of Figure 3.1). In this case, the independent spin correlators are (3.2.8) together with

x6 = ⟨se1s−e1se2se3⟩ , x7 = ⟨s0se1se2se3⟩ ,

x8 = ⟨se1s−e1se2s−e2se3s−e3⟩ , x9 = ⟨s0se1s−e1se2s−e2se3⟩ .
(3.2.10)

There are 10 spin-flip equations involving the set of correlators x1,⋯, x9, corresponding to to A = ∅,{0, e1},

{±e1}, {e1, e2}, {±e1,±e2}, {0,±e1, e2}, {±e1, e2, e3}, {0, e1, e2, e3}, {±e1,±e2,±e3}, {0,±e1,±e2, e3}. For

instance, the spin-flip equation for the case A = ∅ is illustrated as

0 = 6 + 6 + 24 A2 + 96 + 168 + 672 + 72 + 288 A4

+ 2256 + 5136 + 20544 + 3600 + 14 400 + 720 A6 - 6 B1

- 96 + 72 + 48 B3 - 2256 + 2880 + 1920 + 720 B5.

(3.2.11)
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After taking into account the explicit expressions for the coefficients Al and Bl for d = 3 in Appendix B.1, it

turns out that only 4 out of the 10 spin-flip equations are independent. From these, we can determine the

spin correlators

x5 = −
cosh3(2J) sinh2(2J)

sinh4(4J)
[4x1 cosh(2J) + 4x1 cosh(6J)

− 2(1 + 4x3 − x4 + (1 + 2x2 + 4x3 + x4) cosh(4J)) sinh(2J)],

x7 = −
4 cosh5(2J) sinh4(2J)

sinh6(4J)
[4x1 cosh(2J) + 4x1 cosh(6J)

− 2(1 + 2x2 + 2x3 + x4 − 2x6 + (1 + 6x3 − x4 + 2x6) cosh(4J)) sinh(2J)],

x8 = −
1

8 sinh5(2J)
[ − 8x1(cosh(2J) + cosh(10J)) + (3 + x2 + 4x3 + x4 + 4x6) sinh(2J)

+ (4(x2 + 4x3) cosh(4J) + (5 + 3x2 + 12x3 − x4 − 4x6) cosh(8J)) sinh(2J)],

x9 =
1

16 sinh4(2J)
[6x1 + 10x1 cosh(8J) − 2(−1 + x4 + 4x6) sinh(4J)

+ (−3 − 2x2 − 8x3 + x4 + 4x6) sinh(8J)].

(3.2.12)

Note that on the 151 diamond the spin-flip equations determine almost all intrinsically d = 3 spin correlators

(3.2.10), except for one (x6 in the case shown in (3.2.12)) which remains a free variable.

3.2.3 Algorithm for generating and solving spin-flip equations

For larger regions D, we start by enumerating all primitive subsets A ⊂ D unrelated by symmetries of the

lattice, and generate the spin-flip equations from the analog of (3.2.5) with the origin (location of spin flip)

shifted to points x ∈ D that obey

x,x ± eµ ∈ D, µ = 1,⋯, d. (3.2.13)
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For the 2D 13531 diamond region D (the orange and red sites on the left panel of Figure 3.1), in the case h = 0

with the assumption of unbroken spin-flip Z2 symmetry, there are 2656 such spin-flip equations associated

with the 569 primitive subsets of D, out of which 549 equations turn out to be independent, determining

all but 19 spin correlators ⟨sA⟩ with A ⊂ D. In this case, an analytic solution to the spin-flip equations as

a function of J is practically unattainable. Instead, we solve the equations numerically at each given value

of J . Note that sufficiently high numerical precision is required to identify the correct number of linearly

independent spin-flip equations.

The numbers of primitive subsets (including the empty set), independent spin-flip equations, and independent

spin correlators after solving the spin-flip equations, for the 2D 13531 diamond at nonzero h without Z2

symmetry, and for the 3D 1551 and 15551 regions at h = 0 with the assumption of unbroken Z2 symmetry,

are summarized in the following table.

primitive subsets ind. spin-flip equations ind. spin correlators

2D 13531, h = 0 569 549 19

2D 13531, h /= 0 1127 1097 29

3D 1551, h = 0 214 162 51

3D 15551, h = 0 5214 4584 629

Given m linear spin-flip equations for n spin correlators (including ⟨s∅⟩ = 1), we can package them as a

matrix equation Ls = 0, where s is an n-dimensional vector and L is an m×n matrix of rank r.9 The solution

space to the spin-flip equations is the kernel of L. We choose n − r out of the n spin correlators to be a

basis for the kernel, and solve the remaining r spin correlators in this basis. As L is a (highly) degenerate

numerical matrix, naive linear algebraic algorithms such as row reduction and Gram-Schmidt can suffer

numerical instability when the system size is large. To circumvent this, we first perform a QR decomposition
9For instance, in the 2D 13531 h = 0 case, m = 2656, n = 569, and r = 549.
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(resulting in L = QR, with Q orthogonal and L upper-triangular) via numerically stable algorithms such as

Householder reflections with pivoting, and then transform R to row echelon form.10

3.3 Positivity conditions

3.3.1 Reflection positivity

To prove reflection positivity (3.1.6), let us first consider the case c = 0, where H and R(H) meet along the

co-rank 1 lattice P = {x ∈ Λ ∶ v ⋅ x = 0}. This includes the horizontal reflection (Re1,0) and the diagonal

reflection (Re1+e2,0) of (3.1.9). The correlator in question can be written as

⟨OOR⟩ = ∑
sx=±1, x∈P

e−J∑⟨xy⟩⊂P sxsy−h∑x∈P sx(Ψ[sP ])
2
, (3.3.1)

where

Ψ[sP ] =
1√
Z

∑
sx=±1, x∈H/P

O exp
⎡⎢⎢⎢⎢⎣
J ∑
⟨xy⟩⊂H

sxsy + h ∑
x∈H

sx

⎤⎥⎥⎥⎥⎦
. (3.3.2)

Note that replacing H by R(H) on the RHS of (3.3.2) produces an identical result. The key in deriving

(3.3.1) is the fact that every link ⟨xy⟩ is either contained in H or in R(H). (3.3.1) is a sum of non-negative

terms, and is thus obviously non-negative.

The remaining case v2 = 1, c = 1
2
, e.g. (Re1,

1
2
) of (3.1.9), requires a different treatment. In this case,

H ∩ R(H) = ∅, and furthermore there are links that are contained in neither H nor R(H). Let us define

P+ = {x ∈ Λ ∶ v ⋅ x = 1} and P− = {x ∈ Λ ∶ v ⋅ x = 0}, which lie on the boundary of H and R(H) respectively.
10Gram-Schmidt theoretically achieves QR decomposition, but is practically unstable. To exemplify the importance

of algorithm, let us mention that in the 3D 15551 h = 0 case, solving the spin-flip equations with the Mathematica
Solve command typically requires 50-digit working precision and takes about half a day, but with numerically stable
QR algorithms available in e.g. Julia’s LinearAlgebra package, the computation only requires double precision (∼ 16
digits) and takes 90 seconds.
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We can write

⟨OOR⟩ = ∑
sx=±1, x∈P+∪P−

exp
⎡⎢⎢⎢⎢⎣
J ∑
⟨xy⟩, x∈P+, y∈P−

sxsy

⎤⎥⎥⎥⎥⎦
Ψ[sP+]Ψ[sP−], (3.3.3)

where

Ψ[sP+] =
1√
Z

∑
sx=±1, x∈H/P+

O exp
⎡⎢⎢⎢⎢⎣
J ∑
⟨xy⟩⊂H

sxsy + h ∑
x∈H

sx

⎤⎥⎥⎥⎥⎦
, (3.3.4)

and Ψ[sP−] is given by the identical function with the argument sP+ replaced by sP− . We can further write

(3.3.3) equivalently as

⟨OOR⟩ =
∞
∑
k=0

Jk

k!
∑

x1,⋯,xk∈P+

⎛
⎝ ∑
sx=±1, x∈P+

k

∏
i=1
sxi

Ψ[sP+]
⎞
⎠

2

, (3.3.5)

which is clearly non-negative provided J ≥ 0.

3.3.2 Square positivity

The square positivity property (3.1.10) obviously holds. Unlike reflection positivity, however, the square

positivity does not have a straightforward analog in Euclidean axioms of quantum field theories based on

local operators [75, 78, 79].

In simple examples such as the 131 diamond, where the domain D is chosen such that every site y ∈ D

appears in a spin-flip identity on D, i.e. y is adjacent to a site x that obeys (3.2.13), we have found the

square positivity condition to be redundant after imposing reflection positivity.

3.3.3 Griffiths inequalities

Let us recap the derivation of the Griffiths inequalities (3.1.12) and (3.1.13). The LHS of (3.1.12), namely

(3.1.2), can be written equivalently as

⟨sA⟩ = lim
L→∞

Z
(L)
J=h=0
Z(L)

⟨sAe
J∑⟨xy⟩ sxsy+h∑x sx⟩(L)

J=h=0 ,
(3.3.6)
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where Z(L) is the partition function of Ising model defined on the lattice Λ with cutoff at size L (say with

Dirichlet boundary condition), and similarly ⟨⋯⟩(L) the expectation value in the Ising model with IR cutoff

L. The subscript (J = h = 0) refers to the Ising model with J and h set to zero. The expectation value

appearing on the RHS of (3.3.6) can be expanded in J and h as a sum over terms proportional to ⟨sB⟩J=h=0

with positive coefficients, for some subsets B of the cut-off lattice. The latter vanishes unless B = ∅, in which

case ⟨1⟩J=h=0 = 1. This proves that (3.3.6) is non-negative.

To see (3.1.13), we first apply a similar argument to two decoupled copies of Ising model, whose spin

variables are denoted sx and s′x respectively. Define s±x ≡ sx ± s′x, and s±A ≡∏x∈A s
±
x. We have

⟨s+As
−
B⟩ = lim

L→∞

⎡⎢⎢⎢⎢⎣

Z
(L)
J=h=0
Z(L)

⎤⎥⎥⎥⎥⎦

2

⟨s+As
−
Be

J
2 ∑⟨xy⟩(s

+
xs
+
y+s

−
xs
−
y)+h∑x s+x⟩

(L)

0
, (3.3.7)

where ⟨⋯⟩(L)0 stands for expectation value in two copies of Ising model with J = h = 0 and IR cutoff L.

Evidently, due to the symmetry of exchanging the two copies of the model, as well as flipping sign of the

second copy at h = 0,

⟨s+As
−
B⟩
(L)
0 = ⟨s+A(−)

∣B∣s−B⟩
(L)
0
= (−)∣A∣+∣B∣ ⟨s+As

−
B⟩
(L)
0

(3.3.8)

is nonzero only if both ∣A∣ and ∣B∣ are even, and is positive in the latter case. It follows that the expansion

of (3.3.7) in J and h is a sum of non-negative quantities, and thus

⟨s+As
−
B⟩ ≥ 0. (3.3.9)
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We can then write the LHS of (3.1.13) as

⟨sAsB⟩ − ⟨sA⟩ ⟨sB⟩ = ⟨sA(sB − s
′
B)⟩

= ⟨∏
x∈A

s+x + s−x
2

⎛
⎝∏y∈B

s+y + s−y
2

−∏
y∈B

s+y − s−y
2

⎞
⎠
⟩ .

(3.3.10)

The expectation value in the second line can be expanded as positive linear combinations of terms of the

form ⟨s+A′s−B′⟩ for some A′,B′, each of which is non-negative by (3.3.9), hence (3.1.13) follows.

3.4 Invariant semidefinite programming

A major improvement in computational efficiency is achieved by exploiting the automorphism G of the lattice

Λ or a domain of the lattice, through “invariant semidefinite programming” [77], as follows. Suppose the

domain D (in the case of square positvity) or D ∩ H (in the case of reflection positivity) is G-invariant.

Denote by Ag the subset of Λ obtained by acting on A with an element g ∈ G. The construction of MIJ is

such that

MIJ ∣Ag = ∑
I′,J ′

ρRII′(g)ρR
∗

JJ ′(g)MI′J ′∣A, (3.4.1)

where ρR(g) is the matrix of g in some representation R of G. Writing R =⊕N
k=1R

⊕nk

k for distinct irreducible

representations Ri and multiplicity ni, we can work with a basis in which M takes the block diagonal form

M =⊕N
k=1M(k), such that the matrix elements of M(k) = (∑AM

(k)
ij,IJ ∣A ⟨sA⟩)1≤i,j≤nk,1≤I,J≤dimRk

transform

under the group action as

M
(k)
ij,IJ ∣Ag =

dimRk

∑
I′,J ′=1

ρRk

II′(g)ρ
R∗k
JJ ′(g)M

(k)
ij,I′J ′∣A. (3.4.2)
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Since ⟨sAg ⟩ = ⟨sA⟩, it follows from Schur’s lemma that X(k)ij,IJ ≡ ∑A⊂DM
(k)
ij,IJ ∣A ⟨sA⟩ is of the form X

(k)
ij δIJ ,

and that the semidefiniteness condition in (3.1.16) is equivalent to

(X(k)ij )1≤i,j≤nk

⪰ 0, k = 1,⋯,N. (3.4.3)

3.4.1 A 2D example

Let us consider the d = 2, h = 0 Ising model, and restrict to correlators with spin insertions in the 131 diamond

D = {0,±e1,±e2}. The independent correlators are given in (3.2.8). On the domain D, the reflection positivity

conditions (Re1,
1
2
) and (Re1+e2,1) give

x1 ≥ 0 (Re1,
1
2
)

⎛
⎜⎜⎜
⎝

1 x3

x3 1

⎞
⎟⎟⎟
⎠
⪰ 0 (Re1+e2,1)

(3.4.4)

Note that with spins restricted to this domain, the condition (Re1+e2,1) is independent from that of the

diagonal reflection based at the origin, (Re1+e2,0), to be discussed below.

Re1+e2,0 Re1+e2,1

Figure 3.3: Two inequivalent diagonal reflections on the 131 diamond.

To implement the reflection positivity condition (Re1,0), it suffices to consider linear combinations of spin

insertions sA on the right side of D with A ⊂ {0, e1,±e2}, for ∣A∣ = 0,2,4, that are even and odd with respect
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to the vertical reflection respectively:

even ∶ 1, s0se1 , se2s−e2 ,
s0se2 + s0s−e2

2
,
se1se2 + se1s−e2

2
, s0se1se2s−e2 ;

odd ∶ s0se2 − s0s−e2
2

,
se1se2 − se1s−e2

2
.

