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Abstract

Abu Kamil Shuja’a bin Aslam Al Misri (9th century), the reckoner
from Egypt was a prominent medieval algebraist. After Al Khwarizmi. Abu Kamil wrote
a book " The book of Algebra”, Kitab fi Al Gabr Wa Al Muqabala where he
acknowledged the work of Al Khwarizmi, but added to it and addressed the cases that
were left out by Al Khwarizmi such as using and accepting irrational numbers as
solutions and coefficients of equations.

This study aims at two main new discoveries about Abu Kamil.
Firstly, we will introduce, for the first time, to the world and to the community of
mathematics historians in particular, and to the history of science scholars in general, the
long assumed lost book of Abu Kamil: Kitab Al Wasaya Bi Al Judhur (The Book of
Legacies by Roots). Secondly, we will explore more of Abu Kamil’s biography by
searching un-edited and un-printed ancient Arabic manuscripts which also revealed new
discoveries.

Additionally, this study will explore the contributions of Abu Kamil in
the Middle Eastern and wider mathematical context and his influence on mathematicians
who came after him. Lastly the study will contain a classroom/teaching activity based on
the text to show that this material might be of interest to middle or high-school-aged
students. We will also be putting some of the algebra that students learn into context -

showing them how showing them how to convert ‘rhetorical’ mathematics into notations.
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Chapter 1.

Abu Kamil’s Biography

Introduction

Abu Kamil Shujaa bin Aslam Al Misri (9th century), the reckoner
from Egypt was a prominent medieval algebraist. After Al Khwarizmi, Abu Kamil wrote
" The book of Algebra”, Kitab fi Al Gabr Wa Al Muqgabala where he acknowledged the
work of Al Khwarizmi (Khalifa H., 1657), but demonstrated a more systematic way of
presenting the problems of Al Khwarizmi where he completed the cases omitted by Al
Khwarizmi, provided his own proofs, and introduced algebraic manipulations which
included irrational numbers (Rashid, 1996).

Very little is known about Abu Kamil's life. We may confidently say
that we have no biographical details at all except that he came from Egypt. We also know
his dates of birth and death with a fair degree of certainty, as well as a list of books he
wrote. Knowledge about Abu Kamil’s life and contributions came from the most famous
bibliographies, mainly of the Arabic heritage, the Fihrist of Ibn Al Nadeem (d. 990),
Kashf Al Zunun of Haji Khalifa (d. 1675), Oyoun Al Anba’a Fi Tabakat Al Atiba’a of
Ibn Abi Osaybia’a (Physicians’ Classes) (d. 1240), and the comments of other
mathematicians and historians referenced in various books such as Al Mukafaa (The
Reward) of Ibn Al Daya (d. 952).Significantly, Ibn Al Daya met Abu Kamil and narrated

, in his books, some stories told to him by Abu Kamil as we will see in the next section.



The Mysterious Man
Astonishingly, unlike some other famous mathematicians who lived in
Abu Kamil’s era, Abu Kamil’s life was a mystery although he is considered very
influential by almost all researchers who studied his works. In our pursuit to clear some
aspects of Abu Kamil’s biography and reveal the ambiguity which surrounded the life of

this mysterious man, we have adopted the following research methods:

. Searching un-published manuscripts which we thought may mention
Abu Kamil.
. Searching other historical books, other than the well-known biographies.
. Searching the names of people we thought may have lived in Abu Kamil’s

era and may have been close to him such as his family members or those who mentioned
him in their books.

Over the past hundred years, most of the biographies of Abu Kamil
relied on three or four famous historical Arabic bibliographical works (the ones we
mentioned in the previous section) and most researchers kept repeating the same four to
five lines known about Abu Kamil. In our pursuit to dig deeper into the life of Abu
Kamil, we have raised some questions of interest such as, how can we get more
information about Abu Kamil’s biography? Did Abu Kamil live in places other than
Egypt? When exactly or approximately did he die? Who were his teachers and his
disciples?

In a commentary on Adel Anbouba’s study titled: Abu Kamil, an
Arabic Algebraist, Jacques Sesiano stated that at the beginning of the 20th century,

hardly anything was known about Abu Kamil. By the end of it, he was known to have



lived in the second half of the 9th century and to have held an important official position
in Egypt. (Anbouba, 1963).Sesiano, further added that we owe this information to some
German researchers as well as to Anbouba himself owing to his knowledge of Arabic
bibliographical works. (Anbouba, 1963).

There is no doubt that Abu Kamil was originally from Egypt
regardless of the exact place of his birth as it is a tradition in the Arabic culture to call
people with a nickname that refers to their origin. In all of the books which mentioned
Abu Kamil, he was called “Al Misri” which means ‘The Egyptian’. He also, must have
lived in Baghdad and then in Egypt since there were two stories about his encounter with
Sanad bin Ali, who lived and died in Baghdad (Ibn Al Daya, d. 952) and another story
about his release from prison in Egypt (Ibn Saced, 1894). Roshdi Rashed estimated the
life span of Abu Kamil as being roughly 830 — 900 AD (Rashed, 2012). Rashed argues
that Ahmed bin Tulun released Abu Kamil from prison and put him in charge of some
industry related to navy, based on Ibn Saeed’s story included in his book Sirat Ibn Tulun.
Ahmed bin Tulun was the ruler of Egypt from 868 until 884 AD and that Abu Kamil
would have been mature enough to take this responsibility indicates that his date of birth
must be prior to 850 AD.(Roshdi, 2012). While these stories are known to researchers,
there are other stories that are still not widely known mentioned in other manuscripts, two
of which, were found in the course of this study. Owing to the research of un-printed
manuscripts, uncovered a lot of ambiguity about Abu Kamil’s life and better estimates of
the times of Abu Kamil’s birth and death dates.

Ibn al Daya, Ahmed bin Yousef, the author and the historian of the

Tulunian era has mentioned Abu Kamil three times in Al Mukafaa (The Reward) and



once in Sirat Ahmed bin Tulun (Biography of Ahmed bin Tulun). The latter was
extracted from a book written by Ibn Saeced Al Mughrabi who stated in his book that he is
copying from Ibn Al Daya’s book ‘Sirat Ahmed bin Tulun’. Ibn Al Daya was born
between 850 and 860 AD, lived approximately 100 years, and died around 952 AD (Ibn
Al Daya, 1963). Ibn Al Daya’s narrations of Abu Kamil always start with the statement:
’Abu Kamil told me....” which suggests that Abu Kamil was meeting with Ibn Al Daya on
some occasions. It was worth it then to research about Ibn Al Daya and to track his works
as he had a face to face encounters of Abu Kamil. While, the above two books were the
only ones published by Ibn Al Daya, he wrote many other books which have not been
published to date. We will now present two new stories discovered during the course of
this research.

The first discovered story is found in his book, Sharh Kitab Al Thamarah

(Commentary on Ptolemy’s book: The Fruit) which is still in a manuscript form and is
available in many libraries all over the world. In this book, Abu Kamil tells a story to Ibn
Al Daya which confirms that Abu Kamil witnessed the death of Sanad bin Ali. (Ibn Al
Daya, d.952).

Ibn Al Daya,p.100:” Shujaa bin Aslam Al Hasib (the calculator) told me
that Sanad bin Ali was bold when it comes to travel by sea, on a windy
day and in rough waves, he asked me to join him to sail in Dijlah (the
famous river in Iraq) but I refused and blamed him for his reckless
behavior. Sanad asked me if I fear that he may drown, I said yes. Sanad
then said ‘Jupiter is glowing in the house of death pushing away death’,
then Sanad died in his bed”.



This story is a clear evidence that Abu Kamil, not only knew Sanad,
but spent time with him as well. It also suggests that Abu Kamil’s birth date must be prior
to 850 AD since the estimates of the time of Sanad’s death are 862 AD (Ibn Abu
Ousaybiuaa), and sometime after 864.AD (Sarton, 1975). Regardless of the exact dates of
Sanad’s death, according to both of these estimates, Abu Kamil would have been
spending time in the company of Sanad at the age of 12 to 14, which is most highly
unlikely. Moreover, the story shows that Abu Kamil was a resident of Baghdad at the
time of Sanad’s death. That is, we now know, for the first time that Abu Kamil was in
Baghdad around 862 — 864. Now let’s look at the three stories mentioned in Ibn Al
Daya’s book AL Mukafaa (The Reward):

1. p.130: The story narrated by Abu Kamil about Sanad’s encounter with the Banu
Musa brothers at the time of the 10" Abbasid ruler, Al Mutawakil (d. 861). The
story simply describes how Sanad interfered to save the Banu Musa brothers from
Al Mutawakil’s punishment which they had earned by lying about a certain
project after they have produced some bad estimates for it. (Ibn Al Daya, d. 952)
According to the story, they were spared by the death of Al Mutawakil, two
months after the incident which took place in 861 AD. Meaning that Sanad was
still alive in 861 for sure.

2. p.130: The story narrated by Abu Kamil about Sanad’s first encounter with
mathematicians and astronomers in which Sanad mentions that he was only
twenty years old. Sanad also confirms that he was introduced to Al Mamun, the
Abbasid ruler at that time by Al Abbas bin Saeed Al Jawhari who was hosting a

meetings of mathematicians and astronomers of that period (Ibn Al Daya, d. 952).



AL Mamun ruled between 814 and 833 AD. This means Sanad was introduced to
Al Mamun during this period. The next story will pinpoint the exact birth year of
Sanad.

. p-128: The story narrated by Abu Kamil about Sanad’s telling him that Al Sindi
bin Shahik -who was one of the commanders serving the Abbasid dynasty had
supported a mathematician, Ibrahim bin Al Aajami, in front of Al Mamun in the
presence of Banu Musa brothers. Although Al Mamun took over as a ruler in 814
while he was in Khurasan, he did not enter Baghdad until August 819 (Al Siyouti,
d. 1505), Moreover, Al Sindi bin Shahik died in December 819 (Ibn Asakir, d.
1176). The presence of Banu Musa brothers and Ibrahim bin Al Aajami, confirms
that this incident took place in Baghdad, not in Khurasan, and that indeed it
occurred in 819. Therefore, Sanad by hearing from bin Shahik who was in close
relationship with Al Mamun, was indeed introduced to Al Mamun between
August and December in 819 .Since Sanad told Abu Kamil that he was only
twenty years old, we can conclude that Sand was born sometime in 799 to 800

AD.

Now, in order to estimate the date of Sanad’s death, we look at what

Al Qifti mentioned about Thabit bin Qurra books where he listed a “Treatise of answers

to questions asked by Sanad bin Ali”, this means Sanad has asked Thabit some questions

and Thabit provided him with answers. Al Qifti provided the most detailed information

about Thabit citing his stories from a ‘lost’ history book written by Thabit’s grandchild

Sinan bin Thabit. He mentions that Thabit came with Mohamad bin Musa to Baghdad

when he was returning from a book hunt trip in the Byzantine territories and that Thabit



stayed in Mohamad bin Musa’s house and became his student (Al Qifti, d. 1248). While
Thabit’s death date is agreed upon by all biographical book which is 901, his birth date is
not the same according to these books. Al-Qifti and Ibn Al-Nadim mention 836, while
Ibn Abi Osaybia’a and Al Safadi mention 826. We find that 836 is closer to the truth for
two reasons, firstly Ibn Al-Nadeem wrote his book Al-Fihrist prior to his death in 990,
that is, he was closer to Thabit’s life span era (836-901) than Al Safadi (d. 1363) and Ibn
Abi Osaybia’a (d. 1240). Secondly, which is most important, Al-Qifti mentioned that all
his information about Thabit came from a document written by one of Thabit’s relatives
(Al-Qifti- d. 1248). Al-Qifti also mentions that Mohamad bin Musa introduced him to Al-
Mo’atadid the Abbasid ruler (892 — 902) which is not possible as Al-Mo’atadid started
ruling in 892 and Mohamad bin Musa died in 873! In fact, Thabit was introduced to Al-
Mo’atadid by the Minister of the Al-Mo’atamid (870-892) Ibn Bulbul as mentioned by
Al-Qifti himself:
Al-Qifti:” When Al-Mo’atadid father got mad at him, he ordered Ibn
Bulbul to keep him in his house as a prisoner. Ibn Bulbul then asked
Thabit to visit Al-Mo’atadid to entertain him. Thabit then started to visit
Al-Mo’atadid three times per day discussing with him philosophy and
mathematics. AL-Mo’atadid liked Thabit and when he became the ruler,

he granted Thabit land and made him a close member of elites in his
palace”.

Al-Qifti does not mention the date of this incident, but it was mentioned in history
books such as Ibn Kathir’s under the incidents of the year 889, three years prior to Al-
Mo’atadid’s ruling (Ibn Kathir, d. 1373). Roshdi Rashed concludes that Thabit must have
come to Baghdad early, lived there at least 30 years and that he studied mathematics in
the Banu Musa’s school (Rashid, 2011). However, this move to Baghdad by Thabit must
have taken place prior to Mohamad bin Musa’s death in 873 and at a time before Al-

Kindi’s death in 873 also since Thabit wrote a book to reply to Al-Kindi (Al-Qifti, d.



1248) and it must be prior to Sanad’s death since he wrote a treatise answering some of
Sanad’s questions. All of the above suggests that Thabit moved to Baghdad sometime
between 866 and 873 where he spent some years studying in Banu Musa’s school. Hence,
there is a possibility that Sanad was alive after 866 and probably after 870.

The second discovered story is mentioned in Kitab Al Wasaya Bi Al

Judhur itself, the subject of this thesis, which is still an un-published manuscript. In it,
Abu Kamil mentions that he learned the science of Hisab al Dinar wal Dirham (The
calculations of the Dinar and the Dirham) from a man named Ahmed bin Nasr in
Baghdad.

Abu Kamil, p.136:” There was in Baghdad, a student of Yahya bin
Aktham, called Ahmed bin Nasr who is knowledgeable about Al Wasaya
(legacies) involving houses. He was very close to Al Sultan where he had
a good position. He then left everything and gave away all his wealth and
turned to one of Yahya’s friends named Ibn Al Rinqati, borrowed one
dinar from him and bought some flowers which is used in dyeing fabrics
and started to work in fabrics until he excelled the profession. I used to go
to him asking him a problem after another about legacies involving Hisab
al-dawr, “calculation of the return,”and other stuff. He was explaining
clearly and put efforts in teaching us. He was the first one who taught me
Hisab (the calculation) of Al Dinar wal Dirham in a crystal clear way, may
God bless his soul. He had an original work on this topic, although, thanks
God, it was easy for me at that time. I feel obliged and indebt for Ahmed
bin Nasr, so I wanted to mention him in this book so that his name will
become known that he founded methods for these problem where one does
not need to know the status of the deceased person”

This man is unknown and is not mentioned as a mathematician of that
era, we started an extensive search of Ahmed bin Nasr who satisfies the following
criteria: lived in the 9" century, was close to Al Sultan, gave away all his wealth, worked
in fabrics and has knowledge in legacies. During the 9" century, there were the following
persons under the name of Ahmed bin Nasr as appeared in most biographical books such

as Al Wafi Bil Wafiyat (Al Safadi, d. 1363), Al Muqafa Al Kabir (Al Magrizi, d.1441),



History of Baghdad (Ibn Al Khatib, d. 1071), History of Damascus (Ibn Asakir, d.1176),

Siyar A’alam Al Nubala’a (Al Zahabi, d.1374) and others:

Ahmed bin Nasr Al-Khuza’y, the famous Hadith scholar who was killed
by AL-Wathiq, the Abbasid ruler in 847.

Ahmed bin Nasr bin Ziyad Al Moqri’a (The Quran teacher) died in 860.
Ahmed bin Nasr, Abu Baker Al Zaqaq Al Kabeer, lived in Egypt and died
in 903.

Ahmed bin Nasr bin Shaker bin Ammar (Ahmed bin Abi Raja’a) Al
Moqri’a (The Quran teacher) died in 905.

Ahmed bin Nasr bin Ibrahim Al Naysabori known as Al

Khaffaf died in 912.

The last one AL Khaffaf, is the most character that fits the description

of Abu Kamil of the man who taught him legacies and Hisab Al Dinar wal Al Dirham,

Almost all of the description matches the biography of Al Khaffaf except the fabric

profession as we couldn’t find it anywhere. Here what we know about Al Khaffaf as

described by Al Thahabi in Siyar A’alam Al Nubala’a:

He is from Naysabor, died in 912 and was in the eighties.

He gave away all his wealth, estimated five million Dirham since he
hadn’t got any children.

He was close to Al Sultan, Amro bin Al-Laith Al Saffar, the ruler in
Khurasan, between 868 and 910 AD.

He went to Baghdad and studied from Ahmed bin Manee’a (d. 858) and

Abu Hammam Al Sokouni (d. 859).



This last point is of great importance, as it shows that he was present in Baghdad

prior or in 859 and probably stayed for some years there.
Another character of interest mentioned by Abu Kamil is Ibn Al-
Ringati whom Al Kaffaf borrowed money to start his fabric profession. We tried to look
for Ibn Al Rinqati or Ibn Al Zinqati (as it is not clear in the manuscript), it turned out this
character most probably does not exist, and however, we came across Ibn Al-Ribati (d.
between 857 and 860). It appears the copier of the book has mistakenly wrote the name
since Ibn Al-Ribati was from Naysabor, lived in Baghdad at some time, in the era of
Yahya bin Aktham, and he has an encounter with Al-Khaffaf as mentioned in the
Encyclopedia of Al-Dar Qitni (d. 995) that Al Khaffaf narrated a Hadeeth from Ibn Al-
Ribati. (Al-Dar Qitni, d.995).
As aresult, all of the above shows that Abu Kamil was studying from

Al-Khaffaf sometime around or after 859. However, Al Khaffaf was a famous character
in Naisabor and he was referred to as “The Boss” and it is strange that Abu Kamil wanted
to grant him fame by mentioning him in his book, but this fame was in Naysaboor and
probably Al —Khaffaf attained after his return to Naysabor and he just had to work in
fabrics while his presence in Baghdad. What encourages us to believe that Al-Khaffaf
was indeed the one mentioned by Abu Kamil? The presence of the three characters in
Abu Kamil’s story: Ahmed bin Nasr, Ibn Al-Ribati and Yahya bin Aktham makes it more
reasonable as the three were from the same origin (Naysaboor) and were all in Baghdad
at some time and they knew each other. Al Khaffaf must have returned to Naysaboor
sometime in or before 868 when Al-Saffar dynasty started ruling Khurasan as mentioned

above. This is supported by the fact the that he died in Naysabor in 912, moreover, Ibn

10



Hajar Al Asqalani (d. 1448) mentions a story in his book Tahtheeb Al-Tahtheeb where Al
Khaffaf witnessed a funeral in 902 in Naysaboor.

If it was true that Al-Khaffaf taught Abu Kamil, then we can deduce
that Abu Kamil was present in Baghdad sometime after 855 since if Ibn Al-Ribati lent
Al-Khaffaf money, it should have took place prior to his death in 857. Another
conclusion can be drawn from Abu Kamil’s story is that Abu Kamil should have lived
after 912, the year of Al Khaffaf’s death, since Abu Kamil spoke about Al-Khaffaf with a
language that confirms he was dead as Abu Kamil said: “God bless his soul and wipe his
sins”.

Looking at the time where Abu Kamil went back to Egypt, the only
piece of evidence on it is what is mentioned Sirat Ahmed bin Tulun (Biography of
Ahmed bin Tulun), which was extracted from a book written by Ibn Saeed Al Mughrabi
who stated that he was copying from Ibn Al Daya’s book ‘Sirat Ahmed Bin Tulun’. The
same story appears in Ibn Al-Balawi’s book bearing the same title” Sirat Ahmed bin
Tulun”. Again, Abu Kamil is telling Ibn Al-Daya about his release from Ibn Tulun prison
and that Ibn Tulun put him in charge of some industry related to the navy.

Roshdi Rashed, used this story to revise his estimate of Abu Kamil’s life span from 850-
930 to 830-900. (Rashid, 2012). A coup planned by Al-Abbas bin Ahmed bin Tulun
against his father, while the former was away from Egypt, started in 879 and it did not
end until 882 when the father brought his son back to Cairo executed or imprisoned all
the conspirators. Rashid questions that the reason behind Abu Kamil’s imprisonment
probably due to that fact that one of his relatives, Ahmed bin Aslem, was involved in the

coup. The name suggests that Ahmed bin Aslem is probably Abu Kamil’s brother,

11



however, Al-Magqrizi in Al-Maqffa Al Kabir, mentions the full name of this person as
Ahmed Bin Al-Qasim bin Aslem (Al-Magqrizi, d. 1441) which suggests he either may
have been Abu Kamil’s nephew or not have been related to Abu Kamil at all. Al-Magqrizi
also; mentions another person who may have been related to Abu Kamil, although we are
not able to confirm this. This person’s name is Ahmed bin Mohamad bin Shuja’a and he
was in charge of finances of Ibn Tulun’s state since 873.Ibn Tulun put him in prison in
878 following the coup and he died in 880. Regardless whether the reason of Abu
Kamil’s imprisonment was because of his relatives or not, Ahmed bin Tulun was known
of suspicions of people who come to Egypt especially those who were coming from
Baghdad where he used to treat them as spies sent by the Abbasid ruler. Abu Kamil must

have come to Egypt during that period in 878 and was released in 880.

