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Fast Simulation of Random Walks on the

Endoplasmic Reticulum by Reduction to

the Gambler’s Ruin Problem

Steven Petteruti

Abstract

The endoplasmic reticulum (ER) plays a critical role in many eukaryotic cell

functions, including protein synthesis and development. In this thesis, we will use

increasingly coarse grained models of random walks on graphs to efficiently simulate

the movement of structures, such as mitochondria, along the ER. We will use a data

set obtained from ER dynamics videos created by Jonathan Friedman, and research

conducted by Joel Stavans. The 2D topology of the ER is similar to that of a foam

network, primarily because both can be viewed as stable structures which provide

a framework upon which biological processes can be observed. Specifically, we will

pay close attention to the dwell time of mitochondria along the ER. By observing

and drawing conclusions about these dwell times, we may reveal insight about these

important cell processes.
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1 Introduction

The endoplasmic reticulum (ER) is a key organelle in eukaryote cells that is formed from the

interconnection of flattened membrane bound tube-like structures called cisternae. The ER plays

a critical role in many cell functions, including protein synthesis, lipid synthesis, mitochondrial

division, and calcium regulation. This network of cisternae forms a membrane of sac-like tubules

that synthesize and export proteins [1]. In protein synthesis, mRNA is transported from the

nucleus to a ribosome, and once the protein, or amino acid chain, is complete, the ER pinches it

off to form a new vesicle, which then moves to another part of the cell. This allows new junctions

to form from fusion between ER membranes. This continuous network of cisternae constantly

reorganizes and responds to evolving cellular needs, making it a particularly interesting structure.

The ER also provides a platform for mitochondria and the processes of both organelles are closely

coordinated. Mitochondria produce ATP to provide energy to the cell and are involved in cellular

respiration. Essentially, the ER provides the structure of the cell and creates a platform on which

cellular processes can occur [2].

1.1 Relationship between Mitochondria and ER

The interaction between Mitochondria and the ER is important for many biological processes

including calcium handling and lipid synthesis. However, while the organelles are moving, it

is unclear how much contact they have [1]. Friedman et al, have observed that mitochondria,

although variable in size, shape, and movement speeds, maintained direct contact with the ER

at all times. This is perhaps a surprising result, because both organelles experience dynamic

rearrangements. The ER-associated mitochondrial division (ERMD) model supposes that the ER

makes contact with the mitochondria, and wraps itself around the mitochondria during division

[2]. The ER, therefore, marks sites of mitochondrial division.

2 Construction of the Network

We first begin by stating our desired characteristics for the network. Typically, we want exactly

3 connections at each vertex to ensure our network resembles that of a foam network. We should

only have greater than 3 connections if our network is undergoing a T2 or T1 transition. Since

our network is going to be fixed in time, we do not need to worry about these states (during these

transitions, a node will have 4 connections momentarily, which complicates the network) [3].

We can first construct a network by randomly placing a number of points onto a 1 × 1 grid

and applying a triangulation. MatLab’s built-in Delaunay triangulation (DT) serves this purpose.

One feature of the DT is it maximizes the minimum angle of all triangles in the triangulation, and

thus tends to avoid sliver triangles. This is useful as it is more likely we will end up with an evenly

spaced ER through our randomly generated network [4].
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Figure 1: Delaunay triangulation of a random network (ghost points in red).

Next, it is useful to come up with a notion of periodicity for our network. We do not want

a walker to be bounded by the edges of the network. This would cause our simulation to distort

dwell times along the edges of the network. Additionally, if we seek to come up with a model that

is time persistent, i.e., the network tends to minimize net energy (which is a function of total edge

length) at equilibrium, a finite network will tend to converge to a single point. For these reasons,

we can define a ghost point, or the periodic image of a point in the graph. Point p exists with

coordinates (x, y) with 0 < x, y < 1, then the periodic copies of pghost = (x+m, y+n) for m,n ∈ Z
exist at integer multiples away from p.

We note that there are a set of ghost points that are connected to a minimum of 1 real points.

In our construction of the network, the set of ghost points connected to only other ghost points can

be ignored. We also note that for each ghost point, there exists a real point which is its periodic

image. We can define this as:

<[pghost] ≡ preal

Next, in order to take our DT and convert it into a graph with exactly 3 connections at each

node, we apply the Voronoi tesselation. The Voronoi, the dual graph of the DT, has the property

that each vertex has exactly n = 3 connections. The Voronoi, in short, is formed by the union of

the bisector lines of each edge [4].
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Figure 2: Voronoi tesselation of a random network. Ghost points in red. We notice each node now
has exactly 3 connections.

