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Theoretical and Observational Developments of Inflation in Cosmology

Abstract

This thesis takes modest steps towards the goal of understanding the earliest period in the history of the
universe—inflation. In the first leg, we focus on loop effects in de Sitter space. Therein we explain the physical
meaning of anomalous dimensions and demonstrate how to compute them systematically for a broad class of
scalar theories. Ultimately focusing on phenomenology, we highlight how otherwise undetectable light scalars
can be visible in the cosmological collider signal of sufficiently heavy particles via its anomalous dimension.
Moreover, we demonstrate how strong infrared effects in de Sitter lead to an enhancement of this quantity.

Then, we focus on a special class of light scalars called axions, or compact scalar fields. Such particles
are very theoretically well motivated as they can resolve several problems within the standard model of
particle physics, one of which is the strong CP problem. Being field theoretic analogues of the quantum
mechanical particle on a circle, we show that the quantization of these scalars crucially depends on their
gauge constraint, or periodicity, unlike their behavior in flat-space. We further illustrate that taking care for
their quantization, in addition, has phenomenological consequences which could aid their detection through
a cosmological collider channel as well.

We also point out that strong infrared effects qualitatively change their primordial signal from the naive
expectation for a light scalar in inflation. In the process, we organize the primordial bispectrum generated
by a broad class of higher-loop processes into a novel and useful form.

In the second leg, we turn our focus towards the late universe. We specifically utilize a careful compression
of the three-point correlation function, known as the skew-spectrum, in order to efficiently extract the non-
Gaussian information in late-universe tracers of the dark matter density. It is well known that tracers of the
matter density in the late universe are highly non-Gaussian, and extracting this information using traditional
means can quickly become highly expensive. The skew-spectra due to its compressed nature enables access
to this non-Gaussian information with a dramatic improvement in speed. We first test the skew-spectra on
simulations of lensing and galaxy cross-correlation analyses in order to estimate the galaxy bias parameters.
Finally, we apply the skew-spectrum to the SDSS-BOSS galaxy catalog in order to measure ££1™, finding no

evidence of primordial non-Gaussianity.
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Introduction and Literature Review

1.1 Introduction

Cosmology, being a historical discipline, is unique among the sciences. Much like archaeologists uncover
fossils of the past and piece together a consistent narrative, cosmologists rely on relics (mostly photons)
from previous epochs in order to build a consistent history of the universe. Although this effort is in some
sense as old as humanity itself, it has become systematized into a modern fashion only in the last hundred
years.

The standard model of cosmology, i.e. the ACDM paradigm, has shown remarkable success in describing
the universe on the largest scales. Requiring only a few components—radiation, baryons, cold dark matter
and dark energy—the model has successfully explained both the acoustic peaks of the cosmic microwave
background (CMB) in the distant past [6] and the clustering of galactic structures in the near present [7,8].

An accurate understanding of the particle content in our universe is crucial to arrive at a consistent
cosmological model. As we record increasingly precise data at a variety of different points in cosmic history,
we can open up more room to test our understanding of particle physics. The most important example
of this is the dark sector. From the CMB in the early universe to galactic rotation curves in the late
universe [9], multiple cosmological measurements have cemented the existence of dark matter, a mysterious

form of matter which does not fit into the standard model of particle physics. Likewise, we have learned from



both the CMB and local supernovae measurements that the expansion of the universe is accelerating [10], an
observation which can best be explained by a positive vacuum energy density, called dark energy. While all
available data suggests dark matter and dark energy makes up the overwhelming majority of the contents of
the universe, surprisingly little is known about them. Cosmology has therefore been established as a site for
going beyond our current understanding of fundamental physics. In this thesis, we will predominantly focus

on the primordial universe.

1.2 Initial conditions

A crucial input to the ACDM paradigm is the initial conditions of the universe, or the statistical distribution
of the gravitational potential at the moment of the hot big bang. The leading paradigm to explain this
distribution, and therefore the era preceding the hot big bang, is called inflation [11-13]. This is an epoch
characterized by a positive and weakly time-dependent vacuum energy driving the expansion of the universe,
and serves to explain multiple aspects of the CMB temperature and polarization power spectra. Firstly,
CMB observations exhibit correlations at distances which have only recently entered the physical horizon,
and thus appear to violate causality. This problem, termed the horizon problem, is solved with inflation by
ensuring that this distance scale was at a previous time inside the physical horizon, and therefore in causal
contact. In addition, inflation offers an explanation for the smallness of the observed spatial curvature of
the universe and the absence of defects such as monopoles.

The metric for an inflationary spacetime is

ds? = —dt? + *M'dx’ (1.1)

where H(t) is known as the Hubble parameter. It is approximately de Sitter space as the H(t) is roughly
constant in time. In other words, the slow-roll parameters ¢ = —H/H? and 1 = ¢/(¢H) are small. The
simplest known microphysical model that can produce an inflationary epoch is known as single field slow-
roll, wherein a scalar field ¢ rolls sufficiently slowly down an appropriate potential V(o).

Inflation predicts a quantum mechanical origin for inhomogeneities in the universe. In this paradigm, the
Newton potential &y (or to be precise, the co-moving curvature () is merely in its ground state, commonly
known as the Bunch-Davies vacuum ¥pp[(], by the end of inflation. The subsequent cosmological periods
can be understood as a classical evolution of this initial probability distribution, |¥pp[C]|?, according to the

laws of gravity. Statistical observables such as the power spectrum, or variance, of C can then be known by



an application of the Born rule, which states that in general

(k) (k) = / DT (k) - (k) (1.2)

The details of this wavefunction are calculable, and the leading order prediction of the theory is that we
should expect the distribution to be approximately Gaussian. The width of this distribution is known as the
power spectrum P (k), which takes the form

_ A
- k47n§ ’

P¢(k) (1.3)
where the amplitude A¢ = 2 x 1072 and the spectral index ng ~ 0.96 is fixed by a measurement of the
CMB power spectrum [14]. A confirmation of this scale-invariant power spectrum is one of the major
successes of the standard model of cosmology. The fact that ng is only approximately unity informs us
that the inflationary period can only be quasi de Sitter. In addition to the scalar mode, inflation also
predicts a statistical background of gravitational waves hj; which follow a nearly Gaussian distribution.
These gravitational waves have not been observed yet and their amplitude is constrained to be smaller than
0.18 x \/A7g from a null detection of primordial B-mode polarization in the CMB photons [15]. This in turn
constrains H < 101 GeV.

Inflation predicts more than just two-point statistics. Interactions during this epoch lead to non-trivial
higher-order correlation functions, broadly termed primordial non-Gaussianity (PNG). This implies a weak
deviation from a pure Gaussian probability distribution function of matter and radiation fluctuations in the

early universe. For example, matter fluctuations would exhibit a non-trivial bispectrum

(8 (k1) O (ke2)dun (k) = T (k) T (ko) T (ke ) {C (ke ) (ko) C (Kes)) (1.4)

where T(k) is known as the transfer function. Such a signal could be generated by processes at energy scales
as large as 10" GeV, and therefore a detection of PNG could provide an opportunity to probe physics at
unprecedented energy scales [16-19].

The simplest model of inflation, featuring a single field, can be captured by the so-called Effective Field
Theory (EFT) of inflation [20], which produces two dominant types of primordial bispectra. One is the
equilateral shape, which peaks when the wavenumbers of the fluctuations, ki, ko, and ks, satisfy k; ~
ko ~ k3, and the other one is the orthogonal shape which additionally peaks in the flattened configuration
(ky ~ ko ~ k3/2). Their amplitudes are parametrized by f;?fﬂ and e, respectively.

The leading constraints on fy ! and forthe have thus far been obtained through cosmic microwave back-



ground (CMB) observations. The Planck 2018 satellite provided us with measurements of fg’fﬂ = —26+47
and g = —38 424 at 68% CL [21]. It is expected that CMB constraints will be improved with the advent
of upcoming large-scale structure (LSS) surveys, which in principle contain orders of magnitude more modes
of information [22]. The search for PNG in the Sloan Digital Sky Survey (SDSS)-IIT Baryon Oscillation Spec-
troscopic Survey (BOSS) catalog [7,23] has already begun [24-29], and while the status is not currently at
a competitive level with the CMB, these constraints are expected to improve with upcoming galaxy surveys
such as DESI [30], the Vera Rubin Observatory [31], SPHEREx [32], and EUCLID [33], among others.
Inflationary theories are generically interacting theories. Even in the most minimal model of inflation,
i.e. single field slow-roll, interactions are present, although suppressed by e and m [34]. The late-time
distribution, then, is expected to be very weakly non-Gaussian. In the presence of additional propagating
degrees of freedom, the non-Gaussian structure of the wavefunction is much richer and therefore more

phenomenologically interesting [35, 36].

1.3 The late universe

After the initial conditions are set, matter fluctuations evolve classically under gravity. This evolution
is linear for a brief period and later becomes increasingly non-linear. Indeed the universe around us has
undergone gravitational collapse to form dark matter halos and baryonic galaxies. The formation of these
compact clumps is a by-product of highly non-linear processes [37].

Thus, even in the absence of non-trivial inflationary dynamics, non-Gaussianities are known to be gen-
erated by this nonlinear gravitational evolution in the late matter-dominated universe. This fact can be
understood in perturbation theory (see e.g. [38]) in which the late time matter fluctuations can be written

as

3
T Py(q k- @@k —q) + -, (15)

dm(z, k) = ZDI;(Z)W (k) = D4 (2)81.(k) + D2 (2) / @

n=0

where D4 (z) is the growth factor, which measures the growth of perturbations over time, and 8r (k) is the
linear matter fluctuation. The function Fy(k, k') is determined by gravitational kinematics and is a known
function of momenta. The growth factor increases at late times, signaling the growing non-linearity in large
scale structure. For example, at lowest order in perturbation theory the matter fluctuations will acquire a

non-trivial bispectrum

<6m(Z7 kl)ém(za k2)6m(Z7 k3)>/ - 2Dj— (Z)FQ (k1>k2)Pm(k1)Pm(k2) + CyC~ ) (16)



where the ’ indicates that we have stripped off an overall momentum conserving Dirac delta function and
Pu(k) = T?(k)P¢ (k) is the matter power spectrum.

Unlike the CMB, tracers of the matter density in the late universe such as lensing convergence maps and
galaxy catalogs are highly non-Gaussian datasets and contain a wealth of cosmological information beyond
the two-point correlation function. This also means that most interesting inflationary signals are buried
under orders of magnitude stronger foregrounds from the classical late-time evolution of these fluctuations.
It is therefore important not just to model these foregrounds accurately, but also to harness new techniques

to extract non-Gaussian information from these datasets.

1.3.1 Organization of this document

This dissertation has been organized according to cosmological time. As previously mentioned, the space
of predictions for the primordial distribution is much richer than what is captured in the EFT of inflation.
Deviations from Gaussianity, if detected, could be generated by interactions in the inflationary epoch, and
therefore such a detection channel is a way to observe signatures of new particles, i.e. to realize a cosmological
particle collider [35,36,39-65]. Already, CMB and large-scale structure data has started to be utilized to
search for such cosmological collider signals [66—68]. In this spirit, we will begin by studying quantum field
theory in de Sitter space (dS). In Chapter 2, we will study loop effects in dS and point out how otherwise
indistinguishable light scalars can be visible in data by carefully accounting for their effects on heavier scalars
during inflation. In Chapter 3 and Chapter 4 we will study the cosmological collider phenomenology of a
class of beyond the standard model particles—axions.

Progressing onto the late universe, we will study new ways of extracting cosmological information from
the late non-Gaussian universe. In Chapter 5 we will study a carefully chosen compression of the bispectrum,
known as the skew-spectrum,when applied to lensing and galaxy clustering cross-correlation analyses. Fi-
nally, in Chapter 6 we will apply the skew-spectrum technology in order to analyze the SDSS-BOSS galaxy

. 3 equil
clustering catalog and measure fy] .



Light Scalars at the Cosmological Collider

2.1 Introduction

Light, weakly-coupled scalar fields are ubiquitous in modern high energy physics. Not only do they often
appear in solutions to various theoretical puzzles—for example, in the axion solution to the Strong CP
problem [69-73], as viable dark matter candidates [74—78], in solutions to the electroweak hierarchy prob-
lem [79-83]—they also arise naturally, and often in great numbers, in low energy theories consistent with
quantum gravity [84-86]. If such light scalars exist, they must be coupled so weakly to the Standard Model
to have so far evaded detection. In light of the substantial theoretical pressure towards their existence, it
is important to find new ways of detecting them and to understand their impact on other more directly
observable fields. The goal, then, of this paper is to study the impact such light, weakly-coupled scalars can
have on primordial cosmological signals, specifically in the very light and very weakly-coupled limit.

It is widely believed that our universe once enjoyed a phase of rapid cosmic inflation at energy scales far
beyond those accessible in terrestrial experiments, with an associated Hubble scale that could have been as
high as H ~ O(10' GeV). Information about extremely high-energy processes could then be imprinted upon
inflationary correlators which, in turn, would affect future observations of the cosmic microwave background
and our universe’s large-scale structure [18]. In particular, they would change the inferred primordial bis-

pectrum, or equivalently the three-point function of the co-moving curvature perturbation (Cy, Cy,Cy,). This



may be characterized by a dimensionless “shape” function S(kj, ke, k),

1p2
(2m)*P?

35(3)
W(Q'ﬂ) 6 (kl + kQ + k3)S(k1, k27 kj) 5 (21)

<Ck1 Ciy ng> =

where P¢ ~ 2x 107 is the amplitude of the scalar power spectrum and k; = |k;|. Unfortunately, because their
energy is relatively small during inflation, light and weakly-coupled scalars often have a very small effect on
density fluctuations [87]. Similarly, their effect on the shape S(ki, ks, k3) is difficult to distinguish! from the
so-called local shape [35,91], making their impact on inflationary correlation functions either ambiguous or
unobservable.

In contrast, a heavy scalar o, with m, > %H, imparts an unambiguous “cosmological collider” signal
[35,36,39-42,44,50,51,91,92] onto the bispectrum in its so-called squeezed limit, k; =~ ky > ks. Assuming
that o couples directly to the curvature perturbation (, it will contribute to the bispectrum via the tree-level

exchange that can be depicted diagrammatically as

Qx %k; /10 (2.2)

where the top-most grey line denotes the time at which inflation ends. This depicts a process in which

two ( curvature perturbations (in [red]) and a o particle (in [black]) are spontaneously created from the
vacuum. The o particle then evolves freely until it eventually decays into a third (, ultimately correlating
the fluctuations of C at three distinct points. In the squeezed limit, this o particle is long-lived and freely
propagates over large distances, oscillating at a frequency determined by its rest mass. It thus acquires a
phase proportional to this frequency and the distance it propagates, which in turn imparts a characteristic

oscillatory signature onto the shape function of the form

b B b
S(k; ke >ks)~ A (1;3) sin {w log (E) + 6} , (2.3)

1 1

where the parameters A, 8, w and § correspond to the amplitude, rate of decay, frequency, and phase of
these oscillations and are all calculable given a specific model. In particular, for the tree-level exchange of a
heavy scalar o shown above, the decay rate § and frequency w are completely controlled by how o propagates
freely in de Sitter space. The decay rate f = % is determined by how quickly fluctuations in o dilute due

to Hubble expansion and is the same for all free scalar fields, while w = y/m2/H? — 9/4 is its frequency at

'Recent work, however, has shown that the shape function can receive important contributions from isocurvature
modes excited by such light scalars [56,88-90]



“rest” in de Sitter.

Unfortunately, a light particle ¢ with mass m, < %H that directly couples to the curvature perturbation
does not impart such an oscillatory signature in bispectrum. However, even in the absence of a direct coupling
to the inflaton, a light scalar ¢ will modify how the heavy scalar o propagates over large distances [59],

imbuing it with non-trivial self-energy. Diagrammatically, in the presence of ¢ the process (3.3) becomes

where we use a hatched blob to denote the exact o propagator. Specifically, interactions with ¢ will cause
o to decay faster than any free field [93], and so 3 > % Interestingly, these effects are seemingly enhanced
as the field becomes lighter and lighter, causing a massive suppression of the cosmological collider signal as
m, — 0. This enhancement, as we show in the main text, is directly tied to the behavior of the light scalar
in the infrared, which is known to fluctuate violently in the limit of light mass [94-111].

To leading order in the slow roll parameter, we can extract this induced decay by studying o’s self-energy
in pure de Sitter space. The main goal of this paper is to understand how to compute the self-energies of both
the heavy scalar o and light scalar ¢ in the limit m,/H — 0. Interacting quantum field theory in de Sitter
is a notoriously rich? subject, and many treatments are plagued by infrared divergences. We choose to work
first in Euclidean de Sitter [93,97,112-115] in which correlations functions are free of infrared divergences
and then analytically continue to Lorentzian signature. This analytic continuation is subtle [116] but can
be done via the Froissart-Gribov inversion formula [117-122] and we explain how to take advantage of the
small parameter m,/H in making cosmological predictions. We explain how to efficiently extract physical
predictions from this formula, and find that the self-energies induced by cubic and quartic interactions
drastically simplify in the limit m¢ — 0, though our methods are straightforwardly applicable to any two-
vertex loop diagram. Furthermore, we explain how to efficiently extract the singularity structure of, and thus
physically meaningful information from, these diagrams. This is especially useful as the complete analytic
expressions can be exceedingly complex (see, e.g. [93]). We will argue that, in this light limit, only a few
of these singularities are needed to determine the infrared behavior of two-point functions in de Sitter. We
also explain how to extract the ultraviolet divergences of these contributions, and do so for the two-loop
“sunset” diagram. Our perturbative approximations can only be trusted at suitably weak couplings, in a

sense that we make precise in the main text, and so our results only apply to light fields that are also very

2This may be interpreted as a euphemism for “complicated.”



weakly coupled.

Outline In Section 3.2, we review the basic properties of free scalar fields in de Sitter space. Specifically, in
§2.2.1, we first describe the geometry of D-dimensional de Sitter space in Euclidean and Lorentzian signatures.
Free fields in Euclidean de Sitter space permit a useful momentum space representation in terms of the
hyperspherical harmonics, which we review in §2.2.2. There, we use this representation to derive the free
field propagator and discuss its analytic continuation from Euclidean signature to Lorentzian signature, via
the Watson-Sommerfeld transformation. This transformation requires that one use the “correct” momentum
space representation of a correlator, and we explain in §2.2.3 how this is provided by the Froissart-Gribov
or Lorentzian inversion formula, illustrating its use by applying it to the free field propagator.

Our main results appear in Section 2.3. After reviewing general aspects of two-point functions of interact-
ing quantum fields in de Sitter, we derive the self-energy of a heavy scalar ¢ induced by a cubic interaction
with a light scalar ¢ in §2.3.1 and explain how it simplifies in the limit my,/H — 0. This section is meant
to illustrate the techniques we use, and so we only study a particular contribution to the self-energy, the
so-called bubble diagram. In §2.3.2, we study the most general (renormalizable) theory of a heavy scalar
o interacting with a light scalar ¢, with a Zs x Z, global symmetry ¢ — —o and ¢ — —¢. We derive the
self-energies of both o and ¢ to leading order in perturbation theory. These are determined by the so-called
sunset diagram which we study in the limit m, — 0. Finally, we present our conclusions and mention some
future directions in Section 4.4.

In Appendix B.1, we have collected various definitions and conventions for the special functions we use
in the main text. In Appendix A.2, we discuss the uniqueness of the interpolations used in the analytic
continuation of two-point functions from Euclidean to Lorentzian signature. Appendix A.3 computes the
UV divergences for both the bubble and sunset diagrams in dimensional regularization via the Mellin-Barnes
representation of the self-energy and contains several new results. These are used in §2.3.1 and §2.3.2 to
set the kinetic and mass counterterms for ¢ and ¢. Finally, in Appendix A.4, we analyze the ultraviolet

contributions to the self-energies and argue that they are subleading to the infrared contributions as m¢, — 0.



2.2 Free Fields in de Sitter Space

We will study interacting quantum fields in D-dimensional de Sitter space and, in particular, how interactions
with a light field ¢ affect the long-distance propagation of a heavy field 0. These theories we consider will

have Euclidean actions of the form
S, = /de VE [1(00)? + 1m20? + 1(90)% + $m2 %] + Sim (2.5)

with (90)% = g"0,0 0,0 while S, encodes the interactions between the two fields. As discussed in [93,112,
113], we may define the de Sitter correlation functions of these fields by first computing them in Euclidean
signature and then appropriately analytically continuing them to Lorentzian signature. The goal of this
section is to review how free fields in de Sitter behave and explain how this analytic continuation works as
a way of setting the stage for our loop calculations. We first review the geometry of de Sitter space in both
signatures in §2.2.1, and then discuss basic properties of de Sitter free fields in §2.2.2. There exists a useful
“momentum space” representation of observables in terms of the hyperspherical harmonics—their analytic
continuation to Lorentzian signature requires the use of the Froissart-Gribov inversion formula, which we

discuss in §2.2.3.

2.2.1 The Geometry of de Sitter Space

In Lorentzian signature, D-dimensional de Sitter space is defined as the maximally symmetric space with

positive constant curvature, and has isometry group SO(D,1). In global coordinates, its metric is given by
ds? = 2 [—dtQ + cosh® tdﬂd} (2.6)

where dQ3 = d6?+sin? 0, dQ3_, is the standard round metric on the d-dimensional sphere, with 01,...,04_5 €
[0, 7] and 64—1 € [0,27), while t € R [93,123,124]. We will find it extremely convenient to introduce the
shorthand o = d/2, as it will simplify many expressions. The radius of curvature ¢ is determined by the
Hubble constant £ = H™'. It will also be convenient to measure all quantities in terms of this radius of
curvature, and so we thus set £ = 1.3 Of course, dimensions can be restored in any expression by restoring
appropriate powers of £.

The main goal of this paper is to compute loop corrections induced by a light scalar ¢ on a heavy scalar

0. However, such corrections are plagued by IR divergences in Lorentzian signature which make it difficult

3This also has the effect of setting our renormalization group scale (often denoted ) to the Hubble scale H = ¢7*,
as we only analytically continue dimensionless quantities that are made so by multiplying by appropriate factors of

L.
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to extract physical predictions. As discussed in [93,112], we can instead compute these loop corrections in

Euclidean de Sitter space, which is simply the sphere SP equipped with the standard round metric
ds? = dQ}) = dr? +sin® 7dQ3 . (2.7)

Generally, we will parameterize a point x in this (d + 1)-dimensional sphere in terms of its T coordinate
and a unit vector x on the d-dimensional sub-sphere, x = (7, x), with |x|> = 1. All potential IR divergences
are automatically regulated by the finite volume of the sphere, and so—up to UV divergences that can be
renormalized away—these loop corrections are finite and physical. We may then analytically continue the
loop-corrected Euclidean correlation functions to a Lorentzian correlation function* by taking T — it + 5
with an appropriate ie-prescription to specify an operator ordering [93]. It is particularly natural to use
Euclidean de Sitter to study the dynamics of light fields since it explicitly isolates the mode that causes
physical results to diverge in the massless limit.

Any function of two points on the sphere that is invariant under the SO(D + 1) isometry group, and thus

any de Sitter-invariant two-point function, may be written in terms of the so-called embedding distance,’

€19 = &(x1,X2) = cos Ty cos Ty + sin Ty sin T (X1 - X2) , (2.8)

where x; - x5 is the standard dot product in R%. Specifically, if we embed the SP into RP+!, the embedding
distance € is the cosine of the angle subtended by the great arc connecting the two points. We will drop the
subscripts €, — € when there is no chance of ambiguity.

In Euclidean signature, this embedding distance is constrained to the interval § € [—1,1] while upon
analytic continuation to Lorentzian signature, T; — it; + 3, it takes values on the entire real line § € R. The
coincident limit x; — xo corresponds to £ — 1, and this is also true for points connected by a null geodesic
in Lorentzian signature. Furthermore, || < 1 or £ > 1 if the two points are connected by a spacelike or
timelike geodesic, respectively. Finally, points with £ < —1 are not connected by a geodesic. This limit is
particularly important for cosmological observations, as taking two points to future infinity with fixed spatial
separation corresponds to the limit § — —oco.

Finally, we will find it convenient to simplify many expressions like (B.12) by instead working in terms

“Euclidean-signature Feynman diagrams will converge to define an interacting SO(D + 1)-invariant state on the
sphere as long as the linearized field theory admits an SO(D + 1)-invariant propagator, which will be the case as long
as our scalar fields both have non-zero mass. The correlators in this state will thus be invariant under the isometries
of Euclidean de Sitter space and will satisfy the Euclidean Schwinger-Dyson equations. Upon analytic continuation to
Lorentzian signature, these correlators will automatically be SO(D, 1)-invariant and satisfy the Lorentzian Schwinger-
Dyson equations, thus defining a consistent de Sitter-invariant state and correlators.

®This embedding distance is also called Z by [93], o by [118], and s by [119].
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of the variable®
2

=2 (2.9)

in which the limits ¢ — 400 correspond to ( — 0%. Because of its relationship to the long-time or long-
distance limit, we will refer to the region |(| € [0, 1) as the “infrared.” Likewise, we will call |(| € [1,00) the

“ultraviolet.”

2.2.2 TFree Fields from Euclidean to Lorentzian

One very nice feature of Euclidean de Sitter space is that there exists a useful momentum space representation

of scalar fields in terms of the hyperspherical harmonics,
o(x) = > oYy(x). (2.10)
J

These harmonics are the D-dimensional analogs of the familiar spherical harmonics. They are labeled
by an integer vector J = (J,my,...,mq), where J € N is a non-negative integer (J = 0,1,...) and m =
(my, my,...,mq) € Z% are a set of integers such that J > m; > my > --- > |mg|. Most importantly, they

diagonalize the Laplacian on the sphere SP,
V2Yy(x) = —J(J + d)Y;(x), (2.11)

where we call J and m the total angular momentum quantum number and magnetic quantum numbers,
respectively. We will not need the explicit forms for these harmonics, though a special role will be played by
the zero mode with J = 0,

Ma+1) 1

Yolx) =\ — = Ve (2.12)

which is just a constant profile on the sphere with amplitude determined by the volume of SP.

These hyperspherical harmonics are orthonormal and complete,

sDdQD Yy(x) Y (x) = dx  and ZYJ(X)YjTy) =3P (x — v)/VE, (2.13)
J

and so the momentum space representation of a function of a single point on the sphere can be easily found

by computing, for example, o = [dQp o(x)Yj{x). Usefully, the sum over magnetic quantum numbers

3 Vim0 ¥iny) = ok (14 o) G €) (2.14)

5Not to be confused with the comoving curvature perturbation (.
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Since any de Sitter-invariant two-point function H(x,y) is necessarily a function of the embedding distance

£(x,y), by completeness its harmonic decomposition will only depend on the total angular momentum J,

Hxy) = Y (0%T) = o Mzuu H],C5(€) (2.15)
]

For integer J, the coefficients [H]; may be extracted by the “Euclidean” inversion formula,

(4m)°T (o) T(J + 1)
I'(J+2a)

], = / de (1-€) T O Om(E) . (2.16)
Strictly speaking, the expansion (3.15) only converges when the inversion formula (3.16) does. Analogously,
since C§(-1) ~ J**~! as J — oo, these expansions only converge if [H]; decays faster than 1/J2*! as J — oc.
Generally, these conditions will not be satisfied for most of the functions we work with in four dimensions,
a = % We will instead keep o = %(3 — €) arbitrary throughout our calculations and use dimensional
regularization to remove any e-divergences, defining these functions via analytic continuation in «.

The hyperspherical harmonics can allow us to easily determine the propagator G(x,y) for a free field

with mass m. This propagator obeys the Klein-Gordon equation

(-V* +m)G(x.y) =3P (x - y)/ V8, (2.17)

which, using (3.12) and (3.11), can be solved to find

Y5(x)Y J+a N
Gl = 2J: J(J i(z)u)ﬂ—?m? - 27:<>L+1 Z J(J +2a) + 2 O (G ) (2.18)

The propagator in momentum space is thus

1 1
[G]; = 040~ T AT T A) (2.19)

the poles of which are determined by the so-called scaling dimension of the field,

a+ivm?—a?, m>a«

A= (2.20)
a—val-m?2, m<a

and its conjugate or shadow dimension A = d—A. A “heavy” scalar field, with mass m > « is said to belong
to the principal series with dimension A = o +iv, v € R. Likewise, a “light” scalar field, with m < «, is

said to belong to the complementary series with A € (0, ). Specifically, the single-particle states created
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by these fields fall into irreducible representations of de Sitter’s SO(D, 1) isometry group, of which there are
two continuous families called the principal and complementary series.”

Unfortunately, this representation is useless if we are interested in the propagator in Lorentzian signature,
since each term in the sum diverges as i'] as |€| — oo. To analytically continue this expression to £ € R,
we can make use of the Watson-Sommerfeld transform, in which we rewrite a sum » ;- ,s(J) as a contour
integral over the product of a “kernel” k(J) = —e™T'(~J)['(J+ 1) with unit residue poles at the non-negative

integers and a meromorphic “interpolation” §(J) o< (J + «)[G]; which agrees with s(J) at the integers and

continues it to complex J. For (3.23), this takes the form

G(g) = 2(7;121 5(203) /C ;7‘31 T~ + 20)(J + o) [Cly o Fy [—J . I+ 2

2] . (2.21)

The contour C sandwiches the positive real axis, enclosing the poles at the non-negative integers J € N in
a counterclockwise fashion. This integral representation again only converges for £ € [-1,1], but we can
derive a convergent integral expression for € € C/[-1,00) by deforming the contour C to lie parallel to the
imaginary axis, cf. Appendix A.2. Crucially, the integrand (2.21) is well-behaved as |J| — oo, decaying as
exp(-n|ImJ|) as [ImJ| — oo, and analytic away from the real axis, so we do not pick up any additional
contributions as we deform the contour in this way as long as we do not shift it too far to the left. Thus,
(2.21) defines an analytic continuation of the series (3.23) to Lorentzian signature.

The integrand in (2.21) has poles at J € N, J € —2a — N, and at the poles of (3.24). It is also odd
under J — —(J 4 2a), so by deforming C so that it passes through the fixed point of this transformation
J = —a [93], we can make use of this antisymmetry to force the integral to vanish. However, to do this we
must always encircle one of the poles of (3.24), and so the free field propagator reduces to the residue of this

pole,
T(A)D(A)
(4m)*+i0 (o + 1)

G(g) = F1(A Ao+ 55 5(1+¢)). (2.22)

The free field propagator (3.26) is analytic for all § aside from a branch cut along € € [1,00) or, in terms of

our ( variable (3.9), ¢ € [0,00). It will be helpful to rewrite the propagator in the form

G(0) = 6(0) + 65(0) = A@I-1/0) 2k 5,25 o

Q] +(A = A), (2.23)

with coefficient

A(A) = — T : (2.24)

"There is a third series, the discrete series, with non-negative integer dimension A € N, which includes exactly
massless and tachyonic fields. Since we always work with fields of finite (albeit potentially small) and non-negative m?,
we will not consider discrete series fields here.
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It is clear from this expression that the dimension A, and thus the field’s mass, controls the asymptotic

behavior of the free propagator for very large separations ¢ — 0 or as § — +o0.

2.2.3 The Lorentzian Inversion Formula

While the momentum space representation in Euclidean signature is an extremely useful tool, it can be
nontrivial to extract physics in Lorentzian signature from it. As we saw for the propagator (3.23), the core
issue is that these momentum space expressions cannot be analytically continued term-by-term, but we must
instead rely on the Watson-Sommerfeld transformation to continue the entire sum away from § € [-1,1]. As
we discussed, this transformation proceeds by first identifying a meromorphic interpolation S(J) that agrees
with the summand s(J) at all positive integers and extends it to arbitrary complex values. We then recast
the sum as a contour integral over J, deforming the contour so that the resulting expression is absolutely
convergent for Lorentzian separations. There are infinitely many such interpolations but, fortunately, there
is only one well-behaved enough as |J| — oo to enable this analytic continuation. Given a function H(£),
how do we determine this correct momentum space representation [H];? How do we invert expressions like
(2.21)? This is the role of the Lorentzian inversion formula, which we describe and illustrate in this section.

The ambiguity in the interpolation is easy to see—given any interpolation §(J) of the summand s(J), we
can add to it an arbitrary analytic function multiplied by sinwJ and it will still agree with the summand
s(J) at the integers. However, this will always mess up the behavior of §(J) as [J| — oo, causing it to

™Il As we describe in more detail in Appendix A.2, this would make the

diverge at least as fast as o e
interpolation completely useless for analytic continuation from Euclidean to Lorentzian signature. So, if we
also require that the interpolation 3(J) does not diverge as |J| — oo, Carlson’s theorem® guarantees that
this interpolation is unique, see e.g. [122]. Thus, while there may be infinitely many interpolations of the
summand s(J), there is only one which should be used to analytically continue the sum beyond its domain
of convergence.

Thus, we should understand how to compute this correct interpolation given a function H(&) defined, aside
from possible singularities and branch cuts, on £ € C. The Euclidean inversion formula (3.16) cannot work
because the Gegenbauer-C functions behave very poorly away from the real J-axis, growing exponentially
as |ImJ| — oo. For instance, C§(-1) x exp(n|ImJ|) as ImJ — oo, cf. (B.11), and so the [H]; provided
by (3.16) behave very poorly for complex J and thus yields one of the wrong interpolations. Instead, the

appropriate interpolation is provided by the Froissart-Gribov formula [117,118,120,122], first used in the

8(Carlson’s theorem states that, if f(z) is regular in the right half plane Rez > 0 and |f(z)| < Ce*?l with C > 0 and
k < w, and if f(z) =0 for z =0, 1,2, ..., then f(z) = 0 is identically zero.
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context of de Sitter in [118], which defines [H]; as

H), = ““QQI““)F(J*'l)jédg(aQ——l)&‘iQﬁ<&ﬂl@). (2.25)

I'(J+2a) 2mi
The contour C is taken to wrap the interval § € [-1, 1] counterclockwise, while the Q§ (§) are the Gegenbauer
Q-functions defined in (B.12).

Let us justify this expression. The Gegenbauer Q-functions Qf () satisfy the same differential equation
(B.7) as the Gegenbauer C-functions C§(€£) and have a branch cut along § € [-1,1]. While we could have
chosen any linear combination of C$(§) and Qf(§) and written a formula analogous to (3.18) that agrees
with (3.16) for non-negative integer J, the trick is that Q$(§) are the unique solutions to the Gegenbauer

differential equation which decay as g—f’—%‘f

as £ — oo, and so the interpolation defined by (3.18) necessarily
decays as ReJ — oo. By Carlson’s theorem, (3.18) is then the unique well-behaved extension of (3.16) from
the integers to complex J, and is the one relevant for physics in Lorentzian signature.

The functions we work with will all have a discontinuity along £ € [1,00), and so we may deform the

contour? in (3.18) so that it becomes an integral over the discontinuity of H((),

2t (J+1) [~dC ;4 J+a+3, J+1 ,
e uee ) =Tl e e B LG (3:20)
with the discontinuity defined as
disc H(¢) = lim H(C +ie) — H(C — ie). (2.27)
e—0t

The inversion formula (3.19) is the main tool we will use in this work—it defines the momentum space
representation of H(§) as long as Re J is large enough and « is small enough so that the integral converges
at its endpoints ( — 0 and ( — oo, respectively.

It will be useful to illustrate the inversion formula (3.19) by applying it to the propagator (3.27). The

discontinuity of the propagator along C € [0, 00) is given by

i a3 LA LAl 1
disc G(() = ——— % @ T2 0T —]. (2.28)
(4m)° 2 T(5 — o) ks C

9Technically, (3.18) only applies to functions which are analytic in a region around the interval & € [-1,1]. This is
not the case for the functions we consider, which have a discontinuity along § € [1, 00), and is related to the fact that
(products of) the propagator diverge in the coincident limit £ — 1, causing their spectral representations to converge
poorly. As is clear from (B.11), the convergence of these series is strongly dependent on «, and so we will work at
small enough « so that (3.19) applies and then define the [H]; at o = % by analytic continuation. Of course, these
will often diverge as o — %, but these are the typical divergences one encounters in any loop calculation and may be
absorbed by local counterterms.
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The integral (3.19) can be explicitly evaluated by a computer algebra system to again yield (3.24),

1

[G}J = m )

(2.29)

extending (3.19) to arbitrary complex J and arbitrary a. However, it will be more helpful to evaluate (3.19)
in a way more readily applicable to cases in which an exact answer is not known, or is too complicated to
be useful.

For example, throughout this paper we will be interested in expanding integrals like (3.19) order-by-order
in the mass of a field or, analogously, order-by-order in A. Already from (2.29), it is clear that this expansion
can be complicated by the fact that singularities of [H]; may depend on the dimension A, and an expansion
in A may depend sensitively on J. It will thus be helpful to rewrite (3.19) in a way that both analytically
continues it to arbitrary J and identifies any potential singularities.

By use of a Kummer relation, the discontinuity (2.28) can be written in a form that evokes (3.27),

2mi '(2a — 2A) (A,F {A, A—a+1i
(r) i T(1— AT (a+Li-A) > 224 -2a+1

—g] + (A= A). (2.30)

disc G(C) = —

The benefit of this form is that it makes it clear why (3.19) generates a pole at both J = —A and J = -A.
We have

Gl =Ny [ dCgA1LE, {

(' 5 J 1 A A_ 5
+0(+2, + ‘ C’ F 3 0(+2
0

2]+ 2a+1 2A —2a+1

—C} + (A = A) (2.31)
where we have defined the coefficient

(2.32)

N 1 J+1,a-A
PAT AT |[J+a+1,1-A

When J = —A, the integrand in (2.31) behaves as (' as ¢ — 0 since oF;(a,b;c;—C) ~ 1 4+ O((), and so
the integral diverges in the infrared. Indeed, we can analytically continue (3.19) to arbitrary J by splitting
the integral into an infrared contribution sensitive to the long-distance |§| — oo (¢ — 0) behavior of the

propagator and an “ultraviolet” contribution sensitive to the short-distance ( — oo behavior,

1 1 1
. _ J+aoa+s;5, J+1 A, A—a+ s
ir __ J+A—-1 2 _ , 3| o
(G]} —NJ,A/OdQC. 2F1{ 2] + 20 + 1 ‘ C:|2F1{2A—20L+1 C]—O— (2.33)
where the --- denotes the contribution from the shadow A — A, while the UV contribution G}y =

[G]y — [G]¥F has the same integrand but is instead integrated over ( € [1, 00).

Since the integrand is a regular function for all J and ¢ € (0, c0), the only way the integral could develop
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a singularity in J is if the integrand diverges in a J-dependent way at one of its endpoints, ( = 0 or ( = oc.
As we also discuss in Appendix A.4, the integrand is regular in J as ( — oo if we include the coefficient
(2.32), and so the only way a singularity can develop is if the integrand diverges as ( — 0. It is then trivial
to isolate the singularities of [G]; and compute their residues by series expanding the integrand in [G]f]r about
(¢ = 0 and then integrating term-by-term. This is a technique that we will rely on throughout this work.
Since the integral (2.33) is over € [0,1], we have no problem in replacing the integrand with its series

expansion around ¢ = 0 since it has radius of convergence |(| = 1,

1 1
(HA-Lp, J+a+3, J+1’_ ] F {A, A—oa+3

2J + 20+ 1 2A — 20+ 1 _Q] = ald, A) AT (2.34)

k=0

The series coeflicients are explicitly given by

JA)— (-1)k427 TA+k, A—a+1,A—a+1+k
(), A) = NG k+1,A 2A —2a+1+k
2.35
F J+1, -k, J+a+1 20—2A -k (2.35)
o) 42041, 1Ak a+l-A—Kk
Integrating term-by-term we find that [G]¥ has a infinite number of potential poles at J = —A — k and

J = —A —k, for positive integer k € N,

Ck J A =
A=A 2.
NJAZHAH{ (a4, (2.36)
but since ¢ (~[A+k], A) = 8y 9, the only poles with non-vanishing residue are those at J = —A and J = —A,
with residues Noaa = 1/(2a0 — A) and N3 3 = 1/(2a — A) respectively. The rest are then “spurious” in

the language of [120]. Since [G]}" is necessarily regular in J, we may then write

1

Sh=Grae s

() (2.37)

with f(J) is some entire function. But since [G]; — 0 as ReJ — 400, this entire function must also vanish
as |J| — oo and thus f(J) = 0. [G]; is thus completely determined by its singularities, which can be easily
extracted from (2.33).

In the next section, we will find that a similar structure appears when analyzing the self-energy of a
heavy field o in the presence of a light field ¢. Fortunately, corrections to the long-distance behavior of
the two-point function (o(x)o(y)) will be dominated by only one singularity (and its shadow) and thus the

strategy outlined above provides an extremely efficient way of extracting corrections in the limit my, — 0.
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2.3 Loop Corrections from a Light Scalar

Having reviewed the basics of free de Sitter quantum field theory in both Euclidean and Lorenztian signatures,
we are now ready to include interactions. The main goal of this paper is to determine how an interaction
with a light scalar field ¢, with mass m,, corrects the two-point function (o(x)a(y)) of a heavy scalar field

o, with mass m,, in the limit that m¢, — 0. Specifically, we will work with actions of the form
Se = / d”x /g [3(90)* + jmio” + 5(90)° + gm0 + Lin + Lo (2.38)

where L, is the interaction Lagrangian and L is the counterterm Lagrangian. We consider cubic and
quartic interactions in §2.3.1 and §2.3.2, respectively, though it will be helpful to discuss general aspects of
perturbation theory first.

We organize corrections to the two-point functions (o(x)o(y)) and (d(x)d(y)) diagrammatically. We
denote the free-field propagators of o and ¢ by G°(£) and G®(§), respectively, and their dimensions as A,

and Ay. We represent o by black lines and ¢ by blue lines,

o =(G°(¢) —@—— = —J(J +20)dz,— by,
(2.39)

i
%

—J(J +20)37, — 8,

with associated counterterm vertices from L D 387, (00)% + 387, (06)% + 28m, 02 + 28, %, Which account
for mass and wavefunction renormalization and whose Feynman rules we display in momentum space. In
position space, each vertex is associated with an integral over the D-dimensional unit sphere which we write
in shorthand as st dPz; \/g(TI) = f dPz; suppressing the metric factor, with z; always representing integration
dummy variables. Finally, open circles like o represent external legs at coordinates labeled by x; or, when
there are only two, x and y.

As usual, corrections to the two-point function can be organized in terms of the self-energy I1,(J), which

is defined by the sum over all one-particle irreducible (1PI) diagrams. We denote the self-energy as

= T, (2122) = 3 T, (D)Y, () 1z2) (2.40)
J

and it can be computed order-by-order in perturbation theory in Euclidean signature and then appropriately

analytically continued to non-integer J, or Lorentzian signature, by using (3.19).!° Diagrammatically, the

108trictly speaking, we only require that inversion of the full two-point function [o5]; be well-behaved as J — oo
to be able to perform the Watson-Sommerfeld transform and analytically continue the Euclidean de Sitter result to
Lorentzian signature. However, the same should be true for the self-energy II,(J), which should also be well-behaved
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exact two-point function is then given by

(o(x)o(y)) = o_m@ﬂ?@@_%“ , (2.41)

which forms a geometric series that can be subsequently summed to yield

{o(x)a(y)) =

= 2.42
2mot T'(2a0) ( )

(-1) () ?{ dJ TEHE+20)(0+0) o {—J, J+2a
c 2

1
()L“rg

1+§}
2mi (J+ Ag)(J+ A,) — IL,(J) 7 '
Following [93], the asymptotic behavior of (2.42) at future infinity and fixed spatial separation, £ — —oo,

and thus the physical mass of the field,!! is controlled by the pole J. of the integrand,

(Je + Ap)(Je + Ap) — TI,(J4) =0, (2.43)

with maximal real part.

For a weakly interacting heavy field o, there is a pair of poles with largest real part, one the complex
conjugate of the other, which we denote as J, and J,. At future infinity, the heavy field propagator thus
behaves as (0(x)a(y)) ~ C1(=2€)" + Co(-2€)7* as € — —oco for some constants C; and Cy. For free fields,
I,(J) = 0 and so J, = -A, and J, = —A,, while at leading order in perturbation theory the non-zero
self-energy shifts the pole to

I, (-A,)

Jo~ A, - T (2.44)
A, — A,

with J, given by the conjugate of this expression, or by taking A, — A,. Specifically, decomposing the pole

into its real and imaginary parts,

I, (-A II,(-A
J*%_OL_I’_M i mg_&2+m _ (2.45)
2y/m2 — a2 2y/m?2 — a?

we find that the real part of the self-energy affects the physically-measured mass of o, while its imaginary
part changes the decay of the correlator at long distances. We will work in an “on-shell” mass renormalization

scheme in which m, is o’s physically-measured mass, and so we adjust our counterterms so that

ImJ, = —y/m2 — a2, (2.46)

as J — 00, since there is an order-by-order equivalence between in-in perturbation theory and Euclidean perturbation
theory [113].

"This is familiar from quantum field theory in flat space, where the poles of the momentum space propagator
G(k) = 1/(k* + m? — TI(k?)), with TI(k?) the self-energy, control the long-distance behavior of the position space
propagator, and thus provides a physical notion of mass in the interacting theory.
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or equivalently, to first order in perturbation theory, Rell,(—-A,) = 0. The shift in J.’s real part is a
purely physical effect that cannot be mimicked in free field theory. Furthermore, to ensure that the two-
point function is properly normalized in the long-distance limit, we require that the residue of this pole is
unchanged and thus I/ (-A,) = 0.

A weakly interacting light field ¢ only has one pole with largest real part, which we again denote as J.,.
As for the heavy field, J, = —A, in the free theory, while at leading order in perturbation theory a non-zero

self-energy II,(J) corrects this to
L, (-A)

Jo~ A, — .24 2.47
A, A, (2.47)

We will find that II;(-Ay) is purely real. If we define the physically-measured mass of a light field by
Je = —a+ \/m , thus working in an on-shell renormalization scheme, this requires that we choose
our counterterms such that I, (-A,) = 0. So, unlike the heavy field, a non-zero self-energy II,(J) does not
result in a measurable effect as £ — —oo.

Finally, before we move on to our specific examples, it will be useful to discuss the general strategy we will
use for simplifying self-energy corrections in the limit m¢ — 0. The self-energies we study will be expressed
in terms of the inversion formula (3.19) applied to products of o and ¢ propagators. As discussed in §2.2.2,
the free field propagator can be decomposed into a sum (3.27) of terms with definite scaling behavior in the

infrared,

G(Q) = Ga(Q) + 95 (Q) ~ AA)(-1/Q) 2 + AB)(-1/Q) >, (=0, (2.48)

where A(A) o« T(A) ~ A™ as A — 0 is given by (3.28). Our self-energies will then be sums of terms
like [Ga,Ga,]s and [GA,Ga,]s. As we will show in this section, and as we might expect from our analysis
of the propagator in §2.2.3, a term like [Ga,Ga, ]; contributes “potential” poles to the self-energy at J =
-(Ay + Ay + k), with k € N, whose residues may be zero (i.e. the so-called “spurious poles” of [120]) but
are proportional to A(Ay)A(Ag) x T'(Ag)T(As).

Since we are interested in how the light scalar ¢ affects the long-distance behavior of the heavy scalar
o, we want to approximate II;(J) near the free-field pole J. = —-A;. As m, — 0, the dimension of ¢ also
vanishes, Ay ~ mi /(2a) — 0, and so we find that there are two simplifications of the self-energy in this
limit. The first is that the terms with factors of Ga, o< I'(Ay) o mf are enhanced compared to those
with Ga,, whose amplitude does not diverge as mg — 0. The second is that only terms with factors of Ga,
can contribute poles that approach the free-field pole at J, = —-A; as A, — 0, and there are only finitely
many that do. Such poles are further enhanced by a factor of Agl x mf compared to other poles or regular
terms in the self-energy. We thus find that the self-energy near the free-field pole, and thus the correction

to o’s long-distance behavior, is governed by a single easily-calculated term as my, — 0.
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We will first illustrate this procedure in the so-called “bubble” diagram in §2.3.1, which is the leading
correction in a theory with a cubic interaction L;,, = %gd)o?. Here, there are exact analytic results we can
use to check our approximations. Then, in §2.3.2, we study the general theory with quartic interactions with
Line = % goZd?+ % g4 (1)4 + % g,0?, computing the leading order physical corrections to the two-point functions
in the limit m, — 0. Throughout, we will regulate UV divergences by first working with o = $(3 — ) and

then taking e — 0.

2.3.1 The Bubble

We begin by studying the theory with a cubic interaction, Ly, = % gdo?, which we denote diagrammatically

as
>. =—¢g. (2.49)
We should also include the relevant vertex counterterms, i.e. L = %6g¢02 + .-+, but since the goal of this

section is to compute ¢’s self-energy I1,(J) to leading order in perturbation theory, these counterterms will
not contribute to the final answer and so we will not include them.

The first correction to o’s self-energy appears at O(g?), and is generated by the bubble diagram

Y N (2.50)

or equivalently,

I (J) = (—2)*[G°G]y — J(J + 20)dz, — B, , (2.51)

where [G°G®]; is determined by the inversion formula (3.19) applied to the collection of propagators appear-
ing in the loop, H(C) = G°(CQ)G®((). An exact expression for [G°G®]; was found in [93], which we present
in (A.15). As we illustrate in Figure 2.1, they found that the bubble has poles at J = —A, — A, — 2k,
J=-A, — A¢ -2k, J = —-A, — Ay —2k and J = A, — A(b — 2k, for all non-negative integer k € N.
Physically, these correspond to the appearance of long-lived two-particle states with non-zero momenta. Our
goal is to see this structure directly from the inversion formula (3.19) and to extract the self-energy’s m, — 0
behavior.

Using (3.27), we can expand the bubble into its constituents with definite scaling as ¢ — 0,
[G°G®]y = [Ga,Ga,ls + [Ga,Ga,15 + [Ga,Ga,15 + [G5,G5,15 - (2.52)

We will focus on the first term, [Ga,Ga,]s, and recover the behavior of the others by simply interchanging

22



® ® ® ® ®® 1z
t é t é
=6 2 -3 2
® ® ® ® ®©® iV,

Figure 2.1: The analytic structure of the bubble diagram [G°G®]; for o = 2. In [black], we denote the

free-field poles at J = ~A, = —(a +iv,) and J = A, = —(a — iv,) at which [G°G®]y is regular. Tt instead
has singularities at J = —(A, + Ay +2k) and J = (A, + A, +2k), with k € N, in [blue]. These singularities
encroach upon the free-field poles and dominate the self-energy as A, — 0. The bubble also has singularities
at J = —(A;+Ay+2k) and J = (A, + A, +2k), with k € N, pictured in [red], which remain well-separated

from the free-field poles as Ay — 0.

the dimensions A, and A, with their shadows A, and Adr The relevant discontinuity is then given by

2miA(AG)A(A)
discGa,Ga, (C) = —
=@ T ara -, Ay .
Ay A —a+ 1 Ay, Ay —a+1 '
Ay+Ag 05 So 2| _ oy S0 2| _
X6 2F1{2A6—2cx+1 C}ZFl[md)—zouﬂ Q]
and so the inversion formula reads
&0 _ J+a+1i J4+1
[Ga,Ga,15 = Nia,n, /0 G O { 97 + %0 + 1 ‘ _Q}
(2.54)
Am A(,*()L#*% A‘Tﬂ A4)70L+%
XQFI[QAUQOHrl _Q]2F1[2A¢20¢+1 N
with
2t A(A)A(ANT (T + 1
Niaa, = (Ba) A(R)T( ) (2.55)

AT+ a+ DDA, + A)T(1— Ay — Ay)

The coefficients A(A) are defined in (3.28), and crucially diverge A(A) «c A" as A — 0. This implies that,
barring any enhancements coming from singularities in J, the terms that depend on Ga, will be enhanced
over those that depend on G5 in the limit that A, — 0 and Ay — o

Following our analysis of the propagator in §2.2.3, it is convenient to treat the infrared and ultraviolet
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regions of (2.54) separately, writing [Ga,Ga, ]y = [Ga,Ga, ] + [Ga,Ga, ]} with

2J+2a+1

Ay, AG—OL—&—%
29A, — 20+ 1

1 1
. _ J+a+3, J+1
Ga,On, i :NJ,AU%/ de (I, 12F1{ 5 ‘—C}
0

XQFl{ (2.56)

Ad), A¢—0L+%
_Q}zFl[ 20, — 200+ 1

_Q] ,

We will focus on this infrared contribution first since we can use it to immediately read off where [G°G®];’s

singularities are. As ( — 0, the integrand behaves as QHA”A"*l

and so it diverges when J = —Ay — A,
Technically, this integral representation is only well-defined for ReJ > —Re A, — Re A, but we may derive
an analytic continuation by series expanding the integrand about ¢ = 0,

J+a+3, J+1 Ay, Ag —a+ 3
QFl{ 2] + 20 +1 ‘_Q}ZFI{ZAU—QQH—I -

= a(J, Ay, Ay) K, 2.57
NN > A A0)¢ (2.57
X oFq -q k=0
20, — 20+ 1
and then integrating (2.56) term-by-term to find
i > Ck(J7 AG? Ad))

¥= . 2.