Conclusion
Abu Kamil’s biography is still somewhat a mystery, despite that we now
know that he witnessed Sanad’s death. This and the fact the he learned the science of

Legacies from Ahmed bin Nasr, gives us an estimate of the time of his stay in Baghdad.

We know that Abu Kamil was originally from Egypt, that he lived in Baghdad probably
between 850 and 878 where he witnessed Sanad’s death sometime between 866 and 870,
and that he was meeting with Sanad frequently and probably was Sanad’s student. He
also, learned from Ahmed bin Nasr during his stay in Baghdad. Abu Kamil then returned
to Egypt where he was imprisoned, then released, and put in charge of some industry
related to the navy. During that time he was frequently meeting with Ibn Al-Daya (d.

950). Moreover, if Ahmed bin Nasr was indeed the one who was known as Al-Khaffaf,

12



which is more likely to be true as the combination of the three characters suggests,
Ahmed bin Nasr, Ibn Al-Ribati and Yahya bin Aktham, then Abu Kamil would have
lived after 912 the date when Al-Khaffaf died. Most likely, Abu Kamil lived from 840 to

920.
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Chapter II

Abu Kamil’s Influence

Prolific Author

There is no doubt that Abu Kamil had a tremendous effect on the development of
mathematics for centuries, not only on his followers from the Arabic scholars, but on the
Latin mathematicians as well. This is evident from the testimony of the prominent
mathematician Al Samwa’l bin Yahya bin Abbas Al Mughrabi (d. 1175) who mentioned
in one of his books that he studied Abu Kamil’s book, Fi Al Gabr Wa Al Mugabala when
he was 18 years old (Al Samwa’l, 1990). This means that Abu Kamil’s books were
serving as mathematical references even after more than 150 years of his presumed date
of death, 920. Not only that, but we also can find a commentary on Abu Kamil’s Al
Shamil Fi Al Gabr Wa Al Mugabala written by Ibrahim bin Omar Al Soubini(d. 1454)
titled , Al Diya’a Al Kamil Fi Sharh Al Shamil Fi Al Gabr Wa Al Muqabala,”The Perfect
Light in explaining the Comprehensive book in Algebra”. (Al Baghdadi, 1951). This
shows that even after more than 500 years of Abu Kamil’s era, scholars were still
providing explanations of his books. Abu Kamil was the first major Arabic algebraist
after Al Khwarizmi, by all accounts he was a prolific author. In his book, Al
Mugaddimah, the Muslim encyclopedist Ibn Khaldun classified Abu Kamil as the second
greatest algebraist chronologically after al-Khwarizmi. (Ibn Khaldun, 2004). In his
books, Abu Kamil extended the range of geometrical proofs .He is considered the first
mathematician to systematically use and accept irrational numbers as solutions and

coefficients to equations (Seisano, 2000).His mathematical techniques were later adopted
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by Fibonacci, thus allowing Abu Kamil an important part in introducing algebra to
Europe.

Abu Kamil made important contributions to algebra and geometry. He was the
first Islamic mathematician to work easily with algebraic equations with powers higher
than x2, up to x® (Levey,1970) and solved sets of non-linear simultaneous equations with
three to five unknown variables(Saidan, 1963) He used algebraic methods to solve
geometrical problems. Abu Kamil uses the equation x* + 3125 = 125x2 to calculate a
numerical approximation for the side of a regular pentagon in a circle of diameter
10(Ragep, 1996).Fibonacci knew about Abu Kamil’s works and made extensive use of it
in his Practica Geometriae. (Hartner, 1960). Abu Kamil remained seemingly unparalleled
throughout the middle ages in trying to find all the possible solutions to some of his
problems. (Sesiano, 1997).

Abu Kamil was one of the earliest mathematicians to recognize al-Khwarizmi's

contributions to algebra, defending him against Ibn Barza who attributed the authority
and precedent in algebra to his grandfather, Abd al-Hamid ibn Turk. Abu Kamil wrote in
the introduction of his Algebra:
“I have studied with great attention the writings of the mathematicians, examined their
assertions, and scrutinized what they explain in their works; I thus observed that the book
by Muhammad ibn Musa al-Khwarizmi known as Algebra is superior in the accuracy of
its principle and the exactness of its argumentation. It thus behooves us, the community
of mathematicians, to recognize his priority and to admit his knowledge and his
superiority, as in writing his book on algebra he was an initiator and the discoverer of its
principles .

There certainly no doubt that Abu Kamil was building on the foundations of

algebra as set up by al-Khwarizmi and indeed he forms an important link in the

development of algebra between al-Khwarizmi and al-Karaji. There is another reason for
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Abu Kamil's importance, however, which is that his work was the basis of Fibonacci's
books. The works of Abu Kamil influenced other mathematicians, like al-Karaji and
Fibonacci, and as such had a lasting impact on the development of algebra as many of his
examples and algebraic techniques were later copied by Fibonacci in his Practica
Geometriae and other works. (Levey, 1970) Unmistakable borrowings, but without Abu
Kamil being explicitly mentioned and perhaps mediated by lost treatises, are also found
in Fibonacci's Liber Abaci.(Karpinski,1914). So not only is Abu Kamil important in the
development of Arabic algebra, but, through Fibonacci, he is also of fundamental
importance in the introduction of algebra into Europe. Shalhoub presents a list of
parallels between Abu Kamil's works on algebra and the works of Fibonacci, and he also

discusses the influence of Abu Kamil on two algebra texts of al-Karaji (Shalhoub, 1990).

Abu Kamil’s Books

Let’s have a closer look at Abu Kamil’s books, before we discuss how these have
effected scholars who came after him and thus led to an impressive contribution to the
development of mathematics.

Ibn Al Nadeem (d. 990) listed nine books for Abu Kamil, of which the first three
in the list survived, where number 4 is a subject of dispute among researchers. However,
the list does not include the book discovered by this study, Kitab Al Wasaya Bi Al
Judhur, “The Book of Legacies by Roots” It was mentioned in Kashf Al Zunun of Haji
Khalifa (d. 1675).

Abu Kamil’s works as mentioned in Al Fihrist are as follows (Ibn Al Nadeem,d.

990):
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1.

Kitab Al Gabr Wa Al Mugqabala, “The book of Algebra”. This book is
more extensive treatise on algebra than that of Al Khwarizmi (Karpinsky,
1914), as stated by Abu Kamil himself in this book, that he listed Al
Khwarizmi’s problems and then attended to what Al Khwarizmi omitted.
Mainly, Al Khwarizmi dealt with the positive root of a quadratic equation,
while Abu Kamil extended his proofs to include the two roots of a
quadratic equation, irrational numbers, as well as the manipulation of
algebraic expressions (Suter, 1910). Abu Kamil explains this in his
introduction to the book where he states that he noticed that Al Khwarizmi
left many problems which are beyond the six problems of the Al
Khwarizmi. There were many commentaries of the book and translations
to many languages over the span 950 — 1600. The first two known
commentaries were by Al Istikhri and Ahmed bin Ali Al Omrani (Ibn Al
Nadeem, d. 990). Al Istikhri, Al Hassan bin Ahmed (d. 940) was one of Al
Fuqgahaa’ (Religious Scholars) in Baghdad while Al Omrani (d. 955) was a
book collector in Al Mosel. Another commentary was provided by Al
Qurashi (Ibn Khaldun, 2004), Al Qurashi (d. 1184) was a mathematician
who lived in Andalusia. Finally, the one we mentioned above, by Ibrahim
bin Omar Al Soubini(d. 1454) titled , Al Diya’a Al Kamil Fi Sharh Al
Shamil Fi Al Gabr Wa Al Mugabala,”The Perfect Light in explaining the
Comprehensive book in Algebra”. (Al Baghdadi, 1951). Most of
researchers almost agree that Al Shamil is most likely a description of the

book rather than a completely different one (Devine, 2014). In addition to
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these a Spanish translation by an unknown Christian Spaniard., this was
followed by a Hebrew translation, which is preserved in manuscript, by
Mordechai Finzi (d. 1473) Not alone by these translations and
commentaries was the influence of Abu Kamil exerted upon later writers
in this science; for two prominent algebraists made large use of his treatise
These two men are Al-Karkhi (d. 1029), whose treatise entitled Al-Fakhri,
and Leonard of Pisa (d. 1202) (Karpinski, 1914). Although there were
many Latin, Hebrew and Spanish translations of the book, the complete
Arabic text is preserved in a manuscript that dates to 1253 reserved in
Istanbul, which was published with a German translation by Sami
Shalhoob in 2004 The book consists of three chapters: the six equations,
multiplication and addition of numbers, and the problems of dividing the
ten.

Kitab Al Tayr, “The Book of Fowls”. This book is concerned with
solutions to simultaneous indeterminate equations where most of the
problems listed in it, lead to two equations in three or four or five
unknowns. The title is derived from a type of problems known in the east
which involve the purchase of different species of birds. Abu Kamil wrote
in the introduction:

“I found myself before a problem that I solved and for which I discovered
a great many solutions; looking deeper for its solutions, I obtained two
thousand six hundred and seventy-six correct ones. My astonishment
about that was great, but I found out that, when I recounted this discovery,
those who did not know me were arrogant, shocked, and suspicious of me.

I thus decided to write a book on this kind of calculations, with the
purpose of facilitating its treatment and making it more accessible”.
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The book was translated into German by Suter based on a manuscript
preserved in Leiden dated 1218 under the title Tara’if al Hisab,”The Rare
Things of Arithmetic”. Sesiano discusses Abu Kamil's work on
indeterminate equations and he argues that his methods are very
interesting for three reasons. Firstly Abu Kamil is the first Arabic
mathematician who we know solved indeterminate problems of the type
found in Diophantus's work. Secondly, as far as we know, Abu Kamil
wrote before Diophantus's “Arithmetica” had been studied in depth by the
Arabs. Thirdly, Abu Kamil explains certain methods which are not found
in the known books of the”Arithmetica” (Sesiano, 1977). The book, then,
was published in the Arabic text by many researchers such as Saidan,
Shalhoub and Rashed.

. Kitab al Masaha Wal Handasa “The Book of Mensuration and Geometry”.
This book is preserved in a manuscript in Tehran dated 1357. Jacques
Sesiano talked about the work in a 1996 article and distributed a basic

version of work with an English interpretation in 2013(Devine 2014).

. Kitab Al Khata’ain, “The Book of Two Errors™.

. Kitab al Falah, “The Book of Success”.

. Kitab Miftah al Falah, “The Book of Key to Success”.

. Kitab Al Asir, “The book of Juice”.

. Kitab Al Kifayah, “The book of Saturation”.

. Kitab Al Jama’ Wal Tafreeq, “The book of Augmentation and

Diminution”.
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The book of Legacies by Roots

Description of the book

The book deals algebraically with problems of the inheritance shares
according to the Islamic law, especially those who involve “Wasaya” (wills) where the
deceased bequeaths a part or parts of his wealth to someone who is not entitled to receive
inheritance by law. It is known as Ilm Al Farai’d (Science of ordained shares), a science
which is very close to mathematics since more use of arithmetic is needed specially to
deal with complex cases when the shares do not add to 100%.

The importance of the book comes from the fact that Abu Kamil, as
he mentions in the introduction, wrote this book after he wrote two major books of his,
The Book of Algebra and the Book of Completeness of Algebra (Abu Kamil, 900). Thus,
this books saw the light after Abu Kamil’s major works which implies the maturity of
Abu Kamil’s methods in dealing with the problems of legacies. Furthermore, in the same
introduction, Abu Kamil reveals the reason that motivated him to write the book, mainly
to provide new methods other than those known to Al Fuqahaa’ (Jurists, Religious
Scholars) and to use Al Judhur (the roots). We stress here, on the meaning of “roots”,
while it means either solutions of an equation, or radicals, it is here to be interpreted as
square roots. At one point in the book, Abu Kamil mentions that this is where he started
involving roots, and indeed, all the problems following this statement he used square
roots.

The language used in the book is based on ‘rhetorical” mathematics, that is,
mathematics written without notation, which makes it difficult to follow sometimes even

for Arabic speakers. The following is just a sample of the language used in the book:
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“It is well known, as we explained, that if you add to the Dinar, two-
seventh of the remaining money, which is two-seventh of a Dirham except
two-seventh of a Dinar, then the result is the son’s quota which is five-
seventh of a Dinar and two-seventh of a Dirham. The other son gets the
same and the mother’s quota is two-fifths of the son’s quota which is two-
sevenths of a Dinar and four-fifths of one-sevenths of a Dirham”.

Abu Kamil starts immediately, after the introduction of the book, working

on inheritance problems without classifying any chapters. However, the copier

distinguished some sentences by writing them in red color. These are of different font

sizes, and can classify into three types:

Chapter titles, these are preceded by the Arabic word, ‘Bab”. At some point, on
page 71, Abu Kamil starts providing chapters’ titles with * The Completion” , in
Arabic, ‘Bab Al Takmilah” chapter..

Section Headings, these are of the same size as the previous one, but without

mentioning the word, ‘Bab”, such as the one after one of the chapters, which

reads,” Involving Roots”.

Body Headings, these are of a smaller size than the previous ones and usually

mark the start of discussion of different types of wills.

The structure of the book is then as follows:

1. The introduction and the discussion of different types of wills and inheritance
problems (p. 1 till p. 71). This part, includes many body headings such as,
“Other types of wills”.

2. The completion chapter, “Bab Al Takmilah”, (p. 72 till p. 80)in this chapter,
Abu Kamil discusses problems where the deceased bequeaths to someone’s

quota to complete a part or parts of the quota of one of the heirs. For example,
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bequeathed to his uncle to complete one-third of the money by the son’s
quota.

3. “The completion after the will “chapter (p. 80 till p. 88), in this chapter, Abu
Kamil discusses problems where the deceased bequeaths to someone’s quota
to complete a part or parts of the quota of one of the heirs except the
completion of the remaining money. For example, a man left a mother, a wife,
eight daughters, and bequeathed to his uncle to complete two-thirds of the
money by the mother’s quota except the completion of the remaining money.

4. “The wills involving debt” (p. 88 till p. 101), in this chapter, Abu Kamil
discusses problems of inheritance which involve debts, extracting the amounts
of both the wealth and the debts from the quotas. For example, a man left 5
sons, bequeathed one-third of his money to his uncle, and had debt for another
person, then how much is the money and how much is the debt?

5. ‘The Dirham’ chapter (p. 102 till p. 137), in this chapter, Abu Kamil discusses
problems that extract the minimum amount of the shares of money so as it can
be divided evenly between the heirs, i.e. without fractions.

6. Five Sections on ‘Other Types of wills” (p. 137 till p.174).

7. Section on “The beginning of using roots” (p. 175 till p.179).

8. Section on “Other Types of wills using roots” (p. 175 till p.178).

9. Section on “Other Types of wills using roots after the will” (p. 179 till p.195).

10. Sections on ‘Other Types of wills” (p. 195 till p.205).

Impact of the book on the Science of Shares (Al Afraid)
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The earliest traits of Abu Kamil works in this book, we were able to find,
are included in the book, “Kitab Al Talkhis Fi Ilm Al Faraid” (The Book of Summary in
the Science of Shares). This book was written by Al Khabri (d. 1083) who was a
prominent scientist of Faraid (shares) as well as in language and literature. This means
that the jurists made use of this book and acknowledged Abu Kamil’s methods. In the
chapter on Wasaya (wills) of Al Khabri’s book we find complete problems with solutions
taken from Abu Kamil’s book “Legacies by Roots”, sometimes word-to-word, and in
other times with minor modifications. Al Khabri did not mention Abu Kamil as a source
of these problems because, in our opinion, Al Khabri’s book is of a summarizing nature,
as he mentions, in the introduction, that he saw the books on this science were either too
long and detailed or too short and useless and that he wanted to write a book where he
summarizes the terminology but at the same time stressing full meanings (Al Khabri,
1994). Indeed, there was no reference, in his book, to any source, except mentioning one
source who was his teacher Abu Abdu Allah Al Wanni (d. 1058). Therefore, we can say
that Al Wanni also studied and acknowledged Abu Kamil’s methods. Going back to the
chapter on Wasaya (wills) in Al Khabri’s book, we found that many problems with their
solutions were taken from Abu Kamil’s book under a section named “Involving Al
Gabr”. In these problems, Al Khabri replaces the “thing” used by Abu Kami with “mal”
(money) and proceeds with the same wording and steps to find the solution and then
provides, using same words, some of the other solutions to the problem provided by Abu
Kamil.. The following is an example taken from both books:

Abu Kamil : “If he left, 3 sons and bequeathed from one-third of his
money as the same quota of that of a son and one-third of the remaining

money from the one-third. Then the methodology is to let your money be a
thing, then one-third of it is taken, because the commandment is from the
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one-third, subtract a share from it , then remains one-third of a thing
except a share”.

Al Khabri: “If he left, 3 sons and bequeathed from one-third of his money as the same
quota of that of a son and one-third of the remaining money from the one-third, take one-
third of mal then one-third of it is taken, subtract a share from it, then remains one-third
of mal except a share”.

This continues to happen in all of the problems taken from Abu Kamil’s book.
We hope that, by publishing the book, doors will open to explore more connections
between the contents of this book and the works of Abu kamil’s successors.

Abu Kamil’s Methodology

Abu Kamil is an immediate successor of the Al Khwarizmi and other “Hussab”,
reckoners of the 8" century. He admits on many occasions, that he studied their books,
but always emphasizes on his additions to their works with a sense of pride. We have
seen how he started the introductions of his books by mentioning his achievements. Abu
Kamil gradually moves from simple problems to complex ones, as he states in the
introduction of this book:

“I thought I should write a book of Al Wasaya (Legacies) where I start
with the easy problems of what AL Fugaha’a (Jurists, Religious Scholars)

have mentioned in their books, in addition to some of the material in the
book of Al Hajjaj Bin Yousef known as Al Wasaya (Legacies)”

This continues to happen whenever Abu Kamil comes with a solution, he thinks it is
something new, as he states, after solving, one of the problems on page 116:
“Al Hajjaj solved this problem, if someone compares his solution to ours,

then the virtue of our work and it easiness and correctness will be clear.
This is all because Allah inspired us and made us better than others”

Again, when he mentions the methods of the “Fuqahaa” (the jurists), and describes his
plan to lay an arithmetical foundation for some problems on page 102:
“I swear, it is difficult to resolve some of these problems on their

conditions, and some of these problems cannot be solved without
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fractions. We will work on these problems, explain them, and show an
easy way to solve them. We will provide evidence for those which can be
solved by fractions only”.

Moreover, he stresses that he will come out with something different from their methods,
since in his opinion, they neither mention the origins of these problems nor the path that
leads to such problems, as he states in the same introduction:

“I intend to explain these problems in a clear way where I show what is
supposed to be interpreted using Al Gabr Wa Al Mugabala and Al Dinar
Wa Al Dirham. I will explain this science using a different approach form

theirs as they have neither shown the origin of these problems nor the path
that led to these problems”.

Therefore, Abu Kamil is a man of foundations, he looks into the origins of the problem
and finds a clear, easy and systematic way to solve it using different strategies, and some
of these strategies depend on Al Gabr Wa Al Mugabala and Al Dinar Wa Al Dirham.as
he mentioned above. Never the less, Abu Kamil, provides , in many occasions, more than
5 solutions for some problems, using arithmetical shortcuts depending on the nature of
the problem and the numbers involved in it as we will see in the coming examples.
Moreover, Abu Kamil frequently checks the correctness of his methods by applying the
solutions he found to the elements of the problem so as to get the solutions verified. A
final note about Abu Kamil’s methodologies, before we show the applications of these
methodologies in the book, let us hear Abu Kamil describing them in his introduction:
“I will be tackling these problems using different approach other than
theirs where I will open what they have closed and loosen the knots they
have held, I will also evaluate their calculations from an algebraic point of
view using clear paths and arguments. This will be followed by

interpreting the complicated problems raised by the religious scholars
showing what worked with accurate calculations involving roots.”

Based on his description and the book’s content, we may summarize Abu Kamil’s

methodology in providing solutions as follows:
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e Provides a description of the problem and defines some terms which maybe of
unclear purpose, such as, what is meant by “completion of the will”.

e Provides a solution based on the shares of money.

e Provides a solution using AlGabr Wa Al Mugabala.

e Provides a solution using Al Dinar Wa Al Dirham, which we will explain later.

e Checks the solutions for correctness, by applying them on the problem variables.

e Provides other solutions based on all of the above methods, sometimes presents
shortcuts using arithmetic which depend on the numbers involved in the problem.

e Provides clear arguments and detailed interpretation of the solutions.

Applications of Abu Kamil’s methodologies in the book

Before we start showing some examples from the text, it worth introducing the Islamic
inheritance jurisprudence.Those who inherit are usually confined to two groups;
1. Quota-heirs (heirs by law), usually include daughters, parents, grandparents,
husband and wife/ wives, brothers and sisters, and others. This group usually take
a fixed prescribed share of the estates designated by the Quran.
2. Members of the “Usba” (residuary), and the people who benefit from his bequeath
(will), usually a combination of relatives and non-relatives that inherit as

residuary after the shares of the quota-heirs are distributed.

