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Towards an Instanton Floer Homology for Tangles

Abstract

In this thesis we investigate the problem of defining an extension of sutured instanton
Floer homology to give an instanton invariant for a tangle. We do this in three separate steps.
First, we investigate the representation variety of singular flat connections on a punctured
Riemann surface 3. Suppose ¥ has genus g and that there are n punctures. We give formulae
for the Betti numbers of the space R, of flat SU(2)-connections on ¥ with trace 0 holonomy
around the punctures. By using a natural extension of the Atiyah-Bott generators for the
cohomology ring H*(R, ), we are able to write down a presentation for this ring in the case
g = 0 of a punctured sphere. This is accomplished by studying the intersections of Poincare
dual submanifolds for the new generators and reducing the calculation to a linear algebra
problem involving the symplectic volumes of the representation variety.

We then study the related problem of computing the instanton Floer homology for a

product link in a product 3-manifold
(Yy, K,) == (S' x 2, 8" x {n pts}).

It is easy to see that the Floer homology of this pair, as a vector space, is essentially the
same as the cohomology of R, ,, and so we set ourselves to determining a presentation for
the natural algebra structure on it in the case ¢ = 0. By leveraging a stable parabolic
bundles calculation for n = 3 and an easier version of this Floer homology, I.(Yy, K,,u), we
are able to write down a complete presentation for the Floer homology I.(Yy, K,,) as a ring.

We recapitulate somewhat the techniques in [27] in order to do this. Crucially, we deduce



iv
that the eigenspace for the top eigenvalue for a natural operator u*(X%) on I.(Yy, K,,) is
1-dimensional.

Finally, we leverage this 1-dimensional eigenspace to define an instanton tangle invariant
THI and several variants by mimicking the definition of sutured Floer homology SHI in |22].
We then prove this invariant enjoys nice properties with respect to concatenation, and prove

a nontriviality result which shows that it detects the product tangle in certain cases.
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CHAPTER 0

Introduction

Given a 3-manifold Y with link K and cohomology class w in H*(Y, L; Z/2) satisfying a
non-integrality assumption, Kronheimer and Mrowka have defined a relatively Z/4-graded
instanton invariant I, (Y, K, w), which roughly speaking counts singular flat connections and
instantons on Y and R x R, respectively [23]. This theory generalizes the original definition
of instanton Floer homology for a homology 3-sphere or 3-manifold with odd U(2)-bundle
(without link) due to Floer [6]. In this thesis we study the cohomology ring of a specific
moduli space of flat connections on a punctured Riemann surface ¥, and subsequenctly the
instanton Floer homology of a product 3-manifold S* x ¥ with a product link S* x {n pts}
and class w = 0 or PD([S! x pt]). We are able to completely compute the ring structures
for both the cohomology ring and the Floer homology in the case that the genus of ¥ is
zero. We then use this computation in order to define a new invariant for a class of sutured
3-manifolds with embedded tangle and briefly study its properties.

We briefly review the sequence of events for the analogous story of a compact (not
punctured) Rieman surface, product 3-manifold without link, and sutured manifold with-
out tangle. Suppose that > is a compact, closed genus g Riemann surface. The moduli
space M(2,1) of flat connections on an odd U(2) bundle with fixed determinant modulo
the determinant 1 gauge group is a compact 3g — 3 complex dimensional Kahler manifold.
Its cohomology ring was worked out completely in [29] and [14], the salient feature being
a presentation in terms of canonical generators and a set of relations which are defined re-
cursively in the genus g. Now, we consider the 3-manifold S' x ¥ and cohomology class
w = PD([S! x pt]). As a vector space, the instanton Floer homology I*(S* x ¥) is isomor-
phic to a direct sum of two copies of the cohomology H* (ME(Z, 1)). However, with respect

to the natural ring structure on I*(S! x X) obtained by applying the functoriality of I, to



0. INTRODUCTION 2
a pair of pants cobordism from two copies of S' x X to itself, this isomorphism does not
respect the multiplications on the two spaces. A presentation of I”(S! x X)) as a ring was
worked out by Munoz in [27], using results from the theory of Donaldson polynomials of
4-manifolds, and computations of those invariants for certain elliptic surfaces. A key result,
as noted in [22], is that the eigenspace for the top eigenvalue 2g — 2 for multiplication by a
natural generator in I(S' x X) is 1-dimensional. This is used in [22] to define an instanton
invariant SH I for a class of sutured 3-manifolds. There it is proved, for example, that SH T
detects whether a “taut” sutured 3-manifold is a product.

This thesis recapitulates this story in the singular or parabolic case. In Chapter (1} we
study the moduli space M, ,, of flat connections on ¥ which are singular at n punctures. For
us, singular means the holonomy of the connection around one of the punctures gives a trace
0 element of SU(2). It is possible to study the more general case that the trace be some other
number between +2, but our eventual goal is to apply our results to singular instanton Floer
homology, where the holonomy is forced to be trace 0 for technical reasons (monotonicity
requirements for the underlying infinite-dimensional Morse theory). We investigate the co-
homology ring of M, ,, by finding a set of codimension 2 submanifolds Poincaré dual to a
subcollection of natural generators and studying their intersections. In the case that g = 0,
we are able to write down all the relations in the cohomology ring for these generators by
solving a linear algebra problem involving the top pairings. We obtain a presentation for the
ring H*(M,,,), which consists of relations defined recursively in the number n (throughout,
n must always be an odd number to avoid reducible connections).

In Chapter [2, we investigate the ring structure on the Floer homology
Vo = L(S' x 3, 5" x {n pts},0),

which is isomorphic as a vector space to H*(M,,). We first review some of the salient fea-
tures of the construction of the functor I,, and define an extended version which generalizes
relative Donaldson invariants to the singular case. Using the method in |27] of leveraging the

inductive nature of V,,, in the number of points n, we reduce the question to studying the



0. INTRODUCTION 3
eigenvalues of a natural operator u°™®([X]), corresponding to multiplication by a particular
generator. We effect a calculation in the case g = 0 and n = 3 by studying a 2-dimensional
moduli space of stable parabolic holomorphic bundles on S? x S%2. We then bootstrap by
leveraging an easier version of the Floer homology for a product link in a product 3-manifold
in order to obtain the eigenvalues for for ¢ = 0 and all n. This is enough to write down
a complete presentation of V. It is then proved that the top eigenvalue for p([3]) has
1-dimensional (generalized) eigenspace, analogous to the original nonzingular case of n = 0
and g > 1.

In Chapter 3 we take advantage of this 1-dimensional subspace of V; ,, in order to define
an invariant T HI for a class of tangles in certain sutured 3-manifolds, and prove a non-
triviality result which shows this invariant detects the product tangle. The crucial ingredient
in the definition of THI is a generalization of the excision formula for I, due to Floer [6]
to the case of cutting and regluing along 2-spheres intersecting a link in an odd number of
points. This generalization is analogous to the version of excision for cutting along genus
g surfaces proved in [22]. We also define “unreduced” invariants THI* and THI? ,, which
obey multiplicative laws for vertical concatenation and horizontal juxtaposition. Finally, we
prove that THI* detects the product tangle and product sutured manifold by comparing it
to the sutured instanton Floer homology SH I, defined in [22], of a derived sutured manifold

without tangle, and leveraging the analogous result for SHI.



CHAPTER 1

The Cohomology Ring of The Moduli Space of Flat Connections

1.1. Introduction

Given a compact Riemann surface X of genus g, it is well known that the moduli space of
stable, rank 2 holomorphic bundles £ with given fixed odd degree determinant line bundle L
forms a smooth compact manifold M3 (2,1) of real dimension 6g— 6 [1]. The space MJ(2,1)
is naturally a Kéhler manifold, in fact a rational projective variety over C, and has been
studied extensively. This space can also be studied from the point of view of representations
of the fundamental group of ¥ into the group SU(2). Its cohomology ring has been studied
in great detail and presentations for it have been given by several authors |14}29].

In this chapter we are interested in the analgous problem for holomorphic vector bundles
on an orbifold surface ¥. The relevant object of study is the moduli space of parabolic vector
bundles over 3. A parabolic vector bundle is a vector bundle on the (smoothed) surface X
along with a filtration of the fibers over the orbifold points, and a weight value for each
subspace in the filtration. There is a natural notion of a morphism and stability for such
bundles and, under suitable genericity assumptions on the weights, a corresponding smooth,
compact moduli space. It is the cohomology of this moduli space we study in the first part
of this thesis.

For a surface of arbitrary genus g with n orbifold points and arbitary weights, this moduli
space can be quite a bit more complicated than MS(Q, 1). Our approach will be to use the

classical theorem of Mehta and Seshadri [25] that it is isomorphic to a suitable moduli space

orb (v

of representations of the orbifold fundamental group 7™ (X%). We eventually wish to apply
the results to a question in Floer homology, and the setup of that theory necessitates that we
restrict attention here to the case that all the parabolic weights are 1/4 and n is odd. In this

case, the problem becomes more tractable. We denote the moduli space of parabolic bundles

4



1.1. INTRODUCTION 5
(with fixed determinant) in this special case MJ . The theorem of Mehta and Seshadri
shows that M0 is isomorphic to a certain representation variety Ry, of 7™ (2) into SU(2).

We shall prove the following result for the genus 0 case:

THEOREM 1.1.1. Let n = 2m + 1 > 3. The cohomology ring H*(Ron; Q) is zero in odd
dimensions, and is generated as a ring by the class a of twice the natural symplectic form
on Ry, and degree two classes 6y, ...,0, corresponding to the parabolic points, satisfying
5]2- =62 for all j,k. Let n =2m + 1, define B := 62 € H*(Mo,,) and for each m > 0 define

the polynomial 1o 941 (v, B) for n > 3 recursively via the relation:

2
To2m+3 = Q- To2m+1 — M R T0,2m—1

withroy =1, ro3 = a. Then for each subset J C {1,...,n} with |J| = s < m, the polynomial

J _
Ro,2m+1 = T02m—2s+1° H O
kcJ

is a relation in H*(Ro,; Q). This set of relations, along with 67 = (5]2. 1s complete.

We shall find it necessary to consider both points of view of the space R, ,, as a space
of parabolic bundles, and a space of representations. As a go between, we will also give a
description of this moduli space as a space of flat connections, where the natural symplectic
form on it is easiest to describe. To get a handle on the topology of R,,, we begin by
determining its Betti numbers. Methods for computing the Poincaré polynomials of moduli
spaces of parabolic bundles have been described by several authors. Hans Boden, in his thesis
[4], provides a comprehensive account of an adaptation of Atiyah and Bott’s equivariant
Morse theory method from [1] to the parabolic case that achieves this. Using his exposition,
we are able to read off a recursive formula in our case for the Betti numbers of M, ,,.

In order to determine generators and relations for the cohomology ring, we adapt the
method in [32], which can be summarized as follows. Lying over Ry, there are natural
U(1) bundles coming from each of the marked points. The Chern classes of these bundles,

along with the class of a natural symplectic form on Ry, fully generate the cohomology as



1.2. PRELIMINARIES 6
a ring. These bundles are trivial outside certain real codimension two submanifolds given
by representations where two generators are mapped to equal or opposite elements of SU(2).
This allows us to identify representatives for the Poincaré duals of the first Chern classes of
these circle bundles. FEach of these submanifolds behaves like a 2-sphere bundle over a copy of
the moduli space for two fewer parabolic points. We use this fact to analyze the intersection
numbers of the corresponding homology classes recursively in the number n of parabolic
points. We reduce the problem to linear algebra, and solve it by quoting a result from the
theory of orthogonal polynomials and an identity involving the so called Euler numbers. This
gives us relations in the cohomology ring. Once we write down the collection of relations in
Theorem , a dimension counting argument similar to that appearing in [29] suffices to

prove that they are a complete set.

1.2. Preliminaries

In this section we define the moduli spaces whose cohomology we are interested in.
Specifically, we give the three points of view - flat connections, representations, and parabolic
stable bundles - we shall need, and describe a canonical set of generators for the cohomology
ring. The thesis of Hans Boden [4] gives an excellent introduction to the various points
of view of the moduli spaces we are interested in. Our treatment of parabolic bundles
comes from the discussion there, while our treatment of flat connections is modelled on the

presentation in [32].

1.2.1. Moduli Spaces and the Symplectic Structure. We first describe the three
moduli spaces and explain briefly the isomorphisms between them. We then define the

symplectic structure on the moduli space of flat connections.

Stable Parabolic Bundles. The notion of a parabolic vector bundle on a Riemann surface
really arises from considering holomorphic orbifold bundles on an compact orbifold Riemann
surface . By smoothing, such an orbifold can be viewed as simply a smooth Riemann
surface X, with cone angles specified at each of several marked points z,...,2,. One can

also “smooth” a holomorphic orbifold bundle and this process naturally yields a standard
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holomorphic bundle along with a filtration and corresponding sequence of numerical weights
at each marked point. It turns out that the moduli space of stable parabolic bundles on X
(suitably defined) with fixed specified weights is isomorphic to a representation variety of
the orbifold fundamental group of ¥ into a Lie group. In this paper we will eventually only
be concerned with the representation theoretic point of view, keeping in mind applications
to the algebraic and analytic sides of the story as motivation. The parabolic bundle picture
is, however, indispensible, as it is the origin of the canonical cohomology classes on moduli
space and will pop up several times in later sections. We review both sides of the story
pertaining to the moduli space we are interested.

Our starting point is the compact Riemann surface ¥ of genus ¢ with the n marked points

T1yeeoy Ty

DEFINITION 1.2.1. A parabolic vector bundle £ on ¥ with respect to the marked points
is holomorphic vector bundle along with the data of a descending filtration at each marked
point xy:

—FY5FY5...5F™

and weights £\° < ... <t in [0, 1].

The notions of subbundles, quotients, morphisms, and exact sequences all have parabolic
analogs, which are generalizations of the normal concepts with additional coherence condi-
tions with respect to the weighted filtrations. There is also a notion of parabolic degree,
which is simply the degree plus the sum of the weights at all the marked points counted
with multiplicity according to the size of the quotients F; ,gj ) /F, k(j . We define the parabolic
slope 1P (€) to be the quotient degP*(€)/rk(€). The bundle £ is then called stable if for
any proper parabolic subbundle F, one has P (F) < pP*(€) (for definitions and facts re-
garding parabolic bundles and stability, we refer the reader to §3 of [4]). For a suitable (that
is, generic) fixed collection of weights, there is a smooth, compact moduli space of stable
parabolic bundles. In this paper, we are concerned only with the case when £ is rank two,

and it will be convenient to assume that deg(€) = 1. There are then only two weights téo)
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and t,(:) at each marked point, and the filtration consists of a choice of line F}, C &,,. We
also make the additional assumption that the sum t,(ﬁo) + t,(i,l) =1, and set t, = t,(ﬁo). Denote
the moduli space in this case by Mg, (t1,...,t,). Finally, for a given fixed degree one line
bundle £ (non-parabolic), there is a subset of the moduli space M5 (1, ... t,) consisting of
those bundles whose underlying determinant bundle is isomorphic to £. When the weights
are understood, we will simply write M, ,, for the full moduli space and since the choice of
particular £ will be inconsequential, we use Mg’n to denote the fixed determinant space.
Let us briefly describe a construction of the moduli space of parabolic bundles. This will
be convenient when we discuss generators for its cohomology. We fix a C*° bundle E of rank
two over ¥ with ¢;(F) = 1, and fixed parabolic data at each of the n marked points; for us
this just means a 1-dimensional subspace F), C E,, at the fiber over each xj (recall we have
fixed the weights to be 1/4, so these need not be specified). A holomorphic structure on F is
uniquely specified by a partial connection operator dg : Q°(X) ® E — Q%1(X) ® E. Denote
by C the space of holomorphic structures on . It is an infinite dimensional affine space
modeled on the vector space Q°!(X) ® E of (0,1)-forms on ¥ with values in E. Inside of C
is the space C®, the space of holomorphic structures for which, along with the parabolic data
we have fixed, the corresponding parabolic holomorphic bundles are stable. Two natural
spaces of automorphisms act on C. We denote the first by G°. It is the natural complex
analog of our G for flat connections, and consists of all smooth complex automorphisms of
the bundle E of determinant 1, ignoring the parabolic structure. The other is the subset of

those automorphisms preserving the parabolic structure, the “parabolic gauge group”:

Goar = {u € SLe(E): w is smooth, and u(Fy) = Fy for all k}.

C

bar Dreserves the

Since elements of this automorphism group fix the parabolic filtration, G

subspace C® C C. The quotient C*/G¢, . is then the space of isomorphism classes of stable

par

parabolic bundles, which we call M, ,,. Within G°

par

C G° there is the subgroup of constant

automorphisms, which is a copy of C*. These act trivially on holomorphic structures and so
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we denote the quotients of our two gauge groups by this C* by G° and G¢, . (the “reduced”

par
gauge groups). It is consequence of the stability condition that ?gar acts freely on C®.

The space M, ,, admits a map det to the space Pic!(X) of isomorphism classes of degree
one line bundles, which is a torsor for the Jacobian variety J(X). Fixing a line bundle £ €
Pic'(X), denote the fiber of det over £ by M3, (the moduli space with fixed determinant).
The Jacobian J(X) also acts on My, by tensor product and restricting this action gives a

map

M) x J(E) = Mg,

which is a (connected, so nontrivial) degree 49 covering,.

Representation Varieties. Denote by ¥* the noncompact surface obtained by removing
the x’s. Let aq,...,ay, be standard set of loops in ¥ generating the fundamental group so
that their homology classes are a symplectic basis for H;(X) (that is, a; pairs with a;,,) and
for each removed point x;, let dj, denote a simple loop going once around the puncture. To get
a relationship between representations of the fundamental group of ¥* and parabolic bundles
with an odd first Chern class, we look at the Z/2 central extension T of the fundamental
group I' = 71(X*) which has an extra order two central generator ¢ and is determined by

the single relation
g n
H[a2j—1a azj] - H de = ¢
j=1 k=1

We consider a space of representations of [ into SU(2). We bring the parabolic weights ¢y,
into the picture by only allowing our representations to send the generator d; to an element

of trace 2 cos(27ty). Let t denote the weight vector (t1,...,t)

DEFINITION 1.2.2. The representation variety Rgﬁ?(i) for the weight vector ¢ is the

quotient of the space of representations of

p:T = SU?2)
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such that Tr(p(dy)) = 2 cos(2nty) and p(¢) = —1 under the action of conjugation by SU(2)

on the target.

Denote by 7:\;,;%1 (t) space of representations before quotienting by conjugation. The action
of SU(2) descends to one of PU(2) = SU(2)/{%1}. This action is free and the quotient
Rgfi,f (t) is a smooth, compact manifold only as long as the t;’s are generic: for any collection
of signs €, = £1, no sum X}_, et may be an integer. This condition is exactly the one that

precludes reducible representations. Let t denote the weight vector (t1,...,¢;). We have the

following important correspondence:

THEOREM 1.2.3. (Mehta, Seshadri, [25]) For a generic collection of weights t, there is

a diffeomorphism

M) (1) = RIM(L).

This diffeomorphism, is not at all obvious. A map from Ry, (t) = M}, (t) can be con-
structed by going through orbifolds: a representation gives rise to a flat orbifold connection
d4 over X. Composing this operator with the projection to bundle-valued (0,1) forms then
gives a holomorphic orbifold 0 operator, whence via smoothing we obtain a parabolic bundle.
See [4] for details.

The topology of these moduli spaces depends on the weights ¢;. It is known (see [5],
for example) that the genericity condition splits the space of weight vectors ¢ into chambers
separated by codimension one walls, and that as the weight vector passes through a wall, the
moduli space undergoes a well-understood monoidal transformation consisting of a blow up
and blow down along a submanifold. The geometric application (singular rank 2 instanton
Floer homology) we have in mind requires us to fix ¢, = 1/4 for all k. In this case we denote

the representation space

Rgm :=RIN(1/4,...,1/4).
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The space R, is a quotient of the space ﬁg,n consisting of 2g+n-tuples (S1, ..., Say, T4, ..., Tp)
of elements of SU(2) satisfying

g n

H[SQj_1752j] . HTk = —1.

j=1 k=1

and such that Tr(7%) = 0, under the action of SU(2) by conjugation. The quotient is a
smooth, compact manifold of real dimension 6g — 6 + 2n, as long as n is an odd number
2m + 1, which we henceforth assume. For example, Ry3 consists of a single point: any

representation may be conjugated to one sending the three generators to i, j,k € SU(2).

NoTATION. It will be convenient later onto use the notation S and T for the 2¢g and n
tuples of elements (S1,...,S,) and (11,...,T,) of SU(2). Denote the equivalence class in
Rgn of a point (S, ..., 52, T1,...,T,) in ﬁg,n by [S1,...,S2,T1,...,T,] or simply [S,T].

Flat Connections. The fact that isomorphism classes of flat connections and representa-
tions of the fundamental group are in bijective correspondence is an old idea in topology. In
the presence of the parabolic points, the discussion of this correspondence becomes some-
what awkward, and necessitates a careful discussion of exactly what kinds of connections
we allow, which we now undertake. We essentially copy the setup for this from [12]. In
what follows, all maps and forms are C'"™°. Recall that we have fixed a smooth vector bun-
dle E on ¥ with ¢;(£) = 1. This removes the possibility for reducible connections in the
case that there are no marked points. We fix a hermitian inner product (-,-) on E, and it
will be useful to introduce the principal U(2) bundle P corresponding to (E, (-,-)). Denote
by AdP is the associated principal PU(2) bundle and AdFE the associated rank three real
vector bundle via the representation PU(2) — SO(3). The bundle AdFE sits naturally inside
End F as the skew hermitian trace-free subspace. On the noncompact surface X*, for each
k we identify a neighborhood Uy of the kth puncture with the cylinder (0,1) x S'. This
gives coordinates (si,0;) on Uy, with 0, € [0,27]. We want to study SU(2) connections
on E, but ¢;(F) # 0 and E cannot be made to have structure group SU(2). We therefore

use the familiar technique of studying connections on AdE, but use a subgroup of the full



1.2. PRELIMINARIES 12
gauge group of AdFE consisting of those automorphisms which are induced by determinant
1 gauge transformations on E. For each k, we fix a trivialization of E over Uy such that
for 1 < k < n the preferred line Fj is spanned by the vector (1,0) € C2. With respect to
these trivializations, connections on AdE over can be identified with 1-forms with values in
50(3). We denote by A the following space of connections on ¥* which are “standard” near
the punctures:

A :{A a C*, SO(3) connection on AdE such that:

(1.2.1)
Alsy, 0) = tad (§9) dfy = L (8§-31) dby, for s >1/2,1 <k < n}

2

These connections are fixed on the ends of ¥ in order to ensure that the corresponding

connection has fixed holonomy around the punctures:

1

00 0 10 0
(1.2.2) holyy, (A) = exp <27r '3 (8 0 —01>) = (8 L 01) € S0(3).

At the puncture xy, the line Fj, C E,, picks out a real 2-dimensional subspace Hy of (AdE),,
corresponding to endomorphisms h for which h(Fy) C F;-, which is actually a complex line by
precomposing with complex scalars. Our space of connections is rigged so that the holonomy
around wy, is exactly the element which is the identity on the real line ¢; := H;- and —1 on
the plane Hy.

Given a unitary automorphism g of E, there is an induced automorphism Adg on AdE
which arises by conjugation by g. We define the gauge group G to be the space of smooth
determinant 1 sections of Aut(FE) of unitary automorphisms of F, and restrict to those

automorphisms whose action preserves the end behavior of our 1-forms. Namely, we define

g € Aut(F): det(g) =1, and V k, there is z € C, |w| =1
(1.2.3) G =
such that g(sg,0) = (¥ 9%,), for s, > 1/2

where we use the trivialization near each each puncture to identify g with an SU(2)-valued
function. An element g acts by pulling back connections via the automorphism Adg on AdFE.

In other words a section ¢ of AdE is (g - A)-parallel if and only if Ad(g) -t =gotog!is
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A parallel. The gauge group is rigged so that Adg preserves the orthogonal decomposition
H;. & . We will think of G as acting on the bundle AdE over the entire surface ¥, while A
consists of connections only over *.
Let Ag.; C A denote the subset of flat connections, that is, those connections satisfying
Fy = d% = 0. Tt is not difficult to see that any smooth flat SO(3) connection on X* with
the proper holonomy around the punctures will be gauge equivalent to one in Ag,;. Denote
by Bat the quotient Ag,:/G. It is a standard fact that Bg,e is diffeomorphic to R, ,. It will
be useful to understand this diffeomorphism later when we begin analyzing the symplectic
form in more detail. Fix a basepoint z € ¥ away from the punctures and trivialize E outside
2. This gives a reduction of the structure group of P|s\ (s} to SU(2). With respect to the
trivialization, a connection on AdE over ¥* \ {29} becomes an s0(3) valued 1-form a. An
SU(2) connection B on E becomes an su(2) valued 1-form b, and the induced connection
AdB on AdE has 1-form given by adb. The Lie algebra homomorphism ad : su(2) — so(3)
is an isomorphism so there is a unique b for which adb = a, and B is flat if and only if
A is. Letting z be a new basepoint near zy, the holonomy hol,(A) gives a representation
of m (X*\ {20}) into SO(3) and hol,(B) gives one to SU(2) which lifts the homomorphism
hol,(A). The holonomy of B around a small loop = based at z around z; must be —1
since the bundle doesn’t extend across zo but this holonomy must lift the holonomy of A,
which is the identity in SO(3). Hence, from a flat connection A we get a representation of
= (X% \ {20})/(72,) into SU(2) given by the holonomy of the lift B. What remains is
to check that the holonomy of B around the punctures has trace 0. To see this, we simply
note that we are free to fix our trivialization of £ away from zy in a way agreeing with the
fixed trivializations already chosen near each punctures. With respect to this, the 1-form of
A near the punctures has been fixed so that the holonomy around a small loop is the 3 x 3
matrix in (1.2.2). The two SU(2) lifts of this matrix are +i, which have trace 0. Now, the
action of the gauge group serves to conjugate the representation hol,(B), hence we get the

desired map Bgae — Ryn. For the rest of the paper, we fix the point z, and trivialization
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of E on ¥\ {2}, writing su(A) for the unique SU(2) connection with Ad(su(A)) = A away

from zo (which we were calling B).

The Symplectic Structure. The tangent space to a point A € A is naturally identified
with the space of 1-forms a with values in the bundle so(AdE) C End(AdE) of skew-adjoint
endomorphisms, which are zero near the punctures. The subspace corresponding to T4 Agat
is the subspace satisfying daa = 0, the linearization of the flatness condition. Let Tr(:,-) :
50(3)®s0(3) — R denote the invariant positive definite form Tr(X,Y) = — Tr(X oY), which
gives an inner product on so(AdE) C End(AdE). We then define a 2-form w on Ag,; via:

(1.2.4) S(anb) = i/ Tr(a A b)

472
Here, we use the natural composite of Tr with the wedge product A on 1-forms. The tangent
space to an equivalence class [A] € By, is the quotient T4 Agat/Ta(G - A). The key point is
that w is annihilated by T4 (G- A). A vector in T (G- A) is given by d v € Q' (X*) ® s0(AdFE)
for some v € Q°(X*) ® s0(AdE). We have:

1 1
w(dav AN b) = —/ Tr(d v, b) = i Tr(v,dab) =0
s >

472 2

The second equality is due to Stoke’s theorem (X* is not closed, but all functions involved
are constant or zero near the boundary), and the third is because b is infinitesimally flat
(dab = 0). Hence, @ descends to a 2-form w on the quotient Bg,. Nondegeneracy and
closedness are standard results going back to [1], where it is shown that w is the symplectic
form on R, ,, arising from an infinite dimensional symplectic reduction of (A, w) with moment

map the curvature F, : A — Q*(32, s0(AdE)).

1.2.2. Universal Bundles and Generators for Cohomology. Fundamental to the
computation of the cohomology of ./\/12(2, 1) is the knowledge that a certain canonical col-
lection of cohomology classes generate the full rational cohomology ring. These classes were
first described in [1], where the methods of infinite dimensional equivariant Morse theory

are used to show that they are generators. This technique was generalized in 3] (using [28])
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to the case of parabolic bundles, the essential aspects of which we review here. Because we
will be making explicit use of these specific cohomology classes in our computations of the
ring structure on H *(Mg}n), we will go into a fair amount of detail here.

The cohomology classes we describe all arise naturally from one or more “universal bun-
dles” over a product of ¥ with a moduli space or classfiying space. This terminology is used
for several distinct concepts in this circle of ideas, so we first review the ones we need here.

One kind of universal bundle we can consider is a universal holomorphic parabolic bundle

E— M), xX.

0

DEFINITION 1.2.4. A universal parabolic bundle over M, ,

X 3 is a pair consisting of
a holonomorphic bundle E over the product and for each parbaolic point x;, a rank one
subbundleF;, C E|yox(s,} over the parabolic point xj, with the following property: re-
stricting the pair (E, {F;}) to the slice {€} x 3 should give a stable parabolic bundle on 3

isomorphic to £.

In the case that such an [ exists, we can get cohomology classes in M using characteristic

classes and the slant product operation
J: H(MO x ) © Hy(S) — H' (M)

THEOREM 1.2.5. (Biswas, [3]) Suppose that a universal parabolic bundle (E,{Fy}) ezists
on M° x X. Then as h € H;(X) ranges over a basis for the homology of ¥, the classes
c2(E)/h € H*™{(M% Q) for j = 1,2 and c¢;(Hom(Fy, E)) € H*(MY; Q) generate H*(M°; Q)

as a Q-algebra.

The existence of a universal parabolic bundle, however, is a delicate matter and is not
always guaranteed. These difficulties mostly arise from an obstruction to the lifting of an
easily constructed projective universal bundle to a vector bundle. For us, all we really need is
this projective bundle, which has all the properties one would expect of the projectivization

of a universal vector bundle were it to exist.
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PROPOSITION 1.2.6. There exists a CP'-bundle P over M° x X, along with a section sy,

over the slice M® x {x} for each k with the following properties:

e The bundle P is semi-holomorphic: it is smooth in M° directions and holomorphic
upon restriction to 3 slices (in a way varying smoothly over M°)
o Over {E€} x 3 the pair (P,{sy}) restricts to a projective bundle pair holomorphically

isomorphic to the projectivization of the parabolic pair (€,{Fy}).

PrROOF. We begin on the infinite dimensional space C* x ¥, letting m denote the projec-
tion to X. The pullback 7*F is equipped with the following tautological semi-holomorphic
structure: over {94} x ¥ the holomorphic structure is the one given by 94, and over C° x {z;}
has line subbundle 7*F}. Using the natural smooth structure on the affine space C®, this
assignment gives a smoothly varying holomorphic structure on ¥ slices. This induces a semi-
holomorphic structure on the projectivization P(7*E), which naturally carries the section
P(7* Fy).

There is an action of the gauge group G7,,. on the total space of P(7* ) covering its action

on C®, as follows. Given a point (¢,04,z) in the the total space of P(7*E) with ¢ C E,, an

element g of the gauge group acts via:
g- (&5147 (L’) = (gr(é)ag : 5147 1:)

Because Gy, preserves the F}.’s, this action preserves the subbundles 7*(F}). The action is
not free, since it factors through the quotient Gy, — g;ar: constant scalar automorphisms
certainly act trivially on connections and lines. However, the resulting action of G;ar is free
(in fact, free on the base). Hence, we may form the quotient projective bundle P — M x X.
The group G;ar preserves slices through points in ¥ and also the section P(7* Fy), so that we
get sp = M x {1}

That there is a holomorphic structure in X directions is clear: the action by an element
g € Gp,p on P(7* ) is by a holomorphic isomorphism from the restriction to the slice through

{04} to the restriction through {g-d4}. This also make it clear that the pair (P, {s;}) has
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exactly the desired tautological property on restriction to X slices. Continuity in M? direc-
tions is obvious, so we obtain the desired semi-holomorphic structure. Restricting everything

to the fixed determinant subset M? gives a universal bundle on the correct space. O

REMARK. The technique of passing to the projective bundle is technical device which
allows us to get an action of the reduced gauge group, and is analogous to passing from a

U(2)-bundle to the adjoint SO(3)-bundle in the flat connection story.

There is an analogous universal bundle over R, ,, x £, carrying a family of flat connections
over Ry, x X*, seen as follows. Recall that Ag, is our space of flat connections on AdE over
3*. Letting m now denote the projection to Ag,; X 3 — 3, there is an obvious tautological
family of connections on 7*(AdFE), which on the slice through A is just the connection d,.
This family is smooth in Ajg,; directions, and is preserved by the natural action of the smooth
SU(2) gauge group G. The center {£1} of G of constant scalar automorphisms acts trivially
on Ag.:. In the holomorphic case, the center of the gauge group acted trivially on the base
but not on the bundle; here we avoid this problem by passing to the adjoint bundle. The

gauge group G acts on 7*(AdFE) via:
g- (t>A7I> = (gxotoggl,g~A,x)

where t € (AdE), C End(E,). The center acts trivially, so this action descends to a free one
of the quotient G. The quotient of 7*AdE by G is an SO(3) vector bundle E*d — Ryn X 2.
Since an automorphism g preserves the complex line H, C AdE,, for each k, it preserves the
complex line subbundle 7*(Hj) C AdFE|4,,xs. Hence, inside of E* | there is a subbundle
V. over R, x {z;} coming from the quotient of 7*(Hy) for each k. The pair (E*, {V}})
has a flat structure A in X directions which moves continuously in R, directions, and on
{[A]} x 3 the bundle restricts to one with a flat connection on ¥* isomorphic to A, with the
isomorphism carrying (V)4 to the subspace Hy.

In order to recover generating sets of characteristic classes, let us relate the classes coming

from our adjoint bundles to a hypothetical bona fide universal bundle. For any complex
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vector bundle E, we have:

D1 (AdE) = —402 (E)

In addition, given Fj, C E, the subbundle W; & Hom(F}, F}) of matrices with no diagonal

terms with respect to the orthogonal decomposition has
c1(Wy) = —ci(Hom(Fy, E))

over the copy of ¥. We conclude:

THEOREM 1.2.7. The rational cohomology ring H*(M?P; Q) is generated as a Q-algebra
by elements p1(E*Y)/h, for h € H.(3;Q), and the classes c1(Vy,).

1.3. Betti Numbers of The Moduli Space

While provides a generating set for the cohomology ring H*(R,,;Q), and
will describe relations among them, proving that these relations are a complete set for g = 0
will require knowledge of the Betti numbers of Ry ,. A convenient formula for these that is
general enough to accommodate an arbitrary choice of parabolic weights appears in [4], and
we can actually obtain formulas for the general case g # 0 without much additional work.
To apply this to the specific case of equal weights treated here, we will need to interpret that
formula a bit. To this end, we briefly review the methodology in [4].

As seen in [28], the space of holomorphic structures C on £ — ¥ comes with a stratifi-
cation analogous to the stratification described in [1] in the non-parabolic case. The subset
of C° C C for which the fixed weights and 1 dimensional subspaces F}, give a stable parabolic
structure on the rank two bundle E is an open subset. The point is that not all bundles
in the complement are born equal: some unstable bundles are more unstable than others.
Given an unstable rank two bundle &, there is a unique destabilizing line subbundle F sitting

in a slope-decreasing short exact sequence

0O=F—=EE—=Q—=0
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Still following [4], we define A = deg(F). Conceptually, the larger A is, the more unstable £
is. We can get more data from F by recording whether it coincides with F}, at each parabolic
point. Namely, let e, = dim(F,, N Fy), and denote by e the vector of the e;’s, which are
either 0 or 1. The invariant e is a property of £ and is exactly the intersection matrix
considered in [28]. The pair (), ¢) is called the type of £, and we let C, . denote the locally
closed submanifold of C consisting of holomorphic structures on E of type (A, e). The crucial
point is that this strata for a fixed type is connected ( [28], Prop. 3.5). The codimension

dy . of the strata Cy . is

(1.3.1) dye =20+n+g—1+> e
k
which essentially appears in [4] as equation (17).

REMARK 1.3.1. In [4], the assumption is made that deg’ (E) = 0, which is achieved by
taking deg(F) = —n. The moduli space in this case is isomorphic to ours as can be easily seen
by comparing the representation varieties. For the rest of this section, we temporarily assume

deg(E) = —n so as to use the formulas appearing there without attempting modification.

The essential content of [4] is that the stratification of C via the strata C, . is equivariantly

C

par- As a result, one can record the

perfect for the action of the complex gauge group G
equivariant Poincaré polynomial of the total space as a sum over terms coming from the
individual strata. These contributions can be computed exactly for the unstable strata, thus
yielding a formula for the Poincaré polynomial for the quotient. We may now record the

result in [4] on the betti numbers of M} . For a topological space X, let P,(X) denote its
Poincaré polynomial Y, rkH,(X) - t¢.

THEOREM 1.3.2. The Poincaré polynomial of the representation variety Ry, for n > 1

1S given by:

(1 + t)2g—2

(1.3.2) PRon) = ==

(L=t + )22 = (1= 7)) 12
Ae
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where the sum ranges over all types (X, e) which are destabilizing.

PrROOF. We know that Ry, = M; . Formula (1.3.2) is just equation (21) of [4] divided
by the Poincaré polynomial of the Jacobian J(X), since the equation there is for the moduli
space M, ,, which is a cohomologically trivial bundle over /\/l(g)m with fiber homeomorphic

to J(X). O

EXAMPLE 1.3.3. Let us illustrate how to use (1.3.2]) to compute the Poincaré polynomial
in a simple example: Ry 3, which consists of the single equivalence class [i, k, j]. We need to
understand the domain of the sum in the formula. The parabolic degree of the destabilizing

line bundle F of a parabolic bundle £ of type (A, e) is:

€L.