(3.4.5)

The positivity of the correlator of the even and odd spin insertions with their horizontal mirror reflection

gives the conditions

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 x1 x2 x1 x3 x5

x1 x2 x5 x3 x5 x4

x2 x5 1 x1 x3 x1

x1 x3 x1
1+x2

2
x1+x5

2
x3

x3 x5 x3
x1+x5

2
x2+x4

2
x5

x5 x4 x1 x3 x5 x2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⪰ 0 and
⎛
⎜⎜⎜
⎝

1−x2

2
x1−x5

2

x1−x5

2
x2−x4

2

⎞
⎟⎟⎟
⎠
⪰ 0 (Re1,0) (3.4.6)

Similarly, to implement the diagonal reflection positivity (Re1+e2,0), we consider the linear combinations of

spin insertions sA on the upper-right side of D with A ⊂ {0, e1, e2}, for ∣A∣ = 0,2, that are even and odd with

respect to the diagonal reflection along the 45-degree line:

even ∶ 1, se1se2 ,
s0se1 + s0se2

2
;

odd ∶ s0se1 − s0se2
2

.

(3.4.7)

The positivity of the correlators of these spin insertions and their diagonal mirror reflection (along the
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135-degree line) gives

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 x3 x1

x3 x4 x5

x1 x5
x2+x3

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⪰ 0 and x3 − x2
2

≥ 0 (Re1+e2,0) (3.4.8)

To implement square positivity, we first classify sA for A ⊂ D with ∣A∣ = 0,2,4 according to representations

with respect to the dihedral automorphism group

G = ⟨a, x∣a4 = x2 = 1, xax−1 = a−1⟩ , (3.4.9)

where a is rotation by 90 degrees, and x is the horizontal reflection that takes (e1, e2) ↦ (−e1, e2). G has

five irreducible representations, which we denote by R1,⋯,R5, of dimension 1, 1, 1, 1, and 2, respectively.

Here R1 is the trivial representation, R2 involves trivial action of a, R3 involves trivial action of x, and R4

involves trivial action of the diagonal reflection ax. The linear combinations of spin insertions that transform

in each representation are

R1 ∶ 1,
s0(se1 + s−e1 + se2 + s−e2)

4
,
(se1 + s−e1)(se2 + s−e2)

4
,
se1s−e1 + se2s−e2

2
,

se1s−e1se2s−e2 ,
s0se1s−e1(se2 + s−e2) + s0se2s−e2(se1 + s−e1)

4
;

R2 ∶ none;

R3 ∶
s0(se1 + s−e1 − se2 − s−e2)

4
,
se1s−e1 − se2s−e2

2
,
s0se1s−e1(se2 + s−e2) − s0se2s−e2(se1 + s−e1)

4
;

R4 ∶
(se1 − s−e1)(se2 − s−e2)

4
;

R5 ∶
s0(se2 − s−e2)

2
,
(se1 + s−e1)(se2 − s−e2)

4
,
s0se1s−e1(se2 − s−e2)

2
.

(3.4.10)

In the last row, we have listed only the x-invariant operator in each of the R5 representations. The
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corresponding square positivity conditions are

R1 ∶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 x1 x3 x2 x4 x5

x1
1+x2+2x3

4
x1+x5

2
x1+x5

2
x5

x2+2x3+x4

4

x3
x1+x5

2
1+2x2+x4

4
x3 x3

x1+x5

2

x2
x1+x5

2
x3

1+x4

2
x2

x1+x5

2

x4 x5 x3 x2 1 x1

x5
x2+2x3+x4

4
x1+x5

2
x1+x5

2
x1

1+x2+2x3

4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⪰ 0, R4 ∶
1 − 2x2 + x4

4
≥ 0,

R3 ∶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1+x2−2x3

4
x1−x5

2
2x3−x2−x4

4

x1−x5

2
1−x4

2
x1−x5

2

2x3−x2−x4

4
x1−x5

2
1+x2−2x3

4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⪰ 0, R5 ∶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1−x2

2
x1−x5

2
x2−x4

2

x1−x5

2
1−x4

4
x1−x5

2

x2−x4

2
x1−x5

2
1−x2

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⪰ 0.

(3.4.11)

The first Griffiths inequality on D amounts to

xi ≥ 0, i = 1,⋯,5. (3.4.12)

The second Griffiths inequality (3.1.13) in the case B = Ag for some g ∈ G can be written equivalently as

⎛
⎜⎜⎜
⎝

1 ⟨sA⟩

⟨sA⟩ ⟨sAsAg ⟩

⎞
⎟⎟⎟
⎠
⪰ 0. (3.4.13)

It suffices to consider A ⊂ D with ∣A∣ = 2,4. Explicitly in terms of the xi’s, the nontrivial instances of (3.4.13)
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amount to the positive semi-definiteness of the following matrices

⎛
⎜⎜⎜
⎝

1 x1

x1 x2,3

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

1 x3

x3 x2,4

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

1 x2

x2 x4

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

1 x5

x5 x2,3

⎞
⎟⎟⎟
⎠
. (3.4.14)

Additional Griffiths inequalities of the form (3.1.13 within the 131 diamond where A and B are not related

by symmetries are

x5 ≥ x1x2, x1x4,

x2,3,4 ≥ x1x5,

x1 ≥ x3x5, x2x5, x4x5.

(3.4.15)

(3.4.15) cannot be represented equivalently in the formM ⪰ 0 for a matrixM whose entries are linear in the

xi’s, although one can write weaker inequalities of the latter form. In most of the examples we have examined

so far, when the spin-flip equations and the reflection positivity conditions are imposed, the second Griffiths

inequalities are automatically satisfied and thus need not be imposed as constraints. There is, however, an

important class of exceptions, to be discussed in section 3.5.3.

3.4.2 Reflection positivity on the 3D cubic lattice

Reflection positivity conditions on the 3D cubic lattice, up to symmetries of the lattice, come in the same

three types (Re1,0), (Re1,
1
2
), and (Re1+e2,0), as described in (3.1.8), (3.1.9). While the automorphism group

of the lattice (fixing the origin) is the octahedral group, the reflection positivity conditions are organized

according to symmetries of half of the lattice, which is the dihedral group in the case of (Re1,0), (Re1,
1
2
),

and Z2 ×Z2 in the case of (Re1+e2,0).

Due to the limitation of computing power and efficiency of the algorithm implemented thus far, the largest

domain D we have considered in the cubic lattice is the 15551 region of Figure 3.1, and the relevant reflection
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positivity conditions concerns linear combination of spin insertions within the domain D on one side of the

mirror plane. As the 15551 region is not invariant under all rotation symmetries of the lattice, there are 8

inequivalent sets of reflection positivity conditions, associated with the reflection map Rv,c (3.1.8), with the

following choices of the vector v and shift c,

(v, c) = (e1,0), (e1,
1

2
), (e3,0), (e3,

1

2
), (e1 + e2,0), (e1 + e2,1), (e1 + e3,0), (e1 + e3,1). (3.4.16)

For numerical SDP it will be sufficient to classify the reflection positivity conditions associated with v =

e1, e3, e1 + e2 and c = 0 according to irreducible representations of the Z2 × Z2 symmetry only, leading to

a total of 5 + 3 × 4 = 17 positive-semidefinite matrices whose entries are linear in the spin correlators. The

largest of these matrices is of size 2400 × 2400, coming from (v, c) = (e1,0) in the trivial representation of

Z2 ×Z2.

3.5 Bootstrap bounds

In this section, we present bootstrap bounds obtained by imposing reflecton positivities and the first Griffiths

inequality together with the spin-flip equations. First, we summarize how to set up the relevant SDP (3.1.16).

Once the region of the lattice D is specified, we identify the relevant symmetry group for each of the reflections.

Then, the positivity matrix M, containing all the reflection positivity matrices, is written in terms of its

blocks X(k) corresponding to irreducible representations Rk of the symmetry group as discussed in section

3.4. We can express X(k) in terms of spin configurations of the primitive subsets A ⊂ D (including the empty

set) as

X(k) = ∑
A⊂D

Y
(k)
A ⟨sA⟩ ⪰ 0, ∀k, (3.5.1)
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where Y
(k)
A are the symmetric coefficient matrices. We then use the numerical solution of the spin-flip

equations, discussed in section 3.2, to write ⟨sA⟩ in terms of the independent variables ⟨sI⟩ as ⟨sA⟩ =

∑I a
I
A ⟨sI⟩ + cA with numerical coefficients aIA and cA, thus arriving at

X(k) =∑
I

W
(k)
I ⟨sI⟩ + V

(k) ⪰ 0, ∀k, (3.5.2)

where W (k)
I = ∑A a

I
AY

(k)
A and V (k) = ∑A cAY

(k)
A . In addition, the positivity matrix M includes 1 × 1 block

matrices ⟨sA⟩ of spin correlators for the primitive subsets, corresponding to the first Griffiths inequality.

These can be written as

⟨sA⟩ =∑
I

aIA ⟨sI⟩ + cA ≥ 0, (3.5.3)

for all A. The final form of the SDP problem (3.1.16) is then given by

min
yI∈R
∑
I

bIyI

subject to ∑
I

aIAyI + cA ≥ 0, ∀A,

and ∑
I

W
(k)
I yI + V (k) ⪰ 0, ∀k.

(3.5.4)

for a given bI ∈ R.

In order to solve (3.5.4), we used two SDP solvers: MOSEK [80] and SDPA-QD [81]. The main difference

between the two solvers is their precision, where MOSEK is a double-precision solver while SDPA-QD is

a quad-double precision solver. For this reason, even though MOSEK is much faster than SDPA-QD in

cases where the SDP problem (3.5.4) can be solved by both,11 it does not necessarily produce the optimal
11For 2D Ising model on 13531 diamond with nonzero magnetic field h, a single run of MOSEK takes ∼ 30 seconds

to produce the solution on the 10-core Intel i9-10900F processor. In contrast, a single run of SDPA-QD takes ∼ 5
hours to produce the solution on the Harvard RC Cluster. For SDPA-QD we used the parameters betaStar = 0.3,
betaBar = 0.2, 0.75 ≤ gammaStar ≤ 0.9, set the tolerance to be epsilonStar = 10−20 and the primal and dual feasibility
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bounds within the relevant precision in some cases. In particular for some range of the couplings, the gap

between the upper and lower bounds is of smaller order than the difference between the primal and dual

solutions produced by MOSEK with default tolerance settings, and higher tolerance settings typically failed

to produce solutions. Moreover, the performance of MOSEK depended heavily on the scales appearing in

the coefficient matrices W (k)
I and V (k). When the maximum Mmax of the magnitudes of all the coefficients

exceeded ∼ 108, MOSEK mostly failed to produce solutions and even when solutions were produced, they

were sub-optimal. Therefore, in cases where the relevant precision is high or Mmax exceeded ∼ 108, we used

SDPA-QD. We divided the coefficient matrices W (k)
I and V (k) by a common rescaling factor of the scale

∼
√
Mmax to increase the stability of the solvers.

3.5.1 2D Ising at zero magnetic field
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Figure 3.4: The nearest-spin correlator ⟨s0se1⟩ and next-to-nearest-spin correlator ⟨s0s2e1⟩ as functions of the
coupling J at h = 0: the upper and lower bootstrap bounds obtained from the 131 diamond (gray dots) and the 13531
diamond (blue dots), compared to the exact result (black curve). The critical coupling Jc = ln(1+

√
2)

2
is marked with

the vertical gray dashed line.

The 2D Ising model on the square lattice in the absence of magnetic field h is exactly solvable (see [83]

error to be bounded by epsilonDash = 10−20 (in the notation of the SDPA manual [82]). The rest of the parameters
were left at their default values.
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for a review of the relevant formulae). In particular, the correlator of two spins separated by N sites in one

direction is given by

⟨s0sNe1⟩h=0 = det
1≤k,ℓ≤N

(Dkℓ), Dkℓ = ak−ℓ, (3.5.5)

with12

an = ∫
2π

0

dθ

2π
e−inθ [(1 − e

iθe−2J tanhJ)(1 − e−iθe−2J cothJ)
(1 − e−iθe−2J tanhJ)(1 − eiθe−2J cothJ)

]
1
2

. (3.5.6)

The comparison of the bootstrap bounds obtained from the spin-flip equation and reflection positivity

condition on the 131 and 13531 diamonds (Figure 3.1) against the analytic results for ⟨s0se1⟩ and ⟨s0s2e1⟩

at h = 0 is shown in Figure 3.4.

0.2 0.3 0.4 0.5 0.6 0.7 0.8
J

10-7

10-6

10-5

10-4

0.001

0.010

0.100

Δ〈s0 se1
〉

exact - lower bound

upper bound - exact

104 sweeps MC error (est. with 1 sigma)

106 sweeps MC error (est. with 1 sigma)

Figure 3.5: For the nearest-spin correlator ⟨s0se1⟩ at h = 0, the gaps between the upper/lower bootrstrap bounds
and the exact value are shown as functions of J on logarithmic scale, and compared to the estimated error bar of
Monte Carlo simulation on a 200 × 200 lattice with O(104) and O(106) sweeps of the Metropolis algorithm.

Here we can make several observations. First, the bootstrap bounds based on the 13531 diamond is

dramatically stronger than that of the 131 diamond. Second, the window allowed by the two-sided bootstrap

bounds (blue shaded region in Figure 3.4) is highly sensitive to the value of the coupling J , and narrows

exponentially as J moves away from the critical value Jc = ln(1+
√
2)

2
. Third, the upper bound is very close

12The branch of the square root in the integrand is chosen such that the latter is analytic as eiθ moves around the
unit circle.
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to the exact result for J > Jc, while the lower bound is close to the exact result for J < Jc. These features

are further illustrated in Figure 3.5, where the gap between the upper/lower bound and the exact result is

shown in logarithmic scale, and compared to the typical error estimates of Monte Carlo simulations.13

We can relax the assumption that the expectation values are invariant with respect to the Z2 symmetry

that flips all spins, in which case the spin-flip equations (3.2.5) involve twice as many spin correlators. In a

situation of spontaneous symmetry breaking, both the spin-flip equations and the positivity conditions hold

for the correlators in a symmetry-breaking phase. One way to understand this is that one can select the phase

by choosing a boundary condition on a finite lattice, say Dirichlet with all spins up at the boundary, where

the spin-flip equations and positivity conditions still hold, and translation symmetry is restored in the limit

that the lattice size is taken to infinity. Alternatively, one can view the correlators in the symmetry-breaking

phase as the h → 0+ limit of the correlators in the presence of nonzero magnetic field, where the positivity

conditions take an identical form to the h = 0 case, and the spin-flip equations approach that of h = 0 in the

limit as well.