Therefore, it is necessary to determine the relatives of the deceased who are entitled to
inherit, and their shares. Islamic law places a restriction on the testator, the amount that
he or she can bequeath must not exceed one third of the overall wealth.The following

table summarizes major types of quota-heirs and their shares:

26



Relative

Share by law

Changes to the share

Remarks

Husband

1
3 (no

children )

= (If children present)

Confirmed share, cannot be

blocked.

Wife

1
" (no

children )

= (If children present)

Confirmed share, cannot be

blocked.

Daughter

1
3 (one

daughter)

§ (multiple daughters)

Condition: Absence of sons.
If son’s are present , then each
son receives twice a
daughter’s share

Confirmed share, cannot be

blocked

Father

N

Can get more

Confirmed share, cannot be
blocked

Blocks other relatives such as
grandparents, brothers and
sisters, nephews and

grandchildren.

Mother

W =

%( deceased has children

or multiple siblings)

Confirmed share, cannot be
blocked

Blocks grandmothers.

Table 1 Major quota-heirs and their shares
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The following are four examples extracted from the book that represent the major

types of the problems addressed by Abu Kamil.

Example 1
“If he left his mother, four sons and bequeathed the same quota as one of
that of a son except one-seventh of the money, you will find the shares of

money to be 24 shares, 4 for the mother and 5 for each son. “

Abu Kamil starts by finding the shares of the money, the mother’s quota is % of

the money rather than the usual % since there are sons are involved, then the money

shares are calculated, which is called the origin of the problem. The origin of the problem
is defined as the least number of shares which enables every inheritor to receive his/her
share without a fraction. If there is only one who is entitled for inheritance either by will

or by inheritance law (which is the case here, the mother), then the origin is the

. a1 .
denominator of the share. Here, we have a mother with . of the money and the rest is for

the sons, therefore the origin should be 6 (the denominator of %), however since the

remaining shares are 5 which is not divisible by the 4 sons, multiplying the original 6
shares by the number of sons, we get 24 which is the shares of money.

It is noted that Abu Kamil never showed how to calculate the shares of the money
for any of the problems, probably because, in his era, it was a well-known process and
therefore, it did not require an interpretation.

“Let the money be a thing and give 5 shares to the one who is
recommended for the same quota as the son. The remainder is a thing
except 5 shares, exclude from the 5 shares, one-seventh of the money,
which is one-seventh of the thing, then, a thing and one-seventh of a thing
except 5 shares is equal to 24 shares. Complete the thing and the one-

seventh of the thing by 5 shares and add it to 24 shares to get a thing and
one-seventh equal to 29 shares. Complete the thing and the one-seventh to
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become a thing by subtracting its one-eighth from it. This is because the
one-seventh of a thing is one-eighth of a thing and one-seventh of a thing.
It is one-eighth because you convert the thing and one-seventh into one-
eighths to become 8 and the 1 in 8 is its eighth. Likewise, drop one-eighth
of the 29 shares, which is 3 and half of one-eighth. The result is a thing
which is equal to 25 shares and 3 one-eighths of a share. Set the share as 8,
then the money is 203 and the son’s quota is 40 since he has 5 shares*.

Abu Kamil, first solves for the quotas of each inheritor using Al Gabr Wa Al Muqabala
by letting the money to be x and the share of a son to be y, then, giving the bequeathed

person the same as the quota of that of a son (5 shares) minus one seventh of the money
(g) , and equating this to the shares of the money, Abu Kamil states that a thing and one-
seventh of a thing except 5 shares should be equal to the shares of money which is 24:

1 . 1 1
x+-x- 5y = 24y, In modern algebra, this would be x- (Sy - ;x) =X+ ox- 5y.
Then Abu Kamil uses Al Gabr (completeness) and Al Mugqabala (balancing) to get

1
x+;x—5y+5y = 24y + 5y

1 oo . 1 1 1
x + SX = 29y , now Abu Kamil, in solving for x , subtracts 3 [x + ;x] from + o, and
explains that ; = % [x + %x] , furthermore, he elaborates that if you convert the x + %x
. . 1 . 1 1(x
into units of 5> you will get 8 of them: 8 [gx +3 (;)]
Abu Kamil then proceeds to subtract é (29y) from the right hand side;

x+ %x — % [x + %x] = 29y — % (29y) , in modern algebra this would be using the

property: If A = B, then A — g =B - g , more generally A — % =B - S ; M is integer.
Abu Kamil uses this property in almost all of his algebraic solutions. Then, Abu Kamil

1 1 1
calculates 5 (29y) as (3 >t 5) y
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x =29y — (3 % + %) v , then finally arrives at x = 25y + Zy, and picks y = 8 to enable

cancellation of the denominator, y = 8; x = 203 and points out that the son’s quota is
5y = 40

If you need to check, give 11 to the one who is recommended to him the
same quota as that of one son except one-seventh of the money, because
the quota of one of the sons is 40 and one-seventh of the money is 29.1f
you drop 29 from 40, the remainder for him which is 11.Subtract it from
the money to get 192, give the mother one-sixth which is 32 and the
remaining is 160 among four sons, 40 each.

Abu Kamil checks his solution by calculating the bequeathed amount: son’s quota

minus %th of the money: 40 - % (203) =40 — 29 = 11, then he subtracts 11 from the
money to get the shares of the quota-heirs, which is 192 . For the mother 1%2 = 32 and

.. 160
the remaining - = 40 for each son.

“Another method, let the money be a Dirham and give 5 Dinars to the
one who is recommended for the same quota as the son. The remainder is
a Dirham except 5 Dinars, exclude from the 5 Dinars, one-seventh of the
money, which is one-seventh of the Dirham, then, a Dirham and one-
seventh except 5 Dinars is equal to 24 Dinars. Complete the Dirham and
the one-seventh by 5 Dinars and add it to 24 Dinars to get a Dirham and
one-seventh equal to 29 Dinars. Convert it to one-sevenths, then the
Dirham and one-seventh is 8 which is the one part of the Dinar, the quota
is 40 since the Dinars are its one-fifth, and the 29 Dinars converted to one-
sevenths is 203, which is the one part of the Dirham because we made the
money a Dirham’.

Abu Kamil uses here the method of “Hisab Al Dinar Wa Al Dirham” (calculations of the
Dinar and the Dirham), where he uses the same argument as in the previous method
replacing the “thing’ by ‘Dirham” and the “share’ by “Dinar”. However the two methods
differ in the final steps. While he uses an algebraic method with the unknowns, the
“thing” and the “share”, he uses conversion of the Dirhams and the Dinars into multiples

of unit fractions using mixed fractions to arrive at the same result. Letting the Dirham to
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be D and the Dinar to be d. In both cases, he arrives at: x + %x =29y and. D + ;D =
29d .Abu Kamil proceeds algebraically to solve for x and y in the first equation, and

uses the unit fraction ; to compare the one part of each currency to the other, in the

second equation. Here, D + Ip=1ip= (§) D=8 (l) D, and
7 7 7 7

203
7

29d =22 4 = 203 (;) d , hence8 (;) D = 203 (;) d , that is, 8D = 203d. Abu Kamil,

then explains the 8 is the one part (unit) of the Dinar and the 203 is the one part of the.
Dirham. Although, Abu Kamil did not provide further explanation of the result of this
particular problem, since he have done this in many problems preceding this one, the
result is interpreted as follows, the one part of a Dirham is the value of one Dirham, that
is, the money is 203 since he let the money to be a Dirham. Similarly, the one-part of a
Dinar is the value of one Dinar and therefore the quota of a son is 40 since it is 5 Dinars.
Abu Kamil provides another solution for this particular problem where he assumes the
money to be 7 Dirhams, and then arrives at the same result. However, for most of the
problems, he provides more solutions, sometimes reaching more than 5 solutions based
on all of the above methods, sometimes presents shortcuts using arithmetic which depend
on the numbers involved in the problem. For example, he provided 7 solutions to reach
the same result using arithmetic, algebra, Dinar and Dirham, and shortcuts by
manipulating the assumptions of the “money” for the following problem;

“If he left, the same quota as one of the daughters, and bequeathed one-

fifth and one-sixth of the remaining money which is approved by
inheritors.”

1. Let the money be a thing, and take out the share of one of the daughters.

2. Let the money be a Dirham, and take out a Dinar.
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Example 2

Let the quota of the daughter be a thing which has one-fifth and one-sixth
which is 30 and make it Dinars.

Let the money be 30 Dirhams and 30 Dinars.

Let the money be a Dirham and a Dinar.

Make every share 19, this is because taking away one-fifth and one-sixth of
any money is the same as taking 11 parts out of 30 parts of it.

Take away one-third of the money for the people of commandments.

“If we need to know the minimum unknown number, if the remainder of
the unknown is divisible by the difference of the origin and the companion
and the origin is greater than the companion, then divide the remainder by
the difference and multiply the result by the origin to get the unknown. For
example, if a money is divisible by 91 and when you divide by 84, the
remainder is 70. Divide the 70 by the difference between the origin 91 and
the companion 84 which is 7 to get 10. Multiply 10 by the origin 91 to get
910 which is the unknown’.

Abu Kamil here defines four numbers;

1.

2.

The unknown (money),

The origin which is a divisor of the unknown, i.e. the unknown is divisible by
the origin.

The companion, in Arabic “Al Qareen” , which means the permanent
companion, is the number that leaves a remainder, when you divide the
unknown by it

The remainder, which the remainder of division of the unknown by the

companion.
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Abu Kamil, then states that if the origin 91 is greater than the companion, 84

which is the case here, then divide the remainder of division (of the unknown x by

the companion), 70 by the difference 91-84 , which is 7 to get 10, then the

unknown is 91 multiplied by 10 which is 910. Abu Kamil then, provides methods

for other three case:

1.

When the origin is less than the companion and the remainder is still divisible
by their difference, giving as an example of a money when divided by 91
leaves a remainder of 60 and is divisible by 85. Here, the origin is 85 which is
less than 91, but the remainder 60 is divisible by their difference 6 to give
10.Abu Kamil suggests subtracting 10 from the companion 91 to get 81 and
then multiplying it by the origin 85 to get 6885.

The origin is greater than the companion but the remainder is not divisible by
their difference, giving as an example of a money when divided by 89 leaves a
remainder of 66 and is divisible by 97. Here, the origin is 97 which is greater
than 89, but the remainder 66 is not divisible by their difference 8 .Abu Kamil
suggests adding 6 times of the companion to the 66 get 600, then divide 600
by 8 to get 75 and then multiplying it by the origin 97 to get 7275.

The origin is less than the companion but the remainder is not divisible by
their difference, giving as an example of a money when divided by 93 leaves a
remainder of 82 and is divisible by 98. Here, the origin is 98 which is greater
than 93, but the remainder 82 is not divisible by their difference 5 .Abu Kamil

suggests adding 6 times of the companion to the 82 get 640, then divide 640
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Example 3

by 5 to get 128, subtract multiples of the companion, 128 — 93 = 35 and

then multiplying it by the origin 98 to get 3430.

“If he left five sons, bequeathed to his uncle the same quota as one of that
of a son, and one of the sons owed the deceased a debt such that his quota
and his debt constitutes a quarter of the money. How much is the debt and
how much is the money? Let the money be a Dirham and the share of a
son be a Dinar, then the shares of the 5 sons is 5 Dinars. The uncle then
receives half of the 5 dinars which is 2 and a half of a Dinar, this is
because, if you remove one-third of the money, then the remainder is .its
two-thirds and the one-third is half of the two-thirds and the son’s shares
are two-thirds of the money after removing the debt. It is obvious that the
money is 7 Dinars and a half after the removing debt, and that the debt is a
Dirham except 7 Dinars and a half. Since the son’s debt and share is a
quarter of the money, we showed that the debt is a Dirham except 7 Dinars
and a half, add to it the share of the son which a Dinar so it is a Dirham
except 6 Dinars and a half equal a quarter of the money which is a quarter
of'a Dirham. Complete it by 6 Dinars and a half and add it to the quarter of
a Dirham so it is a quarter of a Dirham 6 Dinars and a half equal a Dirham.
Drop a quarter of a Dirham from the Dirham leaving a three-fourth of a
Dirham equal 6 Dinars and a half. Convert it into quarters so the one part
of the Dinar is 3 and the one part of the Dirham is 26 which is all the
money, double it to avoid fractions so that the money is 52, the son’s share
is 6 and the debt is 7. Since the debt and the son’s share is a quarter of the
money which is 52, so its quarter is 13, the son’s share is 6 and the debt
remains 7.

Abu Kamil here addresses problems that involve debts, as usual, he picks one of

his methods, here, the Dinar and the Dirham calculations by assuming the money to be a

Dirham minus a Dinar where the Dinar is the share of one son. Abu Kamil, then proceeds

by expressing other variables involved in the problem. The 5 sons receive 5 Dinars and

the uncle receives % of the money, which he explains that it is the same as % of the share

of the 5 sons. Abu Kamil, of course, won’t leave this without interpretation as the norm

in all of his solutions. He explains that the shares of the 5 sons is % of the money after

34



removing the debt, and since § = % (§)= then the uncle’s share is ; (5 Dinars) = 2 ; d
Abu Kamil then concludes that the money after removing the debt is 7 % d and the debt is
a Dirham minus 7 % Dinars: D — 7 % d. Now the son’s share and his debt is i of the

money, then d + D — 7 % d= %D, proceeding with Al Gabr Wa Al Mugqabala,

D 61d+61d—1D+61d
2 27 4 2

D—1D+61d
4 2
D 1D—1D+61d 1D
47 4 2 4
3D—61d
)

.. . 1
Converting into units of "

3 (1D> = Ed = ﬁd = 26(1d)
4 2 4 4

3D = 26d , hence the one part of the Dinar (the value of one Dinar) is 3 and the one part
of the Dirham is 26 which is the money since he assumed the money to a Dirham. Abu
Kamil, now points out that 26 needs to be doubled in order to avoid fractions in the
calculations, so he makes the money 52 and therefore the share of a son is 6 ( again,
double of the value of the dinar which is 3) , and the debt is 7. Again, as in all of his
solutions, he keeps repeating and stressing the results , he ends the solution by

elaborating: since the Since the debt and the son’s share is a quarter of the money which

1s 52, so its quarter is 13, the son’s share is 6 and the debt remains 7.
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Example 4

“If he left 5 sons, bequeathed to his uncle the same quota as that of one of
the sons except the root of the money, and to his avuncle (mother’s
brother) the root of the remaining from one-third of the money. Let your
money be “mal” and let the quota of one son be one-half of one-sixth of a
mal and a thing, as you will see, this will open the problem and lead to a
nice solution without having a surd. Then the uncle’s quota is one-half of a
sixth of mal, drop it from one-third of the money to get one-fourth of mal
and give the avuncle its root which is one-half of a thing. Add the
remaining one-fourth of a mal except one-half of a thing to two-thirds of
the money so it is two-thirds of a mal and one-fourth except one-half of a
thing equal to the quota of sons which is one-fourth and one-sixth of mal
and 5 things. Complete it by one-half of a thing, add it to 5 things and
subtract a quarter and one-sixth of two-thirds of a mal and a quarter of a
mal, so it is one-half of a mal that is equal to 5 and one-half things. Then
mal is equal to 11 things and a thing is equal to 11 Dirhams which is the
root of the money, that is, the money is 121. The quota of each son is 21
Dirhams and one-half of one- sixth and the uncle’s quota 10 Dirhams and
one-half of one- sixth, drop this from one-third of the money which 40 and
one-third to get 30 and a quarter. Give the avuncle its root which is 5 and a
one-half, then 24 and one-half and a quarter remains, add it to two-thirds
of the money which is 80 and two-thirds to get 100 and one-sixth to be
divided among 5 sons with 21 Dirhams and one-half of one- sixth each” .

Abu Kamil here addresses problems that involve roots which refers here to square roots
not the roots of an equation. However, Abu Kamil here introduces a new variable to
express the money, by detonating the money as “mal’ which was not the case in the
previous problems. However it is not new in Al Gabr Wa Al Mugabala terminology, it is
a well-known term to represent x2. It is one of the three types which are noted by
Mohammed ibn Musa al-Khwarizmi in his book. These are al Judhur (roots), squares
(mal) and number. A root or a thing (Al Jidhr, singular of Al Judhur) is anything which
can be multiplied by itself, composed of one, numbers above one, and fractions. A square
is that which results from the multiplication by itself of root, composed of units, and units
and fractions. A number is a quantity by itself which does not have the name of root or

square, but is proportional to the number of units which it contains. These three types are
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proportional to each other by turn in pairs (Abu Kamil, 1986) thus, squares equal to roots,
squares equal to number, and roots equal to number(ax? = bx,ax? = n,bx = n).

Abu Kamil couldn’t prevent himself from being proud to provide a nice solution that

1

avoids surds (irrationals), by choosing the son’s quota as % (g) of a mal plus a thing,

%(%) x% + x . Abu Kamil, then proceeds by extracting the shares of all parties involved

and then using the information given to arrive at an equation which allows him to

calculate all shares. The uncle’s quota is same as that of a son minus the root of the

1/(1 11 . .
money, (g) x> +x—x= ; (g) x?, the avuncle’s share is the root of what remains from

one-third of the money \/%xz - %(%) x? = \/ixz = %x , adding the remaining ixz - %x

to two-thirds of the money equal the shares of the sons:

4 2 3 2\6

%xz —%x+§x2 =%x2 + 5x

%xz —%x+§x2 =%x2 +—x% 4+ 5x

%xz —%x+§x2 +%x—%x2—%x2 =%x2+%x2+5x+%x—%x2—%x2
%xz = S%x

x* =11x

Abu Kamil concludes that the money is 11 things and a thing is 11 Dirhams which is the

root of the money, so that the money is 121 Dirhams and the son’s quota is 21 + % (%)

Dirhams and. The uncle’s share is 10 + % (%) Dirhams subtract it from % of the money
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which is 40§ to get 30% , its square root 5 % is the avuncle’s share. The remaining is
30& — 5% =24 + % + i , adding this to two-thirds of the money which is 80% , to get

100 % to be divided among 5 sons with 21 + %(%) Dirhams each.
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Samples of Abu Kamil’s Works
To end this chapter, we will show some samples of Abu Kamil’s works from

books other than the one we are translating as this will be discussed in the next chapter.

Sample from the book of Al Gabr Wal Mugabala
Abu Kamil demonstrates rules and properties of numbers such as
ax X bx = ab X x?and a X (bx) = (ab) X x?.He also shows an
example of the distributive property where he shows that: (10 — x) X (10 — x) =
100 + x? — 20x. Abu Kamil solves this problem algebraically and geometrically, we
will look at his geometric proof.

Proof: In figure 1, let line GA be equivalent to 10 in length and GB, x

X 1{0=x

Figure 1 y

AB = ED = 10 — x and the areas of the rectangles, GAZE and GBHD are both equal to
10x.Therefore the area of the rectangle formed by E,D and H is equal to 10x — x? and
this added to the area of GAZE is equal to 10x + 10x — x? = 20x — x?2. Since the area

of the square formed by Z and H is equal to (10 — x)? and the area of the large square is

100, then (10 — x)? = 100 — (20x — x%) = 100 — 20x + x?
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Sample from the book of Fowls
Problem: You have 100 Dirhams and you want to purchase 100 different species: ducks,
chickens and pigeons. If one duck costs 2 Dirhams, two chicken cost 1 Dirham, and 3

pigeons cost 1 Dirham, how many you can buy from each type?

Solution: Suppose that you buy a “thing”, x.of pigeons, the cost is g Dirhams, and y
chickens, so the cost is % Dirhams. Therefore the number of ducks is 100 — x — y which
is equal to the remaining Dirhams which is 100 — g - %, since a duck costs 2 dirhams,

2(100 —x —y) =100 — g — % This leads to the equation: x = 60 — j—z

For x and y to be integers, y must be equal to 10 or its multiples which yields the answers

summarized in the following table:

Pigeons x Chickens y Ducks
51 10 39
42 20 38
33 30 37
24 40 36
15 50 35
6 60 34

Table 2 possible solutions

Abu Kamil stops at y = 60 since he knows 3—3(; is less than 60.
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Chapter II1

Class Room Activities

In all of his books, Abu Kamil used ‘rhetorical’ mathematics, that is,
mathematics written without notation. The following are some classroom/teaching
activities based on the text to show that this material might be of interest to middle or
high-school-aged students. We will also be putting some of the algebra that students learn

into context - showing them how to convert ‘rhetorical’ mathematics into notations

Activity 1
Text: ‘24 shares are two-thirds of the money and hence one-third should be 12 shares and
the origin should be three-thirds which is 36”.
Motivation
e The relationship between a part and a whole as described by fractions.
e The interpretation of the denominator as the unit we are counting and the
numerator as the number that counts or enumerates how many units we have.
Instructional Procedures
e Analysis: students read the text and analyze, using group discussion, the
methodology used to arrive at the origin of the money.
e Conceptualization: by exploring similar examples, with different parts other than
two-thirds, students realize that the unit fraction is the key to address such

situations.
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e Generalization: finding the unit fraction requires dividing by the numerator and

finding the whole requires multiplying by the denominator

2N="N=2Nthenmx—~N=N
nm m m

m

m n
—X—N=N
n m

Sample Assessment
1. Three-fifths of students is 200, what is the number of the students?
2. Three-fifths of twice the number of students is 144, what is the number of the
students?
3. Show that if you add one-third of a number and one-half of its two-thirds, the

result is the number itself.