[GA,Gn, 5 M’A"A“’;J—i—Ao—i—Ad,—i—k (2.58)

Immediately, we see that the deep infrared ¢ — 0 of the integral (2.56) generates a family of potential
singularities at J = —A, — Ay —k, with k € N. However, some of their residues may vanish and so some of
these poles may be spurious.

Ignoring the coefficient Nj s, a, for the moment, the residue around each pole cx (A, Ay) = ck(—[Aq +

Ay + k], Ay, Ay) takes a relatively simple closed form, with non-zero even coefficients
1 T(Ag+k) Ja+k, Ag+k,a—A; -k, a— A, —k
C2k(AG’ Adj) B 24kk! P(A¢) r Q, AO‘) o — AO‘v Q — Ad)
T As+ Ay —200+14+2k, Ag+Ay —a+k
As+ Ay —200+14+k, Ag+ Ay —a+2k

(2.59)

and vanishing odd coefficients, coxy1(As, As) = 0. From this, we find that the bubble indeed has poles
at J = —A; — Ay — 2k, with k € N. Furthermore, there is a hierarchy in residues as A, — 0, with
co(Ay, Ay) = 1 while the rest are O(A,). We can understand this hierarchy as follows. Since the integral
(2.56) is constrained to ¢ € [0, 1], we may approximate the last hypergeometric function as

A¢7 A¢—Oé+l

! 1,1,3 -«
2A, —2a+1

1
oF —C]=1+2A¢(—Q3F2{272_20¢

—Q] +0(AY) (2.60)
and so, to leading order in A, the integral in (2.56) reduces to that of (2.33), except that the factor of
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QJ+A71 J+A5+A¢71

there is now a factor of ( , which as we argued there only has a single non-vanishing residue.

Since we are primarily interested in the behavior of the bubble near the free-field pole J = —A,, to leading

order in Ay we can approximate
I'(a) Nya,
4rotl A¢ ’

NI,A0A¢ ~ A¢ — 0, (2.61)

with Nj A, the coefficient appearing in the inversion of the propagator (2.32), and thus (2.56) as

) r 1 N,
(Ga, G, ~ 1) 14,

TAmet A T+ AL+ A, (2:62)

Near the free-field pole J = —A, the terms we have dropped are suppressed by a factor of Ai compared to
the one we have kept.
The analysis of the UV contribution [Ga,Ga,]}" is more involved because it diverges as o — 3. We leave

its analysis in Appendix A.4, but the upshot is that [Ga Ga,]}" is regular in J and is well-approximated by

Tr o 1
[gAagA(b]}Tlv ~ (04) N Ay / dQ QJ‘FAo*l 2F1 |:J + o+ 39 J+1 ’ _Q:|
1

T dmetl A, 2] +2a+1
A A L (2.63)
(o8] o~ Q& 2| _
X2F1[2A0—20¢+1 Q]+

as Ay — 0, where the --- denote terms that diverge as € — 0. These divergences simplify drastically only
once we sum over dimensions and their shadows, i.e. only in [G°G®]; and not in expressions like [Ga Ga, ]
Regardless, aside from the UV divergence, (2.63) is subleading in A compared to (2.62) near J = —A, and
so we may drop it.

A similar story applies to [GA,Ga,]s, which dominates near the free-field pole at J = -A,, and to compute
it we only need to replace A, with A, in (2.62). The other terms in (2.52) are neither singular near the
free-field poles J = —~A, or J = —A,, nor are they enhanced by diverging factors of A(A,). Thus, at leading

order in Ay, we can approximate the bubble as

Llo) 1 ! T (2.64)

GUG‘1> ~ [G° ir e e — — s
(GG~ [C7Ga )y -~ o R, T Ae 3 AU T B 5 A0)

where the - -- denote the UV divergences from [G"G‘T’]}]‘V. Specifically, as o — %, this becomes

3 1 1 1
GGy~ — — — + , 2.65
[ b 82 mi (J 4+ Ay + Ay)(J+Ag +Ay)  8m’e (2.65)

where the 1/(8n2%e) is the divergence of the bubble in dimensional regularization (A.35). We compare this

approximation to the exact result (A.15) in Figure 2.2, where we find excellent agreement as m, — 0. To

25



1072

1073

T T T
Lol

R (U = 4 -
107
10—6 1 3 1 1 3

_AO' -3 _Aa _Ao' + 5 1073 1072 1071
J Me

Figure 2.2: Plots of the relative error p = |exact — approx|/|exact| between the approximation (2.65) to the
exact result (A.15), with a = %(3 —107%). On the left, we plot this relative error as a function of J, along a
line in the complex plane that is parallel to the real axis and passes through the free-field pole J = —-A,, for
mi = 102 and various values of m,. On the right, we plot this relative error at the free-field pole J = —A,
as a function of my. It can be seen that the relative error between the approximate (2.65) and exact (A.15)
results is O(m}).

leading order in Ay, we thus find that the self-energy reduces to

g’ 1 g’
— +
8m2A¢ (J+ Ay + Ay)(J+ Ay +Ay) 872

10, (J) ~ ~J(J+20)dz, — B, (2.66)

in the regions of J which are relevant for o’s propagation over long distances. This allows us to determine

our counterterms as

2 2 2.2
g g g m
dy, = ——=——+ d Om. = + < 2.67
%o BQKQU?,A‘; o ° 8rle 321T2U(2,Ai ( )
where v, = y/m2 — 2. Furthermore, the free-field pole at J, = -A, = —(a + iv,) is shifted to
3 3 g2
Ji=—= (1 — v, . 2.68
2 < +‘16w2ugm§)> v (2.68)

As noted in [93], the heavy field o’s interaction with the light field ¢ causes it to decay faster than any free
field since o’s coupling to ¢ provides it with another decay channel in addition to the standard dilution due
to Hubble expansion. On the other hand, as explained in [59], the enhancement of this decay of o with
respect to m, can be interpreted as the washing out of o correlations at long distances due to the enhanced
fluctuations of ¢ in the infrared. In this way, we can make contact with in-in perturbation theory wherein
the enhanced fluctuations of ¢ are tied to the dynamics of the super-horizon modes [99,100].

We have argued that [G°G®]y’s singularity structure in J can be extracted from the IR contribution
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[G°G®]; alone since the UV contribution is regular in J. We may then write

[ R(A, + Ay + 2k As + Ay + 2k -
[G7Gl, _Z{ TR ) R(AF A H) L n x| g, (2.69)

T T A A T2k T A+ Ay 12k

where R(J.) denotes the residue of this function at J = —J, and f(J) is an analytic function. Unlike the
propagator in §2.2.3, the bubble does not necessarily decay as |J| — oo because the product G°(£)G®(€)
is too singular as € — 1, ultimately leading to the UV divergence [G°G®]; ~ 1/(8n%e). Analytically
continuing our Euclidean results defined on § € [—1,1] to Lorentzian signature with § € R requires that
these coeflicients decay sufficiently rapidly to use the Watson-Sommerfeld transform, and we ensure this is
possible by adjusting our counterterms, subtracting off the constant—or the J(J 4 3) terms in cases where
the kinetic counterterm is needed—as J — oo. Once this is done, the self-energy I1,(J) vanishes as J — oo
and thus we can conclude that f(J) = 0. The full self-energy can thus be recovered from the IR contribution
[G°G®]; alone. This agrees with (2.65), where we have truncated the sum in (2.69) to only its dominant
poles at J = —(A, + A,) and —(A, + A,) and approximated their residues in the A, — 0 limit.

Before we proceed to study quartic interactions, it will be helpful to understand how the approximation
(2.65) arises in Euclidean signature as in [59]. Here, the analysis is much more straightforward since we can

use the Euclidean inversion formula (3.16) for non-negative integer J,

oratp = UHOIOED [y - log@ orgat©, Jen. (270)

Since this integral is restricted to the finite interval § € [—1,1], we may expand the light field propagator

into its harmonics (3.23),

Pla+1) 1 J+a ‘
Qo) = E 5CT(€), 2.71

(©) omotl m 21{"“ JJ+2a) + m 1(8) ( )
where the first term is the Euclidean zero mode (2.12) propagator. As my, — 0, we find that the Euclidean

zero mode dominates the bubble [G°G®];, and (2.70) may be approximated as

Fla+1)[G°]; Tla+1) 1 1

Lrel I - _ .
[G G ]J omatl mi 9o+l mi (J+A0)(J+Ac)

(2.72)

This agrees with (2.65) as A, — 0 when J € N, and so we can interpret the enhancement factor as the

Euclidean zero mode of the light field ¢ which becomes strongly coupled [96] as m, — 0.
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2.3.2 The Sunset

Having studied the bubble diagram, we now focus on sunset diagrams. Specifically, we will study the theory

with interaction and counterterm Lagrangians

Line + Lo = 1g0%0° + Lgo o' + Lgoo? + 187, (00)% + 382, (00)? + L8, 0 + 15,0, 67

(2.73)
+5850°0% + 185, 0" + 3, 0"
and associated interaction vertices
. . N -

2 N N2\

To these, we add the analogous counterterm vertices, with g — 98, g, — 8y, and g, — dg,, which we
distinguish with a crossed circle, e.g. @. Specifically, we will compute the self-energies of o and ¢, II,;(J)
and I, (J) respectively, in the limit m, — 0 with g, g¢, and g, all < 1. We will work perturbatively in
each of these couplings to second order, which we will collectively denote O(g?) as shorthand—this includes
terms that are O(gg,), O(g?). This is the first order at which physical corrections arise and they will be
12

generated by so-called “sunset” diagrams.

At first order in the couplings, o’s self-energy is given by

7 (2.75)

where we exclude terms associated with vertex renormalization that are not needed to this order in pertur-

bation theory. Specifically, we have
I,(J) = —gG*(1) — 38, G7(1) — J(J + 20)dz, — du, , (2.76)

where G(1) = lim¢,1 G(§) = limy_,« G(x, y) represents the coincident limit of the propagator. These diagrams
are UV divergent and, as before, we regularize them via dimensional regularization by working in oo = %(3—8)
and taking € — 0 with masses held fixed. We define the coincident limit of the free-field propagator in general

dimensions as
1 1_ A
G =——T|, 2 "
(41‘()(""'5 5 —A

)

(2.77)

;200 — A
; a+ A

12The sunset diagram in de Sitter has also been studied using the Schwinger-Dyson equations for the O(N) scalar
field theory in [125].
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which, as € — 0, behaves as

(A-1)(A-1)[2 - . 1
G)~ == |2~ (A= 1) = (A= 1) +logdme e +1| — -, (2.78)
with v, = —0(1) the Euler-Mascheroni constant and {(z) = I''(z)/T'(z) the digamma function. In our

renormalization scheme, this contribution is completely absorbed by the mass counterterm, such that 8z, =

O(g?) and 8y, = —gG®(1) — 1g,G(1) + O(g?). The same is true for the self-energy of ¢ to first order,

O + O +—e—, (2.79)

which is given by

or equivalently

I,(J) = —gG7(1) — 8GO (1) — I(J + 20)8, — B, (2.80)

For a light field, there is only one pole with maximal real part, and ensuring this pole yields the physically
measured mass forces us to choose 37, = O(g?) and §,,, = —gG"(1) — 38, G®(1)+O(g?). Physical corrections
to the propagation of both ¢ and ¢ instead occur at O(g?).

At second order in perturbation theory, o’s self-energy II,(J) is given by

B e WG ELG E -

88 a6a88a6

It is clear that the diagrams on the second line of (2.81) all cancel in our renormalization scheme, while the

two diagrams associated with the O(g?) vertex counterterms can be absorbed into the O(g?) part of the §,,,
counterterm, as they yield just a constant factor —18, G°(1) — £5,G%(1). So, to O(g?) o’s self-energy is

given by the sum of sunset diagrams,

S

or

1 1 2 )
I, (J) = 5(-2g)2[G¢G¢G°h+i(—ga)ﬁG"G"G"],}— J(J + 2085 — 85 (2.83)

where we use 6(22: and Bffl) to denote the counterterms at O(g?), having absorbed the vertex counterterms.
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The logic is identical for the O(g?) corrections to I, (J), and so we have

S

or, equivalently,

mg °

]. 1 2 2
T (9) = 5(-22P[G°G7G7); + 5 (-0 FIGA GGy — I(T +20)3) — 54 (2.85)

We see that the leading order corrections to the self-energies of o and ¢ are determined by sums of sunset
diagrams, and our goal is to approximate how they correct the long-distance behavior of the propagators in
the limit mg, — 0.

We begin by considering ¢’s mixed sunset diagram, which we may decompose (3.27) as

+— o [G'G®G®)y = [G7Ga,Gn, ]y +2 X [GGa,Ga, )y + [G"GA,GA. 15 - (2.86)

Given our experience with the bubble diagram in §2.3.1, we already know which terms in (2.86) will dominate
as Ay — 0. The first term, [G°Ga,Ga, s, will contain two factors of A(Ay) o< A? and have two families of
integer-spaced poles at J = —(A, + 2A, + 2k) and J = —(A, + 2A, + 2k), for k € N.1¥ As Ay — 0, the
right-most poles with k = 0 will encroach on the free-field poles at J = -A, and J = —-A, and dominate the
self-energy.

This does not happen with the other two terms in (2.86). By the same logic, [G"Ga, GA,]; will only
contain one factor of A(A,) and have two families of poles at J = —(A, + Ay + Ay +2k) = —(A, + 2a + 2k)
and J = —(A, + 2a + 2k), neither of which encroach upon the free-field poles as A, — 0. Similarly,
[G°GA,Ga, ]y has no factors of A(A,) and poles at J = —(A, +2A, + 2k) and J = —(A; +2A, + 2k). Thus,
the terms [G7Ga, G, ], [G7Ga,GA,]s and [G°GA, GA,]s will be of order A?, Agl and AY, respectively, near
the free-field poles as Ay — 0 and so we will only need to keep the first. By similar logic, the other sunset

diagram x [G°G°G°]; will be of O(Ai) as A, — 0, and so we need not consider it.

"From the representation (2.89), it is trivial to see that [G°Ga,Ga, |} potentially has poles at J = —(A, +2A, + k)
and J = —(A, + 2A, + k), for k € N. Unfortunately, it is not so easy to see from this form that the residues of the
poles vanish for all odd k, and we do not have a proof of this. These residues are trivial to compute—one simply
sets J = —(As + 2A, + k) and series expands the integrand about ¢ = 0 to find the coefficient of the ¥ term. In
practice, we have confirmed that residues of the odd k poles vanish up to k = 15, though whether or not this is
true does not affect our results. Physically, that these odd poles vanish follows from momentum conservation—the
pole at J = —(As 4+ 2A, + k) is generated by a long-lived state of a A, “particle” and two Ay “particles,” with
k units of integer-quantized momentum distributed among them. Since momentum must be conserved, we cannot
add momentum along one leg without adding the opposite momentum along the other, and so k must be even to
correspond to a long-lived physical state.
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The dominant contribution to ¢’s self-energy as Ag — 0 is then given by

([G°Ga,0a,l5 = Nya,2a, /OOOdQ G o [J J;;L_:rziz _i 1+ ! ’ —Q] (2.87)
X ok [AQUAGA—U 2_04&:1% Q} 21y {A;Afib 2_ocu++1% Q} 2 + (85 = A),
where we have introduced the coefficient
2ot A(A0)A(AG)A(AG)T(J + 1) T(0)’Nya,

-/V’J,A(,2A¢ = (2.88)

7 T(T+a+ )I(A, +2A,)0(1 — Ay — 2A4) ars0 16720272

Following the same strategy we used with the bubble diagram, the self-energy near the free-field pole J = —A,

is dominated by the IR part of this integrand,

1
[GOQA¢QA¢]IYN ( /\/JA /dQQHA s+20,—1 ,F, {J—l—a—i—z, J+1’—Q]

16m20+2 A2 2] + 20 +1
A A o4l o (2.89)
X QFl[ ;’AG ot —c] +(A; = A)
which is well-approximated by the first term in the series expansion of the integrand about ¢ = 0,
e [ T 17 1
(GG, 9,7 ~ [4ﬁu+1A¢] T+ B, 1 28,)0 + By + 20 (2.90)

To this, we must add the UV contribution [G"Ga Ga, |}V, This is subleading as A, — 0, albeit UV divergent.
We regularize the general sunset diagram in Appendix A.3, finding (A.40) as o — % We find that as Ay — 0,

the sunset diagram (2.86) is well-approximated by

1 1
— s— o [G°GOG®]y ~ =
x| s 64T A2 (J+ Ay +208,)(T+ A, +2A,) 2.00)
JJ+3) 1

Sy i HU(B0) T 2UB)

where U(A) is defined in (A.41). Since [G°G°G?]; is subleading, (2.91) determines the self-energy II,(J) to
leading order in € and A,. Imposing our renormalization conditions, Re Il;(-A,) = 0 and II, (-A,), we find

second-order corrections to the kinetic and mass counterterms to be

o & |11
Zs (4fn)4 € 2U%Ai
2 2 2

) 8g g
o _
dme =~ Tmyie T 3(am)t 2A4

(2.92)

+ 282 U(A,) + 4g” U(A,)
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at leading order in Ay — 0. The imaginary part of the self-energy is unaffected by these real counterterms

and is simply

2g2

InTl,(-Ay) ~ ——2—— Ay —=0. (2.93)
(4m)tv, Ay
Using (2.45), we find that the free-field pole is shifted by
3 9 g2
a1 2 ) . 2.94
ey ( 128w ugmg> v (2:94)

As with the bubble diagram of §2.3.1, coupling to the light scalar ¢ causes the heavy scalar o to decay faster
than any free field in de Sitter.

This shift of the free-field pole translates into a clear observable in the context of the cosmological collider
signal [59]. Ultimately, given any operator which couples to the scalar mode during inflation, it is the leading
exponent of this operator in the infrared (i.e. in the late time limit) which fixes the decay of the three-point
function ((y, Cy, Gy, ) in the squeezed limit [36]. Therefore, the pole J, contains all the necessary information
to characterize the scaling exponents in the shape function. Recalling (3.4), in the interacting theory the

decay parameter corresponding to a o exchange in the cosmological collider precisely becomes

iz g -

2 1287 v2m}

thereby resulting in a clear suppression of the signal.
We can also compute the leading-order corrections to the light scalar &’s self-energy (2.85). This is

dominated by the sunset diagram involving three internal ¢ legs,

+— o [G°GOG®]y = [Ga,0a,0a,15 + 3 X [Ga, G4, 04,15
(2.96)

+[GA, 94,9415 + 3 x [Ga,GA, 94,15 -

By the same logic we used for (2.86), the first term [Ga,Ga,Ga, ]y scales' as Af and has poles at J =
—(3A4 + 2k), the second [Ga,Ga,GA,]s scales as o Af and has poles at J = —(2A,, + A, + 2k), the third
[Ga,04,G4,]s scales as o A(;l and has poles at J = —(A; + 24, + 2k), while the last term [Ga, G5, 94,15

scales as Ai and has poles at J = —(3A¢ + 2k), with k € N. We thus see that only the poles of the first

“From (2.98), we see that even though this term is proportional to A(Ay)? ~ Af, the discontinuity in the inversion

formula (3.19) introduces an extra 1/I'(3Ay) that causes this term to scale as Af as Ay, — 0. This still matches with
the Euclidean picture—if we replace every internal leg with a zero mode propagator as in (2.71), we find that this
diagram should scale as mf x A;‘g when J = 0. At non-zero J, atleast one internal leg must be a non-zero mode,

and so this diagram scales as mf x A;Q when J # 0.
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term [Ga ,9A, Ga,]s encroach on the free-field pole at J = —-A,, and so dominates over the others—it is of
order A;g while the others are of order A;Q, A;l and Ag, respectively. However, if we are interested in the
behavior of the self-energy near the other free-field pole J = 754), then [Ga,Ga,G4,]s is of order Af’ and
dominates over the others.

Focusing on II,(J) near J = —Ay, we argued that this is dominated by

> _ atl Lol 3
[92,98,92,15 = Nisa, /o dq CJ+3AO LF [JEJIQZ:TI ' *C} 2F1 [Aﬁﬁ)mﬁz *C«-} (2.97)
with
o2motl Ag)PT(J+1
Nisa, = T Al2e) T +1) (2.98)

47 T(BAL)I(1—=3A)T(J+a+1)"
As with (2.87), this integral is dominated by its IR contribution near J = —A,, and we may approximate it

by the closest pole,'®

ir 3 F(OL) 2 1
[G8,98,98.1F = 5 [MQHAJ TY3A, (2.99)

To this, we must add its UV divergence (A.40) and so we find that, as A, — 0,

1 1 JI+3) 1

— +— o [G*G®GY]y ~ - - 3UA 2.100
x| ls 64riAZ T+ 34,  2(4m)le  Gan'e 3UL,) (2.100)
near J = —A,. Since this diagram also dominates over the other, ¢’s self-energy is well-approximated by
2
g5 1 1 J(J+3) 1 y ,
Iy(J) =~ = - — 3UAY)| =TT +3)87 — 82 . 2.101
¢( ) 3| 64T4Ai J _|_ 3A¢ 2(47T)4E 641T4€ + ( ¢) ( + ) Ze mg, ( )

This self-energy is completely real, and so its effect on the free-field pole J = —A, can be completely absorbed
by the counterterms. Requiring Re II(-A,) = II'(-A,) = 0, we find that

s oo % &

“7 T 2(m)te T 1s(an)tal
02 , (2.102)
g g 1

By ~ — o 2 4 02 U(A,),

© o 3(m)te T p(4m)tal 27

as Ay — 0. Of course, this is not to say that quantum fluctuations do not change the long-distance behavior

15When J = 0, we can easily evaluate (2.96) by decomposing the propagator into its zero mode and non-zero mode
contributions, cf. (2.71). Using the definition of [G*G®G?]; given in (3.15), we have that (2.96) reduces to the product
of three zero mode propagators multiplied the inverse square of the zero mode profiles (2.12).
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of (d(x)d(y)), as the self-energy

g 20,  J(J+43) 1
3(dr )AL [T+ 34, 64 2

H¢(J) ~ s A¢ — 0, (2.103)

is still non-trivial in this limit.
Before we conclude, it will be helpful to discuss the conditions under which these perturbative results are
valid, concentrating on ¢’s self-energy. There are a host of diagrams we can draw at O(g?), though the only

ones that yield physical effects are what we call the “Homer” diagrams,

H ._+—. H o—+—o ° 0—+ . (2104)

(—g¢)3 SDdDZ3 [G(b(zhzs)f [G¢(23,Z2)]2G¢(21722)~ (2.105)

RNy

We can easily compute this Homer’s leading Ay-dependence at J = 0 by replacing each internal leg with a
zero-mode propagator, cf. (2.71), and then multiplying by the inverse-square of the zero mode profile (2.12),
yielding

3 4
8 [_Llo) } ! Ay —0. (2.106)

M~ 54 [M A,

Our perturbative expansion is valid as long as the Homer is subleading to the sunset (2.96), and their ratio

at J=01is )
Mo _ 38 [ () 1° _ 38| 3 (2.107)
[S]() 2 41T("+1A¢ a—d 2 87(2111?) ' .

We thus require that g, < 12—2787r4mi to maintain perturbative control and ensure that [H]y < [S]o. Equiva-

lently, our results only apply to light and very weakly-coupled fields, and our perturbative expansions break
down when ¢ becomes very light with m, < g(lb/ ! Similar logic holds for the self-energy for o which has
its own dominant Homer diagram with four internal ¢ legs. Ensuring that this Homer is subleading to the
sunset (2.86) similarly requires that g < %1‘(41113). This is the familiar breakdown of perturbation theory for
light fields in de Sitter [96,99,106]. In Euclidean signature, this breakdown is tied to the fact that the zero
mode becomes strongly coupled as m, — 0 [96], and we will discuss how to restore control by rearranging

perturbation theory around this strongly coupled zero mode in a follow-up work.
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2.4 Conclusions

A heavy scalar o, with m, > %H, that is excited during inflation will freely propagate, oscillating in phase
at a frequency that depends on its mass, until it eventually decays. This, in turn, will impart an oscillatory
signal onto the primordial bispectrum in the squeezed limit—the cosmological collider signal—which cannot
be easily mimicked by other local processes, and so it serves as a “smoking gun” inflationary signature of the
field o, from which we can determine its mass (and spin). Unfortunately, a light field ¢ does not generate a
similar oscillatory signal in the bispectrum, but it will modify how ¢ propagates over long distances, causing
it to decay more rapidly. We can thus infer the presence of such light fields via the cosmological collider
signal by their impact on o. These effects grow larger the lighter ¢ is, and the goal of this paper was to
study these corrections in the limit m,/H < 3.

Specifically, we described how to compute the self-energies of o and ¢ in de Sitter space, using the
Froissart-Gribov or Lorentzian inversion formula (3.19) to analytically continue from Euclidean to Lorentzian
signature. We found that these self-energies drastically simplified in the limit m,/H — 0, and described
how to appropriately leverage the small parameter m,/H to make physical predictions. These techniques
should apply straightforwardly to any diagram with only two vertices, regardless of the number of internal
legs or loops. We first used them in §2.3.1 to analyze the bubble diagram, in which o and ¢ interact via
a cubic interaction gdo?. We did not consider all possible interactions in this theory, as we mainly used
it as an illustrative test case to understand how self-energies behaved in the light limit. We then analyzed
the fully interacting theory of o and ¢ invariant under 0 — —o and ¢ — —¢, whose physical corrections
were determined by various sunset diagrams. We regulated these sunset diagrams in Appendix A.3, fully
determining the mass and kinetic counterterms in this theory and computed how interactions affect the
long-distance behavior of both fields in the limit m,/H — 0. These results apply for light, weakly-coupled
fields with couplings g, g, < %ﬂ‘*mi.

Given the ubiquity of such light scalar fields in modern high energy physics, there are several future

directions worth pursuing:

e As mentioned previously, our techniques are easily and straightforwardly applicable to any diagram
with only two vertices. It would be interesting to study diagrams with more internal vertices, like the
Homer diagrams of §2.3.2. Can we easily infer their analytic structure using (3.19), and do they also

simplify in the m,/H — 0 limit?
o Similarly, do other correlators like (o(x)o(y)o(z)) also simplify in the limit m,/H — 07

e Given that de Sitter correlators are uniquely sensitive to the quantum fluctuations of light fields, are

there other inflationary observables that can be used to detect them?
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o Finally, how do these correlators behave away from very weak coupling, g, go 2 %ﬁ‘lmi?

We hope to return to some of these questions in the future.
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Compact Scalars at the Cosmological Collider

3.1 Introduction

It is hard to work in high energy physics these days without running into a compact scalar field. Also
commonly called an axion or an axion-like particle, such fields were originally proposed to solve the strong
CP problem [69-72] but have since seen use in a wide range of applications in beyond the Standard Model
physics [126,127]. They could be a component of dark matter [74-76], the inflaton [128], or generate
matter/antimatter asymmetry [129], just to name a few examples. Their core utility arises from their
compact field space, i.e. that it is a circle rather than the entire real line, which allows them to enjoy a
robust mechanism—quantum tunneling, essentially—that protects the qualitative form of their potential
from currently incalculable quantum corrections. Beyond their utility for phenomenology, they also seem to
be a generic feature of quantum gravitational theories at low energies, arising in great numbers and across
wide ranges of masses in particularly well-studied lampposts of the string landscape [84-86,130-132].
Given the fundamental role it plays in the structure of the theory, are there any observational consequences
of an axion’s compact field space? Said differently, a compact scalar field ¢ enjoys the gauge symmetry
O(x) ~ &(x) + 2nf, where f is often called the axion decay constant, which is not the same as a discrete
global shift symmetry ¢ — ¢ + 2nf even if it is often treated as such. Can we detect the difference? We

know the answer for electromagnetism, where the U(1) gauge symmetry A, (x) ~ A, (x)+0,A(x) removes the
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photon’s longitudinal mode and ensures that it has long-range correlations—there is no chance of confusing
it for a U(1) global symmetry. What about the axion? The goal of this paper is to explain how compact
and noncompact scalar fields can have qualitatively different behavior in de Sitter space, and thus the gauge
symmetry ¢(x) ~ ¢(x) + 2nf can have distinct observational consequences, even if these fields are described
by exactly the same action.

The standard answer to the above question is a bit boring and not particularly dynamical: to distinguish
between compact and noncompact scalars, we simply catalog all states that couple to the scalar and determine
whether or not there exist axion strings. These are strings in which the scalar field winds around its field
space an integer number of times as we move around the string once, and thus only exist if the scalar is
compact. Here, however, the word “simply” is doing a lot of work. The tension of these strings may be
extremely high if the axion is fundamental [133-135], arising from the dimensional reduction of a higher-
dimensional gauge field, and so we may have no hope of ever creating or observing such an object. It seems
similarly hopeless to detect whether the axion’s potential is periodic or not if we are constrained to only lie
in a single minimum and perform scattering experiments. We need global information about the field space,
not just local.

Fortunately, things are different in de Sitter. As we explain in Section 3.3, compact and noncompact
scalar fields differ in how we perform the path integral. That is, given a scalar field ¢, do we impose the gauge
constraint ¢(x) ~ ¢(x) + 2nf and sum over all paths that respect this identification or not? This can often
be turned into a decision about how we integrate over the spatially isotropic zero mode of the field, which
we denote ¢, which becomes the only degree of freedom that knows about the field space’s compactness. It
is very difficult to distinguish between a compact and noncompact scalar field in Minkowski space because,
there, this zero mode has infinite action and thus freezes out. The field’s wavefunction cannot spread around
its field space and figure out that it is a circle. However, since the Hubble volume is finite, the analogous mode
in de Sitter is dynamically active and it can even dominate correlation functions [94-102,106-111,136]. For
instance, loop corrections [93] induced by a light scalar field ¢ in de Sitter, with m, < 2H, are enhanced [1,59]
by powers of the inverse mass mdjl in the light limit, due to the violent fluctuations of ¢’s zero mode.

The difference between compact and noncompact scalars is readily apparent in Starobinsky’s stochastic
picture [95,106,136]. In this framework, the scalar field is split into sub- and super-horizon modes and an
effective description for the super-horizon modes is constructed. This effective description is in terms of the
classical probability distribution p(¢,) for the light field’s one-point function (¢(x)) = ¢,, which describes

the distribution of the spatially isotropic zero mode ¢, when averaged over Hubble patches. This probability
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Figure 3.1: The central idea of this paper. As the mass or potential of a scalar field ¢ goes to zero, its
dynamics in de Sitter cause it to explore its entire field space. For noncompact fields [left], this allows
the field to have arbitrarily large fluctuations and the variance of its spatially isotropic mode ¢, diverges,
<d>(2]) o (3H%)/ (87r2mi) for a quadratic potential. A compact field, however, only has so much field space
to explore [right] and its fluctuations remain under control even as its potential vanishes. We thus expect
qualitative differences between the two in de Sitter.

distribution evolves according to the Fokker-Planck equation

9 N 19 IV (9)
rPlow ) = g33ap(60 1)+ g5 (plow 1) g ) (3.1)

with V(¢) the field’s potential, and if the field is compact & ~ ¢ + 2nf we must impose periodic boundary
conditions p(¢ +2nf,t) = p(0,t) [137]. As illustrated in Figure 3.1a, in the limit that the noncompact field’s
potential vanishes and the scalar becomes massless, the equilibrium distribution p(¢,) exp(7§ﬂ2V(d>0) / H4)
spreads out over the entire field space and the variance <d>(2)> diverges. This is the origin of the large loop
corrections mentioned above, as the enormous fluctuations of the nearly massless noncompact field drive the
theory to strong coupling.

The compact field is clearly different. In the massless limit, its equilibrium distribution will also spread
out over its field space, as shown in Figure 3.1b. However, the variance (suitably defined) of the equilibrium
distribution no longer diverges as the field is constrained to the circle. The compact field fluctuations at
equilibrium are thus always under control, even when the field is massless. We should also expect qualitative
differences between the dynamics of the two, even if they have the same potential. After all (3.1) is a
Schrédinger-like equation, and the quantum mechanical analog of this is the comparing a particle that lives
on a circle and to one that lives in a one-dimensional crystal. Even though these may be described by exactly
the same Hamiltonian, they have distinct physics: the former has a discrete set of energy eigenstates while
the latter has a continuum of Bloch waves with no energy gap.

As one might expect from the discussion above, we will show that perhaps the sharpest difference be-

tween compact and noncompact scalars in de Sitter is for free massless fields. Said most simply, the massless
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compact scalar exists, admitting a well-behaved de Sitter-invariant propagator, while its noncompact coun-
terpart does not [94]. The compact scalar thus provides a realization of a massless scalar field in de Sitter
space that is more natural than other attempts, which either explicitly project out the field’s ill-behaved
zero mode or restrict to certain shift-symmetric observables [138-140]. Both elements are present here but
are natural consequences of the gauge symmetry ¢ ~ & + 2xnf, which there is strong theoretical pressure
towards, rather than ad hoc constraints placed on the field or its observables.

We also identify a potential inflationary observation channel that can distinguish between light compact
and noncompact scalars. We will focus on the so-called “cosmological collider” signal [35,36,39-42,44,50,51,
91,92] that a heavy scalar field o, with mass m, > %H, can impart onto the primordial three-point function
or bispectrum of the co-moving curvature perturbation (,, which we parameterize as

1p2
(2w) Pt

3
Tt 2 (k4 ke kS Ko ). 652)

<Ckl Cly Qk3> =

Here, Pc ~ 2 x 107 is the amplitude of the scalar power spectrum, while S(kj, ko, k3) is the dimensionless
“shape” function that only depends on the magnitudes of the momenta k; = |k;|.

If the heavy field o couples directly to (, it will be spontaneously created from the vacuum, evolving
freely and accumulating a phase at a rate set by its rest mass frequency, before eventually decaying and

correlating the fluctuations of ( at three distinct points. Diagrammatically, this process can be represented

C&/k{ %kz ) (3.3)

where the top-most gray line denotes the time at which inflation ends. In the squeezed limit, k; = ko > kg,

as

this free propagation imparts a characteristic oscillatory signature onto the bispectrum’s shape of the form

1

’\{ b
S(k;y =k > ks) ~ A (E) sin [w log (?) + 6:| , (3.4)
1

where the parameters A, ~, w and § correspond to the amplitude, rate of decay, frequency, and phase of
these oscillations and are all calculable for a given model. For the tree-level exchange of a heavy scalar o
shown above, the decay rate ~ and frequency w are determined entirely by ¢’s free propagation in de Sitter
space. The decay rate v = % is determined by how quickly ¢ fluctuations dilute due to Hubble expansion
and is the same for all free scalar fields, while w = \/m is its frequency at “rest” in de Sitter
space.

Interactions with a light scalar ¢ can alter how o propagates over large distances [59], generating a non-
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trivial self-energy and changing the exponent ~ from its free field value. Diagrammatically, such interactions

change the process in (3.3) to

G (3.5)

where we use a hatched blob to denote the exact o propagator. Specifically, it has been shown that in-
teractions with light weakly coupled noncompact scalars always cause o to decay faster than any free field
can [1,59,93], with ~ > % That is, the light field provides an additional channel into which ¢ can decay and
it can decay faster and faster the lighter ¢ is, though the perturbative expansion is quickly invalidated as
m, — 0. This also prompts a small issue: if our universe is full of hundreds of light weakly coupled scalars,
would the interactions with this horde not force ~ > 1 and cause the cosmological collider signal (3.4) to
decay too quickly to be observed?

We explain how to compute the corrections to o’s long-distance behavior, and thus its observable cos-
mological collider signal, from light and massless compact scalar fields. By careful analytic continuation
from Euclidean to Lorentzian signature, we find that there are qualitative differences between the signals
generated by compact and noncompact scalars, and so the field space’s topology is a critical ingredient in
determining the physics of light fields in de Sitter.

Specifically, we show that a light compact field ¢’s effect on o depends sensitively on the ratio of the
physical circumference of ¢’s field space 2nf to the Hubble scale H. In the noncompact limit, 2nf > H,
we show that ¢ generates corrections somewhat similar to those of a light noncompact scalar, allowing ¢ to
decay faster than any free field. However, unlike the noncompact scalar, these corrections are well-behaved
and finite in the massless limit, as the compact field space regulates any large fluctuations.

The largest qualitative differences between compact and noncompact fields arise when the circumference
27f is smaller than H. Since the Hubble scale during inflation could have been as high as H ~ (’)(1014 GeV)7
this corresponds to a wide range of theoretically reasonable [131] decay constants. As we shrink the field
space to be smaller than Hubble, 2nf/H — 0, there is an interesting sort of resonant effect and we find that
the correction to o’s decay rate begins to oscillate in sign, enabling o to decay either faster or slower than any
free field. Furthermore, we find that the correction to ~ is exponentially suppressed as H/(2wf) — oo, and
so o can interact with a throng of light compact fields and still be relatively long-lived as long as those fields
have small enough field spaces. Furthermore, this signal from the compact scalar is largest when 2nf ~ H.
Interestingly, axions with decay constants f < O(10' GeV) are generic in stringy examples [131], and so this
regime is plausibly phenomenologically relevant.

Outline In Section 3.2, we review the basic properties of free quantum field theory in de Sitter space, de-
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scribing how to analytically continue any de Sitter-invariant two-point function from Euclidean to Lorentzian
signature via the Watson-Sommerfeld transform and its inverse, the Lorentzian inversion formula. We then
review how free massive noncompact fields behave in de Sitter space and describe their propagators.

In Section 3.3, we review how the gauge symmetry ¢ ~ ¢ + 2nf is implemented at the level of the path
integral measure. We do so first in the simplest system where this arises: the particle on the circle. We
explain how this gauge symmetry is implemented by summing over “winding” trajectories and restricting
the zero mode integral to its fundamental domain, ¢, € [0,2nf). We then extend this to compact scalar
fields in Minkowski space, and explain why the field space topology is so difficult to detect there.

In Section 3.4, we describe massless compact scalar fields in de Sitter space. While correlation functions
like (d(x)d(y)) are ill-behaved and diverge at long distances, we show that gauge-invariant correlation
functions of the vertex operators V(x) o ¢*™) are both well-defined and well-behaved. In particular, we
study the Bunch-Davies vertex propagator (V(x)V'(y)) in both position and momentum space, and show
that is appropriately well-behaved at long distances.

In Section 3.5, we compute the correction to the long-distance behavior of a heavy field o in the presence
of a light compact field ¢, in a simple toy model that mimics an axion interacting with a saxion. The
compactness of ¢ requires that we perturb in the aforementioned vertex operators, and there we address
many of the subtleties that arise.

Finally, we present our conclusions in Section 4.4. In Appendix B.1 we provide definitions of and relations
between the various special functions used throughout the main text. Finally, in Appendix B.2 we compute

the corrected long-distance behavior of the vertex two-point function in the model of Section 3.5.
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3.2 de Sitter Quantum Field Theory

In this section, we review the basic aspects of free quantum field theory in de Sitter space that are relevant
for the later sections. Specifically, in §3.2.1 we describe the geometry of de Sitter space in both Euclidean
and Lorentzian signatures. We then describe how to analytically continue de Sitter-invariant two-point
functions from one signature to the other. In §3.2.2, we describe the momentum space representation of
these two-point functions, reviewing the inversion formula that determines the representation appropriate
for analytic continuation to Lorentzian signature. Finally, in §3.2.3, we review the basic properties of free

massive scalar fields in de Sitter space.

3.2.1 de Sitter in Position Space

de Sitter space is the unique maximally symmetric spacetime with constant positive curvature. In D =d+1

spacetime dimensions, its metric is given by [123,124]
ds? = 2 [—dtQ + cosh® tdﬂd] (3.6)

in so-called global coordinates, where dQ25 = d07 + sin?0; dQ3 ;| is the standard round metric on the d-
dimensional sphere, with 6;,...,04_0 € [0,7] and 64—; € [0,27), while the global time t € R. The radius
of curvature £ is related to the Hubble constant H = ¢7'. Throughout, we will find it extremely convenient
to work in Hubble units H = 1, such that all quantities are dimensionless and measured in units of Hubble.
Dimensions can be restored in any expression by restoring appropriate powers of £ or H. Furthermore, we
will work in arbitrary spacetime dimension D = 2a+1, only taking oo — % at the very end of any calculation.

We want to study interacting quantum field theories of compact scalars in Lorentzian de Sitter space.
However, it will be helpful both conceptually and technically to define these theories in Lorentzian signature
via analytic continuation from Euclidean de Sitter space. Euclidean de Sitter space is also known as the

sphere SP, whose metric is the standard round metric
ds? = g, dx" dx” = dQf) = dr? +sin® 7 dQJ (3.7)

with 7 € [0,1]. We may parameterize an arbitrary point x on this (d + 1)-dimensional sphere via its T
coordinate and a unit vector x on the d-dimensional sub-sphere, x = (T, x), where |x|> = 1.

Perturbation theory in Euclidean signature converges to define an interacting SO(D + 1)-invariant state
as long as the linearized field theory admits an SO(D + 1)-invariant propagator, and so interacting Euclidean

correlators will be both SO(D + 1)-invariant (or covariant) and satisfy the Euclidean Schwinger-Dyson equa-
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tions. We may then analytically continue these correlation functions to Lorentzian signature by taking
T — it + 3, combined with an appropriate ie-prescription to select a particular operator ordering. These
Lorentzian correlation functions will automatically be invariant under the de Sitter isometry group and
satisfy the Lorentzian Schwinger-Dyson equations, thus defining a consistent de Sitter-invariant state. Tech-
nically, this way of defining the theory is useful because Euclidean de Sitter space has finite volume and
thus any potential IR divergences are automatically regulated. Conceptually, it is useful because we will
find that it is easiest to distinguish between the path integral measures of compact and noncompact scalars
in Euclidean de Sitter space.

We will study the two-point functions of local operators in de Sitter space. Any function of two points on
the sphere that is invariant under its isometry group, and thus continues to a Lorentzian de Sitter-invariant

two-point function, may be parameterized via the embedding distance,
€19 = &(x1,X2) = cos Ty cos Ty +sinTy sin T (x1 - X9) (3.8)

where x; - x; is the standard dot product in RY. We will often drop the subscript on €, — & when there is no
risk of ambiguity. Geometrically, £ can be understood as the cosine of the angle subtended by the great arc
connecting the two points if we embed the SP into RP*!. Clearly, in Euclidean signature it must lie in the
interval € € [~1,1]. Upon analytic continuation to Lorentzian signature, T; — it; + 7, it may take values on
the entire real line £ € R. For instance, if the two points are connected via a spacelike geodesic, € will still
lie on the interval § € [-1,1], while € > 1 if they are connected by a timelike geodesic. If the two points are
either coincident x; — x9 or separated by a null geodesic, § = 1. Finally, £ < -1 if the two points cannot be
connected by any geodesic. This last case is particularly important for cosmological observations, as taking
two points to future infinity with fixed spatial separation sends § — —oc.

Many of our expressions, e.g. (3.18), will be more naturally written in terms of the variable

2

in which the limits £ — +o00 correspond to ( — 0%. Because it is related to the long-time or long-distance
limit, we will refer to the region |C| € [0,1) as the “infrared,” while we will call the region || € [1,00) the

“ultraviolet.”

3.2.2 de Sitter in Momentum Space

A very useful feature of Euclidean de Sitter space is that there exists a useful momentum space representation

tied to the de Sitter isometry group. We may decompose any scalar field into the hyperspherical harmonics
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Yy (x),
= Z oyYy(x) . (3.10)
J

These harmonics are the D-dimensional analogs of the familiar spherical harmonics, which provide a complete

and orthogonal basis of scalar functions on the sphere SP,

4 Vj(0)W(x) = b and Y Vj()Wly) =5 (x —y)/VE. (3.11)
]

sD

so that oy = [dQp o(x)Yj{x). These harmonics are labeled by a vector J = (J,my,...,mq) with J € N a
non-negative integer which we will call the total angular momentum and m = (m;,my,...,mq) € Z% are
a set of integers such that J > m; > my > .-+ > |my| which call the magnetic quantum numbers. Most

importantly, these harmonics are eigenfunctions of the Laplacian on SP,
VY (x) = —J(J + 2a) Yy(x), (3.12)

whose eigenvalue only depends on total angular momentum J. We will not need explicit forms for these

harmonics, though a special role will be played by the zero mode with J = 0,

Mla+1) 1
2retl T /yolSD

Yo(x) = (3.13)

which is just the constant profile on the sphere.

Any scalar function H(x,y) of two points on the sphere also admits a decomposition in terms of these
hyperspherical harmonics, which greatly simplifies whenever H(x,y) = H(£) is invariant under the de Sitter
isometry group. In this case, the momentum space representation of H(x,y), which we denote [H]y, only
depends on the total angular momentum [H]y = [H];. Using

3 VinVinly = 2 s ayes ), (3.14)

2 a+1

we see that any de Sitter-invariant two-point function can be expanded in terms of the Gegenbauer polyno-

mials C§ (),

H(E) =) HLYj()Y%ly) = &H Z (J+ ) [H]CY(8), (3.15)
J

which are a complete set of orthogonal polynomials defined by (B.8) on the interval € € [-1,1].

Given a function H(§), we may extract its momentum space representation [H]; for nonnegative integer

45



J via the Euclidean inversion formula,

iy = UHOROED e ey logemie). (3.10)

Strictly speaking, the expansion (3.15) only converges in § € [-1, 1] when the inversion formula (3.16) does,
and vice versa. The Gegenbauer polynomials can faithfully represent any smooth function on the interval
as long as it is not too singular at the endpoints. Likewise, since C§(-1) ~ J**~! as J — oo, cf. (B.11),
the expansion (3.15) only converges if [H];y decays faster than J-*+1) as J — oco. This will not be true for

the functions we work with when o = % We will instead keep o = 5(3 — €) arbitrary throughout and use

1
2
dimensional regularization to remove any e-divergences, defining H(€) and [H]; via analytic continuation
in a.

Unfortunately, the expansion (3.15) is rather useless if we want to evaluate the function H(£) at Lorentzian
separations |£| > 1, as Gegenbauer polynomial expansions are only guaranteed to converge along the interval

€ € [-1,1]. We instead define the analytic continuation of (3.15) to arbitrary £ via the Watson-Sommerfeld
transform [1,117-119, 122]

) = pod [ LU, .17

2> J, 27 sinwJ

which expresses the sum as an integral over a contour ~ which lies slightly to the left and runs parallel to
the Im J-axis. Here, [H]; is a function on the complex J-plane which agrees with the coefficients appearing
in (3.15) at the nonnegative integers. More precisely, the [H|; appearing in (3.17) is an interpolation of the
coefficients appearing in (3.15), though we will not distinguish between the two notationally. Crucially, for
(3.17) to both converge for arbitrary £ and to agree with the original sum (3.15) on the interval € € [-1, 1],
the interpolation [H]; must be well-behaved and decay as |J| — oo in the right-half J-plane.

Given a function H(£) defined for all £ € C, how then do we invert (3.17) and find its well-behaved
momentum space representation [H];? Since the Gegenbauer polynomials grow exponentially away from the
Re J-axis, C§(-1) o< exp(w|ImJ|), the representation provided by (3.16) does not work. Instead, we must

rely on the Froissart-Gribov formula [1,117-120, 122]

), = Un T@TO + 1 ]{ dg (@

A eyl S GRVARCHOLICE (3.18)

where C is a contour that wraps the interval § € [-1, 1] counterclockwise, while the Q§ (§) are the Gegenbauer
Q-functions defined in (B.12). This provides the unique extension of the coefficients appearing in (3.15)
from nonnegative integers to all J € C (save for potential singularities) that does not grow exponentially as
|J| = oo.

The two-point functions we work with will all have a discontinuity along & € [1,00), or analogously
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¢ € [0,00), reflecting the fact that the ordering of time-like separated operators matters. We may thus

deform the contour! in (3.18) to run along this discontinuity,

2rOFID(J +1) [dC 5, J+a+i J+1
Hjy=—-—7F77———+% — F 2 - isc H 1
i) — -2 O [P oo [T e T ] e, (3.19)
with the discontinuity defined as
discH(C) = lim H(C +1ie) —H(C —ig). (3.20)
e—0t

This Lorentzian inversion formula (3.19) is the main tool we will use in this work—it defines the momentum
space representation of H(§) as long as ReJ is large enough and « is small enough so that the integral
converges at its endpoints ¢ — 0 and ( — oo, respectively. Indeed, all of our loop calculations will eventually
reduce to studying integrals of the form (3.19) with different choices of H(() depending on which fields run

in the loop.

3.2.3 Free Scalar Fields in de Sitter

Finally, we now review the properties of free fields in de Sitter space. A free, massive, minimally-coupled

scalar field o in Euclidean de Sitter space, with Euclidean action
Se = / d"x \/g[3(90)* + im?e?] (3.21)

has a propagator G(x,y) which obeys the Klein-Gordon equation
(-V2+m?)G(x,y) =8P (x —y)/ Ve, (3.22)

where V? = g"'V,V, and /g are the Laplacian and the square-root of the metric (3.7)’s determinant,

respectively. Expanding in hyperspherical harmonics (3.12), this can be solved to find

Yy(x)Y) J+a o
Gl y) = EJ: 107 fQL;ti)m2 - 2w+1 Z T 20tz (&) (3:23)

!Technically, (3.18) only applies to functions which are analytic in a region surrounding the interval £ € [-1,1].
This is not true for the functions we consider which all have a discontinuity along £ € [1,00). This is related to the
fact that products of free propagators diverge more and more strongly in the coincident limit & — 1. This singular
behavior strongly depends on o and so, in keeping with our general strategy, we will work at small enough a so
that (3.19) applies and then define the [H]; at o = 2 by analytic continuation. Of course, [H]; may then diverge as
o — %, but these are the UV divergences one typically encounters in any loop calculation and may be absorbed by
local counterterms.
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which converges absolutely as long as € lies in the Euclidean interval £ € [-1,1].

The propagator in momentum space is thus

1 1
[G]; = 0520 sm -~ G IAT LA (3.24)

the poles of which are the so-called scaling dimension of the field,

a+ivm?2—0o?2, m>a

A = (3.25)

a—val-m?2, m<a

and its conjugate or shadow dimension A = 2o — A. A “light” scalar field, with m < «, is said to belong to
the complementary series with A € (0, o). Likewise, a “heavy” scalar field, with m > «, is said to belong to
the principal series with dimension A = o 4 iv, v € R.2

Harmonic expansions like (3.23) only converge for spacelike separations € € [-1, 1] but, as we discussed in
the previous section, we can analytically continue it to arbitrary Lorentzian £ € R via the Watson-Sommerfeld

transformation (3.17) which, when applied to (3.24), yields

L(A)L(A)

&)= (4m)°F 0 (o + 1)

JFi(A A+ 141+ ¢)). (3.26)

This free propagator is analytic for all € aside from a branch cut along § € [1,00) or, in terms of our ¢

variable (3.9), ¢ € [0,00). It will also be helpful to use (B.4) to rewrite the propagator as

A, A — 1 _
G(0) = 0a(0) +03(0) = A1/ 20 [ 5,25 0 P <] + 4 ), (3.27)
where we define the coefficient
AD) = L T'(A)T(2a — 2A) (328)

T (n)E Tlat ;- 4)
From this expression, we can see that the dimension A and its shadow A, and thus the field’s mass m,
controls the asymptotic behavior of the free propagator for very large separations ( — 0 or as £ — +o00. At
long distances, heavy fields oscillate at a “rest mass” frequency set by v = vm? — o2 and decay at a rate
determined entirely by the expansion of spacetime, Re A = «, independent of their mass. In contrast, light
fields decay at a rate set by their mass and do not oscillate.