NE

3
Qg (F) =3+ Y (- ea) + 2 = A+ 4

k=1 k=1

For such F to be destabilizing we need u(F) > u(E) = 3/2. Letting e = 3.°_, e, we

therefore need
(1.3.3) 4N+ 2e > —3

It is convenient to visualize the pairs (), e) satisfying see Figure [1.3.3

4N+ 2e > —3 \ e

F1GURE 1.1. The locus of unstable pairs (A, e) for n = 3.
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We see that we can take the sum to over all e and A > —1, except that we must add a

contribution for (—2,3) and subtract one for (—1,0). We have:

Zt2d)\,§ =2 _ 14 Z £222+2+e)
Ae

A>—1le
— 2144 Z 4 ( Z 121 Z 1262 Z t2e3>
A>—1 e1=0,1 ea=0,1 e3=0,1

=t -1+ —tH 1 +1H?

Since g = 0 here, formula ([1.3.2)) reduces to

ﬁ (L+1)> = (L —=12) ) e

Ae

Plugging in for the summation and applying simple algebra, we see that P;(Ro3) = 1, as

expected.

Focusing on the genus 0 case temporarily, we can use ([1.3.2)) to get a beautiful result

which yields explicit formulae for the Poincaré polynomials.

PRrROPOSITION 1.3.4. Suppose n = 2,+1 > 3. Then up to its middle dimension n —
3, the Poincaré polynomial Py(Ron) equals the Poincaré polynomial of the graded algebra
Cla, 8,01, . ..,0,]/(62), where o, B, &; have degrees 2, 4, and 2, respectively.

PROOF. The proof is an exercise in bookkeeping for the sum over strata in ([1.3.2)). For a

type (A, e) to be destabilizing, we now require (againg letting e denote the sum of the e;’s):
(1.3.4) 4N +2e > —n

Let Q, C Z? be the subset of the lattice points in the (A, e) plane satisfying (1.3.4)) and
bounded by 0 < e < n. It can be approximated by the subset A > —m, 0 < e < n; this
approximation leaves out a small triangle of lattice points to the left of A = —m, but errantly

includes a triangle of the same size but rotated 180°, to the right of A = —m (see Figure

13).
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(ONONONONONONONONO)

P-o-c-c0o-o-o-ooo>

POOOOOOOO®O®O

A
>

FIGURE 1.2. The triangles T,, and 7.

Let T,, denote the triangle of lattice points in @, with A < —m. Each lattice point (A, e)
in Q,, contributes a sum of terms %< consisting of vectors e with > i €k = e. There are (:)
such vectors, so the contribution of the point (), e) is (7)¢**27=272¢. Each point (A, ¢) in T,
pairs with the point (X,e’) = (—n — A,n — e) obtained by rotating 180° about the center
(=%, %). The approximating half space A > —m misses (A, e) € T},, but wrongfully includes
(N, €') in the rotated triangle T). The correction for this in the sum over unstable strata is
therefore

(1.3.5) (n) (tn—2+(4/\+n+26) _ tn—2—(4)\+n+26)) .
e

We want to separate the sum ZQn t?™e into the part Z/\>_met2d*’9, plus the correction
which we momentarily denote by > ;. (--), consisting of a sum of terms (1.3.5). We focus

first on the the rectangular sum. We have:

Z t2d>\£ _ t2n—2 Z t4)\ ( Z t261 L Z t2en)

A>—m,e A>—m e1=0,1 en=0,1

=(1-th 't +)"
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Going back to the formula for the Poincaré polynomial plugging in g = 0 we get:
_ 1 2yn—1 2 4y—1 2\n 2.
a(no,n)_m<(1+t) —(1=2) [ =) A2 ) e

Ty
_ 1 Z<t2d>\£)
1—1t2
Ty

We see that the entire cohomology is determined by the contributions from the triangle 7;,.

Let T, denote the rotation of T}, about the center point (—%, %). Pairs (\,e) € T}, that is
with 4\ + 2e < —n and A > —m, are in bijection with pairs (u, e) with 4+ 2e < n — 3 and
i > 0. The contribution to the above sum for such a pair is obtained by dividing equation

(L.3.5) by t* — 1.
D
(136) <n) Z t4#+26+2i
e
=0

where D =n — 3 — (4p + 2¢). Now, we consider the graded algebra
]BO,n = (C[Ck, ﬁ, 51, e 75n]/<512)7

where «, 8, 0 have degrees 2, 4, and 2, respectively. The dimenension in each grading of
By, can be found by counting monomials of the form a®3°57* - - - d¢» for e, = 0, 1. For fixed
e = ), €k, the number of such monomials with fixed a and b is (Z) The contribution to

t2a+4b+26

P,(Ry ) from such a monomial can be viewed as coming from the term in the above

sum (|1.3.6) for g = b and ¢ = a. This shows that the Poincaré polynomials of Ry, and By,

are equal up to the middle dimension n — 3. Il

We can use this theorem to get our first glimpses of the recursive nature of the R, in

the number of parabolic points n, and eventually the genus g.

COROLLARY 1.3.5. Suppose n = 2m + 1 > 3. For the genus 0 representation varieties,

we have:

(1.3.7) P(Romsa) = (1 +t2)2P(Ro,) + 2" 1"
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PROOF. This follows from the isomorphism

Bo 2 = By, @ Clopya, 5n+2]/(5121+17 5721+2)-

Let ’76‘71,1 denote the collection of monomials a®3°55* -.. .- 4% in By, of degree d. For example,
Tén = {042, B, 06(51, Ce ,CY(Sn, 5152, Ce ,6n,15n}

For d up to the middle dimension of Ry, the coefficient of t¢ in P,(Ro,) is the cardinality
of T(jfn. For d strictly less than the middle dimension 2m for Rg,+2, any monomial in
Tg{n 4o can be obtained by multiplying a monomial in Tg{’n by 0,41, Onye, both, or neither, for
d" < 2m — 2, which is the middle dimension for Ry ,. This argument shows that P,(Ron12)
and (1 + t*)?>P,(Ro..) agree up to degree 2m — 2.

In degree 2m, we consider the collection of those monomials in g7, , arising from mul-
tiplying a monomial in T&;”_Qel_zez by 6,1 10,74 for (e1,e2) = (1,0),(0,1), (1, 1), along with
those arising from multiplying a monomial in T&’,’Z"‘ by 3. These 4 disjoint subsets contribute
2 |T02;?74| +2 }T&?}’Q‘ to |T§Z‘+2|, which is the same as the contribution to the coefficient of
t*™ in Py(Ron42) from (1 + t?)2P,(Ro,) by Poincaré duality. It remains to count those
monomials in T 02,:?+2 not arising this way. These are precisely those monomials in only the
variables a and ;s for i < n. Of course, these are in bijection with vectors e = (ey,...,€,)

with e = >, e, < m, which is easy seen to equal 2"~! = 2%". The equation (1.3.7) now

follows immediately. O

With a bit more work, we get:

COROLLARY 1.3.6. We have the following recursive formulas for the the Poincaré poly-

nomials, where n > 1:

(1.3.8) PRyni2) = (L+ 2P P(Ry) + 212571 (1 4 1)

(1.3.9) PiRyin) = (L+ £V P(Ryn) + 2727 (L4 1)9(1 4 12)
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PROOF. Let S, denote the sum Y, #*™e in (1.3.2). We can solve (1.3.7) for an equa-

tion giving Sy ,+2 in terms of Sy,
(1.3.10) Somia = (1+ %Sy, — 2" (1 — )" !

Increasing the genus does not change the domain of the sum in ((1.3.2)), but multiplies it by

the factor t%9 so that Sy, = t%95;,,. Hence:
(1.3.11) Sgmia = (L+t3)28,,, — 2" 1(1 — )"

holds for all g. Plugging this equation into for arbitrary g, the equation follows
by some straightforward algebra. To prove formula 7 we may argue by induction on
n. Let A, denote the difference P,(Ry11,) — (1 + t*)?P(R,n). Suppose that Ay, =
229+n=1gn=1(1 4 $)29(1 + ¢2). Now, we use to compute A, ;2. We have:

Agnia = Pi(Rypimy2) — (1 + 1) P(Rynya)
= (1 +%)2A,,, + 20120t (] 4 ¢)202 _ on—lg20tn=l(] 4 4)20(1 4 ¢3)?
—_ 2n71t2g+n71(1 4 t)Qg [(1 + t2)3 + t2(1 + t)2 o (1 4 t3)2}

which is exactly what need for (1.3.8) to hold in general. The base cases of n = 1 are easy
to check and left to the reader. U

REMARK 1.3.7. The formula (|1.3.8)) should be interpreted as saying that the homology
of Ry ny2 is the same as that of CP' x CP' x R, with 2"~ times the homology of the
Jacobian J(X) added in the middle dimensions. On the other hand, formula says that
the homology of R 1, is obtained as the homology of SU(2) x SU(2) X R, ,, with 2"~ times
the homology of the genus g Jacbobian crossed with P! added in the middle dimensions.
Corollary is strong evidence that the cohomology ring is a free algebra on generators
a, 3, and §;, modulo 6? = x for some x, up to the middle dimension, with relations in degree

2 higher than the middle.
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COROLLARY 1.3.8. H*(R,,) =n+1

ExAMPLE 1.3.9. If we set ¢ = 0 but let n = 5, we expect a 4-dimensional moduli space.

By Corollary [1.3.5
Pi(Ros) = (1 +t*)2P(Ros) + 4% = 1 + 6t + t*

(or more simply we could just use Corollary|1.3.8]). As noticed by Boden in [4], the paper [15]
proves that the only possibility for a four-dimensional representation variety (in genus 0) with
by =6 is CP2#5C_P2. This follows by considering the structure of a toric variety on these

moduli spaces.

Finally, let us relate the topology of R, , for positive n to the original non-parabolic case
Rg0- The formula in Theorem only applies for positive n. However, the sum
Sy is very easy to evaluate: we have either e = (0) or (1), and in either case the sum is over
all A > 0. Thus the sum becomes (1 — t*)7!(1 + ¢?), and after some algebra we obtain:

(1+t3)2g — t?2g(1 + t)%g
(1 —1t2)2 '

(1.3.12) P(Rg1) =

This is exactly (1 + ¢?) times the now well known formula for the Poincaré polynomial of

Rg,()i
(1.3.13) Pi(Rg1) = (14 t*)P(Ry0)
This is to be expected since R, is a P-bundle over R, 0.

1.4. Canonical Line Bundles on R,

In this section we describe a natural collection of line bundles over R, ,, as well as explicit
submanifolds of the moduli space whose Poincaré duals can be used to write down the first
Chern classes of these line bundles. These line bundles and submanifolds are exactly of the
type studied in [32], though the assumptions there on the genericity of parabolic weights

and methods of symplectic reduction preclude the full application of his results to our case.
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Specifically, setting all the weights to be 1/4 makes the calculation of the Poincaré duals
of the first Chern classes of the line bundles somewhat more tedious, and the inductive
technique in that paper of reducing the number of parabolic points by one fails, because we
require n to be odd. However, we give an analogous scheme by which n can be reduced by
two. The resulting recursive description of R, , will eventually allow us to completely write
down the cohomology ring for g = 0, using these Chern classes as generators. We first define
these line bundles, and show that their first Chern classes are naturally identified with a

subset of the generating set of classes found in §1.2.2]

1.4.1. Line bundles V, and submanifolds D,j;l. The line bundles we want to study
are those associated to explicit U(1) bundles over R, ,,. Recall our standard generating set
{aj,dy,(} (for j =1,...,2¢g and k = 1,...,n) with ¢(* = 1 for the central extension T of
the fundamental group of ¥*. The unreduced representation space R consists of all maps
T — SU(2), with a trace condition on the d; and with ¢ mapping to —1. Viewing ﬁg,n as

sitting in SU(2)%9*" inside of ’fégm we have, for each k, a subspace
Vi i={(S1,..., 850,11, ..., T}) € Ryn| Tpe = i}

where the k parabolic coordinate is exactly i. Any representation in ﬁgm can be conjugated
to one in V4, so the quotient map Vi, — R, is surjective. A fiber can be identified with the
stabilizer of i: if p € V;, maps to p in R,,, any other element of the preimage of p arises
by conjugating p, but to stay in Vj the conjugating element g € SU(2) must fix i. This
stabilizer is the one parameter subgroup S; through i. The action of S on the fiber decends
to a free one of the quotient Sj /{#1}; both are isomorphic to the group U(1), so V}, becomes
a principal U(1)-bundle over R, .

For each pair k, [, let we define the subspace D,il C Ryn:

Dljc[,z ={[S, 1] | T}, = £1;}.
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The union DZ;Z U D,;l is exactly the locus where T}, and 7; commute. It is not difficult to see

that the spaces Dk,i,l are smooth, orientable, connected, real codimension 2 submanifolds of

Rgn- It is a careful study of these spaces and their intersections which gives us a great deal
of information about the cohomology ring of R ,,.

The first step, as seen in [32], is to notice the line bundles Vj, and the submanifolds D,ﬁl

are intimately related.

LEMMA 1.4.1. The U(1) bundle Vi is trivial on the complement of Dy, U Dy in Ry,

for any l # k.

PROOF. We shall describe an explicit section R, — Vj outside D;, U Dy,. Let [S,T] €
Rgy.n be such that T}, and T; do not commute. It is not hard to see that there is a unique
representative of [S, T for which T} = i, the k-component of 7} is 0, and the j-component
of T} is positive, assuming T} and 7; are not equal or antipodal. Perhaps the best intuition
for this comes from geography: there is a unique oriented orthogonal transformation of the
earth which maps a given point to the north pole and any other point not the south pole
to lie on the Prime Meridian. This recipe gives a unique representative T' for any given

conjugacy class, and this assignment is certainly continuous in R, ., so gives a section. [

COROLLARY 1.4.2. Suppose n > 3, and let [D,j;l] denote the homology classes associated

to D,j;l with some choice of orientations. Then there are integers r, s such that
(1.4.1) PD(c;(Vy)) = T[D,J;l] + s[Dy]

This raises the question of what happens when n = 1. The author can find no obvious
projection Ry1 — Ry by studying the representation varieties. Nonetheless, such a projec-
tion map is easily defined by studying the correpsonding moduli spaces of stable parabolic
bundles. Suppose £ is a stable parabolic bundle over ¥ with one parabolic point z;. As-
suming deg & = —1 (which we are free to do by tensoring with a line bundle of degree —1),
we have degP” & = 0. We claim that £ is actually stable as a nonparabolic bundle. Indeed,

if £ were a (nonparabolic) destabilizing line bundle, then we must have deg £ > —% and so
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deg £ > 0. But then deg”™ L > }1, so L would be a parabolic destabilizing line bundle for

the parabolic bundle £, which is a contradiction. Hence, we have a forgetful map
f . M271 — MS’O

It is a surjective morphism of projective algebraic varieties, whose fiber is the P! coming
from the choice of parabolic line F; C &,,.
In fact what this shows is that when n = 1, C° C C actually parametrizes stable non-

parabolic holomorphic structure on £ — X as well. To get M, we simply take the quotient

C

bar 18 @ subgroup

by the larger (nonparabolic) gauge group G°. The parabolic gauge group G
of G° and the coset space G/G¢, . is a P'. After passing to the fixed determinant subspaces,

this realizes the P! bundle

MOy = C/Ge, — €3G = MO,

par

Let us study the corresponding universal bundles. Over ./\/1271 x Y we have P, ; and section s,
over 21 € ¥, constructed as a quotient of P(7* E) over C*x ¥. Over M} ; we have Py . There
is an obvious fiberwise map Py ; — P, covering the bundle map M ; x ¥ — M} ; x 3 which
explicitly realizes the first as isomorphic to the pullback of the second. It is straightforward

to check also that for the SO(3) universal bundle E*(g,n) over R,,, x %, we have
B = f*(Eg).

Before tackling the computation of the constants r, s in Corollary [[.4.2] we first relate
the line bundles V}, to the universal bundle constructions from §1.2.2| and make a few notes

on the symmetry inherent in our setup.

1.4.2. The Universal Bundle and V,’s. We would like to identify V, with natural
bundles arising from the universal pair over R,, x . We recall the universal bundle pair
(E*, {V}}) over R,,, x ¥, constructed as the quotient of a pullback pair (7*AdFE, {7*Hy})

by the gauge group G. Fix a basepoint z € ¥* away from the punctures, and consider the
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subgroup
g.Cg,

called the “based” gauge group, of gauge transformations which are the identity at z. The
quotient G /G, is isomorphic to SU(2), and Ag,t/G. is naturally an SO(3) bundle over R,,, =
Agai/G. Given a connection A on AdE, we write [A] for the G equivalence class, and (A),

for the equivalence class modulo G..

LEMMA 1.4.3. The residual SO(3) action on the quotient Aga/G, is isomorphic as a

principal bundle to ﬁg,n — Rgm-

ProOOF. We define an explicit map
Aﬁat/gz — 7/ég,n

using the holonomy of flat connections. The point is that by modding out by the based
gauge group, we can still get from a flat connection its true holonomy representation and
not just its conjugacy class. To wit, recall we have fixed an auxillary point zy near z and
trivialization of E outside zg, so that a flat connection A on AdE gives rise to a flat SU(2)

connection su(A) away from zy. This gives a homomorphism
hol, (su(A)) : T — SU(2).

The based gauge group preserves the holonomy up to conjugation by the local group (G,)|.,
which is trivial by definition, and so hol,(su(A)) is independent of the based gauge repre-
sentative. We therefore get a map (A), — hol,(su(A)) which is a fibered bijection between

the bundles, and clearly SO(3)-equivariant. O

LEMMA 1.4.4. Let W be the rank three R vector bundle associated to the principal SO(3)

bundle ﬁg,n — Rgn. Then for any z € ¥* away from the punctures, W is isomorphic to

E*R, . x (2}
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PROOF. By definition, W is the bundle ﬁg,n X50(3) 50(3), and a vector in the total space
of the restriction of E* to the R, slice through z is the G orbit of a pair (¢, A) where

t € (AdE),. A map E* — W over the R, slice can be defined by

G- (t,A) — (hol,(su(A)),1)

where ¢ is an element of AdE, = so(3). Independence on the choice of representative (¢, A) is
seen by a straightforward unwinding of the definitions, which we carry out for completeness.
For g € G, we must show that (hol,(su(g- A))),g. otog; ') and (hol,({A).),t) are SO(3)-
equivalent. Indeed: the holonomy of su(g- A) is that of su(A) conjugated by g., so these two
pairs are identified by the action of the element g, € SO(3). The map is certainly a linear

isomorphism on fibers. O

When the basepoint z is near an zj (say sg(z) < 3/4 for some k), we get a different
kind of based gauge group which we shall denote by G, consisting of gauge transformations
which are the identity near the kth puncture. Since the original gauge group G was only
allowed to take values U(1) C SU(2) near the punctures, the quotient G/Gy is isomorphic
to U(1). Hence, the quotient Ag,:/Gy is a principal U(1) bundle over R, ,,. Let (A); denote
the G, equivalence class of A. We now finally bring the discussion back to our line bundles

Vi defined at the beginning of the section.
LEMMA 1.4.5. The U(1) bundle Apar/Gr — Ryn is isomorphic to the bundle Vi, = R ,,.

ProOF. The proof is analogous to that of Lemma Since x is near the puncture,
we have a chosen unitary identification £, — C? under which the line Fj, is spanned by
(1,0). Given a connection A, the holonomy hol,(su(A)) gives an element of ﬁg,n. Since
E. is fixed by the based gauge group, this element is independent of the representative for
the orbit Gy - A. Moreovoer, because we have fixed the 1-form of A (and thus of su(A))
near the punctures, the holonomy of su(A) around a small loop around zj, staying inside the
locus where ¢ > 1/2 will be precisely i. This implies that hol,(su(A)) € ﬁg,n is in Vi. The

identification (A)y — hol,(su(A)) is manifestly a U(1)-equivariant bijection. O
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LEMMA 1.4.6. There is an isomorphism

PrROOF. We mimic the proof of Lemmall.4.4] For clarity of notation, we let Ly specifically
denote the complex line bundle Vj xy 1) C associated to the principal U(1)-bundle V}, C ﬁg,n
over R,,. Here, w € U(1) C C acts on C by simple multiplication, but the action on Vj
(in order to make it a free one) is by conjugating a representation by a choice of square root
diag(w'/?,w™/?). Now, a vector in the total space of V} is a gauge orbit of a pair (¢, A)
where ¢t € Hy, C (AdE),, C End(E,,). With our fixed isomorphism F,, = C?) t is just a

matrix (% %). Still letting z be a basepoint near zy, we define a map V; — L; via:

G-((5%75),A4) = (hol.(su(A)), w)

Let us prove the independence on gauge representative. Suppose g € G, and let g, = () 091)

for a unit length v € C. Then we have:

The pair

is equivalent to (hol,(su(A)),b) under the action of v* € U(1). This shows independence of

the representative, and the resulting map is certainly a linear isomorphism. [l
COROLLARY 1.4.7. We have ¢1(V) = ¢1(Vy) in H*(Ryn; Q).

The upshot of this is that we may now use the D,:fl’s to study the cohomology ring of
Rg.n: we know that their first Chern classes of the V},’s are Poincaré dual to a pair of Dk,il’s,
and we also know that these classes are part of a natural generating set for the cohomology.

What remains is to determine the relations they satisfy.
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1.4.3. Action of the Mapping Class Group and Flips. When analyzing the D,ﬁl’s,

it will be convenient to exploit the considerable symmetry in R, ,, arising from the symmetries

of X*.

Action of the Mapping Class Group. On the space of connections on £ — >* there
is a (left) action of the basepoint preserving mapping class group Mody ,, by the operation
of pullback. Let us make this precise. Fix a basepoint z € ¥ and for each ¢ € Mod,,,, fix
representative f : £* — 3* for ¢ with f(z) = z and with the property that on the coordinate
cylinders Uy 2 (0,1) x S near each puncture, f agrees with the coordinates. In other words,
if f maps the kth puncture to the jth, then it gives a diffeomorphism U}, to U; which is just
(Sk, 0) — (s5,0; + &) for some constant £. In addition, fix a fiberwise isometry F': E — E
covering f which is the identity at z, and let F : AdE — AdE denote the induced isometry.
Given a connection A € A, we define a new connection JT@(A) by setting, for a local section

t of AdE and tangent vector X € T,.>*:
(1.4.2) dyz, o (t) - X = F(da(F " o to f) - df(X))

This complicated looking formula is exactly what is required so that a section ¢ is M, (A)-flat
if and only if Foto f~1is A-flat. We see that ]T@ gives a map on A which preserves the set
of flat connections. Now, if g is a gauge transformation, then ¢ is ]T@(g - A)-flat if and only
if Addgo Foto f~!is A-flat, if and only if (ﬁfl oAdgo ﬁ) otis ]\7¢(A)—ﬂat. Moreover, it is
clear that

(F'oAdgo F)=Ad(F'ogoF)

and thus
My(g- A) = (F o go F)- My(A)

This shows that ]T/[/d, preserves gauge equivalence classes. Hence, ]T@ descends to a diffeomor-
phism M, on R, . One can check that although the map qu on A itself may depend very
much on the choices made (for example, f and F'), these choices do not affect the holonomy

of a flat connection and so My depends only the mapping class ¢. Indeed, the holonomy of
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M,(A) around a loop 7 based at z is clearly just the holonomy of A around the loop f(7),
which is certainly invariant under the choice of f for ¢ and completely independent of F'.
We therefore get an action of the mapping class group Mod, ,, on R, ,. Another way to see
this action is simply by looking at the action of Mody ,, on the Z/2 extension T of 1 (3%):
precomposing representations by this action induces an one on ﬁg,n (which lifts the action
from Ry ,).
Inside of Mody ,, there is a copy of the braid group B,, on n strands arising from those
diffeomorphisms which are supported on a small disk containing the punctures. There is

a natural surjective homomorphism 7 : B, — S,, where §,, is the symmetric group on n

elements given by observing how a mapping class permutes the punctures.

LEMMA 1.4.8. Let ¢ € B, C Mod,,,, and set 0 = 7(¢). Then My(Dy o)) = Diys and

a(

M;(Vg(k)) = V.

PROOF. The first statement is straightforward. If ¢ is a mapping class carrying neigh-
borhoods of x; and x; to those of z,) and z,() respectively, then the holonomies of the
connection My(A) around x; and x; are just those of A around @,y and x,). Hence, My
carries connections with equal or antipodal holonomies around z,(;) and () to those with
equal or antipodal connections around z; to x;, respectively.

For the second statement about Vj, let us make use of an explicit presentation for B,,.
It is well known that B, is generated by n — 1 elementary braids by, ..., b, 1 subject to the
relation b;b;41b; = b;41b;b;41 for each i, and where b; and b; commute for |i — j| > 2. The
action of B,, on m(3*) is given by

;

dy, ik A4+ 1

bl<dkz> - di+1, ifk=1 ’

\d;_lldidi—l—h If ]{3 =1 + 1

and B,, fixes the a;’s. The lemma will be proved if we can show it is true when ¢ arises from

an elementary braid b;, since these generate the action. Since 7(b;) is just the transposition
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(i i+ 1), we need to show that Mj(V;,1) and V; are isomorphic. Clearly, the action of M,
on ﬁgﬁn maps the subset Vi, to V; (since pob;(d;) = p(d;+1) = 1). In fact, it is easy to check
that this map is equivariant with respect to the action of U(1) by conjugation. This proves
directly that the pullback of V;.; by the action of b; on the base is isomorphic to V; as a

U(1) principal bundle, completing the proof. d

Flips. There is an additional set of symmetries in R, which we call “flips”. For any subset

J C {1,...,n} of even cardinality, we get an involution on ﬁg’n, denoted by M J:
Mj(ﬁ? Tl? AR 7Tn) - (§7 61T17 R 6nTn)

where ¢ takes the value -1 if £ € J and 1 if not. Since multiplication by —1 commutes with
conjugation, this map descends to a map M; on R, ,. The maps M s and M are called flips.

Suppose ¢ € Mod, ,, is a mapping class which permutes the punctures according to a

n

permutation o of the indices. Then we have
(143) M¢OMU(J) = MJOM¢

Let us record the effect of the maps M; on the line bundles V;, and submanifolds D4

LEMMA 1.4.9. We have M;(Vy) = Vi* if k € J, otherwise M;(Vy) = Vi. In addition,
M (D) = Dy if {k, 1} N J| is even, and M;(D})) = D, if it is odd.

PROOF. The second statement is completely obvious, so we focus on the line bundles
V. In the case that & ¢ J, the map M, simply maps V; to itself (U(1)-equivariantly).
So, we suppose k € J. As an S! fiber bundle, M3%(V}) is just M;l(vk) by definition of
pullback, which is just the set of representations [S,T] with T, = —i. The map on ﬁg,n
which conjugates a representation by j brings MJ_I(Vk) back to Vi, but this map is not U(1)-
equivariant. In fact, acting by z € U(1) on M;l(vk) is the same as acting by Z on V4, so

that these bundles are conjugates. O
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Interaction with the Symplectic Structure. The maps M; and My have the convenient

property that they are actually symplectomorphisms of the sympletic manifold (R, w).
PROPOSITION 1.4.10. Mj(w) = Mj(w) = w.

PROOF. Let us first prove that Mj(w) = w. Let [p] € Ry, choose a connection A € Agy
with hol,(su(A)) = p, and let B = M¢(A). The tangent space to the equivalence class
[p] € Ry consists of equivalence classes 1-forms with values in so(AdE) which vanish on
the loci sp > 1/2 near each puncture and are in the kernel of the connection operator d,.
For such a 1-form a, the pushforward 1-form o' = (d]T@) Ala) is given at x € ¥* by (letting
XeT, X andv € E,):

A (X) 0= E (ag(df(X) - (o)

Despite this complicated-looking formula, given two such 1-forms a, b, it is not hard to see
that their pushforwards satisfy Tr(a’ A ¥') = f* Tr(a A b), since the map F preserves the
bilinear form Tr on so(AdF). Hence:

M; () ((a] A b)) L/Emmb')

e

:#/Ef*m(mb)) - ﬁ/ETr(a/\b) —w(la AE]).
This proves that elements of Mod,,, preserve w.

As for the map M;, we will need to lift this diffeomorphism to one on Ag,; where
the definition of w originates; we need an operation on connections A which negate the
holonomies of su(A) around wz; for £k € J. The idea is that if A" is a connection with
hol, (su(A’)) = M (hol,(su(A))), then A and A" will not be guage equivalent with respect to
G but will be gauge equivalent with respect to the full gauge group G of SO(3) automorphisms
of AdE over ¥*\ {2}, not necessarily arising from an SU(2) automorphism of E. The group
G is naturally a subgroup of G of index |H'(X;Z/2)|. Still using our trivialization of F

outside the auxillary point zp, let u; be an SO(3) automorphism of AdE over ¥* \ {2} such
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that with respect to this trivialization, u; gives a function ¥*\ {29} — SO(3) with g(z) = Id

for whom the induced homomorphism wu,, : I' — m,(SO(3),1d) = Z/2 satisfies:

e uy(a;) =0, for 1 <j<2g.
o us(dy)=1for ke J,and 0 for k ¢ J.

e u;,(¢) =0, where  is the central order two generator.

Such a u; can be shown to exist using a homotopy equivalence of ¥* \ {z} with a wedge of
circles. Moreover, we can arrange u; to be the identity near the puncture xy, for k ¢ J, and
for k € J, the explicit function:

o cosf 0 —sinfy - 0 0}, /2
(1.4.4) uy(Sg, Or) = <sir?0k 1 Cogek > = Ad <_eﬂ.9k/2 e ) )

0i01/2

o ) is not well defined on Uy \ {zx}, the expression does

Even though the matrix ( _efi)gk /2
give an adjoint which is single-valued. Near xy for k € J, if a is the fixed connection 1-form

of A, the 1-form of uy; - A is

We see that acting by u; preserves A near the punctures and so gives a map on A, which
certainly preserves the flat locus and descends to a function on G equivalence classes. The
holonomy of su(u, - A) around the loop dj will clearly be that of su(A) for k ¢ J. Moreover,
since uy is just an SO(3) gauge transformation with w;(z) = Id, the SO(3) holonomy of
uy - A based at z is exactly that of A. Suppose if k& € J and let s(6;) denote a section
[0,27] — E over the loop dj, that is su(A)-parallel. Along dj, : [0,27] — X*, with respect
to the trivialization of E, u; is Adv; for some vy : [0,27] — SU(2). Since u; does not
extend across the kth puncture for k£ € J, it must be the case that the lift v; takes the value
vy(2m) = —1 instead of 1. Hence, the holonomy of su(u, - A) around dj, must be —1 times

that of su(A). This shows that wu; lifts the map M; to Ag.e. Because uy is really just a
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gauge transformation, it certainly preserves the closed 2-form w on Ag,;,. We conclude that

M preserves w as desired. O

Interaction with the Universal Bundle. There is one last result on the effect of flips

and mapping classes we will need when we begin working with cohomology classes.

PROPOSITION 1.4.11. For a mapping class ¢ € Mod, ,,, let f be the chosen representative,
and let o be the corresponding permutation of the punctures. Then as bundles on Ry, X X,

we have

(i) (M, x 1) (B) = B
(’LZ) Mg(Vk) & Va(k)-

For J C {1,...,n} with |J| even, we also have

(iii) (M x 1d)*(E¥|g, . xs+) 2 E¥|g,  yx-

Vi, ifk ¢ J
(i) Mj(Vi) =4

Vi, ifkeld

PROOF. Recall that given the mapping class ¢ we have chosen a diffeomorphism represen-
tative f with controlled behavior near the punctures, and lifting isomorphism F: AdE —
AdE. To prove (i), we will construct a fiberwise isomorphism of E*! to itself covering

My x f~1. A point in the total space of E® is a G-equivalence class (¢, A, z) with t € AdE,.

We define the map via:

(@“&x0r+<ﬁ;4@%E@Qﬁj>%@>.

To show that this is independent of the choice of representative (¢, A,x), let ¢ € G. A

different representative is g - (t, A,x) = (gz ot o g;*, g+ A, x), which gets sent to

(1.4.5) (E”(gl« otog,t), My(g- A%f”(%’))
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Since My(g-A) = (F~togoF)-My(A), it is clear that acting by the gauge transformation
FlogoF on <ﬁx*1(t), ]TJ;(A), fﬁl(x))

gives exactly the output , proving independence of gauge representative. Hence, the
recipe ([1.4.5)) is well defined on equivalence classes and gives the desired isomorphism of bun-
dles. The second isomorphism (ii) of line bundles follows by an entirely analogous argument.

For (iii), we recall from the proof of Proposition [1.4.10]that there is an SO(3) gauge trans-
formation u; lifting M; to the space of flat connections. We define a fiberwise isomorphism

from E* to itself covering M; x Id via:

(1.4.6) (t,A,z) = ((ug)z - t,uy - A x).

It is exactly because u; does not extend across the puncture that we cannot extend this map
to one on E? over all of ¥. To see independence on gauge representative, for ¢ € G the

different representative (g, ot o g;', g+ A, x) is sent to:

((w)a(ge 0t o g, ") us- (g A),x) = (uy o Adgouy’) - ((us)a(t),us - A, x).

It remains to show that u OAdgou}1 = Ady for a gauge tranformation ¢’ € G. A determinant
1 automorphism ¢’ of F satisfying this equation will certainly exist and be unique up to sign
but it remains to check that ¢’ is a constant diagonal element of SU(2) near a puncture.

This is obvious when k ¢ J. Near the kth puncture for k£ € J, we have:

0 e—i0k/2

UJOAdgou}1 :Ad<,e—96k/2 ewk/Q)OAd(%’%)oAd< 0 7e"9k’/2>
=Ad(§ )
We prove the final isomorphism (iv) in the case k € J. Let h € H, C AdE, so that

h=ad (%) forv € C. We define a fiberwise bijection Vj, — V), covering M; on R, x {zy}

via:

(1.4.7) @d (0 7). A) = ad (27, uy - A).
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Suppose g,, = diag(w,w). The different representative
g+ (hA) = (ad [(§8) (257) (F )]0 4) = (ad (2, 747) g~ 4)

is sent to (ad ( *52”) ,uy-(g-A)). It is not hard to check that this is the same as acting

0
w?m 0

by u; o Adyou;' on (ad (9 V), u;s - A). The proof is completed by noting that (1.4.7) is

complex conjugate-linear, and so gives a fiberwise isomorphism Vj; — V7 covering M;. [
PROPOSITION 1.4.12. In Corollary[1.4.9 above, we have |r| = |s| = 1.

PROOF. Let us first treat the case n > 5. By Lemma [1.4.8], we can assume without
loss of generality that k£ = 3 and [ = 4. We will use an auxillary submanifold to cut down
the moduli space so that the necessary computation may be performed on a copy of the
two-sphere. Let

SCRyn

denote the subset of points [S, ] where the S;’s are all 1. There is an obvious identification
S < Ry, which carries D,f’l NS C Ryn to D,j;l C Ro,, and for which the pullback of V
is just V;. Hence, we can assume without a loss of generality that g = 0. Define another
submanifold Z C Ry, by:

Z=D{sNDisN---ND;

n—1n

As a general rule, all intersections of the above type will turn out to be transverse. An
outline of a proof of transversality in this case would go as follows. Observe first that issues
of transversality can be dealt with upstairs in ﬁo,n with the preimages of the D,’;l’s. Next,
argue that show that any 2-way intersection is transverse by reducing to the case of n = 5.
Then, note that everytime another pair is added to the intersection, we are really studying
an intersection in representation variety for 2 fewer points. The general case then follows by
induction.

A point in Z is an equivalence class [T1, Ty, T3, Ty, . . ., T4], where Ty appears n—3 = 2m—2
(and so an even number of ) times. Hence, we must have 717575 = (—1)™. Up to conjugation,

the representation is [(—1)™'j, k,i, Ty, ..., Ty], which defines T, uniquely. This gives both a
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map f: Z +— Cj, as well as a trivializing section of V3|z. To compute r and s, we will study
this restriction V3|7 near the intersections D;f4 N Z. These intersections are transverse, and
each is easily seen to be isomorphic to a representation variety for three parabolic points: a
single point. Denote these intersection points by p*.

In order to compute the values of r and s, we need to compute the winding number of
the trivialization 73 4 of V3|4 (,+} coming from Lemma and D;f 1, With respect to the full
trivialization 7/ over all of Z. We will study the trivializations along the loop = : S* — Cj
defined by

) = ()" ke 6]

where the multiplication occurs in the unit quaternions. For a point v(e%) in the loop, the
trivialization 734 requires us to find a number in the complex circle S{ by which we may
conjugate e - j so that it just becomes j. This number is just ¢?*/2 (or its opposite). Since

the trivialization 7/ is just given by
7 ((=D)"™j, k1, e75)) = (=)™, ki, ¢7j)

we see that the difference between the two trivialization is conjugating by €l%/2. Recall that
the U(1) structure of V3 is by the quotient of S} by {£1}, so the “clutching” function is
really just e — e and so is of degree 1. There is an ambiguity in signs arising from the
lack of orientation chosen for the Dzrk’s and general disregard for sign conventions regarding
the definition and computation of the first Chern class. This completes the proof in the case
n > 5.