Activity 2

Text: “The quota of the two men, then is 167.to be divided between them, five-ninth for
the first and four-ninth for the second. However the 167 has neither one-ninth nor one-
third so that cancellation cannot be used, we cannot find a number where 167 and 9 are
divisible by it except 1.In this case, the problem does not accept cancellation”
Motivation

e The relationship between the GCF and reducing fractions.

e The relationship between the divisibility rules, GCF and .relatively prime

numbers.

Instructional Procedures

e Analysis: students read the text and analyze, using group discussion, the

methodology used to arrive at the irreducibility of 167/9.
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Students should know the divisibility rules

a number is divisible by if yes example no example
2 the number is even 4 5
3 if the sum of the digits is a multiple of 3 24— 2+4=6 25— 2+5=7
4 the last two digits are a multiple 4 224 225
5 the number ends in 5 or 0 15 33
6 if the number is divisible by 2 AND 3 24 33
9 if the sum of the digits is a multiple of 9 81—8+1=9 78—7+8=15
10 if the number ends in zero 60 91

When would you use the GCF of two numbers? to reduce fractions

What is the GCF of two prime numbers? One

e Conceptualization: What is the GCF of two numbers if they don't have any

common factors? (Students get so involved with the process that they forget that

one is a factor of all numbers) one.

e Generalization: % is irreducible if and only if a and b are relatively prime that is,

if a and b have a greatest common divisor of 1.

Sample Assessment

1.

2.

What is the GCF of two prime numbers?
What number is a factor of every number?

Reduce the following fractions, if possible:

84 8 334 105 17 707
63’9’ 6 '112°53'808

Is the sum of two irreducible fractions reducible?
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Activity 3

Text:” If he left five sons, bequeathed to a non-relative the same quota as one of
the sons, and one-tenth of his wealth to another, let the money be a thing, give a share to
the one who is recommended for the same quota as one son, then a thing except a share
remains. Give one-tenth of a thing for the one who is recommended for one-tenth, then
remains nine-tenth of a thing except the quota of the five sons which is equal to 5 shares.
Then, nine-tenth of a thing is equal to six shares. Now, complete the nine-tenth of a thing
to become a thing, by adding its one-ninth to it, add to the 6 shares the same as its one-
ninth, which is two-thirds of a share. The result is a thing which is equal to 6 shares and
two-thirds of a share. Set the share as 3 because of the two-thirds (to enable cancelation
of the denominator of two-thirds), then the money is 20 and the share is 3”.

Motivation

e Translating Word Problems into Equations.

e Setting up a system and following it, leading students to be successful with word

problems.

Instructional Procedures

e Analysis: students read the text and analyze, using group discussion, the

methodology used to assign variables.

e Conceptualization: transforming words into symbols for the quantities students

are trying to find.

e (QGeneralization:
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Read the problem carefully and figure out what it is asking you to find.

The money and the share of a son

Assign variables to the quantity you are trying to find.

The money is x and the share of a son is y. Most students choose to use x, but
feel free to use any variable you like. For example, if you are being asked to

find a number, some students like to use the variable n.
Write down what the variable represents.

At the time you decide what the variable will represent, you may think there is
no need to write that down in words. However, by the time you read the
problem several more times and solve the equation, it is easy to forget where

you started.

Re-read the problem and write an equation for the quantities given in the

problem.
1 9
x-y—(g)x=5y,qpx—y=5y

This is where most students feel they have the most trouble. The only way to
truly master this step is through lots of practice. Be prepared to do a lot of

problems.

Solve the equation.
9
ﬁﬁx—y+y=5y+y=6y

(55)x =
10)* =
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_60 _20 —6 +<2)
x—g}’—SY—y 3)’

takey =3,x =20

Answer the question in the problem.

Just because you found an answer to your equation does not necessarily mean
you are finished with the problem. Many times you will need to take the
answer you get from the equation and use it in some other way to answer the

question originally given in the problem.
Check your solution.

The share of the son is 3 , then 5 sons get 15, the non-relative has same quota
as one son which 3 then the remaining 20 — 15 — 3 = 2 which one-tenth of

the money (the share of the other person).

Sample Assessment

1.

The sum of a number and 9 is multiplied by —2 and the answer is —8. Find
the number.
On an algebra test, the highest grade was 42 points higher than the lowest

grade. The sum of the two grades was 138. Find the lowest grade.

. In a given amount of time, John drove twice as far as Jack. Altogether they

drove 90 miles. Find the number of miles driven by each.
The length of a rectangular map is 15 inches and the perimeter is 50 inches.

Find the width.
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Activity 4
Text:” If a money is divisible by 91 and when you divide it by 84, the remainder is 70.
Divide the 70 by the difference between the origin 91 and the companion 84 which is 7 to
get 10. Multiply 10 by the origin 91 to get 910 which is the unknown’.

Motivation

¢ Find the least integer which is divisible by a number and leaves a remainder when
divided by another number.

Instructional Procedures

e Analysis: students read the text and analyze, using group discussion, the

methodology used to arrive at the required integer.

e Conceptualization: by exploring similar examples, with different numbers other
than the given one.

e Generalization:

T a—>b
x=aq,x=bq+r,r=(a—b)q,x=a(a ):algl:aq

Sample Assessment

1. Find the least integer which is divisible by 85 and when you divide it by

91, the remainder is 60.

2. Find the least integer which is divisible by 11 and when you divide it by

55, the remainder is 44.
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Chapter IV

The book of Legacies by roots by Abu Kamil Shuja’a bin Aslem

About the manuscript

Kitab Al Wasaya Bi Al Judhur is a manuscript not yet-published or-
printed in any language, as mentioned in a recent study by Devin J. Stewart published in
volume 3 of the Journal of Abbasid Studies (Devine, 2016). We came across the
manuscript of the book following an extensive search among 200,000 manuscripts posted
on archive.org. The people who posted these manuscripts must have scanned it from
some library, to trace the manuscript source we have searched hundreds of catalogues of
manuscripts of libraries overall the world. The physical location of the manuscript was
identified, it is located and openly available in the National library of Jerusalem, The
National Library of Jerusalem, Yah. Ms. Ar. 281.

The manuscript is composed of 205 double pages, each page contains 21 lines
with 8 to 10 words in each line. It is written in a beautiful handwriting which is clear and
easily readable, as suggested by the Arabic label on the cover, ‘Royal copy”. However
with minor errors committed by the copier, these will be identified and noted. Also there
are many corrections written in a different handwriting on the margins of the pages,
although not much, they were probably written by someone who was studying the book.
The manuscript was copied in 1195 by Ibn Malkawaih as mentioned on the front page.
This coincides with the information provided by Al Jalabi in his catalogue of the

manuscripts of Mosel (a city of Iraq), that he saw this copy among the collection which
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was in possession of Ali Afandi bin Dawood Afandi the jeweller and it was copied nicely
by Ibn Malkawaih (Al Jalabi, 1927). The book, then was moved from Al Mosel, to the
National library of Jerusalem, in some way or another. On the back cover of the
manuscript, we can see a label written in Arabic “Kitab Al Wasaya Bil Judhur , by Shujaa
bin Aslem, copied by Ibn Malkawaih(Ibn Al Ghazi), Royal Copy” and next to it , written
in red, “ Al Mosel, number 457, which is probably the number given to it in Al Mosel. On
the front cover page, the title of the book is written in large sized letters, “Kitab Al
Wasaya Bil Judhur, written by Abi Kamil Shujaa Bin Aslem, may Allah bless his soul”
and right underneath it, we can read two lines of Arabic prose and a praise to Allah. In
the leftmost bottom of the cover, we can read, “Owned by Fazlo Bagha, year 970”. On
the top of the cover, right above the title, we can read with difficulty, a message from
someone called Musa Bin Habib Bin Mohamad, known as Fathi Al Aintab asking that
this book to be returned to some school. .The book was mentioned only by Hajji Khalifa
(d. 1657) the author of Kashf Al Zunun where he physically describes the book and quote
sentences from its introduction. Examining the manuscript, the quotations of Hajji
Khalifa, we found it word-to-word identical to what is written in the manuscript:

“After [ wrote my book known as (The completeness of Algebra and additions to it), and
have established in my second book the proof of authority and priority in algebra and al-
Mugabala of ibn Musa al-Khwarizmi, and I replied to a hot-head called Abu Barza, about
what he attributed to Abdul Hameed whom he mentioned was his grandfather. I thought I
should write a book of Al Wasaya (Legacies) where I start with the easy problems of
what AL Fuqaha’a (Jurists, Religious Scholars) have mentioned in their books, in
addition to some of the material in the book of Al Hajjaj Bin Yousef known as Al
Wasaya (Legacies)” (Khalifa , Hajji, d.1657).

Our main contribution is a complete translation of the Arabic text into

English. We will then provide a detailed mathematical commentary and for a careful
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analysis of the status and impact of this work in the history of mathematics, paying due
attention to the historical context in which it was produced.

The manuscript will be used as the basis of the translation to be presented
here, with several minor emendations. In the text, emendations will be indicated when
something critical is missing in the Arabic version. In the English translation, glosses or
supplementary material necessary for sense will be indicated when we explain in English
an expression or a word written either in Arabic or English. Additions which will be
deemed crucial for intelligibility will be indicated as well.

In translating these passages, we will attempt to be as literal as possible to
convey the fullest impression of the original text for non-Arabic speakers. However, on
occasions there was a need to make minor modifications to the text for the mathematical
integrity or consistency of the work. These will be clearly identified and noted, we will
bold the words that are missing or the ones we believe need to be re-word.

While all numbers in the original text were written in words, we found it
easier for the sake of simplicity to express them as numerals. For example, if it happened

to have “24 shares” in the text, then originally it was “twenty four shares”.
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The book of Legacies by Roots by Abu Kamil Shuja’a bin Aslem
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In the name of Allah, the Gracious, the Merciful with whom I seek help.
Praise be to Allah who blessed his creatures, their provider, the Expert, the All-seer of
their actions and the Wise. Nothing can defeat Allah in the heavens or in earth, He is the
most High and the Great. And He knows whatever there is in (or on) the earth and in the
sea; not a leaf falls, but he knows it. There is not a grain in the darkness of the earth nor
anything fresh or dry, but is written in a Clear Record. Glory be to Him, there is nothing
like unto Him, and He is the All-Hearer, the All-Seer. I testify that there is no god, but
Allah, and that Muhammad is the messenger of Allah, may Allah grant peace and honor
on him and his family-("

Abu Kamil wrote: After I wrote my book known as (The completeness of
Algebra and additions to it), and have established in my second book the proof of
authority and priority in algebra and al-Mugabala of ibn Musa al-Khwarizmi, and I
replied to a hot-head called Abu Barza @, about what he attributed to Abdul Hameed
whom he mentioned was his grandfather. I thought I should write a book of Al Wasaya
(Legacies) where I start with the easy problems of what AL Fuqaha’a (Jurists,Religious
Scholars) have mentioned in their books, in addition to some of the material in the book
of Al Hajjaj Bin Yousef ® known as Al Wasaya (Legacies). I intend to explain these
problems in a clear way where I show what is supposed to be interpreted using Al Gabr
Wa Al Mugabala and Al Dinar Wa Al Dirham. I will explain this science using a
different approach form theirs as they have neither shown the origin of these problems

nor the path that led to these problems.

(1) Abu Kamil starts the book in the usual way all authors use to during his era by
praising Allah (God) and the Prophet.

(2) Abu Barza: (d. 911 AD), wrote a book of Area. (Al Qifti, 1972).

(3) Abdul Hameed Ibn Turk: A successor of Al Khwarizmi (d. During the ninth
century), wrote a book of Area. (Hajji Khalifa, 1941).

(4) Al Hajjaj Bin Yousef: (d. 833). He was the first author who translated Euclid's
Elements from Greek into Arabic. (Hajji Khalifa, 1941).
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The motive behind writing this book is the methods used by Al Hussab
(Calculators) from the jurists (Religious scholars) when they insert roots in the legacies’
calculation so I can explain it with clarity providing easy solutions to such problems.
However, I will not use the methods of the famous religious scholars who are calculators
at the same time, where, in case, they tried to tackle these problems and arrived at a Surd,
they think they have achieved something others are not capable of. Hence, I will be
tackling these problems using different approach other than theirs where I will open what
they have closed and loosen the knots they have held, I will also evaluate their
calculations from an algebraic point of view using clear paths and arguments. This will
be followed by interpreting the complicated problems raised by the religious scholars
showing what worked with accurate calculations involving roots. And my guidance
cannot come except from Allah, I seek his assistance in my intentions, He is able to do all
things.

Firstly, we say, Allah said after He stated the shares: (after payment of
legacies he (or she) may have bequeathed or debts) and Prophet Muhammad (Peace be
upon him) said: (Start with the debt, then the will and then the inheritance), he also said:
(No will for the inheritor).Hence, the priority is for who writes a commandment is to
include his needy close relatives according to the degree of closeness as Allah said: (It is
prescribed for you, when death approaches any of you, if he leaves wealth, that he makes
a bequest to parents and next of kin, according to reasonable manners. (This is) a duty
upon Al-Muttaqin (the pious)) ® .As such, the commandment of the parents was
replicated by inheritance and the commandment for next kin remained by the will for
those who are not entitled for inheritance. What I have said earlier about prioritizing the
commandment to include the needy next of kin does not imply that others cannot be
included in the will, I meant that it is closest to Allah to start with needy next of kin, then
the orphans, the poor, the wayfarer, piety, and each and every act of obedience to Allah.
It is forbidden to draft a will where more than one-third of the wealth without taking the
permission from all inheritors. In case some of the inheritors allowed this, then the will

creator can use the surplus of one-third of their quotas, we will explain this later.

(5) In the original text: upon Al-Muhsineen (doers of good) which is not in Quran.
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We © say, a man left three sons where he bequeathed one third of his wealth
to his uncle. Here we have to have 9 shares, one third of this, which is 3 shares for the
uncle and the rest 6 shares are distributed among the three sons with 2 shares each.

The origin of this is 3 shares because he bequeathed one-third of his wealth to the uncle,
therefore the minimum number he is entitled to, is one third of 3 which is 1 share, the
remaining are 2 shares which cannot be distributed among the three sons without using
fractions. By multiplying the original 3 shares by the number of sons, we get 9 which is

the money shares.

(6) We will denote the words which mark the beginning of a problem or the
discussion of cases in bold-red as they were denoted in the original text.
(7) According to the Islamic inheritance law, known as Faraid, after determining the
inheritors and specifying their quotas, the origin of the problem is then extracted.
The origin of the problem is defined as the least number of shares which enables
every inheritor to receive his/her share without a fraction. There are 3 cases in
which the origin of the problem can be determined:
Casel: If there is only one who is entitled for inheritance either by will or by inheritance
law (which is the case here), then the origin is the denominator of the share. Here, we

have an uncle with one-third of the shares and the rest of shares are for the sons, therefore
the origin should be 3 (the denominator of 5), however since the remaining shares which

is 2 is not divisible by the 3 sons, multiplying the original 3 shares by the number of sons,
we get 9 which is the shares of money.

Case2: If there is more than one who are entitled for inheritance either by will or by
inheritance law, then the origin is the least common multiple of the denominators of the

shares.

. o 1
For example, if the shares are distributed among " and % and the rest of shares

to another person, then the origin is LCM (4,6) = 12 and the shares are 12 G) =
3,12 (%) = 2, and the remaining: 12- (2+3) = 7.
Case3: If there are no persons with fractional shares, then the origin is the sum of their

shares. For example, a man left 5 sons, then the origin is 5 shares, one share for each son.
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If he left a wife, three sons and bequeathed one - third of his wealth to
another man, then the number of shares is 24. Now take a number which has a rounded
one-third which is 3, then the man will get one third of 3 which is 1 share, the rest are 2
shares from 24 which can be divided among them. The 2 and the 24 shares obey the half
and half, I mean, take half of the 2 shares which is 1 (no fraction) and half of the 24
shares which is 12 (no fraction). Multiply the 12 by 3 which is the denominator of the
one-third to get 36 which is the money shares, then the man will get one-third which is
12, the wife will get one-eighth of the remaining 24 shares which is 3 and the sons will
get one-third of the remaining 21 shares which is 7 each® Another method, since we
know that the origin is 24 shares divided among the wife and the 3 sons after taking out
the one-third for the man, then the 24 shares are two-thirds of the money and hence one-
third should be 12 shares and the origin should be three-thirds which is 36. Another
method, add to the 24 shares its half which is 12 to get 36, because if you know two-
thirds of a number, you need to add half of the two-thirds to get the original number @, If
he left a wife, three sons and bequeathed one fourth of his wealth to a man and one—fifth
to another, approved by the inheritors?, then the number of shares is 24 , for the woman
one-eighth which is 3 shares, and 7 shares for each son. Now look for a number which

has one-fourth and one-fifth 4D, you will find it 20.

(8) According to the Islamic inheritance law, the wife gets % of the wealth in the
presence of children (a quarter in the absence of children), the shares then
become: % for the wife, % for the man, and the rest is for the 3 sons. Hence, 24 ,
however, after calculating the shares of the wife and that of the man which are
24

5= 3 and 23—4 = 8 respectively, the remaining shares of the sons: 24 - (3 +8) =

13 which is not divisible by 3, so Abu Kamil applies a halving technique to
overcome this, by dividing 24 by 2 and then multiply it by 3, the denominator of

the man’s share to get 36 which enables an even distribution of the shares.
9) Zx=24,thenx=36and Ex+l(z)x=x
3 3 23
(10) According to the Islamic inheritance law, a will should not exceed one-

third of the wealth unless approved by the inheritors.

(11) A number where its one-fourth and its one-fifth are integers.
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Give the first man one-fourth of 20 which is 5 shares and the other one one-fifth
of 20 which is 5 shares, the remaining shares from 20 are 11 shares from the 24 shares for
the woman and the sons which is not possible to be divided among them. Multiply the
denominators of the one-fourth and the one-fifth, 4 and 5 to get 20 by 24 which are the
shares of the woman and the sons, you will get 480 which is the money shares. Then the
first man will get one-fourth which is 120,the second man will get one-fifth which is
96.The remaining 264 to be divided among the woman and the three sons, the wife will
get one-eighth which is 33 and the sons will get one-third of the remaining 231 shares
which is 77 for each' If he left a woman and four sons, and recommended to his uncle a
quarter of his wealth and to his avuncle (the brother of his mother) one-fifth; and the
inheritors by law, the woman approves the two commandments, and the sons do not
approve, then the third is permissible for the inheritance in any case if the commandment
is one third or more of the wealth. If you divide the money between the inheritors and
take away one-third of their shares, then the share of each one of them is like that of two-
thirds of the money 12, Similarly, if you take from each of the inheritors, one-part or
parts of their shares, then the remaining in the hands of each one of them is the same as
what they get from the remaining money. This is understood and accepted by those who
study arithmetic. It is clear then, that if the money is divided between the woman and the
sons, then one- third of the sons’ quota goes to the two men (those who were
recommended for a quarter and one-fifth of the wealth), and a quarter and one-fifth of the
woman’s quota goes to them respectively. Knowing that the woman has four-seventh of

the quota

X 2
(12) X—E—EX
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of the son, it suffices then that the quota of the son is one-third, one-seventh, a quarter
and one-fifth. This is because the son will lose one-third, anyway, to the two men that are
recommended to them the quarter and the one-fifth. Moreover, the woman’s quota is
four-seventh of the son’s quota and from this a quarter and one-fifth goes to the two men.
Therefore, one shall multiply 3 by 5 and 74%, and the four is not needed since the son, if
he has in his hand a thing that has one-seventh then there is no doubt, four-seventh ofit,
has a quarter which is equal to one-seventh of that thing. This is the same as one-seventh
of each son’s quota which is 105 and the total quotas of the four sons is 420, and the
woman’s quota is four-seventh of that of one son which is 60. The shares of money shall
be 480, the woman gets one-eighth of it which is 60, from this, a quarter and one-fifth is
taken off to the two men, 27 shares. The remaining shares after taking off the one-eighth
is 420 from which one-third goes to the two men (those who were recommended for a
quarter and one-fifth of the wealth) which is 140 shares; and 280 shares remains to be
divided among the four sons, 70 for each. The quota of the two men, then is 1671%.to be
divided between them, five-ninth for the first and four-ninth for the second. However the

167 has neither

(13)  The quota of each sonis 3 X 5 X 7 = 105, note the argument.

(14) The two men’s quotas are 1/4 and 1/5 of the woman’s quota since she approved

and 1/3 of the son’s quota since they did not approve the i th and%.th . If x is the quota of
one son, then the woman’s quota is (g)x = %(105) = 60 where i (60) =15
and % (60) = 12, a total of 27 goes to the two men from the woman’s quota, in addition

of§ of the sons’ quotas §(420) = 140 to get 27 + 140 =167.