Finally, this free field propagator diverges in the short distance or coincident limit § — 1 in physical

spatial dimensions o > % However, since it will be useful for our loop calculations we may formally define

2There are other representations, but these are the only two which will concern us.
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this coincident limit via analytic continuation from o < %, in which

Lo, A 20— A
Gl)=—1|, 2 > . 3.29
M (4w)ots |:%+0L—A,%—OL+A:| (3.29)
As e — 0 with o = 3(3 — ¢), this behaves as
(A-1)(A—-1)[2 - . 1
N 2T RE T2 (A1) —G(A—1) +logdme Ve + 1] — — .
G() 167‘(2 € 1b( ) 1b( )+ Og Te + 87?27 (3 30)

keeping the mass of the field held fixed.?

Having reviewed the basics of both de Sitter space and its free scalar fields, we will now review the basic
formulation of compact scalar fields at the level of the path integral. A compact scalar field ¢ enjoys a
gauge symmetry in which ¢ and ¢ + 2w are identical—they are the same point in field space. Appropriately
summing over field configurations that respect this identification requires that we modify the path integral
measure and it will be convenient to first understand how this is done in flat space before moving onto de

Sitter in Section 3.4.

3.3 Compact Scalar Fields in Flat Space

The goal of this section is to review how compact scalar fields differ quantum mechanically from noncom-
pact scalar fields in Minkowski space. We will focus on how the path integral over field configurations must
be modified to correctly account for the field space’s compactness and why it is difficult, without observ-
ing topological defects like axion strings, to distinguish between noncompact and compact scalar fields in
Minkowski space. It will be clarifying to first study the simplest compact scalar field theory: the compact
boson in (0 + 1) spacetime dimensions, also known as the quantum mechanical particle on a circle. We will
then extend this discussion to the compact boson in (d 4+ 1) spacetime dimensions, in preparation for our

discussion in Section 3.4 on the massless compact boson in de Sitter space.

3.3.1 The Particle on the Circle

We begin by reviewing the simplest compact scalar field theory: the quantum mechanical particle on a circle

or the rotor. This theory is defined by the Lagrangian and Hamiltonian

_ v

1.,:2
£:§f¢ and _ﬁ’

(3.31)

3Tt may be more natural to keep, say, the asymptotic behavior of the field fixed A held fixed as we send o — %,
or its frequency v = Im A. In either case, this choice just changes the last term of (3.30) and reflects a choice of
renormalization scheme.
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where we take ¢ ~ ¢ + 2m to be an angle with 2w-periodicity whose canonical momentum is py, = f2d>.4
The decay constant f controls how damped fluctuations in ¢ are. If this system describes a particle of mass
m on a circle with radius R, then f> = mR? is its moment of inertia. We have assumed that this particle
has no potential energy, though this is only for calculational simplicity and none of our conclusions rely on
this assumption. It will be helpful to review this simple system both from the canonical and path integral
pictures to help calibrate our ruleset for quantization.

Canonically, the Hilbert space of (3.31) is given by the space of square-integrable functions on the cir-
cle L2(S'). Tt is convenient to introduce a “position” operator & with a complete set of eigenstates dA>|d>> = o|d)

that resolves the identity via
2w

1= [ dofo)(a], (3.32)

0

5 Crucially, & is not a

where we integrate over a single “fundamental domain” of the circle, ¢ € [0,27).
well-defined operator [141] on the Hilbert space since it does not map L?(S!) into itself, generally taking a
single-valued function on S' into a multi-valued one. Said differently,  is not a gauge-invariant operator. As
consequence, any physical state |¥) must be single-valued in this |¢)-basis and thus must obey (¢ + 21 |¥) =
(9] W).

Similarly, expectation values like <\I/\(1A>|\IJ>, which we would normally use to measure the position of the
particle, are completely nonsensical and will lead to unphysical results. Instead, we must consider expectation
values of the gauge-invariant “vertex operators” <\I'\eip‘%|\1'>, with p € Z, to characterize the state |¥). As
illustrated in Figure 3.2, the phase and magnitude of (ei&’> characterize where and how delocalized the particle

is on the circle, respectively. If (ei(L) = 0, the particle is completely delocalized along the circle.

The Hamiltonian (3.31) has a discrete set of energy and momentum eigenstates,

(bn) = \/%ei““b, (3.33)

with energy and momentum eigenvalues E, = n?/(2f?) and p, = n, respectively, for n € Z. These also form
an orthonormal (n|k) = 8, and complete basis 1 =} _, [n)(n|. Because it is simple to calculate using the

Euclidean path integral, we will focus on the thermal trace

Z(T) =ue M= el (3.34)
nez

“Hereafter we always work with compact fields that have 2n-periodicity, & ~ ¢ 4 2=, such that the decay constant
enters through the kinetic term.

°It is a gauge choice to take ¢ € [0,2w) and we could have instead worked with different covering of the circle, for
example ¢ € [-7, ) or ¢ € [2023w,20257). Of course, no physical results will depend on this choice.
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Figure 3.2: The expectation value of the vertex operator (ei‘£> measures both the particle’s position and its
spread. Roughly, the position of the particle on the circle is given by arg (') while the magnitude measures

its variance, |(e®)| ~ 1 — %Ad)Q + O(Ad>4). As such, this magnitude is close to 1 when the wavefunction is
well-localized [left], and close to 0 if it is not [right].

at temperature 3, ! 6 This can also be derived from the Euclidean propagator,x

(dle™H]0") = (6n)(mle P H[n)(n[o) = ; D e Pultin(o=en) (3.35)
nez nez
in which case
27
Z(B,) = i do (ple P Moy =) e (3.36)
nez

We emphasize that, for (3.34) and (3.36) to agree, the trace in “position space” (3.36) must only integrate
over a single fundamental domain of the circle, ¢ € [0, 27).

As is well known, we can also calculate (3.34) via the Euclidean path integral,

B¢ .
Z(Bt):/Dd)c(T) exp</0 dr ;f2¢2) (3.37)

on the thermal circle, T ~ 7 + f;, where we impose periodic boundary conditions ¢(1) ~ (7 + 8,). Here,
we use Do, to denote that we integrate over periodic paths ¢(7) from the Euclidean time circle T ~ 7 + B,
to the field space circle & ~ ¢& + 2. Since 1(S') € Z, these paths are characterized by a winding number
¢, which represents the number of times the path ¢(7) winds around field space as T goes from 0 to 3;. An

arbitrary such path may be parameterized as

Op(T) = 0 + 21lT /B, + Z [am cos W T + by, sin wiy 7], (3.38)

m=1

5To distinguish the coolness B, from the dimensionless ratio of the decay and Hubble constants § introduced later,
we include a subscript “T” to denote “thermal.”
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where we have introduced the Matsubara frequencies wy,, = 2mm/fB, and allowed ¢,(T) to take values along
the entire real line, ¢,(7) € R. We have also introduced the two sets of Fourier coefficients a,,, by, € R, and

the average value of the path along the fundamental domain,

By
by = Bi dr [dy(T) — 27lT/By] (3.39)
t Jo

which must take values in ¢, € [0,27) in order to avoid overcounting paths. This is a common trope: we
write a path integral over a compact degree of freedom ¢ (7) in terms of one over a noncompact degree of
freedom ¢(7) by including a sum over topological sectors or windings, here labeled by the integer £.

Since the path integral (3.37) is Gaussian, we may evaluate it directly. Specifically, in terms of the path
(3.38), we have

2(B,) Z/%d%l

LEZ

m m 2 f >
I1 / dan, db ] xp< L m+bﬁl>> (3.40)

m=1 m= 1

with the standard constants C,, = 4w/(w%f?) and Cy = /2783, /f? that normalize the path integral mea-

IIl

sure [142]. Evaluating the Gaussian integrals, we arrive at

Z(8, %f Z ~30 /8 (3.41)
LeZ
which equals the original expression (3.34) upon Poisson resummation. As in (3.36), that the integral over
the zero mode of the compact field is constrained to be in ¢, € [0,2%) is necessary to arrive at an answer
that agrees with the canonical picture (3.34). Furthermore, introducing a potential to (3.31) will not change
how the path integral is constructed, but will merely alter how the different paths are weighted.

To recap, we construct the thermal Euclidean path integral for a compact scalar field by integrating
over all unique paths that come back to themselves. Since the field space is a circle, these paths can wind
¢ times around it yet still arrive at the same point, and so we must also include a sum over windings or
topological sectors in our definition of the path integral measure. Furthermore, the field space’s compactness
restricts the zero mode of these paths ¢, to lie in the fundamental domain ¢, € [0, 2r), lest we overcount. In
Section 3.4, we will find that this latter constraint fundamentally changes the behavior of compact scalars in
de Sitter as compared to noncompact scalars. Before we move on, however, it will be useful to understand

why this difference is unimportant for the compact scalar in (d 4 1)-dimensional Minkowski space.

52



3.3.2 Compact Scalar Field Theory

Let us now consider the higher-dimensional generalization of the particle on a circle, the compact scalar field

in (D = d 4 1)-dimensional flat space, with Euclidean action
Se = / d"x 1£2(00)? (3.42)

and ¢(x) ~ &o(x) + 2n. We will again study this theory, and its differences from the noncompact scalar
with the same action, by computing the thermal trace. This would involve evaluating the Euclidean path

O =1 ~ 1 +,;. However, to tame infrared

integral on the cylinder Sét x R with periodic Euclidean time, x
divergences, it will be more convenient to also compactify the spatial directions x' ~ x! + L and consider
the theory on the D-dimensional torus TP with spatial side lengths L. The goal of this section is to show
that the dynamics that distinguish the compact scalar from the noncompact one freeze out in the limit of
infinite volume, L — oo, and so it is impossible to distinguish between the two in Minkowski space from the
dynamics of (3.42) alone.”

We are instructed to integrate over all single-valued field configurations on the torus TP. As in the

previous section, the scalar field may shift by a multiple of 2n as we wind around the thermal circle,
O(T + By, x) = o(1,x) + 27, (3.43)
with ¢ € Z. However, the field may also wind in the spatial directions,
o(r,x', . x5 4L, xY) = o(T,x) + 2wy, (3.44)

and so we must include d additional winding numbers w; € Z. So, any path will be characterized by a set of
winding numbers (¢, w) € ZP which describe how many times the field ¢ winds around its field space as we
move around each of the D nontrivial cycles in the TP. This is in contrast to the noncompact scalar field,
with the same action (3.42), which cannot wind and still respect the periodic boundary conditions.

We may write the most general map from TP — S' as

o(x) = o,(7) + 2nwix' /L + d(x), (3.45)

"As mentioned in the introduction, this does not preclude distinguishing the two by observing finite energy
topological defects like axion strings, whose existence relies on the compactness of the field space.
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where we have split off the field’s spatially isotropic zero mode

Op(T) = by + 27T /By + Z [ame™ + c.c.] (3.46)
m##0
and its non-zero mode
T 1 W T+ikix'
00 =t D [aw,ne™ ™ v e, (3.47)
Wm,ki#0

where the sum is over all Matsubara frequencies w,, = 2rm/f; and non-zero spatial momenta k; € 2rZ/L,
and the Fourier coefficients are arbitrary complex numbers, ay,, € C and a,,, i, € C. The zero mode (3.46) is
equivalent to the particle on the circle (3.38), and describes how the spatially constant mode on the torus
T4 evolves in time T. As before, the average value of this mode &, is constrained to ¢, € [0,27), though our
discussion here will not center on this.

The Euclidean action (3.42) evaluated on the configurations (3.45) reduces to
- B Ly d -
Se[dg, ] = %Lde/ dt ¢, + 4n?B,LI72 Zw? + /de 1£2(00)%. (3.48)
0 i=1

In the limit L. — oo, we see that for d > 3, the different winding sectors w; # 0 acquire infinite action, and so
the sum over windings localizes to the w = 0 sector. Furthermore, fluctuations in the zero mode—including
the ¢ # 0 winding trajectories—completely freeze out. That is, in the limit L. — oo, it is completely consistent
to consider states in which the field’s zero mode is localized at a definite position in its field space. In the
limit L — oo, the theory’s dynamics will not delocalize the zero mode, and we can consider it to be a non-
dynamical parameter of the theory. Indeed, this is often what we do for scalar fields or moduli in Minkowski
space, where we quantize the field about a specific vacuum expectation value (¢) = ¢, integrating over
fluctuations ¢ which decay at spatial infinity [x| — oo. The infinite weight of space ensures that states (or
theories) with different expectation values (¢) are in superselection sectors.

We conclude that, since the only modes that “see” the compactness of the scalar field space are completely
frozen out in the infinite volume limit, we cannot distinguish between a noncompact and compact scalar
field in Minkowski space in D = 4, without relying on physics beyond what is described by (3.42). Said
differently, it is impossible to detect the topology of the field space in Minkowski space without observing
finite energy objects that are charged under & — &+ 2w. In D = 3 and D = 4, these objects are vortices and
axion strings, respectively. As we discuss in the next section, however, de Sitter space is different—compact
and noncompact scalar fields can have completely different predictions, even if they are described by the

same action.
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3.4 Massless Free Compact Scalars in de Sitter

The sharpest difference between compact and noncompact scalars in de Sitter space is for massless fields. Said
simply, the massless compact scalar exists while its noncompact counterpart does not. In this section, we will
discuss the free massless compact scalar field in arbitrary D-dimensional de Sitter space. We first describe
its Euclidean path integral and physical correlation functions. We then discuss their analytic continuation to
Lorentzian signature in both position and momentum space. We will use these results in Section 3.5, where
we describe how a heavy field o propagates in the presence of this massless compact scalar and its effect on

o’s cosmological collider signal.

3.4.1 The Euclidean Path Integral

The theory of a massless compact scalar in de Sitter is defined by the Euclidean path integral

Z= / Do, exp ( /S Dde\/g §f2(a¢)2> , (3.49)

where ¢(x) ~ ¢(x)+2n. Here, the decay constant f is measured in units of Hubble and is thus dimensionless.
As in Section 3.3, we use D¢, to denote the integration over compact field configurations. It will be convenient

to expand ¢(x) into its hyperspherical harmonics,

0(x) = &g + 0(x) = 0 + Y oYy(x), (3.50)
J#0
explicitly separating out the Euclidean zero mode ¢, and denoting the non-zero modes as d;(x)

Recall that to evaluate the path integral over compact field configurations, we could instead integrate over
noncompact field configurations at the cost of including a sum over winding configurations and restricting
the zero mode integral in D¢, to the field space’s fundamental domain. Unlike the particle on the circle, here
mp(St) = 0 is trivial for D > 2 and so there are no smooth topologically non-trivial maps from Euclidean
de Sitter space SP into ¢’s field space S!. Any smooth field configuration ¢(x) : S® — S! may be generated
by an appropriate choice of the coeflicients ¢;. Thus, the only effect the field space’s compactness has on
the path integral (3.49) is to restrict the integral over the zero mode ¢, to the fundamental domain of the
circle [143], ¢, € [0,2x), while the non-zero mode fluctuations &(x) are treated identically to those of the

noncompact scalar field described in Section 3.2.8

8This is not to say that the sum over windings is trivial for all questions in de Sitter space. For example, to
compute the path integral on the hemisphere to find the Bunch-Davies state, we need to include the sum over
winding configurations. For equilibrium questions computed from (3.49), however, this sum trivializes.
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We work in Euclidean de Sitter space because there it is obvious how to define the path integral measure
for a compact scalar field. That is not the case in the flat slicing. In Poincaré coordinates, naively one expects
that the scalar field’s zero mode ¢, sees an infinite spatial volume and freezes out in a way analogous to how
it behaves in flat space. However, it is unclear whether it is more appropriate to regulate this spatial volume
using the Hubble volume as suggested by Starobinsky’s stochastic picture of inflation [95,106,136]. Indeed, a
Hubble-regulated spatial slice is more physically meaningful from the perspective of an observer living inside
de Sitter space, as super-horizon modes are not observable. It is thus unclear exactly which modes in the
flat slicing should “see” the compactness of ¢’s field space. We sidestep this confusing conceptual question
by instead working in Euclidean de Sitter space, where the answer is obvious.

Since the Euclidean action in (3.49) only depends on the non-zero modes,

Se[6] = /de H2H00)? = 32> I(T +20) 0y, (3.51)
sh
J#0
the Euclidean zero mode is completely unconstrained absent a potential for ¢. In this massless limit, the
Bunch-Davies state distributes the Euclidean zero mode uniformly along ¢’s field space [96]. As illustrated
in Figure 3.1, this is disastrous for the noncompact scalar field. Writing the propagator (3.23) in the limit

m, — 0 as

M) 1= J+a
(060 = (03) + g £ 5 IS e, (3.52)
the variance of the zero mode (d)%) for a noncompact scalar field,

Mla+1) 1
2motl mZf2

(6) = (3.53)

diverges in the massless limit m, — 0, rendering the propagator and this theory ill-defined. For the compact
scalar field, however, ¢, is constrained to lie in [0, 27), and so the variance of the zero mode cannot diverge

but instead approaches a constant
4r?

(00) = = (3.54)

so that (3.52) is well-defined. Physically, this makes sense. Absent a potential, ¢ will approach its equilibrium
state by random walking and will eventually explore its entire field space. For the noncompact field, this
leads to a divergent variance since the field can walk arbitrarily far away from ¢ = 0 without penalty. The
compact field cannot walk arbitrarily far because there is no “arbitrarily far.” The equilibrium state simply
fills in the circle, as illustrated in Figure 3.1, and its variance is finite.

There have been attempts to render the massless scalar field in de Sitter consistent by either explicitly

projecting out this divergent zero mode [138,139] or by restricting to shift-symmetric observables like ((d)(x) —
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¢(y))2> [138,140] so that any dependence on the ill-behaved zero mode cancels out. We see that the
compact scalar field, already so ubiquitous in beyond the Standard Model physics, automatically regulates
this divergent zero mode.

We will specifically be interested in the non-zero mode two-point function [138,139],

~ 7 = J+a
-9 “ 3.55
G(&) = (b(9)oly BZJJH (8), (3.55)
where, for convenience, we have defined the constant
_ Do) 1
B= prrEsoR (3.56)
For example, when o = %, this is just half the square of the ratio between the Hubble scale and the

circumference of the field space, = 3(2xf)™2. We may analytically continue (3.55) to arbitrary € by taking

the massless limit of the normal propagator (3.26) without the zero mode,

1 e (AT(A) A, A|1+E€ 2a
B G(g) - Ahglo [ F(20L) 2F1 |:0L + 2:| - AA:| . (357)
This limit can be explicitly evaluated to yield
S 2B [(1+¢€ 1,1,2a+1]1+€]
G960 = G(0) = 50 (52 om0 T A8 | (3.59)

where H,, is the n’th harmonic number, defined in Appendix B.1. In three spatial dimensions, o = %, this

reduces to
~ 1 2 2 14

Unfortunately, we see that even though the zero mode has been regulated by the compact field space, the
massless scalar propagator diverges logarithmically in the infrared. This is true in arbitrary dimensions as

well, since in the coordinate (3.9) the non-zero mode two-point function behaves as

6‘1é(o~—log(—1/a)+7f(oc+ 3)T(=0)(=2/Q)7* = 87 Go (3.60)

as ( — 0 or |§| — oo, where we have defined the constant
571G0 = Hoq + Hoo—1 — H(Z(y—l)/Z (361)
for later convenience.
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That this propagator does not decay in the infrared is extremely problematic if we want to study inter-
acting theories with a massless compact scalar, since it is not clear whether such interacting theories are
even perturbatively stable in the infrared unless internal propagators decay at large Lorentzian separations,
€ — —oo [112]. Furthermore, even if the interacting theory is perturbatively stable, this poor infrared behav-
ior can wreak havoc on the loop expansion as generally there are an infinite class of diagrams—beyond just
the usual one-particle irreducible ones—that must be resummed to calculate a physically sensible answer in
Lorentzian signature.

Fortunately, the two-point function (¢(x)d(y)) is neither gauge-invariant nor physical, and so it is not
a problem if it does not decay as |§| — oo. Local operators ¢(x) are not gauge-invariant and so the usual
n-point functions like {($(x)d(y)) and (d(x)d(y)d(z)) are nonsensical for the compact scalar. We should
instead compute correlation functions of gauge-invariant operators, and in the next two subsections we will

focus on the properties of the so-called vertex operators in both position and momentum space.

3.4.2 Vertex Propagator in Position Space

We will study the correlation functions of the vertex operators
V(%) oc eP?C) (3.62)

in the Bunch-Davies state prepared by the Euclidean path integral (3.49). These operators are clearly
invariant under the gauge symmetry ¢ — ¢ + 2w as long as the charge p is an integer. We will suppress
the subscript for the charge p = 1 vertex operator, i.e. V(x) = V(x), and use the conjugate to negate the
charge, Vg (x) = V_,(x). Of course, these are composite operators and so they must be defined through some
sort of normal-ordering scheme, but we will find that—unlike the correlation functions of ¢(x)—the n-point
functions of these vertex operators do decay as |£| — oo and thus they can be used to define a well-behaved
perturbative expansion of an interacting field theory in de Sitter.

Let us first consider an arbitrary product of vertex operators which, up to an overall normalization, we

may compute via

(@) = L [pg, oS eplioy (Sp) + 1(Zpid)] (3.63)

Since the action (3.51) does not depend on the zero mode, the integration over ¢, forces the correlator to

vanish unless the correlator is “charge neutral,”

27
(¢ > I>i¢(xi)> x / ddy @b £ 0 iff Zpi =0. (3.64)
0 i
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If we add a potential for ¢(x), this condition will be relaxed and correlation functions like (eP®®)) develop

non-vanishing x-independent expectation values whose phases roughly correspond to the minimum of the

potential, cf. Figure 3.2.

In the massless theory, this charge neutrality condition forces the zero mode to drop out of correlation
functions so that they only depend on shift-symmetric combinations like ¢(x) — ¢(y), similar to [138,140].
Since the path integral is Gaussian, we can then evaluate an arbitrary vertex correlation function in terms

of the non-zero mode propagator (3.58),
(e 2m000) — exp| 137, pipy(6(x)b(x)) | - (3.65)

For simplicity, let us consider the gauge-invariant analog of the two-point function,
VOOV () = (C0-40D) = exp (5 + () (y)] (3.66)
Immediately, we can see that this correlator is ill-defined because it depends on the quantity
1 2 11
~ S { - 6] : (3:67)

~2(X)) =G(1) = B(mtan o — Hyy)

(¢

which diverges as € — 0 with a = %(3 —¢) and B held fixed.? This is a problem with all vertex correlators
and we need to supply some notion of normal ordering to properly define the operator and its correlation

functions. Thus, we will define the normal-ordered vertex operator to remove this infinite constant [144],
(3.68)

Vo(x) = P = exp(%pQG(l) + %Bp2é0) PO |
plus an additional constant to ensure that (V(x)V'(y)) is “canonically normalized” as || — oo. Arbitrary

n-point functions of these vertex operators are then well-defined and given by
(0,56 06):) = exp [ 4Go up? = s iy ()b x) | (3.69)
as long as the correlator is “neutral,” >, p; = 0, and vanishes otherwise. Specifically, the vertex two-point

66) = WLV ) = Aesp| 257 (55 ) ok B 20 R | .10

function is simply

9A priori, it is unclear whether to keep 8 or f held fixed as o — % However, since we will find that it is B that
characterizes the physical behavior of the field over long distances and not f, it is more natural to approach o — %

holding (3 fixed.
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with

A = exp(BHza—1 — BH(2a-1)/2) - (3.71)

The other two-point functions (V, (x)Vi(y)) can be recovered by simply taking 3 — p?B. Our goal for the

remainder of this section is to study the two-point function (3.70) in both position and momentum space.

Uunlike the non-zero mode two-point function (3.60), this vertex two-point function does decay at large

s~ () [1 - (2) o

_ Bescmal(o+3)* (_2>2u+6 [1 + O(&”)}

separations,

(3.72)

2I'(2a + 1) g€
as €| — oo, with the dominant decay rates set by the two real exponents 8 and 2a 4+ 3. We should contrast
this with a light scalar field, whose correlations also decay as |£] — 00, G(£) ~ Cp (€)™ 4 Cx (=€) =2
with A € (0, a]. Not only can the dominant decay of the compact scalar be faster than a noncompact scalar,
B > «, but the subleading asymptotic scaling is also different. Note that this is not in conflict with the
representation theory of de Sitter space [145], as the vertex operator does not transform in an irreducible
representation of the de Sitter isometry group—it is a composite operator.

As B — 0, we find that the vertex correlation function decays more slowly. Intuitively, this makes sense
as this limit also corresponds to sending f — oo and penalizing fluctuations in ¢ more and more, forcing the
compact field to take more time or distance to relax back to its vacuum. Likewise, the propagator decays
more quickly in the ultracompact limit B — oo, wherein f — 0 so that ¢ can fluctuate very easily and relax
to its vacuum almost instantaneously.

Furthermore, it is clear from (3.69) that the vertex operators do not behave like Gaussian free fields,
in the sense that the n-point functions do not Wick factorize. Using (3.69), we may construct any charge
neutral vertex n-point function by forming the product of one vertex propagator Q(&ij) for each pair of
oppositely-charged operators and an inverse propagator g—l(gij) for each pair of like-charged operators. For

instance, the four-point function is

Vo)V o)V )V ) = CTETETE) 2 (¢ o) +0(€006) . (37

which clearly does not Wick factorize. However, if we take any two charge neutral pairs, say (x1,x2) and
(x3,%4), far apart from one another while keeping their constituents close together, e.g. |[€i5],[€14],--- >

|€15], |€34] s0 that €5 = &,,, then using (3.72) this correlator does factorize into a simple product

(V)Y (x2) V(e3) VI (3)) = G(€12)G(Esa) (3.74)
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since each member of a charge neutral pair sees both the oppositely- and like-charged member of the other,
producing a factor like G(§,4)/G(&;5) that approaches 1 as we send the pairs apart |§4] ~ [£5] — o0. So,
if we integrate over the x; in Lorentzian de Sitter space, there will be some regions of the integral in which
the vertex operators do effectively Wick factorize. We will rely on this approximate factorization in the next
section to identify higher-order contributions that dominate when an internal particle can go “on-shell.”
Finally, the vertex two-point function (3.70) is obviously regular at § = —1 but is extremely singular at

coincident points,
B2:y/w (o —
T(a)(1—g)**

1
G(&) ~ Aexp( ) + *rrBtan*rroa) , £ —1, (3.75)

as we should expect from a propagator in the Bunch-Davies state. The vertex propagator is only regular

1

as £ — 1 when a < 3,

while for o > % this is an essential singularity. In one spatial dimension, o = %, it
is either a pole or branch point depending on the value of 3. Many of the manipulations we do, especially
when we work with the momentum space representation of this propagator, are technically only well-defined
when G(§) is not too singular along the Euclidean interval £ € [-1, 1]. However, this usually does not matter
in practice (even the free field propagator is strictly “too singular” when o = %) but we will play it safe by
3

keeping a arbitrary throughout and analytically continuing from a < % to a = 5 [1]. The singular nature

of these functions then usually results in simple poles in €, with o = %(3 —¢), which must be subtracted via
appropriate counterterms. However, somewhat magically, we will find that even though the vertex two-point

function is extremely singular as £ — 1, in loops it is extremely well-behaved in the ultraviolet.'?

3.4.3 Vertex Propagator in Momentum Space

It will also be useful, especially for our perturbative calculations, to compute the momentum space repre-
sentation [G]; of the vertex propagator. As discussed above, this is slightly awkward because expressions

like
['()
2mot

G(€) = o7 (T + )Gl C5(8), (3.76)
J=0

and its inverse (3.16) do not converge for G(£) in physical dimensions, o = 2, even for Euclidean separations
€ € [-1,1]. We will ignore the Euclidean inversion formula and instead define G(£)’s momentum space

representation [G]y for arbitrary o via the Lorentzian inversion formula (3.19),

oot J +1) [°dC 5 J+a+i J+1
Gy = ( ) / &L 12]9‘1[ 2
0

AT +a+1) ), 2n 2] + 20+ 1 ’—C] disc G(C) - (3.77)

10We note that a similar mechanism, in which UV divergences can be softened by including all of the interactions
from a periodic potential, has appeared in [146].
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We will then confirm that, when used with the Watson-Sommerfeld transformation (3.17), this momentum
space representation indeed captures the correct asymptotic behavior (3.72) of the position space propagator
(3.70) which, to the best of our knowledge, is a novel result.

To compute the vertex propagator’s discontinuity along ¢ € [0,00), it will be extremely helpful to use

the connection formula (B.4) to rewrite the propagator as

_ AA=Aa+117 1IN [A A—a+!
1 . ’ ’ ’
- r 2 (=2 HF R
B logG(C) Ahfo [2@,&+%—A]< Q) ? 1[ A—-A+1 C}
(3.78)
(Ao A) - 2% LoH,, —H L
AA 200 (2a—1)/2 20 |
On either side of the branch cut along ¢ € [0, 00), we then find that G(() behaves as
lim B logG(C +ie) =1 Lop|blz—o
Ei)%l+6 Og (Q 18)* OgC7§Q3 2 272_2& 7@
(3.79)

eIQ‘nim 9 20(, o+ 1
+ ﬁ(C/Q) "T(-o)T (o + 5)2F1[ a1

—Q] Fim.

This expression will be especially helpful in the loop computations of Section 3.5, but here we can use it to

derive the (rather intimidating) discontinuity
disc G(C) = —2iC*e (O sin BB (C), (3.80)

where we have defined the functions

1 1,1,3 -« meot2mal (o + 3) 20, o+ 1
and
_ P(a+3)¢™ 20, o+ 3
2= T 2a 1) 1[ 2011 ‘Q]' (3.82)

Even though this discontinuity is extremely complicated and we are not at present able to evaluate (3.77)
exactly for arbitrary o, we can still extract essential physics from it using the techniques presented in [1] by
appropriately expanding the integrand as a series in (.

In the deep ultraviolet, ¢ — oo, the discontinuity (3.80) is shockingly well-behaved. There,

Mo+ 3T (o — 3
2sintal'(2a)

F(Q) ~ ) ¢, (oo, (3.83)

so that the discontinuity exponentially decays, specifically behaving as o« ¢ ?¢/2 as o — % The ultraviolet
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part of the integral C € [1,00) is thus completely regular and need not be regulated. We thus do not expect
any e-poles as we analytically continue from o < % to a = % This is quite shocking when we consider the
extremely poor behavior of G(C) along any other direction in the complex plane. The point ( — oo is an
essential singularity for all a > %, and by Picard’s Great Theorem G(() takes on all possible complex values,
with at most a single exception, infinitely many times in the punctured neighborhood around ¢ = 0 [147].
If we approach the point ( — oo (§ — 1) from any direction other than along the positive real ( line, then
G(Q) and its discontinuity behave very poorly and are extraordinarily singular. Fortunately, as evidenced by
the inversion formula (3.77), physics only seems to care about the behavior of G(() along where it is most
well-behaved. Somewhat amazingly, loop corrections involving this compact scalar will also be UV finite,
aside from a multiplicative renormalization that results from the normal ordering (3.68). Of course, there
may still be ultraviolet divergences from other sources.

To confirm that this momentum space representation actually yields the propagator (3.70) when used
with the Watson-Sommerfeld transform (3.17), it will be helpful to rewrite it using the recurrence relation
(B.9) as

g(g) = M/ 4 (1G5 = [Gli42) esemd C (=€), (3.84)

2me ~ 2mi
where the contour ~ again runs parallel along, but slightly to the left of, the Im J-axis. As described in [93],
since C§H (=€) ~ C1(2€)? +Co(26)"UH20+2) e extract (3.84)’s long-distance behavior by moving the contour
~ as far to the left as ReJ = —(a+ 1), picking up any poles {J,} that we encounter along the way while still

suppressing the magnitude of the integral as |§| — oo,

G(g) :_F(;X +1 e { Gly+2) csemd C?Jrl(_g)}
r {i T dJ (3.85)
- %/ o (1615 — [Gly42) esemI C§TH (=€)

The poles closest to the Im J-axis thus determine the asymptotic behavior of (3.84), and we can use their
residues to confirm that the momentum space representation [G]; encodes the same asymptotic behavior
(3.72) as the position space representation (3.70).

Following the techniques of [1], we can quickly extract the relevant singularities {J,} from the discontinuity
(3.80). Since the integrand in (3.77) is extremely well-behaved as ( — oo, the only way a J-dependent

singularity can develop in [G]; is if the integrand diverges as ( — 0. We can thus read off the singularity
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structure of [G]; by studying the discontinuity of G(() as ¢ — 0,

disc G(G) ~ ~2isinm8 " [1— ¢+ £B(2(1+B) + 25) "+
ip
22(xﬁ

:n2

sin(wB + 2ma)D (o + )T (=) [1 = J(2a +B)C+ -]
(3.86)
— Sraraz sin(m8 + 4ma) [ (o + H)0(=0)) ¢ [1 = (4o + B)C + -

+ O(QBJrGOL) + O(QBJrBu) +...

As ( — 0, the integrand of (3.77) will have terms that go as ¢’ T°~71, 7™ (7+#+2°=1 "and so on, which will
generate poles in [G]; upon integration at J = -, J = -(B + 1), J = —=(B + 2a), and so on, respectively. In
total, [G]; will potentially have poles at J = —(8 4+ 2an + k), for all positive integer n and k, though many

of their residues may (and will) vanish. As o — % from below, the poles closest to the Im J-axis are

w*T(1 — B) sin w3 1 TYOLOLBQF(fB —1)sinwf 1

1915 ~ @ T (0 —B+ 1) JI+p 20 (a-1T(a—p)itpre (3.87)
Bsin(ﬁB—i—Q‘noc)F 0L+%,*0L,178720L 1 N .
4-(a+B8) 3 —o 1-8B-« J+B8+2a ’
and so (3.85) reduces to
_pplatl, 1=8) a1 B 20+ 1, —a, 1 —2a = B| ~at1
Ger = F{ a—p+1 O COF 5T 1—a—B Clr20 (8) ss)
B ot BB -1 fa+1, B—1] qari ()4 '
4B (o — 1) a—B+1 -(3+2) 7
where the --- denote terms subleading as |§| — oo. Note that this no longer depends on the factor sin w3,

and so this does not vanish as 3 — Z., even if (3.86) does.!

This exactly recovers the large-distance
expansion (3.72) of the position space propagator, and so we can have confidence that the inversion formula
(3.77) with the discontinuity (3.80) defines the appropriate momentum space representation of the vertex
two-point function G(£).

This concludes our discussion of the free massless compact scalar field in de Sitter space. In the next

section, we consider a theory with a light compact scalar field interacting with a heavy scalar ¢ and com-

11t would be interesting to understand what happens at such special values of 3. Even at the free-field level,
they seem special since the momentum space representation (3.80) vanishes there, [G]; « sin®B when a = % We
can understand this by noting that, for § € Z-, and o = %, the time- and anti-time-ordered two-point functions
of the vertex operator are equivalent. This may be a flaw in our description—the position space propagator (3.70)
certainly does not vanish, and this again points to the need to keep o arbitrary until the very end of our calculations.
On the other hand, there are other discrete values of 3 that seem to be special for the self-energy of the vertex
operators, presented in Appendix B.2. Furthermore, the analogous model in flat two-dimensional space—the Sine-
Gordon model—has an interesting structure as one changes the equivalent of 3. So, perhaps the limit 3 — Z-,, where
the decay constant f and Hubble constant have commensurate values, is physically interesting. However, here we will

simply assume that $ avoids these special values and instead leave their study for future work.
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pute how this interaction changes the long-distance behavior of ¢’s two-point function, to leading order in

perturbation theory.

3.5 Light Interacting Compact Scalars in de Sitter

In the previous section, we described the dynamics of free massless compact scalar fields in de Sitter space.
There, we found that the two-point function of vertex operators was both well-defined and well-behaved,
decaying at large Lorentzian separations || — oco. In this section, we will study how a massless (or very
light) compact scalar ¢ affects the propagation of a heavy scalar o over long distances and thus modifies o’s
cosmological collider signal. Specifically, we will compute the self-energies of both ¢ and ¢ in the presence
of a simple interaction and potential.

We will consider the theory defined by the Euclidean action
Se = / d®z /g [3£2(00)* + $(90)” + 2m20” + gy cos & + $80° cos ] . (3.89)
sb

One can interpret this as, for instance, a toy model of a light axion ¢ interacting with a heavy saxion o.
Because the propagator ($(x)d(y)) does not decay at large distances, it is not useful to expand (3.89) in
powers of ¢(x). It is instead much more helpful to keep the vertex operator V(x) = :¢*™): as a fundamental
object, whose two-point function (3.70) does decay at large distances, and expand in terms of it. We may

write the action (3.89) as the sum of a free part,
S, = / P2 /g [L2(00)? + 1(00)? + tm20?] (3.90)
sD
and an interaction part

S = / &Pz & [gsV + 1go?V + ] (3.91)
SD

where we have redefined the couplings g and g, to absorb the (divergent) normal-ordering constant (3.68)

relating ™) and V(x), and a factor of two. We also include a counterterm action,
St = /SDdDz V8 [382,(00)* + 18,07 + (85, V + c.c.) + Oy] (3.92)

where we omit the 6g02 cos & counterterm because it will not contribute at leading order in perturbation
theory and we will define the operator Oy below. We will allow the couplings and their associated countert-
erms to be complex, accounting for the two possible phases in the sinusoids. That is, we may shift the phase

of g cos & — g, cos(d + ) by taking g, — gpe ™.
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As we discussed in §3.4.2, the vertex operators V(x) do not behave as Gaussian free fields and this
unfortunately complicates any diagrammatic expansion we might perform especially since there is no longer
a complete cancellation of “disconnected” diagrams. We will instead explicitly expand out the path integral
to compute the interacting one-point function (V(x)) and two-point functions (o(x)o(y)) and (V(x)VI(y)).
However, it will still be useful (even if just from a psychological perspective) to represent these corrections
diagrammatically, though we will not specify rules for their combinatorics. We will denote external o, V, V1

operators using the black, blue, and red open circles, respectively,
ox)—» o , V)= o , Vi(x)—o o. (3.93)

These external vertices will always be associated with the coordinates x or y. We also introduce a set of

internal vertices for the two types of interactions in (3.91),

\ \

° g ° g, ©®— gy, ® =g, (3.94)

/ /

each associated with an internal coordinate z; that we must integrate over the sphere. The charge neutrality
condition (3.64) ensures that any diagram must have equal numbers of red and blue vertices. We introduce

three types of internal lines,
o——o =G(x,y), g------- g’, =G§(xy), @------- o =G N(z,7). (3.95)

The black o propagator obeys standard Feynman rules—only one connects into the external vertex o while
two must connect into each of the filled vertices ® and e. The vertex propagators are different however: we
connect each pair of colored vertices with a blue line G(£) if they are different colors and a red line G7(€)
if they are the same.

We also introduce a set of counterterm vertices. First are the standard mass and wavefunction renormal-

ization vertices for the heavy field o,

——®—— = —J(J +20)dz, — b (3.96)

o

whose contribution we give in momentum space. Furthermore, there are the “tadpole” counterterm vertices
for both V and VT,
— O, , and — d, , (3.97)

which behave identically to their associated interaction vertices. Finally, to obtain a finite quantum-corrected

66



vertex two-point function, we introduce the counterterm vertex associated with the operator Oy in

————— ®Q-----=-J(J +2a)dz, — oy, - (3.98)

Unlike the other vertex interactions, we demand that Oy, is such that it only connects two vertex propagators.
Unfortunately, we do not know how to write Oy, in terms of the vertex operators themselves, but this does
not affect the predictivity of the model—we are simply defining this operator in terms of its matrix elements
with the vertex operators.!? Indeed, we will mainly be interested in the corrected heavy field two-point
function (o(x)o(y)) at leading order in perturbation theory which only knows about the tree-level behavior
of the vertex two-point function (V(x)V'(y)) — G(x,y), and so our main results will be independent of
precisely how we choose to renormalize the vertex two-point function. To that end, we will mainly relegate
our discussion of the vertex two-point function to Appendix B.2.

Our goal now is to compute loop corrections to (o(x)o(y)) and the vertex propagator (V(x)Vf(y)) at
leading order in perturbation theory. That is, we want to compute the self-energies Il (J) and II4(J), which

we define in terms of the connected two-point functions

(o(x)a(y))e = I;S:i) / ;Ti[go](itof[) ) Cjn(;i) (3.99)
N J o
and
VE)VI(y). = w/;[g](fj?m Csfn(;? : (3.100)
N J o

As discussed in the Introduction, as long as o is not too heavy it will generate a decaying yet oscillatory cos-
mological collider signal in the primordial bispectrum, the frequency and decay rate of which are determined
by the long-distance behavior of (o(x)o(y)).. Using the techniques of [93] and §3.4.3, the long distance decay
of (o(x)o(y))e o C(~=£)"* 4 C(~£)" is determined by the poles J, and J, closest to the Im J-axis. Assuming

that the self-energy is a small correction, the pole originally at J = —A, is shifted to

I H —AU Ho _Ad
J*z_[u+nm]_i[ mg_OL?_i_Rei() (3.101)

)
2y/m2 — o2 2y/m2 — o

while its shadow at J = —A, experiences the same (albeit complex conjugated) shift. The mass counterterm
dm, can be used to ensure ReIl;(—A,) = 0 so that v, = /m2 — a2 corresponds to o’s measured “rest mass

frequency” [59], but the change in o’s decay produced by a non-trivial ImIT,(—A,) # 0 is real and physical.

12Composite operators are notorious for needing their own counterterms [148] which do not necessarily take a
simple form in terms of the “fundamental” fields over which we path integrate. There are other computational
schemes [149, 150] that do not rely on such counterterms to renormalize the theory, and perhaps this perturbative
expansion in vertex operators is more natural in those languages.
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Our main goal, then, is to compute the Im IT,(-A,) generated by o’s interactions with a light compact scalar
b.

As discussed [1,59,93] interactions with a light noncompact scalar field will always cause o to dilute faster
than any free field in de Sitter space, ImII;(¢®) > 0, providing an inflationary detection channel for these
light fields. Interestingly, we find that interactions with a light compact scalar can be qualitatively different
and depend sensitively on the circumference of the field space 2nf. In the noncompact limit f — oo or § <« 1,
we find that a compact scalar generates corrections very similar to those generated by a light noncompact
scalar, enabling o to decay faster than any free field, ImII,(-A,) > 0. However, as the circumference
becomes smaller than Hubble 8 > 1, we find that Im II,(-A,) begins to oscillate, causing o to decay either
faster or slower than any free field.

To prevent our expressions from becoming overly long, we will introduce several abbreviations. We denote
local fields evaluated at specific coordinates with a subscript, o; = o(z), Vi = V(%), Gi = G°(zi,2;), and
Gij = G(zi,2;). Here, the z; denote dummy variables over which we integrate, but we will also use z, = x and
zy =y to denote the external coordinates. Furthermore, we use Z = [Dé Do e Se and Z) = /Dé. Do e
to denote the interacting and free partition functions, respectively. We denote iterated integrals over the
Euclidean sphere as [,, = = f{n} = [»dPz; \/g(z1) d°25 \/g(2) - --. Finally, we will use (). to denote
the connected correlation functions in the interacting theory, while we use (-) to denote expectation values
taken in the free theory.

We will first derive the leading order long-distance behavior of the propagators (3.99) and (3.100) in
§3.5.1. We then analyze the self-energy II,(J) in the noncompact 8 — 0 and ultracompact 8 — oo limits in

§3.5.2 and §3.5.3, respectively.

3.5.1 Leading-Order Corrections

We begin by considering the one-point functions (o(x)). and (V(x)).. Clearly, (o(x)). always vanishes due
to the 0 — —o symmetry of the action. However, there is no such symmetry that prevents a potential for ¢,
or equivalently an expectation value for V(x), from being quantum-mechanically generated. So, even absent
an explicit classical potential for ¢ with g, = 0 we should expect that the vertex operator will acquire a
vacuum expectation value because, as depicted in Figure 3.2, there will be a bias in where ¢ prefers to sit
induced by fluctuations of o.

The interacting vertex one-point function
1 -
V(x))e = Z Do . DoV(x)e ™ (3.102)

may be computed by expanding out the path integral in powers of the interaction (3.89) and counterterm

68



actions (3.92), though for presentation purposes we will ignore the counterterm action and instead add those

contributions in explicitly by hand. Since S;,, has no charge neutral interactions, expectation values involving

any odd power of S;,; alone vanishes, (S§h+1> =0 for k € Z.,. The “disconnected” part of the path integral

can then be written as

Z 1 B

§° = {z /mc Doe ™ [1— S+ 2S5 + LS.+

0 ' (3.103)
=1- %<S?nt> + i<si2nt>2 - %<Sﬁ’1t> +oeee

To leading order in perturbation theory, we find that the vertex one-point function is

(Wﬂ%z%W@%JZjﬁﬂ@w@%+%ﬁWJ

—o--0to--@ton---{ ) (3.104)

= — (¢ + 0y, + 1EG°(1))[Glo,

where [G] is the J = 0 coefficient of the vertex propagator (3.77), while a similar calculation yields (V1(x)). =
— (80 + 8y, + 58G°(1))[Glo- The counterterms 8, and dy, can be tuned to absorb the UV divergence from
the o loop, d§,, = —%gG"(l).

We can follow a similar strategy for the heavy field two-point function (o(x)o(y)).. Expanding in the

interaction S;,, yields

[(o(x)a(¥)She) — (0(x)o(3))(Si)]

+ [i<0’(X)G(y)Sﬁm> - i<0(x)0’(y)si2m><si2m> + (i<812m>2 - %<Sfm>) <O-(X)O-(Y)>} + e )
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(3.105)

where we have also included the next-to-leading order corrections on the second line. The leading order

corrections are given by

(06> [ [([+ oot a0 + el Vi)
1,2 (3.106)

— (0:0,)([80 + 380] [20 + Jeo3] V)| + -

where the --- denote the contribution of ¢’s mass and wavefunction renormalization counterterm (3.96).
Clearly, the effect of the second term is to remove the “disconnected” contribution from the first line, and
so diagrammatically this leading order correction can be represented as

- o G

AY

‘o—o+o—®—o+o—;—o+o—;—o+o—;—o+... (3.107)
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where the --- denote diagrams with red and blue vertices interchanged. The last three diagrams represent
o interacting with V’s vacuum expectation value and can be completely absorbed by shifting the mass

counterterm, leaving us with
(o(x)a(y))e = Gy +2\g|2/ G 1G9y — /172(})‘11 [—Vi +6mU]G‘2’y+--- . (3.108)
where VEZ is the Laplacian with respect to zo. In momentum space, this takes the simple form
[0%]5 = [G°ly + [G°)] [2Igl*[G°Gly — J(J +20)8z, — 8y, | + -+, (3.109)

and so the leading order correction to o’s propagator is determined by the bubble diagram [G°G]y. If we
were expanding in only Gaussian free fields, we would geometrically resum chains of this bubble diagram

and identify the leading-order self-energy appearing in (3.99) as
I, (J) = 2|g]’[G"Gly — J(J + 20)d7, — S, - (3.110)

However, the vertex operators do not Wick factorize, and we will see that this makes the standard Dyson
resummation of one-particle-irreducible diagrams more complicated. We will argue, however, that this
resummation indeed captures the corrected long-distance behavior of (o(x)o(y))e..

To see the issue, let us consider the next-to-leading-order corrections generated by the quartic term

4 (o(x)o(y)St.) on the second line of (3.105). This contains the term
—(o(x)o(y)St,) D 77‘g|4/ (0x0i0303050,) (V) Vi V3V4> +1 perms} , (3.111)
: {4}

where “f perms” denote the permutations of which vertex operators are conjugated. If the vertex operators

Wick factorized, there would be a contribution of the form

-
4

\/'\/’

1

1{oCo(x)Sh) > (2leP)’ /{4}Gx1<eﬁg)l2 5,(G°G),,C3, = (3.112)

which is the “square” of the leading order correction. Crucially, this higher-order correction is proportional
to |g*/[(J4+A4)(J+A,)]? and so becomes arbitrarily important at the free-field poles J = ~A, and J = A,
regardless of how small g is. To investigate the long-distance behavior of (o(x)o(y))., we must then include all
such corrections, equating the one-particle irreducible diagrams with the self-energy II,(J) and geometrically

resumming them to find (3.99). The problem is, however, that the vertex operators do not Wick factorize,
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and so the actual contribution is instead of the form

(2|g\2)2/ CuCROR05 Gy, P2 PR o T o (3.113)
I : G13G24 Sl sl

and so it is unclear whether such a Dyson resummation makes physical sense or whether it is legitimately
capturing the physics of these higher order corrections.

Physically, these divergent corrections arise because an internal o particle can go on on-shell and propagate
over very large distances, accumulating probability. In Lorentzian signature, the chain of one-particle-
irreducible bubbles in (3.112) corresponds to a process in which a o particle propagates over a large distance,
spontaneously splits into virtual ¢ and V “particles,” which then subsequently decay into another long-lived
o particle, which then propagates over a long distance until it repeats this process again and again. Of
course, an arbitrarily long chain of these events can occur, necessitating the Dyson resummation. Our goal
now is to argue using the long-distance factorization of vertex correlators (3.74) that the actual higher-
order correction (3.113) can be well-approximated by (3.112) for J near the free-field poles, J = -A, and
J = -A,. Thus, we may indeed approximate the leading-order self-energy II,(J) in (3.99) by the bubble
diagram (3.107) and use it to infer the long-distance behavior of (o(x)o(y))..

For completeness, we will identify these dangerous corrections at arbitrary order in perturbation theory.

At O(|g|*™), o’s two-point function receives a contribution from

1 n |g‘2n
2n)! <0x0ysi2m> ) W /{2 }<0x5%0§ e O_%noy> [<V1V§ e V;n> + 71 perms} ) (3.114)

Corrections that diverge as J — —A, only result from a long chain of o propagators. There are 2"(2n)!

ways contracting each o with another and so, after relabeling the vertices, we have

<0X0yS»2“

1 2 i T
n (o} [ o ...(Qo . . 11
(2n)! int) 2 g {2n}GX1 120G+ GI, ¢ [<V1V2 Vou) +1 perms} (3.115)

The o propagators now set a particular ordering of the points and group the internal vertices into pairs
(21,22), (23,24), -y (Zon—1,%2n). Furthermore, “ perms” contain 2" terms which have identical correlation

functions (i.e. interchanging vlvg — VlT V, does not change the integrand) and so grouping these yields

1 1 n 1 o o o o
®<Gx0y812m> D2 |g|2 o }G)dGlQG'M'''G’Qn,y<VleTVaV;r ) ”V§11> (3.116)

where we have dropped all other  permutations that are not of this form, as they will be subleading in the

long-distance limit.
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Since we are interested in Lorentzian signature physics, J — —A,, it will be helpful to analytically

continue this diagram to the Poincaré patch, where the metric takes the form
2 1 2 | 12
ds® = N (—d\* 4 dz2%), (3.117)

with X € [0,00) and z € RY. In these coordinates, the embedding distance between z = (\;,%) and

7= (N, z) Is

|z —z|* — (N = N)?
2NN '

£y =1- (3.118)

Usefully, there is a diagram-by-diagram equivalence [113] between perturbation theory in Euclidean de Sitter
space and in-in perturbation theory on the Poincaré patch. Up to an appropriate choice of time-ordering
the different propagators—which we will not specify since it will not affect our conclusions—the Euclidean
contribution (3.116) maps to in-in one with the same integrand but which is now integrated over the entire

Poincare patch,

/D Pz /a(m) - /C s /}R ' (3.119)

S XP

with C the closed time contour necessitated by the in-in formalism. Crucially, the loop integrals in (3.116) now
span all separations and the embedding distances |§;| between the internal vertices are no longer bounded
by 1.

We can now identify a particularly dangerous region of the integral (3.116) that produces a singularity as
J — —A,. Let us consider the region in which there is a hierarchy in the embedding distances, |€y;_; | <
|€i_1 4 for alli=1,---,n and j # 2i. This is the situation in which there are n pairs of points close to
one another, but each pair is far away from all others. Here, the vertex propagator drastically simplifies.
Note that the charge-neutral 2n-point function of vertex operators in the free theory may be constructed by
taking the product of Gj; for each pair of oppositely charged vertex operators (that is, each pair of Vi and

V;) with the product of QUTI for each pair of like charged operators,

VIV VIVVL - ) = Gy | 92 510 G2 25 } 34{%6945

Gi3 Gis Goaa Gog Gas Gug ]956 ( )

For example, we see that the operator V; contributes a factor of Gy 2i/Gi 2i—1 for each of the other charge
neutral pairs of operators, i = 2,--- ,n, since it sees both the V and V' of that pair. As we move those pairs
further and further away from zi, the correlation between V; and that pair vanishes, Gi 9i/G1 21 — 1. The
same is true for every other operator in (3.120).