If n = 3, consider the embedding ¢ : Ry3 — R, 5 given by
1S, Th, Ty, T3] v [S, T, T3, T3, =13, T3]

We may assume without loss of generality that k,[ = 1,2. It is straightforward to see that
Vi(g,3) = *Vi(g,5). Since D,jtl(g,fi) = L_l(D,j;l(g,S)), the result follows from the n = 5

case. O
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1.5. Relations in the Cohomology Ring

We know from Theorem that the cohomology ring of R, comes with a generating
set of classes of degrees 2, 3, and 4, arising from a universal bundle pair (E*,{V}}) on
Rgn x 2. In order to understand the relations between these classes, it is necessary to
describe them more concretely. For example, by the definition of slant product / the degree
four class p(E*)/[pt] is just pi(E*|g, .x(pty). This, we know by Lemma , is just
p1(W), where again W is the rank three R vector bundle associated to the SO(3) bundle
ﬁg,n — Ry n-

In we identified the classes ¢;(Vy) € H?*(R,,) with the classes ¢;(V}), and we
found explicit submanifolds representating their Poincaré duals. These submanifolds have
the property that intersections between two of them (with one common index) behave like
representation variety for two fewer marked points. The key to exploiting this property is
identifying the restrictions of the other cohomology classes to these intersections with the
corresponding classes in the lower representation varieties. This will give information about
how the pairings of these other classes with the ¢;(Vy)’s behave. In what follows, for a

homology class h € H,(X), we will use the simple shorthand [h] to denote p;(E*!)/[h], so

that, for example, [pt] = p;(W).

1.5.1. The Class of the Symplectic Structure. There is another natural cohomol-
ogy class on R, ,: the degree two class [w] of the symplectic form. By Corollary and
Theorem|[1.2.7, we know that H(R,,,; Q) is spanned by the classes [S] and ¢1(V3), . .., c1(V3,).

Hence, [w] must be a linear combination of these:

(1.5.1) w] = A[S] + ) Drer(Vi)

k=1
By symmetry the D,’s must all be equal. We claim that A ## 0. To see this, suppose on the
contrary that [w] = DY ;_, c1(Vy). We average M7 applied to this equation over all even J.
The number of even J containing an index is the same as the number not containing it and

M35 (c1 (Vi) = £c1(Vi) depending on whether k € J, so the right hand side of the averaged
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equation vanishes. However M3 (w]) = [w], so we arrive at [w] = 0. But [w] cannot be zero
as it is the class of a symplectic form on a compact manifold. We conclude that A # 0, and

we have proved:
PROPOSITION 1.5.1. The n+ 1 classes [w], c1(V1),...,c1(Vy) are a basis for H*(Ry.,).

The class |w] is more convenient than [X] for us because it behaves well under the sym-
metries, including flips. What we lack is a geometric description for the Poincaré dual of
[w]. Instead, for us the important data concerning this class will be the pairing of its top
power with the fundamental class of the moduli space, called the symplectic volume. The
paper |12] gives a formula for this top pairing in the case of arbitrary rational weights ¢;,. We
note that in that paper, their weights in (0, 1) correspond to twice the value of our weights

in (0,1/2). We have rewritten their formula to agree with our conventions.

THEOREM 1.5.2. ( [12], Prop. 4.12, and eq. (5.3)) The pairing of the top power of [w]

with the moduli space is given by:

_34n (3g+n—3)
(15.2) ([ Ryn(0)) = 5o Z TR MHsm (27 Nt)

COROLLARY 1.5.3. For the case n > 1 and odd and t = (1/4,...,1/4), we have

n (3g+n —3)!
(153 N =l
where E; is the jth Euler number defined to be the coefficient of x7/j! in the Taylor series
of sech(x) = 1/ cosh(x).

PROOF. We plug in the weight ¢, = 1/4 in ((1.5.2)) and simplify. For these values of t,
the even N terms in the sum in ((1.5.2)) vanish, are we are left with:

(154 (2 R, (1)) = (39 +n — 3)! 3 : (-1)

29—2729—24n ~ oOM + 1)2g—2+n

The sum now appearing consists of alternating negative powers of the odd integers, which is

a well documented function of the exponent 2g — 2 + n known as a the Dirichlet § function.
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It can be computed exactly, and one has:

(_1>l7r2l+1E2l

pl+1) = 220+2(2])]

Plugging $(2g — 2 4 n) in for the sum in (1.5.4)) gives the desired formula. O

1.5.2. Inductive Properties of the Moduli Space. In order to get information
about pairings with the classes ¢;(V4), let us further analyze the Dif,’s and their inter-
sections. Given a pair (k,1) of indices, we can construct a map to a smaller representation

variety Dif,z — Rgn—2 in the following way. Let b € B, be such that the correpsonding

+

permutation carries (n — 1,n) to (k,l). Then b gives a diffeomorphism from D,j;l to Dy,

There is then a map fo_lm — Rgn—2 given by:
(155) [§7 T17 s >Tn727 Tnfb iTnfl] = [§> Tla s 7Tn737 :FTan]

Indeed, T, - T,, = —1. This map is clearly surjective, and its fiber is just the freedom is
choosing T},: it is a copy of the sphere C;. Hence, by composing it with b, we see that D,ﬁl
is a C; fiber bundle over R, ».

REMARK 1.5.4. This situation is to be contrasted with that in [32], where all of the para-
bolic weights ¢, are distinct. There, the analogue of D,j;l is also a (connected component of a)
subspace where T}, and T; commute but admits an isomorphism to an actual representation
variety for one fewer parabolic point, where the parabolic weights ¢, and t; are replaced by
the single weight ) + ¢;. Such a representation variety for us does not exist (smoothly), of

course.

Consider now an intersection D, N Dy, with j, k,1 distinct. Rechoose b so that its
permutation carries (n —2,n — 1,n) to (j,k,1), so b gives a diffeomorphism D, N Dy, to
D:—Z,n—l ﬂD;{_Ln. There is then a map from D} , F‘ID:{_LH to Ryn—2 given by restricting

the map ({L.5.5):

(156) [§7 T17 cee 7Tn—27 Tn—?a Tn—?] — [ﬁ) T17 s 7Tn—37 _Tn—Z]
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which is a diffeomorphism. Composed with the map induced by b, we get a diffeomorphism
of D, N Dy, with Ry, 5. There are many such maps as a result of, for example, the choice
of the braid b, but they all differ by postcomposing with the maps from flips and mapping
classes on R, ,_2. There are similar isomorphisms for intersections Dj.fk N D,f’l. Moreover,

the inverse of (|1.5.6) gives a section of the 2-sphere fiber bundle (1.5.5). It is also easy to

see that |1.5.6 carries D, N D}, ;N Dy, to the corresponding D, , inside Rgn_a, for

a,b < n—3, and to Df, if one of a,b is n — 2, n — 1, or n. The moral is that successive
intersections of the Df:l’s behave like representation varieties for fewer parabolic points. This

recursive property is the key to understanding the cohomology of R ..

PROPOSITION 1.5.5. Let ¢ : D,::l — Rgn be the inclusion, and 7 : le,l — Rgn—2 be a map
arising from from formula and the discussion preceding it, and let T : {1,...,n—2} <
{1,...,n} denote the corresponding inclusion of indez sets. If E34(g,n) denotes the universal

bundle on Ry, x X, then we have:

i Ead(g7n>|D2:’l><E = (ﬂ- X id)*Ead<gvn - 2)

* V.9, n)|DkiJXZ = (m x id)*Vi(g,n — 2) or (m x id)*Vi(g,n — 2)*

PROOF. As in the proof of Proposition [I.5.6, we again assume we are working with

D-

n—1,n»

let 7 be the map (|1.5.7]) and we use all the same notation from there. Let ./Zl\l, denote

the space of flat connections on S arising from the operation of extending connections
in ¥V by the product connection; it is the space of flat connections on a surface with two
fewer punctures whose 1-forms with respect to the induced trivialization on * \ {#0} are
zero on a disk U. Denote the composition 4, — V — ./zl\,, by using a hat. Now, since
A, /G, = Agat /G, the bundles E*(g,n) and V(g,n) can also be constructed as the quotient
of the pullback of AdE and Hy to A, x ¥ and A, x {z;}. We claim that a fiberwise isometry

E*(g,n) — E*(g,n — 2) covering 7 x id may be defined by the formula:

(t7 A7 l’) '_> <t7 g? l‘)
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for A € A, and t € AdFE,. Note that the underlying compact surface ¥ and bundle F for
any number of punctures is the same, so we are free to repeat “x” and “t” on the right hand
side. It is obvious that this is well-defined: if g € G, and g is the tranformation g replaced
by 1 on U, then g - (¢, A, x) is sent to g - (¢, A, x). This proves the first bundle isomorphism.
The second is proved via an almost identical argument. The ambiguity between the line

bundle and its dual arises from the effect of flips on the V}’s. O

As a corollary, we see that the classes [pt] and [a;] restricted to D,fl are all pulled back
from R, ,—2 in the expected way. Finally, we need to study how the projection DkiJ — Rgn—2

behaves with respect to the class [w]. We have:

PROPOSITION 1.5.6. Denote by wg,, the symplectic form on Rgy,,. Let 7 : le,l — Rgn—2
be any of the natural 2-sphere fiber bundles arising from the map (1.5.5), and let ¢ : D,j;l —

Ryn be the inclusion. Then we have t*(wy,) = T (Wgn—2)-

PROOF. We illustrate the Proposition in the case Dy, as the other case follows by
invoking Lemma [1.4.9, Without loss of generality, we may take k,l =n — 1,n, and 7 is the

map:
(1.5.7) 1S, Ty Do, Toot, =T = [S, T, T

Any of the other natural choices for 7 differ by postcomposing with the known symplecto-
morphisms of R, ,_2. We need to realize this map as an operation on flat connections in
A in order to understand its interaction with the symplectic form. It will be convenient to
work with SU(2)-connections, so fix a basepoint z € ¥* away from the punctures and recall
our trivialization of E away from the auxillary point z;. Connections are now the same as
su(2)-valued 1-forms on ¥** = ¥*\ {2}, and these 1-forms are fixed near the punctures. Let
U € ¥ be a disk containing the neighborhoods of only the punctures z,_1, x,, and such that
z €U and zy ¢ U, let 5* denote the surface obtained by filling in these two punctures, and

set V.=3\U. Let A, ;, denote the space of connections A for whom [A] € D, . Every

n—1n

n—1,n

connection in A has SU(2) holonomy around 0U equal to the product of two antipodal
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elements of SU(2), which is just the identity. Since m(SU(2)) = 1, for any A € A, we
can find a gauge equivalent A’ such that the 1-form of su(A’) vanishes on a fixed annular
neighborhood v of OU. Let A, denote the subset of such (flat) connections; this subset
is acted on by the subgroup G, of gauge transformations which are constant on v and the
quotient is all of D .

Let U,V denote the spaces of flat connections on U,V respectively, with the desired
behavior near the punctures and whose 1-forms vanish near the boundary. Restriction of
connections gives a homeomorphism 7 : A, — U x V. If &y and wy denote the 2-forms on

U and V coming from restricting the domain of integration in the definition ((1.2.4) of @ on

A, C A, then splitting the domain of integration implies that
(1.5.8) N (Wy ®wy) =w

Letting G! C G, denote the subgroup of g with g|, = 1, the map 7, the 2-forms in equation

(1.5.8)), and the relationship descend to
7 AG, = UG, x V]G,

2-forms &), wy;, and &’ and the equation 7™ (&}, ®w,) = &'. Now, given A’ € V and A" € U,
there are corresponding connections A" and A" on & and U , the sphere gotten by capping
off U with another disk, obtained by extending via the trivial connection. This identifies

(using the ideas of Lemma [1.4.3]) the factor & /G with the space
7,\QJ’U = {TnflaTn S CYi s T T, = 1} = CVi

and the factor V/G! with 7597”,2. The space A, /G! is clearly just the preimage ﬁ;_lm

in ﬁg’n. Implicitly using all these identifications, it is straightforward to check that ),

!/

yn—2 ON ﬁg,n_g which is the pullback of wy,_2, and &’

corresponds to the closed 2-form w
is the pullback of w,, on R,,. We have achieved now the isomorphism of manifolds with

2-forms:

ﬁ/ : (D_ W, ) = (CU&ZI/{) X (Rg,n—%&/ )

n—1,n""Ygmn g,n—2
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The quotient G, /G! is isomorphic to SU(2) and the residual action of this group on ﬁg’n_g
is projectively free. The quotient on both sides (where the action on the right hand side is
the simultaneous one) gives the Cj-fiber bundle 7. We are done then if we can show that &y,
is actually 0. The key point is that all the connections in i/ are actually gauge equivalent;
the quotient of C; by SU(2) is a single point. Any two tangent vectors in 74U then differ
by (dg)g~! for some gauge transformation g, which is in the annihilator of the linear form

Wy, (see the discussion on the symplectic structure in §1.2.1)). Hence, w;, must vanish. [

COROLLARY 1.5.7. The restriction of the map 7 in to the intersection D5} N Dy

15 a symplectomorphism.

PRrOOF. This restriction is a diffeomorphism by the discussion preceding Proposition

1.4.12] and its inverse gives a section of the 2-sphere bundle 7. U

Up until now, we have been entirely focused on the line bundles V, and degree two
classes ¢1(V}). We now consider the degree three classes [a;] for 1 < j < 2g. Their role in
the cohomology ring has been well understood for over twenty years, as we now review. As
shown in [31], it is convenient to introduce the class 7; = 1c[asj-1][az;] (our normalization

here will be justified later on) for 1 < j < g. For each j, there is a natural embedding

tj i Rg—1n < Ryn given by
[ﬁ) I] — [Sla ey SQj—?a 17 ]-> SQj—l) ceey 529—272]

whose image is exactly the collection of representations [S,T] for which Sy;_1 = Sy; = 1.
In [31], it is proved that the submanifold ¢;(R,4_1,) is Poincaré dual to 7; (at least in the case
n = 0, and the proof adapts readily to our situation). It is straightforward to check using
the methods of the current paper that ¢; respects the symplectic forms, and the universal
bundle pair over R,_1,, is pulled back via ¢;. This fact shows that the cohomology ring also

has an inductive structure in the genus g. Putting everything together, we have:

PROPOSITION 1.5.8. The product class vj, - - vj.c1(Viy) - - c1(Vi,) s a constant multiple

of the Poincaré dual to a collection of 2° submanifolds of Ry, each symplectomorphic to a
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copy of Rg—rn—2s by a map under which the classes [pt], [a;], and ¢1(V}) (where j # 2j;,25;,—1

and k # k; for any i) are all pulled back accordingly.

Proor. This is all a straightforward synthesis of facts proved up to this point. The

result follows by induction after proving it in the case ;s = 0,1 or 1,0. The case when the

class is ¢1 (V%) for some k follows from Propositions [1.5.5) and [1.5.6] The case of the class ~;

follows from [31] and the discussion preceding the proposition. U

COROLLARY 1.5.9. Suppose f(a,b) is a polynomial such that f([w], [pt]) € H*(Rgn; Q)

equals the zero class. Then the polynomial

. (Ve) - a(Ve) - ([, Iot) =0

equals the zero class in the ring H*(Ryirni2s; Q).

1.5.3. The Four Dimensional Class of a Point. We would like to record some
properties of the degree four class [pt] and the degree three classes [a;]. We first prove an

easy equation relating [pt] to the degree two classes ¢;(V%).
LEMMA 1.5.10. For any k, we have [pt] = —c;(Vi)?

Proor. We will prove this by studying a corresponding isomorphism of universal bundles
on Ry,. By definition [pt] = pi(E*|r, . x{pt}) where pt € ¥. Since the isomorphism
type of Ead|Rg,nX{pt} is independent of the choice of pt as R, is connected, we are free to
choose pt = z, for any k. Write E}4 — R,,, for the restriction of E* in this case. By
definition of Vy, it is clear that E2 is isomorphic as a real vector bundle to R & V. Hence,

p(EY) = —c1 (V)2 O

REMARK 1.5.11. One can prove Lemma|l.5.10|directly by studying the associated vector
bundle constructions of W and Vj, from PU(2) and U(1) bundles. Let L; again denote the
line bundle Vj, xyq) C and W the associated bundle ﬁg,n X30(3) R3. Then for (p,w) in V4, a
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map Ly & R — W is given by

(Gewdr) o 7

LEMMA 1.5.12. The class [pt] is Poincaré dual to a union of four, disjoint, codimension
four submanifolds Dy, Dy, D3, and Dy each with a symplectomorphism 7, to Rg,—2 for
k=1,2,3,4. Letting 1, : D, — Ry, denote the inclusions, these symplectomorphisms also

satisfy T [pt] = i[pt] and 7}[a;] = t]a;] for 1 < j < 2g.

PROOF. By Lemma [1.5.10, we have [pt] = —c;(V},)? for all k. By Proposition [1.4.12] we
see that

PD([pt]) = ([Dia] + [Dy]) N ([D35] + [Dy))

for some choice of orientations for these submanifolds. Each of the four terms Df; N D3
in the expansion is symplectomorphic to Ry ,—2 by , through a map under which the
universal bundle E* pulls back to the restriction. The classes [pt] and [a;] therefore also

pull back, being defined through the universal bundle. U

COROLLARY 1.5.13. Suppose f is a polynomial in the [a;]’s, ¢1(Vi)’s, [w], and [pt] which

is a relation in H*(Ry,; Q). Then the polynomial f x [pt]® is a relation in H*(Rypi2s; Q)

1.5.4. The Classes [X]| and [w]. We now make a brief digression on the relationship
between the class [¥] and [w]. It will be convenient later to nail down precisely the linear
combination (|1.5.1). What we need is to describe the action of the flips M; on the class [X].
The issue is that [X] is not preserved; by Proposition , the pullback of the universal
bundle E* by M is only an isomorphism away from the z;’s. Fix an even J, and suppose
k € J. Recall that we have small disk neighborhoods Uy, with polar coordinate (s, 6x) around
cach puncture xj and a trivialization of the U(2) bundle E. Let ¥° denote ¥\ U}, U;. The
map M lifts to the space of flat connections via an SO(3) gauge transformation u;, and
the map is an isomorphism of E* to (M, x Id)*E* over R,,, x ¥*. The bundles

are also isomorphic when restricted to R, X Ui. To see this, we note that the bundles are
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isomorphic when restricted to R,,, x {z} for any point z € ¥°, and so this is also true for
x € Uy. Since R, x Uy contracts to R, the isomorphism is automatic. In fact, the proof
of Lemma shows that the restriction of E* to Ryn X {xy} is isomorphic to R & Vi,
and so the restriction of (M; x Id)*E* to R, , x {xx} is isomorphic to R & V}, which is
isomorphic to R® 'V}, as a real bundle. Hence, we can describe the new bundle (M x Id)*E?*
as being obtained by cutting E* along R, ,, x OUj, for each k and regluing with a “clutching
function”. We can compute this function as follows: it is the composition of the following

circle of maps:

E#d (M, x 1d)*E

l T

—1@Id
ROV, —— ROV, —— R (M x 1d)*V,

The maps, beginning with the vector (¢, 4,60) in E*|, for x = (1,6;) € OUy, t =ad (5 27) €

AdE|, and A a flat connection, compose to:

(ad (22) . 4),, = (5 d(C5).4), ~

Ok

(—s, (ad (277) ,uy - A)) — (by equation ([1.4.7))

O

(1.5.9) (ad (= ), uy - A), —

z k

0 _ei(')k/2 —5 —z 0 eiek/Q
<ad <€7i9k/2 0 ) ( zZ s ) (_e—wk/? 0 ’A 0,

= (1 (. 72) 4),

We see that near 5, E* is isomorphic to the pullback of R @ V. to Rgn X ﬁk for a slightly

larger disk neighborhood ﬁk D Uy, and (M; x Id)*E* is obtained by cutting this bundle
along R, x OUj, and regluing R & Vy, to itself via (s,v) + (s,e %), for each k € J. It is
not difficult to see that the characteristic classes of these two bundles are therefore related

by:
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LEMMA 1.5.14. Upon slant product with [X], the first Pontryagin classes of E* and
(M; x Id)*E* are related by:
pr (M x 1)°E™) /(5] = pr (E*) /5] — 2 i (Vi)
keJ

Proor. This is standard bundle theory and unwinding the definition of the slant product.

g

We can use the lemma to determine the relationship between the cohomology classes [X]
and [w]. As before, by symmetry we know [w] = s[X] +t>_}_; ¢1(V}) for some constants s, ¢.
The class w is invariant under flips, and the lemma implies that the only linear combinations
of [¥] and ¢;(V}) which are flip-invariant are scalar multiples of [X] — > 7, ¢1(Vi). We

conclude that

(1.5.10) W] =A ([E] + ch(Vk)>

for some nonzero constant A. In fact, from |12] we see that in our notation A = —1/4.

Define the graded commutative polynomial algebra

Ag,n = C[aaﬁaéla ce 75n] X A*[¢17 ce 7w29]7

where we assign a and 0y, degree 2, 1; degree 3, and  degree 4 (i.e. «, 8, and the d;’s are
commutative and the v;’s anti-commute with each other). We denote by H,, ,, the C-algebra

H*(Ry,;C). We can define a map ¥ : A, — H,, via:

a — 2[w]

B — i[pt]
by = — glay]

(Sk — %61 (Vk)
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The fractional factors in front of each generator are used to make the presentation of the
cohomology ring simpler and stem from the fact that we use the Pontryagin class of an
adjoint universal bundle, rather than the second Chern class of a standard universal bundle.

We remark that this notation gives

n

(1.5.11) (o) = —3[Z] + ) _W(5).

k=1
What we have proved so far is that H,, is isomorphic to the ring A, /Z,,, for some
ideal of relations Z,,, = 1»~*(0), which includes the relations 3 — 07 for each k. For each g,n,

n > 1, there is a natural inclusion
0,1 .
Lg,n . Rgm — Rg,n+2

arising from the isomorphism D, ., N Dy, .5+ Ry, which by virtue of the results of
this section has the property that pulling back the images under ¥ of the generators «, £,
Y;, and ; (for kK =1,...,n) gives the corresponding generators for the smaller cohomology
ring. It can also be checked that 4,1 pulls back to —d, and 9,5 pulls back to §,. Let
7T8”711 :Ag 0 — Ay, denote the corresponding ring map. Then Corollary implies that

7(Zyn) C I,,. More generally, there are inclusions
TS .
Lg’n : Rg,n — Rg+r,n+25
with corresponding ring maps Ty Agirnios = Ay, under which

(=1)*"6,, k>n +0, j>2g
Ok — : aj

Ok, E<n aj, J<2g

and we have the inclusion 775 (Zg1rnt2s) C Zyn. This is a direct consequence of Corollary

and |28]. This encapsulates the inductive structure of the moduli spaces, and in the

case of no marked points is well known.
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NOTATION. From now on, we denote by a hat the image under ¥ in Hy,, of a generator

in A,, by a hat. For example, we have B = 62 for all k.

There is an immediate relation in the cohomology ring resulting from comparing different
versions of the volume class on R, ,,. Namely, if we let 2D = dimg(R,,,) = 69 + 2n — 6 and

set e =D mod 2 = 0,1, then the images of @” and B LD/21ge are both multiples of eachother.

We are thus interested in pairings of the form <&TB\S, Rg,n> for r +2s = D. Lemma|1.5.12

allows us to compute these, once we know the symplectic volume formula (1.5.3)), at least

for s < m:

(39 +n —2s—3)! rl
Eoginos 3| = — |Er_yl.
(2g—|—n—25—3)!‘ 2yren20-3 (r—g)!| 2

(1.5.12) (@3, Ryn) =

However, there will be relations of smaller degree involving only & and E , which arises from
this formula and Poincaré duality. The role of Poincaré duality is in the following statement:
if f e Ay, with deg f =r and (V(f)V(f’), Ryn, =)0 for all f’ of degree 2D — f’, then f is
a relation in Z, ,,. It also implies that there must be at least one relation of degree D + 2, or
just over half the dimension, since the Betti numbers must be symmetric about the middle

dimension and the dimension of the degree d part of Ag,, strictly increases with d.

1.6. The Case g =0

Recall that we have set n = 2m + 1 > 1, and we now set g = 0. In this case Ay, is

generated by «, 3, and the d0;’s, and D =n — 3 = 2m — 2 (in fact, 8 is redundant).

PROPOSITION 1.6.1. There is a unique polynomial ro (v, 5) in Iy, of degree 2m monic
with respect to . It is obtained via the recursion

7’0,2m+3(04, 5) =«- 7“0,2m+1(04, /6) - mQﬁ : 7”0,2m—1(a7 ﬁ)
(1.6.1)

7'0,1(0575> =1, r0,3(0476) =
Proor. We will argue by induction. We know a relation of degree 2m must exist due
to Poincaré duality. The content of the lemma is that there is a relation involving only «

and 3, that it is unique, and that there is a recursive formula in n which it satisfies. To see



1.6. THE CASE g=0 55
that there is a relation in o and § and that it is unique, let W,,, denote the vector space of
possible polynomials 7, (v, 5) of degree 2m. Letting e denote the remainder upon dividing

m by 2, such a polynomial looks like
TO,n(av B) - Amam + Am—Qam_Qﬂ +.oo+ Aeaeﬁ\'m/%

so that dim W,,, = [m/2]+1. For each of the |m /2] choices of s = [m/2|—1, |m/2|-2,...,0,

there is a monomial o™ 272535

of complementary degree 2m — 4. We get |m/2]| linear

functionals

. ~m—2—2s 0s
gs . TO,n — <r0,na ﬁ 7R0,n>

and the relation we seek will lie in the kernel of each of them. Since dim WW,,, has one greater
dimension than this collection of functionals, a (nonzero) 7o, will certainly exist.

We can rephrase this as saying the vector (A, ..., Am_2, An) € RUY2I+1 of coefficients is
in the kernel of the (|m/2]| —1) x |m/2| matrix (E;;) where E;; = <@2€+2j+2"@m/2kl*i, R07n>
withi =0,...,|m/2]—land j =0,...,[m/2]. By the formula (1.5.12), we have in the case
g = 0 the very simple expression E;; = |Ect2;4+2j|. This is an example of a “Hankel” matrix,
a type of matrix which arises when studying the so-called “moment problem” in connection
with the theory of orthogonal polynomials and continued fractions (here, with the sequence
of moments |Ey|,|Es|,|Fy|,...). This theory, along with the known continued fraction
expansion for the formal generating function Y .-, |E;| 2, implies that the polynomial rg,
is unique up to scale and satisfies the beautiful recurrence relation . We relegate the
proof of this formula to the appendix.

The polynomial 7, is rigged to pair to 0 with each of the complementary degree mono-
mials involving just & and 3 . It remains to check that this r(,, pairs to 0 with complementary
polynomials in not just & and B but also the d,’s. Because of the relation 52 = 43 , we simply
need to check that rq,, pairs to 0 with terms of the form arﬁsgkl e S\kt with r+2s+t =m—2
and the k;’s distinct. By inductive hypothesis, we have the relation 7 ,,—g5, in the ideal Z ,,_os.

The recurrence relation implies that rg, is also a relation in Z;,_9s. By Corollary the
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product O, - -0k, - o is a relation in Zy,,, which is enough to ensure the vanishing of all

t

pairings in A, with 7. O

From this, we can write down a large collection of relations which must hold in the ring

Hy ..
COROLLARY 1.6.2. For each J C {1,...,n} with |J| = s < m, the polynomial

(1.6.2) Ry, = ron-s(c, B) - [] o

keJ

is in the ideal of relations I,

PROOF. Simply combine Proposition and Corollary [l

All that remains to show is that this is a complete set of relations. For this we mimic
the approach in [29] and describe an explicit basis for H*(Ry,), and show that any other
monomial can be expressed a linear combination of monomials in the basis and the relations

R{,.. In what follows, we denote 87 = TTie On-

LEMMA 1.6.3. Let Sp,, denote the collection of monomials o367 with a + b+ |J| <
m. Then any other monomial o 88" with o/ + V' + |J'| > m can be reduced to a linear

combination of monomials in Son, and the relations R, and 67 — .

PrROOF. We can certainly assume |.J| < m, since 7 is a relation if [.J| > m. We first
treat the case J = (). Because the leading term (with respect to «) of Rg’n =10, is @™ and
all other terms are monomials in a and 8 with lower exponent sum, we can certainly reduce
the monomial a?B® for a + b > m to a linear combination of o 3* with » + s < m. Hence,
we suppose |.J| > 1. Now, suppose that ¢ € Mody,. If we can reduce M;(z) for a monomial
z, then we can certainly reduce z, because the collection of relations Ré],n is preserved by
the mapping class group action. Since the mapping class group action serves to permute the
d;’s, without a loss of generality we may prove the lemma for monomials with J = J U {4, }

where J' C {1,...,n —2}.
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We argue by induction on n. Suppose the lemma is true for n and for J C {1,...,n+2}
assume that J = J U {0,402} with J" C {1,...,n}. Suppose that a + b+ |J| > m + 1. Then

a+ b+ |J'| > m and so by inductive hypothesis, the monomial 2357 may be reduced to

K

a linear combination of relations R,

0n1o gives the relation R(If ﬁ‘;"“}, and so multiplying this linear combination by 6,5 gives a

62 — 3, and monomials in Sy,,. Multiplying Réfn by

reduction for our monomial a?3%”, as desired. This completes the proof. O

PROPOSITION 1.6.4. Along with the relations 6} — 3, the set of relations Rg{n s a complete

set.

ProoF. We saw in that the Poincaré polynomial of Ry, agreed with that of the
graded algebra Cla, 3,01, .. .,8,]/(6?) up to the middle dimension. The algebra

Cla, 8,61, ..., 6,/ (67 — B)

has the same Poincaré polynomial. Hence, there can be no relations other than §? — 3 in
H*(Ro,n) below degree 2m, which is the degree of Ry,. Now, by Lemma m the relations
imply that Sy, as above contains a basis. But it is a simple matter to check that the if
Son(d) denotes the number of monomials of degree d, then Sy, (d) is the same as the the
dimension of the degree d part of Cla, 3,61,...,0,]/(6? — 8) up to the middle dimension.
Moreover, it is easy to check that Sy, (2n — 6 — d) = Sp»(d), and so by Poincaré duality, we

must have that Sy, actually is a basis, and so we have a complete set of relations. O

We have therefore proved Theorem [1.1.1

1.7. The Case n =1

The case when g # 0 and n = 1 turns out to be readily accessible for us as it is closely
related to the original story for no marked points. Recall that R, is a CP'-bundle over

Rg.0, with the projection given by a forgetful map on parabolic stable bundles.
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PROPOSITION 1.7.1. The cohomology ring H,; = H*(R41) is naturally an algebra over

H,o = H*(Ry0), and has a presentation

(1.7.1) Hy,1 2 Hyold1]/ (67 — 5).

PROOF. Let f: Ry1 — Ry denote the bundle projection. This establishes H,; as an
algebra over Hl . By the discussion following Corollary [I.4.2] the universal bundle on R,
is pulled back from R, o, and so if a relation in [X], [pt], and the [a;]’s holds in R, then
it holds in R, ;. It is well-known that the cohomology ring of a CP'-bundle is generated as
an algebra over the cohomology of the base by an additional generator 7 satisfying a single
additional relation 72 + ¢ + d = 0, where ¢ and d are characteristic classes. For us, we
know that the relation ¢;[V;i]? + [pt]> = 0 (and thus 67 — 8 = 0) holds, by Lemma
The Poincaré polynomial of H,o[01]/(67 — ) is clearly exactly (1 + ¢?) times the Poincaré
polynomial of H,, o, which is exactly what we know to be the polynomial of R, 1, by .

We conclude that 72 + ¢7 + d and §? — 8 must be proportional and the theorem follows. [J

It is now well-known that the cohomology ring of the moduli space R, has a presentation
based on a triple of relations which are recursive in the genus g. Let (T;B, ré?g, TS())) be the
relations given in [29] as Proposition 3.2 (noting that we switch sub- and superscripts from

that notation): (r%, rfg,rﬁ%) = (a, 8,7) and:
(1.7.2) ,,,éi)m — 8 4 y 70(:1))

Then it is a result of previous work on Ry = MS(Z, 1) that the ideal Z, o C A, of relations

is generated by relations R%’J, where J C {1,...,¢g} and

i),J i
(1.7.3) Ry =RY T

jeT

where s = |J|.
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Let & denote the image of the class avin A, in H,; under the isomorphism ((1.7.1} The
class @ in H, ¢[01]/(62 — ) is no longer proportional to the class of the symplectic form and
thus differs from the image of o € Ay ; under the map W : A ; — H ;: it is pulled back from
the symplectic form on R, . In fact, since the universal bundle on R, ; is pulled back (again,

see the discussion following Corollary , we have & = —ip;(E*!)/[Z]. By (1.5.11), we

have ¥(a) = @& + ;. Under the change of variable a — a — 7, we have the relations:

1 1 2
Ts(;+)1,1 = (a— 51)7"5(;,2 + 927“;,1)
2 1 29 3
(1.7.4) 7}(;+)1,1 = BT;,% g+ 17”;,%

3 1
7";421,1 = 77"5,2

and Oﬂ%?’ 7“521), 7’531) = (Oé - 51a 67 7) We set

)

(1.7.5) R =RY | 11

jet
COROLLARY 1.7.2. The ideal of relations Z,; C Ay, is generated by the relations R(gf)l’J

above and 6% — .



CHAPTER 2

Instanton Floer Homology of a Product Link

2.1. Introduction

Given a closed, oriented 3-manifold Y with SU(2)-bundle £ and ws(E) = w, instanton
Floer homology gives a vector space I*(Y) obtained as the homology of a chain complex
whose generators are isomorphism classes flat SU(2) connections on Y. The differential of
this complex is defined by studying instantons on the cylinder R x Y. This construction
is informed by viewing it as an infinite dimensional, S'-valued Morse theory with Morse
function the Chern-Simons functional, whose critical points are simply the flat connections.

A natural problem is understanding the vector space V, := I}*(Y,) for Y, the product
S1 x ¥ and w dual to the S! factor. It has the additional structure of an algebra by applying
the functoriality of I, to the 4-manifold with boundary F' x ¥, where F' is a pair of pants, in
order to get a multiplication map V,,®@V,q — V,,. This space was studied in [27], where a
presentation for this ring was given in terms of natural generators o, 8 and ¥, j = 1,...,2g¢
and relations. An important piece information extracted from this ring presentation is the
spectrum of the multiplication by a map, which is shown to be the set of even integers
between +(2g — 2). This information, along with the fact that the eigenspaces for the top
values +(2g — 2) are 1-dimensional, was used in [22] to defined a version of instanton Floer
homology for sutured 3-manifold.

A version of instanton Floer homology for three-manifolds Y with link K, denoted
I.(Y, K) was described by Kronheimer and Mrowka in |[17]. There, the critical points are flat
connections which have a singularity along K of a presecribed type, causing the holonomy
around a small meridian to give a trace 0 element of SU(2). A natural generalization of the
product 3-manifold story above is to allow ¥ to be a surface of genus g along with marked

points z1,...,z, and to study the Floer homology of the product Y, = S* x ¥ with the

60
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product link K,, = S x {zy,...,2,} (here n must be odd). There is an analogous ring

structure on the vector space

Vom = L(Y,, K,) ® C.

In this chapter we shall study the case ¢ = 0 by combining our results from Chapter [I|on the
ring structure of H*(Ry,; C) with techniques in Floer homology to determine a presentation
for the ring V.

We model our approach on Munoz’s, but it does not seem that there are suitable tools
readily available to perform a strictly analogous computation, appealing to Donaldson invari-
ants of algebraic surfaces; the relevant surface would include a sphere of square 0. Instead,
we find an eigenvector by leveraging a somewhat simpler version Uy ,, of the Floer homology
of the pair (Y, K,,) obtained by using a bundle on Y; \ K, which does not extend to Y.
Machinery for studying the instanton Floer homology for such a bundle is provided by the
recent paper [23] of Kronheimer and Mrowka. The vector space Uy, is not a ring but there
is a multiplication map [Uffi — Vyn. An eigenvector in Uy, is easy to find, and this gives
one in Vy,. As a consequence, we are able to write down a complete presentation of the
ring Vy ,, (see Theorem . From this presentation it is easy to read off the spectrum for
multiplication by a natural generator «, which is the set of odd integers between £(n — 2),
and the eigenspaces for the values +(n — 2) are 1-dimensional. We shall use this fact in
the next chapter to define a version of instanton Floer homology for sutured manifolds with

embedded tangle.

2.2. Preliminaries on Floer Homology

There are by now several different constructions and versions of instanton Floer homology
in the literature. Our work here requires the full power of the singular instanton theory for
a three-manifold Y with link K. In fact, we will need a slightly more general construction,
laid out in detail by Kronheimer and Mrowka in 23|, which allows for a bundle on the

complement Y \ K of the link which does not necessarily extend to all of Y. We summarize
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here the definitions and constructions required to build this version of I,. All of this material

and more can be found in [23] and the references therein.

2.2.1. Singular Connections. As with most constructions in gauge theory, the heart
of the technical content of [23] required to define the Floer homology groups is describing
the particular Sobolev spaces of connections and gauge groups acting on them. Here, we
will study connections on a bundle which are singular along a codimension 2 locus. The
issues involved in setting this up fall into two categories: global topological issues coming
from the kinds of vector bundles our connections live in, and analytical issues arising from
defining suitable Banach spaces. Once the topological issues have been settled, the analytical
ones follow mostly standard lines, once the language and techniques of orbifold bundles is
introduced.

We begin with a closed Riemannian 4-manifold X with embedded surface ¥, and P a
PU(2)-bundle on X \ . Rather than choosing a smooth metric, we pick an orbifold metric
g on X \ ¥ which has cone angle 7 around 3, so that it is locally the quotient of a smooth
metric on D? x D? by the rotation (21, 23) > (21, —22). We view X as an orbifold singular
along ¥ which local group Z/2 at points on X, writing X to denote X viewed in this way.
See [18] for details on orbifold metrics.