57



one-ninth nor one-third so that cancellation cannot be used®, therefore, we go back to
the original 480shares from which this 167 resulted .This is because we multiplied four
by five since their shares are a quarter and one-fifth, to get 20, its quarter is 5 and its fifth
is 4, we add them up to get 9, hence we divide between them this way, five-ninth for the
first one (who is recommended for a quarter) and four-ninth for the second (who is
recommended for one-fifth). Multiply 480 by 9 to get 4320 which can be divided evenly
among all those entitled either by the will or by the inheritance law. If you want to know
what the woman and the sons are getting, multiply what they got from the 480 by 9 which
are the same amounts they get from 4320. As for the two men, multiply their quota from
the 480 which is 167 by 9 to get 1503, five-ninth of this for the first one, 835 and four-
ninth for the second, 668. Another method, consider the money shares 4320, one-eighth
for the woman 540, then of this, a quarter and one-fifth for the men 243 and the
remaining 297 is an excess. After taking off the one-eighth, the woman’s quota, 3780
remains for the sons, we take one-third of this to the two men 1260, hence the total quota
of the two men (by the will) received from the quotas of the woman and the sons is 1503,
divided between them in the ratios 4 and 5 to 9, 835 for the first and 668 for the second.
Another method, consider the shares of money as 32, one-eighth for the woman 4, then
of this, a quarter and one-fifth for the men, 4 has a quarter but does not have a one-fifth,
therefore multiply the money shares, 32 by 5 to get 160. One-eighth of it, 20 shares for

the woman, and a quarter and one-fifth of this is taken off to the two men, 9 shares,

(15) Abu Kamil realizes here, that since 167 is neither divisible by 9 nor by 3, then
reducing the fractions: % and %‘7 is not possible, hence he multiplies the original

shares 480 by 9 to overcome this issue getting 4320 which enables divisibility by 3 and 9.
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that is, 11 shares remains for the woman. The remaining from 160, after taking off the
woman’s quota is140, one-third of this to be given to the two men, but 140 has no one-
third, in this case, we take the original 160 and multiply it by 3 to get 480.Give the
woman one-eighth of it, 60 and for the two men a quarter and one-fifth of it, 27 and the
woman remains with 33 shares. The remaining from the 480, after taking off the
woman’s quota is 420, give one-third of this to the two men, 140 and add to it their share
from the woman’s quota, 27 to get 167.The remaining from 420 after taking off the two
men’s quotas, is 280 to be divided among the four sons, 70 each. The two men, then get
the 167 divided between them based on 9 parts, however, 167 has no one-ninth and we
cannot find a number where 167 and 9 are divisible by it except 1.In this case, the
problem does not accept cancellation 19, so we go back to the original shares which was
480 and we multiply it by 9 to get 4320 which can be divided evenly among all, the
woman, the sons, and the two men without a fraction. You divide it among them in the
way I have explained to you, Allah willing. However, if you use this method in every
problem that comes to you from this kind, this will relieve you from the complications of
cancellation which is useful, but only when needed. You need to know this and may
Allah guide us to success. A man left his wife, his mother, a brother, recommended to his
uncle two-fifth of his wealth and to his avuncle (his mother’s brother) a quarter of his
wealth. The brother approved the recommendation for the uncle but not that of the
avuncle, the wife approved the avuncle’s recommendation but not that of the uncle and

the other woman did not approve the recommendation of either of them. You need to

(16)  Abu Kamil points out, that the GCF(167,9) = 1 and hence deduces that the

. 167 . . .
fraction - is irreducible.
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. know that the one-third rule applies to all in any case 1. The uncle gets 8 parts out of
13 and the avuncle gets 5 parts out of 13 according to their recommendations, for if the
inheritors approved, then one-fourth and one-fifth would be taken from the wealth as we
explained before. Since some of the inheritors by law approved and others did not, in this
case, one-third of the money is calculated and divided between the uncle and the avuncle
according to their recommended quotas. Then, the uncle gives back to the brother the
difference between the one-third and the two-fifth of the money because the brother
approved his two —fifth, so he takes a quarter and one-sixth according to his quota from
the money. Similarly, he gives back to the mother the difference between the one-third
and the quarter of the money because the mother approved his quarter, so he takes one-
third of her quota. If you know all this, start working on the shares of money so you will
understand more and work less with cancellation, you will find the money shares to be
12, 3 for the wife, 4 for the mother and 5 for the brother 1. As we explained, each must
have one-third, multiply 12 by 3 to get 36, 9 for the woman, and 12 for the mother and 15
for the brother. Take one-third of each and add them up to get 12, to be divided among
the uncle and the avuncle on 13 parts which is not possible, so go back to the 36 and

multiply it by 3 to get 468 , a quarter to the woman, 117, one-third for the mother

(17)  In case the inheritors do not approve the commandment because it exceeds one-

third of the wealth, then no more than one-third of the overall wealth can be bequeathed
. . . 2 113 _ 1
to the inheritors by the will. Here ti=%"3

(18) In the absence of children, the wife gets a quarter, 12/4=3, the mother usually gets
one-third 12/3 = 4, (unless she has multiple siblings, in this case she gets one-sixth) and

the rest for the brother 12 - (4+3) = 5.
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156, and the remaining for the brother 195.Take one-third from each , so that 39 is taken
from the woman and she is left with 78, 52 is taken from the mother and she is left with
104 and 65 is taken from the brother and he is left with 130. Add all of this to get 156
which the same as one-third of the total money to be divided between the uncle and the
avuncle on 13 parts, the uncle takes 8 out of 13 which is 96, then considering the origin
of the money 468, take its one-fifth, but it has no one-fifth, so we multiply it by 5 to get
2340.Now, see what everyone has got and multiply it by 5.From 2340, the uncle gets 480,
the avuncle 300, the woman 390, the mother 520 and the brother 650. Another method,
divide the 2340 among them, the uncle and the avuncle in the same way you divided the
468, then go back to the original money2340 and take two-fifths of it , which is 936, take
off this what the uncle has got from the one-third which is 480 then 456 remains. Now
take a quarter and one-sixth of this 456 from the brother’s quota which is 190 for the
uncle specially and not for the avuncle. We add this 190 to the uncle’s quota from the
one-third which 480 to get 670 which is all what the uncle can get, and the brother
remains with 160. Again, we go back to the original money 2340 and take its quarter
which is 585, take one-third of the mother’s quota which is 95 for the avuncle specially
and not for the uncle. Add this what the avuncle has got from the one-third which is 300
to get 395 which is all what the avuncle can get. The mother is left with 425, the brother
with 460 and the wife with 390. If he left his wife, his mother, his brother from the same
parents, his sister, bequeathed a quarter of his wealth to his uncle, one-fifth to his avuncle
and one-sixth to a non-relative. If the wife approves for the uncle only, the mother
approves for the avuncle only, the brother approves for the non-relative only, and the

sister disapproves all. Then you should know that the one-third rule applies to them in
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any case. The uncle gets 15 parts out of 37, the avuncle gets 12 parts out of 37 and the
non-relative 10 parts of 37. This is because you need a number which has a quarter, a
one-fifth and a one-sixth, the quarter from 4, the one-fifth from 5 and the one-sixth from
6. The 4 and the 6 agrees on half and half, so multiply 4 by 5 by one-half of 6 which is 3,
or multiply 6 by 5 by one-half of 4 which is 2 to get 60. Now, take a quarter of 60 which
is 15, its one-fifth which is 12 and its one-sixth which is 10 and add them up to get 37. If
the inheritors approved, then one-fourth, one-fifth and one-sixth would be taken from the
wealth as we explained before. Since some of the inheritors by law approved and others
did not, in this case, one-third of the money is calculated and divided between the uncle,
the avuncle and the non-relative according to their recommended quotas, the uncle gets
15 parts out of 37, the avuncle gets 12 parts out of 37 and the non-relative 10 parts of 37.
Then, the uncle gives back to the wife the difference between the one-third and the
quarter of the money because she approved his quarter, so he takes a quarter of her quota.
Similarly, the avuncle gives back to the mother the difference between the one-third and
the one-fifth of the money because she approved his one-fifth, so he takes one-fifth 1 of
her quota. Likewise, the non-relative gives back to the brother the difference between the
one-third and the one-sixth of the money, so he takes one-third and half of one-ninth of
his quota. .If you know all this, you will find the shares of money to be 36, a quarter of it,
9 for the wife, one-sixth of it, 6, for the mother and the remaining 21 shares to be divided

between the brother and the sister, 14 for the brother and 7 for the sister?.

(19) In the original text; “one-sixth” which must be a typo from the copier.
(20)  According to the Islamic inheritance law, the brother gets twice as much as the

sister’s quota so the remaining 21 shares are divided among them as 14 (son) (cont’d)
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As we explained, each must have one-third, multiply 36 by 3 to get, 108 where 27 for the
wife, 18 for the mother, 42 for the brother and 21 for the sister. Take one-third of each
and add them up to get 36, to be divided among the uncle the avuncle, and the non-
relative on 37 parts which is not possible, so go back to the 108 and multiply it by 37 to
get 3996 which does not have a one-fifth, so multiply it by 5 to get 19980.Then, multiply
the shares of all inheritors which resulted from the 108 by 37 and again by 5 to get the
shares from 19980. Another method, divide the 19980 among them, give the wife a
quarter, the mother one-sixth and the remaining to the brother and the sister in the ratio
two-thirds for the brother and one-third for the sister. The shares are 4995 for the wife,
3330 for the mother, 7770 for the brother and 3805 for the sister. Now take off one-third
from each, 1665 from the wife’s quota and she is left with 3330, from the mother’s quota,
1110 and she is left with 2220, from the brother’s quota, 2590 and he is left with 5180
and 1295 from the sister’s quota and she is left with 2590. A total of 6660 is taken from
all of them which is one-third of the money divided between the uncle, the avuncle and
the non-relative on 37 parts, each part worth 180. If you want to know the uncle’s quota,
multiply 180 by 15 since the uncle is entitled for 15 parts out of the 37, to get 2700 which
is the uncle’s quota by approval. If you want to know the avuncle’s quota, multiply 180
by 12 since the uncle is entitled for 12 parts out of the 37, to get 2160 which is the
avuncle’s quota by approval. If you want to know the non-relative quota, multiply 180 by

10 since the uncle is entitled for 10 parts out of the 37, to get 1800 which is the

(20) and 7 (Daughter), the wife here gets a quarter, not one-eighth, since no children are

present, 34—6 = 9 and the mother gets one-sixth (usually one-third) in the presence of

siblings,% = 6.
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non-relative quota by approval. Then go back to the original money 19980 and take a
quarter of it, which is 1995, take off this what the uncle has got from the one-third which
is 2700 then 2295 remains. Now take from the wife 573 and a half and a quarter
especially for the uncle, add it to his quota 2700 to get 3273 and a half and a quarter®V
which is all what the uncle can get, and the wife remains with 2756 and a quarter. Again,
we go back to the original money 19980 and take its one-fifth which is 3996, take off
this, one-third of the avuncle’s quota which is 2160 to get 1836, Now take one-sixth from
the mother’s quota, 306 especially for the avuncle, add it to his quota 2160 to get 2466
which is all what the avuncle can get. Again, we go back to the original money 19980
and take its one-sixth which is 3330, take off this, one-third of the non-relative quota
which is 1800 to get 1530, Now take one-third and half of its one-ninth from the
brother’s quota, especially for the non-relative, add it to his quota 1800 to get 2395 which
is all what the non-relative can get. The remaining in the brother’s hand 4585.To correct
the quotas so that you avoid fractions ?» which occurred in the uncle’s and the wife’s
quotas can be done by multiplying 19980 by 4 to get 79920 and then you multiply all the
quotas by 4. This way, the wife’s quota is 11520, the mother’s is 7656, the brother’s is
18340, the sister’s is 10360, the uncle’s is 13590, the avuncle’s is 9864 and the non-
relative is 9580. If it happens that the commandment (the will) is recommended to an
inheritor by law, then it is legal only if the other inheritors by law approved it. Otherwise,
it is i1llegal and the will becomes void. The money is, then, for the inheritors by law

according to their legal shares, even if some of them approves a part of their shares.

(21)  Note here, how Abu Kamil expressed 3273.75

(22)  The wife’s and the uncle’s quotas were 2756.25 and 3273.75 respectively.
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We will explain this later, Allah willing. If he left his wife, his mother, his brother from
the same parents, and bequeathed one-fifth of his wealth to his mother. If the brother
approves and the wife does not approve, you will find the shares of money to be 12. A
quarter for the wife, 3, one-third for the mother, 4 and the rest for the brother which is 5.
Give the mother one-fifth of the brother’s quota which is 1. Then the mother will get 5
and 4 remains in the hand of the brother. If he bequeathed one-fifth and one-seventh 23
of his wealth to the wife, and the mother approves it, then take from the mother’s quota a
quarter, one-fifth and one-seventh 24 which has neither one-fifth nor one-seventh. The
one-fifth and the one-seventh from 35 because you multiplied one-fifths of a Dirham by
one-sevenths of a Dirham. Multiply 35 by the shares of money which is 12 to get 420.
Now multiply their shares which resulted from 12 by 35 to get their shares from
420.Another method, give the wife a quarter of 420 which is 105 and give the mother
one-third which is 140 and the rest 175 to the brother. Now give the mother, one-fifth and
one-seventh from the wife’s quota because she approved it, which is 36, so the mother

will have 176 and 69 is left with the wife. @5

(23)  In the original text: “500 and seven”, apparently;” one-fifth and one-seventh”
(24) In the original text:” four five seven”, apparently;” a quarter, one-fifth, and one-
seventh”.

(25)  Abu Kamil mixed up the wife’s and the mother’s quotas. The original problem

states that he bequeathed % and % of his wealth to the wife, and the mother approved it,

hence, % and % of the mother’s quota should be given to the wife i.e. 140/5 =28 and

140/7=20, a total of 48. The wife’s quota becomes then, 153 and the mother is left with

92, a total of 420.
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If he left his mother, his wife, his brother, and his sister from the same parents,
bequeathed a quarter of his wealth to his mother, and one-fifth to his sister. If the wife
approves both recommendations and the brother approves the quarter for both, then know
that the mother and the sister compete on 9 parts according to their quotas, five-ninths for
the mother and four-ninths for the sister. You will find the shares of money to be 36, one-
sixth for the mother, 6, a quarter for the wife, 9, for the brother 14 and 7 for the sister.
Now take from the wife’s quota which is 9 a quarter and one-fifth to be given to the sister
and to the mother since the wife approved their recommendations. However, 9 has
neither a quarter nor one-fifth, so we multiply 36 by the denominators of the quarter and
the one-fifth which is 20 to get 720. Now multiply their quotas which resulted from 36 by
20, the wife’s quota is 180, the mother’s is 120, the brother’s is 280 and the sister’s is
140.Take a quarter and one-fifth from the wife’s quota 81, she will be left with 99, and
take a quarter from the brother’s quota 70, he will be left with 210. Add the 70 and the 81
up to get 151, divide it among the mother and the sister on 9 parts, but it has no one-
ninth, so multiply 720 by 9 to get 6480.Multiply what is left with the brother by 9 to get
1890, the mother’s quota by 9 to get 1080, the sister’s quota by 9 to get 1260 and what is
left with the wife by 9 to get 891. Multiply 151 which was taken from the wife and the
brother, by 9 to get 1359, divide it on 9 parts between the mother and the sister, five-
ninths for the mother which is 755, add this to her quota, 1080 to get 1835, and four-
ninths for the sister which is 604, add this to her quota, 1260 to get 1864. It is clear now,
that the mother’s quota from the inheritance by law and the inheritance by will is 1835,
and that the sister’s quota from the inheritance by law and the inheritance by will is 1864.

Also, what is left with the brother from the inheritance, after executing the will is 1890,
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and what is left with the wife from the inheritance, after executing the will is 891.1f the
wife approves one-fifth for both of them, and the brother approves one-sixth specially for
the sister, then the mother and the sister get one-fifth of the wife’s quota on 9 parts, five-
ninths for the mother and four-ninths for the sister who takes one-sixth of the brother’s
quota as well. The method used to calculate this is that, the wife’s quota has to have one-
fifth, the brother’s quota has to have one-sixth and the one-fifth of the wife’s quota has to
have one-ninth. The wife’s quota must be 45 and her inheritance by law is a quarter of the
money, that is, the shares of money is 180. A quarter for the wife, 45, one-sixth for the
mother, 30, and 70 for the brother which has no one-sixth, the one-sixth is from 6, the 6
and the 70 agrees on half and half. Multiply half of 6 by the money shares which is 180 to
get 540 from which the correct shares can be calculated without a fraction. The wife’s
quota is a quarter of this, 135, the mother’s is one-sixth, 90, and the remaining 325 for the
brother and the sister, 210 for the brother and 105 for the sister. Now take one-fifth, 27 of
the wife’s quota which is 135, because she approved one-fifth for both, divide it between
the mother and the sister on 9 parts, five-ninths for the mother and four-ninths for the
sister. The mother’s quota is 15 and the sister’s quota is 12, add 15 to the mother’s quota
which is 90 to get 105, and add 12 to the sister’s quota which 105 to get 117. The sister
takes also, one-sixth, 35, of the brother’s quota which is 210, because he approved it, add
this to what she earned from the inheritance by law and the will to get 152. It is clear
now, that the sister’s quota from the inheritance by law and the inheritance by will
approved by the wife and the brother, is 152, and that the mother’s quota from the

inheritance by law and the inheritance by will approved by the wife is 105. Also, what is
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left with the brother after the sister took one-sixth of his quota is 175, and what is left
with the wife after the mother and the sister took one-fifth of her quota is 108.

Another Type of Wills

In which the deceased leaves inheritors and bequeaths to his uncle or avuncle or a
non-relative the same quota as that of one of the inheritors, or the same quota as that of
one of the inheritors except the quota of another, or except a quota of another if it existed
(26) Also, other cases which we will explain Allah willing. As if, one says, if he left five
sons, two daughters and bequeathed to his uncle the same quota as that of a son. You will
find the shares of money to be 12, 2 shares for each son and 1 share for each daughter,
add 2 shares, each son gets, to the shares of money which is 12 to get 14, 2 of it for the
bequeathed one (the uncle) and the remaining 12 are divided among five sons and two
daughters, 2shares for each son and one share for each daughter. If he left a wife, three
sons, two daughters and bequeathed to his uncle the same quota as that of a daughter, you
will find the money shares to be 64. The wife gets one-eighth, 8, for each son, 14, and 7
for each daughter. Now add 7, the same as the quota of one of the daughters, and 64 to
get 71, for the uncle 7 and the remaining 64 are for the inheritors according to their
quotas. If he left a wife, four sons, three daughters, and bequeathed to his uncle the same
quota as that of a son except the wife’s quota, you will find the money shares to be 88.
The wife gets one-eighth, 11, for each son, 14, and 7 for each daughter. Now look for the
difference between the son’s quota and the wife’s quota which is the quota of the uncle,
because he bequeathed to his uncle the same quota as that of a son except the wife’s

quota, you will find it 3. Add 3 to the shares of money which

(26)  This will be explained in the next page
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is 88 to get 91, for the uncle 3 and the remaining 88 for the inheritors according to their
quotas. If he left a wife, five sons and bequeathed to his uncle a sixth quota if it happens.
This is the same as saying, he bequeathed the same quota as that of one of his sons. If he
bequeathed a quota of a sixth son, if existed, find the shares of money and make it
divisible by them as if a sixth son exists, you will find it to be 240. The wife gets one-
eighth, 30, and the remaining is 210. If a sixth son exists, he will get 35, add this to the
shares of money which is 240 to get 275. The bequeathed person gets 35, the wife gets
one-eighth, 30, from the remaining 240, and 42 for each son. If a sixth son exists, he will
get 35. If he bequeathed a quota of a sixth son, except the quota of a daughter, if existed,
find the money shares and make it divisible by them as if a sixth son exists. The quota of
each son is even so it has a half because the quota of the daughter is half that of a son,
you will find it to be 240. The wife gets one-eighth, 30, and the remaining 210 is divided
among 5 sons with 42 each and the daughter must have 21. If a sixth son exists, he will
get 35, take the daughter’s quota which is 21 from this to get 14, add it to the shares of
money which is 240 to get 254. Give the bequeathed one, a quota of a sixth son, except
the quota of a daughter, if existed, which is 14 and the remaining 240 for the inheritors
according to their quotas. If he bequeathed a quota of a sixth son, if existed, except the
quota of a daughter, if existed, find the money shares and make it divisible by them as if a
daughter exists, you will find it to be 2640. As if you say, a wife and five sons, the wife
gets one-eighth, and the remaining is for the sons, take the one-eighth form 8 , for the
wife one-eighth so 7 remains for five sons which is not possible to be divided among
them. Multiply 8 by 5 to get 40. For the wife one-eighth, 5, and the remaining 35 to be

divided among 5 sons with 7 each. If there is a daughter with them, if existed, the 35 is

69



divided among them on 11 parts which is not possible. Multiply 40 by 11 to get 440, for
the wife one-eighth, 55, and the remaining 385 are divided among five sons with 77 each.
If there is a daughter, then the quota of each son is 70 and the daughter’s quota is 35. If
the sons were 6, then 385 is not divisible by 6, so multiply the shares of money which is
440 by 6 to get 2640, this is the shares of money by which the will is executed. Give the
wife one-eighth, 330, the remaining is 2310. If a daughter exists with the five sons, she
will get 210, if a son exists with the five sons he will get 385. Take off the 210 from the
385 to get 175, add this to the shares of money which is 2640 to get 2815 which is the
shares of money. Give the bequeathed one the quota of a sixth son, if existed, except the
quota of a daughter, if existed, 175. The remaining is 2640, give the wife 330 and the rest
2310 to be divided among 5 sons with 462 each.