3 Motion Along the Network

3.1 Monte Carlo Simulation

The most primitive approach for simulating a walker along the network would be to keep track of

the walker at each ∆x step as it moves along the grid. We could then use a Monte Carlo simulation

to keep track of the walker at each step, and explicitly generate a heat map of where the walker

tends to spend the most time. However, this process would clearly be tedious and numerically too

expensive to obtain meaningful data. A faster “coarse-grain” approach is necessary.

3.2 Improved Monte Carlo Simulation

At each vertex, we can assume that the walker will have an equal probability of going down each

branch. That is, the walker is indifferent to which path it takes. If at point X0 there are n = 3

connections, the walker will have 1
3 probability of choosing any given branch. After the walker is

on an edge, we can then break down the problem into a well-studied Gambler’s Ruin problem on

each edge. Once the walker moves t steps along a branch, we can compute the probability that it

returns to the original vertex, namely the gambler goes broke, or reaches the next vertex, or the

gambler wins.
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Figure 3: illustration of a random walker at point P .

The Gambler’s Ruin problem states that if the walker is t steps along a branch of length T , the

the probability that the gambler returns to the original node (i.e., goes bankrupt) is Preturn = 1−∆x
T

[7].

Intuitively, for small step sizes the Preturn approaches 1. Once we have selected which vertex

the walker has chosen to travel next, we will simply compute the Preturn to determine if the walker

ever reaches the next vertex. If not, the walker gets sent back to the original vertex, wherein the

process is repeated until the walker reaches another vertex. The following pseudocode illustrates

this logic.

Algorithm 1 Monte Carlo Simulation

1: procedure MCS : simulates a random walker along the network, storing visits
in N visits

2: for i = 1:iters do
3: connected vertices = CV(current vertex,:)
4: next vertex = connected vertices(randi([1,3]))
5: p r = p return(current vertex, next vertex)
6: if p r < rand() then
7: current vertex = next vertex
8: N visits[current vertex] += 1

Using this approach, it is straightforward to compute the number of times the walker visits

each vertex by simply incrementing a counter every time the walker either reaches the next node,

or returns to its starting vertex.

While this method provides counts of the number of times a walker visits a vertex, it lacks a

means to compute the amount of time the walker spends along an edge. Since we are interested

in where the walker spends its time along the entire network, and not just at vertices, we must

modify this approach to take into account the time the walker spends along the edges of the
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network. Additionally, while this method is an improvement to simulating a random walk at each

step ∆x, it is still numerically slow.

3.3 The Zoom (Coarse-Grained) Approach

Rather than relying on these Preturn to determine whether the walker reaches the next vertex, we

can instead consider a probability mass function (PMF) that gives the probability that the walker,

starting at vertex Xi, will go to vertex Xj . Once we have this PMF function, we can simulate the

walker zooming from vertex to vertex. All that is left to do then is calculate the expected number

of steps the walker spent on each of the connected branches as it moved from vertex Xi to Xj .

Note, that just because the walker moved from vertex Xi to Xj does not mean it did not spend

any time along the other edges connected to Xi.

We can denote the transition probabilities as: P i = P(visiting Xi) for i ∈ {1, 2, 3}. Now

conditioning over the number of times the walker returns to the original vertex, and summing we

obtain:

P i = P(visited Xi and 0 returns)+P(visited Xi and 1 return)+...+ P(visited Xi and n returns)+...

We can explicitly calculate the first term in the sum, namely the probability that the walker

reaches Xi without returning as simply the probability of no return, Pnr discounted by a factor of 1
3

due to the fact that the walker needs to select the i-th branch. That is: P(visited Xi and 0 returns) =
1
3Pnr

The next term in the sum, the probability that the walker reaches Xi with exactly 1 return,

we can calculate by “working backwards.” Assuming the walker reached vertex Xi with exactly 1

return, we know that it took the path to Xi without returning exactly once (in its final transition

to Xi) which happens with probability 1
3P

i
nr. Next, we have to account for the probability that

the walker returned once from each branch. This yields:

P(visited Xi and 1 return to X0) =
1

3
P inr

(
1

3
P 1
r +

1

3
P 2
r +

1

3
P 3
r

)
We can repeat this process for each number of returns to obtain the following summation:

P i = P(visited Xi and 0 returns) + P(visited Xi and 1 return) + ...+ P(visited Xi and n returns) + ...

= 1
3Pinr + 1

3P
i
nr

(
1
3P

1
r + 1

3P
2
r + 1

3P
3
r

)
+ 1

3P
i
nr

(
1
3P

1
r + 1

3P
2
r + 1

3P
3
r

)2
+ ...