We are interested in connections A on P away from X, with the following behavior near
¥: for each x € X, there is a B* neighborhood U of  over which there is a trivialization of
P and local cylindrical coordinates z1, s, 7, 6 (for which ¥ is the locus r = 0) such that the
connection 1-form of A is given by
(221) wt (")

0 —i
Here, ag is a regular so(3)-valued 1-form over U, and ad : su(2) — so(3) is the canonical
isomorphism of Lie algebras. This connection is singular along >, and has holonomy around
a small circle linking ¥ equal to an order 2 element of PU(2) = SO(3). Any connection with

this local behavior determines a double cover X5 — X: locally there are two possible ways
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of modifying A to extend across ¥ by adding a singular 1-form, giving a Z/2 local system A.
The approach in [23] is to start with this double cover ¥A. We let XA be a non-Hausdorff

space in which ¥ has been replaced with XA, which admits a map
T XA = Xa,
where 7 is 2-to-1 over X and is a homoemorphism away elsewhere. One then studies a bundle
Prn — XA

along with additional information called “singular bundle data”, subject to some additional
conditions. The topological issue, and the reason for introducing the double cover Ya,
is exactly the fact that A may not be a trivial local system. In that case, the bundle
P = Pa|x\a will not extend across X, complicating somewhat the topological classification
of possible bundles. We recall the definition of singular bundle data (see [23], Definition
2.1). In what follows v is the pull back of the normal disk bundle vy over 3 to ¥ A, and va

is its non-Hausdorff quotient under 7 as a subset of Xx.

DEFINITION 2.2.1. For a 4-manifold X with embedded surface ¥, singular bundle data

for the pair (X, ¥) will mean the following data:

a double cover XA — ¥ and non-Hausdorff space Xa with a map 7 to X realizing

the cover Ya;

a principal PU(2)-bundle Py on X;
a 2-plane bundle CNQ — YA with an identification of the orientation bundles O(CNQ) —
o(Xa);

e an orientation-preserving bundle isometry

p: Ny, - Hom™ (77Q, Q)
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where 7 : Xy, — Xy is the involution inducing the quotient map m, Ny, is the
normal 2-plane bundle to XA inside Xy, and Hom™ denotes the 2-plane of orientation
reversing conformal maps.

e an identification on v of the resulting quotient bundle QA with an O(2) reduction

Of PA‘VA'

As noted in [23], when this data exists, the double cover ¥4 is determined by the PU(2)-

bundle P = PA|XA\EA on the complement of ¥ in X.

Orbifolds and the Space of Connections. Given the singular bundle data and bundle
Pn, 23] provides a recipe for writing down a model connection A; on the bundle P over
X \ X having the desired local behavior near . The connection A; does not extend across
%, but it does extend as an orbifold connection on an orbifold bundle PU(2)-bundle P over
X. For us, an orbifold bundle will be an orbifold total space admitting a map of orbifolds to
X and having fibers affine copies of PU(2) or quotients of PU(2) by the local group, which
in our case is just Z/2. There is a notion of a section for such a bundle, and then of an
orbifold connection, which is a differential operator on the space of sections. The connection
A; can be seen to extend to a smooth orbifold connection A; on P, at which point the story
becomes fairly standard. Write g for the adjoint orbifold bundle of Lie algebras (which has

fiber s0(3) over X \ ¥. The orbifold connection A; provides us with kth derivative operators
VE T (NT*X @gp) = T (Sym"(T"X) @ APT* X @ gp) -

The metric induces norms on the spaces of sections of all these bundles, allowing us to define

Sobolev spaces Ez A of 1-forms. We define a space of connections
Ch(X,5,P):={A+a|ac Lz,AI(A“fX|X\E Rgp)}

The Banach manifold Cy. (X, %, P) can be seen to be independent of the choice smooth orbifold
connection A;. In fact, Cr(X, %, P) only depends on the choice of orbifold bundle P, which

in turn depends on the topological data of P and the auxilliary singular bundle data.
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The Gauge Group. Given the orbifold principal PU(2)-bundle P, we can form an orbifold
bundle of groups SU(P) with fiber SU(2) by taking the bundle associated to P by the action of
PU(2) on SU(2) by conjugation. As usual, the bundle SU(P) acts on P by automorphisms in
the standard way, but not all automorphisms of P arise this way. We define the gauge group
of P to be those bundle automorphisms coming from sections of SU(P): the determinant 1

gauge group. We consider the Banach Lie group

Gr1(X, 2, P)
of such automorphisms coming from the L2, Sobolev completion of smooth sections of
SU(P). There is the usual action of the gauge group on the space of connections by pullback,
and we use k + 1 when acting on C; to preserve regularity. In the end we wish to study
connections A on X \ 3 satisfying an approximate anti-self-duality condition Ff = V(A),
where V is a “small” gauge-invariant smooth function C;, — I'(AT(X) ® gp). However, we
only want to consider such connections up to gauge. Thus, we define the space of gauge

equivalence classes:

Bi(X,%, P) == C(X,%, P) /G (X, %, P)

This space is not a Banach manifold because of the presence of reducible connections. If
A € C is reducible then its stabilizer in G will be larger than the identity and B will be
singular at [A]. We denote the set of irreducible connections by C* and the quotient by the

gauge group B*, which is an open subset and an infinite-dimensional Banach manifold.

The 3-dimensional Case. We also need to study the corresponding situation on a 3-
manifold Y. In this case, our connections should be singular along a link K C Y. The story
for 4-manifolds is readily modified for this case: we view Y as an orbifold Y with point
groups Z/2 along K and study orbifold connections on an orbifold bundle P over Y. We
obtain a Banach manifold C(Y, K, P) and gauge group Gi.1(Y, K, P). The space of mod
gauge Bi(Y, K, P) is just the quotient Cy(Y, K, P)/Gr41(Y, K, P). In general, there will be
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reducible connections in C so we copy the above and use a star to denote the irreducible

locus.

2.2.2. The Instanton Floer Functor. Since it is awkward to work directly with the
orbifold bundles P on a 3-manifold Y, we follow [23] by introducing a category whose
objects naturally determine such bundles up to isomorphism. The data we need to specify
just consists of a geometric representative for the Stiefel-Whitney class of P. We let WINK

be the collection of triples (Y, K, w) consisting of:

e A compact, closed, oriented, (possibly disconnected) 3-manifold Y’
e Anlink K CY
e An embedded 1-manifold with boundary w C Y meeting K normally at its end-

points.

Given such a triple, there is a unique isomorphism class of orbifold bundles P for which
wy(Ply\x) = PD(w) in H*(Y,K;Z/2). To define the Floer homology of a 3-manifold Y’
with link K and orbifold bundle P, one constructs a chain complex whose generators are
a finite collection of points in By (Y, K, 15) which are critical points for a perturbed Chern-
Simons functional. In order to avoid reducible connections, we restrict the class WINK to
include only those objects (Y, K, w) satisfying the following non-integrality condition ( [23],
Definition 3.1):

DEFINITION 2.2.2. We say that the triple (Y, K,w) satisfies the non-integrality condition
if, in each connected component Y; of Y, there is an embedded surface > C Y; such that

either

e Y is disjoint from K and w intersects Y transversely an odd number of times;

e Y intersects K transversely an odd number of times.

Let WINK be the collection of triples (Y, K,w) satisfying the non-integrality condition.
For each such triple, the constructions of instanton Floer homology give an abelian group

I.(Y, K,w). We review briefly the contents of this process, which is described in detail in [23].
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The Chain Complex. Our chain complex will be generated by almost flat connections in
C(Y, K, P). In order to define these, we will need a perturbation of the flatness condition. As
shown in [17], there is a Banach space P of perturbation functions f : By — R and a residual
subset U of such f for which the perturbed Chern-Simons functional C'S + f : B, — R/Z
has non-degenerate critical points. There exists an € > 0 for which |f| < € implies that
the critical point set does not contain any reducibles. This is a consequence of the non-
integrality assumption. The critical point set € will be finite, and we construct a chain
complex C, (Y, K, P) with generators the elements of €;. To define the differential J, suppose
we are given any two generators g, 81. We choose gauge representatives By, B and consider
the orbifold bundle P = R x P over the 4-orbifold X = R x Y. Choosing an orbifold metric
g onY, X acquires the product metric, and we study a perturbation of the ASD equation
for connections on P. Fix a smooth orbifold connection A, on P which agrees with the
pullbacks of By and Bj for large positive and large negative t € R, respectively. We define

the following Banach space of connections on the cylinder:
CN(Y, K, P,B1,By) = {Ag+ai]a € Ly 1, N X @gp)}

The fact that connections in the space must differ from A, by an Ei 1-form implies they
are all asymptotic to By and B; on the ends, but this Banach space does not depend on the
particular choice of Ay. In addition, because the B; are irreducible, so will the connections
in C¥'. Define the gauge group

G (Y K, P)

consisting of E% 41 determinant 1 gauge transformations which are asymptotic to the identity

on the ends. We then define the quotient:
B\ Y, K, P, By, B) = (Y, K, P, Bi, By) /G, (Y, K, P)
Given the perturbation f, there is a corresponding function

Vi Bzyl - QN (X)®gp
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and approximate anti-self duality equation F} + V;(A) = 0. The function V} is rigged so
that the pull backs along the cylinder of critical points in By, are solutions to this equation

in the case By = B;. We obtain a moduli space of solutions
My (Y, K, By, By)

which is independent of k£ for k£ large enough, and is a smooth finite dimensional manifold.
The definition of this moduli space depended on the representatives By, B;. In reality it only
depends on the homotopy class z of the path in B from ; to 5y given by a connection in
Cr. The moduli space is the space of trajectories to the downward gradient flow of C'S + f

in the homotopy class z, so we write it as
Mz,f(Y7 KapaﬂlaﬁO)a

or simply M., (B, o). Its expected dimension is given by a spectral flow index gr. (51, 5o),

and the moduli spaces of trajectories from [y to 5y of a certain dimension d is a union

M;(B1,B0)a= | My=(By, Bo)-

zlgr.=d
By monotonicity, a result of choosing the singularity of the connections to have holonomy
an order 2 element of SO(3) around circles linking the singular locus, and the resulting
finiteness theorem (Corollary 3.25) of [17], this union is finite. On each of these spaces there
is a translation action by R and in low dimensions they are smooth manifolds with boundary.
The quotient of the 1-dimensional moduli spaces by this action is a finite collection of points,
which when counted up to sign, gives the matrix coefficient from 3; to Sy of the differential

0:
(2.2.2) 0-=> 1 > #—M‘Zﬁ“%) - Bo
Bo zlgr=(B1,80)=1

Monotonicity also gives a compactness result for the trajectory spaces, and so this sum

is finite as well. Keeping track of the correct signs is a delicate issue involving assigning
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orientations to the moduli spaces of trajectories. One then checks that 9% = 0 by studying
the 2-dimensional moduli space between critical points. Taking a quotient of this space
by the R-action yields a compact 1-manifold with boundary, and the compactness theorem
implies that these boundary points give exactly the terms in 0% between the two critical
points. They thus pair up, and the orientation scheme implies their signs cancel, giving zero.

In the end, given the triple (Y, K, w) we get a chain complex C,(Y, K, P) and define
I*(Y7 K7 w) = H*(C*<Y7 K, P))

to be its homology. Independence of all the choices (metric and perturbations) is proved
by constructing product cobordisms interpolating two choices. There is a natural relative
grading modulo 4 on I, (Y, K,w) coming from the possible values of the index gr(:,-). In
the case that Y is a disjoint union of triples (V;, K;,w;), it is a trivial consequence of the
definition of the chain complex that there is the isomorphism of relatively Z/4-graded vector

spaces:

LY, K,w) = Q) L(Y;, K, w;).

Functoriality. What remains is to discuss the maps between Floer homologies of triples
arising from cobordisms. Our approach to this is to turn WINK into a category whose
morphisms are certain isomorphism classes of cobordism triples (W, S, 2). This approach is
laid out in detail in [23], and we recall the specifics here. To set this up, let (Y, Ko, wp),
(Y1, K1, wy) be triples in WINK, and suppose that (1,5, Q) is a triple consisting of oriented 4-
manifold W with boundary, properly embedded 2-manifold with boundary S, and 2-manifold

Q) with corners such that:

e There is an orientation preserving identification ¢ : OW — Y, LY, where Y, is Y}
with the opposite orientation;

e The map ¢ restricts to an identification of 95 to K LI Ky;

e The boundary of () consists of two pieces, one meeting S normally in a compact

embedded 1-manifold, and the other corresponding to wy U w; in AW under ¢.
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Furthermore, €2 only intersects .S in its boundary plus a union of transverse inter-

sections.

DEFINITION 2.2.3. An oriented cobordism triple from (Y7, Ky, w;) to (Yo, Ko, wp) consists
of the triple (W, S, ) and data above. Two triples are considered isomorphic if there is a

diffeomorphism between them respecting the boundary identifications.

The class WINK becomes a category by specifying that the morphisms are exactly the
isomorphism classes of such cobordism triples. What we desire is a functor from WINK to

the category AB of abelian groups, which means we must assign to each cobordism triple

(W, S, ) as above a map
[(W SJ Q) : [*<}/17K17w1) — [*(%71(07('00)'

We describe this procedure briefly, as all the details are covered in depth in [23].

To construct I(W,S,Q), we study moduli spaces of approximately ASD connections on
an orbifold bundle P. Unlike in 3 dimensions, the data (W, S, ) does not specify a unique
isomorhpism class of orbifold bundle on W restricting to the unique induced orbifold bundle
P on Y, but rather a collection of such bundles which are pairwise isomorphic outside a
finite collection of points. This is due to the presence of 4-dimensional characteristic classes.
As a result, we will consider a disjoint union of moduli spaces on W arising from the all the
possible choices giving the right dimension.

Fix one such bundle P. We choose an orbifold metric § on the interior of (I, S) which has
two cylindrical ends R~ x Y] and Rt x Y]. Let f; be a perturbation function for Y; such that
there is again a finite non-degenerate critical point set €y, for C'S+ f; on By (Y;, K;, P)), where
P, is the unique orbifold bundle on Y; for the given triple. Fix two critical points 5; € € 7, and
let B; be gauge representatives. Let P be an orbifold bundle on (W, S, Q) with the correct
Stiefel-Whitney class, with isomorphisms of P on the cylindrical ends to the pullbacks of
P,. We choose a smooth orbifold connection Ay on P which agrees with the pullbacks of

the B;’s on the ends for large positive and negative t € R, and define a Banach space
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C.(W, S, P, By, By), gauge group G, (W, S, P), and connection space By(W,S, P, By, By)
just as in the cylinder case. The functions f; give a perturbation function Vy, , into the
self-dual forms on the connection space by using a cutoff function on the ends of W (see [23]

eq. (17)), and we have a moduli space
M(W7 S? P? Bl7 BO)

of solutions to F{ + V4, 1,(A) = 0, depending on the representatives B;, and not depending
on k (for k large enough).
Following [23], we can separate the possible triples (P, By, By) of bundles and gauge

representatives into equivalence classes. We fix one such triple (P , Bo, By).

DEFINITION 2.2.4. A (P, By, By)-marked bundle is an equivalence class of data
(P', By, By; T')

where 77 is an identification of bundles P’ — P, ouside a finite set in W for which B;
pulls back to B! for large positive or negative t € R. Two sets of data (P, B}, B};T")
and (P", B}, B;; T") are equivalent if there is a determinant 1 isomorphism (over all of W)

between them (where we use the identifications 7" and 7" to define determinant).

We will often denote simply by the letter z such an equivalence class, in order to highlight
its resemblence to a homotopy class of paths in the space of connections on a 3-manifold.
We get a countable collection of moduli spaces M, (W, S, Q, 1, 5o). The map W(W,S,Q) is
defined by looking at those which are 0-dimensional. For generic perturbations the moduli
spaces will be cut out transversely and can be given orientations after making some addi-
tional choices (for example, basepoints in B, (Y, K, P)). The dimension of M (W, S, Q, 5, 51)
depends on the "homotopy class” z between 8; and fy (even though there is not naturally a

path in a space of connections mod gauge to which z corresponds); we denote it by gr. (51, o).
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We set:

(2.2.3) IW,S (B =D Y. #M(W,S.Q 5, ) [Bo.

Bo  zlgrz(B1,80)=0
Again, this sum is finite due to a compactness theorem, in turn relying on a monotonicity
result due to the particular choice of conjugacy class for the holonomy of our connections
around the singularities.

There is quite a bit more that needs to be checked at this point. Firstly, one must check
that I(W,S,Q) is actually a chain map - it is defined in terms of generators of the chain
complex and we must check that the given matrix commutes with the boundary map 0.
The proof of this fact is related to the proof that 9*> = 0: looking at the 1-dimensional
moduli spaces on (W, S, ) gives compact 1-manifolds with boundary. Let M denote the
matrix given by . Each 1-dimensional component has 2 boundary components, one
contributing to the matrix coefficient for M between J(/3;) and [y and the other between
p1 and 9(fp). This provides an equality for the matrices of 9 o M and M o 9. One must
also check that I(W,S,Q) does not depend on the perturbation functions or the metric.
This can be shown by studying parametrized moduli spaces over a path in the space of
perturbations and metrics, as is covered in some detail in [23]. However, this will fail if W
has a closed 4-dimensional component W, - the invariant obtained by counting instantons
on this component may actually depend on the metric in the same as the dependence of
Donaldson invariants for manifolds with b* = 1. The space of metrics Cyy, is broken into
a collection of chambers by walls along which reducible connections may arise. We can fix
the problem if whenever W contains a closed component Wy, along with the triple (W, S, Q)
there is specified a chamber o of Cyy,.

We also have an issue relating to signs and orientations. The term #M,(W,S,Q, 31, 5o)
refers to a signed count of points - these signs can all be pinned down by orienting all the
moduli spaces, except that in the end the overall sign of depends on some arbitrary
choice separate from the triple (W, S,2). Thus, we will understand that I(W, S, Q) denotes

the pair of homomorphisms defined by ([2.2.3]) and its negative. As a result, for now I, gives
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a functor from WINK to P-AB, the “projective” category of abelian groups whose morphisms
are oppositely signed pairs of morphisms in AB. Later, we will describe a way to nail down
the sign of I(W, S, Q) for most of the specific cobordisms we work with.

For the considerations of this paper, it will be convenient to take I, to be a vector space
rather than an abelian group; we will want to consider dual vector spaces and eigenspaces
of various operators. From now on, we let I, denote the vector space obtained by taking the
homology of the complex chain complex (C,®C, 90®C), and will speak of a projective functor
into the category C-VEC of C vector spaces. It will be convenient to have a definition of I,
when the 3-manifold is empty. In this case, we assign it the vector space C. A cobordism from
0 to (Y, K,w) will just be a 4-manifold with this as its oriented boundary triple. Functoriality
in this case gives a pair of maps C — L. (Y, K,w), which is equivalent to giving a pair {v, —v}
of elements in the Floer homology. We call the vector v the “relative” invariant of the 4-
manifold triple. In the case that both incoming and outgoing ends of a cobordism triple
(W, S,Q) are empty, we just have a closed 4-manifold and the invariant becomes a single
number in C. This number will correspond to the simple integer Donaldson invariant for

this 4-manifold.

Composition. In order to complete the description of our functor WiNk — C-VEC, we must
check that composition of cobordisms agrees with composition of the corresponding maps.
In other words, suppose we have two cobordism triples (Wig, S10,210) and (Waq, Sa1, Q91)
between (Y7, K1,), (Yo, Ko, wo) and (Y7, K1, Qy), (Ya, Ko, Qs), and let (Wag, Sag, 220) denote
the cobordism obtained by gluing the incoming boundary piece of the first to the outgoing

piece of the second. The equation we desire is:
(2.2.4) I(Wag, S20, 20) = I(Wio, S0, $o) © I(Way, Sa1, 21)

with the understanding that we choose sign representatives for each of these and are content
with equality up to sign. We can prove such an equality by standard means, but only in the

case that Y] is connected. The reason for this is that the necessary gluing argument relies
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on the assumption that the stabilizer of a flat connection B; on Y; in the gauge group is,
under the hypothesis of non-integrality (Definition[2.2.2)), the constant subgroup {#1}. This
will be the case when Y] is connected, but in general the stabilizer is {£1}" if there are n
connected components. As discussed in [23], in the disconnected case most of the stabilizing
gauge transformations will not extend to ones on the cobordism. As a result, there will be
2n~1 different ways to glue connections on the different pieces, leading to a larger count on
the glued up cobordism than the product over the two halves. There are a few ways around
this difficulty. The approach of [23] is to modify the definition of I (Y, K,w) to include
the specification of a subgroup ¢ of the cohomology group H'(Y;Z/2), which acts on the
space of connections mod gauge (and thus critical point set €; and moduli spaces). This
is equivalent to enlarging the gauge group to include more automorphisms of P than those
arising as determinant 1 gauge transformations. A cobordism triple (W, S, ) will also come
with a subgroup ® ¢ H'(W, S,Q) and one demands that when gluing two cobordism maps
with subgroups ®,9 and 51, the group ®5y to be used on the glued-up triple is the largest
one restricting to @19 and ®5; on the smaller pieces.

Another approach is to simply ignore the issue, and assert that in each situation, (2.2.4))

holds up to a nonzero constant. We lose strict functoriality for I., but recover.

ProprosiTION 2.2.5. For tTipl@S (Wlo,Slo,Qlo), (WQhSQl,QQl), and (Wgo,SQO,QQ()) as
above, suppose that there are no closed components of the 4-manifolds. Then there is a

constant C' such that
(2.2.5) I(Wag, Sao, Qa0) = C - I (Wi, S10, 10) © L(War, Sa1, Q1)

In the case that Wy carries an almost complex structure, the constant C' is a nonzero power

of 2.

ProoOF. The standard approach to proving such a composition formula is to consider a
family of metrics on Wy for which there is a product “neck” between the pieces having been

glued together of length, say, 7. This family §; is parametrized by R*, and over Wy, x R*
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there is a parametrized moduli space M; built from the 0-dimensional moduli spaces for
each metric. It can be shown that for suitable perturbations and family g; the total space
of M; is a smooth 1-manifold in By x R*. There is a natural compactification of this family
obtained by adding co to R to get the segment [0, 00]. We define the metric corresponding
to 0o to be a “broken” one, given by a metric g, on Wy \ Y7 and having cylindrical ends on
each of the pieces W5, and Wiy on either side of Y;. For fixed incoming critical point S5 and
outgoing [y, we need a gluing theorem that says that the fiber of the compactification of M,
in By x [0, 00| over oo is related to the product of 0-dimensional moduli spaces My and Mo
over Wy, and Wyy. These moduli spaces should be defined to consist of approximately ASD
connections asymptotically equal to £ and [y on the far left and far right ends, respectively,
and the product should be a fiber product over the common maps of each to the critical point
set €; for Y] obtained by looking at the limiting connections on the Y; ends. Such a theorem
is true, by appealing to an implicit function theorem argument; for each “broken” trajectory
in the fiber product of M;y and My, there should be a nearby glued up trajectory in May.

As discussed above, a different stablizer in the gauge group for critical points on Y; and

those on the glued up pieces of the cobordism leads to multiple possible glued up trajectories.

Hence, we obtain ([2.2.5)) for the constant C. O

Unfortunately, we cannot rule out cancellations between the various (non-determinant
1) gauge equivalent trajectories, and thus that C' is non-zero, without further assumptions.

However, we have:

LEMMA 2.2.6. Suppose that Wag in Proposition|2.2.5 carries an almost complex structure.

Then the constant C is a power of 2, and hence is nonzero.

PRrROOF. In order to conclude that C' is nonzero, we need a way to compare the signs
associated to the multiple flowlines arising from different gluings. The different gluings are
the same up the SO(3) automorphisms on Y7, so flowlines are actually gauge equivalent
modulo the full SO(3) gauge group on Wyy. These different flowlines might cancel if some of

these gauge transformations are orientation reversing. Let Aut(Py) denote the full group of
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SO(3) gauge transformations which are L? regular over Wag, and let ngo denote the quotient
of the space of connections by Aut(Py), so that there is a quotient map By,, — B\WQO.
Defining the chain maps associated to Wy, requires orienting the space Byy,,; one must first
prove it is orientable and then make a choice. As shown in [23], if W5, has an almost complex
structure, then B\WQO is orientable as well. This implies that each of the non-determinant 1
gauge transformations in Aut(P) is orientation preserving. Hence, C will just be equal to the
number of different flowlines obtained by gluing two fixed flowlines by different gluings. This
is exactly the cardinality of the image of Hy(Wao; Z/2) in Hy(Y1;7Z/2) under the image of the

Mayer-Vietoris boundary map, which must be a power of 2. In particular, C' is nonzero. [

The condition on closed components is necessary for the instanton Floer functor to be
defined. In general, if any of Wi, Wai, or Wy have closed components, we must specify
chambers in the space of metrics. Let o9, 02 be chambers in the space of metrics on
the collection of closed components of Wiy, Way, respectively. Gluing Wig and Wy, may
produce new closed components in Wog; let 99 be the chamber in the space of metrics on
the collection of closed components of Wy obtained by using metrics specified by o1y and
091 on old closed components, and, on any new closed components, the chamber given by

metrics having a long neck along the gluing locus. In this case, we have:
(2.2.6) I(Whg, Sao, Q03 020) = C - I(Who, S10, 103 010) © I(War, So1, Qo5 0701)

This will be particularly useful when comparing cohomological pairings on the space of flat

connections with pairings in Donaldson theory in §2.4.1]

Flips. Given a 4-manifold X with embedded surface ¥ or 3-manifold Y with link K, there
are a natural set of symmetries between the moduli spaces of connections on the pair (X, X)
and the Floer homologies of triples (Y, K, w) arising from the connected components of the
singular loci, known as “flips”. Begin with the pair (X,X) and suppose we have singular
bundle data P specified on our triple, consisting of the data in Definition [2.2.1, Suppose that

> is connected, and let 7 be the involution on Xy, inducing the quotient map 7 to Xy — X.
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We will construct a new collection of singular bundle data by pulling back Pa via 7. We do
not change the double cover YA, but immediately obtain a new bundle 7*PA. We can pull
back @ to obtain T*@, and since 7 identifies T, XA with T7,)Xa, we obtain the necessary

identifications of orientation bundles. Now, pulling back the map p via 7 gives

p:T7"Nyg, — 1" Hom ™ (7*Q, Q).
There is an obvious isomorphism 7*Ny;, — Ny, (N, is pulled back from a bundle Ny, — )
and we have

7" Hom™ (T*@, @) = Hom_(@, T*@),

so we obtain another orientation-preserving map
p: Ny, — 7" Hom™ (Q,7°Q).

Lastly, it is easy to see that the resulting quotient bundle QV’A on vp is just the pull back of
the original @A via 7, and so the last data of the identification with an O(2) reduction of
P comes for free: it is the pullback of the original one. We see that given singular bundle
data P, pulling back via 7 gives a new set P7. The construction may also be carried out

without modification for the 3-dimensional pair (Y, K).

DEFINITION 2.2.7. The singular bundle data P7 obtained as above will be said to arise

from the flip on X or K.

In general, the flip changes the singular bundle data to something non-isomorphic. Sup-
pose that we are in the situation where the bundle P, | x\z extends to a true bundle on all of
X, and suppose momentarily that 3 is connected. Then, as in [18]/20], the singular bundle is
classified by the topological invariants k& and [, called the instanton and monopole numbers,

respectively, and the second Stiefel-Whitney class €2. The effect of the flip is to change these
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invariants to £/, I, and Q' via:
K=k+1-3i%-%
(2.2.7) r=1s.x -]
Q' =0+ [X]

See §A1 of [20] for details.

Now, suppose that ¥ has a decomposition »; U ...l 3, into connected components and
fix an index 7. We can form an involution 7; on XA which is the identity over ¥; for j # ¢
and which is the order two involution over ;. The constructions above may be repeated
for 7;, turning singular bundle data P into new data P7. In this way we get a collection
of commuting “partial” flips. In the case that there is a global extension of P, | x\x over all
of X, we have defined the instanton number k, and monopole numbers [y, ..., [,, and these

numbers change in the intuitive way under the partial flip via:
K=k+1,—1%- %,

2

(2.2.8) =155, -

and [; = [; for j # i. Since the partial flips all commute, we can more generally define a
partial flipping involution 7; for any J C {1,...,n}.

The value of the flip is that not only can it be used to pass between different sets of
singular bundle data, it can be used to transform the connections on them. Fixing (X, )
and bundle data P, we have a Sobolev space of singular connections Ci(P), determinant 1
gauge group Gi11(P), and connections mod gauge By (P). Likewise, we have similar spaces for
the flipped data P7. Given [A] € By (P), we can pull it back to a connection [7*A] € By (P7).
It is easy to verify that the pulled-back connection (which we view as a standard connection
on an SO(3)-bundle away from ¥) lives in the desired Sobolev space, and that the pullback

operation preserves gauge orbits. Now, choose a perturbation functional V' such that it and
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V o 1* are suitably generic. The corresponding approximately ASD equation
Fr(A)+V(A) =0

cuts out a moduli space My (P). We also have a moduli space My .«(P7), and by construc-

tion, pullback via 7 gives a diffeomorphism between them.

2.3. Extended Instanton Floer Homology

There is an extension of our projective functor I, : WINK — C-VEC to include the
specification of, along with a cobordism triple (W, S,), a homology class h € H,(W).
More generally, we will allow an element of a graded commutative tensor algebra over the
homology and additional generators coming from the connected components of S. The model
for this extension is Donaldson’s polynomial invariants and their extension by Kronheimer
and Mrowka to the singular instanton case. The idea is that a homology class h in W
gives rise to a cohomology class p(h) in the space of connections modulo gauge through
a characteristic class of the universal bundle over B x W. The Poincaré duals of these
cohomology classes can be represented by compact embedded subspaces in B. If we have a
collection of homology class hy, ..., hs; we get subspaces V; representing the u(h;)’s, and if d
is the sum of the codimensions, the d-dimensional moduli space M intersect ViN---NV; in a
collection of points, at least generically. Given the triple (W, S, w), we will then define a map
whose matrix coefficient between 8, and [ is gotten not by looking at the 0-dimensional
moduli spaces, but by looking at the intersection of the d-dimensional moduli spaces with
Vi N---NV,. The material here is not strictly speaking new, as it uses ideas going back to
the original attempts to compute Donaldson invariants by splitting along a 3-manifold [6].
However, we extend the techniques to our situation where the connections are singular, as
well as introduce new operators coming from the singular loci. These new operators are

modelled on the classes o; from [16).
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We suppose that (W, S,Q) is a cobordism triple between (Y;, K;, w;) and we denote by
A(W) the graded commutative tensor algebra on the vector space H<o(W;C), whose ele-
ments consist of polynomials in generators of Ho(W), Hy (W), and Ho(W). In other words,

we set:

A(W) = Sym* (Ho(W) @& Hy(W)) @ A*Hy(W).

A polynomial z € A(IW) naturally gives a cohomology class in the space of connections mod
gauge, analogous to the way we constructed generators for cohomology ring of the moduli

space of flat connections on a punctured surface in Chapter [I}

2.3.1. Geometric Representatives in B. We fix as before an orbifold bundle P,
perturbations, metric, critical points [;, gauge representatives B;, and then corresponding
space of connections, gauge group and space of connections mod gauge, calling them Cyy,
Gw, Bw (each depending on a Sobolev regularity k, which is suppressed in the notation).

There is a universal (orbifold) bundle
75 — BW x W

carrying a connection A in W directions which varies smoothly in By directions. Were we
in the situation that S is empty, we could take the first Pontryagin class of the universal
bundle and use slant product against homology classes in W to get cohomology classes in
By,. Even in this case, there are issues with pairing these classes against the moduli spaces
because in the general the higher dimensional moduli spaces are not compact. There is an
added difficulty involving orbifolds and singular connections. We first outline here solutions
to these technical issues, beginning with descriptions of the classes in By, that we will use,

and then proceed to define the extended Floer homology maps.

The Class of a Surface. Let X C W be an embedded surface, and suppose that it intersects
S transversely in a collection of point 2, ..., z,. Let By denote the space By(W, S, P, B, Bo).
The topology of this space is largely determined by the topology of the gauge group, via the

usual arguments of homotopy theory. There are natural classes associated to ¥ arising from
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considering just what happens to connections upon restriction to . Let BZ(E) denote the Ei
space of irreducible connections C:(E) on v(X) modulo the gauge group G,(x) of local gauge

transformations. Define the dense open subset of connections
w = {lA] € Bw : Al,(x) is irreducible}

and write

7’1,(2) . B;{; — B;(Z)

for the restriction map.

We will study cohomology classes on the space Bjj(z). Any orbifold bundle on ¥ extends
to a non-orbifold bundle across the singular locus. Likewise, the bundle P|V@) extends to a
non-orbifold bundle P on all of the 2-disk bundle v(X). Let Dy denote the fiber of v(X) over
xy, as a disk bundle over X, i.e., Dy is a connected component of SN (X). By construction of
the space of connections, for any singular connection A on v(X), there is a globally defined
connection Ay on P such that near each disk Dy there is a trivialization of P and polar

coordinates for which, as 1-forms:

A:AO—Fiad Py do.
0 —i
As in Chapter [I} if we fix a bump function 7, there is a well-defined procedure by which
we may pass from A to Ay by adding 1-forms near the punctures. Without first producing
the extension P, this procedure takes a singular connection and produces a new connection
with holonomy around small circles linking S limiting to the identity map. This can be
done in families of connections as well. By standard arguments, over B}y, x (v(X) \ 5)
there is a universal bundle P and family of connections A, with a tautological property
upon restriction to v(X) slices. The procedure then gives a new family A with trivial

limiting holonomy around small circles linking S. This new family defines an extension

of the universal bundle P over By, x S, using the holonomy.
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We may now take the characteristic class p;(P) in H4(B§(E) x v(X)). Slant product with

[¥] produces an integral degree 2 class in Bz(z)' However, this class is not invariant under
the flip operation on connections. For us, this issue manifests itself in the dependence of
the resulting class p;(P)/[2] on the particular process of passing from the connection A to
Ap. If ¥ is disjoint from S, there is no issue. Otherwise, near each singular locus, there are
actually two natural 1-forms to add and these give different bundle extensions. As a result,
the class pi(P)/[X] is somewhat awkward to use in the context of the gluing theorems and
independence on the choice the representative for the homology class [X] needed later on.
We shall find it convenient to instead use a different degree 2 class, and for this we must

introduce classes associated to points on S.

The Class of a Point on S. We can define additional degree 2 cohomology classes in By,
one for each component S; of S. Choose a point y € S, and a small ball neighborhood v(y)
intersecting S in a disk. As in the discussion for the class associated to a surface [X], there
is an extension of P to a non-orbifold bundle P over v(y), and connections can be viewed as
being defined on P away from S. The holonomy of a connection around small loops around
S near y picks out a preferred complex line K4 in the fiber of the associated rank 3 vector
bundle to . Now, let B,,) denote the Banach space of singular connections on the ball mod
gauge. Over B, x v(y), there is a universal bundle P and universal tautological singular
connection A in v(y)-directions. The complex lines K 4 fit together to form a line subbundle
ICy over B,y x {y}. Its first Chern class gives a degree 2 cohomology class on By, and
this pulls back to a class which we still denote by ¢ (K,) in Bjy, which we now take to be
the space of connections mod gauge which are irreducible on v(y). We now remark that, as
in the case of a surface ¥, the line bundle K, depends on a choice of extension P across the
p(y)NS. It is not difficult to see that choosing the other extension yields the class —c; (Cy).

For a fixed point y € S, let {K1, Ko} be the two possible choices of bundle extension. In

order to define the class ¢;(/C,), we have to specify a choice of k;. Denote the corresponding

class by p([y])s;-
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The Orbifold Class of a Surface. Returning to the degree 2 class associated to a surface
>, our discussion in Chapter [I| can be adapted here to show that if we choose an intersection
point y € ¥ NS and change our extension P of P by adding the other 1-form to connections
near y (i.e. passing from k; to Ko), then the class p;(P)/[X] changes by adding c¢;(/C,)
(defined using k1). If we define the line bundle K, by using the restriction to v(y) of the

extension P on v(X), we call this choice ky. We see that the class

pi(P)/IE] =) alky,)

where n = |X N S| and y, is the kth intersection point, is a well-defined class, not depending
on the particular choice of extension P over ¥. We denote this class by 1™ ([X]).

In order to evaluate this class on potentially non-compact moduli spaces, we will find a
closed codimension 2 submanifold of Bjj representing it. For this we follow §5.2.2 of [8]: we
let Ly, be a smooth line bundle over B, sy with p°([X]) as its first Chern class. There will
be a smooth, transverse (to zero) section s of Ly whose pullback to the bundle 77, (£) is
transverse. The zero set (rl’j(z)s)_l(O) is an (oriented) codimension 2 smooth submanifold
of B, which we shall denote by Vi, representing the Poincaré dual of p([3]). For the
class ¢1(IC,), we perform the same maneuver and get a codimension 2 submanifold V,, for y
in S, with the understanding that the orientation of V, depends on a choice of extension of

P across v(y).

The Submanifold V,,, for y € S. In order to evaluate the class ¢;(K,) on moduli spaces,
we use the technique of [16], where the corresponding cohomology class is denoted 0. We
choose a small ball neighborhood v(y) of y instersection S in a disk. There is a space of

connections mod local gauge B;( a subspace Bj; of connection irreducible on v(y), and a

y)’
correpsonding restriction map. On B;(y) there is defined a line bundle K, depending on the
choice of k;. As in the case of a surface, we choose a transverse section of K, such that the

zero section pulls back to a smooth submanifold intersecting all moduli spaces transversely.

Denote this oriented submanifold by V..
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The Class of a Point in W\ S. Let 2 be a point in W away from S. We can obtain a
cohomology class p(pt) of degree 4 in exactly the way described in §9.2.3 of [8]. That is, we
take the first Pontryagin class p;(P) of a universal bundle (which only needs to exist over
By x (W\ S)). Like the case of a surface, we pick a neighborhood of x in W\ S and look
at the pullback of a natural degree 4 class on the space B, of connections on this small
ball by the restriction map from Bj;, now the set of connections irreducible on v(x). While
we cannot always find a codimension 4 submanifold representing this cohomology class, we
can find a codimension 4 stratified subspace V), with a real codimension 4 strata and a
closed codimension 12 strata [19], and this is enough to define the pairings we need. Let V
be the inverse image of V) under the restriction map. Membership for this subspace for a

connection A depends only on the behavior of A on a small ball around =x.