Another Type of Wills

In which the deceased bequeaths to a man the same quota as that of one of the
inheritors and a part of his money or a part of the remaining money or a part of the
remaining from one-third or one-half of his money or except a part of his money or
except a part of the remaining money or except half of his money or except one-third of
his money and similar cases. If he left five sons, bequeathed to a non-relative the same
quota as one of the sons, and one-tenth of his wealth to another, then make the money a
number which has one-tenth which is 10 and give the one-tenth of 10 to the one who is
recommended for one-tenth which is 1. The remaining is 9 cannot be divided by 6, the
sons and the non-relative who is recommended for the same quota as that of one son, but
they agree on one-third and one-third, I mean that the 9 has one-third and the 6 has one-

third. Take one-third of 6 which is 2 and multiply it by 10 to get 20, which is the shares
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of money. Give one-tenth to the one who is recommended one-tenth, which is 2 and the
remaining 18 to be divided among the sons and the other man who gets one-third which
is 6 and the rest 15 for the sons , 3 for each. Another method, let the money be a thing,
give a share to the one who is recommended for the same quota ?” as one son, then a
thing except a share remains. Give one-tenth of a thing for the one who is recommended
for one-tenth, then remains nine-tenths of a thing except the quota of the five sons which
is equal to 5 shares. Therefore nine-tenths of a thing except a share is equal to 5 shares.
Complete it by a share and add to it to 5 shares, hence, nine-tenth of a thing is equal to six
shares. Now, complete the nine-tenth of a thing to become a thing, by adding its one-
ninth to it, add to the 6 shares the same as its one-ninth, which is two-thirds of a share.
The result is a thing which is equal to 6 share s and two-thirds of a share. Set the share as
3 because of the two-thirds (to enable cancelation of the denominator of two-thirds), then
the money is 20 and the share is 33¥. Another method, you have seen that nine-tenths of
a thing is 6 shares and that one-tenth of a thing is two-thirds of a share, then the
remaining one-tenth is two-thirds of a share, since the shares are 6, then the money is 6
shares and two-thirds of a share. Another method, let the money be a Dirham and take
from it the share of one of them. Call this share a ‘Dinar”, then the remaining is a Dirham

except a Dinar. Again, take one-tenth of the money, which is one-tenth of a Dirham,

(27)  The quota, "Naseeb” which is the total shares any of the inheritors may get, is
differentiated by Abu Kamil from the “share” which is a part of the quota.
(28)  The money is x and the share of a son is y, then x -y - (%) x =5y

° — 2)y - = = 2 DN(2Y), =
(E)x— y = 5y then (10)x y+y=5y+y= 6y,(10)x + (9) (1O)x = 6y +

(%) (6y) =6y + (g)y,x = 6y + (g)y, takey =3,x =20
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then the remaining is nine-tenths of a Dirham except a Dinar which is equal to 5 Dinars,
since we called the share of one son a Dinar and we have 5 sons. Complete the nine-
tenths of a Dirham by a Dinar and add to it to 5 Dinars, hence, nine-tenth of a Dirham is
equal to six Dinars. Now, convert the nine-tenths of a Dirham to one-tenths, to get 9,
which is a one part of a Dinar and the share. Convert the 6 Dinars to one-tenths, to get 60,
which is a one part of a Dirham, which is the money, since we made the money a
Dirham. The money and the share agrees on the one- third and one-third, take one-third
of the money and one-third of the share. The money is then 20 and the share is 339, Use
this method in all problems that you face, when you get Dinars equal Dirham, make the
number of Dinars one part of the Dirham and the number of Dirhams one part of the

Dinar. If you get fractions, then simplify them until they become all integer parts and

(29)  Abu Kamil uses here the same argument as in the previous method replacing the
“thing’ by ‘Dirham” and the “share’ by “Dinar”. However the two methods differ in the
final steps, while he uses an algebraic method with the unknowns, the “thing” and the
“share”, he uses conversion of the Dirhams and the Dinars into multiples of unit fractions
using mixed fractions(this can be seen clearly in later examples) to arrive at the same

result. Letting the Dirham to be D and the Dinar to be d , in both cases, he arrives at:

(19—0) x = 6y and (19—0) D = 6d. While he proceeds using the completeness and balancing,
“Al Gabr Wal Mugabala” to solve for x in the first equation, he uses the fraction 1—10 to
compare the one part of each currency to the other in the second equation. Here, (110) D is

9(11—0) is the one part of the Dinar, and the 6d is 60 one-tenths, since6 = 60(%).
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then make the parts of the Dinars one part of the Dirham and the parts of the Dirhams one
part of the Dinar. The reason behind this is valid and I will explain it later, Allah willing.
If he left his mother, five sons, bequeathed the same quota as one of the sons, and a
quarter and one-fifth of his wealth, you will find the shares of money to be 6 shares. The
mother gets one-sixth which is 1, and the sons 1 share each. Then make the money a
number having a quarter and one-fifth, which is 20, and the one who is bequeathed is
given a quarter and one-fifth, which is 9 shares. The remaining is 11 shares for both the
heirs and the bequeathed one on 7 parts, because the heirs are 6 added to the bequeathed
one, become 7. Cancellation here is not possible, multiply 7 by 20 to get 140, which is
the shares of money. Give the bequeathed one a quarter and one-fifth of it, which is 63,
and there shall remain 77 shares to be divided among his heirs, the bequeathed one, on 7
parts each part 11 shares. Give the bequeathed one as much as one son's share, 11 shares,
and 66 shares between the mother and the five sons, one-sixth for the mother, 11
shares.Another method, let the money be a thing and give a share to the one who is
recommended for the same amount as one son, then a thing except a share remains. Give
a quarter and one-fifth of a thing for the one who is recommended for a quarter and one-
fifth, then remains a half thing and half of one-tenth of a thing except a share, which is
equal to 6 shares since the mother’s share is the same as that of one son. Complete it by a
share and add to it to 6 share, hence, a half thing and half of one-tenth of a thing is equal
to 7 shares. Now, complete the half thing and half of one-tenth of a thing to become a
thing, by adding the same as its 9 parts out of 11 parts, then add to the 7 shares the same
as its 9 parts out of 11, which is 5 shares and 8 parts out of 11 of a share. The result is 12

shares and 8 parts out of 11 parts of a share. Set the share as 11, then the thing is 140
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which is the shares of money. The thing became 140 because you multiplied 11 by 12
and 8 parts out of 1149, Another method, let the money be a Dirham and give a Dinar to
the one who is recommended for the same amount as one son, then a Dirham except a
Dinar remains. Give a quarter and one-fifth of a Dirham for the one who is recommended
for a quarter and one-fifth, then remains a half Dirham and half of one-tenth of a Dirham
except a Dinar, which is equal to 6 Dinars. Complete the half Dirham and half of one-
tenth of a Dirham by a Dinar and add it to 6 to become equal to 7 Dinars. Convert it to
half one-tenths by taking 21, then the half Dirham and half of one-tenth of a Dirham is 11
which is a one part of a Dinar, which is the share. Convert the 7 Dinars by making a
Dinar 20 to get 140 which is a one part of a Dirham, which is the money since we made
the money a Dirham. If the inheritors did not approve, then the one-third is divided on
74 shares, between the one who is recommended for a quarter and one- fifth, 63 and 11
for the one who is recommended to him the same quota as of one of the sons. If you need
to correct the shares of money, make the one-third as 74 so that the money shall be 222,
and the one-third shall be taken out to the people of the commandments, 74.From the
remaining 148 the mother shall take one-sixth, but it has no one-sixth, multiply the shares

of the money by 3 because the one-sixth is from 6 and the 6 and the 148 agree on the

(30) The money is x and the share of a son is y, then x-y — ix - gx = 6y
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half and half. Take half of 6 which is 3 and multiply it by the shares of money which is
222 to get 666 which is the shares of money and can be divided evenly among the heirs.
The one-third shall be taken out to the people of the commandments, 222 on 74 shares.
Give the one who is recommended to him is like the share of one of the sons, 33 which

11 shares out of 74 since each share is 3 and therefore 11 is multiplied by 3 to get 33. The
remaining 189 shall be given to the one who is recommended for the quarter and the one-
fifth. Now go back to the two-thirds of the money which is 470. Using another method,
you will find the shares of the money to be 6, one-sixth of it for the mother which is 1, for
each son 1 share, take a number which has one-third , 3 and give the people of
commandments one-third of it , then remains two shares to be divided among the
inheritors on 6 shares which is not equally divisible, but it obeys half and half .Take half
of the 6 which is 3 and multiply by the number which has one-third which is 3 to get
9.which is the shares of money. Give the people of the commandments one-third of
which is 3, and remains 6 for the heirs, 1 for the mother which is one-sixth, 1 for each son
and 1 share for the one who is recommended to him the same quota as of one of the sons
from 9 shares of money which is one-ninth of the money. The shares of the people of
commandments is the one-third, multiply the share of the one who is recommended for
the quarter and the one-fifth by a quarter and one-fifth and multiply the share of the one
who is recommended to him the same quota as of one of the sons by one-ninth. Take a
number which has a quarter, a one-fifth and a one-ninth which 180,add its quarter, 45 , its
one-fifth, 36 , and its one-ninth,20 to get 101 which is one-third of the money and the
money is 303. The one-third which is 101 is divided among the people of

commandments, 81 for the one who is recommended for the quarter and the one-fifth and
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20 for the one who is recommended the same as that of a son’s quota. Consider now, the
two-thirds of the money which is 202, give the mother one-sixth, but it has no one-sixth,
so multiply the shares by 3 to get 909 which is the shares of money that can be divided
between the heirs and the people of the commandments without a fraction. Take one-third
out of it which 303, for the recommended to him like the quota of one of the sons, 60
shares and 243 for the one who is recommended to him a quarter and one-fifth. Go back,
now to the two-thirds of the money, which is 606, the mother takes one-sixth, 101, and
each son 101.If he left, a son, five daughters, bequeathed the same quota as one of the
daughters to his uncle, and bequeathed one-tenth of the remaining money. The
methodology for this is to let the money be a thing, and take out a share of the one of
daughters’ that is because you make the share of the son as twice as the daughter’s share,
then a thing except a share remains. Subtract one-tenth of a thing from it since he
bequeathed one-tenth after the share which is one-tenth except one-tenth of a share to get

nine-tenths of a thing except nine-tenths of a share which is equal to 7 shares®.

(31) The money is x and the share of a daughter is y, then
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Complete the nine-tenth of a thing by a share and add to it to 7 shares, hence, the nine-
tenths of a thing is equal to 7 shares and nine-tenths of a share. Now, complete the nine-
tenths of a thing to become a thing, by adding the same as its one-ninth, then add to the 7
shares and nine-tenths of a share the same as its one-ninth, which is 8 shares and seven-
ninth of a share equal to a thing. Set the share as 9, then the money is 79. If you need to
check, give 9 shares to the one who is recommended the same as one of the daughter’s
share and 7 for the one who is recommended for one-tenth of the remaining money, then
63 remains between a son and five daughters, 18 for the son and 9 for each daughter.
Another method, let the money be a Dirham, and take out a Dinar for the one who is
recommended the same as the daughter’s quota, then a Dirham except a Dinar remains.
Subtract one-tenth of a Dirham from it since he bequeathed one-tenth of the remaining
money which is one-tenth of a Dirham except one-tenth of a Dinar to get nine-tenths of a
Dirham except nine-tenths of a Dinar which is equal to 7-Dinars., because if the share of
a daughter is a Dinar, then the share of the son is 2 Dinars and the shares of a son and 5
daughters is 7 Dinars. Complete the nine-tenths of a Dirham by a nine-tenths of a Dinar
and add it to 7 Dinars, hence, the nine-tenths of a Dirham is equal to 7 Dinars and nine-
tenths of a Dinar. Remove the-one-tenth, then the nine-tenths of Dirham is 9 which is a
one part of the Dinar, and is the daughter’s share. The 7 Dinars and nine-tenths of a Dinar
1s 79 which is the money and a one part of the Dirham. If he bequeathed the same quota
as one of the daughters, and bequeathed one-fifth and one-sixth of the remaining money
which is approved by inheritors. The methodology for this is to let the money be a thing,
and take out the share of one of the daughters, this share is the quota, then a thing except

a share remains. Subtract one-fifth and one-sixth of the remaining, which is one-fifth and
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one-sixth of a thing except one-fifth and one-sixth of a share. The result is 19 parts out of
30 of a thing except 19 parts out of 30 of a share which is equal to 7 shares. Complete the
19 parts-out of 30 of a thing to become a thing by adding 11parts out of 30 of a thing and
add 11 parts out of 30 parts of a share to the 7 shares and the 19 parts out of 30 of a share.
The result is a thing which is equal to 12 shares and one part of 19 parts of a share. Set
the share as 19, then the 12 shares and one part of 19 parts of a share is 229 which is the
money. If you need to check, then subtract the share which is 19 from 229. Give one-
fifth and one sixth of the remaining 210 to the bequeathed people which is 77. The
remaining 133 to be divided among a son and 5 daughters, 38 for the son and 19 for each
daughter ®». Another method, let the money be a Dirham, and take out a Dinar for the
one who is recommended the same as the daughter’s quota, then remains a Dirham
except a Dinar. Subtract one-fifth and one-sixth of the remaining, which is one-fifth and
one-sixth of a Dirham except one-fifth and one-sixth of a Dinar. The result is 19 parts out
of 30 of a Dirham except 19 parts out of 30 of a Dinar which is equal to 7 Dinars.

Complete it by the 19 parts of a Dinar and add it to the shares to become19 parts out of

(32) The money is x and the share of a daughter is y, then
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30 of a Dirham that is equal to 9 Dinars and 19 parts out of 30 of a Dinar. Convert it to 30
parts and make every Dinar 30 parts, then, the Dinars are 229 parts which is the one part
of the Dirham since we made our money a Dirham, then the 19 parts out of 30 of a
Dirham is 19 which is the one part of Dinar and is the share. Another method, let the
quota of the daughter be a thing which has one-fifth and one-sixth which is 30 and make
it Dinars, then the quota of each daughter is 30 Dinars and the quota for the son and the
five daughters is 210 Dinars. Let the money be a thing which has one-fifth and one-sixth
which is 30 Dirhams Give the bequeathed one, the same quota as that of a daughter,
which is 30 Dinars. Give the bequeathed one one-fifth and one-sixth of the remaining 30
Dirhams except 30 dinars, which is 11 Dirhams except 11 Dinars. The remainder is 19
Dirhams except 19 Dinars which is equal to 210 Dinars. The one part of the Dinar is 19
and the Dirham one part is 229. We made the money 30 Dirhams and the daughter's
quota 30 Dinars, the one part of the Dinar should have been multiplied by 30, to get the
daughter's quota, and the one part of the Dirham should have been multiplied by 30 to get
the money. This way we did not use multiplication, because we are multiplying the one
part of the Dirham and the one part of the Dinar by the same number, and we said that the
daughter's quota was 19, and the money was 229. Another method, let the money be 30
Dirhams and 30 Dinars (which is the quota of one daughter), give the bequeathed one, the
same quota as that of a daughter, which is 30 Dinars. Give the bequeathed one one-fifth
and one-sixth of the remaining 30 Dirhams which is 11 Dirhams, the remainder is 19
Dirhams which is equal to 210. We have made our money 30 Dirhams and 30 Dinars, the
one part of the Dinar should have been multiplied by 30 and the result is the quota of the

daughter, and the one part of the Dirham by 30, the result added to the quota of the
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daughter is the money. We did not use multiplication as I explained to you, we made the
30 Dirham equivalent to 210 and the 19 equivalent to 30 Dinars which is the quota, and
the money is 229. Another method, let the money be a Dirham and a Dinar (which is the
quota of one daughter), give the bequeathed one, the same quota as that of a daughter,
which is a Dinar. Give the bequeathed, one-fifth and one-sixth of the remaining which is
one-fifth and one-sixth of a Dirham. The remainder is 19 parts out of 30 parts of a
Dirham which is equal to 7 Dinars. Make every Dinar 30 parts, then the 7 Dinars is 210
which is the one part of the Dirham, and 19 parts out of 30 parts of a Dirham is 19 which
is the one part of the Dinar, which is the quota. Add this to the one part of a Dirham to
get 229, which is the money. We only add it because we have made the money either a
Dirham or a Dinar.Another method, make every share to be 19, this is because taking
away one-fifth and one-sixth of any money is the same as taking 11 parts out of 30 parts
of it. The remainder, 19 parts out of 30 parts of it, then the 7 shares is 133 parts. Each
share was taken from it 11 parts out of 30 parts also, this is what remained of the money
after dropping the share of a daughter, which is 19, and dropping the one-fifth and the
one-sixth . Return the remaining to what it was, by increasing each share by 11. The 7
shares is 77, and it shall be increased by 133 ,which is the share of the inheritors, to get
210 which is the remainder of the money after dropping the share of a daughter . Add to
it the share of the daughter, which is 19, to get 229 which is the money and the share is
19.1f the inheritors did not approve, divide the one-third between the recommended to
him as the daughter's share and the one who is recommended for one-fifth and one-sixth
of the remaining money on 96, 19 parts for the first, and 77 for the second. The correction

of the problem for the heirs and the commandments is 2016 shares, one-third of that to be
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divided among the people of commandments, which is 672 on 96 shares, 96 seven for
each. Multiply their shares by 96 and then by 7, to get 133 for the first, and 539 for the
second. The remaining two-thirds of the money is 1344 to be divided among the heirs,
384 shares for the son and 192 shares for each daughter. Another method, take away
one-third of the money for the people of commandments. The remaining two-thirds is
divided among the son and the daughters, one-seventh and one-third of one-seventh and
two-sevenths for each daughter and the shares of money is 21 shares. Take away the one-
third which is 7 shares, and there shall remain 14 shares between one son and five
daughters, 4 for the son, and two shares for each daughter. You have known that the
inheritance of the daughter is two-sevenths of the money, and for the one who is
recommended for one-fifth and one-sixth of the remaining money after the share,
multiply the one-third by one-fifth and one-sixth of the remaining money after the share
which is six-seventh of the money and one-third of its one-seventh. If you want to correct
her shares, divide the one- third among the people of commandments on 299, this is
because you need a number in which after taking two-thirds of its one-seventh, the
remainder has a one-fifth and a one-sixth. Multiply 3 by 7 by 5 by 6 to get 630, take its
one-third for the people of commandments, which is 210.The remainder is 420 to be
divided among a son and five daughters. 120 for the son and 60 for each daughter.
Subtract the 60 from 630 to get 570, give one-fifth and one-sixth of it, which is 209 to the
one who is recommended for one-fifth and one-sixth and add it to the share of the second
one which is 60 to get 269, for the one who is recommended for the same share as the
daughter 60 and the remaining 209 for the other one. If you make the one-third 269, then

two-thirds of the money is not equally divisible among the heirs. Multiply 269 by 7, then
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it will be 1883, and the money will be 5649, and one third of it will go to the people of
the commandments, which is 1883. Now consider the 60 which is the share of the one
who is recommended for the same as that of a daughter’s from 269, multiply it by 7 to get
420, which is his share of all the money 5649. Then consider the share of the one who is
recommended for one-fifth and one-sixth, what is it from 269, and you will find it 209,
multiply it by seven to get 1463 which is his share of all the money 5649.