=
∑∞
n=0

1
3P

i
nr

(
1
3

∑3
k=1 P

k
r

)n
Applying the geometric series formula gives:

P i =
1

3
P inr

(
1

1− r

)
, r =

1

3

3∑
k=1

P kr

Now that we have obtained the probabilities of going down each branch, we have the PMF function,
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which can be written as:

fXi(v) = P(Xi = v) =
1

3
P vnr

(
1

1− r

)
, v ∈ {1, 2, 3}

3.4 Computing Dwell Times

Next, we must compute the expected number of steps on each branch as the walker moves from

node to node. It is useful to come up with some notation to denote the number of steps along each

branch. Given that the walker moved from vertex X0 to X1, we can compute the expected time it

spent along edges X0X2 and X0X3. We denote Ei,j to be the expected number of steps on edge

X0Xj given the walker visits Xi next. Again, we can condition over the number of returns the

walker made to vertex X0, which gives:

P iEi,j =

∞∑
n=0

E
[
N on X0Xj | Xj next and n returns

]
P
(
Xj next and n returns

)
The first term in this sequence is going to be the expected number of steps given no returns,

or just:

E
[
N on X0Xj | Xj next and 0 returns

]
=

{
Enr j = i

0 j 6= i

The walker is expected to move Enr along branch X0Xj and 0 steps along the other branches

(given it never returned, this is true by definition). Given the walker returned once, we can track

the walker’s movements backwards. We know that there will be an Enr term for the final sequence

of steps where the walker traveled from X0 to Xj . Additionally, since the walker returned once,

we know that the expected number of steps along the other branches, will just be Er discounted

by the probabilities of it taking that path. That is, formally:

E
[
N on X0Xj | Xj next and 1 return

]
=

E
j
nr +

P j
r∑3

k=1 P
k
r
Ejr j = i

P j
r∑3

k=1 P
k
r
Ejr j 6= i

This generalizes for n steps quite easily. We simply multiply the expected number of steps for each

return by n.

E
[
N on X0Xj | Xj next and n returns

]
=

E
j
nr + n

P j
r∑3

k=1 P
k
r
Ejr j = i

n
P j

r∑3
k=1 P

k
r
Ejr j 6= i

We recall that the probabilities for traveling to vertex Xj next while returning n times is given by:

P
(
Xj next and n returns

)
=

1

3
P inr

(
1

3

3∑
k=1

P kr

)n
=

1

3
P inrr

n
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Substitution yields:

Ei,j =

{
Ejnr +

∑∞
n=1 n

P j
r

3r E
j
r(1− r)rn j = i∑∞

n=1 n
P j

r

3r E
j
r(1− r)rn j 6= i

Note the geometric series relation that
∑∞
n=1 nr

n−1 = 1
(1−r)2 which simplifies to give us:

Ei,j =

{
Ejnr +

P j
rE

j
r

3(1−r) j = i
P j

rE
j
r

3(1−r) j 6= i

This is the expected number of steps along each branch. All that is left is to compute Ejr and Ejnr.

We can now break down our problem into a simple Gambler’s Ruin problem. In the standard

Gambler’s Ruin problem, a gambler starts with n dollars, and wagers 1 dollar with probability p

until he either goes bankrupt, or wins T dollars. In our case, we can assume the walker is unbiased,

that is p = 1
2 . In this well studied problem, it can be shown that in the unbiased case we have

that [7]:

Pn(win) =
n

T
, En[N ] = n(T − n)

However, we are interested in computing the conditional expectations. That is En[N |win] and

En[N |ruin]. For convenience define:

En ≡ En[N |win], Pn ≡ P(ruin)

We can break down the expected number of steps given ruin as the summation of the number of

steps taken weighted by the probabilities of taking those steps. That is:

Er =
∑
N

NPn(N |ruin) =
∑
N

N
Pn(N and ruin)

Pn

Next, we can calculate the numerator of the summation by conditioning on the first step of the

walk.

Pn(N and ruin) = Pn(N and ruin | win first step)p + Pn(N and ruin | lose first step)q

= Pn+1(N − 1 and ruin)p + Pn−1(N − 1 and ruin)(1− p)

= Pn+1(N − 1 | ruin)pPn+1 + Pn−1(N − 1 | ruin)(1− p)Pn−1

Next we can multiply the expected number of steps by its respective probability to obtain the

recurrence relation:

PnEn =
∑
N

NPn(N and ruin) =
∑
N

N(Pn+1(N − 1| ruin)Pn+1p+

Pn−1(N − 1| ruin)Pn−1(1− p) = pPn+1

∑
N

(N − 1)Pn+1(N − 1| ruin) + pPn+1
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(1− p)Pn−1

∑
N

(N − 1)Pn+1(N − 1| ruin) + (1− p)Pn−1

= pPn+1En+1 + (1− p)Pn−1En−1 + pPn+1 + (1− p)Pn−1

We can set a dummy variable Ψn = PnEn and setting p = 1
2 (since our walker is unbiased),

which simplifies the equation to:

Ψn =
1

2
Ψn+1 +

1

2
Ψn−1 +

1

2
(Pn+1 + Pn−1)

Ψn =
1

2
Ψn+1 +

1

2
Ψn−1 + (1− n

T
)

To solve this recurrence, we use the homogeneous solution of An + B, with inhomogeneity given

by the ansatz Cn3 + Dn2. To compute the values of C and D, we plug in Ψn = Cn3 + Dn2into

the recurrence. This yields:

Cn3 +Dn2 =
1

2

(
C(n+ 1)3 +D(n+ 1)2

)
+

1

2

(
C(n− 1)3 +D(n− 1)2

)
+ (1− n

T
)

Cn3 +Dn2 = Cn3 +Dn2 + 3Cn+D + (1− n

T
)⇒ C =

1

3T
,D = −1

Next, we apply the boundary conditions that the expected number of steps, given we start at

n = 0, is 0. Additionally, the expected number of steps given we start at n = T−1 is equal to 1 more

than if we had started at n = T − 2. That is, we have initial conditions: E0 = 0, ET−1 = ET−2 + 1

This allows us to solve for A and B. First, we set n = 0 to obtain:

Ψn = An+B − n2 +
1

3T
n3 ⇒ Ψ0 = 0 = B

Which implies that B = 0. Solving for A, we have that:

2

(
2(A(T − 1)− (T − 1)2 +

1

3T
(T − 1)3

)
−A(T − 2)− (T − 2)2 +

1

3T
(T − 2)3

)
=

1

T
⇒ A =

2

3
T

Finally, substituting back into the original equation we arrive at:

1

PT−1
ΨT−1 −

1

PT−2
ΨT−2 = 1, PT−1 =

1

T
, PT−2 =

2

T

2ΨT−1 −ΨT−2 =
2

T

So we have that:

Ψn = PnEn =
2

3
nT − n2 +

1

3T
n3

En[N |ruin] =
T

m

(
2

3
nT − n2 +

1

3T
n3

)
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Now, in order to compute the expected number of steps, given the walker reaches the end, we can

simply invert our equation. That is, due to the symmetry of the problem, it is as if the walker

started at n = T − 1 and we see that:

En[N |win] =
T

n

(
2

3
mT −m2 +

1

3T
m3

)
Now that we have solved for these expectations, we are fully equipped to compute Ei,j .

3.5 Numerical Methods for Random Walking

The following pseudocode demonstrates how to numerically implement the Zoom method.

Algorithm 2 Zoom Algorithm

1: procedure Zoom : simulates a random walker along the network, storing steps
in edge num

2: while walking = YES do
3: [PMF] = weightedProbabilities(currentVertex, connectedVertices)
4: r = rand()
5: nextVertex = connectedVertices[3]
6: if r < PMF[1] then
7: nextVertex = connectedVertices[1]

8: if r < PMF[1]+PMF[2] then
9: nextVertex = connectedVertices[2]

10: for i=1:3 do
11: E nr = expected steps nr(currentVertex, connectedVertices[i])
12: E r = expected steps r(currentVertex, connectedVertices[i])
13: edge num(Vertices(connectedVertex[i])) += E nr
14: if connectedVertices[i] = nextVertex then
15: edge num(Vertices(connectedVertex[i])) += E r

16: currentVertex = nextVertex
17:
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Figure 4: Heat map of dwell times generated along a random network using the Zoom algorithm.
Darker colors represent regions of higher dwell time.

3.6 Convergence of Zoom and Monte Carlo Algorithms

In order to verify the legitimacy of our algorithms, it is useful to test that both algorithms con-

verge to the same solution. Since there are significant differences between how the heat maps are

generated (namely visualization of edge vs vertex data), it is more convenient to test convergence

through computing the pinr (for i ∈ {1, 2, 3}) and comparing these values to the same transition

probabilities we get from running the Monte Carlo simulation. Namely, we allow the walker to

move ∆x along a branch, compute the P(return) and if the walker reaches the next vertex, we

increment a counter, and reset the walker back to the original node. In this way, we can test to

see if the probabilities we obtained from solving the recurrence equation are indeed the same those

obtained from the Monte Carlo simulation.

If we let p̂i represent the estimated probability that the walker reaches vertex i from the Monte

Carlo simulation,
~Λ =

[
p̂1 p̂2 p̂3

]
, ~v =

[
p1 p2 p3

]
then we can define an error term as:

error ≡

∥∥∥~Λ− ~v∥∥∥
2

‖~v‖2

Clearly, we expect as the number of iterations increases, n, the error terms approaches zero. The
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actual speed of convergence will depend on the efficiency of the Monte Carlo simulation.

Figure 5: Error as a function of number of iterations, niters. Initial conditions ∆x = .01, X0 =
(0, 0), X1 = (1, 0), X2 = (2, 0), X3 = (4, 0).