The Class of a Loop. Let v be a smoothly embedded loop in W \ ¥ representing an
element of H;(W). The class [y] gives a cohomology class of degree 3 in By, and like the
case of both a point and surface, we can find a codimension 3 submanifold V,, representing
it which is the (transverse) inverse image of a submanifold in the space of connections on a
tubular neighborhood of 7 (see [19]).

Details for the last two of these constructions can be found in §2(ii) of [19].

2.3.2. Cobordisms and Polynomials. The algebra A(W) comes with a natural grad-
ing which assigns [X] € Hj degree 2, [y] € H; degree 3, and [z] € Hy degree 4. We also
define a graded commutative algebra A(W,.S) = A(W) ® Sym™(H(S5)), assigning the gener-

ators [y] € Hy(S) degree 2. Suppose first that we have a monomial y € A(W') which is the

product of the degree 2 classes [¥4],...,[%,], degree 3 classes [v1],...,[7s], degree 4 classes
[1], ..., [%], and lastly degree 2 classes [yi1],...,[yn]. At the outset, we fix representatives
y; for these latter classes, and the data of kK = {K1,...,K,} of choices of bundle extension

near each of them. We find smoothly embedded submanifolds (or more generally stratified
subspaces) of W representing them, and arrange that there are no triple intersections, single

intersections are transverse, and the intersections with S are all transverse. Using each of
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the recipes above, we can find closed subspaces Vx,, V., V;,, and V}, , of By corresponding
to each of them, using small enough tubular neighborhoods of the ¥;, «;, zx, and y; with no
triple intersections. We denote by V), the intersection of all of these, which has codimension
d = 2r 4 3s 4+ 4t 4+ 2n. Each V, in reality is a class in an open subset Bjj; consisting of con-
nections irreducible on a tubular neighborhood. Let By, denote the subspace of connections
mod gauge which are irreducible on all the tubular neighborhoods (individually). Then each
Ve and V, can be taken to be inside Bj;,. For generic perturbations, the moduli spaces will
all be contained in this subspace as well.

Given any (P, By, B;)-marked bundle data z with corresponding moduli space of approx-

imately ASD connections M, (W, S, €, 51, Bp) having dimension d, the intersection
(2.3.1) M (W, S,Q, b1, Bo) N Vy

has expected dimension 0. As in [6], one can arrange the perturbations involved to be
generic enough that this intersection is completely transverse and orient everything so that

the points of intersection have signs. We define a map
I(I/V? S7Q>X) : I*<}/1>K17w1) - [*(YEJ?KWW(J)

using these intersection numbers as the matrix entry between f; and [, at the chain level.
So far, we have only defined the V,’s in a way depending on the critical points 3;. However,
these subspaces are pulled back from spaces of connections on open subsets of W, which are
independent of the (3;. The proof that the intersection numbers define a chain map
(commuting with 0) then goes in much the same way as for without polynomials. Again,
while we can choose coherent orientations for everything, the overall sign of I(W,S,Q; x)
depends on an arbitrary choice, so we interpret this to mean a pair of oppositely signed maps

between the Floer homologies of the Y;.

PROPOSITION 2.3.1. The intersection 15 a compact zero-manifold and the map

I(W,S,Q; x) described above depends only on the homology classes of the submanifolds ¥;,
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v; and xi of W and connected components of S in which the y; lie. It is graded symmetric

multilinear in these classes.

PROOF. The compactness argument in the proof of Proposition 2.2 of [16] carries over
here with some modifications, the first being to treat the degree 3 classes arising from the ~;.
The dimension counting argument for compactness carries through without modification, as
the v; are away from S, ¥;’s, and z;’s. This argument also handles the case of the classes
w([y]). and p([X]) separately, and thus the introduction of the class u®™®([X]) presents no
difficulties. The key difference lies with the argument required to show that if a sequence of
connections A; converges weakly to an A, but not strongly, then the lost action (integral of
norm-squared curvature) implies that A, lives in a moduli space of lower dimension. In [16]
and [18], this is arranged by assuming the holonomy parameter (which for us is fixed to
be 1/4) lies in an “interval of compactness”, determined by the cone angle of the orbifold
metric. Letting the angle tend to 0 increases the size of the interval. For us, we get that A,
lives in a moduli space of lower dimension for free since for our choice of singular connection
spaces, the action of the connection is monotonic in the dimension of the moduli space. This
fact was already used to define the maps from cobordisms in §2.2.2] but it applies in this
more general situation.

The proof that the map I(W,S,€; x) only depends on the homology classes of the em-
bedded submanifolds of W needs no major modification in the case that no 3; intersects S
(see, for example, Theorem 9.2.12 of [8]), as is the case with multilinearity. The key point
is that we may reduce to the case of a 2, 3, or 4 dimensional moduli space, and by compact-
ness we may view the intersection numbers as being an honest cohomology pairing, where
the statements are obvious. In the case that some ¥; intersects S the relevant cohomology
class is the modified class ™ ([%;]). We must check that if ¥ and ¥’ are homologous then
pe™([X]) and pC™([X]) are equal cohomology classes in Byy. Suppose that there exists an
extension of P to a non-orbifold bundle P on W. Then the classes u([X]), u([X']) can be

defined, and it is clear that they are equal. We also get, for y € ¥ NS, the class ps([y]).
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The key is that ¥ N .S and ¥’ NS are homologous in .S, and so we get an equality of sums

Yo oush= > ns(ly):

yerns Yy eX'NS

We conclude that ;°™®([¥]) and u°P([¥']) are equal. Now, in general P does not extend to a
non-orbifold bundle on W, but it will do so outside a finite collection of points ) in S. The
surfaces 3 and ¥/ are still homologous in W \ @ and ¥ N S and ¥’ NS are homologous in

S\ Q, so the previous argument is still valid. O

The result of Proposition implies that we can extend the definition of I(W, S, Q; x)
from monomials to elements of A(W, S) by linearity. Once a coherent system of orientations

is chosen (there will be two choices), we get a map
I(VV, S, Q, —) : I*(Yl, Kl, Wl) X A(W, S) — I*(YE)7 Ko, WO).

Without choosing an orientation, we get a pair of such maps out of the tensor product,

differing in sign.

Gluing. So far we have extended the definition of I, to take a cobordism triple (W, .S, )
and polynomial y € A(W, S) and produce a map between the boundary Floer homologies. In
the case that y is just the polynomial 1, we recover our original cobordism maps, and in this
case the assignment is (projectively) functorial; composition of cobordisms corresponds to
composition. We would like to have an analogue of this composition for our extended theory
for nontrivial polynomials y. To set this up, we suppose again that we have two triples
(W10, S1o, 10) and (Way, Sa1, Qs1) which can be glued up to give the triple (Wag, Sag, Q20)-
Let the boundary 3-manifolds be (Y;, K;,w;), for i = 0,1, 2. The inclusions of (Wg, S1p) and

(Wa1, S1p) into (Wag, Sog) induce maps of C-algebras:
(2.3.2) AW, S10), A(Wai, So1) — A(Wao, Sap)

PROPOSITION 2.3.2. The extended Floer homology maps enjoy the following gluing prop-

erty. Let x € A(Whg, S1g) and X' € A(Wsy, So1), and denote by x, X' their images in A(Wyg)
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under the maps . Then for some non-negative integer C' we have:
I(Wg, Sa0, Q05 XX') = C' - I(Wio, S10, Q105 X) © T(War, Sa1, Qa15 ')

In the above, C' = *+1 if Y7 is connected.

PRrROOF. The essential details of this go back to the original results of Fukaya on gluing
formulae for Donaldson invariants [11]. The proof of this is modelled on the proof of the
corresponding result (2.2.5)), via “stretching the neck”. The only new details to consider are

related to compactness and these were already handled in the proof of Proposition [2.3.1 [

Operators on [,(Y, K,w). We can use the results of this section to endow the Floer
homology of a 3-manifold triple (Y, K, w) with an action of an algebra on the homology of
Y and K. Let A(Y) denote the graded commutative tensor C-algebra over H<2(Y; C), i.e.:

In the case that K is nonempty, will use the algebra A(Y, K) = A(Y) ® Sym* Hy(K). There
is a natural action of these algebras on the Floer homology I.(Y, K,w), giving a map pu(x)
for a polynomial x in A(Y), or A(Y, K):

u(x) : LYY, K,w) — L(Y, K,w)

p(x) = 1([0,1] x Y, [0,1] x K, [0,1] x w; X)

where Y is the image of x in A(W) or A(W,S) under map induced by the inclusion of
(Y, S) as the slice at ¢ € [0, 1] in the interior of the interval. These algebras come with the
same grading as in the 4-dimensional case, and the operator u(y) is a graded map on the
Floer homology which shifts degree by deg(x) (recall that I.(Y, K,w) has a relative grading
mod 4). The operators p(x) can be understood in terms of the Morse theoretic picture of
(Y, K,w). For example, if x = [X] € Ha(Y), the recipe of the previous section can be used

to construct a codimension 2 submanifold Vs of the space B(Y') of connections mod gauge
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on P — Y. The moduli spaces over the cylinder [0,1] x Y, with the right metric, are just
those over R x Y and correspond to spaces of flowlines in B for the downward gradient flow
of the perturbed Chern-Simons functional. The map p([X]) is given at the chain level by
counting intersection points of the 2-dimensional moduli spaces with V.

Of course, these operators are so far a priori only defined up to a choice of sign. As
discussed before, the sign can be pinned down by choosing an almost complex structure
on the cylinder R x Y, and this is equivalent to choosing a nonvanishing vector field on
Y tangent to K along K [23]. Eventually, we will be using these operators in the context
of a product link in a product 3-manifold, for which there is a canonical such vector field,
namely the tangent vectors to the S! factor. The corresponding almost complex structure
on R x St x ¥ will simply be the obvious product one. When this is the case, we will be able
to speak of the operators as having a fixed sign without further specification, understanding
that we are using the orientations on connection spaces arising from this canonical almost
complex structure. Lastly, in order to pin down the sign of u([y]) for [y] € Ho(K) and K a

disjoint union of components K1, ..., K,, we must make a collection of choices

k= (Ki,...,Knp).

Donaldson Invariants. As before, if we take (W, S, €2, o) to be a closed 4-manifold triple
with a specified chamber o of the space of metrics Cy on W, the constructions above give
a map (up to sign)

I(W,S8,Q,0,—): A(W,S) — C.

These correspond to Donaldson polynomial invariants considered in [20] and [16]. Our
arguments here for gluing show that these invariants enjoy the usual gluing properties for
splittings along 3-manifolds, at least for homology classes living entirely in one half of the

decomposition.

The Effect of Flips. Suppose we are again in the case that (W, S,; o) is a closed 4-

manifold triple with metric chamber. We investigate the map A(W,S) — C in the context
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of the flipping operation discussed in §2.2] Let S = S; U ... U S, be the decomposition of
S into connected components, and fix a monomial xy € A(W,S) of degree d. The value of
I(W,S,Q,0; x) is determined by looking at the d-dimensional moduli space My on (W, S, )
and evaluating cohomology classes. Let J C {1,...,n} be such that

> S]]

jed
is a mutliple of 2 in Hy(W). Then the flip 7; preserves the homology class of €2 modulo
2 and so (after choosing a flip-invariant perturbation function) gives an involution on the

space By, of connections mod gauge and the moduli space M.

LEMMA 2.3.3. The classes pu(pt) and p(y) for v € Hi(W) are preserved under 75. For

y € S; and set of extension choices {K1, K2}, we have:

T3 rs) = (WD) ko = —1([Y])x,-

Finally, for [X] € Hy(W), we have

(1 (%) = 1P (D).

PRrROOF. The proof is entirely analogous to the work carried out in Chapter (1] for the flips
M. One studies how the universal bundle over My x W is pulled back under 77, showing
that the bundle is preserved, while the line subbundles lying over M, x S corresponding to
the point classes p([y]) are transformed by conjugation or are preserved according to whether
y is in a flipped component of S. While the naive class ;(3) is not preserved under the flip,
the modified class (X)) is (see Lemma and equation (1.5.10)). d

2.4. The Floer Homology of a Product S! x ¥: A Review

The major problems associated with instanton Floer homology are related to its com-

putation, even for simple 3-manifolds. For 3-manifolds Y without a link, the theory laid
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out above goes back to Floer’s original work (see [6]). The first basic cases to consider are

fibered 3-manifolds, or simply product 3-manifolds S x 3 for 3 a compact Riemann surface.

2.4.1. Relative Invariants and Relations. In this section we review the calculation of
the Floer homology in this basic case. To satify the condition of non-integrality, there are two
obvious choices for the Stiefel-Whitney class w. One obvious choice for w for the 3-manifold
S x ¥ is the product curve w := S* x pt. This case was studied by Dostoglou and Salamon
(who considered the more general case of a fibered 3-manifold) [9] and later Munoz [27],
who gave a presentation for the natural ring structure on this Floer homology. Let Y, be
the 3-manifold S! x 3 where ¥ is a compact Riemann surface of genus g > 2. The surface
pt x ¥ is a non-integral surface for the triple (Y, ?,w), and so the Floer homology I.(Y,, w)
is defined. Let F' be a pair of pants surface, and view the 4-manifold triple (F' x X, (), F' X pt)

as a cobordism from two copies of Y, to one copy of Y. Functoriality gives a map
L(Yy0) © L(Yyw) = L(Y,w)
which is graded commutative and associative in the incoming factors.

DEFINITION 2.4.1. Let V, o be the C-algebra given by I, (Y}, w) with the ring structure

induced by the above pair of pants cobordism.

By definition, as a vector space Vo is the homology of a chain complex whose generators
are approximately flat connections on Y; for some perturbation of the Chern-Simons func-
tional. The bundle on Yj is the unique PU(2) = SO(3) bundle on S* x ¥ with ws dual to the
curve w, which is the pullback of the unique nontrivial SO(3) bundle on ¥. This bundle is
associated to the U(2) bundle with ¢; =1 on ¥ via the homomorphism U(2) — PU(2), and
we can view the space of connections as a space of U(2) connections with fixed determinant
connection . It is easy to see that the set of equivalence classes of flat connections is in
bijection with the space of representations of m (Y, \ w) — SU(2) modulo conjugation which
send a meridian of a small loop around w to the element —1. This is the same as two copies

of the moduli space of flat connections M(2, 1) of rank 2 and degree 1 on X, with the two
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copies arising from a choice of the holonomy along the S* factor, which must be £1. Upon
perturbing the critical point set becomes discrete, but the differential is a deformation of
the regular Morse differential for (two copies of) the finite dimensional compact manifold
M,(2,1). The homology will then be a sub-quotient of H,(M,(2,1))®2. However, it turns
out that V; is actually the full homology of the space of flat connections, as first argued by
Dostoglou and Solomon [9]. There is a quicker proof of this fact, however, which uses the
extended Floer homology construction above, and relies on a description of cohomology of
the moduli space of flat connections M (2, 1) due to Siebert and Tian among others [29].
We briefly review this argument, which can also be found in [26], as we will revisit it to
prove an analogous result for a product 3-manifold with product link.

The strategy for obtaining a description of this Floer homology is to use the extended
invariants for the bounding 4-manifold D? x ¥. Let ai, ..., as, be a standard generating set
of loops in 71(X) so that their homology classes are a symplectic basis for H;. We obtain
elements in V, o by taking the relative invariant [(D? x 3,0, D* x pt; x) for a polynomial
X € A(D? x ¥). The algebra A, := A(D? x X)) is simply the graded commutative tensor
algebra on H,(X), and so is generated by the [a;]’s, [X], and a class [z] for € Y,. Let
us introduce notation for these generators analogous to the notation used in Chapter
We set o = —1[%], § = —1[pt], and ¢; = —1[a;], where we use the normalizing factor
_411 to account for the fact that we have used the characteristic class p; of the universal
bundle in the extended invariants, rather than the second Chern class c;. We can get a map

P . ASLO — V970 via
(2.4.1) ®(x) = I(D* x ¥, D* x pt; x)

From now on we will denote this multiplication by juxtaposition, or a dot -. The ring

structure on Vo is natural because it interacts well with ®.

LEMMA 2.4.2. The map is a homomorphism of algebras.
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PROOF. Let x1,x2 € Ayo(D? x X) = Ay be two polynomials. Then the statement of

the lemma is exactly the equation
I(D* x ¥, D* x pt; x1) - [(D* x ¥, D* x pt; x2) = I(D? x ¥, D* X pt; x1X2).

This is a straightforward application of our gluing results. The product of the relative
invariants 1(D? x ¥, D? x pt; ;) is the same as the relative invariant associated to the 4-
manifold obtained by plugging the incoming ends of F' with disks, taking a product with 3,

and using the polynomial x;x2. This is the same as I(D? x X, D? x pt; x1x2)- O

The most important fact concerning the Floer homology V,, is that ® is actually sur-
jective onto a half dimensional subspace. Now, the approach in [26] is to redefine the Floer
homology of the product by enlarging the gauge group so that the critical points coming
from the different copies of M,(2,1) are identified by a gauge transformation, giving a new
vector space WA/g. There is then a surjective map A,y — \79. To get fully surjective map,

we instead enlarge the algebra A, to include a variable € with €* = 1, that is, we define

A, =Ayole]/(e2 — 1), and set

Define the map FE : ;&g — V0 via:
E =1([0,1] x Y,,0,[0,1] x S* x pt + pt x X)

LEMMA 2.4.3. We have E? = 1, E has degree 4, and commutes with the multiplication

structure on Vg o: we have

ProoOF. That E has degree 4 mod 8 follows from the Donaldson dimension formula for

moduli spaces. By gluing, we have:

E =1([0,1] x Y,,0,[0,1] x S* x pt + 2pt x %)
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Now, the Stiefel-Whitney 2-cycle [0, 1] x S* x pt+2pt x ¥, which is the same as [0, 1] x ST x pt
with Z/2 coefficients. This implies that we have E? = 41. The formula §A1.4(ii) of [20],
however, implies that the sign works out to 1. That £ commutes with the multiplication is

a straightforward application of our gluing theory. O

Using the map F, we can extend the homomorphism ® to ,&g, which is surjective. Before
we prove this, however, we must recall some facts about the cohomology of the representation
variety M,(2,1). Recall that over M,(2,1) x X there is a universal rank 2 vector bundle
U and that the cohomology ring of M,(2,1) is generated as a C-algebra by the elements
co(U)/h for h € H,(X). Following [14], let S denote the set of monomials in A, in «, £,
and the ;s of the form

o' By -y,
where the 7;’s are distinct and in increasing order, and for which i +s < g, j + s < g¢.
Sending a to co(U)/[X], B to co(U)/[pt], and ©; to co(U)/[a;] gives an algebra map from
U Ay = H*(My(2,1)), and the image of S is a basis for H*(M,(2,1);C) (Remark
5.3, [14]).

PROPOSITION 2.4.4. The map P : &g — Vg0 1s surjective, and the image of SUeS is a

basis.

PROOF. To prove the proposition, we use the natural pairing (,) on the vector space V,
obtained by taking the product cobordism [0, 1] x Y, and identifying the outgoing end with Y},
in an orientation reversing way. This gives an elbow macaroni cobordism from two copies of
Y, to the empty set. Since the underlying 4-manifold here gave the identity map, this pairing
is nondegenerate. The basis S can be decomposed into subsets by cohomological degree. We
can construct an |S|-by-|S| matrix M whose entries are the pairings between the elements
O(x). If x, X are two basis elements, the pairing (®(x), ®(x’)), by gluing, is the same as
the integer Donaldson invariant associated to the closed manifold S? x ¥ with Q0 = S? x pt,
polynomial X', and metric for which the S? is much larger than 3. On this 4-manifold, the

ASD moduli spaces have dimension 8k + 6g — 6, for k£ a nonnegative integer. Since g > 2, the
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least dimension is 6g—6 > 0, and so the pairing (®(x), (x’)) is zero unless deg(xy’) > 69—6,
which is the dimension of the space M,(2,1). With respect to the block decomposition of
the pairing matrix M by degree, we get a matrix which is block anti-lower-triangular (that
is, a matrix for whom the ¢, j [indexed by degree] block is zero unless ¢ + j > 6g — 6, and
invertible if ¢ + j = 6g — 6 as a result. The key is that the anti-diagonal blocks where
deg(x)+deg(x’) = 6g — 6 are the same as the blocks of the corresponding pairing matrix for
top cohomology pairings in M,(2,1). To see this, we simply note that intersection numbers
coming from the extended Floer homology arise from a Morse homology picture which can
be arranged to be isomorphic to a Morse homology picture for M (2,1). The cohomology
classes ¥(a), U(5), and W(1);)’s are exactly the cohomology classes corresponding to the
Vi’s in B{,g, restricted to the flat locus M, (2,1). The approximate ASD equation reduces to
approximate flatness, since the 6g — 6 dimensional moduli space corresponds to zero action
connections. By Poincaré duality, the pairing matrix in H*(M,(2,1)) is nondegenerate
because S is a basis. As a result, M is also nondegenerate, so the image of S in V, is a
linearly independent set. Now, we can construct a 2 |S|-by-2 |S| matrix N corresponding to
the pairings between monomials in ®(S) LI ®(eS), which has 4 blocks. The upper left block
corresponds to M, and the lower right block gives M as well because €2 = 1. For the off
diagonal blocks, the pairing corresponds to a Donaldson invariant for the bundle on S? x 3
with wy = PD(S? x pt + pt x X). Thus, in the ASD dimension formula d = 8k + 6g — 6, k is
a half integer, so the lowest dimension is 6g — 2. Hence, these off diagonal blocks are strictly

block anti-lower-triangular (the diagonal blocks are zero). This implies that we have:

M P
N =

P M

where M is block anti-lower-triangular, and P is strictly so. Hence, det(N) = det(M)? # 0,
so ®(S) U @(eS) is linearly independent. Since we know the rank of V, 4 is no more than
twice the rank of H*(M,(2,1)), we see that in fact these ranks are equal and ®(S) U ®(eS)

is a basis. O
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DEFINITION 2.4.5. The ideal of relations in 1&9 is the ideal jg = & 1(0). The map ®

expresses the algebra V, o as a quotient
VQ,O = Ag/ jg'

2.5. Excision

Our computations of V ,, will utilize a formula for Floer homology for surgery along genus
1 surfaces known as ezcision, originally due to Floer. The following result is a recast and
slightly generalized version of that theorem and is the prototype for a genus 0 analogue we
will prove in the next chapter. Let (Y, K, w) to be a 3-manifold triple and suppose that T3, Ts
are 2-tori disjoint from K and for which w - T; is odd for each 7. We can construct a new
triple (Y, K',w’) by cutting Y along 77 and 75 and regluing in the opposite (orientation
preserving) way, choosing some identification of 7} and T, and perhaps replacing w with

something homologous.

NOTATION. For Y connected, we denote by L. (Y, K, w)yt +s the 8 generalized eigenspace
for the operator p(pt). In the case that Y is a disjoint union of connected components
Y =Y, U...UY;, we understand that 1. (Y, K, w)pt +s refers to the tensor product of the £8

generalized eigenspaces of u(y;) for y; € Y;.

THEOREM 2.5.1. (Floer, [6]) Suppose that (Y', K',w'") is obtained from (Y, K,w) as above.
Then we have:

I*<Y/> Klu w/)pt,ﬂ:S = I*(Y7 K7 w)pt,:l:S-

Before proving the Theorem, we recall some basic facts about the Floer homology of the

manifold Y; = T3.

PROPOSITION 2.5.2. The Floer homology I.(T%,0,S") is rank 2, with generators in the

same Z/4 grading and for which the matriz of the operator u(pt) is (_08 ’08).

COROLLARY 2.5.3. Suppose there is an embedded genus 1 surface ¥ in the triple (Y, K, w)

disjoint from K and intersecting w in an odd number of points. Then the spectrum of p(pt)
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on L,(Y, K,w) is 8. In other words,
[*<Y7 K> w) = I*<Y7 K7 w)pt,*S D I*(K K7 w)pt,+8

PRrOOF. Let (Y3, K, Q) be the 4-manifold triple obtained by taking [0, 1] x (Y, K,w) and
deleting a tubular neighborhood of an internal copy of ¥, thought of as a cobordism with
incoming ends (Y, K,w) and (72,0, S'). Then by gluing, the operator (u(pt) — 8)(u(pt) +8)
acting on I, (Y, K,w) is the same as the composite of capping the T° end, acting via (u(pt) —
8)(u(pt) + 8) on that end, and applying I(Yy, K, Q)

1®I(D?xT?,0,D?xpt)

L(Y,K,w)®C y LY, K,w) ® L(T3,0,S")
1®(p(pt)—8)(1(pt)+8) I(Ys,K,Q)
L(Y,K,w)® L(T?0,5") ——"2 L(Y,K,w)

The operator (u(pt) — 8)(u(pt) + 8) certainly vanishes on I, (73,0, S') by the Proposition,

so this composite is zero. Ul
We now prove Theorem [2.5.1]

PROOF. We can argue almost exactly as in [6]. There is a standard cobordism triple
(W, K,w) from (Y, K,w) to (Y’, K’,«') which may be reflected to give a triple (W* K ,@*)
in the opposite direction. We will consider the two ways of composing W with W* and
compare the results with the identity map. The key is that the p(pt) operators commute
with all operators arising from cobordisms. We shall prove the theorem for the 48 eigenspace,
as the negative case is exactly the same.

We begin with the glued-up cobordism Z = W* o W from (Y, K,w) to itself. Inside of
Z there is a copy 7 of T? along which cutting produces a 4-manifold with four boundary
pieces consisting of two copies of Y and two copies of T°. The 2-cycle @w* oW in Z intersects
~ in an odd number of circles by assumption on w -7}, so the 3-manifold triple correpsonding
to 7 satisfies non-integrality. Since we cut along ~y, we recover Z by gluing U = [0,1] x T*
into the two 7% boundary components. The triple corresponding to the cylinder U has

Stiefel-Whitney class homologous to [0,1] x S?, and the corresponding map on the Floer
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homology of (7%, S') is the identity. This Floer homology is well known to be rank 2 with
p(pt) exchanging the two basis vectors and scaling by 8.

Restriction to the 48 generalized eigenspace of u(pt) in the Floer homologies is equivalent

to acting by the operator corresponding to the polynomial

s = | [ ] (lz] = )Y

i A£8
where A ranges all the other eigenvalues of p(pt) appearing in any of the 3-manifolds, N is
larger than any of the ranks, and z; is a point in the ith connected component of Z. The
operator fi(mp +s) annihilates the other eigenspaces, and the polynomial 7y 1o can “slide”
between all the cobordisms, by our general gluing result. This operator projects to a one-
dimensional subspace of I,(T3,S"). Viewing U as a cobordism from the empty set to two
copies of T3, the relative invariant associated to U and the polynomial my 4g simply gives
v®wv where v € L,(T3,S!) is a +2-eigenvector for u(pt). Up to a nonzero constant multiple,
this relative invariant also arises from the 4-manifold with boundary U’ given by two disjoint
copies of D? x T? with Stiefel-Whitney class D? X pt and polynomial 7y +s. Gluing U’ into
Z cut along M simply gives the identity cobordism, and so we see that the map I, (Z; mpt +s)
is just a constant multiple of the map I1,([0,1] x Y';mp 4+5). This itself is a constant multiple
of the identity map upon restriction to the +8 generalized eigenspace of u(pt).

Composing the cobordisms in the opposite direction produces Z* = W o W* and the
same argument shows that the induced map on I (Y’ K’,«') is a constant multiple of the
identity on restriction to I,(Y’, K',w') +s. Hence, the triple (W, K,w) induces the desired

isomorphism. The exact same argument works for the —8 eigenspace. Il

The Multiplicative Case. There is a much simpler version of the Floer homology for
a product 3-manifold Y, (with empty link), obtained by letting the 2-cycle w be the loop
u = pt X ¢, where ¢ is a simple closed curve in Y shown in PICTURE. The vector space
I.(Y,,u) can be computed by using a decomposition of ¥ into lower genus surfaces and the

above excision result, and behaves multiplicatively in ¢ — 1. Suppose that ¢; and ¢y are two



2.5. EXCISION 99
circles in ¥ intersecting c in 1 point each and such that cutting along them produces a genus
g — 2 surface and a genus 1 surface each with 2 boundary components, then T; = S x ¢;
for i = 1,2 is a pair of 2-tori in Y}, satisfying the hypotheses of Theorem Cutting and
regluing produces a copy of Y5 and Y,;_;. We know the Floer homology of a disjoint union is

a tensor product and the same is true of the +8 generalized eigenspace. We see that

I*(va u)pt,+8 = I*(ch]—b u)pt,+8 @ [* (}/27 u)pt,+8

The basic case to discuss then is ¢ = 2. As mentioned in |21] this Floer homology was
computed by Braam and Donaldson ( [6], Proposition 1.15). Since the singular set is empty
here, the Floer homology has a relative Z/8 grading. As in the case w = S* x pt, the Floer
homology for w = u is equal to the homology of the representation variety, which is now just
two copies of a 2-torus. The discussion in [21] implies that the sequence of vector spaces in
each grading is:

LY,u)20eCaC*aeCalaCaC’aC

and the operator p(pt), which has degree 4, is an isomorphism in each (mod 4) grading. The
operator u(pt) has 4-dimensional eigenspace for the each of £8, which nails down its matrix

with respect to a graded basis. Hence, I,(Y2, u)pt +s has rank 4, and
(2.5.1) LYy, u)prrs = (L (Yo, ) pyas) 20 2 C¥7

The key result for the more complicated Floer homology V,oF = I,(Y,,w) considered in
§2.4.1]is that the simultancous eigenspace for the top eigenvalue of p(X) and +8 for u(pt) is
one-dimensional. The same is true for I, (Y3, u), except that now the proof is much quicker.
The operator p(%s) on I.(Ys,u) has 2-dimensional generalized eigenspace for each of the
values 8", 7 = 0, 1,2, 3 and the simultaneous eigenspace for (u(pt), #(22)) is rank 1 as shown
in [21]. By stringing together cobordisms from Yy to Y, ;UY5, one gets a cobordism W from
Y, to g—1 copies of Y5, realizing the isomorphism ([2.5.1f). The surface ¥ C Y}, is homologous
in W to the sum of the g — 1 copies Zg), where Zg) is the surface in the ith copy Yz(i) of Y5,

so the operators u(X) on I,(Yy, u)p s and Y277} M(Egi)) on I, (Yg,u)fi(igl) are intertwined
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by the isomorphism (2.5.1)). It follows that the eigenspace of u(X) for the value 2g — 2 is
one-dimensional, spanned by the preimage of ®§:_11 v under 1} where v, is an eigenvector
with value 2. This argument is not, however, independent of the calculations in [27], as our
knowledge of the spectrum of p(X3) on I, (Y5, u) in fact comes from an understanding on
how pu(X2) acts on Vy 4. The above discussion could have been carried out for either £8, and

so we have proved:

PROPOSITION 2.5.4. The isomorphism intertwines (X)) on LYy, u)pt+s and
Zf:_ll M(Zg)) on I*(Yg,u)ft(jgi;l). The spectrum of u(3) is the set

{-8(g—1),-8(9—2),...,-8,0,8,...,8(¢g —2),8(¢g — 1)}

with the simultaneous eigenspace of the pair (u(pt), u(X)) for the values (£8(g — 1), £8)

being 1-dimensional.

2.6. The Floer Homology of (Y,, K,,)

We now set ourselves to the task of solving the main problem of this thesis, which is a
computation of the Floer homology of a product link K, in Yy = S* x S2. We first make
some remarks applicable to the general case of (Y, K,,). To get a 3-manifold triple satisfying
non-integrality, we must impose the condition that n be odd (or zero). In this case a ¥ fiber
of Y, will be a non-integral surface. There are several possibilities for the Stiefel-Whitney
class: we could choose S! x pt, or a union of arcs u; C S? joining several pairs of marked
points, the the empty set, or some linear combination of these. It is not difficult to see that
adding S' x pt to the Stiefel-Whitney class does not change the Floer homology. We can
recover the classical case n = 0 as well as long as we do use w = S x pt. The most difficult
and relevant case for us is the case w = (), and this is the analogue of the case w = S* x pt in
the nonsingular story. However, our calculations for this space will use the case of a nonzero
Stiefel-Whitney class. In the case w = (), the Floer homology of (Y, K,,) inherits a product

structure analogous to that of V.
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DEFINITION 2.6.1. Let V,,, = L(Y,, K,, () denote the C-algebra obtained by using the

product structure induced by applying functoriality of I, to the cobordism F'x(X,, {n pts}, 0).

Our first result is that V , is isomorphic as a vector space to the homology of two copies
of the corresponding representation variety of flat connections R, on the punctured surface
o\ {z1, ..., 20}

To prove this, we need an analogue of the ®-map [2.4.1 We use the free graded-
commutative algebra

Ag,n - Ag’() ® C[(;l, v 75n]

which is exactly the algebra appearing in Chapter [l We proceed as before and construct
elements in the Floer homology now via the bounding 4-manifold pair (A, S,) = D?* x

(Xg, {z1,...,2,}). Let ®:A,, = V,, be defined on generators via:

a — 2P ([X]) - L(Ag, S, 0)
8= — u(pt) - L(Ay, Sy, 0)
by = — 1ullag]) - L(Ag, Sp, 0)

5k = %lu([xk])ﬁkl*(Ag7 Sm (Z))

where 1z, refers to a point on the singular locus component D? x {x;,}, and we again use the
normalizing factors —}1 and % to account for the fact that we have used the characteristic
class p; of the universal bundle, rather than the second Chern class c¢y. Strictly speaking
in order to pin down the sign of J;, we need to specify a choice of k;. Later on, however,
we will see that changing the signs of any of the d;’s induces an automorphism of V,,, so
that the choice of sign is immaterial, and we simply make an arbitrary choice. The map &
respects the relative Z/4 grading and is a homomorphism of C algebras.

Likewise, for each polynomial x € A,,, we obtain an element ¥(x) of H*(R,,) via

characteristic classes of the universal bundle over R, x 3, by Chapter . We would like to

show that ® is surjective, but as before we need to enlarge the algebra A,,. We define a
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map F: Vg, O via
E =1(]0,1] x Y,,[0,1] x K,,pt x X),

noting that E? is either 1 or —1. We no longer can be confident about the sign, so we write
E? = Cg.n

and define the extended algebra

Mgy = Agulel/ (€ = Cyn)-
The map ¢ extends to one from ,&g,n.

THEOREM 2.6.2. Let Ry, denote the moduli space of representations from Chapter|[]] for

n odd and 3g+n — 3 > 0. The vector space V., is isomorphic to H*(R,,, C)%2.

PROOF. Let S C A, be a finite set which maps to a basis of H*(R,,,) under ¥. As
before there is a pairing (,) on V,, which can be checked to agree with the cohomological
pairing on H*(R,,,) for pairs z, 2’ € S of complimentary degree. We get a 2|S| x 2 |S| matrix
N of pairings in the Floer homology with 4 blocks. The diagonal blocks are invertible by
Poincaré duality and the off diagonal blocks are stricly block anti-lower-triangular, and thus

N is invertible. We see that ®(S) L ®(eS) is a basis for V,,,, completing the proof. O

2.6.1. Comparing the Ring Structures. We wish to compute the ring structure of
Vy.n, using as our model the techniques in [27]. The main idea is that the relations in the ring
V. are graded deformations of those in H*(R,,). The task then becomes computing the
terms in the deformation. Again, our approach here differs from [27] since we do not quotient
by a larger gauge group and so the Floer homology is twice as large as the cohomology ring

of Ry.. Instead, let us define a map ®*: A,,, - V,, via

Ot (z) =

N[ =

(2(2) + VG 0(e2)|

Lo + Vi E(@(:)]
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where /(. is a choice of square root.

LEMMA 2.6.3. The map ®* is a homomorphism of algebras and is a surjection onto the

\/Cgn-€igenspace of E, which is half-dimensional.

PROOF. Let z,2" € Aj,,. We have:

D)0 () = 1 0(2) + VG (00(:)] [@(x) + VG () 0()]

[2¢(z)c1>(z’) + 2@*@(@@(2)@(2’)} — ot (22"

e L

so @7 is a homomorphism. By basic linear algebra the image of S is a linearly independent
set. If we choose the other square root —\/CQT, we obtain a map ®~ and the images of ®+
and ®~ are orthogonal under the pairing. This can be seen by considering the dimensions of
moduli spaces on S? x (X,, {z1,...,x,}) and pairings of homogeneous elements. The span of
the images of ®* and @~ must then be all of V,,,, and so the image of ® is half-dimensional.

That this is exactly the |/(, ,-eigenspace of £ is now clear. O

As a corollary, we see that the |/(, ,-eigenspace of E is a half-dimensional subalgebra
v+

on» and the map Ot Ay, — V;n induces an isomorphism of vector spaces

S:H (Ryn) — V;n

by extending the set map from ¥(S) to ®T(S) by linearity. The analogue of the statement

on deformations for us is:

PROPOSITION 2.6.4. Under the above vector space isomorphism, the ring structure of
V;n 1s @ mod 2 graded deformation of the cup product on cohomology. More precisely if
f, [ € H*(R,,) are homogeneous of degree 1,7, then we have:

(G -SUN=5(F =+ X )

d<i+j
d=(i+j) mod 2

for a sequence of gs € H*(R,,) of degree d < i+ j — 2.
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PROOF. The proof is essentially the same as for Theorem 5 of [27], with the only dif-
ference that the dimensions of moduli spaces on S? x X are now dim(R,,) + M for M a

multiple of 2 rather than 4. O

The ring structure of V' is determined by the kernel 7., of ®*. The surjection A,, —
H*(R,,) induces an isomorphism of the cohomology ring with a quotient A, /Z,, for an

ideal Z,,,. In the genus 0 case, Proposition and our results from Chapter [I| then imply:

COROLLARY 2.6.5. The ideal Jy\, contains a collection of relations QF,, for each J C
{1,...,n} of cardinality at most m = (n—1)/2. The polynomial an has leading term R({n
from and is a mod 2 graded deformation of this term. That is:

J _ pJ
Qo.n = Ry, + lower order terms.