Thus, in the region of integration where each pair of points is close to one another but far away from all
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other pairs, the vertex 2n-point function factorizes and reduces to
VVIVYVIVVE--) = GiaGauGse - - (3.121)
In this region, (3.116) can be approximated as

(o(x)o(y))e D lg* G31(G7G) 15 G353 (G°G)3y G5 - (G7G) gy 190 GOy +

/'{—2\1]} 77N 77N 77N (3122)
So—e  $—4 s—---—¢  $—¢ $—o0f..-,
/ O
or in momentum space as
[0%]; D [G°]5™ [21g)*[G°Gly — J(J + 20)dz, — 8y, | + -+ (3.123)

This contribution diverges strongly as J — —A, and so we expect that the contributions from the other
regions of integration, denoted here by the ---, are subleading in this limit. We find that, indeed, even
if the vertex operators do not factorize and there is not a strict notion of the set one-particle-irreducible
diagrams that can be chained together, it still makes sense to Dyson resum the leading order correction to
the propagator and identify the self-energy as (3.110).

A similar argument applies to the vertex two-point function. Since it will distract from the flow of this
section and will have no bearing on our main results, we will reserve that analysis for Appendix B.2. There
we show that o’s effect on the leading long-distance behavior of (V(x)V'(y)) can be completely absorbed
by a counterterm and is thus unphysical, similar to what happens for a light noncompact field [1,59]. That
said, the self-energy is still nontrivial, and so o still affects the subleading asymptotic behavior. We will not
dwell on this here, and instead work to evaluate o’s self-energy (3.110).

So, at leading order in perturbation theory and near the free field poles J = —A; and J = —A, the self-
energy II,(J) is determined by the bubble diagram with one internal o and one vertex propagator, [G°G];.

This loop diagram can be easily computed [1] by applying the Lorentzian inversion formula (3.19) to the
product G°(C)G(C),

2rotiT 1) [ 1
GG, = m (J + )/ d¢ J_12F1[J+u+2,J+1
0

TWTUva+1) )y 2w 2] + 20+ 1 ’—C] disc G"G(C) . (3.124)

Using both (3.27) and (3.79), the discontinuity can be written as a sum of two components,

disc G°G(C) = —2i P2 Fa_ (Q)sin @, () + (Ay = Ay) (3.125)
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Figure 3.3: The imaginary part the bubble Im [G°G]; evaluated at J = -A,, a = 3(1 —107*), and v, = 2,
as a function of 3 (3.56) and thus the decay constant f. For small § [left], we compare (3.124) integrated
numerically [blue] to the approximation found by truncating (3.128) to its first term [ ]. For large p
[right], we compare the numeric result [blue] to the saddle-point approximation (3.136) | ]. In both
cases, we find excellent agreement in the ranges of 3 where our approximations should apply. Qualitatively,
as v, — oo the amplitude of Im [G°G]_ 4, shrinks and it shifts slightly to the left.

where we define the amplitude

_ 1
Fa, (Q) = A(Ag) 2F4 {AQ’AA_ QO?LJ:Ll? —Q] e 7O (3.126)
and phase
Py, (Q) = A, + 1BL(C) (3.127)

in terms of F(C), ®(¢) and A(A) given by (3.81), (3.82), and (3.28), respectively. Since at worst the
hypergeometric function o F; (a, b, c; —() grows polynomially as ( — oo and Fa, (Q) is exponentially suppressed
as ( — oo for any finite B > 0, (3.124) is finite in the ultraviolet { — oco. Again, even though the vertex
propagator is extraordinarily singular in the coincident limit § — 1~ (or equivalently ( — —o0), loop
corrections involving it are ultraviolet finite since it is extremely well-behaved as we approach the coincident
limit along time-like separations § — 1*. Furthermore, if we series expand the inversion formula’s (3.124)
integrand around ¢ = 0, using (3.86) we find that [G°G]; can have poles at J = —(B + 2na + A, + k) and
J = (B +2na + Ay + k) for non-negative integers n and k, though many will be spurious.

At this order in perturbation theory, a non-zero potential for ¢, or equivalently a non-zero vacuum
expectation value for (V(x)). «x g4, does not impact o’s self-energy. We will thus assume, for simplicity, that
¢ remains massless in the presence of interactions (V(x)) = 0. Since it is the only free parameter that affects

predictions, we thus want to quantify how ImII,(-A;) changes as a function of § or equivalently f. Of
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course, the integral (3.125) converges for J = —A, and so II;(-A,) can be easily numerically evaluated for
arbitrary (3, as we show in Figure 3.3. We find two qualitatively different behaviors, depending on whether
the field space is much larger (8 < 1) or much smaller (8 >> 1) than the Hubble scale. We analyze both in

the following sections.

3.5.2 The Noncompact Limit

In the noncompact limit 8 — 0, where the physical circumference of ¢’s field space 2nf becomes much larger
than the Hubble scale, the fluctuations of the massless compact scalar field ¢ become highly suppressed
and so long-distance correlations G(£) ~ (-2/¢€)® between vertex operators decay very slowly. This agrees
with our intuition that, in the limit f — oo, a massless compact scalar should qualitatively behave like a
light noncompact scalar whose long-distance correlations also decay very slowly o (-2/€)%¢, with Ay =
a — /a2 —m?2. Furthermore, in this limit, we will show that a single pole at J = —(3 + A,) encroaches
upon J = —A, and dominates o’s self-energy. This is also directly analogous to what happens when a light
noncompact scalar interacts with o [1] in the limit that its mass goes to zero. We can thus import the
techniques used to study that case to approximate ImII,(-A,) as § — 0.

We will use the same strategy [1] used in §3.4.3 to extract the singularities of [G];. We first divide the
inversion integral (3.124) into an integral over ¢ € [0,1] and one over ( € [1,00). Since the latter integral
is regular in J, we may extract [G°G];’s singularities by series expanding the integrand of the former and

integrating term-by-term,

Gog); ~ 1 1 n aB(2a — A, —2) 1
T a AT+ AP 2(a— DA+ )(a— A, — 1) T+ A, +B+2 (3.128)
+4°‘_1Br Ag,a—Ag, 0+, —a 1 N '
V&S l—a—As,2a0+A; | J+A;+B+2a ’
where we have approximated each of the residues in the limit 8 — 0. We find, near J = —A,, the first pole

dominates while the contributions from the others are suppressed by a factor of B2
Near the free-field pole J = —A,; and as 3 — 0, the self-energy is thus well-approximated by the closest

singularity
g 1

I, (J) =~ e
D~ T5a, %5

(3.129)

As shown in the left panel of Figure 3.3, we find excellent agreement between this approximation and the

direct numerical evaluation of (3.124) in the limit 8 — 0. The free-field pole is then shifted to

2
Jom—la+ 8 —iy/m2 — o2, (3.130)

28(m3 — o)
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having used the mass counterterm 93, to set ReIl;(-A,) = 0. This correction is always positive and so o’s
interaction with ¢ will cause it to decay faster than if it were just a free field. Furthermore, we find that
we must make the fields more and more weakly coupled |g|> — 0 as we send 8 — 0 if we want to retain
control over our perturbative expansion. This is to be expected since light noncompact scalars are infamously
plagued with these types of divergences and so we should not be able to send 3 — 0 without something
drastic happening.

However, the scalar’s compact field space still improves the calculability of this model, even in this
noncompact limit. We can contrast this result with that of a light noncompact scalar field with mass m,,
which interacts with the heavy scalar o via the quartic interaction %gon)Q [1,59]. In the limit m, — 0
or equivalently Ay — 0, it was found that the self-energy of o near the free-field pole J = -A, is well-

approximated by

g 1

I, (J )
7 Advg I+ Ay +24,

(3.131)

As discussed in [1], there are two sources of infrared enhancement as A, — 0. The first is the prefactor
x Af, which can be attributed to the Euclidean zero mode of the noncompact ¢, whose variance diverges in
the massless limit (3.53). The other is due to the Lorentzian long-distance behavior of ¢. Since ¢’s propagator
at long distances behaves as G*(£) ~ (=€) +- - - infrared fluctuations are enhanced as A, — 0, and this is
captured by the appearance of an additional Ay enhancement of the self-energy at J = —A,. As emphasized
in [1], the diverging variance of the Euclidean zero mode causes a loss in the perturbativity of the model,
as contributions which are nominally suppressed by the coupling g can be greatly enhanced by fluctuations
of the zero mode, making the model strongly-coupled. This led to the requirement that the theory had to
become much more weakly coupled as my — 0, g < %ﬂ‘lmé, to maintain perturbative control.

The compact scalar is different because its zero mode always has finite variance. We find that the self-
energy in the noncompact limit (3.129) only sees an enhancement around the free field pole J = -A, from
the long-distance behavior of the vertex propagator, G(£) o C(~£€)™". Higher order contributions will not be

enhanced by wild fluctuations of the zero mode and so the compact scalar provides a large and calculable

correction to the long-distance behavior of o—we only require that g < 1.3

131f we work with the canonically normalized field 8 = fd, interactions in 0 are always dressed by inverse powers of
f, ie. %go2 cos(0/f) D —i(g/fZ)UZG2 + .-+ and so we can also interpret f — co with g held fixed as a weak coupling
limit.
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3.5.3 The Ultracompact Limit

The B > 1 regime of this process is qualitatively different from the 8 — 0 limit, as we will see in this
section. The main reason for this difference is that this limit is not just dominated in the infrared, and one
instead needs to account for short-distance information appropriately. Doing so is subtle, and the incorrect
procedure can result in a violation of unitarity. We warn the reader that the result shown in this section is
a victim of an order-of-limits subtlety. The correct procedure was subsequently understood in [151] and has
been in explained in Chapter D. Nevertheless, we leave the original text untouched below.

From Figure 3.3, we can see that the ultracompact limit 3 — oo, in which the physical circumference of the
field space becomes much smaller than Hubble, leads to qualitatively different behavior than the noncompact
limit. As evident from that figure, the approximation we derive in the 3 — oo limits is qualitatively accurate
even for § ~ O(1). We may write (3.124) in a form that can be readily approximated via the saddle-point

method as

[G"Gly = Nia, / dCHy A, (Q) [e™oe PP+ — e*iﬂﬁuaﬁi(ﬂ + (A = Ay) (3.132)
0

where we define the exponent, coefficient, and smoothly-varying amplitude

F+(Q) = F(Q) £in®(C) — log
Nia i [J—kl,A,u—A]

AT T AT J+a+1
A,A—u—l—%
_Q}QFl[QA—QoH-l Ik

J+1, J+a+3
respectively. In the limit B — oo with J fixed, each of these integrals is dominated by a saddle point at

(3.133)

Hia(Q) = CHETLE, [ 2] +2a +1

¢ = (4, defined by the equations ]}’(Qi) = 0 or, explicitly,

2 2R (F + cor2ma) [1’ ;-0
Ce ' (1+C) (3 —a)l(a) 29— 2a

—Qi] =0. (3.134)

We are not able to solve this equation exactly for arbitrary o, but in the limit o — % both roots converge
to (x =+ (, =2and

> 1
Fi((y)=1-log2+ir with F/(C( )= 1 (3.135)

Defining the constant 5y = Re fi(Qi) =1—1log2 ~ 0.3069, (3.132) is well-approximated by

GGy ~ ,/%‘NJ,AUHJ,M*) e ginm(B 4+ Ag) + (A = A), (3.136)
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Figure 3.4: The minimum value [top] of the anomalous dimension (3.137) in “units” of |g|?, and the
corresponding B, [bottom] and thus decay constant (3.56), as functions of v,. This minimum anomalous
dimension is bounded from below and quickly approaches zero as v, — co.

which, as shown in Figure 3.3, shows excellent agreement with the numerical evaluation of (3.124) for large
B. We thus find that, as B — oo and for fixed J, the imaginary part of the self-energy is well-approximated
by an exponentially decaying sinusoid with decay rate F, and frequency =, whose amplitude and phase are
set by J and A,. Intuitively, as § — oo or f — 0, ¢ can relax very quickly back to its vacuum and so
vertex correlations die very quickly—the vertex operator is thus very “heavy,” and the self-energy it induces
becomes very small. Similarly, we find that these corrections also die off as ¢ becomes heavier, v, — co.

In this limit, o’s anomalous dimension

_ 1 B -
Im I, (-A,) ~ =—Im[G°G]-4, , (3.137)

o = AV Vg

is no longer necessarily positive, but oscillates between positive and negative values as we increase 3. In
contrast to its behavior in the presence of a light noncompact field or a light compact field with a large field
space, the heavy field o may decay faster, slower, or at the same rate when interacting with a very compact
massless scalar field ¢. Given that this depends on the ratio of the circumference of the field space to the
Hubble scale, we interpret this as a sort of resonance or interference effect: for some ranges of H/(2xf), the
“thermally” fluctuating compact scalar can add energy to o, while for other ranges it removes it. It would
be interesting to have a better physical explanation of this phenomenon.

It is interesting to understand how negative this anomalous dimension can be. For each v,, the anomalous

dimension ~, is minimized at a different value of B, ming~,(B,vs) = ~y3(Bmins Vo). In Figure 3.4, we plot

min? V'O
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both this minimum value ~, (B, Vo) and the corresponding 8,,, as functions of v,. As we should expect,

min? V' 0 min
we find that the anomalous dimension can be most negative for light o, approaching ~, (B, Vo) &~ —5.07|g/?
as v, = /m2 —a? — 0. As we make o heavier, v, — 00, the self-energy is suppressed for all B and

correspondingly this minimum anomalous dimension quickly approaches zero from below.

3.6 Conclusions

The compact scalar field is a fundamentally different object from the noncompact scalar field. Often, these
differences can be attributed to how we treat the field’s spatially isotropic zero mode ¢,. For the compact
scalar, the gauge symmetry ¢(x) ~ ¢(x) + 27 forces the zero mode to live in the finite interval ¢, € [0, 2x),
while the noncompact field sees no such restriction and its zero mode is allowed to fluctuated over the entire
real line ¢, € R. While the distinction between the two is usually unimportant in Minkowski space, since
there this zero mode is non-dynamical, we have argued that the situation is dramatically different in de Sitter
space—the zero mode is dynamically active and so there are observables that are sensitive to the topology
of field space.

We argued that the largest differences between compact and noncompact scalars arise when they are light,
as then they can more easily explore their field spaces. We argued that these differences are most extreme
in the massless limit: the massless compact scalar field exists in de Sitter space while the noncompact scalar
field does not. By careful analytic continuation from Euclidean de Sitter space to Lorentzian signature,
we computed the gauge-invariant n-point functions of vertex operators of the free massless compact scalar
field and showed that they are both de-Sitter invariant and well-behaved, decaying appropriately at infinity.
Furthermore, we computed the vertex two-point function’s momentum space representation and showed how
it accurately encodes the propagator’s long-distance behavior.

To demonstrate that differences in field space topology can be observable, we determined how a light
compact scalar ¢ changes the long-distance behavior of a heavy scalar 0. During inflation, a spontaneously
produced o can decay into scalar gravitational fluctuations and impart a unique oscillatory signature onto
the squeezed limit of the primordial bispectrum, commonly called the cosmological collider signal. This
signal primarily depends on how the heavy particle o propagates over long distances. We showed that there

can be qualitative differences between how compact and noncompact light scalars affect o’s long-distance

141t would be interesting to understand precisely how this negative anomalous dimension fits with the positivity
bounds of [152], which argued from positivity of classical statistics that anomalous dimensions of heavy fields must
always be positive. Strictly speaking, this bound on ~_ only holds in the limit v, — oo, and any violation of unitarity
may be avoided via a non-zero contribution to the co-moving curvature perturbation’s trispectrum. As such, their
bounds still allow for ~, < 0 for v, ~ O(1). Since the minimum anomalous dimension induced by a compact scalar
(3.137) vanishes as v, — 00, it seems consistent with their bounds but we would need to compute its contribution to
the trispectrum to be sure. We save this for future work.
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behavior, and so o’s cosmological collider signal can serve as a concrete detection channel for the topology
of ¢’s field space.

Specifically, we showed that a light compact field’s impact on a heavy field o’s long-distance behavior
primarily depends on how large its field space is compared to the Hubble scale. In the noncompact limit
2nf > H, ¢ behaves much like a noncompact field does and always enables o to decay faster than any
free field. When the field space becomes smaller than Hubble, however, the compact ¢ can behave in a
qualitatively different way compared to a noncompact field, as there are some ranges of 2nf/H in which a
weakly coupled compact field can cause o to decay slower than any free field. Such a thing is impossible for
a weakly coupled noncompact field.

The goal of this work was to initiate the study of compact scalar fields in de Sitter space, and to establish
that compact and noncompact fields can have qualitatively distinct physics in inflationary backgrounds.
Said simply, the topology of field space matters in de Sitter space and so it must be accounted for. We find
that these differences are the most stark for light fields. Since the existence of such light compact fields is

theoretically well-motivated, there are many future research directions worth pursuing. For instance,

e Are there any other inflationary detection channels that are sensitive to field space topology? We
focused only on interacting two-point functions—how do higher-point functions behave? And how do

our predictions change for more realistic axion models?

e Is it possible to recover our results by working in another cosmological patch? How do we correctly

impose the gauge symmetry ¢(x) ~ ¢&(x) + 27 in the Poincaré patch?

e Our analysis of the interacting theory relies on an approximate summation of higher-order contribu-
tions that we expect to only be valid in the long-distance limit. It would be useful to develop a more

systematic framework to compute the self-energies of o and o.

e We found that the compact scalar field exhibited strange behavior at discrete values of the axion decay
constant, (H/2xf)? € 2Z.,. For example, there correlation functions of time- and anti-time-ordered
vertex operators were equivalent. What is special about these values of 37 Are they associated with

other interesting physics?

We hope to pursue some of these questions in future work.
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Primordial non-Gaussianity from Light Compact Scalars

4.1 Introduction

In the previous chapter, we studied the phenomenological consequences of a light spectator axion during
inflation. We argued that for such light compact scalars it is necessary to account for their gauge symmetry, a
fact which is most evident in the free theory. In this chapter, we will study the inflationary non-Gaussianities
of such a compact scalar field, working within the framework of the effective field theory of single-field slow
roll inflation [20].

Crucially, this observational channel does not rely on these compact scalars being a part of the dark sector
in the late universe, and so they need not have a non-trivial present day abundance. Therefore primordial
non-Gaussian signatures are distinct from other cosmological probes such as dark matter isocurvature which

1 Our main goal will be to highlight the

minimally assumes that such scalars populate the dark sector.
importance of the gauge symmetry of the compact scalar in identifying the leading contribution to the
primordial bispectrum. To be consistent with the gauge symmetry, we must couple the comoving curva-

ture with operators such as cos(¢/f). One might expect that we can perturbatively expand this operator

cos(p/f) =1+ 21?d>2 +--- and capture the leading order effects with the first non-trivial term ¢?. Consistent

1Our minimal assumption will be that the compact scalar is in its Bunch-Davies state during inflation and therefore
weakly breaks the de Sitter isometries. This does not have to be true. Indeed, the de Sitter isometries may be violently
broken on short-scales and still be consistent with CMB and LSS data [14].
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with the findings of [2], we will show that this is incorrect.

In order to highlight this, we will study two scenarios. On one hand we will couple the comoving curvature
( to a compact scalar ¢, keeping track of the periodicity of the potential by working with the appropriate
gauge invariant operator cos(¢/f). Then, to capture the effects of keeping only the leading order term of the
compact scalar’s potential, we will couple the inflaton to a scalar o via the operator o2, giving it a small mass
m, which we take to zero at the end of the calculation. We will refer to the latter case as the non-compact
scenario.

Particularly when o is light, we recover the standard local shape bispectrum. This shape is characterised

by its scaling in the so-called squeezed limit (k3 — 0)

0
B (ky, ko, k3) ~ Pc(kq)Pc(ks) (tj’) ) (4.1)

where ( is the comoving curvature perturbation. We will show that the compact theory, where we work with

the full gauge-invariant operator, instead produces the scaling

k3

B (k1. ke, ks) ~ P (k)P (k) [(k)y T (t) e (1)

where § = %(%)2 measures the ratio of the Hubble constant to the circumference of ¢’s field space. Therefore

the ratio B sets the asymptotic scaling of the bispectrum in the squeezed limit

B

B (ki, ko, k3) ~Pc(ki)Pc(ks) (ll:) (B<2)
) (4.3)

~Pefl)Petia) (1) (2.
The reason is that for light scalar fields in de Sitter, infrared fluctuations are large and force the scalar
to disperse further in its field space. This is commonly understood in the language of stochastic inflation,
in which the field executes a random walk and explores the ends of its potential [95,136]. For a compact
scalar, it therefore becomes necessary to work with the full periodic potential, or in other words with gauge
invariant vertex operators €/*/f. This phenomenon in de Sitter is evocative of the dynamics of massless fields
in two-dimensional flat space, as was explored in [153] and in more recent work [154].
Outline We begin with a discussion of free and composite fields in pure de Sitter in Section 4.2. We discuss
the Kaéllen-Lehmann representation which will be especially fruitful for our inflationary calculation, and
review the free field theory of the compact scalar. In Section 4.3 we calculate the primordial bispectrum for

the exchange of a non-compact scalar and of the compact scalar, and show the results for the squeezed limit

for both cases. Our strategy will be to resolve the exchanged operator into a sum over free field states using
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its spectral representation, as was done in [1,2,93,119,155-157], and leverage the bispectrum for the exchange
of a single massive scalar to determine our answer.? Finally, in Section 4.4 we will conclude by connecting
our results with expectations for late-universe cosmological measurements such as galaxy clustering data and
comment on the implications of our results for more realistic models of compact scalars.

In Appendix C.1 we show the calculation of the primordial bispectrum using the in-in formalism in detail.
While in the main text we are primarily concerned with the squeezed bispectrum, which is sensitive to the
on-shell production of particles in the inflationary bulk spacetime, there is also a background contribution
which is degenerate with local self-interactions of (. We discuss this part of the bispectrum, commonly
called the EFT piece, in Appendix C.2. In Appendix C.3 we apply the spectral method to the exchange of
a CFT operator in the inflationary bulk. We do this for two reasons—firstly as a cross-check of the spectral
method and secondly since the CFT exchange bispectrum displays some useful similarities with the compact
scalar exchange. In Appendix C.4 we derive the large A asymptotic behavior of the tree-level seed function
BNA(A; u). In Appendix C.5 we do the same for the spectral density of the vertex operator and connect our

result with the same in flat-space.

4.2 Free and Composite Fields in de Sitter Space

Throughout this paper, we will be working in the flat-slicing of the (quasi) de Sitter (dS) spacetime. In

(d + 1)-dimensions the de Sitter metric in these coordinates takes the form
ds® = —dt* + a’(t)dx” = a*(n) [—dn’ + dx°] , (4.4)

where H is the Hubble constant and a(t) = e'* and a(n) = —1/(Hn) is the scale factor. The second equality
shows the metric written in conformal coordinates, and 7 is known as conformal time which takes values in
(—00,0), where the lower and upper bounds correspond to the infinite past and infinite future respectively.
Where necessary, we will use a = d/2 to keep track of the number of spacetime dimensions.

Let us first recall some aspects of two-point functions in dS. While typical (quasi) de Sitter calculations are
done by Fourier transforming the spatial coordinates, we will find it useful to discuss physics in configuration
space first and subsequently connect these statements to Fourier space.

The two-point function Gp(x,y) of a local operator O(x) is constrained by the dS isometries to be
functions of the dS invariant distance €. In the flat-slicing it takes the form,

xR

2
= 1 —_ —
€ 2nn’ N

2This technique has also been applied to AdS Witten diagrams, see e.g. [158-160]
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where we define the variable X since it will be useful to help keep track of distances.® Particularly X € (0,1)
represents the infrared, i.e. long spatial distances (x — oo) or late-times (n,n" — 0).

The two-point function of a free scalar field with mass m is determined by the scaling dimension A. For
principal series scalars (m/H > «) the scaling dimension A = o + i\/m is complex valued. As
is standard, we will occasionally use v = \/I}‘I—lﬁ — 2 in lieu of the mass. For complementary series scalars
(m/H < «) the scaling dimension A = o — /a2 — m2/H? is real valued and thus A € (0, «). The free field

propagator is

>

. H2TU (ALY

) & [A A
F Y
210¢—|—%

”25} , (4.6)

)

NI

where 5F [a, b;c|z] is the Gauss hypergeometric function and A = 2a. — A is the shadow scaling dimension.
Note that the free propagator can be written in an explicitly shadow symmetric form by utilizing a Kummer

relation
A A—a+ %

G(AIN) = AANF, [ o

x] +(A < A), (4.7)

where

A(A) = . . (4.8)

The two-point correlator of a massive free field decays as a power law in the infrared,

G(AN) 22% AANA L+ O] + (A < A). (4.9)
Importantly, a massless scalar corresponding to A = 0 admits a propagator which grows with distance. In

four dimensions,

G(0;\) = LH*X + H?log (\) . (4.10)

This infrared growth is a key feature of physics in (quasi) de Sitter spacetimes and is ultimately responsible
for a wealth of interesting phenomena such as the absence of spontaneous symmetry breaking [153,154] and
strong-coupling dynamics for light scalars [95,136]. This large infrared growth will also be the main driving
force of the results discussed in this paper.

Another important free-field state which will be relevant for our discussion is the conformally coupled

scalar ® with scaling dimension Ag = o — % which admits a power law propagator,

3
Go(\) = R Gl ) SS s UL (4.11)
(41‘()0‘+% 161‘(2

¥\ here is related to the ¢ from [2] by a minus sign. We have changed the notation here to avoid confusion with
the inflationary comoving curvature fluctuations.
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Apart from free scalar fields, it will also be useful for us to refer to a bulk CFT operator Oy with scaling

dimension §, which also admits a simple power law two-point correlation function,*
H2 s (2
G - __—_H®[Z 4.12

where § > o — % in accordance with unitarity. This is of course not a free-field for general §, but becomes

a (rescaled) conformally coupled scalar when § = o — % Indeed for any integer multiple § = n ((1 — %), the

bulk CFT operator can be understood, up to the normalization, as the composite operator ®*.

4.2.1 Kallen-Lehmann Representation in de Sitter

A general two-point function Gp(£) admits two useful integral representations. The first is the Watson-

Sommerfeld representation [93],

dJ
Go(§) = - [ 55(23 + 20)[ColiG(~:¢) (113)
~ 2mi
where G(A;£) is the free propagator with scaling dimension A = —J and the contour ~ runs parallel to the

Im(J) axis slightly to the left of zero. The function [Ge]; is called the Euclidean momentum coefficients,
because they define the angular momentum expansion of the position space propagator on the Euclidean
sphere. This representation can be obtained by analytically continuing the position space propagator on the
sphere [1,93,118].

Given a propagator Go(§), the momentum coefficients can be defined on the entire complex J-plane using

the Lorentzian inversion formula [1,118],

0 1
_ J+oa+3, J+1 .
[Gols :NJ/_OO AN IQFl[ 97 4 % 1 N disc Go(N), (4.14)
where the normalization is,
N = 27OFID(J + 1)(—1) ! . (4.15)

4TI +a+1)
Go (&) also admits a Kéllen-Lehmann representation, which is intimately related to the Watson-Sommerfeld

representation [118,120]. To see this note that the Watson-Sommerfeld integral can equivalently be written

in terms of A = —J after which it takes the form,
dA
Gol6) = [ 520~ 28)(Gol-sGlAig) (4.16)
N

4This is a standard flat-space CFT operator conformally mapped to the de Sitter bulk, and should not be confused
with the late-time boundary CFT operators discussed in the dS/CFT context. [49]
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Figure 4.1: We show a contour plot illustrating the Watson-Sommerfeld integral (4.16) over the contour ~
on the left. On the right we show the result of pushing this contour onto the principal series line and thereby
obtaining the Kéllen-Lehmann representation. The blue points represent potential simple poles of [Go]_a
that we may encounter as we deform the contour, the residues of which can be interpreted as complementary
state contributions to the spectral representation.

where the contour ~ runs parallel to the Im(A) axis and slightly to the right of the origin. We can push the
contour towards the principal series line, picking up any poles along the way, on which the shadow symmetry
of the free propagator forces us to extract the shadow symmetric part of the momentum coefficient [Gp]_4.
The result is,

oatioco A
Go(g) = / %pO(A)G(A; €) + (complementary states) (4.17)

—ioo
where pn(A) is called the spectral density and it is related to the momentum coefficients by pn(A) =
$(2a = 2A)[Go]_a + (A > A), ie. it is shadow symmetric. Here the integral sums up all the contributions
to the correlator from principal series states and the contributions from complementary series states appear
as residues due to pole crossings through the integration contour. We show a figure illustrating this procedure
in Figure 4.1. This representation can also be understood, as usual, as a simple consequence of the resolution
of the identity. Furthermore, unitarity demands that p,(A) > 0 on the principal series line.

The spectral density can be computed for a given dS propagator using the so-called Euclidean AdS

inversion formula [120],

-1
pol&) = [ ag(er -1y am | 2 A 10 | Gofo), (418)
. 2

where the EAdS normalisation is®

3
2t

N = T(A—o)T(a—A)T(at1)

(4.19)

"Note that we have an extra factor of 2r compared to [120] which is due to our normalisation convention for the
spectral density.
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Importantly, the spectral densities we will encounter will all be meromorphic functions. As explained in [118],
the singularities of the spectral density in the Re(A) > « region of the complex A-plane encode the infrared
behavior of the propagator. This can be seen by using the free propagator as written in (4.7) in the spectral
integral (4.17) and closing the contour towards the right of the principal series line. Denoting the locations

of the poles of pn(A) as A, we have®

A A—a+t
Go(\) = =2 Respo(A)A(ANS oF, [ A — 204 1
Ay

x} . (4.20)

As an aside, we note that the momentum coefficients can also be computed from the spectral density. To

see this note that we can resolve Go(\) in (4.14) into its Kéllen-Lehmann representation to obtain

omilo 2J + 20 + 1

/% Po(A) _
L2m(J+A)JT+A)’

[Goly = A 92 o(d) [NJ /_ Ooo DNTTF, [HM;’ JHN diSCG(A;X)} (4.21)

where we have used the fact that the momentum coefficients of the free propagator are [G(A)];' = (J +
A)(J + A). Note that the contour ~ lies along the principal series axis while separating the two poles at
A =—Jand at A =2a + J.

Let us briefly discuss some known examples of spectral densities of operators we will encounter in our
inflationary calculations. For a free principal series scalar ¢ with scaling dimension A, = a+iv, the spectral
density is

oo +iv) = Lp(v —ve) + 33p(v + o), (4.22)

where dp(v) is the Dirac delta function. The spectral density for the composite operator o2 is also known

[118],

et vsinh(m) T(3)°T (a - 3)’
p2(A) =H 21+ (o) T(A)L (20 — A) (4.23)

X T (Ag— LA)T (Ay — o+ LA)T (00— Ay + JA)T (20— A, — 1A) .

This spectral function admits three families of poles
A, =2A,+2n,2A, +2n, a+2n (n € Zsg), (4.24)

which are known to correspond to the so-called double trace operators on the late-time dS boundary [118].

SImportantly, all spectral densities we will encounter contain a factor of vsinh(wv), due to which the spectral
density p,(A) has zeros at A = a + n, for non-negative integer n. This eliminates a class of spurious poles of the
free scalar propagator at A = « + n.
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It will also be useful to recall the spectral density for a bulk CFT operator [118],

T((X+%22OL—5+2

) (3 —a+ 1)

ps (4 iv) = HHP 20+ vsinh(mv)|T (8 — o —iv) |*. (4.25)

Indeed we can see that § > o — % ensures the positivity of the spectral density and is therefore required by

unitarity. The singularities on the right side of the contour for the spectral integral are
A :6+H, DEZZO. (426)
Now let us move on to the main theory of interest—the compact scalar field.

4.2.2 Compact Scalars in de Sitter

A compact scalar ¢ is defined by the gauge symmetry ¢ ~ ¢ + 2n.7 In pure de Sitter the massless axion is

described by the acion

S = /dt d*x /=g [3£%(04)?] . (4.27)

It will often be convenient to keep track of the decay constant (or periodicity) using the parameter®

g = % <2Hﬁf>2 , (4.28)

Due to the periodicity of ¢, the only healthy operators in the theory are those that are built using gauge
invariant operators 0, ¢ and et We will primarily be interested in the propagation of vertex operators in
the bulk, i.e. V =: ¢'® :, which have been defined with respect to a normal ordering procedure in dimensional
regularisation [2]

V(x) = exp [%Bé(l) + %B (Hm—l - HQ_% + ng)} () (4.29)
where H,, are the harmonic numbers (analytically continued to the complex plane) and

G(1) = —2T'(a) (f)ZQ_S [w”)(za) + g — man(m)] |
(4.30

"We will be working with a dimensionless axion so that the decay constant only appears in the kinetic term.

8We will only be interested in B < 10. However it is worth noting that B usually cannot be made arbitrarily large
in realistic extra-dimensional models. When these compact scalars arise from a higher dimensional gauge field with
coupling gyum, there is also an associated cutoff A ~ %f [161]. For physics in inflation we should therefore expect

H« %f or B < 2n? /g3y which, for small gauge couplings, safely covers the range of Bs we are interested in.
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is the coincident limit of the massless two-point function in dimensional regularization. We have introduced
the mass scale p to ensure [f] = 1 in arbitrary spacetime dimensions. In the last line we have specialised
to a = 3%8 dimensions taking ¢ — 0 and defined i* = 4me"p?.  As with the Sine-Gordon model in
two-dimensional flat-space [162], we can interpret the scale i as the cutoff of the theory. Our choice of
normal-ordering keeps V' dimensionless, which we will find convenient. However, we note that we can always
recover the canonical mass dimensions by rescaling V — H®V at any point.

In the free-theory, correlation functions of the vertex operators must satisfy a “charge-neutrality” condi-
tion, i.e. correlators such as (V(x)V(y)) vanish. This is most easily seen in Euclidean signature, i.e. the sphere,
where integration over the Euclidean zero mode enforces this constraint. In general, the vertex operators do
not behave like standard free fields, clearly, since they are highly composite operators. Specifically, they do
not Wick factorize in perturbation theory the way free field correlators do, which complicates perturbation
theory at higher order [2]. However, since we are merely interested in tree-level exchange, this feature will
not be relevant for us.

We denote the vertex propagator as

VEVH) = Gy(\) =\ exp (Sx) , (431)

where we have specialised to four dimensions, and will do so hereafter. Note that this propagator has a
qualitatively different singularity structure— unlike composite operators such as o2 or O, which exhibit a
power law singularity, the vertex propagator has an essential singularity on the null cone (§ — 1 or X\ — 00).
However from the long-distance or boundary perspective, this propagator contains a hierarchy of states of
definite scaling dimension [2].

Instead of working with the propagator directly, we will instead find it useful to rely on its spectral
representation. To calculate the spectral density, we note that the vertex two-point function admits a simple

expansion in power laws,

o0 n B+n
Gy(y) =2 % (2) (4.32)

n=0
which importantly converges everywhere except at X\ = oo (or § = 1), i.e. in the deep UV. This is useful
because each power law can be interpreted as a bulk CFT state. In other words, we can interpret the
exchange of a vertex operator as a sum over bulk CFT states.’

To calculate the spectral density with the EAdS inversion formula (4.18) we can utilize (4.32) to resolve

the vertex propagator into a sum over bulk CFT states. This is legitimate since the EAdS region (X € (0, 1))

9The vertex operator is not special in this regard. Even a free scalar field can be safely expanded in power laws,
or bulk CFT states, in the EAdS region. However, in that case it is not very useful to make this identification.
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never sees the essential singularity in X\. Exchanging the sum with the inversion integral allows us to therefore

write,

) o0 Bn
Pv(A) =20 Z EPLH—H(A)
n=0 " (433)

_ 16mI'(1 — B) sin(wB) B—A, A—3+8|B
= TG D (3 — 2A) cos(RA)L(B — A)T(A — 3+ B),Fy 51 8 2}

where oF9 [a1, a9; b1, ba|z] is a generalised hypergeometric function. First, let us demonstrate the positivity
of this spectral function. For 3 > 1, positivity is obvious since all the bulk CFT spectral densities we have
summed have scaling dimension § = 3 +n > 1, and are therefore unitary. For 3 < 1, we have to do a bit
more work since the first term, corresponding to a dimension § = 3 CFT state, is not unitary. Specifically

in (4.33) we can isolate the first two terms which sum up to produce,

r@riv-3)P
I2(8)

ps(A) + Bpap(A) = 4m*vsinh(nv) [(1 — 28)% + 4v7] (4.34)
which is manifestly positive. Of course all the § = 3 + 2,3, - contributions are also positive since they
correspond to unitary bulk CFT operators. Therefore, we conclude that this spectral density is unitary for
any 8 > 0.

Examining the singularities of p,,(A) we see that it has poles at A, =  + n on the right side of the
principal series line.'® This merely reflects the fact that the vertex operator does not admit an infrared
OPE organised with scaling operators and shadows, unlike a free-field o or even composite operators such
as 2. This is not worrying since V o €'® is highly composite and we observe a similar singularity structure
for another highly composite operator, the bulk CFT operator, as well. Its appearance in perturbative
calculations can therefore be interpreted as a sign of strong-coupling.

Integrating the spectral function along the principal axis reproduces the Wightman function for 8 > 3/2.
However, for 3 < 3/2 we can analytically continue from larger 3 to find that the pole A, = (3 crosses
the integration contour, so we must account for the residue generated by it and be careful to remove the
contribution from the shadow symmetric piece (i.e. multiply by a factor of 2). This removal of the shadow
is equivalent to accounting for the residue of the momentum coefficient [Gy]_a, as illustrated in Figure 4.1.

To summarize, for § < 3/2 the spectral representation is,

oo

d .
Gy(\) = —2Resa—p pp,(A)G(A; N) +/ %pv (3 +iv) G (3 +iv;\) (4.35)

—0o0

Another check of the spectral density (4.33) is to use it to determine the infrared expansion of the vertex

0There are also poles at A =3 — B —n but they are irrelevant.
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propagator. We can simply use (4.20) which, we have checked, reproduces the infrared expansion of the
vertex propagator up to (’)(>\20 ).

Lastly, we show in Appendix C.5 that py,(A) ~ A%(B—Q) exp(Bl/3A2/3) as A — oo, which is slower than
exp(%A), as required by the convergence of the Kéllen-Lehmann representation. The spectral integral can
therefore easily be performed numerically. Moreover, this rapid growth for large A can be understood to be

due to the essential short distance singularity of the vertex propagator.

4.3 Non-Gaussianities in the EFT of Inflation

In this section, we will move from pure de Sitter correlators to inflationary ones. We start with a review of the
EFT of inflation, which is where all of the forthcoming discussion will be situated [20]. The inflationary state
corresponds to a weak breaking of the de Sitter isometries by selecting a “clock” or preferred time-slicing
t(t,x). To construct the EFT action we can write all possible terms consistent with the residual symmetries

of the theory, i.e. spatial diffeomorphisms. At leading order the action can be found to be,
p

S = / dt &*x/—¢g [%MQIR — M} (3H” + H) + MingOO} N (4.36)

where H is the inflationary Hubble parameter and the metric enters as g”° and R. We can use the Stueckelberg
trick to introduce the Goldstone mode corresponding to the broken spacetime symmetry and make the

transformation t — t + w(t,x) and x — x. The action is then
S = / dt &*x/—g BMEIR — M2 (3H(t + w) + H(t + 7)) + MyH (8% + 20, mg™ + 8ﬂavwg“'“)] . (4.37)

Evaluating this on the exact dS background gives g% — —1 — 2% + (n)? and the action is

Sy = / dt d*x =gMZH(0m)* + - - -, (4.38)
where we have isolated the leading quadratic term. The comoving curvature perturbation ( = —Hw and the
corresponding symmetry breaking scale can be read off this action as f* = 2M§IH = erMngQ,“ where the
slow roll parameter € = —H/ H2. It is also useful to canonically normalise the Goldstone to w. = wf2 so that
the action becomes

Sy = —/dn d*x 1a? [—(n))® + (Oime)?] (4.39)

111 the presence of terms quadratic in g%, one can admit a nontrivial sound speed ¢, for the inflaton in which
case the symmetry breaking scale changes to f2 = QMIZ,IHC“. We will assume c; = 1 here.
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where we have also changed to conformal time. The inflaton is a massless free field and its mode functions,

i.e. the solutions to the free field equations of motion in Fourier space, are therefore

mE(k,m) = (1 £ ikm)eTEn (4.40)

iH
V2k3
where the £ corresponds to the positive/negative frequency mode function. Using these we can determine

the ( power spectrum to be

2m2A . 1 (H\"

where A¢ = 2 x 107 is the amplitude of scalar fluctuations and is experimentally measured from CMB
data [14].
We are interested in perturbatively calculating the bispectrum (. (ki )w (ko) wc(ks)) at equal times 1, — 0.

To do so we will implement the standard rules of quantum mechanics and use the in-in formalism [163]
(e (k) e (ko) e (Ks)) = <(Tei Fare d“m(ﬂ)) 7o (ki )Tee (ko) e (k) (Te*iff”mufm dnHl<n>)> , (4.42)

where Hj(n) is the interaction Hamiltonian. Upon expanding the time-evolution operator, one can write
Feynman rules to compute these correlators diagrammatically [164]. To do so we will require the momentum
space propagators of all the fields involved. We need both the bulk-bulk propagators for any fields propagating
in the inflationary bulk spacetime and bulk-boundary propagators for our external fields, which for us will

just be w.. The bulk-bulk propagators can be determined using the n. mode functions to be

GEE(kim, ') = mf (k, n)wF (k,n)0(n — v') + 77 (k, n)mwe (k,v)0(n —n),

G (km,m') == (k,n)ng (k,m), (4.43)
G, (km,m') == (k,n)xd (k,m),

where these are the (anti)time-ordered propagators and the Wightman functions respectively. Likewise the

bulk-boundary propagators are

K‘%(]@ ﬂ) = T(;F(k, n)ﬁci(k7 no) . (4.44)

Since we are only interested in the w. bispectrum, w. will only appear as an external state and we will only

need to use the bulk-boundary propagator. We will represent it diagrammatically as

k =K (kim,mp), (4.45)
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where a = =+ represents the two operator orderings and the grey bar represents the late-time boundary of

inflation, which is also called the reheating surface.

4.3.1 Goldstone Mixing with Composite Operators

Now we will outline the leading interactions which mix the inflaton with a spectator local scalar operator
O(x). We will consider O = %02 and % [V + V‘L] for the non-compact and compact cases respectively. Our
discussion here will hold for any scalar local operator O(x) and we will only specialise at the end. For this
discussion, we will primarily follow the strategy of [44,63-65] and assume the local operator O(x) is drawn
from a de Sitter invariant sector. In other words, we will ignore slow-roll corrections to the propagation of
this operator since we expect such corrections to be slow-roll suppressed.

Before discussing the mixing with m., let us situate the discussion from Section 4.2 in the inflationary
context. For perturbative calculations we will need the momentum space Wightman function as well, i.e.

the two-point correlation function for the spatial Fourier transformed operator

Ok(n) = /dgxeik"‘@(x,n). (4.46)

The momentum space propagator can be obtained from the position space one using an ie prescription
OO = G (inw) = [ Pxd**Go(n—ie). (1.47)

where we assume 7 > 7/, taking the limit € — 07 after integrating. Note that the notation (---)’ indicates
that the momentum conserving Dirac delta function is stripped off the correlator. The Wightman function
for the opposite operator ordering G~*(k;m,n’) can be obtained by complex conjugation as usual. Using

these, both the time-ordered and anti time-ordered two-point correlators can be built,
G5 (k') = G5T (s m,n)0(n — ') + GG (ksm,m)0(n' —m) . (4.48)

For composite operators such as o and V), it is difficult to carry out these Fourier integrals analytically
as they amount to carrying out loop-integrals in momentum space. Instead we will note that the spectral
representation also can be trivially applied to momentum space propagators

3.,

§+loo d A

TpO(A)Gii(A; k;n,m’) + (complementary states) , (4.49)
i

GEE(km, W) = /g

5—100

where G (A;k;n, 1) is the momentum space free-field propagator with scaling dimension A. Diagram-

93



matically we will refer to this propagator as

%) =GP (kn,'), (4.50)
where a,b = + correspond to any four of the possible propagators involved in the bulk propagation of O.
Note that although O is in principle highly composite, since we are working at tree-level we will only ever
have to deal with a single propagator and we will not have to worry about potential complications with
Wick factorization that appear while dealing with loops of the compact scalar [2]. Therefore the standard
Feynman rules can be implemented without any change.

The leading coupling between the Goldstone w, and O is determined by
Sor = / dtd®x\/—g Bg/\g(l + g“(’)o} : (4.51)

where we normalise O to keep mass dimension [O] = 1 and the coupling dimensionless, leaving the cutoff A

Ao=1ip the coupling g, which restores the canonical mass

explicit. In doing so we are hiding a factor of (H/A)
dimensions of O to [O] = Ap. However we can always reintroduce this factor at a later stage. Introducing

the Goldstone mode leaves us with
Sor = / dnd*xa’?(n) |gA’t 2a(n)n.O — LgA’f 4 (7))?0 + %gASf;A‘((‘)mC)QO} : (4.52)

We will only pay attention to the couplings with time-derivatives and discard the (9iw.)? term. This is
because we are primarily interested in the squeezed bispectrum and additional spatial derivatives produce a
suppressed contribution in this limit (see e.g. [63]). Therefore for our purposes the interactions we need to
keep track of are

Sox = /dnd3x a’ [gASfﬂ_QaﬂéO — %gA:ifﬂ_‘l(‘ng)QO} . (4.53)

These interaction terms produce a quadratic vertex and a cubic vertex

ky = —igh’f-%a%(n)d, and ki ky = —igA*f*a?(n)0,0y (4.54)

(@) (@)

where it is understood that the time-derivatives act on the . mode functions. Note that momentum is

conserved at the vertices due to spatial translation invariance of the background.
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4.3.2 Primordial Bispectrum

There are many available tools to perturbatively compute inflationary correlation functions. One can im-
plement the standard in-in formalism [52,60,155,156,163-166], analytically continue Euclidean AdS Witten
diagrams [119,120,167,168], or analytically continue from the Euclidean sphere [1,2,59,93]. The bootstrap
approach, on the other hand, recasts the standard in-in diagrams into second order differential equations
and we will particularly be relying on insights and results from this approach [36,57,58,63,169-173].

Let us begin with the simplest case of tree-level exchange of a scalar with scaling dimension A. In
the bootstrap approach, the primary object of interest is the seed function, called b(A; k1, ko, k3), which is
the three-point correlation function of conformally coupled scalars, in place of w., due to a massive scalar
exchange. Since the massless propagator is related to the propagator of a conformally coupled scalar via
certain weight-shifting operations, the respective bispectra can also be related similarly [36]. Here we will
recap some essential features of the tree-level exchange bispectrum and defer the details to Appendix C.1.

The seed function b(A;ky, ko, k3) is highly constrained by the de Sitter isometries on the late-time bound-

ary, where they become the three dimensional Euclidean conformal group. Conformal symmetry forces this

function to be of the form b(A;ky, ko, k3) = k?jlf)(A; u), where u = kllfst is called the momentum cross-ratio,
which for physical kinematics (set by momentum conservation k; + kg + ks = 0) takes values u € [0, 1]. The
limit u — 0 corresponds to squeezed triangles (ks < ki, ko) and the limit u — 1 corresponds to flattened
triangles (ks ~ ki 4+ ko). The squeezed limit will be the primary focus of this paper. The reason for these
simplifications is essentially because we are working in the slow-roll approximation, where all the propagators
are taken to be de Sitter invariant, and all knowledge of slow-roll is hidden inside the symmetry breaking
scale f.
In terms of the seed-function the w. bispectrum takes the form

g2 AOH3 1

166 kikoksk?,

0y

B (ki ko, k3) = — (ud? + 20,)b(A; u) + cye., (4.55)

where “cyc.” denotes cyclic permutations in the momenta k;, ko and k3. Therefore the form of the primordial
bispectrum is entirely dictated by the seed function E)(A; u). This function is conventionally organised into

two parts,

DA ) = Brrr(Aiw) + 5 [Pra(A5w) + Bra(Bs0)] (4.56)

The EFT piece BEFT(u), as the name suggests, is an analytic function of u and is entirely mimicable by local
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self-interactions. It can be expressed as a series expansion

R s 1 n ﬁn| n+l n+42
bepr(u) = (-) CH(A)uHHQFI[ 20 2 u2] (4.57)
HZ:; 2) T(n+3) n+3
where the series coeflicients are
1
cn(A) = (4.58)

(A—n—-2)(n—1-A)"
which carry all the mass dependence in the tree-level exchange process. Importantly, this series converges
in the physical domain, except for u — 1, and we review this limit in more detail in Appendix C.2. The
non-analytic piece is

Ha-

) 2 _TE-A)ra-9ri(y)
Al u } , F(A) =

(
23— 3)

BNA(A; 11) = ]:(A)UA_lgFl [ . (459)

In the squeezed limit this scales as bya(A;u) ~ F(A)u~!. For heavy masses v > 1 (where A = S 4iv)it

is useful to recall that
. R 1. 1.
baa(3 +iviu) + baa(3 —ivsu) ~ v 2o ua Y 4y e T2 T, (4.60)

where the exponential decay is the characteristic Boltzmann suppression associated with particle production
in de Sitter. A crucial point is that BNA(A; u) admits simple poles in the complex A-plane, specifically when
Re(A) > 2. The form of the amplitude F(A) makes it apparent that these poles are at A = 3 + n and
A =2(n+1), forn € Z>.

Now let us move on to the case where we exchange the composite operator O. In the exchange diagram

for the inflationary bispectrum, we can resolve O into its spectral representation in order to express it as a

sum over free field exchange diagrams, weighted by the spectral density. Schematically

3.
§+1oo dA
k ke k: = — A k k- k:
\/z /3 /;;ioo o p@( ) X 1 2 3
.T. 0

As with the tree-level bispectrum, we are constrained by the de Sitter invariance of the composite operator.

(4.61)
Therefore the form of the composite-exchange bispectrum is fixed by a single function

R g Hioo R
Bo(u) = /§ d—A.pO(A)b(A;u), (4.62)



where B(A; u) is the standard tree-level seed function, and we have assumed no complementary states con-

tribute. The bispectrum generated by So, can be readily expressed as

2 7 6py3 )
gAML 1524 20,)Bo(u) + cye. (4.63)

B, (ki ko, ky) = —
(k1, kg, k) 166 K koksk?,

Recalling that ¢ = —(H/f2)x., the ( bispectrum can then be expressed as

A

B (ki, ko, ks) = 3g(2nA()? ( (ud? + 28,)Bo () + cye. (4.64)

6
H) kikoksk?,
Therefore in order to obtain the bispectrum, we must solve for the seed function B@(u). We will proceed by
separately performing the spectral integral for BEFT(A; u) and BNA(A; u). In other words we can express the
complete answer as
Bo(u) = BET(u) + B (u) . (4.65)
Let us discuss the EFT piece first. Note that in (4.57) since all the mass dependence is captured by the

series coefficients ¢, (A), the series expansion will remain analytic in u and only the coefficients will change.

Therefore the EFT piece can be expressed as

o0 n
. 1 Vrn! ol nt2
BET(q) = —— )] YX—COuwthLF | 2 2 [P, 4.66
O(u) nz:;) 2 F(n—f—%) nu 2601 H-’-% u ( )
where the series coefficients are
2+ gA po(A)
o = / — = . (4.67)
3 oo 21i (A—n—2)(n+1—-A)

Note that these coefficients can very easily be UV divergent, provided the spectral density grows like p(% +
iv) ~ v as v — oo. However, our focus here is on the squeezed limit of the bispectrum, in which this piece
scales at most as B’g T(u) ~ u. As we will see explicitly below, this is typically subdominant compared to the
non-analytic piece. Therefore we will move on to the non-analytic piece and defer a more complete discussion
of the EFT piece to Appendix C.2.12

At tree-level, the non-analytic part is written as a sum of shadow symmetric terms. Since the spectral

density is invariant under shadow symmetry on the principal series line, we only need to integrate over one

12The EFT piece is nevertheless important in order to capture the full shape of the bispectrum. As we discuss
more thoroughly in Appendix C.2, the EFT piece is crucial in cancelling an unphysical singularity when u — 1, or
for flattened triangular configurations.
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Figure 4.2: The contour deformation to resolve the spectral integral of BNA(A; u) in terms of a sum over
residues. The blue points schematically indicate the poles of the spectral density A, and the red points the
poles of the tree-level seed function bya(Aj;u) at A =2,4,---.

of the terms. The result is then,

3

A 2% gA .