The bootstrap upper bounds for ⟨s0⟩, i.e. the spantanous magnetization, and their comparison to the

known analytic result

⟨s0⟩h=0+ = [1 −
1

sinh4(2J)
]

1
8

, (3.5.7)

are shown in Figure 3.6. Interestingly, the first Griffiths inequality (denoted as G1 in the figure) plays a

nontrivial role here. The sharp transition from zero to nonzero upper bound on ⟨s0⟩ at J = ln(1+2
√
2)

4
for the

131 diamond with G1 (orange tick) is a result of the first Griffiths inequality as discussed in the Appendix

B.2. When the first Griffiths inequality is not imposed, the upper bounds from both 131 and 13531 diamonds

(red and black circles) are nonzero finite numbers. It is worth noting though that as the size of the diamond
13The Monte Carlo data was collected using the Metropolis algorithm and its error analysis following [23]. One

“sweep” corresponds to one Metropolis step per lattice site.
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Figure 3.6: Spontaneous magnetization ⟨s0⟩ as a function of the coupling J at h = 0: upper bounds from the
bootstrap obtained from the 131 diamond and the 13531 diamond, with and without the first Griffiths inequality G1,
in comparison to the exact result (gray curve). The orange vertical dashed line marks J = ln(1+2

√
2)

4
below which the

upper bound from the 131 diamond with G1 vanishes (see Appendix B.2).

increases from 131 to 13531, the upper bounds approach the exact result even in the absence of the first

Griffiths inequality.

The bootstrap lower bounds for ⟨s0⟩ are not displayed in Figure 3.6 since they are always zero. This is

because bootstrap always allows for the solution where any spin-flip odd configurations have zero expectation

values due to the Z2 spin-flip symmetry, and the first Griffiths inequality states that these expectation values

should be nonnegative. If the first Griffiths inequality is not imposed, the lower bounds on ⟨s0⟩ differ from

the upper bounds on ⟨s0⟩ only by a sign.

3.5.2 2D Ising at nonzero magnetic field

In the presence of nonzero magnetic field h, the 2D Ising model is not known to be exactly solvable. The

bootstrap bounds for ⟨s0se1⟩ based on spin-flip equations, reflection positivities, and the first Griffiths

inequality on the 13531 diamond are shown as functions of (J,h) in the left plot of Figure 3.7. The gap
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10-15

10-13

10-11

10-9

10-7
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10-3
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Figure 3.7: Bootstrap bounds on ⟨s0se1⟩ as functions of the coupling J and the magnetic field h, obtained by
imposing reflection positivity and the first Griffiths inequality on the 13531 diamond. Left: upper bound is shown
as the colored sheet with gray grids, while the lower bound is shown in red grids below. Right: the gap ∆⟨s0se1⟩
between the upper and lower bounds, in logarithmic scale, is represented by the color scheme ranging from red to
yellow to blue.

between the upper and lower bootstrap bounds is highly sensitive to the value of (J,h), and is shown on

logarithmic color through the color gradient plot on the right of Figure 3.7.

The width of the window allowed by the bootstrap bounds, as a function of h along the slice J = Jc, is

shown on logarithmic scale in Figure 3.8, and compared to the typical error bar attainable with Monte Carlo

simulation (based on 200×200 lattice). While the bootstrap bounds obtained so far are somewhat loose near

the critical point, it dramatically tightens with increasing h. For h ≳ 0.2, the bootstrap bounds are far more

restrictive than MC results. We emphasize that the bootstrap bounds are rigorous results for the strictly

infinite lattice.14 Note that the bootstrap bounds on ⟨s0⟩ and ⟨s0se1⟩ rule out the MC results at 1 sigma in

some cases, but are compatible at 3 sigma in all cases we have examined (see right plot of Figure 3.8 for a
14One can verify, for instance, that the exact result for ⟨s0se1⟩ on a 5 × 5 periodic lattice at h = 0.3, where the

correlation length is sufficiently short that the finite size correction is less than 10−4, lies outside of the bootstrap
bounds.
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sample comparison).

Figure 3.8: Left: the gap between upper and lower bootstrap bounds (blue dots) on the nearest-spin correlator
⟨s0se1⟩ as a function of the coupling h at J = Jc, obtained from the 13531 diamond, compared to the size of the error
bar of Monte Carlo simulation (red dots) obtained on a 200× 200 lattice with O(106) Metropolis sweeps. Right: the
difference between the bootstrap bounds and the MC data, where we have also displayed the 1 sigma error bars of the
MC results. Note that the 2 sigma error bars would extend above the horizontal axis for all data points, indicating
compatibility with the bootstrap bounds.

Another curious feature of the bootstrap bounds shown in Figure 3.7 is that the red band along which

the bounds are weak extends away from the critical point to nonzero h. This might be due to a second

length scale in the low temperature phase, namely the size of the critical droplet in the false vacuum [84],15

coinciding with the size of the domain D. Note that the lower bound is in fact not monotonic in J,h, and

shows a “dip” near the red band, as illustrated more clearly in the top plots of Figure 3.9. This is presumably

because we have not taken into account the second Griffiths inequality as part of the positivity constraints,

as we will discuss in section 3.5.3.

The analogous bootstrap bounds on the magnetization ⟨s0⟩ at two nonzero values of the magnetic field h
15We thank Slava Rychkov for explaining the role of this length scale.
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Figure 3.9: The nearest-spin correlator ⟨s0se1⟩ (top) and the magnetization ⟨s0⟩ (bottom) as functions of J , at
h = 0.03 and h = 0.3 respectively. The two-sided bootstrap bounds from the 131 diamond are shown in gray dots.
The bounds from the 13531 diamond are shown in blue dots, with the allowed region shaded with light blue (invisible
in the h = 0.3 case). Note the non-monotonic feature of the lower bound. For comparison, Monte Carlo results are
shown as the red curve.

are shown in the bottom plots of Figure 3.9. In contrast to the h = 0 case (Figure 3.6), the lower bound is

nontrivial and is expected to close in on the exact result with increasing size of the domain D, albeit more

slowly at small h.
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3.5.3 The role of Griffiths inequalities

So far we have only taken into account the first Griffiths inequality (G1) (3.1.12) in obtaining the SDP

bounds. Indeed, G1 is seen to improve the lower bound on ⟨s0⟩ and ⟨s0se1⟩, as illustrated in Figure 3.10.

The second Griffiths inequality (G2) (3.1.13), on the other hand, cannot be straightforwardly implemented

in SDP, except for the symmetric case considered in (3.4.13). It can be verified that the symmetric

G2 inequalities (3.4.13) do not improve the bounds shown in Figure 3.10. However, the asymmetric G2

inequalities such as (3.4.15) are expected to improve the bounds, as they are in fact violated by the solution

to the SDP problem of minimizing ⟨s0⟩ and ⟨s0se1⟩ at the points represented by orange circles in Figure

3.10.
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Figure 3.10: Lower bounds on ⟨s0⟩ and ⟨s0se1⟩ from 131 diamond at h = 0.3, with (blue and orange circles) and
without (blue crosses) the first Griffiths inequality G1. Among the bounds with G1, the second Griffiths inequality
G2 is violated for orange circles.

As an example, consider (J = Jc − 0.09, h = 0.3) corresponding to the left-most orange circle in the left

plot of Figure 3.10. Let us denote by ⟨⋯⟩∗ the putative values of the correlators given by the solution to the

SDP problem of minimizing ⟨s0⟩. The following asymmetric G2 inequality, together with several others, are

explicitly violated:

⟨se2⟩∗ − ⟨s−e1se1se2⟩∗ ⟨s−e1se1⟩∗ = −0.00564... ≱ 0. (3.5.8)
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The same inequality is also violated at the left-most orange circle in the right plot of Figure 3.10 at (J =

Jc + 0.09, h = 0.3).

A consequence of the G2 inequalities is that every spin correlator ⟨sA⟩ is monotonically non-decreasing

as a function of J and h [75]. One may expect that imposing the full set of G2 inequalities will lead to

monotonic lower bounds on the spin correlators as well. Indeed, the left-most orange circles on Figure 3.10

appear roughly around the maximum of the lower bounds, in agreement with this expectation. However, the

G2 inequalities are generally not convex and are difficult to implement systematically at present.

3.5.4 3D Ising at zero magnetic field

For the 3D Ising model on the cubic lattice at h = 0, we have considered spin-flip equations and reflection

positivity conditions on regions up to the 15551 domain of Figure 3.1. The substantial number of independent

spin correlators (see section 3.2.3) and size of the reflection positivity matrices have proved to be challenging

for the SDP solvers we used so far. As a workaround, we simply truncated the reflection positivity matrices

described in section 3.4.2 to their leading 100×100 principal submatrices, which can be handled numerically

with MOSEK and give less-than-optimal but nonetheless rigorous bounds. The resulting two-sided bounds

on the nearest-spin correlator ⟨s0se1⟩, together with the analogous bounds obtained from the 1551 domain

(with the full reflection positivity condition taken into account), is shown in Figure 3.11 and seen to be

compatible with results of Monte Carlo simulation.

3.6 Discussion

The main result of this paper is that the spin-flip equations together with positivity conditions in a finite

domain D put rigorous two-sided bounds on spin correlators of Ising model on the infinite lattice. These

bounds are numerically optimized through semidefinite programming, and narrow down the spin correlators
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Figure 3.11: The nearest-spin correlator ⟨s0se1⟩ in the 3D Ising model (at h = 0) as a function of the coupling J : the
upper and lower bootstrap bounds obtained from the 151 diamond (gray dots), the 1551 region(brown dots), and the
15551 region with truncated reflection positivity matrices (blue dots), compared to results of Monte Carlo simulation
(red dots, connected for visualization). The MC data were obtained on a 1003 lattice with O(104) Metropolis sweeps.

dramatically with increasing size of the domain D. For 2D Ising model on the square lattice, with or without

a background magnetic field, the bootstrap bounds based on the 13531 diamond (consisting of 13 sites)

determine the energy density expectation value within a window that narrows exponentially as one moves

away from the critical coupling. For a certain range of the coupling and magnetic field, the bootstrap

bounds are tighter than the precision attainable with simple Monte Carlo methods (based on the Metropolis

algorithm).

For 3D Ising model on the cubic lattice, the analogous next-to-simplest diamond-shaped region that is

invariant under the octahedral automorphism group would be the “1-5-13-5-1” region, consisting of 25 sites.

To solve the spin-flip identities for all spin correlators on this domain and to implement reflection positivity

via SDP are beyond reach with our current algorithm. The results we have obtained (Figure 3.11) based on

smaller domains consisting of 12 or 17 sites, and a subset of the reflection positivity conditions in the latter

case, are encouraging although not yet competitive against Monte Carlo methods in terms of determining

the value of spin correlators in the parameter regime of interest. However, we would like to emphasize that
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the bootstrap bounds are rigorous, and that the upper/lower bounds are seen to be quite close to Monte

Carlo results at coupling J above/below the critical value Jc.

It is perhaps unsurprising that the bootstrap bounds are weakest near criticality, where correlation length

grows while we have only taken into account spin-flip identities and positivity conditions on a fixed finite

domain. Nonetheless, our results thus far suggest the following

Conjecture: the spin-flip equations (3.2.5) together with the reflection positivity condition16 (3.1.6) with

(3.1.8), (3.1.9) on a finite domain D of the lattice lead to two-sided bounds on every spin correlator ⟨sA⟩

that converge to the exact value as the size of D increases to infinity when there is a single phase. The same

assertion applies to Z2-invariant spin correlators when there are two phases related by the Z2-symmetry, i.e.

for h = 0 and J > Jc.

While it would clearly be of interest to prove this conjecture, a more relevant question in practice is

the rate of convergence of the bounds on ⟨sA⟩ with the size of the domain D, which is expected to be

highly sensitive to the size of the set of lattice sites A in the correlator of interest, and the deviation of the

coupling J from criticality. To access long distance correlators near criticality, thereby probing observables

of the continuum Ising field theory, is particularly challenging in our lattice bootstrap approach, and requires

substantial improvement of the algorithm adopted in this work.

Indeed, there is vast room for improvement in terms of the efficiency of each step of our numerical bootstrap

algorithm. First, it is conceivable that, to access long distance spin correlators of a few (e.g. a pair of) spins,

only certain types of spin configurations need to be taken into account in the spin-flip equations, such as ones

that involve a string of sites connecting the spin operator insertions in the correlator of interest. Second, the

spin-flip equations formulated in this paper are excessively overcomplete. It should be possible to identify

the linearly independent spin-flip equations a priori, rather than numerically as we have done so far. Finally,
16While the Griffiths inequalities are seen to improve the bootstrap bounds in certain cases, empirical evidence (e.g.

Figure 3.6 and 3.9) suggests that they are inessential for the convergence of the bounds with increasing domain.
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while the size of the positive-semidefinite matrices of spin correlators that arise in the reflection positivity

condition grows quickly with the domain D, it is likely that a substantial truncation to principal submatrices

would be sufficient for producing a two-sided bound whose width is of the same order as the optimal one.

These improvements are left to future work.
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4
The Discrete Bootstrap for Matrix Quantum Mechanics

We implement a bootstrap method that combines Schwinger-Dyson equations, thermal inequalities, and

semidefinite relaxations of matrix logarithm in the ungauged one-matrix quantum mechanics, at finite rank

N as well as in the large N limit, and determine finite temperature observables that interpolate between

available analytic results in the low and high temperature limits respectively. We also obtain bootstrap

bounds on thermal phase transition as well as preliminary results in the ungauged two-matrix quantum

mechanics.

4.1 Introduction

The bootstrap approach to quantum and statistical models by combining analytic constraints with convex

optimization has been developed in quantum chemistry [85], conformal field theory [86], classical dynamics
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[87], and more recently applied to solving random matrix models [10, 19], matrix quantum mechanics (MQM)

[9, 12], and lattice quantum field theories [3, 7, 11, 14, 18]. Not bound by the limitations of conventional

analytic methods based on perturbation theory or symmetries, nor conventional numerical methods based

on Monte Carlo sampling, the bootstrap approach offers a new toolkit for grasping the strongly coupled

and chaotic dynamics underpinning holographic dualities and quantum gravity. Thus far, attempts of

bootstrapping holographic MQM such as the BFSS model [12, 88] has been sharply limited to planar

observables in the microcanonical ensemble, e.g. the expectation value of a single-trace operator in the

ground state, that by themselves do not unambiguously capture dual gravitational observables.1 It would be

of substantial interest to bootstrap, for instance, the entropy of the BFSS model in the canonical ensemble

at finite temperature that captures black hole thermodynamics in the holographic dual, and compare with

the results obtained from Monte Carlo methods [90–98].