The remaining relations in 7y, are deformations of the relations 0 — £ in Zy,,. We shall

study these deformations later.

2.6.2. Induction on n. As in our computations for the cohomology rings H,,, we
will leverage an inductive structure for the rings V,,, which arise as natural surjections
Vyni2 = V. Let (Ay, S, 0) denote the 4-manifold triple, as in Theorem [2.6.2] consisting
of the cap 4, = D* x ¥ (for ¥ genus g) and singular locus S,, = D? X {z1,...,z,}. The

boundary of this triple is the 3-manifold triple
(Y, K, 0) = (S* x 2,8 x {z1, ..., 2,})

We will find homologous copy of X intersecting the singular locus in n + 2 points rather
than n. Let C' denote an interior copy of X, say {0} x ¥ in A,. Let v be the image of an
embedding of the interval (—1,1) into D? sending 0 to (0,0). Let y denote the image of
1/2, and let B be a small 3-ball around (y, z,,) inside the 3-manifold v x . Then 0B is a
small 2-sphere intersecting S, in just two points, as it hits D? x {z,} twice and misses the
other singular disks. We can then tube together the 2-spheres 0B and C' in a way missing

the singular locus, giving a new 2-sphere Y’ intersecting the singular locus n + 2 times,
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F1GURE 2.1. The surface ¥’ intersecting S, in n + 2 points.

hitting D? x {z,,} 3 times (see figure [2.6.2)). Let vX’ denote a narrow tubular neighborhood
of ¥/, and let (Wgn+?, S92 () be the cobordism triple obtained by subtracting #¥’ from

(Ay, Sp,0). This cobordism triple goes from (Y, K,12,0) to (Y, K,, ), and induces a map

n+2
Tg’n . ngn+2 — Vg,n~

To be precise, we must specify an identification of the new boundary component of W;;’l‘“
with (Y, K,12,0). We take a diffeomorphism which respects the natural S*-bundle structure
of OvY', and which is the identity away from the tube and B, and which maps the portion
of ¥ due to the tube and B to a small neighborhood of x,; and x,5. Orienting the disk
D? x {z,} such that its intersection with X is positive, one of the new intersections with 3’
will be positive and one will be negative. We choose our identification so that the negative
one is mapped to z,,; and the positive one to z,.2. In addition, we pin down the sign
for this cobordism by choosing the restriction of the product complex structure on D? x ¥,

which agrees with the product complex structure on the cylinder over (Yg, K, ).



2.6. THE FLOER HOMOLOGY OF (Yy, K,) 106
REMARK 2.6.6. These maps are the exact analogue of the genus-increasing maps used

by Munoz in [27] (see Lemma 9). Indeed, there are also natural maps

n+2
7T37n . Vg’n_‘_g — Vg,n

gt+ln .
Tgn - Vg-‘,—l,n - Vg,n

arising from cobordism triples (WZiH", SIE0",0).

The major fact that we need about these maps is that they behave well with respect to

the maps ® : A, = V.

LEMMA 2.6.7. Let 7'57’7?4_2 i Agnie = Ay, denote the map sending o to o, B to 3, v; to

Yj, and o to O for k #mn —1, and 6,41 to —0,. The following diagram commutes:

g,n+2
Tgn

Agn"HrZ ? Ag,n

mont?

Vg,n+2 ? Vg,n

PRrROOF. The point is that if we compose the capping cobordism (A, S,12,0) with the
cobordism (W¢+2, .597+2 ) from Remark then the result is isomorphic to (A,, Sy, ).
Moreover, the surface ¥ in the copy of (Ag, Spi2,0) is homologous - isotopic, in fact -
to the copy of ¥ in (A, S,,0) under this identification. This show that the diagram is
commutative for the generators a and 3, and in fact also for the v;’s. As for the ¢;’s, under
this identification the piece D? X {z}} of singular locus in (4,, S,42,0) is a subset of the
locus D? x {zx} in (A, S,,0) for & < n. The locus D? x {z,.;} for i = 1,2 is a (small)
subset of D? x {z,} in (4,,S,,0) as well, but the orientation on the D? factor is flipped for

¢ = 1. This accounts for the sign on 6, . ]

Now, since we do not have an isomorphism V, ,, = H*(R,,; C) as vector spaces but rather
an isomorphism V;n = H*(Ry,; C), where the plus sign indicates the /(,,-eigenspace for
the degree 2 map F, we need to amplify the above result for this subspace of V,,. The

result will clearly hold with V;n replacing V, ,, as long as EZ commutes with the map ﬂg:2+2.
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That this is the case is clear, since the 2-cycle representing the Stiefel-Whitney class in
the cobordism (which is just the cylinder) defining F is a copy of the surface X, and the
“incoming” ¥ is isotopic to the “outgoing” ¥, with all the almost complex structures agreeing

up to isotopy in the gluings. Recall that Vi = Ag,/J* for an ideal Jf, = (®7)71(0).

COROLLARY 2.6.8. Under the map T;ﬁ“ t Ay o = Ay, we have the following inclusion

of ideals:
naoy —1
(261) ng,rn+2 - (Tg,yn+2) (ng,rn)
PROOF. Suppose that f € A, 12 is a polynomial which is a relation in V;n 42 Then by
Lemma [2.6.7] the polynomial 7¢7*%(f) is a relation in V. O

Lastly, there are also natural injections ¢ ., and (]}, , obtained by reversing the di-
rection of the cobordisms defining the maps 7. We will want to leverage these later, but
note now that these injections do not fit into obvious commutative diagrams with injections

Ag7n — A!],TU AHJH‘Q‘

The Flips on V,,. While the flip construction has been described and used for moduli
spaces on 4-manifolds, we can use it to generate automorphisms of the 3-manifold Floer

homology V.

LEMMA 2.6.9. Let J C {1,...,n} be an even cardinality subset. The automorphism m
of Ay, sending Oy, to oy, for k & J and =6y, for k € J preserves the ideal Jf,. This induces

' +
an automorphism my of V1.

PROOF. The lemma is equivalent to the following statement: Iforf x € A,,, we have an

equality of Donaldson invariants
I(S* x 3,82 x {xr, .2}, 05 x) = 1(5? x B,8% x {a1,. ., a3, 05m5(x)),

where the metric chamber we use on each is the one for which the area of S? is much larger

than that of 3. This second statement is an immediate consequence of Lemma [2.3.3] Indeed
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the Donaldson invariants are simple pairings of cohomology classes with moduli spaces of
connections, and the flip carries the moduli space on the left to that on the right, and by

construction the cohomology class 11(x) to p(m;(x))- d

From now on, the maps m; and m; will also be called the “flips” on J.

LEMMA 2.6.10. Suppose that f € jgfn s a polynomial relation. Break f into different oy

terms:

F= > 8"fila,B b, )

Ic{1,..,n}
for polynomials f; not involving any 6, ’s. Then for any indwidual I, the polynomial 8" f; is

itself a relation.

ProoFr. We prove this by induction on the number of nonzero terms in the sum. Suppose
that I’ # I and f; and fp are nonzero. Then we can find some pair k,[ such that the
cardinalities of {k,}NI and {k,1} NI’ are of different parities. By Lemmal[2.6.9] the flipping
automorphism my; of A, , preserves jgfn. Hence, if {k,{} NI is even, then we have:

S +mpn)-f= ), 8

J:|JN{k,l}|=even

and this polynomial is also a relation. This sum contains the same term ¢’ f;, but the term
for I' goes away. If {k,l} NI were odd, we could look at %(1 — mykyy) - f and again get a
new relation with fewer terms and in which the I term remains. By induction, we find that

o' f; is itself a relation. O

2.7. The Case g=0and n =3

Our calculations for the ring structure on I.(Y,, K,,0) will leverage calculations per-
formed for the simplest nontrivial case g = 0 and n = 3. There are essentially two different
flavors of the Floer homology of (Y, K3) to consider. In general, we have already defined

Vg, the Floer homology I.(Yy, K,, ). For any g and n > 1 (not necessarily odd) we define:
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DEFINITION 2.7.1. The twisted Floer homology of a product (Y, K,,) is the vector space
Uy = 1(Y,, Kn,u)
where v is an arc in X, between z; and x».

Here, n need not be odd since for a loop d; around 1, the 2-torus S* x d; is a non-integral
surface. While U ,, is not naturally a ring, it is a module over V,,,. We now will study the

case n = 3 and g = 0 in depth.

2.7.1. The Ring V(3. When n = 3, both Vy3 and Uy are 2 dimensional. This is
clear for V3, since the representation variety R 3 is point. We can also see this directly as
follows. Let d; be a loop going around z; and ¢ the loop S* x pt. A flat connection gives a
representation into SU(2) modulo conjugation, where x; maps to the trace zero conjugacy
class Cj. The only triple (T4, Ty, T3) satisfying this is, up to ocnjugation, (i,j, k), and ¢ must
map then to +1. We get exactly 2 flat connections p; for 7 = 0,1 with S* holonomy (—1)°
and it is not hard to see that the Chern-Simons functional is of Morse type, so that we
need not perturb. It remains to check that the differential vanishes, which follows from the

following.
LEMMA 2.7.2. The two flat connections on (Yy, K3) differ in grading by 2 mod 4.

PRroOOF. Consider the 4-manifold with boundary Ay = D? x S?, with singular locus S =
D?x {x1, 9,73} The relative invariant I, (A, Ss,0) in V; 3 is found by looking at instantons
on Ay. We are searching for 0-dimensional moduli spaces. The connection py extends to one
on the trivial bundle on (A, S3,0) and by inspection this is the unique flat connection. The
nondegenerateness of C'S on flat connections implies this single flat connection is the full
transverse 0-dimensional moduli space; all others are higher dimensional. We see that up to
sign I, (Ag, Ss, D) is the vector [po]. Similarly, if we change the Stiefel-Whitney class, there is a

flat connection for the triple (Ag, S3, D*xpt) extending p; and up to sign I, (Ag, S3, D*xpt) =

[p1].
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To see that the p; lie in degrees differing by 2, consider the elbow macaroni cobordism
diffeomorphic to [0, 1] x Y, going from two copies of Yy to the empty set. Plugging in two
copies of (Ag, S3,0), we get a 4-manifold diffeomorphic to S? x S?, with 0 Steifel-Whitney
class for the bundle. The dimension formula for the ASD moduli spaces from [18| gives
8k + 41 where k is the instanton number and [ is the monopole number. Since the class
wq is 0, [ and k are integers and so the moduli space has dimension a multiple of 4. Using
what we know about the relative invariant for (Ag, S3,0), by stretching the metric near the
ends of [0,1] x Yy we see that the moduli spaces on the cylinder going between py to pg
have dimension a multiple of 4. On the other hand if we replace one of the (A, S3, () with
(Ag, S3, D* x pt), we see that the in the dimension formula 8k +4[, because the singular locus
intersects wy in an odd number (three) of points, [ will now be a half-inetger, and 8k + 4(
will be 2 mod 4. Thus, the moduli spaces going from py to p; will have dimension 2 mod 4,

allowing us to conclude py and p; are off by 2 in grading. O

REMARK 2.7.3. So far, the signs of the generator [p;| has been determined by letting it
be the image of the flat connection p; under the quotient map upon passing to homology
(of course, the differential in this case is 0). It will be convenient to instead choose [po]
to be generator obtained as the relative invariant associated to (Ag, S3,0), and [p1] to be
I.(Ag, S3, D* x pt). The signs are fixed by using the product almost complex structure on

the underlying 4-manifold Ag = D? x S?. From now this is what we will mean by [p;].

While this essentially determines the ring V3, the important information we need from
Vo3 are the matrices for the operators (X)) and p(pt). The operator u(pt) can be deter-
mined by comparing with the corresponding operator for the nonsingular case of Y, = T3,
However, we first want to understand the operator u(3), namely its eigenvalues. Despite a
full answer for the corresponding question for the nonsingular case V, , the author is unable
to devise an argument leveraging that computation in this situation. Instead, we proceed by
performing the computation by directly understanding a 2-dimensional moduli space. We

shall prove:
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THEOREM 2.7.4. The operator u(X) on Vo3 sends the generator [p;] to £4[p1—;]|, where

the sign is the same in each case.

In order to effect this computation, we will need to delve into the world of parabolic

stable bundles.

2.7.2. Stable Parabolic Bundles. We will need a result relating singular anti-self dual
connections on a Kahler surface to stable parabolic holomorphic bundles. The analogous
result in 2 real dimensions was used in Chapter (1| to understand the moduli space of flat
connections on a punctured Riemann surface. The 4 dimensional case was treated in |20,
and it is this treatment we model our approach after. We first review the notion of a rank
2 parabolic bundle and the stability condition in 4 dimensions, and refer the reader to more
detailed accounts [30] and [24] for more general notions and more complete discussion.

Suppose that (X, k) is a closed Kéhler 4-manifold, and S is a smooth holomorphic curve
with connected components S, ..., S . A rank 2 holomorphic bundle on X with parabolic
structure S is holomorphic vector bundle £ along with a line subbundle F of £|g and pair
of weights Ag > Ay € [0,1). For us, we will have a fixed smooth rank 2 bundle on X in mind
with structure group U(2), and since our holomorphic bundles will be required to have a
fixed determinant bundle we will have Ay + A; = 1 in our correspondence, so we set A = \;
and force A\g = 1 — A (soon, A will just be 1/4). The parabolic degree of £ is defined to the

pairing with the Kéhler class [] of the parabolic first Chern class ( [30], Definition 3.6):
A™(E) =ci1(€)+ > PD[SY].
i=1

In order to define the stability condition in rank 2, we only need to consider the possible
line subbundles of €. If £ — & is a map of a line bundle into &, it acquires weights A at
each S depending on whether the image of L|g: is contained in F; and is nonzero. We
set A) =1 — X\ if it is, and A®) = X otherwise, and define the parabolic first Chern class of
L via

AM(L) = ar(L) + > AYPD[SY].
=1
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We then define the parabolic slope uP* of £ or L to be the parabolic degree divided by the

rank:
(2.7.1) pP(€) = 5 (3M(E) — [K], X)
(2.7.2) PP (L) = (™ (L) — [s], X)

with the understanding that the notion for a line bundle £ depends on a particular map into

E.

DEFINITION 2.7.5. The parabolic rank 2 bundle (£, F) is said to be stable if for any

nonzero map £ — & for a line bundle £ we have pP* (L) < uP*(&).

DEFINITION 2.7.6. The monopole number of a parabolic rank 2 bundle (£, F) on the

component S@ of S is the number

LEF) = c(Fh) — ai(F)) = 1a(€

si) = ci(F)

Two parabolic bundles (£, F,\) and (£, F', \') are declared to be isomorphic if A = X
and there is a holomorphic isomorphism £ — £’ under which F is carried to F’'. General
theory of parabolic bundles implies that the set of isomorphism classes of stable parabolic
bundles with fixed generic weight A and characteristic classes is naturally an algebraic variety
and in nice cases is smooth and compact.

Now, we suppose that (X, ) is an orbifold Kéhler surface singular with cone angle 7
along a holomorphic curve S C X, and suppose () is a Stiefel-Whitney 2-cycle with no
boundary components, so that any singular orbifold bundle P for the triple (X, SQ) extends
to a non-orbifold SO(3)-bundle P on all of X. Let k and [ be the instanton and monopole
numbers for p. Fix a smooth C? bundle F on X with ¢;(E) = PD(Q2) mod 2 and ¢3(E) = k.

Then we have:

THEOREM 2.7.7. There is a one-to-one correspondence between elements of the mod-
uli space M,.(P) of singular anti-self dual connections (with respect to the metric r) with

monopole invariants (k,l) and the moduli space MP*(E) of isomorphism class of stable (with
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respect to k) parabolic bundles structures on E with the same monopole invariants and the
weight X = 1/4. In the case that the moduli space M,.(P) is a smooth compact manifold, this
bijection gives a smooth diffeomorphism between the moduli spaces. Over M, (P) there is a
universal family of bundles P with family of singular connections A, and suppose that over
M(E) there is a universal family of parabolic stable bundles £. Then there is an isomorphism

between the associated SO(3)-bundle ad€ to € and the bundle P.

PRrROOF. This is essentially a restatement of the results of [20], specialized to the weight
1/4. The first statement follows from the bijection in Theorem 8.21 and the statement about

universal bundles follows from the discussion on deformations in Proposiiton 8.23. O

We will prove Theorem by computing a singular Donaldson invariant, in turn done
transferring the question to a problem of computing a moduli space of parabolic stable
bundles on an algebraic curve. From the proof of Lemma[2.7.2] using the notation there, the
4-manifold triple (Ao, Ss, () gives relative invariant [pg], and the triple (Ag, S3, pt x ) with
opposite orientation gives the linear functional sending [p;] to £1. Our gluing theory then
implies that the coefficient of [p;1] of u(X) - [po] is the same as the integer invariant associated
to the 4-manifold triple

(X, S3,pt x %)

where Xy = S? x ¥ = CP! x CP! and S3 = S? x {1, 75,73} with the degree 2 class
[X] € Ag 3. Since this is a closed 4-manifold with b = 1, we use a metric coming from a very
long neck in the gluing of Ay to Ay. We will want to use an orbifold Kéhler metric in order

to apply the previous discussion, and so define s to be such a 2-form in the cohomology class
[k] = PD[S? x pt] + MPD[pt x %],

where M >> 1 so as to be in the same chamber as metrics with long neck. Admissible orbifold
bundles P on this space are classified by the instanton number k and monopole numbers [,

where [; is the monopole number on the component S:gi) = S? x {x;}. Writing [ =1, +1y+13
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and [ = (ly,ls,13), the expected dimension of the moduli space is
d = 8k + 4l.

All such bundles have preferred extensions to non-orbifold bundles on X, and arise as the

adjoint SO(3) bundle of a smooth U(2)-bundle E with ¢;(F) = PD(pt x ¥) mod 2. Each

connection in our moduli space determines a line subbundle L; C F 5 via its asymptotic
3

holonomy around linking circles, and the monopole number is given by
lz‘ = —% [Cl(Lz> — CI(LZL)} .

Wwrite My, for the moduli space M,.(P) with P the orbifold bundle with invariants &
and [ and Stiefel-Whitney class PD(pt x ¥). The number we wish to compute is the sum
of the evaluations of p°®(X) on all the 2-dimensional moduli spaces My, i.e. for which
8k + 41 = 2. By Theorem this number is the same as the evaluation of the analogue
of u°™(X) on the collection of 2-dimensional moduli spaces of stable parabolic bundles on
CP! x CP! for the metric x and singular along the 3-component curve Ss.

We will need the following classification of rank 2 holomorphic bundles on a ruled surface.
Let m : X — C be an algebraic P! bundle over a smooth curve C, and fix a section Cyy and

fiber Fy.

THEOREM 2.7.8. (Brinzanescu, [7]) Let € — X be a rank 2 holomorphic bundle. Then
there are integers a,b,r,s, a codimension 2 subscheme Y C X, and line bundles Lq,Ls €

Pic’(C) such there is an exact sequence
0— OX(QCO + TFD) X El — & — Ox(bCO + SF()) X ;CQ X Iy —0

where Iy is the ideal sheaf for the subscheme Y, and a > b.

We now proceed to prove Theorem

Proor. We think of X, = S? x ¥ as fibering over the S? factor with X as fiber, and

write C' = S5? and Xy, = C x X. The theorem implies that for any holomorphic bundle &,
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there is an exact sequence

0— Oc(a) X Ox(r) = € = Oc(b) K Ox(s) @ Iy — 0

for some locally complete intersection Y and integers a, b, r, s with a > b. This implies that

(2.7.3) c1(€) = (a+ b)PD[pt x X] + (r + s)PD[C x pt]

(2.7.4) (€)= Lb—a)(s — 1) + Y]

N [—=

where |Y'| counts points in the subscheme with multiplicity. Thus, we must have r + s = 0,
a+b =1, and the instanton number & is given by $(b —a)(s —r) + |Y'|. We therefore write

£ as an extension
(2.7.5) 0— Ox,(14+a,—-1) =& — Ox)(—a,r) @Iy =0

where Ox,(x,y) is the line bundle O¢(x) X Ox(y), and a > 0. The value of a determines
the generic splitting type of the bundle £ upon restriction to sections C' x pt: we have
Elr1) = Oc(1+a+t)®Oc(—a—t) and t > 0 is generically 0 and jumps only if C'x {z;}NY
is non-empty.

We now consider the parabolic structure. This amounts to choosing, for each i = 1,2, 3,
a line bundle F; C Ecx(y,y- For a fixed vector [ = (I, 1y, l3), the degree of F; is determined;
we have ¢;(F;-) = ¢1(Elexfeiy) — 1(Fi) and so [; = 1 —¢1(F;). Because we know how & splits

upon restriction to C slices, we see that ¢;(F;) must be 1 +a +t or —a — t.

Finally, we introduce the stability condition. By (2.7.2]) and our choice of x, we have:

PP (€) = 5+ 5 M.

N[+
N

Any line bundle £ on Xj is of the form Ox,(z,y). Suppose that £ — £ is a nonzero map, and

define e; to be 0 if the image of £ € £|cxs,) is 0, and 1 otherwise. Letting e = e, 4 e5 + e,
by (2.7.2)) the slope is given by:

PP (L) =+ yM + (5 + §)M.
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Stability of £ then requires that for any map £ — £, we must have

c+yM+ G+ M <+ 3M

N[
N

For M > 1, this inequality is equivalent to:

(276) Cl(£’pt><2) + % <

= 0o

CLAIM. We must haver =0 orr =1 in .

Suppose first that » < —1. Then the map Ox,(1 + a,—r) — £ in the splitting of £ is
destabilizing, since even if e = 0, the line bundle Ox,(1 + a, —r) does not satisfy (2.7.6).
Hence, » must be greater than or equal to 0. To show that r < 2, we will argue that there
are no bundles having r > 2 lying in 2-dimensional moduli spaces, that is with 8k + 41 = 2.
If r > 2, then by (2.7.4), 8k = 8(2a+1)r +8|Y| > 32a+ 16 + 8 |Y|. Now, the minimal value

for 41 is achieved when ¢ (F;) is maximal for each 4. If the splitting type of £ on C' x {z;} is
(2.7.7) Oc(l+a+t;)®Oc(—a—t)

(where t; > 0), then the lowest [; can be is —% —a—t;. The value of t; is zero if C' x {z;} NY
is empty, and the maximum value of t; + to + t3 is |Y|, by elementary algebraic geometry.

Hence:
(2.7.8) 4> —6—12a —41Y].

Thus, 8k 4+ 41 > 10 + 20a + 4 |Y|, which is always at least 10. We see that no moduli space
of dimension 2 contains a bundle with » > 0, proving the claim. Note that this argument
obviously fails for r = 1.

We therefore have two cases: » = 0, and » = 1. The inequality gives a general
lower bound on 4l. For convenience, we establish an analogous upper bound. The largest

possible value for [ is realized when ¢ (F;) is minimal for each i, which the value —a —¢; and
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this gives [} = % + a + t;. We therefore have the inequality:

(2.7.9) Al <64 12a+4Y].

Case r = 0: Suppose we have an extension Ox,(1+ a,0) - & = Ox,(—a,0) ® Iy, so that
8k = 8|Y|. In this case, in order for the map of the line bundle Ox, (1 + a,0) to not be
destabilizing, (2.7.6) implies that we need e < 1. The restriction of £ to C' x {x;} splits as
([2.7.7), and the map Ox, (1 + a,0) — & restricts to

Lo Oc(l + a) — Oc(l +a—+ ti) ©® Oc(—a — ti).

By degree considerations, we have 1 = (f,0) where f is a nonzero map O¢(l + a) —
Oc(1+4 a+t;) (which must have ¢; zeroes counted with multiplicity). Thus, to ensure e < 1,
we must have that F; = O¢(—a — t;) for at least two values of i, which we assume without

loss of generality are ¢ = 1,2 and possibly ¢ = 3. This means that
A=6-4) c1(F)>6+8a+4t +4t, — 4 — da — 4t
=2+4a—41Y|

and so 8k + 4l > 2+ 4a + 4|Y|. We conclude that a = 0 and |Y| = 0.

The set of isomorphism classes of non-split extensions Ox,(1,0) — & — Ox,(0,0) is,
by well know techniques in bundle theory, in bijection with the projectivization of the first
cohomology H'(Hom(Ox,(0,0),Ox,(1,0))). This is just H'(Ox,(1,0)), which vanishes by
the Kiinneth theorem. We see that £ = Oy, (1,0) ® Ox,(0,0). In order to have 8k + 41 = 2,

we must have [ = < and so F; must be a degree 0 for two values of ¢ and the third F;

3
should be degree 1. Let us assume JF; are degree 0 for ¢ = 1,2. Then Fj3 is rigid; there is a
unique degree 1 line bundle in &|cxiz,) = Oc(1) @ Oc(0). The bundles F; for ¢ = 1,2 are
each determined by a section (f;, ¢;) of Oc(1) ® O¢(0) where the constant ¢; is not zero and

not both of f; and fy are zero. We must now consider automorphisms 7 of £. It is easy

to see that any automorphism is constant in Y directions, and upon restriction to Y must
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take the form 7 = () for nonzero constants c¢,d and section f of Oc(1). Hence, we can
always use an automorphism to bring (cy, f1) to (0,1), and then (fs,¢2) into (f2,1). There
is H°(O¢(1)) = C* worth of fy, and since the line bundle F; is insensitive to scaling these
sections, we see that we get a CP's worth of isomorphism types of parabolic bundles. It
remains to check that these are all stable, but a quick glance at shows that the only
case that needs to be consider is the case of map from Ox,(1,0) into &£, and the discussion

here works to eliminate the possibility of a destabilizing bundle in this case. Since we made

the choice I3 = —%, we actually get 3 distinct copies of CP?.

Case r = 1: If r = 1, then 8k = 16a + 8 + 8 |Y'| and (2.7.8)) implies 8k + 41 > 2+ 4a+4|Y],

and so a = 0 and |Y| = 0. Hence, £ sits in an extension
(2.7.10) 0— Ox,(1,-1) 5 & = Ox,(0,1) - 0

and 8k = 8, so | = —

[N [eN]

and [; = —3 for each i. Again we have &|cx(s) = Ox(1) &
Ox(0) and we have no choice but to let F; be the Ox(1) factor for each i. Now, suppose
that the extension is split. Then Ox,(0,1) maps in and this violates (2.7.6). Hence, we
can classify the possible extensions via a cohomology group again, which in this case be-
comes H'(Ox(1,—-2)). By the Kiinneth theorem and Riemann-Roch, this is isomorphic to
H(Oc(1)) ® HY(Ox(-2)) = C? ® C, whose projectivation is CP!. For a non-split exten-
sion arising this way, it is clear that there will be no non-scalar automorphisms, and so by
uniqueness of the F;’s we get a CPYs worth of isomorphism classes of parabolic bundles.
The map of Ox,(1,—1) into & certainly obeys even though e = 3. There will be no
other maps of Ox,(a,b) into € with b > 1, so these bundles are all stable.

We must now calculate how the operator p(X) acts, and for this we must study universal
bundles over N x X, for our 2-dimensional moduli space A/, which consists of 4 copies of CP!.
We will do this for the copy arising from the case r = 1, and appeal to a “fip” symmetry
to handle the other 3. Let 7 : (C?\ 0) x Xy — X denote the projection. Topologically, all
the bundles £ from the extension are isomorphic to the direct sum of Ox, (1, —1)
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and Ox,(0,1). The extension is specified by an element in a cohomology group, which we
may take to be a Hodge cohomology group H = H%!'(Ox,(1,—2)) = C?. We can choose
a splitting H — Q%! of the de Rham quotient map, and this allows us to write down a

“tautological” extension
0— 7 O0x,(1,-1) = E = 7*0x,(0,1) — 0

which when restricted to {£} x X for £ € H\ 0 is the non-split extension on Xy correspond-
ing to ¢ in the isomorphism H = H'(Ox(1,—2)). Modding out by scalar isomorphisms
corresponds to the simultaneous action of C* on (C?\ 0) and scalar multiplication on one
of the two factors in the bundle direct sum, which we may as well take to be the first. The
quotient of the analogous action on the trivial bundle C — C? by C* is the tautological

bundle 7e¢p1 — CPY, and so the quotient of E is a bundle E — CP! x X, given by:
E = [Tcpl X OXO(L —].)] D OXO(O, ].)

Now, there are also line bundles F; C E|cp1xcx s} corresponding to the parabolic structure.

For the case r = 1, these are clearly each just given by
FZ’ = Tcp! & Oc(l)

In order to determine u°®([X]), we must use the adjoint bundle AdE, which has first Pon-
tryagin class equal to —4ce(E). The point class for the component C' x {x;} of the singular

loci is given by ¢ (E|cpixpt) — 2¢1(Filcpixpt), and so p®P([X]) is equal to
—4ca(E)/[X] = 3e1(Eleprxpt) + 2 Z c1(Filcprxpt)
Since ¢;(7cp1) = —hept, which is minus the hyperplane class, we have:

c2(E) = (=hcpr + he — hy) - hs = —heprhs + hehs
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and so (co(E)/[X],CP') = —1. We also have

c1(Filcpixpt) = hept + he,

which evaluates to —1 on CP'. Lastly ¢;(E|cpixpi) = hept, which again gives —1 on CP?.
Hence:

(™ ([Z]),CP') =443 —-6=1.

This is the contribution coming from the component of the moduli space corresponding
tol=(-1/2,—1/2,—1/2) and k = 1. We now utilize the flip construction. Since we are in
the case that the Stiefel-Whitney 2-cycle intersects the singular locus S5 transversely and has
no boundary components, we can define monopole and instanton numbers [ and £ for each
component of this moduli space. For J C {1,2,3}, since the components Séj ) of the singular
locus have zero self-intersection, the partial flip 7; sends the component corresponding to [
and k the component with numbers

KF=k+) I
jeJ
and l; = —[; for j € J. In our case, flipping on a single component C' x {z;} changes
the Stiefel-Whitney class, but flipping twice preserves it. Thus, for each pair of indices,
say {1,2} €C {1,2,3}, the flip 7{1 9y sends the component with [ = (-1/2,-1/2,-1/2)
and k = 1 to the one with l; = I, = 1/2, I3 = —1/2, and k = 0. By Lemma [2.3.3] the
class 1™ (%) is preserved under the flip, and so we need to determine whether it preserves
orientation. For this, we use the formula (A1.5) and the preceding discussion from [20],
which in our zero self-intersection case implies that whether the flip is orientation preserving
or not depends only on the genus of the singular set. Everything is oriented by the presence
of the obvious complex structure on Xy = C' x 3. The formula implies that a single flip on
C' x {x1} is orientation reversing, though this moves us into a moduli space for the triple
with 2-cycle pt x ¥ + C' x {z1}. If we flip again on a new index, the result is orientation

preserving, but now our 2-cycle is really pt x ¥ + 2C' x {z1}. Even though this is equivlant
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mod 2 to the original 2-cycle, the equivalence requires us to compare orientations between
isomorphic moduli spaces, which are oriented by choices of U(2) lifts. From [20] we see
that this identification is actually orientation preserving, because the difference has square
0. Another way to see that orientation is preserved is to simply note that we can take
two different paths from the & = 1 component and a given £ = 0 component: we can flip
on a single pair of indices, or the other two pairs in sequence. Whether the flip preserves
orientation should be the same for all the flips by symmetry, and so either they are all
reversing or all preserving. We immediately see by the parity that they are all preserving.
As a result, the contributions from the other 3 components of the moduli space are also 1,

so we obtain a total of 4. O

This result is the core computation of the entire paper. It will eventually allow us
to compute the deformation of the cup product on H*(Ry,) giving ring structure on the
Floer homology. For convenience, we redefine the generator [p;] of V3 to be the image of
[po] under —p°(E). Thus, the matrix for x°(X) in the basis {[po], [1]} is ($§), and
[p1] = }1[*(‘407 Ss, 0; [X]).

2.7.3. The Vector Space Uy,. If we allow the 1-cycle w to have ends on the link K,
in Y,, it is no longer necessary for n to be odd. In the case n = 2, we have the vector
space Ups = L, (Yp, Ko, u), where u is an arc between z; and zo. It is straightforward to
check that the space of flat connections is a single point, and that Uys = C. Denoting the
generating flat connection by pg 2, the operator u°(X), which has degree —2, must vanish
by degree considerationgs. However, the operator p(pt) does not, as we shall see. This is a
general phenomenon which occurs for any 3-manifold triple with a non-integral embedded
2-torus missing the singular locus. To show this, we will leverage the known computation of
p(pt) on the Floer homology of T3, specifically for the triple (Y7, 0, 3), where 8 is a curve in
¥ = T2 Recall that V, o = L(Y}, 0, B) is two dimensional, generated by two flat connections
75,1 = 0,1, with SU(2) holonomy equal to (—1)" around the S* factor, off by grading 4 mod

8 from each other (the absense of K means the Floer homology has a relative Z/8 grading).
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The operator u(pt) interchanges these generators and multiplies by 2. In particular, u(pt)

has eigenvalues +£8.

LEMMA 2.7.9. Suppose that (Y, K,w) € WINK is connected and that there is a 2-torus

T CY\ K on which w is odd. Then p(pt) has only eigenvalues 8 on I.(Y, K,w).

PROOF. Let N be the rank of I.(Y, K,w), so that the span of the +8 generalized
eigenspace of p(pt) in V. = I(Y,K,w) is given by the kernel of u(mig) where mig =
(pt — 8)M(pt + 8)Y for a point Y \ K. We claim that pu(mig) is zero on V. In the pres-
ence of T, there is a natural cobordism (W7,S5,Q) from (Y, K,w) to a disjoint union of
(Y, K,w) and (Y7,0,3). This can be viewed as performing an excision operation along two
paralell copies of 7. Another viewpoint is to take the product cobordism [0, 1] x (Y, Kw), and
to remove a small tubular neighborhood (A1, 0, D) {1/2} x T' from this 4-manifold, where D
is the disk intersection of the neighborhood of T with [0, 1] x w. By our gluing theorem, the
operator u(myg) is equal to the composite of the map induced by (W7, .S, 2) followed by the
linear functional induced by (A;, 0, D) on V; o along with the polynomial 71g, tensored with
the identity on V. By what we know about u(pt) on V,, this linear functional vanishes.

We conclude that p(7eg) =0 on V. O
COROLLARY 2.7.10. The operator u(pt) on Uy is multiplication by either 2 or —2.

PROOF. If d; denotes a circle separating z; and x5, then S x d; is odd for u in (Yy, K, u).

The conclusion follows because Uy o is one-dimensional. O

We define the number II in what follows by —4II = +£8, using whatever sign on the right

as appears in the Corollary.

2.7.4. The Vector Space Uj3. Essentially the same argument as for the vector space
Vo,3 shows that there are two generators for Uy 3 and each are off in grading by 2. Unlike
for V3, these generators [0g] and [o1] are interchanged by the orientation reversing diffeo-
morphism of Y coming from reflecting the S* factor. There is a map on Uy 3 analogous to

E on V,,, which has degree 2 and square £1, and which we shall also call £. There is
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FIGURE 2.2. The cobordism defining A¥.

also a natural map from (U073)®2 to V3, obtained from the cobordism which is a product of
(32,3 pts,u) with (F, F,v), where F is a pair of pants viewed as having two incoming ends
and one outgoing end, and ~ is an arc going between the two incoming ends. Denote this
product cobordism by (W3, F3,T"). There is a natural product almost complex structure on

W3t and thus we get a well-defined sign for the map it induces, Af.

LEMMA 2.7.11. The map AY : (Up3)®* — Vo3 sends [0;] @ o] to £[po] if i # j for a

fized sign, and £[p,] if i = j for a possibly different fized sign.

PROOF. We can view the triple (W3, F3,I") as arising from an elbow macaroni cobordism
[0,1] x (Yo, K3,u) by deleting a tubular neighborhood of a copy of ¥y in the interior. The
restriction of a product flat connection on [0, 1] x Y; gives a flat connection on W3, whose
restriction to the outgoing end has trivial holonomy around the S* factor and thus is py. The
two incoming flat connections are interchanged by the orientation-reversing diffeomorphism
on Yy coming from flipping the S* factor, and so are o and o, in some order. With a fixed
incoming pair, it is not hard to see that this flat connection on W3' is unique and gives the
actual ASD moduli space. The automorphism of F' which interchanges the incoming ends via
rotation by 180° gives an orientation-preserving automorphism of the space of connections
on W3 and thus [0;] ® [01-;] maps to +[p], each for the same sign.

On both Vi 3 and Uy 3 spaces, it is easy to see that the E' maps interchange the two gen-

erators, possibly with a sign defect. In addition, the two versions of E are clearly intertwined
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(perhaps with sign) by AY. This shows that [0;] ® €[o;] maps to £[p;] for each ¢, and the

sign is the same for each on account of the 180° rotation as before. 0

LEMMA 2.7.12. Just as for Vo3, the operator u°(X) on Upz exchanges the generators
(and multiplies by —4). The operator u(pt) is equal to —4I1 (the eigenvalue £8 on Uys)

times the identity on Uys and V3.