We also notice the effects of ∆x on the accuracy of the Monte Carlo simulation. For a fixed

number of iterations, and a very small step size, ∆x, pno return will be very small, so it is unlikely a

walker will reach the next vertex. Because of this, at small values of ∆x (relative to edge lengths)

the raw counts will be small (compared to the number of iterations), so it is expected that our

algorithm will lose accuracy. Additionally, at ∆x > min(||XiXj ||) = ∆xcutoff the algorithm breaks

down since our step size exceeds the minimum length of a branch.
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Figure 6: Error as a function of number of step size (∆x) for a fixed number of iterations (niters =
100, 000). Initial conditions: X0 = (0, 0), X1 = (1, 0), X2 = (2, 0), X3 = (4, 0)

These plots show that indeed the two algorithms converge to a singular solution, which is

validating. In addition, we notice the error term is minimized for ∆x close to ∆xcutoff. We,

therefore, choose ∆x such that:

∆t̃optimal = ∆xcutoff − ε

For small ε > 0, in order to optimize the simulation for a fixed number of iterations.

3.6.1 Potential Bug in Dwell Time Computation

It is important to prove the convergence of not only the transition probabilities, but also the ex-

pected number of steps of the Zoom algorithm. We can simulate the E[steps|walker visited branch i]

by starting a walker out at the origin and observing the number of steps it takes along each branch.

Once it reaches a new node, we send the walker back to origin. We can then look at the conditional

expectation – the number of steps the walker took given that it reached a specific node next, and

compare these results to those we expect from theory.

The values we obtain from this simulation should converge to:

Ei,j =

{
Ejnr +

P j
rE

j
r

3(1−r) j = i
P j

rE
j
r

3(1−r) j 6= i

However, the two values fail to converge – implying either an issue with the way we compute Ei,j ,
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or the implementation of the simulation itself (or possibly both). Resolving this would require

further work – it is important to know that both the theory and the code are measuring the same

quantity.

3.7 Speed Test

In quantifying the efficiency of our improved algorithm, it is necessary to come up with an error

metric. First, we define the analytical solution to be the network produced by the improved

algorithm after niters = 5, 000, 000. Next, we define the error term to be the sum of squares of the

difference from relative frequencies, f̂i, and the analytical frequencies, fi. That is:

error =

N∑
i=1

(f̂i − fi)2

Figure 7: Computation time as a function of error for Monte Carlo and the improved Monte Carlo
algorithms.

We can see that to obtain solutions accurate to an error < 5× 10−5, we require approximately

7 times the amount of computation time when using the more basic algorithm to achieve the same

level of accuracy as the more efficient algorithm.

Note, a speed comparison test of the Zoom algorithm at this time is not possible. This is due to

the fact that in the Monte Carlo simulation, we are computing the number of times a walker visits

a node, whereas in the Zoom algorithm, we are computing the number of steps a walker takes on a
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branch. Since the Zoom algorithm outputs dwell times in the form of ~fZoom =
[
f1 . . . fNedges

]
,

and the Monte Carlo algorithms in the form ~fMonte =
[
f1 . . . fNnodes

]
, we would be comparing

vectors of different lengths. In order to resolve this, we would need some way of translating the edge

vector to a node vector (while ensuring that ~fZoom and ~fMonte are measuring the same quantity).

3.8 The Effect of Traps

It is possible that the ER controls the motion of a mitochondria, or other biological objects, for

certain biological processes. For example, the ER may wish to draw the mitochondria closer to

a specific node during mitochondrial division. The ER is also responsible for moving around a

myriad of biological products during protein synthesis. We can model this behavior by simulating

a biased random walk along the network.

Consider the case where a random walker is biased in the direction it moves; namely where

p 6= 1
2 . The Gambler’s Ruin problem has the interesting feature that for biased random walkers,

the gambler reaches an end state rather quickly (this will be investigated shortly).

We can consider the case where the walker undergoes a biased random walk along any edge

connected to a trap, and an unbiased random walk otherwise. That is p 6= 1
2 along any edge

XiXj
trap, and p = 1

2 otherwise.

We can recall the probability that a biased walker returns to its original vertex is (given that

p+ q = 1, n+m = T ) {Random Walks:

Pnr =


n
T p = 1

2
1−( q

p )
n

1−( q
p )

T p 6= 1
2

3.9 Transition Probabilities

First, it is useful to see how the pbias effects the transition probabilities (pinr) near a trap.
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Figure 8: Pnr as a function of pbias with constants X0 = (0, 0), X1 = (1, 0), X2 = (−1, 0), X3 =
(0, 2),∆x = .01. We note that there is linear regime from approximately .2 < pbias < .8.