Bt () = /§7' o Po(A)bna(Asu). (4.68)
2 100

Recall that by virtue of Boltzmann suppression, BNA(% +iv;u) ~ e ™"l when v — 400. Since a healthy
spectral function must grow slower than that for the Kéllen-Lehmann integral of the two-point function to
converge, the non-analytic piece must be free from UV divergences. Of course, this makes sense since the
non-analytic piece is fixed by infrared physics, i.e. the long-distance propagation of the exchanged operator O.
Note that this integral can also readily be done numerically. In case any of singularities of the spectral density
A, cross the integration contour, we must be more careful in also accounting for the residues accumulated
along the way. We will comment on those cases separately.

Now we wish to deform the contour to the right of the principal series line and resolve our integral into
a sum over residues, as shown in Figure 4.2. We note that for large and positive A the function BNA(A; u)

scales as
u4+4(\/17u272>u278\/17u2+8

ut

. 1 1
brna(Asu) ~ A7 2 exp ZAlog , (4.69)

where the coefficient of A in the exponent is negative for all physical kinematics u € [0, 1) (see Appendix C.4
for details). Therefore as long as the spectral density p,(A) grows sub-exponentially this deformation can
always be done. We will find that this is the case for both 0% and the vertex operator.

The potential poles we encounter are either those of bya(A;u) or of py(u). Let us discuss the former

first. We encounter one set of poles at A, = % +n, for n € Z>(. Fortunately as discussed in Section 4.2, all
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known spectral densities have zeros at these locations so these poles are spurious. We also have singularities
at A, = 2n+ 2, for n € Z>(, which do not have any reason to be eliminated. These poles will contribute
terms which are analytic in u, i.e. they will resemble EFT type terms.'

We will also receive contributions from the singularities of the spectral density. These have a clear

interpretation as the infrared states we observe in the squeezed limit of the inflationary bispectrum. Putting

everything together we have

o0

BEA(u) = — Z [RCSA*pO(A)] BNA(A*; u) — Z |:RCSQH+QBNA<A; u):| p0(2n + 2) . (470)

Ay n=0
An implicit assumption here is that the singularities of the spectral density do not overlap with those of
BNA(A; u). The singularities can overlap e.g. for the compact scalar when B € Z>(, but we will ignore these

cases here. Let us now evaluate the seed function for the non-compact and compact theories.

4.3.3 Non-Compact Scalar

For O = o2 one fairly straightforward way to calculate the non-analytic seed function is to simply numerically

3

integrate the spectral integral. When 2A, > 5, i.e. when the poles of the spectral density lie to the right

side of the principal series line we have

5 1 [ dv L. . .
BNA(u) = 5/ %pgz(u) bna (3 +iviu) + bna(3 —ivsu)| . (4.71)

Along the principal series line when v — oo the spectral density scales as

3
1 a—5
pro-2g . Vo (4.72)

Po (@ + 1) = F A ST (o) 8w

so the numerical integral converges for all u. When the poles cross over to the left of the principal series line,
the spectral representation of 62 does not only include principal series states, but also some finite number of

complementary states. These can be interpreted as pole crossings through the principal series contour as we

13 At first glance it may seem odd that summing the non-analytic bispectrum, which is what the spectral integral ac-
complishes, produces EFT-type terms at all. However, the function BNA(u) as we call it receives a partial contribution
from the non-factorizable in-in diagrams. In simple terms, the separation between the EFT and non-analytic piece
at tree-level is not sharp. A better representation of the tree-level bispectrum therefore may not see the singularities
at A =2,4,---. We thank Hayden Lee for explaining this to us.
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continue from 2A, > % to a smaller A;. When the pole A, = 24, < % the numerical integral is amended to

BNA(u) = — [BNA(2Ag;u) + (A & A_o)} Resyn, p,2(A)
(4.73)

1 [ dv N . - .
+ B [m ﬁpnz(u) {bNA(% +iv;u) —|—bNA(% —iv;u)| ,

where the residue can equivalently be seen as the contribution from the momentum coefficient [Gg2]_a which
now has a singularity on the complementary series line (see Figure 4.1).

When we work with the sum over residues instead we have three sets of spectral function singularities
to keep track of. We will start with the assumption that o is a principal series scalar and analytically
continue our result to the complementary series. This prescription is the same as requiring that the contour
of integration in (4.68) must separate the “left” and “right” poles of the spectral density, as is commonly
implemented in Mellin space [167,168]. Lastly, note that as A — 400 the spectral density scales as p,2(A) ~
A. Following the discussion in the previous section, the exponential decay of BNA(A; u) ensures we can apply
the residue theorem for all physical u.

In (4.70), in principle we have contributions from A, = 3,5,7, - -, however we find that BNA(3—|—2n; u) =0
so this series of poles does note contribute. Then, the set of poles of BNA(A;u) at A = 4,--- also don’t
contribute—only the one at A = 2. This is because p,2(4 + 2n) = 0 for n € Z>¢. The only remaining poles
which contribute are the ones at 2A, + 2n and 2A, + 2n. Putting everything together we have

(3—2A,)

g

s ) i (4.74)
= “ReSQAU_;_ang(A)} (28 + 2051) + (A < Ag)} .

n=0

BUNZA(u) =

csc 2w A, arctan(u)

We show a comparison of the analytical result with the numerical one in Figure 4.3 for scaling dimensions
A; = 0.2 and A, = 1.3. We observe that as we approach u — 1, we need to sum over more terms in the
series, especially for larger scaling dimensions. This is because the convergence of the series worsens as we
approach the flattened configuration, especially for larger A,. Nevertheless, most triangle configurations are
captured with great accuracy using N ~ 10 residues. We also see that for larger mass, the small u behavior
is regular, whereas for small A, we observe a singularity. This is the usual singularity in the bispectrum
l::o’qz (u) ~ u**+~1 if we exchange a light scalar, and the threshold for seeing this singularity is A, = 1. Lastly,
the growth as u — 1 is the standard log(1 — u) growth associated with the non-analytic piece. As observed
for the tree-level seed function, we expect that it should be cancelled by the EFT piece, which we partially
discuss in Appendix C.2, but leave a complete investigation for future work.

Now we are primarily interested in the seed function when A, — 0. It is instructive to note that the

leading residue in this limit is at A, = 2A,, where it scales as Resya, py2(A) ~ —1/(872A4) + O(AY). This
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Figure 4.3: We compare the result of the numerical integral (4.68) for the operator o with the corre-
sponding analytical result for scaling dimensions A, = 0.2 and A, = 1.3. We sum up to N = 10 and N = 40
residues for the solid lines and show the numerical integral in black dots.

is of course the usual infrared divergence observed for light scalars in de Sitter. The key point is that all

other residues are regular in this limit. Therefore the seed function in this light limit is given by

A 1 ~
BGNQA(U) ~ SZA bNA(ZAG; u) =

I (3 —2A0,)T(1 = Ap)T(A,)?
16m2A,T (3 — A,)

el (4.75)

where in the second equality we have expanded the seed function in the squeezed limit. We can translate
this result onto the inflationary bispectrum using (4.64). This produces the well known local shape in the

inflationary bispectrum

koo 5 Ac (A’ k)"
Be(ki, ko, k3) —— —g 16A(2T (H) Pc(ki)Pc(ks) <k1> , (4.76)
where the amplitude fyp o A;Z is infrared enhanced by the mass. However as we will see below, this
infrared enhancement is a signal that this answer is incomplete. In other words, it is a sign of the theory
losing perturbativity. Higher order operators such as o 6% --- need to enter the picture to potentially
rescue this divergence. We will see shortly that for a compact scalar, this does indeed happen, and keeping

track of the full gauge-invariant operator will change the scaling of the bispectrum in the squeezed limit.
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Figure 4.4: The same as Figure 4.3 but for the compact scalar. We sum up to N = 10 and N = 40 residues
for the solid lines and show the numerical integral in black dots. On the left we show the comparison for
B = 1.8 and on the right for 3 = 3.4. We see that as we increase (3, we need to sum over more residues to
match the exact numerical answer.

4.3.4 Compact Scalar

For the compact scalar the composite operator being exchanged is %[V + V1] s0 we rely on our computation
of the spectral density p,,(A). With the spectral density, we can calculate the non-analytic seed function by
numerically performing the spectral integral. For 8 > 3/2 it is

A 1 [ d N N
BYA(n) = 5/ %pv(u) [bNA(% +iv;u) + bna(2 — iu;u)} . (4.77)

Recall that the spectral density of the vertex operator grows as AF6-2) exp (3[3'2/43/%2/3) which ensures that
this integral converges (see Appendix C.5 for details).

This is sufficient when > %, i.e. in the absence of pole crossings. For 8 < 3/2 the spectral representation
of the vertex operator also includes a complementary series state. In that case the spectral representation

of the non-analytic piece becomes

By = - {BNA(B;H) + by (20 — Bﬂl)} Resyppy,(A)
i b b (4.78)
! %[ ;T];pV(u) [bNA(% +iviu) +bra(§ - iv;u)} :

As discussed previously, we can also simply apply the residue theorem to the spectral integral, assuming

B > 3/2, where the resulting expression applies for all 8 by analytic continuation. In order to do so we note

14YWe could have instead worked with the operator cos(b + &), where ¢, is an arbitrary phase and arrived at
O = %ei%v + c.c. instead. At the level of the bispectrum, this phase can be completely absorbed by the coupling
g, so we find it convenient to set it to zero. This also enables us to match with the non-compact theory since
cos(dp) =1+ 36" +---.
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that the relevant poles of the spectral density lie at A, = f + n where n € Z>(. In addition to this, all of

the poles of BNA(A; u) at A =24,---, will also contribute. The complete answer then becomes
By(u) = = > Resprapy(A)] bua(p + niu) = 3 [RCSQHHBNA(A; w)| py(2n +2). (4.79)
n=0 n=0

The sub-exponential growth of the spectral density ensures that the sum over residues converges. Neverthe-
less, the spectral density grows rapidly compared to p,.(A) which makes numerical convergence extremely
slow as u — 1. For these points it is more efficient to instead numerically perform the spectral integral.
We compare the numerical evaluation of the spectral representation with the analytical result in Figure 4.4.
Indeed we observe that the convergence of the series becomes worse as we approach u — 1. Nevertheless
since we are only interested in the leading asymptotic behavior as u — 0, we only need to keep track of the

first term of the sum corresponding to n = 0. When 8 < 2 the leading scaling is determined by the residue

at A, = to be
5 reg—3) - 4m320 cot(3B8)
BYA(u) &~ 16m%(3 — 2B) cos(mf) =———————bna(B;u) = ——— 2Lyl 4. 4.80
(1) 167(3 — 28)cos(B) s rbwa (i) = (4.80)
whereas for B > 2 the leading scaling is analytic in u
BY¥A(u) & —2p,,(2) arctan(u) = —2p,,(2)u + - - . (4.81)

The interpretation of this result is also clear— for sufficiently large (3, the vertex propagator decays rapidly
which means that it becomes difficult to produce an on-shell compact scalar state. In this sense, the compact
scalar becomes very “heavy”. Its effect on the bispectrum becomes degenerate with that of a series of local
self interactions of the inflaton. This is consistent with the observations of [2] where it was found that loop
effects of the compact scalar exponentially diminish in magnitude as we send 3 — oco.

We therefore see that working with the appropriate gauge-invariant vertex operators for a massless
compact scalar leads to a qualitatively different prediction for the squeezed bispectrum. Instead of the
local shape, the squeezed limit is determined by another important dimensionless ratio, namely B oc (H/f)2.

For the primordial ¢ bispectrum we therefore find that for § < 2

\ ks )"
Btk ) 2% () (1) PelPeta) +-o (1.5)
where the amplitude is ‘
s o (AN B
fne(B) = —27°g A o B cot 5 ) (4.83)
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We observe that this amplitude, for g ~ 1, can be at least an order of magnitude larger than the one in
the corresponding non-compact case. However, due to the degeneracy with the coupling we do not see this
as a reliable discriminating factor. We also note that this amplitude diverges at 3 = 2,4,6,---. This is a
manifestation of the fact that for positive integer B, the poles of py,(A) overlap with those of bra(A; ).
In a previous study [2], it was found that it is necessary to be careful around integer 8 values in order to
extract physical effects. Moreover, in Appendix C.3 we analyse the bulk CFT exchange case which exhibits a
qualitatively similar feature when the CFT scaling dimension § takes integer values. Specifically we analyse
the bispectrum when § = 2 and show that it is no longer built up solely of power-laws, but also contains log(u)
terms. We expect a very similar result for the compact scalar with positive integer 3 as well. Nevertheless,
we will leave a careful treatment of these values of 8 for future work. Finally, when 8 > 2 the analytic scaling

dominates and the bispectrum in the squeezed limit is

2
k k
Btk keke) 2 () Pelia)Peli) + - (45)

which is degenerate with local self-interactions of C.

For our final point, note that in general we could have considered a gauge-invariant operator with any
frequency cos(pd), for positive integer p. The two-point function for such a vertex operator V, o eP® is
instead [2]

2 ;
(VIV,) o exp (?x) N (4.85)
i.e. its effect is the same as working with our V and a rescaled B — p2B. As we have just observed, vertex
operators with large 3 behave like heavy operators in that they decay very rapidly as they propagate through
spacetime, which implies that they are difficult to produce in the expanding inflationary spacetime. Therefore
their effects in the squeezed limit of the primordial bispectrum will be subdominant. In this way, we can see

that the predictions for the compact theory are dominated by a single vertex operator.

4.4 Discussion and Conclusions

In this paper, we have studied the phenomenology of light compact scalar fields, or axions, which acted as
spectators during inflation. Our study is a step in fully characterising the impact of such scalars on the
non-Gaussianity of the comoving curvature fluctuations (. Specifically, we have argued that to capture the
effects of the compact scalar ¢, it is necessary to properly account for its gauge symmetry, and in doing so
demonstrated a qualitatively different prediction than that of the non-compact scalar o, as was previously

found in [2]. We targeted the squeezed limit of the bispectrum as a particular observable, and subsequently
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found that working with the gauge invariant vertex operators V' produced the novel scaling

ks \P k)2
Be(ki, ko, ks) ~ [ — ) + (= (4.86)
ky ky

in the squeezed k3 — 0 limit. The bispectrum decays with an exponent set by the ratio H/(2xf), i.e. the ratio
of the inflationary Hubble scale to the field-space circumference of ¢. Since we are required to work with a
highly composite operator in this theory, the light compact scalar can be understood as a strongly-coupled
sector. Indeed, the qualitative features of the spectral density p,,(A) in Section 4.2 revealed similarities
with another example of a strongly-coupled sector— the bulk CFT operator. We additionally discuss the
bispectrum generated by the CFT operator in Appendix C.3 and find a result which qualitatively displays
a similar scaling in the squeezed limit as the compact theory.

One observable in which the squeezed bispectrum explicitly manifests is the power spectrum of a late-time
cosmological tracer, e.g. galaxy clustering catalogues or line intensity maps. Let us call the fluctuations of

this tracer 8;(z, k) at redshift z with power spectrum,
(84(2, k)8 (2, k")) = (27)%8p (k + k' )D?(2)P (k) (4.87)

where D(z) is called the growth factor since it tracks the growth of fluctuations over time. Recall that for

B < 2 the squeezed ( bispectrum is given by,

B

ks—0 k

B¢ (ki ko, ks) = i (B) (1{3) : (4.88)
1

In general, primordial non-Gaussianity impacts the clustering of tracers in the late universe [174,175]. In

the tracer’s power spectrum this scaling is reflected as [45,176, 177]
Py(k) = [bf + befan (B)k ] P (k) (4.89)

where P, (k) is the dark matter power spectrum, b is the linear bias and b¢ is known as the scale-dependent
bias which is generated by non-Gaussianities in (.!> The scale-dependent bias is a useful probe of primordial
non-Gaussianity as it causes the power spectrum Py(k) to grow in magnitude for longer wavelengths, i.e.
in the k — 0 limit. When 8 > 2 the situation is equivalent to setting fyy = 0 as the power spectrum is

regular in the limit k — 0. Therefore we have a range of exponents § € (0,2) which have the potential to be

15For the reader who is unfamiliar with these terms—the linear and scale-dependent biases can be understood as
free parameters which track our ignorance of astrophysical processes involved with the production of the specific
tracer being considered. For example, if our tracers are galaxies, these parameters capture any unknown physics
involved with galaxy formation.
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measured by cosmological surveys.

Unfortunately, the compact scalar bispectrum is not unique in this regard. We have also calculated
the bispectrum generated by the operator o?. Assume we keep the mass m, non-zero, but still in the
complementary series so that the scaling dimension A, € (0, %) Recall that 1”3’02(11) ~ u** =1 for small
but non-zero A,. This produces a scale-dependent bias 8P (k) ~ k**~2 where 2A, € (0,3). Therefore
this theory is also capable of generating the same numerical exponent in the scale-dependent bias term. As
we discuss in Appendix C.3, the exchange of a bulk CFT operator is also capable of generating the same
squeezed bispectrum. Seen from the opposite perspective, this also demonstrates that a measurement of
the exponent in the squeezed bispectrum can correspond to vastly different physical mechanisms. For the
non-compact scalar we measure A, or the mass, and for the compact scalar the exponent measures the ratio
of the inflationary Hubble scale to the circumference of the compact scalar’s field space 2nf. Therefore one
must be careful while interpreting a measurement of this exponent with future cosmological surveys.'®

This does not of course preclude the possibility of distinguishing between these scenarios using a complete
bispectrum template which is valid for other triangular configurations. In other words, measuring subleading
terms in the series expansion of BA(I‘QIA(u), which as we have seen are fixed by the spectral density py(A),
provides sufficient information to specify the operator O. In Appendix C.2 we find preliminary signs that
for the compact scalar case, the non-analytic piece B]I\}A is of comparable size to the EFT piece B’%FT even
for B > 2. This suggests that utilizing all available triangles can allow us to identify the vertex operator
exchange. Of course, this is only practical insofar as systematics permit so we leave a careful investigation
for future work.

This work has set the foundations for studying the effects of light compact scalars, and many of the
results can trivially be extended to theories with multiple compact scalars as well. In more realistic quantum
gravity models, we typically encounter not one but many such compact scalars with decay constants (3,

ranging across many orders of magnitude [84-86,130-132]. These scalars typically mix very weakly and we

can therefore expect them to combine linearly at the level of the (-bispectrum

; B
Be(ki, ko, k3) ~ Z fne(B;) G:) ; (4.90)

i|B;<2

and therefore also at the level of the tracer’s power spectrum

P(k) = |bi + Z befne (B)k" % | P (k) . (4.91)
i|B; <2

'6We thank John Stout for highlighting this point.
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Depending on the density of decay constants in a given window of mass scales, this may change the scaling
with k from a power law entirely. We leave a more careful examination for future work.

This paper is a step in characterising the inflationary phenomenology of spectator axions during inflation.
More work needs to be done in order to be in a position to fully exploit the available cosmological data to
constrain such models. As discussed above, there are many interesting directions to explore. We summarize

them below:

e Our focus here has been on the squeezed primordial bispectrum, using which we identified an interesting

€

range of axion decay constants to be 3 < 2 or f >

H. It would be interesting to calculate the
bispectrum for all triangular configurations which may allow us to identify other configurations in
order to detect a light compact scalar. We have taken the first steps towards this goal in Appendix C.2.

In this vein, the techniques used in this paper can also be trivially extended to calculate the primordial

trispectrum as well. We leave a complete exploration of these targets for future work.

o A related aspect which deserves further investigation is the flattened configuration, i.e. when u — 1.
For the compact scalar, it is unclear if the bispectrum exhibits a singularity in this configuration
or not. As discussed more thoroughly in Appendix C.2, this singularity is typically expected to be
absent for any bispectrum in the Bunch-Davies state. However, the compact scalar is a very composite
operator and may not satisfy this expectation. In order to study this, it would be necessary to carefully

renormalise the EFT piece of the seed function. We leave this for future work.

e In this paper, we have worked with a toy model for the compact scalar field. In more realistic scenarios,
there may be several compact scalars active during inflation. It would be interesting to apply the results
developed here to different UV models in order to develop a more realistic phenomenological picture.
Moreover, it would be interesting to place constraints on such compact scalars using Planck CMB data

and galaxy clustering data, e.g. the SDSS-BOSS catalogue. We leave this for future work.
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Skewing the CMBXLSS: a Fast Method for Bispectrum Analysis

5.1 Introduction

With a variety of new cosmological data becoming available this decade, we will be able to improve our
understanding on many of the open questions that we are still facing in fundamental physics. With galaxy
surveys such as the Dark Energy Spectroscopic Instrument (DESI) [30] and the Vera Rubin Observatory’s
Legacy Survey of Space and Time (LSST) [178] probing redshifts z > 1, the amount of information accessible
to us will be drastically growing. In addition to direct analyses of large-scale structure (LSS) surveys, it
is useful to rely on cross-correlations with alternative tracers such as the cosmic microwave background
(CMB). Through gravitational lensing, the observed CMB map can trace all intermediate matter between
the surface of last scattering and the present day and, as such, is highly correlated with the intervening
galaxy field. The Planck satellite [6] has already detected CMB lensing to high statistical significance
and upcoming CMB surveys such as CMB-Stage IV and the Simons Observatory will improve on this
by an order of magnitude [179,180]. A cross-correlation analysis is a useful complementary probe of the
redshift evolution of LSS. Since the CMB lensing window peaks around z ~ 1 — 3, correlation with galaxy
samples in this range can provide, for example, constraints on the nature of dark energy [181] or tests of
general relativity at the largest scales [182]. Moreover, it is a powerful tool to break degeneracies between

cosmological parameters, such as the one between the matter fraction €2, and the amplitude of galaxy
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clustering measured on spheres of comoving radius R = 8/h Mpc, namely og, and also bypass the cosmic
variance limited by the survey volume [183]. Already at the power spectrum level, cross-correlation analyses
are expected to boost constraints on new physics such as neutrino mass, primordial non-Gaussianity and
shed light on existing cosmological tensions, such as the clustering of the LSS and the value of the Hubble
parameter [184-190].

Galaxy and CMB lensing maps are highly non-Gaussian due to gravitational instability and thus contain a
wealth of information in higher-point correlation functions. However, working with higher-point statistics can
be a complicated exercise since the number of configurations that are necessary to estimate them drastically
increases. For example, while the power spectrum requires O(N?) pairs, the bispectrum requires O(N?)
triangles, which can easily become computationally expensive as the number of observed modes N grows.
This issue can be circumvented in practice by averaging the bispectrum appropriately so that minimal
information is lost, while effectively reducing the complexity of the analysis to that of a power spectrum,
i.e. O(NlogN) time. Such an averaging procedure can be performed in a number of ways, for example [191]
computes an un-weighted skew-spectrum of the CMB temperature field. The method we focus on in this
paper is the bispectrum weighted skew-spectrum (or simply the weighted skew-spectrum), which is derived
from a minimum variance estimator of the bispectrum amplitude [192]. This approach was first introduced
in [193] in order to expedite a non-Gaussian analysis of the CMB, and has subsequently been applied to the
LSS in [194-197]. In this work, we extend the analysis to the cross-correlation between CMB lensing and
LSS. Note that henceforth we will use the term skew-spectrum to be concise, but our statistic should not be
confused with that in [191], for example, where they do not apply a bispectrum weight.

While this skew-spectrum was originally developed to detect a primordial bispectrum amplitude, it can
be used to measure other amplitude parameters such as the galaxy bias parameters. As such, it is also an
optimal statistic to capture physics that does not have its roots in primordial fluctuations. However, many
cosmological parameters of interest do not, in fact, enter the bispectrum as an amplitude, e.g. the density
Qx for species of matter, or the spectral tilt of the primordial power spectrum ng. Despite this, we can
attempt to constrain such parameters using the skew-spectrum and we investigate how the errors compare
with those from the bispectra directly. In this work, we consider a vACDM cosmology, where the neutrinos
are parametrized by the total sum of neutrino masses M, = (m; + ms + mg3), a precise measurement of
which is instrumental in establishing the hierarchy of neutrino masses®. Cross-correlations can be useful in
constraining neutrino masses [199] already at the power spectrum level [185] and can be further improved

by including the bispectrum [200].

!Current experiments can only measure the difference of the squares of the masses, Am3, = mj —m? and |Am2| =
‘m% — (m3 +mi)/ 2’. Since the sign of Am? cannot be determined, the hierarchy of masses is unknown [198]. The two

contenders are the normal (m; ~ my < m3) and inverted (m; < ms & ms3) hierarchies.
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As a preliminary step to an application to actual data sets, we apply our skew-spectrum to a simulation
suite called MassiveNus [201]. In particular, the cross-correlation between CMB lensing and the LSS provides a
valuable means of breaking degeneracies between cosmological amplitude parameters and galaxy bias, which
is not possible using galaxy data alone. As such, we focus on using the cross-correlated skew-spectrum to
constrain bias parameters for the MassiveNuS halo catalogue, as well as the parameter Ay, which measures
the deviation from Poisson shot noise. This exercise has been performed in [194] and [202] for the LSS alone
with other simulation suites.

This paper is organized as follows: We start in Section 5.2 by recalling some relevant properties of our
observables in harmonic space, define the skew-spectrum estimator and define the algorithm to be used in
real data. In Section 5.3, we compare the bispectrum and the skew-spectrum through Fisher forecasts for
CMBxLSS, assuming DESI and the Planck satellite [6] specifications. Finally, in Section 5.4, we apply the
skew-spectrum to the MassiveNuS simulations as a proof-of-concept. We compute the halo and weak-lensing
spectra, and covariance matrices from the simulated data. We further perform a Markov chain Monte
Carlo (MCMC) likelihood analysis to infer constraints on halo bias parameters and Agpo;. We conclude in

Section 6.6.

5.2  Skew-Spectrum

To begin our discussion, we first note that any generic (local) quadratic field in harmonic space Dy, is defined

as a convolution of fields &y, with a kernel Ky, ¢,¢,:

b 4y l
DEm - Z Z Kllfgﬁ 66111116521112 3 (51)

£ym; £omy m; 1My —m

where the Wigner 3-j symbol here is necessary to ensure that it is composed of a local product of density
fields.

Given the minimum variance (MV) estimator of the bispectrum amplitude, one can ask for the choice of
kernels which minimizes loss of information when cross-correlated with a single density fluctuation from the
full bispectrum. Namely, we are interested in the quantity,

<D51116z’m’> = BZ’SK

mim

.Cy, (5.2)

where we call C; the skew-spectrum and 8 is the Kronecker delta function. In the case of LSS, one such

natural choice of kernels is the Legendre polynomials P, for £ = 0, 1, 22. This is because in galaxy bispectra,

2This is strictly true only for tree-level bispectra.
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Fourier modes of density fluctuations couple with each other via the standard perturbation theory (SPT)
kernels, which are composed of such orthogonal set of polynomials [194,195]. For example, Fy is the lowest-

order SPT kernel to enter the picture and is given by [37]

17 1(k k\. o« 43(. -, 1
Folki,ke) = —=4+ - —+— ki ko+ —= | (k1 - ko) —
snte) = 31+ 3 (B4 2 ) ke 3 (- 1)
17 - o 1(k k). - -
= —DPo(k; -k | —+—)Pi(ks -k
o1 o(ki 2)+2 <k2 +k1) 1(ki - ko) +

4

EP2(1A<1 k). (5.3)

In the following section, we will show a pedagogical derivation of the skew-spectrum in harmonic space

and consider cross-correlations between two tracers, that is, galaxy surveys and CMB lensing in our case.

5.2.1 Power Spectrum and Bispectrum in Harmonic Space

We will begin by spelling out the power spectrum and bispectrum of the projected galaxy and CMB lensing
convergence fields used in our analysis and in particular we will emphasize properties of the bispectrum that
are crucial for a fast implementation of the skew-spectrum.

The CMB weak lensing convergence field (i), which is a projection of matter fluctuations from the

surface of last scattering to the present, is given by [203,204]

k(1) = /Ooo dx Wi (x)8m (X 1), (5.4)

where ¥, is the comoving distance to the last scattering surface, Hy is the Hubble parameter today, {2 is the
fraction of matter density today, and 6(x) is the Heaviside theta function. Note that the matter density §,,
includes cold dark matter (CDM), baryons and massive neutrinos. Since gravitational lensing traces matter
down to the lowest redshift and to small scales, the CMB lensing convergence field encodes non-Gaussian
information.

On the other hand, galaxy samples populate a wide redshift coverage and have to be projected into several

tomographic bins in order to be cross-correlated with CMB lensing. We define the projected galaxy density

field as®
8y(1) = & W (x)8s(x, 1) 4 (5.6)
i 1 dnj _ o0 dni
Wg(X) - 5&7 n = 0 X dX 5 (57)

3Gravitational lensing can also modify the observed distribution of galaxies through magnification bias [205,206].
We do not include this effect here, but it should be taken into account in actual data analysis.
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where i labels the tomographic bin and dn;/dx is the number density of galaxies determined by the specifi-
cation of the survey.
We are interested in the auto- and cross-correlated power spectra and bispectra of these two fields.

Denoting {a, b, ¢} € {k,g}, the power spectrum can be written as

<6Zn6?’tu'> = 62’ 651111’ C2b ) (58)
and
o = / dx W (x) / ax' Wi (L (x X') (5.9)
0 0
I (x,x') = 4 / A3 (o )je (X )P™ (. x5 K) (5.10)
0

where j; is the spherical Bessel function. Note that according to our convention, C,* contains P*® which

should be understood as P™8. Similarly, the bispectrum is expressed as
<6211111 62’21112 2:3m3> = g?:z;imgb‘z&cz% ’ (511)
where G,")"?" is the Gaunt integral defined as

gmlmzlng J— gl 62 63 5 12
01000y = Blilots ) ( . )
mi; Ing 13

20 +1)(20 +1)(205+1) [ & b L
g[lle:; = \/( 1 )( Z )( 3 ) (5.13)
T 0 0 0
The bispectrum can be schematically organized as follows [200, 207]:
b%ea = Z C?IE)§2113/0 drrﬁ}f(r; nl)i?;(r; ng)izj(r; n3), (5.14)
ningng
where the factorized terms I, are
I2°(r;n) = 4n / dx Wa(x)D+(x) / dk k>, (kr)je (kr)PP (k) (5.15)
0 0
I(r;n) = 4n / dx Wa(x)D2 (x) / dk k2F0j, (kr)je(kr) . (5.16)
0 0

abc

Here, Dy is the growth function normalized at z = 0 and the coefficients ¢}~ are numeric coefficients
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from the bias expansion and the SPT kernels. Despite the highly oscillatory spherical Bessel functions in
the integrals Ii,‘b, i?b and i?, they can be computed efficiently with the use of the Limber approximation [208]
and the FFTLog algorithm [200,207,209,210]. Note that this separable form of the bispectrum based on
I, is crucial for a fast estimation of the skew-spectrum from actual data and we will see how it works in
Section 5.2.4. To be complete, we note that in the presence of massive neutrinos, the effective fluid description
formally breaks down [211]. However, it has been demonstrated in [212,213] that it is sufficient to account
for the neutrino free-streaming by including a non-trivial scale dependence in the growth function D, which

is set by the free-streaming scale [214]

M 2 QIIIO 1z —1
ke ~ 0.2 hM 1
6~ 0 3(01ev> (1+z0.23> pe (5.17)

below which neutrinos do not contribute to the clustering of structures. Using the Limber approximation,
we can still preserve the separable form in the presence of a scale-dependent growth function (modulo
some reorganizations), while with the FFTLog algorithm, we can make use of the expansion D, (x,k) =
>, wp(k)x? to still maintain the desired form [200], where p = 0,1,2, ..., and w,(k) are the coefficients of

the polynomial expansion of the growth factor at each k.

5.2.2 Skew-Spectrum Estimator

We will briefly review the derivation of the skew-spectrum in this section. We follow a similar procedure as
n [194,195], but modified for more than one field and in harmonic space.
For the moment, let us consider a single observed field 84,,. Under the regime of weak non-Gaussianity,

the MV estimator for the amplitude fyr. of the bispectrum is given as [192]

fNL — Z g£ 0.0, belfzeg €1Z2£z
2 1€2€3
4ﬂfsky p Ce, Cy, Cp,

By, deym, O¢
mimymsz b 1my Ofomy Ol3my 518
47stky (i)’ SN G bR, T CuCiCy, (5.18)

£1my £omy £3mg

where o2 is the inverse variance of the estimator, b‘é}l‘ 0,0, 18 the theoretical template, and bﬁll’zz ¢, s the observed

bispectrum. While we denote the estimator as fNL, it can be applied to estimate the bispectrum amplitude
of any non-Gaussian field. For example, when applied to the halo bispectrum, it may be used to infer the
halo bias parameters.

Now we want to recast equation 5.18 as a sum over estimators of two-point statistics Cy. Schematically,
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we want

fa o Y Cy. (5.19)
¢
It is straightforward to verify that this reorganization is possible by identifying the quadratic field:

d¢,m, e
Dy = (1) Y Y g it clml szz . (5.20)
Zlml ZQIHQ Zz
The odd factor (—1)™ is simply a choice of phase which allows the skew-spectrum estimator to assume the
canonical form of an estimator of a two-point function. Thus, we see that the requisite kernel to obtain the
quadratic field is simply the theoretical template. Upon cross-correlating this quadratic field with a filtered

field we obtain

Ly gzubuebue
Dy —220 ) = 55,88 /§j 16t “LBEGBE _ 5K 5K | Cy, 5.21
< l Cf’ > 20 Ymm 2€+1 CZICZZC£ 20’ Ymm ¢ ( )

and we call this statistic the skew-spectrum. Consequently, the estimator for the skew-spectrum can be

directly given as

. 1 5
=Y Dy 22
CZ 20 1 ~ fm CE (5 )

For multiple fields, this statistic can be generalized straightforwardly. For simplicity, let us define §j,,/C3 =

~a .
dym- The quadratic field then becomes
gmlmz( m) mb th6 6 5.23
lm - 01054 Zlézf f1my Y lomsy ( . )
£1my £omy

where we always assume that the quadratic field comes from only one field. We may cross-correlate this

quadratic field with another field to obtain the skew-spectrum, which is defined as follows:

< ab §% >:6w6§un,c (5.24)

and

bfnb thbfnb obs

2
o &o100¢ Pee,0 Poyrye
Cdb: 1€2 142 1€2 . 5.25
‘ Z%—i—l C3 Cy CY (5:25)
Y202 1 2
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This quantity can also be readily estimated using standard power spectrum techniques,

= 1 ~bx*
Ci* = ——> Dihdy,. 5.26

m

5.2.3 Legendre Polynomial Decomposition of Skew-Spectrum

Motivated by [194,195], we follow a decomposition of the skew-spectrum based on Legendre polynomials
and we analyze each of the terms as separate observables. In this section, we provide its details and specify
its analytical covariance. We will compare the full and decomposed skew-spectra and conclude that the
decomposition in Legendre polynomials helps the agreement with constraints from the full bispectrum.

At leading order in perturbation theory, the matter bispectrum is written as
Bmmm(kh kg, kd) = 2F2(k1, kg)P(kl)P(kg) + 2 perms. , (527)

where the kernel Fy is the SPT kernel defined in equation 5.3. Going from matter overdensities to galaxy
overdensities through a perturbative bias expansion® (see [216] for a review), we can write down the galaxy

bispectrum (decomposed into Legendre polynomials Py) as

" 17 b 2 PRI
B (ky, ko, k3) = 2 (21]3? + b%; - 3b%bgz) Py (ky - ko) P (ki )P(ks)
1/k k P
+2b3s (4 2 ) Pi(ks - k)P (k)P (ko)
2\k Kk

4 . 2 A
+2 (21]0‘13 + Sbﬁbgz) Py (kg - ko) P (k)P (ko)

+ 2 perms. (5.28)
We can do the same decomposition for the angular galaxy bispectrum by simply projecting,

28 17 3 oba 2., 3 4.3 20
by, = (21b1 + bl? - §b1bgz WG e, + DTHES 0 + ﬁbl + gblbgz W35 0,0, (5.29)

4We assume a simple co-evolution halo bias model here as described in Appendix E.1. This is a simplified scenario
and in practice we need to consider an additional halo occupation distribution model [215] for the galaxy density
field.
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where each of the h‘;“}bz 0. terms comes from different Legendre polynomials:
sX148243

hg?}’lzz& — PO(lAq . Eg)P(kl)P(kg) + 2 perms.

1/k k
by — 5 (k; + kj) Py (k; - ko)P(ki)P(kz) + 2 perms.

03P 1,0, — Pa(ky - ko)P(ki)P (ko) + 2 perms. . (5.30)

Since the redshift evolution of the bias parameters are all absorbed into hf‘j&’zm due to the projection, the
biases here just enter as amplitude parameters. Following this terminology, we can also get the kernels
for cross-correlated bispectra of ggk, kkg and kkk from the three Legendre polynomials. Thus the skew-

spectrum can now be written as

aab aab,obs
~ab,i hi,é.ézébllégé

1
¢ —72&1«@73 =T (5.31)
2£+1£122 0y GGy

where gy, ¢,¢ is the geometric factor defined in equation 5.13. There is a difference between these kernels and
the ones from [194,195]. They consider unsymmetrized kernels over k;’s with j = 1, 2, 3, while we impose
symmetry in hf}be ¢, OVer 4’s.

Assuming a Gaussian covariance (i.e., we only consider the disconnected pieces), we can write down the

diagonal and off-diagonal terms for the covariance matrix as

ab,i ya’b’ i
1 CD'}’ D! " obb’

P e = gy
e i 1)? C'zcgegib Z Bty oy c biuebfids (5:52)
EE e = T S e S i, 6
;
where
o = iy Sy e C?Ca, b L (5:39)

With the above equations in hand, we make a preliminary forecast to monitor the performance using only
the first tomographic bin of DESI ELG, z = [0.65, 0.9]. To begin, we vary only galaxy bias parameters and
Agor [194,202], which measures the deviation from Poisson shot noise (see Section 5.3 and Appendix E.1 &
E.2 for the full details).

In Figure 5.1, we show the covariance matrix of the decomposed skew-spectrum. Even though the
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diagonal components contribute the most in the covariance matrix, simply neglecting off-diagonal pieces can
overestimate the constraints on parameters of interests (see [195]). Therefore, in all the forecasts shown

henceforth we include the off-diagonal terms as well.

1075
ha
10— [ DESI ELG, 2 = [0.65,0.9] |
Cy I
1077
ho
10-8

ho h1 ho
Cy
Figure 5.1: Covariance matrix of the skew-spectrum with decomposition into Legendre polynomials for
the first tomographic bin of DESI ELG, z = [0.65, 0.9]. The kernels h; (see equation 5.30) here correspond

to the different Legendre polynomials, as discussed in Section 5.2.3. The range of multipoles is £ € [20, 305]
and is in increasing order within each submatrix.

We first perform a comparison of forecasts with and without the decomposed kernels in the skew-
spectrum® (see Figure 5.2). We can see that with the decomposition in Legendre polynomials, constraints
from the skew-spectrum agree well with that from the bispectrum within 7%. On the other hand, skew-
spectra without decomposition show worse constraints and degeneracy directions of the contours are tilted.
Therefore, hereafter we only consider the spectra with the decomposed kernels.

In order to understand why we see an improvement when the skew-spectra are decomposed into Legendre
polynomials, let us consider an example in 3D k-space for simplicity. As shown in equation 5.28, we can

decompose the bispectrum as

B(ki, ko, 1) = Y Be(ki, ko) Pe(p), (5.35)
4

with p = k; - ko. One thing to note here is that the relationship between B(ky, ko, ) and By(ky, ks) is

invertible since the Legendre polynomials Py(p) form an orthonormal and complete basis. However, in the

5To obtain the covariance matrix for the case without the decomposition, we may simply replace hig,gé 0,0, 10
equations 5.32-5.34 by the leading-order theoretical bj*} , in equation 5.29.
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case of the skew-spectrum P(k),

~ d*q Bth(k — —k)B(k — -k
/ q ( q? q) ) ( q7 q7 ) (5.36)

P = [ oy P([k — q])P(q)P(k) ’

when we insert equation 5.35 in the above expression we obtain,
P(k) =Y Py(k), (5.37)
¢

where Pe(k) is the skew-spectrum obtained using the redshift-space Legendre polynomial kernels (see the
RHS of equation 5.30). Note that this expression is different from equation 5.35 above, namely that there is no
decomposition of the skew-spectrum itself occurring in an orthonormal basis. This implies that equation 5.37
is not invertible, unlike the case of the bispectrum. Nevertheless, we see that knowing the P, (k) terms still
allows us to determine f’(k) exactly. This implies that the decomposed spectra contain at least as much
information as the full skew-spectrum. The lack of invertibility of equation 5.37 means that the decomposed
spectra must contain more information.

Moreover, there is a physical reason behind the improvement we observe. Recall that in Ref. [194] the
Legendre polynomial kernels were used to construct the quadratic field. It was pointed out that the skew-
spectra computed with each Legendre polynomial kernel were mostly sensitive to the combination of bias
parameters appearing as their pre-factors in the tree-level bispectrum (equation 5.28), therefore improving
the constraints on each bias parameter overall.

We then study what happens when, in addition, we marginalize over the seven vACDM parameters with
the same DESI redshift bin. We see that constraints on galaxy biases from skew-spectra now becomes at
most 1.3 times worse than those from the bispectrum, but still preserve the degeneracy lines. For the rest of
the parameters, the degradation factors vary between 1.2 and 1.6, which are slightly worse than the biases,
but also preserve the degeneracy directions. As we will see later in Section 5.3, this can be further improved

with the combination of more tomographic bins and cross-correlations with CMB lensing.

5.2.4 Data Application Algorithm

While the bispectrum of Fourier modes benefits from factorization due to momentum conservation, the same
is not true for the angular bispectrum. Namely, it is possible to write the bispectrum in momentum space

into a separable form,

B(ki, ko, ks) = Zfi(kl)gi(kQ)hi(kB) (5.38)

118



| DESI ELG, = = [0.65,0.9]
—— Skew-Spectrum (w/ decomp.)
Skew-Spectrum (w/o decomp.)
Bispectrum
20 1
< o %f .
—20F -
20_I I__ T T ]
o oF 7 + & 1 :
720_| I__ ] Il ] ] 1 “‘I ]
10F + + 1
ﬂ:% 0 é;@ \S.:A? (/ )
—10F 4 4 i
01 2 —0 0 2 -5 0 15 -5 0 10
b% b% béz Ashot

Figure 5.2: Forecasted 1o and 20 constraints on the bias parameters and Agpot for the first tomographic
bin of DESI ELG, z = [0.65, 0.9]. Here we compare the constraints with and without applying a kernel
decomposition on the skew-spectrum. For the case with decomposition, we analyze each kernel term as a
separable observable given by equation 5.31, while for the case without decomposition, equation 5.25 is used.
We vary only bias parameters and Agnot and do not marginalize over the vACDM parameters here.

for some functions fj, g; and h;, but not for the one in harmonic space because of the line-of-sight projec-
tion. This factorizability in momentum space is crucial to recast the quadratic field as a convolution and
thus improve the computational speed of the skew-spectrum estimation using fast Fourier transform algo-
rithms [194,195]. In order to achieve the same for angular bispectra, recall that the kernel can be expressed

as

h;‘?ngg, = Z 0?11;1‘12113 /U dr I‘Qi%f (r; nl)iZ(r; HZ)TZJ (r; n?)) : (5'39)

ninsng
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Thus, we can organize the quadratic field as follows,

ab __ m aab
Dém - (_1) E : Crynng

ninsng
X / drr’ Z Z QZZI?( " Iqb(r’ nl)szlml)(izlf(ra n2)822m2)i2(ra n3)
0 £imy Lomy
=(-1™ ?1?32113 / drr?D2P (130, o) 12 (r, n3) (5.40)
nlngng
where
Dif i) = [ Y7, (8) A7 s, ) A s ) (5.41)

and A® is defined as the field in position space with harmonic coefficients being
A (r,m) =T (r,0)5p,, - (5.42)

Similar to the skew-spectrum in Fourier space, in order to get Dem, instead of summing over all the spherical
harmonic coefficients as in equation 5.40, we can directly multiply the two A™ fields in position space.
Finally, we only need to cross-correlate the quadratic field Dd with 62111 in harmonic space. We summarize

the roadmap as follows:

Skew-Spectrum Estimation Algorithm

1. Obtain fields 8*(11) and §"(f).

2. Compute the filtered harmonic coefficients, SZm and SZH.

3. Pointwise product between Szm and B8"(r,n;) to obtain A% (r,n;).

4. Return to position space to obtain Aab(ﬁ; r, ;).

5. Compute harmonic transform of A™ (ii;r, ny)A™ (fi; 1, ny).

6. Product with i?(r, n3) and integrate over r to obtain the quadratic field.

~b 2
7. Cross-correlate with 8, to obtain C3P.

5.3 Forecast

In this section we will compare the constraining power between the bispectrum and the skew-spectrum
through a Fisher information analysis [217], as the first step to demonstrate its utility before proceeding

to apply it on simulations. As shown in the previous section, it is necessary to decompose the kernels
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appropriately so as to achieve the optimal agreement with the bispectrum. After outlining our methodology,
we will show a forecast using DESI ELG and Planck specifications as our reference. The survey specifications

are described in Appendix E.2.

5.3.1 Methodology

We perform a Fisher forecast to study the information content of skew-spectra and full bispectra. The data
vector for the skew-spectrum consists of the three kernels and cross-correlations with CMB lensing, so it can

be expressed as
d= {(j%igj,i7 é%m,i’ é;gj,i, C;m,i}, (5.43)

where i indicates the order of Legendre polynomials and j labels the tomographic bins. Note that the data
vector should include all i, j and /s at the same time because there are correlations between most of them. The
theoretical covariance matrix, C, is computed using equations 5.32 and 5.33. Therefore, given parameters X\

of interests, we can write down the Fisher matrix F*V as

od od"
Fskew — Cfl . 5.44
af a>\& a>\6 ( )
For the bispectrum, we consider the correlations gjgjg;, gigjk, kkgj and kkk to match the data vector of
the skew-spectrum. Assuming only Gaussian contributions in the covariance, the Fisher matrix FPP can be
written as [192,218]
b Ib/ !’
abézlggfg ab?l‘e?;?

bis fsk _ _ _
Faﬁp = Fy Z Z Z gzlfﬂs W (CZ| 1)aa’ (Céz l)bb’ (Cés l)cc’ ONs ) (5.45)

abc a’b’c’ €443

where (C}),., = C%al + SZ;/N;}&', Ny is the noise power spectrum, and gg,¢,¢, is the geometric factor defined

in equation 5.13. With the Fisher matrix in hand, we can obtain lower bounds of the errors for each X\, via

the Cramér-Rao inequality:

Var(Xo) > (F71) (5.46)

aa

We use the best-fit Planck 2018 cosmological parameters as our fiducial cosmology [6] and set the total
sum of the neutrino mass M,, to be 60 meV. Besides the three galaxy bias parameters in each tomographic

bin, we also include Ay, to measure the deviation from the Poisson shot noise. That is, the parameters
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considered in our analysis are

Nbin
A= {HU7 Wh, We, A87 ng, T, MU} U U{Bllv _27 _lgz} U {Ashot}7 (547)

i=1

where Ny, = 4 and i labels the tomographic bin. Also note that I_)io parametrizes the amplitude of the bias
parameters by bi,bl,(z) with bl,(z) being the fiducial redshift evolution of bias parameters, so the fiducial
values for Bio are all set to be 1. Further, in our modelling of the galaxy power and bispectrum, we will assume
a non-Poisson shot noise. It was shown in [219,220] that the Poisson prediction should receive corrections
due to clustering and exclusion effects of halos, especially on large scales. We will model the deviation of
shot noise from the Poisson prediction through a phenomenological parameter Ag,o;. We provide details of
our model in Appendix E.1.

To model the non-linear matter power spectrum, we implement Halofit [221,222] using cAMB. For the
modelling of the observed bispectrum, we go beyond the discussion in Section 5.2.3. First, we include the
fitting formula from simulations for the SPT kernel Fs to account for the bispectrum beyond the linear

regime as it is accurate for scales k < 0.4hMpc~! and z < 1.5. In this fitting formula, Fy is modified as [223]

Fi(ky, ko) = Za(k)a(ks) + % (121 -122) (2 + i:) b(k;)b(ks)

N “ 2
(ki k2) " er)a(ke), (5.48)

6. We also include post-Born

where functions &, b and ¢ are determined by interpolation of simulations
corrections for all bispectra that include CMB lensing, an effect which has been shown to be important [225,
226]. The inclusion of both the non-linear fitting function and the post-Born corrections to the theoretical
bispectrum are needed to achieve a better agreement of the theoretical matter and weak lensing skew-spectra
with those estimated from simulations (as we will show in Section 5.4).

Even though we apply the fitting formula in the SPT kernel for our analysis, to be conservative we still
restrict ourselves to the regime ky, ~ 0.1 hMpc~!. We set the range of multipoles to be £ = 20 — 305 for all
tomographic bins. In order to facilitate the computation, we also set A¢ = 2 and rescale the Fisher matrix
by Dyowa/ Ngmple i the end, where ny, is the total number of possible non-vanishing configurations and ngmple
is the number of configurations sampled. Furthermore, we do not include redshift-space distortions (RSD)
since the effect was determined to affect the forecast only at the percent level [200]. We also note that the

inclusion of RSD is more straightforward in harmonic space. In redshift space it is necessary to fix a LOS

and therefore break isotropy, and this amounts to a modification of the skew-spectrum estimator [196] and

5While more precise fitting functions for the bispectrum are available [224], we choose to use this one for simplicity.
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the inclusion of a larger number of spectra. In harmonic space, it is only necessary to include extra terms in

the theoretical bispectrum [227], but the estimator remains the same.

5.3.2 CMBxLSS Forecast

We present in Figure 5.3 a comparison between the lo forecasted constraints from DESI ELG x Planck
lensing bispectrum and skew-spectrum. We do not put any prior on Ay in this case because the cross-
correlation between galaxies and CMB lensing can already break the degeneracies between Ay and galaxy
biases. Compared to the simple forecast in Section 5.2.3, we find that adding the cross-correlation and
including more tomographic bins enable a better agreement between the constraints from the skew-spectrum
and the ones from the full bispectrum when we marginalize over the vACDM parameters. Discrepancies for
galaxy bias parameters display less than 12% differences and at most 17% for cosmological parameters. The
largest discrepancy is seen for the parameter Agnot (50%), due to the impact from cosmological parameters.
This suggests that the skew-spectrum can be a robust estimator on non-amplitude parameters without direct
estimation of the full bispectrum from the data. It is therefore also expected that the two approaches for
Cr + By, and Cp + (Njg should be competitive with each other, but this is not the focus of this paper.

We note that from a joint analysis of CMB lensing and LSS we expect tight constraints mainly on wy,,
og, M, along with the galaxy bias parameters. However, we choose to vary the full cosmology in order to

achieve a more complete sense of the non-Gaussian information content of the skew-spectra.
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Figure 5.3: Relative difference in the 1o forecasted constraints between DESI ELG x Planck lensing
bispectrum and skew-spectrum. In the biases, we show only the last bin to be concise, but the rest show a
relative difference of less than 12%. We also omit Ago:, which shows a relative difference of 50%.
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5.4 Simulations

In preparation for the application of our formalism to real data, we test it on the MassiveNuS simulation
suite” [201]. These simulations contain 10243 CDM particles with neutrino patches in a box of size 512
h~'Mpc and contain 67 snapshots from z = 0 up to z = 45. We use the publicly available fiducial model
of the simulation with M,, = 0.1 eV. We also utilize the halo catalogue offered by MassiveNuS obtained by
a friends-of-friends-based algorithm. For selection and analysis of the halo catalogue, we use the publicly
available code Halotools® [228].