PRrooOF. To prove the first assertion, we use utilize the cobordism of Lemma [2.7.11] and
corresponding map AY. Let u°®(X) - [oo] = Cloy]. Since p™(X) x 1 is intertwined with

p(pt) by AY, we have:

—A[p1] = p° () - [po] = p(T) - £A%([oo] @ [01]) = £ A§(u™(2) - [00]) @ [01])
= + A3(Clo1]) ® [o1])

= Cl[p1].

Hence, C' = —4 (the plus or minus sign throughout is the same and matches the sign
appearing in Lemma [2.7.11)). The same argument shows that °(3) - [o1] = —4[o0]. Now,
since p°™®([%]), which is nonzero on both vector spaces, commutes with u(pt), it is clear in
each case that the matrix of pu(pt), which is diagonal by degree considerations, has equal
diagonal entries. As in the case of n = 2, if d; is a small loop around z;, then the torus
St x dy is odd for u in (Yy, K3,u). Thus, by Lemma p(pt) must be either —4I1Id or
AITId on Uy 3. As for Vi 3, we again utilize the cobordism of Lemma . Since u(pt) x 1

is intertwined with p(pt) by A%, we have:
p(pt) - po = Az(u(pt) - [o0] @ [o1]) = +4TTAZ ([00] @ [01]) = £4TIpo.

Hence, the diagonal entries are both either £4II, with same value occuring for Uy 3 and V3.

To nail down the sign, we study a cobordism from (Yj, K3,u) to a disjoint union of
(Yo, K3,u) and (Yp, Ko, u). This cobordism is given by excision along the tori S' x d; and
S1 x dy in Yy. Let U be the 3-manifold with boundary given by the complement of small
2-balls By, By inside a third 3-ball B. Let 71,72 be 2 simple line segments going from 0B
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FIGURE 2.3. The cobordism from (Yp, K3,u) to (Yo, K3, u) U (Yo, Ko, u).

to 0By, let 3 be a line segment from 0B; to 0By, and 4 be an arc going from 0Bs to 0B.
Finally, let w be a disk whose boundary is the union of an arc on the boundary of each
3-ball, and the segments 71, v3, and 74 (see Figure 2.7.4). Then the excision cobordism is
diffeomorphic to the product triple (S1, S, pt) x (U, Usy;,w). By studying flat connections
on this 4-manifold triple, it is easy to see that the map is nonzero. Every incoming vector
is an eigenvector for u(pt) with value +4I1 and every outgoing vector is an eigenvector for
1 ® pu(pt) on U3 ® Up o with value —4I1. This is enough to conclude that the eigenvalue on
Up3 is equal to —4I1. O

It remains to discuss the action of the degree 2 operators pu([z;]) (arising from the ith
singular S! in K3). It turns out that they each vanish, not only on Uy 3 but also on Vg 3. Of

course, this operator is not defined unless we choose a local extension

LEMMA 2.7.13. The operator p([x;])w (for either choice of k) is identically zero on Uy 3

and V073.

PROOF. The key idea is that the cohomology class p([x;]), in the space of connections
for (Yo, K3,u) is zero modulo torsion for i = 1,2. To see this, we imagine moving the point
{1} x {z;} around the loop S* x {z;}. The presence of the Stiefel-Whitney 2-cycle u, which
terminates on the circle S1 x {x;} for + = 1,2, means that there is no global trivialization

of P on a the complement of S* x {z;} in a small neighborhood of this circle. Following
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the trivialization around the loop, the choice k is brought into the oppositive trivialization.
Thus, we conclude that p([z;]). = —p([zi])x, and so the corresponding operator vanishes for
i=1,2.

Now, there is also an operator u([z;])x on Vo3 = L(Yy, K3,0), and for one of the possible
choices of k', the operators p([z;]), ® 1 and p([z;]). are intertwined by the map AY, by the
gluing theorem. Since AY is surjective, we conclude that p([x;]),. vanishes on Vg 3 fori = 1, 2.
However, by symmetry, it must also be the case that it vanishes for ¢ = 3, from which we

conclude that p([z3]), vanishes as well on Ug 3. O

In fact, it is now possible for us to use known computations for Donaldson invariants in

order to compute the exact sign of II. We use a result from the paper [16].
LEMMA 2.7.14. The value of 11 is 2.

PROOF. O

On Vj 3, we now know that u(pt) is the map —8Id and 1™ () exchanges the two gener-
ators and multiplies by —4. The map E exchanges the two generators [p;], i = 0, 1, possibly
with signs. However, we do know that E commutes with p°(X) exactly, and this implies
that £ = 1 on Vj3, and then by the discussion preceding Corollary we must have
E? =1 on Vo, and can choose /(o = 1. We then have ®*(1) = [po] + [p1], and this vector
generates V3. We have:

() =207(1)

P (a) = d7(1)
And we have already shown that p([x)]) vanishes on Vg3 so that ®*(d;) = 0. We conclude:
(2711) ‘70—1'_3 = (Oé— 1,5-2,51,52,63).

We can now prove:

LEMMA 2.7.15. The relation 6; = 8 — 2 always holds for k =1,...,n in Vg,,.
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PRroOOF. Induction. The claim hold for n = 3, so suppose that the Lemma holds for

n and there are relations d; — § + 2 inside Jj,,. By Proposition and the discussion
following it, since the relation 67 = 3 holds in H*(Rg42; C), we know that there is a mod

2 deformed relation

in Jy, 1o By Lemma [2.6.9} it is easy to see that
i +Aa—B+B

will also be a relation. The image of this relation in A, for k& < n will be itself, and for
k=n+1,n+2 will be 62 + Ao — 3+ B. By hypothesis 67 — 8 + 2 is also a relation and
so if A # 0, subtracting will yield a relation o — C' for some C. Such a relation cannot hold
in jOtL for n > 3 because it is not a graded deformation of a relation in H*(Ry,;C). From

this we can conclude that A = 0, and further that B = 2, proving the claim. O

2.7.5. The Case g # 0, n = 1. What is remarkable about our computations for n = 3
is that it allows us to gain information about the higher genus case, as we shall now explain.
There is a way to obtain a higher genus surface ¥’ from a given surface ¥ by taking 2
nullhomotopic circles ¢; and ¢y bounding disjoint disks, cutting along them and regluing in
the opposite way. In a product 3-manifold S* x 3, we can cut along S* X ¢; and relguing along
these 2-tori. This is exactly the kind of operation treated by the excision result Theorem
2.5.1. However, these two 2-tori are not suitable as yet because the Stiefel-Whitney 2-cycle
has zero intersection with them. However, if our circles ¢; enclose singular points z; in K,
and there is an arc u C w connected the circles S' x {z;}, then these 2-tori become non-
integral surfaces. The result of excision produces an additional copy of S* x S? with 2 marked
points and an arc between them. In the case of a sphere with 3 marked points, this excision

operation gives a cobordism map from

Uoz = Upo®@ Uy
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where Uy = I.(Y,, K1,pt x d) with d a simple loop in ¥. By Theorem , this map
induces an isomorphism Ups — (Uy1)pt,—s, since p(pt) is —8Id on Ups and Uy, and the
later is one-dimensional. Now, it is straightforward to verify that the representation variety
for the triple (Y7, K1, pt X d) consists of two isolated points, and thus the Floer homology is
at most 2-dimensional. By everything we have said up to now, we can conclude that Uy ;
is rank 2 with generators off in grading by 2, with u(pt) = —8Id, and x°[X] has matrix
( o ) Lastly, this implies that Uy 3 and U, ; are isomorphic via a map intertwining o and
B. Now, we recall the vector space I,(Y,,u) = C4(g — 1). By performing an excision along
S times a circle in Y, C Y, intersecting u in a point and a similar 2-torus in Y;, we get an

excision isomorphism

1%

(Ugyl)pt,fS [*(Y:q, U)pt,—s & Ul,l-

Since the +8-eigenspace for p(pt) on Uy is zero, we obtain:

(2712) [UgJ = Lk(qu, U)ptvfg (059 Ul,l-

Moreover, this isomorphism intertwines p° (%) on U, ; and the sum p(3,) ® 1+ 1® p™ (%)
on L, (Yy, u)p,—s ® Uy 1. From Proposition [2.5.4] we conclude:

PROPOSITION 2.7.16. The spectrum of the operator u°®(X) on Uy, is the set
(2.7.13) (—4(2g —1),—4(2g — 3),...,—4,4,...,4(2g — 3),4(2g — 1)}

and the generalized eigenspaces for the values £4(2g — 1) are 1-dimensional.
2.8. The Vector Space U, and Eigenvectors

We can use our calculations for Uy 3 to build up a description of Uy, for arbitrary n > 2.
We utilize the excision theorem to do this. Let Yo(l) and YO(Q) be two copies of S x . There
are 2-tori T} and T coming from S! x d, for a loop d; around z; € Y in each. Performing an
excision along these gives a cobordism Ui’g’ from Yo(l) L Y0(2) to a disjoint union of (Yy, Ky, u)
and (Yp, Ko,u). We call this kind of excision cobordism a point transfer cobordism, as it

“transfers” one point on ¥, to the other copy of ¥y (see Figure . By excision, this
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e () 670 2o

n pts n + 1 pts

FIGURE 2.4. A schematic for the point transfer cobordism.

produces an isomorphism between the tensor products of the —8-generalized eigenspaces of
p(pt) on each vector space appearing. We need a quick result on the representation variety

for (Y,, K,,u).

PROPOSITION 2.8.1. The representation variety for the triple (Y,, K,,u) is a disjoint

union of 22 copies of the torus T?9. The rank of the Floer homology is less than or equal

to 229+n—2 .

PROOF. Recall our standard generators ay, ..., as, for the fundamental group of ¥, and
for each i let d; be a small loop in ¥ passing only around the point x;. Letting S; denote the
holonomy around a;, T; around d;, and  around the S* factor, the representation variety is
isomorphic to the quotient

n

g
R = {Sl, .. .,Sgg,Tl, ‘e ,Tn,Q < SU(2) H[ng_l,SQj] HTk = 1, Vk‘ TI'(Tk) - 0
7=1

k=1

1S,,Q) = L, [T, @) = Lfor k > 3, [11,Q] = [15.Q] = —1}/SU<2>

The condition [T}, Q] = —1 implies that up to unique conjugation, 7} =i and @@ = j. The
value of T5 must then be in the coset iSjl, where Sjl is the circle subgroup through j, and 5
must lie in the subgroup Sjl. In addition, Ty must be £j for £ > 3 in order to have trace 0.

The product of T37} - - - T,, will be £j"~2, and the commutators [S2j—1,52;] are all 1. Thus,
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Ty, is fixed to be either £j or &k depending on the other T}’s, which offer 2"~2 choices. The
space of possible S;’s will give a torus (S')% = T29, which verifies the statement about the
representation variety. By general considerations this representation is smoothly cut out and

the Floer homology will be a subquotient of its homology, which has rank 229772, O

We see that the rank of Upy is at most 22 = 4. Since every vector in Uz and Uy
is a —8-eigenvector for u(pt), we know Uy, contains a generalized —8-eigenspace for p(pt)
isomorphic to the tensor product of 2 copies of Ups. The cobordism U, 523 thus induces an
isomorphism from (Up3)®? to Upy4, obtained by post-composing with the tensor product of
Id on Uy 4 with the linear functional 5 : Ug s sending [po2] to 1. Since it is surjective, every
vector in Up 4 is actually an eigenvector with value —8 for p(pt).

We can perform this operation more generally. There is an analogous point transfer
cobordism U,ZLJ’E’L2 inducing a map Aﬁ’f:l : Upn ® Ups — Uppnti, again after post-composing
with 1 ® f5. By counting dimensions and using the bound from Proposition [2.8.1 we see
that AZ’fl is an isomorphism. Stringing together maps of this kind, we get a cobordism U3
from n — 2 copies of (Yy, K3, u) to (Y, K,,u) and n— 3 copies of (Y, K2, u). Post-composing

with 1 ® 658)("_3), we get an isomorphism

(281) Ai : Uojg K- X Uojg i) U(),n

~
n—2

In particular, dimg(Up,,) = 272, and u(pt) is equal to —8 times the identity on Up,,.
Conveniently, we can also pin down the operator u°™®(X) on Uy,. The key insight is that
the copy of the 2-sphere ¥ in the outgoing end (Y, K,,, u) is homologous in the cobordism
U2 to the sum of the 2-spheres in all the other ends (including copies of (Y, Ky, u)). Since
p°™(3) vanishes on Up o, we see that u(3) on Uy, and the map

n—2

Z\l@...@l@lfﬂ’(z))@l@...@l

=1

)

on (U0’3)®(”*2) are intertwined by A3. Denote by o. the F4 eigenvector of Uy 3 obtained

by taking a sum or difference of the two generators. We see that p°P(X) has a basis of
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272 eigenvectors {A2(o,, ® -+- ® 0., _,)}, where ¢; is choice of sign +. The eigenvalue of

A3 (0, ® - ®o0,,_,) is equal to —4 (Z?:_IQ e; - 1), and so the spectrum of ;(X) is the set
{—=4(n—2),—4(n—4),...,4(n —4),4(n —2)}.

We will see that for n odd, this information allows us to say the same thing about the
operator p°™®(3) on Vj,. As it stands, we can at least show that the spectrum of u(%)

contains this set.

LEMMA 2.8.2. For each A € {—4(n — 2),—4(n —4),...,4(n —4),4(n — 2)}, there is a
nonzero simultaneous eigenvector of (u°™(X), pu(pt)) in the kernel of the operators pu([z])w,

with value (A, —8) in Vg ,.

PRrROOF. The pair of pants cobordism map (W3, F5,I') from the discussion preceding
Lemma has an obvious analogue (WY, F,,,T") for general n > 2. It induces a map
At : Up,®Ug,, — V. Post-composing with the product cap (Ao, Sy, 0) on (Yo, K., D) gives
back the elbow macaroni cobordism inducing a bilinear form B), on Uy ,. Since the elbow
macaroni cobordism is diffeomorphic to the identity cobordism, we conclude that this form is
nondegenerate. Moreover, since the identity map preserves the various u?(X) eigenspaces,
the bilinear form is non-degenerate when restricted to the A\ eigenspace. Thus, there are a
pair of vectors vy, wy € Uy, for which B¥(vy,w,) # 0. By our gluing theorem, this means
that A¥(vy,w)) is a nonzero vector in Vy,, which is a A-eigenvector. Since p(pt) = —8Id
and pu([zg])w, vanishes on Uy, this vector is a —8-eigenvector for p(pt) and is in the kernel

of the operator u([zy])x, for each k as well. O

Because we actually wish to have a description of the subalgebra Vafn C Vg, we need
to understand when the eigenvectors from Lemma are in the image of ®*. The map F
on Uy, is given by the product cobordism with additional Stiefel-Whitney 2-cycle given by

a copy of ¥. This copy of ¥ is homologous to the sum of the different copies of ¥ in n — 2
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the incoming ends of the cobordism U2. We conclude that E on Uy, and
Y 1o ®IE®1I® - ®1,
i=1

are intertwined by A2, at least up to sign. It is this sign which will cause some issue for us,

and so we denote it by 2. On Uy 3, we have +4 eigenvectors o+ = [po] F [p1], and we have:

E(oy) =0y, FE(o.)=—-0_

Thus, an eigenvector A3 (., ® - -+ ® 0., ,) in Uy, is E-invariant only if [],(e;1) = e3.

Now,
the operator E on Vj,, is intertwined with £ ® 1 by A}, also perhaps up to a sign e?. Now,
by the discussion following Lemma [2.7.14] Vaf ,, 1s the E-invariant subspace. In the proof of

Lemma [2.8.2] we may take one of the eigenvectors, say vy, to be an elementary one
Aoy ® R0, ® - Qo_®-- Qo)

with -4 times the difference in the number P of positives and number N of negatives equal
to A. Then the resulting eigenvector in Vy,, will be F invariant only if (—1)" = ee3. Let E,
denote this overall sign. Rather than carefully keeping track of orientation conventions and
nailing this sign down precisely, we will eventually proceed by noticing that the inductive
structure of the rings V,, actually force this sign to be alternating in n. What our discussion

does show is the following result.

PROPOSITION 2.8.3. For each A in {-(n-2),-(n-4),...,n-4,n-2}, there is a simultanous
eigenvector either with value (X, 2) or (=X, 2) for multiplication by the pair ®T(a) and &+ ()

and in the kernel of multiplication by ®*(dy).

PROOF. If the vector
Ao, ® R0, @ ®o_Q - Qo_)

has N minus signs appearing, then reversing + and — gives a vector with opposite ®* ()

eigenvalue. Exactly one out of this pair is E-invariant, since n is odd. U
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2.9. The Case g =0 and n > 3

We now move on to the general case. We have already shown that the relation §7 — 5+ 2
is in 5, for each k and n. It will be convenient to use an intermediate ring By, obtained

by taking the quotient by the relations §2 — 3 + 2.

NOTATION. Let B,, denote the quotient algebra A,, /(6 — B8+ 2,...,02 — 5 +2). We
denote the passage of an element from A, , to B, , by a bar, so that we Write, for example,

= [ —2in B,,. We denote the projection map from B, to Vi by ®

The ring B, ,, is no longer graded, but there is still a notion of degree defined by taking
the lowest degree representative in A, , for an element in B,,. There also remains a mod

2 grading. Let J! denote the image of the relation ideal J in B,,. Then it is an easy
g,m g,n 9,

corollary of Proposition [2.6.4] that 78“ ., 1s generated by mod 2 graded deformations @gn of

—J . .
RO .- Moreover, there are induced maps T n+2 . : By, — By, and it is clear that there is an

inclusion of ideals:
(2.9.1) T inra © (7027 (T 1)

Moreover, the flips m; are well defined on B, ,, and are intertwined by the possible projec-
tions.
It is easy to use the flip symmetry to determine @g,n for |J| =

LEMMA 2.9.1. For all |J| = m, we can assume @gn = Eg’ =47

s

ProoF. We invoke Lemma [2.6.10{to conclude that, for any J, without a loss of generality
we may always take @gn =07 -p(a, B) for some polynomial p. When |.J| = m, we must have

deg(p) = 0, and so are free to set @gn =97 O

As a corollary, we see that (8 —2)™ € J o> and with a bit of thought it is easy to see

that m is the smallest such power.
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n+2

N .
The surjections 7,

: Vynto = Vg, will be fundamental to our calculations of these
rings, as they establish inclusions of the ideals of relations. These maps are easy to under-
stand, as they fit into commutative diagrams with the natural surjections Ay, o — Agy,.
We shall also need the injective maps ngz 4oV = Vg9 arising from oppositely directed
cobordisms. These maps do not fit into the obvious commutative diagrams, and so we shall
need to work out exactly what these maps are. At the level of flat connections, it is easy to
see that the cobordisms defining the ¢; maps induce the natural injections Ry, — Rgni2
and Ry, — Rgp1,,. We shall focus on the former type, as the latter was essentially studied
by Munoz [27]. Unfortunately, this injection of representation varieties is not “flip invari-
ant”, in that the particular injection is not preserved under flips on the target space. To
remedy this, we shall take a sum over the 4 possible natural injections. We achieve this by

composing ¢j’n , with the four possible flips on 2 or 0 indices in the set {n,n +1,n +2} on

the space V, ,12. We set:

Tg;n — g,n g,n F + g,n 1) F _|__ ngn o) F )
(292) Lgn+2 = (l’g,n+2 + Lgn+2 O L'{nn+1} Lgn+2 {n,n+2} g,n+2 {n+1,n+2}

S,

zga

The map ¢

w12, at the level of flat connections, is then clearly given by the map 1 — ¥(f3).

PROPOSITION 2.9.2. The map .o : Vgn — V4o is injective and given by

ZZZZ+2(<ng(Z)) =&, ,12((8—C)2)

for some constant C, z € A,,, and where we have implicitly used the natural injection

Ayp = Agnio. When g =0, we must have C = 2.

PROOF. We shall use the notation of 7 and ® undecorated, with the superscripts and
subscripts to be understood from context. We first show that 7 is injective. Let z € :&g,n,

and suppose that

({(2(2)), () g2 =0
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for all 2/ € Ag,n-&-Q' Then since capping the cobordism on the right and left produces the
4-manifold triple (52 x S?, {n pts} x S?,0), we see that

(B(2), B 3()),, =0

g7n

n—+2

1 g7
Hence, since 77

is surjective, we must have ®(z) = 0.

It is an easy application of our gluing theory and the fact that E commutes with 7 that

so it is enough to prove that 7(®(1)) = ®(5 — 2). Recall that we have a set S;,, C Ay,
consisting of monomials of degree at most the dimension 6g + 2n — 6 of the moduli space
Rgn+2 such that ®(S,,) U ®(eS,,,) is a basis of V,,,. Let x € Ay, be in the span of
Syn+2) U €Sy nio such that 1(P(1)) = ¢(z). We require that

(L, e(r(2)),, = (2(x), 2(2))

g7n

for all z € &g,n+2. Note that the left hand side is zero unless deg(z) is at least 6g + 2n — 6
and congruent to it mod 4 (counting e as degree 2), as this is the lowest dimension of
moduli space on (5% x S?, {n pts} x S% (). Since the lowest dimension of moduli space on
(S? x 82 {n + 2 pts} x S2,0) is 4 higher than this, it is easy to see by nondegenerateness of
the pairings matrix for the basis vectors that we must have deg(z) < 4 and that x has only
terms of degree 4 and 0. Let m denote the unique top degree element of S, 2, which we
may assume pairs to 1 with the element 1. It is unique in S, ,42 in having degree strictly

greater than 6g 4+ 2n — 6 and congruent to it mod 4. Now, we compare the pairings

(B(x), ®(2)) and (D(5), ®(2))

By construction of the 7 maps, these pairings are equal when deg(z) = 6g + 2n — 6, as the
pairings correspond to cohomology pairings on moduli spaces of flat connections. There

is only one other potentially nonzero pairing with ®(z), which is with m. Thus, for some
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constant C', we have

r=p-C.

It remains to determine C' in the case ¢ = 0. But we know that (®(5) —2)™ =0 in V;, and

no lower power of (®(5) — 2) vanishes. By induction, we see that C' = 2 for all n. O

An immediate consequence is the following, which should be compared to Corollary 15

of |27].

COROLLARY 2.9.3. There is an inclusion of ideals

(2.9.3) (B =2)(mg ™) " (Tgh) € Tghya € () (Tl

We can now finish the puzzle. We shall prove:

PROPOSITION 2.9.4. Let n = 2m + 1. Then the image Jo,, of Jo.. under the projection

to By, s generated by mod 2 graded deformations

(2.9.4) Qo (@, 8,01, ,0n) = qon—2s(@, ) - 8’

of the polynomials Ry, in By, for |J| = s < m, and where qy,(a, B) a polynomial defined

n

recursively by

(295) qon+2 = (Oé - (_1)mn) don — mz(ﬁ - 2)‘]0@—2‘

and goq =1, go,-1 = 0.

inv
denoted Vg,

Before doing this, we shall first need to study a natural subring of VOn,
which is invariant under the group of flips. That it is a subring is clear. Less obvious is its
connection to the correpsonding subring ]HI““’ of Hy,, = H*(Ro,). It is easy to see that Hmv

is given as the quotient of Cla, 8]/(ron, Bron+2). The map ®T establishes Vi as a quotient

of Cla, 8] by some ideal Jj' v Tt is an easy adaptation of our previous arguments to prove:
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LEMMA 2.9.5. The ideal jouzlv is generated by polynomials g, (v, B) and qg’n(oz,ﬁ) which
are mod 2 graded deformations of o, and Bro,+o. These polynomials are of degree 2m and

2m + 2 respectively.
The culmination of discussion with Floer theory and eigenvectors is the following result.

PROPOSITION 2.9.6. Let qon(c, ) be the polynomial defined by the recursion )
Then for the polynomials qévn from Lemma we may take q(l)’n = Qo and qgm = (B —

2)Qo,n—2-

Proor. We argue by induction on n, assuming the Proposition has been proved for
n' < n. We will leverage the inclusion of ideals , which certainly holds for the invariant
ideals J3%. Under the inductive hypothesis this implies that ¢, ,, and g3, ,, are linear
combinations of qg,, and (8 —2)qo,—2. By degree considerations, we conclude that there are

polynomials

qé,n+2 = a<a7 B)QO,n + b(Oé, ﬁ)(ﬁ - 2)Q0,n—2

qg,n+2 = C(a7 5)90,n + d(O[, ﬂ)(ﬁ - 2)Q0,n—2

where deg(a) = deg(d) = 2, deg(b) = 0, and deg(c) = 4. By comparing leading terms with
the corresponding recursions for the ry,’s, we conclude that there are constants A, p, 7 and

C such that:

qé,n—l—? = (OZ - A)QO,n - m2<6 - 2)q07n—2

qgm,—i—? = (B4 pa — 7)o + C(B — 2)qon—2-

The constant A should be interpreted as a new eigenvalue for multiplication by ®*(«).
Now, from Proposition [2.8.3] we know that there is a nonzero simultaneous eigenvector v, o
in Vg, ,, for multipication by (a, 8) with value either (n,2) or (—n,2). This eigenvector
is the image of (the tensor square of) a basis eigenvector b, ® --- ® by or b_ ® -+ ® b_

inv

in Upny2. Let us impose the inductive hypothesis that the spectrum of ®*(a) on Vi is
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{1,-3,5,...,(—=1)"(n —2)}. The question of whether the new value is n or —n is answered
by determining which of the images of b, ® - - - ® b, are E-invariant, which depends only the
parity of the number of minus signs. We conclude that, since the inclusion of ideals forces

(—1)™(n — 2) to be an eigenvalue, the correct signed new eigenvalue is (—1)™*!

n.
Now applying the two relations to v, 42 gives D(a — A)v,19 = 0 for some nonzero D. We
conclude that A = (—=1)™"n. Now, we are free to subtract u times the first equation from

the second, and we obtain:

q(Q),n+2 = (6 - T)Qo,n + Cl(ﬂ - 2)(]O,n72-

Now, by the inductive hypothesis and (2.9.3), we know that (8—2)qgon € Jy',o- Subtracting
this from the above relation gives a relation of strictly lower degree, which upon comparing
leading terms is not a graded deformation of rg 12 or 8rg,. This is a contradiction unless

this difference is the zero polynomial. We conclude that

q(Q),n—l-Q = (/B - 2)(]0,71

This completes the inductive step. The base case of n = 3 is just equation ([2.7.11)). U

We can now finish the proof of Proposition [2.9.4

PROOF. We know that J,, is generated by certain relations Qo{n(a, B,61,...,0,) which
are mod 2 graded deformations of Ry, . Applying flips, we may assume that Qf,, takes the
form 07 - q(‘){ (@, B). It remains to show that q(‘{ , 18 just qo 27, Where qo, is the sequence
defined by . We proceed by induction, both on n, assuming the proposition has been
proved for all n’ < n, and on |J|, assuming q({’n = Qo2 for all |J'| < |J|. Proposition
essentially verifies this in the base case J = (), so we assume |j| = s > 1 and without
loss of generality 1 € J, and set J' = J\ {1}. We may assume that ¢, is monic in the top @
power (because this is true of ¢o,—2s and these polynomials are mod 2 deformations of each

other), and suppose that it is not equal to gp,—2s. By and the inductive hypothesis,
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we know that
(B - 2)§CDJI : qo,n—2$ (a, B)
is in Jo,,. By multiplying Qf,, by 01, we also have the relation

(B - 2)§CDJ/ ’ %{n(av B)

Now, the difference df,, = qi,, — qo,n—2s has degree at most 2m — 2s — 2, since the top degree

terms must agree, and thus we obtain a relation
(B - 2)§(I)Jl ’ db],n(a7 B)

of degree 2m, and thus it must be a C-linear combination of the Qg’n’s. This can only be the
case if (8 — 2)d{,, is a scale multiple of ¢”'0,n, which by induction is equal to go,—2s—2. On
the other hand, it is easy to see from that the top degree part of gy ,—2s—2 is equal to
a™ '+ B.p(a, B) for some degree 2m —2s — 6 polynomial p, which is not true of (53— 2)d‘0’7n.

This is a contradiction, and thus we have established that q(‘){ n = Qon—2s- O

We now wish the study the spectrum of multiplication by ®*(«) on V& - In what follows,
we set A\, = (—=1)""(n — 2).

LEMMA 2.9.7. The polynomial
(2.9.6) Pon(a) = (a— M) = Ayg)? - (a — A3)™
is a linear combination of qo, and (8 — 2)qon—2-

PROOF. From the recursion (2.9.5)), it is easy to see that the polynomials (5 — 2)%qg a5

always lie in Jg for all n (that is, they are linear combinations of go, and (8 — 2)gon-2),

and so we are done if we can show that there are polynomials a} in o and 3 such that

(2.9.7) Pon=aCqon +al(B—2)qomo+ ... +a™ (B —2)" g3 +a™(B—2)™
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We argue by induction on n, and suppose that the polynomials a; exist. We then desire

a; ., for which
(298) Pg7n+2 == a2+2q0,n+2 + ...+ CL:ZFQ(ﬁ — 2)qu’3 -+ anmj'; (ﬁ — 2)m+1'

The left hand side of (2.9.8) is []7" (o — Agiy1) times that of (2.9.8). We will solve for the
ay o by comparing terms on the two right hand sides. Expand each qg,—2s appearing in
(2.9.8) via the recursion relation. We then equate coefficient polynomials for the go,—2s’s,

to obtain:

ano=(a—=X,) ... (= A3)a)
(= A)ap o —mPal o = (= X,) ... (= A3)a,,
(0= Am2)ad 4 (m = 12l = (@ = An) - .- (o= Ag)ad
(= N3)aly + 12l = (a—N) oo (= A3)a?
apty =0

It is not difficult to see that these equations for the a;  ,’s can be solved in sequence in terms

of the a;’s. We omit the full details of this calculation. U

COROLLARY 2.9.8. The spectrum of multiplication by ®*(«) on Vafn is

{3, A5, ..., An}

where Ny, = (=1)**V/2(k — 2) and the only eigenvalue for ®(B) is 2. The generalized
eigenspace for ®*(a) for the top value N, is 1-dimensional and a spanning vector is an

eigenvector for ®* () with value 2.

PROOF. The previous lemma establishes the claim about the spectrum of ®*(«). We see
that the minimal polynomial for « divides P, («) and since (o — A,,) appears with exponent

1, the generalized eigenspace for this value is the same as the true eigenspace. The eigenspace
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is exactly the the kernel of ®*(«) — \,. By rank-nullity, we have
dim (ker(®*(a) — A\,)) = dim (V{,,/Im(®*(a) — A)) -

The vector space Vg, /Im(®F(a) — Ay) is isomorphic to Ay, modulo the relations in Jg,

into which A, has been plugged in for a. From Lemma [2.9.7 and (2.9.3), we know that
(B — 2)Pyn—2(a) is in Jyf,. Plugging in @ = A,,, we get a nonzero scale multiple of (5 — 2),
which shows that this vector space is at most 1-dimensional. It is at least this big because
we know there is a nonzero eigenvector for ®*(a)), and so we conclude that it is indeed
1-dimensional. Any spanning vector is an eigenvector and must then be a scale multiple of
the one guaranteed by Proposition , which is also an eigenvector for ®* () with value
2. 0

The final loose end to tie up in this story is the fact that Vaf ., 1s only half of the total
Floer homology Vy ,,. The algebra V, projects onto Vafn via the map %(1 + F), and so if
fe jofn is a relation in Ag,, then (1 + €)f is a relation in :7v07n C fN&o,m the full ideal of
relations holding in Vi ,,. On the other hand, we could have repeated the entire discussion,
focusing on the —1-eigenspace of F, calling it V; . We would have obtained the exact same
relations as in Proposition [2.9.4] except that each eigenvalue A, should be negated. Call this

ideal J;,,. We see that

1+ )Tgh + (1 = ) Ton € Jon

In the case n = 3, for example, we get ‘7073 =(a—¢,3—2,0 —3+2). Let qafn be the same

as the polynomial o, of (2.9.5)), and define ¢;,, by
(299> q()_,n+2 = (O! + >\n+2)q0_,n - mQ(ﬁ - 2)q0_,n—2‘

and qo, =1, gy, = 0, so that q,,, € Jy,,- Finally, define qq,, via

(2.9.10) Qomt2 = (@ = My2€)Gon — M*(B = 2)Qon-2-

and C]~0,1 = 1, 50,—1 = 0
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LEMMA 2.9.9. For all n, we have (1+ €)qg,, + (1 — €)qy,, = 2Gon-

PRrROOF. By induction. The cases n = 3 and n = 1 are trivial, so suppose the lemma holds

for n and n — 2. Then expanding (1 + €)qg,, + (1 — €)qg,, via (2.9.5) and (2.9.9) immediately
yields twice (2.9.10)). O

We can now prove:

THEOREM 2.9.10. The ring Vo, has a presentation as a quotient of Ay, = Agnle]/(e2—1)
by an ideal of relations wtJy,, generated by the degree 4 relations 6 — 3 + 2, and relations

@b{n where J C {1,...,n} has cardinality s < m, defined by

(2.9.11) Qi = Gon—2:0"

Proor. We already know, via Lemma [2.9.9] and Proposition that the relations
@b’m are in \707,“ so we must show this is a complete set (along with the degree 4 relations).
They are graded deformations of the relations Ry, in Z,, and, like them, all have different
leading terms (in the lexicographic ordering of monomials, say). Hence, the quotient of &O,n
by these relations has a basis given by the images of the monomials Sy, (from Lemma
and €Sp,. The dimension of Vy,, is twice that of the cardinality of S, so this establishes

that these are all the relations. O

Essentially the same argument as before shows that:
COROLLARY 2.9.11. The spectrum of multiplication by ®(c) on Vg, is
{-(n—=2),—(n—4),...,-1,1,....n—4,n—2}

and the only eigenvalue for ®(B) is 2. The generalized eigenspace for ®(«) for the top values

+(n —2) are I-dimensional and a spanning vector is an eigenvector for ®(5) with value 2.

PROOF. One shows that the polynomial

(2.9.12) Pon(a) = (a® = (n—2)%)(a? = (n—4)*)?% - (a®> = 1)
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is in Jp,, and argues as before. O



CHAPTER 3

Excision and Tangles

3.1. Introduction

A sutured 3-manifold (M, ) is called balanced if the two surfaces R* into which ~y cuts
OM have equal Euler characteristics: x(R%) = x(R™) (see [13]). Given a blanced (M,~),
Kronheimer and Mrowka have defined an instanton invariant SHI(M, ). In this section we

will define an invariant for tangles in sutured manifolds:

DEFINITION 3.1.1. Let (M,~) be a balanced sutured 3-manifold with positive and neg-
ative boundary pieces RT and R™. An odd (even) balanced tangle T in (M, ) is a properly
embedded 1-manifold such that [N R*| and |[T'N R™| are equal odd (even) numbers, and

T has no endpoints on the sutures.

We briefly recall the construction of SHI. This invariant is defined by first closing up
(M,~) in a particular way to give a closed manifold Y along with an embedded surface R,
and applying standard instanton Floer homology to Y. The key to the definition is in dealing
with the complication that the closure Y is not uniquely defined, as it depeneds on a choice
of diffeomorphism of the positive and negative boundary components as well as a choice
of auxillary surface. In order to give a theory which is independent of these choices, the
vector space SHI(M,~) is defined to be a natural subspace of the instanton Floer homology
of Y. More specifically, the closure Y comes with a surface R (coming from the glued up
boundary), as well as a line bundle w, and we take the simultaneous (—(8¢g(R) — 8), —8)-
eigenspace of I*(Y) for the pair of operators (u(R), u(pt)) where g(R) is the genus of R -

the so-called “top”-eigenspace. One then shows that this subspace has isomorphism type

invariant under the choices made in constructing the closure Y.
144
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There are two operations on the set of closures one must study in order to prove this
invariance. The first is changing the identification of top and bottom boundary components.
This amounts to taking a particular closure Y, cutting along R, and regluing via a different
diffeomorphism. In the case that R is a torus, invariance comes for free because we may
simply apply Floer’s classical excision formula, which is described in [6]. One approaches
the case g(R) > 1 by generalizing that excision theorem for splittings of 3-manifolds along
surfaces of higher genus. In genus 1, the theorem goes through because the Floer homology of
the three torus S x T is one dimensional (after passing to the —8-eigenspace for p(pt)). In
higher genus, the Floer homology of S* x ¥ is much more complicated, but the simultaneous
(—(8¢g(X) — 8), —8)-eigenspace for the pair (u(X), u(pt)) is 1-dimensional. Essentially the
same proof as Floer’s then gives the desired result. The second operation on the set of
closures comes from increasing or descreasing the genus of R. This is handled with the genus
1 excision theorem.
This story serves as a model for our case of interest, that when there is a balanced tangle
T in (M,v) and thus a link in the closed up manifold Y intersecting the surface R. Our
knowledge gained in Chapter [2| of the Floer homology of a product link in S' x X for ¥ a
sphere means that we can prove an analogous of the excision formula which applies to the
case when R is genus 0. This allows us to define an invariant THI(M, T, v) for a specific class
of links in a certain class of sutured 3-manifolds. We then prove several properties enjoyed
by THI(M,T,~), or rather a variant THI*(M, T,~), including a nontriviality result which

shows that it characterizes the product tangle in a product sutured manifold.

3.2. Excision in Genus 0

In this section we prove an analogue of Theorem for genus 0 surgeries in a 3-manifold
Y with link L, where the embedded spheres intersect L in an equal odd number of points.
The genus 1 theorem relied on the fact that the Floer homology of S' x T? is only rank 2,
and rank 1 upon restricting to the -8-eigenspace of u(pt). This is very far from the case

of the Floer homology of (Yj, K,,). To proceed, we must restrict to a subspace of the Floer
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homology. Recall that the top eigenvalues of the operator ;™ (X) on I,(Yy, K,, 0) are
(0 —2) = +Ax(S\ {0 pts}),

where x denotes Euler characteristic. Likewise, we know that the top eigenvalues for u(X)

on I,(Yy,0,S) (for g > 1) are
(29— 2) = £4x(5,),

and that in all cases the top generalized eigenspaces are 1-dimensional. We are motivated

then to make the following definition.