Go back to the two-thirds of the money, and you will find 3766, divided between
a son and five daughters, 1076 for the son and 583 for each daughter. If he left his
mother, four sons and bequeathed the same quota as one of the sons except one-seventh
of the money, you will find the shares of money to be 24 shares, 4 for the mother and 5
for each son. Let the money be a thing and give 5 shares to the one who is recommended
for the same quota as the son’s. The remainder is a thing except 5 shares, exclude from
the 5 shares, one-seventh of the money, which is one-seventh of the thing, then, a thing
and one-seventh of a thing except 5 shares is equal to 24 shares. Complete the thing and
the one-seventh of the thing by 5 shares and add it to 24 shares to get a thing and one-
seventh equal to 29 shares. Complete the thing and the one-seventh to become a thing by
subtracting its one-eighth from it. This is because the one-seventh of a thing is one-eighth
of a thing and one-seventh of a thing. It is one-eighth because you convert the thing and
one-seventh into one-eighths to become 8 and the 1 in 8 is its eighth. The remainder of
the 29 is one-eighth of it, which is 3 and half of one-eighth. The result is a thing which is
equal to 25 shares and 3 one-eighths of a share. Set the share as 8, then the money is 203
and the son’s share is 40 since he has 5 shares. If you need to check, give 11 to the one

who is recommended to him the same share as that of one son except one-seventh of the
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money, because the share of one of the sons is 40 and one-seventh of the money is 29.If
you drop 29 from 40, the remainder is 11.Subtract it from the money to get 192, give the
mother one-sixth which is 32 and the remaining is 160 among four sons, 40 each. 3.
Another method, let the money be a Dirham and give the one who is recommended for
the same quota as the son 5 Dinars. The remainder is a Dirham except 5 Dinars, exclude
from the 5 Dinars, one-seventh of the money, which is one-seventh of the Dirham, then a
Dirham and one-seventh except 5 Dinars is equal to 24 Dinars. Complete the Dirham and
the one-seventh by 5 Dinars and add it to 24 Dinars to get a Dirham and one-seventh
equal to 29 Dinars. Convert it to one-sevenths, then the Dirham and one-seventh is 8 ¢4
which is the one part of the Dinar, the quota is 40 since the Dinars are its one-fifth, and
the 29 Dinars converted to one-sevenths is 203, which is the one part of the Dirham
because we made the money a Dirham. Another method, let the money be 7 Dirhams,
take away from it the quota of a son and exclude a Dirham from the quota. Then, the
remainder is 8 Dirhams except 5 Dinars which is equal to 24 Dinars. Complete it the by

5 Dinars and add it to 24 Dinars to get 8 Dirhams which is equal to 29 Dinars, so that

(33) The money is x and the share of a son is y, then x + %x— S5y = 24y

1
x+7x—5y+5y=24y+5y=29y;

+1 1 +1]—29 129
X+ox—glxtoxf =29 8( y)

3
=25 —v;
X y+8y
y=28; x=203.

(34) Note how Abu Kamil converts the Dinars and the Dirhams into multiples of unit

: . . . 18
fractions using mixed fractions: 1; ==
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the Dinar is 8 and the Dirham is 29.We have made the money 7 Dirhams, multiply 29 by
7 to get 203 which is the money, and the quota of a son is 40. The one part of the Dinars
became one part of the Dirhams and vice versa because as it is clear to you, the 8
Dirhams is equivalent to 29 dinars, then a Dirham is one-eighth of 29 Dinars which is 3
Dinars and five-eighths of a Dinar. If you convert it to one-eighths of a Dinar, the 3
Dinars and five-eighths become 29 one-eighths and the Dinar becomes eight-eighths. For
this reason, the one part of the Dinars became one part of the Dirhams and the one part of
the Dirhams became one part of the Dinars. If he bequeathed, the same quota as one of
the sons except one-sixth of the remaining money, then the methodology is to let the
money be a thing and give 5 shares to the one who is recommended for the same quota as
the son. The remainder is a thing except 5 shares, exclude from the 5 shares, one-sixth of
the remaining money, which is one-sixth of the thing except five-sixths of a share., then,
a thing and one-sixth except 5 shares and five-sixths of a share is equal to 24 shares.
Complete the thing and the one-sixth of the thing by 5 shares and add it to 24 shares to
get a thing and one-sixth equal to 29 shares and five-sixths of a share. Complete the thing
and the one-sixth to become a thing by subtracting its one-seventh from it. Likewise,
subtracting from the 29 shares and five-sixths of a share, its one-seventh, yields 25 shares
and four-seventh of a share which is equal to a thing. Set the share as 7, then the money is
179 and the son’s share is 35 since he is entitled for 5 quotas. If you need to check, give
35 except one-sixth of the remaining money to the one who is recommended to him the
same quota as that of one son, which is 24, then remains 11 for the other bequeathed
person, take it away from the money to get 168. Give the mother its one-sixth, which is

28, then remains 140 to be divided among 4 sons with 35 each. Another method, let the
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money be a Dirham and give the one who is recommended for the same quota as the son
5 Dinars. The remainder is a Dirham except 5 Dinars, exclude from the 5 Dinars one-
sixth of the remaining money, which is one-sixth of the Dirham except five-sixths of a
Dinar. Then, a Dirham and one-sixth except 5 Dinars and five-sixths of a Dinar is equal
to 24 Dinars. Complete the Dirham and the one-sixth by 5 Dinars and add it to 24 Dinars
to get a Dirham and one-sixth equal to 29 Dinars and five-sixths of a Dinar. Convert the
Dirham and one-sixth to one-sixths, then the Dirham and one-sixth is 7 which is the one
part of the Dinar, the share is 35 since the Dinars are its one-fifth, and the 29 Dinars and
five-sixths converted to one-sixths is 179, which is the one part of the Dirham and which
is the money because we made the money a Dirham. Another method, let the money be
6 Dirhams and 5 Dinars, give 5 Dinars to the one who is recommended to him the same
quota as that of one son, then remains 6 Dirhams. Exclude from the 5 Dinars, one-sixth of
the remaining 6 Dirhams after the share, which is 1 then add it to the 6 Dirhams to get 7
Dirhams which is the remaining money after executing the will. Then, the remaining 7
Dirhams is equal to 24 Dinars.so that the one part of the Dinar is 7 and the one part of the
Dirham is 24.We have made the money 6 Dirhams and 5 Dinars, multiply the one part of
the Dinar which is 7 by 5 to get 35, and the one part of the Dirham, which is 24 by 6 to
get 144, then add them up to get 179 which is the money and the son’s quota is 35.
Another method, let the money be a Dirham and 5 Dinars, and proceed as I have
explained to you in many situations. Many other methods result from this problem, but
what I have explained is enough.

Another Type of Wills, which is after the executing the will

If he left three sons and bequeathed to his uncle the same quota as that of one of the
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sons except one-sixth of the remaining money after executing the will, you will find
respectively, that the one-sixth of the remaining money after the will is equal to one-fifth

of the remaining money after the quota, one-sixth ©® of the remaining money after the

will is equal to one-fifth of the remaining money after the quota, one-fifth of the

remaining money after the will is equal to one-fourth of the remaining money after the
quota, one-third of the remaining money after the will is equal to one-half of the
remaining money after the quota, and two-fifths of the remaining money after the will is
equal to two-thirds of the remaining money after the quota. Al Hajjaj ®® mentioned this
in his book, but he did not show the reason behind it. If you need to know, how this is
possible, knowing that he bequeathed the same quota as one of the sons except one-sixth
of the remaining money after the will, how it is one-fifth of the remaining money after
the quota. Take a number which has a one-sixth, which is 6, subtract its one-sixth from it
which is 1, the remaining is 5. The 1 is one-fifth of 5. Similarly, if he bequeathed the
same quota as one of the sons except two-fifths®? of the remaining money after the will,
take a number which has a one-fifth which is 5, subtract its two-fifth from it, which is 2,
the remaining is 3 , then subtract its two thirds from it. This is valid since, on another
method, it is well known that if you subtract the quota from the money, then subtracted
one-sixth of the remaining money after the will and again subtracted it from the quota,

then the remaining is equal to the will and one-sixth of the remaining money after the will

(35) This is a repetition, in the original text: “one-fifth”.
(36) Al Hajjaj Bin Yousef: (d. 833). Abu Kamil mentioned earlier that he will discuss
some of the problems which were included in Al Hajjaj’s book. “The Legacies”.

(37) In the original text: “one-fifth”.
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Which is one-sixth of money and five-sixths of will ®®. If you take out the quota, the will
and one-sixth of the remaining money after the will, then the remaining after taking the
quota is five-sixth of the money except five-sixth of will. Also, one-sixth of the money
except one-sixth of the will is one-fifth of five-sixths of the money except five-sixths of
the will. It is clear now, that one-sixth of the remaining money after the will is one-fifth
of the money after the quota. This way, you know that one-tenth of the remaining money
after the will is one-ninth of the remaining money after the quota, and that three-seventh
of the remaining money after the will is three-fourth of the remaining money after the
quota. Keep going this way if you want, Allah willing. If that is so, let the money be a
thing, then exclude from the quota one-fifth of the remaining money after taking out the
quota, which is one-fifth of a thing except one-fifth of a quota to get a thing and one-fifth
except a quota and one-fifth which is equal to3 quotas. Complete the thing and the one-
fifth of the thing by a quota and one-fifth, then add it to 3 quotas to get a thing and one-
fifth equal to 4 quotas and one-fifth. Complete the thing and the one-fifth to become a
thing by subtracting its one-sixth from it, because the one-fifth is from 1 and its one-sixth
is the one-fifth. Likewise, subtracting from the 4 quotas and one-fifth its one-sixth, yields
one-half of a quota and one-fifth of a quota to get a thing, which is equal to 3 and a half

quotas Set the quota as 2, then the money is 7 and the will is 1, because if you take

(38) The money is x and the quota of a son isy, then, the will is

W=y- E(x —y) and the remaining money after will is
1 6
R=x—-y+_(x-y)=-(x-y)

y_gzw+§; y—%(g(x—y)>=y—§(x—y)+%(§(x—y))=y—§(x—y)
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out from the quota, one-fifth of the remaining money after the quota, the remainder is the
will, or add up the sons’ quotas, which is 6 , subtract it from the money , which is 7 , then
the remainder is 1 which is the will. If one said, a mother, two sons and bequeathed the
same quota as that of one son except two-seventh of the remaining money after the will,
then explain that two- sevenths of the remaining money after the will is equal to two-
fifths of the remaining money after the quota as we explained. If that is so, you will find
the shares of the money to be 12, for the mother 2 shares and 5 shares for each son. Let
your money be a thing, then subtract from it the son’s share which is 5 shares, the
remainder is a thing except 5 shares. Exclude from the share two-fifths of the remaining
money, which is two-fifths of a thing except 2 shares to get a thing and two-fifths of a
thing except 7 shares which is equal to 12 shares. Complete the thing and the two-fifths
of the thing by 7 shares and add it to one-tenth of a share to get a thing and two-fifths
equal to 19 shares. Complete the thing and the two-fifths to become a thing by
subtracting its two-sevenths from it, Likewise, subtracting from the 19 shares its two-
sevenths, yields 5 shares and three-sevenths to get a thing, which is equal to 13 shares
and four-sevenths of a share. Set the share as 7, then the thing is 95 which is the money
and the son’s quota is 35 since he is entitled for 5 shares. If you need to know the will,
drop two-fifths of the remaining money after the son’s quota, which is 24 from the son’s

quota, the remaining 11 is the will ®?. If you need to check, drop the will which is 11

(39) The money is x and the share of a son is y, then x — [Sy - E (x- 5y)] =12y

2 2 2
x+§x—7y= 12y; x+§x—7y+7y= 12y + 7y; x+§x= 19y

42 2( 12 )—19 2 (19y); x =5y +oy; y=7,x =95
xtox—olxt+ox) =19y —-(19%) x =5y +-y;y=7,x=
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from the money, the remainder is 84, subtract its two-sevenths, 24 from the quota, 35, to
get 11 which is the will. Then divide the 84 among the heirs, for the mother one-sixth
which is 14 and the remaining 70 for two sons with 35 each. Another method, let the
money be a Dirham and subtract from it the quota which is 5 Dinars. The remainder is a
Dirham except 5 Dinars, exclude from the 5 Dinars two-fifths of the remaining money,
which is two-fifths of the Dirham except two Dinars. Add this to the Dirham except two-
fifths of a Dinar to get a Dirham and two-fifths of a Dirham except 7 Dinars equal to 12
Dinars. Complete the Dirham and the two-fifths by 7 Dinars and add it to 12 Dinars to get
a Dirham and two-fifths equal to 19 Dinars. Convert the Dirham and two-fifths to one-
fifths, then the Dirham and two- fifths is 7 which is the one part of the Dinar, the son’s
quota is 35 since it is 5 Dinars, and the 29 Dinars converted to one-fifths is 95, which is
the money. Then proceed as we explained, Allah willing. Another method, which is the
method used by the jurists, let the money be a Dirham and subtract from it the will which
is a Dinar. The remainder is a Dirham except a Dinar. It is well known, as we explained,
that if you add to the Dinar , two-seventh of the remaining money, which is two-seventh
of a Dirham except two-seventh of a Dinar, , then the result is the son’s quota which is
five-seventh of a Dinar and two-seventh of a Dirham. The other son gets the same and the
mother’s quota is two-fifths of the son’s quota which is two-sevenths of a Dinar and four-
fifths of one-sevenths of a Dirham. The total for the mother and the two sons is a Dinar
and five-seventh of a Dinar and four-seventh of a Dirham and four-fifths of one-seventh
of a Dirham which is equal to the remaining money after the will, which is a Dirham
except a Dinar. Complete the Dirhams by the Dinar and add it to the Dinar and five-

seventh of a Dinar and four-seventh of a Dirham and four-fifths of one-seventh of a
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Dirham to get a Dinar and four-seventh of a Dirham and four-fifths of one-seventh of a
Dirham, which is equal to the remaining money after the will, which is a Dirham except a
Dinar. Complete the Dirhams by the Dinar and add it to a Dinar and five-seventh of a
Dinar and four-seventh of a Dirham and four-fifths of one-seventh of a Dirham to get
two-sevenths of a Dirham and one-fifth of one-seventh of a Dirham equal two Dinars and
five-sevenths of a Dinar. Convert it to one-fifths of one-seventh of a Dirham, and let the
Dinar be 35 and the Dirham be 35, then two-seventh of a Dirham and one-fifth of one-
seventh of a Dirham is 11, which is the one part of the Dinar and is the will. The two-
seventh of the Dinar and five-seventh of a Dinar is 95 which is the one part of the Dirham
and is the money, since we made the money a Dirham. If you need to know the son’s
quota, subtract the will from the money to get 84, give the mother one-sixth of it, which
is 14 and the remaining 70 for the sons with 35 each. Another method, you know that
the son’s quota is five-seventh of a Dinar and two-seventh of a Dirham. Take a one part
of the Dinar, its five-seventh, which is 7 and sixth-sevenths, and a one part of the Dirham,
its two-seventh, which is 27 and one-seventh. Add them up to get 35 which is the son’s
quota. Another method, let the money be 7 Dirhams and a Dinar, let the will be a Dinar,
then the quota as we explained is 2 Dirhams and a Dinar. The total quotas of the mother
and the sons is 4 Dirhams and four-fifths of a Dirham and 2 Dinars and two-fifths of a
Dinar which is equal to 7 Dinars. Subtract 4 Dirhams and four-fifths of a Dirham from
the 7 Dirhams to get 2 Dirhams and one-fifth of a Dirham which is equal to 2 Dinars and
two-fifths of a Dinar. Convert it to one-fifths, then the one part of the Dinar is 11 which is
the will and the one part of the Dirham is 12. We made the money to be 7 Dirhams and a

Dinar, multiply 12 by 7 to get 84 which is the quotas of the heirs, add to this the will to
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get 95 which is the shares of money. Another method, calculate reversely, you know
that if you subtract two-seventh of the remaining money after the will from the quota,
then the remainder from the quota is the will. Make the son’s quota a number which has
one-fifth and one-seventh, this is because the mother’s quota is one-fifth of that of a son,
then the son’s quota is 35 and the total quota of the mother and sons is 84. Take two-
sevenths of 84 which is 24 and subtract it from the son’s quota to get 11 which is will.
Adding 11 to the heirs’ quotas, 84 yields 95 which is the shares of money. There are
many methods to tackle this branch, but what I have explained to you is enough, Allah
willing.
Another Type of Wills

In which a man bequeaths part or two parts or more of his money as the same
quota as that of one of the inheritors, or two of the inheritors or more, or a part or two
parts or parts of the remaining money, after the quota. If he left, 3 sons and bequeathed
from one-third of his money as the same quota of that of a son and one-third of the
remaining money from the one-third. Then the methodology is to let your money be a
thing, then one-third of it is taken, since the commandment is from the one-third, subtract
a share from it , then remains one-third of a thing except a share. Subtract its one-third,
since he bequeathed one-third of the remaining money from the one-third, which is, one-
ninth of a thing and one-third of a share. The remaining from the one-third is two-ninths
of a thing except two-thirds of the money, which is its one-third “?. Then it becomes
eight-ninths of a thing except two-thirds of a share. This is the remaining money for the

heirs after the two commandments (wills) which is equal to 3 shares. Complete the

(40) In the original text: “a third”.
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eight-ninths of the thing by two thirds of the share and increase it on the 3 shares, so it is
eight-ninths of a thing that is equal to 3 shares and two thirds of the share. Complete “D.
so that it is eight-ninths of a thing that is equal to 3 shares and two thirds “*? the
eight-ninths of a thing, to become a thing by adding its one-eighth to it, likewise adding
to the 3 shares and two thirds its one-eighth which is one-eighth and one-third of a share,
results in a thing that is equal to 4 shares and one-eighth. Set the share to be 8, then the 4
shares and one-eighth of a share is 33 which is the money @3, If you need to check, take
one-third of the money which is 11, give the recommended to him one-third of the 3
remaining which is 1. The remaining from one-third of the money is 2, add it to two-
thirds of the money which is 22 to get 24 to be divided between 3 sons with 8 each.
Another method, let your money be 3 Dirhams , then one-third of it is taken, because the
commandment is from the one-third, subtract a son’s quota from it, which is a Dinar,
resulting in a Dirham except a Dinar. The remaining from the one-third of the money

after the quota is one-third of a Dirham except one-third of a Dinar, to be given to the

(41) “Complete” gives a meaning to the sentence if the repetition is removed
(42) This is a repetition of the previous sentence probably a typo from the copier.

(43) The money is x and the share of a son is y, then

1 1<1 )_z 2 2 8 2 .
3¥ 7Y T33*TY) Tt T3y T3 T T3y Y
8 2 2 . 2 8 . 2

8+1(8>_3 L2 1 2
9*¥t glg¥) =3y t3y+5Gy+3¥)

1
x=4y+§(y),y=8,x= 33
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bequeathed person, add this to two-thirds of the money, which is 2 Dirhams, so it is 2
Dirhams and two-thirds of Dirhams except two-thirds of a Dinar that is equal to 3 Dinars.
Complete the 2 Dirhams and the two-thirds of Dirhams by two-thirds of a Dinar and add
it to the 3 Dinars to get 2 Dirhams and the two-thirds of Dirhams that is equal to 3 Dinars
and two-thirds of a Dinar. Convert the 3 Dinars and two-thirds of a Dinar into one-thirds,
so it is 11 which is the one part of the Dirham and is one-third of the money as well since
we let our money to be 3 Dirhams, and the money is 33. Convert the 2 Dirhams and the
two-thirds of the Dirham into one-thirds, so it is 8, which the one part of the Dinar and is
the quota as well. If you need to check, then proceed as I explained to you. If he left, a
mother, 3 sons and bequeathed from two-fifths of his money as the same quota as that of
a son and one-sixth and one-seventh of the remaining money from the two-fifths. The
methodology is to let your money be a thing, then the quota of one son is taken which is 5
shares, because the shares of the money is 18 , one-sixth , 3, for the mother and 5 for
each son. The remaining is two-fifths of a thing except 5 shares, now subtract from this
its one-sixth and its one-sevenths. If you want to do this, let the thing be 210 parts, this is
because you multiply 5 by 6 by 7. Take its one-fifth, 84 and subtract 5 shares from it,
then remains 84 parts out of 210 parts of a thing except 5 shares. Subtract its one-sixth
and its one-seventh for the bequeathed person, which is 26 parts of 210 parts of a thing
except a share and one-half of a share and one-third of one-seventh of a share. The
remaining from the two-fifths 58 parts of 210 parts of a thing except a 3 shares and two-
sevenths of a share and one-sixth of a share, add this to three-thirds of the money which
is 126 parts of 210 parts of a thing to get fifths 184 parts of 210 parts of a thing except 3

shares and two-sevenths of a share and one-sixth of a share which is equal to 18 shares,
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the shares of the heirs. Complete the parts of the thing by 3 shares and two-sevenths of a
share and one-sixth of a share and increase it on the 18 shares, so it is 184 parts of 210
parts of a thing equal 21 shares and two-sevenths of a share and one-sixth of a share.
Complete the 184 parts of 210 parts of a thing to become a thing by adding to it 26 parts
of it, likewise adding 26 parts out of 184 parts of the 21 shares and two-sevenths of a
share and one-sixth of a share to it, results in a thing, which is the money, that is equal to
24 shares and 89 parts of 184 parts of a share. Set the share to be 184, then the money is
4505 and the son’s quota is 920. If you need to check, take two-fifths of the money
which is 1802, subtract from it the son’s quota, 920 to get 882. Give one-sixth and one-
seventh of it to the bequeathed person, 237. Add the remaining from the two-fifths, 609,
to three-fifths of the money, 2703 to get 3312 be divided among the heirs, one-sixth for
the mother 552 and the remaining 2760 among 3 sons with 920 each. Another method,
let your money be 5 Dirhams, then two-fifths of it is taken, which is 2 Dirhams, give the
son’s quota which is 5 Dinars to the bequeathed person, then remains 2 Dirhams except 5
Dinars. Give its one-sixth and its one-seventh to the bequeathed person, which is 3
Dirhams and two-seventh of a Dirham except a Dinar and two-seventh of a Dinar and
one-sixth of a Dinar. The remaining from the two-fifths is a Dirham and one-third of one-
seventh of a Dirham except 3 Dinars and two-seventh of a Dinar and one-sixth of a
Dinar, add this to three-fifths of the money, which is 3 Dirhams, so it is 4 Dirhams and
one-third of Dirham and one-third of one-seventh of a Dirham except 3 Dinars and two-
seventh of a Dinar and one-sixth of a Dinar that is equal to 18 Dinars, the quota of the
heirs. Complete the 4 Dirhams and one-third of Dirham and one-third of one-seventh of a