In order to obtain the projected halo number overdensity and the CMB lensing convergence field, we make
use of the publicly available code LensTools? [229]. The lensing maps produced by LensTools are obtained
by ray-tracing through planes cut from the simulation box. We modify the code to generate the projected
halo number overdensity field in order to cross-correlate with the lensing convergence field. We cut each
simulation box into four planes from each of the three normal directions with thickness 126 h~!Mpc at each
sampled redshift of MassiveNuS. Then we shoot the photons from z = 0 back to the last scattering surface
with LensTools to generate 10240 CMB lensing convergence maps from one simulation box [230]. The sky
coverage of the angular maps are of 3.5 x 3.5 deg? in size with 2048 pixels per side. The £y, is set to be 150
with bin size A¢ = 300. To avoid non-linearities at small scales, we put a sharp cutoff at £ = 1350.

To proceed with the cross-correlation, we select a halo sample with minimum mass 1.36 x 102 h='M,,
which corresponds to approximately 3.5 x 10° halos in the whole simulation box. Our halos populate a single
plane at z = 1.04. Thus in order to be consistent in our model, we use a top-hat window function centered
at z = 1.04. Since the simulation data is at non-linear scales and further, the ray-traced lensing convergence
maps go beyond the Born approximation, we also apply the same model for the observed bispectra discussed
in Section 5.3, which includes the fitting formula Ff* and post-Born corrections in CMB lensing. As a sanity
check for our modifications of LensTools, we compare the theoretical predictions of cross-correlated power
spectra and bispectra between projected matter density and CMB lensing convergence and find agreement
with the simulation!©.

The sky coverage of the simulated maps is small, so we can safely use the flat-sky approximation. We
first rewrite our skew-spectra in flat-sky coordinates in Section 5.4.1 and compare with the full-sky case
in the forecasted errors (including cosmological parameters), finding agreement up to 10% in all of the

parameters. Note that for this comparison, we assume fy, = 1. Further, we do not use the Legendre

7http ://Columbialensing.org
8h1:tps ://halotools.readthedocs.io/en/latest/
thtps ://pypi.python.org/pypi/lenstools/

10We use binned power spectrum and bispectrum estimators [231-233] to compute the spectra from simulations.
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polynomial kernels and use the full bispectrum kernel instead, with the expectation that the agreement will
hold when considering the decomposed kernels. Finally, we estimate the halo biases and the parameter Agnot
from the simulations using an MCMC likelihood analysis. We present details of the bias model and shot

noise in Appendix E.1.

5.4.1 Flat-Sky Approximation

Since the sky coverage of our simulation data is small, it is sufficient to use the flat-sky approximation
here, which allows gains in speed while minimizing loss of information. To proceed, we note the following

mappings between spherical harmonic coefficients and flat-sky Fourier modes [234]:

2041 d(be -
IIHO '4
= [ e ite o
) . \/TZ ._1116 imo, (5 50)
T V241 m 1 o . |

Using these mappings we obtain the quadratic filtered field,

D)= [ [ nfoote— - e e, b 05 @) ). (551)

Here h®*® is analogous to the convolution kernel in full sky. While the bispectrum above is strictly the
three-point function of flat-sky modes, for scales under consideration it is identical within a few percent to

the full-sky bispectrum. Thus, we can approximate the flat-sky theoretical bispectrum with the full-sky one:

<63(£1)6b(£2)60(£3)> = (21)20p (€1 + £ + £5)b2%(£y, £, £5)

~ (211)26D(£1 + £y + £3)b%}2€3 . (552)

The theoretical skew-spectrum then becomes

1 heeb (1, — £y, —£)b*P (€1, £ — £y, —£
C L / i ( 1, 1, ) ( 1 1 ) (553)
£,

1L_ )
My £eL Ci Cles, \C

where L labels the bin and My, is the number of modes in bin L. We can straightforwardly write the estimator
as

Cib = LS5 (—). (5.54)

We account for binning by replacing the angular integral in Fourier space as [ dQ% — ﬁ > scr- Note that we

can still have a fast estimation of the skew-spectrum with the use of the FFTLog algorithm in equation 5.51,
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where convolution becomes a product of pixels of two maps in position space (see Section 5.2.4). Finally,

the theoretical covariance is

2 2 g AN 1 . AN
ab a’b ab,a’b ab,a’b
(G, G ) = S Iy + Intyy L (5.55)
where I;; 1, and Jjj 11 are
IRV 2 / Cbb, %a/ Cda/_ NN
ab,a’b’ __ 0 1 [e—2i| aab a’a’b
onti g S, hi*" (€1, £ — £y, —0)h? (1,6 — €,,—0) (5.56)
ij, L 2 b b’ a a al (va/ i 9 9 9 9 )
! Mj gEZL e, CCy Celc\tz-el\celcw—m !
oy 4 cpck’ Gl oy
T = W (e — Y (= 0, 0). (5.57)
N My EEL%;@, Ch CyCy CY Cly_p e :

Here, M, denotes the number of modes from the combination of bins L and L'. We show a comparison
of the skew-spectrum between theoretical predictions and simulations in Figure 5.4 and observe a general
agreement within error bars. A comparison between the theoretical covariance and the estimated covariance
from simulations is shown in Appendix E.3, where we also see a general agreement. However, it also suggests
a more accurate modeling of small-scale spectra is required since the covariance coming from simulations
shows a larger amplitude for the kg, gk and kk spectra. This implies that the error bars in our Fisher

analysis are likely underestimated.

5.4.2 Bias Estimation

So far we have only shown the constraining power of the skew-spectra using Fisher analysis. In this section,
we aim to estimate halo bias parameters with an MCMC as a practical application of our method. For this
purpose, we use the publicly available Monte Carlo sampler emcee!! [235] to estimate the posterior probability
distributions of the bias parameters, by, be, and Bgz, and Ay using halo catalogues from MassiveNus. Since the
redshift window is narrow, we assume that the bias parameters are constant over redshift when analyzing
the simulations. In contrast to [194,202], which conduct a momentum-space analysis of halo-halo skew-
spectra alone, we perform the analysis in harmonic space and include cross-correlation with the CMB lensing
convergence field. The setup for the simulation and the selection for halos are the same as described earlier
in this section. We assume a Gaussian likelihood and use the analytically computed covariance since we
have only one available independent simulation at hand. We adopt non-informative uniform priors on all the
four parameters, as shown in Table 5.1. Note that Ag,et is expected to lie within [—1, 1] [220] and our prior

reflects this. We present our posterior distributions in Figure 5.5 and show the errors of each parameter in

11h'ctps ://emcee.readthedocs.io/en/stable/
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Figure 5.4: Comparison of the skew-spectra of CMB weak lensing convergencexmatter fields from the-
oretical predictions and simulations. The dashed lines show the theoretical predictions when using Fit in
equation 5.48 and the inclusion of post-Born corrections. The dots show the average value of the skew-spectra
estimated from the simulation and error bars are the variance of them. We can see agreements within the
error bars in most of the comparisons.

Table 5.1. We also show the corresponding estimated halo-halo skew-spectra in Figure 5.6, where one can see
that the qualitative shapes of the spectra are recovered in the model within error bars. While we find that
it is difficult to constrain the parameter Ay, due to the small amplitude of shot noise for our halo sample,
we see that the data favour a sub-Poissonian Agjt, i.e. the shot noise is lower than the Poisson prediction.
It is possible to model the shot noise differently. For example, we can vary two parameters a; and as which
measure the deviation of the i~! and n~2 terms respectively [194,195]. Alternatively, one can restrict to a
single parameter and include higher-order corrections of Aghot [202] in the halo bispectrum. However, we see
that these choices do not significantly affect the constraints on the biases.

We find that b; is the best constrained halo bias parameter since it enters as an overall amplitude in

127



the halo x halo and halo x CMB lensing skew-spectra, and the percent error is ~ 7.5%. Qualitatively,
the correlations between by, by, and bg, are as expected— an increase in b; must be compensated by a
decrease in the others. Finally, we compare our posterior 1o errors for the bias parameters with a Fisher
forecast and find agreement at a 20% level. Moreover, we observe 67%, 36% and 35% tighter constraints
for by, by and bg,, respectively, when including the cross-correlation of the halo density field with CMB
lensing. This is expected since our hhk and kkh skew-spectra are sufficient to independently constrain all
the bias parameters and Ago;. Note that we expect the comparison to change when we vary the cosmological
parameters. However, our example already demonstrates how inclusion of the cross-correlation can improve
constraints.

While we are able to obtain percent level errors on by, we should keep in mind that there are a number of
complications that can impact this result. For example, we assume Gaussian covariance and likelihood. We
also consider a single-parameter scale-independent shot noise model. Furthermore, it is possible to improve
our modelling of the skew-spectra, which is limited primarily by modelling challenges of the non-linear
structure at k > 0.4h~'Mpc. Alternatively, access to data with a larger sky coverage would increase the

number of modes and this should improve our results.

Parameter by bs bg, Ao
Uniform Prior 1, 3] [—2, 12] [—5, 5] [—1, 1]
Halo + CMB Lensing 1.203 +0.091 6.068 +1.546 1.1114+0.562 > 0.581
Halo 1.304 £ 0.153 4.502 +£2.104 0.822 +0.758 > 0.006

Table 5.1: Means and standard deviations from our MCMC likelihood analysis on the skew-spectra for
KKK, ggg, kgg, and gkk, as well as for hhh only. For Ag,.:, we show the 68% lower bound instead. We use
uniform priors on all the four parameters. We note that the 1o errors for the bias parameters agree with the
Fisher forecasted values (for the same configurations) at the 20% level.

5.5 Conclusions

We show in this paper that we can efficiently extract the cosmological information encoded in the bispectra
of the cross-correlation between CMB lensing and the galaxy/halo field. We do so by introducing the
bispectrum-weighted skew-spectrum as a proxy statistic to compress the full cross-correlated bispectra in
LSS x CMB lensing analysis. The problem thereafter simply becomes the estimation of the cross-correlated
power spectra between a filtered quadratic field and a filtered density fields.

This procedure utilizes the separable form of the angular bispectrum given in equation 5.14 and the fact
that convolution in harmonic space can be done by simple products in position space.

To show the power of the skew-spectrum, we demonstrate through a Fisher forecast that the information

content of the bias parameters from the skew-spectrum is the same as that from the full bispectrum within
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Figure 5.5: Posterior distributions of bias parameters and Agnot at z = 1.04 in the MassiveNuS simulations
from an MCMC likelihood analysis on the skew-spectra for kkk, hhh, khh, and hkk (brown contours).
The dark and light shaded regions correspond to the 1o and 20 levels and the dashed lines show the
means of the posteriors. We also show the case for hhh skew-spectra only (blue contours) to illustrate
the improvement when combining with CMB lensing. Note that we expect the contours to change when
cosmological parameters are varied in the analysis.
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Figure 5.6: MCMC results for the halo-halo skew-spectra with the monopole, dipole and quadrupole
kernels. The dashed lines shows the simulation data and the points show the theoretical skew-spectra using
the mean values of the parameters from the marginalized posteriors. The error bars are computed from the
analytical covariance matrix.
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7%. We then move a step further to include the seven vACDM cosmological parameters in our analysis
and still find satisfactory agreement. Based on these results, we perform a forecast for DESI ELG x Planck
lensing and find that the agreement is even better when we have more tomographic bins and the cross-
correlation with CMB lensing. The differences between skew-spectra and full bispectra are less than 17%
for most of the parameters we consider in our analysis, reaching at most 12% for all bias parameters.

We provide a fast pipeline to estimate the skew-spectrum from real data and, as a first step before
application to real data, we apply our formalism to the MassiveNuS simulation suite. We perform an MCMC
likelihood analysis on the halo bias parameters and Ay, with the use of cross-correlated skew-spectra for
the projected halo density field and the CMB lensing convergence field. Due to limitations in the available
modes from the simulations we obtain modest constraints, especially on Agpot, a detection of which is limited
by the amplitude of shot noise for our range of halo masses. Note that we assume a simple scenario in this
analysis. For instance, we consider only a Gaussian likelihood and covariance. We should keep in mind that
more rigorous studies on impacts from these assumptions are required before actual data analysis.

Realistic data will be affected by RSD and at small scales will be sensitive to loop corrections due to
gravitational non-linearities and higher-order terms in the local bias expansion. A careful treatment of these
effects is in place before applying our technique to real data. It will also be interesting to look into the

kurt-spectra [236] for higher-point correlation functions. We leave these for future work.
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Analysis of BOSS Galaxy Data with Weighted Skew-Spectra

6.1 Introduction

A standard route for constraining PNG has been by using the galaxy bispectrum. A challenge with this
approach is that estimating this statistic from a survey or mock is computationally expensive. Since the
covariance matrix is typically needed to be estimated from many (O(1000)) mock catalogs, performing
a Markov Chain Monte Carlo (MCMC) likelihood analysis can prove to be a time-consuming task. To
circumvent this issue, the bispectrum weighted skew-spectrum (henceforth skew-spectrum) was introduced
as a tool in LSS analyses as a compression of the bispectrum [194]. The skew-spectrum is obtained by
averaging over the bispectrum using an appropriate kernel, so that the process of estimating it from data
reduces to factorizable convolutions, which can all be reduced to a sequence of Fast Fourier Transforms
(FFTs). This type of method was initially developed in order to expedite estimators of fyr from CMB
temperature and polarization data [193], and has been subsequently developed for the large-scale structure
of the universe. Refs. [194,195,237] studied such skew-spectra for the galaxy bispectrum in Fourier space,
and these were subsequently extended to redshift-space bispectra [196, 202, 238] and harmonic space for
weak-lensing analyses [4,197]. In this paper, we present the first application of skew-spectra to LSS data.
Using the BOSS DR12 galaxy catalogue [7,23], we focus on investigating PNG due to single-field inflation

using the one-loop galaxy power spectrum multipoles and the tree-level galaxy skew-spectra. There are
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some differences in the precise redshift-space distortions (RSD) information used in the literature and the
one we employ here. Ref. [24] makes use of the bispectrum monopole at tree-level and uses the window-free
estimator [21] in order to de-contaminate the measured bispectrum from survey geometry effects. Ref. [26]
goes to 1-loop order in the bispectrum monopole and, instead, chooses to approximate window function
effects using a phenomenological approximation [220]. In this work, we will use skew-spectra with multiple
kernels to capture RSD information in the bispectrum, and we will apply a phenomenological approximation
to the window effects.

The outline of this work is as follows: we first present the theoretical specifications of our model for the
power and skew-spectra in §6.2, which uses the Effective Field Theory of large-scale structure framework.
The estimation of skew-spectra from the BOSS galaxy catalogues and from simulations is discussed in §6.3,

and details regarding our inference methodology are provided in §6.4. Finally, we discuss our results in §6.5.

6.2 The Theory Model

One of the main advantages of the skew-spectra is to optimally measure the amplitude parameters in the
galaxy bispectrum, while being computationally much more efficient than the standard bispectrum. The

amplitude Ap of the galaxy bispectrum By (ki, ko, ks) is obtained through a minimum-variance estimator

[194,239],
~ . dgk Bg‘(ka q, -k — q)
Ap = / N /q Pgo(k)Pgq(q)Peg(k + ql)
% [8g(k)dg(a)dg(—k — a) — 3(84(k)dg(q)) d5(—k —q)], (6.1)

where Bgl(kl, ko, ks) is the theoretical template for the galaxy bispectrum, Py, (k) is the galaxy power spec-
trum, and Ny, is the number of k-modes. Hereafter, we will use the following notation: f( = i (ggTq)g.

The amplitude estimator is a sum of the form Ag = Ag) + A](Bs), where Ag) is a linear term in d,(k)
and A](gg) is cubic in §,(k) [240]. We will ignore the linear term, which only has the effect of increasing the
variance. To reduce clutter, we will still call the amplitude estimator Ag (instead of Ag)).

If the theoretical bispectrum can be written in a separable fashion, i.e. Bgl(kl, ko, ks) = f(kq)g(ka)h(ks),
the above estimator can be rewritten as:

. &’k [£d, gd, hé,
oo N LRl omsow

dkk? 2
= 4n / —P(K), (6.2)

132



where ﬁ’(k) is the skew-spectrum defined as:

W= [E dk o B (0 ). (63)

dm [Py Py gg

lawl}

We can relax the optimality of this statistic and, instead of Bfrh, choose any kernel S(k,k’) to convolve

with, as long as the kernel is still product separable. To be precise, given an arbitrary kernel S(k, k') =

f(k)g(k')h(—k — k'), the estimator is defined as,

Pol) = [ 15, %] (93, (—k) (6.4)

We will specify our choices for these kernels in §6.2.5. Note that given some arbitrary separable kernel S,

we can write the theory skew-spectrum as:

Psl) = <f>s<k>>
/ / S(ak — 4)By(q, k — q, k), (6.5)

where B, is the theoretical template for the galaxy bispectrum.

Therefore, in order to compute the skew-spectrum, it is necessary to first specify a theoretical model for
the power spectrum and bispectrum. We will begin with a discussion of the primordial bispectrum shapes
in §6.2.1, and then lay out the details of the late-time galaxy power spectrum and bispectrum, under the

EFT of LSS in §6.2.2.

6.2.1 Primordial Bispectrum

By treating the inflaton field as a Goldstone mode of broken time-diffeomorphisms, the EFT of inflation
generates interactions that are fixed by a few unknown speed-of-sound parameters [20,24]. In this minimal
scenario, the two cubic self-interactions of the inflaton field lead to two distinct shapes of bispectra, namely
the equilateral and orthogonal shapes, with amplitudes fy qm and fgthe respectively. The precise expression

for the bispectrum of the primordial curvature perturbation ( is given by [241,242]:

18A4 B(ky, ko, ks)

Bg(khk?yki%) k2k2k2

(6.6)

Here AZ ~ 4.1 x 107® [14] is the amplitude of the primordial power spectrum, i.e. kP (k) = Ag (k/ky )L,

where ng is the spectral tilt and the pivot scale k, = 0.05 Mpc~!. The equilateral and orthogonal templates
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fix the shape function B, given by:

k k?
Bequit(ki, ko, k3) = 25 perms. | — [ —— + 2 perms. | — 2, (6.7)
ko koks
1'\3
Bortho(kla k27 k3) = (1 + p)* —P=- (68)
€3 €3
The various parameters appearing above are defined as:
P = 852587, A= <_k1 + kg + k3>(k1 - kQ + k3)<k1 + kg - kg) (69)
€y = klkg + k2k3 + k1k3 3 €3 = k1k2k3 (610)
1
I = 5e2—§(1<§+k§+1\:§). (6.11)

In the subsection below, we will discuss how these primordial shapes enter the late-time galaxy correlators.

6.2.2 Late-Time Power Spectrum and Bispectrum

The EFT of LSS is a perturbative model built to capture the gravitational evolution of galaxy correlators
up to some nonlinear scale. It identifies an ultraviolet scale and provides a systematic method of including
counterterms in order to appropriately renormalize the final correlators [243,244].

The power spectrum and bispectrum of the density field &, in linear theory are given by:

(31.(z,k)d(z,k)) = (2m)*dp(k +k)Pr(z,k) (6.12)

<6L(Z,kl)SL(Z,kg)SL(Z,kg» = (2’K)36D(k123)BL(Z;kl,kg,kg), (613)
where the bispectrum By, is determined by the primordial bispectrum B¢ as:
BL(Z;k17k27k3) = fNLT(Z,kl)T(Z,kQ)T(Z,kg)BQ(kl,kQ,kg). (614)

Here, k oy = ki + ko + k3 (this notation will be followed henceforth) and T(z,k) = /PL(z,k)/P¢(k) is the
matter transfer function at a given redshift z.

Apart from the non-Gaussianities generated due to purely gravitational terms, we will also need to
account for the non-linear response of the PNG to the late time power spectrum due to gravity. We follow
the same EFT of LSS model described in Ref. [24]. The perturbation theory model we use in this work is
consistent with the ones previously used in Refs. [245,246]. We include the effects of redshift-space distortion
(RSD), Fingers-of-God (FoG) [247,248], infrared (IR) resummation [249-251], along with the appropriate

counterterms at the corresponding order of perturbation theory. We rely on the publicly available code
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CLASS-PT! [252], an extension of the cLASS? [253] Boltzmann code, in order to obtain the galaxy power
spectrum.
Under the EFT of LSS framework, the perturbative expansion of galaxy density fluctuations in terms of

the linear matter fluctuations dy,(k,z) takes the following form:

Su(k,z) = Za()du(k,2) + / Zo(q, k — @)b1 (0, 2)81(k — q,2)

+ / (27)%8D (Quzs — K)Za (11, G )8 (1, 2)51 (031 230 (5, 2)
q1,92,93

k2 SL(k Z)
fnr be — ’
NG Tk, )

+ 8eu(k, 2), (6.15)

Here, kyp, is the non-linear scale for matter fluctuations, which is redshift-dependent in general. To avoid
clutter, we will be omitting the redshift z for the transfer function and the density field from now on. The

RSD kernels are given by:

Z1(k) = by fu? (6.16)
b
%®M):MB®@H§+%ﬂhM+W%®@)
fpk 'y, 2y 4 M2 2
2 |k (bl + sz) + Ky (bl + flh)

(ki ky) = (ky-ko)®—1, (6.17)

and Fy(k, k') and Ga(k, k') are the usual standard perturbation theory (SPT) kernels [38]. The expression
for Zs can be found in Ref. [252]. Here, by, by and bg, are the galaxy bias parameters and f is the growth
rate. The piece d ., contains all the required counterterm operators, which we will specify later. Lastly, the
faibe term is the so-called scale-dependent bias term [174, 176].

Using the ingredients above, we can write the galaxy power spectrum as:

ng(ka h) = Peg (k,p) + ngyPNG—bias(h )+ ngJL(kv 1))

+ ng,ﬂr(kv IL) + Pstoch(ka IL)- (618)

The linear piece Py, 1, is the linear RSD power spectrum, which includes the damping of the baryon acoustic

oscillation (BAO) feature and captures the IR resummation [251]. The term P, i1, contains the standard

1h‘ctps ://github.com/Michalychforever/CLASS-PT

2https ://lesgourg.github.io/class_public/class.html
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perturbation theory (SPT) 1-loop piece, as well as the non-Gaussian loop integral due to PNG [24]:

Puoin(k,p) = Pggivser(k,p) + 2Z1(k) / Z5(q,k — a)Br(q, k — q, —k). (6.19)
q

Details about the 1-loop SPT term can be found in Ref. [252]. The term Py pnG—biss COrresponds to the well

known scale-dependent bias contribution:

2fnibe Z1 (k)k? P (k)
ke T(k)

Pog NG —bias (K, 1) : (6.20)

Next, we have the counterterm contribution, P, .., that captures short-distance effects, and it is given

by [248]:
Pycr(k,p) = [0+ Efp? + &f*n!] K°Pr(k) — ef'p'k* (by + fu%)*Pr(k), (6.21)

where {C, Cy,¢4,C} are free parameters to be fit from the data. Finally, there is a stochastic shot-noise

contribution to the power spectrum given by:

k \° k \*
1+ Pgoe + a0 () + agp? () : (6.22)
knr, knr

Here, {Pgor, 0, a2} are free parameters as well, and should be included in order to account for non-Poissonian

S| =

Pstoch (ku IL) =

features such as exclusion effects and fiber collisions in the shot-noise. With all these pieces, the power

spectrum multipoles are defined as:

20+1 (!
Pael) = 25~ [ LalwPulion) (6.2

where L£,(p) is the Legendre polynomial of order /.

The bispectrum, in contrast, is more straightforward since we work at linear order in SPT:

By (ki ko, ks) = 2Zs(ki, ko)Zi(ki1)Z1(ko)Pr(ki)Pr(ke) + 2 perms., (6.25)

where B, ¢ is the galaxy bispectrum from the Gaussian initial condition. Although our bispectrum is only

at tree-level, following Ref. [246], we choose to include separate counterterms in order to capture the FoG
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effects [246-248]. This can be taken care of by modifying the Z; kernel in Eq. (6.24) to

Zik) — Zy°(k)

= (by + fp? — Bk* — Pk — Sk, (6.26)

3

where {cf,cB,cB} are additional free parameters®. The shot-noise contribution to the bispectrum can be

written as:

BS (0}
Buoeh (k1, ko, k3) = 1’}11 * [Z1 (k)b Pr(k;) + 2 perms.]
1+ Py, 14+ Ay
+Q [2Z; (k; )fp P (ki) + 2 perms.] + Tht, (6.27)

where Ao and By, are additional free parameters that measure the deviation from the Poisson prediction,
which we must fit from the data. Lastly, to include the BAO damping, we approximate it by making the
substitution Py, (k) — P r (k) in all of the expressions above, i.e. the damping is included at the level of the

linear matter power spectrum [26]. We provide details about this procedure in Appendix F.1.

6.2.3 Alcock-Paczynski Effect

The coordinate transformation from redshift space to physical distance relies on the assumption of a fiducial
cosmology. For us, that corresponds to the following choice of fiducial parameters: 2, = 0.31 and h = 0.676
[254]. As a result, we need to perform an Alcock-Paczynski correction [255] in order to make the coordinate
system consistent between the observation and the theory. Following the analysis in Ref. [26], we account
for the Alcock-Pacynski effect only at the tree-level, as it is estimated to be negligible at the one-loop level.

First, let us define the dilation parameters [252,256]:

B Hﬁd(z)
oy (z) = M)
ay(z) = ]];%((ZZ)) ) (6.28)

where Dy (z) is the angular diameter distance to redshift z. If we set F = aj/aL, then we can write the

3Note that we use different counterterms in the bispectrum, although they correspond to the same operators
as those that appear in Pg(k, ). This is because the counterterms in the power spectrum renormalize the loop-
correction in addition to capturing the FoG effect. Since we work at linear order only in the bispectrum, only the
FoG effects need to be captured. We thank O. Philcox for clarification regarding this point.
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observed bispectrum and power spectrum in terms of the ones computed using the fiducial cosmology as:

S 1
ngs(klak%k&“‘lau?) = OLQ OL4 Bg(k17k27k3aulau2)a
1L
N 1
obs ~N

where k and p refer to the fiducial cosmology, and k and [ refer to the observed cosmology, and they are

related through the following relation:

b= % [+p2E2-1)) . (6.30)

6.2.4 Survey Geometry

Due to the non-trivial survey geometry, the theory power spectrum and bispectrum must be appropriately
convolved with the survey window function in order to match the one measured from the data. Here we
outline the procedure that we follow to account for the survey geometry for the power spectrum multipoles
and the bispectrum shapes.

The window convolution for the power spectrum can be streamlined by working with the two-point cor-
relation function, computed using Hankel transforms [8,254]. That is, if we have the unconvolved power
spectrum multipoles P}*°™(k), we can first compute the Hankel transform?® to obtain the two-point correla-

tion function multipoles €,(r), and then convolve them with the window function multipoles W,(r)® to get

éz(f)i

€(r) = W0 (t)? + ZE(Wa(r)? + S€,(Wi(x) (631)

€4(0) = W07 + €500) [Wolo)? + 2Walo)? + 2Wilr)?

+ €4(r) %\7\72(1“)2 + W4(r)2] (6.32)

£4(0) = £ (W) + &) | S W) + QOWW]

+€,(r) [Wo(r)? + == Wy (r)? + W4(r)2} . (6.33)

“The Hankel transforms are performed with hankl [257] using the FFTLog algorithm [210]. This can be found at
https://hankl.readthedocs.io/en/latest/.

5The W,(r)s are publicly available at https://www.ub.edu/bispectrum/pagell.html for the BOSS/Patchy [CMASS,
LOWZ]x[NGC, SGC] simulations, as well as the ones for Nseries simulations.
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Finally, the window-convolved power spectrum multipoles P{°" (k) can be obtained by performing the inverse

Hankel transform with €,(r):

PO (k) = 4m(—i)f / dr %€, (r)jg(kr) . (6.34)

Due to convergence issues with the Hankel transform, this procedure must be modified slightly if P,(k) is at
one-loop order instead, or does not decay sufficiently fast at large k. We artificially extrapolate the power
spectra at high k (k > 0.5 hMpc™!) to be proportional to k=, so that the Hankel transform converges.

In the bispectrum case, directly convolving with the window function is more computationally expensive.
To overcome this issue, we use an approximate method following Refs. [220,256]. Suppose the functional

form of the galaxy bispectrum is a product of two matter power spectra and a function of wavenumbers k,
Bg(kl, ko, kg) =Py, (kl)PL (kg)Q(kl, ko, kg) + 2 perms., (635)
then the window-convolved bispectrum can be approximated as:

/ B, (K K, —k — K" W;(k; — K ky — k)
k/,k//

~ [Py, x W] (k1) [Pr, * W] (ko) Q(ky, ko, k3) 4+ 2 perms. , (6.36)

where Ws(ky, ko) = ﬁm(kl)m(kg)m*(kl + ko), W(k) = £|m(k)[?, m(k) is the Fourier transform of the

I
mask, and the normalization factors Iy and Is3 will be precisely defined in §6.3.1 [220]. The notation
P, x W denotes the window convolution applied to the power spectrum, as discussed previously in this
section. This approximation is valid for modes that are not comparable to the survey geometry. For
wavenumbers > 0.03hMpc~!, the error of the approximation is less than 5%, with only 1% differences on
parameter estimation using modes between 0.03 to 0.15 hMpc~! [220]. Following Ref. [26] we employ a

similar approximation to convolve the primordial piece:

B 1 BL(k17k27k3)
BL(kl,k27k3) - 3 (PL(kl)PL(kZ)
1 <BL(k1,kzvk3>

3 \ Pp(ki )Py (ko)

Pp(k1)Pr(ks) + 2 perms.)

(W*PL)(kl)(W*PL)(kz) +2 perms.) . (637)
We find that the error due to this approximation, across all skew-spectra, is at most 6% for the equilateral

shape and 18% for the orthogonal shape. Details regarding these estimates can be found in Appendix F.2.

We will further assess the goodness of this approximation through a validation test of our pipeline on the

Nseries simulations in §6.5.
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6.2.5 Skew-Spectrum

In this section, we will describe the formalism of the skew-spectra used in our analysis of the BOSS data.
In order to obtain the theory skew-spectrum, we must specify the kernels used, S(k,k’). From our previous
work [4], we know that the Legendre polynomial kernels can preserve much of the information from the full
bispectrum analysis and, therefore, these will be our baseline kernels. In addition, we will add the primordial
non-Gaussianity shapes for both equilateral and orthogonal as extra kernels. To sum up, our skew-spectra

are defined as follows:

Py (k) = /f: /qSi(q,k —a)Bg(q, k — g, —k), (6.38)
with kernels S; given by:
S =1 (6.39)
S = % (2 + E) kﬁl'kli (6.40)
o1
Sequit = T (k1) T(ka) T(ks) A¢ quf;igffg? E PL(kl)lPL(kQ) (6.42)
Surto = T (k1 T(ly) T(lcg) AL Dol o ) ! (6.43)

X .
kTlks Pr(k1)PrL(ks)

In order to perform the integral in Eq. (6.38), we choose the following coordinate system [196]:

7 = (0,0,1), 12(0,,/1;@,%), 61:(,/1—u%cos&pq,q/l—ugsinkpq,uq>, (6.44)

where py, = 1A<~2, by =42, cos(apq) = {-X, and z is the line-of-sight direction. We use the publicly available
package pycuba® [258,259] to numerically evaluate the resulting 4-dimensional integral. The skew-spectrum
computed from the data is averaged over a spherical shell in Fourier space. To mimic this, the theoretical
skew-spectrum f’gj is computed at the i®-bin A; as:

. ZkEAi klssj (k)

Ps, (kefr) = Sk (6.45)
keA;

with kei = (ZkeA; kz) / (EkeA; k) being the effective wavenumber .

Spycuba, https://github.com/JohannesBuchner/PyMultiNest/, is a python wrapper for cuba [258] which provides four
different routines to compute the numerical integral. We use the Divonne routine for most of the computation, and
have checked that it agrees with other routines for the case considered here.
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6.3 The Data

In this section, we will specify the details of our primary dataset, the 12 data release (DR12) of the BOSS
survey. We further use two simulation suites, the MultiDark-Patchy and the Nseries mocks for covariance
estimation and validation, respectively. Finally, we will discuss the estimation of the skew-spectra from the

data.

6.3.1 Galaxy Catalogues

We use three different galaxy catalogues in our analysis: BOSS DR12 [260], MultiDark-Patchy’ (hereafter,
“Patchy mocks”) and Nseries mocks® [23,263]. The data are broken down into two patches of the sky: the
northern galactic cap (NGC) and the southern galactic cap (SGC). Further, the redshift range is cut into

the redshift ranges ZcmMmass and Z1,0WZ"

ZCMASS = [043, 070} with zes = 0.57,

z1owz = [0.15, 0.43] with zeg = 0.32. (6.46)

The effective redshift z.s for each range is used to paint the data onto a grid in redshift space, and also to
compute the theory power spectra and skew-spectra. This turns out to be four different chunks of the sky in
total for our full BOSS analysis. The survey window function is obtained via the public MANGLE mask® [264].

We give here a brief summary of the catalogues that we use:
e« BOSS DR12: This is the primary catalogue that we use for parameter inference.

e Patchy mocks: A set of 2048 simulations from the “MultiDark-Patchy” suite, which is run using an

approximate scheme. We use this set to obtain the covariance matrix for our likelihood function.

e Nseries mocks: We use this set of simulations to validate our analysis pipeline, as this set is a full
N-body simulation unlike the approximate scheme applied in Patchy mocks. There are a total of 84
semi-independent mocks, created from different projections of seven independent N-body simulations.

Each of these 84 boxes cover as much volume as the CMASS NGC sample.

The fiducial values of the cosmological parameters for Nseries and Patchy mocks are listed in Table 6.1,

together with the Planck fiducial values, for comparison.

"The BOSS DR12 catalogues and Patchy simulations can be downloaded from https://data.sdss.org/sas/dr12/boss/
1ss/. [261,262]. We use cmAsSLOWZTOT for BOSS data in our analysis.

8The Nseries mocks can be found in https://www.ub.edu/bispectrum/pagell.html.

9 Available at https://space.mit.edu/~molly/mangle/.
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h W We og N > m, [eV]
Planck 2018 | 0.673 0.022 0.120 0.8120 0.966 0.06

Nseries mocks | 0.700 0.023 0.117 0.8200 0.960 0.00
Patchy mocks | 0.678 0.022 0.119 0.8288 0.960 0.00

Table 6.1: Fiducial cosmology for Planck 2018 data, Nseries and Patchy simulations.

We apply the Feldman-Kaiser-Peacock estimator (FKP) [265] to estimate power spectrum multipoles and
skew-spectra in our analysis. The FKP formalism aims to minimize the statistical error by giving a weight,
wrkp = 1/(1+104(2)Prxp), to each object in the catalogue, with i, (z) being the number density of galaxies at
redshift z. Ppgp is chosen to be the amplitude of the galaxy power spectrum where the signal is maximized.
In our work, we set Prp = 10°h—3Mpc®, corresponding to k = 0.10h Mpc™" for both BOSS data and
Patchy mocks; while for Nseries mocks, we instead use the FKP weight provided in the public catalogue
file. Additional weights w. are needed in order to capture observational effects. For BOSS data, we use
We = (Wer + we — 1)wyy, to capture redshift-failure, fiber collision and systematic effects [8]. For patchy mocks,
We Use W, = WyeroWic, for veto masks and fiber collisions. For Nseries mocks, we use w. directly provided in
the catalogue file. The FKP-weighted field is then given by taking the difference between number densities

of galaxies n4(r) and that of random particles n,(r):

o) = 20 ) — o). (6.47)
PON
where
o = [ dradp0)nge) ), (6.48)

and a denotes the ratio of the number between galaxies and random particles. We choose random catalogues
that are 50 times larger than the galaxy dataset/mocks, in order to capture the survey geometry as well as
to reduce the additional shot-noise from these random particles. The X in the above expression is an integer
that depends on the spectra we are interested in. For example, we have X = 2 for the power spectrum and
X = 3 for the bispectrum. In our case, since the skew-spectrum is derived from the bispectrum, we will
adopt X\ = 3 for it.

To account for the survey geometry in the theory, we compute the window multipoles W, (see §6.2.4)
from random catalogues, and normalize them appropriately so that Wy(r — 0) — 1. Physically, this is to
ensure that the small-scale power spectrum and bispectrum are unaffected by the mask.

Particular care has to be taken in the normalization of the FKP field, i.e. the factor Is;, on the data side.
iy

The usual approximation for Iy, involves summing over all the random particles, Roy . w%KP’inr(ri).
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However, it is known that this can result in roughly 10% of suppression on the amplitude of BOSS data,
which leads to an incorrect estimation of og [266,267]. In order to have consistent normalization between
the data and the theoretical model, we do not use this approximation and instead perform the full random
pair count with the code Corrfunc [268]19. The correct Iy can be evaluated with the random pair count (pc)

as (see e.g. [269]):

e _30°RR(A)
2 Am (e — i)

min

(6.49)

where A is the r-bin centered at 1 h~'Mpc with range being [Cmins Tmax) @and RR(r) is the random pair count
including FKP weights with separation r. In the end, Il is used to ensure consistent normalization of window
multipoles between data and theoretical modelling. Our computation agrees with the one shown in Ref. [266]
for BOSS data, which split the redshift range into z; = [0.2, 0.5] and z3 = [0.5, 0.75].

Finally, we embed the FKP field into a cubic box with length 3500 h~'Mpc on each side for all the data
and simulations we consider. We then apply the triangular-shaped cloud (TSC) scheme to generate a mesh
with 5123 pixels in total, which is equivalent to having a Nyquist wavenumber of knyq = 0.46 hMpc~!. We
also perform grid-deconvolution in Fourier space to correct aliasing from the mass assignment [270], that is,

the way we assign each particle to a specific pixel.

6.3.2 Estimation of Power Spectra and Skew-Spectra

We compute the power spectrum multipoles pg(k) with ¢ = 0,2,4 assuming the Yamamoto approxima-
tion [271], which fixes the line-of-sight (LoS) direction to that of a single galaxy for each galaxy pair, as
opposed to a single LoS for the whole survey. Note that the hat here denotes that the spectrum is estimated
from data or simulations. To compute the power spectrum, we choose [kY. | kP ] =[0.01,0.22] hMpc ™" with
bin size AkY = 0.0115 hMpc ™! for both the data and the simulations.

The separability of the skew-spectra kernels enables us to expedite their estimation from the data. In

particular, given a kernel that can be decomposed as S(q;,qs) = > fi(q;)gi(dy)hi(—k) with q; + g, =k, the

skew-spectrum can be written as a sum:

Pl = 3 [ S5 11Fy + 5] (0 o] (). (6.50)

where F3(r) is the FKP field defined in §6.3.1 with X\ = 3. The convolution, being the most expensive part of

the above expression, can easily be recasted into a sequence of FFTs by relying on the fact that convolution

10https ://corrfunc.readthedocs.io/en/master/
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in Fourier space is a point-wise product in position space. Therefore, after we have the FKP density field on

the grid, we can then compute the skew-spectra by following these steps:
o Transform the FKP field into Fourier space: Fs(r) — F3(k).
o Compute fi(k)F3(k), gi(k)Fs(k) and h;(k)F3(k) by point-wise products in Fourier space.
o Transform the data back to position space, and get [f;F3] (r), [g:Fs] (r) and [h;F3] (r).

o Compute point-wise products between [f;F3] (r) and [g;Fs] (r). This is equivalent to doing convolution

in Fourier space and we denote it as [fiFs x giF3] (r).

o Compute the cross-correlation between [fiF3 x g;F3] (r) and [h;F3] (r) and sum over i, which runs over
the components of the skew-spectrum, as shown in Eq. (6.50). We can then obtain the targeted

skew-spectrum.

All the kernels for the skew-spectrum that we consider here are separable (see §6.2.5), and hence we
can follow the above steps to expedite their computation. In order to estimate the skew-spectra from the
data, we must specify two different ranges of k. The first range of k is the range in which we perform the

convolution. We set this range to be Z o, = [k15 kP ] = [0.03, 0.08] hMpc™!, in which the density

conv,min’ “‘conv,max
P

conv,min

field lies within the linear regime. The choice of k also ensures that our approximation for the window
convolution of the bispectrum (mentioned in §6.2.4) is within 5% error. The second range of k is the range
over which we evaluate the cross-correlation between [f;F3 x g;F3] (r) and [hiF3] (r). We set this range to be
Tikew = [kim, kfm] = [0.035, 0.075] hMpc~! with bin-width AKP chosen to be 0.01 hMpc~". Note that these
choices ensure Zy.,, C Z.ony in order to discard modes on the boundary of Z .., which suffer larger numerical
errors from the convolution.

For both power spectrum multipoles and skew-spectra, we subtract the expected Poisson shot-noise terms
in order to minimize the potentially different noise features between the data and the simulations. The shot-

noise of the power spectrum multipoles is given by: f”h‘“(k) = (14 a)Iz /Izs. For the skew-spectra, we adopt

the shot-noise contribution for the bispectrum [220], and follow Ref. [238] to adapt it for the skew-spectra:

I3 I3 33

B = Y [ S KI - IP(“) g (6) + 2 [PF ]| (6.51)

where f’(k) is the power spectrum estimated from data. Note that Iy,y, here is the same as the one in
Eq. (6.48). Despite these subtractions, we maintain nuisance parameters in our theory model, which measure
the deviation from the Poisson prediction, and so the priors for nuisance parameters of the shot-noise will

therefore be centered at zero shot-noise.
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We use the code nbodykit!! [272] to paint the catalogues onto a grid, as well as to facilitate our estimation
of these spectra. In particular, we use the functions ConvolvedFFTPower() to estimate the power spectrum
multipoles and FFTPower() to compute the skew-spectra (specifically, in the cross-correlation between the

quadratic field and the linear field).

6.4 Parameter Inference

In this section, we will discuss details of our parameter inference and describe the choices we have made.
We start with a discussion of our likelihood function and the covariance matrix, followed by a discussion of

our sampling method and prior choices.

6.4.1 Likelihood Function

Working with the assumption of a Gaussian likelihood, we compute the covariance C from 2048 Patchy mocks.

Our complete data vector is d' = { i, Py PL PL Pl PL Pl

equil’ f’;rtho}, i.e. the power spectrum multipoles

and skew-spectra with multiple shapes (where i here denotes the index for the simulation). In order to
compute the covariance matrix, we first compute the quantity C*:

1 noo )
= dd—dyd -7, (6.52)

n—1+4
i=1

~*

where n = 2048 is the number of simulations and d is the sample mean of the data vector. We further

include the Hartlap factor to make it an unbiased estimate of the covariance [273],

[t (6.53)
n—p-—2
where p denotes the number of data points, or simply the length of the data vector d'.

As we assume a Gaussian likelihood, we perform the matrix inversion for the covariance matrix as follows.
First, we separate the covariance matrix into a diagonal and an off-diagonal part: C = (dig 4 Coffdiag The
piece Cdisg is block diagonal, i.e. it contains the diagonal part of the covariance between all pairs of P, and
I%Si, while the off-diagonal part Coffdiag contains all of the cross-correlation across different k-bins.

Next, we apply Singular Value Decomposition (SVD)'2 to the non-diagonal part: Cof4i — USV, where

S is a square diagonal matrix and both U and V are unitary matrices. Using the Woodbury formula'3, the

11https ://nbodykit.readthedocs.io/en/latest/.

128VD is a general decomposition wherein a matrix M may be written as a product USV, in terms of unitary
matrices U and V and a rectangular diagonal matrix S.

BA+UCV) ' =AT" - AT'TUCI+ VAT'UC)'VAT!
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inverse of the covariance matrix can be written down as [274]:
A AL o o -1 "
C™! = (Cli)=1 — (Ce)~1US (I + V(Cd‘ag)_lUS> V(Cdiag) =L, (6.54)

As a result, the inverse of the covariance now turns out to be a correction to the inverse of the diagonal
matrix. Additionally, we note that the matrix Coffdisg ig of low rank, and the Woodbury formula enables us
to perform the low-rank approximation of the inverse'. This procedure can help us reduce small numerical
fluctuations in the inverse as well as speed-up the matrix product in the likelihood function.

With the Woodbury simplified covariance, the negative log-likelihood function can be broken down into

diagonal and off-diagonal pieces:
—2log £ = —2log Lgiag — 210g Lofrdiag- (6.55)

Here, Lgig and Loggiag correspond to:

—2log Lgiag = (d — m)T(Cdiag)_l(d —m),

o T o -1 o
~2log Lofitig = — [UT(cdiag)*l(d - m)] S (1 n V(cdiag)*lUs) [V(cdiag)*l(d “m)], (6.56)

where d is the data vector being either BOSS data or Nseries mocks, and m is the vector containing the

theoretically computed power spectrum multipoles and skew-spectra.

6.4.2 Parameters and Prior Choices

In our analysis, we assume a ACDM cosmology with parameters fixed to Planck 2018 best-fit values [6] and
we set the sum of neutrino mass to be 60 meV. As a result, in addition to ff\IqLuil and fﬁ{ﬁh", we vary the EFT
parameters, i.e. the galaxy bias and the counterterms, as well as nuisance parameters for shot-noise in our
analysis. We follow Refs. [24, 275, 276] for the choices of priors, which are motivated by previous BOSS

analyses for the counterterms!® and by the co-evolution model [216] for the bias parameters. The priors for

1The idea of low-rank approximation is that we can get rid of small eigenvalues in S inside the SVD decomposition.
That is, we set Sii = 0 if maxy Sy /Si > crr for some threshold cir of our choice.

"®The counterterms at one loop (co,2,4 and cf ; ») are expected to be O(1) x ky. However, due to the strong FoG
effect already detected in the BOSS sample we expect it to take a larger value than the naive EFT estimate, and the
priors are taken to be wide enough to accommodate for this. Meanwhile, although ¢ (in Eq. (6.21)) is at two-loop,
previous power spectrum analyses detect a value much larger (~ 500 [Mpc/h]4) than the EFT estimate, and the prior
is taken accordingly [252].
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bias parameters are set up to be:

by ~ Uniform(0,4), by ~ Uniform(—4,4), bg, ~ Uniform(—4,4),

23
bFs ~ N(E(bl - 1)a 12) ’ (657)

where N (p, 0?) is a normal distribution with mean p and variance o2, and Uniform(a,b) sets a flat prior
between the bounds a and b.

For the counterterms and the shot-noise parameters, we have:

Co Co Cy

2 & ) e ,
[Mpc/h]? ~ N(0,307), [Mpe/L]2 N (30,30%), Mpe /i N(0,30%),
e~ ? _a__ ~ 2 @ ~ 2
NMpc/h]t N (500, 500%) , DNpc/h]2 N(0,50%), ipe/iT N(0,502)
B ) o s
M N(0,50%), Ago ~N(=1,17), Pgor ~ N (—1,27),
Buoe ~ N(0,1%), a9 ~ N(0,2%), 2y ~ N(0,2%). (6.58)

The counterterms {cy, ca, ¢4} here are related to {€, 2, ¢4} (defined in §6.2) by the mapping [252]: ¢y =
o + feo/3 + £284/5, co = %(62 + 6£¢4/7) and ¢4 = %6416. We also note here that we include two additional
parameters COB and c§ for the skew-spectra (compared with a single counterterm as in Refs. [24,275]), since

our skew-spectra are sensitive to RSD information. For the primordial non-Gaussianity parameters, fyr

and f3°, we adopt uninformative flat priors. In practice, we have
£ Uniform(—2000,2000), £ ~ Uniform(—1000, 1000) . (6.59)
For the non-local scale-dependent bias b, we have [24]:
b = nge’)c(bl — 1) with b ~ N(1,5) and 8. = 1.686. (6.60)

To sum up, we have a total of 17 nuisance parameters in each patch of the sky, so the total number of
parameters are 17 X Npyen + 2, with Ny, being the number of patches. Since we use both CMASS and
LOWZ redshift cuts, each with NGC and SGC skies, we have Ny, = 4, giving us a total of 70 parameters.

Finally, in order to sample our posterior, we will use nested sampling [277], which will be done with the

16This mapping accounts for the change of basis of the counterterm parameters as one computes the multipoles of
Pgs cr(k, ) (see Eq (6.21)). In other words, it specifies the combination of the &, coeflicients appearing in the power

spectrum multipoles Py, ¢(k). For example, Pgi (k) = (o + £¢2/3 + £2¢4/5)k*PL(k) = cok’Pr(k).
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public package PolyChord!” [278,279).

6.5 Results and Discussions

Before analyzing the data, we first apply our pipeline to the Nseries mocks as a validation test, where our
goal is to detect any potential statistical bias arising from our theoretical modelling. In other words, we
seek to estimate the theoretical error intrinsic to our modelling choices. For this validation test, we use the
mean of the power spectrum multipoles and skew-spectra across the 84 Nseries simulations as our data. We
compute our covariance matrix using 2048 Patchy simulations, the same as the one used for BOSS CMASS
NGC.

We perform two separate analyses using the Nseries data. One is to match the effective survey volume
of BOSS DR12 (Vg = 6h_3Gpc3), which we approximate by rescaling the Pathcy covariance matrix by a
factor of 2.4. The other one is to match the total volume of the Nseries suite (Vg = 235 h’3Gpc3), this time
rescaling the covariance by 84. The two cases serve different purposes. We will use the full Nseries volume to
estimate potential statistical biases, while using the other one to assess whether it will be significant under
the noise level of BOSS DR12. In addition to the fy parameters, we vary the biases and counterterms
in both analyses. Note that the Nseries simulations are only semi-independent, so our estimates for the
theoretical error are expected to be conservative.

The result for each effective volume is presented in Table 6.2. For each volume, we show constraints
for f;qfﬂ and fgthe under three different cases: (1) varying only fyi ﬂ, (2) varying only fgt°, and (3) varying
both ff\?;il and fgth°. Varying only ff\?;ﬂ we find that the bias on the equilateral shape is around 0.530 away
from zero when compared with the BOSS level error. However for the orthogonal shape, the theoretical
error is at the 4.150 level, indicating a significant bias due to our treatment of the survey geometry. Even
though in Appendix F.2 we observed that our approximate window convolution leads to an 18% error on
the skew-spectra sourced by the orthogonal shape, it is sufficient to cause a severe systematic bias in the full
analysis. We arrive at the same conclusion upon jointly varying ff\?;il and f{i{ﬁh", finding a significant bias for
the latter. As a consequence, in our final analysis on BOSS DR12, we will only vary ff\?fﬂ.

We additionally inspect each skew-spectrum shape to isolate the source of these errors. To be precise,
we perform the same Nseries validation test as above while restricting the skew-spectra to a single shape
P; in our data vector. In doing so we find that restricting the data to just Py leads to a theoretical error on
forho within 0.40, relative to BOSS errors. However, the other kernels are more error prone, maintaining a
theoretical error of 1 —20. Our results can be compared with those of Ref. [26], where the same approximate

window convolution is used, albeit on the one-loop bispectrum monopole. They find a negligible theoretical

17h‘ctps ://github.com/PolyChord/PolyChordLite.
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error on fg‘{ho, which is consistent with our checks, since Py is nothing more than an average of the bispectrum

monopole. These tests suggest that the window-approximation could be used in order to estimate f{iﬁho using
the bispectrum monopole data, but may be too imprecise for the other bispectrum multipoles, at the level

of BOSS sensitivity.

Effective Volume (Nseries) ‘ Ve = 6h3Gpc? ‘ Vg = 235h3Gpc?

Parameter varied ‘ ff\?Lu i fﬁ{ﬁh" ‘ f;?f : f{i{ﬁho
£ only 36 + 758 404 + 81
fortho only 69 + 221 919 + 24
geduil | fortho 241778 | 56 204 | 194 £ 88 | 827 £ 20

Table 6.2: Posterior means and variances of f;?Lm and f{({ﬁh" with Nseries mocks. We consider two different

effective volumes, 6 h*i”Gpc3 and 235 h’BGpcg, which allows us to determine the size of the systematic errors
compared with the noise level of BOSS DR12.

Having validated our pipeline and detected any potential bias, we present our main constraint for pri-

mordial non-Gaussianity f{"" utilizing the full BOSS DR12 dataset:
£ varied only: f = 34429 at 68% CL, (6.61)

with the contour plot shown in Figure 6.1. Our result indicates that ff\?fil is consistent with zero at 68% CL
even if we include a potential 0.54¢ statistical bias from our Nseries analysis. This result is also consistent
within 1o with Refs. [24,26], which find f;?Luﬂ = 260 + 300 and ff\IqLuil = 245 + 293, respectively. As some of
the priors on the EFT parameters are poorly known beforehand, we have also checked that widening them
by 5x leads to similar constraints for the fii" parameter.