In this paper, we take the initial steps toward bootstrapping the thermodynamics of MQM, focusing

primarily on the ungauged one-matrix QM described by the Hamiltonian

H = Tr[1
2
P 2 + V (X)], (4.1.1)

where the canonical coordinate X and its conjugate momentum P are Hermitian traceless N ×N matrices.

In contrast to the gauged version of the MQM (a.k.a. the “singlet sector”) which admits a well-known

reformulation in terms of non-interacting fermions, the ungauged MQM includes “non-singlet sectors” that

admit a dual description in terms of “long strings” [99, 100] and is not known to be analytically solvable.

Denote by ⟨O⟩β the thermal expectation value of an operator O at inverse temperature β. Given the
1For the singlet sector of Hermitian multi-matrix QM, an alternative loop-space approach has been developed in

[89] to solve observables at finite but practially large values of N ∼ 100.
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Hamiltonian H, the Schwinger-Dyson equations

−i⟨[H, Õ]⟩β = 0 (4.1.2)

for any set of Hermitian operators Õ provide a set of linear constraints on the thermal expectation values of

Hermitian operators with real coefficients. Furthermore, given any set of operators Oi, the matrix

Aij ∶= ⟨O†
iOj⟩β (4.1.3)

is positive semidefinite, namely

A ≽ 0. (4.1.4)

The conditions (4.1.2) and (4.1.4) are analogous to those considered in [9]. As functional relations on the

thermal expectation values, however, they do not depend explicitly on the temperature and clearly cannot

by themselves constrain the temperature dependence of any thermal observable.

The key new recipe is a set of convex logarithmic inequalities concerning thermal expectation values,

constructed as follows. In addition to (4.1.3), one defines the matrices

Bij ∶= ⟨OjO†
i ⟩β , Cij ∶= ⟨O†

i [H,Oj]⟩β . (4.1.5)

It has been established in [24, 101, 102] that the semidefinite condition

βC −A1/2 log (A1/2B−1A1/2)A1/2 ≽ 0 (4.1.6)

holds, and is in fact equivalent to the Kubo-Martin-Schwinger (KMS) condition [103–105] on a thermal
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state.2 Now (4.1.2) for any set of Hermitian operators Õ, together with (4.1.4) and (4.1.6) on a finite set of

basis operators Oi, define within the linear space of trial expectation values a convex subset to which the

expectation values in a thermal state must belong. Given a Hermitian operator O, minimizing (maximizing)

⟨O⟩β on the space of trial expectation values subject to these convex conditions then produces a rigorous

lower (upper) bound on the admissible values of ⟨O⟩β .3 We refer to this procedure as KMS optimization.

Crucially, despite that the LHS of (4.1.6) is not linear with respect to the thermal expectation values, it was

shown in [24, 106] that the KMS optimization can be reformulated as a standard semidefinite programming

(SDP) problem using semidefinite relaxation of the matrix logarithm. We review the relevant algorithm and

demonstrate its implementation in the simple example of an aharmonic oscillator at finite temperature in

section 4.2.

Applying the same strategy to the ungauged MQM (4.1.1), we consider in section 4.3 a truncated basis B

of adjoint-valued operators Oi of the form {1,X,P,X2,XP,PX,⋯}, and construct the matrices A,B,C of

(4.1.3), (4.1.5) whose entries are the thermal expectation values of operators up to maximal word length L.

We then employ the semidefinite relaxation of [24, 106] to set up the SDP problem for the energy expectation

value

E(β) ≡ ⟨H⟩β , (4.1.7)

at finite N as well as in the planar limit. The upper and lower SDP bounds on E(β) are seen to converge

with increasing maximal word length L. For finite N ≤ 10, we have obtained the bootstrap bounds with

L = 8. In particular, the N = 2 results are seen to agree with that of Hamiltonian truncation. In the planar

limit at infinite N , we have obtained the bootstrap bounds with maximal word length L = 10, where the

upper and lower bounds on E(β) differ by a factor of order 10−3 at intermediate temperatures.
2See also Theorem 5.3.15 in [25].
3Moreover, it was shown in [24] that for translation-invariant lattice Hamiltonians with a finite-dimensional local

Hilbert space and finite-range interactions, the said bound converges to the physical value of ⟨O⟩β as the set of basis
operators Oi is increased systematically.
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The planar bootstrap results are further compared in section 4.4 to the analytic high temperature

expansion (based on perturbative expansion of the Euclidean path integral) and the low temperature

expansion (based on a “long string effective theory”). The bootstrap results are seen to be consistent with,

and interpolate between, the leading order analytic results in both limits. In the low temperature regime,

the bootstrap bounds are sufficiently accurate to allow for extracting the energy gap ∆1 of the adjoint sector

of the MQM.

The bootstrap method is also applicable to metastable thermal states at large N , as demonstrated in

section 4.5 for the Hamiltonian (4.1.1) with a quartic potential that is unbounded from below. In this case,

the bootstrap constraints are found to be unfeasible above a critical temperature Tc, where the thermal state

ceases to exist.

Additionally, we have carried out a preliminary thermal bootstrap analysis of the ungauged two-matrix

QM described by the Hamiltonian

H = Tr[1
2
P 2
1 +

1

2
P 2
2 + V (X1,X2)], (4.1.8)

with a quartic interaction potential V . The setup of the SDP problem is essentially identical to that of the

one-matrix QM, except that the basis of B consists of words made out of the letters X1,X2, P1, P2 is a much

bigger set at a given word length. Rigorous albeit crude bootstrap bounds on E(β) in the planar limit, as

well as future prospects, are discussed in section 4.6.

4.2 Thermal bootstrap

In this section, we review the formulation of the KMS optimization as an SDP problem introduced in [24, 106],

and demonstrate it in the example of a quantum anharmonic oscillator.
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In a quantum system with Hilbert space H, the thermal expectation value of an operator O at inverse

temperature β is given by

⟨O⟩β ≡ trH (ρβO) , (4.2.1)

where ρβ is the thermal density matrix, related to the Hamiltonian H and the partition function Z(β) by

ρβ =
1

Z(β)
e−βH , Z(β) = trH (e−βH) . (4.2.2)

An essential property of the thermal expectation values is the KMS condition [103–105]4

⟨O1O2⟩β = ⟨O2 e
−βH O1 e

βH⟩β , (4.2.3)

for any pair of operators O1 and O2. The Schwinger-Dyson equations (4.1.2) immediately follows. Even

though (4.2.3) is a linear relation on the thermal expectation values, its non-locality with respect to Euclidean

time presents an obstacle for implementing the bootstrap approach of [9, 12]. In [24, 101, 102], the KMS

condition is reformulated5 as the convex conditions (4.1.4), (4.1.6) together with (4.1.2), where all thermal

expectation values involved are those of operators localized in Euclidean time.
4The notion of thermal states and the KMS condition can be formulated more generally without assuming that

e−βH is of trace-class; see Definition 5.3.1 of [25].
5The definition of thermal states in [101, 102], motivated by requiring certain local thermodynamical stability

conditions, is a priori distinct from the KMS condition but in fact equivalent. The authors also noted that such a
definition reduces to Dobrushin, Lanford, and Ruelle (DLR) equation [107, 108] in the classical case. DLR equation
is linear in the thermal expectation values of local operators and has recently been used to bootstrap the classical
Ising model on the lattice [3, 14].
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4.2.1 Semidefinite relaxation of matrix logarithm

The reformulation of (4.1.6) as an SDP problem [106, 109] begins with the approximation of the logarithm

function

log(x) ≈ rm,k(x) ∶= 2krm(x1/2
k

), (4.2.4)

where (m,k) is a pair of positive integers, and rm(x) is a sum of degree 1 rational functions,

rm(x) ≡
m

∑
j=1

wjftj(x), ft(x) ≡
x − 1

t(x − 1) + 1
. (4.2.5)

Here tj ∈ [0,1] and wj > 0 are the nodes and weights of the m-point Gauss-Radau quadrature, chosen so

that ∫
1
0 p(t)dt = ∑

m
j=1wjp(tj) holds for any polynomial p(t) of degree 2m − 2, with t1 = 0.6

Two basic observations are as follows. First, with increasing (m,k), rm,k(x) provide successively tighter

rigorous upper bounds on log(x). Second, ft(x) is a concave function of x at every t ∈ [0,1], and admits the

SDP representation

ft(x) ≥ τ ⇐⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x − 1 − τ −
√
tτ

−
√
tτ 1 − tτ

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⪰ 0. (4.2.6)

In generalizing this idea to the matrix logarithm, the concave function rm,k(x) will be promoted to a matrix

function rm,k(X), where the matrix X takes value in Hn
+ , the space of positive-definite n × n Hermitian

matrices.

The logarithm appearing in (4.1.6) is a perspective transformation of the matrix logarithm function, also
6There are different variants of the Gaussian quadrature that one may use to approximate log(x). A rigorous

bootstrap requires using a quadrature that strictly bounds log(x) from above. Generic variants of the quadrature
that approximates (and not necessarily bounds) log(x) may still be used for the thermal bootstrap, but the resulting
bounds would no longer be rigorous and may be incompatible with the physical values.
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known as the negative operator relative entropy,

D(A,B) ∶= −A1/2 log (A−1/2BA−1/2)A1/2, A,B ∈Hn
+ . (4.2.7)

The semidefinite inequality (4.1.6) is equivalent to the statement that the matrices (A,B,T = βC) lie in the

relative entropy cone

Kn = cl{(A,B,T ) ∈Hn
+ ×Hn

+ ×Hn ∶ T ⪰D(A,B)}, (4.2.8)

where ’cl’ stands for the closure, and Hn is the space of n × n Hermitian matrices. Generalizing (4.2.4), one

defines the relaxed relative entropy cone as

Kn
m,k = cl{(A,B,T ) ∈Hn

+ ×Hn
+ ×Hn ∶ T ⪰Dm,k(A,B)}, (4.2.9)

where

Dm,k(A,B) ∶= −A1/2rm,k (A−1/2BA−1/2)A1/2. (4.2.10)

The upper bound of logarithm by rm,k leads to the property Kn
m,k ⊃ Kn, i.e. the convex condition defined

by Kn
m,k is a rigorous relaxation of the condition defined by Kn. As (m,k) increases, Kn

m,k provides a closer

approximation of Kn; the error of this approximation was investigated in detail in [106].

Generalizing (4.2.6), the following theorem (Theorem 3 of [106]) reformulates Kn
m,k, as an approximation

and a rigorous relaxation of the thermal bootstrap condition (4.1.6), in the form of an SDP problem:

(A,B,T ) ∈Kn
m,k if and only if there exist a set of matrices T1,⋯, Tm, Z0,⋯, Zk ∈Hn such that

Z0 = B,
m

∑
j=1

wjTj = −2−kT ,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Zi Zi+1

Zi+1 A

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⪰ 0, and

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Zk −A − Tj −√tjTj

−√tjTj A − tjTj

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⪰ 0 (4.2.11)
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for i = 0,⋯, k − 1 and j = 1,⋯,m.

In other words, the variables of the SDP reformulation of (4.1.6) are the original A,B,T = βC that are

subject to the linear constraints that follow from the Schwinger-Dyson equations on thermal expectation

values, together with the m auxiliary matrices Tj and k auxiliary matrices Zi that are required to satisfy

(4.2.11).

Before closing this subsection, it is worth mentioning that instead of the SDP relaxation adopted in this

work, a convex optimization directly implementing (4.1.6) using the interior-point method is also possible.

The relevant self-concordant barrier function has been recently constructed in [110].7

4.2.2 Warm-up example: the anharmonic oscillator at finite temperature

As an illustration of the SDP algorithm as well as a test of the quadrature relaxation of matrix logarithm, we

now illustrate the thermal bootstrap in the simple example of the quantum anharmonic oscillator, namely a

system of 1 degree of freedom described by the Hamiltonian

H = p2 + x4 . (4.2.12)

A basis of operators Oi is labeled by words consisting of the letters x and p. We denote by Bℓ the truncated

basis of all such operators up to maximal word length ℓ. For instance,

B2 = {1, x, p, x2, p2, xp, px}. (4.2.13)

7We thank Hamza Fawzi and Kerry He for relevant discussions.
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The variables of the convex optimization problem will include the set of thermal expectation values

EL ∶= {⟨O⟩β ∣O ∈ BL}, (4.2.14)

which are subject to linear relations due to the canonical commutation relation [x, p] = i and the Schwinger-

Dyson equations ⟨[H,O]⟩β = 0. For instance, ⟨xp⟩β − ⟨px⟩β = i, and 0 = ⟨[H,x2]⟩β = −2 − 4i⟨xp⟩β .

Next, we introduce the matrix (for even L)

M(L)
i′j′ ≡ ⟨O

†
i′Oj′⟩β , Oi′ ,Oj′ ∈ BL

2
, (4.2.15)

which is constrained to be positive-definite due to the positivity of the thermal density matrix. The KMS

condition is reformulated in (4.1.6) in terms of the matrices A,B,C, constructed as

A
(L)
ij = ⟨O

†
iOj⟩β , B

(L)
ij = ⟨OjO†

i ⟩β , C
(L)
ij = ⟨O

†
i [H,Oj]⟩β , Oi,Oj ∈ BL

2 −2
. (4.2.16)

For the SDP reformulation of the KMS condition (4.2.11), additional variables are introduced through the

auxiliary ∣BL
2 −2
∣ × ∣BL

2 −2
∣ Hermitian matrices T1,⋯, Tm and Z0,⋯, Zk (i.e. n = ∣BL

2 −2
∣), where ∣BL

2 −2
∣ is the

cardinality of the set BL
2 −2

, and we take A = A(L), B = B(L), T = βC(L).

Given an objective Hermitian operator O which is a sum of words of length ≤ q, a rigorous lower (upper)

bound on the thermal expectation value ⟨O⟩β is obtained by solving the following SDP problem for any
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Figure 4.1: Bootstrap bounds on the thermal energy expectation value E(β) of the quantum anharmonic oscillator
(4.2.12) as a function of the temperature T = 1/β, computed using different (m,k)-relaxations of the matrix logarithm,
with maximal word length L = 10. Note that the bounds with (m,k) = (3,3) and (4,4) are virtually indistinguishable.
The result from numerically solving the Schrödinger equation is shown in solid red curve. From the (m,k) = (4,4)
lower bootstrap bound, one can extract the energy gap ∆ = 2.748, which is within ∼ 0.3% of the physical value
∆ = 2.739.

L > q.