As we can see, small perturbations in pbias result in relatively large changes in pinr near extreme

values. However, the correlation between pbias and the transition probabilities appears linear for

moderate pbias. In order to quantify the relationship between the expected amount of time a walker

spends on each path near a trapped vertex, we can look at how En[X0Xj | p 6= 1
2 ] changes as a

function of pbias.
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(a) E[steps] as a function of pbias
(b) Diagram of Trapped Vertex

Figure 9: Plot of expected number of steps on each branch X0Xj as a function of pbias for
initial conditions X0 = 〈0, 0〉 , X1 = 10

〈
cos(π6 ), sin(π6 )

〉
, X3 = 10

〈
cos( 5π

6 ), sin( 5π
6 )
〉
, X2 =

〈0,−10〉 , ∆x = .01

Running a Monte Carlo simulation, starting with the walker at the origin, and observing the

average number of steps along each branch, we see that the total number of steps tends to decrease

(rather quickly) with an increase in pbias for pbias >
1
2 . For biases less than 1

2 , we see that the total

number of steps seems to be constant for all values less than a threshold bias.

We can observe large scale results for a trap placed randomly in our network.
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Figure 10: VT denotes trapped vertex. VT = X13. Starting vertex Vinit = X30, pbias =
.99, nsteps = 107. The walker was initialized at a vertex not near the trap.

Near trapped vertices there is a clear peak in dwell times. This makes sense, as the walker will

tend to visit a trapped vertex at a higher frequency. At neighboring vertices we also see elevated

dwell times. Vertices that are connected to a trapped vertex are also more likely (though less likely

than the actual trapped vertex) to be visited by the random walker. The relative dwell times of

vertices adjacent to a trapped vertex are a function of edge lengths.

4 Application to Data Set

Using Mathematica, we can convert our set of ER video frames into a MatLab data structure that

we can then use for further analysis. Our goal is to go from raw image files of the ER to vertex

and edge information. The data set we will be using is a high resolution video of ER captured

using time-lapse confocal microscopy. The time frame is 2 minutes, with images taken every 5 s.

The cells used were COS-7 (a monkey kidney tissue derivative) [1].
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Figure 11: Endoplasmic reticulum image data taken from a COS-7 cell injected with green fluo-
rescent protein (GFP–Sec61-β) [1]

As we can see from figure 11, the ER is a highly complex network of tubules, which seem to

resemble a foam network.

4.1 Filtering the Data Set

We first binarize the data – namely, we apply a filter that takes all pixels with RGB values

threshhold = .1 and sends them to 0 and 1. That is:

If[#1[[2]] > 0.1, 1, 0]&, video1[[1]]

Next, we take a series of masks and apply them to the binarized data in order to generate a network

with uniform edge thickness. We use Mathematica’s built in ImageMutiply and Thinning functions

to do this. Figure 13 shows the results of the masking procedures.

4.2 Obtaining Edge and Vertex Data

From the skeleton network, we can apply Mathematica’s MorphologicalBranchPoints command

which outputs the vertices:

vertices1 = (MorphologicalBranchPoints[Binarize[#1]]&)/@skeleton1;
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To find the edge data, we map each vertex to an index and store the indices of the connecting

vertex. Our edge data structure looks like:

EV =


n1,1 n1,2 . . . n1,k

n2,1 n2,2 . . . n2,k

...
...

nN,1 nN,k


Where ni,j contains the j-th connection to vertex i. k is the maximum number of connections of

any vertex, and N is the number of vertices. If vertex ni,j has fewer than k connections, then −1

is stored in each entry where a connection does not exist (since the mode number of connections is

typically very close to the maximum connections, EV is not a sparse matrix). Using this, we can

generate the network in MatLab.

Figure 12: ER network at tinitial
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4.2.1 Dwell Times on Real Data

(a) dwell times on ER (b) closer view

Figure 13: Heat map of dwell times on ER. Reddish points indicate areas more frequently visited.
Blueish points indicate areas less frequently visited. Gray points indicate areas never visited.

Applying the coarse-grained approach to a real data set, we obtain heat maps of dwell times

shown in Figure 13a. One interesting feature we can see from Figure 13b is that points with fewer

connections tend to have lower dwell times. That is, points with a single connection (danglers)

tend to have the smallest dwell times. This is intuitive because once a walker reaches a dangler, it

is has fewer possible paths to return to, and so the walker tends to spend most of its time along

vertices connected to multiple edges.

We can normalize the frequencies, such that max
i

(frelative) = 1 by defining:

f irelative =
fi∑N
i=1 fi

, fi =
number of visits to i

total number of visits
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Figure 14: Boxplot of relative frequencies grouped by number of connections.