Let us now compare the results of our main analysis to the ones in the literature. We start with the con-
straints reported in Ref. [26], which uses the power spectrum monopole and quadrupole, and the bispectrum
monopole, all at the one-loop level. As in our work, Ref. [26] uses the FKP formalism and fixes the ACDM
parameters to Planck 2018 values. However, we use a different set of priors for the EFT parameters. Our
choice follows Refs. [24,275,276] (discussed in §6.4), which employs Gaussian priors with larger variances
compared to Ref. [26]. In addition, instead of a lognormal prior on b; centered at €’ and Gaussian priors on
both by and bg, centered at zero, we impose uniform priors for all of them. Overall, we have a comparable
variance, i.e. a 7.5% difference between our o(ff\f‘fﬂ) and the one of Ref. [26] despite our usage of only the
tree-level bispectrum.

We also compare our result with another recent work [24], which analyzes the window-less power spectrum

multipoles and the bispectrum monopole [280,281]. In particular, we will focus on the comparison with the
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Figure 6.1: Posterior distributions for our full BOSS analysis, where we vary only f;]fﬂ and all the EFT
parameters. The bias parameters shown here are for CMASS NGC only, indicated by the index 3. We
fix the ACDM cosmological parameters to Planck 2018 best-fit values. The expected Poisson shot-noise
contribution is subtracted from the BOSS data.

aggressive model in Ref. [24]. This model fixes the ACDM parameters to Planck 2018 values. A co-evolution
model is also assumed to fix the value of the quadratic biases by and bg, as a function of b;. Following this
strategy, we also see a comparable level of error on ff\?fﬂ, i.e. within 5% differences on o(fl?fﬂ), between our
result and theirs. Overall, our estimation of f;qfﬂ is consistent with theirs within lo.

With these comparisons, we can see that even though the skew-spectrum serves as a compression of
the full bispectrum, the error bars we present are competitive with the full bispectrum analysis. This was
also noted in our previous work [4] with harmonic-space skew-spectra in which we have shown, through a
Fisher forecast, that skew-spectra with Legendre polynomial kernels are sufficient to constrain not only the
bias parameters, but also the seven vACDM parameters. In this work, we include two additional kernels
to capture shapes from primordial non-Gaussianity. We see that the addition of these two kernels reduces
our error bars on ff\?Luﬂ and the EFT parameters by 10% — 20%, compared to the case with just Legendre
polynomial kernels.

Finally, we point out some possible sources of systematic errors in our analysis. While our Nseries tests
reveal an unimportant level of theoretical error on ff\?fﬂ, our posterior mean is still shifted away from zero.

Part of these shifts come from our approximate treatment of the window convolution. As mentioned in §6.2,

this approximation induces up to 5% errors on the gravitational contribution to the bispectrum, for scales
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larger than k = 0.03 hMpcfl. In Appendix F.2 we also assess the impact of this approximation on both
equilateral and orthogonal shapes, where we found a 6% error for the equilateral shape and 18% error for
the orthogonal shape. This error compounds into a large theoretical error for fl‘i{ﬁh", as we have seen from
the Nseries validation tests. Another source of error may be the difference in shot-noise between the Patchy
and Nseries simulations. We tested this by running our pipeline without subtracting the shot-noise from
the data and found that our posterior shifts further away by 0.59¢ for ff\?fﬂ, implying that different noise
features between the mocks and the data may be a contributing factor. However, we note that the shift from
the fiducial fyp values remains below 1o. Finally, in our validation test, we have used the Patchy mocks in

order to approximate the covariance for the Nseries suite. This may further be a source of error since the

two simulations have slightly different masks.

6.6 Conclusions

In this work we present the first analysis of BOSS DR12 galaxy-clustering data using weighted skew-spectra,
jointly with the power spectrum multipoles, to probe primordial non-Gaussianity sourced by single-field
inflation. Even though the skew-spectra serve the role of a dimension reduction of the full bispectrum, they
have been shown to preserve almost all the information for not only amplitude-like parameters, but also
vACDM parameters [4,195,238]. Here we constrain f;clfil, finding consistency with Refs. [24] and [26], which
use the combination of the galaxy power spectrum multipoles and the bispectrum monopole.

Motivated by our previous work in harmonic space [4], which shows that the Legendre polynomial kernels
for skew-spectra are sufficient to capture most of the information from the full bispectrum, we construct our
skew-spectra with five different kernels, including Legendre polynomials, and two additional kernels based on
the equilateral and orthogonal primordial bispectrum templates. Each of them can extract non-degenerate
information from the galaxy bispectrum.

Starting from the galaxy catalogue, we apply the FKP formalism to compute both power spectrum
multipoles and skew-spectra. To model both of these statistics, we follow the effective field theory of large-
scale structure approach, which requires several nuisance parameters such as galaxy biases, counterterms
and shot-noise parameters. The survey geometry is also taken into account by convolving the targeted
spectra with appropriate window functions. In particular we rely on an approximate treatment of the survey
geometry for the skew-spectra.

We assume a Gaussian likelihood and construct our covariance matrix with 2048 Patchy mocks. Due to
the large number of parameters in our theory model, we use the nested sampling algorithm to estimate the
posterior distributions for both f;qfﬂ and f{i{ﬁh", marginalizing over the EFT parameters. We first test our

pipeline on Nseries mocks and obtain a theoretical error on f;f‘fﬂ to within 1o, relative to BOSS level error.
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However, we find that the window approximation on the primordial bispectrum causes a significant bias on
forhe - Therefore in our final analysis on BOSS DR12 data we choose to only constrain f;\?fﬂ. Fixing the
cosmology to Planck 2018 best-fit values, we obtain ff\?fﬂ = 734f§§2 at 68% CL, consistent with zero. We
find no evidence for primordial non-Gaussianity, which is consistent with the findings of Refs. [26] and [24].

This work is a first step in applying the skew-spectra to galaxy survey data. There are some directions in
which we plan to make further progress. First, we use an approximate treatment of the window convolution
on the bispectrum, which prevents us from reliably estimating £, Moreover, even for the other bispectrum
shapes, this approximation restricts the number of large-scale modes accessible to us. Since primordial signals
exist in both large-scale and small-scale fluctuations, circumventing this issue would provide a clear path to
improving our constraining power. Secondly, we perform a high-dimensional numerical integral in order to
obtain our theory skew-spectra, which is a time-consuming task and therefore prevents us from varying the
full vYACDM parameters simultaneously in the likelihood analysis. This could be potentially accomplished
with help of simulation-based inference methods [282-286]. Lastly, we note that our analysis has used an
approximation to determine the normalization of the bispectrum (I33 mentioned in §6.3.1), similar to the
approximation for Iy» made at the power spectrum level. This could be a source of systematic error for fyi
(similar to the error on og caused by approximating Is;). While our validation tests verify that this error is

small for BOSS data, one should rigorously check this for upcoming surveys.
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Summary and concluding remarks

Cosmological observations are increasingly reaching the required precision to function as a laboratory for
particle physics. An especially tantalizing goal is to further develop our understanding of the inflationary
epoch. In this context, it is therefore essential that we understand our theoretical models as comprehensively
as possible. This can come in the form of formal developments or exploring all reasonable phenomenological
possibilities in order to ease our interpretation of the data we will inevitably collect in the future. Of course,
both these fronts work in tandem, as the first three chapters of this thesis exemplify.

We have first developed the technology to qualitatively and quantitatively understand a broad class of
loop effects in de Sitter space, and subsequently applied this technology to uncover new primordial signals.
We have studied different channels through which light scalar particles can be visible in the primordial
distribution of matter, and paid particularly close attention to the physics of light compact scalar fields. We
have identified two main reasons the phenomenology of compact scalars is more interesting in inflation than
in flat-space. The first is that the quantization of such particles is subtle in de Sitter space, where the gauge
constraint restricts the class of states of the theory. Secondly, large infrared fluctuations of massless particles
in de Sitter force us to work with the appropriate gauge invariant operators, thereby making primordial
correlation functions uniquely suited to detect them.

As more observations are taken of the late universe, we face a challenge in dealing with more complex

and orders of magnitude larger datasets. It is therefore also necessary to develop new tools to efficiently
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and meaningfully interpret this data. On the data side, we have studied compressed estimators of non-
Gaussianity. This work is meant to tackle the problem of worsening computational complexity, which is
increasingly becoming an issue with, e.g. larger volumes of observed galaxy samples. We have shown that
the skew-spectrum, a carefully chosen compression of the bispectrum, can be used to measure amplitude
parameters with a minimal loss in precision at a fraction of the computational cost. We have demonstrated
the utility of skew-spectra by using them to measure fy} ! from the SDSS-BOSS catalog.

There is a global effort on both fronts to move closer to sharpening our picture of the primordial universe,
and this thesis is a small step towards this goal. We hope that we will soon be in a position to understand
fundamental physics at unprecedented energy scales, up to around 10! GeV [14], so we can come closer to a

fuller understanding of the microscopic world.
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Further Discussion of Light Scalars

A.1 Formulary

In this appendix, we collect various definitions and conventions of the special functions we use in the main
text as well as several useful formulas.
Many of our expressions will contain large ratios and products of gamma functions, and so we adopt the

common shorthand
r[a"z’c"'j.} = w and Tfa,b,c,---] =T(a)[(b)L(c)- -, (A.1)

though we will also use actual products and ratios when they look better. For arguments with large imaginary

parts, the magnitude of the gamma function is exponentially suppressed,

IT(x +1iy)| = v2ﬂ|y\x_%e_“"/|/2, y — £o0, (A.2)

with both x and y real. The digamma function 1)(z) is defined as \{(z) = < logT'(z) and usefully obeys the

functional equation {(z + 1) = {(z) + 1/z. Furthermore, —{(1) = ~, =~ —0.577216 is the Euler-Mascheroni

constant.
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The Gaussian or ordinary hypergeometric function is defined in the disc |z| < 1 by the series

b I'(c) ~=T(a+n)'(b+n)z"
Fi(a,b;c;z) = oF | = i A.
o e =20 o] = i SRR 43
This can also be defined through the Mellin-Barnes integral [287]
. I(o) ds T'(s)['(a —s)I'(b — s) s
oFi(a,b, ¢;z) = IWA% T(o—s) (-2)7, (A4)

in which the contour ~ runs along the imaginary s-axis and separates the so-called “left poles” generated by
I'(s) from the “right poles” generated by I'(a — s)I'(b —s).! For certain values of a, b, and ¢, the contour ~
may need to be deformed to separate these families of poles and may not always be strictly parallel to the
imaginary axis, as illustrated in Figure A.1. This integral representation converges as long as z is not on the
positive real axis, z ¢ [0, 00).

Any function of two points on the Euclidean sphere that is invariant under its isometries must be a function
of the embedding distance § € [-1,1], and so admits a decomposition into any complete set of orthogonal
polynomials on the interval. An especially useful set for our purposes are the Gegenbauer polynomials.
These can be defined in terms of the Gegenbauer-C functions [288], which are solutions to the differential
equations

(2 —1)C:1;—|—(2J—|—1)§(i —J(J+2a)] Co(e) =0, (A5)

and can be expressed in terms of the hypergeometric function as

ey — LU +2q) -J, J+ 20
GO = 1 o)

12§} . (A.6)

The Gegenbauer polynomials are then defined as the Gegenbauer-C functions restricted to non-negative

integer J. Furthermore, for large argument, these behave as

ci©) ~r| T ey r TR O gy, (A7)

as |£| — oo. In particular, at the endpoints of the interval

o (1) = I'(J+2a) and o (-1) = cost(J+a) T(J+2a)

=TI+ D20 st T+ 1T(2a) (A.8)

and so both grow as J>*~! for large integer J. However, C§(-1) grows exponentially as ImJ — £oo0. The

!This is typically written with s — —s, but this form it will be slightly more convenient for our purposes.
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Gegenbauer C-functions are thus very poorly behaved for non-integer J.

Any smooth function H(§) can then be decomposed as

oo

H(E) = ) (J+ o)[H]; CF(€), (A.9)

J=0

where the coefficients [H]y can be extracted via

(47)°T(a)T(J + 1)

)y = S [ - esone) (A.10)

for integer J. As discussed in the main text, they may also be extracted via a contour integral over the

Gegenbauer Q-function

27i

_URTTE D) € o et
= S e -y asome). (A11)

where C wraps the interval § € [—1,1] in a counter-clockwise fashion. The Gegenbauer-Q are the other

solution to (B.7) and may be defined as

21712007 (J 4 2q)

Q?(&) - F(OL)F(J + o+ 1) (& - 1)7J72&2F1 |:

J+a+3, J+2a
2J + 20 +1

11] . (A.12)

Importantly, Q§(€) is the unique solution to (B.7) which decays as g2

as |€| = oco. This implies that, as
long as the integral (A.11) converges, it defines the appropriate analytic continuation of [H]; to non-integer
J that is well-behaved in the right-half J-plane.

The functions we work with will have a discontinuity along & € [1,00), and so we may write

a+1 0 1
[H]]: 27T F(J+1) / ﬂ J_12F1 |:J+OL+2, J+1
0

—]] _Q d'SCH Alg
where Q - 2/(& 1) The disconlinuily

o2micA

disc (—1/Q)_A = —2iC’A sin 'TYA = —m s

(>0, (A.14)

will be particularly useful throughout the text.
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In our notation, the inversion [G°G®]; of the bubble diagram was found in [93] to be

I'(Ay)  cosmA
G°Goy = ¢ ° _T[2-2 +1,3J+1-a+A
[ b 16w sinm(a — Ay) [ a,J 3 (J @ d))] x

FJ+2—a+A, s(J+20+ A —Ag), 5(J+ Ay + Ag)] x (A.15)
7V6[J+1—Q+A(b;1—a,1—20¢—|—A¢,J+1,%(J+20¢+A¢—AG),%(J+A¢+AG)

+ (Do Ag) = (Boy Ag) + (8o, Ac) = (Ag, Do) + (B, Ag) = (Do, Ay)

where
— Vila;b,c,d, e, f
Vslasb, ¢, d, e, f] = — Velab,c,d e f] (A.16)
I‘[ia,l+a—b,1+a—c,1+a—d,1+a—e71—|—a—f]
is a regularized 7 Vg, the so-called very well-poised ;Fg hypergeometric function [287],
a,l+2a,b,c,d,e,f
Visla;b,c,d, e, f] =7F A 1], A7
Vslasb,c,d e, f] =7 6[%&,1+a—b,1+a—c,1—|—a—d71+a—e,1+a—f‘ } ( )
with
ay, az, ", ap _ b17b27"'7bq — a’1+na32+n7"'7ap+n Z7n
qul:blabZa"'7bq Z:| _F|:alaa27"'aap ZP b1+nab2+na"'7bq+n n! (Alg)

n=0

for |z| < 1 is the generalized hypergeometric function. Such regularized hypergeometric functions are entire
in all of their parameters, while a hypergeometric function is said to be well-poised if p = q + 1 and
14+a; =by+ag=by+ag=---=Dby+aqri. Such functions are very well-poised if they are well-poised and

a2:1+%a1.

A.2  Uniqueness of the Interpolation

In the main text, we defined Lorentzian de Sitter two-point functions on £ € R via the analytic continuation
of their Euclidean counterparts defined on § € [-1,1]. These Euclidean correlation functions were expressed
as sums over integer momenta J of weighted Gegenbauer polynomials, which only converge? when |€| < 1.
To analytically continue these expressions to |£] > 1, we rely on the Watson-Sommerfeld transformation to
convert the discrete sum into a contour integral over the product of a meromorphic “interpolation” of the
summand and a “kernel” with unit residue poles at non-negative integers. As we have discussed, there are
infinitely many interpolations that match the summand at the integers, but Carlson’s theorem guarantees

that there can be only one with sub-exponential growth as |J| — co. In this appendix, we give a pedagogical

2Strictly speaking, o also needs to be small enough for these sums to converge, as the propagator is too singular
when o > g to be faithfully represented by a Gegenbauer polynomial interpolation.
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explanation for why this well-behaved interpolation, given by the Lorentzian inversion formula (3.19), is the
correct one to use for analytically continuing two-point functions to € € R.
We can illustrate this simply by applying the Watson-Sommerfeld transformation to (B.3) to derive the

Mellin representation (A.4) for oF;(a,b; c;z). The most obvious interpolation is

Pl@a+n)I'(b+n)z"  T(a+s)I'(b+s)

Tlc+n) nl  Tc+s)I(s+1) (2™, (A.19)

and so, with the kernel k(s) = —e™TI'(-s)['(s + 1), we can rewrite the sum as

o2F1(a,b;c;z) = —

T(c) / ds a+3)l(b+)T(=s) (A.20)
c

L(a)T(b) Jo 2xi T(c+s)

where the contour C sandwiches the positive real axis, coming from s = co + ie to s = ie, enclosing the pole
at s = 0, and then going off to s = oo — ic.

Unfortunately, the integral in (A.20) still is only absolutely convergent for |z| < 1, and so nothing has
yet been accomplished. To analytically continue to |z| > 1, we must deform C into a contour along which

the integral decays more rapidly as |s| — co. The main factor to pay attention to is
(=) = pe™™, (A.21)

where we have written —z = pe'” and s = k+it. This tells us that the integrand is additionally exponentially
suppressed if we approach the point s = oo in the upper (lower) half-plane when 4 > 0 (9 < 0). Ideally,
we could take advantage of this exponential suppression and arrive at an absolutely convergent integral
representation for 5F;(a,b;c;z) by deforming C into a contour ~ that lies parallel to the imaginary axis.
However, this would also require that the interpolation decays quickly enough in the opposite direction—the
lower or upper half-plane when 9 > 0 or ¢ < 0, respectively—that we can ignore the resulting arcs at infinity.

Using (A.2), the integrand behaves as

I'(a+s)I'(b+s)'(—s)

—_\S| ~ 2 ktRC(aer*C)*l 7‘3{‘)7“““ t A.22
I'(c+s) (-2) P € >t = 00, ( )

we see that the integrand is always exponentially suppressed as t — oo as long as 4 £ —w. This is where
Carlson’s theorem comes in: any entire function that vanishes on the positive integers and grows slower
than ¢l as |s| — oo must be identically zero. So, if we instead modify the interpolation by adding to it
an arbitrary regular function f(s) multiplied by sin s, designed to vanish at all positive integers, this ruins
the interpolation’s asymptotic behavior as |s| — oo and it instead grows exponentially at least as fast as

¢l as |s| — co. This interpolation is thus useless for defining an analytic continuation for |z| > 1 whereas
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(A.19), unique in its asymptotic behavior, is the one that must be used to go beyond the original domain of
convergence |z| < 1. An analogous discussion applies to the Gegenbauer polynomial expansions like (2.21),

since asymptotically (B.10) they have the same polynomial dependence on their argument.
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A.3 UV Divergences of de Sitter Self-Energies

Both the bubble and sunset diagrams are UV divergent and, in this appendix, we regularize them via
dimensional regularization. Specifically, we first evaluate these diagrams at an o = (3 — ¢)/2 for which

they converge. For the bubble and sunset diagrams, this naively requires that Rea < 1 and Rea < %,

respectively. We then analytically continue these results to o = % and € — 0, keeping the masses mg and

m, fixed. That they diverge when o = % is represented by a set of poles in €, which we then subtract with

our mass and kinetic counterterms.
Unfortunately, while we can efficiently extract the self-energies’ singularities in J from the representations
derived in the main text (2.56) and (2.89), there is a sort of conservation of trouble and it is quite difficult to
3

extract their e — 0 behavior for a = 3, or in any even spacetime dimension with D > 2. To see the essence

of this problem, we can consider the free field propagator in the form

0T () Tl

ol

dm)e Eh , (A.23)
N r'A F[ 5—(1 200— A } F [A 200 A’l]
(4m)o+s ta-A o+ Al o+l ¢

which is useful for constructing a series expansion in the deep UV, { — oo. Unfortunately, both terms in

3

(A.23) are individually singular as o — 3, even though their sum is well-defined. These cancellations are

necessary in order for the series expansion of (A.23) to the logarithms of ¢ that appear in (A.23) when
a = % To make matters worse, these cancellations occur between terms at different orders in the series
expansion around ( = oo, which makes it exceedingly difficult to track which terms in (A.23) dominate the
bubble and sunset diagrams as € — 0, and to efficiently extract their divergences.

Instead, we will rely on the Mellin representation of these self-energies to extract their UV behavior. Such
representations have found wide use in the study of flat space Feynman diagrams—for instance, see [289] for
a pedagogical review—but also the study of de Sitter correlation functions in the flat slicing [156, 167,168,
290-295], though it will be helpful to also review them here in the context of Euclidean de Sitter correlation

3

functions.® We will first illustrate these techniques using the propagator (2.31) and the bubble diagram,

where we have exact results to which we can compare. Finally, we apply them to the sunset diagram.

3These divergences can also be extracted using the heat kernel in Euclidean AdS, see e.g. [296].
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Figure A.1: Mellin-Barnes integration contours for the Ga(Q) for a light [left] and heavy [right] fields. For
light fields, the original integration contour ~' must snake around the “left” pole at s = o — % — A in order
to completely separate the left and right poles. We will deform this contour to one that runs parallel to
the imaginary s-axis, denoted ~, by including the contribution from this pole. This is unnecessary for both
heavy fields and the Mellin-Barnes representation of Gx.

A.3.1 The Propagator

Let us consider one-half of the propagator (2.31)

oo , J+oa+Ll J+1 A A—a+1
_ J+A-1 29 _ ) 2| _
[gA]J—MT,A/O dq ¢ 2F1[ 9] + 2+ 1 ’ C} 2F1{2A—20¢+1 ’ Q] (A.24)

with the coefficient Nj A given by (2.32) and the full propagator [G]; = [Ga];+[Ga]s given by this contribution
plus its shadow A = 2a.— A. This integral can be evaluated exactly and is singular when o = (3—¢)/2 — 2,

with pole
tan TA 1

ECED D (4:29)

[Galy ~

Of course, [G]; is regular as ¢ — 0, and (A.25) cancels against an equal and opposite contribution from its

shadow [Gz]s.
Our basic strategy is to replace the hypergeometric function from the propagator in (A.24) with its Mellin

representation (A.4), which we write as

A,A—a—i—% B
2F1{2A—20¢+1 )=
1 1 (A.26)
T 2A-20¢+1 /EFA_(X+§+S’_S7OL_§_S QOL*A*%*S
A, A—o+3 - 2mi A—a+3-s '

We can then integrate over (. As pictured in Figure A.1, the integrand of (A.26) has a set of “left” poles at
sS=a— % — A —k and two sets of “right” polesat s =k and s = o — % +k, with k € N a non-negative integer.

The contour ~ is chosen such that it separates these left and right poles. For a heavy field, this means that
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Figure A.2: A singularity may develop in (A.27) if the contour ~ is “pinched” between left and right poles
as € — 0 [left]. We can compute the resulting singularity by moving the contour ~ past the pinching pole
and picking up its residue [right]. The resulting integral is regular as ¢ — 0, so the € singularity is fully
contained within this residue and may be easily calculated.

the contour ~ can be chosen to run parallel to the imaginary axis in the strip —% < Res < 0, from Ims = —oc0
to Ims = 4+o00. The same is true for light fields with dimensions o — % < A < a, though here the strip is
reduced to o — % — A < Res < 0. For light fields with dimensions below A < o — %7 the right-most left pole
is actually to the right of the left-most right pole, and so the contour can no longer be purely parallel to the
imaginary axis and separate the left and right poles. However, we can deform this contour to be parallel to
the imaginary axis and lie in the strip —g ++v/a2 —m? < Res < 0, at the cost of including the residue of the
pole at s = a — % — A, which is thankfully just 1.* The upside is that we will always choose the contour ~
to be parallel to the Ims axis, with a small negative real part.

With (A.26) inserted (A.24), we can perform the integral over ( to find

ds
[QA]J:/—.F(%foHrs)F(fs)}"(s) (A.27)
N2fm
with
sin TA 1+s,a—%—s,A—a—i—%—l—s,J—l—a—%—s
- . A2
F) 2nsinm(a — A) [ J+a+3+s, A—a+3-5s (A.28)

The integral over ( converges when Res > o — % and Re (J —s+ a) > 1, which is satisfied by the contour ~

as long as a < %, or for e > 0.°

4We will not consider “conformally-coupled” scalar fields with m? = o — % or equivalently dimension A = o — %
In this case, the left-most right pole and right-most left pole overlap, and the Mellin representation is not so useful.
However, in this case, the propagator takes such a simple form G(() = (—I/Q)%f“f’(u — %)/(47:)“+% that the inversion

formula (3.19) can be done exactly, and so this more complicated analysis is unnecessary.

5We will assume throughout this analysis that ReJ is always large enough to avoid any potential J singularities.
Relaxing this assumption would not change our conclusions but only make the analysis more tedious, and it is easier
to extract the singularity structure in J using the techniques presented in the main text.
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The integral (A.27) is well-defined and thus non-singular as long as the contour ~ separates the left poles
from the right poles. The only way a singularity can develop is if the contour ~ gets “pinched” by the
left-most right pole at s = 0 and the right-most left pole at s = a — 2 = —¢/2, as illustrated in Figure A.2.
As ¢ — 0, we can extract this singularity by deforming the contour past it, at the price of picking up its

residue,

(Galy = res [T(5 —s)D(-8)F(s)] + / ds T/ (5 — ) (-s)F(s), (A.29)

s=—e/2 2mi

where we use I'/1%(z) to denote that the contour ~ is deformed to avoid the z = 0 singularity of I'(z).
Similarly, we will use I/1%71}(2) to denote that the contour ~ avoids the z = 0, -1, ... singularities of I'(z).
The remaining integral in (A.29) is completely regular as € — 0 and so the only divergence comes from the

residue in (A.29),

sec T sin TA J+1,A-1 tan TA 1

(Gl ~ T2sinm(a—A) |[T+2a,A-20+2] T T m0+ )T +2)e’

(A.30)

as € — 0, which recovers the UV divergence (A.25) from the exact result.

A.3.2 The Bubble

A similar strategy works for the bubble diagram, though it will be more convenient to sum over the dimensions

and their shadows at the outset. For instance, using (A.26) in (2.54), we have

= dSldSQ 3
G Gd)]f/Q—mQ—m F 2720L+81+S2)F(§70L+Sl+82)

: (A.31)

X I‘[—sh -89, a—%—sl, 04—%—82]]:(51,52)

where the s; and sy contours (which we denote ~; and ~,, respectively, but will suppress in our expressions
going forward) are chosen to run parallel to the imaginary s; and sy axes, with small negative real parts, as

described in the previous section. Here, we have also defined the function

(A7) i sinm(Ag + Ay) T(J+ 20— 1 —s; —s9)

sinT(a — Ag)sinm(a —Ay)  T(T+2+51+59)
Ap—a+3+s, A —a+1+s
Ad)—(x—l—%—sl,Ac—(x—i—%—sz

F(s1,82) =

(A.32)

where the - -- denote the three other permutations under A, — A, = 2a — A, and Ay — Agp =20 — Ay
This Mellin representation is valid (for large enough ReJ) as long as « is such that the contours can sit to
the left of the right poles generated by I'(—s;) and I'(—ss), and to the right of the left poles generated by

I'(2—2a+s; +s2) and 1"(% —a+s;+ SQ). This is possible as long as o < 1, and we will need to analytically
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Figure A.3: As a — 1 [left], the right-most left pole [green] traps the integration contour, here shown as a
crossed circle in [ |, between the right poles [red/blue]. These poles form lines in the Res;—Resy plane,

with Ims; = Imsy; = 0. To analytically continue beyond o = 1, we again move the contour around the
pinching poles, picking up the residue at that pole. As described in the text, this happens again as o — %
[right] for two sets of poles in [green/purple].

continue this result from o < 1 to o — % to extract the bubble’s UV divergences.

As illustrated in Figure A.3, the “right” singularities generated by the factor I' [—sl , —So, QL — % —S1, 00—

% - SQ] form horizontal and vertical lines in the Res; — Resy plane (in red and blue), while the “left”
singularities generated by I'(2 — 2ac 4 81 + SZ)F(% — o+ 81 + 89) form diagonal lines (green and purple) that
move towards the upper right as o — % As they move, they trap the integration contour (in yellow) between
the lines of the right singularities and pinch it. As o — g from o < 1, the contour is first pinched by the
2 — 2a + s1 + 89 = 0 singularity of I'(2 — 20 + 81 + s2). As before, we need to move the contour past this
singularity. We do this first by replacing the s; integral with its residue and singularity-subtracted integral,

and then similarly the so integral. Fortunately, the residue at s; = —(2 — 2a + s9) vanishes identically when

we include the sum over shadows in (A.32), so we may write

ds; d
[G"G‘b]J = /;22 I‘/{O}(Q — 200+ 51 +S2)F(% — o +5s; +S2)
AT . (A.33)

X F[—sl, —S9, (x—%—sl, OL—%—SQ]J:(817S2)

We can now continue this expression to o« — % The integration contour is first pinched by the %— a+s1+82 =
0 singularity and then the 2 — 2a + s; + s = —1 singularity. Treating each pinch in turn, we find that the

residue again vanishes for the 2 — 2a + 87 4+ 89 = —1 singularity and so we are left with a single contribution
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from the g — a+ 51 + s2 = 0 singularity,

[G°G®]y = —msecmal' (3 —a)F(0,a — 3) + -
r(l A A (A.34)
L —a)esemAg cos (o — Ag) ese (20 — Ag)
4(4m)0 2 T(2 — A2 — 200 4 Ag)

where the --- denote the remaining integral terms that are regular as o — % Taking o = (3 —¢)/2 and

e — 0, we are left with a suprisingly simple result for the full bubble diagram,
[G°G®); ~ ! (A.35)

T 8w’

which agrees with the divergence extracted from the exact result (A.15).

Before we move on, we should note that this derivation treated ¢ as if it had mass mi > ol — % so that
we did not need to “straighten out” the s; contour to lie parallel to the imaginary axis. If the field is light
enough, m? < o? — {, we need to include a 1 in our resolution (A.26) of the A,-dependent hypergeometric
function that appears in [Ga, G°];. We are then left with an additional Mellin-type integral with an integrand
that is proportional to I'(s; + 3 — o — Ag)(=s2). As o = 3 — Ay, =3 — %mé + .-+, the left-most pole of
F(81 + % —a— Ad>) and the right-most pole of I'(-s;) pinch the integration contour. However, this does not
contribute to the e-divergence of [G"G®]; for two reasons. First, while the residue of [Ga,Ga,]s at this pole
is non-zero, it is exactly canceled by its shadow contribution from [GA,Ga,];. Second, even if this residue did
not vanish, this contribution is necessarily regular as ¢ — 0, even if it diverges as € — Qmi /3. Thus, (A.35)
applies when ¢ is either light or heavy. Similar logic holds for other diagrams with light fields. Intuitively,

this is obvious—straightening out this contour represents a modification in the deep IR, which should not

affect the UV structure of these diagrams. We now turn our attention to the sunset diagram.

A.3.3 The Sunset

Finally, let us turn our attention to the sunset diagram. It will be helpful to consider an arbitrary sunset
diagram with fields ¢, ¢, and ¢; with dimensions A;, Ay, and Az and propagators G, G® and G%,

respectively,

ds; dsy ds:
[GHG2G™] | = ; 22 2& (3 —3a+s;+8483)(2—2a 45 +55+53)
T1 2Tl 271 (A36)

1 1 1
X F[—Sl,—SQ,—S3,OL_§_51,&_5_52,06_5_83]F(Sl,82783),
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where we have defined the function

J+30c—%—sl—52—83

Jl__,( ) (41‘()72&72 sin ’TY(A] —|—A2 —+ Ag)
S1,52,53) = k
b J—o+3+s +5+s3

~ 2sinw(a— Ayp)sin (o — Ag)sinw(a — Aj)

, (A.37)
Al —a+ % + 81

Al—(x—&—%—sl

Ay —o+1i+s;

Ay —a+ 5 —s Ag— o+ 5 — s

1
FlAQ—OL-FQ-FSQ

where the - -- denote the other 7 permutations generated by taking A; — A; = 200 — A for i = 1,2,3. The

5

integral over ( from which this is derived naively converges only when o < ¢, and so we must analytically

continue (A.36) from o < 2 towards o — 3 in order to extract its singularity structure as e — 0.
The first singularity we encounter is at at g —3a+s;+s2+s3=0as o — % Fortunately, like with the

bubble diagram, the residue of the integrand at s; = 3o — 5 — s9 — s3 vanishes identically once we include

the shadow contributions and so [G®1G®G%]y is actually regular as o — % The first true singularity we

encounter is from 2 — 2a + 81 + 89 +s3 = 0 as o — 1, in which we can write

[GG2G%], =T (2 - 20)0 (0 — 1) T (2 — )T} - o) F(0,0,2a - 2)
ds .
+/2T:} /02— 20+ 85)T(3 — o+ 53)

x T[-s3, 0 —§ —s3, a— 3, 3 — ] F(0,200 — 2 — s3,83)

dSQ dS3 0 :
+/%%F/{ H(2 - 20+ 52+ 59)0 (5 — o 452 4 53) . (A.38)

X F[fsz, —83, OL*%*SQ, OL*%}JT'.(QOL72782783,82,83)

dsi dsy dss 10

i 2 2w (5 = 3t s1 450 +55) /1 (2 = 20 + 51 + 50+ 33)

1 1 1
X F[_Sl7_527_53,u_§_slaOL_Q_SZ,a_i_sii]f(sl,s%sii)

5

The next relevant singularity is from 3 —3a +s; +sp+s3 =-1 as o — g, but fortunately there the residue

at s = 3o — % — 89 — s3 also vanishes identically. Finally, there are four singularities that become relevant
as o — %, those fromg—Su—i—sl—l—sQ—i—s;; =-2,2—2a+8 +sy+s3 =-1, and %—OL—I—sQ—i—s;z, =0or
% — o+ s3 = 0. Luckily, the residue of the fourth line in (A.38) vanishes identically at s; = 3o — % — 89 — 53

after including the shadows, and so we end up with six terms

(GGG = T(3 )T (o= )T( )" [F(0.0— 0= §) + Fla 3,00 - 3)]
~T(3-20)I(3 —a)l(a— )T (= 1T (3 — ) [F(0,1,2a — 3) + F(1,0,20 — 3)]
+T(3 — o) (a— 1) T(2=20)T (L — «) F(0,0,2a — 2) (A.39)

—T(3—20)T(-a — )T (3 — o)T(a — 1)*F(0,0,20 = 3) + - --
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where the --- again denote the remainder integral terms that are regular as o — % In the limit € — 0, we

have
J(J+3) 1

O (102 (303, ~ — _
GHG=G™]; 2(4w)%e  64mie

FUAL) + U(Dg) +U(As) (A.40)

where we have defined

200 -1)(A-1) 1 . .3
Ay=———"" 2 |- —P(A—-1) = V(A —1) + logdme e + —| . A4l
u(a) T |2~ (A= 1) —w(B = 1) +logdne e + 3 (A1)
Clearly the first divergence in (A.40) will be absorbed by the kinetic counterterm, while the remaining
divergences will be absorbed by the mass counterterm.
As a check, it will be helpful to compare (A.40) to its flat space limit. For simplicity, we consider the

sunset diagram of the %g, &* theory, which behaves as [297]

N\ 1 K’ 6m;,

1 3
—e o— — — (— 2 _ — — 1 4 e 1 2 2 —
o ate l 2(4r)'e  (4m)% L Flogdme T logp/m, 5

(A.42)

with D = (4 — ¢), with k? the square of the external four-momentum. The same diagram in de Sitter yields

N1

~—-- )’ [_ k;((‘l;r)i) _ 64i4€ + 3L{(A¢)] : (A.43)

Throughout this paper, we have worked in Hubble units H = 1. We can restore dimensions by multiplying
the sunset by a factor of H?. The flat space limit then corresponds to taking H — 0. All fields are “heavy”
in this limit, and so A, = a +1iy/(my/H)2 — o and AyA, = (m,/H)2. With H2J(J + 3) — k2, since both
are eigenvalues of the Laplacian, we find that

JJ+3) 1 k2 Gmi

1 3
- - — - - e 2, 2 9
2(dn)te  6Ganle +3U(A,) — 3am)Te  ([@n)% | + log4me e + log H” /my + 5 (A.44)

and so (A.43) exactly reproduces the flat space divergence (A.42) when the renormalization scale is taken
to be Hubble p = H. This, however, is an automatic consequence of working in Hubble units, and so (A.43)

exactly matches (A.42) in the flat-space limit H — 0.

A.4 UV Contributions in the Light Limit

In the main text, we argued that the UV contributions to the bubble and sunset diagrams were subleading

as m, for all J, and we justify that statement in this appendix. As an example, we will study the UV
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contribution to the bubble diagram, given by
[G7GY = [Ga, 9,15 + (05,9415 +[04,95,15 + 95,95, ]5 (A.45)
in the limit Ay — 0, where

N o B J+a+3i, J+1
[ngng]J :NJAuA(b/l dgcJ—&-Aw&-Ac 12F1{ 2 ‘Q]

2J +2a+1

A 46
Ny, Ay —a+ 2 ( )

2
XZFl[ 2A, — 20 + 1

A¢, AO—OL-F%
_Q}QFl[ 20, — 200+ 1

_Q}

and the other terms in (A.45) are just (A.46) with the dimensions appropriately replaced with their shadows.
A similar analysis holds for the sunset diagrams, though since it is virtually identical to the bubble we will
not repeat it.

The main trouble with naively expanding (A.46) in A, is that, as ( — oo, all three hypergeometric

200—3

functions conspire so that the integrand behaves as ( as ( — oo. Of course, this integral diverges as

a — % but, as discussed in the previous section, we will assume that we have already regularized these
integrals using dimensional regularization. But, it is important to expand this integral in a way that does

not disturb its structure as ( — co. This can be accomplished by writing the integral as

uv __
J

,]ilAchl [gAr: gﬁa»}

1_ 2A, — 2 1 o 1 1
F|: B) a, o o+ :|/ dCQ'J+A“_12F1|:J+OL+27J+ ‘—Q:|
1

A(bfoHr%,AonoHrl 2J 4+ 20+ 1
Ay, Ac—a—i—% Ay, 20— Ay | 1
XQFl[ 2N, — 200+ 1 ‘Q}ﬁl{ o+l T + (A.47)

1 e} 1
OL—§,2A¢—2OL+1 / J+A,+a—32 J+0L+§7J+1 _
F[ Ay, Ao —a+3 | 466 P gy peag1 |7

Ag, Au—u—i—%
9A, — 20+ 1 3o

X2F1|:
2

1_ 1 _
—Q:| 2F1|:2 A¢ +‘OL, 2+Ao 1

4
B
Both integrals are now well-behaved if we expand in A, and the second line is clearly subleading to the first

as Ay — 0, since in this limit 1/T(Ay) ~ Ay.

To leading order in Ay, we can thus approximate this UV contribution as

> _ J+a+3, J+1 Ay, Ap—a+1
[GA,Ga, 5" %NJ,AUM/ [ SRS O ST ’—C] 2F1{ o S0 0T
1

2] + 20 + 1 2A, — 20+ 1

_g} . (A48)

which is indeed the original expression (A.46) with A, = 0. The benefit of (A.47) is that it makes this
approximation well-controlled, as the subleading terms are clearly of order O(1) and we can use it to construct

a controlled series expansion in Ay.
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Combining this with the IR contribution, [Ga,Ga,ls = [Ga,Ga, [T + [Ga,Ga, ]} vields

T()Nia, [1 sia1.a, J+a+d, J+1
[gAquo]JNM ; d¢q (C. —1) ol 2] + 20 + 1 -Q

Ag, Ao—a—f—%
X2Fl[ 2A, — 20 + 1

NIA ]+A71 J—FOL—F%,J—FI Ag, AU—OL—F%
4ﬂ“+1A /d“ B oy voart |79 2, —2a 41

_g} (A.49)

_Q] .

To this we add [GA,Ga, |5, which is of the same order as A, — 0, and find with (A.35) that

GGo], ~ I'(a) Li { Nia,cx(d, A) n MI,_AUCk(!LAa) } n 1
CoAmT A = [T+ A+ Ap+k T+ A+ A+ k] 8nPe
- - _ (A.50)
I'a) 1 1 Z [/\/}A cx(J, Ag) N J\/f],Aack(J,Ac)}
AT AL | (J+ Ag)(J + Ay) — J+A;+k J+ A +k

where ¢ (J, A;) are the series coefficients (2.34). Since cx(—[Aq + k], Ay) = 8i 0, the second term is purely
analytic in J, and thus subleading near J = A,. Furthermore, this also implies that ck(—[AG +Aq+Kk], Ac,) =

80 + O(Ay) and so, to leading order in Ay, oc m?, the bubble drastically simplifies to

Moa+1) 1
2motl HTi

1 1
— + .
(J+A0+A¢)(J+AG+A¢) 872e

[G°G®]; ~ (A.51)

A similar story applies to the sunset diagram discussed in §2.3.2.
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Further Discussion of Compact Scalars

B.1 Formulary

In this Appendix, we present the definitions of the various special functions and useful formulae commonly
used throughout the main text.
Some of our expressions will contain large ratios and products of gamma functions so it will be convenient

to adopt the common shorthand

a.b.c. .- I'(@)I'(b)C(c)---
ryy >y, = " d TIla,b,c,---]=T(a)'(b)I'(c)---. B.1
Ger | - RG] = NWROIE) (B
The n’th harmonic number H, = >"_, 1/k for n € Z_, can be analytically continued for arbitrary arguments
by the digamma function {(z),
H,={9(z—-1)—"~,, (B.2)

where )(z) = d% logI'(z) and ~, = —{(1) = -0.577216 ... . is the Euler-Mascheroni constant.
The Gaussian or ordinary hypergeometric function is defined in the disk |z| < 1 by the series

= T(a+n)'(b+n)z"

I'(c+n) nl’ (B-3)

oF1(a, b;c;z) = oF [37(; b

N
| S
Il
3
o |
=
o
N—
g
o
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It obeys the following connection formula when a — b ¢ Z,

2k {a’cb ‘ L+ é] - F[E’,E _ Z} (‘é>_2F1 [1‘“‘;;_1 ’ —q] + (a4 b), (B.4)

which can be used to compute the discontinuity of functions involving (B.3) across its branch cut along
z € [1,00). Similarly, the generalized hypergeometric function 3Fs(a, b, c;d,e;z) can be defined inside the

unit disk |z| < 1,

a,b,c _ d,e > a+n,b+n,c+n|z"
3F2{ d,e Z}_F{a,b,c}zor{ d4+n,e+n }n!' (B.5)

This generalized hypergeometric function can be related to derivatives of 9Fy(a, b;c,z) with respect to its

parameters. For instance, the identity

ab 1,1, b+1 2
gFl(a,b;c;z)lJrCZg,FQ[ 9 c+1 ‘Z:|+O(a) (B.6)
will be particularly useful.
The Gegenbauer-C function [288] is defined as the solution to the differential equation
2

e L gus 2@} Co(e) =0 (B.7)

2 J—
(€ l)dg d€

that is regular around & = 1. It can be expressed in terms of hypergeometric function

aren . TT+20) -J, J+2a|1—-¢
Cie) = I(J+ 1)(2a) > 1[ o+l 2 |- (B.8)
These functions obey the useful recursion relation
(J+a)CF (=€) = a[CFT(-€) - C5F,(-€)] . (B.9)

as do any appropriately normalized solution to (B.7). They also reduce to the Gegenbauer polynomials for

non-negative integer J. As || — oo, they behave as

cie) ~r| T ey r TR O gy, (B.10)

and thus contain both of (B.7)’s asymptotic behaviors when J ¢ Z.,. At the endpoints of the interval

¢ € [-1,1], they simplify to

oy P +20) N _cosw(J4+a) T'(J+2a)
GO =rrioree M GED = T To e

(B.11)
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which both grow as J?*~! for positive real J, though C§(-1) grows exponentially as ImJ — Fo0.

The other linearly independent solution to (B.7) is the Gegenbauer-Q function, given by

210 720m (T 4 2a) J+a+3, J+2a

Q?(&): F(OL)F(J+OL+1) (£_1)7~172&2F1 2J+20L+1

13&] . (B.12)

J—2a

Crucially, this solution decays like €~ as |§] — oo, a fact that allows the Lorentzian inversion formu-

lae (3.18) and (3.19) to work.
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B.2 Interacting Vertex Two-Point Function

In Section 3.5, we computed the long-distance behavior of o’s two-point function (o (x)o(y)). by first explicitly
expanding the path integral out order-by-order in interactions and then identifying the infinite class of
contributions relevant to this limit. There, it was not possible to identify a class of one-particle-irreducible
diagrams that could be chained together and readily summed, as our interactions were mediated by vertex
operators that do not Wick factorize like free Gaussian fields. However, we argued that at long distances
certain higher-order corrections could be well-approximated as an effective chain of diagrams, and so that it
was possible to Dyson resum the leading-order correction to ¢’s two-point function to determine its corrected
long-distance behavior. In this Appendix, we do the same for the connected vertex two-point function
(V(x)V(y)). and determine how interactions with the heavy scalar ¢ affect its long-distance behavior.

For the sake of brevity, we will ignore the counterterm interactions in intermediate steps and instead only

include them in final expressions. To leading order, the vertex two-point function is
2
VeV )= VEVIY) + 5 [(VEVI)SE) — VEVIE)NSE] = [(VESm)[ +--,  (B.13)

or, by using (3.73),

VEWVHy)e = G(x,y) + Lgf? / ( ){gggg
{2} gx2g1y

gx2g1y

- gxy912:|
(B.14)

+ g0 + 228G (1)) o { - Qxygu} —lgo + 238G (VPG + - -,

where we have isolated terms related to the one-point function (3.104) on the second line. Even at leading
order in perturbation theory, we can see the trouble caused by the fact that free vertex correlators do not Wick

factorize since the “disconnected” contribution in (V(x)VT(y)S2,) is no longer canceled by (V(x)V'(y))(SZ,).

int
However, if we are interested in the behavior of this correction at long distances, or analogously around
~ —f, we can follow the discussion of Section 3.5 and analytically continue (B.14) into an in-in contribution

in which the integration variables z; and z; span the entire Poincaré patch.
In the long-distance limit |§Xy\ — 00, there are two relevant regions of integration. The first is when z;

and zy are close to one another yet far from x and y, such that [€,5] < [€4],[€o]5- - -, [€,]- In this region,

the vertex four-point function factorizes into two disconnected pieces,

,,,,,

gx gx g g s '/ “ O PY
W :?__-ﬂ__-/.l__-? ~ o 0= GxyGr2 (B.15)
X y S N7 _’

but we see from (B.14) that the contribution from this region is canceled by the disconnected contributions.
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However, there is also the region of integration in which €, and &, are smaller than all other separations

so that the vertex four-point function factorizes as

gxygxlg12g2y _ C;—"!“".‘"*‘) ~Oo--e o--0 — g)dg?y, (B16)
gx2g1y \\ \\‘/I ’/ ’

VEVI(y))e =0mmmmmmmmm- °+<>--~O-—o+o————®————o o (B.17)

where we have restored the counterterm contributions and used the --- to denote contributions from other

regions of integration. In momentum space, (B.17) is
Vs = 1915 + (913 [318lP[GTGT]y = I + 2008z, = 8w, ] + -+, (B.18)

and so the region of integration we have identified dominates in the long-distance limit J — —f3.
We can repeat this argument for arbitrary orders in perturbation theory. For instance, at O(|g|*") the

vertex correlator receives a contribution of the form

WOV > Gt [ (odd-w-a) O[T+ Y]V (5.19)

(2n)! (2n)! 22

We want to argue that there is a region of integration that yields a long chain of the bubble diagrams in
(B.17) connected by vertex propagators. In momentum space, this contribution would diverge as J — -3
and so it must be included to determine the vertex two-point function’s asymptotic behavior. We thus focus
on the class of contributions in which all o’s are contracted into propagator pairs, e.g. (0203---03 ) D
(Gfy)? -+ (G3,_1 9,)% of which there are (2n)! ways of doing so. Using our freedom to relabel the integration

variables, we can choose a canonical ordering of the z; and write

2n
WeV3E) > B [ (@) (Gl [V W) tpemms], Ban)

(2n)!

where “f perms” again denotes all permutations of which vertex operators are conjugated. These permuta-
tions will interchange, say, VlT V, <V, VQT but this can be undone by taking z; <> z; without affecting the

form of the o propagators. There are 2" such permutations, and so we may write

2n
VeV o B /{ (GR)" (@) (VY] ). (B.21)

(2n)! 20
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In the limit the separations £y, €23, -, £, , are small while all others are large,! the vertex correlator again

factorizes as

VYV V) =Gy [gﬁglz o ']g23 [g% o } o Gony & GGz Gonyy (B.22)
Gx2 G13 Gou

and the contribution from this region may be approximated as

| 2n

VeV s o &

(2n)! /{2 }gxl (GT)"Gas (G,)" - (Gumron) Gony + - » (B.23)

or diagrammatically as

N\

YE)Vi(y)e Do---¢ o---0 *-- .- ~---O-——o+ cee (B.24)

S

where the --- denote contributions from other regions of integration. In momentum space, this contribution

strongly diverges as we send J — —f3,

WY1 S (G157 [41PIG7 G — 3T + 2008, — 8] (B.25)

where we expect it to dominate over the regions of integration we have ignored.
To summarize, we have identified contributions at each order in g that become equally important and
diverge as J — —B. Diagrammatically, they form a geometric series of bubble diagrams [G°G°]; connected
by vertex propagators that can be straightforwardly summed. We can therefore approximate the self-energy

II;(J) in (3.100) at leading order in perturbation theory around J ~ —f3 as
I, (J) = $[gl[G°G ]y — J(J + 20)d7, — By, + - - (B.26)

where the bubble diagram [G°G°]; can be computed by applying the inversion formula (3.19) to the product
G°(C)G(C). This diagram has been studied in detail in [1,93]. It diverges as [G°G°]; ~ (8n%e)”! as
o =1(3—¢) — 2 and has poles at J = —2A, — 2k, J = —A, — A, — 2k = —2a — 2k, and J = —2A, — 2k
for all non-negative integers k € Z.,. It is thus convenient to define the regular part of this diagram as

[G°G°]; = p,(J) + 1/(8n%e) and write

5§
16m2e

1
HO(J) = §|g|2pa(‘]) =+ - J(J + 2&)6Z¢ - 6111,,, +-- (B27)

!Note that this region of integration is different than the one which we identified for (o(x)o(y)). in §3.5.1, in which
pairs of internal vertices were kept close to one another. As illustrated with the leading order correction (B.14), this
region of integration cancels once we include the disconnected components like (V(x)V(y))(Sis).
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Unless f is tuned to be an odd integer, the bubble is completely regular at the “free-field pole” J = -3 and,
since A, and A, are complex conjugates, p,(J) is also real along the ReJ axis.
As discussed in Section 3.5, the asymptotic behavior of the corrected two-point function is determined

by the zero J, of

! lgl”

1 2

- = Ji) — dm, =0 B.28
G15 — 5lePo, (1) — T + B, (5.25)
closest to the Im J-axis. We will choose our counterterms such that this zero is at J, = —8 and Hﬁb(fB) =0,

S, = 318l [G7G"]-5 + B2 — B)dz,

82, = ilgl*p5(=B)/(a — B)

(B.29)

so that B is defined to measure the connected vertex two-point function asymptotic decay such that (V(x)V(y)). ~

(-2/€)P 4+ --- as |¢| — oo. The self-energy is nontrivial

M1(9) = lal [0, (1) — b, (-5) -

and affects the locations and residues of the other poles of [G];, and thus changes the subleading behavior
of the vertex propagator, but unlike (o(x)o(y)). the dominant asymptotic behavior is unaffected by the

interactions, as their effect can be completely absorbed by our counterterms.
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Supplementary Material for Chapter 4

C.1 In-In Diagrams

In this section we will provide a detailed derivation of the bispectrum exchange diagram calculated in the
main text. We will first review the derivation of the tree-level seed function for the trispectrum, thereby
reviewing the work of [169], and using that obtain the same for the bispectrum b(A;u). We will then
demonstrate the details of the in-in calculation for the exchange of the composite operator @ which were

omitted in the main text.