SDP(L): minimize (maximize) ⟨O⟩β subject to

1. Positivity of thermal density matrix: M(L) ⪰ 0

2. Normalization: ⟨1⟩β = 1

3. KMS condition: (4.2.11) with n = ∣BL
2 −2
∣, A = A(L), B = B(L), and T = βC(L)

4. Canonical relation: ⟨Oa[x, p]Ob⟩β = i⟨OaOb⟩β for all Oa,Ob such that OaOb ∈ BL−2

5. Schwinger-Dyson equations: ⟨[H,O′]⟩β = 0 for all O′ ∈ BL−2

(4.2.17)

The complete set of variables consists of EL (4.2.14) together with the auxiliary Hermitian matrices T1,⋯, Tm

and Z0,⋯, Zk that appear in the condition 3 of (4.2.17).

We have solved the SDP problem for the energy expectation value E(β) = ⟨H⟩β as the objective using

SDPA-DD, for L = 10 and different (m,k)-relaxations of the logarithm, with the results shown in Figure

4.1. It is observed that at the given L, the upper and lower bounds already stabilize at (m,k) = (3,3).
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Furthermore, the lower bound is close enough to the physical value to allow for extracting the energy gap

between the ground state and the first excited state of the anharmonic oscillator to ∼ 0.3% accuracy.

4.3 The ungauged matrix quantum mechanics

We are now turn to the main subject of this paper, the ungauged one-matrix QM defined by the Hamiltonian

(4.1.1), with the quartic potential

V (X) = 1

2
X2 + g

N
X4. (4.3.1)

The canonical coordinate X and momentum P are N ×N traceless Hermitian matrices, whose components

may be expressed as Pab = PATA
ab, Xab = XATA

ab, where TA
ab are the traceless Hermitian SU(N) generators

satisfying the completeness relation TA
abT

A
cd = δadδbc−

1
N
δabδcd. The canonical commutation relation [PA,XB] =

−iδAB is equivalent to

[Pab,Xcd] = −i(δadδbc −
1

N
δabδcd). (4.3.2)

Note that this is slightly different from the Hermitian MQM where X and P are not subject to the traceless

constraint, in which case the second (order 1
N

) term on the RHS of (4.3.2) is absent, although the two models

share the same ’t Hooft planar limit, i.e. N →∞ at fixed g. In this paper we focus on the traceless Hermitian

MQM, which enjoys additional minor simplifications in the bootstrap setup.8

The Hamiltonian (4.1.1) admits a U(N) global symmetry that acts by X → UXU†, where U is a unitary

matrix, and therefore can be block-diagonalized according to irreducible representations of U(N). The

gauged version of the MQM, which amounts to restricting to the singlet sector of the Hilbert space, is well

known to reduce to a system of N identical non-relativistic fermions that are non-interacting apart from a
8The traceless constraint sets the single trace operators of length one, namely TrX and TrP , to zero, and

furthermore reduces the number of independent double trace expectation values after sorting words made out of
X and P using commutation relations and cyclicity of the trace.
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constraint that is unimportant in the large N limit,9 as we briefly review in Appendix C.2.1. In this work we

will be interested in the ungauged MQM, where thermal observables receive contributions from the singlet

as well as non-singlet representation sectors. The non-singlet sector dynamics does not reduce to that of

non-interacting fermions and is nontrivial even in the large N limit. The spectral problem in the adjoint

representation, for instance, has been studied in [111].

For the rest of this section, the objective of the thermal bootstrap is the energy expectation value at finite

temperature T = 1/β,

E(β) ≡ ⟨H⟩β = −
∂ logZ(β)

∂β
. (4.3.3)

4.3.1 The SDP problem at finite N

Extending the setup of section 4.2.2 to MQM, we consider a basis of U(N)-adjoint-valued operators Oi

constructed as the matrix product of an “open string” of X’s and P ’s. We denote by Bℓ the truncated basis

of all such operators that correspond to open string words up to maximal length ℓ. For instance,

B2 = {1,X,P,X2,XP,PX,P 2}, (4.3.4)

where each operator is understood as an N ×N matrix. The thermal two-point function of a pair of adjoint

operators, say Oab and O′cd, is decomposed according to U(N)-invariant tensor structures and reduces to

the expectation values of fully traced operators,

⟨OabO′cd⟩β =
1

N2 − 1
(δadδbc −

1

N
δabδcd)[⟨Tr(OO′)⟩β −

1

N
⟨TrOTrO′⟩β]

+ 1

N2
δabδcd⟨TrOTrO′⟩β .

(4.3.5)

9The traceless property of X amounts to constraining the sum of the N fermion coordinates to zero.
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It is crucial here that we work with the ungauged theory, in which Oab and O′cd are valid linear operators

acting on the Hilbert space.10 Let us also note that a priori, to optimize the bootstrap bounds one should also

include Oi in multi-adjoint representations, but this appears unnecessary for the numerical implementation

in this work.

As in the simple example of section 4.2.2, the expectation values of multi-trace operators are subject

to linear relations that follow from cyclicity of the trace, the reality condition ⟨O†⟩β = ⟨O⟩∗β , the canonical

commutation relation (4.3.2), and the Schwinger-Dyson equations ⟨[H,TrO⋯TrO′]⟩β = 0.11 Simple examples

of such linear relations are

⟨Tr(PX)⟩β − ⟨Tr(XP )⟩β = −i(N2 − 1),

− i⟨[H,Tr(XP )]⟩β = ⟨TrP 2⟩β − ⟨TrX2⟩β −
4g

N
⟨TrX4⟩β .

(4.3.6)

In our SDP implementation, the variables will include single-trace operators up to word length L, along with

all multi-trace operators that appear in the A,B,C matrices built out of adjoint Oi’s (e.g. in (4.3.5)), as well

as the multi-trace operators that arise through the Schwinger-Dyson equations and the cyclicity relations

that involve canonical commutators.

The positivity relations on thermal correlators can be organized according to the trace structures. In

the finite N MQM, we will work up to maximal word length L = 8, in which case only two types of trace

structures arise:

M(L,1)
ij = ⟨Tr(O†

iOj)⟩β , (4.3.7)

10In the gauged MQM, one would have to restrict Oi to traced operators, for which the thermal inequality (4.1.6)
trivializes in the planar limit due to the large N factorization, e.g. Aij = Bij +O(1/N).

11Note that in contrast to [9], we do not have linear relations of the form ⟨tr(GO)⟩ = 0 for SU(N) generator G, due
to the MQM being ungauged and that the thermal density matrix ρβ , although SU(N)-invariant, does not vanish
when multiplied by G from one side.
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corresponding to the exchange of adjoint representation between Oi,Oj ∈ BL/2, and

M(L,2)
ij = ⟨Tr(O†

i )Tr(Oj)⟩β , (4.3.8)

corresponding to the exchange of singlet representation between Oi,Oj .

The matrices A,B,C appearing in the KMS condition (4.1.6) are a priori built out of the thermal

expectation values of untraced operators. For instance, we can construct the matrix A in terms of

A
(L)ab,cd
ij = ⟨O†

i,abOj,cd⟩β , (4.3.9)

where Oi,Oj ∈ BL
2 −1

, and similarly for the B,C matrices. Of course, due to (4.3.5), not all components of

(4.3.9) are independent. It suffices to work with the basis operators Oi,11, Oi,21, giving rise to

A
(L)11,11
ij = 1

N(N + 1)
(⟨Tr(O†

iOj)⟩β + ⟨Tr(O†
i )Tr(Oj)⟩β),

A
(L)12,21
ij = 1

N2 − 1
(⟨Tr(O†

iOj)⟩β −
1

N
⟨Tr(O†

i )Tr(Oj)⟩β),

(4.3.10)

as well as the “off-diagonal” A(L)11,21ij and A(L)12,11ij . In the practice, we find that including the off-diagonal

components does not improve the thermal bootstrap bounds, and will therefore formulate the SDP problem

by collecting the positivity constraints that involve the {ab, cd} = {11,11}, and separately the {12,21},

components of A,B,C.

Given an objective Hermitian operator O which is a sum of words of length ≤ q, a rigorous lower (upper)

bound on the thermal expectation value ⟨O⟩β is obtained by solving the following SDP problem for any
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Figure 4.2: Bootstrap bounds on E(β)/(N2 − 1) in the ungauged one-matrix QM at finite N as well as at N =∞,
computed at coupling g = 2 with maximal word length L = 8, are shown in colors ranging from red to violet. For
N = 2, the Hamiltonian truncation results (shown in black dots) lie within the bootstrap bounds and differ from the
lower bound by ∼ 10−4 at low temperatures to ∼ 10−2 at T = 0.5.

L > q.

SDP(L) minimize (maximize) ⟨O⟩β subject to

1. Positivity of thermal density matrix: M(L,i) ⪰ 0

2. Normalization: ⟨1⟩β = 1

3. KMS condition: (4.2.11) with n = ∣BL
2 −1
∣, A = A(L), B = B(L), T = βC(L)

5. Cyclicity of the trace

6. Reality conditions

7. Canonical commutation relations

8. Schwinger-Dyson equations

(4.3.11)

We have solved the SDP problem for the energy expectation value E(β) = ⟨H⟩β as the objective using

MOSEK, with the (m,k) = (3,3) Gaussian quadrature approximation of the matrix logarithm, and working
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up to maximal word length L = 8. The results for finite values of N up to 10, as well as the infinite N limit

(see section 4.3.2), are shown in Figure 4.2. The bounds on E(β) in the N = 2 MQM is seen to be consistent

with the results from Hamiltonian truncation.12 Moreover, we observe that the lower bootstrap bound is in

close agreement with the physical values determined from Hamiltonian truncation.

4.3.2 The SDP problem in the infinite N limit

It is of particular interest to perform the thermal bootstrap directly in the infinite N or planar limit, where in

addition to the constraints considered in (4.3.11), the expectation values of multi-trace operators are further

determined by those of the single trace operators via the large N factorization,

⟨Tr(O1)⋯Tr(On)⟩β = ⟨Tr(O1)⟩β⋯⟨Tr(On)⟩β . (4.3.12)

While nonlinear constraints of the form (4.3.12) cannot be implemented directly in an SDP problem, they can

be relaxed to linear semidefinite constraints as demonstrated in [11, 19]. For our purpose, it is convenient to

first reduce the number of independent multi-trace expectation values using the Schwinger-Dyson equations,

⟨Tr(O1)⋯Tr(On−1)[H,Tr(On)]⟩β → ⟨Tr(O1)⟩β⟨Tr(O2)⟩β⋯⟨[H,Tr(On)]⟩β = 0, (4.3.13)

and handle the remaining independent multi-trace variables using the relaxation method. In the examples

we have encountered so far, the number of linearly independent multi-trace variables is either zero or small,

and we will simply omit the nonlinear constraints in this work.

The positivity relations are subject to a number of simplifications in the planar limit. First, the matrix
12The N = 2 MQM is equivalent to a system of three coupled harmonic oscillators. We truncate the Hilbert space

to the tensor product of three copies of the span of the first 14 energy eigenstates of a SHO, and then diagonalize
the Hamiltonian of the coupled harmonic oscillator within this space.
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Figure 4.3: The bootstrap bounds on E(β)/N2 at various values of coupling g, computed using MOSEK with
maximal word length L = 6 and L = 10, and using SDPA-DD with L = 8 for numerical stability. The upper and lower
bounds at L = 10, shown in black, are virtually indistinguishable in the plot; their difference is further exhibited in
Figure 4.4.

M(L,2)(4.3.8) becomes trivially positive and its correspinding positivity condition can be omitted. Next, the

matrices A(L)11,11 and A(L)12,21 (4.3.10) reduce to

A
(L)11,11
ij → 1

N2
(⟨Tr(O†

i )⟩β⟨Tr(Oj)⟩β),

A
(L)12,21
ij → 1

N2
(⟨Tr(O†

iOj)⟩β −
1

N
⟨Tr(O†

i )⟩β⟨Tr(Oj)⟩β).
(4.3.14)

Note that each trace comes with a factor of N . Similar simplifications occur for the B,C matrices. In fact,
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Figure 4.4: δE/E as a function of the temperature, where δE is the difference between the upper and lower bootstrap
bounds on the energy expectation value E, is shown in logarithmic scale at various values of coupling g and maximal
word length L.

we observe that the matrix C(L)11,11 vanishes in the planar limit, as

C
(L)11,11
ij → 1

N2
(⟨Tr(O†

i )⟩β⟨Tr([H,Oj])⟩β) = 0. (4.3.15)

In contrast, C(L)12,21 remains nontrivial in the planar limit,

C
(L)12,21
ij → 1

N2
(⟨Tr(O†

i [H,Oj])⟩β −
1

N
⟨Tr(O†

i )⟩β⟨Tr([H,Oj])⟩β)

= 1

N2
⟨Tr(O†

i [H,Oj])⟩β .
(4.3.16)

Consequently, the {11,11} component of the KMS condition (4.1.6) has no nontrivial temperature dependence
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in the planar limit and can be omitted, leaving the {12,21} component as the only nontrivial KMS condition

that enter the SDP problem (4.3.11).

Using these simplified positivity and KMS conditions in the planar limit, we have implemented the SDP

problem (4.3.11) with E(β) = ⟨H⟩β as the objective, using the (m,k) = (3,3) Gauss-Radau quadrature

relaxation of matrix logarithm and working up to maximal word length L = 10. The resulting upper and

lower bootstrap bounds are shown in Figure 4.3 at different values of the ’t Hooft coupling g. The gap

between the upper and lower bounds tightens dramatically as L increases, as exhibited in more detail in

Figure 4.4.

4.4 Comparison to analytic results

We now describe the analytic approach to the thermodynamics of the ungauged one-matrix quantum

mechanics (4.1.1), based on the conventional perturbative expansion of the functional integral in the high

temperature limit, and based on the long string effective theory [99, 100, 112] in the low temperature limit.

The thermal partition function Z(β) of the matrix QM can be formulated in terms of the Euclidean path

integral over the thermal circle [113–115],

Z(β) = ∫ DX exp(−∫
β

0
dτ Tr [1

2
(∂τX)2 +

1

2
X2 + g

N
X4]) , (4.4.1)

where X(τ) is subject to the periodic boundary condition X(τ + β) = X(τ). The energy expectation value

(4.3.3) can be expressed using Virial relation as

E(β) = 1

β
⟨∫

β

0
dτ (3g

N
TrX(τ)4 +TrX(τ)2)⟩. (4.4.2)

In the high temperature (small β) regime, (4.4.2) can be evaluated in perturbation theory. ExpandingX(τ) in
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its Fourier modes X(τ) = 1√
β
∑mXme

2πimτ/β , the kinetic term of the action reads ∑m
1
2
( 2πm

β
)2Tr (X−mXm).