Figure 14 shows these relative frequencies grouped by number of connections. We can see that

nodes with more connections tend to have higher dwell times. In addition, we see that the danglers

tend to have the smallest variance of relative frequencies (as evidenced by the narrow width of

its box plot). We see from this plot that one of the best predictors for dwell times is simply the

number of connections to a vertex.

5 Discussion

5.1 Conclusions

In this paper, I have shown that we can generate a network that models the ER of a cell through

various topological methods, including the use of the Voronoi Transformation. I used the VT to

construct a network from a random set of points in the unit square. I then showed that it is

possible to use a technique derived from the Gambler’s Ruin problem, the Zoom Approach, to

derive an efficient algorithm in order to simulate random walking along the network. Next, this

analysis was applied to an actual data set of ER images. We were then able to draw a number of

interesting observations from this data, including:

1. Nodes with more connections tend to be visited more frequently

2. Trapped nodes (and their neighbors) tend to absorb the walker
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5.2 Future Directions

There are a number of different directions that this research could take, including expanding the

analysis of diffusion along the network to include taking into account the rearrangement of the

network over time. In reality, biological objects are not moving along a stationary ER, but one

that is constantly changing. In addition, we could consider an object moving not just along the

network, but across it. We could come up with a force field ~F (x, y) that the object experiences

at each point, and observe 2D spatial distributions of diffusion. It is important to take a coarse-

grained approach here as well, to avoid computing the force field at every point at each time step

∆x, which would be numerically prohibitive.
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Appendices

A Quadratic Curves

In foam networks, often times the edges of the network are non-linear. The walls of a cell will tend

to bulge as it grows and shrinks. Cells that are shrinking will have, on average, convex boundaries.

While cells with a lower inside pressure will drive gas inside and cause growth. Cells with flat

boundaries will tend to neither grow nor shrink [3]. Since the ER network is likely to contain

non-linear boundaries, it is useful to come up with a model that takes into account the possibility

of edge curvature.

We can consider a quadratic curve representing the boundary connecting two nodes, X0 and

X1. The quadratic curve can be specified from two tangent angles at each node, as well as the

(x, y) coordinates of the nodes.

Figure 15: Example of a node with 3 quadratic curves

A.1 The Equation of a Quadratic Curve

We can define a quadratic curve connecting vertex i to vertex j for 0 ≤ s ≤ 1 as:

γij(s) = aij0 + aij1 s+ aij2 s
2
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Plugging in s = 0 and s = 1 to obtain the initial conditions:

γij(0) = Xi, γij(1) = Xj

We can also define the tangent to the quadratic curve, which is obtained by taking dγ
ds :

~T ij(s) = aij1 + 2aij2 (s)

At vertices i and j we can define the tangents to be (where T ij(0) gives the magnitude of the

tangent):
~T ij(0) = T ij(0)T̂ (θ(0)), ~T ij(1) = T ij(1)T̂ (θ(1))

And T̂ is defined as the normalized vector:

T̂ (θ) =
~T (θ)∥∥∥~T (θ)
∥∥∥ =

[
cos(θ)

sin(θ)

]

From the initial conditions, we note that the first coefficient of the quadratic curve is simply

given by:

aij0 = Xi

We also note from the initial tangency condition, we can obtain the second coefficient:

aij1 = ~T ij(0) = T ij(0)T̂ (θ(0))

All that is left to do is solve for the third coefficient, aij3 . We also note the relation between angles

of connected vertices as simply a reflection of one another θij = θji + π. Also, we will assume

that θij(0) and θij(1) are unknown. Furthermore if j, j′, j′′ are neighbors in a counterclockwise

direction with respect to j, we have that:

θij(0) = θi(0), θij
′
(0) = θi(0) +

2π

3
, θij

′′
(0) = θi(0) +

4π

3

Therefore, we have the angles specified up to an arbitrary rotation of each vertex. To calculate aij2
we use γij(1) = aij0 + aij1 + aij2 = Xj and find that:

aij2 = Xj −Xi − T ij(0)~T (θij(0))

T ij(0)~T (θij(0)) + 2(Xj −Xi − T ij(0)~T (θij(0))) = T ij(1)~T (θij(1))

In order to solve this, we consider the normal to T , namely N̂ such that:

N̂(θ) =

[
−sin(θ)

cos(θ)

]
⇒ N̂ · T = 0
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Multiplying both sides by the N̂ we obtain:

T ij(0)(T̂ (θij(0)) · N̂(θij(1))) = 2(Xj −Xi) · N̂(θij(1))

T ij(0) =
2(Xj −Xi) · N̂(θij(1))

T̂ (θij(0)) · N̂(θij(1))

Which allows us to solve for aij2 .

Figure 16: Quadratic network. θstart = 0 and θend = π
2 for all nodes.