DEFINITION 3.2.1. Let (Y, K,w) be a triple in WINK, and let R be an embedded surface
intersecting K transversely. Define the restricted Floer homology of the triple with respect
to R, denoted

L(Y, K,w|R)

to be the subspace of (Y, K,w) given by the simultaneous generalized eigenspace of the

operator ;P (R) for the value —4x(X \ K) and the operator u(pt) for the value —8.

REMARK 3.2.2. For example, the content of Corollary [2.9.11] and the culmination of
everything we have done in Chapters (1| and [2] is that for n odd:

]*(YbaKnv@|pt X EO) =C.

Now, for an arbitrary triple (Y, K,w) and a sphere R intersecting K in an odd number

of points, our first result is that the eigenvalues of °"(R) are a subset of (4 times) those in

Corollary [2.9.11] (Compare to Corollary 7.2 of [22]).

LEMMA 3.2.3. For a sphere R as above, if \ is an eigenvalue for u®®(R) then \ is 4

times an odd number between £x(R \ K), where x is the Euler characteristic.

PrROOF. Let (Wg,S,Q2) denote the cobordism triple obtained by removing a tubular

neighborhood of an interior copy of R from the tube [0,1] x (Y, K,w), viewed as having
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incoming ends (Y, K,w) and (Y, K,,«') (where o' is either empty or S* x pt). Let Py,
be the polynomial (2.9.12). Then ﬁovn(—l/él,uorb(R)) vanishes on [, (Y, K,w). Indeed, this
operator can be viewed, using our gluing theory, as a composite of Cb(ﬁovn(a)) ® Id from
L(Y, K,w) with I(Wg, S,Q), and ®(Py,.()) is just the zero element. The statement of the

lemma follows immediately. U

We have the following analogue of the excision result (Theorem 7.7) of [22].

THEOREM 3.2.4. Let (Y, K,w) be a connected 3-manifold triple in WINK, and let R,
and Ry be homologous embedded spheres each intersecting K transversely in the same odd
number n of points. Suppose also that w- Ry and w- Ry are both zero or one. Let (Y], K], w})
be the two triples obtained by cutting Y along Ry and Ry and regluing according to some
diffeomorphism carrying (K,w) N Ry onto (K,w) N Ry. Within Y] there is a surface R
coming from Ry and Ry. Then there is a natural cobordism from (Y, K,w) to U;(Y/, K[, w})

inducing an isomorphism
(321) LYV, K.wlR) = LIV, K, w|Rs) — LY, Ki,w||R)) @ L(Y, K}t Ry)

PROOF. The proof is essentially identical to that of Theorem [2.5.1] so content ourselves
with a sketch, advising the reader to compare with that proof. We can form a cobordism
in the following way, starting with the cylinder [0, 1] x (Y, K, w). Without loss of generality,
assume w - R; = 0. Let vR; be a small tubular neighborhood of R;. To {1} x (vR; LU VRy)
glue the pair [1,2] x [—€, €] x (5%, n pts) such that {i} x [—¢, €] x S? is identified with
vR; in a way carrying the n segments [—e, €] X {n pts} to vR; N L. We ensure that the
induced diffeomorphism from R; to R, agrees with the surgery identification. The resulting 4-
manifold triple with corners can be canonically smoothed to a cobordism triple (W, S, Q) and
has boundary components naturally identified with (Y, K, w) and (Y{UY5, K] U K}, W} Uw)).
One may repeat the construction “in reverse”, gluing instead onto {0} XY, to get a cobordism
(W=, 5%, Q) in the opposite direction. We can see that this cobordism induces the desired

isomorphism by composing W and W* in the two different orders. The only difference with
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the proof of Theorem [2.5.1] is that we further compose with the operator associated not to

the polynomial ([pt] = 8)~, but to the polynomial
Pon(—1/4[Ra))/(=1/4[Ry] = (n — 2)).

This annihilates the generalized eigenspaces for all eigenvalues of u°®(R;) not equal to

—4(n — 2) and projects onto the remaining desired generalized eigenspace. U

Later on we shall need a modification of Theorem for restricted Floer homology.
Specifically, we need to analyze the effect of a genus 1 surgery along tori 77, T on restricted

floer homology with respect to surfaces R; and Ry, where T; and R; intersect transversally.

THEOREM 3.2.5. Suppose that (Y;, K;,w;) is a 3-manifold triple with embedded surface
R; intersecting K; transversally, for i = 1,2. Further, let T; be an embedded torus in Y;
intersecting R; transversely and which is odd for w;. Let (37, l?, W) denote the triple obtained
by a genus 1 excision surgery along the T; performed in such a way that the R; are cut and

reglued to form a closed embedded surface R. Then there is an 1somorphism

(3.2.2) LY, K. 5|R) = Q) L(V:, K;,wi|Ry).
i=1,2
PROOF. Let us assume that Y is also connected, and that the curves T; N R; are non-
separating in R; so that R is connected as well. The general case is a simple modification
of the following argument. In the standard cobordism from the union of the (Y}, K;,w;) to
(57, K ,W), the surface R is homologous to the union of the R;. Thus, the cobordism map

intertwines the operators y°"(R;) ® 1 + 1 ® p°P(R,) and p°™®(R). Moreover, we have

x(R) = x(Ry) + x(R2).

Thus, the cobordism map, which is an isomorphism on the generalized eigenspaces for p(pt)

for the value —8, carries ®;-1 2L (Y;, K;, wi|R;) to I*(?, I?, JJ|§) This establishes 1' O



3.3. TANGLES 149

3.3. Tangles

Given a balanced sutured 3-manifold (M, ), the regular sutured instanton Floer homol-
ogy SHI(M, ) is defined by taking a closure Y of M and using the top eigenspace for ju(R)
on L(Y), where R is the closed up image of its boundary pieces R* (see Definition 7.10
of |22]). We can make an analogue this construction for the the case that there is an odd

balanced tangle T"in M and the closure of M involves gluing along spheres. This will require

us to include an additional hypothesis on our sutured manifold (M, ~):

DEFINITION 3.3.1. The balanced sutured manifold (M,~) is said to have type 0 if the
surfaces R which the sutures of v break dM into are connected and homeomorphic to

punctured spheres.

From now on, we will fix a balanced sutured manifold (M, ) of type zero, and suppose
that there is a balanced tangle 7" in it. The balanced condition on (M,~) ensures that if
it has type 0 then the surfaces R* are homeomorphic. Suppose they each have s boundary
components and let F' be a disjoint union of s disks. We shall call F' the auzilliary surface
for the closure, noting that we differ from [22] in that our auxilliary surface is disconnected.
We attach the cylinder [—e, €] X F' to M by gluing [—¢, €] x F to the union of the thickened
sutures A(7) in an orientation preserving way. The resulting 3-manifold M with boundary
will have two 2-sphere components R* and E‘, each containing the same odd number n of

points of 9T'. Now, choose an identification
h:Rt — R

which carries R*NOT to R~ NOT, bijectively (these sets are of equal size due to the balanced
condition on 7") and which restricts to the identity on F'. Finally, close M up by gluing the
boundary components together according to h. Let M be the resulting 3-manifold, T the

resulting link in it, and R the embedded 2-sphere arising from gluing R*.
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DEFINITION 3.3.2. The odd sutured tangle instanton Floer homology of the odd tangle

T in (M, ) is the instanton Floer homology space
(3.3.1) THLoaa(M, T, ) := L.(M, T, 0|R).

This Floer homology is defined because of the assumption that 7" is an odd tangle; the
surface R is non-integral. As in the original sutured instanton Floer homology, the fact that
this is an invariant of (M, T,~) not depending on the identification h is a straightforward

application of an excision theorem.

PROPOSITION 3.3.3. The isomorphism type of the vector space THloqq(M,T,7y) is inde-

pendent of the identification h.

PROOF. Any other choice of h leads to a a closure triple (]\/4\ T ()) which can be obtained
from (]/\/[\ , f, ) by cutting along R and regluing in a different way. We can view this as an
excision operation between (]\//7, T, 0) and (]\/4\’, T, 0)U (Yo, Ky, 0). Since the Floer homology

L, (Yo, K, 0[pt x ) is rank 1, the result follows immediately from Theorem [3.2.4] O

While the definition above of THI,qq(M, T, ) is completely natural in light of the def-
inition of SHI(M,~) by Kronheimer and Mrowka |23], it will be convenient to use slightly
different notion to obtain an invariant with useful properties, namely with respect to concate-

nation and juxtaposition of tangles. Let T" be an n-stranded balanced tangle, not necessarily

odd, in (M,~).

DEFINITION 3.3.4. The stabilized tangle, denoted T%, of T in (M, ) is given by appending
to T two “product” strands for each suture, which are push-offs into the interior of M of

arcs traversing the annular components of v (see Figure |3.3]).

Form the closure M as usual, and the closure T* in such a way by ensuring the added
strands form pairs of product loops. This is equivalent to closing up 7" to T and appending
two product loops which are glued up circles arising from arcs [—e¢, €] x {2 pts} in each of the

s components of [—¢, €] x F. Let u; be an arc in the glued-up surface R lying in the piece
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FIGURE 3.1. A schematic for the stablized tangle T*. The dashed components
are the added product strands.

coming from F' passing between the ith pair of added product components, and define:

ut =Up ..+ Us.

DEFINITION 3.3.5. The “unreduced” instanton Floer homology of (M, T, ) is the Floer

homology
(3.3.2) THI}(M, T, ) := L(M, T* u*|R)

Essentially the same proof as for THI,qq shows the isomorphism type of this vectors space
is independent of the identification of the top and bottom ends. The only hiccup is the case
that T" has an even number of strands, in which case we cannot use genus 0 excision to cut
along S?%. To remedy this, we need to utilize our version of the genus 1 excision theorem for

restricted Floer homology, Theorem [3.2.5

PROPOSITION 3.3.6. The isomorphism type ofTHIﬁ(M, T,~) is independent of the choices

made in forming the closures T and M.

PROOF. Let n be the number of strands of 7. If n is odd, we are done by using genus
0 excision as before (since T* has the same parity as T'). Hence, we assume n is even, so

that the 2-sphere R no longer intersects T* in an odd number of points. Let S; be the torus
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boundary of a small tubular neighborhood of one of the added product components in T,
Let x1, 9, T3 be three points in S?, Sy a torus containing S* x {z;} in Y; = S x S?, and o/
an arc between z; and x5 in S?. Then we may perform a genus 1 excision surgery along S;

and S in the triples (]/\/[\, ﬂ,u) and (Yp, S* x {x1, 22, 23}, 4) to obtain the disjoint union
(]\/4\, THU St x pt, u?) U (Yo, ST x {2 pts},u”)

where u” here denotes an arc between the two points. This surgery is entirely analogous
to the point transfer construction used in §2.8; its effect is to add an additional product
component Ty to T*. Recall that we previously studied the Floer homogy of the triples
(Yo, S x {x1, 29,23}, u') and (Yy, S* x {2 pts},u”), which we called Uy 3 and Up, and have
restricted Floer homologies (with respect to the natural 2-spheres within them) are each of

rank 1. Theorem then guarantees an isomorphism
(3.3.3) L(M, T* U Ty, u*R) ® C = I.(M, T, u*|R) ® C.

Now, since T U T, b intersects R in an odd number of points, Theorem applies as

before. O

We can make one another special definition for the case of an even tangle whose properties
we analyze in the next section. Let 7" be an even tangle in (M,~) with n = 2m strands,
and let 7" be as before, obtained by adding two product loops for each suture. Group the

strands of T into pairs, and write
w=v; + vy + ...+ vy, +uf

where v; is a strand connecting the ith pair of strands of T

DEFINITION 3.3.7. The unreduced even instanton Floer homology of (M,T,~) is the
vector space

THI . (M, T,~) := L(M,T* uR)

even
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One may carry out an argument very similar to the proof of Proposition [3.3.6]to show that
this invariant is independent of the gluing identification to form fﬁ, using a point transfer
cobordism to add a strand in order to have an odd-stranded link. It is also easy to see that
it does not matter how we join the strands of T" by the arcs v;, as the resulting class in
H,(R,0(R\vT);Z/2) (for vT a tubular neighborhood of T) is independent of that choice.
In fact, it turns out that in the even case we have really just redefined the unreduced Floer

homology of the tangle T'.

ProPOSITION 3.3.8. There is an isomorphism

(3.3.4) THI? . (M, T,~) = THI*(M,T,~).

even

PrROOF. Let n = 2m be the number of strands of T and s the number of boundary
components of R*, so that T* has n + 2s strands. We will utilize both genus 1 and genus 0
excision theorems. Using a point transfer cobordism (via genus 1 excision) as in the proof

of Proposition |3.3.6, we know that
L(M,T* U Ty, u|R) = L(M, T, uR)
where Ty is an extra product component. Now, we consider the Floer homology
Wontosi1 i= L(ST x S%, S x {n+2s+1 pts}7g("))

where u(™ denotes a sum of arcs connecting n of the components of the product link of
n + 2s + 1 components in S' x S? pairwise. It is easy to see, via genus 0 excision, that

Wo.nt2s+1 1s isomorphic to the vector space Up 42541 defined in Chapter :

Wont2s41 = U pntost1

via an isomorphism intertwining the operators pu°™®(pt x S?) on each side. Critically, the
top eigenvalues of ™ (pt x S?) on Wy, 19441 are £4(n+ 2s — 1), each with one-dimensional

generalized eigenspace. Hence, we may perform a genus 0 excision on the disjoint union of
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(S' x S2, 8" x {n+2s5+1 pts},u"*™) and (]\/4\, T*UTy,u), to recover the pair (]\/4\, TEUTY).
The new Stiefel-Whitney 1-cycle can be arranged, by choosing the regluing maps properly,
to consist of now two arcs connecting each pair of original link components of T previously
connected by u before, and a single arc connecting the added product components. The
doubled-up arcs “cancel” in the sense that the corresponding bundle has zero Stiefel-Whitney

class. Hence, genus 0 excision provides an isomorphism
L(M,T* U Ty, u|R) = I.(M, T U Ty, u!|R)
We may now do a point transfer to “subtract” the component T to obtain:
L(M,T* u|R) = I(M, T" u'|R).
This is exactly the desired isomorphism (3.3.4)). O

We will reuse this “stacking” argument again later on. The utility of defining the even

version THI?

even

will become apparent in the next section. Before moving on, we make one
last note on the choices of the Stiefel-Whitney class used to define the various versions of
THI. In the definition of THI,qq, we were able to use an empty Stiefel-Whitney 1-cycle to
compute the restricted Floer homology of the closed-up tangle. However, we could have
chosen to use a cycle w which is the closure of a product arc [—e, €] x pt in [—¢, €] x F. We

could have done the same for THI*, defining THI*Y.

LEMMA 3.3.9. There is an isomorphism
(3.3.5) THI* (M, T,~) = THI*(M, T, 7).

Proor. We use the stacking technique of the proof of Proposition to introduce the
1-cycle arc u between two strands by doing genus 0 excision and by leveraging our knowledge
of the vector space Uy ,,. We then perform a genus 1 excision, with one torus S; the boundary
of a small tubular neighborhood of one of the added product components which intersects

u and the other torus Sy a boundary of a small tubular neighborhood of the component
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St x {x1} in the triple
(S* x 8% St x {wy, o}, u + w)

where u is an arc between 1 and 5 and w is S* x pt. If we arrange this w to lie close to S xpt
so that it is within Sy, then doing an excision which glues the “inside” of S5 to the inside of
S introduces a second copy of w in (]/\/[\, ﬂ) Now, the triple (S x S% St x {1, 2o}, u + w)
is easily seen to give a vector space isomorphic to Uys and so p(pt x S?) vanishes on it.

This implies the desired isomorphism. U

3.4. Properties and Applications

We now record some properties the various versions of instanton Floer homology for

tangles enjoy. Again we assume our sutured manifolds are balanced and of type 0.

Concatentation. The first obvious consequence of the definition is multiplicativity with

respect to vertical concatenation.

PROPOSITION 3.4.1. For v = 1,2, let T; be an n-stranded balanced tangle in the sutured
manifold (Mj;,~;), and suppose that for the top and bottom boundary pieces RE of OM; for
i = 1 have the same number of boundary components as for i = 2. Denote by (Mo My, T o
Ty, v1072) the sutured manifold with n-stranded tangle obtained by vertically stacking (M;,T;),
using any identification of the bottom part of (My,T1) and the top part of (M, Ty). Then we

have
(3.4.1) THI (M 0 My, Ty 0 Ty, v1 0 v2) = THIF (M, Ty, v1) @ THIF(My, Ty, »)

PRrROOF. It is clear that if ﬁﬁ is the closed link in ]\/4\Z obtained by adding product strands

to and closing up 7;, and likewise for YTO\Tgﬂ from T} o T4 in Ml/o\]\/lz, then the triple

(3.4.2) (M o My, T o Tt 0).
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can be obtained by an excision surgery along copies of 3 = pt x S? in the disjoint union
(M, Ty¥, uf) U (My, TiF, ).

The Stiefel-Whitney class vanishes because the two versions of u! cancel. In the case that n

is odd, this establishes

L(Yo, T1 o T8, 0|%) = (Yo, Ti¥, ulS) @ L(Ye, Tt ulx).
Now, the vector space THI*(M, o My, Ty o Ty, 71 0 72) arises from the slightly different triple
(3.4.3) (M, 0 My, Ty o To', ).

However, the triples (3.4.2) and (3.4.3) give identical restricted Floer homologies by the
stacking argument from the proof of Proposition [3.3.8. Now, in the case that n is even,
we may argue as in the proof of Proposition to add a product strand. From here the

argument goes exactly as in the odd case. U

The purpose of the added product strands in T is two-fold. First, they allow us to carry
out the operation of adding a strand, and so make the proof of invariance and the above
result go through. Secondly, however, they allow us to prove a horizontal concatenation
result for tangle in the cylinder [—1,1] x D?. In what follows, whenever T is a balanced
tangle in [—1,1] x D? thought of as a sutured manifold with a single suture [—1,1] x S*, we
will simply write:

THI(T) := THI*([-1,1] x D, T,[-1,1] x ).

PROPOSITION 3.4.2. Suppose T; is an n;-stranded balanced tangle in [—1,1] x D? for
i = 1,2, and denote by T\|T; the tangle obtained by horizontal juxtaposition of Ty and Ty,
which is a balanced tangle in [—1,1] x D? with N = ny + ny strands. Then there is an

1somorphism

(3.4.4) THI(T)|Ty) = THI*(T)) @ THI*(T3)
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PrROOF. Let ﬁﬁ, T |TQTj denote the closed up and appended versions of the tangles T; and
T1|Ts. Let the added product components in ﬁ-ﬁ be s; and t;, u; an arc between them, and S;
the boundary torus of a small tubular neighborhood of s;. Then §; is a non-integral surface

and we may apply Theorem to the excision surgery along these tori. The result is:
(3.4.5) L.(Yo, ﬁﬂy U1 )pt,—s @ L (Y, @ﬁ, Us)pt—8 =2 L(Yo, Th|To", u12)pr,—s @ Upz

where w15 is an arc between the product strands in T3|T: ¥ PICTURE. Denote by ¥ the 2-
sphere pt x S? in Yy. As in the point transfer argument in the proof of Proposition m

this isomorphism intertwines the operators
orb orb
pP(E) @1+ 1@ p™ (%)

on each side, and since the top eigenvalue of interest on the right hand side is the sum of those

on the left, we obtain the desired isomorphism (3.4.4)) of restricted Floer homologies. O

A Non-triviality Result. So far, we have no evidence to suggest that either of our versions
of THI give anything other than a rank 1 vector space as it does in the product case. We
desire a result similar to the non-triviality results in [22], specifically Theorem 7.18. In
other words, we would like to know whether THI detects the product tangle. However, as an
analogue to the taut condition used in [22], we will need our tangles to satisfy an additional,

easy checked hypothesis.

DEFINITION 3.4.3. The balanced tangle T in (M, ~) is said to be vertical if

(i) T has no closed components, and

(i) each endpoint of T'in R" is connected by a component of T' to an endpoint of T'in R~.
For a balanced vertical tangle 7', there are natural bijections between endpoint sets

frR*NT >R NT

fioRTNT > R~ NT
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defined by following the strands of the tangle.

REMARK. Perhaps a better definition than our notion of wvertical is that of an oriented
tangle. Such a tangle should be an oriented, properly embedded 1-manifold with boundary
in (M, ) such that the positive endpoints (using the orientation) lie on R and the negative
lie on R~. This ensures the bijection f7 above exists. However, this does not preclude closed
components. Hence, a vertical tangle is just an oriented tangle without closed components.
The author suspects that neither hypothesis is necessary in the following result, but is unable

to find an argument to this effect.

THEOREM 3.4.4. Let T be a balanced, vertical tangle with n strands in the connected
sutured manifold (M,~) of type 0. Suppose that (M,~y) is taut (as defined in [22]. Then
THIY(M,T,~v) = C if and only if (M,T,~) is the product tangle in the product sutured
manifold [—1,1] x D?.

Certainly if 7" is the product tangle and (M, ) is the standard product sutured manifold
[—1,1] x D? then THI*(M, T,~) = C. The difficult direction is the converse. We will attack
this by leveraging the analogous result in [22] and by using the even version T HI? The

even'

idea is that THI?

tven Canl be compared to the sutured instanton Floer homology of a derived

3-manifold with no singular locus, as we now explain. Suppose T is vertical with n = 2m
strands and ~ has s loops. Number the strands of 7%, denoting the ith original strand by
T; and letting T, ,9; 1 and T},.o; be the pair of added strands coming from the ith suture
of v. Let S; be the boundary annulus of a small tubular neighborhood of 7;. If we pair up
the S;’s in some way and cut and reglue M along them, we obtain a 3-manifold MT with
boundary with the natural structure of a sutured manifold with positive and negative pieces
é}L and é; surfaces of genus m + s + 1 with the same number s as before of boundary
components (see Figure . Closing this manifold up by using a disjoint collection of disks
F as auxilliary surface as before is equivalent to removing [—1, 1] x D?-neighborhoods of the
tangle strands from 7% and placing a single, properly oriented suture on each new annular

piece of OM, to arrive at a derived sutured manifold (Mr,yr), and constructing a closure
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FiGuRre 3.2. Cutting and regluing M to obtain MT. The example shown here
begins with a tangle T" wit 4 strands to which 4 strands are added to obtain
T*, and the surface Rt becomes a twice punctured genus 4 surface.

of this sutured manifold by using a different auxilliary surface which is a union of m + s
annuli and s disks. This process plays well with genus 1 excision, as we see in the proof of

the following result.

PROPOSITION 3.4.5. For an even, balanced, vertical tangle T' with n = 2m strands in

(M, ), we have an isomorphism:

(3.4.6) THI, (M, T,~) = SHI(My, yr)

even

PROOF. Form the closures M and 7% in such a way that the tangle T* is closed up via
the bijection f%. We assume the annuli S; are glued up to tori S;, each of which are odd for
the Stiefel-Whitney class u. Let w denote a product loop in both of M and ]\/J\T as in Lemma
3.3.9] which tells us that we can compute THI®"(M, T, ) by using the Stiefel-Whitney class
u + w. We can perform m + s excision operations on (]\//_7, fﬁ,g + w) by taking the S;’s in
pairs, making sure to pair up §n+2,~_1 with §n+2i. The result is a sequence of 3-manifold

triples

—~ -~

(]/\4\7 j—\'ﬁvﬂ_'—w) = (]/\4\07f’(i)ag()+w)a (]/\Zl7f§7ﬂl —|—UJ), LR (Mm+17TEn+s7gm+s+w)

as well as a sequence of versions R; of the surface R. Theorem then guarantees isomor-

phisms

(3.4.7) LM, Ty + w|Ry) = LMy, Try, g+ wRiga).



3.4. PROPERTIES AND APPLICATIONS 160
In reality, each time we perform a genus 1 excision, we introduce a new component of the
3-manifold isomorphic to the triple (S* x S2, St x {2 pts},u) for u an arc between the two
points. However, the operator p(pt x S?) vanishes on its instanton Floer homology so this

does not affect the argument. We conclude that there is an isomorphism
(3.4.8) L(M,T,u+wR) 2 L(Mys, 0,1, +w| Ryys)

Now, as it stands the final manifold ]\/4\m+5 is isomorphic to a sutured manifold closure of
(Mr,~yr) obtained using an auxilliary surface G with m annulus components and s singly-
punctured torus components PICTURE. The definition of SHI requires that we use a con-
nected surface, so we need to go a bit further. We want to “join” up the components of
G via genus 1 excision, but first we need to increase the genus of each annular component.
Along each of the m new handles (corresponding to annular components of G) of the final
surface R, runs a loop component of w,,,,. Fixing one such, there is a perpendicular loop
c and a torus S! x ¢ which is odd for u,,,,. We will use the genus-increasing construction
from [22], which leverages genus 1 excision. We take the triple (S x 9, ), ) with u a small
loop in the genus 2 surface X5, and let d be a complementary loop to u. Performing excision
between (Mo, 0, u,, +s+w) and this triple along S* x ¢ and S* x d effectively increases the
genus of the annular component of G running between the two joined pieces of boundary to
a punctured torus. We repeat this for each of the s annular handles, obtaining a sequence

of triples
(349) (J/\Zm+87 ®7 Q_Lm—i-s + w)’ (]/\Zin-l—s? ®7 Q—L}n—l—s + ’U,)), ttt (J/\an—‘,—s’ ®a an—i—s + UJ)

The final triple is equivalent to closing up the sutured manifold (Mr,y7) using an auxilliary
surface G’ with s singly-punctured tori and m doubly-punctured tori. Each of these m + s

pieces have natural non-separating complementary loops d; which yield tori S! x d; odd for

s

Uy, +w. By performing excision surgeries along these in sequence it is possible to join

up the components of G’ to form an auxilliary surface G” which is an 2m + s-punctured

torus PICTURE. Each time we perform one of these “vertical” excision operations, it is
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easy to check as for that the isomorphism type of the restricted Floer homology with
respect to the relevant version of the surface R is unchanged. The final 3-manifold triple is
isomorphic to a closure of (M7, ~yr) using a connected, punctured genus 1 auxilliary surface
G", with a Stiefel-Whitney 1-cycle given by w plus a collection of loops u” in the closed up
surface R”, the result of R after performing all the excisions surgeries. To complete the proof,
we need to demonstrate an isomorphism for the restricted Floer homologies with different

Stiefel-Whitney 1-cycles:
I.(Mp, 0, 4" +w|R") = I,(Mr, 0, w|R").

this isomorphism essentially appears in the discussion immediately preceding §7.5 of [22] and
follows from a stacking argument similar to the proof of Proposition [3.3.8, Upon invoking
Lemma [3.3.9] in order to remove the class w, we obtain the isomorphism desired in the

Proposition. U
It is now a simple matter to prove Theorem [3.4.4]

PROOF. One direction is clear so we assume that THI*(M,T,~) is rank 1. Then by

Proposition [3.4.5|

THIﬁ(MT7 7T> = THIgven(MT7 VT) = C?

(here we use equality of the even and and regular unreduced versions of THI). Now, it is
clear that if M, ~) is taut then so is (Mr,y7) and thus by Theorem 7.18 of [22] the sutured

manifold (Mr,~yr) is a product. But this clearly implies that (M, T),~) is a product. O



APPENDIX A

Euler Numbers, Orthogonal Polynomials, and Continued Fractions

We owe the reader a discussion of how to arrive at the recursive relation (1.6.1)) for the
relations in the cohomology ring, given that the top pairings of the generators a and [ are
the Euler numbers E,. This requires a brief digression on orthogonal polynomials, and an

analysis of the ordinary generating function for the numbers E,,.

Orthogonal Polynomials. We begin by supposing we have a measure p on the interval
[a,b] C R, which we suppose for simplicity is given by integrating against a continuous,

nonnegative weighting function w(zx):

[ = [ s

This measure provides a linear functional £,, as well as an inner product and norm on the

set of u-integrable functions on [a, b]:
b
L= [ s

()= [ f@g()dn

N[

10, = ((.0),)

DEFINITION A.1. The sequence of numbers
b
e = L(2") = / x"dp
is called the sequence of moments for the measure pu.

Given u, a useful collection of data is its sequence of orthogonal polynomials, which

provide a convenient basis for the set of integrable functions on |a, b].

162
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DEFINITION A.2. A sequence of monic orthogonal polynomials for the measure pu is a

sequence of polynomials {p,(z)} satisfying

(i) p, is monic and deg(p,) = n

(i) (Pnspm), = 0 for n # m and [|p,||, > 0 for all n.
It is very easy to prove:

LEMMA A.3. Given a weighting function w(z) and associated measure p, a sequence of

monic orthogonal polynomials {p,(x)} exists and is unique.

We will thus refer to the sequence of monic orthogonal polynomials for a given measure
(. The theory of orthogonal polynomials is old and well-understood. One has the following

famous result, known as the three-term recurrence:

THEOREM A.4. ( (2], Theorem 5) For the measure i, the monic orthogonal polynomials

pn(z) satisfy the following recurrence relation:

(A1) Prr1(z) = (2 — @)pa(®) = Bupn-1(x)

where we initialize po(x) = 1, p_1(x) = 0, and where o, and B, are constants depending on

L.

In fact, the numbers «,, and ,, can be computed as follows:

@@ @),
B e

[1pn ()11,
[pn—1(2)]],

There is a fascinating relationship between the collection of moments {¢,} and the coef-

ficients «,, and f3,.

THEOREM A.5. Let F,(x) be the ordinary generating function for the moments ¢, =
L, (x"): _
F,(z)= Z Cpx"
n=0
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Then the coefficients o, and (3, from and F,(x) satisfy the continued fraction identity:

Co

(A.2) Fu(x) =

51$2
52$2

535152

l—azx —---

1—oapx —

1—oqx —

1— agx —

The Euler Numbers. The numbers E,, are defined via:

1 —~F
A. h(z) = = =2
(A.3) soch(2) cosh(z) % nl

Since sech(z) is an even function, we have E,, = 0 for n odd. The sequence has first few

terms (beginning with the Oth term):

{E,} =1,0,-1,0,5,0,—61,0, 1385, ...

where the nonzero entries are alternatively positive and negative. It is shown in [10] that
the ordinary generating function for the sequence {|Fy,|} of absolute values of nonzero Euler

numbers has the following remarkable continued fraction expansion:

(A.4) E(2) =) |Ea| 2™ =
n=0 1222
1 —
2222
1 —
3222
1 _
1 —

Here we must use the absolute value sign on the Euler numbers to agree with the conventions
of [10].

We now tackle our main problem, which is understanding the relations in the cohomology
ring of the moduli space R 2,41 from Chapter . There, we showed that there is a relation

70.2m+1(c, ) in the generators o and S which is of degree m in o and |m/2] in B. Set
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e =m —2|m/2|, the remainder 0,1 of m when divided by 2. As in the proof of Proposition
1.6.1}, if we write

Toomi1 (@, B) = Apa™ + Ap_sa™ 28 4 ...+ Aot gl

then the (|m/2] + 1)-vector (Am, Ap_2,...,A.) is in the kernel of the matrix E;; for i =
0,...,|m/2] —land j =0,...,|m/2]| with

(A.5) Eij = |Eacyaivaj] -

Let us take this as a definition of 7 2m1(c, ), under the additional constraint that we take

r0.2m+1(c, B) to be monic in a.
THEOREM A.6. The polynomials 1o am+1(cv, B) satisfy the recurrence .
PROOF. Suppose that p is a measure on an interval [a, b] whose moments are given by
Lu(2") = |Enl.
Define the de-homogenized single-variable polynomial:
Sm(x) == Toom+1(x, 1).

Evaluating the matrix E;; on the (|m/2] + 1)-vector (A,,, Ao, ..., A.) gives the |m/2]-
vector

<(:ce, $m(2)),, 5 (x+?, sm(x)>u N G sm(x)>“> ,

which we assume vanishes. Hence, the pairing of s,,(z) (which is degree m in x) with any
polynomial in x of lower degree having only terms with the same degree parity is zero. Of
course, pairing with monomials with the opposite parity gives 0 as well. This implies s,, ()
is orthogonal to si(x) for k£ < m, and so by induction the polynomial sequence {s,,(z)} is

monic orthogonal for . By Theorem we see that s,,(z) satisfies the recurrence

Smt1(2) = (T — )8 () — Bmsm—1(z)
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where «,, and (,, are the coeffiecients in the continued fraction But by definition, the
generating function to use is given by F(z) as in (A.4)), and so we see that «,, = 0 and
Bm = —m?. Hence:

Sma1(T) = 28 () — M2 81 (1),

and since 7 9,,41(c, #) is homogeneous in o and  (with these variables assigned degrees 2

and 4, respectively), we obtain the recursion (|1.6.1). U



Bibliography

Michael F Atiyah and Raul Bott. The Yang-Mills equations over Riemann surfaces. Phil. Trans. R. Soc.
Lond. A, 308:523-615, 1982.

Paul Barry. Riordan arrays, orthogonal polynomials as moments, and Hankel transforms. Journal of
Integer Sequences, 14, 2011.

Indranil Biswas and N Raghavendra. Canonical generators of the cohomology of moduli of parabolic
bundles on curves. Mathematische Annalen, 306(1):1-14, 1996.

Hans U Boden. Representations of orbifold groups and parabolic bundles . Commentarii Mathematici
Helvetici, 66:389-447, 1991.

Hans U Boden and Yi Hu. Variations of moduli of parabolic bundles. Mathematische Annalen,
301(3):539-559, 1995.

Peter J Braam and Simon K Donaldson. Floer’s work on instanton homology, knots and surgery. In
The Floer memorial volume, Progr. Math., pages 195-256. Birkhauser, Basel, 1995.

Vasile Brinznescu. Algebraic 2-vector bundles on ruled surfaces. Ann. Univ. Ferrara - Sez. VII - Sc.
Mat., XXXVII:55-64, 1991.

Simon K Donaldson and Peter B Kronheimer. The Geometry of Four-Manifolds. Oxford University
Press, 1990.

Stamatis Dostoglou and Dietmar a. Salamon. Self-dual instantons and holomorphic curves. Ann. of
Math., 139(3):581-640, May 1994.

Philippe Flajolet. Combinatorial aspects of continued fractions. Discrete Mathematics, 32:125-161, 1980.
Kenji Fukaya. Floer homology for oriented 3-manifolds. In Aspects of low-dimensional manifolds, Adv.
Stud. Pure Math., pages 1-92. 1992.

Lisa C Jeffrey and Jonathan Weitsman. Toric structures on the moduli space of flat connections on a
Riemann surface: volumes and the moment map. Advances in Mathematics, 106:151-168, 1994.
Andras Juhdsz. Floer homology and surface decompositions. Geometry and Topology, 12(1):299-350,
March 2008.

A D King and P E Newstead. On the cohomology ring of the moduli space of rank 2 vector bundles on
a curve. Topology, 37(2):407-418, March 1998.

Paul A Kirk and Eric P Klassen. Representation spaces of Seifert fibered homology spheres. Topology,
30(1):77-95, 1991.

Peter B Kronheimer. An obstruction to removing intersection points in immersed surfaces. Topology,
36(4):931-962, 1997.

Peter B Kronheimer and Tomasz S Mrowka. Knot homology groups from instantons.

Peter B Kronheimer and Tomasz S Mrowka. Gauge theory for embedded surfaces, I. Topology, 32(4):773—
826, October 1993.

Peter B Kronheimer and Tomasz S Mrowka. Embedded surfaces and the structure of Donaldson’s
polynomial invariants. J. Differential Geometry, 41(3):573-734, 1995.

Peter B Kronheimer and Tomasz S Mrowka. Gauge theory for embedded surfaces, II. Topology, 34(1):37—
97, January 1995.

Peter B Kronheimer and Tomasz S Mrowka. Instanton Floer homology and the Alexander polynomial.
Algebraic & Geometric Topology, 10(3):1715-1738, August 2010.

Peter B Kronheimer and Tomasz S Mrowka. Knots, sutures and excision. J. Differential Geometry,
84:301-364, 2010.

Peter B Kronheimer and Tomasz S Mrowka. Khovanov homology is an unknot-detector. Publ. Math.
Inst. Etude Sci., 113:97-208, 2011.

167



[24]

[25]

BIBLIOGRAPHY 168

M Maruyama and K Yokogawa. Moduli of parabolic stable sheaves. Mathematische Annalen, 293:77-99,
1992.

V. B. Mehta and C. S. Seshadri. Moduli of vector bundles on curves with parabolic structures. Mathe-
matische Annalen, 248(3):205-239, October 1980.

Vicente Mufoz. No Title. Asian J. Math., 1(4):785-800, 1997.

Vicente Mufioz. Ring structure of the floer cohomology of ¥ x S™1. Topology, 38(3):517-528, May 1999.
Nitin Nitsure. Cohomology of the moduli of parabolic vector bundles. Proc. Indian Acad. Sci. (Math
Sei. ), 95(1):61-77, 1986.

Bernd Siebert and Gang Tian. Recursive relations for the cohomology ring of moduli spaces of stable
bundles. Tr. J. of Math., 19:131-144, 1995.

Brian Steer and Andrew Wren. The Donaldson-Hitchin-Kobayashi correspondence for parabolic bundles
over orbifold surfaces. Canad. J. Math., 53(6):1309-1339, 2001.

Michael Thaddeus. Conformal field theory and the cohomology of the moduli space of stable bundles.
J. Differential Geometry, 35:131-149, 1992.

Jonathan Weitsman. Geometry of the intersection ring of the moduli space of flat connections and the
conjectures of Newstead and Witten. Topology, 37(1):115-132, 1998.