In the β → 0 limit, only the zero mode X0 is relevant, and the functional integral of (4.4.2) reduces to the

matrix integral in X0,

E(β) =
∫ dX0 e

−Tr( 1
2X

2
0+

g
βN X4

0) ( 3g
β2N

TrX4
0 + 1

β
TrX2

0)

∫ dX0 e
−Tr( 1

2X
2
0+

g
βN X4

0)
+O(β

1
2 ). (4.4.3)

The exact solution of this matrix model is well known [116]. In the planar limit, for g > 0 (4.4.3) evaluates

to13 (see e.g. (3.7) of [19])

E(β) = N
2

β
[3
4
− γ − 2

3
γ2 + 2

3
γ

1
2 (1 + γ)

3
2 ] +O(β

1
2 ), γ ≡ β

48g
. (4.4.4)

The leading correction to (4.4.4) comes from a planar diagram that is 1-loop with respect to the nonzero

modes Xm/=0, which evaluates to 2

3
√
3
N2(βg) 1

2 .

To understand the low temperature regime, we begin with the decomposition of the thermal partition

function according to representations of SU(N),

Z(β) =∑
R

∑
sR

exp(−βEsR), (4.4.5)

where the first sum is taken over all representations R obtained from the symmetric products of the adjoint

(including the singlet), and the second sum is taken over energy eigenstates ∣sR⟩ in the representation R, of

energy EsR . At zero temperature (β = ∞), the sum on the RHS (4.4.5) reduces to the contribution from

the ground state which belongs to the SU(N) singlet sector. The latter admits a well-known free fermion

description (see Appendix C.2.1), in which the ground state corresponds to the fermion sea filling the N
13Note that while a naive power counting might have suggested that the MQM is weakly coupled at high

temperatures, the model at nonzero coupling g has a different β → 0 asymptotic behavior from the Gaussian model
at g = 0.
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Figure 4.5: Left: bootstrap results for β(E(β) −E0)/N2 in the ungauged one-matrix QM computed with maximal
word length L = 10, shown in solid black curve (where the distinction between the upper and lower bounds is invisible),
compared to the leading terms in the low temperature expansion (4.4.11) shown in dashed orange, and the leading
terms in the high temperature expansion (4.4.4) shown in dashed blue. Right: the upper and lower bootstrap bounds
on E(β)/N2 after subtracting off the low temperature approximation EL.T.(β)/N2 = e0 +∆1e

−β∆1 .
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lowest energy levels. In the large N limit, the ground state energy is

E(β =∞) = E0 = e0N2, (4.4.6)

where e0 is an order 1 number (see e.g. (C.2.12)).

The key observation [99, 100, 112, 117] is that the low lying states of the adjoint sector admit the effective

description in terms of a “long string”,14 and that the multi-adjoint sectors are described by multiple long

strings that are weakly interacting with one another in the low temperature limit. As reviewed in Appendix

C.2.2, the energy eigenstates ∣nadj⟩ in the adjoint sector are characterized by the long string wave function

wn(λ), where λ is the coordinate on the configuration space of matrix eigenvalues. The corresponding long

string creation and annihilation operators are denoted (a†
n)ab and (an)ba. The leading interaction between

a pair of long strings is characterized by the effective Hamiltonian

Hls =∑
n

∆nTr(a†
nan) +

1

2N
∑

n,m,k,ℓ

hkℓnm ∑
a,b,c,d

(a†
n)ab (a

†
m)cd (ak)bc (aℓ)da , (4.4.7)

where the coupling coefficients hkℓnm (C.2.16) is determined in Appendix C.2.3 from the bi-adjoint sector of

the MQM.

The effect of the long string interaction is most easily understood by reformulating (4.4.7) in terms of the

path integral based on the Euclidean action

SE = ∫
β
2

− β
2

dτ Tr
⎡⎢⎢⎢⎢⎣
∑
n

ϕ∗n (∂τ +∆n)ϕn +
1

2N
∑

n,m,k,ℓ

hkℓnmϕ
∗
nϕkϕ

∗
mϕℓ

⎤⎥⎥⎥⎥⎦
, (4.4.8)

14The terminology refers to the holographic interpretation of the adjoint sector of a large N gauge theory as a
long open string whose ends are anchored to classical quark sources on the asymptotic boundary. In particular, the
quartic interaction appearing in the effective Hamiltonian (4.4.7) can be understood as a long strings reconnecting
in the bulk.
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where (ϕn)ab(τ) are adjoint-valued field variables on the thermal circle parameterized by τ ∈ [−β/2, β/2].

The propagator for ϕn is given by the Green function

Gnm(τ) = δnm
exp (−∆nτ − β∆n

2
)

1 − exp(−β∆n)
exp(β∆n

2
sgn(τ)) , (4.4.9)

where sgn is the sign function, and the adjoint indices are suppressed. Note that (4.4.9), by construction,

satisfies the periodic boundary condition at τ = ±β/2. On the other hand, there is a discontinuity of G(τ) at

τ = 0, and in particular G(0−) and G(0+) are distinct. A self-contraction on a vertex in a Feynman diagram

is computed using Gnm(0−) = δnm

exp(β∆n)−1 , as dictated by the ordering prescription of (4.4.7). The long string

thermal partition function in the planar limit up to 2-loop order is computed as

logZ(β) = N2
⎡⎢⎢⎢⎣
−∑

n

log(1 − e−β∆n) − β ∑
n,m

hnmnm

(eβ∆n − 1)(eβ∆m − 1)
+O(h2)

⎤⎥⎥⎥⎦
. (4.4.10)

Note that the corrections due to long string interactions are suppressed in the low temperature limit, as

G(τ) is supported at positive τ only and all planar graphs constructed from the interaction vertex of (4.4.8)

are suppressed. We thus find the low temperature expansion of the energy expectation value in the planar

limit, including the ground state energy (4.4.6),

E(β)
N2

= e0 +∆1 exp(−β∆1) +O(e−β∆2 , e−2β∆1), (4.4.11)

where ∆1 is the lowest energy eigenvalue of a long string (C.2.12), and the omitted terms include contributions

from the excited long strings as well as multi-long string states.

In Figure 4.5 the bootstrap bounds on E(β) are seen to interpolate between the leading order results in

the high temperature expansion (4.4.4) and in the low temperature expansion (4.4.11), and is consistent with

125



both in the respective high and low temperature limits. In the low temperature regime, the bootstrap bounds

are sufficiently tight to allow for the extraction of the energy gap ∆1 of the adjoint sector that appears in

(4.4.11), giving results within 0.5% (3%) of the physical value (C.2.12) when fit to the lower (upper) bound.

In the intermediate temperature regime, the bootstrap has provided numerical solutions beyond what is

easily accessible by the analytic methods.

4.5 Thermal phase transition at large N
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Figure 4.6: Left: the domain of E(β)/N2 (shaded light blue) allowed by the upper and lower bootstrap bounds
(solid blue) at various values of negative coupling g, computed with maximal word length L = 10. The low temperature
expansion result, i.e. EL.T.(β)/N2, is shown in dashed orange. Right: the allowed domain of (E(β) −EL.T.(β))/N2.
The dashed red vertical line marks T = TSDP

c beyond which the bootstrap SDP is found to be infeasible (using
SDPA-DD), indicating that no KMS state exists at temperatures above TSDP

c .

Even for a Hamiltonian that is unbounded from below, there can be metastable states that become stable
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Figure 4.7: Upper bounds on the critical temperature Tc as a function of the (negative) coupling g, computed using
SDPA-DD at maximal word length L = 10. The red vertical line marks g = gc at which Tc vanishes.

in the planar limit. For instance, the system (4.1.1) with potential (4.3.1) admits a singlet ground state so

long as the quartic coupling g lies in the range g ≥ gc ≡ −
√
2

6π
. We can ask if the analogous thermal state at a

given temperature T exists in the planar limit, for g in the range gc ≤ g < 0.

At T = 0, the thermal state reduces to the ground state and thus exists for g ≥ gc. Exactly at g = gc,

the singlet ground state is described by a Fermi sea, whose Fermi energy is equal to the maximum of the

potential V . In this case, a nonzero temperature would lead to the fermions spilling over the potential barrier,

leading to an instability. We therefore expect that the thermal state with T > 0 does not exist at g = gc. For

gc < g < 0, a thermal state may exist for nonzero temperature T below a certain critical value Tc(g). Tc(g)

must be finite, as the high temperature limit is characterized by the matrix integral (4.4.3) which is unstable

for any negative g.

Figure 4.6 shows the bootstrap bounds on E(β) for g < 0. In the SDP formulation of the thermal bootstrap,

we can ask if the bootstrap constraints at a given g < 0 are feasible or infeasible at some temperature

T = TSDP . If the constraints are found to be infeasible, we conclude that Tc ≤ TSDP . As such, the SDP

provides a rigorous upper bound on the critical temperature Tc. This infeasibility test is performed at various
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values of g < 0 and T using SDPA-DD.

Figure 4.7 shows the upper bound on the critical temperature TSDP
c , that is the minimal value of T = TSDP

at which the bootstrap constraints are found by SDPA-DD to be infeasible (by producing phase.value =

pdINF), scanned over negative values of g. An interesting observation is that bootstrap bounds in Figure

4.6 loosens as the temperature increases from zero, but tightens again as the temperature approaches TSDP
c .

4.6 Future prospects

We have thus far applied the thermal bootstrap, based on Schwinger-Dyson equations and the KMS condition

reformulated as an SDP problem through quadrature relaxations of the matrix logarithm, to the ungauged

one-matrix QM and have obtained reasonably tight bounds on the energy expectation value at finite

temperature that go beyond what is easily accessible through analytic methods in both the high temperature

expansion and the low temperature expansion. The bootstrap bounds are tight enough in the low temperature

regime to match with the leading correction in the low temperature expansion (4.4.11) due to the lowest

energy long string state in the adjoint sector of the MQM, but not yet tight enough to distill the excited

long string states and the effects due to interactions between long strings. The latter is an interesting target

for improving the efficiency and precision of the thermal bootstrap algorithm in the near future.
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Figure 4.8: The allowed region of the thermal expectation value E(β)/N2 in the two-matrix QM with potential
(4.6.1), computed from the bootstrap bounds at maximal word length L = 4.
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The thermal bootstrap is of course not limited to the one-matrix QM. This is readily demonstrated by

a preliminary bootstrap analysis of the two-MQM system (4.1.8), consisting of Hermitian matrix valued

coordinates X1,X2 and their conjugate momenta P1, P2, interacting through the potential

V (X1,X2) =
1

2
(X2

1 +X2
2) −

g

N
[X1,X2]2 . (4.6.1)

The setup of the SDP problem is identical to that of section 4.3, starting with the truncated basis of adjoint

operators Bℓ that contains open string words made out of the letters X1,X2, P1, P2 up to length ℓ. For

instance, (4.3.4) is now replaced with

B2 = {1,X1,X2, P1, P2,X
2
1 ,X1X2,X2X1,X

2
2 ,X1P1, P1X1,

X1P2, P2X1,X2P1, P1X2,X2P2, P2X2, P
2
1 , P1P2, P2P1, P

2
2 }.

(4.6.2)

We have implemented the SDP problem (4.3.11) with the objective E(β) = ⟨H⟩β in the planar limit, working

up to maximal word length L = 4 for the thermal expectation values appearing in the A,B,C matrices. The

resulting bounds as functions of the temperature are shown in Figure 4.8.

Evidently, the set of basis operators up to a given word length L grows rapidly with the number of matrix

canonical variables in a multi-matrix QM, posing a daunting challenge for the thermal bootstrap SDP setup.

On the other hand, preliminary analysis of the 2-matrix QM suggests that meaningful bootstrap bounds in

a multi-matrix QM may be obtained without necessarily going to high values of L, so long as the truncated

basis of operators is itself reasonably large. It remains to be seen whether the thermodynamics of holographic

MQM such as the (ungauged [117]) BFSS model is tractable in the bootstrap approach.

An unresolved challenge for the bootstrap method developed in this work is the thermodynamics of

gauged MQM. In contrast to the ungauged MQM in section 4.3 where it was crucial that the Oi’s are
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untraced operators corresponding to open string words, in a gauged system the matrices A,B,C (4.1.4),

(4.1.5) can only be built out of gauge-invariant basis operators Oi, and the KMS inequality (4.1.6) trivializes

in the planar limit due to large N factorization. One possible workaround is to implement the gauging not by

restricting the Hilbert space to the singlet sector directly, but by deforming the ungauged MQM Hamiltonian

so as to lift the energy of the non-singlet sectors. However, this introduces additional complexity into the

Hamiltonian and the Schwinger-Dyson equations, and its numerical effectiveness remains unclear at the

moment. On the other hand, in holographic theories the non-singlet sectors may be lifted by the strong

coupling dynamics at large N [117], in which case gauging (for the bootstrap) may be unnecessary after all.
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A
Appendix to Chapter 2

A.1 The lightcone Hamiltonian in terms of ladder operators

In the main text we decomposed Ĥ4 into the pieces giving the tree-level amplitudes in each channel plus the

particle number nonconserving interactions,

Ĥ4 = ĤS
4 + ĤA

4 + ĤP-P
4 + ĤA-A

4 + Ĥ3→1
4 + Ĥ1→3

4 . (A.1.1)
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ĤS
4 was given by (2.2.21). The other channels can be worked out similarily,

ĤA
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i )(2π)2δ2(p14 + p23)H
reg
4 (p1,−p3,−p2, p4; δ,Λ)

× b†
k(p4)a

†
ℓ̄
(p3)bk̄(p2)aℓ(p1) ,

ĤP-P
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i )(2π)2δ2(p14 + p23)
1

2
Hreg

4 (p2,−p3, p4,−p1; δ,Λ)

× a†
ℓ̄
(p4)a

†
k̄
(p3)ak(p2)aℓ(p1) ,

ĤA-A
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i )(2π)2δ2(p14 + p23)
1

2
Hreg

4 (−p4, p1,−p2, p3; δ,Λ)

× b†
ℓ(p4)b

†
k(p3)bk̄(p2)bℓ̄(p1) ,

(A.1.2)

where Hreg
4 was written in (2.2.22 – 2.2.24). The particle number nonconserving interactions are

Ĥ3→1
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i )(2π)2δ2(p1 + p2 + p3 − p4)

× (Hreg
4 (p1, p2, p4,−p3; δ,Λ)a

†
ℓ̄
(p4)aℓ(p3)bk̄(p2)ak(p1)

+Hreg
4 (p2, p1,−p3, p4; δ,Λ) b

†
ℓ(p4)bℓ̄(p3)ak(p2)bk̄(p1)) ,

Ĥ1→3
4 = ∫

4

∏
i=1

d2pi
(2π)2

Θ(p+i )(2π)2δ2(p4 − p3 − p2 − p1)

× (Hreg
4 (−p2,−p1, p3,−p4; δ,Λ)a

†
ℓ̄
(p1)b

†
ℓ(p2)a

†
k̄
(p3)ak(p4)

+Hreg
4 (−p1,−p2,−p4, p3; δ,Λ) b

†
ℓ(p1)a

†
ℓ̄
(p2)b

†
k(p3)bk̄(p4)) .