Dirham by 3 Dinars and two-seventh of a Dinar and one-sixth of a Dinar and add it to 18
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Dinars to get 4 Dirhams and one-third of Dirham and one-third of one-seventh of a
Dirham that is equal to 3 Dinars and two-seventh of a Dinar and one-sixth of a Dinar. Let
the Dinar be 42 so it is 901 which is the one part of the Dirham and one-fifth of the
money as well since we let the money to be 5 Dirhams. Then you proceed in working out
the quota for the heirs and dividing the remaining money among them as I explained to
you, Allah willing. Another method, take a number which has one-sixth and one-
seventh, which is 42 Dirhams, add to it the son’s quota which is 5 Dinars, so it is 42
Dirhams and 5 Dinars. Make this as two-fifths of your money, then, one-fifth of your
money is 21 Dirhams and 2 Dinars and one-half of a Dinar and the money is 105
Dirhams and 12 Dinars. Give the bequeathed person the son’s quota, 5 Dinars, then 42
Dirhams remains, give the bequeathed person one-sixth and one-seventh of it, 13. The
remaining from the two-fifths is 29 Dirhams, add this to three-fifths of the money which
is 63 Dirhams and 7 Dinars and one-half of a Dinar to get 92 Dirhams and 7 Dinars and
one-half of a Dinar that is equal to 18 Dinars, the quota of the heirs. Subtract 7 Dinars
and one-half of a Dinar from the 18 Dinars to get 10 Dinars and one-half Dinar that is
equal to 92 Dirhams. Convert it into one-halves, so the Dinars are 21 which is the one
part of the Dirham and the Dirhams are 184 which is the one part of the Dinar. Multiply
the one part of the Dirham, 21 by 42 to get 882 and multiply the one part of the Dinar,
184 by 5 to get 920, add these up to get 1802 which is two-fifths of the money. We have
multiplied the one part of the Dirham by 42 and the one part of the Dinar by 5 because
we made the two-fifths of the money to be 42 Dirhams and 5 Dinars. One-fifth of the
money is 901, the money is 4505 and the son’s quota is 920 because he is entitled for 5

Dinars.
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If you let, your money to be a Dirham, take two-fifths of it which is two-fifths of
a Dirham, , subtract the son’s quota which is 5 Dinars, the remaining is two-fifth of a
Dirham except 5 Dinars, and give the bequeathed person one-sixth and one-seventh of it
which is 13 parts of 105 parts of a Dirham of 105 parts of a Dirham “¥ except a Dinar
and one-half of a Dinar and one-third of one-seventh part. The remaining from the two-
fifths is 29 parts of 105 parts of a Dirham except 3 Dinars and two-seventh of a Dinar and
one-sixth of a Dinar, add this to three-fifths of the money, which is 63 parts of 105 parts
of'a Dirham except 3 Dinars and two-seventh of a Dinar and one-sixth of a Dinar that is
equal to 18 Dinars. Complete the parts of the Dirhams by 3 Dinars and two-seventh of a
Dinar and one-sixth of a Dinar and add it to 18 Dinars to get 92 parts of 105 parts of a
Dirhams that is equal to 21 Dinars and two-seventh of a Dinar and one-sixth of a Dinar.
Let every Dinar and every Dirham be 210, we made it 210 because the 105 was not
enough since one-half results from one-sixth of a 105, therefore, we have doubled the
105. Multiply the 210 by 92 parts of 105 parts of a Dirham to get 184 which is the one
part of the Dinar, multiply it by 5 to get the son’s quota, since the son’s quota is 5 Dinars,
to get 920 which is the son’s quota. Multiply the 210 by the Dinars, which is. 21 Dinars
and two-seventh of a Dinar and one-sixth of a Dinar, so it is 4505 which is one part of the
Dirham and the money as well, since we made our money to be a Dirham. Another
method, let your money be a Dirham and 12 Dinars and one-half of a Dinar, this way, its
one-fifth is two-fifths of a Dirham and 5 Dinars, so that if you subtract the quota of a son

which is 5 Dinars, the remaining is two-fifths of a Dirham.

(44) This is a repetition, as appeared in the original text.
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Subtract its one-sixth and its one-seventh and add the remaining to three-fifths of the
money which three-fifths of a Dirham and 7 Dinars and one-half of a Dinar, equate the
result to 18 Dinars and proceed as I have explained to you in many occasions. The
methods for this problem and similar ones are many and if we include all, then the book
will be lengthy, but what we have included is enough. There is no power except Allah’s.
If he left, 3 sons and bequeathed as the same quota as that of a son except one-fifth of the
remaining from the one-third after the quota. Then the methodology is to let the money
be a thing then one-third of it is taken which is one-third of a thing, because the will is
from the one-third, subtract a share from it , then remains one-third of a thing except a
share. Subtract from the share, one-fifth of the remaining money from the one-third,
which is, one-fifth of one-third of a thing except one-fifth of a share, add this to one-third
of a thing except a share to get two-fifth of a thing except a share and one-fifth of a share,
which is the remaining from the one-third, then add it to two-thirds of the money which is
two-thirds of a thing to get a thing and one-third of one-fifth of a thing except a share and
one-fifth of a share, this is the remaining after the will which is equal to 3 shares “9,
because the remaining money after the will is for the heirs and the heirs are 3 sons.
Complete the thing and one-third of one-fifth of a thing by a share and one-fifth of a
share and add the same to 3 shares to get a thing and one-third of one-fifth of a thing

equals to 4 shares and one-fifth of a share. Complete all to a thing, you know that to get

(45) The money is x and the share of a son is y, then
1(1 >+1 2 1
5\3* Y)Y TR YY)
2 +2 1 +1(1) 1 _3
3% T5” 57 =¥ T5\3Y) TV 5T
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a thing, take its seven-eighths and half of its one-eighth, subtract seven-eighths and half
of one-eighth of the 4 shares and one-fifth of a share, which is 3 shares and seven-eighths
of a share and half of one-eighth of a share to get a thing which is equal to 3 shares and
seven-eighths of a share and half of one-eighth of a share. Let the share be a number
which has one-eighth and half of one-eighth, which is 16, then the thing is 63 which is
the money “®. When you need to check, take one-third of the money which is 21,
subtract the share from it which is 16, then the remaining is 5.Exclude from the 16, one-
fifth of 5 which is 1 and add it to the remaining from the one-third after the share, which
is 5 to get 6, the will remains 15. Add the 6 to two-thirds of the money which is 42 so it is
48 divided among 3 sons with 16 each. Another method, let one-third of the money be a
Dirham, subtract a son’s quota which is a Dinar, then the remaining is a Dirham except a
Dinar. Subtract from the Dinar, one-fifth of the remaining money from the one-third after
the quota, which is, one-fifth of a Dirham except one-fifth of a Dinar, add this to two-
thirds of the money which is 2 Dirhams so it is 3 Dirhams and two-fifths of a Dinar and
one-fifth. Complete it by the Dinar and the one-fifth and add the same to the 3 Dinars ,
then 3 Dirhams and one-fifth is equal to 4 Dinars and one-fifth. Convert it to one-fifths,
then the one part of a Dirham 1s 21 which is one-third of since we made one-third of our

money a Dirham. The money is 63 and the one part of a Dinar is 16 which is the quota.

1(1 1
(46) x+g(§x)—y—gy=3y
+1(1> L by 4y =3y 4y ey =4y 4o
7 1/1
x=3y+§y+5(—y>;y=16,x=63

8
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Another method, let one-third of the money be 5 Dirhams and a Dinar, subtract a son’s
quota which is a Dinar, then the remaining is 5 Dirhams. Subtract from the Dinar, one-
fifth of the 5 Dirhams, which is a Dirham and the will remains a Dirham except a Dinar.
The remaining from the one-third is 6 Dirhams, add this to two-thirds of the money
which is 10 Dirhams and 2 Dinars so it is 16 Dirhams and two- Dinars which is equal to 3
Dinars. Subtract 2 Dinars from the 3 Dinars to get 16 Dirhams that is equal to a Dinar.
The one part of a Dirham is 21 which is one-third of since we made one-third of our
money a Ditham. The money is 63 and the part of a Dinar is 16 which is the quota, and
the one part of the Dirham is 1, multiply by 5 and add the result to the quota which is 16
to get 21 which is the one-third and the money is 63. If he left, a wife, 5 sons and
bequeathed from two-ninths of his money as the same quota of that of a son except two-
fifths and one-sixth of the remaining from the two-ninths. Then let the money be a thing
then two-ninths of it is taken which is two-ninths of a thing, because the will is from the
two-ninths, subtract a son’s quota from it which is 7 shares ,this is because the shares of
the money is 40, 5 for the wife and 7 for each son. Then remains from the two-ninths,
two-ninths of a thing except 7 shares. Subtract from the 7 shares, one-fifth and one-sixth
of the remaining money from the two-ninths, which is, two-fifth of one-ninth of a thing
except 2 shares and one-fifth of a share and one-sixth of one-fifth of a share , add this to
the remaining from the two-ninth which is two-ninth of a thing except 7 shares, to get 82
parts of 270 of a thing except 2 shares and one-fifth of a share and one-sixth of one-fifth
of a share, then add it to seven-ninths of the money which is 210 parts of 270 of a thing to
get a thing and 22 parts of 270 of a thing except 9 shares and two-fifths of a share and

one-sixth of a share, which is equal to 40 shares, Complete it by 9 shares and two-fifths
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of a share and one-sixth of a share and add the same to 40 shares to get a thing and 22
parts of 270 of a thing equals to 49 shares and two-fifths of a share and one-sixth of a
share. Complete all to a thing, and show that a thing and 22 parts of 270 of a thing is 270
parts of 292 of a thing of it, take 270 parts of 292 of a thing of the 49 shares and 243 parts
of 292 of a share which is equal a thing, which is the money since we made the money a
thing. Let the share be 292 then the son’s share is 2044 since he is entitled for 7 shares,
and the money is 13383. If you need to check, take two-ninths of the money, which is
2994, subtract the share from it which is 2044, then the remaining is 930 .Exclude from
the share, one-fifth and one-sixth of 930 which is 341 and add it to 930 to get 1271,
which is the remaining from one-ninth of the money after the will., add this to seven-
ninth of the money which is 10409 to get 11680 to be divided among the heirs, for the
wife, one-eighth, 1460 and the remaining 10220 to be divided among 5 sons with 2044
each. Another method, let the money be a Dirham, take two-ninths of it which is two-
ninths of a Dirham, subtract the son’s quota which is 7 Dinars, the remaining is two-
ninths of a Dirham except 7 Dinars, increase it by its one-fifth and its one-sixth and
subtract from the share so it is two-ninths of a Dirham and two-fifth of one-ninths of a
Dirham and one-third of one-ninth of Dirham except 9 Dinars and two-fifths of a Dinar
and one-sixth of a Dinar. Add this to seven-ninths of the money which is seven-ninths of
a Dirham, so it is a Dirham and two-fifth of one-ninths of a Dirham and one-third of one-
ninth of Dirham except 9 Dinars and two-fifths of a Dinar and one-sixth of a Dinar,
which is equal to 40 Dinars. Complete it by the 9 Dinars and two-fifths of a Dinar and
one-sixth of a Dinar and add it to 40 Dinars, so it is 49 Dinars and two-fifths of a Dinar

and one-sixth of a Dinar that is equal to a Dirham and two-fifth of one-ninths of a Dirham
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and one-third of one-ninth of Dirham. Let the Dinar and the Dirham be a number which
has one-fifth, one-sixth, two-fifth of one-ninth, and one-third of one-ninth which is 270
Multiply the Dirham and two-fifth of one-ninths of a Dirham and one-third of one-ninth
of Dirham by 270 to get 292 which is the one part of the Dinar, multiply it by 7 to get the
son’s quota since the son’s quota is 7 Dinars, to get 2044 which is the son’s quota.
Multiply the 49 Dinars and two-fifths of a Dinar and one-sixth of a Dinar 270, so it is
13383 which is one part of the Dirham and the money as well, since we made our money
to be a Dirham. Divide it among the heirs and the people of commandments as [ have
explained to you, Allah willing. Another method, let two-ninths of the money be 60
Dirham and 7 Dinars, and give the one who is recommended for the same quota as the
son 7 Dinars. The remainder is 60 Dirham, exclude from the 7 Dinars, one-fifth and one-
sixth of 60 Dirhams, which is 22 Dirhams and add it to seven-ninths of the money which
is 210 Dirhams and 24 Dinar and one-half of a Dinar so it is 292 Dirhams and 24 Dinar
and one-half of a Dinar, which is equal to 40 Dinars. Subtract 24 Dinar and one-half of a
Dinar from the 40 Dinars to get 15 Dinars and one-half of a Dinar that is equal to 292
Dirhams. Convert it to one-halves, then the one part of a Dirham is 31 and the one part of
the Dinar is 584. Multiply the one part of the Dirham, which is 31 by 60 so it is 1860 and
multiply the one part of the Dinar which 584 by 7, so it is 4088. Add them up to get 5948
which is two-ninths of the money and the share is 584. Take one-half of each, then the
two-ninths of the money is 2974, the share is 292, the son’s share 2044 and the money is
13380. Divide it among the heirs and the people of commandments as I have explained to
you. There are many ways to tackle these problems, but the ones I have explained to you

are enough to guide you to many methods to solve these problem correctly, Allah willing.
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If he left, a son, 5 daughters, bequeathed to his uncle from one-third of his money as the
same quota as that of a son except one-third of the remaining from the one-third after the
quota, and to his avuncle one-sixth of the remaining from the one-third after that. Then
calculate the shares of money, you will find it 7, for the son, 2 and 1 for each daughter.
Let your money be a thing then one-third of it is taken which is one-third of a thing,
subtract a son’s quota from it which is 2 shares, then remains one-third 47 of a thing
except 2 shares. Exclude from the 2 shares, one-third of the remaining money from the
one-third, which is, one-ninth of a thing except two-thirds of a share, so it is four-ninths
of a thing except 2 shares and two-thirds of a share, and the uncle’s will is 2 shares and
two-thirds of a share except a thing. Give the avuncle one-sixth of the remaining from the
one-third after the uncle’s will which is two-thirds of one-ninth of a thing except four-
ninth of a share, the remaining is one-third of a thing and one-third of one-ninth of a thin
except 2 shares and two-ninths of a share, add this to two-thirds of the money which is
two-thirds of a thing to get a thing and one-third of one-ninth of a thing except 2 shares
and two- ninths of a share, that is equal to 7 shares. Complete by 2 shares and two-ninths
of a share and add the same to 7 shares to get a thing and one-third of one-ninth of a thing
of a thing equal 9 shares and two-ninths of a share. Complete the thing and one-third of
one-ninth of a thing to a thing by taking from it 27 parts of 28 of it. Likewise, take 27
parts of 28 of 9 shares and two-ninths of a share, which is 8 shares and 25 parts of 28 of a
share to get a thing which is equal to 8 shares and 25 parts of 28 of a share. Let every
share be 28, then the son’s quota is 56, since he is entitled for 2 shares and the 8 shares

and 25 parts of 28 of a share is 249 which is the money.

(47)  “One-third’ in the original text, it should be ‘one-third of a thing”
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If you need to check, take one-third of the money, which is 83, subtract the son’s quota
from it which is 56, then the remaining is 27 .Exclude from the 56, one-third of the
remaining after the one-third, which is 27, so it is 9 and add it to 27 to get 36 *®, and the
uncle’s will remained 49, give the avuncle one-sixth of the remaining from the one-third
after the uncle’s will, which is 6,then, the remaining from the one-third after the uncle’s
and the avuncle’s will , is 30, add to it two-thirds of the money , which is 166 “% to get
196 to be divided among the heirs , 56 for the son and 28 for each daughter. Another
method, let the money be a Dirham, take its one-third which is one-third of a Dirham ,
drop the son’s quota , which is 2 Dinars, from it , then the remaining is one-third of a
Dirham except 2 Dinars add its one-third to it , so it is four-ninth of a Dirham except 2
Dinars and two-thirds of a Dinar. Give one-sixth of this to the avuncle, which is two-
thirds of one-ninth of a Dirham except four-ninths of a Dinar, then, the remaining from
the one-third is one-third of a Dirham which is one-third of one-ninth of a Dirham except
2 Dinars and two-ninths of a Dinar. Add this to two-thirds of the money which is two-
thirds of a Dirham to get a Dirham and one-third of one-ninth of a Dirham except 2
Dinars and two-ninths of a Dinar that is equal to 7 Dinars. Complete it by 2 Dinars and
two-ninths of a Dinar which is equal to a Dirham and one-third of one-ninth of a Dirham.
Let every Dirham be 27 and every Dinar be 27, then the Dinars are 249, which is the one
part of a Dirham and the money as well. The Dirham and one-third of one-ninth of a
Dirham is 28 which is the one part of the Dinar, and the son’s quota is 56 since he is

entitled for 2 shares.

(48) In the original text “eighty six”

(49) In the original text “one hundred thirty six”
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Another method, let one-third of the money be 9 Dirhams and 2 Dinars, drop the son’s
quota, which is 2 Dinars, from it, then the remaining is 9 Dirhams add its one-third to it ,
so it is 12 Dirhams Give one-sixth of this to the avuncle, which is , then, the remaining
from the one-third is 10. Add this to two-thirds of the money which is 18 Dirhams and 4
Dinars so it is 28 Dirhams and 4 Dinars that is equal to 7 Dinars. Drop the 4 Dinars from
the 7 Dinars to get 3 Dinars which is equal to 28 Dirhams. Then the one part of a Dinar is
28 and the one part of a Dirham is 3. Multiply the one part of the Dirham by 9 and the
one part of the Dinar by 2 and add them up, since we made the money to be 9 Dirhams
and 2 Dinars, then one third of the money is 83, for the son 56 because he is entitled for 2
Dinars and 28 for each daughter. If he bequeathed to his uncle, the same quota as that of
his son from one-third of the money except a quarter and one-fifth of the remaining from
the one-third after the quota, and to his avuncle, one-sixth and one-seventh of the
remaining from the one-third after the uncle’s will. Then the methodology is to let your
money be a thing then one-third of it is taken so it is one-third of a thing, subtract a son’s
quota from it which is 2 shares, then remains one-third of a thing except 2 shares.
Exclude from the 2 shares, a quarter and one-fifth of one-third of a thing except 2 shares,
which is one-tenth and one-half of one-tenth of a thing except nine-tenths of a share 0.
Add this to one-third except 2 shares so it is 29 parts out of 60 parts of a thing except 2

shares and nine-tenths of a share ¢V which is the remaining from the one-third.

(50) The money is x and the share of a son is y, then

<1+1>(1 2)_3 9 1 +1(1) 9
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Give the avuncle its one-sixth and one-seventh which is 8 and one-half and one-third and
one-seventh parts of 60 parts of a thing except 53 and six-sevenths parts of 60 parts of a
share 2 from the one-third, 20 and one-sixth of one-seventh parts of 60 parts of a thing
except 2 and one-seventh parts of 60 parts of a share. Add it to two-thirds of the money
which is 40 parts of 60parts of a thing so it is a thing and one-sixth of one-seventh parts
of 60 parts of a thing except 2 and one-seventh parts of 60 parts of a share equal 7 shares.
Complete it by 2 and one-seventh parts of 60 parts of a share and add it to the 7 shares so
it is a thing and one-sixth of one-seventh parts of 60 parts of a thing equal 9 shares and
one-seventh parts of 60 parts of a share. Add a thing to a thing and one-sixth of one-
seventh parts of 60 parts of a thing and explain that the thing from a thing and one-sixth
of one-seventh parts of 60 parts of a thing is 2520 parts of 2521 parts of it. Drop from the
9 and one-seventh parts of 60 parts of a share 2520 parts out of 2521 parts of it, to get a
thing equal 8 shares and 2518 parts of 2521. The son’s quota is 5042 and the 8 shares and
the 2518 parts 1s 22686 which is the money since it is equal to a thing and we have made
the money a thing. If you need to check, take one-third of the money, which is 7562,
subtract the son’s quota from it which is 5042, then the remaining is 2520 .Add to the
2520 its quarter and its one-fifth which is 1134 so it is 3654 which is the remaining after
the uncle’s will. Give its one-sixth and its one-seventh to the avuncle which is 1131, the
remaining from the one-third after the uncle’s and the avuncle’s will, is 2523, add to it
two-thirds of the money, which is 15124 to get 17647 to be divided among a son and 5

daughters, 5042 for the son and 2521 for each daughter
1, 1) (29 9\ _377(x\ _377(y
(52) (E + ;) (Ex -2y - 5)’) T a2 (60) 7 (60)
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The Arabic Text
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