A.2 Optimization of Quadratic Curve

We notice that all we need to specify a set of 3 quadratic curves are the coordinates of the 4 nodes,

Xi = (xi, yi), each of 3 ending angles given by T (θij(1)), and an arbitrary angle θij(0) (which in

turn gives us each θij
′
(0), θij

′′
(0) by a simple rotation). The coordinates of the nodes will be fixed,

and we can consider them specified.

In determining how to specify the angles, we need to come up with a metric. Since the network

will tend to reach an equilibrium state where the total amount of energy is minimized, it makes

sense to identify the energy as a function of the arc length. In other words, we wish to optimize the

angles by minimizing the total arc length of the quadratic curves, as this will be the most stable

state.
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If we consider the ending angles fixed, we can choose an optimal starting angle such that the

total arc-length of the 3 curves is minimized. That is, from the arc length formula, we seek to find

the minimum of:

θi(0) = argmin
θi(0)

∑
i,j

∫ 1

0

∥∥∥∥dγij(s)ds

∥∥∥∥ ds
Computing

∥∥∥dγij(s)
ds

∥∥∥, we find that the integrand is of the form:

∫ 1

0

∥∥∥∥dγij(s)ds

∥∥∥∥ ds =

∫ 1

0

∥∥∥aij1 + 2aij2 s
∥∥∥ ds =

∫ 1

0

√∥∥∥aij1 ∥∥∥2

+ 4(aij1 · a
ij
2 )s+ 4

∥∥∥aij2 ∥∥∥2

s2

Plugging this equation into Wolfram Alpha, we find that (where α = ||a1||2, β = 4aij1 · a
ij
2 , λ =

2||aij2 ||): ∫ 1

0

√
α2 + βs+ λ2s2ds =

1

8λ

(
2λ(−αβ +

√
α2 + β + λ2(β + 2λ2))+

(β − 4α2λ2)log(β + 2αλ)− (β − 4α2λ2)log(β + 2λ(λ+
√
α2 + β + λ2)) ≡ F (α, β, λ))

(1)

This gives us an explicit solution for the arc length of a quadratic curve, in terms of its coefficients

aijk . Namely, we have explicitly solved for the total arc length of 3 quadratic curves:

Ltot =

3∑
i=1

F (αi, βi, λi)

A.2.1 Numerical Method for Optimization

In our optimization algorithm for minimizing the arc length of the quadratic curves, it is useful to

consider the 3 adjacent node angles as fixed, and only consider the center node as having variable

angles. That is, consider the ending angles, θij for j ∈ {1, 2, 3} as fixed. We are, therefore, seeking

the optimal θ̃ ≡ θoptimal which is given by the:

θ̃ = argmin
θi(0)

∑
i,j

arc-length(γij)

We can pick an arbitrary coloring of the network such that no two nodes of the same color

touch each other, and then run our optimization procedure for each vertex of the same color. After

the optimization procedure is run for all vertices of the same color, we move onto another color,

iterating through all of the (n = 4) colors, treating the remaining nodes as fixed. We continue this

procedure until a stable network is achieved.

While this coloring algorithm was never actually implemented, it illustrates future work that

could be done to obtain a network with curved edges.
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A.3 Quadratic Curve Deficiencies

There are a number of deficiencies with regards to quadratic curves that limit their use. Namely,

a quadratic curve for a given θi, θj and Xi, Xj does not necessarily exist. We can consider a

number of degenerate cases. Whenever T̂ (θ(0)) is orthogonal to N̂(θ(1)), the denominator of our

formulation is zero. We can also interpret this geometrically – if both of ends of the parabola are

parallel, it is impossible for such a curve to pass through both points. Namely, whenever θi, θj

point in the same direction we can cannot use our formulation.

Figure 17: illustration that a parabola with T̂ (θ(0)) = T̂ (θ(1)) does not exist

Additionally, we can consider other degenerate cases. For example if we have:

X0 =

[
0

0

]
X1 =

[
1

0

]
T̂ (θ(0)) =

[
0

1

]
T̂ (θ(1)) =

[
1

0

]

We find that (noting that aij0 =

[
0

0

]
from the initial conditions):

T ij(0) =
2(Xj −Xi) · N̂(θij(1))

T̂ (θij(0)) · N̂(θij(1))
=

2(X1) ·

[
0

1

]
1

= 0⇒ aij1 = 0, aij2 = Xj ⇒ γ01(s) =

[
s

0

]

However, it is clear that the parametrized line going from (0, 0) to (1, 0) does not satisfy the

condition that T̂ (θ(0)) =

[
0

1

]
. Therefore, it is possible that for a particular set of conditions, there

does not exist a quadratic curve. Due to the fact that a quadratic curve does not necessarily exist

for any given θij , it is not possible to compute the optimal theta by looping over all values of θ

and explicitly computing each total arc length.
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