(A.1.3)

A.2 The T -matrix from Lippmann-Schwinger equation

Starting with the Lippmann-Schwinger equation for the in/out-states in terms of the free-particle basis states,

either (2.3.2) or equivalently

∣α⟩in/out = (1 + 1

Eα − Ĥ ± iϵ
V̂ )∣α⟩0, (A.2.1)
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we can rewrite the S-matrix elements as

out⟨β∣α⟩in = 0⟨β∣α⟩in + 0⟨β∣V̂ 1

Eβ − Ĥ + iϵ
∣α⟩in

= 0⟨β∣α⟩0 + 0⟨β∣ 1

Eα − Ĥ2 + iϵ
V̂ ∣α⟩in + 1

Eβ −Eα + iϵ
0⟨β∣V̂ ∣α⟩in

= 0⟨β∣α⟩0 − 2πiδ(Eα −Eβ) 0⟨β∣V̂ ∣α⟩in,

(A.2.2)

where we used (A.2.1) for out⟨β∣ in the first equality, and (2.3.2) for ∣α⟩in in the second equality. This gives

(2.3.3) with the expression (2.3.4) for the T -matrix element.

A.3 Glossary of notations

In this Appendix we recap various symbols introduced in this paper, and list some additional useful relations.

In the 2 → 2 scattering process, we label the incoming momenta by p1, p2, and the outgoing momenta

by p3, p4. The gauge-singlet particle/anti-particle in-state ∣p⃗1, p⃗2⟩in is normalized covariantly according to

in⟨p⃗3, p⃗4∣p⃗1, p⃗2⟩in = I(p3, p4∣p1, p2) (2.1.3), and similarly for the out-state ∣p⃗3, p⃗4⟩out.

In lightcone coordinates, the mass-shell relation reads −p−i =
(p⊥i)

2+m2

2p+i
. Working at fixed total lightcone

momentum P + = p+1 + p+2 = p+3 + p+4 , we parameterize the incoming momenta with (x, p), and the outgoing

momentum by (y, q), defined in (2.1.6). Further working at a fixed Mandelstam variables s = −(p1 + p2)2 =

−(p3 + p4)2, we have labeled the in-states with (x, a = ±), and the out-states with (y, b = ±). The transverse

momenta p and q are related by

p = a ℓ∗(x), q = b ℓ∗(y), (A.3.1)

with ℓ∗ defined in (2.3.23).

The asymptotic states in the lightfront quantization are deonted ∣x, p⟩in and ∣y, q⟩out respectively. They

are related to the covariant basis states by a normalization factor N (α), as in (2.3.29) and (2.3.30). The
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phase of N (α), denoted eiφ(α), is determined through (2.4.28), (2.4.30), and (2.4.6). In other words, we

found φ(α) = (1 + λ̃)φ(0)(α), where φ(0)(α) is the tree-level phase correction (2.4.6).

Alternatively, we can label the in- and out-states in the center-of-mass frame by the angles α and β,

defined in (2.3.27). They are related to (x, p) and (y, q) by

cosα =
√
s√

s − 4m2
(1 − 2x), sign(sinα) = −sign(p),

cosβ =
√
s√

s − 4m2
(1 − 2y), sign(sinβ) = −sign(q).

(A.3.2)

The scattering angle θ ≡ β − α can be expressed in terms of (x, a) and (y, b) through

cot θ
2
= 1√

s
[−2im + i x(1 − x)y(1 − y)

(x − y)(s − 4m2)
u−a(x)u+b (y)(u+a(x) − u−b (y))] , (A.3.3)

where u±a(x) are defined in (2.4.7).

The part of the lightcone Hamiltonian relevant for the planar singlet channel amplitude is (2.2.19). The

interaction ĤS
4 is expanded in terms of the fermion creation and annihilation operators with coefficient Hreg

4

defined in (2.2.21). The latter is further separated (2.2.22) into a classical term Hcl
4 (2.2.23) and a counter

term C4 (2.2.24). The interaction “potential” Vba(y∣x) appearing in the manifestly finite integral equation

(2.3.25) is none other than a rewriting of Hcl
4 (2.3.26) in terms of the variables (x, a) and (y, b) at fixed s.

The 2 → 2 scattering amplitude in the singlet channel is expressed through the T -matrix. The covariant

T -matrix element TS(s, θ) is defined in (2.1.2), and is decomposed in terms of the forward-distribution

coefficient T0(s), and the function part T̃ (s, θ), defined in (2.1.4). The analogous T -matrix elements in the

lightfront basis is denoted T (y, q∣x, p) or equivalently at fixed s, T ba(y∣x), and decomposed into the forward-

distribution coefficient T0(x) and the function part T̃ ba(y∣x) via (2.1.8). Their relation to the covariant

T -matrix element is given in (2.1.10). The T -matrix element at L-loop order is denoted, after stripped off
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the factor λL+1, by the same symbol with a superscript (L).

A.4 Derivation of the finite integral equation

We begin with the observation that δC(q, y∣p, x; δ,Λ) defined in (2.3.18) vanishes in the δ → 0 limit, and is

regular at x = 0,1. Consider the L-loop amplitude (L > 1)

T (L)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ε)

×
⎡⎢⎢⎢⎢⎣
T (0)(y, q∣z, ℓ)T (L−1)(z, ℓ∣x, p) + λ−2C4(y, q∣z.ℓ; δ,Λ)T (L−2)(z, ℓ∣x, p)

⎤⎥⎥⎥⎥⎦
,

(A.4.1)

where

G(z, ℓ∣x, p; ϵ) = [ p
2 +m2

2x(1 − x)
− ℓ2 +m2

2z(1 − z)
+ iϵ]

−1

. (A.4.2)

Using (2.3.18), we can write

T (L)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ϵ)

⎡⎢⎢⎢⎢⎣
T (0(y, q∣z, ℓ)T (L−1)(z, ℓ∣x, p)

+ Λ(P +)2

2π2
−∫

1− δ
P+

δ
P+

dz′ 2z′(1 − z′)T (0)∞ (y∣z′)T (0)∞ (z′∣z)T (L−2)(z, ℓ∣x, p)

+ λ−2δC(y, q∣z, ℓ; δ,Λ)T (L−2)(z, ℓ∣x, p)
⎤⎥⎥⎥⎥⎦
.

(A.4.3)

Assuming that T has at most a simple pole at z = 0,1, which will be justified a posteriori, together with the

facts that K vanishes at z = 0,1 and that δC is regular in the integration range, we conclude that the last

term in the bracket of (A.4.3) has a vanishing contribution. Next, we change the order of integration in the

135



second line of (A.4.3) and write

T (L)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

⎡⎢⎢⎢⎢⎣

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ϵ)T (0)(y, q∣z, ℓ)T (L−1)(z, ℓ∣x, p)

+ Λ(P +)4

8π4
−∫

1− δ
P+

δ
P+

dz′ 2z′(1 − z′)T (0)∞ (y∣z′)−∫
1− δ

P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ϵ)T (0)∞ (z′∣z)T (L−2)(z, ℓ∣x, p)

⎤⎥⎥⎥⎥⎦
.

(A.4.4)

In the second line, the z′-integral can at most produce a log divergence in δ, while the z-integral gives a

non-singular power series in δ. Furthermore, the ℓ-integral gives a result that is finite in the Λ → ∞ limit.

Therefore, we can take the limit on the z, ℓ integral, giving

T (L)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

⎡⎢⎢⎢⎢⎣

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ϵ)T (0)(y, q∣z, ℓ)T (L−1)(z, ℓ∣x, p)

+ Λ(P +)4

8π4
−∫

1− δ
P+

δ
P+

dz′ 2z′(1 − z′)T (0)∞ (y∣z′)−∫
1

0
dz∫

∞

−∞
dℓG(ℓ, z∣x, p; ϵ)T (0)∞ (z′∣z)T (n−2)(z, ℓ∣x, p)

⎤⎥⎥⎥⎥⎦
.

(A.4.5)

Next, we reintroduce a trivial ℓ′-integral, and then relabel z′, ℓ′ ↔ z, ℓ,

T (L)(y, q∣x, p) = lim
Λ→∞

lim
δ→0

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz∫
Λ

−Λ
dℓG(z, ℓ∣x, p; ϵ)

⎡⎢⎢⎢⎢⎣
T (0)(y, q∣z, ℓ)T (L−1)(z, ℓ∣x, p)

+ (P
+)2

2π2
z(1 − z)T (0)∞ (y∣z)−∫

1

0
dz′ ∫

∞

−∞
dℓ′G(z′, ℓ′∣x, p; ϵ)T (0)∞ (z∣z′)T (L−2)(z′, ℓ′∣x, p)

⎤⎥⎥⎥⎥⎦
.

(A.4.6)

By inspecting (2.3.14) and the definition (2.3.22), we have

T∞(z∣x, p) = lim
Λ→∞

lim
δ→0

⎡⎢⎢⎢⎢⎣
λT (0)∞ (z∣x) + λ

(P +)2

(2π)2
−∫

1− δ
P+

δ
P+

dz′ ∫
Λ

−Λ
dℓ′G(ℓ′, z′; ε)T (0)∞ (z∣z′)T (z′, ℓ′∣x, p)

⎤⎥⎥⎥⎥⎦
, (A.4.7)

We see that (A.4.5) is precisely L-loop (i.e. order λL+1) part of (2.3.21), for L > 1.
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A.5 Numerical check of the all-order solution

In this appendix, we verify numerically that the analytic ansatz (2.4.31), together with the coupling redefinition

(2.1.11), satisfies the integral equation (2.4.22). This is performed by a direct comparison of the two sides of

(2.4.22) evaluated with the ansatz.

n = 1

n = 2

n = 3

Re(T̃ (s, π/4))

Im(T̃ (s, π/4))

n = 1
n = 3

s

s

s
s

λ̃ = 1/4

λ̃ = 1/4

n = 2

Figure A.1: Numerical tests of the integral equation at coupling λ̃ = 1/4 and scattering angle θ = β − α = π/4 for
a range of s (having set m = 1). The left panel compares the real part of T̃ (s, θ) (black) to ∑n

L=0 λ
L+1T̃ (L)(s, θ)

(orange) up to three-loop order. The right panel compares the imaginary part, with all-order results in black, and
perturbative results in purple. The deviation between the two sides of the integral equation for the all-orders ansatz
is shown in the lower panels.

Figure A.1 shows such a numerical test for the real and imaginary part of the function part of the

amplitude in the covariant basis, T̃ (s, θ), at λ̃ = 1
4

and scattering angle θ = π
4

over a range of s. As Lorentz

invariance is not manifest in (2.4.22), we have chosen the incoming angle α = π
2

and outgoing angle β = 3π
4

.

The numerical integral is evaluated using the “PrincipalValue” method of NIntegrate in Mathematica. The

agreement with the integral equation is well within 7 significant digits. We have also included a comparison

with the perturbative results up to n-loop ordfer, for n = 1,2,3. The perturbative convergence supports the

claim of a unique solution to (2.3.25).

Figure A.2 shows an analogous plot at strong coupling λ̃ = 9
10

, and a plot of the angular dependence at
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Re(T̃ (s, π/4))

Im(T̃ (s, π/4))

Re(T̃ (6, β − π/4))

Im(T̃ (6, β − π/4))

s

s

β

β

λ̃ = 9/10 λ̃ = 1/2

Figure A.2: Additional numerical tests comparing two sides of the integral equation (2.3.25) with the analytic
ansatz. The left panel shows strong coupling data in the same kinematic setup as that of Figure A.1. The right panel
shows data at fixed center-of-mass energy, with s = 6, and fixed incoming angle α = π/4. The deviation between two
sides of the integral equation, for the real and imaginary parts of T̃ , are shown in the lower panels.

λ̃ = 1
2
. The agreement is within 6 significant digits.
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B
Appendix to Chapter 3

B.1 Coefficients in the spin-flip equations

In the d = 2 case, the nonzero Cn,ℓ coefficients appearing in (3.2.3) are1

C2k,2 =
22k − 24k−4

3
, C2k,4 =

24k−6 − 22k−4

3
,

C2k+1,1 =
22k+2 − 24k

3
, C2k+1,3 =

24k−2 − 22k−2

3
.

(B.1.1)

We can perform the infinite sums in (3.2.6) to obtain the following non-vanishing Aℓ,Bℓ coefficients,

A2 =
−15 + 16 cosh(4J) − cosh(8J)

48
, A4 =

3 − 4 cosh(4J) + cosh(8J)
192

,

B1 =
8 sinh(4J) − sinh(8J)

12
, B3 =

−2 sinh(4J) + sinh(8J)
48

.

(B.1.2)

1These formulae can be found using “FindSequenceFunction” in Mathematica.
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In the d = 3 cases, the nonzero Cn,ℓ’s are

C2k,2 = C2k−1,1 = −
2−4+2k(−270 + 27 ⋅ 22k − 2 ⋅ 9k)

45
,

C2k,4 = C2k−1,3 =
2−7+2k(−39 + 3 ⋅ 22+2k − 9k)

9
,

C2k,6 = C2k−1,5 = −
2−9+2k(−15 + 3 ⋅ 21+2k − 9k)

45
.

(B.1.3)

After performing the sums, we obtain

A2 =
−245 + 270 cosh(4J) − 27 cosh(8J) + 2 cosh(12J)

720
,

A4 =
28 − 39 cosh(4J) + 12 cosh(8J) − cosh(12J)

1152
,

A6 =
−10 + 15 cosh(4J) − 6 cosh(8J) + cosh(12J)

23040
,

B1 =
45 sinh(4J) − 9 sinh(8J) + sinh(12J)

60
,

B3 =
−13 sinh(4J) + 8 sinh(8J) − sinh(12J)

192
,

B5 =
5 sinh(4J) − 4 sinh(8J) + sinh(12J)

3840
.

(B.1.4)

B.2 A sample analytic bootstrap bound

A simple analytic bound on the spin magnetization can be obtained by consideration of the 131 diamond

described in section 3.2.1. In addition to the spin correlators (3.2.8), we have spin correlators with odd

number of spins,

y1 = ⟨s0⟩, y2 = ⟨s−e1s0se1⟩, y3 = ⟨s0se1se2⟩,

y4 = ⟨s−e1se1se2⟩, y5 = ⟨s−e1s0se1s−e2se2⟩.
(B.2.1)
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The additional spin-flip equations, corresponding to spin configurations sA with A = {0}, {0,±e1}, {0, e1, e2},

{±e1, e2}, and {0,±e1,±e2}, determine all correlators but y1 to be

y2 = y3 = −y1
1 + cosh(4J) − 2 sinh(4J)

2 sinh2(2J)
,

y4 = −y1
2 cosh(2J) + 2 cosh(6J) + sinh(2J) − 3 sinh(6J))

4 sinh3(2J)
,

y5 = −y1
1 + 3 cosh(4J) − 4 sinh(4J)

2 sinh2(2J)
.