C.1.1 Tree-Level Seed Function

We will begin our discussion with the tree-level seed function for the trispectrum. We will recount the
s-channel trispectrum of conformally coupled scalars ®, generated by the exchange of a free-field scalar
with scaling dimension A, which we call F(ky, ko, k3, ky;8). This is convenient for us since several different
computations for this function exist in the literature [166,169]. Setting the coupling to unity for convenience,

the corresponding in-in integral for the s-channel is

0 0 I

d d ) . ,

F(ki, ko, kg, kass) = ) (ab)/ = SV et bl k' G (A sim ), (CL1)
ab=+ —oo(1Fie) M —oo(1Tie) M
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where s = |kj +ks| is the momentum of the exchanged particle. Note that the free propagators G®*(A;s;n,n’)
are factorizable into functions of s and sn’. Therefore rescaling 1 — s~'n and v — s~!v/ shows that the
kinematic variables fixing the form of F are the so-called momentum cross-ratios u = s/(k; + ko) and
v =s/(ks + ky). Specifically, it can be shown that F({k;};s) = s'F(u, v) where F is called the trispectrum
seed function.

In [169] it was shown that any correlator on the late-time boundary of de Sitter is constrained by conformal
invariance, which is the more fundamental way of understanding why F(ky, ko, ks, ky; s) only depends on the
cross-ratios u and v. The conformal Ward identities on the boundary lead to a differential equation for the

seed function

(Ay — AYF(u,v) =0, (C.2)

where the differential operator A, = u?(1 — u?)9? — 2u®9,, and likewise for v. For the tree-level exchange
of a massive scalar, one can derive two second order differential equations. These can be straightforwardly

obtained by manipulating the equations of motion for the massive scalar. The first, in terms of u, is

uv

(A, +m? —2)F(u,v) = (C.3)

utv’

There is also an identical second equation in v. The space of solutions must be restricted by implementing
several boundary conditions. First, the choice of the Bunch-Davies vacuum is enforced by requiring that
lim,_,; F(u, v) must be finite [298,299]. This corresponds to the so-called folded configuration which must
be regular for correlators in the Bunch-Davies vacuum [46,298]. Another condition we must impose on the
solution is symmetry under the exchange u <+ v, which can be seen to be true from the bulk in-in integrals.
Lastly, we need to demand that the correlator factorizes into a product of three-particle amplitudes as we
send u,v — —1, which is known as the total energy singularity.

Imposing these conditions with the help of the homogenous solutions of (C.3) provides the complete

solution
. T

F(u,v) = mﬁm(u,v) + Ferr(u, v) . (C.4)

The solution is conveniently separated into a term which is non-analytic in u and v and therefore knows
about particle production in the bulk, and an EFT part which is analytic in u and v. The EFT part is

organised into a power series

FEFT (u,v) Z Copu 2 ( )n , when u < v, (C.5)

m,n=0
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and the coefficients are

o) = (=D"(n+1m+2)--- (n+2m)
T e 2 v [ 52 v [ g+ 2m)2 2]

(C.6)

equations to obtain

An alternative representation of the EFT piece will be especially useful for our purposes. We will invoke
the form calculated in [166] which evaluated the bulk integrals instead of solving the boundary differential

n n+1 1 n 1—
— U (E> oF [ 2 Nk
(n + 5)2 + V2 v 5+

V2:| . (C.7)
It can be checked numerically that this expression agrees with the double-sum from [169]. The non-analytic
piece is

Fraa(,v) = By (WF_(v) - F_ (04 (v)

o (o DR (F ()
- P (u)F - L (C.8)
— S5 (B — D (WF-(v) + By [Fo ()P (v) + Fa (P (v)]
where bl = <1z) L . P +i%, 3 +i% Z2:|
+ = 2 241 1+ iv , (C 9)
_ {0\ 2t r'(1+iv) B 1 .
T <2V> e e iy’ Bo =

isinh(mv)

Note that the non-analytic piece can be reorganised into a manifestly shadow symmetric form

Fra(u,v) = Fy(wF_(v)

_ jﬁ(so FO)E, (WEL(v) + BF (WE_(v) + (v & —v).

(C.10)
Taking the v — 1 limit of (C.8) and (C.7) leads to the expressions for bys(A;u) and berr(A;u) provided in
the main text.
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C.1.2 In-In Diagrams for Composite Operator Exchange

The leading perturbative contribution to the w. bispectrum due to the interactions in (4.53) can be deter-

mined using the standard diagrammatic rules to be

Br(ki, ko, k) = ki ko ks + cyc.
0 (C.11)
ngﬂ_6 o 2 o 13 I\l / ’ 7\ (vab /

=D (@) (-5 dna’(n) [ dn’a®(n)K (ki m)K (ke m)K (ks; n') G (ks m,m') + cye.

a,b=+4 — —o0

20—6

g“f—°"H
= =" Bo(ki, ko, k .

16k1k2k3 O( 1, K2, 3)+CyC )

where, anticipating no late-time infrared divergences, in the last line we have taken n, — 0. Here ’cyc’

denotes permutations of the momenta (ki, ko, k3). We define

0 0 /
Bo(ki, ke, ks) = 3 (ab) / / AN stk g =ik G2 (e . 1y (C.12)

= dn 5
ab—dt —oo(1Fie) oo(1ie) M

Our goal now is to evaluate this in-in integral. We can resolve the propagators G2 (k;n,n') into their spectral

representation and exchange the time integrals with the spectral integral to produce

%+ioo dA
Bo(k17k27k3;1’]0) = ﬁ ‘ %pO(A)b(A,kth,kg) 5 (013)
§—IOO
where the tree-level bispectrum is
0 0 dﬂ/ ) ) ,
b(Aski ko ks) = > (ab) / dn / —y e silatlme bl G (A ki ). (CL14)
ab—t —oo(1Fie) —oo(1Fie) M

The tree-level bispectrum is highly constrained by the de Sitter isometries. Its functional form only depends

on the momentum cross-ratio u = k3/(ky + ko). It is related to the four-point function discussed previously

by
82
b(A; kl, kQ, k3) = — kl:l;l)l(] hli)n’}:z mF(kl, k?, kg, k4; S) . (C.15)
Therefore we have
k .
b(A; Ky, ko, k) = _k%(uag +20,)b(A; ), (C.16)

12
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where B(A; u) is the so-called tree-level seed function and corresponds to the equivalent exchange bispectrum

for conformally coupled external fields ®. As a result Bo(ki, ko, k3) can be expressed as

1 o
Bo(ki, ko, k3) = —kT(uaﬁ +20,)Bo(u), (C.17)
12
where 5
R PREESIR VAN .
Bow= [, 5po(a)bw. (C.18)
5—100

With this we can trivially determine the . bispectrum to be

g H 1

By (ki ko, ky) = — =T
(1, ke k) 16k koks k3,

(ud? + 28,)Bo (u), (C.19)

which is the expression used in the main text.

C.2 EFT Piece of the Seed Function

In this section we will work out the details of the EFT contribution which were omitted in the main text.

There, we showed that the EFT expansion was fixed by the coefficients

3.
5 +ioco
o_ [27dA Po(A)
Cn _/§ 2mi (A —n—2)(1-n—A)" (€-20)

27100

It is helpful to recall (4.21) to connect this integral with the momentum coefficients
2+ gA (A)
2
Gols = /3 — — Pom) (C.21)

where we are assuming —J lies to the left of the principal series line and 3 4+ J to the right. To connect
the EFT coefficients to the momentum coefficients we need to send J — —2, -3, - which requires passing

through the contour as shown in Figure C.1. In doing so we will pick up residues at A = —J and A =3+ ]

to produce
Po(A)
CY = [Go|_ — [Resa—g4n — Resa—_p_ _ , C.22
v =G0k = Ressoan = Resaemn i o) A0 o) (€22
where we have accounted for the residues accumulated by the A = —J and A = J 4+ 3 poles crossing the
contour as we send J — —2,—3,.--. This is an intriguing result and a convenient tool to organise our

calculation. The first thing we learn from this is that since the momentum coefficients are generically UV
divergent, the EFT coefficients must be as well. This is good since the EFT terms can be mimicked by local

self-interactions of the inflaton, and therefore can be easily renormalised by counterterms. However, these
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3+ J

Figure C.1: Contour deformation to relate the momentum coefficients with the EFT coefficients CO.
Sending —J — n + 2 pinches the contour twice, picking up two residues along the way.

terms will be subdominant in the infrared, or the squeezed limit, so the complete result is not particularly
interesting for our purposes.

An important role played by the EFT piece at tree-level is to cancel an unphysical singularity as u — 1,
which is known to correspond to our choice of the Bunch-Davies vacuum. To see this we note that as u — 1

the non-analytic piece produces a singularity

u—1"

%BNA(A;u) (A 0 8) 21 T ech(mv) log(1 ~ ). (C.23)

The EFT piece exhibits an equal and opposite singularity

. a—1- =1
berr(A;u) Lima N log(1 —u) Z 5(—1)“"“(21& +1)
n=0

1
A+n-1(@n+2-A)

(C.24)
= —g sech(mv) log(1 —u),

where we have isolated the leading divergence in the summand in the u — 1 limit. Thus we can see that
the relative normalisation of the EFT and non-analytic pieces is important in order to cancel this flattened
singularity.

Already this aspect of the EFT piece presents an interesting point. As we have seen with our general
discussion concerning the exchange of a generic composite operator O, the coefficients which determine
the EFT expansion are generically UV divergent and must be renormalised appropriately. Therefore the
cancellation of this flattened singularity for a generic case is non-trivial.!

Now we will determine the EFT coefficients using these general expressions for the non-compact and

compact scalars.

"We are grateful to Xingang Chen and Anson Hook for related discussions.
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C.2.1 Non-Compact Scalar

Here we will not worry about determining the EFT expansion exactly, but instead focus on making some
qualitative remarks. Particularly we will only make a statement about the renormalisation of the bispectrum
and therefore are only interested in isolating the UV divergence.

As outlined, there are two ways of calculating the EFT coeflicients— we can either perform the integral
(C.20) or calculate the momentum coefficients. Fortunately, the momentum coefficients for a quadratic oper-
ator o operator in general spacetime dimension were calculated in [93] in terms of a 7F¢[- - - | hypergeometric
function, and it is therefore straightforward to regulate these coefficients in dimensional regularisation. Un-
fortunately, the equivalent form of BEFT(A; u) is not known to us in general spacetime dimensions, so we
leave a complete calculation of these terms for the future.

3—¢

The UV divergence for a = “5= dimensions is

c 1
[Goe]y =% o 0, (C.25)

which leads to a UV divergent contribution to the bispectrum

~ 1 o0 1 n \/’El’l' n+1 n42
E‘FT _ E - n+1 F 2 2 2 . 2
Bo (v) 8m2e 0( 2) I‘(n+%)u ? 1{ n+ 3 E } +Oe) (C.26)

n—
While this expression looks complicated it can be checked by numerically performing the sum that it is
merely a rewriting of

1 u

We could also have guessed this from previous calculations of the trispectrum generated by the exchange of

02, e.g. [155]. There it was determined that the UV divergence is,

. 1 uv

FGZ (u,V) = mm (028)

Because setting v — 1 produces the bispectrum seed function, we see that our calculation produces the same
result.
As a cross check, let us try to recover this divergence with a hard cutoff. We will therefore compute
(C.20) up to v < v, i.e. we will kill all states heavier than v. In four dimensions, the spectral density grows
v

as p,2(v) ~ g~ using which we can isolate the leading logarithmic divergence

2 Y du 1 oo 1 ~ .
Sl = ey ey L U 2
Cy /_]7 21 (n+ 1) +12 o2 (V) 82 logv +O(v ™), (C.29)
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Figure C.2: We plot the renormalised seed function for the non-compact scalar Bcz (u) for scaling dimension
A, = 0.2. We show both the EFT and non-analytic parts separately from the full seed function, i.e. the sum
of the two.

which is consistent with the e-divergence we obtained using the momentum coefficients.
Using the hard-cutoff it is possible, albeit inefficient, to numerically regulate the EFT coefficients. Specif-

ically we can define the renormalised coeflicients as

502 v dv Ps2 (U)
G = 521 (n+ 1)2 412
— 5

for sufficiently large ¥ so that the renormalised EFT piece of the seed function is

1 _
~ g log ¥ (C.30)

R o 1 n \/’TYH! n+l n42

BT ) =N (-2 ) Y gtLp |2 2 w2 C.31

o2 ( ) Z n ) F(n+ l) 21 n+% ( )
n=0 2

We plot the complete By:(u) in Figure C.2. For small masses the seed function is dominated by the non-

analytic piece. We seem to observe a singularity when u — 1 although it is unclear if this is a numerical

artefact or a genuine feature of bispectrum at the loop level.

C.2.2 Compact Scalar

For the compact scalar, it is more convenient to use (C.22) to determine the EFT coefficients. We will
therefore calculate the momentum coefficients for the vertex operator. This was done in [2] using dimensional
regularization, where it was found that these coefficients are (shockingly) UV finite. There, these coefficients

were determined using the Lorentzian inversion formula (4.14) and the UV finiteness was due to disc Gy (§)
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being very well behaved on the time-like branch cut (§ > 1). Of course, it must be noted that this may
be scheme dependent. Dimensional regularization is famously only sensitive to scale-less or logarithmic
divergences [300], and may be blind to the divergences we would have encountered using another scheme
choice. Indeed, the spectral density p,,(A) grows faster than A so, for instance, applying a hard-cutoff to
(4.21) may introduce a UV divergence. We will not follow this approach and instead choose to regulate our
momentum coefficients another way.

We will instead choose to define our momentum coefficients by the same way we calculated the spectral

density, i.e. as a sum over bulk CFT states. Specifically,

= % Z GB-‘rn

n=0 n! (032)

__168°T(1-8) TU+B) o J+B,B 3 J‘B]
T TT(B-1) T@+J-8)?% 8.8

This expression exhibits the correct properties. It has simple poles at the locations one would expect from
the spectral density, namely at J = —3,— — 2, —p — 3, -+, and we have checked that the residues at these
poles are consistent with the ones determined in [2]. Moreover [Gy]; also symmetrizes to produce the spectral

density calculated in the main text

py(B) = 5(3 - 20)[G]-a + (& &5 &), (C.33)

which implies that the residues at these poles match with those of the spectral density as well. Of course,
this does not preclude the possibility that this regularization scheme is insensitive to divergences we would
have encountered in another scheme. In other words, these UV divergences are typically shadow symmetric
in J and therefore get killed in the spectral density. Supposing, for example, that we were able to evaluate

(C.20) by implementing a hard-cutoff v we expect to find

167°I'(1 —B) T(J+B) P J+B,B-3-1J

(Gyls=- rB—1) T@+J-p)>° B B-—

‘ 2] 65,8, (C.34)

where f5(7, ) is a function such that f_A(7, () is regular on the Re (A) > 0 part of the complex plane. It
must also satisfy f_A(v,B) = fa_3(7, ) in order to be killed upon shadow symmetrization to produce the
correct spectral density p,,(A). We do not presently have a rigorous proof of this claim and leave a more
careful investigation for future work. It is nonetheless helpful to keep in mind as we progress on to the EFT

coefficients. Using the momentum coefficients (C.32) in (C.22) produces
6111) = _[GV]_(II-"-Q) . (035)
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Figure C.3: We plot the full seed function for the compact scalar Bv(u) for scaling dimension 8 = 0.2 and
B = 1.8. We show both the EFT and non-analytic parts separately from the full seed function, i.e. the sum
of the two. We have summed up to N = 100 residues for the non-analytic piece and likewise in the EFT
series.

We plot the resulting seed function in Figure C.3. While we are missing potential contributions from local
counterterms, this solution should nevertheless capture some qualitative features of the bispectrum. For

f-1 as determined in

B = 0.2 we can see that the u — 0 limit is singular and the singularity scales as u
our analysis of the non-analytic piece in the main text. Therefore § = 1.8 sees no singularity and instead
a simple power law decay. Nevertheless, we can see that 3V(u) is not completely determined by the non-
analytic piece but in fact receives an appreciable contribution from the EFT piece as well. We also observe
that the non-analytic piece is comparable in magnitude to the EFT piece, which holds for 3 > 2 as well. This
is unlike the standard behavior seen for heavy free fields, for which the non-analytic piece is exponentially
suppressed as we increase the mass v.

As with the non-compact case, we may observe a singularity as u — 1 but again it is unclear if that is a

numerical artefact or not. We leave a more careful investigation for future work.

C.3 Bulk CFT Exchange

In this section we will apply our main methodology to the exchange of a bulk CFT operator with scaling
dimension § > 1. This is useful to do because it serves as a non-trivial example where we can compare with
known results at least in some regimes [49]. Additionally, since the CFT operator is extremely constrained
(it is simply a power law), it is especially amenable to an analytical treatment. Therefore it will be helpful
for us to analyse as a test case as well.

First let us discuss the non-analytic piece. Using the spectral density (4.24), specialised to four dimensions

(o = 3/2) we can immediately obtain

BNA(n) = — Z ([ReanpB(A)]’BNA(é + n;u) + [Resonsabna(A; u)]ps(2n + 2)) . (C.36)

n>0
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The complete analytical expression is not particularly illuminating but nevertheless we can put it together

by noting that

(20 4+ 2n —3)I'(20 +n — 3)
F'n+ 1) —1)

(2 1 1+2n 1 1
lmgijltgl(B) 21{H+ 7ﬂ4-213}_

I'(2n+ 3) \2 2n + 3
To determine the EFT piece we need to compute the momentum coefficients [Gs];. This can be done using

Ress nps(A) = 22 Omsin(2nd) (1 — §)

(C.37)
RCSQIH_HBNA(A; u) =27

the Lorentzian inversion formula (4.14) and result is

w2210 (2 = 8) T(J+9)
r'(d) rda+J-3%)°

(Gs]s = (C.38)

where we have again specialised to four dimensions. Note that the Lorentzian inversion integral strictly
only converges for § < 2. In other words, we do not encounter any UV divergences for sufficiently small
d. Qualitatively this is because the CFT correlator in that case is not sufficiently singular to produce UV
divergences. Nevertheless, it is possible to analytically continue this answer to larger §, and this may be
interpreted as a regularization scheme. In general we must be wary of missing potential counterterms, as a
similar subtlety arises when flat-space scattering amplitudes are computed using such CFT operators [301].

For the time being let us keep § < 2. The EFT piece is then determined via (4.66) and the series

coefficients can be determined using (C.22)
6161 = _[GB}—(H-&-Q) . (039)

The squeezed limit of the seed function takes the form

R B 473 cot(%é) 1 2248

so we see that for § < 2, the non-analytic scaling dominates in the squeezed bispectrum whereas for § > 2
the scaling is mimicable by local self-interactions. Up to the normalisation, this is the same behavior as was
found in [49]. We therefore see that the qualitative behavior of this correlator is the same as that of the
compact scalar. The physical explanation for why § = 2 is the threshold is again clear— for larger values
of & the CFT correlator decays too rapidly so of course the exchange of Oy should effectively be a contact
interaction.

Now, as a cross-check, we will take the § — 1 limit of this result since this corresponds to the exchange

of a free conformal scalar, which has a known analytical answer. Then we will take the § — 2 limit, which
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can be interpreted as a loop-level exchange of two conformal scalars via the interactions .®* and 7'13@2.

C.3.1 Conformal Scalar Limit

Now let us examine the § — 1 limit of this expression, for which our CFT exchange reduces to the familiar
problem of exchanging a free conformally coupled scalar. This case has an extremely simple analytical

solution which is [169]?

. 4t 1-u
Bs—i(u) = — + 4x°Li . C.41
=i(u) = 5 12<1+u> (C41)
As a check, we would like to match this result by taking the 8 — 1 limit of the result we have obtained for
general § using the spectral density.

On the non-analytic side the A, = § residue produces a constant contribution of 2r*. The residue at

A, =93+ 1 and the one at A = 2 are both singular and they sum up to produce

[Ress 105 (A)]b(8 + 1;u) + [Resyb(A;u)]ps (2) — siiamtanh(u) 4o (C.42)

All of the other residues sum up to zero. On the EFT side, the n = 0 piece is also divergent as § — 1, but
cancels the divergence from the non-analytic piece exactly. However, all of the n > 0 terms in the EFT sum

are left non-zero. The final result is then

5 o 4 2 u
Bs—1(u) = 27" + 8w {log (2> + 1] arctanh(u) + n§>0 fu(u), (C.43)
where 5/262—11,,2 +2  n+3
2 —n _ Ill—‘ 1 1 n
fn(u = _ T u ( u) (31’1+ )2F1|: 2 52 u2:|
(n—|—2)F(n—|—§) n—+ 3 (C.44)
8
A NN () _a1,(0) 3 n+1
+2n—|—1 ['Lb 2n+1)— (nJrz)}u

and 11)(0) (z) is the Digamma function. The first term here is from the non-vanishing parts of the EFT series
and the second from the non-analytic piece. While this expression looks completely different from (C.41) it
can be checked numerically (summing up to n < 30 is sufficient) that they are in fact the same. We compare

this expression with the known answer in Figure C.4 finding excellent agreement.

2Note that the result quoted in [169] is for F'(u,v). We have firstly set v = 1 to their result and secondly multiplied
it by a factor of 8n? to match our normalisation convention for the CFT operator.
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Figure C.4: Comparison of the analytical expression for a tree-level conformal scalar exchange bispectrum
with the result obtained using the spectral method.

C.3.2 Double Conformal Scalar Limit

Now for the sake of completion, we will take the § — 2 limit of our result. As we mentioned previously,
this case can be interpreted as the exchange of a conformal scalar at one-loop. This intuition will be helpful
for us to carry forward especially in interpreting the divergences we will encounter. Before carrying out any
calculations, it is also helpful to remind ourselves where the poles of the spectral density occur. They occur
at A, = 2,3,--, i.e. at discrete series states. We should therefore expect a qualitatively similar result,

namely terms which scale as log(u).

on the other hand exhibit a singularity

The residues at A, = §+2n+1, i.e. the odd integer poles, all vanish as § — 2. The residues at A, = §+2n
. w0/2 2327 (2n 4 1) n+1, n+l
Resyonps (A)]b(3 + 205 1) = 2““1«“{ ’ 2

]
240204 1) 50, u
TR i [(4n+1)tog (7 ) —4n+1] (C.45)

©/2(dn + 1)272 07D (2(k + n))! (HQ(k+n) — Heponyy 2H2“>
KIT (k+2n+ 3)

u2k+2n+1 )

+
k>0

Meanwhile the residues at A = 2n + 2 are also divergent as § — 2, which exactly cancel out the divergence
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from the other set of residues. Combining the two produces a result which is finite

5 5/241nT(2n + 1 1 :
) = 3 T T [ 1

UQ} [(811 +2)Hay — 2 — (4n + 1) log (g)]

T(m+3) 2n+ 3
5 — n— (046)
> ™2 (4n + )220 (2(k + n))! (HQ(k+n) = Hypouy1 + 2H2") 2A+2n+1
— 3 u .
i KIT (k+2n + 3)
The EFT series on the other hand also exhibits a singularity as § — 2. The series becomes
. 1 nb/292-ny) akl ) 4n
BEET — _ 41 F 2 ) 2 2
5—2(1) 6_2n>0 I‘(n—ﬁ—%) (—w)" ok n+% u
N (C.47)
5/292—n n+1 n
™ / 2 n! + 1 =+ b

—u)"tLE | 20 .
(u) 21{ n+%

Thel) uQ] (2H, — 1 — log(2)).
n>0 2

First let us discuss the 6%2 singularity. The parameter § can be interpreted as a regulator. Similarly to the
role played by o in dimensional regularisation, it controls the strength of the short-distance singularity. Just
from the form of this term, it is clear that it is completely analytic in u and therefore we should expect that
it can be removed by at least a set of local counterterms. In fact it is the same divergence we have previously
encountered in the non-compact theory. Indeed this is just a special case of the general A, bubble. Indeed

we can check numerically that the divergent piece in the EFT expansion is a complicated rewriting of

1 ,]T5/2227nn! ntl | 41
o n+1F 2 2
X e 0

n>0

(C.48)

9 47?2 u
u | = .
d—214u

Our agreement here makes sense of course— since the UV divergence is a short-distance effect it should be

insensitive to the precise choice of the mass. In the squeezed limit the seed function behaves as

2

Bs—s(u) = —4x*u [3 + log (1;

ﬂ +8m*Hiu+ O(u’), (C.49)
where the first term is from the non-analytic piece and the second one from the EFT piece. Here we see
the characteristic logarithmic OPE scaling associated with discrete series states in de Sitter. In Fig. C.5 we
show a plot of this seed function. As we see from the plot, this solution appears to show a singularity as
u — 1, similar to our observation with the non-compact scalar bubble. We notice however, that summing
over more terms appears to soften this singularity so expect that it is a numerical artefact which would be
circumvented with a better organisation of the final answer. We leave a more careful analysis for future

work.
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Figure C.5: The seed function B5=2(u) for a CFT operator with scaling dimension § = 2, where we sum
up to N =50 and N = 100 respectively. Summing over more terms appears to soften the apparent u — 1
singularity, albeit slowly.

C.4 Asymptotics of the Tree-Level Seed Function

In this section we will fill in some details about asymptotics of the tree-level seed function. Recall that the

non-analytic piece is

1
bNA(A; 11) = ]:(A)UA_lgFl |:2

We are interested in determining the A — +o00 asymptotics of this expression. Firstly note that

Fap ™ 22% 13 (1) A ban {“ (3 B g)} e {“ (2 B A)] . [ﬁ <1 B ?)}

3 u\A-L 1
~T2 [ — A_Q.
B (2)

(C.51)

To determine the large A asymptotics of the hypergeometric function we can rely on the integral identity [302]

— F(C) > c—b—1 a—c —a
Z}_T(b)l“(c—b)/o bt L+ ) (L -z )77 (C.52)

which holds whenever Re (c) > Re(b) > 0 and |arg(1 — z)| < . For our choice of a, b and ¢ this integral is

particularly amenable to a saddle point approximation. The location of the saddle can be determined to be

by

3w+ /(1 -2A2 +9ut + (—4(A - 1A —6)u> -5 5
= 251 2) ~V1-—u?, (C.53)
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where at the end we have taken the limit A — co. We can evaluate this integrand at the saddle and account

for the fluctuations to produce a rather lengthy expression. Further simplifying it in the limit A — oo

produces
LA — A
JF {2(AA _1)1’ 2 u2] N\/(u2 ~D e (Vi—w ) -4 (Vicw )]
2 N (C.54)
) A-3 _a
x22 7 (1-w) T 2 (Vicw ) e (Vicws2)|
Putting everything together we find that
A 1 1 u4+4(\/17u272)u278\/17u2+8
bna(Asu) ~ A7 2 exp ZAlog i (C.55)

Therefore for u € (0, 1), i.e. in the physical domain, the non-analytic seed function decays exponentially with

A.

C.5 Asymptotics of the Spectral Density of the Vertex Operator

In this section we will derive the large A scaling of the spectral density

_ 16=I'(1 — B) sin(wP)

— COS|T® — — 2L 9 B_
N (3 — 2A) cos(rA)T(B — A)T(A — 3+ B),F

py(A)

The large-A behavior of the Gamma function prefactors can be straightforwardly obtained

16w(1 — B) sin(wB)
INCERY

Astoo, 3213 AP 73 cos(mA) ese(w (B — A))

L@ -1re) ’
(C.57)

(3 = 2A) cos(RA)YT'(B — A)T'(A —3+B)

whereas the hypergeometric function is more challenging. For that piece we will start with the assumption

that B < 2 so that we can utilize the series expansion of the hypergeometric function

—A,A—?)—f— B [e'S) B n
QFQ B B_]-a B B 2:| :Zan(A7B) (2>

e (C.58)
an(A, B) = I'B-1I'B)rn+p-ATln+p+A-3)
Y T T+ DB - AT +A -3 +B— )I(n+8)
Now we can extract the large A asymptotics of the series coefficients
a(A,g) Ao, DB = DEE)A™ sin(r(B — ANEA+ (2 +n-TecxB-A+m) 0

2(n+HI'(n+B - 1I'(n+B)
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and sum over n finding

—A A-3 1
2Fo P T B8 ~oF2 [B,B — 15 —5BA?
-1, 2 2 (C.60)
A (2B — 7)oF BB+1~JBA2 +.F 2-1BB+1-—15A2 '
4(6 — 1) 02 ) D) 1r2 s Ly My 1y .
Simplifying this expression by taking the limit A — 400 produces
. 33L/3A2/3

While we assumed that 3 < 2 in order to derive this scaling, it can be verified numerically that it holds for
B > 2 as well.

The A — oo limit is probing heavier states so we can understand it as a UV limit. We should therefore
expect to recover the flat-space spectral density as A — oo with the understanding that A = im/H for heavy
masses. Let us briefly calculate the spectral density for the vertex operator in (d 4 1)-dimensional flat-space
and determine its behavior in the UV. We will start our calculation in Euclidean signature and subsequently

analytically continue to Lorentzian signature. In flat-space the action for the free massless compact scalar is
Sp = /dd+1x [1£20973(00)?] (C.62)

where f is the decay constant and we have introduced the mass scale p to ensure [f] = 1 for all d (note
that as in de Sitter, we keep ¢ dimensionless). As in de Sitter, the position space vertex propagator is the

exponential of the massless flat-space propagator G(x) and can be evaluated to be

Go(x) = op | G| = enp 300 (C.63)

~ . 2
where we define § = (47) T+ F(%) 4 for convenience, and can be interpreted as a flat-space version of the

encountered in de Sitter. The momentum space propagator can be obtained by taking the Fourier transform

Gy(k) = / dx e * Gy, (x)

= 1 1 ! d ik-x ~n

n=0

(C.64)

where in the last line we have expanded the exponential into its series and exchanged the sum with integral.

This is equivalent to calculating the momentum space propagator as a sum over massless n-loop integrals.
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As is standard, each of these loop integrals can be done analytically

l # ! dd+1xeik~xGn(X) _ (27'()% 1 " OOdXXd(kX)%J (kX)Gn(X>
AN = ), -4

o BnQ—dnu(l—d)nF (3(-nd +d+n+1)) dn=1)—n—1
n!l' (3(d—1)n) ’

(C.65)

= (4w

where we have regulated the loops corresponding to n > 2 using dimensional regularisation. In order to
extract the spectral density, we analytically continue k — (—s)% and extract the discontinuity across the cut

along physical energies s > 0

py(s) = —iDiscsGy(s)

= - (211)(47()# Z 3"

n=0

2—dnu(1—d)n (066)

Il (5(d — D — 1) T (3(d— 1)n)

1
S%d(nfl)fi(nJrl) )

Note that the spectral density is UV finite and we can readily specialise to our choice of d. Unfortunately
we are unable to evaluate this sum for general d. However, it can be performed using Mathematica for

d=2,3,4,---. We quote the results ford =2 and d =3

() =208 ()1 [t o (Vo tist) . @=2)

362 . ) 5 f (C.67)
= %on [2, 3; SBM_ZS} ~ exp [2 (BM_QS) 3} , (d=3).
It is straightforward to obtain the same for d = 4,5, - --. Doing so allows us to conjecture a general form for
the factor appearing in the exponent to be 5T . Written in terms of m? = s we have
log py,(m?) ~m T, (C.68)

and we have checked that this scaling holds for up to d = 10. In d = 3 we therefore see that the flat-space
calculation agrees with the scaling of the de Sitter spectral density in the limit A — oco. Specifically in

flat-space we have

Bm2 e my 2/3
ooy (02) ~ exp <u2> Nexp[(f) } (C.69)

Recalling that Bl/ SN2 (m/f)% we see that this is the same scaling (up to prefactors) with respect to
the decay constant f and m as in the dS result. This constitutes a check of our spectral density, but also

2
explains the factor of A3 appearing in the exponential in the de Sitter result.®> We see that it is fixed by the

$We are grateful to Hayden Lee for raising a question about this.
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number of spacetime dimensions. Indeed, upon increasing d, the short distance singularity of the massless
propagator G(x) worsens, in turn making the vertex operator more singular, which is consistent with the
spectral density becoming more badly divergent.

Notably, the flat-space result is not able to reproduce the power-law prefactor A5G-2)

. This is a con-
sequence of the fact that upon taking a flat-space limit, a massless field in de Sitter does mot map onto a
massless field in flat-space. One way to see this is to recall that the massless de Sitter propagator contains
a logarithmic piece which leads to a divergence in the IR but also contributes to the UV divergence. This
extra logarithmic UV divergence does not occur for the corresponding flat-space propagator. It is precisely

this logarithmic piece in the massless de Sitter propagator which led to the de Sitter vertex propagator to

come dressed with a power law prefactor. The de Sitter propagator is

l 4 / B 2 I
G =3l ~ | o] o T (©10

So the short-distance singularity is not merely the essential singularity due to the exponential, but it also
comes dressed with a power-law. Thus we may expect to recover the exponential scaling in the flat-space

calculation, but can miss power laws.
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Positivity with Compact scalars

D.1 Introduction

In the latter part of Chapter 3, we studied the anomalous dimension of a heavy scalar o, with scaling

dimension A,, in an interacting theory. Specifically, we analyzed the effects of the interaction

Sim:/ de\/g[%gcr2 cos(d))] ) (D.1)
SD

We determined that the anomalous dimension of o is

"y = I T, (—A,), (D.2)

T v,

where the self-energy II,(J) is determined by the Euclidean momentum coefficient

I, (J) = 2|g[*[GsGls — J(J + 2a) — By, (D.3)

and [G,G]y is the momentum coefficient of the composite two-point function G, (£)G(£). Previously, the self-
energy was computed numerically using the Lorentzian inversion formula, which suggested that o acquires

a negative valued anomalous dimension. This is in tension with the analysis of [152,303], who argued that
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anomalous dimensions in de Sitter must be positive. Their argument relied on a careful investigation of the
k — 0 limit of the propagator in spatial momentum space, where positivity was enforced by a contact term
(the k° contribution). Since the language used there is very different from the one used in this thesis, it
is not obvious how to reconcile the two statements. Here we will point out the origin of this tension and
show that the analysis of Chapter 3 suffers from an order of limits ambiguity. When resolved, the correct
anomalous dimension is indeed consistent with positivity. This appendix is based on work in progress [151].

We will first show how anomalous dimensions can be computed using an alternative method, i.e. by

leveraging the Kallen-Lehmann representation in de Sitter. Then we will demonstrate an avatar of this issue

in a simpler field theoretic setup, and show how it is resolved.

D.2 Anomalous dimension from the spectral representation

As in flat-space, propagators in de Sitter enjoy a spectral representation [118,120]. For an operator O this

takes the form!

a+ioco
Gol€) = / 42 o(A)G(AE) (D.4)

Ciso  2mi
where we have resolved a composite operator into a sum over free-field states (see Chapter 4 for details).
The spectral density is positive on the principal series line, p(a+iv) > 0, which is a consequence of unitarity.
The momentum coefficient of this operator [Go]; and the spectral density p, (A) are intimately connected.
Specifically

po(d) = (20— 28)[Co] &+ (A & &) (D.5)

If we evaluate this expression on the principal series line (A = a 4+ iv) and assume that the momentum

coefficients are analytic ([Go|} = [Gols-), it simplifies to yield
po(A) = 2vIm[Gp]-a - (D.6)

From this expression, we learn that the imaginary part of the momentum coefficient, and therefore the
self-energy, must be positive for a unitary operator.

In order to reconcile our previous result, we will first recount the two available inversion formulae for the
spectral density. As with the momentum coefficient, the spectral density also enjoys a Lorentzian inversion

formula [118]

1—A, 2—5’1—£
3 2
2

pold) =i(2) | e F, [ ] dise Go (€) (D7)

Tt will be sufficient for us to assume that no complementary states contribute.
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where the normalisation factor is

L (@m)etE T -AT(1-A)
NL(A) = _121—\(% — o) T(A - a)T(A—a)

(D.8)

This inversion formula reconstructs the spectral density using time-like data, and is therefore sensitive to
coincident point & = 1. It therefore has to be regulated, and a convenient choice is dimensional regularization.
However the spectral density itself cannot be UV divergent, as a physical propagator evaluated in a Gaussian
theory is not. The UV finiteness of the spectral density is manifest if we instead choose to reconstruct it

using Euclidean data instead. This is accomplished by the Euclidean AdS (EAdS) inversion formula [120]

po() = Ne(a) [ d&<ﬁ2—1>“52F1[

A, 20¢—A’1+§

o+ % 2 :| GO(&)’ (DQ)

where the EAdS normalisation is

Ne(A) = (D.10)

INA-a)l(a—A)T(a+3)"

The EAdS formula can be conveniently obtained by lifting the integration contour from the time-like branch
cut of (D.7) and onto the branch cut of the integration kernel, which lies along £ € (—o0o,—1).2 These
separations correspond to points accessible by EAdS.

Already we see that some of the UV ambiguities in the Lorentzian inversion integral are immediately

clarified in the EAdS integral. We will see that these ambiguities are the root of our issue.

D.3 A simpler theory

Our core issue can be addressed by working with a simpler theory instead. Consider the following interaction

between ¢ and ¢ on the Euclidean sphere as before

Sine :/ dPx /g [go cos(d)] . (D.11)
SD

Now to evaluate the anomalous dimension of o, the bulk of our analysis in Chapter 3 follows through, except
we now need to exchange only the vertex operator V), instead of the product oV, leading to the simplified
diagram

(0(x)a(y))e Do—@----e—0 ... (D.12)

2The Gauss hypergeometric function »F1[a; b; ¢; z] admits a branch cut along z € (1, 00).
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Figure D.1: We evaluate the Lorentzian inversion integral for the vertex operator, where we set o =
and = 3.2. We choose to only evaluate over the time-like branch cut. The resulting spectral density is
plotted as a function of v i.e. along the principal series line, showing an oscillation in sign.

3—10"3
2

where the ‘- -’ represent additional terms such as counterterms and higher order corrections, which are not

relevant for the discussion here. The anomalous dimension of ¢ is then

N (D.13)

o u, o 42 v

where in the second equality we have leveraged (D.6). It is clear then that a negative anomalous dimension
must be accompanied by a loss of unitarity. Let us evaluate this expression using the Lorentzian inversion
formula.

As discussed in Chapter 3, the vertex propagator is regular on coincident points when o < % since

o BVR2 T (0=d)
o) (1—g)2 . (D.14)

logG(£)

We may therefore place the contour onto the Lorenztian cut without any difficulty for a < % Also note
that the Lorentzian inversion integral is then free from any UV divergence if we set a = % after evaluating
the discontinuity within the integrand. The Lorenztian inversion integral can then be numerically evaluated
without any trouble. We show the result in Figure D.1, which oscillates in sign.

We see that the Lorenztian integral is negative for certain choices of v on the principal series line, which
suggests a negative anomalous dimension ~, is possible depending on the precise choice of v,. Phrased here
in terms of the spectral density, this is clearly a violation of unitarity. Certainly the field theory for a free

and massless compact scalar is healthy for any choice of 3 > 0. This was demonstrated in Chapter 3 and
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Figure D.2: We have two apparent ways to perform the Lorentzian inversion integral, corresponding to
two choices of the contour. In the dashed line, we show an illustration of the small circular contour ~_ over
which we must also integrate if we choose to set o = % before evaluating the discontinuity.

4. Specifically, in (4.33), the same spectral density was analytically determined using the EAdS inversion

integral and we proved that it was unitary for all B > 0. The result was

_ 167T'(1 — B) sin(wP)
re-1

B—A, A—3+B|B

py(A) 31 p 2} . (D.15)

(3 —2A) cos(TA)T' (B — A)T(A — 3+ B)2F,

We can reconcile these discrepant results by noting that their origin lies essentially in an order of limits
ambiguity. We can either choose to set a = % before evaluating the discontinuity, or evaluate it and
subsequently specialize to four dimensions. In the former case, it is clearly impossible to place the integration
contour exactly onto the time-like cut, as we will have to account for a small circular contribution around
¢ = 1. We illustrate this ambiguity in Figure D.2. More specifically, we have a second choice with the

Lorentzian inversion integral where we should instead evaluate

py(A) = NL(A)/ dg oF) [1 - §A7_2 -4 ’ lf} Gy(€)
e 2A All- (D.16)
+NL(A)/1 dg oFy [1 a 3 ’_2&_ f} disc Gy (€) .

The contour ~. is parametrized as £(t) = 1 + ee'* where t € (¢,27 — ). The crucial observation is that
the contribution from ~, is not zero as € — 0. In fact, accounting for it enables us to agree with the EAdS
expression. In Figure D.3 we show the result of the Lorentzian integral after including this contribution,
which agrees almost perfectly with the EAdS evaluation. The inclusion of this extra contribution to the
Lorentzian integral is therefore crucial to reconcile the results shown in Chapter 3 with unitarity.

We may interpret the contribution from ~_ as properly accounting for the ultraviolet behavior of the
vertex propagator. Of course, since we are required to be careful around € = 1, this is in some sense obvious.

There is another way to approach this conclusion as well. Note that the result in Figure D.1, in addition to
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Figure D.3: Here we choose to include the small circular contour ~_ along with the time-like cut, the result
of which is shown in black dots. We choose € = 1072, which we find is sufficient for convergence. Alongside
we show the analytically calculated spectral density (for o = %) in blue, demonstrating excellent agreement
with the corrected Lorentzian answer. The oscillations seen in the previous integral have now disappeared

and the spectral density p,,(A), together with the anomalous dimension =, is now consistent with unitarity.

being negative, decays at large v. This was also observed for the exchange of o) in Chapter 3. However, we
see that the EAdS result grows with v instead, which is essential to obtain the correct flat-space limit of the

spectral density (see Appendix C.5).
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Supplementary Material for Chapter 5

E.1 Modelling of tracers

In this appendix we lay out the mapping that we use between matter overdensities and halo/galaxy over-

densities, namely the model for bias and shot noise.

E.1.1 Bias

In order to compute correlation functions of tracer fluctuations, it is necessary to invoke a bias model, i.e.
a perturbative model that connects the tracer to the underlying matter fluctuations. We consider the basis
of renormalized bias expansion in Eulerian space [176], which only requires up to quadratic terms for the

tree-level bispectrum, namely,
_ bs <o 3
6g =b1ds, + ?6&) + bg,Ga[Pep] + O(‘I)Cb) , (E.1)

where Go[Po,] = (8i6j<I>Cb)2 — (0*®,)? is the Galileon operator and @, is the gravitational potential due to
the CDM and baryons alone [304,305]. Assuming a local Lagrangian bias model [216] and using N-body

simulations [306], it is possible to obtain fitting formulas for by and bg, given prior knowledge of by. The
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relations are given by

by (z) = by p(z), (E.2)
by (z) = by (0.412 — 2.143 p(z) + 0.929 p(z)* + 0.008 p(2)*) , (E.3)
bg,(z) = bg, (0.423 — 1.000 p(z) + 0.310 p(2)* + 0.003 p(2)*) , (E.4)

where by, by and bg, are parameters for the overall amplitudes with fiducial values being equal to 1 in our
forecasts. Here p(z) denotes the redshift evolution of the linear bias.

E.1.2 Shot Noise

The assumption that the halo catalogue is a result of a discrete Poisson sampling of the matter density field

leads to the well-known shot noise in the halo power spectrum and bispectrum [37,307],

1

PPoisson = ﬁh (E5)
1 1

Bpoisson (ki, ko, k3) = o (Pun(k1) + Pun(ke) + Pun(ks)) + = (E.6)
h

where 1y, is the average number density of halos (or galaxies) in a given survey volume. However, the Poisson
prediction is not exact due to halo clustering and exclusion effects, as shown in [219]. These effects either
raise or lower the Poisson shot noise at large scales (referred to as super- or sub-Poissonian) and can be
modelled phenomenologically as in [194,202,220]. In these studies, a parameter Ag,o; was introduced to

measure deviations from the Poisson prediction. The model we use is as follows,

Pshot (k) == Pl:’oisson(1 - Ashot) ) (E7)

Bshot (k) = BPoisson(1 - Ashot) ) (E8)

with |Aghot| < 1. Here, Aghot simply measures whether the true shot noise is higher or lower than the Poisson

prediction, and remains scale-independent.

E.2  Survey Specifications

In this appendix we detail the experimental specifications for our forecasts in Section 5.3. This includes

DESI and Planck.
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E.2.1 DESI

We consider the emission line galaxies (ELG) in our study [30]. The sky coverage for DESI is 14000 deg?,
which corresponds to fy, = 0.34. Table E.1 shows the number density of DESI in each redshift [30]. The

galaxy bias is modelled as

bi(k,z) = 1.46 x 0.84b;D(k,z) ", (E.9)

where the factor 1.46 is chosen such that the linear bias agrees with simulations at z = 0 (for halo masses
being 3 x 108 h~IMg [306]) and b; is the parameter that parametrizes the overall amplitude used in our
forecast.

We split the redshift range into four tomographic bins (equally spaced in redshift). If we consider
Kmax = 0.1 hMpc_l, then the /..., for the first and last bins are 189 and 305, respectively. But for simplicity,

we choose a fixed ¢,,,, = 305 for all four bins.

z 0.65 0.75 085 095 1.06 1.15 125 135 145 155 1.65
dN/dzddeg? 309 2269 1923 2094 1441 1353 1337 563 466 329 126

Table E.1: Experimental specification for DESI ELG [30].

E.2.2 Planck

We model the experimental configuration of Planck as one effective frequency to approximate the complicated
Planck likelihood. We take At = 43 pK’, Ap = 81 pK’ and 0wy = 5 as our noise model. For the multipole
range, we consider £ € [2, 2500] for both temperature and polarization maps. With these values, we then
use the public code quicklens® [308] to compute the lensing reconstruction noise from the minimum variance
quadratic estimator. In order to perform the cross-correlation appropriately, we assume the same fg, and

multipole range as DESI ELG for Planck lensing convergence maps.

E.3 Covariance in Flat Sky

As a validation of our methodology, besides the shape of skew-spectra themselves, we show in this appendix
a comparison between the covariance matrix using the theoretical prediction and the simulations. Before

presenting the comparison, let us first take a look at Figure E.1, which shows the theoretical covariance

1h‘ctps ://github.com/dhanson/quicklens
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matrix using the flat-sky approximation. Different from the full-sky covariance shown in Section 5.2.3, the
amplitude of off-diagonal terms is comparable to the diagonal pieces.

We analyze the same simulation set described in Section 5.4 and compute the estimated covariance by
averaging over all our realizations of lensing convergence maps from one simulation box. We show our
comparison for the diagonal terms in Figure E.2. We see that we can reproduce the trends of the simulation
with only the Gaussian (disconnected) part of the theoretical covariance. We also observe that for the cases
including kk, km and mk, the simulation has a larger disagreement with our theoretical modelling. This is
expected since the fitting function we use to model the matter bispectrum is insufficient at the small scales

probed by the lensing convergence.
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Figure E.1: Theoretical evaluation of the flat-sky covariance matrix used in our MCMC analysis, as
discussed in Section 5.4.1. The h;s denotes the kernel from the i-th Legendre polynomial. The elements in
each block matrix are ordered by increasing value of L. In our MCMC analysis, we rescale each submatrix
with the corresponding power of the linear bias by and add contributions from shot noise (scaled by Agpot ).
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Figure E.2: Comparison between the diagonal terms of the simulated and the theoretical covariance
matrices in flat sky, where {a, b} € {m, k}. The blue line shows the theoretical computation using equations
in Section 5.4.1. The orange dots show the average value of the estimated covariance from the simulations
and the error bars represent their variance. The h;s denotes the kernel from the i-th Legendre polynomial.
The bins for the kernels correspond to increasing values of L.
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Further Discussion of Skew-Spectrum Analysis of BOSS Data

F.1 BAO Damping

The damping of the BAO feature at low redshifts can be captured by performing an infrared resummation
on the so-called wiggly part of the matter power spectrum [251]. For this, we first need to split the wiggly
and non-wiggly parts of the matter power spectrum. Instead of using the standard Hu-Eisenstein fitting
formula [309] for the smooth part of the power spectrum, we isolate the BAO feature, following Refs. [252,310].
This procedure uses the Discrete Fast Sine transformation (DST) to identify the BAO bump in the real-space
correlation function, and thus separate it to obtain the so-called wiggly part of the power spectrum.

Once we get the wiggly (P,,) and non-wiggly (P,,) parts of the matter power spectrum, we can obtain

the infrared resummed power spectrum:

Ppir(k) = Poy(k) + e K %P (k). (F.1)
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Here Y2 is defined as [251,311]:

tot

I . .
= 6m2 / dqPw(q) [1 = jo(a%osc) + 2j2(a%osc)] »
T Jo
2 1
2 2 acco 1 2
Yoo = 15f 0X + <1+3f(2+f))2 ,

5% = Lo

— a5 _9 d in j 0sc /)y F2
o2 J, 94 (a)j2(a%osc) (F.2)

and we set A = 0.1 hMpc~! and x, = 110 h~'Mpec.

F.2 Survey Geometry Approximation

As mentioned in §6.2.4, we approximate the impact of the survey geometry in our theoretical skew-spectra
computation following Refs. [220,256] where we only convolve factors of the power spectrum with the win-
dow function. Since we are working with non-Gaussian initial conditions, our bispectrum, and therefore
skew-spectra, contain both contributions due to gravitational nonlinearities and also due to the primordial
bispectrum. References [220,256] only assess this approximation on the gravitational terms, finding at most
an error of 5%. In this appendix, we will quantify the error on our skew-spectra due to this approximation,
specifically targeting the primordial contribution.

As a first step, we estimate the exact window convolved skew-spectra. To do so we will generate a large
number of synthetic non-Gaussian density fields, appropriately masked. From each of these we may estimate
our desired skew-spectrum, ultimately averaging over all of our mocks. To generate our boxes we use the
same survey specification as the CMASS NGC patch (see §6.3).

In order to generate our synthetic density field, we start with a Gaussian random field ¢ generated
using the primordial power spectrum P, (k) = A;k™3 1. Next, we generate a non-Gaussian field ® for both

equilateral and orthogonal configurations from this Gaussian random field ¢ as [312,313]:

(I)equil =p+ fNL [_3@2 + 4871(@8@) + 2v72(kpv2kp) - 2V72(8kp)2] (FS)
I\ 60p\ 1__, 9
Dorho = e = (1 + == -2+ —= )z
orth @+3NL|: <+27>@ (+27)3V (O9)
15p -1 -2 2
+2 (145 (1 =1£)0~ (D) + tV* (9 V7))
P2t a1y 200040 o1y 12D -1 30p —1
+or V(0T 007 0) = 507 (VEed ™ 9) = 5 0(907 ) + 520907 0| (F.4)
2+460p/27

where t = and p = 8.52587. Note that ®.q will have a nontrivial bispectrum equal to the

6(1+15p/27)

'For the purpose of this test we set ny = 1 in order to simplify the analysis. We do not expect this choice to
significantly impact our conclusions.
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equilateral shape, and likewise for ®,.,,. These parametrizations also ensure that the largest correction to
the power spectrum scales as k2. We subsequently evolve this primordial density field into a late-time
matter density field by multiplying by the matter transfer function T(k,z). In order to simulate a galaxy
overdensity field, we include a factor of by +fp? to simulate the galaxy bias b; and redshift-space distortion.
To account for the survey geometry, we directly apply the meshed FKP weight 1/(1 + 0, (z)Prkp) on each
pixel in our simulation box.

With this pipeline for generating the non-Gaussian field, we simulate 10,000 such maps for both equi-
lateral and orthogonal PNG. Note that by construction, these synthetic fields only contain non-Gaussian
information due to the primordial contribution. This enables us to isolate the contribution to each of the
skew-spectra sourced by PNG. We then average over skew-spectra estimated from each of these boxes in
order to obtain an estimate of the exact window convolved skew-spectra.

In Table F.1 we list the percentage difference between the exact window convolved skew-spectra and
those computed using the approximation specified in §6.2.4. Note that in quoting these numbers, we discard
k modes for which the skew-spectra almost vanish, since these modes are noisier and in any case contain too
little power to impact fyr constraints. We see that for equilateral PNG, the fractional errors are well within
at most 6.3% except for f’orthc. However, this is not problematic since this shape has limited sensitivity to
e ! On the other hand, for orthogonal PNG, the fractional errors are in general larger, ranging from 9.2%

to 18.3%.

Skew-spectrum ‘ Py ‘ Py ‘ Py ‘ Pequi ‘ Portho
Equilateral PNG | 4.6% 6.3% 5.3% 3.6% | 15.4%
Orthogonal PNG | 18.3% | 10.0% | 14.8% | 17.8% | 9.2%

Table F.1: Fractional error between the exact window convolved skew-spectra (obtained from the average
over simulations) and the approximate theoretical computation. We consider both equilateral and orthogonal
configurations, and for each skew-spectrum we show the maximum percent error across all k modes.
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