(B.2.2)

Assuming J, y1 ≥ 0, each first Griffiths inequality yi ≥ 0, with i = 2,4,5, therefore implies a rigorous bound

on the magnetization, the strictest coming from y5 ≥ 0:

y1 = 0 for J ≤ ln(1 + 2
√
2)

4
. (B.2.3)

B.3 An alternate form for the spin-flip equations

Consider the spin-flip equations in the form

(1 − 2χA(z)) ⟨sA⟩ = ⟨sA exp
⎡⎢⎢⎢⎣
−2Jsz

d

∑
µ=1
(sz+eµ + sz−eµ) − 2hsz

⎤⎥⎥⎥⎦
⟩ , (B.3.1)

which are decomposed as

(1 − 2χA(z)) ⟨sA⟩ = ⟨sA exp [−2hsz]
d

∏
µ=1

exp [−2Jszsz+eµ] exp [−2Jszsz−eµ]⟩ . (B.3.2)
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Since the product of spins can take only two values,

exp [−2Jsxsy] = cosh(2J) − sinh(2J)sxsy ,

exp [−2hsz] = cosh(2h) − sinh(2h)sz .
(B.3.3)

Substituting and expanding gives a product over µ of the 1d loop equations,

(1 − 2χA(z)) ⟨sA⟩ = ⟨sA ( cosh(2h) − sz sinh(2h))
d

∏
µ=1
∏
±
( cosh(2J) − szsz±eµ sinh(2J))⟩ , (B.3.4)

which is a finite product of (2d + 1) terms multiplying sA, hence roughly as difficult to expand and simplify

as sAs0w2d in (3.2.5). Note the simple dependence on d.

142



C
Appendix to Chapter 4

C.1 SDP solvers

In this work, we use two SDP solvers to implement the thermal bootstrap at the numerical level. The

first is the double precision solver MOSEK [80] with default parameter values. The second is the double-

double precision solver SDPA-DD [81, 118, 119], with following parameter values: epsilonStar=1.0E-0,

lambdaStar=1.0E3, omegaStar=2.0, lowerBound=-1.0E5, upperBound = 1.0E5, betaStar=0.1, betaBar=0.2,

gammaStar=0.9, epsilonDash=1.0E-9.1 Unless otherwise mentioned, we use MOSEK to produce upper and

lower bounds on the finite temperature observables since it is much faster than SDPA-DD. However, there

are cases where MOSEK is numerically unstable and does not find optimal solutions. In such cases, we use
1The vanilla SPDA solver was used for finite N results with parameter values: epsilonStar=1.0E-6, betaStar=0.1,

betaBar=0.2, gammaStar=0.5, epsilonDash=1.0E-6.
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the higher precision solver SDPA-DD to find either bounds or infeasibility certificates. We explicitly mention

whenever SDPA-DD is used. MOSEK was run on a single-core FAS Research Computing cluster at Harvard

University, and SDPA-DD was run on a 10-core Intel i9-10900F processor. Sample computing times for these

solvers are displayed in the following tables.

Table C.1: Anharmonic oscillator at L = 10 in SDPA-DD (Section 4.2.2). The SDP problem had 10 variables after
the commutation relations and Schwinger-Dyson equations were imposed, in addition to the auxiliary matrices Tj

and Zi. The positivity matrix was 63 × 63 and the A, B, C and auxiliary matrices were 16 × 16.

Setup Runtime

(m,k) = (2,2) ∼ a few minutes

(m,k) = (3,3) ∼ 10 minutes

(m,k) = (4,4) ∼ 20 minutes

Table C.2: One-matrix quantum mechanics at N =∞ (Section 4.3.2). The L = 10 SDP problem had 175 variables
after taking the cyclicity of trace, commutation relations and Schwinger-Dyson equations into account, in addition to
the auxiliary matrices Tj and Zi. The positivity matrix was 126 × 126 and the A, B, C and auxiliary matrices were
120 × 120.

Setup Solver Runtime

g > 0, L = 8 SDPA-DD ∼ a few minutes

g > 0, L = 10 MOSEK ∼ 10 seconds − 1 minute

g < 0, L = 10 infeasibility test SDPA-DD ∼ a few hours

As shown in the tables, the SDP solver time is relatively short. The main computing bottleneck in

extending these results to longer length words is setting up the positivity matrices and reducing the number

of variables using cyclicity of the trace and Schwinger-Dyson equations. For example, at L = 10 it takes

approximately ∼ 41 minutes and ∼ 46.5 GB of memory to generate the symbolic SDP matrices.
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C.2 Fermions and long strings

In this Appendix, we brief review the fermion representation of the one-matrix QM, in the singlet as well as

non-singlet sectors, largely following [100, 111, 120, 121], and derive an effective Hamiltonian for long string

interactions that captures leading order effects in the low temperature expansion.

Here we consider the Hamiltonian (4.1.1) without the traceless constraint on X and P , as the traceless

constraint is unimportant in the large N limit. We begin by writing X = Ω−1ΛΩ, where Λ = diag (λ1,⋯, λN)

is a diagonal matrix, and Ω is a unitary matrix whose elements are denoted Ωia. While the indices i and a

both range from 1 to N , they play different roles. In particular, the index i labels the eigenvalues λi, whereas

the index a transforms in the fundamental representation of the U(N) global symmetry. The Hamiltonian

can be equivalently expressed in terms of Λ and Ω as

H =
N

∑
i=1
[−1

2

∂2

∂λ2i
+ V (λi)] +

1

2
∑
i≠j
[− 1

λi − λj
∂

∂λi
+

RijRji

(λi − λj)2
] , (C.2.1)

where Rij ≡ ∑aΩia
∂

∂Ωja
. Note that while Rij obey the commutation relations of a u(N) algebra, they do

not transform under the U(N) global symmetry. Introducing Q =∏i<j(λi − λj), we can write H = Q−1H ′Q,

where

H ′ =
N

∑
i=1
[−1

2

∂2

∂λ2i
+ V (λi)] +

1

2
∑
i≠j

RijRji

(λi − λj)2
. (C.2.2)

The Schrödinger equation Hψ(Λ,Ω) = Eψ(Λ,Ω) is then equivalent to

H ′ψ′(Λ,Ω) = Eψ′(Λ,Ω), ψ′(Λ,Ω) ≡ Qψ(Λ,Ω). (C.2.3)
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C.2.1 The singlet sector

Singlet wave function ψ′s does not depend on Ω and thus we have

H ′ψ′s(Λ) =
N

∑
i=1
[−1

2

∂2

∂λ2i
+ V (λi)]ψ′s(Λ). (C.2.4)

Action of SN gauge symmetry permuting the eigenvalues λi, when acting on ψ′s(Λ), produces extra minus

signs due to the factor Q. Therefore, ψ′s(Λ) should be antisymmetric under the exchange of a pair of

eigenvalues and the problem reduces to non-interacting fermions each of which are subject to the potential

V (λ). The ground state is simply described by N fermions filling in the lowest N energy eigenstates.

In ’t Hooft large N limit, semiclassical approximation can be employed to compute the energy and

eigenvalue distribution of the ground state. Introducing the rescaled potential v(λ) such that V (λ) =

Nv(λ/
√
N), the semiclassically quantized phase-space area is given by

NJ(e) = N
π
∫

λ+(e)

λ−(e)
dλ
√
2(e − v(λ)), (C.2.5)

where Ne is the energy of a single fermion subject to the potential V (λ) and λ±(e) are turning points of

v(λ). Fermi energy ef is defined as the solution to J(ef) = 1. The ground state energy at the leading order

in large N is then given by

E0 = e0N2, e0 = ef −
1

3π
∫

λ+(ef )

λ−(ef )
dλ (2(ef − v(λ)))

3
2 , (C.2.6)

and the ground state eigenvalue distribution is given by

ρ(λ) = 1

π

√
2(ef − v(λ)). (C.2.7)
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At large N , unbounded potentials may still lead to singlet ground states of finite energies. We can for

example take V (λ) = λ2

2
+ g

N
λ4 with negative g. There is a potential well around λ ∼ 0 which can accomodate

fermion energy levels, and there is no tunneling to the outside of the well in the ’t Hooft limit. Therefore, as

long as the Fermi level ef is smaller than the maximum of the potential v(λ) = λ2

2
+ gλ4, states obtained by

filling in the energy levels within the well are stable and carry finite energies. Once g is negative enough such

that ef is greater than the maximum of the potential, there is no finite energy ground state. This transition

happens at the critical coupling

g = gc ≡ −
√
2

6π
. (C.2.8)

C.2.2 The adjoint sector

In the adjoint sector of the MQM, wave functions a priori take the form Ω†
bjΩiafij(Λ). A U(1)N gauge

redundancy of the (Λ,Ω) parameterization further leads to the restriction i = j,2 and moreover the wave

function should be invariant under the SN permutation on the index i of Ωia along with the eigenvalue λi’s.

We will denote by ∣ia; jb⟩ the state that corresponds to the basis wave function Ω†
bjΩia,3 normalized such

that ⟨kc; ℓd∣ia; jb⟩ = δacδikδbdδjℓ. An ansatz for the energy eigenstate in the adjoint sector is

∣w⟩ab =
N

∑
i=1
w(λi)ψ0(λ1,⋯, λN)∣ia; ib⟩, (C.2.9)

2This is referred to as the zero weight condition in [99, 100, 112].
3Strictly speaking, we should subtract off 1

N
δabδij , but this will be unimportant in the large N limit of interest.
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where ψ0(λ1,⋯, λN) is the unit-normalized ground state wave function in the singlet sector. The spectral

problem becomes

H ′∣w⟩ab =
N

∑
i=1

⎡⎢⎢⎢⎣
−1
2
∂2λi

w(λi) − ∂λiw(λi)∂λi +E0w(λi) +∑
j≠i

w(λi) −w(λj)
(λi − λj)2

⎤⎥⎥⎥⎦
ψ0(λ1,⋯, λN)∣ia; ib⟩

= E∣w⟩ab.

(C.2.10)

At large N , the last term in the bracket dominates [111]. The energy differences ∆n (n = 1,2,⋯) against the

singlet ground state is thus obtained by the following singular integral eigenvalue equation (with ∆n being

eigenvalues and wn(λ) being eigenfunctions)

∫
λ+(e)

λ−(e)
dλ′ρ(λ′)wn(λ) −wn(λ′)

(λ − λ′)2
=∆nwn(λ), (C.2.11)

with orthogonality ∫
λ+(e)
λ−(e) dλρ(λ)wn(λ) = 0 and normalization ∫

λ+(e)
λ−(e) dλρ(λ)∣wn(λ)∣2 = 1 conditions. Note

that each eigenstate has N2 degeneracy since H ′ does not act nontrivially on a, b indices. The following

results were computed in [111] for v(λ) = λ2

2
+ gλ4 (∆1 is the smallest of ∆n’s)

g = 2 ∶ e0 = 0.8654577, ∆1 = 2.1281936

g = 50 ∶ e0 = 2.2167524, ∆1 = 5.7594935
(C.2.12)

C.2.3 Multi-adjoint sectors

The spectrum of multi-adjoint sectors can be understood as that of multiple long strings, each occupying a

state in the adjoint sector. In the low temperature limit, the long strings effectively weakly interact with one

another. The leading interaction between a pair of long strings can be determined by inspecting the matrix
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elements of the Hamiltonian in the bi-adjoint sector. We begin with the basis bi-adjoint states

∣w⟩(n,ab),(m,cd) =
N

∑
i,j=1

wn(λi)wm(λj)ψ0(λ1,⋯, λN)∣ia, jc; ib, jd⟩, (C.2.13)

where ∣ia, jc; i′b, j′d⟩ corresponds to the wave function Ω†
bi′ΩiaΩ

†
dj′Ωjc. Note that the U(1)N gauge redundancy

requires (i, j) = (i′, j′) or (j′, i′). A straightforward computation produces the following action of the

interaction Hamiltonian [100]

⎡⎢⎢⎢⎣

1

2
∑
i≠j

RijRji

(λi − λj)2
− (∆n +∆m)

⎤⎥⎥⎥⎦
∣w⟩(n,ab),(m,cd)

= −∑
i≠j

ψ0(λ1,⋯, λN)
(λi − λj)2

(wn(λi) −wn(λj))(wm(λi) −wm(λj))∣ia, jc; jb, id⟩.
(C.2.14)

Therefore, the matrix element of the interaction Hamiltonian between a pair of bi-adjoint states is given by

(k,ef),(ℓ,gh)⟨w∣
⎡⎢⎢⎢⎣

1

2
∑
i≠j

RijRji

(λi − λj)2
− (∆n +∆m)

⎤⎥⎥⎥⎦
∣w⟩(n,ab),(m,cd) =

hnmkℓ

N
(δaeδbhδcgδdf + δagδbfδceδdh), (C.2.15)

where the long string coupling coefficients hnmkℓ are given by

hnmkℓ = −∫
λ+(e)

λ−(e)
dλdλ′ρ(λ)ρ(λ′)

w∗k(λ)w∗ℓ (λ′)(wn(λ) −wn(λ′))(wm(λ) −wm(λ′))
(λ − λ′)2

. (C.2.16)
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Upon introducing the creation and annihilation operators (a†)
n,ab

and (a)n,ba for a single adjoint energy

eigenstate of energy ∆n obeying [(a)n,ab , (a†)
m,cd
] = δnmδadδbc, it is straightforward to derive

⟨0∣ (a)n3,fe
(a)n4,hg

⎛
⎝

N

∑
c1,c2,c3,c4=1

(a†)
n5,c1c2

(a†)
n6,c3c4

(a)n7,c4c1
(a)n8,c2c3

⎞
⎠
(a†)

n1,ab
(a†)

n2,cd
∣0⟩

= (δn1n7δn2n8δn3n6δn4n5 + δn1n8δn2n7δn3n5δn4n6)δagδbfδceδdh

+ (δn1n7δn2n8δn3n5δn4n6 + δn1n8δn2n7δn3n6δn4n5)δaeδbhδcgδdf .

(C.2.17)

Using hnmkℓ = hmnkℓ = hnmℓk, the multi-particle Hamiltonian that captures the bi-adjoint pairwise interaction

(C.2.15) is therefore given by (4.4.7).
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